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Global existence and blow-up of solutions to strongly damped
wave equations with nonlinear degenerate damping and

source terms *

Donghao Li', Hongwei Zhang?, Xianwen Zhang!
(1.School of Mathematics and Statistics, Huazhong University of Science and
Technology 430074, China; 2. Department of Mathematics,
Henan University of Technology, Zhengzhou 450001, China)

Abstract This paper deals with the initial-boundary value problem of a class of strongly
damped wave equations with nonlinear degenerate damping and source terms. By potential
well theory, the global existence of weak solutions is proved if the initial data enter into the
stable set. By Nakao inequality, the asymptotic behavior is obtained. Moreover, by estab-
lishing a new second order differential inequality, we prove a finite-time blow-up result under

arbitrary positive initial energy.

Keywords strong damped wave equations; global existence; asymptotic behavior; blow-

up

AMS Classification (2010): 35L35,35B40,35B44.

1 Introduction

In this paper, we are concerned with the following initial boundary value problem:

ug — Auge — Aug — Au A+ (JulPu); = |u|%, (z,t) € Q x (0,T), (1.1)
u(z,t) =0, x € 00, t € (0,T), (1.2)
u(z,0) = up(z), w(z,0)=ui(z), z€Q, (1.3)

where € is a bounded domain in R™ with sufficiently smooth boundary 0.

Evolution equation (1.1) is a simple prototype of the more general equation

0? 0
BTy +a(Au—g(x,u))+AU+f(%“) =0, (1.4)

*Corresponding author:Zhang H-W., Email: whz661@163.com

(Au —u)
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which describes ion acoustic waves in a plasma taking account of strong nonlinear dissipation
and nonlinear sources [1, 2], where f(x,u) and g(x,u) describe the distribution of the sources
of bound charges and the ‘sinks’ of free charges, respectively. Korpusov [2] proved that for
any initial data in Hg(Q) the problem (1.4), (1.2), (1.3) has a local strong generalized solution

and obtained sufficient conditions for the blow-up of a solution in finite time provided that

uo(z)
/ [[Vuo|? + [V |* + |ug |} dax — 2/ / f(z,s)dsdx < 0. (1.5)
Q QJo

Korpusov [3] gave sufficient conditions for finite-time blow-up of solutions of the following
abstract Cauchy problem for a formally hyperbolic equation with double non-linearity

d?u  du

S+ T Agu+ > A(w) + Hj(w) = Fy(w)

A

j=1

As far as we know, there is little information about the equation (1.4).

It is worth noting here that if the damping terms (|u|Fu); is absent, the problem (1.1)-
(1.3) is studied extensively in the literature. For example, Shang [4, 5] investigated the
existence, uniqueness, asymptotic behavior, and the blow up phenomenon of the solutions

under some specific assumptions on f for the fourth-order wave equation
Ut — Au — Aut — Autt = f(u) (16)

For the initial boundary value problem of equation (1.6), Zhang and Hu [6] proved the
existence and the stability of global weak solution. Xie and Zhong [7] established the existence
of global attractors. Xu et al. [8] investigated the asymptotic behavior of solutions by
using the multiplier method. For more results on the long-time behaviors of global strong
solutions of the initial boundary value problem of equation (1.6), the reader is referred to
[9, 10, 11, 12, 13, 14, 15, 16].
We mention also that, recently, in the absence of dispersive term and strong damped term
( i.e. the terms Auy and —Aw, are absence), equation (1.1) can be take the more general
form
ug — A+ |ul*0j (ug) = |ul7u. (1.7)

Under suitable conditions on j and the parameters in equation (1.7), Barbuet al. [17] estab-
lished the existence and uniqueness of global weak solutions. They also obtained a nonexis-
tence result of global solutions with negative initial energy on condition that ¢ is greater than
the critical value. In [18], the same authors established the blow-up result for the generalized
solution with additional regularity for equation (1.7) under more restrictions on j provided
that ¢ is greater than the critical value and the initial energy is negative. A special case of

equation (1.7) is the following polynomial-damped wave equation

wgy — A+ |ul¥|ug ™ Ly = |ulfu, (1.8)
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which has been studied extensively in the literature. We refer the reader to [19, 20, 21, 22,
23, 24, 25, 26, 27| and the references therein. But much less work is known for the initial
boundary problem for a wave equation with degenerate damping term (|u|Fu);, dispersive
term Awuy, strong damping term Aw; and nonlinear source term |u|%u.

In this paper, we prove the global existence of weak solutions for problem (1.1)-(1.3) by
potential well theory [28] if the initial data enter into the stable set. By Nakao’s inequality
[29], the asymptotic behavior is obtained, and this method is different from that in [22, 26].
Moreover, we will extend the results in [2, 3] that the sufficient conditions for finite-time
blow-up of solutions with negative initial energy to that with positive initial energy. We
will establish a different differential inequality and prove a finite-time blow-up result under
arbitrary positive initial energy. This different differential inequality and blow-up result are,
to the best of our knowledge, new in the literature. The concavity method of Levine [30] is
one of the most powerful methods for proving finite time blow-up of the solutions to nonlinear
wave equations. The main idea of Levine is to replace the investigations of the equation with

the study of ordinary differential inequality

¢ — a(¢')* + B > 0, > 1,8 > 0.

Later on, the generalization of this inequality

¢¢" — a(¢))* + Bd* +v¢¢ >0, > 1,8 > 0,7 >0,

was obtained in [31]. On the other hand, as pointed in [2], Levine’s method as presented
in [30, 31] cannot be used here due to the term —Awu; + (Ju|*u)¢, so a different differential
inequality was used to prove Theorem 3 in [3] for negative initial energy case (i.e. in the case
of (1.5))

00" — a(¢)? + B” + 99" > 0,0 > 1,6 > 0,7 > 0,q1 > 0.

But the above inequality cannot be used to the positive initial energy case. In this paper,
we will establish a new differential inequality and prove a finite-time blow-up result under
arbitrary positive initial energy.

This article is organized as follows. In Section 2, we are concerned with some notations
and state our main results. Following the potential well theory introduced by [28], we get
global existence in Section 3. Section 3 gives also an asymptotic stability results of the
problem (1.1)-(1.3). In section 4, it is shown that the weak solution of the problem (1.1)
-(1.3) blow-up in the case of positive initial energy E(0) > 0 and ¢ > k.

2 Preliminaries

In this section we present some notations and state our main results. We use the standard
Lebesgue space LP(2)(1 < p < oo) and Sobolev space H{ (). We denote by ||u||, the LP(£2)
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norm and by ||V - || the norm in Hg (). Moreover, for later use we denote by (-, ) the duality
paining between H}(2) and H—1(2). In this paper, we will always assume that

4
0<g<oo, ifn=1, 2; 0<q<72, if n>3, (2.1)
n_

and then the Sobolev imbedding HE () < L972(2) holds. Furthermore, we denote C, is the

embedding constant, that is
IVul] < Cillullg12.

The constants C; (i = 1,2,-- ) used throughout this paper are positive generic constants,
which may be different in various occurrences.

Now, we give the definition of a weak solution to problem (1.1)-(1.3).

A weak solution to the initial boundary value problem (1.1)-(1.3) over  x [0,T) is a
function u € L>(0,T; H}(Q)) with uz, uye € L°°(0,T; HE(Q)) such that

(s, ) + (Ve Vo) + (Vu, Vo) + (Vug, Vo) + (([ul )i, ) = / ulu|fedz,
Q
for all test functions ¢ € H}(2) and for almost all ¢ € [0,T) and
u(z,0) = up € HY(Q),us(2,0) = uy € HH(Q).

