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On some applications of differential subordinations

Loriana Andrei, Vasile-Aurel Caus
University of Oradea, Department of Mathematics and Computer Science
Universitatii 1, 410087, Oradea, Romania
lori andrei@yahoo.com, vcaus@Quoradea.ro

Abstract
The purpose of the presented paper is to derive several properties and characteristics of analytic functions,
by applying the differential subordination techniques. Several consequences of the results stated here are also
pointed out.
Key words: analytic functions; univalent functions; starlike functions; convex functions; differential sub-
ordination; best dominant.
2010 Mathematics Subject Classifications: 30C45

1 Introduction

Let A be the class of analytic functions which are analytic in the open unit disk U = {z : |2] < 1}, of the form
f(z):z—i—Zajzj, zel. (1.1)
j=2

By S we denote the subclass of A consisting of univalent functions.

Principle of Subordination (see [6]): If f and g are two analytic functions in U, we say that f is subordinate to g,
written as f < g, if there exists a Schwarz function w analytic in U, with w(0) = 0 and |w(z)| < 1, such that
f(z) = g(w(z)), for all z € U. In particular, if the function g is univalent in U, the above subordination is
equivalent to f(0) = g(0) and f(U) C g(U).

Important results in the theory of differential subordinations were elaborated by Miller and Mocanu in ([6]) and

([5)-

Definition 1.1 /6] Denote by Q the set of all functions q that are analytic and injective on U\E (q), where
E(q)={¢edU: limcq (z) = o}, and are such that ¢' () # 0, for ¢ € OU\E (q).
z—

If g € Q, then A = ¢ (U) is a simply connected domain.

In 1915, J. Alexander (see [1]) introduced the class of starlike functions defined as:

2f (2)

S*=<qfeA:Re >0, z€eU,. 1.2
{ 1) ] } 2

Let S} denote the class of starlike univalent functions of order o, 0 < o < 1, defined as:
S*(a)_{fEA:Re Z‘;(S)]>OL,ZEU,OSQ<1}. (1.3)
A function f (z) € A is said to be close-to-convex if there exists a function g(z) = z + Z;iz bjz7 in S* such that
Re |22 S0 foralz e (1.4)

9(2)

This class of functions f (z) € A with the condition (1.4) is denoted by K and called the class of close-to-convex
functions. The class K was introduced by Kaplan [3], who showed that all close-to-convex functions are
univalent. A function f (z) € A is said to belongs to the class K («) of close-to-convex functions of order « in U,
if g(z) € S* (o) and satisfy
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2f (2)

Re =)

1>a,forallz€U,0§a<1. (1.5)

iz), for f € A, given by (1.1) and g(z) =

(=)
z+ Z;iz b; 2J in S*, by using differential subordination. Many studies of the classes involving %Z(,)Z) were appeared
in the literature (see [2]). Several authors obtained several applications in the geometric functions theory by using
differential subordination (see [4], [8], [7], [11], [9], [10], [12]). Also, sufficient conditions for close-to-convex and
close-to-convex of order « of a function f € A are obtained. Some consequences of the main results are mentioned.

The following lemmas will be required in order to prove our main results.

In the present investigation, we will obtain different properties of Zg

Lemma 1.1 [6] Let the function q be univalent in the unit disk U and 6 and ¢ be analytic in a domain D containing
q (U) with ¢ (w) # 0, when w € q(U). Set Q () = 2¢' (2) ¢ (q(2)) and h(2) =0(q(2)) + Q (). Suppose that
1. Q is starlike univalent in the unit disk U

and
zh'(2)\ _ 0'(q(2)) | 2Q'(2)
2. Re( ) ) = Re [¢(q(z)) + 3% ] >0, forze U.

If p is analytic in U, with p(0) = ¢(0), p(U) € D and
0(p(2) + 20" (2) 6 (p(2)) < 0(q(2)) +2q (2) ¢ (a(2)) = h(z), (1.6)
then p (z) < q(z) and q is the best dominant of (1.6).

Lemma 1.2 [6] Let the function g € Q, with ¢ (0) = a and let p(z) = a+a,2™+... be analytic in U with p(z) # a
and n > 1. If p is not subordinate to q, then there exist points zy = roe'? € U and ¢, € OU\E (¢) and an m >
n > 1, for which p (Uy,) C q(U),

(1) p(20) = q(Co), (1.7)
(2) Zopl (20) = mCoq/ (go) ) (1.8)
zop” (20) Coq// (Co)
(3) R [  (z0) + 1} > mRe {q’ o) + 1} . (1.9)

2 Main results

Theorem 2.1 Let f(z) = z+az2*+... and g(2) = z+be2% + ... be analytic functions in U, with f (0) = g (0) =0,
g(z) € S*, with g(2) # zf (2) and

2(f(2))° 2" (2)

R T e -1 (@9 @)

>0, zeU. (2.1)

Then f € K.

Proof. At the begining let us note that f € K is equivalent with the condition

f(2)
Re >0, zeU. 2.2
9(2) =2
Let /
z2f (2) 2
= =1 U 2.3
p (Z) g(z) +p1z+p2z” + ..., z€U, ( )
with p(z) # 1, and let
1

with ¢ (0) = 1.
So, A =¢q(U) ={w: Rew > 0} and E (q) = {1}, and ¢ € Q.
We have to prove that Re{p(z)} > 0, for all z € U.
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This condition is equivalent with
p(z) <q(z2), z€U. (2.5)
From (2.3), perform calculations, we obtain:
2(f'(2)) ) _ P @+ @)
FEe -7 @a@ 06 | p@-a @ (29
Let suppose that (2.5) does not hold, i.e.

142
P(Z)%Q(Z):fza zel. (2.7)
Hence from Lemma (1.2), there exists a point 2o € U and a point ¢, € OU\ {1}, | {, |= 1, such that
p(z0) = q(Cy); 2z0p" (20) = mCoq’ (¢y), for some m > 1,
and

Re[p(z)] > 0, forall z€ U, .

This implies that

1
Re[plan)] = Re | 22| 0. (25)
1-¢p
so, we can take p(zg) on the form
p(z0) =1y, y € R. (2.9)

By (2.4) and (2.9), we have

plz0) =1 iy—1  y?+2iy—1

-1
= 20)) = = - = 2.10
From (2.4) and (2.10), we get
2
2 1442
q (Co) = 5 = ( _) 5- (2.11)
(1=¢o)” 4(1—1iy)
We obtain m
200" (20) = mCoq’ (Co) = ) (1+ y2) , for some m > 1.
Therefore, we have
2 (f (20))” 2f' (20) p(o) [p(z0) + 20" z0)]
Re | - - 2 — = Re ; =
f'(z0)9'(z0) = " (20) g (20) g (20) p(20) — 2P’ (20)
. iy — (1 + 2 2 1 + 2
Re Zy.[zy m2< g)] =— 2my( 2y) <0, fory € R and m > 1,
iy + % (L+y?) = (1+92)" 4 y?
which contradicts the condition (2.1) from the hypothesis of the theorem, therefore p < g, i.e.
Re |23 S0 Lew (2.12)
9(2)

and the proof is complete.

Theorem 2.2 Let f(z) = 2 +agz? + ... and g(z) = 2z +baz? + ... be analytic functions in U, with f (0) = g (0) = 0,
g(z) € 8*, with g(z) # zf (2) and let 0 < p < 1. If

2(f'(2))° 2" (2)

| 2@ =" (2)g() gz L<p 2el, (2.13)
then o
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Proof. Let

=14+piz+p2i+.., zel. (2.15)

Taking account (2.15), the conditions (2.13) and (2.14) can be rewritten as

() [p(2)+ 2 (2)
p(2) —zp' (2)

| —ll<p=lp()-1l<p, (2.16)

with p(z) # 1, and let

q(z) =1+ pz, with ¢(0) = 1. (2.17)

We have A=q(U) ={w:lw—-1|< pu}, F(q) =2 and g € Q.
The relation | p(z) — 1 |< p is equivalent to

p(z) <q(z), z€U. (2.18)

Let suppose that (2.18) does not hold, i.e.

p(2) £q(2) =14 pz, z€U.
From Lemma (1.2), there exists a point zop € U and a point ¢, € 9U, such that
p(z0) = a(Co); 200’ (20) = mCoq ({o), for some m > 1,
and
| p(2)—1|<p, foral ze U, .
This implies that
[P (20) = 1[=lq(Co) =1 |=p,

so, we can take p(zp) on the form

p(20) := 1+ pe, 6 € R. (2.19)
We have .
Co=a"" (p(=0)) = p(zoi_ = e (2.20)
So,

200’ (20) = mCyq’ (o) = mue, for some m > 1.

Therefore, we have

p(20) |p(20) + 2p (20) o L+ pet® + mpuei + 2m
: 1= e |
p(20) — zp’ (20)
1+2m + (1 +m) pe®
14 (1 —m) pe?

1+ pet® — mue?

|, for some m > 1.

We will prove that the last expression is greater or equal to u, that is equivalent with

142 1 i0
+2m + ( +m)_ue 51, zeU
14 (1 —m) pe®

or
[ 1+2m+ (1 +m)pe P> 1+ (1 —m)pe |2, 2cU.

The last inequality is equivalent to
P4+ (m+2)pcos@+m+1>p2 —(m+2pu+m+1>0, 2€U,

(=1 [p—(m+1)] >0, z€U.

The above inequality holds for every m > 1 and 0 < p < 1.
This contradicts with the condition (2.13) from the hypothesis of the theorem, therefore p < gq.
So, | p(z) — 1 |< p and the proof of the theorem is complete.
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Theorem 2.3 Let the function q(z) be analytic and univalent in U such that ¢ (0) = 1 and q(z) # 0, for all
z € U and satisfies

>0, zeU. (2.21)

1+ - =< =h(2), (2.22)

then ()
zf' (2
<q(z), zeU, 2.23
I8 <) (223
and q(z) is the best dominant of (2.22).
Proof. Let the function p be defined by
2f' (2)
p(z) = , ze€U, 2.24
() =2 (224)
where f,g € Awith f(0)=f"(0)—1=g(0)=¢'(0) —1=0, g(z) € S*. The function p is analytic in U and

p(0) =1
Differentiating this function with respect to g, we get

i), 2 2 (3)
@)= e - e o el

By setting 6 (w) := 0 and ¢ (w) := %, it can be easily verified that ¢ is analytic in a domain D = C\{0}, which
contains ¢ (U) and ¢ (w) # 0, where w € ¢ (U).
Also, by letting Q (z) = zq' (2) ¢ (q(2)) = 22} we find that Q (2) is starlike in U, since

q(2)
2Q(2) | _ 2q"(2) _ zd'(2)
Re | %G5| =Re |1+ 575 — 2] >0
For the function h (z) =6 (q(2)) + Q (z) = zg(g)’ we have Re {ZS((ZZ))} =Re [ZS(S)} > 0.
Therefore, the conditions of Lemma 1.1 are met and we find that, if

D) s o L)
28 e+ (o) < 2 sev (2.29)

then 72
7 =p(z) <q(2), z€eU, (2.26)

and ¢ is the best dominant of (2.22). And the proof is complete.

Corollary 2.4 Let f,ge A with f(0)=f'(0)—1=9(0)=¢'(0)—=1=0, g(2) € S* and 0 < p < 1. If

2f"(z) 29 (2) |, pz
1 + — =< =h s 2.27
P e Tep 00 (221)
then ,
) s zew, (2.28)
9(2)
and 1+ pz is the best dominant of (2.27). Furthermore,
2f' (2)
—1ll<up, z€eU, 2.29
LS <n (229)

and this result is sharp.

Proof. Let the function ¢ (z) := 14 pz, z € U, 0 < p < 1, satisfies all the conditions of Theorem 2.3.
So,

!

h(2) = Q) =2 (o a () = L) = L (2.30)
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From (2.30), we find that the subordinations (2.22) and (2.30) are equivalent.
Hence, it follows directly from Theorem 2.3 that

zf' (2)
g9(2)

<1+4+pz, ze€U, (2.31)

and 1 + pz is the best dominant of (2.27).
Now, let us assume that the subordination (2.27) and inequality

2f' (2)
1<y, 2€U,0<p <1, 2.32
hold, i.e.
!
E) e reU,0<p <1 (2.33)
9(2)

But the function 1 4 uz is the best dominant of (2.27), meaning that 14 uz < 1+ py2, ie. g < py.
Therefore the conclusion is sharp, i.e. in the inequality (2.29) p cannot be replaced by a smaller number such
that the implication holds. This completes the proof of the corollary.

Remark 2.1 [t is easy to verify that for 0 < u <1, hy (2) = 22 is an open disk with center ¢ = % =

14+pz
2 ©] 2 2
e —1‘_‘M2, and radius r = hy (1) —c = ﬁ—i— lfuz = 1_"M2. Forp=1,h{U)={z+iy:x <1,y € R}.

Therefore, the above corollary can be rewritten as:

Corollary 2.5 Let f,ge A with f(0)=f'(0)—1=9g(0)=9¢'(0)—1=0, g(z) € S* and 0 < px < 1.
(i) If0< p<1and

2 (5 2 (2 2
= JJ:’(E:))_ 5(2))+1ﬁu2 ‘<1_MM272€U (2.34)
then ,

This result is sharp, i.e. the radius of the open disk from the conclusion is the smallest possible so that the
corresponding implication holds.

i f"(2) '(2)
z2f" (2 zqg' (2
Re |1+ o) 90 <1, zel, (2.36)
then 7
| e -1|<1, (2.37)

and these conclusions are sharp.
From Corrolary 2.4 and Corrolary 2.5 we obtain the following result:
Corollary 2.6 Let f,g € A with f(0) = f'(0)—1=g(0)=¢'(0)—1=0, g(z) €S* and 0 < ¢ < 5. If

2f"(2) 24 (2)

|1+ o 90 |< ¢, forallzeU, (2.38)
then () ¢
zf (=
Proof. Let ﬁ = L.
Then . ,
|1+ zJ]:/ (S) - Zg(g) < (= ﬁ, for all z € U. (2.40)
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If 0 < ¢ < 3, then 0 < < 1. We have

2f"(2) z2g'(2) | P p? 1
1+ B B < L zel, 2.41
| 'z gz  1-p2 1—u2‘ A (2.41)
i.e. " , 2 2
B2 O R L P A S ) (2.42)

+ )
[z gk 1-p* 14p 1-p* 1-p?

From Corrolary 2.5, we get

zf' (2) ¢
—ll<p=-——, z€eU. 2.43
RN (2.43)
If(= %7 then p = 1. We have , /
14+ 20@ 2B e, (2.44)

'z g2
2f"(2) 29 (2)

ie.

Re |1+ - <1, zeU. 2.45
FE 90 (245)
From Corrolary 2.5, we get
2f' ()
—-1l<1, zeU, 2.46
el (2.46)

and the proof is complete.
Corollary 2.7 If f,g e A with f (0)=f'(0)—1=¢(0)=¢'(0)—1=0, g(z) € S*. If

) ) 2 (2.47)

YR T 1o

then f € K.

Proof. Let q(z) = 2 =1+ g1z + ..., with ¢ (0) = 1 satisfies the conditions of Theorem 2.3.
‘We have

h@=wﬂm+@@=?5%zeu (2.48)
So,
h(z) = 137222 2eU. (2.49)

From (2.49), we find that the subordinations (2.22) and (2.47) are equivalent. Therefore, it follows directly from
Theorem 2.3 that
zf' (2) - 1+2

g(z) 1—2’

zeU, (2.50)

and 112 is the best dominant of (2.47).
Since the subordination (2.22) is equivalent with the condition

/

2f (2)

Rl ®

]>0, zeU,

we get that f € K, which completes the proof.
Corollary 2.8 Let f,ge A with f(0)=f'(0)—1=¢g(0)=¢'(0)—1=0,g(z) € S* and 0 < a < 1. If

) 20 E) 22(1— ) z e, (2.51)

YR T S Toanr -2

then f € K («).
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Proof. For 0 < o <1 and z € U, setting ¢ (z) = w =14+ ¢z+ ..., with ¢ (0) =1 in Theorem 2.3, we
obtain
1 ! 1 1
Re 1+Zq (z)izq(z) = Re + -1 >0, =zeU.
q (2) q(z) -2z 14(1-2a)z
We have , 0, (1
NOTE AU ceU.

q(z)  (L=2)[1+(1-2a)2]
Hence, the hypotheses of Theorem 2.3 are satisfied. Therefore, it follows directly from Theorem 2.3 that

z2f' (2) - 1+(1-2a)z

< 1 2.52
) TS , zeU0<ax<, (2.52)
i.e. ,
Re 2f (2) >a, ze€eU,
9(z)

ie. f € K (a), and the proof is now complete.
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DUALISTIC CONTRACTIONS OF RATIONAL TYPE AND FIXED
POINT THEOREMS

MUHAMMAD NAZAM, MUHAMMAD ARSHAD, AND CHOONKIL PARK*

ABSTRACT. In this paper, we introduce a dualistic contraction of rational type and use it
to obtain some new fixed point results in dualistic partial metric spaces for dominating and
dominated mappings. These results extend various comparable results existing in literature
from set of positive real numbers to set of real numbers. Moreover, we give an example
that shows the usefulness and effectiveness of these results among corresponding fixed point
theorems established in partial metric spaces (nonnegative real numbers).

Keywords: fixed point; dualistic partial metric; dualistic contraction of rational type.
AMS 2010 Subject Classification: 47TH10; 54H25.

1. INTRODUCTION AND PRELIMINARIES

In [7], Matthews introduced the concept of partial metric space as a suitable mathemat-
ical tool for program verification and proved an analogue of Banach fixed point theorem in
complete partial metric spaces. Fixed point theorems in complete partial metric spaces have
been investigated in [3, 4, 11, 12, 14]. O’Neill [10] introduced the concept of dualistic partial
metric, which is more general than partial metric and established a robust relationship be-
tween dualistic partial metric and quasi metric. In [13], Oltra and Valero presented a Banach
fixed point theorem on complete dualistic partial metric spaces. Following Oltra and Valero,
Nazam et al. [2, 8] established some fixed point results in dualistic partial metric spaces.

In this paper, we shall extend the following two fixed point theorems from nonnegative
real numbers to real numbers to the theorems from partial metric spaces to dualistic partial
metric spaces.

Harjani et al. [5] extended Banach’s fixed point principle as follows:

Theorem 1. Let M be a complete ordered metric space and T : M — M be a continuous and
nondecreasing rational type contraction mapping. Then 7" has a unique fixed point m* € M.
Moreover, the Picard iterative sequence {T"(j)}nen converges to m™* for every j € M.

Isik and Tukroglu [6] established an ordered partial metric space version of Theorem 1,
stated below.

Theorem 2. Let M be a complete ordered partial metric space and T : M — M be a
continuous and nondecreasing rational type contraction mapping. Then T has a unique fixed
point m* € M. Moreover, the Picard iterative sequence {T"(j) }nen converges to m* for every
jeM.

We need some mathematical concepts of dualistic partial metric space and results to make
this paper self sufficient.

Throughout, in this paper, the letters RY, R and N will represent the set of nonnegative
real numbers, set of real numbers and set of natural numbers, respectively.

Definition 1. [1]

M Corresponding author.
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(1) Let M be a nonempty set and T': M — M be a self mapping. A point m* € M is
called a fixed point of T" if m* = T'(m™*).

(2) Let (M, =) be an ordered set and T' : M — M be a self mapping defined on M
satisfying the property j < T(j) for all j € M. Then T is called a dominating

mapping.
(3) Let (M, =) be an ordered set and T' : M — M be a self mapping defined on M
satisfying the property T'(j) < j for all 7 € M. Then T is called a dominated mapping.

According to O’Neill, a dualistic partial metric can be defined as follow:

Definition 2. [10] Let M be a nonempty set. A function D : M x M — R is called a dualistic
partial metric if for any j, k,l € M, the following conditions hold:

(Da) D(j,7) < D(4,k).

We observe that, as in the metric case, if D is a dualistic partial metric then D(j,k) = 0
implies 7 = k. In case D(j, k) € R{ for all j,k € M, then D is a partial metric on M. If
(M, D) is a dualistic partial metric space, then the function dp : M x M — ]Rar defined by

is a quasi metric on M such that 7(D) = 7(dp). In this case, d},(j, k) = max{dp(j, k),dp(k,j)}
defines a metric on M.

Remark 1. It is obvious that every partial metric is a dualistic partial metric but the converse
is not true. To support this comment, define Dy : R x R — R by

DV(]7k) :j Vk= Sup{jak} V]7k eR.
It is easy to check that Dy is a dualistic partial metric. Note that D\, is not a partial metric,
since Dy(—1,-2) = —1 ¢ R{. Nevertheless, the restriction of Dy to R, DV‘RJ’ is a partial
metric.

Definition 3. [2] Let M be a nonempty set. Then (M, <, D) is said to be an ordered dualistic
partial metric space if

(i) (M, =) is a partially ordered set.
(ii) (M, D) is a dualistic partial metric space.

Example 1. If (M, <,d) is an ordered metric space and ¢ € R is an arbitrary constant, then
D.: M x M — R given by

Dc(j k) = d(j,k) + ¢,
defines an ordered dualistic partial metric on M and (M, <X, D.) is an ordered dualistic partial
metric space.

Following [10], each dualistic partial metric D on M generates a Ty topology 7(D) on M.
The elements of the topology 7(D) are open balls of the form {Bp(j,e) : 7 € M,e > 0},
where Bp(j,e) ={ke M : D(j,k) < e+ D(j,7)}. A sequence {jn}nen in (M, D) converges
to a point j € M if and only if D(j,7) = limy,—00 D(J, jn)-

Definition 4. [8] Let (M, D) be a dualistic partial metric space.
(1) A sequence {j,}nen in (M, D) is called a Cauchy sequence if
limy, ;m—00 D(Jn, jm) exists and is finite.

1200 MUHAMMAD NAZAM et al 1199-1208



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.7, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

DUALISTIC CONTRACTIONS OF RATIONAL TYPE

(2) A dualistic partial metric space (M, D) is said to be complete if every Cauchy sequence
{jn}nen in M converges, with respect to 7(D), to a point j € M such that D(j,j) =

IiInn,m—)oo D(j’ru Jm) .
The following lemma will be helpful in the sequel.

Lemma 1. [8, 9]
(1) A dualistic partial metric (M, D) is complete if and only if the metric space (M, d},)
is complete.
(2) A sequence {jn}tnen in M converges to a point j € M, with respect to 7(d},) if and
(3) If limy 00 jn = v such that D(v,v) = 0, then lim,_,o D(jn, k) = D(v, k) for every
ke M.

Motivated by the results presented by Isik and Tukroglu [6] and Valero [9], we present a
new fixed point theorem in an ordered dualistic partial metric space for both dominating and
dominated mappings.

2. MAIN RESULTS

We begin with the following definition.

Definition 5. Let (M, <, D) be a complete ordered dualistic partial metric space. A mapping
T : M — M is said to be a dualistic contraction of rational type if

D(j, k)
holds for all comparable elements j,k € M and 0 < a+ 5 < 1.

[D(T(5), T(K))| < e

+B|D(j; )| (2.1)

Theorem 3. Let (M, =, D) be a complete ordered dualistic partial metric space. Suppose that
T:M — M is a mapping such that

(1) T is a dualistic contraction of rational type;

(2) T is a dominating mapping;

(3) T is a continuous mapping.

Then T has a fized point m*. Moreover, D(m*,m*) = 0.

Proof. Let jo be an initial point in M and j, = T(j,—1) be an iterative sequence. If there
exists a positive integer r such that j.+1 = j,, then j,. is the fixed point of T" and it completes
the proof. If j, # jn41 for any n € N, then since T is dominating, j, = T'(j,) for all n € N.
Therefore,

Jo S g1 = g2 R g3 =X R X dn1
Now since j, =< jn+1, by (2.1), we have

D)l = DT (Gam1) )]
D(jnflyjn) ' D(jnajnJrl) . .
< : . + B|D(jn-1,Jn
D(]n—la]n) ‘ ( ! )|
< OK‘D(jn,jn-t,-l)’ +B|D(jn—17jn)’7
‘D(jnyjn—&-l” _a‘D(jn7jn+1)| S B|D(]n—1>]n)|a
(1 - a)‘D(jmjn+l)| < B|D(jn717jn)|a
o B . .
1D(ns dni )l = (3= )P Un-1,3n)l.
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If'yzli,then0<7<1andwehave
o

’D(jnajn—l-l)‘ < 'YID(jn—lajn)"
Thus

1D (jny rn+1)| < VD (Gr-1, Jn)| < VD (jn-2, jn-1)| < -+ < ¥*[D(jo, j1)|.
Since j, = jn, for each n € N, by (2.1), we have
a|D(jn—17jn)’2 . .
————— 4+ B|D(Jn-1, Jn—
’D(jn—lajn—l)‘ ’ (]n tn 1)‘
S | D(jn-1,jn)?
S (Oz + /3)|D(jn717jn71)|'

‘D<]n7]n)‘ = ’D(T(jn—l);TUn—l))’ <

A

D(jn—h ]n)2

Indeed, | ———FF——
D(]n—17jn—1)2

’ = 1. Thus we obtain that

1D (Gins din)| < (e + 8)"[D (o, Jo)l- (2.2)
Now we show that {4, } is a Cauchy sequence in (M, df,). Note that dp (jn, jnt+1) = D (jn, Jnt1)—
D(]n7jn)7 that is, dD(jnajn—i—l) + D(]n:]n) = D(jnajn—i—l) < |D<]n7]n+1)’ Thus we have

dp(Jns Jnt1) + D(ins Jn) < "D (jo, 1)l
dp(ns Jnt1) < "D (o, j1)| + [D (s Jin)|
< "[D(jo, j1)| + (e + B8)"|D(jo, jo)l-
Continuing this way, we obtain that

Ap (Jrtk—1 Jnsk) <V Do, j1)| + (o + B)" T D(jo, jo)|-

Now
dp(jns dntk) < dp(jn,n+1) + dp(nt1, Jnv2) + - + dD(Gntrk—1, Jntk)

< A" DG, )
+ {la+B)" + (a+B)" 4+ (a+ B)" Do o).
Thus, for n + k =m > n,

A" o (a+p)"
|D(jo, j1)| + T—(ath)

dp(jn; jm) < D (o jo).

=15
Similarly, we have

til |D(j1,jo)| + %

dD(]m,]n) < ‘D(]0730)|

=15
Taking limit as n, m — 0o, we have

lim dp(jm,jn) =0= ligl dp(jn,jm) and hence lim dp(jm,Jn) = 0.

n,m—00 n,Mm—00

Thus {j,} is a Cauchy sequence in (M,d},). Since (M, D) is a complete dualistic partial
metric space, by Lemma 1, the metric space (M, d},) is also complete. Therefore, there exists
m* € M such that lim, o d},(jn, m*) = 0. Again from Lemma 1, we have

lim dj)(jp,m*) =0 <= D(m*,m*) = lim D(j,,m") = lm D(jm,jn)
n—oo n—oo n,m—00
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Now limy, 100 dp(Jm, jn) = 0 implies that limy, 1—00[D (Jm, jn) — D (jn, jn)] = 0 and hence
limy, ;00 D(Jns Jm) = limy 00 D(jn,jn). By (2.2), we have limy, o0 D(jp,jn) = 0. Conse-
quently, limy, 100 D(jn, jm) = 0 and {j, } is a Cauchy sequence in (M, D). Thus

D(m*,m") = nh_)rglo D(jn,m"*) = 0. (2.3)

Now dp(m*,T(m*)) = D(m*,T(m*)) — D(m*,m*) = D(m*,T(m*)) implies that
D(m*,T(m*)) > 0. Since T is continuous, for a given € > 0, there exists a § > 0 such that
T(Bp(m*,d)) C Bp(T(m*),e). Since limy—yo0 D(jnt1,m*) = D(m*, m*) = 0, there exists an
r € N such that D(j,,m*) < D(m*,m*) 4§ for all n > r, and so {j,} C Bp(m*,?d) for all
n > r. This implies that T'(j,) € T(Bp(m*,0) C Bp(T(m*),€) and so D(T(j,),T(m*)) <
D(T(m*),T(m*)) + € for all n > r. Now for any € > 0, we know that

e+ D(T(m"), T(m")) < D(T(m"), T(m*)) < D(jusr, Tm"),
which implies that
[D(nt1, T(m*)) = D(T(m"), T (m"))| <e.

That is, D(T'(m*),T(m*)) = limy, 00 D(jn+1, T (m*)). The uniqueness of limit in R implies

Jim D, T(m')) = DT (m), T(m")) = Do, T(om")). 2.4)
Finally, we have D(T'(m*),m*) = lim,—oo D(T(jpn),Jn) = limp—oo D(Jn+1,Jn) = 0. This
shows that D(m*,T(m*)) = 0. So from (2.3) and (2.4) we deduce that

D(m*, T(m*)) = D(T(m*),T(m")) = D(m*, m").

This leads us to conclude that m* = T'(m*) and hence m* is a fixed point of T O

In order to prove the uniqueness of fixed point of a mapping 7' in the above theorem, we
give the following theorem.

Theorem 4. Let (M, =, D) be a complete ordered dualistic partial metric space and T : M —
M be a mapping which satisfies all the conditions of Theorem 3. Then T has a unique fized
point provided that for each fized point m*, n* of T, there exists w € M which is comparable
to both m* and n*.

Proof. From Theorem 3, it follows that the set of fixed points of 7" is nonempty.
Assume that n* is another fixed point of T', that is, n* = T'(n*).

Case I: m* and n* are comparable.
In this case, we have

D) = D), 7))
D', Tm)) - D(n*, T(r") .
R -+ 81D )
< o PO B0 gD )

That is, (1 — 8)|D(m*,n*)| < 0 which implies that |D(m*,n*)| < 0 and hence D(m*,n*) =
0= D(m*,m*) = D(n*,n*). So m* is a unique fixed point of 7.

Case II: m* and n* are incomparable.
In this case, there exists w which is comparable to both m*, n*. Without any loss of generality,
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we assume that m* < w and n* < w. Since T is dominating, m* < T'(w) and n* < T'(w) imply
that m* < T" 1(w) and n* < T""!(w). Thus
D(T""(m*),T"(m")) - D(T""}(w), T" ()
D(T=1(m*), T Hw))
+ BID(TH (), T (w))],

which implies that |D(m*, T"(w))| < B|D(m*, T (w))|. Thus lim, . D(m*, T"(w)) = 0.
Similarly, lim,, oo D(n*, T"(w)) = 0. Moreover, by Dy,
D(n*,m*) < Dn",T"(w))+ D(T"(w),m") — D(T"(w),T"(w))

< D(n*,T"(w)) + D(T™(w),m*) — D(T"(w),m") — D(m*, T™(w)) + D(m™, m").
Letting n — oo, we obtain that D(n*,m*) < 0 but dp(m*,m*) = D(n*,m*) — D(n*,n*
implies that D(n*, m*) > 0. Hence D(n*,m*) = 0 which gives that n* = m*. O

[D(m*, T"(w))] < «a

~—

We provide an example to explain the above result.

Example 2. Let M = R2. Define Dy : M x M — R by Dy(j, k) = j1 V k1, where j = (j1, j2)
and k = (k1, k2). Note that (M, Dy) is a complete dualistic partial metric space. Let T': M —
M be given by
T(j) = ePvUal for all j € M.
In M, we define the relation > in the following way:
j = k if and only if j; > k1, where j = (j1,J2) and k = (k1, k2).

Clearly, = is a partial order on M and T is a continuous, dominating mapping with respect
to = and satisfies the contractive condition (2.1).

Remark 2. Since every partial metric is a dualistic partial metric D with D(j,k) € R(J{ for
all j,k € M, Theorem 3 is an extension of Theorem 2.

There arises the following natural question:

Whether the contractive condition (2.1) in the statement of Theorem 3 can be replaced by
the contractive condition in Theorem 27

The following example provides a negative answer to the above question.

Example 3. Define the mapping To : R — R by
. 0 ifj>1
T = e .
O(]) { _% ’Lf] = _§
Clearly, for any j,k € R and a = 0.1 and § = 0.09, the following contractive condition is
satisfied

, aDy(j5, To(5)) - Dy (k. To(k)) .
Dy(To(5), To(k)) < DGR APV,

where Dy is a complete dualistic partial metric on R. Here T has no fixzed point. Thus a fized
point free mapping satisfies the contractive condition of Theorem 2. On the other hand, for
a=0.1 and 8 = 0.09, we have

05 = Dyl ~3)| = IDUTH(=5). To(~5))
_ |aDv(=5,To(-5)) - D(=5,To(-5))
> 0.455 = Do (5. 5) + B|Dy(=5, =5)|.

Thus the contractive condition (2.1) of Theorem 3 does not hold.
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In next theorem, we show that the conclusion of Theorem 3 remains the same if the conti-
nuity of the mapping 7T is replaced with the following condition:

(H): If {5} is a nondecreasing sequence in M such that j,, — v, then j, < v for all n € N.
For dominated mappings, the following condition will be needed:
(Q): If {j,} is a nonincreasing sequence in M such that j, — v, then j, > v for all n € N.

Theorem 5. Let (M, =, D) be a complete ordered dualistic partial metric space. Suppose that
T: M — M is a mapping such that

(1) T is a dualistic contraction of rational type;

(2) T is a dominating mapping;

(3) (H) holds.

Then T has a fized point m*. Moreover, D(m*,m*) = 0.

Proof. By the arguments similar to those in the proof of Theorem 3, we obtain that {j,} is
a nondecreasing sequence in M such that j, — m*. By (H), we have j, < m*. Since T is a
dominating mapping, we have j, < T'(m*) and

m* <X T(m"). (2.5)
From the proof of Theorem 3, we deduce that {T"(m*)} is a nondecreasing sequence. Suppose
that limy, o0 T"(m*) = p for some p € M. Now j, = m* implies j, < T"(m*) for all n > 1.
Thus we have

Jn Xm* LT(m*) XT"(m*) n>1.

From (2.1), we have

1D (g1, T (m*))] |D(T(jn), T(T"(m™)))]
aD(jn, jni1) - D(T™(m*), T (m*))
- D(jn, T™(m*))
Taking limit as n — +o00, we obtain that
|D(m*, p)| < BID(m*, wl,

which implies that m* = p. Thus lim,—, {0 T7™(m*) = p implies that lim,_, . T™(m*) = m*.
Hence

+ BID(jn, T" (m"))|.

T(m*) <= m™. (2.6)

From (2.5) and (2.6), it follows that m* = T'(m*). O
Now we present some important consequences of our results.

Corollary 1. Let (M,=,D) be a complete ordered dualistic partial metric space. Suppose

that T : M — M is a mapping such that

(1) T is a dualistic contraction of rational type with = 0;

(2) T is a dominating mapping;

(3) T is a continuous mapping.

Then T has a fized point m*. Moreover, D(m*,m*) = 0.
Corollary 2. Let (M,=,D) be a complete ordered dualistic partial metric space. Suppose
that T : M — M is a mapping such that

(1) T is a dualistic contraction of rational type with = 0;
(2) T is a dominating mapping;

(3) (H) holds.

Then T has a fized point m*. Moreover, D(m*,m*) = 0.
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Corollary 3. Let (M, =, D) be a complete ordered dualistic partial metric space. Suppose
that T : M — M is a mapping such that

(1) T is a dualistic contraction of rational type with o = 0;
(2) T is a dominating mapping;
(3) T is a continuous mapping.
Then T has a fized point m*. Moreover, D(m*,m*) = 0.
Corollary 4. Let (M,=,D) be a complete ordered dualistic partial metric space. Suppose
that T : M — M is a mapping such that
(1) T is a dualistic contraction of rational type with o = 0;
(2) T is a dominating mapping;
(3) (H) holds.
Then T has a fixed point m*. Moreover, D(m*,m*) = 0.
For dominated mappings, we present the following results.
Theorem 6. Let (M, =, D) be a complete ordered dualistic partial metric space. Suppose that
T: M — M is a mapping such that

(1) T is a dualistic contraction of rational type;
(2) T is a dominated mapping;
(3) T is a continuous mapping.

Then T has a fixed point m*. Moreover, D(m*,m*) = 0.
Proof. Let jo € M be an initial element and j, = T'(j,—1) for all n > 1. If there exists a
positive integer r such that j,41 = j, then j, = T'(j,), and so we are done. Suppose that
Jn 7 Jn+1 for all n € N. Since T is a dominated mapping, jo = T'(jo) = j1, and j1 = T(j1)
implies j1 = jo, and jo = T'(j2) implies jo = j3. Continuing in the similar way, we get
JOZ N ZJ2m 3 Z 2 Jn Z Jngl Z Jng2 2
The remaining part of the proof follows from the proof of Theorem 3. O

The following example shall illustrate Theorem 6.

Example 4. Let M = R2. Define Dy : M x M — R by Dy(j, k) = j1 V k1, where j = (j1, j2)
and k = (kq, k2). Note that (M, Dy) is a complete dualistic partial metric space. Let T': M —
M be given by '
T(j) = % for all j € M.
In M, we define the relation > in the following way:
j i k if and only if j1 Z kl, where j = (jl,jg) and k = (kl, kg).

Clearly, = is a partial order on M and T is a continuous, dominated mapping with respect
to =. Moreover, T'(—1,0) = (—1,0). We shall show that for all j,k € M, the contractive
condition (2.1) is satisfied. For this, note that

J k J1

b (L5} = |&

(33)] =[5
if j1 <0

. . g
DV<J,T<9>>|=]DV(J,) Y
2 gl it >0,

[DV(T (), T(k))| =

for all j1 > kl,

ol

T — k Bl itk <0
Dy(k,T(k))| = |D <]<;, > — 2
and |Dy(j,k)] = |[j1] for all j; > k.
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1
Now for oo = ,525. If j1 <0, k; <0, then

. Dy (4, T(5)) - Dv(k,T(k))
Dy(T(5), T(k))| <« -
DTG T < o D) B
holds for all j = k if and only if 6]j1| < |k1| + 6|j1].

W =

’+mDW$M!

If j1 > 0, k1 > 0, then the contractive condition

D\/(ja k)

holds for all j = k if and only if j; < %k‘l + J1.

IDWTUMH@NSa’ ’+mDW$@!

Finally, if j;1 > 0, k1 <0, then
Dy (5,7(j)) - Dv(k,T(k))
D\/(jv k)

holds for all j > k if and only if 3j; < |ki| 4+ 3j1. Thus all the conditions of Theorem 5 are
satisfied. Moreover, (0,0) is a fixed point of 7'

|DmTuwnmn$a\ ]+m0me|

Theorem 7. Let (M, =, D) be a complete ordered dualistic partial metric space. Suppose that
T: M — M is a mapping such that

(1) T is a dualistic contraction of rational type;
(2) T is a dominated mapping;

(3) (Q) holds.
Then T has a fized point m*. Moreover, D(m*,m*) = 0.

The proof can be obtained by the proofs of Theorems 5 and 6. Some consequences of
Theorems 6 and 7 are given below.

Corollary 5. Let (M, =,D) be a complete ordered dualistic partial metric space. Suppose
that T : M — M is a mapping such that

(1) T is a dualistic contraction of rational type with 5 = 0;
(2) T is a dominated mapping;
(3) T is a continuous mapping.

Then T has a fized point m*. Moreover, D(m*,m*) = 0.

Corollary 6. Let (M,=,D) be a complete ordered dualistic partial metric space. Suppose
that T : M — M is a mapping such that

(1) T is a dualistic contraction of rational type with 5 = 0;
(2) T is a dominated mapping;

(3) (Q) holds.
Then T has a fized point m*. Moreover, D(m*,m*) = 0.

Corollary 7. Let (M,=,D) be a complete ordered dualistic partial metric space. Suppose
that T : M — M is a mapping such that

(1) T is a dualistic contraction of rational type with o = 0;
(2) T is a dominated mapping;
(3) T is a continuous mapping.

Then T has a fixed point m*. Moreover, D(m*,m*) = 0.
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Corollary 8. Let (M, =, D) be a complete ordered dualistic partial metric space. Suppose
that T : M — M is a mapping such that

(1) T is a dualistic contraction of rational type with o = 0;
(2) T is a dominated mapping;

(3) (@) holds.
Then T has a fixed point m*. Moreover, D(m*,m*) = 0.
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HOMOMORPHISMS AND DERIVATIONS IN PROPER LIE
CQ*-ALGEBRAS

CHOONKIL PARK, G. ZAMANI ESKANDANI*, GEORGE A. ANASTASSIOU AND DONG YUN SHIN*

ABSTRACT. In this paper, we investigate homomorphisms in proper Lie CQ*-algebras and
derivations on proper Lie CQ*-algebras associated with the following Pexiderized functional
equation

f@+y) = folz) + fr(y).
Moreover, we prove the Hyers-Ulam stability of homomorphisms in proper Lie CQ™*-algebras
and of derivations on proper Lie CQ*-algebras.

1. INTRODUCTION AND PRELIMINARIES

Ulam [24] gave a talk before the Mathematics Club of the University of Wisconsin in
which he discussed a number of unsolved problems. Among these was the following question
concerning the stability of homomorphisms.

Let (Gy,%) be a group and let (Ga,o,d) be a metric group with the metric d(-,-). Given
€ > 0, does there exist a 6(e) > 0 such that if a mapping h : G1 — G2 satisfies the inequality
d(h(x *y), h(z) o h(y)) <0
for all x,y € Gy, then there is a homomorphism H : G1 — Ga with

d(h(z),H(x)) <€

for all x € G17
Hyers [10] considered the case of approximately additive mappings f : E — E’, where E
and E’ are Banach spaces and f satisfies Hyers inequality

If(z+y) = flz) = f)ll <€
for all x,y € E. It was shown that the limit

exists for all z € E and that L : E — FE’ is the unique additive mapping satisfying
1f(z) = L(z)|| <e.

Rassias [16] provided a generalization of Hyers” Theorem which allows the Cauchy differ-
ence to be unbounded. See [18, 19, 20, 21, 22| for more information on functional equations
and their stability.

Let A be a linear space and Ay is a x-algebra contained in A as a subspace.We say that
A is a quasi *-algebra over Ag if

() the right and left multiplications of an element of A and an element of Ay are defined
and linear;

2010 Mathematics Subject Classification. Primary 17B40, 39B52, 47N50, 47160, 46B03.
Key words and phrases. Hyers-Ulam stability, proper Lie CQ*-algebra homomorphism, Lie derivation.
*Corresponding authors.
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(17) x1(x2a) = (r122)a, (ax1)xe = a(x1ze) and x1(azxe) = (r1a)xy for all x1, e € Ag and
all a € A;

(7i7) an involution *, which extends the involution of Ay, is defined in A with the property
(ab)* = b*a* whenever the multiplication is defined.

A quasi *-algebra (A, Ap) is said to be a locally convex quasi #-algebra if in A a locally
convex topology 7 is defined such that

() the involution is continuous and the multiplications are separately continuous;

(13) Ap is dense in A[r].

Throughout this paper, we suppose that a locally convex quasi *-algebra (A, Ap) is com-
plete. For an overview on partial x-algebra and related topics we refer to [1].

In a series of papers [2, 4, 5, 6] many authors have considered a special class of quasi
x-algebras, called proper C'Q*-algebras, which arise as completions of C*-algebras. They can
be introduced in the following way:

Let A be a Banach module over the C"-algebra Ay with involution * and C*-norm || . o
such that Ayg C A. We say that (A, Ap) is a proper CQ*-algebra if

(1) Ag is dense in A with respect to its norm | . [|;

(13) (ab)* = b*a™ whenever the multiplication is defined;

(#11) || y llo= suPaca,jja<1 Il ay || for all y € Ay.
Definition 1.1. A proper CQ*-algebra (A, Ap), endowed with the Lie product

Zr —XZ

[Z,ZL‘] = 9

for all x € A and all z € Ay, is called a proper Lie CQ*-algebra.

Definition 1.2. Let (A, Ag) and (B, By) be proper Lie CQ*-algebras.

(1) A C-linear mapping H : A — B is called a proper Lie C'Q*-algebra homomorphism
if H(z) € By and H([z,z]) = [H(z), H(z)] for all z € Ap and all z € A.

(17) A C-linear mapping ¢ : Ay — A is called a Lie derivation if

6([z,2]) = [0(2), 2] + [z, 6(2)]
for all z,z € Ag (see [12]).

Park and Rassias [14] investigated homomorphisms in proper JCQ*-triples and derivations
on proper JCQ*-triples. Park [15] investigated homomorphisms in proper CQ*-ternary
algebras and derivations on proper CQ*-ternary algebras. Najati and Park [11] investigated
homomorphisms in quasi-Banach algebras associated to the Pexiderized Cauchy function
equation.

In this paper, we investigate homomorphisms in proper Lie CQ*-algebras and derivations
on proper Lie C'Q*-algebras associated with the following Pexiderized functional equation

flx+y) = folx) + fi(y).

This is applied to investigate homomorphisms in proper Lie CQ*-algebras.

Throughout this paper, assume that k is a fixed positive integer.

This paper is organized as follows: In Sections 2 and 3, we investigate homomorphisms in
proper Lie CQ*-algebras and derivations in proper Lie CQ*-algebras.

In Sections 4 and 5, we prove the Hyers-Ulam stability of homomorphisms in proper Lie
CQ*-algebras and stability of derivations on proper Lie CQ*-algebras.
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2. HOMOMORPHISM IN PROPER LIE CQ*-ALGEBRA

Throughout this section, assume that (A, Ag) is a proper Lie CQ*-algebra with C*-norm
Il . |4, and norm || . || 4, and that (B, By) is a proper Lie CQ*-algebras with C*-norm || . || 5,
and norm || . || .