We introduce the following functionals:

I(t) = I(u) = [|Vul[* - [Jul|253, (2.2)
J(8) = J(u) = S|Vl 2 — —|lu]|E2 (2.3)
1 2 1 2
B(t) = B(u) = gllul > + 5[ Vurl P + T (), (2.4)
and the level
d= inf  maxJ(\u).

ueHS(Q)\{0} A>0
Moreover the value d is shown to be the Mountain Pass level associated to the underlying
Dirichlet problem —Au = |u|%u in Q, u = 0 on 09 [32].
Remark 2.1 By multiplying Equation (1.1) by wu, integrating over €2, and using integration
by parts, we get

E'(t) = —||Vw||* = (k + 1)/Q u|¥|u?dx <0,  fort>0. (2.5)

Therefore,
E(t) < E(0), fort>0. (2.6)
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We can now define the stable set [32, 33, 34]
W = {uc H}I(u) > 0,J(u) <d}
and one can easily see that the stable set can also be defined by

W={(\E)e0,+00) x R:0< g(A\) <E<d,0<\< A},

a+2

where g(\) = %)\2 —crt? );:r; , Ao = C, ? is the absolute maximum point of g, and finally

d=g(Xo) = (5 — 72)7 > 0.
In order to get the energy decay of the solution, we introduce the following set

Wi ={uc H}|I(u) >0,J(u) < E1},

where A; = ((q +2)CT™) 74, By = (4 — L;)\2. Obviously, d > Ey and Wy C W.

Our main results read as follows. The first result is concerned with the global existence
of weak solutions to the problem (1.1)-(1.3). Namely, we have the following theorem.
Theorem 2.1 Let k > 1, ifn=1, 2; k< %, if n > 3; ug,u1 € HY(Q), assuming that
k > q,E(0) < d and ug € W, then the problem (1.1)-(1.3) admits a global weak solution u
and u(-) € W for t > 0.

The second result is about the asymptotic stability results of the weak solutions.
Theorem 2.2 Under the assumptions of Theorem 2.1, k > ¢ and ug € Wy, and ||[Vugl| <
A1, E(0) < Ejy, then there exist positive constant « such that the energy F(t) satisfies the
energy estimates

E(t) < E(0) exp{—aft — 1]T} for large t,

where [t — 1|7 = max{t — 1,0}.

Remark 2.2 Let us mention that the special polynomial form of the dissipation and source
terms in (1.1)-(1.3) is not essential. The results can be extend to the case of more general
nonlinearities under suitable assumptions.

Our final result provides a finite time blowup property of the weak solutions to problem
(1.1)-(1.3).

Theorem 2.3 Assume that k& < ¢. If the initial data are such that

E(0) >0, (2.7)
(V’LL[), Vul) + (uo,ul) > O, (28)

and

(¢/(0))% = 5225 0%(0) + (g @01 1720) (0)

ap—1 ap—1
+(a02—5(i)5§ p2a0+5(1-20)(0) = By > 0, (2.9)
)
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2 ~2(k+1)
where oag =2+ %7 BO = q—ik’ Yo = %’ 50 — (q+2)E(0)7 51 — 20&0—2—/6’ 5& _ 2ap—1

ap—1 ap—1

and Cj is embedding constant from H& to L2k+1)  then there exists

Too < 17(0)A™Y such that lim ¢(t) = oo,
t—T5
where A% = (ap — 1)2¢7220(0) By and ¢(t) = 5||Vul|* + 1||ul].
Finally, we state the local existence result of problem (1.1)-(1.3).
Theorem2.4 Let ug,u; € HZ(Q), then problem (1.1)-(1.3) has a unique weak solution on
[0,T)) for some T > 0, and we have either Ty = 400 or T < +o00 and

: 2 2 _
i supllludl 0, + llullfy o)) = +oc.

This lemma can be established by combining the arguments of Theorem 8.1 (or Theorem
6.8) and Example 9.5 in [3], Theorem 2 in [2] and [35], so we omit it.

3 Global existence and asymptotic stability of the solutions

In this section we study the existence and asymptotic stability of global solutions for problem
(1.1)-(1.3). We start by the following lemma.
Lemma 3.1 Suppose that u is the solution of problem (1.1)-(1.3), and ug, u; € Hg, if ug € W
and F(0) < d, then u(t) remains inside the set € W for any ¢ > 0.

The proof is similar to that of Lemma 2.2 in [33], so we omit it.
Proof of Theorem 2.1. By Lemma 3.1, we have u(t) € W for all ¢ € [0,Tp), then I(u) >
0,J(u) < d for all t € [0,Tp). Therefore,

2 Loy < g < a, (3.1)

1 1 1 1
q+2 _ 2
(5= )lumllis = 5IVull — Sl - 5

2 qg+2
then

2
|ul| 245 < d. (3.2)
By the energy equation (2.6), definition of J(u) and (3.1), we arrive
U el 2 4 292 + 29 < E(O ! il <od 0<t<T 3.3
llell® + S IVl ” + S [Vl < E( )+mlll&!|q+2_ , for0<t<Ty,  (3.3)

It follows from (3.3) and from a standard continuous argument that the local solution u
furnished by Theorem 2.4 can be extended to the whole interval [0, +00), that is, u is a
global solution. Finally from Lemma 3.1 we get u € W for ¢ € [0, 00).

In order to get the energy decay of the solution, we prepare the following lemma.
Lemma 3.2[29] Let ¢(z) be a nonnegative and non-increasing function defined on [0, 00),
satisfying

) < ho(p(t) —p(t+ 1), te[0,T)
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for ko > 1, and r > 0. Then we have, for each t € [0, 7],

o(t) < @(0)exp(—alt —1]7), if r=0,
o(t) < (@(0) " + korlt —1*)"F,  if r>0,

where [t — 1|7 = max{t — 1,0}, and o = ln(kfﬂl).

Adapting the idea of Vitillaro[34], we have the following lemma.
Lemma 3.3 Suppose that u is the solution of problem (1.1)-(1.3), and ug, uy € Hy, ifug € Wi
and ||Vug|| < A1, E(0) < Ej, then u(t) remains inside the set W; and ||Vu|| < A1, E(t) < E;
for any ¢ > 0.
Lemma 3.4 Under the condition of Theorem 2.2. and ¢ > 0, then, for ¢ > 0,

2
IVul]? > 2|ful| 25 (3.4)
B0 2 7L vl > Lz 3.5)

Proof By the definition E(t) and embedding theorem, we have

B(t) > JIVul2 - A5 llullt2 > 3[Vall? - flull¢}2
2
> 1|Vl — G| Vu][4+2 = g, (|| Vul). (3.6)

where g1(\) = 102 — CIT2X9+2, Note that g;(\) has the maximum at A\; = ((g + 2)CIT?) s
and the maximum value g1 (A1) = E1. We see that g;1()) is increasing in (0, A1), decreasing
in (A1, 4+00) and g1(A\) — —o0 as A — oo. Since ||Vug||? < A1, E(0) < Ey,then ||[Vul|? < Ay,
for any t > 0, so g1(||Vu||) > 0. By (3.6), we have
IVul[> = [[ulli15 = $11Vull? + GIIVal? = |u]|Z3)
> LVl + (|| Vall),

then (3.4) holds since g;(||Vu||) > 0. Furthermore, we have

1 2 q+1
E(t)ZQIIVUII —7|| 1955 > [ Vul[?.