Theorem 2.1. Let ¢ : Ag x A — [0,4+00) be a mapping such that

1
lim —p(2"w,z) =0 (2.1)

n—oo 2N

for all w € Ay and all x € A, and let f, fo, f1 : A — B be mappings with f(0) = 0 and
f(w), fo(0) € By for all w € Ay and

s @) = Jolw) = Fr(ls <I kfETEEE) |, (2.2

1/ ([w, z]) = [fo(w), f(@)][[B < p(w,x) (2.3)

forall p € T' := {u € C: |u| =1}, all w € Ag and all x,y,z € A. Then the mapping
f+A— B is a proper Lie CQ*-algebra homomorphism. Moreover,

f(x) = fo(0) = fo(z) = f1(0) — f1(x)
for all x € A.
Proof. Letting p =1, y = —x and z = 0 in (2.2), we get
f(x) = fo(=z) — fo(0)
for all x € A. So fo(w) € By for all w € Ay. Similarly, we have
f(x) = fi(==z) = f1(0)
for all z € A. By (2.2), we have

1f(+y) = flz) = fWl <|If(z+y) - fo(—z) = fi(=y)lB =0
for all x,y € A. So the mapping f : A — B is additive. Letting y = —pux, and z = 0 in

(2.2), we get

wf(x) = fo(=px) + f1(0) = f(px)
for all x € A. By the same reasoning as in the proof of [13, Theorem 2.1], the mapping
f:A— Bis C-linear. By (2.1) and (2.3), we have

17 (w,a]) — [F(), F@ls = T A2, a]) — [fof2"w), file)ls

n
n—00 on

=0

for all w € Ap and all z € A. So

for all w € Ag and all z € A.
Therefore, the mapping f : A — B is a proper Lie CQ*-algebra homomorphism, as
desired. 0

Remark 2.2. We can formulate a similar theorem if we replace the condition (2.1) by
o1 n
nh_)nolo 27@(11),2 x)=0

for all w € Ap and all z € A.
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Corollary 2.3. Let 0,79,71 be non-negative real numbers such that r; € [0,1) for some
0<j <1 andlet f, fo, f1 : A — B be mappings with f(0) =0 and f(w), fo(0) € By for all
w € Ao and satisfying (2.2) and

1f (fw, z]) = [fo(w), fr(@)][|p < Ollw] R |3

for allw € Ay and all z € A (by putting ||.||% = 1). Then the mapping f : A — B is a
proper Lie CQ*-algebra homomorphism. Moreover,

f(@) = fo(0) = fo(z) = f1(0) — fi(=)
for all x € A.
Proof. The proof follows from Theorem 2.1. O

Corollary 2.4. Let 0,79,71 be non-negative real numbers such that r; € [0,1) for some
0<j<1andletf, fo, f1: A— B be mappings with f(0) =0 and f(w), fo(0) € By for all
w € Ag and satisfying (2.2) and

£ ([w, z]) = [fo(w), f(@)llz < 6wl + ll=l4)

for all w € Ag and all z € A (by putting ||.||% = 1). Then the mapping f : A — B is a
proper Lie CQ*-algebra homomorphism. Moreover,

f(x) = fo(0) = fo(z) = f1(0) — fi(z)
for all x € A.
Proof. The proof follows from Theorem 2.1. O

3. DERIVATIONS ON PROPER LIE CQ*-ALGEBRAS

Throughout this section, assume that (A, Ap) is a proper Lie CQ*-algebra with C*-norm
Il . |la, and norm || . || 4.

Theorem 3.1. Let ¢ : Ag x Ag — [0, +00) be a mapping such that

1
m —e(2"wp,w;) =0 (3.1)

n—oo 2N

for all wo, w1 € Ay and let f, fo, f1 : Ao — A be mappings with f(0) =0 and f(w), fo(0) €
Ay for all w € Ay and

lpef () = folwo) = fian)lla <I k(0T )
1 f ([wo, w1]) + [fo(wo), w1] + [wo, f1(w1)] |4 < p(wo, w1) (3.2)

for all p € T and all w,wy,w; € Ag. Then the mapping f : Ay — A is a Lie derivation.
Moreover,

f(x) = fo(0) = fo(x) = f1(0) — fi(x)
for all x € Ayp.
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Proof. By the same reasoning as in the proof of Theorem 2.1, the mapping f : Ag — A is
C-linear and f(z) = fo(0) — fo(z) = f1(0) — fi(x) for all z € Ag. By (3.1) and (3.2), we have
[1f ([wo, wi]) — [f (wo), wi] — [wo, f(w1)]]|a

= lim i||f(2n[wo7 w1]) + [fo(2"wo), w1] + [2"wo, f1(w1)]]|a

n—oo 2N
1
< lim. 2790(2 wo,wy) =0
for all wg, wy € Ap. So
f([wo,w1]) = [f(wo), w1] + [wo, f(w1)]

for all wg, w1 € Ag. Therefore, the mapping f : A9 — A is a Lie derivation, as desired. [J

Remark 3.2. We can formulate a similar theorem if we replace the condition (3.1) by

i 1
Jim, grp(w, ") =0
for all wg, wy € Ayp.

Corollary 3.3. Let 0,79,71 be non-negative real numbers such that r; € [0,1) for some
0<j<1andletf fo,f1 : A— B be mappings with f(0) = 0,f(w), fo(0) € Ag for all
w € Ay and satisfying (3.2) such that

| f (fwo, w1]) + [fo(wo), wi] + [wo, fi(w1)]|| , < O(lJwoll’f, + lJwi]ls))

for allwg, w1 € Ag (by putting ||.||% = 1). Then the mapping f : Ag — A is a Lie derivation.
Moreover,

f(@) = fo(0) = fo(x) = £1(0) = f1(=)

for all x € Ayp.
Proof. The proof follows from Theorem 3.1. U

Corollary 3.4. Let 0,79,71 be non-negative real numbers such that r; € [0,1) for some
0<j<1andletf,fo,fi : A— B be mappings with f(0) = 0 and satisfying (3.2) such
that

|| f ([wo, w1]) + [fo(wo), wi] + [wo, fr(w)]|| , < Ollwoll’s, lwa |4,

for allwg, w1 € Ay (by putting ||.|% = 1). Then the mapping f : Ao — A is a Lie derivation.
Moreover,

f(x) = fo(0) = fo(z) = f1(0) = fi(z)
for all x € Ayp.

Proof. The proof follows from Theorem 3.1. O

4. STABILITY OF HOMOMORPHISM IN PROPER LIE CQ*-ALGEBRAS

Using an idea of Gavruta [7], we prove the Hyers-Ulam stability of homomorphisms in
proper Lie C'Q*-algebras.

Theorem 4.1. Let ¢ : A x A — [0,+00) be a mapping such that ¢(0,0) =0 and

1
lim —(2"x,2"y) =0, (4.1)

n—oo 2N
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~ > 1 S . .
Bla) =Y o [p(2'w,2'2) + 0(22,0) + (0, 2')] < o0 (4.2)
i=0
forallx,y € A and let f, fo, f1 : A — B be mappings with f(0) =0 and f(w), fo(w), fi(w) €
By for all w € Ay such that

I f(uz + py) — pfo(z) — pfr(w)le < ¢(z,y), (4.3)
[|f(wo +w1) — folwo) — fir(wi)|l By < p(wo,w), (4.4)
1 £ ([wo, ]) = [fo(wo), f1(@)]llB < ¢(wo, T) (4.5)

for all p € T, all wo, w1 € Ag and all x,y € A. Then there exists a unique proper Lie
CQ*-algebra homomorphism H : A — B such that

I£@) ~ H@)ls < 33(2),
| fo(w)—fo(0) ~ H(@)lls < 55(x) + (. 0), (46)
|4~ £1(0) ~ H@)ls < 53(2) + 9(0,2)
forallxz € A.
Proof. Letting y = 0 and p =1 in (4.3), we get
1f (@) = fo(x) — f1(0)]| B < ¢(,0) (4.7)
Similarly, we get
1/ () = fi(y) = fo(0)]B < ¢(0,y) (4.8)
for all x,y € A. Using (4.7) and (4.8), we get
1f (e + py) = pf(2) = p1f ()l B < P, y) (4.9)
where

P(z,y) = e, y) + (2, 0) +¢(0,y)
for all 4 € T! and all o,y € A. Letting z = y and p = 1 in (4.9), we get

1f(22) = 2f(z)||lp < ¥(z,2) (4.10)
Replacing by 2"z in (4.10) and dividing both sides of (4.10) by 2"+, we get

f@Mtle)  f(2na) Y(2"z, 2" )
H 2n+1 H < 2n+1 (4’11)
for all x € A and all non-negative integers n. By (4.11), we have
f(rtln) 1 o= ¥(2'z, 2')
H on+1 - oam HB - 5 Z 2 (4'12)
=m

for all x € A and all non-negative integers n and m with n > m. Thus we conclude from
(4.2) and (4.12) that the sequence {5~ f(2"z)} is Cauchy in B for all z € A. Since B is

complete, the sequence {2% f(2"z)} converges in B for all x € A. So one can define the
mapping H : A — B by

Hr) = Jim oo f(2"0) = lim o fi(2) (i=0,1) (4.13)

n—>oo
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for all z € A. Letting m = 0 and passing the limit when n — oo in (4.12), we get (4.6). It
follows from (4.1), (4.3) and (4.13) that

HH(WU + py) — pH(z) — uH(y)H

B
= lim ;Hf (2"px + 2"py) — pfo(2"2) — pfi(2 y)HB
oy, 2"
< lim M -0
n—00 n

for all © € T and all 2,y € A. Hence

H(px + py) = pH(z) + pH(y)
for all 4 € T! and all z,y € A. By the same reasoning as in the proof of [13, Theorem 2.1],
the mapping H : A — B is C-linear. It follows from (4.4) and (4.13) that H(w) € By for all
w € Ap. It follows from (4.1), (4.5) and (4.13) that
tim £, a]) ~ [fo(2"w), ]|

HB — n—oo 4

|H ([w, 2]) = [H(w), H

2 2"
< 1 22020
n—00 4qn

for all w € Ag and all z € A. Hence
H([w,z]) = [H(w), H(z)]
for all w € Ag and all x € A. So H : A — B is a proper Lie CQ*-algebra homomorphism.

Now, we show that H : A — B is unique. Let T': A — B be another proper Lie C'Q*-
algebra homomorphism satisfying (4.6). It follows from (4.2), (4.6) and (4.13) that

[H ()~ T(@)lls = Jim_ o |lF(@") ~ T2
1 1 n
< fnh_{glo 2—@(2 z)=0
foralz €¢ A. So H="T. O

Corollary 4.2. Let 0,719,717 be non-negative real numbers such that 0 < rg,r1 < 1 and let
Iy fos f1 + A — B be mappings with f(0) = 0 and f(w), fo(w), fi(w) € By for all w € Ay
and

I f(pa + py) — pfolx) — pfrw)lls < 0z + lyll's),
[ f(wo +w1) — fo(wo) — fr(wi)|By, < O([lwoll’Y + [lwill’}),

1/ (fwo, #]) = [fo(wo), fr(@)]llz < O([[woll¥ + [l=I’4)

for all p € T, all wo, w1 € Ag and all x,y € A (by putting ||.|% = 1). Then there ezists a
unique proper Lie CQ*-algebra homomorphism H : A — B such that

I£(2) — H@)lp < 20 ¢ Ty

210 _on1
| fi(z)—f:(0) — H(z)||p < 2(2”f”§0 + ” ” )0+ 0)lz (i=0,1)

forallx € A.

Proof. The proof follows from Theorem 4.1. O
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Corollary 4.3. Let 0,719, 71 be non-negative real numbers such that X\ :=ro+r1 < 1 and let
fs fo, f1 : A — B be mappings with f(0) = 0 and f(w), fo(w), fi(w) € By for all w € Ay

and

| f (e + py) — pfo(x) — pfrw)ls < 0z} vl
1f (wo +w1) — fo(wo) — fi(wi)|lBy < Ollwol’}lJw]y,

1/ (fwo, 2]) = [fo(wo), fr(@)]lz < Ollwolld ll=|I'x

for all p € T, all wo, w1 € Ag and all x,y € A (by putting ||.|% = 1). Then there ezists a
unique proper Lie CQ*-algebra homomorphism H : A — B such that

A
[Edive

If(2) = H(z)| 5 <

2 —2A
0
I fiw) ~ (0) ~ H@)ls < 52 ssllalh (= 0,1)
forallx € A.

Proof. The proof follows from Theorem 4.1. O

For ro = r1 = 0, we have the following theorem:

Theorem 4.4. Let 0 be non-negative real number and let f, fo, f1 : A — B be mappings
such that f(w), fo(w), fi(w) € By for all w € Ag and

| f (e + py) — pfo(z) — nfr(y)ls <0,
I|.f(wo +w1) = folwo) — fi(w1)]| B, <6,

I|.f ([wo, x]) — [fo(wo), fr(x)]|lz < 0

for all p € T, all wo,wy € Ag and all x,y € A. Then there exists a unique proper Lie
CQ*-algebra homomorphism H : A — B such that

If(z) — H(z)|p <30 4 M,

[fo(z) + f1(0) — H(x)||p <46 + M,

1f1(z) + fo(0) — H(z)||p < 46 + M
for all z € A, where M = || fo(0) + f1(0)||5-

Proof. The proof is similar to the proof of Theorem 4.1. O
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5. STABILITY OF DERIVATION ON PROPER LIE CQ*-ALGEBRAS

We prove the Hyers-Ulam stability of derivations on proper Lie CQ*-algebras.

Theorem 5.1. Let ¢ : Ag X Ag — [0, +00) be a mapping satisfying (4.1) and (4.2) for all
x,y € Ag such that (0,0) = 0 and let f, fo, f1 : Ao —> A be mappings with f(0) =0 and
f(w), fo(w), fi(w) € Ay for all w € Ay such that

[.f (pwo + pawr) — pfo(wo) — pfi(wi)lla, < @(wo,wr),

| £ ([wo, w1]) = [fo(wo), w1] = [wo, f1(w1)]]| ; < @(wo,w:) (5.1)

for all i € T and all wo,wy € Ag. Then there exists a unique Lie derivation & : Ag — A
such that

IF@) = 8(e)lla < 35(2).
Ifo(e)~fo(0) — 5(a)lla < 33(w) + p(a,0), (52)
/1)~ £1(0) — 5()lla < 55(2) + 9(0,2)

for all x € Ay.

Proof. By the same reasoning as in the proof of Theorem 4.1, there exists a unique C-linear
mapping ¢ : Ag — A satisfying (5.2). The mapping § : A9 — A is defined by

I S | n .
Sw) = Jim o f(2'w) =l oA (= 0,1) 6.9
for all w € Ag and §(w) € Ag for all w € Ay. It follows from (4.1), (5.1) and (5.3) that
10 ([wo, w1]) = [6(wo), w1] — [wo, d(w1)]|| ,

= lim in(éL”[wo,wl]) — [f0(2"w0), anl] — [2”w0, f1 (anl)]HA

n—oo 4n
2m 2m
< lim (2" wo, 2" w1) —0
n—00 4n

for all wg, w1 € Ag. So

6([wo, w1]) = [6(wo), wr] + [wo, 6(wn)]
for all wg,w; € Ap. Hence the mapping § : Ag — A is a unique Lie derivation satisfying
(5.2). O

Corollary 5.2. Let 0,r9,r1 be non-negative real numbers such that 0 < rg,71 < 1 and let
fs fo, f1 : Ao — A be mappings with f(0) = 0 and f(w), fo(w), fi(w) € Ay for all w € Ay
such that

1/ (pwo + pawr) — pfo(wo) — pfr(wi)lag < Ollwolls; + lwill’s,),

| f (fwo, w1]) — [fo(wo), w1] — [wo, fi(w1)]|| , < O(lJwoll’§, + lJwills))

for all p € T' and all wo, w1 € Ay (by putting ||.|% = 1). Then there exists a unique Lie
derivation 6 : Ag — A such that

1) = 3)la < 2(

[l=]72, N Hxllf&O)e
220 ' 2_2r)"

2-2r0 ' 22n Ao o

1 £i(2)—£;(0) — 6(x)[|a < 2(
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for all x € Ay.
Proof. The proof follows from Theorem 5.1. O

Corollary 5.3. Let 0,ry,r1 be non-negative real numbers such that 0 < XA < 1 and let
fs fo, f1 1 Ao — A be mappings with f(0) =0 and f(w), fo(w), fi(w) € Ay for all w € Ay
such that

1 f (pwo + pawr) — pfo(wo) — pfi(wi)lla, < Ollwoll’x, lwill’y,,

[1f ([wo, wi]) = [fo(wo), w1] — [wo, fr(wi)]]| ; < Ollwoll’X) llwr]l’4

for all p € T' and all wo, w1 € Ao (by putting ||.|% = 1). Then there exists a unique Lie
derivation 6 : Ag — A such that

0
17() = 8@)la < 55z el

5:@) = £:0) —@)la < 5ossllal,  G=0.1)
for all x € Ay.
Proof. The proof follows from Theorem 5.1. U
For rg = r; = 0, we have the following theorem:

Theorem 5.4. Let 6 be non-negative real number and let f, fo, f1 1+ Ag — A be mappings
and f(w), fo(w), fi(w) € Ay for allw € Ay and

I|.f (pwo + pwr) — pfo(wo) — pfi(wi)lla, <6,
£ ([wo, w1]) — [fo(wo), f1(w1)][|la < 6

for all i € T! and all wo,wy € Ag. Then there exists a unique Lie derivation § : A — B
such that

1f(z) —d(z)]la <30+ M,
[fo(z) + £1(0) = 0(z) ][4 <460 + M,

1f1(@) + fo(0) — d(x)||a < 460 + M
for all x € Ay, where M = || fo(0) + f1(0)] 4.
Proof. The proof is similar to Theorem 5.1. (]
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WOVEN FRAMES IN HILBERT C*-MODULES
FATEMEH GHOBADZADEH, ABBAS NAJATI, GEORGE A. ANASTASSIOU AND CHOONKIL PARK*

ABSTRACT. In this paper we introduce woven frames in Hilbert C*-modules. We then investigate
some properties of woven frames and prove some results. For a given frame {; }icr in a Hilbert C*-
module U, we obtain some conditions on a perturbed family {t;}icr of U which imply that {¢;}ier
and {4;}ier are woven.

1. INTRODUCTION

1.1. Hilbert C*-modules. Let A be a C*-algebra. A pre-Hilbert A-module is a complex vector
space U which is also a left A-module equipped with an A-valued inner product (.,.) : U x U — A
such that

(1) (z,2) >0, zeU,

(2) (z,2) =0 2=0, xze€U,

(4) (az,y) = a(z,y), zyecUac A,

(5) (z,y) = (y, )", zyeU.
It is easy to see that scalar multiplication and the left A-module structure of a pre-Hilbert A-module
U are compatible in the sense that

(Aa)x = a(Az) = Aaz), AeC,ac A zel.

For z € U, we set ||z| = H(x,x)H% It is well known that U is a normed space with ||.|| (see [10]).
If U is complete with norm ||.||, it is called a Hilbert .A-module or a Hilbert C*-module over A. We
are especially interested in finitely and countably generated C*-modules over unital C*-algebras A.
A Hilbert A-module U is called countably generated if there exists a countable set {z; : 1 € I} CU
such that U equals the closed linear span of the set {a;x; : i € I,a; € A}. A Hilbert A-module U
is finitely generated if there exists a finite set {x1,x9, -+ ,x,} C U such that each x € U can be
expressed as an A-linear combination of {x1,zo, -,z }.

For a unital C*-algebra A, let (2(A) = {{a;}32; € A: Y%, a;a; converges in norm in A}. The
pointwise operations

{a: 720 +{bi}Z) = {ai + b}y, afai}i2y = {aa;}2,

and the inner product
{ai}2y {bi}2y) = aib}
i=1

turn ¢2(A) into a Hilbert A-module. The sequence {e;}3°;, where e; takes value 14 at i and 04
everywhere else, is an orthonormal basis for £2(A) and it is called the standard orthonormal basis.
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For Hilbert A-modules U and V, amap T : U — V is called bounded A-linear if
Tz +y)=AT'(z) +T(y), T(ax)=aT(x), N€C, z,yeU, a€ A,
and if
IT) = sup {IT(@)]| + @ € U, Jlall <1} < oc.

For Hilbert C*-modules U and V, a map T : U — V is called adjointable if there is a map

T*:V — U such that
(Tz,y) = (x,T"y), zelUyeV.

We denote by L(U, V) the set of all adjointable maps from U to V. It is easy to show that every
T € L(U,V) is A-linear and bounded. In fact L(U, V') is a Banach space with respect to the operator
norm. Moreover, L(U,U) is a C*-algebra and we will denote it by L(U) [10]. In spite of the fact that
every (linear) bounded operator in Hilbert space is adjointable, not all bounded linear operators on

Hilbert C*-modules are adjointable, since Riesz representation theorem for continuous functionals in
Hilbert spaces does not hold for general Hilbert C*-modules (see [7]).

Proposition 1.1. [10] Let U be a Hilbert A-module and let T be a bounded A-linear operator on U.
Then the following conditions are equivalent:

(1) T is a positive element of L(U).

(2) (Tx,x) =20 forallz e U.
Proposition 1.2. Let {e;}3°, be the standard orthonormal basis of (?(A). For o C N, we define
P, o P(A) — C(A) by Pr(3 2 aie;) = Y e, aiei. Then P, is an adjointable projection onto
spanie; tico -
Proof. We have P? = P,, and so P, is a prOJeCthD We show that P, is adjointable and P} = P.
For this, let a = lel aie;, b =32 bie; € ??(A). Then

o
(Pya,b) Zazel,Zb e;) Z<aieiazbj€j>
=1

€0 1E0
= Z(awh b161> = Z<Z ajej, blel>
€0 i€o j=1
Z:aje],zzbeZ = (a, P,b).
€0
This completes the proof. O

1.2. Frames in Hilbert C*-modules. The concept of frame for a separable Hilbert space H was
introduced by Duffin and Schaeffer [4], and it was defined as a finite or countable sequence {¢; }ier
in H such that there exist constants A, B > 0 satisfying

Allz]? <Y Iz, 90)|* < Bllz|?, = € H.
el
Frames for Hilbert spaces have natural analogues for Hilbert C*-modules. Frames for Hilbert C*-
modules were introduced by Frank and Larson [7]. Hilbert C*-module frames are generalization of
Hilbert space frames. A frame for a countably (or finitely) generated Hilbert C*-module U is a
sequence {; }ier (I is a finite or countable subset of N) in U for which there are constants A, B > 0
such that

Az, z) < Z(x, vi){pi,z) < B{z,x), x€U. (1.1)
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We consider standard frames for which ). (x, ¢;) (i, ) converges in norm for every € U. The
constants A, B are called the lower and upper frame bounds, respectively. If only the second inequality
in (1.1) is satisfied, we say that {y;}ics is a Bessel sequence with a Bessel bound B. A frame {¢; }icr
is called a tight frame if we can choose A = B and a Parseval frame (or normalized tight frame) if
A=B=1.

Frank and Larson [7] showed that standard frames always exist in a countably (or finitely) gen-
erated Hilbert C*-module over a unital C*-algebra. Li [11] showed that every infinite-dimensional
commutative unital C*-algebra has a Hilbert C*-module admitting no frames. Many related concepts
of frames in Hilbert spaces such as g-frame, perturbation of frames and Riesz bases and stability of
g-frames were introduced and investigated in Hilbert C*-module spaces [5, 6, 8, 9, 14, 15].

In this paper we introduce the concept of woven frames and investigate whose relation with per-
turbation of frames in Hilbert C*-modules.

Arambasié¢ proved the following result which states that the condition (1.1) from the definition of
standard frames can be replaced with a weaker one.

Theorem 1.3. [1] Let A be a C*-algebra, U a countably generated Hilbert A-module, and {v;}ier
a sequence in U such that Y, (x, i) (@i, ) converges in norm for every x € U. Then {p;}ier is a
standard frame for U if and only if there are constants C, D > 0 such that

Cllall? < || S0 (i )| < DIal?, wev.
el

Let {¢;}icr be a standard frame for a Hilbert C*-module U. We define the synthesis operator
T : (?(A) — U by T({ai}ier) = Y.y aipi- It is well known that T is adjointable and its adjoint
T* : U — (?(A) which is called the analysis operator fulfills T*z = {(z, ;) }ic;. By composing T
and T*, we obtain the frame operator S : U — U which is given by

Sy =TT*z = (2,095, z€cU.
iel
The frame operator is positive, invertible, and is the unique operator in L(U) such that the recon-

struction formula
=Y (&, 8 oo = (z,00)5 i,
icl icl
holds for all z € U. It is easy to see that the sequences {S~1¢;}icr and {S_%gpi}iej are frames for U.
The frame {S~'p; }ics is said to be the canonical dual frame of {@;}ic; and the frame {S_%Qi}iej is
said to be the canonical Parseval frame of {@;}icr [7].

Theorem 1.4. [1] Let A be a C*-algebra, U a countably generated Hilbert A-module, {p;}ticr a
sequence in U, and 0z = {(z, p;) }ier for x € U. The following statements are mutually equivalent:
(1) {@i}tier is a standard frame for U.
(2) 0 € L(U,#2(A)) and 6 is bounded below with respect to norm, i.e., there is m > 0 such that
|0x|| = mlz|| for all z € U.
(3) 0 € L(U, ?(A)) and 0 is bounded below with respect to the inner product, i.e., there is m' > 0
such that (0x,0x) > m'(x,x) for allz € U.
(4) 0 € L(U, ?(A)) and 0* is surjective.

Theorem 1.5. [1] Let A be a C*-algebra, V and W countably generated Hilbert A-modules, and
T € L(V,W) surjective. If {¢; : i € I} is a standard frame for V with frame bounds C and D, then

{Tp; :i €1} is a standard frame for W with frame bounds W and D||T|?.

For the converse, we have the following.
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Proposition 1.6. Let {¢;}icr be a frame for U and P be an adjointable operator on U such that
{Pyiticr is a frame for U. Then P is a surjective operator.

Proof. Let S be the frame operator of {y;};c;. Then

Z(m, Py;)Pp; = P (Z(P*x, g0i>cpi> = PSP*(x), zeU.
icl iel
So PSP* is the frame operator of { Py; }ier. Since PSP* is invertible, we infer that P is surjective. [
Definition 1.7. A frame {y; };cs for a Hilbert .A-module U is said to be a (standard) Riesz basis for
U if it satisfies
(i) @i #0 for all i € I;
(i) if > ;e a;95 =0for {a;: j € J} C Aand J C I, then every summand a;z; is equal to zero.
We need the following lemmas to obtain optimal frame bounds.

Lemma 1.8. [12] Let a, b be positive elements of a unital C*-algebra A. Ifa < b, then0 < b~' <a™!.
Lemma 1.9. [13] Let T be a bounded and A-linear map on Hilbert A-module U. Then

|T|| = inf{K? : (Tz,Tz) < K(z,z), x€U)}.
In the rest of paper we suppose that A is a unital C*-algebra and U is a countably or finitely
generated Hilbert A-module.
Theorem 1.10. Let {p;}icr be a frame for U with lower and upper frame bounds A and B, respec-
tively. Let S be the frame operator of {¢;}icr. Then
(1) {S™Ypi}icr is a frame with lower and upper frame bounds B~' and A~', respectively.
(2) The optimal frame bounds A, B for {y;}icr are given by
A=|s57H7Y B=]S]I.

Proof. (1) Since S~! is an adjointable and invertible operator, by Theorem 1.5, {S™1p;}ics is a
frame for U. We show that B~ and A~! are frame bounds of {Sflgoz-}ie]. Since AId < S <
BId, we have B~'Id < S7' < A7'Id by Lemma 1.8. This means B~ !(z,z) < (S~ 'x,z) <
A=z, z) for all z € U.
On the other hand, for every x € U we have

D (@, ST (S ) = > (ST i) (@i, ST ) = (ST e, ST ) = (SN, @),

icl el

Therefore,

B Yz, ) < Z(az, STl (ST i x) < AN, z), xeU.
i€l
(2) It is clear that (S%x, S%m) < B(z,z) for all € U. By Lemma 1.9, we have
IS2|| = inf{K?z : (S2z,S2) < K(z,2) ,z€U}.
So ||S]| = ||S%S%|| = HS%H2 is the optimal upper frame bound for {¢;}icr
IS = 115252 = [I52|* = B.

For the optimal lower frame bound, since the frame operator of {S~'y;}icr is S~1, we get
|S~1| is the optimal upper frame bound for {S~1y;}ic;. Thus ||[S71| 7! is the optimal lower

frame bound for {¢; }ier.
This completes the proof. O
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Proposition 1.11. Let {y;}icr be a Bessel sequence in U and S : U — U be given by
Sz = Z<x7§0z>¢la zel.
el
If there exists a constant A > 0 such that
1Sz| = All=ll, €U, (1.2)
then {@itier is a frame for U with lower frame bound A.

Proof. We define the operator T' : £*(A) — U by T({ai}icr) = > ;c; aii- Since {g;}icr is a Bessel
sequence in U, T' is well defined, adjointable, and S = T'T™*. By (1.2), we have

1T > e llzll, = e U.

A
[[]

Hence by Theorem 1.4, {@;}ics is a frame for U. Therefore S is invertible and [|S™1|| < A~
Since the optimal lower frame bound for {¢;}icr is [|[S71||7!, we get A is a lower frame bound for

{pitier- O

If {¢;}ier is a frame for U with lower bound A and frame operator S, then

|Sz|| = sup [[(Sz,y)| >
lyll=1 [l[l

Therefore, [|Sz|| > A|lz| for all z € U.

—[(Sz,a) > Allall, @€ U\ {0},

2. WOVEN FRAMES

The concept of woven frames for Hilbert spaces was introduced in [2].
In this section we introduce woven frames for finitely or countably generated Hilbert C*-modules.
We use the notation [m] = {1,...,m} in the rest of the paper for m € N.

Definition 2.1. A family {{%‘j }ie[} O] of frames for U is called woven if there exist universal
Jje

constants 0 < A < B < oo such that for every partition {o;};c[ar of I, the family {¢i; }ico; jen is 2
frame for U with lower and upper frame bounds A and B, respectively. Each family {goij}i@,j JelM]
is called a weaving.

To verify that a family of frames is woven, it is enough to check that there exists a universal lower
frame bound, since every weaving automatically has a universal upper frame bound.

Proposition 2.2. If {{SOz‘j}ieI}' ) is a family of Bessel sequences with bounds B; for j € [M],
j€
then every weaving is a Bessel sequence with Bessel bound Z]J‘/il B;.

Proof. For every partition {0;};c of I and every x € U, we have

M M
ZZ 2,95) (ig @) <Y D {wpiilis ) < 3 Byl
j=li€o; j=1 el j=1
So Z?il Bj is a Bessel bound for every weaving. O

By Theorem 1.5 and Proposition 1.6, we get the following.

Proposition 2.3. Let {{gpl-j},;g}. " be a woven family of frames for U and P : U — U be an
je

adjointable operator. Then {{ngij}ie[}' ” are woven frames if and only if P is surjective.
j€
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Corollary 2.4. Let {¢;}icr and {¥;}icr be two woven frames. We can always assume that one of
this two woven frames is Parseval.

Proof. Let S be the frame operator of {¢; };c;. Then by Proposition 2.3, {S_%goi}ig and {S_%@bi}ig
are woven frames, where {S _%goi}ie 1 is a Parseval frame. O

In the following proposition, we assume that Z(A) = {a € A: ab = ba,Vb € A}.

Proposition 2.5. Let {@;}icr and {1;}icr be woven frames for Hilbert A-module U with universal
lower and upper bounds A, B, respectively. Assume that {a;}icr and {b;}icr are sequences in Z(A)
such that 0 < Clg < afa; < D1y and 0 < Cly < bib; < D1y for alli € 1. Then {a;pitier and
{bithi }ier are woven frames for U with universal lower and upper bounds AC and BD, respectively.

Proof. Let 0 C I and x € U. Then

i€o 1€0€

_Za @zaz Wi, T +Zb :L"QZ}’L ww >
1€0 1€0°¢

= Za;‘kaz 8017 + Z b* LL’ 1/}2 <1/}Z7 >
i€o 1€0€

The last equality implies that
AC(z,x) < Z(CE,CLMD(%%,@ + Z(%bz’%)(bﬂ/}i,ﬂf) < BD(z,x).
i€0 1€cC
Thus two frames {a;p; }icr and {b;¢;}ier are woven. O

In the following result the commutativity of coefficients is not necessary.

Corollary 2.6. Let {p;}icr and {¢;}icr be woven frames for U with universal lower and upper
bounds A, B, respectively. Assume that {\;}ier and {u;}tier are sequences in C such that 0 < C' <
N2 < D <ooand0<C<|wil? <D <ocoforallicI. Then {\ipiticr and {ui;}icr are woven
frames for U with universal lower and upper bounds AC and BD, respectively.

Proposition 2.7. Assume that {¢;}ics and {1;}ics are woven frames. If J C I such that {v;}ier
and {1;}icr are Bessel sequences, then {p;}icr and {1;}icr are woven.

Proof. By Proposition 2.2, it is enough to show that there is a universal lower bound. Let ¢ C I and
x € U. Then

A<Z,$> < Z <x790i><90i7$> + Z <x7¢1><¢17x> < Z< 9017 Z wu

iconJ icocnJ €0 i1€0¢

This completes the proof. O
The next result shows that we can remove some vectors from woven frames.

Proposition 2.8. Let {p;}icr and {1;}ier be woven frames for U with universal lower and upper
frame bounds A and B, respectively. If J C I and there exists 0 < D < A such that

Z<l‘7$0i><g0’u > D<$ $> T e U’

ieJ
then {@i}ic(ng) and {i}ie(r\g) are woven frames for U with universal lower and upper frame bounds
A — D and B, respectively.
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Proof. Suppose that o C (I'\ J). Then
Sedenar+ S @uden) < 3 @medlena) + S (@) (i)

ico ie(I\N\J)\o ieoUJ ie(INJ)\o
< B<LU, l‘>,

and

Z< Sou + Z wz @01, >

€0 ie(I\J)\o
icoUJ 1eJ i€(I\J)\o

for all x € U. So A — D and B are lower and upper weaving bounds as desired. If we set 0 = J°
(respectively o = ), then {¢;};c(n gy (respectively {t;}ic(n ) is a frame for U. O

Since every frame is woven with itself, we have the following.

Corollary 2.9. Let {p;}icr be a frame with lower frame bound A for U. If J C I and there exists
0 < D < A such that

Z<x790i><9027 > D<SU $> rel,
ieJ
then {pi}icp s is a frame with lower frame bound A — D.
In the next example, we show that if a frame is woven with a Riesz basis, it may be not a Riesz

basis. However in Hilbert spaces a Riesz basis only is woven with a Riesz basis and it cannot be
woven with a frame which is not a Riesz basis [2].

Example 2.10. Let [*° be the set of all bounded complex-valued sequences. If the multiplication is
defined pointwise and the involution is defined by conjugate, then A = [*° will be a C*-algebra with
supremum norm. Let U = ¢g be the set of all sequences converging to zero. For any u = {u;}°,,v =
{vi}32, € U and {¢;}3°, € A, we define

() = wo” = {wvi}Zy,  {eihiZi{witZs = {ewi}iZ

Then U is a Hilbert A-module. Obviously, {e;};en, where e; takes value 1 at i and 0 everywhere else,
is an orthonormal basis of U. Now let x; = ¢; for each ¢, and

- Jeate ifi=1,2
N P ifi£1,2.

Then {z;};cn is a Riesz basis that is woven with {y; }ien, but {y;}ien is not a Riesz basis.

3. PERTURBATION AND WOVEN FRAMES

In this section we show that under some conditions frames that are perturbation of each other are
woven.

Theorem 3.1. [8] Let U be a finitely or countably generated Hilbert A-module over a unital C*-
algebra A, and {p;}icr be a frame for U with frame bounds A and B. Suppose that {1;}icr is a
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sequence of U and that there exist A1, Ag, u > 0 such that max{\; + ﬁ,)\g} < 1. Then {t;}icr is
also a frame for U with frame bounds

((1—A1)M—u>2 o ((1+A1)x/§+u>2

14+ X 1—X

if one of the following conditions is fulfilled for any finite sequence {a;}?  C A and all x € U:

2

<A1

n 2

Z@?a wi — Vi) (@i — i, )

=1

n

Z<:U, @i><90i7 $>

=1

n

=

+ 2 | Y (i) (i) |+ plel;
=1
or
n n 3
Zai(% <)\ Zaz% + A2 Zaﬂ/)z + u Zaia:
i=1 =1 =1

We show that if {¢; }ier and {1); };c5 have the above perturbations, then they may be woven frames.

Theorem 3.2. Let {y;}icr be a frame for U with frame bounds A, B and {1;}icr be a sequence in
U. If for all sequences {a;}ic; € £2(A)

1
3
Z@i(%’—%) <A ZaiSOi + A2 Zaﬂ/)i + Zaiaf : (3.1)
i€l i€l i€l i€l
or
3 3
D (xooi = i) lei — v )| <MD (w0 {en )
i€l iel
. (3.2)
+ 2 || (e, i) (Wi )|+ pllz]
iel

for some A1, \o, ;1 > 0 such that max{\; + <4, X2} < 1 and
VA

< f+A2(1+i\1)\(+M ><f+(1+/1\1)(+“> o< A
— A2 — A2

then {1; }ier is a frame for U, and two frames {V;}icr and {@;}icr are woven.

Proof. By Theorem 3.1, {1;}ics is a frame for U with bounds

((1—A1)\/Z—u>2 o ((1+>\1)\/§+u>2

14+ Ao 1— X

Suppose that ¢ C I and P, : />(A) — ¢%(A) denotes the projection described in Proposition 1.2.
Let T, R be the synthesis operators for the frames {¢;}icr and {t;}ics, respectively. We define
T,, Ry : 1?(A) = U by T, = TP, and R, = RP,. It is clear that

To({ai}icr) = TPs({ai}ier) = > _ ais,

1€0
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and
RJ({ai}iEI) RP {az}zel Zazwz
i€0

Since || Py|| < 1, we have [|[T, — R,|| < ||T — R||, || T5|| < ||T|| and ||R,|| < ||R]||. Also the inequalities
n (3.1) and (3.2) become

A B
17— R < MvVB 4 2L MVBp

1— )Xo ’
and \F
" " 1+ A +
17 = R < MvB + Ao “A by
2

For every xz € U, we have

D (@i — (@ i

€0 1€o
= ||ToT,z — Ro R, z||
< WT6T5 = ToRg)x|| + [[(To Ry — Ro Ry )|
<TG = Bollllz] + 176 — Roll[| 25 [ [l]]
< TINT = Rl + 1T = RIHR] =]

= 17" = RICTN + 1R

1+M)VB+
< <A1\/§+ Az( 11_) e & ﬂt) TN+ 1R

g( \ﬁ+A(1+A1)\F+u M) (\/E+(1+A1)\/§+M>H$”

— X2 1- o
< afjz].

Therefore,

D (@ pipi + (mem - (x, %)%) H

1€0 1e0€ el 1Ste 1€E0
2 Z(xa Pi)pi Z(% Vi)i — Z(w, Pi)pi
el €0 1€
> Allall - ||l v - 3 (@ 00
€0 i€o

> Allz|| = allz| = (A = )|z

for all z € U. So by Proposition 1.11, {y;};cr and {%; }ier are woven under the perturbations (3.1)
and (3.2). O

Theorem 3.3. Let {y;}icr and {1ij}icr be frames with bounds A, B and A;, B; for j =1,...,n—1,

respectively. Suppose that A\ € (0,1) such that \(v/B + VBj) < aforallj=1,...,n—1, where
n—la<A.If

Hzaz ©i 1% H <)\H{az}zEIH7 j: 1,...,71—1 (33)

el

1228 GHOBADZADEH et al 1220-1232



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.7, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

F. GHOBADZADEH, A. NAJATI, G. A. ANASTASSIOU, C. PARK

for all {a;}icr € £2(A), then {@;}icr and {ijtier for j =1,...,n — 1 are woven frames with bounds
A—(n—1)a and B+ 375 ! B;.

Proof. Suppose that P, : £?(A) — (?(A) denotes the projection (with respect to o C I) described
in Proposition 1.2. Let T' and T} be the synthesis operators for the frames {y;}ic; and {ts;}ier,
respectively. Let o U {o; };l:_ll be an arbitrary partition of I. We define

T, =TP,, Ty, =TiPsy, j=1,...n-1

It follows from (3.3) that
1T = T3 < A
For every z € U, we have

n—l
D (e — Y (e ’ ‘ <TanTfa (2) = T, 15, (= ))

7j=1 ’iEO’j iEO'j

ZHTJJJT]’L ) =T, 15, ()],

and
ZHTJ%T; 2) = T, 15 ()]
ZHT% iy (@) = Ty 15, () +Z 175,15, (x) — To, 15, (x) |
< Z IT5NT — Tyl ||l + Z ITT = Ts[l||l
j=1 j=1
n—1
< S AVB+ VBl
j=1
< (n—1allz|.
Hence
Z Z z ﬂhj d}lj Z(%@i%pi < (n_ 1)&”:13”
7j=1 ZEO'J ’LEO']‘
Therefore,

i D iy + ) (@

j=1ico, ico

= Z JI SOZ Pi +Z Z .T 1/}1] wl] Z<x7901>901
i€l i€0; i€o;

= Z z, i) Z Z T, i) iy — Z<$as0i><,0i
i€l = 1€0; 1€0;

> Allz]| = (n — 1)a||:cH =[A—(n—T1)a]|z
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for all x € U. So by Proposition 1.11, we get the result. O

Proposition 3.4. Let {¢;}icr be a frame for U with frame bounds A, B and {1;}icr be a sequence
in U. Let A1, Ao, > 0 such that max{\; + %, Ao} <1 and

MVE + 29 (““WEH‘) t < VA

1— X
If
1 1
2 2
D (woi— i) — )| <MD (@ e (@i @)
iel el
. (3.4)
+ 0 |1 (@ i) (Wi 2)|| + pllll,
icl
or
2
D ailer — )| < M| D aupi|| + A2 || D aitdul| + || asa (3.5)
icl iel iel iel

for all x € U and all {a;}; € 2(A), then {1;}icr is a frame and it is woven with {p; }icr.

Proof. Tt follows from Theorem 3.2 that {1 };cs is a frame for U. We only show that {1;};cs is woven
with {p;}icr. Suppose that o C I. If the inequality (3.4) holds, then we have

=

D e o) lpi )+ (@) (Wi, @)

= |[{{z, ¢i) ieo U {{z, ¥i) bicoe|

= [[{{z, i) bico U {{z, i) — (2,0 — i) bicoe ||
= [[{{z, i) bier — {{z, i — Vi) bicoe|l

> (@, i) bierll — {2, @i — i) bicoel|

> VAlz] - (wm Ao LEAVE + +u> e

o~ o~~~

1— X

VA - <A1\/E+/\2(1+A1)\/§+“+u>

s ]

for all z € U.
If the inequality (3.5) holds, then T": £*(A) — U given by T'({a; }i) = > ;c; ai(pi—1;) is well defined

and bounded with ||T|| < M1V B + Ay (%) + p. It is easy to see T*(z) = {{(z, p; — Vi) bier
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for all z € U. Therefore,

[

Z< Soza Z wz 1%

€0 i€0€

= [[{{z, ¢i) bico U {{z, ¥i) bicoe|

= [{{z, pi) Yieo U{(z, i) — (z, 0 — ¥i) }icoe ||
= [[{{z, i) bier — {{z, pi — i) bieoe|l

{2, i) hierll — I{{z; i = ¥3) Yicoe|
VAlall - 1T lle]

\/Z—<)\1\/§+A2(1+i\1)<§+ﬂ+u>
— A2

for all x € U. Hence {¢; }icr and {¥; };cr are woven by Proposition 1.11. O

L — o~ —~——

>
>

]

Corollary 3.5. Let {p;}icr be a frame for U with bounds A, B, and let {1;}icr be a sequence in U.
If there exists a constant R < A such that

Z@% pi — Yi){pi — i, x)

el

< R|z||?, zeU,

then {1; }ier is a frame for U and {1;}icr is woven with {@;}icr.

Lemma 3.6. [3] Let X be a Banach space and let T : X — X be a linear operator. Assume that
there exist constants A1, A2 € [0,1) such that

1Tz — x| < Mllz]| + Xo||Tx||, =€ X.
Then T is a bounded and invertible opemtor on X, and
1—X 1 —I— A1
14 X2 ” I 1 1+ X
Theorem 3.7. Let {p;}icr be a fmme for U with frame bounds A,B and let T : U — U be an

adjointable operator. Assume that A1, g € [0,1) such that VB(A + Xo||T||) < VA. If |T — Id|| <
A1+ Xo||T||, then {@;}icr and {Tp;}icr are woven.

1—|—)\2

2] < 1T < L < e < Nl e X

Proof. By Lemma 3.6, T is invertible and we get that {T'y;}icr is a frame for U. For every o C I
and for every x € U, we have

N

Yz eilena) + Y (. Te)(Teia)|| = I1{{z, ¢i)}ies U{{z, Toi) ticoe

= I{(z, 0i) Yieo U{(z, i) — ((Id = T")x, 03) bicoe |
= [{(z, 0i) Yier — {{(Id = T7)z, i) }icoell
2 [{(z, e Yierll — I{{Id = T)z, i) }icoe||
> VA|x| - VB|(Id - T")z]|
> (VA—VB|Id—T"|)||z|
> (VA= VB + X T))) ]
So by Theorem 1.3, we get the result. O
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Corollary 3.8. Let {pi}icr be a frame for U with frame bounds A, B and let T : U — U be an
adjointable operator. If ||[Id — T||? < a with a < %, then {@i}ier and {T'p;}icr are woven.

Remark 3.9. Corollary 3.8 can be generalized to a finite number of invertible operators, and in this
case we assume that the sum over all j of ||[Id — Tj|| is less than /4.

Corollary 3.10. Let {;}icr be a frame with frame bounds A, B and frame operator S. If % < 2,
then {@;}icr is woven with {%Sflcpi}ig and if £ < (V24 1)%, then {pi}icr is woven with

_1
{2485 50 }ier.
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Abstract

In this paper we investigate the asymptotic behavior of the solutions and the
global attractivity of the equilibrium point of the following rational difference
equation which was conjectured in ([6], Conjecture 5.170.1),

o+ Bn + YTn_1

y :0713'” ; 1
Cmn—l + Dxn—2 " ( )

P e

with positive parametres «, 3, v, C, D and with arbitrary positive initial con-
ditions x_2 x_1 xo.