"5 2 +2)

So (3.5) hold.
Proof of Theorem 2.2 From (2.5), we know that and E(t) is nonincreasing. Setting
= /E(t) — E(t + 1), then we have

t+1 t+1
F(1) = / IV usl? + (k + 1) / g1 ds > / VauolPds,  (3.7)
t Q t
t+1
F2t) > (k+1)/ /|uk\u52ds. (3.9)
t (9]
7
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Applying the mean value theorem in (3.7), there exists t; € [t,t + 1] and to € [t + 2, + 1]
such that

[|[Vue(t:)])? < 2F2(t), i=1,2. (3.9)
Multiplying w in (1.1), intergrating over [t1, t2] x €, we have
2 +2
/t 117l = [Jull23)de
1

to
_ /Q wl{ =2 de — / VarTul e+ [l + |Vl

t1

to to (3.10)
—/ /VuVutdxdt— (k+ 1)/ / JulFuudadt
t1 Q t1 Q
5
=> M
i=1
Now we estimate the terms of the right-hand side of (3.10). By Hélder inequality, Poincaré

inequality, (3.9), Lemma 3.4, the fact that the E(¢) is non-increasing, and Young inequality
with € > 0, we have

| M| ZI—/UtUIt iidl‘!<2|lw ) u(@)]]

[\

Z o [ue () ||| Vults)|| < C3E= (H)F(t)

< C’l(a)FQ( t)+eE(t), (3.11)
Ml =1~ [ Vvl
1
< Z IV ()| [[[Vu(ts)|| < CaB2 () F(2)
< C’g(a) 2(t) + eE(t). (3.12)
By Poincaré inequality and (3.7), we have

to t+1
M| = | / (el ? + (Ve P)dt] < Cs / V| Pds < C5F2(2). (3.13)
t1 t

From Lemma 3.4 and the fact that the E(t) is non-increasing, we arrive

1 2)
M| = | {2 VuVuds| < [7HCs(e)|| V| + e 2L |Vl ] ds

< O3(e)F2(t )—i—aE( ). (3.14)
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According to Holder

inequality, embedding theorem, the assumption k£ > ¢ and the Lem-

ma3.2, the fact that the E(t) is non-increasing and Young inequality, we have

| M|

to
< (k+1)/ /|u|k+1|ut\dxdt
=(k+1) / /\u| ]utHu\ 5 dadt
g(k+1)(/ /|u|k|ut\2dxdté/ /|u|k+2dxdt)%
t1 Q

to 1
< CrR(8)( / ] [E+2d) 3
1

to
< CoF@)( [ 19ull| Tl

t1

<cwr( [ B}

< C4(€)F2(t)1—|— eE(t). (3.15)
Substituting (3.11)-(3.15) into (3.10), we get the estimate

PIVul? — [Jul|i531de < Cs() F2(t) + e B(t). (3.16)

On the other hand, it follows from the definition of E(¢) and (3.5) in Lemma 3.4 that

2 q+2 q gr2 1 2 1 2
BO) = SV IWE3) + 5 T lwlffE + Sl 4S9
1 o 1 1 q
< SUVaP = ) + 3l + IVl + 5 B0, (37
Then we have
1 o 1 1
s B < S(IVull® = [[ullf5) + Sl + Sl Vuel (3.18)
Therefore, by (3.18), (3.16) and (3.13), we arrive that
t 2(g+1) 2
[ B(s)ds < 2950 2 (19ul|? — |ul[3)ds + 5225 [ (el + [ Tudl[2)ds
1
< Co(e)F2(t) + 422D B (). (3.19)
Since E(t) is non-increasing, we can choose t3 € [t1, t2] such that
to
E(t;) <C E(s)ds. (3.20)

Then, using (2.5), t3
that

E(t) =
<

<C[’E

t1

< t+1, it follows from (3.20) and the fact that E(t) is non-increasing

Bt +1)+ [T [V Pds + (k + 1) [ [ [ul*|us[*ds
Et3 )+ [ Vg |2ds + (k4 1) 7 fQ || F|us|2ds

s)ds + [IT||Vug|[ds + (k+1) [I1 [ Jul*|us|?ds. (3.21)
9
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Combining (3.21) with (3.19), (3.7) and (3.8), we have

2(q+1)
q+2

E(t) < C7(e)F2(t) + 4e E(t). (3.22)
Choosing ¢ sufficiently small, (3.22) leads to
B(t) < CsF2(1),

where Cg = 2(1 + 2Cs + &),
Since E(t) is nonincreasing, using Lemma 3.2, we conclude that for each ¢ € [0, 00),

E(t) < B(0) exp(—alt —1]")

where [t — 1]7 = max{t — 1,0}, and o = ln(Cgil). Then the exponential decay of the energy
is obtained. The proof of Theorem 2.2 is completed.

4 Blowup of the solutions

In this section our aim is to establish sufficient condition for blow-up of solutions to problem
(1.1)-(1.3). We assume that k£ < ¢ and u be a weak solution to the problem (1.1)-(1.3) on
the interval [0,7]. We note that the Levine energy method [30] is one of basic methods for
studying the blow-up phenomenon. The role of the differential inequality [30]

¢¢" — a(¢)? + fo* > 0,a > 1,5 >0,
in the standard Levine method is known. The generalization of this inequality
00" — a(¢)? + B* +79¢’ = 0,a > 1,5 > 0,7 20,

was obtained in [31]. On the other hand, a somewhat different differential inequality was

used to prove Theorem 3 in [3]
06" — al(¢)? + B¢ + 79> 20,0 > 1,52 0,72 0,41 > 0.
Now, we consider our main differential inequality
60" — a(¢)? + B* + 49! + 69 > 0, (4.1)
where ¢(t) € C2([0,T]) and
a>1,8>0,v>0,6>0,1>0. (4.2)

Lemma 4.1 Suppose ¢(t) € C?([0,T]). Let conditions (4.1) and (4.2) be satisfied and

moreover the following conditions hold:

20> 241, (4.3)

¢(t) > 0,¢'(0) > 0,6(0) > 0, (4.4)

(¢'(0)) = 3576°(0) + gy ™1 07 (0) + 2y 0T (0) = B> 0, (4.5)
10
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where §; = 20& 2= and §y =

es the condition

then any solution to the differential inequality (4.1) satisfi

al’

Too < (0)A7Y, lim () =
t—T

where A% = (a — 1)2¢72%(0)B.
Proof Condition (4.4) imply the existence of a time ¢; > 0 for which the inequality ¢'(t) > 0
for t € [0,¢1) holds. Hence, ¢(t) > ¢(0) > 0 for ¢ € [0,¢;). Dividing both sides of (4.1) by

d' we obtain

¢—a¢/l _ a¢_(1+a)(¢/)2 + Bd)l_a _|_,y¢1+l—a 4 5¢—a > 0. (4.6)

Noting %gbl_a = (1—-a)p¢" —a(l — a)g~ 1T (¢)2, from (4.6) it is easy to derive the

inequality
ladt2¢1 a—i—ﬁqﬁl a_|_,7¢1+l &L Fp > 0. (47)

We introduce the new function

=97 (4.8)
then we obtain
L By T 4 ST >0, (4.9)
Note now that by (4.8), we have
P(t) = (1—a)'e™?, (4.10)

so in view of ¢/(¢t) > 0 and « > 1, it follows that
W'(t) < 0. (4.11)
Now multiplying (4.9) by ¢'(t) we obtain
(06" + B (O + 3/ (0" + 80/ (BT <0,
since o > 1, which gives us

W (£ > Bla— D () +y(a — D (9 a1 +5(a — D/ (f)pa

Hence
1) 1
L) > 2o dy? 4 ”(51 twﬁl + Aol dyde, (4.12)
where §; = 1+ a=1=t = 202220 15, — 1 4 o — , it follows

that d; > 0 and 52 > 0.
Integrating (4.12), we obtain that

L' ()% > 3(0/(0)? + B (92 — 2(0)) + L& (90 — 901 (0)) + 25 (%2 — 72(0)),

11
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then, we obtain the following equivalent inequality

(W'())% > A% + Bla — 1)y + 2oLy 4 D=Ly > 42 (4.13)
where
A% = (1/(0))2 = Blo — 1)?(0) — 2=y (0) — 228D yz ().
From (4.8), (4.10) and the initial condition (4.5) we get

A% = (1= a)?¢2*(0)(¢'(0))* = Bar = 1)¢*1=)(0)
_27(?171)&1(17&) (0) — 25(?271) ¢52(17a)(0)

= (a—1)2¢72%(0)B > 0.

A further analysis of inequality (4.13) yields

|| > A >0,Vt €0,t), (4.14)
where tg is the life time of the solution. Since ¢’ < 0 by (4.11), hence,

W < —A<0. (4.15)
Integrating the inequality (4.15) we obtain
P(t) < (0) — At

in view of (4.8) and « > 1, therefore

P m(t) < @' 7(0) — At.
As a result, we obtain the lower estimate

6(t) 2 (6'7°(0) - At)=,

which implies that T # oo, since otherwise there exists Tn, < ¢'~*(0)A~! such that
lim ¢(t) = co. Then the proof is completed.

Proof of Theorem 2.3 We introduce the following notations
1 1
o(t) = QIIVUII2 + §HUH2,G(75) = |[Vue* + [ue][*.
If we multiply the equation (1.1) by u, we obtain the following equality:
¢ — G+ (Vur, Vu) + (([ulFu)e, w) + || Vul[2 = ||u]|Z53. (4.16)
The third and fourth terms in (4.16) can be estimated as follows:

|(Vug, V)| < §1[Vug|[* + 5 ||Vl < §G + 2o (4.17)

12
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and

[((lulPu)e, )] < (K + 1) Jul[[Jul 54

k41 202( k41 202(k+1)
< %HUtH24‘E‘t‘LjfL“*HVMA|%k+I 6(;%_£4t4144444,¢k+1 (4.18)

for any € > 0.
Hence, by the estimate (4.17) and (4.18), equality (4.16) yields

)2C;

k+1)202k+D
¢ — G+ G+ Lo+ G gkt 4 Gy)|12 > Jjul|2t2. (4.19)

Integrating (2.5) with respect to t gives

1 o 1 2 1 2 1 q+2
B(t) = Il + 5 IVl + 51Vl S llullf 3 < E ().

Then we get

q+2 q+2
Jul|I5 > G+ IVul|* = (¢ + 2)E(0). (4.20)

Then, (4.20) and (4.19) yield
2(k+1)
¢ — TG + G+ Lo+ B gk G| 1 (g +2)B(0) > 0. (4.21)
Now, we choose € = ¢y = % > 0 so that

ap=131 -9 =24+k>1 2 p=4+k>k+2, (4.22)

where we have used the fact ¢ > k. Then (4.21) becomes

k+1)2 2(k+ )

¢ — oG + %¢+ "+ (¢ +2)E(0) > €||[Vul|? > 0. (4.23)

From the Cauchy-Schwarz inequality, we have

(¢)? < ¢G. (4.24)
Then using (4.24) and (4.23) we arrive at the following second order differential inequality

k+1ﬁcﬂ<+

¢¢" — ao(¢)* + 5¢° + ¢ 4 (g +2)E(0)¢ > 0. (4.25)

Comparing this differential inequality with inequality (4.1), we find that

2(k+1
(k+1)200( )
€0

a=apf=L7= ,6 = (q+2)E(0),l = k. (4.26)

By (4.26) and (4.22), we know that (4.2) and (4.3) are satisfied. By (2.8) and (2.9), we know
that (4.4) and (4.5) are satisfied. Then by Lemma 4.1, we see that ¢(t) blows up in finite
time. This theorem is proved.
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COMPACT AND MATRIX OPERATORS ON THE SPACE
|Oa _1|k

G. CANAN HAZAR GULEC AND M. ALI SARIGOL

ABSTRACT. According to Hardy [5], Cesaro summability is usually consid-
ered for the range a > —1. In a more recent paper [14], the space |Cql
is studied for oo > —1. In this paper we define |C_1]|, using the Cesaro
mean (C,—1) of Thorpe [26] , compute its a-, 8- and ~- duals, give some
algebraic and topological properties, and characterize related matrix oper-
ators, and also obtain some identities or estimates for the their operator
norms and the Hausdorff measure of noncompactness. Further, by apply-
ing the Hausdorff measure of noncompactness, we establish the necessary
and sufficient conditions for such operators to be compact. So some results
in [14] is also extended to the range o > —1.

1. INTRODUCTION

Let w be the set of all complex sequences, ¢, C w be the set of convergent
and bounded sequences. For ¢y, bs and £ (k > 1, £1 = £), we write the sets of all
convergent, bounded, k-absolutely convergent series, respectively. Let A = (a,;)
be an arbitrary infinite matrix of complex numbers. By A(z) = (A, (z)), we
denote the A-transform of the sequence z, i.e., A, (z) = Z;‘io an;x;, provided
that the series converges for n > 0. We say that A defines a matrix trans-
formation from U into V, and it denote by A € (U,V) or A : U — V if
sequence Ax = (A,(x)) € V' for every sequence x € U, where U and V are
subspace of w and also the sets U* = {e¢ € w: (g,2,) € L for all z € U}, U =
{ecew:(epay) €Ecsforallz e U, U ={e € w: (e,2y) € bs for all z € U} and

Us={zcw:A(x) e U} (1.1)

are said to be the a-, 8-, v- duals of U and the domain of the matrix A
in U, respectively. Further, U is said to be an BK-space if it is a complete
normed space with continuous coordinates p, : U — C defined by p, (z) = z,
for n > 0. The sequence (e™) is called a Schauder base (or briefly base) for
a normed sequence space U if for each z € U there exist unique sequence of

1991 Mathematics Subject Classification. 40C05, 40D25, 40F05, 46A45.
Key words and phrases. Sequence spaces; Absolute Cesaro summability; Dual spaces; ma-
trix operators; Bounded linear operator; BK spaces; Norms.
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coefficients (z,) such that ||z — > /" z,e’|| — 0 (m — o0), and in this case
we write © = Zf)ozo Zy€y. For example, the sequence (e(")) is a base of [, with

respect to the norm [|z|, = (Zzozo |~"Cu|k) 1/k . k> 1, where e(™ is the sequence
whose only non-zero term is 1 in the nth place for each n.Throughout £* denotes
the conjugate of k > 1, i.e., 1/k+1/k* =1, and 1/k* =0 for k = 1.