Key Words : Difference equation, equilibrium point, locally asymptotically
stable, global attractor.

Mathematics Subject Classification : 39A10

1 Introduction and Preliminaries

Recently it is very interesting to investigate the asymptotic behavior of solu-
tions of a rational difference equations and there has been a lot of interest in
studying the global attractivity of their equilibrium points. One of the reasons
is that difference equations have been applied in several mathematical models in
biology, economics, genetics, physiology, ecology, physics etc. See, for example,
[1], 2], (3], [4] , [5], [8].

We begin by introducing some basic definitions and some theorems needed in
the sequel. For details, see [7], [9]. Firstly, we investigate the local asymptotic
stability of the equilibrium of the normalized form of Eq.(1) and then we study
the global attractor of the equilibrium point of this rational difference equation.
Finally, some numerical examples are presented to verify our theoretical results
and graphed by Mathematica.

Let I be some interval of real numbers and let f : I**1 — I be a continuously
differentiable function. A difference equation of order (k + 1) is an equation of
the form

Tnat1 = [(Tn, Tn-1," " ,Tn-k), n=0,1,---. (2)

A solution of Eq.(2) is a sequence {z,}32 _, that satisfies Eq.(2) for all n >
—k. As a special case of Eq.(2), for every set of initial conditions xg,z_1,2_o €
I, the third order difference equation

Tp41 = f(xruxn—laxn—Q); n=01,---, (3)

has a unique solution {x,}>2 _,.
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Definition 1 A solution of Eq.(2) that is constant for all n > —k is called an
equilibrium solution of Eq.(2). If

Tp =T, for alln > —k

is an equilibrium solution of Eq.(2), then T is called an equilibrium point, or
simply an equilibrium of Eq.(2).

So a point T € I is called an equilibrium point of Eq.(2) if

that is,

is a solution of Eq.(2).
Definition 2 (Stability) Let T an equilibrium point of Eq.(2).

(a) An equilibrium point T of Eq.(2) is called locally stable if, for every e > 0;
there exists 6 > 0 such that if {2, }5° . is a solution of Eq.(2) with

|v_k — T+ |1k — T + -+ |x0 — T| <6,

then
|z, —Z| <&, foralln> —k.

(b) An equilibrium point T of Eq.(2) is called locally asymptotically stable if, it
is locally stable, and if in addition there exists v > 0 such that if {x,}>2
is a solution of Eq.(2) with

|z =T+ [z g1 =T+ + |zo —T| <,
then we have
lim z, =7.

n—oo

(c) An equilibrium point T of Eq.(2) is called a global attractor if, for every
solution {x,}°2 _, of Eq.(2), we have

n=—=k

lim z, =7.
n—oo

(d) An equilibrium point T of Eq.(2) is called globally asymptotically stable if it
18 locally stable, and a global attractor.

(e) An equilibrium point T of Eq.(2) is called unstable if it is not locally stable.
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Now we present some important results and definitions which will be useful
for our investigation.

Suppose that the function f is continuously differentiable in some open
neighborhood of an equilibrium point Z. Let

0
q = alj;(f,f,--- ,x), fori=0,1,---,k

denote the partial derivative of f(ug, w1, - ,ux) with respect to u; evaluated
at the equilibrium point Z of Eq.(2)

Definition 3 The equation
Znt1l = qo%n + Q12n—1+ @2k, n=0,1,---, (4)

is called the linearized equation of Eq.(2) about the equilibrium point T, and the
equation
M —goAf = — g A =g =0 (5)

is called the characteristic equation of Eq.(4) about .

Theorem 4 (Clark Theorem) (/6], p.6) Assume that qo,q1, ..., q; are real
numbers such that
lqo] + lqa] + - + || < 1.

Then all roots of Eq.(5) lie inside the unit disk.

We give the following theorems without proofs. The Linearized Stability
Theorem, is very useful in determining the local stability character of the equi-
librium point Z of Eq.(2)

Theorem 5 (The Linearized Stability Theorem) (/6], p.5) Assume that
the function f is a continuously differentiable function defined on some open
neighborhood of an equilibrium point T. Then the following statements are true:

(a) When all the roots of Eq.(5) have absolute value less than one, then the
equilibrium point T of Eq.(2) is locally asymptotically stable.

(b) If at least one root of Eq.(5) has absolute value greater than one, then the
equilibrium point T of Eq.(2) is unstable.

2 Local Stability Analysis

In this section we investigate the local asymptotic stability of the positive equi-
librium T of the normalized form of Eq.(1).

Lemma 6
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(a) Eq.(1) can be written in the normalized form

01—1-6.%'” + Tn—1
w1 = L = 0,1, 6
HaE Tn-1 +D=’En—2 " ( )

with positive parameters a, 5, D and with arbitrary positive initial condi-
tions T_o x_1 Xo.

(b) Positive equilibrium point of Eq.(6) is

B+1)+/(B+1)2+4a(l+ D)
2(1+ D)

T =

(c) The linearized equation of Eq.(6) about its positive equilibrium T is

Lol D .
Znal — —Zn — 2 —— 2,2 =0.
1+ D)z 1+DzE "' "14D™?

Proof.

(a) The Eq.(1) which by the change of variables
v

Tn = FYn

C

reduces to the difference equation

. o+ ﬁxn + Tn—1 n 0.1
TL+1 e —— frd o
Tho1 +D5En,2 ) y )

where o
«
ai=—, f[:i=
Y

D:=—.
’ C

2™
>

(b) The positive equilibrium points of Eq.(6) are the non-negative solutions of

the equation

~

__ a+pBr+7T
T T+ Dz
or equivalently
(1+D)@ - (1+8)T—a=0. (7)

Hence, one can easily obtain the solutions of Eq.(7) are

14+ 8+ /(1 +B)2 +4a(l + D)

g 5(1+ D)

I
—
0
N

and

14+ 8—+/(1+B)?+4a(l + D)
2(1+ D)

T

So, the positive equilibrium point of Eq.(6) is unique and is given by (8).
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(c) Now, let T be some interval of real numbers and let
f:IxIxI—IT

be a continuously differentiable function such that f is defined by

o+ an + Tp—1

Ty Tp—1,Lp—2) = .
f( nydn—1,4n 2) l‘n—1+DZ‘n—2

Thus, we obtain that

- U3z = [Llrnst D)
d = oz, T (Zn_1 + Dap_2)?
B.(@+Dx) pr(l+D)  f

72(1+ D)2 Z°(1+D)2 Z(1+D)

8l

} (Z,7,7T)

o of . @+ Drp o) (a+Brptana)] _ _ _
a = 839”_1 (l’,l’,l’) - |: (‘Tn_l +D£Cn_2)2 :| ($7$7$)
T+ Dr-T(z+Dz) (IT+DT)(1-7) 1-7
B 72(1+ D)2 (1 +D)?  z1+D)
and
— 8f — = =\ _(a—"ﬁxn'i_xnfl)D — — —
q2 = 0L, o (.')3'71‘,.%') = |: (xn—l +D$n_2)2 :| («')371"1')
 —(a+pT+7).D —Z.(T+DZ).D  -D
B (z+Dz)2 ~  (T+DT)2 14D

If Z denotes an equilibrium point of Eq.(6), then the linearized equation
associated with Eq.(6) about the equilibrium point Z is

Znt+1 = Q0%n T q12n—14+922n—2

or
Jé] T—1 D B
Zn+1 i+ D)fzn + i +D)EZ"_1 + =D 2= 0. 9)

Lemma 7 The positive equilibirium T of Eq.(6) is locally asymptotically stable
when )
1+p)"(D-1)

1 <a and B <1.

Proof. From Theorem 4 it follows that all roots of the characteristic equa-
tion of Eq.(9) lie in an open disc |A| < 1, if

lgo| + |q1] + |g2] < 1.
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This implies that

B 1-7 -D )
’(1+D)x+‘(l+D)z+’1+D‘<
Hence
B |1 — | Dz

i+D7 " (+DF a+Dz - * (10)
B+Dz+|1-% < (1+D)x (11)
1-% < Z+Dz—p-D7 (12)
-z < -0 (13)

and so we have two following two cases to consider.
Case I : Since
l-z<z-p

we have

1+

=

<.

~

1+8  (B+1)++/(B+1)2+4a(l+ D)
2 © 2(1+ D)

(L+8)°(D—1)

< a.
1 e}

Case II : Since

—T+B<1-%T

it follows that
B <1

3 Main Result

In this section we are concerned with the global attractor of Eq.(6). The fol-
lowing two theorems will be needed in the main result of this paper.

Theorem 8 ([10], p.205) Let [a,b] be an interval of real numbers and assume
that
f :la,b] x [a,b] x [a,b] — [a,b]

18 a continuous function satisfying the following properties:

(a) f(z,y,z) is non-decreasing in x for each y and z € [a,b] and is non-
increasing iny and z for each x € [a,b] of its arguments;
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(b) If (m, M) € [a,b] X [a,b] is a solution of the system

then m = M.

Then Eq.(3) has a unique equilibrium T € [a,b] and every solution of Eq.(3)
converges to T.

Theorem 9 ([10], p.202) Let [a,b] be an interval of real numbers and assume
that
f:[a,b] x [a,b] X [a,b] — [a,b]

18 a continuous function satisfying the following properties:

(a) f(z,y,z) is non-decreasing in x and y € [a,b] for each z € [a,b], and is
non-increasing in z € [a,b] for each x and y € [a, b]

(b) If (m, M) € [a,b] X [a,b] is a solution of the system

m=f(m,m,M) and M= f(M,Mm),

then m = M.

Then Eq.(83) has a unique equilibrium T € [a,b] and every solution of Eq.(3)
converges to T.

We are now in a position to give the main result of this work.

Lemma 10 The equilibrium point T is a global attractor of Eq.(6) if one of the
following statements holds:

(i) Dw < a+ Bu and § # 1, (14)

1)°(D -1
(#3) Dw > v+ Pu and D > 1, %<a. (15)
Proof. Let o and 8 be real numbers and assume that g : [a,ﬁ]g — |, 8] is a

function defined by

a+ pu+v
g (u,v,w) = ot Du
Then it follows that
g (u, v, w) Ié;
ou = vtDw
dg (u,v,w)  Dw—a—Bu
v T w4+ Dw)®
g (u,v,w)  —(a+putv)D
ow B (v+ Dw)>
7
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We consider two cases :

Case I : If Dw < a+ Bu then we can easily see that the function g (u,v,w)
1s increasing in u and decreasing in v,w.

Suppose that (m, M) is a solution of the system M = g(M,m,m) and m =
g(m, M, M) then from (6),we see that

a+ BM+m m_a—i—ﬁm—i—M

~ m+Dm ’  M+DM
Since

Mm+ DMm —8M —m—a=0

Mm+DMm—m—-—M—-—a=0
we have

(m—M)(5-1)=0

When B # 1, we have
M=m

which the result follows.

It follows from Theorem 8 that T is global attractor of Eq.(6) and then the
proof is complete.

Case II : If Dw > a+pu, then we can easily see that the function g (u,v,w)
18 increasing in u,v and decreasing in w.

Suppose that (m, M) is a solution of the system M = g(M,M,m) and m =
g(m,m, M). Then from (6), we see that

Mﬁoz—&—ﬁM—f—M mia—i—ﬁm—i—m
 M+Dm  m+DM
Since
M? +DMm—~M(B+1)—a=0
m2+DMm—-m(B+1)—a=0
we have

(m = M)((m+ M) —(5+1)) =0

with simple calculations. Now if m + M # 8+ 1, then M = m. On the other
hand if m+ M = B+ 1 then m and M satisfy the equation

m2+Dm(B+1—m)=a+Bm+m

and so

m?(1-D)+ (B+1)(D—-1)m—a=0. (16)
The discriminant of the Eq.(16)

A = [B+1)(D-1D+4(1-D)a
= (D=1 [+’ (D-1) - 40]
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18 negative when
D>1and (B+1)*(D—1) < 4a

then we have
M=m

which the result follows.
It follows from Theorem 9 that T is global attractor of Eq.(6) and then the
proof is complete. W

4 Numerical Examples

In this section we give some numerical examples to support our theoretical
discussion which was mentioned in the previous section.

1+3 2,
Example 11 Consider the equation x, 1 = + IZn + 2201 with initial con-
2xn—l + Tp—2

ditions x_o = 0.1 , x_1 = 0.2, 9 = 0.4 to verify our theoretical results. (See
Fig. 1)

1.90 [

188

182[

180 u

n n n n n n n n n n n 1
20 40 60 80 100

1+32n+2T0n 1

Figure 1: Plot of the difference equation z,41 = = et

0.5+ 2xp + zp—1

Tp—1+ (01) Tp—29
ditions x_o =20 , x_1 = 1/3, xg = 0.1 to verify our theoretical results. (See
Fig. 2)

Example 12 Consider the equation x, 11 = with initial con-
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2.92 4

2.88

2.86 -

0.54+2¢n+Tn—1

Figure 2: Plot of the difference equation x,, 11 = P () r
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Abstract: In this paper, we introduce a notion of hybrid pair (f,T"), which is a,-admissible with
respect to 7 for generalized multivalued Geraghty F-contraction mappings and obtain coincidence and
common fixed point results for such mappings. We provide some examples to support our results and
give applications to dynamic programming and integral equations. Our results provide extension as well
as substantial generalizations and improvements of several well known results in the existing comparable
literature.

1 Introduction and preliminaries

Let (X,d) be a metric space. Let CB(X) (CL(X)) be the family of all nonempty closed and bounded
(nonempty closed) subsets of X. For A, B € CL(X), define

Eap={>0:ACN.(B),BC N(A)}.
The Hausdorff metric H on CL(X) induced by metric d is given as:

inf B4 g if Eap # 0

H(A’B){ o0 ifEA7B:®

Let f: X - Xand T : X — CL(X). A hybrid pair {f,T} is said to satisfy a range inclusion
condition if f(X) C T(X).

A point x in X is called a fixed point of T' if € Tz. The set of all fixed points of T" is denoted by
F(T). Furthermore, a point z in X is called a coincidence point of f and T if fx € Tx. The set of all
such points is denoted by C(f,T). If for some point = in X, we have x = fx € Tz, then a point = is
called a common fixed point of f and 7. We denote the set of all common fixed points of f and T by
F(f,T). A mapping T : X — CL(X) is said to be continuous at p € X if for any sequence {z,} in X
with nl;rr;o d(xy,p) = 0, we have nl;rréo H(Txz,,Tp) =0.

Definition 1.1 [28] Let a : X x X — [0,00). A self mapping T on X is said to be a-admissible if for
any z,y € X, a(x,y) > 1 implies that o(Tx, Ty) > 1.

Hussain et al. [17] introduced the notion of a.-admissible mappings as follows:

Definition 1.2 [17] Let a,n : X x X — [0,00) be two functions where 1 is bounded. A mapping

T : X — 2% is called a,.-admissible with respect to n if a(z,y) > n(x,y) implies o (Tx, Ty) > n.(Tx, Ty),

z,y € X, where a.(A, B) = inf{a(z,y) : x € A, y € B} and n.(4, B) =sup{n(x,y) :x € A, y € B}.
02010 Mathematics Subject Classification: 46540; 47H10; 54H25.

OKeywords: a-admissible; coincidence point; Geraghty F-contraction; integral equation, dynamic programming.
*Corresponding authors.
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If n(z,y) =1 for all z,y € X, then the above definition reduces to [17, Definition 4.1].
In Definition 1.2, if a(x,y) = 1 for all z,y € X, then T is called an 7,-subadmissible mapping.
We extend Definition 1.2 to hybrid pair of mappings as follows:

Definition 1.3 Let f: X — X, T: X — CL(X), and a,n: X x X — [0,00) be two functions where n
is bounded. We say that the hybrid pair (f,T) is a.-admissible with respect to n if a(fz, fy) > n(fz, fy)
implies a.(Tz, Ty) > n(Tx,Ty), x,y € X, where

ax(A,B) =inf {a(fx, fy) : fr € A, fy € B} and n.(A, B) =sup {n(fz, fy) : fr € A, fy € B}.

Definition 1.4 Let f,T : X — X and a,n : X x X — [0,+00). We say that the pair (f,T) is an
a-admissible mapping with respect to n if a(fzx, fy) > (fz, fy) implies a(Tz, Ty) > n(Tx, Ty), z,y € X.

In 1973, Geraghty [14] studied most interesting generalization of Banach contraction principle.

Theorem 1.5 [14] Let (X, d) be a metric space. Let T : X — X be a self mapping. Suppose that there
exists B € Q such that for all x,y € X,

d(Tz,Ty) < B (d(x,y)) d(z,y),
then S has a fized unique point p € X and {T"x} converges to p for each x € X.

We denote by Q the family of all functions g : [0, +00) — [0, 1) such that, for any bounded sequence
{tn} of positive reals, B(t,) — 1 implies ¢, — 0.

For more discussion on Geraghty contraction mappings, we refer to [22, 23] and references therein.

Berinde and Berinde [12] extended the notion of weak contraction mappings as follows:

Definition 1.6 [12, 13] A mapping T : X — CL(X) is called a multivalued weak contraction if there
exist two constants 6 € (0,1) and L > 0 such that

H(Tz,Ty) < 0d(z,y) + Ld(y, Tx)
holds for all z,y in X.

The following definition of a generalized multivalued (8, L)-strict almost contraction mapping is due
to Berinde and Pacurar [13].

Definition 1.7 [13] A mapping T : X — CL(X) is called a generalized multivalued (0, L)-strict almost
contraction mapping if there exist two constants 6 € (0,1) and L > 0 such that

H(Tz,Ty) < 0d(z,y) + Lmin{d(y, Tx),d(x, Ty),d(x,Tz),d(y, Ty)}
holds for all z,y in X.
We have the following fixed point theorem given in [13].

Theorem 1.8 Let (X,d) be a complete metric space and T : X — CL(X) a generalized multivalued
(0, L)-strict almost contraction mapping. Then F(T) # 0. Moreover, for any p € F(T), T is continuous
at p.

Kamran [21] extended the notion of a multivalued weak contraction mapping to a hybrid pair {f, T}
of single valued mapping f and multivalued mapping 7. For more discussion on multivalued mappings,
we refer to [4, 15] and references therein.

Definition 1.9 Let (X,d) be a metric space and [ a self map on X. A multivalued mapping T : X —
CL(X) is called a generalized multivalued (f,0, L)-weak contraction mapping if there exist two constants

0 € (0,1) and L > 0 such that
H(Tz,Ty) < 0d(fx, fy) + Ld(fy,Tx)
holds for all x,y in X.
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Abbas [1] extended the above definition as follows.

Definition 1.10 [1] Let (X,d) be a metric space and f a self mapping on X. A multivalued mapping
T:X — CL(X) is called a generalized multivalued (f,0, L)-almost contraction mapping if there exist two
constants 6 € (0,1) and L > 0 such that

H(Txz,Ty) < 0M(x,y) + LN (z,y)
holds for all x,y in X, where

M(z,y) = max{d(fz, fy),d(fz,Tx),d(fy,Ty), d(fz,Ty) ;rd(fy, Tzx) 1

N(z,y) = min{d(fz,Tz),d(fy,Ty),d(fz,Ty),d(fy,Tx)}.
Let F be the collection of all mappings F' : R, — R which satisfy the following conditions:

(C1) F is strictly increasing, that is, for all «, 8 € R such that a < 8 = F(a) < F(B);
(C2) For every sequence {ay, tnen of positive numbers lim «, = 0 if and only if lim F(«a,) = —oo;
500 n—oo

(C3) There exists k € (0,1) such that lirg+ a*F(a) =0.
a—r

Wardowski [32] introduced the following concept of F-contraction mappings.

Definition 1.11 [32] Let (X, d) be a metric space. A self mapping f on X is said to be an F-contraction
on X if there exists T > 0 such that

d(fxz, fy) > 0= 7+ F(d(fz, fy)) < F(d(z,y))
for all x,y € X, where F € F.
Remark 1.12 [32] FEvery F-contraction mapping is continuous.

Abbas et al. [2] extended the concept of F-contraction mapping and obtained common fixed point
results. They employed their results to obtain fixed points of a generalized nonexpansive mappings on
star shaped subsets of normed linear spaces. Recently, Minak [24] proved some fixed point results for
Ciri¢ type generalized F-contractions on complete metric spaces.

Sgroi and Vetro [29] proved the following result to obtain fixed point of multivalued mappings as a
generalization of Nadler’s Theorem [25].

Theorem 1.13 [29] Let (X, d) be a complete metric space and T : X — CL(X) a multivalued mapping.
Assume that there exist F € F and 7 € Ry such that

27 + F(H(Tz,Ty)) < F(ad(x,y) + Bd(x, Tz) + vd(y, Ty) + éd(z, Ty) + Ld(y, Tz))

for all z,y € X, with Tx # Ty, where a,, 8,7,6,L >0, a+B+~v+25 =1 and vy # 1. Then T has a fized
point.

Acar et al. [3] proved the following result.

Theorem 1.14 [3] Let (X, d) be a complete metric space and T : X — K(X) (i.e., compact subsets of
X ). Assume that there exist an F € F and 7 € Ry such that for any x,y € X, we have

H(Tz,Ty) >0 = 7+ F(H(Tx,Ty)) < F(M(z,y)),

where

M (z,y) = max{d(z,y),d(z, Tx),d(y, Ty), d(x,Ty) ;— d(y, Tx) 3

Then T has a fized point if T or F is continuous,

Recently, Altun et al. [6] proved the following result.
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Theorem 1.15 [6] Let (X, d) be a complete metric space and T : X — CB(X). Assume that there exist
an F € F and 7, € Ry such that for any x,y € X, we have

H(Tx,Ty) > 0 implies that 7 + F(H(Tz,Ty)) < F(d(z,y) + Ad(y, Tz)).
Then the mapping T is a multivalued weakly Picard operator.
For the definition of multivalued weakly Picard operator and the related results, we refer to [12].

Definition 1.16 Let f be a self mapping on a metric space X and T : X — CL(X) a multivalued
mapping. Then T is called a generalized multivalued (f, L)-almost F-contraction mapping if there exist
Fefl and T € Ry and L > 0 such that

27+ F(H(Tz,Ty)) < F(M(x,y) + LN(z,y)) (1)
for all x,y in X with Tx # Ty and

M(z,y) = max{d(fx,fy),d(fx,Tx),d(f%Ty)’d(fxaT?/);-d(fy,Tx)}’

N(z,y) = min{d(fz,Tz),d(fy,Ty),d(fz,Ty),d(fy, Tz)}).
Remark 1.17 Take F(x) = Inz in Definition 1.16. Then (1) becomnes

27 +In(H (T, Ty)) < In(M(z,y) + LN(z,y),
that is,

H(Tz,Ty)) < e > M(x,y)+e >"LN(z,v)

= 01M(x,y)+L1N(az,y),

where 61 = e¢=27 € (0,1) and Ly = e 2"L > 0. Thus we obtain the generalized multivalued (f,61,L1)-
almost contraction mapping [1].

1 1
Remark 1.18 Take a =0 =y = T 0= i L. Note that a + B+ v+ 26 = 1. Then the contraction
condition in Theorem 1.13 becomes

21+ F(H(Tz,Ty)) < F < (d(%y) + (d(w, Tz) + d(y, Ty)) + d(z,Ty) ;‘d(%Tx)))

. (i (M (a. y>>) — P ((M(x,y) + ON(z,9))

for all x,y € X with Tx # Ty. Thus, for L=10 and f = Ix,

IN

M(z,y) = max{d(fx, fy),d(fz,Tz),d(fy,Ty), d(fz,Ty) —;— d(fy,Tx) s

N(z,y) min{d(fz, fy),d(fz,Tx),d(fy, Ty)},

and the contraction condition in Theorem 1.14 is an (f,0)-almost F-contraction, a special case of gener-
alized multivalued (f, L)-almost F-contraction (for L =0 and T = 271 ).

Now, we give the following definition.

Definition 1.19 Let f and T be a pair of self mappings on a metric space X. Suppose that a,n: X x X —
[0,00) and B : [0,+00) — [0,1) be three functions. Then T is called a Geraghty F-contraction with respect
to n if for any x,y € X with o(Tx,Ty) > n(Tx,Ty), Tx # Ty, we have

27 + F(d(Tx, Ty)) < F(B (M(x,y)) M(z,y)),

where

d(fx, Ty) + d(fy, T’I)}
2 )

M(z,y) = max{d(fz, fy),d(fz,Tz),d(fy, Ty),
forFeF,peQand e R,.
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Definition 1.20 Let f be a self mapping on a metric space X and T : X — CL(X) a multivalued
mapping. Suppose that a,m : X x X — [0,00) and B : [0,+00) — [0,1) be three functions. Then T
is called a generalized multivalued Geraghty F-contraction with respect to n if for any x,y € X with
N (Tz, Ty) < a(Tz, Ty) and Tx # Ty, we have

21 + F(H(Tx,Ty)) < F(B(M(x,y)) M(z,y)),

where

M(z,y) = max{d(fz, fy),d(fz, Tz),d(fy, Ty), 2TV ; d(fy,Tz),

forFeF,peQand e R,.

Definition 1.21 [20] Let f : X — X and T : X — CL(X) a multivalued mapping. The pair (f,T)
is called (a) commuting if Tfx = fTx for all x € X (b) weakly compatible if they commute at their
coincidence points, that is, fTx =T fx whenever x € C(f,T).

The mapping f is called T-weakly commuting at © € X if f2x € T fx If a hybrid pair (f,T) is weakly
compatible at © € C(f,T), then f is T-weakly commuting at = and hence f"(z) € C(f,T). However,
the converse is not true in general. For detailed discussion on the above mentioned notions and their
implications, we refer to [5, 16, 18, 19, 20, 30, 31] and references therein.

2 Main results

Throughout this section, we assume that the mapping F' is right continuous.
Now we state our main result.

Theorem 2.1 Let f be a self mapping on a metric space (X,d) and T : X — CL(X) a multivalued
mapping with T(X) C f(X) satisfying the following assertions:

(i) the pair (f,T) is an a.-admissible mapping with respect to n;

(ii) T is a generalized multivalued Geraghty F-contraction with respect to n;

(iii) there exists xo,x1 € X such that fxq € Txg and o(fxo, fx1) > n(fzo, f21);

(iv) if {fxn} is a sequence in f(X) such that a(fx,, fent1) > n(fzn, fope1) for alln € N and
fxn = fu*, then a(fx,, fu*) > n(fz,, fu*) for alln € N.

If T(X) is complete, then C(f,T) # ¢ provided that F is continuous. Moreover, F(f,T) # 0 if one
of the following conditions holds:
(a) for some x € C(f,T) with f is T-weakly commuting at z, f*x = fx;
(b) f(C(f,T)) is a singleton subset of C(f,T).

Proof. We first note that, by Definition 1.16, H(Tx,Ty) < oo for all z,y € X. Now we shall show that
C(f,T) # 0. Let zg and z; be given points in X such that fz, € Tz and a(fzo, fz1) > n(fzo, fz1). If
H(Txzo,Tx1) =0, then Tzg = Ty and so 1 € C(f,T). Assume that H(Txo,Txz1) > 0. Since F' is right
continuous, there exists h > 1 such that

F(hH(Txo,Tx1)) < F(H(Tw0,TT1)) + 7.
Then d(fx1,Tx1) < H(Txg,Tx1), and hence there exists y; € Ty such that
d(fx1,y1) < hH(Txo,Tx1).
Pick an element x5 in X such that fxs = y;. Then the above inequality becomes
d(fxy, fra) < hH(Txo, Tx1).

If fo1 = fxo, then fx; € Tz;. In this case ;1 becomes a coincidence point of f and T and the proof is
finished.
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Assume that fxq # fxo, that is, d(fx1, fze) > 0. Since F is strictly increasing, we obtain
F(d(fx1, fz2)) < F(hH(Txo,Tx1)) < F(H(Txo,Tx1)) + T.

Since (f,T) is an a,-admissible mapping with respect to 0, a(fzo, fx1) > n(fzo, fx1) implies that

o (Txo, Tx1) > ne(Txo, Tx1). Since T is a generalized multivalued Geraghty F'—contraction with respect
to 1, we have

F(d(fl’l,f(EQ)) < F(H(Til’o,Tl’l)) +T
< F(B(M(zg, 1)) M(x0,21)) =27+ 7
= F(B (max{d(fxoy fz1),d(fxo, Txo), d(fx1, Tx1), Ao, Ton) —gd(fﬂﬂl,Txo) }>
d(f.’l?o, TIl) + d(f{L‘l, Txo) }) .
2

F(B <max{d(fx0’fxl)ad(fxo,fxl),d(fxl,f@)’ d(fmo,fxz)-;d(fm,fm)})
(fx()afo) +d(fxlafxl)
2

(fxo, fr1) +d(fr1, fr2)
0 ! }>

x max{d(fxo, fx1),d(fzo, Txo),d(fx1, Tx1),

IA

x max{d(fzo, fr1),d(fzo, fz1),d(fz1, fra2), d -7

IN

F(g (max{d(fxo, fx1),d(fxq1, fxa), d

x max{d(fzo, fr1),d(fz1, fra), d(fxo, fx1) —; d(fry1, fo) bor

= F(B(max{d(fxo, fz1),d(fz1, fr2)}) max{d(fzo, fx1),d(f21, f22)}) — T.
Suppose that d(fz1, fxa) £ d(fxo, fx1). Then we obtain

F(d(fxa, fx1)) < F(B(d(fz1, fxa))d(fxy, frs) —T.

Since § € 2, we have
F(d(fofol)) < F(d(fmhfo)) - T,

which implies 7 < 0, a contradiction. Hence d(fx1, fx2) < d(fxo, fx1) and so

T+ F(d(fz2, fz1)) < F(B(d(fzo, fz1)) d(fxo, fz1)}.
Note that a(fz1, fza) > a(Txo, Tx1) > e (Txo, Tx1) > n(f1, fre). Thatis, a(fx1, fze) > n(fz1, fzo)
which further implies that a.(Tz1,Txe) > nu(Ta1,Txe). If H(Tx1,Txs) = 0, then Tzqy = Tz and so
x9 € C(f,T). Assume that H(Txz1,Tx2) > 0. Since F is right continuous, there exists h > 1 such that
F(hH(Txl, T.’bQ)) < F(H(T:L’l, Tl’g)) + 7.
Then d(fxo, Txs) < H(Tx1,Txs), and hence there exists yo € Txo such that
d(fSL‘Q, yg) < hH(Tl‘l, ng).
Pick an element x3 in X such that fxsz = yo. Then the above inequality becomes

d(fJZQ, f1‘3) < hH(TQ?1, T.IQ).

If fog = fxg, then fxy € Txo. In this case o becomes a coincidence point of f and T and the proof is
finished.
Assume that fze # fxs, that is, d(fze, fzs) > 0. Since F is strictly increasing, we obtain

F(d(fxo, frs)) < F(hH(Tx1,Tx2)) < F(H(Tx1,Tx3)) + 7.
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Now a,(Tx1,Txs) > ne(Tx1, Txs) implies that

F(d(fra, fr3)) < F(H(Twi,Txg)) + 7.
F(B(M(z1,22)) M(z1,72)) — 27 + 7

= F(p <1fnax{d(f?01,fIQ),d(fﬂﬁl,Tflil),d(fﬂvaIz)7

x max{d(fx1, fxe),d(fz1,Tx1),d(fxe, TT2), d(fz1,T2,) ;d(fo’Txl) -7

F(B (max{d(fxl, fao),d(fa1, fos), d(fs, fos), d(fz1, fas) -;d(fxz,fxz)})

d(fxy, frz) +d(fzz, fr2)
2
F(,B <max{d(fx1, fxg),d(fxg, fIg), d(fwlvfIQ) J2F d(fx27fx3) }>

x max{d(fz1, fra),d(fza, fz3), d(fr1, fxs) ;- d(fxz, frs) Yo7

= F(B(max{d(fz1, fxz),d(fxs, fr3)}) max{d(fx1, fr2),d(fr2, fr3)) — T.

IN

d(fml, TIQ) + d(fl’g, Tl’l) )
5 }

IN

x max{d(fzy, fra),d(fz1, fra),d(fr2, f23),

D=

IN

Thus we have
T+ F(d(f(ﬂg, fl’g)) < F(d(fl’l, f(ﬂg))

Note that a(fxza, fos) > au(Tx1,Tas) > e (Tx1, Tas) > n(fxe, frs). Thatis, a(fze, frs) > n(fze, fxs)
which further implies that o, (Tze, Tx3) > 0. (Tx2, Tx3). By continuing this process, we obtain a sequence
{fxn} C f(X) such that fx, € Tx,_1,

a(fen_1, fx,) > n(faxn_1, fr,) implies that o, (Txp—1,Tx,) > nu(Txp—1,Txy,)

and we have

F(d(fzn, frnt1)) < F(H(Txp—1,Txy)) + 7
< P (max{d( o1, £20). 001, T2} . T, At T2 T2 )y )

d(f-rn—la Txn) '; d(f.i?n, Txn—l) }) _r

e o o R R e )

d(fxnflv f$n+1) + d(f‘rnv fﬁL’n)
2

d(fxn—la fxn) + d(fl’n, fzn-&-l) })

X max{d(fxn—h fxn)a d(fxn—la T.l?n_1), d(fxnv Tl‘n),

x max{d(fxnfh fxn)a d(fl'nflv fxn)’ d(fxnv fl'nJrl), }) -

< F(B <max{d(fxn_1, fxn)a d(fxnv fxn—&-l)y B)

x max{d(fzn_1, frn),d(fTn, fTni1), d(fzn—1, fn) —;— d(fn, fTnt1) Wor

= F(ﬁ (max{d(fxnflu fxn>7 d(fxm fanrl)}) max{d(fgcn,l, fxn)v d(f:L‘n, fanrl)}) -7

and

T+ F(d(fn, frnia)) < F(B (max{d(fen—1, fon), d(frn, frnii)}) max{d(fen—1, fen), d(f2n, fEni1)})

for all n € N. Since F' is strictly increasing, we have

d(fl‘n, fmn-&-l) <p (max{d(fxn—la fxn)v d(fl‘n, fxn-i-l)}) max{d(fxn_l, frn), d(fxnv fxn-&-l)}'

If
max{d(frp_1, fTn), d(fTn, fTni1) = d(fTn, [Tni1)
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for some n, then
d(fzna fxn+1) < d(fzna f$n+1)7

which is a contradiction since 8 € Q) and hence we have

Ad(fxn, fens1) < d(frp_1, fon).

Consequently,
7+ F(d(fzn, frni1)) < F(d(fon—1, fzn))

for all n € N. Thus we obtain that

F(d(fxnafanrl)) S F(d(fxnflufxn)) - T
< F(d(frn—2, frn_1)) — 27
< F(d(fwo, fr1)) — nT.

Taking limit as n — oo, we have li_>m F(d(fzn, frni1)) = —oo. By (C2), lim d(fxn,, fent1) = 0. By
n oo n—0o0
(C3), there exists an r € (0,1) such that

nlggo {d(fan, frni1)} F(d(fon, fra)) = —oo.
Hence it follows that

{d(fon, frn)} F(d(frn, fon)) —{d(fon, feoi)} F(d(fzo, fr1))
< d(fxn, fen1)" [F(d(fro, fr1) —nT)] — d (20, Tpi1)" F (d (fxo, f21))
= —n7ld(fzn, fzng)] <0.

A

Taking limit as n tends to co, we obtain that lim 7 {d (f2,, fr,. 1)} =0,ie., lim n'/7d(fo,, fr,i1) =
n— oo n—o0o
0. This implies that > > | d(f@n, fo,4+1) is convergent and hence the sequence {fz,},>1 is a Cauchy
sequence in T(X) C T(X). Since T'(X) is complete, there exists p € T'(X) such that lim fz,, = p. Now
n—oo

T(X) C f(X) implies that there exists u* in X such that fu* = p. Since {fz,} is a sequence in f(X)
such that a(fan, feni1) = n(fen, foner) for all n € N and fz,, — fu*, a(fz,, fu*) > n(fa,, fu*)
for all n € N. Since the hybrid pair (f,T) is a,-admissible with respect to 7, we have o, (Txy,, Tu*) >
N« (Txp, Tu*), which implies that

21 + F(d(fxps1,Tu*)) < 274+ F(H(Tx,,Tu"))
< F(B(M(zp,u*)) M(x,,u™)
for all n € N by the contractive condition.
Next suppose that F' is continuous. Then
lim d(fz,, Tu") =d(fu*, Tu"). (2)

n— oo

Note that

d(fu*, Tu*) < M(zp,u*) = max {d(fxmfu*)7d(fxn,Txn),d(fu*,Tu*), d(fzn, Tu”) —;—d(fu*,T:En)}

d(fen, Tu*) + d(fu*, frai1) }
5 .

IN

max {d(fﬂfn, fU*)a d(fl’n, fxn—i-l)a d(fU*v TU*)a
Taking limit as n — co, we obtain that

lim M(z,,u")=d(fu",Tu"). (3)

n—oo
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Since § € Q, it follows from (2), (3) and the continuity of F' that
21 + F(d(fu",Tu")) < F(d(fu*,Tu")).

that is, d(fu*,Tu*) = 0 and thus fu* € Tu*.

Now let (a) hold, that is, for # € C(f,T), f is T-weakly commuting at z. So we get f?x € T'fz. By
the given hypothesis, fo = f2x and hence fz = f2x € T fz. Consequently, fz € F(f,T).

Let (b) hold. Since f(C(f,T)) ={z} and z € C(f,T), x = fx € Tx. Thus F(f,T) # 0. m

Example 2.2 Let X = [1,00) be the usual metric space. Define f: X — X, a,n: X x X — [0,00),
B :[0,+00) = [0,1) and T : X — CL(X) by fo = 22, Ta = [z + 2,00) for all v € X, a(r,y) =

e qfx,y>0 et Y qfx >
{ 0 otj;LerZise. cn(@,y) = { 0 othgrwisefy , B(t) = t_%l, Vt > 0, where T = In/2, and F(t) = In(t)
>

for all t > 0. Note that T(X) = T(X) = [3,00) and a(fzx, fy) > n(fz, fy) imply that a.(Tz,Ty)
N« (T, Ty) for all z,y € X with Tax # Ty (equivalently, x # y) and we have

21+ F(H(T%,Ty)) < F (8 (M(z,y)) M(z,y)) -
Thus all the conditions of Theorem 2.1 are satisfied.
If we take n(z,y) = 1 in Theorem 2.1, then we have the following result.

Theorem 2.3 Let f be a self mapping on a metric space (X,d) and T : X — CL(X) a multivalued
mapping with T(X) C f(X) satisfying the following assertions:

(i) the pair (f,T) is an c.-admissible mapping;

(ii) T is a generalized multivalued Geraghty F-contraction;

(iii) there exists xo,x1 € X such that fxq € Txg and o fxo, fo1) > 1;

(iv) if {fxn} is a sequence in f(X) such that a(fzy, fxni1) > 1 for alln € N and fz, — fu*, then
a(fxy, fu*) > 1 for alln € N.

If T(X) is complete, then C(f,T) # ¢ provided that F is continuous. Moreover, F(f,T) # 0 if one
of the following conditions holds:
(a) for some x € C(f,T) with f is T-weakly commuting at x, f?x = fx;
(b) f(C(f,T)) is a singleton subset of C(f,T).

Corollary 2.4 Let f and T be a self mapping on a metric space (X, d) such that T(X) = f(X). Suppose
that

(i) the pair (f,T) is an a-admissible mapping with respect to n;

(ii) T is a Geraghty F-contraction with respect to n;

(iii) there exists g, x1 € X such that fx1 = Txy and o(fxo, fz1) > n(fxo, fz1);

(iv) if {fxn} is a sequence in f(X) such that a(fzy, frnt1) > 9(fTn, frny1) for alln € N and
fxn — fu*, then a(fzn, fu*) > n(fzn, fu*) for alln € N.

If T(X) is complete, then C(f,T) # ¢ provided that F is continuous. Moreover, F(f,T) # 0 if f and
T commute at their coincidence point.

Proof. If we take X = CL(X) in Theorem 2.1, then we obtain the required result. m

3 Applications

In this section, we obtain the existence and uniqueness of common solution of: (I) system of functional
equations arising in dynamical programing problems and (II) system of integral equations.

(I) Application in dynamic programming
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Decision space and a state space are two basic components of dynamic programming problems. State
space is a set of states including initial states, action states and transitional states. So a state space is
set of parameters representing different states. A decision space is the set of possible actions that can be
taken to solve the problem. These general settings allow us to formulate many problems in mathematical
optimization and computer programming. In particular, the problem of dynamic programming related
to multistage process reduces to the problem of solving functional equations

p(x) = Sgg{g(m,y) + Gi(z,y,p(&(2,y)))}, for z € W, (4)
q(z) = sgg{g’(x,y) + Ga(,y,q(&(,y)))}, for z € W, (5)

where U and V are Banach spaces, W C U and D C V and

&« WxD—W
9. + WxD-—R
G1,Go @ WxDxR—R
B : Rt —10,1).

For more discussions and results on dynamic programming problems, we refer to [8, 9, 10, 11, 27] and
references mentioned therein. Suppose that W and D are the state and decision spaces, respectively. We
aim to give the existence and uniqueness of common and bounded solution of functional equations given
in (4) and (5). Let B(WW) denote the set of all bounded real valued functions on W. For an arbitrary
h € B(W), define ||h|| = sup ey |h(x)|. Then (B(W), ||-||) is a Banach space endowed with the metric d
given by
d(h,k) = sup |h(z) — k(z)|.
zeW
Suppose that the following conditions hold:

(C1) G1,G4,g and ¢’ are bounded.
(C2) For x € W, h € B(W) and b > 0, define

Kh(z) = supyep{g(z,y) + Gi(z, y, h(€(z, )}, (6)

Jh(.%‘) = SupyED{g/(xv y) + GQ(‘% Y, h(f(l‘, y)))} (7)

Moreover, assume that there exist 7 > 0 and L > 0 such that for every (z,y) € W x D, h,k € B(W) and
t € W imply

|G1(z,y, h(t)) = Gi(w,y, k(1) < e*7[B (M(h, k) M (h, k)], (8)
where
d(Jh, Kk) + d(Jk, Kh)

2 g

(C3) For any h € B(W), there exists k € B(W) such that Kh(x) = Jk(z) for x € W.
(C4) There exists h € B(W) such that Kh(x) = Jh(z) implies that JKh(z) = KJh(x).
(C5) There exist a,n : B(W) x B(W) — R* such that a(Jhy, Jha) > n(Jhy, Jhs).

M((h,k)) = max{d(Jh, Jk),d(Jk, Kk),d(Jh, Kh),

Theorem 3.1 Assume that the conditions (C1) — (C5) are satisfied. If J(B(W)) is a closed convex
subspace of B(W), then the functional equations (4) and (5) have a unique, common and bounded solution.

Proof. Note that (B(W),d) is a complete metric space. By (C1), J, K are self-mappings of B(W) and
each element is mapped into a singleton set. The condition (C3) implies that K(B(W)) C J(B(W)) is
satisfied. It follows from (C4) that J and K commute at their coincidence points. Let A be an arbitrary
positive number and hq, he € B(W). Choose x € W and y1,y2 € D such that

Kh; < g(z,y;) + Gi(z,yj, hi(z;) + A, (9)
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where z; = £(z,y,), j = 1,2. Further, from (6) and (7), we have

9(x,y1) + Gi(x, y1, ha(z1)). (10)

Then (9) and (10) together with (8) imply that

Khi(z) — Kho(z) < Gi(x,y1,hi(z1)) — Gi(x,y1, ha(z2)) + A
< |Gi(z,y1, hi(21)) — Gi(x, Y1, ha(z2))| + A
< e (B (M(h, k) M(h, k) + A (11)

Then (8) and (9) together with (7) imply that

Khy(z) — Khi(z) < Gi(z,y1,he(x2)) — Gi(@,y1, hi(x1))
< |Gi(z,y1,ha (1)) — Gi(w, y1, ha(22))]
< eF(B(M(h, k) M(h, k). (12)
From (11) and (12), we have
|Khy(z) — Kho(z)| < e (8 (M (h, k) M(h, k)). (13)

The inequality (13) implies
d(Khy, Khg) < e7[(B (M (h, k) M(h,k))].

Since c})cl(Jhl(x), Jha(x)) > n(Jhyi(z), Jha(x)) implies that a(Khy(x), Kha(z)) > n(Khi(z), Khe(x)) and

27 + In[d(Khy (2) — Kha(z))] < In[(8 (M (h(t), k(t))) M(h(t), k(t)))]-

Therefore, by Corollary 2.4, the pair (K,J) has a common fixed point h*, that is, h*(x) is a unique,
bounded and common solution of (4) and (5). m

(IT) Application of integral equations

Now we discuss an application of fixed point theorem, proved in the previous section, to solve the
system of Volterra type integral equations. Such system is given by the following equations:

u(t) = [ Katos,uls))ds + 900, (14)
0

w) = [ Kat.sw(s)ds + (0. (15)
0

for t € [0,a], where a > 0. We find the solution of the system (14) and (15). Let C([0,qa],R) be
the space of all continuous functions defined on [0,a]. For v € C([0,a],R), define supremum norm as:

lull- = sup {u(t)e"M*}, where 7 > 0. Let C([0,a],R) be endowed with the metric
te(0,al

d-(u,v) = sup |[[u(t) = v(t)| e ",
t€[0,a]

for all u,v € C([0,a],R). With these setting C([0,a],R, || - ||-) becomes a Banach space.
Now we prove the following theorem to ensure the existence of solution of system of integral equations.
For more details on such applications, we refer the reader to [7, 26].
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Theorem 3.2 Assume the following conditions are satisfied:
(i) K1, K2 :[0,a] x [0,a] x R — R and f,g:[0,a] = R are continuous;
(ii) Define

/Kl(t,s,u(s))ds + b,

N
2
=
S~—
I

0
Su(t) = /Kg(t,s,u(s))ds+f(t).

0
Suppose a,m : [0,a] x [0,a] = R, 3:[0,a] = [0,1). Then there exist 7 > 1 and L > 0 such that
[K1(t,s,u) = Ka(t,s,0)] < 7e*7[B (M (u,v)) M(u,v)]
for all t,s € [0,a] and u,v € C([0,a],R), where

M(u, v) = max{|Su(t) — Su(t)],|Sv(t) — To(t)], |Su(t) — Tu(t)], 2L =TV ; [Su(t) = Tult)],,

(iii) There ezists u € C([0,a],R) such that Tu(t) = Su(t) implies TSu(t) = STu(t).
Then the system of the integral equations (14) and (15) has a solution.