Let Ya, be an infinite series with partial sum s,,. Let (o%) be the nth Cesaro
mean (C, ) of order & > —1 of the sequence (s,,) , e.i., 0% = 4= >""_ A%"'s,.The
summability |C,a|, was defined by Flett [4] as follows. The series Ya, is said
to be summable |C, a|, with index k> 1 if

k-1 k
Zln lon —on_1|" < oo.
ne

More recently the series space |Cy|, has been studied by the second author
for a > —1, [14]. The Cesaro summability (C, ) is studied usually for range

a > —1 (see [5]). Since the above definition does not work for @ = —1, so
it was separately defined by Thorpe [26] as follows. If the series to sequence
transformation
n—1
T, = ZaV—I—(n—i—l) an (1.2)
v=0

tends to s as n tends to infinity, then the series Ya, is summable by Cesaro
summability (C, —1) [26]. Now we define the space |[C_i|,, k > 1, as the set
of all series summable by the method |C,—1], . Then, it can be written that

IC_1], = {a =(ay): > 0T, — Ty |F < oo}, where (T},) is defined by
n=1
(1.2), or

|C_ql, = {a = (a,): anfl [(n+1)a, — (n— 1)an,1|lC < oo}.

n=1

The problems of absolute summability factors and comparision of these meth-
ods goes to old rather and uptill now were widely examined by many authors,
(see, [1-3], [6], [10-12], [16-22] ,[24-25])) et al. There are a close relation between
these problems and some special matrix transformations such as an identity
matrix I and a matrix W = (wy,) defined by w,, = €, and w,,, = 0 for v # n.

In this paper we derive a series space |C_1|, using the Cesaro summability
(C,—1) of Thorpe [26] , compute its a-, 5- and - duals, give some algebraic
and topological properties, and characterize certain matrix operators defined on
that space, and also obtain some identities or estimates for the their operator
norms and the Hausdorff measure of noncompactness. Moreover, by applying the
Hausdorff measure of noncompactness, we establish the necessary and sufficient
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conditions for such operators to be compact. So we also complete some open
problems in the paper of Sarigsl [14].

The following lemmas play important roles to prove our theorems.

Lemma 1.1. Let 1 < k < co. Then, A € (¢, £) if and only if

g+ 1/k
} < 00,

where N is any finite set of positive numbers [23].
The following lemma is more useful in many cases, which gives equivalent

norm.
Lemma 1.2. Let 1 < k < 0co. Then, A € (¢, ¢) if and only if

e ey Lk
14l ey,0) = {2( _O|am|) } <o,

and there exists 1 < £ < 4 such that ||A||'(£k,e) =¢ ||A||(ek,e) [15].

The second part of this lemma is easily seen by following the lines in [15] that
1Al < 1ATge 0 < 41AlL gy 0 -

Lemma 1.3. Let 1 < k < co. Then, A € (¢,¢}) if and only if

o0

HAH(ek,Z) = S%P { >

v=0

oo
Z Apy

neN

- 1/k
4l =50 { £ e} <00, 17
Lemma 1.4.

a-) A€ ({,c) & (i) limy, an, exists, v >0, (i7) sup, , |an| < co.

b-) A € (¢,0) < (i) holds.

¢-) Let 1 < k < 0o.Then, A € ({y, o) < (144) sup, > ooy lans|® < 00
d-) A € (g, c) < (3) and (47) hold [23].

2. THE HAUSDORFF MEASURE OF NONCOMPACTNESS

If S and H are subsets of a metric space (X, d) and € > 0 then S is called an
e-net of H , if, for every h € H, there exists an s € S such that d (h, s) < ¢; if S'is
finite, then the e-net S of H is called a finite e-net of H. Let X and Y be Banach
spaces. A linear operator L : X — Y is called compact its domain is all of X
and, for every bounded sequence (x,) in X, the sequence (L(z,)) has a conver-
gent subsequence in Y. We denote the class of such operators by C (X,Y). If @
is a bounded subset of the metric space X, then the Hausdorff measure of non-
compactness of @ is defined by x(Q) = {e > 0: Q has a finite e-net in X} ,and
x is called the Hausdorff measure of noncompactness.

The following result is an important tool to compute the Hausdorff measure
of noncompactness of a bounded subset of the BK space £, k > 1.
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Lemma 2.1. Let @@ be a bounded subset of the normed space X where X =
L, for 1 <k <ooor X =c¢pIf P,: X — X is the operator defined by P, (z) =
(20,1, ..., T, 0, ...) forallz € X, then x(Q) = lim, .o (Sup,cq |(I — P) ()]|) ;where
I is the identity operator on X, [13].

If X and Y be Banach spaces and x; and x, be Hausdorff measures on X
and Y, then, the linear operator L : X — Y is said to be (x;, x2)-bounded if
L (Q) is bounded subset of Y for every bounded subset @ of X and there ex-
ists a positive constant M such that x, (L (Q)) < M x; (Q) for every bounded
Q of X. If an operator L is (x;,Xz)-bounded then the number [|L[|, . ) =
inf {M > 0: x5, (L(Q)) < Mx; (Q) for all bounded @ C X} is called the (xq, X2)-
measure of noncompactness of L. In particular, we write [|L[|, ., = [|L]|, for
X1 = X2 = X-

Lemma 2.2. Let X and Y be Banach spaces, L € B(X,Y) and Sx =
{z € X :|z|| <1} denote the unit sphere in X. Then, ||L||, = x (L (Sx)), and

LeC(X,Y) if and only if |L]|, =0,[8].

Lemma 2.3. Let X be normed sequence space and yx, and x denote the
Hausdorff measures of noncompactness on ./\/lX and M x, the collections of all

T
bounded sets in X7 and X, respectively. Then, xr (Q) = x (T(Q) for all Q €
M, where T'= (t,,) is a triangular infinite matrix, [9].
T

3. CONTINUOUS AND COMPACT MATRIX OPERATORS ON THE SPACE |C_1],

In this section by giving some topological properties, a-, -, - duals, base of
|C_1],, ,we characterize matrix operators on that space, determine their norms,
and also establish the necessary and sufficient conditions for such operators to
be compact by applying the Hausdorff measure of noncompactness, which also
extends some results of Sarigol [14] to oo > —1. First of all, we define the matrix

T®) = (#8)) by 1) =1,

/¥ (n—-1), v=n—-1
tk) = ¥ (n+1), v=n (3.1)
0, otherwise,

for 1 < k < oo. Then it is clear that |C_1|, = (¢x)pu according to (1.1).
Further, since every triangular matrix has a unique inverse which is also triangle
[27, p. 9]. there exists the inverse of T®*) and denote this inverse by S*). Now
it follows from (1.2) that ag = yo and a, = [n(n+1)]" " r_, o' /*y,, n > 1,

and so 8(()]8) =1,

J1/k
— 1< <
st =4 n (n+1)" — v=n (3.2)
0, V>N
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Finally, we define the following notations:

o0
D, = {5 =(ey) ew: Y sVe, converges, r > 1} ,
v=r
< oo},
o
< oo},

i 51()%”) Ev

v=r

Dg{s(sv)EM:sup

m,r

m

> Sgi)gv

v=r

D3 =

m
e=(gy) Ew:sup y,

m r=1

—

D4:{5:(£v)€w:sup2 sWe, <oo},
&) o0 k*
D5 = 5:(5v)6w:2{z sgf)sn} <00 .
v=1 \n=v

Theorem 3.1. Let 1 < k < oo . Then,

a-) The space |C_|, is BK-space with respect to the norm ||x||‘c_1|k

||T(k)(x)||lkand isomorphic to the space /, ie., |C_1|, = {}, where T®) is
defined by (3.1)

b-) |C_4|P = Dy N Dy for 1 < k < o0 and |C_4|® = Dy N Dy for k = 1.

c-) |C_1]} =Dz for 1 <k < oo and |C_4|) = Dy for k= 1.

d-) |C_4|y = D5 for 1 <k < oo and |C_q|; = Dy for k= 1.

e-) The sequence b(¥) = (bgf))) is the Schauder base of the space |C_4], for
v,n > 0, where bgf) = .951’“3

Proof a-) Since [;, is BK-spaces with its usual norm, |[C_;|, = (¢)pu and
T®*) is a triangle matrix, it follows from Theorem 4.3.2 of Wilansky [27, p. 61]
that |C_;|, is BK-spaces for 1 < k < co. To prove the second part, define 7% :
(Cal, — L by

T7(1,k) (z) = !/ (n+1)z, —(n—1)zp], n>1
Then, it is clear that T®) is linear operator and surjective, since, if y € £y,
then z,, = [n(n+1)] 7" 0_, v'/*y,, where y = T™ (), and also one to one.
Further, it preserves the norm, since HT(]“) (x)”lk = ||9c||‘c_1|k ,which completes
the proof.

b-) Let 1 < k < co. Now, ¢ € |C_1\£ if and only if Ye,x,, is convergent for
every x € |C_1|, . Let y = T®) (). Then, y € ¢ if and only if z € |C_;|, , where
2 = (n(n+1))"" S wt/ky, for n > 1, 29 = yo, and also it can be written
that

m

m m m
Zo Evly = E0Yo + Z (Z SE;];)EU) Yr = Zo B Y

r=1 V=T
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where, (1,0 = €o,

- STosWe1<r<m
mr 0, r>m.

So it follows from Lemma 1.4. that ¢ € |C_1|£ iff p € (lg,c), or equivalently,
€ € Dy N D3, which completes the proof.

Since (c) and (d) can be proved easily as in (b), so we omit the detail.

e-) Since [C_1|, = (fx)pu and the sequence (e(”)) is a base of lj, where

e) = (e,(f)), it is clear that the sequence (b(”)) is the base for|C_1|, . In fact,
if z € |C_4], , then there exists y € I} such that y = T")(z), and so it follows

y— > yve(v)

= H — 0 as m — oo,
[C_1l, v=0

178

z— 3 z,b
v=0

where x,, = (T(k));1 (y), v > 0. Further, it has the unique representation by z =

Yooco x,b("), which is immediately seen from the triange inequality of norm.
Also, we state the following result which is immediate by Theorem 3.1.
Theorem 3.2. Let 1 < k < oo and A = (a,,) is an infinite matrix with

complex terms for all n,v > 0. Define the matrices L = (Zm) , D = (dn,) and

N”z@@)w

— S} a
gnr: Lv
TUZ::T viv+1)
Ay =05 [(n+ 1)l — (n = 1) b)), n> 1,0 > 1 (3.3)
d—(,)_{O,l<’l’L<T
nv dpy, M>r

Then each matrix in the class A € (|C_1|,|C_1]|,) defines a bounded linear
operator Ly : |C_i| — |C_1|, such that L(z) = A(z) for all z € |C_;|, and
A€ (|C-4],]|C-41],) if and only if

L is well defined n,r > 1, (3.4)
fyljl;) TU;T % < oo for each n, (3.5)
= k
sup > |dny|” < o0. (3.6)
v n=1

Morever, if A € (|C_4],|C_1],), then

1Zall(o o) = 1Py and  [1Lall, = lim |[D®) (3.7)

(L)
Proof.The first part is immediate by Theorem 4.2.8 of Wilansky [27, p.57],
since |C_1| and |C_4|, are a BK-spaces by Theorem 3.1. For second part, A €
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(1C-1],|C=1ly,) HE (any)g2g € (|C_1])” for each n, and A(z) € |C_1], for every
€ |C_1|. Now, by Theorem 3.1 (b), (ano)2 € (|C_1])7 iff (a0,)2, € D1N Dy,
or, equivalently, (3.4) and (3.5) hold for each n. Now, to obtain (3.6), consider
operator T™M : |C_,| — ¢, by using (3.1) for k = 1 by

TW (@)= (n+1)z,— (n—1) 2, (3.8)
As in the proof of Theorem 3.1, T(}) is bijection and the matrix corresponding
to this operator is triangle. Further, let = € |C_;| be given, then y € ¢, where
y =TW (z), forn >0, z_; = 0, and also, z, = (n(n+1))"" oo, vy, for
n > 1 and zyp = yo. Now, we can write

m m m Ay mo_(y)
Z Aoy = Z <T Z > Yr = Z emry?”v
v=1

r=1 v=r V (V + 1) r=1
where

m a'ﬂlj
_ r . —1<vrv<m
A R ARy
0, v >m.
Moreover, if any matrix H = (hn,) € (¢,c¢), then, the series H,(x) = Zyhppy
converges informly in n, since, by Lemma 1.4, the remaining term tends to zero
informly in n, that is,

Z hnvxv < Sllp|hm;| Z |CEU| —0asm — o0,
and so
lim H,(z) = > lim hppxy (3.9)

v=0 "

Hence, since (3.4) and (3.5) hold, ™ = (Zg:,)) € (¢,c), then by (3.9), we get

An(x) = Z (hng;r)) Yr = zoznryr = zn(l/)y

r—0 \ m
This shows that A(x) € |C_4|, for every z € |C_4| iff L(y) € |C_1|,, for every
y € ¢, or, equivalently, D(y) € £, since |C_1|, = ()pu) , where D = T,
So, it is clear that A € (|C_1|,|C_1|,) iff (3.4),(3.5) hold, and D € (£,4). A
few calculations show that

dpy = 3 t000, = 0¥ [0+ 1) Tny — (0 — 1) Tp_r], vin > 1,
r=1

Therefore, it can be obtained from Lemma 1.3 that D € (¢, ¢;) iff (3.6) is satis-
fied, which completes the proof of the second part.
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Now, to compute norm of A, A € (|C_4|,|C_41],) iff D € (¢, 4}), where D
is defined by (3.3). On the other hand, consider the isomorphisms 7 : |C_;]
— £ and T : |C_4|, — ; defined in (3.8) and Theorem 3.1 (a), respectively.
Then we get A = (T(’“))_1 0DoT™. So, by Theorem 3.1, = € |C_,| iff y =
TW(z) € £ and ||A(m)|||cil‘k =D Wl,, for all z € |[C_1| and y € ¢, which
glves ||A||(|Cf1\;|c—1\k) = HD”(LIU .

Finally, let S = {x € |C_1] : ||z|| < 1}. Then, by Lemma 2.1-Lemma 2.3, and
from the definition of D) we get

[Lall, = x(LaS)=x(DTS)= lim sup [[({ - P) D),
r—=00 yeTS
- 1/k
— lim HDW = lim Sup{ > |dm,|k}
roo W) e v Ladri

where P, : I — lj is defined by P.(y) = (yo,%1,-,¥r,0,...) and the matrix
D) = (J,W) is defined as: d,,, = d,,, for n > r, 0 otherwise. Thus, the proof is
completed together with Lemma 1.3.

It is directly characterized from Theorem 3.2 the compact operators in the
class (|C_1| y |C—1‘k)'

Corollary 3.3. Under hypotheses of Theorem 3.2, Ly € (|C_1],|C_1],) is
compact if and only if |La|, = lim, . HD(T)H(W) =0.