Proof. Define the mapping «,7 : [0,a] x [0,a] — R by

alu,v) = {

Then a(u,v) > n(u,v) and so a(Su, Sv) > n(Su, Sv). By the assumption (iii),

" if u,v € [0, al
0, otherwise

eV if u,v € [0, d]
0, otherwise.

and 7(u,v) = {

t

Tu(t) — To(t)] = / Ky (1,5, u(s) — Kalt,s,0(s)))| ds

IN

e 27 ([B (M (u,v)) M(u,v)]e”")e™ ds

(=)
-~

IN

/ re=27 (|8 (M (u, v)) M(u, v)| e ds
0

IN

t
e 7|8 (M (u,v)) M (u, )], / T ds
0

IN

7|8 (M (u,0)) M, )] ™
2718 (M, )) M1, 0) ™,

IN

which implies
[Tu(t) = To(t)| e < €778 (M (u,v)) M(u,v)]|-.
That is,
ITu(t) — To)ll- < e™*7[|8 (M (u,v)) M(u,v)|-

and

a(Su, Sv) > n(Su, Sv) implies a(Tu, Tv) > n(Tu, Tv)
and so we have

27 + In||Tu(t) — Tv(t)|l» <In||8 (M(u,v)) M(u,v)||-.

So all the conditions of Corollary 2.4 are satisfied. Hence the system of integral equations (14) and (15)
has a unique common solution. m
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a--GERAGHTY CONTRACTIONS IN GENERALIZED METRIC SPACES VIA
NEW FUNCTIONS

ARSLAN HOJAT ANSARI, CHOONKIL PARK, ANIL KUMAR, GEORGE A. ANASTASSIOU,
AND SUNG JIN LEE*

ABSTRACT. In this paper, we introduce the class of a-h-F-9)-Greaghty contractions where the pair
(F,h) is up class of type I and establish several fixed point theorems for this newly introduced class.
Our results extend some recent results of Asadi et al. [1] as well as other corresponding results.

1. INTRODUCTION

Banach contraction principle is one of the most pivotal results of fixed point theory. Since this
principle plays a very crucial role in solving various kinds of nonlinear equations, it has been extended
in several possible ways. Geraghty [3] generalized the Banach contraction mapping principle by
introducing the class of auxiliary function in the following way:

Let F# denote all functions 3 : [0, 00) — [0, 1) which satisfy the condition:

lim S(t,) =1 implies lim ¢, = 0.
n—oo n—oo

By using the function 3 € F#, Geraghty [3] proved the following remarkable theorem.

Theorem 1.1. [3] Let (X,d) be a complete metric space and T : X — X be an operator. Suppose
that there exists 3 : [0,00) — [0,1) satisfying the condition

B(tn) — 1 implies t, — 0
If T satisfies the following inequality

d(Tz,Ty) < B(d(z, y))d(z,y) (1.1)
for all x,y € X, then T has a unique fized point

Recently, Samet et al. [8] introduced the class of a-1) contractive mappings and established several
fixed point theorems for such mappings in the set up of complete metric space which generalized
and extend the Banach contraction principle as well as many other well known fixed point theorems
existing in the literature. Branciari [2] replaces the triangle inequality in the metric space with the
quadrilateral inequality and introduced a new space called generalized metric space or rectangular
metric space. He extended the Banach contraction principle to this newly defined space. Very
recently, Asadi et al. [1] utilized the concept of Geraghty [3] and Samet et al. [8] and introduced
the notion of a-i-Greaghty contractions in the context of generalized metric space and extended
several well known contractions existing in the literature. For more information, see [9, 10].

In the present work, we extend the notion a-y-Geraghty contractions announced by Asadi et
al. [1] by introducing the class of a-h-F-1)-Geraghty contractions and investigate the existence and
uniqueness of fixed points for this newly introduced class in the setting of generalized metric space.

2010 Mathematics Subject Classification. 46T99, 47TH10, 54H25.

Key words and phrases. fixed point theorem; generalized metric space; a-1 contraction.
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A. H. ANSARI, C. PARK, A. KUMAR, G. A. ANASTASSIOU, AND S. LEE

Before going to the main work, we recall some useful definitions and auxiliary results that will
be needed in the sequel. Throughout this paper, N and R denote the set of natural numbers and
the set of real numbers, respectively.

Definition 1.2. [2] Let X be a nonempty set and let d : X x X — [0, 00] satisfy the following
conditions for all x,y € X and all distinct u,v € X each of which is different from x and y:

(1) d(z,y)=0ifand only if x =y

(2) d(x,y) = d(ya x) (1.2)
(3) d(z,y) <d(z,u) + d(u,v) 4+ d(v,y)

Then the pair (X,d) is called a generalized metric space and abbreviated as GMS. Every metric
space is GMS but the converse need not be true (see [1, Example 39)).

Given a generalized metric d on X and € > 0, we call By(z,¢) = {y € X|d(z,y) < €} as e-ball
centered at x. It is to be noted that a GMS becomes a topological space, when a subset U of X
is said to be open if to each a € U, there exists a positive number €, such that Bgy(a,¢,) C U.
The concepts of convergence, Cauchy sequence, completeness and continuity on a GMS are defined
below.

Definition 1.3. Let (X, d) be a generalized metric space.

(1) A sequence {x,} in (X,d) is GMS convergent to a limit x if and only if d(z,,z) — 0 as
n — oo.

(2) A sequence {x,} in (X, d) is GMS Cauchy if and only if for every e > 0 there exists a positive
integer N (e) such that d(zp,zy,) < € for all n > m > N (e).

(3) A space (X,d) is called complete if every GMS Cauchy sequence in X is GMS convergent.

(4) A mapping T : (X,d) — (X,d) is continuous if for any sequence {z,} in X such that
d(xyn,z) = 0 as n — oo, we have d(T'z,, Tx) — 0 as n — 0.

It is to be noted that any generalized metric space need not be complete, neither the respective
topology needs to be Hausdorff and a convergent sequence in GMS need not be Cauchy.

Lemma 1.4. [4] Let (X, d) be a generalized metric space and let {z,} be a Cauchy sequence in X
such that ., # x, whenever m # n. Then {x,} can converge to at most one point.

Lemma 1.5. [4] Let (X,d) be a generalized metric space and let {x,} be a sequence in X with
distinct elements (x, # xm for n # m). Suppose that d(xn,Tn+1) and d(zy,Tni2) tend to 0 as
n — oo and that {x,} is not a Cauchy sequence. Then there exist € > 0 and two sequences {my}
and {ny} of positive integers such that ny > my, > k and the following four sequences

d(xmkvxnk)’ d(xmk7xnk+1)7 d('rmk—ﬂxnk)’ d(a"mk—l’l‘nlﬂ»l) (1'3)
tend to € as k — oo.

Proposition 1.6. [7] Suppose that {z,} is a Cauchy sequence in a GMS (X, d) with lim,,_,o d(zp,u) =
0, where u € X. Then lim, o0 d(xn,2) = d(u, 2) for all z € X.

Samet et al. [8] introduced the notion of a-admissible mappings as follows.

Definition 1.7. Let X be a nonempty set, and let 7 : X — X and o : X x X — [0,00) be
mappings. Then T is called a-admissible if for all z,y € X, we have

a(z,y) > 1= a(Tz,Ty) > 1. (1.4)
Recently, Karapinar et al. [5] defined the notion of triangular a-admissible mappings as follows.

Definition 1.8. Let X be a nonempty set, and let 7: X — X and a: X x X — R be mappings.
Then T is called triangular a-admissible if
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(1) 2,y € X, a(z,y) > 1= a(Tz,Ty) > L;

(2) z,y,z € X, a(x,z) > 1 and a(y,z) > 1= a(z,y) > 1.
Lemma 1.9. [5] Let T : X — X be a triangular a-admissible map. Assume that there ezists 1 € X
such that a(x1,Tx1) > 1. Define a sequence {xy,} by xp+1 = Txy. Then we have oy, Tm) > 1 for
all m,n € N with n < m.

Now we recall the following class of auxiliary functions (or altering distance functions) (see [6])
which will be used densely in the sequel: Let ¥ denote the class of the functions v : [0, 00) — [0, 00)
which satisfy the following conditions:

(a) 1 is nondecreasing;
(b) 1 is continuous;
(c) Y(t)=0et=0.

2. MAIN RESULTS

Definition 2.1. A function h : RT™ x RT™ — R is of subclass of type I if it is continuous and satisfies
the following:

for y,z e RT,y > 1= h(1,2) < h(y, 2).

Example 2.2. The following functions h : RT™ x RT — R are of subclass of type I. For y,z € RT,
(1) h(y, 2) = (z+ 1,1 > 1;

(2) Ay, 2) = (y+ 1)1 > 1;
(3) h(yvz) = Yz
(4) h(y, 2) = (F4)7
(5) h‘(yvz) = ykz;
(6) h(yaz) =%
(7) h(y, z) = B2
2

9) Wy, 2) = (557 + D7 1> 1.

Definition 2.3. Let F : RT x R™ — R be a function. We say that the pair (F,h) is a upclass of
type I if F' is continuous, h is a function of subclass of type I and the following hold:

(1) for 0<s<1, te R" = F(s,t) < F(1,1);

(2) for z,s,t € RT if h(1,2) < F(s,t) = z < st.

Example 2.4. The following functions h : RT™ x Rt — R are of upclass of type I. For z,v, z,s,t €

R+,
(1) h(y,2) = (z +1)%,1 > 1,F(s,t) = st + [;
() hly:2) = ey 170> 1 Fs.0) = (1507
0 o) = o ey ot
(5) h(y, ) = 2, F(s,1) = 1
(6) h(y.2) = S22z, F(s,1)) = st
(7) h(yvz) = (l:Ty)ZvF(s>t) = st;
>yt
(8) hly.2) = (Zor)z (s, t) = st;
i y?

9) h(y,2) = (55 + 1)1 > 1,F(s,t) = (1 +1)*.
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We start to this section with the following definition.

Definition 2.5. Let (X, d) be a generalized metric space and let « : X x X — R be a function. A
map T : X — X is called an a-h-F-1)-Geraghty contraction type map if there exists 8 € F# such
that for all z,y € X,

ha(z,y), P(d(Tz, Ty))) < F(B(pd(z,y)), d(d(z,y))), (2.1)
where ¢ € U and the pair (F,h) is a upclass of type I.
Theorem 2.6. Let (X,d) be a complete generalized metric space, o : X x X — R a function, and
let T: X - X be a map. Suppose that the following conditions are satisfied:

(1) T is an a-h-F-1p-Geraghty contraction type map;

(2) T is triangular a-admissible;

(3) there exists xg € X such that a(xg, Txo) > 1 and oz, T?xg) > 1;
(4) T is continuous.

Then T has a fized point x* € X and {T"x¢} converges to x*.
Proof. By (3), from xy € X, construct the sequence {z,} as z,+1 = Ta,, n € N. If 2, = 2,41 for
some n € NU {0}, then z* = xz, is a fixed point of T. Assume further that x,, # x,4+1 for each
n € NU{0}. Since T is triangular a-admissible, it follows from (3) that
oz, z2) = a(zy, Tr1) > 1 and  a(z,23) = oz, T?x;) > 1.

By Lemma 1.9, we have

a(Tp, Tnt1) > 1 and  a(xp, xpi2) > 1 (2.2)
for all n € N. Notice that we also find a(zy, Zpim) > 1 for each m,n € N.

Now we shall prove that lim,_,~ d(zy, Zn+1) = 0. By taking x = 2,1 and y = z,, in (2.1) and
regarding (2.2), we get that

h(L, ¢ (d(xn, 2ny1))) ha(zn—1,2n), P(d(Txn-1,Ten)))
FBW(d(@n—1,20))), P(d(2n-1,20))) = (2.3)

B(d(zn-1,20))), Y(d(@n-1,2n)) < P(d(Tn-1,2n))

VANRVANNVAN

U(d(zn, Tni1))
for each n € N.
Since 1 is nondecreasing, we conclude from (2.3) that
d(I‘n, xn-{—l) < d(xn—la xn)

for each n € N. Thus we conclude that the sequence {d(zy,, z,+1)} is nonnegative and nonincreasing.
As a result, there exists 7 > 0 such that lim, oo d(2p, n41) = r. We claim that 7 = 0. Suppose,
on the contrary, that > 0. Then, on account of (2.3), we get that

Y(d(xn, Tni1)) o
Y(d(Tn—1,7n)) < BW(d(zn-1,70))) <1,

which yields that lim,, o B(¢¥(d(zn, Tp+1))) = 1. We obtain

li_)m Y(d(zn, Tnt1)) =0, (2.4)
due to the fact that 3 € F#. On the other hand, the continuity of ¢ together with (2.4) yield that
r= ILm d(xy, Tpt1) = 0. (2.5)
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Analogously, we shall prove that lim,,_, o d(xy, 5 4+2) = 0. By substituting z = z,,—1 and y = 5,11
in (2.1) and taking (2.2) into account, we find that

h(1,¥(d(zn, Tn+2))) < hle(zn—1,2n41), ¥(d(T2n—1, TTni1))
< FAW(d@n-1,2n11))), P(d(@n-1,Tn11))) = (2.6)
V(d(zn, Tni2)) < BU(d(@n-1,2p41))¥(d(Zn-1, Tpt1)) < Y(d(Tn-1,Tn41))
for each n € N. Since 1 is nondecreasing, we conclude from (2.6) that
d(Tp, Tni2) < d(Tp—1,Tni1)

for each n € N. Thus we observe that the sequence {d(zn—_1,%n+1)} is nonnegative and nonincreas-
ing. Consequently, there exists > 0 such that lim,, o d(zp—1,2p+1) = 7. We assert that r = 0.
Suppose, on the contrary, that > 0. Then, by regarding (2.6), we get that

Y(d(Ty, Tni2))
Y(d(Tn-1,Tnt1)) < B(¥(d(zn-1,2n41))) < 1,

which implies that lim,, o B(¥(d(2n—1,2n+1))) = 1. We obtain

nh_)rglo Y(d(xp—1,Tn+1)) =0, (2.7)
due to the fact that 3 € F'#. On the other hand, the continuity of ) together with (2.7) yield that
r= li_}m d(xp-1,Tnt1) =0= Ii_)m d(Tp, Tni2)- (2.8)

Suppose that x, = x,, for some m,n € N, m < n. Then

Y(d(@m, Tmy1)) = Y(d(@n, Tny1))
< B(d(zn-1,20)))¢(d(@n-1,25))
< w(d@:n—l’xn))
< Y"(d(Tm, Tmt1))
< Y(d(Tm, Tm11)),

a contradiction. Hence all elements of the sequence {z,} are distinct.
We are ready to prove that {x,} is a Cauchy sequence in (X, d). Suppose, on the contrary, that
we have
e = limsup d(xy, zm) > 0. (2.9)

m,n—00
Regarding the quadrilateral inequality, we need to examine two possible cases:
Case 1. Suppose k =n — m is odd, where k > 1. Then we have

d(l‘n, 5L'm) < d(l'na $n+1) + d($n+1a :L‘erl) + d(ZL‘erl, l'm)
=d(xn, Tpy1) + d(Tzp, Tey) + d(Xms1, Tm), (2.10)

which is equivalent to

d(.%'n, -xm) - d(ib’n, xn—o—l) - d(xm—O—la xm) < d(T-xnv T.’L’m) (2 11)

Since T is triangular a-admissible, by applying v, we get that

Y(d(@n, Tm) — d(Tn, Tnt1) — d(@ms1, Tm)) < P(A(Tzn, Tam))

and
h(a(zpn, m), Y(d(Txy, Txm)))

<
< FB (d(@n, Tm))) , ¥ (d(Tn, Tm))) =
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P(d(Tzn, Tem))) < B (d(zn, 2m))) ¢ (d(Tn, Tm)) - (2.12)

Letting m,n — oo, we deduce that
lim ¢(d(xna SUm) - d(l'n, xn+1) - d(ajm+1a l‘m)) < lim ﬁ(i/J (d(l‘n, xm))) lim ¢ (d(l’m, xn)) :

m,n—oo m,n— 00 m,n—00

So, by using (2.5), (2.9) and the continuity of 1), we get
1< lirgl B (d(zn, zm))),

which implies that liIB B¢ (d(xpn, zm))) = 1. Consequently, we get lim d(zy,x,,) = 0, which
m,n—00

m,n— 00
is a contradiction.
Case 2. Suppose k =n — m is even, where kK > 1. So we have

d(SUn, mm) < d(ﬂ?n, xn+2) + d(zn—&-% xm—i—?) + d(xm—i—% xm)
=d(xn, Tpy2) + d(TTpt1, Tmi1) + d(Tmt2, Tm), (2.13)

that can be written as

d(Tp, Tm) — d(Tp, Tnt2) — A(Tmi2, Tm) < d(TTpy1, TTmt1)- (2.14)
Due to the fact that T is triangular a-admissible, by applying v, we obtain that

V(d(Tn, Tm) — d(@n, Tnt2) — d(@mt2, Tm)) < V(AT 241, TT41))

and
h(law(d<Txn+17Txm+l))) Sh(a($n+1,$m+1),1/1(d(Txn+1,T$m+1)))
< F(BW (d(@nt1, 2m41))) » ¥ (d(Zns1, Tmt))) =
Y(d(Tzns1, Temi1)) < B (d(@ns1, mr1))) ¥ (d(@nt1; Tm)) - (2.15)

Letting m,n — oo, we find that
lim Qb(d(-ﬁm xm)_d(xm $n+2)_d(xm+27 xm)) < lim /B(w (d(anrla merl))) lim ¢ (d($n+17 xm+1))

m,n—00 m,n—0o m,n—00

So, by using (2.8), (2.9) and the continuity of 1), we observe
1< lim  B(¢ (d(@ns1, Tmt1))) s

m,n—00

which implies that lim B(¢ (d(zp41,Zm+1))) = 1. Thus we conclude that lim d(zp41, Tmy1) =

m,n— 00 m,n— 00
0, which is a contradiction.
From Case 1 and Case 2, we conclude that {x,} is a Cauchy sequence. Since (X, d) is a complete
generalized metric space, there exists * € X such that nlg)go d(xp,2") = 0. Since T is continuous,

we have
nh_)rgo ATy, x*) = nh_}ngo d(zpi1, Tz*) = 0.
By Lemma 1.4, we have that Tz* = z*. O

It is also possible to remove the continuity of the mapping T by replacing it with a weaker
condition:

Definition 2.7. Let (X, d) be a complete generalized metric space, a : X x X — R a function and
let T: X — X be a map. We say that the sequence {z,} is a-regular if the following condition is
satisfied:

If {z,,} is a sequence in X such that a(xy,,z,4+1) > 1 for all n and z,, - © € X as n — +oo, then
there exists a subsequence {z,,x)} of {x,} such that a(z,y),r) > 1 for all k.

1263 ARSLAN HOJAT ANSARI et al 1258-1269



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.7, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

a-)-GERAGHTY CONTRACTIONS IN GENERALIZED METRIC SPACES

Theorem 2.8. Let (X,d) be a complete generalized metric space, o : X x X — R a function and
let T : X — X be a map. Suppose that the following conditions are satisfied:

(1) T is an a-h-F-p-Geraghty contraction type map;

(2) T is triangular a-admissible;

(3) there exists xg € X such that a(xo, Txo) > 1 and oz, T?xo) > 1;
(4) either T is continuous or {x,} is a-regular.

Then T has a fized point x* € X and {T™x¢} converges to x*.

Proof. Following the proof of Theorem 2.6, we know that the sequence {z,}, defined by z,+1 = Tz,
for all n > 0, converges to some z* € X. From (2.2) and the assumption (4) of the theorem, there
exists a subsequence {z,)} of {zn} such that a(z,y), ") > 1. Applying (2.1), for all k, we get
that

h(1L,(d(2niy 1, T2*))) < hla(zpm, )aw(C;(TUC n(k), Tx"))
<

F(B((d(x, ), b (d(zn ), 27)))
—
Y(d(@p ()41, Tx")) < B(d(@nw), 7)) (d(Tn k), 7)) < P(d(@ner), 7). (2.16)

Letting k — oo in (2.16), we have
lim ¢(d(z, +17T33 )) <0.

k—o0

Therefore, in view of Proposition 1.6, we obtain x* = Tx*. O

Now we introduce the notion of generalized a-h-F-1-Geraghty contraction.

Definition 2.9. Let (X, d) be a generalized metric space and let o : X x X — R be a function. A
map T : X — X is called an a-h-F-1-Geraghty contraction type map if there exists 3 € F# such
that for all z,y € X,

ha(z,y), ¥(d(Tz, Ty))) < F(B((M(z,y)), p(M(z,y))), (2.17)
where M (x,y) = max{d(z,y),d(z,Tx),d(y,Ty)}, ¥ € ¥ and the pair (F,h) is a upclass of type I.

Theorem 2.10. Let (X,d) be a complete generalized metric space, a: X x X — R a function and
let T : X — X be a map. Suppose that the following conditions are satisfied:

(1) T is a generalized a-h-F--Geraghty contraction type map;

(2) T is triangular a-admissible;

(3) there exists z9 € X such that a(zg, Tzo) > 1 and axg, T?x0) > 1;
(4) T is continuous.

Then T has a fized point z* € X and {T™zp} converges to x*.

Proof. By (3), from xy € X, construct the sequence {z,} as x,41 = Txn, n € N. If x,, = 25,41 for
some n € NU {0}, then z* = z,, is a fixed point of 7. Assume further that =, # x,+; for each
n € NU{0}. Since T is triangular a-admissible, it follows from (3) that

a(ry,z2) = a(xy,Try) > 1 and oz, z3) = Oé(.%'l,T2$1) >1
and so by induction, we get

a(Tp, Tpt1) > 1 and  a(xn, zpt2) >1 (2.18)
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for n € N. And we also find a(xy,, Tp4m) > 1 for each m,n € N.
Therefore, by (2.17)

h(1,¥(d(zn, 2nt1))) < hla(@n—1,2n), Y(d(TTn-1,TTy)))
< FBWM(zn-1,70))), V(M (2p-1,20))) =
Y(d(@n, Tnt1)) < BOM (zn—1,20))) V(M (2n-1,2n)) < P(M(2p—1,2n)) (2.19)

for each n > 1, where

M (xp—1,2,) = max{d(zp—1,Tn), d(Tn—1,Tpn), d(Tn, Tn+1)} = max{d(zp—1,Tpn), d(Tn, Tnt+1)}-
If max{d(xn—1, ), d(Tn, Tn+1)} = d(Tpn, Tny1), then by (2.19), we get 220
Y(d(Tn, Tpt1)) < V(d(Tn, Tnt1)),
which is a contradiction. Hence max{d(zn—1,zn),d(zn, xn+1)} = d(zn-1,2,) and (2.19) gives
Y(d(zn, Tnt1)) < Y(d(xp—1,2,)), forall n e N. (2.21)
This yields that, for each n € N,
d(xp, Tnt1) < d(Tp—1,Tp). (2.22)

Thus we conclude that the sequence {d(zy,,zn+1)} is nonnegative and nonincreasing. As a result,
there exists t > 0 such that lim,,_,o d(zp, Tp4+1) = t. We claim that ¢ = 0. Suppose, on the contrary,
that ¢ > 0. Then, on account of (2.19), we get that

w(d(xn,l’nJrl))
¢(M(xn—1,$n)) = 'B(T’Z}(M(xnflvxn))) <1,

which yields that lim,, o B(¢(d(zn, Tp+1))) = 1. We obtain

li_)m Y(d(xpn, Tnt1)) =0, (2.23)
due to the fact that 8 € F#. On the other hand, the continuity of 1 together with (2.23) yield that
li_}rn d(xp, Tpt1) = 0. (2.24)

Now we shall show
li_}rn d(xp, Tpy2) = 0. (2.25)

Regarding (2.17) and (2.18), we find that

h(1,9(d(xn, Tnt2))) < hla(@n—1, Znt)P(d(TTp—1,TTp41))
< FBWWM(2n-1,2n11))), (M (2p-1, Tn41))) =

Y(d(@n, n+2))) < BO(M (Tn—1,Tn+1))) (M (Tn-1,2n41))) < P(M(Tp—1,Tn+1)) (2.26)
for all n € N, where
M(.’En_l, xn—i—l) = max{d(xn—la xn—i—l)y d(xn—la Txn—l); d(xn+17 Txn—l—l)}
= max{d(zn_1,Tn+1), d(Tn_1,2Tn), d(Tnt1, Tnt2)}- (2.27)

In view of (2.22), we obtain
M(l’nfla $n+1) = maX{d($n71, xn+1)7 d(xnfla xn)}

Define a,, = d(zy, Tn42) and b, = d(xy, Tp41). Then, taking (2.26) into account, we get

Y(an) < P(max{an—1,bn-1}).
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This yields that, for each n € N,

an, < max{an—1,bp_1}. (2.28)
By (2.22), we have

by, < max{an—1,bp_1}. (2.29)
Therefore,

max{an, by} < max{a,—1,b,—1}

for all n € N. Thus the sequence max{a,, b,} is nonegative and nonincreasing and so it converges
to some r > 0. Clearly, by (2.24),

lim d(zp,zpt+2) = lim ap, = lim max{a,,b,} =r.
n—oo n—o0 n—oo

Now we will show that » = 0. If > 0, then in view of (2.26), we have

¢(d(xnvxn+2))
M (n 1, 2n11)) = BW(M(n—1,2n4+1))) <1,

which yields that lim, o B(¢¥ (M (zp—1,2n+1))) = 1. We obtain
1i_>m Y(M(zp—1,Tn+1)) =0, (2.30)

due to the fact that 8 € F#. On the other hand, the continuity of 1 together with (2.30) yield that

Y(r) = Qp(nlg& max{an-1,b,-1}) = nlirglo Y(max{an—1,bn—1}) =0,

which is a contradiction and hence r = 0.
Suppose that x, = x,, for some m,n € N, m < n. Then

Y(d(@m, Tmt1)) = Y(d(Tn, Tny1))
< B (M (zn-1,20))) (M (2n-1,25))
< Y(d(xp-1,2n))
< PVd(@m, Tme1))
< Y(d(@m, Tmt1)),

a contradiction. Hence all elements of the sequence {z,} are distinct.

In order to prove that {z,} is a Cauchy sequence in (X,d), suppose that it is not. Then by
Lemma 1.5, using (2.24) and (2.25), we assert that there exist ¢ > 0 and two sequences {my} and
{ni} of positive integers such that ng > my > k and the sequences (1.3) tend to € as k — co. By
substituting = xy,, and y = x,,, in (2.17) and taking (2.18) into account, we obtain

h(1, ¢(d($mka$nk+1))) < ha(@my_ys Tng)s Y(A(T Ty, Tpy, )
< FBWM(@my_ys7n,)), O(M (25 Tny.)))- (2.31)
On the other hand, we have

M(xmk—l ) "Enk) = maX{d(xmk—l ) ':Enk)? d(xﬂ”%q ) Txmk—l)7 d(xnk ) Txnk)}

= max{d(xmk—l ) xnk)’ d(‘rmk—l ) xmk)7 d($nk » T )} (2'32)
and hence
T (M (7)) = (e). (2.33)

From (2.31), we have

¢(d(wmk ) x”k+1 ))
¢(M(‘,L'mk71’ xnk))

< BOM (@5 20,))) < 1.
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Letting k£ — oo, we get
lim B(Y(M(zm,_,sTn,))) = 1.
k—o0

Thus limy_eo V(M (2, _,,Zn,)) = 0 and so (2.33) gives ¢(e) = 0, which is a contradiction. There-
fore, {z,,} is a Cauchy sequence. Since (X,d) is a complete generalized metric space, there exists
x* € X such that li_)m d(xp,x*) = 0. Since T is continuous, we have

n o0

lim d(Tx,,z*) = lim d(zp41,T2") =0.

n—oo n—oo
By Lemma 1.4, we get that Tz* = z*. O
Theorem 2.11. Let (X,d) be a complete generalized metric space, o : X x X — R a function and

let T : X = X be a map. Suppose that the following conditions are satisfied:
(1) T is a generalized a-h-F--Geraghty contraction type map;
(2) T is triangular a-admissible;
(3) there exists zo € X such that a(zg, Tzo) > 1 and axg, T?x0) > 1;

(4) {zn} is a-regular.
Then T has a fized point x* € X and {T™x¢} converges to x*.
Proof. Following the proof of Theorem 2.10, we know that the sequence {z,, }, defined by z,,+1 = Tz,
for all n > 0, converges to some z* € X. Now we shall show that Tx* = z*. Suppose, on the
contrary, that Tx* # z*, i.e,, d(z*,Tz*) > 0. Since z, is a-regular, from (2.18), there exists a
subsequence {z,x)} of {z,} such that a(z,),r*) > 1. Applying (2.17), for all k, we get that

h(L,(d(@npy1,T2%))) < hla(@, o), V(AT Ty, T2*)))
< FB@(M(zyk), 7)), V(M (241, 7)), (2.34)

where M (1), %) = max{d(zpn k), v*), d(p k), TTn()), d(x*, Tx*)}.

Letting k — oo in (2.34), we have
lim Y (d(wy )41, T™)) < P(d(x*, Tx")).

n—oo
In view of Proposition 1.6, we get a contradiction and hence x* = Tz*. O
For the uniqueness of a fixed point of a-y-Geraghty contractive mapping, we will consider the
following condition.

Condition (U): For all z,y € F(T'), we have a(z,y) > 1, where F(T') denotes the set of fixed
points of T'.

Theorem 2.12. If the condition (U) is added to the hypothesis of Theorem 2.6 (respectively, The-
orem 2.8), then we obtain that u is the unique fixed point of T.

Proof. We will show that u is a unique fixed point of T. Let v be another fixed point of T' with
v # u. By hypothesis (U),
1 < afu,v) =a(Tu,Tv).
Now, using (2.5), we have
h(1, 4 (d(u,v))) ha(u,v), P (d(Tu,Tv)))

F(B(4(d(u,v))), ¢ (d(u,v))) =

VANVAN

P(d(u,v)) < B(d(u, v)))p(d(u, v)) < P(d(u,v)),

which is a contradiction. Hence u = v. O
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Theorem 2.13. If the condition (U) is added to the hypothesis of Theorem 2.10 (respectively,

Theorem 2.11), then we obtain that u is the unique fized point of T.
Proof. Let v be another fixed point of T" with v # u. Then by the assumption (U),
1 < a(u,v) = a(Tu, Tv).
Now, using (2.17), we have
h(1, ¢ (d(u,v))) h(a(u,v), ¥ (d(Tu, Tv)))
FBW (M (u,v)))9 (M (u,v))),

<
<

P(d(u,v))) < BYM (u,0)))p(M (u,v)) < (M (u,v)),

where
M (u,v) = max{d(u,v), d(u, Tu),d(v,Tv)}.
Therefore,
P(d(u, v)) < P(d(u,v)),
which is a contradiction. Hence u = v. Il

Now we give a useful example.

Example 2.14. Let X = AU B, where A = {%,%,i,%} and B = [%,1]. Define the function

d: X x X — R as follows:
11 1
i(35) = 5

11 11 1

d<2’4) = d<3’4)—5’

J(LLY gLy i1yt
4’5 2°5 35 6

d(z,z) = 0 forall x € A,

d(z,y) = d(y,z) forall z,y € A

and d(z,y) = |x — y|, whenever (z € A,y € B) or (x € B,y € A) or (xz,y € B). It is easy to check
that (X, d) is a generalized metric space. Let T': X — X be a mapping defined by

% otherwise

and the function a : X x X — [0, 00) defined by

1 ifz,yeB
a(z,y) =

2z+1 :
T(x) = {z+2 ifzeB

0 otherwise.

Define §(t) = %th Using routine calculation it is easy to check that T is an a-h-F-1-Geraghty

contraction for h(y,z) = yz, F(s,t) = st and 9(t) = t. For g = 2, we have o (g, Tzo) > 1 and
« (1’0,T2x0) > 1. Using the definition of the maps « and T, we observe that a(z,y) > 1 =
a(Tz,Ty) > 1 for all z,y € X and also a(z,z) > 1 and a(y,z) > 1 = «a(z,y) > 1 and so T is
triangular a-admissible. Moreover, if {x,} is a sequence in X such that a(x,,z,+1) > 1 for all n
with &, — x as n — oo, then the definition of « gives x,, € B for each n. Since B is closed, it
follows that x € B. Thus a(z,,z) = 1 for each n and hence the sequence {x,} is a-regular. So all
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the hypotheses of Theorem 2.8 are satisfied and therefore T" has a fixed point. Here z =1 is such a
fixed point.

Remark 2.15. If the self map T is an a-1)-Geraghty contraction type map (see [1]), then T is an
a-h-F-1-Geraghty contraction type map for h(y, z) = yz and F'(s,t) = st. Therefore the results of
Asadi et al. [1] can be obtained as a particular case of our results.

REFERENCES

[1] M. Asadi, E. Karapinar, A. Kumar, a--Geraghty contractions on generalized metric spaces, J. Inequal. Appl.
2014, 2014:423.

[2] A. Branciari, A fixed point theorem of Banach-Caccioppoli type on a class of generalized metric spaces, Publ.
Math. Debrecen 57 (2000), 31-37.

[3] M, Geraghty, On contractive mappings, Proc. Amer. Math. Soc. 40 (1973), 604-608.

[4] Z. Kadelburg, S. Radenovié, Fized point results in generalized metric spaces without Hausdorff property, Math.
Sci. 8 (2014), Art. ID 125.

[5] E. Karapinar, P. Kumam, P. Salimi, On a-¢-Meir-Keeler contractive mappings, Fixed Point Theory Appl. 2013,
2013:94.

[6] M.S. Khan, M. Swaleh, S. Sessa, Fized point theorems by altering distances between the points, Bull. Aust. Math.
Soc. 30 (1984), 1-9.

[7] W.A. Kirk, N. Shahzad, Generalized metrics and Caristi’s theorem, Fixed Point Theory Appl. 2013, 2013:129.

[8] B. Samet, C. Vetro, P. Vetro, Fixed point theorems for a-i-contractive type mappings, Nonlinear Anal. 75
(2012), 2154-2165.

[9] A. Shoaib, a-n dominated mappings and related common fized point results in closed ball, J. Concrete Appl. Math.
13 (2015), 152-170.

[10] A. Shoaib, M. Arshad, M. A. Kutbi, Common fized points of a pair of Hardy Rogers type mappings on a closed

ball in ordered partial metric spaces, J. Comput. Anal. Appl. 17 (2014), 255-264.

ARSLAN HOJAT ANSARI
DEPARTMENT OF MATHEMATICS, KARAJ BRANCH, ISLAMIC AZAD UNIVERSITY, KARAJ, IRAN
E-mail address: analsisamirmath2@gmail.com

CHOONKIL PARK
RESEARCH INSTITUTE FOR NATURAL SCIENCES, HANYANG UNIVERSITY, SEOUL 04763, REPUBLIC OF KOREA
E-mail address: baak@hanyang.ac.kr

ANIL KUMAR
DEPARTMENT OF MATHEMATICS, MAHARSHI DAYANAND UNIVERSITY, ROHTAK, HARYANA-124001, INDIA; DEPART-
MENT OF MATHEMATICS, GOVT. COLLEGE BAHU, JHAJJAR, HARYANA-124142, INDIA

E-mail address: anilkshk84@gmail.com

GEORGE A. ANASTASSIOU
DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF MEMPHIS, MEMPHIS, TN 38152, USA
E-mail address: ganastss@memphis.edu

SUNG JIN LEE
DEPARTMENT OF MATHEMATICS, DAEJIN UNIVERSITY, KYUNGGI 11159, REPUBLIC OF KOREA
E-mail address: hyper@daejin.ac.kr

1269 ARSLAN HOJAT ANSARI et al 1258-1269



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.7, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Oscillation of nth-order nonlinear dynamic equations on

time scales

Yaru Zhou!, Zhanhe Chen'* and Taixiang Sun?
1 College of Mathematics and Information Science, Guangxi University,
Nanning, Guangxi, 530004, P.R. China
tCorresponding author. Email: czhhxl@gxu.edu.cn

2 College of Information and Statistics, Guangxi College of Finance and Economics,
Nanning, Guangxi 530003, P.R. China

Absract In this paper, we investigate the oscillation of the following nth-order

nonlinear dynamic equation

(r()@y (an-1(t) (an—2(t) (- - - (ar ()™ () - - )A)A)Afz ¢i(t) P, (x(0:(t))) = 0

on a time scale T with n > 2. We obtain some new oscillation criteria of the

above equation.

Keywords: Oscillation; Dynamic equation; Time scale

Mathematics Subject Classification 2010: 34N05, 34K11, 39A21

1. Introduction

In this paper, we study the following nth-order nonlinear dynamic equation

(r()@y (an-1(8)(an—2(t)(- -~ (a1 ()22 (1)) --)2)2)2 + Zqz'(f)%i (z(:(1))) =0,  (L.1)

on a time scale T satisfying inf T = ¢y and supT = oo, where n,k € N={1,2,---} with
n>2and y,a; >0,7=0,1,2,--- , k, are ratios of odd numbers, ¢;(t) € Cq(T, [0,00)) and
qi(t) #0, 1 =0,1,2,--- k. And we also assume the following conditions are satisfied:

(H1) ®,(u) = |u[P~ u for any p > 0.
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(H2) There is an integer m € [1, k) such that
Q] > Qg > > Q>0 =7 > Qppl > 0 > Qe (1.2)

(H3) a;(t) € Cpq(T,(0,00)), 1 <j<n—1, r(t) € Crq(T, (0,00)) satisfying

o0 1
— At =00.
/to P an ()

(H4) 6;(t) € Crq(T, T) such that 62(¢) > 0 and Jim 6 (t) = oo.
—00

Write
Si(t) = { x(t), =0,

a(t)S2 (), 1<i<n-1

Then (1.1) reduces to the equation

k
(r()84 (Sn-1(8))> + D 4i(t)®a, (2(5:(1))) = 0. (1.3)
1=0

Few decades, much attention has been paid to various dynamic equations, see [1-5]. In
recent years, there has been more interest in obtaining conditions for oscillation of solutions
of dynamic equations on time scales, see [6-10]. Erbe et al.[1] researched the oscillation of
the equation

22" () + p(t)z®(o(t)) = 0,t € T,
where a > 1 is a ratio of odd numbers; and Jia et al.[2] investigated oscillation for the linear
equation
22" (t) + p(t)z(t) = 0,t € T.
On a general time scale T. Recently, Zhang et al.[3] established the oscillation criteria for

the equation
k

(r(B)® (=" ()% + D 6(t) P, (2(5:(t)) = 0, (1.4)

i=0
where @, (u),7, a4, 0;(t) is the same as (1.1).
The purpose of this paper is to generalize results in [3] to more general equation and

obtain some new oscillation criteria of (1.1).

2. Preliminary results

Lemma 2.1 Assume (1.2) holds. Then there exist n; € (0,1), i =1,--- , k, such that

k k
Z a;n; = and Zm =1. O
i=1 i=1

2
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Lemma 2.24 Assume that

o
/ D5 o 1<i<n-—2 (2.1)
to ai(s)

and 1 <m <n — 2. Then,
(1) iminf;o0 Sy (t) > 0 implies limy_,o S;(t) = 400, 0 <i <m — 1;
(2) limsup;_, o, Sm(t) < 0 implies lim;_,o0 Si(t) = —00, 0 < i < m — 1. O

Lemma 2.3 Assume (2.1) holds, and suppose that (t) > 0 and (r()®(S,—1(t)))® < 0 for
t > to. Then there exist an integer m € [0,n — 1] with m +n — 1 even and a sufficiently large
T € T such that, for any t > T,

(1) (=1)™TS;(t) >0, m<i<n-—1;

(2) S;(t) >0,1<i<m—1, when m > 1.

Proof First we claim that S,,_1(t) > 0 for t > tg. Otherwise, there exists some t; > ty such
that S,_1(¢t1) < 0. By (1.3) and (H1), r(¢)S,]_, (¢) is strictly decreasing on [t, oo)t. It follows
that r%(t)(—Sn,l(t)) is positive and strictly increasing on [t1,00)r. Thus,

(5)(=Su-1(5)) .

r% ($)an—1(s)

2=

Su_a(t) = Sus(t)— /:7”

1 t 1
S Snfg(tl) — T"Y(tl)(—snl(tl))/ l—AS'
t1r 77 (8)an—1(s)
By (H3), we have lim_,o S;—2(t) = —oo. From Lemma 2.2, we get limy_, o So(t) = —o0,
i.e., lim;yoo 2(t) = —oo, which contradicts the fact that z(t) > 0 for ¢ > tg. Consequently,

Sp—1(t) > 0 for t > ty. Then we get two cases as follows:

(i) S;(t) >0, 0<i<n-—1;

(ii) there exists an integer j € [1, n — 2] such that S;(t) < 0.
For case (ii), let m be the smallest integer m € [0,n — 1] with m + n — 1 even such that
(—=1)™*i8;(t) > 0 for t > tg and m < i < n — 1. Note that Sﬁ_l(t) = f::ég > 0 for t > to.
So, when m > 1, we have that either S,,_1(t) < 0 for ¢ > ¢y or there is to € T such that
Sm—1(t) > Sm—1(t2) > 0 for t €> ts.

If S;—1(t) < 0 for t > tp, then using the above arguments similar to the case of S,_1(f) <

0, we have Sy,—2(t) > 0 for t > to, which is a contradiction to the definition of m.
If Sp—1(t) > Sm—1(t2) > 0 for t > to, then from (1) of Lemma 2.2 we have lim;_,, S;(t) =
oo for 0 < i < m — 1. This completes the proof. O

Lemma 2.4 Assume that (2.1) holds and one of the following two conditions is satisfied:

Z%(s)AS =00 (2.2)
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or

/: [( /u > (fs Zlf:o gi(u1) Ay ) AS) / an_g(uQ>] Aug = co. (2.3)

2 7 (8)an—1(s)
Let z(t) be an eventually positive solution of Eq.(1.3). Then there exists T € T such that,
for any ¢ > T, (r(t)®-(Sn—1(t)))> < 0, and the following statements hold:
(1) when n is even,
S;(t) >0, j=1,2--,n—1. (2.4)

(2) when n is odd, either (2.4) holds or lim;_,~ z(t) = 0.

Proof Let z(t) be an eventually positive solution of Eq.(1.3), then by (H4), we may assume
that x(t) > 0 and z(6;(t)) >0 (¢ =0,1,--- ,k) for t > tg. By Eq.(1.3) and (H1), we have

(r(1) @+ (Sn-1(1) = (r(£)(Sp—1()))> <0, t = to.
From Lemma 2.3, there exists t; € T such that
Sj(t) >0 for t>t; and j € [1,m — 1], (2.5)
(=1)™8;(t) >0 for t >t and j € [m,n — 1]. (2.6)
Si(t)

a1(t)
Hence, lim; o, 2(t) exists, and it’s positive or limy_, o () = oo. In this case, we will show

When n is even, by Lemma 2.3, m must be an odd number. By (2.5), 22(t) = > 0.

that m = n — 1. Otherwise, the odd integer m < n — 3. Now (2.6) implies that, for any
t Z tla
Snfz(t) <0 and Snfg(t) > 0.

Note that there exist 7" > ¢; and a > 0 such that z(¢) > a and x(0;(t)) > a (i =0,1,--- , k)

for ¢t > T'. Taking b := ming<;<x{a“}, we have

(r(t)(Sn-1())")2 < — Zqi(t)a""’ < —bzqz'(t)- (2.7)

If (2.2) holds, integrating (2.7) from T to t with ¢ > T, we obtain that

k

r(t)(Sn—1(t))" < r(T)(Sp-1(T))7 — b/ Zqi(s)As — —00, ast— 0o,
T i=o

which contradicts the fact that S,—1(¢t) > 0 for t € [t1,00)r. Hence, (2.4) holds. If (2.3)
holds, integrating (2.7) from ¢ to u; with 7' < ¢ < uy, we obtain that

w1 k w1 k
() (Sn_1(t))7 > r(ur)(Sp_1(u1))Y + b/ D qi(s)As > b/ > qi(s)As.
t =0 t =0

4

1273 Yaru Zhou et al 1270-1285



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.7, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Taking u; — oo, we have

o] k 1 oo k 1
S (1) > ot U Lo w(A) <7~—1(t) / Zqi(s)As>”. (2.8)
t =0

(1)

Since Sp—2(t) < 0, integrating (2.8) from ¢ to ug with 7' < ¢ < ug, we have

o0

1 /u2 <ft Zf:o qi(ul)Aul)

—Sn—2(t) > Sp—2(u2) — Sp—2(t) > b> T
77 (8)an—1(s)

2=

As.

Taking ug — oo, we have

(2.9)

7 U i alm)dum)T
t

_Sn*Q(t) > b 1
77 (8)an—1(s)

Since S,—3(t) > 0, integrating (2.9) from T" to t with ¢t > T', we get

2=

Spn—3(T) > —=Sn—3(t)+Sn—3(T) > b /t [(/too I Sobg ai(u1)Auy)

T r7 (8)an-1(s)

As> / a“(u?)] Aus.

Let t — 0o, we obtain

/OO [(/too (7 Yo 4i(u1) Au)> A5> /an_Q(UQ)]AUQ < b Sp_a(T) < oo,

T r%(s)an,l(s)

which contradicts (2.3). Hence, m =n — 1 and (2.4) holds.

When 7 is odd, by Lemma 2.3, m must be even. From (2.5) and (2.6), either 22(t) > 0
or z2(t) < 0 hold, which implies lim; o z(t) = ¢ > 0. If ¢ > 0, we claim that m = n — 1.
Otherwise, m < n — 3. Similar as above, we can arrive a contradiction. This completes the

proof. O
In the sequel, for any n € N and ¢,7 € T with ¢t > T, we define i (t,T") as follows:

t 57,'71(83 T)

As, i=1,2,--- k,
T An—i(s)

/Bi(tv T) =

where Bo(t,T) = T%(t)

Lemma 2.5 Suppose that (2.1) and either (2.2) or (2.3) hold. Let z(t) be an eventually
positive solution of Fq.(1.3) satisfied (2.4). Then there exists T € T such that, for ¢ € [T, co)r,

2=

S1(t) > 17 () Sp_1(t)Bp_a(t,T) and a(t) > 17 ()Sp_1(t)Bu1(t, T).
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Proof By the hypothesis and (H4), there exists T" € [to, co)T such that xz(t) > 0, x(d;(t)) >0
(1=0,1,--- ,k) and (2.4) hold for t > T'. It’s easy to see, from Lemma 2.4, that r%(t)Sn_l(t)

is decreasing on [T, o). From (2.4), we have

Sn-2(t) = Sp-2(T)+ /T 5:18
t r%(s

—S"_l(s) As

- SealD+ | i (s)
anp—-1\S

T r%(s
> 5 (1) Sn_1 (1) /Ttl()l()As
r7(8)an—1(s

= ()81 ()81 (1, T).

Integrating above inequality from T to ¢ for t > T', we have

As

. t Snfg(s)

Sn_g(t) = Sn_g(T) +/T an,Q(S)

r%(t)Sn,l(t) MAS
T an—2(5)

= P (B)Su 1 (Dt T).

Y

By induction, we can show that

(#)Sn_1(8)Bn—a(t, T), 2(t) > 17 (£)Sn_1(£)Ba1 (£, T).

2=

Si(t)>r
This completes the proof. O

+1
Lemma 2.68) Let g(y) = By — AyVT, where A, B and y are positive numbers. Then g(y)

attains its maximum value on [0, 00) at y* = (%)7, and

. 7 B+l .
Jax 9() =9W) = S 4

3. Main Results

For the convenience of presentation, we give some notations. Write D = {(¢,s) € T? : t >
s >0}, for any z € C! (T, (0,00)), we denote

H={H(t,s) € CL(D,[0,00)) : H>(t,s) <0 and H(t,s) = 0iff t = s},

C(t,s) = H2(t,5)2%(s) + H(t,s) 2 (s),
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and
Ci(t,5) = max{HA(L, )27 (s) + H(t, 5)22(s), 0},
where H(t,s) € H and 29 (s) = max{z2(s),0}.
Theorem 3.1 Suppose that (2.1) and either (2.2) or (2.3) hold, and n; (¢ = 1,--- , k) are
defined as in Lemma 2.1. Assume that for sufficiently large T' € T, one of the following

conditions is satisfied:
(C1) either

/T T Q(s)As = o0,

or
/00 Q(s)As < oo and limsup ) ,(6(¢),T) /00 Q(s)As > 1,
T t

t—o0

C2) there is a function z € C* (T, (0,00)) such that
rd

(C3) there is a function z € C!,(T, (0,00)) such that

| : | aJ(5)(2 (3)! _
fmsup [ [Q(S)Z(S) T T (8 009), T><5A<s>>v} As=rco,

C4) there are a function z € C! (T, (0,00)) and H € H such that
rd

limsup —————

00 H(tl, T) /Tt [HW $)Q(s)z(s)

) Al (5)CL (1,9) |as =
H7(t5) (0 + DT 18, (00, DA @)=

n—2
where Q(t) = qo(t) + Hle (ni_lqi(t))m and 6(t) = min{¢,d;(t), : =0,1,2,--- ,k}. Then
(i) every solution of Eq.(1.3) either oscillates or tends to zero as t — co when n is odd,

(ii) every solution of Fq.(1.3) is oscillatory when n is even.

Proof Assume that Fq.(1.3) has a nonoscillatory solution z(t). Without loss of generality,
we may suppose that x(t) is eventually positive. Then, Lemma 2.4 and Lemma 2.5 hold,
and by (H4), there exists a sufficiently large 7" € T such that z(¢) > 0 and z(6;(t)) > 0 (i =
0,1,--- k) fort > T.

When n is odd, from Lemma 2.4, we have that (2.4) holds or lim; ,o z(t) = 0. If (2.4)
holds, Eq.(1.3) reduces to

(r(t)(Sn-1(6))) + Z qi(t)z* (0i(t)) = 0. (3.1)
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We consider four parts corresponding conditions (C1)-(C4).

Part 1: Suppose that (C1) holds.

Write (t) = 7(t)(Sn_1(t))7, then () > 0 and > (t) + Zf:o gi(t)x*i(6(t)) < 0 for
t > T. So we have > (t) < 0 and limy_,0o ¥0(t) = b > 0. Put a; = n; '¢;(t)z* (5(t)), by the

arithmetic-geometric mean inequality [11], we get

k k
Zmai > Ha?i and a; > 0.
i=1 i=1

So we have

Consequently,
YA() + QH)27(5(t)) < 0. (3.3)

Integrating (3.3) from ¢ to oo, we have
b0+ [ QU3 as <o
t

If [7°Q(s)As = 00, using (2.4), we can arrive a contradiction. If [ Q(s)As < oo, then

we) z vl = [ " Q)27 (8() As > 7(5(1)) / Q).

From Lemma 2.5, we have

L (5(0).T) / T Q)as < 1,

which contradicts to (C1). Therefore, every solution of Fq.(1.3) either oscillates or tends to
zero as t — oo.
Part 2: Suppose that (C2) holds.

Define
2(t)r(t) (Sn—1(1))”
a7(0(t))

We get w(t) > 0 immediately. From Lemma 2.5, we have
w20 = (06 07) (28 + (o 07) ()

_ N[ 02760) — =)@ (6(2))>
= (osmaor) | =

w(t) = t>T. (3.4)
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Noting that 22 (t) = al((tg > (0. When v > 1, by Keller’s chain rule, we have

1
@@ = 2| [ e+ mwad )y anlao
1
>z (t) /0 (1 = h)z(t) + ha(t) " Ldh = 2 1 (1) 2> (1),

So (z7(8(t)))2 > vz 1(6(t))(2(5(1)))2. Tt’s easy to see, from (H4), that §°(t) > 0 for t € T.

Hence, from [12, Theorem 1.93], we have
(@7(3(1)))> = a1 (8(1))2™ (5(2))6% (t) > 0. (3.6)
When 0 <y < 1,
(@7(1)% = v (1) /01((1 — )2 () + ha? ()" dh = y(27 ()" 2 (8).
So (27(5(£)))A > v27~1(67 () (x(8(£)))2. From [12, Theorem 1.93], we have
(@7(8(8)))> = 7271 (87(2))a ™ (8(1))3%(t) = 0. (3.7)

Noting that r(t) > 0. From (3.6) and (3.7), we get

(r()Sh_1 (£)72(8) (27 (3(t))*
27(6(t))7 (07 (1))

Since (r(t)S)_,(t))® <0, §(t) <t < o(t) and §7(t) < o(t), we have

> 0.

r(e(0)Sh-1(o(t) <r()S; 1 (t) < r(3(2))S, 1 (6(1))- (3-8)

and
r(o(t))Sn_1(o(t)) < r(07(t)) S, _1 (87 (1)) (3.9)
Hence, from (3.2), (3.9), Lemma 2.5 and z2(t) > 0, we have

22 (t)
wh(t) < —z(H)Q(t) + W.
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Integrating the above inequality from T to t for ¢t > T, we get

2(s)

Jr b - et

Taking the limsup on both sides as t — oo, we obtain a contradiction to (C2). Therefore,

As <w(T) —w(t) < w(T).

every solution of Fq.(1.3) either oscillates or tends to zero as t — oo.
Part 3: Suppose that (C3) holds.
When v > 1, from (2.4), (3.5) and (3.6), we have

w0 < =000 + Z ) - 053, @ DI04
Since 2 (t) = asigg > s, a(l()g" 267D from (3.8) we get
Py xA A ’Y+1 Py xA A
s ARSI 00 T e
o 07O SO 2yt (008 ()
T A7) (5() S (5(1)
¢ ot TI
ar(t)z (o(t))
Then A A
wA(t) < —2()Q(t) + Zt((f)) w’ (1) — z(t”ﬁ"‘fﬁ’ T)OZ®) 5 (1), (3.11)
ar(t)z7 (o(t)

When 0 < v < 1, by (3.2),(3.5) and (3.7), we have

WA < B i o e 2@ 6(0)62 ()
(1) < —2(HQ() + (1) = )] (0 e

y+1

X
)

" SW“(t) ()72 (8(1))5° (2)
) )

G0
- ( ()27 3 (5(4))S_1 (6(2)
ai(t)z > (o(1))
10
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It follows that

2(t)YBr—2(t, T)62(t) i1

22(t) a1
wA (1) < —z(H)Q(t) + Z;(t) w (t) — 00w w o (o(t)). (3.12)
ai(t)z 7 (o

Let A A
B = ZJ;((;)’ A= ( )7571 25_ )5 (t)’ y = wa(t)'

® ar(t)z > (o(t))

Then, by Lemma 2.6 and (3.12), for all ¢t > T,
I Q102 ()

wh(t) < —2(H)Q(t) +

(v + )7 271(8) By o (6, T) (62(2))7

Integrating the above inequality from T to t for ¢t > T, we get

t 1 T Ve
o 01900~ e e TG |2 < 0wl < )

By taking the lim sup on both sides as t — 0o, we obtain a contradiction to (C3). Therefore,
every solution of Eq.(1.3) either oscillates or tends to zero as t — oco.

Part 4: Suppose that (C4) holds.

From (3.11) and (3.12), we have that for H € H and t > T

t B t A t Y zf(s)
/T H(t5)2(s)Q(s)As < / H(t, s)w(s)As + / H(t, 50 (5) 55 As
Alg) a1
/H V1Bn2(008). TS, 22 (o)) s
ai(s)z 7 (o(s))
! A Zﬁ(s) o
< H(t,T)w(T)—G—/T [HS (t,s)+ H(t,s) () w?(s)As
/ H Vﬁn 2(;5) ) ( )U}’YTl(O'(S))AS
ai(s)z 7 (o(s))
gHﬁﬂ@)/[@M 7(s)As
/Hts (i() ) ()w%(a(s As
( )z 7 (o(s))

Let

B = C+(t, S), A= H(t, S)Z(S)’Yﬁan(fi(f)vT)éA(S)’ y = wo(s).
ar(s)z 7 (0(s))

11
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By Lemma 2.6, for all t > T,

/TH(t,s)z(s)Q(s)As < H(t,T)w(T)

+/t [C(t, )]+ (27 () ] (s)
T Bn—a(0(s), T)(62(8))TH (t, 5)(y + 1)71H127(s)

As,

ie.,

wlt) = g [ A6
: (A HO
L0 TS ) G )+ 172()

n—2

As.

Taking the lim sup on both sides as t — oo, we obtain a contradiction to (C4). Therefore,
every solution of Fq.(1.3) either oscillates or tends to zero as ¢t — oo.
When n is even. From Lemma 2.4, (2.4) holds. Similar to above four parts, we can show

that every solution of Fq.(1.3) is oscillatory. This completes the proof. O

Theorem 3.2 Let v > 1. Suppose that (2.1) and either (2.2) or (2.3) hold. For sufficiently
large T € T and z € C!,(T, (0,00)), one of the following two conditions is satisfied:

. t B aq (8)(ZA<3>)2 s = 00
W sy [ (269000 - a0 Tt |2 =

(IT) there exists H € H such that

. ! ()0l s) — a1(s)C3(t, s)
o 77 [, {H“’ SR~ 8B ()5 (5(s), DVEE, )

As = 00,

where 8*(t,T) = 8)~1(t,T)Bn_2(t, T). Then
(i) every solution of FEq.(1.3) either oscillates or tends to zero as t — co when n is odd,

(ii) every solution of Eq.(1.3) is oscillatory when n is even.

Proof Assume that Fq.(1.3) has a non-oscillatory solution z(t). Without loss of generality,
we may suppose that z(t) is eventually positive. Then, Lemma 2.4 and Lemma 2.5 hold, and
by (H4) there exists a sufficiently large T € [tp, 00) such that x(¢) > 0 and x(d;(t)) > 0 (i =
0,1,---,k) fort > T.

When n is odd, from Lemma 2.4 we see that (2.4) holds or lim;_, z(t) = 0. If (2.4)
holds, we separate the rest of the proof into two parts.

Part one: Suppose that (I) holds.

Define w(t) as in (5.4). Because z(t) > 0, o(t) > t, by (3.2), (3.5) and (3.6), we get that

o 2(t)y27 71 (8(1)2 2 (8(4))0% (1)

A — w? () — (r "
wa(t) < ®)Q(t) + 2 (1) (t) = (r(t)S,-1 (1)) Y (69(t))zV(3(t))

12
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A < by DI T E0) B0W)
0= 0RO SO WP ®) 5116 S )
— ZA(t) o _ Z(t)éA(t) * w® 2
< QU + v (1)~ s B0, ) (1)
By completing the square for w?(t) on the right-hand side, we have

a1 (1) (=2 (1))
AyB*(6(t), T)z(t)o (1)

Integrating the above inequality from T to t for t > T, we get

WA () < —=(O)Q(t) +

¢ ails ZA S 2
;. [2900) ~ 1t g & < D) - ) < wid)

Taking the limsup on both sides as as t — oo, we obtain a contradiction to (I). Therefore,
every solution of Fq.(1.3) either oscillates or tends to zero as t — oo.

Part two: Suppose that (II) holds.

The proof is similar to Part 4 of Theorem 3.1 and Part one of Theorem 3.2.

When n is even. From Lemma 2.4, (2.4) holds. Similarly, we can show that every solution

of Fq.(1.3) is oscillatory. The proof is completed. O

4. Examples
Example 4.1 Consider the equation

(7101 (Sn(1) > + 7301 (2t + 1)) + 1 2D (w(t — 1)) + ¢ °®1 (a(t +2)) =0, teT

1 19
2 3

where S, (t) satisfies Eq.(1.3), a;(t) =t~ (1 <i <n), T = [2,00)r. Here, we have
19 1.
30 3

Mn>2, y=a =3, a1 =%, aa =
2) r(t) =t qi) =t

Clearly,
o0 1 [ee]
- At= AL =
/to 17 ()an(t) / o

oo 1 (o)
/ At:/ tAt =00, 1<i<n,
to ai(t) 2

13
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hence (H1)-(H4) hold. Note that

o0 2 o o
/ ZqO(S)As = / (S_% +5 2+ 3_3>A5 > / sT2As = 00,
2 2 2

i.e., (2.2) holds. Let ny = g5, m2 = 32. Then 1y, 7 satisfies Lemma 2.1. With z(t) = 1 we
see that for sufficiently large T' € T,

o I () (A ()
hiii‘jp/T {Q“)Z(S) T T ()8, (6(s), T)(é%))V] as

35

= limsup /Tt [s% + (3632>316(2§s3)36]m

t
> limsup/ 572 As = oo.

t—o00 T

Hence, the condition (C3) of Theorem 3.1 is satisfied.
By Theorem 3.1, every solution of FEq.(1.3) either oscillates or tends to zero as t — oo

when n is odd and oscillatory when n is even. O
Example 4.2 Consider the equation
(t02(Su(1))) + a(w(t)) + 2@5(a(t — 1)) + 3@ (w(t +2)) =0, teT

where S,,(t) satisfies Fq.(1.3), T = [1,00)r, a;(t) =t"*(1 < i <n). Here, we have
()n22 k=2 y=ao=3 a1=3, az=
2) r(t) =t, ) =1, q(t) =2, qa(t) =3t~
(3) do(t) =t, 61(t) =t —1, d2(t) =t +2and §(t) =t — 1.

Clearly,
0 1 4
— Al = t2 At =
/to A (D an(?) /1 TetE e

oo 1 o0
At:/ t*At =00, (1<i<n
/to al(t) 1 ( )

hence (H1)-(H4) hold. Note that

[0 Rty s
[ )

[ e

14

2=

v
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2/ </ 33A3>U4Av:oo,
1 v

i.e., (2.3) holds. Let n = %, Mo = % Then 71,72 satisfies Lemma 2.1. With z(t) = 1 we see
that for sufficiently large T' € T,
t t 1/3 2\ 5
limsup/ Q(s)As = limsup/ [1 +(3x2)3 (7 X 33_5> }As = 00.
t—oo JT t—oo JT 2
Hence, the condition (I) of Theorem 3.2 is satisfied. By Theorem 3.2, every solution of
Eq.(1.3) either oscillates or tends to zero as ¢ — oo when n is odd and is oscillatory when n

is even. O
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Abstract: Let n, k be positive integers satisfying n > 2k + 4, a # 0 be a complex
number, and let F be a family of functions meromorphic in a domain D, if for each f € F,
" +af® and ¢" + ag® share b, and all zeros have multiplicity at least k + 1, then F is
normal in D.

Keywords: meromorphic function; normal family; shared value.
1. Introduction and results

In this paper, we denote by C the whole complex plane. Let f be a meromorphic
function in a domain D C C. For a € C, set Ef(a) = {z € D : f(z) = a}. We say that
two meromorphic functions f and g share the value a provided that E(a) = E,(a) in D.
When a = oo the zeros of f — a means the poles of f.

Let F a family of meromorphic functions defined on D C C. F is said to be normal
on D, in the sense of Montel, if for any sequence f; € F there exists a subsequence f,,
converges spherically locally uniformly on D, to a meromorphic function or oo (see [1],
2], [3)).

According to Bloch’s principle, every condition which reduces a meromorphic function
in the plane C to a constant, makes a family of meromorphic functions in a domain D
normal. It is also more interesting to find normality criteria from the point of view of

shared values. In this area, Schwick[4] first proved an interesting result that a family

*Xuan Zuxing is the corresponding author and he is supported in part by Information Processing

Academic Subject of BUU. 1
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of meromorphic functions in a domain is normal if in which every function shares three
distinct finite complex numbers with its first derivatives. And later, Sun[5] proved that a
family of meromorphic functions in a domain is normal if in which each pair of functions
share three fixed distinct values, which is an improvement of the famous Montel’s Normal
Criterion [6] by the idea of shared values. More results about normality criteria concerning
shared values can be found, for instance, in [7-9] and so on.

In 2008, Zhang[10] proved
Theorem A. (see [10]). let F be a family of functions meromorphic in a domain D, n
be a positive integer and a, b be two constants such that a # 0,00 and b # oco. If n > 4
and for each f and ¢ in F, f' — af™ and ¢’ — ag™ share the value b, then F is normal in
D.

In this paper,we replace f’ by f*) in Theorem A and obtain the following theorem.
Theorem 1. Let n, k be a positive integers satisfying n > 2k + 4, a # 0,00 and b # oo
be complex numbers, and let F be a family of functions meromorphic in a domain D. If
for each f,g € F, f*+af® and ¢" +ag™® share b, and all zeros have multiplicity at least
k + 1, then F is normal in D.

Example: Let D = {z: |z| < 1} and F = {f,,} where

1
fn(Z)In—%,zeD,nzl,Q,?),....

Clearly f/ + f2 = 505 G for each pair m, n, 7+ frand f” + f7 share 0 in D, but

8n9 V29"
F is not normal at the point z = 0 since f5(-) = 4(1"—;) — 0o(n — o0). This example

show that Theorem 1 is not valid if f doesn’t satisfy that all zeros have multiplicity at
least k + 1.

2.Lemmas

In this section, we present some lemmas which will be needed in the sequel.
Lemma 2.1([8]). Let F be a family of functions meromorphic on the unit disc, all of
whose zeros have multiplicity at least k, and suppose that there exists A > 1 such that
|f®)(2)] < A whenever f(z) = 0. Then if F is not normal, there exist, for each 0 < o < k,

a) a number 0 < r < 1;

b) points z,, |z,| < r;

c) functions f, € F'; and

d) positive numbers p,, — 0

such that pf,,(z, + pné) = (&) — g(§) lozcally uniformly with respect to the spherical
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metric, where g is a nonconstant meromorphic function on C, all of whose zeros have
multiplicity at least k, such that ¢*(¢) < ¢*(0) = kA + 1. In particular, ¢ has order at
most two; and, in case g is an entire function, it is of exponential type.

Lemma 2.2 [11] Let f be a meromorphic function, then we have

— 1 1 1
T(’f’,f)<N(T,f)‘l‘N(T,?)—FN(T,f_l)—N(’l",?)‘l—S(’f’,f), (21)
where
g F P 192f(0)((0) ~ 1)

Lemma 2.3 Let f be a transcendental meromorphic function, n and k£ be two integers
and n > 2k + 4, and all zeros of f are of multiplicity greater than k + 1, then f* + af®
assumes every finite complex value b infinitely often.

Proof: Let ¢(z) = “f(;igz;_b, and suppose that 1(z) = —1 has only finite number of

roots. Then by Lemma 2.2 we have
T(r,0) < M) + N ) + N =) + S0 22

Now the poles of 1(z) occur only at zeros of f(z), and those poles which are not simul-

taneously zeros of af®) — b have multiplicity at least n. Zeros of 1)(z) can occur only at

zeros of af*) — b which are not poles of f(z). Thus

N(r, )+ N(r, %) < %N(r, ¥) + N(r, ﬁ) + N(r, f)
< TT(0) 4 T(r, f9) + N r, ), (2:3)
By the first fundamental theorem, we have
N+ M) € ST000) + T )+ (b + DN ) +5021)
< ST(0) + (k+ 2T )+ S0, ), 2.4)
Take (2.4) into (2.1), we have
(1= )T(r,0) < (k+ 2)T(, ) + S0, f). (2.5)
On the other hand,
af® —b

nl'(r,f) = T(r, f*)="T(r, )
T(r, fO) + T(r,) + O(1)

(k+ 1T f) +T(r, )+ 5(r, f),

IN

IA
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that is
(n—k—=1T(r, f) <T(r,¢)+ S(r, f). (2.6)
Combining (3.5) and (3.6) we obtain
(1= D70 ) < [ 2 0T () (2.7

which contradicts with the condition n > 2k + 4.

Thus we proved Lemma 2.3.
Lemma 2.4 Let f be a nonconstant rational function, n and k£ be two integers and
n > 2k + 4, and all zeros of f are of multiplicity greater than k + 1, then f* + af® has
at least two distinct zeros.

Proof: Case 1. If f™ + af® has no zeros, it is easy to see that f is not a polynomial,

then f is rational function but not a polynomial.

Let f = gy = 5 /) = 5. We denote p = degP, and ¢ = degQ,
then degQy = q + kt, degP, = p+ k(t — 1).
PO+ aP Q"

"4 oaf® = ) )
f"+af 00, (2.8)

deg(P"Qy) = np + q + kt, deg(P,Q™) = p+ k(t — 1) + ng.

Ifp>gq thennp+q+kt—(p+k(t—1)+ng) = (n—1)(p—q) +k > 0, that is
deg(P"Q)q) > deg(P,Q"); If p < q, since n > 2k+4, then np+q+kt— (p+k(t—1)+nq) =
(n—1)(p—q)+k <0, that is deg(P"Q;) < deg(P,Q"), thus f"+ af* have zeros, which
is a contradiction.

Case 2. "+ af™ has only one distinct zero z.

If fis a polynomial, then f" + af® = A(z — %)". From the condition that all zeros
of f are of multiplicity greater than k + 1, we can deduce that z; is the only zero of f, so

f=0b(z—=2)",m>k+1, where b is a constant and m is a positive integer.

O =bmm —1)---(m—k+1)(z— z)"* (2.9)
and
it af® = A"z — 20)" 4 (2 — 20)™F = (2 — 20)™ F[A(z — 2)""™F 1 O], (2.10)

thus f™ + af™ has two distinct zeros, contradiction.
So f is a non-polynomial rational function, then we can assume that

B Az — z9)™
R e B R EE ALY

(2.11)
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where A is a constant, and s is a positive integer. By integration (2.4) we get
(2 — 20)" *g(2)
(Z — Zl)n1+1(z — 22)n2+1 e (Z _ Zs)ns—l—l’

From (2.11) and (2.12) we obtain

f(k) —

(2.12)

An(z _ Zo)nm + a(z _ Zo)m_kg(Z)(Z _ Zl)(n—l)nl—k L. (Z _ ZS)(n—l)nS—k
(z—2z1)" (2 —2z9)"2 -+ (2 — 2z4)"
(2 — 20)" A" (2 = 20)" " F 4+ ag(2) (2 — 2) IR (2 — ) Dneh

= (z—21)" (2 — 29)2 - (2 — 2, )" (2.13)

4 af® =

On the other hand, since f™ + af®* has only one zero, we have
C(z — 2)
(z—z1)" (2 —2z)"2 -+ (2 — 24"

Combining (2.13) and (2.14) we have

frraf® =

(2.14)

Oz = 20) = (2 = 20)" g (2),

where g1(2) = A" (2 —2)"" " L ag(2)(z—z) PV R (=2 ) URe TR Tf ] > o — k,
then g1(z) has a zero 2, which is impossible. If [ = m — k, ¢1(z) = C, that is A"(z —
20)" TR Lag(2) (2 — 2) MR (= ) (DR — O thus nm —m+k = (n—1)N,
where N = ny + ng + -+ + ng, thus (n — 1)(N —m) = k, which is impossible since
n > 2k + 4.

The proof of Lemma 2.4 is completed.

3. The Proof of Theorem 1

We may assume that D = A, the unit disc. Suppose that F' is not normal on A. Then
by Lemmal, we can find f; € F,z; € A, and p; — 07 such that g;(§) = pr%fj(zj +
p;€) converges locally uniformly with respect to the sphericity metric to a nonconstant
meromorphic function g on C, all of whose zeros have multiplicity at least k, which satisfies
g*(€) < ¢*(0) = kA + 1, in particular, g has order at most two.

On every compact subset of C we have

P +af — 8 = g0 + agl(©) — o] b= (O +ag®(©). (1)

If g"(€) 4+ ag®™(€) = 0, then g has no poles and g is not a polynomial, thus g is a
transcendental entire function. From ¢"(¢) + ag® (&) = 0 we obtain ¢g"~! = —a%, by

the first fundamental theorem we have

(k)
(0 = 1T(r,9) = (0 = (. ) = m(r g = m(r, —a%) — 5(r,g),
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since n > 2k + 4, we obtain T'(r,g) = S(r,g), which is a contradiction, thus ¢"(§) +
ag® (&) # 0.

By Lemma 2.3 and Lemma 2.4 we obtain that ¢g" + ag® has at least two distinct
Z€eros.

Next we prove that g™ + ag®) has only one distinct zero.

Let & and & be two distinct zeros of g" + ag®™. We choose a small § > 0 such that
DiNDy=0, where D; =€ C:|{—&| <dand Dy =E e C:|E—E&] <0.

From (3.1), Hurwitz’s theorem implied that there exist points §; € Dy and & € D,
such that for sufficiently large j

n k
[z + pi&5) + afj( N2+ pi&j) = b,
n * k *
fi'(z + pi&5) + af,( (25 + pi&;) = 0.
By the assumption of Theorem 1, we see that for each f,, € F
Fozi 4 pi&) + af(z + pi&;) = b,
Fzi + pi€) + af ) (25 + pi&;) = b.
Fix m and let j — oo, we have z; + p;&; — 20, and z; + p;&; — 20, and
fo(z0) +afi(z0) = b.

Since the zeros of f +a f,(,f ) _ b have no accumulation points, we deduce that z;+p,&; = 2o
and z; + p;&; = 2o, for sufficiently large j. Hence §; = &5 = (29 — 25)/p;, which contradicts
the fact that {; € Dy, {§ € Dy and Dy N Dy = ().

Thus we complete the proof of Theorem 1.
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Abstract In this paper, we introduce a general iterative algorithm for finding a common element of
the set of common fixed points of an finite family of nonexpansive mappings and the set of solutions of
class of variational inequalities in uniformly convex and g-uniformly smooth Banach space. We prove
that the sequence generated by the iterative algorithm converges strongly to the unique solution of the
variational inequality under suitable conditions. Our result improves and extends the recent results
announced by many others.

Keywords Strong convergence, Fixed point, nonexpansive mapping, Variational inequality, Banach
space.
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1. Introduction

Throughout this paper, we denote by X and X* a real Banach space and the dual space
of X, respectively. Let C' be a subset of X and T be a mapping. We denote the fixed points
of T by F(T) = {z € C : Tz = z} and denote — and — by strong and weak convergence,
respectively. Let ¢ > 1 be a real number.

A Banach space X is said to be strictly convex, if whenever x and y are not colinear, then

e+ yll <]l + [lyll -

The modulus of convexity of X is defined by
1
4| el ol < 1, e ol > o

6X(e)inf{1 >

for all € € [0,2]. X is said to be uniformly convex if §x (0) =0, and dx(e) > 0 for all 0 < e < 2.
It is known that every uniformly convex Banach space is strictly convex and reflexive(see [1]).
Let S(X) = {z € X :||z|| = 1}. Then the norm of X is said to be Gateaux differentiable if

ety o]
t—0 t
exists for each =,y € S(X). In this case, X is said to be smooth. Let px : [0,00) — [0,00) be

the modulus of smoothness of X defined by

o) =sup {5 + vl + o =)~ 1+ 2 € S0, Iyl <t}

* Corresponding author.
E-mail addresses: youxuexiao@126.com(Xuexiao You), dafangzhao@163.com(Dafang Zhao),

huchang1004@aliyun.com(Changsong Hu). 1
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t
A Banach space X is said to be uniformly smooth if pr() — 0 as t — 0. A Banach space

X is said to be g-uniformly smooth(q > 1), if there exists a fixed constant ¢ > 0 such that
px(t) < ct?. Tt is easy to see that X is g-uniformly smooth, then ¢ < 2 and X is uniformly
smooth. The(generalized)duality mapping J, : X — 2% " is defined by

* * * * —1
Jae) = {a* € X* (@a®) = ol o] = ol "}, va € X,

where (-,-) denote the duality pairing between X and X*. In particular, J = Js is called the
normalized duality mapping and Jy(z) = |22 Jy(z) for © # 0. If X is a Hilbert space,
then J = I where I is the identity mapping. Further, we have the following properties of the
generalized duality mapping J:

(1) Jy(x) = ||=]|? > Jo(z) for all € X with z # 0.

(2) Jy(tz) =t7"1J,(x) for all z € X and t € [0, 0).

(3) Jy(—z) = —Jy(x) for all z € X.

It is well-known that if X is smooth, then J; is single-valued, which is denoted by j,. The
duality mapping J,; from a smooth Banach space X into X* is said to be weakly sequentially

continuous generalized duality mapping if for all {x,, } C X with z,, — = implies J,(z,,) — J4(z).

Definition 1.1 A mapping 7' : C' — X is said to be:
(1) L-Lipschitzian if there exists a constant L > 0 such that

[Tz =Tyl < Lilz—yl, Va,y € C. (1.1)

If 0 < L < 1, then T is a contraction and if L = 1, then T is a nonexpansive mapping.
(2) a-strongly accretive if there exists j,(x —y) € Jy(x — y) and a constant o > 0 such that

(Azx — Ay, j,(z —y)) > allz —y||*, Yo,y € C. (1.2)

Remark 1.2 If X := H is a real Hilbert space, accretive and strongly accretive mappings co-

incide with monotone and strongly monotone mappings, respectively.

Recall that the normal Manns iterative algorithm was introduced by Mann [1] in 1953. Since
then, construction of fixed points for nonexpansive mappings and strict pseudo-contractions via
the normal Manns iterative algorithm has extensively investigated by many authors (see, e.g.
2-5)).

variational inequality theory has emerged as an important tool in studying a wide class
of obstacle, unilateral, free, moving, equilibrium problems arising in several branches of pure
and applied sciences in a unified and general framework. Several numerical methods have been
developed for solving variational inequalities and related optimization problems, see [9-14,25-28]
and the references therein.

In 2010, Tian [11] introduced the general steepest-descent method
Tnt1 = anpf(zn) + (I — pan F)Tx,,Vn > 0, (1.3)

where F' is an L-Lipschitzian and n-strongly monotone operator. Under certain approximate

conditions, the sequence {z,} generated by (1.52 converges strongly to a fixed point of T, which
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solves the variational inequality:
((pf — uF)z*,z —a*) <0,Vz € Fiz(T).
Recently, Zhang et al. [12] proposed the following iterative algorithm:
Tpi1 = apyVi(wg) + (I — papF)TY - TF (xy), VE > 0, (1.4)
where V' is a L-Lipschitzian mapping, and F' is a Lipschitzian and strongly monotone mapping,
Tf = (1= Bi)I + BT

{Tz}i\]:1 is a finite family of nonexpansive mappings of H. They obtained that under some
approximate assumptions on the operators and parameters, the sequence {z} generated by
(1.6) converges strongly to the unique solution of the variational inequality:

N
(uF —yV)a*, (x — 2%)) > 0,Va € C = () Fiz(T)).
i=1
On the other hand, Ceng et al. [16] investigated implicit and explicit iterative schemes for
finding the fixed points of a nonexpansive mapping T on a nonempty, closed and convex subset
C in a real Hilbert space H as follows:

xy = Po[tyVa, + (I — tuF) Ty (1.5)

and
Tn+1 = Pelan YV, + (I — appuF)Tx,],Vn > 0, (1.6)

where V is a L-Lipschitzian mapping and F is a k-Lipschitzian and n-strongly monotone op-
erator. Then they proved that under some approximate assumptions on the operators and
parameters, the sequences generated by (1.7) and (1.8) converge strongly to the unique solution

of the variational inequality
(WF = ~yV)z*,x — z*) > 0,Vx € Fiz(T). (1.7)
Pongsakorn et al. [17] introduced the following iterative process:
Tnt1 = Bnn + (1 — Bn) PolanySx, + (I — anF)Tx,),Yn > 1, (1.8)

where P¢ is a metric projection from H onto C, {«ay,}, {8,} are sequences in (0,1), S : C — H is
a Lipschitzian mapping, F': C'— H is an invertible positive linear operator, and T : C' — C'is a
nonexpansive mapping. Then they proved strong convergence theorems under different control
conditions on {w,} and {f,}, the sequence {x,} generated by (1.10) converges to a fixed point

of T, which is a unique solution of some variational inequalities.

The following questions naturally arise in connection with above results:
Question 1. Can theorem of Zhang et al. [12] be extended from a real Hilbert space to a
general Banach space? such as g-uniformly smooth Banach space.
Question 2. Can we extend the iterative scheme of algorithm (1.6) to a more general iterative
scheme?
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The purpose of this paper is to give the affirmative answers to these questions mentioned
above, motivated by Tian [11], Zhang et al. [12], Ceng et al. [16] and Pongsakorn et al.
[17], we introduce a general iterative method. Under some suitable assumptions, we prove the
strong convergence theorems of such iterative scheme in g-uniformly smooth Banach space which
admits a weakly sequentially continuous generalized duality mapping. The results presented in
this article extend and generalize the corresponding results announced by many others in the

literature.

2. Preliminaries

Let C' and D be nonempty subsets of a Banach space X such that C' is nonempty closed
convex and D C C, then a mapping @ : C' — D is sunny provided Q(z + t(z — Q(x))) = Q(x)
for all z € C and t > 0, whenever z + t(x — Q(x)) € C. A mapping @ : C — D is retraction
if Qx = z for all z € D. Furthermore, @) is a sunny nonexpansive retraction from C onto D if
Q@ is a retraction from C onto D which is also sunny and nonexpansive. It is well known that if
X := H is a real Hilbert space, then a sunny nonexpansive retraction Q¢ is coincident with the
metric projection from X onto C.

A subset D of C' is called of a sunny nonexpansive retraction of C if there exists a sunny
nonexpansive retraction from C' onto D.

In order to prove our main results, we need the following lemmas.

Lemma 2.1 ([15]). Let 1 < p < o0, g € (1,2], r > 0 be given.
(i) If X is uniformly convex, then there exists a continuous, strictly increasing and convex
function ¢ : [0,00) — [0, 00) with ¢(0) = 0 such that

Az + (1= Nyl < Mz’ + 1@ = Dlyl” = Wo(Ne(lz —yl), z,yeB,, 0<A<T,

where W,(A) = A1 =N+ (1= APA, B, ={z€ X :|z]| <r}.
(ii) Let X be a real g-uniformly smooth Banach space, then there exists a constant Cy > 0 such
that

lz +yl* < llzl + g (y. jgz) + Cq lly]I*

for all z,y € X.

Lemma 2.2 ([21]). Assume {w,} is a sequence of nonnegative real numbers satisfying the
property
Qp41 S (1 - ’Yn)an + 671

where {7, } is a sequence in (0,1) and §,, is a sequence such that
(oo}
(1) > =00,
n=0
o0
(44) limsupfy—" <0or > |0n] < 0.
—00 "

n n=1
Then lim «, = 0.
n—oo

Lemma 2.3 ([7]). Let C be a nonempty convex subset of a real uniformly convex Banach space
X and T : C' = X be a nonexpansive mapping \Xith F(T) # 0. Then I —T is demiclosed at zero.
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Lemma 2.4 ([20]). Let C C X be a nonempty set. T : C — X is said to be a-averaged

mapping if there exists some number « € (0, 1) such that
T=01-a)l+aS

for some nonexpansive mapping .S.

(i) The composite of finitely many averaged mappings is averaged. In particular, if T} is ;-
averaged and Ty is az-averaged, where ay, s € (0, 1), then both 7175 and ToT) are a-averaged,
where a = a1 + as — ajas.

(ii) If the mapping {T;}¥ , are averaged and have a common fixed point, then
() F(T) = F(Ty - Ty).
In particular, if N = 2, we have F(Ty) (| F(Tz) = F(T1T3) = F(TxT1).

Lemma 2.5 ([21], p.63). Let ¢ > 1. Then the following inequality holds:
qg—1

q
ba-1

1
ab < —a? +
q

for arbitrary positive real numbers a, b.

Lemma 2.6 ([22]). Let C be a nonempty closed convex subset of a real g-uniformly smooth

Banach space X. Let V : €' — X be a k-Lipschitz and n-strongly accretive operator with con-
-1

stants k,n > 0. Let 0 < pu < (ngq)q%l and 7 = u(n — W) Then for ¢ € (0,min {1,1}),

the mapping S : C' — X define by S := (I — tuV) is a contraction with a constant 1 — ¢7.

Lemma 2.7 ([23]). Let C be a nonempty closed convex subset of a real smooth Banach space
X. Let C be a nonempty subset of C. Let Q¢ : C — C be a retraction, and let j, Jq be
the normalized duality mapping and generalized duality mapping on X, respectively. Then the
following are equivalent:

(i) Q¢ is sunny and nonexpensive;

(1) 11Qcx — Qeyll” < (x —y,j(Qox — Qcy)) . Y,y € C;

(iii) (2 — Qow,j(y— Qex)) <0, VaeCye Cs

(iv) (x—Qc,jo(y — Qcw)) <0, Yz e C,yeC.

3. Main results

Let C be a nonempty, closed and convex subset of a real g-uniformly smooth Banach space
X. Let Q¢ be a sunny nonexpansive retraction from X onto C. Let F' : C — X be a L-
Lipschitz and n-strongly accretive operator, V' : C' — X be a-Lipschitzian mapping and T be

a nonexpansive mapping such that F(T) # 0. Let 0 < p < ( qzq)q%l, 0 < ya < 7 with

T=pln-— %ALQ) For each t € (O,min {1, %5}), we define the mapping S; : C — C by
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Six = QetyVe + (I — tuF)Tx],Ve € C.

It is easy to see that S; is a contraction. Indeed, in terms of Lemma 2.6, we have

1Stz = Swyl| = |Qc[tyVa + (I — tpF)Tx] = QcltyVy + (I — tpF )Tyl
<|tvWVa + (I —tpF)Ta] — [tyVy + (I — tuF) Ty
Sty|[Ve = Vyl + (I = tpF)Te — (I — tuF)Ty||
<tyvafz -yl + (1 —t7)llz -yl
=1 =tr—7a))[lz -yl

Hence, S; has a unique fixed point, denoted by x;, which uniquely solve the fixed point equation

xr = QoltyVay + (I — tpF)Tay]. (3.1)

Lemma 3.1 Let C' be a nonempty, closed and convex subset of a real uniformly convex and
g-uniformly smooth Banach space X which admits a weakly sequentially continuous generalized
duality mapping j, from z into X*. Let Q¢ be a sunny nonexpansive retraction. Let F': C' — X
be a L-Lipschitz and rn-strongly accretive operator, V : C' — X be a-Lipschitzian mapping and
T : C — C be a nonexpansive mapping such that F(T) # . Let 0 < pu < (%)q%1 and

q q

0 <~va <7 with = puln-— %ALQ) For each ¢t € (0,min {1, 1}), let {z;} defined by (3.1),

then {x;} converges strongly to z* € F(T) as t — 0, which z* is the unique solution of the

variational inequality

(YW = uF)z*, jo(x — ")) <0, Vze F(T). (3.2)
Proof. We observe that
Cop L1 >0en— Copt LY <n
q
& p (n - W) < pm
ST < . (3.3)
It follows that
0<ya<T<pun. (3.4)

First, we show the uniqueness of solution of the variational inequality (3.2). Suppose that Z ,

x* are solutions of (3.2), then
(W = uF)a*, o — 2*)) <0, Va € F(T). (3.5)
and

(YW = uF)Z, jo(z —6i)> <0, Ve F(T). (3.6)
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Adding up (3.5) and (3.6), we have

02 ((uF =yV)E = (uF = yV)a", jo (T — z7))
= p(FT = Fa*, jo(2 —a7)) =7 (VZE = Va©, jo (T — 27))
> pnl@ — " || = yallz — 27|
> (un —ya) ||z — 27|
Therefore, T = z* and the uniqueness is proved. Below we use x* to denote the unique solution
of (3.2).
We observe that {z;} is bounded. Indeed, taking & € F(T), then, we have
¢ — || < [[tyVa + (I — tuF)Ta, — 2|
— [ty Vre — F3) + (I = tuF) T, — (I — tuF)z]
Sty [V = Ve[| + Ve — pFzl| + (1 —t7) [Tz, — 7]

< (1=t —vya)) |oy — Z|| + t|WVE — pFz| .

therefore, ||z; — Z|| < IbVa=pFall o are {Va;} and {FTx:}.

T—YX

By the definition of {z;}, we have

lze — Tay|| = |Qc[t Ve + (I — tpF)Tx, — QoTa]|
<NtV + (I — tuF)Ta, — Ty |
=t||yVaxy — pFTx|| = 0 ast — 0. (3.7)

Next, we prove that z; —  as t — 0.

Setting y; = tyVay + (I — tuF)Tz¢, we obtain z; = Qcys. Assume that {¢t,} C (0,1) is a
sequence such that ¢, — 0 as n — oco. Since {z;} is bounded and X is reflexive, there exists a
subsequence {z;, } of {x;} such that z;, — Z.

we claim ||z;, — || — 0.

e, — 2" = (2, — &, Jq(@t,, — T))
=(Qc¥t,, — Yt + Y, — T, Jq(21,, — T))
< (tmYVay,, + (I — tmpuF )Tz, — T, jq(xe,, — T))
= (tm(YWar,, — uFZ) + (I — typF)Tay,, — (I =ty pnF)Z, jo(x, — T))
= tm (YW, — nF%, jo(xe, — ) + (I = tmpF )Ty, — (I = tmpF)E, jo (1, — T))
<t (YWay, — pFT, jo(ze, — 7)) + (1 — tp7)||2s, — 2|

Thus, we have

- 1 - -
e, — 2l < = (War,, — nFZ, (e, — )

-
1 5 . . .
=~ 0(Vay, —=V2) + (W - uFi), jo(21,, — 7))
1 B 1 - _ . -
< ;va”xtm -z + - (YWV& — uFZ, jo(z,, — )
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which implies that
1

T — Y«

By (3.8), we get that ||x¢, — Z|| — 0. From (3.7), (3.8) and Lemma 2.3, we have € F(T).
Next, we show that * solves the variational inequality (3.2). Since

[, — 27 <

(W& = pFi, jo(as, — 1)) (3.8)

= Qcyr = Qcyt — Yt + Yt

we derive that

N %(1 — Tay + u(Fz; — FTay). (3.9)

Note that I — T is accretive(i.e. (I —T)x — (I —T)y,jq(x —y)) > 0, for all ,y € C). For all
z € F(T), it follows from (3.9) and Lemma 2.7 that
. 1 , 1 ,
((RF =AV)ae, jo(ze = 2)) = 2 (Qcye = ¥, Ja(Qoye — 2)) — 7 (I = T)ze = (I = T)z, jo(ar — 2))
+p(Fay — FTwy, jo(v0 — 2))

< u{Fxy — FTay, jo(xy — 2))

< pllFa, = FTa| ||z — 2|

<|lwy — Tae|| M (3.10)

(W —=V)z =

%(QC@/)& - yt)

where M = sup {,uLHmt - z||q*1}7 where ¢ € (0,min {1,1}).

Now replacing ¢ in (3.10) with ¢, and taking the limit as n — oo, we noticing that
xy, — Tz, > & — Tz =0 for z € F(T), we obtain ((uF — V)T — (uF —+V)Z, j,(T — 2)) < 0.
That is, £ € F(T) is the solution of variational inequality (3.2). Consequently, z = z* by
uniqueness. Therefore x; — x* as t — 0. This completes the proof. [

Theorem 3.2 Let C be a nonempty, closed and convex subset of a real uniform convex and

g-uniformly smooth Banach space X which admits a weakly sequentially continuous generalized

duality mapping j, from X into X*. Let Q)¢ be a sunny nonexpansive retraction. Let F': C' — X

be a L-Lipschitz and 7-strongly accretive operator, V : C' — X be «-Lipschitzian mapping and
N

{Si}ilil : C = C be a finite family of nonexpansive mappings such that Q = (| F(S;) # 0.

i=1

Define TF := (1 — Bi)I + BiS;, where Bi € (a,b) C (0,1). For arbitrarily given zo € X and
0<p< (L )q%l7 let {21} be the sequence generated iteratively by :

cqLd

Tip1 = Brak + (1 — Br)QelawyVay + (I — pa F)TR -+ Tfay], Yk >0 (3.11)

where 0 < ya < 7 with 7 = u(n — %ALL}) Assume that {ax} C (0,1) and {8} C [0,1)

satisfying the following conditions:
(oo}
(1) lim ar =0and > ap = oo;
k—o0 k=1
.. ) . (oo}
(1) > |Bk+1 — Br| < oo, limsup B < 1 and Y g1 — ax| < oo;
k=1

n—oo k=1
0 . .
(@0) 3 By — Bi| < oo
k=1
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Then the sequence {x}} converges strongly to the unique solution z* of the variational inequality:
(WV = uF)z*, jo(x —a*)) <0,Vz € Q. (3.12)
Proof. Set yx = QclanyVay + (I — papF)TE - - TFxy], then

Try1 = Brar + (1 — Br)yw- (3.13)

Since our methods easily deduce the general case, we prove theorem 3.2 for N = 2. The proof
is divided into five steps.