Now, If a matrix A is chosen as a special matrix W and I, then A €
(|C-1],|C-1|;) means the form of summability factors that Xe,z, is summa-
ble |C_1|, when ¥z, is summable |C_;|, and I € (|C_y|,|C_4|,) means the
comparisons of these methods, i.e., |[C_1| C |C_1], . If we put A = I, then, since

r
_ —— 1<r<n
gnr: TL(TL+1) o
0, n<r

and
d { nl/k* [(n—l— 1)y, — (n— 1)Zn_1,y] ,1<v<n
e 0, v >n,

it is also clear that condition (3.4),(3.5) and (3.6) are satisfied. So one can
easily derive from Theorem 3.2 the following result.

Corollary 3.4. Let 1 <k < oco. Then, |C_;| C |C_4], .

Theorem 3.5. Let 1 < k < co and A = (an,) is an infinite matrix with
complex terms for all n,v > 0. Let be define the matrices L = (ij) as in

Theorem 3.2 and F' = (f,,) and F(") = (;(:;)) by

for = vV [0+ 1)l — (n— 1) lp1,], v > 10> 1, (3.10)
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and

~(T){ 0, 1<n<r

" fov, m>r
Then each matrix in the class A € (|C_1|,,|C_1|) defines a bounded linear
operator L : |C_1|, — |C_1] such that La(z) = A(x) for all z € |C_4], , and
A€ (|C_1],,|C-1]) if and only if (3.4)

< o0, (3.11)

0o 0o kx
S (S im) < 3.12)
Morever, if A € (JC_1|,,|C-1]), then, there exists 1 < & < 4 such that

1

1 . .
14l ppicaty = g 1l @ 24l = g tim |[FO (3.13)

()

Proof. The first part is immediate by Theorem 4.2.8 of Wilansky [27, p.57],
since |C_1| and |C_4|, are a BK-spaces by Theorem 3.1. For the second part,
let A € (|C_1],,|C-1]). Then, (an),ey € (|C’_1\k)’3 and A (z) € |C_4| for every
¢ €|C_1],, . Now by Theorem 3.1 (b), (an,)> € (IC_1],)" iff (a0, )22y € D10
D for each n. This also means that (an, ), € (|C'_1|k)ﬁ iff conditions (3.4) and
(3.11) hold. Also to obtain (3.12), we consider the operators T : |C_;|, — £
same as Theorem 3.1 (a). Then, since the space |C_1|, is izomorf to ¢, it can
be written that = € |C_4|, iff y € ¢, where T (z) = y ,i.e.,yo = z0 and
yo = T () = nV/* [(n+ 1)@y — (n— D @p_y] forn > 1,21 = 0. So by
(3.2), as in the proof of Theorem 3.2 we get

- X 1/k* p(n) 2 —(n)
D ATy = DT ConioYr = D fnrYr
v=1 r=1 r=1

where, ?ﬁ:j = UK for 1 < r < m, and ?E:: =0 for r > m, and ™ =

(Z(")) is defined as in Theorem 3.2. Moreover, if any matrix H = (hy,) € (¢, c),

mr

then by Lemmal.4 and using Holder’s inequality, we get

0o 0o - 1/k* 50 . 1/k
5 ] <o (£ ol ) alt)
v=m n v=0 v=m
Also, since x© € {, we obtain that the series H,,(z) = X,hn,, converges in-

formly in n, which implies

lim H, () = > lim hpyy,. (3.14)
n =0 n
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Therefore, since (3.4) and (3.11) hold, F(") = (?E::

we get

) € ({k,c), then by (3.14),

o0

. 7(7]) o0 - . — oo _
@)= 2 (I T0)) ve = 2 v T = 3 Tt = Fuly), n 2 1

r=1

where, f,, = lim,, ff;;), This shows that A(x) € |C_1] for every z € |C_4], iff
F(y) € |C_1] for every y € {4 or, equivalently (TWF) (y) € ¢, since |C_;| =
()7 , so we obtain that F' € (¢, ), where F' = TWF. Hence, it is clear that
A € (|C_q],,,|C-1]) iff (3.4),(3.11) hold, and F € (¢, ¢) .With a few calcula-
tions, it can be easily seen that F' is the same as (3.10), and so it follows from
applying Lemma 1.2 to the matrix F' that F' € (¢, £) iff (3.12) is satisfied, and
this proves the second part.

Also, considering that T") : |C_;|, — € and T : |C_;| — ¢ are norm
isomorphism, as in Theorem 3.2, it follows that A = (T(l))71 oFoT™) and so,
by Lemma 1.2,

1 /
1allge iy = 1Fllewn = 2 1Pl

Finally, S = {z € |C_1], : ||z|| < 1}. Then, by considering Lemma 2.1-Lemma
2.3, and Lemma 1.2, there exists 1 < & < 4 such that

ILall, = lim  sup (I = P) F(y), = lim ||F)

1
— 2 (r)
oo lim ‘F

(Ie,d)  §r—oo

(lkvl)
where P, : [ — [ is defined by P.(y) = (vo,%1,-,Yr,0,...) and the matrix
F) = (}S’;)) is defined as: f,(ﬂ) =0for 1 <n <7 and f,, for n > r, which
proves the theorem together with Lemma 1.2.

The compact operators in this class are obtained from Theorem 3.5 as follows.
Corollary 3.6. Under hypotheses of Theorem 3.5,

La € (|C1l,,|C1]) is compact if and only if lim HF(’”) —0.

T — 00

()
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On value distribution of meromorphic solutions of a certain

second order difference equations *
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Abstract. In this paper, we consider difference equation f(z + 1) 4+ f(z — 1) =

%, where C' is a non-zero constant, A(z) = %, m(z) and n(z) are irre-
ducible polynomials, we obtain the forms of rational solutions.
To the difference equation f(z+1)+ f(z—1) = %2?83(2)7 where A(z), C(z)

are non-constant small functions with respect to f(z), the Borel exceptional value,
the exponents of convergence of zeros, poles and fixed points of finite order tran-
scendental meromorphic solution f(z), and the exponents of convergence of poles
of differences Af(2) = f(z + 1) — f(2), A%f(2) = Af(z + 1) — Af(2) and divided
differences AfJES)’ A;(fz()z) are estimated.

Mathematics Subject Classification (2010). 39B32, 34M05, 30D35.

Keywords. Difference equation, Rational solution, Transcendental meromorphic

solution.

1 Introduction and Results

Halburd and Korhonen [6, 7] used value distribution theory and a reasoning related to the
singularity confinement to single out the difference Painlevé I and II equations from difference
equation

f+1)+ f(z—1) = R(zf), (1.1)

where R is rational in both of its arguments. They obtained that if (1.1) has an admissible
meromorphic solutions of finite order, then either f satisfies a difference Riccati equation, or
(1.1) may be transformed into some classical difference equations, which include difference

Painlevé I equations
az+b

f+)+ f(z—-1) = %) +c, (1.2)
_az+b ¢
f(erl)Jrf(z—l)—if(Z) +f2(2)7 (1.3)
e+ f2)+ f(z—1) = %ﬂ, (1.4)
and difference Painlevé I equation
Fe41) 4 fa—1) = @FDIE e (1.5)

-G
*This research was supported by the National Natural Science Foundation of China (No: 11371225) and by

the Fundamental Research Funds for the Central Universities.
fCorresponding author. E-mail: chenminfengl198710@126.com.
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where a,b and ¢ are constants.

Recently, as the difference analogues of Nevanlinna’s theory are investigated [2,5], many
results on the complex difference equations are rapidly obtained, such as [1,3,10—12]. However,
there are a few papers concerning with the existence of rational solution of difference Painlevé
equations. In this paper, we will consider the forms of rational solutions, and investigate the
value distribution of meromorphic solution of finite order of a certain type of difference equation
which originates from the difference Painlevé II equation.