Step 1. First we show that {z;} is bounded. Indeed, taking some p € Q, from (3.13) and
Lemma 2.6, we have

lyr — pll = ||QcleryVar + (I — parF)T5 T k] — Qe (p)

< HamVack + (- ,uosz)TQlekxk — pH

= ||(I = por F)YT5TY wy — (I — po F)p + o (YW — YVp) + ar(yVp — pFp)|
<||(I = por F)YTSTE g, — (I — po F)p|| + aw [[vVak — vVl + ak |7V — pFp|
< (1 —aw) |z = pll + awyer[lzg — pll + o [V Vi — wFp||

<1 —ar(r —ya)] ||z — pll + ar |WVp — uFpl|.

Also, it follows that

lzk+1 —pll = [|Brzr + (1 = Br)ye — pl|

= [1Be(zx — p) + (1 = Be)(yr — p)||

< Br ok — pll + (1 = Br) lyx — pll

< B llzk = pll + (1 = Br)[1 — aw(T — va)l [z — pll + (1 = Bi)aw vV — pFp||
=[1 — (1 = Bi) (7 —v)] [z, — pll + ax(1 = Bk) [[7Vp — pFpll

WVp — pnFpl|

= [ = a1 = Be)(r —va)l lzx = pll + aw(l = Bi)(1 —ya) = o

By induction, we have

Vp—uFp
lhss — ]l < maX{Hl“o ol 7“} k> 0.
T — Yo

Hence {z;} is bounded. So are {T3TF (xy)}, { FTSTY (k) } and {V (zy)}.

Step 2. We claim that

lim ||zg4+1 — 2zl = 0.
k—o0
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We note that

[Yr+1 — yell
= HQC[akHVViCkH + - MOékHF)TzkHTfCHiEkH] — QelaryVa, + (I - MakF)Tszkam
< ||[ak+1’nyk+1 + (- uakHF)TQkHlekaH] — [agyVag + (I — uakF)TQlek:ck]H
< larsry(Varer = Var) | + [|(1 — pogn FYTy T gy — (1 = pag F) TS T |
+ || (41 — o) (YWary — MFTngka)H
< appryalzrn — apl + (1= appar)[l[zren — ol + | T3 Ty — To T ||
+ HTfok - leka] + |ag+1 — ag| - My
= [1 = appr (T = )] zpgr — apll + [(1 = apa7)[|| T3 T g — Ty T |
+ HT{“‘ka — TFap||] + g1 — awl - My (3.14)
where M, is a fixed constant satisfying
My = supd||[7Va — pF T Ty |}
It follows from (3.13) and (3.14) that

ke — Try1ll = 1Ber1mps1 + (1 = Ber1)yrr1 — Brwr — (1 — Br)yxll
= 1Ber1(@hs1 — ox) + (1 = Bra1) W1 — yk) + (Br1 — Br)(xx — yi) ||
< Brtr [[zr+1 — @kl + (1 = Brt1) lyk+1 — el + 1Br+1 — Brl lzr — vl
< Brrr lwrtr — mll + (1 = Brga) [1 — apga (7 = 7)) |Zh41 — 2|
+ (1= ap17) (1= Bogr)[|T5 T2 — TETF 2| + || T e — T ]
+ (1 = Brt1) lag — ag—1] - My + |Bry1 — Bi| - Ma
<1 = apg1 (1 = B 1) (7 = y)] |zt — @kl + (1 = Brg) (1 — apqa7)
T3 T2, — T8 || + || TE 2 — Ta|]
+ (1 = Brr1) lag — ag—1] - My + |Bry1 — Br| - Mo (3.15)

where My > sup{||xx — yx||}, then (3.5) reduces to the following:
k>1

lzrre = zrprll < (10— %) |21 — 2| + O%-

where 7, = ag1(l = Bri1) (T — @), 0 = (1 = Bep1) (1 — a7 [|| T3 Tlay — TE T2 +
| T+ 2, — Tzl + (1 — Brg1) law — ce—1] - My + |Bes1 — Bil - Ma. Tt is easily seen that

o0
S =0
k=1
Note that

[T+ g, — Tk | = [|(1 = Biy)zk + BhyrSizk — (1 — Bi)zx + BpSwak|
= [|(Brs1 = B) (Sazy, — ) |
< |Bisr — B (H%MH + [lzkl])- (3.16)
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Similarly,
|75 T o — Ty Tk || < |40 — BR] ([ SoT | + || Tk )-

From condition (iii), (3.16) and (3.17), we get that
Z HT{“ka — lemkH < 00, Z HTQICHT{“:E;c — TQlekmkH < 00.
k=1 k=1

Then we have that Y |dx| < co. Therefore, from Lemma 2.2, it follows that

n=1
lim ||zg11 — zx|| = 0.
k—oo

Step 3. We show that

lim ka — TQlekka =0.
k—o0

Since
2k =yl < 2k — Tegall + |41 — yill
<ok — zrsall + Bk lzk — yrll 5
that is,
1
o < — .
|2k — yell < 1— By |2k — Tht1]]

It follows from (ii) and (3.19) that
lin ||mk - ka =0.
k—o0

By (i), we have

(3.17)

(3.18)

(3.19)

(3.20)

llyr = TS Ty = || PelaryVar + (I — po F)TE TFxy]) — PeTy T x|

< lamyVae + (I — por F)T5 Ty, — Ty T ay||
< oy Hwak — MFTQlekka —0 as k— occ.
Moreover, we observe that
|2k = T Tk || < llak — il + lyr — To T2k
it follows from (3.20), (3.21) and (3.22) that
lim ||z, — 75T x| = 0.
k—o0
Step 4. We will show that

limsup ((WV — uF)x™, jq(zr — 2¥)) <0,

k—o0

(3.21)

(3.22)

(3.23)

(3.24)

where x* is the unique solution of (3.12). To show this, we take a subsequence {xy,} of {zx}

such that

limsup (YV — uF)a", jo(wr —a*)) = lim ((vV — pF)a*, jq (a,

k—o0 11 J—0o0
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Without loss of generality, we may further assume that zy, — & as j — oo due to reflexivity
of the Banach space X and boundness of {z;}. Since {8} is bounded for i = 1,2, we can
assume that 8} — B as j — oo where 0 < a < 85, < b < 1fori = 1,2. Define T;° =
(1= B + B, Si(i = 1,2). From Lemma 2.4, we have

F(IT5%) = F(T{°) N F(T5°) = F(S1) N F(Sa).

Note that
1Szl + l|lz])-

the-17

B, — Boe

Hence, we deduce that
lim sup HTZk]x — TiooxH =0, (3.25)

J—0 gD
where D is an arbitrary bounded subset of X. Combine (3.23) and (3.25), we obtain
o, = T3 TP, |

< o, = T T ||+ | T T, - T | + |15, - T T,

k.
Tz —T7°x|,

kj ok
< kaj —TQJTlﬂg;kj‘ + sug
rE

k.
T,z — TQOOx‘ + sup
rzeD’

where D’ is a bounded subset including {le ‘xy,} and D" is a bounded subset including {zy;, }.
Hence lg:go Hmkj — T5°TT xy, H = 0. From Lemma 2.3, we have £ € F(T7°T5°). Since Banach
space )J( has a weakly sequentially continuous generalized duality mapping j, : X — X*, we
obtain that

limsup ((YV — pF)x", jg(yr — %)) = limsup (W — puF)x", jo(zx — 27))

k—o0 k—o0
= lim (W = uF)z", jy(zn; — 7))
= (W — pF)a”, jo(& — 2™)) < 0.
Step 5. Finally we show that x — x* as k — oc.
Set y, = Qcuy, for all k > 0, where up = apyVay, + (I — pog, F)T¥TFx),. From Lemma 2.7, we
have
lyw — ™17 = (Qcur — 27, jo(Qcur, — 27))
= (Qcuy — uk, jo(Qcur — %)) + (uk, — 27, jg(Qcup — x%))
(up — 2%, jq(yr — 7))
(s Vay + (I — pog TS Ty, — 2, o (y — %))
apy (Var = Va®, jo(yr — 27)) + ar (WVa™ — pFa”, jo(yr — 27))
+ (I = pay F)Ty Tty — (I — porF)z*, jy(yx — «*))
< agay [l — | lyx — 217" + ai, (W' = pFa”, jy(yr — )

IN

+ (1= ) g — 2*| [lyw — 27|~

= [1—ar(r = am)] [lox — " lye — 2" (| + ax YV (@*) = pF(2"), jo(yr — 27))

— (1= aulr = el low =2+ T o = o) + an (G (@) = WF (). Gyl — )
12
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which implies that
Iy — 27| < [1 — aw(r — ay)llzr — 2" |* + g (WV (") — pF ("), jg(ye —27)) . (3.26)
Again from (3.26) and Lemma 2.1, we obtain

g1 — 2T = [|Brar + (1 — Br)yx — 2"

= 1Bk (xr — ™) + (1 — Br) (yr. — ™)

< Brllzr — 21"+ (1 = Br) lyw — ™|

< Brllzw — 21" + (1 = Br)[1 — aw(r — ay)]flzx — 2 [|* + gaw(1 = Br) (YW (2") — puF(27), jo(yr — ™))
<[ —ar(l = Bi)(r — a)lllar — 2|7 + qan(1 = Br) (YV (") — uF ("), jg(yx — 27)), (3.27)

Put ar = ag(1 — Bi) (T — avy) and 0y, = qag(1 — Br) (YV (2*) — pF(x*), jo(yx — x*)), thus (3.27)
reduce to the following;:

lwes — 21T < (1 = ap) ||z — 2™[|* + O (3.28)

Apply Lemma 2.2 to (3.28), we obtain x; — 2* as k — oo. This completes the proof. O

Remark 3.3 Theorem 3.2 extend and generalize Theorem 3.2 of Pongsakorn et al. [17] in the
following aspects:

(i) From a real Hilbert space to a real g-uniformly smooth Banach space which admits a
weakly sequentially continuous generalized duality mapping.

(ii) From an invertible positive linear operator F : C'— H to the Lipschitzian and strongly
accretive operator F': C' — X.

(iii) From nonexpansive mapping T : C' — C to a finite family of nonexpansive mappings.
Remark 3.4 Compared with the known results in the literature, our results are very different
from Theorem 3.1 of Zhang et al. [12] in the following aspects:

(i) Theorem 3.2 extends and improves Theorem 3.1 of Zhang et al. [12] from real Hilbert
space to a real g-uniformly smooth Banach space which admits a weakly sequentially continuous
generalized duality mapping.

(ii) We generalize the iteration process in theorem 3.1 of Zhang et al. [12].
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FOURIER SERIES OF FUNCTIONS ASSOCIATED WITH
POLY-BERNOULLI POLYNOMIALS

TAEKYUN KIM!, DAE SAN KIM?2, GWAN-WOO JANG3, AND JONGKYUM KWON%:*

ABSTRACT. In this paper, we consider three types of functions associated with
poly-Bernoulli functions and derive their Fourier series expansions. In addi-
tion, we will express each of them in terms of Bernoulli functions.

1. INTRODUCTION

As is well known, the Bernoulli polynomials By, (x) are given by the generating

function
t

e
et —1

0 tm
=y Byn(w)—.  (see [4,14,16,19]). (1.1)
m=0 :

For any integer r, the poly-Bernoulli polynomials ng) () of index r are given by
the generating function

LZT(l — eft) ot > (r) tm
— = T;Bm (), (see [2,3,8,10,13,20]), (1.2)

where Li,(z) = Y.°°_, Z~ is the rth polylogarithmic function for r > 1, and a

m=1 m"
rational function for r < 0.

‘We observe here that

d . 1.
= (Lipsa () = = Liy(2). (1.3)
We need to note the following as to the poly-Bernoulli polynomials:
d r
B (@) =mB,) (), (m > 1), (1.4)
x

B (2) = By (2),B{” (2) = 1,BQ (2) = 2™,

B = 6,0, BLTV(1) - BETV(0) =B, (m>1).
For any real number x, let
<x>=x—[z] €[0,1) (1.6)

denote the fractional part of x.

Fourier series expansion of higher-order Bernoulli functions were treated in the
recent paper [15]. Here we will study three types of functions associated with poly-
Bernoulli functions and derive their Fourier series expansions. In addition, we will
express each of them in terms of Bernoulli functions.

2010 Mathematics Subject Classification. 11B83, 42A16.
Key words and phrases. Fourier series, poly-Bernoulli polynomial, poly-Bernoulli function.
* corresponding author.
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2 Fourier series of functions associated with poly-Bernoulli polynomials

(1) am(<z>) =" 01133("+1)(< z>) <z >k (m>1);

(2) Bn(< 2 >) =Y, e B (<2 >) <o >mE (m > 1)

(3) Ym(< 2 >) = T s k)IB%(T+1)(< x>) <z >k (m>2).
For elementary facts about Fourier analysis, the reader may refer to any book (for
example, see [1,17,21]).

As to v, (< x >), we note that the next polynomial identity follows immedi-

ately from Theorems 4.1 and 4.2, which is in turn derived from the Fourier series
expansion of v, (< z >):

m—1

Z km k) (TH)( )z"

k=1
Z<><< 1))
s=0

where H; = S\ =1 % are the harmonic numbers and

-1 B(r+1) -1 B(r)

Az_ klf +I;k

The obvious polynomial identities can be derived also for a,, (<  >) and S, (<
2 >) from Theorems 2.1 and 2.2, and Theorems 3.1 and 3.2, respectively. It is re-
markable that from the Fourier series expansion of the function Z;n:_ll mBk(<
& >)Bp—r(< x >) we can derive the Faber-Pandharipande-Zagier identity (see

6,9,11,12]) and the Miki’s identity (see [5,7,9,11,12,18]).
2. THE FUNCTION (< T >)

For integers r,m with m > 1, we let

m
§ :B T+1) ’m—k
k=0

Now, we consider the function

am(<z>) =Y B (< >) <o >k (m>1), (2.1)
k=0

defined on (—o0, 00), which is periodic with period 1.

The Fourier series of ay, (< x >) is
o0

Z A 27T1,7LCL‘

n—=—oo
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where

1
Alm) — / am(< o >)e 2T 4y
0 (2.2)

1
= / (1) e 2T
0
Before proceeding any further, we need to observe the following.

ap(z) =

(B @) 4 (m = B (@)a )

: 1M T

m—1
_ kngll) ™ k + ](:Jrl)(a?)l‘m_k_l
k:O
—1 m—1 2.3
_ (k+ 1)B(T+1) a1k (T+1)(x)xm717k (2:3)
k=0 k:o
m—1
_ (m+ 1) Z B](€r+1)(x)xm—1—k
k=0
=(m+ Day,—1(x).
From this, we see that
/
Q1 (T
! 1
| an@)de = — (@) = @ (0). (2.5)
For m > 1, we put
A = am(1) — an(0)
_ Z (B,(:H)(l) B B;(:H)&n,k)
k=0
_ Bér-i—l)(l) + Z B](€r+1)<1) Z B(r+1)5m .
k=1 k=0 (2.6)
_ +Z( r+1)+B 7‘) )_Bgl’+l)
m—1 ( ) m—1 )
r+1 r
=> B "W+ Y B
k=0 k=0
Then «,,(1) = @, (0) <= A,, =0, and
! 1
o o (z)de = m g omtl
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4 Fourier series of functions associated with poly-Bernoulli polynomials

We are now ready to determine the Fourier coefficients Alm)
Casel : n # 0.

1
A;m) :/ () 2T
0

1 —2minz]! b —2mi
J— m minT Tr’LnZd
2min [04 (z)e }0 2min /0 am(@)e *
1 m+1 ' —2minT
= o (1) — i (0)) + 2 /0 1 ()€ =277
_mAl ey 1
2win " 2min "
m+1 m 1 1
= ——Am=2) _ Ap_y | — A,
2min (27rin " 2min ! 2min (2.7)
2
(m+ 1)2 _9 (m+1)_1
= 714(7” ) — — ]- m—j
(2min)2 " ; (2min)i A
(m+D! o) -~ (m+1);
— 30T A0) ARty N
(2min)m " Jz_:l (2mwin)i I+
" (m A+ 2);
N m+2; 2min)’ Am—j+1;
where A = fol e~ 2minT dy = ().
Case2 :n = 0.
o _ [ L
Ay = dr = ——ANpgq. 2.8
R R e (23
Here we recall the following facts about Bernoulli functions By, (< z >) :
(a) for m > 2,
0 e2mine
By (< x>)=—ml B 2.9
(<z>)=-m 3. ey (29)
n0
(b) for m =1,
B oo e27ri.n$ _ Bi(<z>), forxz¢lZ, (2.10)
L 2min 0, for z € Z.

am(< x >),(m > 1) is piecewise C*°. Moreover, o, (< x >) is continuous for
those positive integers m with A,, = 0 and discontinuous with jump discontinuities
at integers for those positive integers m with A,, # 0.

Assume first that m is a positive integer with A,, = 0. Then @, (1) = @, (0).
Hence an,(< = >) is piecewise C*°, and continuous. Thus the Fourier series of
am (< © >) converges uniformly to o, (< z >), and
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1 = 1 s (m+2); i
am(< x >) = mAm+1 + Z m+t2 Z m7j+1 62

W= — (2min)i
n#0 J
1 1 &K (m+2
= m Am
m+2 1t +2JZ=;( J ) i+
oo 2minT
e
_ il
% ]'n;oo(%rm)
n#0
1 1 m+ 2
=—A,, I Ap_i1Bi(< x>
ma2 +1+ +22< j > in1Bj(<z>)
LA X Bi(<z>), forx¢Z,
" 0, for x € Z.

(2.11)
Now, we can state our first result.

Theorem 2.1. For each positive integer [, let

-1 -1
A = Z Bffﬂ) + ZBEJ)'
k=0 k=0
Assume that A, = 0, for a positive integer m. Then we have the following.

(a) D opep B;CT+1)(< x >) < x >™"F has the Fourier series expansion

m

S B (<a>) <o >t
k=0
1 = " (m+2); ,
=—A _ . 27ine
m+ 2 m+1+n:z_:oo m+2; 2min)J Am-jt1 | € ’
n#0

for all x € (—o0, 00), where the convergence is uniform.

m

(b) ZB;(:H)K e >) < Sm—k
k=0
1 1 m+ 2
- mAm_H + ? Z < j )Am—j.HBj(< x >)7

for all x € (—00,00), where B;(< x >) is the Bernoulli function.

Assume next that m is a positive integer with A,, # 0. Then a,,(1) # an,(0).
Hence o, (< x >) is piecewise C*°, and discontinuous with jump discontinuities at
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integers. The Fourier series of a,,(< @ >) converges pointwise to ay, (< x >), for
x ¢ Z, and converges to

for x € Z.

Next, we can state the second result.

Theorem 2.2. For each positive integer [, let

-1 -1
A = Z B}(:Jrl) + ZBff)-
k=0 k=0

Assume that A, # 0, for a positive integer m. Then we have the following.

A
(a)m ) +1
- G m + 2 2mine
+n;oo m+2 ; 2min)J Am—jt1 | €
n#0
DYy B,(:+1)(< z>)<ax>mk forzdZ,
Bf,:"'l) + %Am, for x € Z.

1 1 " m+2
Amii + —— E A_iv1B;
(b)m—|—2 + m+2j_1< J ) a+1 J(<x>)

m

Z (T-H) (<z>)<z>"F forad¢;

1 1 & /m+2
— A, —_ Ap_iv1B;
mt2 +1+m+2;( j > ir1Bj(<z>)

1
= Bg‘*‘l) + §Am7 for x € Z.

3. THE FUCTION (B, (< x >)

r+1 m—k
Let B (7) = Sheo mm—mBY (@)™, (m > 1),
Before proceeding further, we need to observe the following.
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k=0
m—k o) mek-1
FHmomite @
S (r+1)
= Z B r+1 Zm—k
— D\ m — k) k-1
— (k —1)!(m — k)! (3.1)
- 1 (r+1)
+ B r+1 ( ):L‘m_k_l
(m—1—Fk) *
= kl(m—1—k)
m—1 1 ( )
— r+1 m—1—k
=2 o1 goe @
k=0
- 2ﬂm—l($)
/
From this, we obtain (5’”21(96)) = Bm(z),
and
! 1
[ m@)te = 5 (Buss() = s 0). (3.2)
0
For m > 1, we have
Qm = Bm(1) = Bm(0)
- 1 (r+1) 1 (r+1)
-y —— _B"*Y1)- —B
Zk!(m—k)! e W= B
k=0
1 . 1 (r+1) L o+
=—+Y BV - —BC
m! kzz:l El(m — k) F mlT ™ (3.3)
1t (1), ) L s
_%""Zm(Bk ‘*‘Bkﬂ)_mBm

k=1
m—1 m
1 (r+1) 1 (r)
-y __1 B __! B
,;) W(m — k)l +kz::1k:!(m—k)! Bl

Then B,,(1) = Bn(0) <= Q,,, = 0.
Also,

! 1
/ Bm(z)dx = §Qm+1.
0

Now, we are going to consider the function

m
1 , o
6m(<m>):ZmB,§+l)(<x>) <z > (m>1),
k! !

defined on (—o0, 00), which is periodic with period 1.
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The Fourier series of 3,,(< x >) is

o0

Z B?Sm) e271'inw7

n=-—oo

where
1 . 1 ‘
Bm™ :/ Bm (< >)e_2mm’dm:/ B (z)e 2T g
0 0
Next, we want to determine the Fourier coefficients B,(Lm).

Case 1:n # 0.

1
Br(Lm):/ ﬁm(x)e—Q-m'nmdx
0

1 o 1 1 1 . o
= m minx : minw g
2min [ﬁ (z)e }0 + 271'm/0 Bm(@)e x
! 1 ' —2minx
~ " onin (Bm(l) - 6’”(0)) + %/ Bin—1(z)e? dx
0
— LB(m—l) . 1 Q
2min~ " 2min
2 2 1 1
Y (i (m—2)_7Q )_79
2min <27rin " 2rin. ") 2min” ™ (3.4)
2 .
2 2 931
= B(mf2) - A
<2m'n) n ; (2min)i m—j+1
2 m m 9i—1
= B(O) - %Qm—’
(27rin) " z_: (2min)J j+1
m )
2i—1
= - %Qm—’ R
Z: (2min)i i+t
where Br(lo) — fol e—QTrinxdm —0.
Case 2: n =0.
m _ [ 1
B = /0 P = 5 s (3.5)

Bm(< x >), (m > 1) is piecewise C*>°. Moreover, S, (< x >) is continuous for
those positive integers m with €2,,, = 0 and discontinuous with jump discontinuities
at integers for those positive integers m with ,, # 0.

Assume first that m is a positive integer with Q,, = 0. Then £,,(1) = 5,,(0).
Hence (,,(< x >) is piecewise C°, and continuous. Thus the Fourier series of
Bm (< x >) converges uniformly to 8, (< z >), and
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Brm (< x>)
> (-3 :
= m+1 + ( Qm _]+1) ina
O S (2mwin)I
n#0
i 93 i 2mine
= Qi1 + m—j+1 X (*j' )
= (27in) (3.6)
n#0

1 DY
= §Qm+1 + Z Aj' Qm7j+1Bj(< € >)
j=2 7

0, for x € Z.

Now, we can state our first result.

L x {Bl(<x>), for z ¢ Z,

Theorem 3.1. For each positive integer 1, let

(r+1) (r)
Zk' B +Zk'l—k)3k—1'

Assume that Qm =0, for a positive integer m. Then we have the following.
(a) D opep T = k),B(T+1)(< x >) < x >""F has the Fourier series expansion

m

1 r+1 m—

1 0o m g1 . (3.7)
— . TinT
= gStmr = > (_Z (27in)i Qm*f“)e ’
n=-—oo Jj=1
n#0

for all x € (—oo o0), where the convergence is uniform.

r+1) m—k_ 27—1
Z F(m — )] (<z>)<z> me+1+J§:2 7 — Q1 Bj(< x >),

for all x € (—o00,00), where B;(< x >) is the Bernoulli function.

Assume next that m is a positive integer with ,, # 0. Then, 8,,(1) # 5, (0).
Hence 5, (< x >) is piecewise C*° and discontinuous with jump discontinuities at
integers. Thus the Fourier series of 5,,,(< x >) converges pointwise to S, (< x >),
for x ¢ Z, and converges to

S (Bn(0) + 5 (1) = B (0) + 50 =

— B+ 4 58m, (3.8)
for x € Z.
Now, we can state our second result.

Theorem 3.2. For each positive integer [, let

-1
_ 1 r+1 r)
Ql_kzzok!(sz +Zk'17
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Assume that Q,, # 0, for a positive integer m. Then we have the following.

m Qm ) 2minx
(a) +1 +n_z_oo( ; (2min)J J+1
n#0
Z B(T+1)(< x>)<z>mk forxdZ
k=0 k'(m 1kt ) ;
B(T“) + 3m forxz € Z.
(b)
m
m+1 + Z m j+1Bj(< € >)
- 1 (r+1) m—k
Pt !

1 L 271
5 8m1 + > TQm—j+1Bj(< z >)
e

1 1
= mBS;H) + §Qm’ for x € Z.

4. THE FUNCTION 7, (< z >)

Let v (z) = Y5y womm B T (@)a™ %, (m > 2).

k=1 k(m—k)
m—1 1 ( ) ( :
’ o r+1 m—k r+1 m—k—1
(@ = 3 i (kB @) 4 (m = k)BT (@) )
m—2 1 m—1
_ Z —— kB§€T+1)(1")‘Tm 1—k + Z B(r-i-l)( ) m—1—*k
k=0 k=1

m—2
1 1 . 1
= — g™ 14 E 1% B;C H)(x)xm_l_k +—B! +1)(gc)

m—1 —1—k m—1 ™71
k=1
m721
r4+1 m
+ Z EB](9+ )( ) 1—k
k=1
(r+1) ~ (r+1)
_ m—1 r+1 _ r+1 m—1—k
o —1( +B, ( ) 1;]{; 11—k )Bk ()x
_ (r+1) _
= —— (2" + B @) + (m = s (@)
(4.1)
Thus
/ _ 1 m—1 (7’+1) .
(@) = —— (2" + BE @) + (m = D1 @)
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From this, we obtain
1 [ S Y o R S e /_
(m (’ymﬂ(x) m(m + 1) B (@) m(m + 1)x ) = Ym ().
1
/ Y (z)d:
0
1 R 1 1
— - - B = m+l
m [’Ym+1(50) m(m+1)" ™t () m(m + 1)58 }0
1 1 (r+1) (r+1)
_ - _ - 4.2
s Ot () =m0 = s (BRI () - BUT ) (42)
1
~ m(m+ 1))
1 1 1
== _ _ (r) _
m <’Ym+1(1) 'Ym—&-l(o) m(m + 1) Bm m<m + 1) ) .

For m > 2, we let

A = A (1) = ym (1) = m(0)

1 (r+1)
k:(m — k/’) k ( )

_ ( 1 y (B(r+1)+B(r) ) (4.3)

B

1
m—1 r+1 m—1 r
B( +1) Bé)l

k=1
Then,
Ym (1) =vm(0) < A, =0, (4.4)
and
1
1 1 1
m(T)dr = = (Apyr — B — : 4.5
/07 (z)dz m( + m(im+1)" ™ m(m+1)) (4.5)
We are going to consider
m—1
m(<z>)=>" e Bff“)(< z>) <z >mk (4.6)
k=1

defined on (—o0, 00), which is periodic with period 1.
The Fourier series of vy, (< z >) is

Z Cﬁm)e27rina:’ (4.7)
where
1 ) 1 )
C,(Lm) :/ Wm(<x>)e_2m”””dx:/ Yo ()€™ 2T g, (4.8)
0 0
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Now, we want to determine the Fourier coefficients C,(Lm).
Case 1: n # 0. We can easily show that, for [ > 1,

1
/ BZ(V“+1) (x)6727rinzd$

0
. 4.9
Zk 1 (22’;”1 B( ) (< >), forn#0, (4.9)
l+1B(T) forn =0,
1 .
/ xle—27mnwdx
0 (4.10)
Zk 1 ((QZTrIZn)lk’ for n 7é 07 '
l+1’ for n = 0.
By using (4.9) and (4.10), we can obtain the following recursive relation.
1 .
C'Elm) — / ,Ym(z)efkmn:rdx
0
_ 1 {’7 (x)e—Zﬂ-inx} L + 1 /1 ’Y/ (x)e—%rina:dx
2min L' o 2min J, ™
1
=- (1) = 3 (0))
5 (3 (1) = 7(0)
1 /1 ((m B 1) (x) 1 ( m—1 + B(T‘-‘rl)( ))) 6727rinxd1, (4 11)
2min J, Tm—1 m—1 '
1 m— 1 1 ! ;
- _ Am C«(mfl) / B(T+1) 727r7.nacd
srin ™ T 2 O S =) J, Bt (0 .
1 ' 1_—2mi
m— - Trlnld
+ 2min(m — 1) /0 e *
= L_]‘CT(mel) - 1 Am - - ! Gm - .;(I)m,y
2min 2min 2min(m — 1) 2min(m — 1)
where, for m > 2,
m—1 (r+1) m—1 (r)
B B
Ay = Ym (1) = 9 (0) = § u ’
Ym(1) = ¥m (0) Km—F) T 2= km =
k=1 k=1
m—1
(m —1Dg—1 50
On = 2 "Gy Bk -
k=1
o _ m—1 (m N l)k—l
" — (2min)k

From the relation (4.11), we can get an expression for C,(Z").
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G Py (o N N S S S
" 2win " 2min 2min(m — 1) 2min(m — 1)
m—1/m—2 1 1 1
_ 70(m—2) _ 7Am7 _ 7(1)7”47 _ 797117 )
2min ( 2win " 2min ! 2min(m — 2) ! 2min(m — 2) !
1 1 1
- . - . (I)m - . @m
27in 2min(m — 1) 27mn( -1)
2 2
(m—1)2 (m—1)j-1
(2min)? ; 27rm Am—jir = JZ_: (2min)i(m —j) "t
2
— 1
v Om—
Z 27Tm ) A
_7:1
m— 1 m—1
(m — -y (m—1);1 o X
(27Tm ym= iC = 27rm i = (2min)i(m —j) "t
m—1
Z Gm 741
g:1 2mn j)
(4.13)
where
1 .
oM = / Y1 (x)e 2T dy = 0. (4.14)
0
Before proceeding further, we note the following;:
= (m—1), o .
& (@min)i(m—7) "
m—1 m—j
— 1 Y (m = 1)1 (r)
~ m —j (2min)itk Tmoi—k
j=1 k=1
4.15
m—1 m ( )
_ 1 3 (m = D25
= m —j S (2win)s M7
_i i (m)s Hpy 1 — Hpypos (r)
m = (2min)®  m—s+1 mes
Putting everything altogether, we obtain
1 — (m) H, 1—H,_ ()
T L ) N
" m Sz:; (2min)® 1 m—s+1 (Br—s +1) (4.16)
Case 2:n =0
1
1 1 1
o™ :/ m(@)de = — (Am () > S 4ar
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Ym(< & >), (m > 2) is piecewise C*°. Moreover, v,,(< x >) is continuous for
those positive integers m > 2 with A,, = 0 and discontinuous with jump disconti-
nuities at integers for those positive integers > 2 with A,, # 0.

Assume first that A,, = 0. Then v,,(1) = ¥, (0). Hence v, (< & >) is piecewise
C*°, and continuous. Thus the Fourier series of v,,(< 2 >) converges uniformly to
Ym (< x >), and

Ym (< T >)
L - I go__ 1
mm+1) ™  m(m+1)
i 1 & (’I’I’L)S Hy1 — Hy—s (r) 2mine
> (E Qmin) (AmfsﬁLl + m——erl(Bm*S + 1)))6
nz;(;)o s=1

m s m—s+1
0 2min
e
_g!
X( B n;oo (27m'n)5>
w0 (4.18)

1 1 1
= Am+1_ B(mr)_

m m(m + 1) m(m + 1)

1 m m HTn—lme_s ()

m Ams — Byl 1>Bs< >
+ms=22<3>( L ——— (By—s +1)) Bs(< z >)
+ A, x B >), for z ¢ Z,

0, forzeZ

1 L m Hmfl_Hmfs (r)
= — Am—s —B o 1>BS< >

m9_0(5)< +1 m—s+1 ( m9+) ( x )

s#1
+ A X Bi(<z>), fora¢Z,
0, for z € 7.

Now, we are ready to state our first result.

Theorem 4.1. For each integer 1 > 2, let

NP N
: k(= k) k(= k)’
k=1 k=1
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Assume that A, =0, for an integer m > 2. Then we have the following.
(a) Zk 1 k(m ) B,(J+1)(< x >) < x >™"F has the Fourier series expansion

m—1
1 (r+1) -k
—B <z >)<z>T
Z k(m—kj) k ( z ) z
k=1
1 1 1
=~ (Apy-——— B~
m( o (m+1> " m(m+1))
< Hpy 1 — Hys (r) 27
s B - 1 )) 7\'27’L£l)7
nzoo( ; 27rm ( +1 7+ m—s+1 (Br—s+1)) Je
n#0

for all x € (—o0,00), where the convergence is uniform.

(b)

"o Bffﬂ)(< x>) <a>mF
k=1

i m Hy 1 —Hps (r)
= —_— Am75 B BS b
mz_‘;(s>< st — 7 ( )) (<z>)
s#1

for all x € (—o0,00), where By(< x >) is the Bernoulli function.

Assume next that m is a positive integer > 2, with A, # 0. Then, v,,(1) #
¥m (0). Hence v,,(< x >) is piecewise C*°, and discontinuous with jump disconti-
nuities at integers. Thus the Fourier series of +,,(< x >) convergence pointwise to
Ym(< & >), for x ¢ Z, and converges to

5 Om(0) +3m(1)) = 9 (0) + S = A,

for z € Z.
Next, we can state the second result.

Theorem 4.2. For each integer | > 2, let
-1 (r+1) -1 B(r)

Zsz +k2:1k( k)’

with Al =0.
Assume that A, # 0, for the an integer m > 2. Then we have the following.
(a)
1 1 1
— (A _ B _
m < m+1 m(m+1) m m(m+1)>
- 1 - (m)S Hp 1 — Hps (r) 274
- —_ Non_s _ B 1 )) TinT
n_z_:oo<mg§:l(2ﬂ'in)s( +1+ m—s+1 ( st1)))e
n#0 o
Zk 1 k(m ) B(T+1)(< r>) <z >k forxdZ,
2Am’ for x € Z.
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1 o~ (m Hpy1— Hpyos (r)
22 (7) (e 4 P B 1))

= 7B,(€T+l)(< x>)<x>""F forx ¢ Z;

1 m m Hm—l*Hm_s -
m Aps s (B 1)39
LS () (s 22t ) )
sZ1
1
= §Am, for z € 7.
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Abstract

In this paper, we discuss the existence of a fixed point of a self-mapping T on a Menger PM-
space under two constraint inequalities with respect to two partial orders under two kinds
of contractive conditions and obtain some new fixed point results. We then present several
useful consequences of our main results. We also give examples to show the validity of our
main results.

Keywords: Menger PM-space; fixed point; constraint inequalities; partial order; implicit
contraction

2010 Mathematics Subject Classification: 47TH10; 46S50; 47550

1 Introduction and preliminaries

In 1942, Menger introduced the concept of a probabilistic metric space which give birth to a new
branch called probabilistic analysis [1]-[2]. The theory of PM-spaces and its applications has attracted
much attention since then and fixed point theory for nonlinear operators in the setting of PM-spaces
was studied by many authors [3]-[11].

The research on the existence of fixed points for mappings in a metric space equipped with a
partial order was initiated by Turinici [12]. Ran and Reurings [13] obtained fixed point results for
continuous monotone operators in a partially ordered metric space and applied them to study the
existence of positive solutions to certain classes of nonlinear matrix equations. The results in [13] were
generalized by many authors from different aspects (see e.g. [14]-[17]). On the other hand, the fixed
point problems for mappings in partially ordered Menger PM-spaces were also extensively studied (see
e.g. [18]-[21)).

Let (X,.#,A) be a Menger PM-space and X be endowed with two partial orders <; and <.
Consider five selt-mappings T, A, B,C, D : X — X. In this paper, we are interested in the following
problem: Find x € X, such that

z="Tx,
Az <1 Bz, (1.1)
Cx <9 Dz.

In [22], Jleli and Samet considered the existence of solutions to (1.1) in the framework of metric
spaces. They introduced the concepts of d-regularity and (A, B, C, D, <1, <5)-stability, and obtained a
fixed point result which guaranteed the existence of a fixed point of 7" under two constraint inequalities.
In [23], Ansari et al. argued that the result of Jleli and Samet holds by assuming that only A and
B are continuous (or only C' and D are continuous), and proved that (1.1) has a unique solution.
Moreover, they considered the existence of solutions to (1.1) under a certain implicit contraction by
introducing a more general class of functions.

TTo whom correspondence should be addressed. Email: wuzhaoqi_conquer@163.com

TThis work is supported by the Natural Science Foundation of China (11461045,11361042,11461043), the Natural Sci-
ence Foundation of Jiangxi Province of China (20142BAB211016,20132BAB201001,20161BAB201009), and the Scientific
Program of the Provincial Education Department of Jiangxi (GJJ150008).
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In this paper, we will discuss the existence of a fixed point of a self-mapping T in the setting of
Menger PM-spaces under two constraint inequalities with respect to two partial orders and obtain a
new fixed point result, which extends the main results of [22] and [23] from metric spaces to Menger
PM-spaces. As a consequence, we derive some corollaries of our main result. Also, some examples are
given to show the validity of the new results.

We now recall some basic definitions in the theory of Menger PM-spaces.

A mapping F : R — R is called a distribution function if it is nondecreasing left-continuous with
sup F'(t) = 1 and inf F(t) = 0.
teR teR

We will denote by Z the set of all distribution functions while H will always denote the specific
distribution function defined by

t<0,
H(t):{ 1, t>0.

Definition 1.1[5] A mapping A : [0,1] x [0,1] — [0, 1] is called a triangular norm (for short, a
t-norm) if the following conditions are satisfied: A(a,1) = a; A(a,b) = A(b,a); A(a,c) > A(b,d) for
a>b,c>dAa,A(b,c)) = A(A(a,b),c).

A typical example of a t-norm is A,,;;, which is defined by A (a, b) = min{a, b} for all a,b € [0, 1].

Definition 1.2[5] A triplet (X,.#,A) is called a Menger probabilistic metric space (for short, a
Menger PM-space) if X is a nonempty set, A is a t-norm and % is a mapping from X x X into ¥
satisfying the following conditions (we denote .7 (z,y) by Fj ,):

(PM-1) F,,(0) = 0;

(PM-2) F, ,(t) = H(t) for all t € R if and only if = y;

(PM-3) Fpy(t) = Fy.(t) for all t € R;

(PM-4) Fpy(t+s) > A(Fy2(t), Fry(s)) for all z,y,2 € X and t,s > 0.

Remark 1.1[5] If a Menger PM-space (X,.#,A) satisfies the condition sup A(t,t) = 1, then
0<t<1
(X,.Z,A) is a Hausdorff topological space in the (e, \)-topology .7, i.e., the family of sets {U,(e, A) :
e>0,\ € (0,1]}(x € X) is a basis of neighborhoods of a point z for .7, where U,(e,\) = {y € X :
Fpyle) >1—=MN)}.
By virtue of the topology .7, a sequence {z,} is said to be 7-convergent to z € X (we write

Tn, Z x(n — o0)) if for any given € > 0 and A € (0, 1], there exists a positive integer N = N(e, )
such that F,, ;(€) > 1 — X\ whenever n > N, which is equivalent to li_>m F,, 2(t) =1 for all t > 0;
n—oo

{z,} is called a .7-Cauchy sequence in (X,.#, A) if for any given € > 0 and A € (0, 1], there exists a
positive integer N = N(e, A) such that Fy, 4,,(€) > 1 — A whenever n,m > N; (X,.#,A) is said to
be 7 -complete if each 7-Cauchy sequence in X is 7 -convergent in X. It is worth notmg that in a

Menger PM-space, nlLrEo Tn, = x implies that x, EA x(n — 00).
Remark 1.2[5] Let (X, d) be a metric space and .% : X x X — & be defined by
F(x,y)(t) = Fpy(t) = H(t — d(z,y)),Ve,y € X and ¢t > 0. (1.2)
Then (X,.7, Anin) is a 7 -complete Menger PM-space induced by (X, d).

The following definitions and notations will be needed in the sequel.

Definition 1.3 Let (X,.#,A) be a Menger PM-space and < be partial order on X. =< is called
F-regular, if for any sequences {a,}, {b,} C X, we have

lim Fy, o(t) = nl;rglo Fy, »(t) =1,Vt >0, and a, < by, foralln e N=a <0,

n—oo

where (a,b) € X x X.
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Definition 1.4 Let X be a nonempty set endowed with two partial orders <; and <,. Let
T,A,B,C,D : X — X be five self-mappings. The mapping T is called (A, B,C, D, <1, <2)-stable, if
the following condition is satisfied:

r € X, Ax X1 Bx — CTx <5 DTx.

Denote by ¥ the set of functions v : [0, 1] — [0, 1] satisfying the following conditions:
(11) 1 is lower semi-continuous;

(12) () = 0 if and only if ¢ = 1.

Denote by @ the set of functions ¢ : [0,1] — [1, 00) satisfying the following conditions:
(¢1) ¢ is lower semi-continuous;

(¢p2) ¢(t) =1 if and only if t = 1.

2 Main results

We are now ready to state and prove our main results.

Theorem 2.1 Let (X,.%#,A) be a .7 -complete Menger PM-space endowed with two partial orders
=<1 and <9, and T, A4, B,C,D : X — X be self-mappings. Suppose that the following conditions are
satisfied:

(i) = is F-regular, i = 1,2;

(ii) A and B are .7-continuous or C' and D are .7-continuous;

(iii) there exists xg € X, such that Azy <1 Bo;

(iv) T'is (A, B,C, D, <1, <9)-stable;

(v) T'is (C, D, A, B, <5, =<1)-stable;

(vi) there exists ¢ € ¥ such that

Az =1 Bx,Cy =9 Dy == Fryry(t) > Fypy(t) +(Fyy(t)),Vt > 0.

Then the sequence {T"zp} converges to some z* € X, which is a solution to (1.1). Moreover, z* is
the unique solution to (1.1).

Proof. By (iii), there exists ¢ € X such that Azxg <1 Bxg. Construct a sequence {z,,} C X by
Tp=T"x9, n=0,1,2,---.

By (iv), we have CT'zy <9 DTx¢, that is, Cx1 <9 Dzy. Thus, we get Axg =1 Bxg and Cx; <9 Dx;.
By (v), we have ATxy =<1 BTz, that is, Azy <1 Bzy. Again, by (iv), we obtain CTze <9 DTxo,
that is, Cxg 29 Dxs3. Thus, we get Axy <1 Bxg and Cx3 <o Dxs. Continuing this process, we obtain

Axoy =1 Bxoy, and Cxopq1 =2 Dropt1,n=0,1,2,---. (2.1)

By (2.1) and (vi), we have

an+lyxn (t) = FTxn,Tzn,1 (t) Z anyxnfl (t) + d}(anyfn—l (t))7Vt > 07 n = 1? 27 T (22)

which yields that
F1n+1793n(t) Z an,wn—l(t%v-t > 0,7’L = 17 2, Tt

Thus, {F;,,,2,(t)} is an increasing sequence of positive numbers for each ¢t > 0. Therefore, there
exists some r(t) € [0, 1], such that

m F, 0, () = (), V8 > 0, (2.3)
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By (2.2), we have

liminf Fp | o, () > iminf(F,, 5., () + ¥(Fy, 2, (1)), ¥Vt > 0.

n—oo n—oo

Using (2.3) and (11), we obtain
r(t) > r(t) + ¢(r(t)), vVt > 0,

which implies that ¥ (r(t)) = 0,Vt > 0. By (¢2), we get r(t) = 1,Vt > 0, i.e.,
Bm Fy, 0, (8) = 1,76 > 0. (2.4)
We now show that {z,} is a .7-Cauchy sequence in (X,.#, A). Suppose that this is not true. Then

there exists g > 0 and Ao € (0, 1], for which we can find two sequences of positive integers {my} and
{nt}, such that for all positive integers k, we have

n(k;) > m(k‘) >k, me(k)@n(k)(EO) <1-Xg, Fxm(k)zxn(k)—l(eo) >1-— ). (25)

For any ¢ € (0, ¢), we have

Fxm(k)vxn(k) (60) Z A(Fxm(k)vxn(k)fl (60 - 5)7 Fxn(k)—lvxn(k) (5))

Letting k — oo, by (2.4), we have

lilggf Eo i) (e0) > A(likrgirolf Fxm<k),xn<k)f1(€0 -4),1) = likrggrolf me(m,xn(k)fl(eo —9).

Letting 6 — 0, by the left-continuity of the distribution function and (2.5), we obtain

1—Xo> hkrglorgf Fxm(k),xn<k)(€0) > hkrglorgf Fka),xn(k)il(eo) >1— A,

which implies that
lim inf me(m,wn(k)(EO) =1- Ao. (26)

k—o0

On the other hand, for any ¢ € (0, ¢), we have

Fy (60) > A(me(k),wn(k) (60 - 5)7 an(k),zn(k)+1 (5))

m(k)Tn(k)+1
and
Fﬂﬂm(k):l"n(k) (60) > A(me(k):l"n(k)ﬂ (60 - 5)7 Fwn(k)+1,zn(k) (6))

Letting k — oo, by (2.4), (2.6) and the left-continuity of the distribution function, we have

liminf F,, () >1—Xp and 1— \g > liminf F,
k—o00 k—o00

m(k)>Tn(k)+1 m(k):xn(k)-&-l(eo)’

which implies that

th_1>golf Fxm(k)@n(k)Jrl (60) =1- )\0. (27)

Similarly, for any 6 € (0, €y), we have

FIn(k),Im(k)ﬂ (60) = A(Fxm(k)vxn(k) (60 - 5)’ Fxm(k)—laxm(k) (5))

and
Fxm(k)vrn(k) (60) > A(Fxn(k)vxm(k)—l (60 - 5)a Fxm(mfhxm(k) (5))
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Letting k — oo, by (2.4), (2.6) and the left-continuity of the distribution function, we have

h]ggéf F$n(k)7xm(k>7l(eo) >1—Xp and 1— Xy > h&gf Fxn(k)axm(k)71(60)7

which implies that
(60) =1- )\0. (28)

lim nf Fo, ) 211

Also, for any 6 € (0,¢), we have

F, > A(F,

n(k)+1>Tm (k) (€0) T (k)+1:Tm (k) +1 (0 = 9), Fxm(k):xm(k)+l (9))
and

F, > A(F, —8), Fap sty (0)):

n(k)+1:xm(k)+1(60) n(k)+1:xm(k)(€0

Letting £ — oo, we can similarly obtain

(€0) = 1= Ao. (2.9)

hkn—1>1£f an(k)+1,xm(k>+1

Note that for all k, there exists a positive integer 0 < i(k) < 1 such that
n(k) —m(k) +i(k) = 1(2).

By (2.1), for all £ > 1, we have

Azp iy =1 Brpgy and Crpy—ik) =2 DZpn()—i(k)

or
ATy (k) —i(k) =1 BTy —ik) and Cay gy 22 Dy
Then from (vi), we have
FTxn(k)vTxm(k)fi(k) (t) > an(k)vxm(k)—i(k) (t) + (l/}(Fxn(k)@m(k)fi(k) (t),Vk € Z* and t > 0,
that is,

F, > F.

xn(k)+1,9ﬂm(k)—i(k)+1(t) = T Tn(k)Tm(k)—i(k)

() + P(Fe, ) gy iy (1), Yk € ZT and t > 0. (2.10)

Se
' 'y :={k > 1|i(k) =0} and TI'y :={k > 1|i(k) = 1}.

Now consider the following two cases.

e Case 1. I'j is a countably infinite set. By (2.10), we get
Fxn(k)+1»mm(k)+l (EO) Z an(k)rzm(k) (60) + ¢(Fxn(k)9xm(k) (60))’ \v/k: € Fl’
which yields that

Combining (2.6), (2.9) and (¢1), we obtain
1—=Xo>1—Xo+ (1 —X),

which implies that ¥(1 — A\g) = 0. By (¢2), we get Ao = 0, which is in contradiction with Ag > 0.
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e Case 2. T'y is a finite set. In this case, I'y must be a countably infinite set. By (2.10), we get
Fx"(’”*l’xm(’“) (€0) 2 Fxn('@)vxm(k)fl (€0) + ¢(Fxn(k)v$m(k)71(60))7Vk €Iy,
which yields that

li}gicgf F 1 2mee (€0) 2 liﬂgf(Fﬂ?n(kpxm(k)fl (€0) + (Frpy iy a1 (€0)))-

Combining (2.7), (2.8) and (¢1), we obtain
1—Xg>1—=Xo+¥(1—N),
which implies that (1 — \g) = 0. By ()2), we get A\g = 0, which is in contradiction with A\g > 0.

Therefore, we deduce that {x,} is a 7-Cauchy sequence in (X,.#,A). Since (X,#,A) is 7-

complete, there exists ™ € X, such that x, 2 (n — o), i.e.,

lm F, - (t) = 1,V > 0. (2.11)

n—00

On the other hand, by (2.1), we have

AI‘Qn =1 ngn,n = 071727"' .

Suppose first that A and B are .7-continuous, by (2.11), we have Axa, A Az*(n — oo) and
Bzxs), =X Bzx*(n — o0), i.e.,

lim FA:cgn,Ax* (t) = lim Fan,Ba:* (t) =1,Vt > 0.
—00

n—oo n

Since <; is F-regular, we get
Az* <1 Bz™. (2.12)

On the other hand, by (2.1), (2.12) and condition (vi), for all ¢ > 0 and any ¢ € (0,t), we obtain

FTx*,z* (t) > A(FTw*,szn-H (t - 5)7 Fx2n+27x* (6))
> A(Fx*,xznﬂ (t - 5) + w(Fx*Jznﬂ(t - 5))7 Fx2n+27$* (5))7 n = 07 17 27 Tt

Therefore, we get

Proe oo (t) > AQmint Fye gy, (= 6) 4+ 0 (Fye 0 (¢ = 8)), limind Fiy, 00 (8)),0 = 0,1,2,+-

Using (¢1), (12) and (2.11), we obtain
Froear(t) > A1+ $(1),1) = A(L 1) = 1,9 > 0,

which implies that
Tz* = z*. (2.13)

Now, since T is (A, B,C, D, =1, =X2)-stable, from (2.12), we get
CTxz* < DTx",

which implies from (2.13) that
Cz* < Dzx*. (2.14)

As a consequence, it follows from (2.12), (2.13) and (2.14) that z* € X is a solution to (1.1).
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Suppose now that y* € X is another solution to (1.1), that is,

Ty* =y*, Ay" =1 By*,Cy* <2 Dy*, and Fy« ,+(to) < 1 for some ty; > 0.

By condition (vi) and (¢2), we obtain
F y(to) = Fra» 1y (to) > Far g+ (fo) + 0 (Fur g (t0)) > Far g (to),

which is a contradiction. Therefore, 2* is the unique solution to (1.1).

If we require only the .7 -continuity of C' and D by condition (ii), we can also deduce the conclusions
using similar arguments. This completes the proof.

Example 2.1 Let X = R be the set of all real numbers equipped with the standard order <.
Take <1==9=<. Let X be endowed with the standard metric d(x,y) = |z — y|, (z,y) € X x X and
F : X x X — P is defined by (1.2). Then (X,.%, Apnin) is a 7 -complete Menger PM-space induced
by (X,d). Let T : X — X be defined by

-1, ifx <0,
Tw= {2, ifz > 0,

and A,B,C,D : X — X be defined by

Az =22%, Bx =6z, Cz =2,
ife <2,
9:, ifx > 2.

It is obvious that <; is F-regular, i = 1, 2. Moreover, A and B are .7-continuous. Also, for xg = 1,
we have Axg = 2 < 6 = Bxg. If for some z € X, we have Az < Bz, then 0 < z < 3, Wthh ylelds
CTzr=2<3=D3=DTz. SoTis (A B C D, <1, <y)-stable. If for some z € X, we have Cz < Dz,
then = > 2, which yields ATx = A3 = 18 = B3 = BTz. So T is (C,D, A, B, jl, =9)-stable. Note
that for any (z,y) € X x X, we have

Az < B, Cy < Dy = (x,y) € [0,3] x [2,00) = (T, Ty) = (3,3).

Therefore,
Ax =1 Bx,Cy =9 Dy = Fryry(t) =1 2> Fp (1) +(Fry(t)), vVt >0,

where ¢(z) = 1—x for z € [0, 1]. By Theorem 2.1, (1.1) has a unique solution, which is z* = 3. On the
other hand, observe that D is not 7 -continuous. So we don’t need A, B,C, D are all 7 -continuous
to guarantee the existence of the solution.

Remark 2.1 Note that although the conditions of Theorem 2.1 are sufficient to guarantee the
existence of a unique solution to (1.1), 7" need not have a unique fixed point, as the above example
shows (in fact, the mapping 7" has two fixed points —2 and 3).

Denote by L the class of all functions f : [0,1] x [1,00) — R satisfying

(L1) f is Z-continuous;

(L2) f(a,b) > a,Ya € [0,1] and b € [1,00);

(L3) a €[0,1],b € [1,0), f(a,b) =a=b=1;

(L) Ya € [0,1],b1 > by = f(a,b1) > f(a,be).

We give the second main result of this paper by utilizing this new class of functions.

Theorem 2.2 Let (X,.%,A) be a .7 -complete Menger PM-space endowed with two partial orders
=<7 and <9, and T, A4, B,C,D : X — X be self-mappings. Suppose that the following conditions are
satisfied:

(i) = is F-regular, i = 1,2;
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(ii) A and B are .7-continuous or C' and D are .7-continuous;
(iii) there exists xg € X, such that Azy <1 Bxg;
(iv) T'is (A, B,C, D, <1, <9)-stable;
(v) T'is (C, D, A, B, <9, <1)-stable;
(vi) there exists ¢ € ® and f € L such that
Ax =1 Bx,Cy =9 Dy = Fryry(t) > f(Fpy(t), p(Fry(t))),Vt > 0.

Then the sequence {T"zp} converges to some z* € X, which is a solution to (1.1). Moreover, z* is
the unique solution to (1.1).

Proof. By (iii), there exists zy € X such that Azg <; Bzg. Construct a sequence {z,,} C X by
Tp=T"29, n=0,1,2,---.
By similar arguments in the proof of Theorem 2.1, we obtain (2.1).

By (2.1) and (vi), we have
Fopiran(t) = Fra, 1o, (t) 2 f(Fep (1), 0(Fr 2, (1)), VE> 0,n = 1,2, (2.15)
which by (L2) yields that
F

In+1,Tn

(t) > Fypw, (£),96> 0,0 =1,2,-- .

Thus, {F;,,,2,(t)} is an increasing sequence of positive numbers for each ¢ > 0. Therefore, there
exists some p(t) € [0, 1], such that

lim Fy, 00 (t) = p(t),VE > 0, (2.16)

n—o0

By the properties of f and ¢, we obtain

p(t) = f(p(t), ¢(p(t))) = p(t),
which yields that

Hence, by (L1), we get ¢(p(t)) = 1,Vt > 0, and thus p(t) = 1,Vt > 0, that is,
(t) =1,Vt > 0. (2.17)

We now show that {z,} is a .7-Cauchy sequence in (X,.%#, A). Suppose that this is not true. Then
there exists g > 0 and Ao € (0, 1], for which we can find two sequences of positive integers {my} and
{nt}, such that for all positive integers k, (2.5) holds. By similar arguments in the proof of Theorem
2.1, (2.6)—(2.9) hold.

Note that for all k, there exists a positive integer 0 < i(k) < 1 such that
n(k) —m(k) +i(k) = 1(2).

Similarly, by (2.1) and (vi), we have

Fo o s1mte i1 (8 = F (Fapy iy —icy (O F O (F o m -y (1)) VE € Z" andt > 0. (2.18)

Se
' I'y :={k > 1|i(k) =0} and T'y :={k > 1]i(k) = 1}.
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Now consider the following two cases.

e Case 1. I'j is a countably infinite set. By (2.18), we get
an(k)+17xm(k)+1 (60) 2 f(Fxn(k)7xm(k) (60)’ ¢(Fwn(k)7mm(k) (60)))7Vk € Fl?
which yields that

th_l>£f F$n(k)+17znz(k)+l (60) 2 hg)})gf f(Fl‘n(k),ltm(k) (€0>7 ¢<Fxn(k)1$m(k) (60)))

Combining (2.6), (2.9) and the properties of f and ¢, we obtain
1_)\02f(1_)‘07¢(1_)\0)) 21_)‘07

which implies that
(1= 20,0(1 = Xo)) =1 Ao.

Again, by (L3z) and (¢2), we get Ao = 0, which is in contradiction with Ao > 0.
e Case 2. I'j is a finite set. In this case, I'y must be a countably infinite set. By (2.18), we get

Fx"(k)Jrl’IM(k) (60) 2 f(Fxn(k)vxm(k)—l (60)’ ¢(Fxn(k)7xm(k)—1 (60)))7 Vk € F27
which yields that

likrgioréf F iy 412 mey (€0) = likrggf f<F$n(k)u$m(k)—1 (€0) + ¢(F93n(k)@m<k)—1 (€0)))-

Combining (2.7), (2.8) and (¢1), we also obtain
L—2Xo > f(1 =X, 0(1 = Ao)) > 1= Ao

It follows from the properties of f and ¢ that Aqg = 0, which is a contradiction.

Therefore, we deduce that {z,} is a .7-Cauchy sequence in (X,.%#,A). Since (X,#,A) is 7-

complete, there exists * € X, such that z, 2 (n — ), i.e.,

lim Fy, o+ (t) = 1,V > 0. (2.19)

n—o0

We only consider the case when A and B are .7-continuous (the proof is similar when C' and D

are .7-continuous). By (2.19), we have

Hm Fag,, 4z (t) = im Fpay, e (1) = 1,9 > 0.

n—oo

Since < is F-regular, noting that (2.1) holds, we get

Azx* <1 Bz™. (2.20)

On the other hand, by (2.1), (2.12) and condition (vi), for all ¢ > 0 and any ¢ € (0,t), we obtain

\%
FT&"*,JB* (t) > A(FTx*,TI2n+1 (t - 6)a Fx2n+2,x* (5)
> A(f(FOC*,I2n+1 (t - 5)7 ¢(F$*,I2n+1 (t - 5)))’ Fl‘2n+2,x* (5))’ n= 0’ 1’ 27 .

By (2.19) and the properties of f and ¢, we obtain

Fra» o+ (t) 2 A(f(1,6(1)),1) = f(1,0(1)) = f(1,1) = 1,vi > 0,
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which implies that
Ta* = 2. (2.21)

Now, since T is (A, B,C, D, =1, <2)-stable, from (2.20), we get
CTz" < DTzx",

which implies from (2.21) that
Cz* < Dx*. (2.22)

As a consequence, it follows from (2.20), (2.21) and (2.22) that z* € X is a solution to (1.1).
Suppose now that y* € X is another solution to (1.1), that is,

Ty* =y*, Ay" =1 By*,Cy* =9 Dy*, and Fy= ,+(to) < 1 for some ty > 0.

By condition (vi) and (¢2), we obtain

Fype e (to) = Fro= my+(to) = f(For iy (to)s ¢(Fur = (t0))) = Fur g+ (o),

which yields that
f(Fx*,y* (tO)v ¢(Fx*,y* (tO))) = Fx*,y* (tO)-

By (L3) and (¢2), we get Fy= < (to) = 1, which is a contradiction. Therefore, 2* is the unique solution
to (1.1). This completes the proof.

3 Some consequences

Setting <1==9==, C' = B and D = A, problem (1.1) becomes the following one: Find z € X,

such that
z="Tx,
{A:L’ = Buz, (3.1)

where T, A, B : X — X are given self-mappings and (X,.%#,A) is a Menger PM-space endowed with
a partial order <.

Letting <1==9==, C = B and D = A, we can obtain the following corollary from Theorem 2.2.

Corollary 3.1 Let (X,.%#,A) be a Z-complete Menger PM-space endowed with a partial order
<,and T, A, B : X — X be self-mappings. Suppose that the following conditions are satisfied:

(i) % is F-regular;

(ii) A and B are .7 -continuous;

(iii) there exists xg € X, such that Azy <1 Bzo;
(iv) x € X, Az < Be = BTz < ATx;

(v) z € X,Bx < Ax = ATz < BTux;

(

vi) there exists ¢ € ® and f € L such that
Ax X Bx, By 29 Ay = FTm,Ty(t) > f(F:c,y(t)a ¢(Fx,y(t)))th > 0.

Then the sequence {T"zp} converges to some z* € X, which is a solution to (3.1). Moreover, z* is
the unique solution to (3.1).

Next, we provide an example to show the validity of Corollary 3.1.

Example 3.1 Let X = {(6,2),(2,2),(8,2),(5,2),(5,3)} C R? and < be the partial order on X
defined by

(x1,91), (2,y2) € X, (x1,11) = (22, 42) <= 21 < 22, 11 < V.

10
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Let X be endowed with the metric d defined by

d((x1,91), (T2, 92)) = /(21 — 22)2 + (y1 — y2)2, for @ = (z1,91),y = (22,92) € X.

Let # : X x X — 2 be defined by (1.2). Then it follows from Remark 1.2 that (X, #, Apip) is a
7 -complete Menger PM-space.

Let T, A, B : X — X be the mappings defined by

— — — — —
| I
NN S S N

o e
SRS

ssiisviieviieviion,
NN SN N
Ot Ot 00 N O
LW NN DN N
—

2)
2)
2), and
2)
3)

It is obvious that
u€ X, u=Bu<=uc{6,2),(22),(2,2)}

and
ve X, Bv2v<=wve{62),(82)}

By the above definitions, it is easy to check that
uw€ X,Au X Bu=— BTu < ATu

and
v € X, Bv = Av = ATv < BTw.

Now, let (u,v) € X x X satisfies Au = Bu and Bv = Av. Then we have

(u,v) € {((6,2), (6,2)),((6,2),(8,2)),((2,2), (6,2)), ((2,2), (8,2)), ((5,2), (6,2)), ((5,2), (8,2)) }-

For (u,v) = ((6,2), (6,2)), we have
Fromo(t) =H(t —d(Tu,Tv)) =H(t)=1>1-¢(1) = Fy,(t) - ¢(Fuo(t)), ¥t > 0.

For (u,v) = ((6,2),(8,2)), we have
FTu,Tv(t) = H(t - d(TuvTU)) = H(t - 1) > H(t - 2) ’ gb(H(t - 2)) = Fu,v(t) : gb(Fu,v(t))’\v/t > 0.

For (u,v) = ((2,2),(6,2)), we have
FTu,Tv(t) - H(t - d(Tu7TU)) = H(t - 2) > H(t - 4) ’ ¢(H(t - 4)) = Fu,v(t) : ¢(Fu,v<t))7Vt > 0.

For (u,v) = ((2,2),(8,2)), we have
Fryro(t) = H(t — d(Tu, Tv)) = H(t —3) 2 H(t = 6)) - $(H(t = 6)) = Fuu(t) - o(Fun(t)), ¥t > 0.

For (u,v) = ((5,2),(6,2)), we have
From(t) =H({t —d(Tu,Tv))=H(t)=1>H({t—1) - ¢(H(t — 1)) = Fy,(t) - ¢(Fuo(t)), ¥t > 0.

For (u,v) = ((5,2),(8,2)), we have
FTu,Tv(t) = H(t - d(TuvTU)) = H(t - 1) > H(t - 3) ’ ¢(H(t - 3)) = Fu,v(t) : ¢(Fu,v(t))7Vt > 0.

11
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Then we have
Au =< Bu, Bv = Av — FTu,Tv(t) > f(Fu,v(t)’d}(Fu,v(t)))th >0,

where f(a,b) = a-b,Va € [0,1] and b € [1,00). Therefore, all the conditions of Corollary 3.1 are
satisfied and thus (3.1) has a unique solution. In fact, we observe that z* = (6,2) is the unique
solution to (3.1). We would like to point out that there exists to = 3 > 0, such that

Fre,2),1(s3) (t) = H(to —4) =0 < 1= H(tg — V2) = F(s.2),5.3) (o),

which shows that 7" is not a SB-contraction on (X,.%#,A).
Furthermore, setting A = I'x in (3.1), where Ix denotes the identity mapping on X, we get another
problem: Find z € X, such that
x="Tux,
{x = Bz, (3:2)

where T, B : X — X are given self-mappings and (X,.%#,A) is a Menger PM-space endowed with a
partial order <. This problem is to find a common fixed point of two self-mappings on a partially
ordered Menger PM-space.

Taking A = Iy in Corollary 3.1, we obtain the following result immediately.

Corollary 3.2 Let (X,.%#,A) be a Z-complete Menger PM-space endowed with a partial order
=<,and T, B : X — X be self-mappings. Suppose that the following conditions are satisfied:

(i) = is F-regular;

(ii) B is .7 -continuous;

(iii) there exists xg € X, such that xg =<1 Bxo;
(iv) z € X,z X Brx = BTz < Tux;

(v) z € X,Bx = v = Tz < BTx;

(

vi) there exists ¢ € ® and f € L such that
x 2 Bx, By 2y = Frory(t) > f(Fry(t), 0(Fuy())),Vt > 0.

Then the sequence {T™zo} converges to some z* € X, which is a solution to (3.2). Moreover, z* is
the unique solution to (3.2).

Furthermore, by taking B =T in Corollary 3.2, we obtain a fixed point theorem of a self-mapping
T on a partially ordered Menger PM-space.
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Fixed Point Theorems for several types of Meir-Keeler

contraction mappings in My—metric spaces

Mi Zhou!, Xiao-lan Liu?3! Bosko Damjanovi¢*, Arslan Hojat Ansari®

Abstract: In this paper, we first introduce several types of Meir-Keeler contractive mappings
in the structure of Mg—metric spaces. Then we study some existence and uniqueness fixed point
theorems for these types of MKC mappings in Ms—metric spaces via Gupta-Saxena type contraction
and other fraction version type contractions. Also, we extend and improve very recent results in fixed
point theory.

MSC: 47H10;54H25

Keywords: Fixed point; Meir-Keeler contraction mappings; M;—metric space

1. Introduction and Preliminaries

In 2014, Nabil [1] established an extension of S-metric spaces to partial S-metric spaces and pointed
out that every S-metric space is a partial S-metric space. Also, they obtained some fixed point results
under certain contractive principle in partial S—metric spaces. Recently, Nabil et al.[2] have extended
the concept of a partial S—metric space to the concept of an My;—metric space. They gave a more
general extension of almost any metric space with three dimensions and that is not by defining the
self ”distance” in a metric as in partial metric spaces, but they assumed that is not necessary that

the self "distance” is less than the value of the metric among three distinct elements.
In 1969, Meir and Keeler [3] established a fixed point theorem in a metric space (X, d) for mappings
satisfying the condition that for each ¢ > 0 there exists d(€) > 0 such that

e <d(z,y) <e+0 implies d(Tx,Ty) < e, (1)

Vz,y € X. This condition is called the Meri-Keeler contractive (M KC, for short) type condition.
Since then, many authors extended and improved this condition and established fixed point results

for new generalized MKC mappings, see [4]-[7].

In this paper, we establish some of the fixed point theorem for some types of MKC mappings in

M,—metric spaces. Also, we extend and improve very recent results in fixed point theory.

Next, we remind the reader of some definitions, notions, lemmas which are useful in the sequel.
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Now, we present the definition of an M -metric space, but first we introduce the following notations

which are useful in the sequel:

(1> Tnsw,yYZ = min{ms(xaxvx)ams(y7yay)a m5<Z, 2, Z)}7

(2) Msm,y,z = max{ms(xaxvx)vms(y7y7y)’ms(zaZ7Z)}'

Definition 1.1. [2] An M,-metric on a nonempty set X is a function m, : X3 — RT that satisfies

the following conditions: for Va,y, z,t € X,

(msl) mg(x,x,2) =ms(y,y,y) = ms(z,2,2) = ms(z,y,2z) if and only if x =y = z;

ms2) ms, . < ms(x,y,2);

(m.2)
(m53) ms (1'7 T, y) = Ms (ya Y, x);
(m4)

ms4) (ms(x,y, 2) _msz,y,z) < (mg(z, z,t) _msz,z,t)—’_ (ms(y,y,t) _msy,y,t)+ (ms(z, 2,t) _msz,z,t)'
Then the pair (X, my) is called an Mg-metric space.
Immediate examples of such M —metric space are:
(1) Let X =[0,00) and mg : X® — RT be a mapping defined by
ms(xv Y, Z) = max{x, Y, Z} - min{xa Y, Z}v

for Vx,y,z € X. Then my is an M-metric on X.
(2) Let X be a nonempty set and d be the ordinary metric on X. Define mapping m, : X3 + [0, c0)
by

ms(x,y, z) = d(m,y) + d(CL‘, Z) + d(yaz)7

for Vz,y,z € X. Then mg is an M,-metric on X.
(3) Let X ={1,2,3} and define a mapping ms on X by

ms(1,2,3) =6, ms(1,1,2) = m4(2,2,1) = 10,
ms(1,1,3) = my(3,3,1) = ms(2,2,3) = ms(3,3,2) =7,
mS(27 27 2) = 97 mS(37 37 3) = 5’ mS(]'? 17 ]‘) = 8’

Then m, is an M -metric on X.

Remark 1.1. If m, is an My-metric on a nonempty set X, then two mappings m¥,m* : X3 s RT

defined by
m:)(xh’% Z) = ms(x7y7 Z) - 2m51,y,z + M

Sz,y,z

and

mi(z,y, z) =

for all ,y,z € X are two ordinary S-metrics on X. In fact, if m¥(z,y, z) = 0, then we have
mg(z,y,2) =2ms, . — M, , ..

But, from the equation defined above and (ms2), it follows that

Msy oy = MsI,y,z = ms(x,x,m) = ms(yayy Z/) = ms(z, 2, Z)
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So, by the equation above, we have that m(x,y, z) = ms(z, z,2) = ms(y,y,y) = ms(z, 2, 2) and so
x =y = z. We can get the inequality property in the definition of an S-metric from Lemma 1.1 (7)
and (ms4).

Lemma 1.1. Let (X, my) be an M -metric space. Then, for all z,y, z,t € X,

(1) ms(z,y,y) < ms(z,2,9);
(2) ms(z,y,2) < 2my(z,2,y);
(3) mS( LY,z ) ms Sx,y,z < (mS(I,Ivz) msm,q‘z)+(m5(y7y7z)7msy u,z);
(4) ms(z,y,2) —ms, . < (ms(@,2,9) —ms, )+ (ms(2,2,9) —ms, )
(5) ms(aj Yy, 2) —ms,, . < (ms(y,y,2) —ms,, )+ (ms(2,2,2) —ms, )
(6) ms(w,y,2)— Msy oy 2 S %[(mé(x,x,z) m-sjfz)_'_(ms(Z’Z’y)_msz 2, y) (ms(y,y,z)— msy,y,m)];
(7) (Mef g My, ) < (M, —ms, )+ (M, —ms, )+ (M., —ms, )
Proof. (1)-(7) can be directly obtained from Definition 1.1 O

2. Topology for M,—metric

It is clear that each M -metric ms; on X generates a topology 7,,. on X. The set
{Bm,.(z,€): z € X, e> 0},
where
B, (z,€) :={y € X : mg(z,2,9) —ms, . <€},
for Vx € X and € > 0, forms a base of 7,,_.

Definition 2.1. Let (X, m) be an M-metric space. Then:

(1) A sequence {z,} in X is said to be convergent to a point z if

nlirgo(ms(xn,xn, r)—ms, . )=0.

(2) A sequence {z,} in X is called an M;-Cauchy sequence if

im0 ) — e ) T (Mo =)

exist and finite.
(3) An M-metric space is said to be complete if every ms-Cauchy sequence {z,} in X converges,

with respect to 7,,,, to a point x € X such that

lim (ms(2n, Tn,x) —ms, , ) =0, lim (M, -—ms, . .)=0.

n— 00 T n—00 Sen,zn,e

Lemma 2.1. Let (X, my) be an M,-metric space. Then:
(1) {z,} is an M,-Cauchy sequence in (X,m,) if and only if it is an S-Cauchy sequence in the

S-metric space (X, mY).
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(2) An M -metric space (X, my) is complete if and only if the S-metric space (X, m¥) is complete.

Furthermore,

lim m¥ (xn, Tn,2) =0
n—oo

= lim (ms(zp, 2n,2) —ms, . .)=0, lim (M,

Sennia ~ Msay o) = 0
n—o00 n—o00 g g

Proof. Tt is obviously follows from the definitions of M,-Cauchy sequence, Mg-completeness, S-Cauchy
sequence and S-completeness. O
Meanwhile, the above assertions are true for m}.

Lemma 2.2. Assume that z,, — = and y,, — y as n — 0o in an M,-metric space (X, ms). Then:

nh_)néomS(xnvmnvyn) - mszn,zn,yn = ms(m,x,y) - mS:c,z,y'

Proof. We have

|(ms($n7 Ty yn) - mswn,wn,‘yn) - (ms(x; z, y) - mszry”

< 2|m5($n, T, .73) - msmn,mnyr| + 2|ms(yn7 Yn y) —Msy un.y I

From Lemma 2.2, we can deduce the following lemma:

Lemma 2.3. Assume that z,, — z as n — oo in an M -metric space (X, m). Then:

lim msg (xna Tn, y) -

e = ms(l', Zz, y) T Msy 4,y

San,xn,y

vy € X.

Lemma 2.4. Assume that z, — = and z,, — y as n — oo in an M -metric space (X, ms). Then:

ms(z,z,y) = ms, , . Furthermore, if my(z, 2, ) = ms(y,y,y), then z = y.

Proof. By Lemma 2.2, we have

0= lim ms(xn,l’mxn) -

n—00 = ms(xaxvy) 7m9'£’”f‘/

mg
STn,Tn,Tn

O

Lemma 2.5. Let {z,} be a sequence in M -metric space (X, ms) such that there exists r € [0,1)
such that

ms(anrlaanrlvxn) g rms(xn,xn,xn,1)7 (2)

for Vn € N. Then we have

(1) lim ms(xn,:rn,an) =0.

(2) hm ms(xn,xn,xn) =0.
(3) hm Mms, . . =0
n m_>oo ntntm
(4) {z,} is an M;—Cauchy sequence.
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Proof. From the equation (2), we have
M (T Ty Tpm1) < T (Tir—15 Tm1, Tr2) < 72 (T2, T2, Tnez) < -+ < r™mg(w1, 21, 20)

and so lim mg (2, Tn, n—1) = 0, which implies that (A) holds. From (ms2) and (1), we have

n—oo
lim ms, . . < lim mg(2pn, Ty, 2n—1) = 0,
n—00 FranaFa—1 n— o0
that is, (2) holds. Clearly, (3) and (4) hold. O

Theorem 2.1. The topology 7, is not Hausdorft.

Proof. Let x,y,z € X be such that a := mgs(x,x,2) < ms(z,2,2) = ‘IT“’ < b:=ms(y,y,y) with

k
< 3 <ms(y,y,y) < M, ,, =b, 7=2m4(z,2,y) —a—0b>0,

| o

max{m(z, x, 2), my(2, 2,9)} < (2ms(x, 7, ) — k)<
;

Without loss of generality, we assume that, for each € > 0, ¢ < r. Now, we need to prove that the

intersection of the following neighborhoods is not empty:
Up={z€ X :ms(x,2,2) —ms, .. <e}, Vy={2€X :ms(y,y,2) —ms,, . <ce}.
To prove z € U,, we have

mg(z,x,2) < (2mgs(x,z,y) — k)fv

r

mg(z,2,2) —ms, .. < (2ms(z,z,y) — k); —a

< (2ms(x,a:,y)—k—a)§

< (2ms(x,a:,y)—a—b)§

= 6’
and, for any z € V,;, we also have
ms(yvyaz) < (2ms(x,x,y) - k)fv

b

ms(yvyaz) _msy v,z < (Qms(mvxay) - k); - a;—
€ atbe
2 s ) —k)- — -
< @minay) -k -2

a+b, e

= 2 s\dy Ly —k— -

(2m(a,) — k— T

< (2mg(x,2,y) —a —b);

= €.

So, we can find z,y € X such that, for all nonempty neighborhoods U, of z and Vj, of y, U, NV}, # 0.
This completes the proof. O
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3. Main Results

The following definition is new version of definition in [3] for an M —metric space.

Definition 3.1. A Meir-Keeler mapping is a mapping 7' : X — X on an M;—metric space (X, my)
such that

Ve>0 3d(e) >0 such that Vr,ye€ Xe<mg(x,z,y) <e+d(e) implies ms(Tz, Tz, Ty) <e. (3)
Theorem 3.1. Let (X, ms) be a complete M;—metric space and let T' be a mapping from X into
itself satisfying the following condition:
Ve>0 35(e) >0 such that Vr,y € Xe<my(x,z,y) <e+d(e) = ms(Tz, Tz, Ty) <e.
Then, T has a unique fixed point 2* € X. Moreover, for all z € X the sequence {T™(x)} converges
to x*.
Proof. 1t is easy to check that T is a strict contractive mapping, i.e.,
x#y=ms(Tx, Tz, Ty) < ms(z,x,y). (4)

Let xp € X and define the sequence {z,,} by z, = T"(zo),n € N. So we have

Ms(Tn, Tny Tn1) = Ms(Txp_1,TTp—1,TTn_2) < Ms(Tp—-1,Tpn-1,Tn—2), VneN. (5)

So the sequence {ms(xy, zp,2,—1)} is bounded below and decreasing.
Then, there exists » > 0 such that

lim ms(mna T, xn—l) = lim ms(xn—la Tn—1, xn) =T
n— o0 n—oo

Next, we will show that » = 0. If » > 0, therefore, ms(z,, z,, xn—1) > r, for Vn € N.
On the other hand, for » > 0, by the hypothesis that T' is MKC mapping, there exists §(r) > 0 such
that

r < ms(mn—hxn—hxn—Q) <r-+ 5(7') = ms(Txn—laTxn—lyTxn—2) = ms(xn7xn7xn—1) <r,
which implies that it is a contradiction. Hence, r = 0. Then, we have that
lim mg(zn, Tn, Tp—1) = lim mg(xp_1,Tp—1,2,) =0. (6)
n—00 n—o0
and
lim min{ms(n—1, Tn-1, Tn-1); Ms(Tny Tn, Tn) } = lmmg, - < lm mg(zn, Tn, Tn—1) = 0. (7)
n— oo n—oo v n—oo

And then, we also have that

lim ms, . =0 and lim M, _  =0. (8)
m,n— oo metme T m,n— 00 e et
Next, we claim that lim mg(@m, Tm,2,) = 0, that is
m,n—00
for every € > 0, there exists N € N, such that
ms (1, 21, Ty yr) < €, 9)
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forall { > N and k € N.
For Ve > 0.
By (7), we can choose N7 € N such that for all m,n > Ny,

<< (10)

mSImazm’In 4

Since {ms(zp—_1,Zn—_1,2n} converges to 0, as n — oo, for every § > 0, there exists Ny € N such that

Ms(Tp_1, Tp_1,Tn) < Vn > Ny + 1. (11)

17
Choose ¢ such as § < e. We will prove (8) by using mathematic induction on k.
For k =1, (8) becomes that

) €
ms (T, Ty, Tpg1) < 1 < 1 <€,

and clearly holds for all [ > N3 + 1, due to (11) and the choice of 4.
Assume that the inequality (9) holds for some k = m, that is

€
M (21, Tp, Tppm) < 1<1<¢

for VI > Ny + 1.
For k = m + 1, we have to show that m(z;, x;, Tj4m) < €, for some [ > N.
Take N = max{Ny, No + 1}. For all I > N, we have that

mg (xla Ty, $Z+m+1)

< (ms(@n 20 Tigm) = Mgy 0y, ) T (M (@020 Tiem) = My 00y )
+ (ms (mler’ Litm, $l+m+1) AL ) + Meser 2,21 4m
< 2mg(an, T Tiem) + M (Tipm, Tivm, Tipmt1) + Mgy ooy,
9 6 0 €
2. E + E + E
< 4 4 4

= €.

Hence, (9) holds for k =m + 1.

Therefore, the claim is true.

So by (8) and m,lviLIBooms(xm’mm’x") = 0, we see that the sequence {z,} is a Cauchy sequence and
by completeness of X, x, — x* in m, for some x* € X, that is

lim (ms(zpn, zn, %) —ms, . ) =0. (12)
n—00 ot

But ms, . — 0, as n — oo, due to ms(zy, pn, n) — 0. So mg(p, Tpn,x*) — 0, a8 1 — 00 .

Thus, by the hypothesis, we have that ms(Tx,, Tz, Tz*) < mgs(z,, Tn,2*) — 0, as n — oo. Hence,
by (ms2), we have that
<mg(Tay, Tan, Tx*) — 0.

mSTmn,T:vn,‘Tm*

Therefore, Tx,, — Tx*, as n — oo.

Equation (6) implies that ms(z,,zn, T2,) — 0, as n — co. Since my, — 0, as n — oo, by

yTxn
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Lemma 2.2, we get mg(x*, 2%, Tz*) = ms,. ..
On the other hand, by Lemma 2.2 and

Tx* "

Tep1 =z, > 2% and xp41 =Tz, — T,

we have
0 = nli_)ngo(mS(xmmexn) - mszn,zn,Tzn)
= nlingo(ms (Tny Ty Tng1) — msmn,mn,mn)

= ms(z", ", ") —ms,.

¥ Ta*

= my(Tz*,Tz", Tx") —ms,. ,

* Tg*

=mgs(Ta*, Tz*, Tx*).

* * *\
Thus, ms (2", 0%, 2%) = Mg v 1o

And since

mg(z*, 2%, Ta*) = mg(Ta™, Ta",2") = m,,. , =ms(z*, %, %) = ms(Ta*, Tz*, Tx™),

* Tg*

then, by Lemma 2.4, we have that * = Tz*.

Uniqueness by the contraction (4) is clear. O

Next, we establish a fixed point theorem for a MKC mapping in M;—metric space via Gupta-

Saxena type contraction.
Put

(1 +mg(z, 2, Tx))ms(y, y, Ty) N mg(x,x, Tx)ms(y,y, Ty)
14+ mg(z,z,y) ms(z, x,y)

C(x,x,y) = ms(xaxay) +

Theorem 3.2. Let (X, ms) be a complete Ms—metric space and let T be a continuous mapping from

X into itself satisfying the following condition:
Ve>0 3d(e) >0 such that Vr,y € Xe<kC(z,z,y) <e+d(e) = ms(Tz,Tx,Ty) <e, (13)

for some 0 < k < %
Then, T has a unique fixed point z* € X. Moreover, for all x € X the sequence {T™(z)} converges

to z*.

Proof. From definition of C(x,z,y), it follows that T is a strict contraction, i.e.,
x#y=ms(Te,Tx,Ty) < kC(x,z,y). (14)

Let xp € X and define the sequence {z,,} by z, = T"(zo),n € N. So we have

(T+ms(Tn-1,Tn-1,%n))Ms(Tn, Tr, Tni1)
1+ mg(Tn_1,Tn—1,%n)
Ms(Tn_1, Tn-1, T )Ms(Tn, Tn, Tnt1)
Ms(Tp—1, Tn—1,Tn)

= ms(xnfla Tn—1, xn) + Qms(xnv Tn, xn+1)7

C(mn,l,xn,l,mn) = ms(xnfhxnflaxn) +
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and
ms(xn7xnamn+1) = ms(TxnflsznflaTxn)
< kC(i’n,l, Tn—1, xn)
- k(ms(xnflvxnflaxn) +2ms(xnaxn7xn+1))'
Therefore,
m3($n, T, mn-&-l) < rms(mn—la Tn—1, .Tn),
where r = ﬁ € [0,1) by the choice of k. Now, by Lemma 2.5, {z,} is a Cauchy sequence, and by

completeness of X, Tx,,_1 = x, — x* as n — oo in m, for some x* € X. Since T is a continuous
mapping, so , = Tz,_1 — Tz* as n — oo in m,. By Lemma 2.4, we find
ms(x™, 2", Te*) =m,,.

* Tk

and

0 = nlggo(mS(mmmexn)*msmn,zn,mn)

= mg(a*, x*, Tz") —ms_,

z* z* Ta*
= TnS(Taj*7 Tx*, T.Z'*) = Mg n g
By Lemma 2.2, we have that

ms (", 2%, T2") = Mo v ppe = ms(x™, 2%, 2%) = my(Tz™, Tax", Tx™).

Then, by Lemma 2.4, we have that =* = Tz*.

Uniqueness by the contraction (14) is clear. O

Theorem 3.3. Let (X,ms) be an M;—metric space and let T be a self-mapping defined on X.

Assume that there exists a function ¢(t) : [0, 00) — [0, 00) satisfying the following conditions:

(1) ¢(0)=0andt> 0= ¢(t) > 0;
(2) ¢ is nondecreasing and right continuous;

(3) for every € > 0, there exists 6 > 0 such that
€ < p(kC(x,2,y)) < e+ 6 = p(my(Tz, Tz, Ty)) <e, (15)

for some 0 < k < % and for all z,y € X with x # y.
Then, (13) is satisfied.

Proof. Fix e > 0, so ¢(e) > 0. By (15) there exists § > 0 such that
Vr,y € X,x #y,p0(€) < p(kC(z,z,y)) < ¢(e) + 6 = p(ms(Tz, Tz, Ty)) < p(e).
In view of the fact that ¢ is right continuous, then there exists ¢’ > 0 such that

pe+0) < ple) +4".
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Now, for z,y € X with x # y and fixed
e <kC(x,z,y) < e+ 0,
Since ¢ is a nondecreasing mapping, we have
ple) < p(kC(x,2,y)) < @(e+0) < p(e) +4".
So we get
p(ms(Tz, Tz, Ty)) < p(e),
which implies that ms(Tz, Tx, Ty) < ¢, i.e., (13) is satisfied. O
Corollary 3.1. Let (X,ms) be an M;—metric space and let T be a self-mapping defined on X.

Assume that there exists a function h(t) : [0,00) — [0,00) is a locally integrable satisfying the

following conditions:

(1) Jo h(s)ds > 0 for all ¢ > 0;
(2) for every e > 0 there exists 6 > 0 such that

1 C(z,z,y) 1 +ms(Tx, Tz, Ty) 1
—e< / h(s)ds < —e+d = / h(s)ds < —e,
k 0 k 0 k

for some 0 < k < % and for all z,u € X with o # y.
Then (13) is satisfied.

Proof. Defining () in Theorem 3.3 by ¢(t) = f(f h(s)ds, then we can draw the conclusion. O

Next, we establish a fixed point theorems for a MKC mapping in Ms—metric spaces via other

fractional type contractions.

Put
ms(x, Tx, Tx)ms(y, Ty, Ty)ms(z,Tz,Tz) n ms(x, Tx, Tx)ms(y, Ty, Ty)ms(z,Tz,Tz)

M =
A(a:’y’Z) mS(x’y’Z) * ms(x,y,z)ms(Tx,Ty,Tz) ms(x,y,z)2

Theorem 3.4. Let (X, m) be a complete Ms—metric space and let T be a continuous mapping from

X into itself satisfying the following condition:
Ve>0 3d(e) >0 such that Vr,y,z€ Xe <kMa(z,y,2) < e+ d(e) = ms(Tx, Ty, Tz) < e. (16)

for some 0 < k < %
Then, T has a unique fixed point z* € X. Moreover, for all x € X the sequence {T™(z)} converges

to z*.

Proof. From definition of M4 (z,y, z), it follows that T is a strict contraction, i.e.,

xty#z=>ms(Tx, Ty, Tz) < kMu(z,y,2). (17)
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Let 2o € X and define the sequence {x,} by x, = T"(x0),n € N. So we have

Ms(Tr—1, Ty T )M (T, Tos 1, Tros1)
M (Tp—1, Tn—1, Tn)Ms(Tn, Tn, Tnt1)
M (Tn_1, T, T )2 Mg (T, Tt 1, Tt 1)

Ms(Tp—1, Tp—1,Tn)?
Me(Tp_1, Tn1, Tn ) Mg (T, Ty Ty 1)
Ms(Tp—1, Tn—1, Tn)Ms(Tny Tn, Tnt1)

ms(xn—ly Tn, xn)2ms ($n7 Tn, xn-i—l)

MA(xn—hxn—laxn) = ms(xn—lamn—lzxn) +

S ms(mn—lyxn—hxn) +

+ Y P (" <7byLemmal.1(1))
= me(Tpn_1,Tn—1,%n) + 2ms(Tp, Tn, Tny1),
and
Ms(Tpy Ty Tpt1) = Mms(Txp_1,Txp_1,Tx,)
< kMa(Tp—1,Tn-1,%n)
< k(ms(Tn—1,Tn-1,%n) + 2ms(Tn, Tn, Tni1)).
Therefore,

ms(xnv Tn, anrl) < rms(xn,h Tn—1, xn)7

where r = ﬁ € [0,1) by the choice of k. Now, by Lemma 2.5, {z,} is a Cauchy sequence, and by
completeness of X, Tx,,_1 = x, — x* as n — oo in m, for some x* € X. Since T is a continuous

mapping, so £, = Tx,_1 — Tx* as n — oo in m,. By Lemma 2.4, we find

mg(x™, x*, Tx*) = ms,.

yo¥ Ta* )

and

0 = nli_{go(mS(mnamemn) - mswn,xn,T:zn)
= mg(x™, 2", Ta™) —my, .

x* Ta*
= mS(TLE*,TJZ*,Tl‘*) T Mk x g
By Lemma 2.2, we have that
=mg(z*, %, 2%) = ms(Ta*, Tx*, Tx™).

ms(z*, 2%, Tz") = ms_.

¥ Ta*

Then, by Lemma 2.4, we have that «* = Tx*.

Uniqueness by the contraction (17) is clear. O
Put
(1 +ms(x, 2, Tx))ms(y,y, Ty)
M = s\y Y
Bond) = mafag,z) S E T
L sy y Ty)ms(z 2, Tz) | ms(e, 2, Tayms(y, y, Ty)ms(z, 2, T2)
1+ mg(z,y, 2) ms(z,y, z)? ’

Theorem 3.5. Let (X, ms) be a complete Ms—metric space and let T be a continuous mapping from

X into itself satisfying the following condition:

Ve >0 3d(e) >0 such that Vr,y,z € Xe < kMp(x,y,2) <e+0d(€) = ms(Tx, Ty, Tz) < e. (18)
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for some 0 < k < 1.
Then, T has a unique fixed point z* € X. Moreover, for all x € X the sequence {T™(z)} converges

to z*.

Proof. From definition of Mpg(z,y, z), it follows that T is a strict contraction, i.e.,
x#y#z=>m,Tx,Ty,Tz) < kMg(z,y, 2). (19)

Let 29 € X and define the sequence {z,} by z, = T"(xg),n € N. So we have

(1 + ms(xn—ly Tn—1, xn))ms (l'n—la Tn—1, zn)
1 + ms(xnfly Tn—1, :En)

MB(:E'IL—la'rTL—l;xn) ms(xn—lvxn—laxn) +

(1 + ms(xn—laxn—laxn))ms<xn7mnaxn+l) + ms(xn—laxn—ly xn)2ms<xn7$naxn+l)

+
1 +ms(xn—1,xn—laxn) ms(xn—laxn—lymn)2
= 2(ms($n—l7xn—laxn) +ms(xnaznaxn+1))a
and
ms(xnvxn;xn-‘rl) - ms(Txn—thn—laT-rn)
< kMB(xnflamnfhmn)
< 2]€(m5($n71,$n71,$n) +ms(xnaxn7xn+l))~
Therefore,

ms(xvu Tn, zn-&-l) < Tms(xn—h Tn—1, xn)v

where r = ;25 € [0,1) by the choice of k.
Then, the conclusion we can directly obtain by using the similar arguments to the proof of Theorem
3.4. O

Replacing C(x, z,y) by Ma(z,y, z) or Mp(z,y, z) in Theorem 3.3 and Corollary 3.1, we can obtain

the following theorem and corollary.

Theorem 3.6. Let (X,m,) be an M —metric space and let T' be a self-mapping defined on X.

Assume that there exists a function ¢(t) : [0,00) — [0, 00) satisfying the following conditions:

(1) p(0)=0and t > 0= p(t) > 0;
(2) ¢ is nondecreasing and right continuous;

(3) for every e > 0, there exists 6 > 0 such that
e <p(kMy(z,z,y)) < e+ 06 = p(ms(Tx, Tz, Ty)) < ¢,

for some 0 < k < % and for all z,y,z € X with = # y # z.
Then, (16) is satisfied.

Theorem 3.7. Let (X,ms) be an M —metric space and let T be a self-mapping defined on X.

Assume that there exists a function ¢(t) : [0, 00) — [0, 00) satisfying the following conditions:

(1) ¢(0)=0andt> 0= ¢(t) > 0;

(2) ¢ is nondecreasing and right continuous;
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(3) for every € > 0, there exists d > 0 such that
€ < p(kMp(w,2,)) < € +8 = p(my(Te, T, Ty)) < e,

for some 0 < k < i and for all z,y,z € X with z # y # 2.
Then, (18) is satisfied.

Corollary 3.2. Let (X,m;) be an Ms;—metric space and let T be a self-mapping defined on X.
Assume that there exists a function A(t) : [0,00) — [0,00) is a locally integrable satisfying the

following conditions:

(1) fot h(s)ds > 0 for all t > 0;
(2) for every € > 0 there exists § > 0 such that

1 Ma(z,y,2) 1 %mS(Tx,Ty,Tz) 1
—e< / h(s)ds < —e+ 6 = / h(s)ds < —e,
KCS k ; k

forsome0<k<%andforallx,ueXwithx7éy7éz.
Then (16) is satisfied.

Corollary 3.3. Let (X, ms) be an M;—metric space and let T be a self-mapping defined on X.
Assume that there exists a function A(t) : [0,00) — [0,00) is a locally integrable satisfying the

following conditions:

(1) fot h(s)ds > 0 for all t > 0;
(2) for every € > 0 there exists § > 0 such that

1 Mg (z,y,2) 1 +ms(Tz,Ty,Tz) 1
—e< / h(s)ds < —e+ 6 = / h(s)ds < —e,
k 0 k 0 k

forsomeO<k<%andforallx,uGXWitho:#y;éz.
Then (18) is satisfied.

We are now in a position to define two new types of Meir-Keeler contractions on My—metric spaces,

say type A and type B.

Definition 3.2. Let (X, m;) ba an M;—metric space. A self-mapping T : X — X is said to be a
Meir-Keeler contraction mapping of type A if for every € > 0 there exists d(¢) > 0 such that

e< M(z,y) <e+d(e) implies mys(Tx, Tz, Ty) <e, (20)

where M (z,y) = min{m;(z, z,y), ms(x, z, Tx), ms(y,y, Ty)}, for all z,y € X.

Definition 3.3. Let (X, ms) ba an Ms;—metric space. A self-mapping T : X — X is said to be a
Meir-Keeler contraction mapping of type B if for every ¢ > 0 there exists (€) > 0 such that

e < N(x,y) <e+d(e) implies ms(Tz,Tx,Ty) <, (21)

where N(z,y) = min{mg(z, z,y), %[ms(x,x,Tz) +ms(y,y, Ty)]}, for all z,y € X.
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Remark 3.1. (1) Suppose that T : X — X is a Meir-Keeler contraction mapping of type A (respec-
tively, type B). Then

ms(Tx, Tz, Ty) < M(x,y) (respectively, N(z,y)),

for all z,y € X with x # y.
(2) Tt is readily verified that M (z,y) < N(z,y) for all z,y € X, where M (x,y), N(x,y) are defined
in Definition 3.2 and Definition 3.3.

Theorem 3.8. Let (X, ms) be a complete M;—metric space and let T be a mapping from X into

itself satisfying the following condition:
Ve >0 3d(e) >0 such that Va,y€ Xe < M(z,y) <e+d(e) = ms(Tx, Tz, Ty) <e, (22)

where M (z,y) = min{m(z, z,y), ms(z, 2, Tx), ms(y,y, Ty)}-
Then, T has a unique fixed point z* € X. Moreover, for all x € X the sequence {T™(z)} converges

to z*.

Proof. Tt is readily verified that T is a strict contractive mapping, i.e.,
x#y=ms(Tx,Tx,Ty) < M(z,y), (23)

where M (z,y) = min{ms(z, z,y), ms(x,z, Tx), ms(y,y, Ty)}.
Let xp € X and define the sequence {z,,} by z, = T"(zo),n € N. So we have

Ms(Tr, Ty 1) = M (T 1, T 1, T2y —2) < M(Tp—1,Zn_2).

where M(xn—la .73"_2) = mln{ms (-Tn—la Tn—1, xn—2)7 mg (xn—la Tn—1, xn); ms (-Tn—Qa Tn—2, xn—l)}-
In what follows, we examine three cases.

Casel. Assume that M (z,-1,Zn—2) = Mms(Tn—1,Tn-1,Tn—2). Then (22) becomes that
€ <Mms(Tp-1,Tn-1,Tn—2) < €+ 0 = Ms(Tpn, Tn,Tn_1) < €.
Therefore, we deduce that
Ms(Ty Ty Tp1) < € < Mg(Tp—1, L1, Tn—2),

for all n € N. That is {ms(zp,Zn,zn_1)} is a bounded below and decreasing, and it converges to

some r > 0. To show that r = 0, we assume the contrary that r > 0. Then we must have
0<r<mg(xpn,Tn,Tn-1), YneN.

On the other hand, for r > 0, by the hypothesis that T' is MKC mapping of type A, there exists
d(r) > 0 such that

r S ms(mn—hxn—hxn—Q) <r-+ 5(T) = ms(Txn—laTxn—laTIn—Q) = ms(-rvuxnaxn—l) <,
which is a contradiction. Hence, » = 0. Therefore, we get

lim mg(2p, Tn,y Tp—1) = lim mg(zp—1,2n—1,2,) = 0. (24)
n—oo n— oo
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Case2. Assume that M(x,-1,2Zn—2) = ms(Tp—1,Tn-1,Zn). Then (22) becomes that
€ <ms(Tp-1,Tn-1,2Tn) < €+ = ms(xn, Tn, Tny1) < €.
Therefore, we deduce that
Mg (T, Ty 1) < € <Mg(Tp—1, Tn—1,Tn—2),

for all n € N. That is {ms(zp,Zn,Tnt1)} is a bounded below and decreasing, and it converges to
some L > 0. In fact, the limit L of this sequence is 0, which can be shown by mimicking the proof of
(24) done above.

Case3. Assume that M(x,—1,2Zn—2) = ms(Tp—2,Tn_2,Tn—1). Then (22) becomes that
€ < mg(Tp_9,Tn_2,Tpn_1) <€+ =>ms(Tp_1,Tpn_1,%,) <€
Therefore, we deduce that
Me(Tp_1, Tn-1,Tn) < € < Ms(Tp—2,Tn_2,Tn_1),

for all n € N. As in two cases above, the sequence {ms(x,_1,Zn_1,2,)} is a bounded below and
decreasing, hence it converges to 0.

As a result, we see all three cases, the sequence {ms(zy, Tn,xn—1)} converges to 0.

Form (21), we get that

lim min{m,(zn_1,Tn-1,Tn-1), Ms(Tn, Tn,Ty)} = lim My o, < lim Mg (T Ty Tr—1) = 0. (25)

n— oo n—oo -1 n—oo
and
m,l'}],gooms‘mm’mm*mn =0 and m},llIEooMsmmvmm,mn =0. (26)

Using similar arguments as in proof of Theorem 3.1, it can be shown that

lm mg(zm, Tm,zn) = 0.
m,n—o0

So, by (26) and lim mg(zm, Tm, zn) = 0, we get that the sequence {x,} is a Cauchy sequence and
m,n— 00

by completeness of X, x,, — x* in m; for some z* € X, that is

lim (ms(zy, n,2%) —ms, ) =0.
n—o0
But ms, . —0,asn— oo, due to Ms (T, Ty Tn) = 0. So my(Tp, Tp, 2*) = 0, as n — 00 .

Thus, by the hypothesis, we have that mg(Tz,, T2y, Tx*) < M(x,,2*) — 0, as n — co. Hence, by
(ms2), we have that

<mg(Txn, Txy, Tz*) — 0.

mstn,T:En,Ta:*

Therefore, Tx, — Tx*, as n — oo.

Equation (24) implies that m(zy, 2y, T2y,) — 0, as n — co. Since m,, .. — 0, as n — oo, by

Lemma 2.2, we get ms (2™, 2%, T2%) = M, v ppe-
On the other hand, by Lemma 2.2 and

Trpn1 =z, > 2% and xp41 =Tz, = Tz,
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we have

0 = nlgrréo(ms(mn,xn,TxTL) — My o)

= lim (ms (l’n, T, xn—i—l) - mS(Envwnv

n—00 Ten )

= mg(z”, ", z%) — M, ,

* Tg*

= my(Ta", Ta*, Tx") —ms,.

x* Ta**

. =mg(Ta*, Ta*, Tx*).

* * *\
Thus, mgs(z*, 2%, 2*) = M e o

And since

*

ms(x™, 2", Tx*) = ms(Tx", Tx",x*) = m,. , =mg(a*, 2%, 2") = ms(Ta™, Ta™, Tx"),

* Tg*

then, by Lemma 2.4, we have that x* = Tz*.

Uniqueness by the contraction (23) is clear. O

In what follows, we present an existence and uniqueness theorem for fixed point of Meir-Keeler
contraction of type B. Taking Remark 3.1 into account, we observe that the proof of this is similar
to the proof of Theorem 3.8.

Theorem 3.9. Let (X,ms) be a complete M;—metric space and let T' be a mapping from X into

itself satisfying the following condition:
Ve >0 3d(e) >0 such that Vr,y € Xe < N(z,y) <e+d(e) = ms(Tz, Tz, Ty) <e, (27)

where N(z,y) = min{m(z,z,y), 5[ms(z, z, Tz) + ms(y,y, Ty)]}.
Then, T has a unique fixed point 2* € X. Moreover, for all z € X the sequence {T™(z)} converges

to x*.
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Abstract. The notion of tender and naive weak closure operation is introduced, and their relations and properties
are investigated. Using a weak closure operation “cl” and an ideal A of a lower BC K-semilattice X with the
greatest element 1, a new ideal K of X containing the ideal A% of X is established. Using this ideal K, a new
function

i I(X) = I(X), A= K
is given, and related properties are considered. We show that if “cl” is a tender (resp., naive) weak closure

operation on Z(X), then so are “cl,” and “cl;”.

1. Introduction

In [2], Bordbar et al. introduced a weak closure operation, which is more general form than
closure operation, on ideals of BC' K-algebras, and investigated related properties. Regarding
weak closure operation, they defined finite type and (strong) quasi-primeness, and investigated
related properties. They also discussed positive implicative (resp., commutative and implicative)
weak closure operations, and provided several examples to illustrate notions and properties.

In this paper, we introduce the notion of tender and naive weak closure operation, and investi-
gate their relations and properties. Using a weak closure operation “cl” and an ideal A of a lower
BC K-semilattice X with the greatest element 1, we construct a new ideal K of X containing
the ideal A¢ of X. Using this ideal K, we define a new function

i I(X) > I(X), A K

and investigate related properties. We show that if “cl” is a tender (resp., naive) weak closure
operation on Z(X), then so are “cl;” and “cly”.

2. Preliminaries

92010 Mathematics Subject Classification: 06F35; 03G25.

YKeywords: zeromeet element; meet ideal; relative annihilator; (finite type, tender, naive) weak closure
operation.
* The corresponding author.
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A BCK/BC1I-algebra is an important class of logical algebras introduced by K. Iséki and was
extensively investigated by several researchers.

An algebra (X *,0) of type (2,0) is called a BCI-algebra if it satisfies the following conditions

(D) (Va,y, 2 € X) (((zxy) * (z%2)) * (zxy) =0),

() (Va,y € X) ((z* (zxy)) xy = 0),

(III) (Vz € X) (zxx =0),

(IV) (Ve,y e X) (zxy=0, yxx=0 = x=y).
If a BC'I-algebra X satisfies the following identity

(V) (Vz e X) (0xx=0),
then X is called a BC' K -algebra.

Any BCK/BCI-algebra X satisfies the following conditions

(al) (Vz € X) (x %0 =x),

(a2) (Va,y,z€ X) (x <y = x*xz2<yx*z, zxy < z%x),

(a3) (Vx,y,z € X) ((x*xy) *z = (x*2) *xy),

(ad) (Vx,y,z€ X) ((x*2)x(yx2) <x*Y)
where x < y if and only if x xy = 0. A BC'K-algebra X is called a lower BCK -semilattice (see
[6]) if X is a lower semilattice with respect to the BC' K-order.

A subset A of a BCK/BCI-algebra X is called an ideal of X (see [6]) if it satisfies

0€ A, (2.1)
VeeX)(Vye A)(xxye A = z€A). (2.2)
Note that every ideal A of a BC'K/BCI-algebra X satisfies the following implication (see [6]).
Ve,ye X)(z <y, yec A = z € A). (2.3)

For any subset A of X, the ideal generated by A is defined to be the intersection of all ideals of
X containing A, and it is denoted by (A). If A is finite, then we say that (A) is finitely generated
ideal of X (see [6]).

Let Z(X) and Z;(X) be a set of all ideals of X and a set of all finitely generated ideals of X,
respectively.

We refer the reader to the books [5, 6] for further information regarding BC K /BC'[-algebras.

3. Tender and naive weak closure operations

In what follows, let X be a lower BC' K-semilattice unless otherwise specified. For any a,b € X,
denote by a A b the greatest lower bound of a and b.
Definition 3.1 ([2]). An element = of X is called a zeromeet element of X if the condition

(Fy € X\{0}) (z Ay =0)
is valid. Otherwise, z is called a non-zeromeet element of X.
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Denote by Z(X) the set of all zeromeet elements of X, that is,
Z(X)={x € X |z ANy =0 for some nonzero element y € X }.
Obviously, 0 € Z(X) and if X has the greatest element 1, then 1 € X \ Z(X).

Lemma 3.2 ([2]). For anyz,y € X, ifv,y ¢ Z(X), thenx ANy ¢ Z(X), that is, the set X \ Z(X)
15 closed under the operation .

Definition 3.3 ([4]). For any nonempty subsets A and B of X, we denote
ANB:={aNb|aec Abe B})

which is called the meet ideal of X generated by A and B. In this case, we say that the operation
“N” is a meet operation. If A = {a}, then {a} A B is denoted by a A B. Also, if B = {b}, then
A N {b} is denoted by A A b.

Definition 3.4 ([3]). For any nonempty subsets A and B of X, we define a set
(A:pB)={xre X |a2ANBCA}

whenever x A B exists for all x € X, and it is called the relative annihilator of B with respect to
A.

Lemma 3.5 ([3]). If A and B are ideals of a lower BCK -semilattice X, then the relative anni-
hilator (A :n B) of B with respect to A is an ideal of X.

Definition 3.6 ([2]). A mapping ¢l : Z(X) — Z(X) is called a weak closure operation on Z(X)
if the following conditions are valid.
(VA € Z(X)) (A C cl(A)), (3.1)
(VA,BeZ(X))(ACB = d(A) Cd(B)). (3.2)
If a weak closure operation ¢l : Z(X) — Z(X) satisfies the condition
(VA € Z(X)) (cl(cl(A)) = cl(A)), (3.3)
then we say that “cl” is a closure operation on Z(X) (see [1]). In what follows, we use A instead
of cl(A).
For non-zeromeet elements a and b of X and A € Z(X), we consider two ideals
((a AN Az, (b)) and A%,
and investigate their relations where “cl” is a weak closure operation on Z(X). In the following
example, we will check that there are following relations:
(1) ((a N Ay (b)) C AY for some A € Z(X) and some non-zeromeet elements a and b of
X,
(2) ((aNA) ) (b)) D A for some A € Z(X) and some non-zeromeet elements a and b of
X,
(3) They have no inclusion relation, that is,
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((anA)":p (b)) € A% and ((a A A):p (b)) 2 A
for some A € Z(X) and some non-zeromeet elements a and b of X.

Example 3.7. Consider a lower BC'K-semilattice X = {0,1,2,3,4} with the following Cayley
table.

W N = O *
W N = OO
W N OO
W O O Ol
- o O O Ol Ww
S WO O O

414 4
We have 6 ideals of X, and they are Ay = {0}, A; = {0,1}, Ay = {0,1,2}, A3 = {0,1,2,3},
Ay = {0,1,2,4} and A5 = X. Define a mapping cl : Z(X) — Z(X) by A = A}, A§ = Ay,
AS = Ay, AY = A5, AY = A5 and AZ = Az, Then “cl” is a weak closure operation on Z(X). For
non-zeromeet elements 1 and 3 of X, we have

(LA A3) 0 (3)) = (Ay 14 {0,1,2,3}) = {0,1,2,4} = A, C A5 = AY.

Example 3.8. Consider a lower BC'K-semilattice X = {0,1,2,3,4} with the following Cayley
table.

*x0 1 2 3 4
0j0 00 00
1/1.0 0 0 O
221 000
313 3 3 0 3
414 4 4 40

We have 5 ideals of X, and they are Ay = {0}, A; = {0,1,2}, A, ={0,1,2,3}, A3 = {0, 1,2,4}
and Ay = X. Define a mapping cl : Z(X) — Z(X) by Ag = Ay, A{ = Ay, A = Ay, A = Ay
and A = Ay. Then “cl” is a weak closure operation on Z(X). For non-zeromeet elements 1 and
2 of X, we have

(2N AN 0 (1) = (Ay:4 {0,1,2}) = {0,1,2,3,4} = X D A, = A,
Example 3.9. Let X = {0,1,2,3,4} be a lower BC' K-semilattice which is given in Example 3.7.
If we define a mapping cl : Z(X) — Z(X) by Ad = Ay, A{ = Ay, A = Ay, AY = A, A = Ay,
Ag = As. Then “cl” is a weak closure operation on Z(X). For non-zeromeet elements 3 and 4,
we have

((BA AT 7 (4) = (A2:4 {0,1,2,4}) = {0,1,2,3} = A;
and A§ = A,. Therefore
(BA A :p (4)) € AT and ((3 A Ay 14 (4)) D A
We consider the equality of ((a A A) :, (b)) and A%, that is,
((an A oy (1)) = A7 (3.4
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Proposition 3.10. If X has the greatest element 1, then every weak closure operation “cl” on
Z(X) satisfies the equality (3.4) for some A € Z(X) and non-zeromeet elements a and b of X.

Proof. The ideals A = {0} and a non-zeromeet element b = 1 satisfy the equality (3.4) for all
non-zeromeet element a of X. O

The following example shows that the converse of Proposition 3.10 is not true in general.

Example 3.11. Consider a lower BC K-semilattice X = {0, 1,2,3,4} with the following Cayley
table.

*x(0 1 2 3 4
0j0 0 0 00
1110 0 0 0
212 20 20
33 3 3 00
414 4 4 40

Note that 4 is the greatest element and there are 6 ideals of X, that is, Ay = {0}, A; = {0, 1},
Ay ={0,1,2}, A3 ={0,1,3}, Ay, ={0,1,2,3} and A5 = X. Define a mapping ¢l : Z(X) — Z(X)
by Af = Ay, AY = Az, AY = Ay, AY = Ay, AY = As and AZ = As. Note that 0 is the only
zeromeet element of X. For non-zeromeet elements 2 and 3 of X, we have (3A A;)¢ = A = Aj3.
Hence

(BAADD ) (2) = (A3:0 A3) = {0,1,3} = A3 = A7,

Therefore “cl” satisfies the equality (3.4) for ideal A; and non-zeromeet elements 2 and 3 of X.
But “cl” is not a weak closure operation because A; C A,, but

Al = A3 ¢ Ay = A

Definition 3.12. A weak closure operation “cl” on Z(X) is said to be
e tender if for any A € Z(X) and any non-zeromeet elements a and b of X, the equality
(3.4) is valid,
e naive if for any A € Z(X) there exist non-zeromeet elements a and b of X such that the
equality (3.4) is valid.

Example 3.13. Consider a lower BC K-semilattice X = {0, 1,2,3} with the following Cayley
table.

*x10 1 2 3
0(0 0 0 O
111 010
212 200
313 3 30

We have 5 ideals of X, and they are Ay = {0}, 4; = {0,1}, A, = {0,2}, A3 = {0, 1,2}, and
A, = X. Note that 3 is only the non-zeromeet element of X. Define a mapping ¢l : Z(X) — Z(X)
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by Ad = Ay, AS = A3, A = A3, AY = Az and A§ = A,. Then “cl” is a weak closure operation

on Z(X) and
(3N Ag) :n (3)) = (AF 11 (3)) = (Ao 2 (3)) = Ap = AF,
(BA AN (3) = (A 17 (3) = (A5 11 (3) = A3 = Af,
(3 A2) 17 (3)) = (AF 17 (3)) = (A5 :n (3)) = A3 = AF,
(BN Ag) 27 (3)) = (AF 11 (3)) = (A5 24 (3)) = A3 = AF,
(BA AN (3)) = (AF 12 (3) = (Aa 1 (3)) = Ay = Af

Therefore “cl” is a tender weak closure operation on Z(X). Also, it is a naive weak closure
operation on Z(X).

Obviously, every tender weak closure operation is a native weak closure operation. But the
converse is not true in general as seen in the following example.

Example 3.14. Consider a lower BC K-semilattice X = {0, 1,2,3} with the following Cayley
table.

*x10 1 2 3
0/0 0 0 O
1110 0 0
2121 01
313 3 30

We have 3 ideals of X, and they are Ay = {0}, A; = {0,1,2} and Ay = X. Define a mapping
c: I(X) —» I(X) by A = A = A; and AY = Ay. We can easily check that “cl” is a naive
weak closure operation on Z(X). But, it is not a tender weak closure operation on Z(X). In fact,
we know that there are two non-zeromeet elements 2 and 3. Thus

(BAADNT a (2) = (A7 14 (2)) = (A1 1 A1) = X # Ay = AT

Definition 3.15 ([2]). Given a (weak) closure operation “cl” on Z(X), we define a new operation
cf:Z(X) - Z(X) by

(VA€ Z(X)) (A = U{B? | BC A, BeTI;X)}), (3.5)
where Z;(X) is the set of all finitely generated ideals of X.

Definition 3.16 ([2]). A (weak) closure operation “cl” on Z(X) is said to be of finite type if the
following assertion is valid.

(VA e (X)) (ACZ = Adf) ) (3.6)
Theorem 3.17. If “cl” is a tender weak closure operation on Z(X), then
((a A A 2, (b)) C A%, (3.7)

for all A € I(X) and every non-zeromeet elements a and b of X.
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Proof. Suppose that “cl” is a tender weak closure operation on Z(X). Let A € Z(X) and consider
non-zeromeet elements a and b of X. If x € ((a A A)r 5 (b)), then z A (b) C (a A A)% and so
Az € (aN A for all z € (b). Thus there exists a finitely generated ideal B of X such that
BCaAnAand x A ze BY Since
B - <x17:€27”‘ 7xn>

for some x1,xo,--- ,x, € X, it follows that z; € a A A and so that z; = a A a; for a; € A and
ie{l,2,--- n}. Thus

B={(aANay,aNay, - ,aNay,).
Now put C' = (ay,as, -+ ,a,). Then C C A. If x € B, then

(- ((xx(anay))*x(aNag))*---)*(aNa,) =0. (3.8)
Since aq, a9, -+ ,a, € C, we have
aNa; €{aNc|ceC}fori=1,2,--- n.

Since aANC' = ({aNc | c e C}), it follows from (3.8) that x € a A C. Thus B C a A C, and hence
r Az € B4 C (aAC) which means that x € ((a A C)? :, z). Since z is an arbitrary element of
(b), we have

€ ((anC):p\ (b)) =C"
Since C' is a finitely generated ideal of X which is contained in A, we have x € A%, Therefore
((a N A)r 0 (b)) C A%, O

If the condition “tender” in Theorem 3.17 is omitted, then Theorem 3.17 is not true as seen in
the following example.

Example 3.18. Consider the lower BC'K-semilattice X and the weak closure operation “cl” on
Z(X) as in Example 3.14. Then “cl” is a naive weak closure operation but it is not tender. In
fact, for ideal A; and 2,3 € X \ Z(X), we have

(BAANY =U{BY | BC3ANA,BeIiX)}=A.
Thus ((3 A Ay) :p (2)) = (A1 14 A) = X. But,
A" = U{B® | BC Ay, B e I;(X)} = Ai.
Therefore ((3A Ap)? 0 (2)) =X € Ay = Ailf, that is, the condition (3.7) is not true.

Remark 3.19. Example 3.18 also shows that the condition (3.7) does not hold whenever we use
a naive weak closure operation instead of a tender weak closure operation on Z(X).

Lemma 3.20 ([3]). If A is an ideal of X, then (A:n X)=A and (A:x A) = X.

Theorem 3.21. Suppose that X has the greatest element 1. If “cl” is a naive weak closure
operation on Z(X), then so is “cly”.
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Proof. Note that if “cl” is a weak closure operation on Z(X), then so is “cl;” (see [1, Lemma
4.1]). Suppose that A is an ideal of X. Since 1 A A = A and (1) = X, it follows from Lemma
3.20 that

A = (LA A2, (1),
Therefore “clf” is naive weak closure operation on Z(X). O

Corollary 3.22. Suppose that X has the greatest element 1. If “cl” is a tender weak closure
operation on Z(X), then “cly” is a naive weak closure operation on Z(X).

Corollary 3.23. Suppose that X has the greatest element 1. If “cl” is a naive weak closure
operation on Z(X), then

(VA € Z(X))(3a,b € X \ Z(X)) (((a A A)l o, (b)) = Adf) .
Lemma 3.24 ([5]). Every commutative BCK -algebra X satisfies the identity:
Ve,y,z€ X)((x Ay)*x(xANz)=(xAy)*z).

Theorem 3.25. In a commutative BCK -algebra X with the greatest element 1, if “cl” is a
tender weak closure operation on I(X), then so is “cl;”.

Proof. Suppose that “cl” is a tender weak closure operation on Z(X). Note that if “cl” is a weak
closure operation on Z(X), then so is “cl;” (see [1, Lemma 4.1]). For any A € Z(X), if z € A%,
then there exists B € Z;(X) such that B C A and x € B%. Since “cl” is a tender weak closure
operation, we have

B = ((a A B)" :5 (b))
for every elements a,b € X \ Z(X). Thus = € ((a A B) :5 (b)) which means that
x A (b) C (a A B)*.

Now we will show that a A B C C where C' = (a A x1,a A xa,-+- ,a ANx,). Let p € a A B. Then
p =a A q for some ¢ € B. Since B is finitely generated, we have

(- ((gxxy) *xg) %+ -+ )k, =0
for some z1,x9, -+ ,x, € X. It follows from Lemma 3.24 and (a3) that

((anq)*(aNxy))*(aAxg) =
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and so from Lemma 3.24 and (a3) again that

(((anq)*(aNmxy))*(aAx)) * (aAx3)

((a N q)*x1) *29) % (@ A x3)

(
) )
)x (@ A xg)) * 1) * xg
) )
) )

((ang
((ang
((

aNq)*xy)*To)* X3.

% T3) * 1) * To

(
(
(
(

By the mathematical induction, we conclude that

(- (((ang)*x(aNzy))*(@Axg)) %) x (aAxy)
= (((aNq)*m)*x) % -+ ) % Ty, (3:9)
The inequality a A ¢ < ¢ implies from (a2) that
(- (((aNq)*my)sxxg) k- )kxy, < (- ((g*ay) *x2) %+ )*kx, =0
which implies that

O0=(-(((anq)*xxy)*x3) %) *xx,
= (((ang)*(aNx))*(aNx2)) %)% (aNxy).
Hence p=aAnq e C,and so a N B C C. Thus
z A (b) C (a A B)* CC

Since C'is a finitely generated ideal of X which is contained in a A A, it follows that z A (b) C (a A
A)s that is, z € ((aAA)Y 2, (b)). Thus A% C ((aAA)Y 2, (b)). Now let x € ((aAA)Y 1 ().
Then z A (b) C (a A A)%, and so there exists B € Zp(X) such that B C a A A and z A z € B
for every z € (b). Hence

€ (LA B)" 11 (b)).

Since “cl” is a tender weak closure operation on Z(X), we have ((1 A B)? :5 (b)) = B% and
r € BY. Since B € Zy(X) and BC aA A C A, we get x € A% . Therefore

A = ((a N A, (D)). (3.10)
Consequently we know that “cl;” is a tender weak closure operation on Z(X). U
Lemma 3.26 ([3]). For any nonempty subsets A, By and By of X, we have
By C By = (A:p By) C(A:\ By). (3.11)
Lemma 3.27 ([3]). For any ideal A of X, we have

Ve,ye X)(z<y = s NACynA). (3.12)
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Theorem 3.28. Assume that X has the greatest element 1. For every weak closure operation
“cl” on Z(X) and every ideal A of X, let

K:=U{((an A\ (b)) |a,be X\ Z(X)}. (3.13)
Then K is an ideal of X containing A.

Proof. Suppose that A is an ideal of X. Then ((a A A)" :, (b)) is an ideal of X for every
a,b € X \ Z(X) by Definition 3.3 and Lemma 3.5. Hence it is clear that 0 € K. Let =,y € X be
such that © € K and y x x € K. Then there exist aj, as, by, by € X \ Z(X) such that

2 € ((an AA) :x (b)) and y x 2 € ((az A A) ip (bo)).

Thus z A (1) C (a3 A A) and (y*x) A (by) C (ag A A). Since a; < 1 for i = 1,2, it follows from
Lemma 3.27 that a; ANAC 1A A= Afori=1,2. Hence

(a; N A C (1A A

for i = 1,2, which implies that x A (b)) C (1 A A) and (y x 2) A (by) C (1 A A). Therefore
v € ((IANA):, (b)) and yxx € (LAA) 15 (by)). Note that (by Aby) C (by) and (by Aby) C (by),

and so

(LA A, (1) C (LA AL 5 (b Abg))

and
(LA A)Tn (b2)) (LA A) i (b1 Aba)).
Therefore
€ ((1AA)" 5 (b Aby))
and

(TS ((1 /\A)Cl A <b1 /\b2>)

It follows that y € ((1 A A) 1\ (by A by)). Since X \ Z(X) is closed under the operation A by
Lemma 3.2, then by A by € X \ Z(X). Therefore y € K and K is an ideal of X. Obviously
A% C K. -

Assume that X has the greatest element 1 and define a new function
ci (X)) > IZ(X), A= K (3.14)
where K is the ideal in Theorem 3.28.

Theorem 3.29. Assume that X has the greatest element 1. If “cl” is a weak closure operation
on Z(X), then so is the function “cl;” in (3.14).
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Proof. Let “cl” be a weak closure operation on Z(X). For any ideal A of X, we have
AC AL = ((1ANA)T:, (1) C A,
Let A and B be ideals of X. Then

ACB=aNACaAB= (aNA)*C (aNB)*"
= ((a AN A7 (B) € ((anB):n (D)),

and so A% C B, Therefore “cl;” is a weak closure operation on Z(X). 0

Theorem 3.30. Assume that X has the greatest element 1. If “cl” is a finite type weak closure
operation on Z(X), then so is the function “cl;” in (3.14).

Proof. Assume that “cl” is a finite type weak closure operation on Z(X). Then “cl,” is a weak
closure operation on Z(X) by Theorem 3.29. For any ideal A of X, if z € A% then there exist
non-zeromeet elements a and b of X such that

z € ((an A, (b)).

Thus z A (b) C (a A A), and so x A z € (a A A)¥ for every element z € (b). Since “cl” is of
finite type, there exists a finitely generated ideal B such that B C a A A and x A z € B. On the
other hand, we know that B C a A C' for some finite generated ideal C' of X since B is finitely
generated. Thus z A z € B implies that x A z € (a A C)¢, that is, z € ((a A C)? :, 2). Since
z € (b), it follows that

z € ((ahC) p (b))

and so that x € C%. Therefore A% C Alcl)s, Obviously, Al C A and therefore A% is a
finite type weak closure operation on Z(X). O

Theorem 3.31. Assume that X has the greatest element 1. If “cl” is a naive weak closure
operation on Z(X), then so is the function “cl;” in (3.14).

Proof. Suppose that “cl” is a naive weak closure operation on Z(X). Then “cl,” is a weak
closure operation on Z(X) by Theorem 3.29. For any A € Z(X), if x € A%, then there exists
a,b € X\ Z(X) such that z € ((a A A)% :5 (b)). Thus

z A(b) C (a A
Since a A A € Z(X) and “cl” is naive, there exists p,q € X \ Z(X) such that
(@A) = ((pA(anA)) n (q)).
Hence z A () € ((p A (a A A) 1x (q)). Also
(pA(aANA)T A (g) C (an A

Therefore z € ((a A A) @, (b)).
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Conversely, suppose that x € ((a A A) :, (b)). Then x A z € (a A A) for every z € (b), and
so there exist p,q € X \ Z(X) such that

zAze (A anA) n(0)
Hence 2 A (b) A {q) C ((pAa)A A Also (bAq) C (b) A{qg). Therefore
zADAG C ((pAa)AA)T
which means that
z € ((pAa) AT :x (bAG)).
Since X \ Z(X) is closed under the operation A by Lemma 3.2, we have pAa, bAg € X\ Z(X)
and therefore z € A% . Consequently, 7

13

cly” is a naive weak closure operation on Z(X). O

Theorem 3.32. Assume that X has the greatest element 1. If “cl” is a tender weak closure
operation on Z(X), then so is the function “cly” in (3.14).

Proof. 1t is similar to the proof of Theorem 3.31. U
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Abstract

In the paper, the authors present some functional inequalities for the generalized error
function. Concretely speaking, the authors present several inequalities of the generalized error
function in terms of the arithmetic, logarithmic, and exponential means, find monotonicity, con-
vexity, and concavity of the generalized error function, and, consequently, derive two Griinbaum
type and Turan type inequalities.

2010 Mathematics Subject Classification: Primary 33B20; Secondary 26A48, 26A51, 26D15.

Key words and phrases: functional inequality; generalized error function; monotonicity;
convexity; concavity; mean; Griinbaum type inequality; Turdn type inequality.

1 Introduction

It is well known that the error function erf(z) is defined by

erf(z) e dt, zeR.

2
VT Jo

The function erf(z) has numerous applications in statistics, probability, partial differential equa-

tions, and so on. It is not difficult to directly verify that erf(z) is odd on (—o0,00), convex

on (—o0,0), concave on [0,00), strictly increasing on R, and erf(0) = 0. Moreover, the limit

lim, o erf(z) = 1 can be found in [1, 12, 17, 18, 23, 28] and the closely related references therein.
In 1955, Chu [13] established a double inequality

V1—e a? <erf(z) < V1 —e b2?

where 0 <a <1 andb> % for x > 0. Later, Cao et al. [12, 17] obtained the double inequality

! <erf(n) < S
V1+97/16 —1)/(n2) — 1 —3/(4n?)
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for n € N and derived the probability integral fooo e’ dz = Y. See also related texts in [18,

2
p. 31]. In 1968, Mitrinovi¢ and Weinacht [21] obtained
erf(z) + erf(y) < erf(z + y) + erf(z) erf(y), =z,y > 0.

In 2003 and 2009, Alzer [2, 3] proved for all z > y > 0 the sharp double inequalities
erf(z + erf(y))

2 erf(zerf(y))
erf(l)<m<ﬁ and 0<m§

For p > 0 and z € (0, 00), the generalized error function erf,(z) is defined by

p N _¢P
f = — dt
erfp(7) F(l/p)/o ‘ ’

where I'(z) for R(z) > 0 stands for the classical Euler gamma function. It is easy to see that
erfa(x) = erf(z). By an easy computation, we can see that erf,(z) is odd on (—o0,00), convex on
(—00,0), concave on [0, c0), strictly increasing on R, erf,(0) = 0, and lim,_, o erf,(z) = 1.

In 1997, Alzer [5] established the double inequality

1 “ 1 :
r<1+)(1—e—’”€p)””</ e—f’”dt<F<1+)(1—e‘“””p)1/p, x>0,
p p

0

where

1 —-p
a=1 and bz{f‘(l—i—p)} , O<p<1;

1 -p
az[F(l—i—)] and b=1, p>1
p

are best possible constants. In 1999, Qi and Guo [26, Theorem 1] proved that

ze~ (/D" < / e dt < g(l + e_’cp) (1.1)
0

1/p

for p € (0,1] and z € (0,00);if p>1and 0 <z < (1 — %) , the double inequality (1.1) reverses.

In 1999, Qi et al [25, 27] constructed

/2 —¢2 T _z2 x —r®
2 -2 . 1—e 2 1—e a 1—e
e Vsn Toingdr < ———, e Vdt > ———, et dt > —,
0 t2 0 T 0 xa—l

t t2 o] —z 00 —z? x T
, e —1 a (& (& @ e -1
/ e dx < , / et dt < ———, / e Pdt> / A<
0 t © are~ " 3(z+1)2 0 xa—l

where o > 1. There are more results on erf,, in the papers [8, 16, 20, 22, 24, 25, 27] and the closely
related references therein.
For two distinct positive numbers x and y, the arithmetic, geometric, harmonic, logarithmic,

exponential means and the power mean of order ¢ € R are respectively defined by A(z,y) = 3y

2
G(z,y) =2y, H(z,y) = m and

z\ 1/ (z—y) t £\ 1/t

T—Yy 1/z zt+y

L = — I =—-|— M, = .
(l‘,y) 1H$71Hy7 (xay) 6<yy> ) t(x7y) ( )
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Recently, several mathematicians began to study inequalities for the error function erf(x) with
respect to all kinds of means, including the arithmetic mean, harmonic mean, and the power mean.
See the papers [4, 14, 15] and the closely related references therein.

Let f:J C (0,00) — (0,00) be continuous. Let M and N be means defined above. If

FM(z,y) £ N(f(x), f(v))

for all z,y € J, we call f M N-convex (or M N-concave, respectively).
In 2007, Anderson et al [6] studied the generalized convexity (or concavity, respectively) with
respect to general means. In 2010, Baricz [7] presented that if f is differentiable, then it is (a, b)-

l1—a p/
convex (or (a,b)-concave, respectively) on J if and only if Tfl,if(m(?) is increasing (or decreasing,

respectively). We observe that the (1, 1)-convexity means the AA-convexity, the (1,0)-convexity is
the AG-convexity, and the (0, 0)-convexity implies GG-convexity. It is easy to see that a function
f:J C (0,00) = (0,00) is said to be geometrically convex if it is convex with respect to the
geometric mean, that is, the inequality f(z*y'=*) < [f(z)]*[f(y)]*~ holds for all z,y > 0 and
A € (0,1); if the above inequality is reversed, the function f is called geometrically concave. We
note that a differentiable function f is geometrically convex (or concave, respectively) if and only
if x}c(/g) is increasing (or decreasing, respectively).

The first aim of this paper is to present several inequalities of the generalized error function
erf,(z) in terms of the arithmetic, logarithmic, and exponential means A(a,b), L(a,b) and I(a,b).
The second aim is to find monotonicity, convexity, and concavity of the generalized error function
erf,(x) and, consequently, derive two Griinbaum type and Turdn type inequalities.

Our main results can be stated as following theorems.

Theorem 1.1. For all p € (0,00) and z,y € (0,00), we have
L(erf,(z), erfy(y)) < erfy(L(z,y)) and I(erf,(z),erf,(y)) < erf,(A(z,y)).
Theorem 1.2. For all p € [1,00) and z,y € (0,00), we have
L(z"Verfy(z), g erfy(y)) < LN (x,y) erfy(L(x,y))

and
I(wp_l erfy(z),y" " erfp(y)) < APz, y) erfp(A(z, y)).

Theorem 1.3. Let x,y,z € (0,00) such that 2> = 2% + y*>. Then we have the Grimbaum type
inequality
1+ erf, (22) > erf, (xQ) + erf), (y2)

erf, ()
arctan, x

Theorem 1.4. For all p € (0,00), the function x +—

is strictly decreasing in x € (0,00),

where arctany(z) is defined by arctan, x = fox H-% dt. Consequently, we have

2 P
— arctan, z < erf,(z) < ———
, < et < )

where % and % are best possible constants.

arctan,, x.

1368 Li Yin et al 1366-1372



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.7, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Theorem 1.5. For all z € (0,00) fized, the function p — erf,(x) is strictly logarithmically concave
mp € (0, %), where xo = 1.461632... is the only positive root of the digamma function ¥ (x).
Consequently, the Turdn type inequality

erf?,(m) > erf,_i(x)erf,1(x)

is valid for all p € (0, %) and x € (0, 00).

x

2 Lemmas

In order to prove our main results, we need the following lemmas.
Lemma 2.1 ([10, Theorem 1, p. 138]). Let f: J C (0,00) — (0,00).

1. If f is increasing and logarithmically convex (or logarithmically concave, respectively), then
it is LL-convez (or concave, respectively);

2. If f is increasing and logarithmically convex (or logarithmically concave, respectively), then
it is AL-convex (or concave, respectively).

Lemma 2.2 ([11, Theorem 1, p. 6]). Let f : J C (0,00) — (0,00). If f(x) is continuously
differentiable, increasing, and logarithmically convex (or logarithmically concave, respectively), then

I(f(2), f(y)) = fL(z,y)) and I(f(2), f(y)) < [(Az,y)).
Lemma 2.3 ([29, Example 152, p. 124]). If f(x) and g(z) are convex functions on (0,00) such
that fi(x) >0, fa(z) >0, and f1(0) = f2(0) =0, then % is also convex on (0,00).

Lemma 2.4 ([9, Lemma 3, p. 246]). Let f : (a,00) = R fora > 0 and g(x) = % be increasing
on (a,00). Then h(x) = f(x2) satisfies the Grimbaum type inequality

14+ h(z) > h(x) + h(y) (2.1)
for z,y > a and 2* = x> +y%. If g(x) is decreasing, then the inequality (2.1) is reversed.

Lemma 2.5 ([19, Lemma 3.2, p. 523]). Let f(x),g(x) be continuous on [a,b], differentiable on
(a,b), ¢'(x) # 0 on (a,b), and f(a) = gla) = 0 or f(b) = g(b) = 0. If g,gi) is increasing (or

)
decreasing, respectively) on (a,b), then the ratio géfg is also increasing (or decreasing, respectively)

on (a,b).

3 Proofs of main results

Now we are in a position to prove our main results.

Proof of Theorem 1.1. A simple computation yields

2
p —zP 7 p —1 —gP
erf! (z) = e >0 and erf (x)=— e <.
P =) P = )
Hence, the function erf,(z) is strictly increasing and concave on (0, 00). Since the concavity implies
the logarithmic concavity, considering Lemmas 2.1 and 2.2, Theorem 1.1 is thus proved. 0
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Proof of Theorem 1.2. Considering Lemmas 2.1 and 2.2, it suffices to prove that zP~!erf,(z) is
strictly increasing and concave on (0, 00). This follows readily from a simple computation

[2P7! erfp(x)}/ =aP"*[(p— 1) erf,(z) + werf) (z)] > 0.

)
On the other hand, the function fi(z) = 2P and fa(z) = —erf,(x) are convex on (0,00) and
f1(0) = f2(0) = 0. Making use of Lemma 2.3 reveals that —zP~! erf,(z) is also convex on (0, 00).
So, the function 2P~ ! erf, () is strictly increasing and concave on (0, 00). The proof of Theorem 1.2
is complete. O

erf,(z)—1

Proof of Theorem 1.3. By virtue of Lemma 2.4, we only need to prove that the function -

is strictly increasing on (0,00). A direct computation results in

erfy(x) 11" 1[ p s 9x) / p? b
[ — e f 1 = — d = — P r O.

[ z ] 2| p TS0y and g = st <
Accordingly, the function g(z) is strictly decreasing on (0,00). Therefore, from the inequality
g(x) > limy 00 g(x) = 0, Theorem 1.3 follows immediately. O

erf, (z)

Proof of Theorem 1.4. For proving the monotonicity of we denote gq(z) = erf,(x) and

I’
arctan, x

g2(x) = arctan, z. Then g¢1(0) = g2(0) =0 and

Q

/1(‘%) _ p 2P efxp AL p
a@ T S wapy )

By a direct differentiation, it follows that ¢'(x) = —pz?~le < 0 which implies that the function
q(z) is strictly decreasing on (0,00). By Lemma 2.5, we complete the required proof. O

Proof of Theorem 1.5. Let ¢t € (0,z) and x € (0,00) be fixed. Define the function

alp) :1n[r(f/p)e—“’] —lnp-In [F(D] —

By a direct computation, we have
1 1 1 1 2 1 1 1
O/(p):+2'(/1<) —tPInt and o/’(p):—Q—Sz/;() - ’() — P In’t < 0.
p p p p p D D p

Therefore, the function «(p) is strictly logarithmically concave. By the fact that integrating pre-
serves the monotonicity and logarithmic concavity, it follows that the function p — erf, () is strictly
logarithmically concave in p € (O L ) O

"TO
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