We assume that the reader is familiar with the basic Nevanlinna’s value distribution theory
of meromorphic functions (see[4,9]). In addition, we use the notation o(f) to denote the order of
growth of the meromorphic function f(z), A(f) and A( %) to denote, respectively, the exponent
of convergence of zeros and poles of f(z). We also use the notation 7(f) to denote the exponent

of convergence of fixed points of f(z) which is defined as

) = = log N (r, ﬁ)

T—00 log

We denote by S(r, f) any quantify satisfying S(r, f) = o(T(r, f)), as r — oo, possibly outside
a set with finite measure. For every n € N* the forward difference A™f(z) are defined in the
standard way [14] by Af(2) = f(z + 1) — f(2), A" f(2) = A"f(z + 1) — A" f(2).

Chen and Shon [3] considered the difference Painlevé II equation (1.5) and proved the
following result.

Theorem A. (See [3]) Let a,b,c be constants, ac # 0. Suppose that a rational function

P(z)  pz™+pp—12™ "+ 4 po

z) = =
/z) Q) @'+ 12" 4+ qo
is a solution of (1.5), where P(z) and Q(z) are relatively prime polynomials, p,pm—1,---,Po
and q,qn_1,...,qo are constants. Then
n=m+1 and p:—Eq.
a
In equation (1.5), if we replace az + b with A(z) = %, where m(z) and n(z) are mutually

prime polynomials, we still consider the rational solutions of equation (1.5), what will happen?

Here, we obtain the following result.

Theorem 1.1. Let C be non-zero constant, and A(z) = ZL((ZZ)) be a rational function, where

m(z) and n(z) are mutually prime polynomials with degm(z) = m, degn(z) = n. If difference
equation

A)f(z)+C

1— f2(2)
has a rational solution f(z) = %, where P(z) and Q(z) are relatively prime polynomials with
deg P(z) = p, degQ(z) = g, then

(i) Suppose that m > n, then p —q = ™5™ and m —n must be even or ¢ —p=m —n > 1;

Fe+D)+fz—1) = (1.6)

(i) Suppose that m =n, then p —q =0 and

: M — im @ =
zlggo n(z) —A4eC \ {O}, zl—>oo Q(Z) BeC \ {0}7

C =B[2(1 - B?) — A] or C = £A;
(i4i) Suppose that m < n, then p—q =0 and

lim P(z)

% Q)

=BeC\{0,+1}, C=2B(1-B?.
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The following examples show that the difference equation (1.6) has rational solutions satis-
fying Theorem 1.1 (i), (ii) and (iii).
Example 1.1. The difference equation

2284224402242 C2 f(Z) +C

JEtD)+f(z-1) = T

has a rational solution f(z) = z + %, where C # 0, m =6, n =4, p =2, g =1 and

_g=m=n 1
P—q=— =1
Example 1.2. The difference equation
(-Cz+2)f(2)+C
= f2(2)
has a rational solution f(z) = %, where C 20, m =1, n=0, p=0, ¢g=1and q—p =

fE+D)+f(z-1) =

m—n=1.
Example 1.3. The difference equation

—2(z3+5z+10)f .
St +2
fz+1)+ flz—1) = 42222 (2)

0
has a rational solution f(z) = i_ﬁ, wherem=n=3, p=q=1,
_ 3 _
lim 2(z +5z+10):_27 lim 1: ,
zo0 23 4222 — 7z —2 zvoo 2z + 1

and C =2=B[2(1-B?) - Al=1-[2-(1-1)—(-2)].
Example 1.4. The difference equation

3 2
—442°+362°4+28z+12 (Z) —~12

2422322422
1 —-1) =
Fe4 1)+ 1 1) —
has a rational solution f(z) = 2(ZZ_+11), wherem =3, n=4, p=q=1 and
2 1
im 2EFY o o 9 —op(-BY)=2.2.(1—-22),
zZ—00 zZ —

In [3], Chen and Shon also investigated some properties of meromorphic solutions of finite
order of difference Painlevé II equation (1.5) and obtained the following result.

Theorem B. (See [3]) Let a,b,c be constants with ac # 0. If f(z) is a finite-order tran-
scendental meromorphic solution of the difference Painlevé II equation (1.5), then:
(1) f(z) has at most one non-zero finite Borel exceptional value;
(i) A (3) = M) = o ()
(i5i) f(z) has infinitely many fized points and satisfies 7(f) = o(f).

In this paper, we investigate the properties of a transcendental meromorphic solution of the
difference equation

e 1)+ 5 - 1) = A OE),

where A(z), C(z) are nonconstant small functions with respect to f(z). And we obtain the

(1.7)

following result.
Theorem 1.2. Suppose that the difference equation (1.7) admits a transcendental mero-

morphic solution of finite order, then

() A (3) = A = o(h);
(i0) A (ap) = (Af%())) =o(f), Az ) =2 (A})> — o (f);

o)
(iii) If 22(2% — 1) + 2zA(2) + C(2) £ 0, then 7(f) = o(f);
(1v) In particular, if A(z)£C(z) =0, then f(z) has at most one non-zero finite Borel exceptional

value.
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2 Lemmas for the Proof of Theorems

Lemma 2.1. (See [10, Theorem 2.4],[5]) Let f(z) be a transcendental meromorphic solution

of finite order o of the difference equation

where P(z, f) is a difference polynomial in f(z) and its shifts. If P(z,a) £ 0 for a slowly

moving target meromorphic function a, that is, T(r,a) = S(r, f), then

m (n f1> = O(" 1) + S(r, f),

—a
outside of a possible exceptional set of finite logarithmic measure.

Lemma 2.2. (See [10, Theorem 2.3])  Let f(z) be a transcendental meromorphic solution of

finite order o of a difference equation of the form

U(Z7 f)P(Zv f) = Q(Z, f)a

where U(z, f), P(z, f) and Q(2, f) are difference polynomials such that the total degree deg; U(z, f) =
n in f(z) and its shifts, and deg; Q(z, f) < n. Moreover, we assume that U(z, f) contains just

one term of mazimal total degree in f(z) and its shifts. Then for each € > 0,
m(r, P(z, f)) = O(r" %) + S(r, f),
possibly outside of an exceptional set of finite logarithmic measure.

Lemma 2.3. (See [13])  Let f(z) be a meromorphic function. Then for all irreducible rational
functions in f(z),

2imo ai(2)f'(2)

Y=o bi(2) 17 (2)

with meromorphic coefficients a;(z),b;(2)(am(2)bn(2) # 0) being small with respect to f(z), the

R(z, f(2)) =

characteristic function of R(z, f(2)) satisfies
T(r,R(z, f(2))) = max{m,n}T(r, ) + S(r, f).

Lemma 2.4. (See [2, Corollary 2.5]) Let f(z) be a meromorphic function of finite order o

and let n be a non-zero complex number. Then for each € > 0, we have

Lemma 2.5. (See [2, Theorem 2.1]) Let f(z) be a meromorphic function with order o =

o(f),0 < 400, and let n be a fized non-zero complex number, then for each € > 0, we have
T(r, f(z+n) =T(r, f(2)) + O(r" %) 4+ O(log r).

Lemma 2.6. (See [2, Theorem 2.2]) Let f(z) be a meromorphic function with exponent of

convergence of poles A (%) = A < o00,n # 0 be fized, then for each e > 0,

N(r, f(z+m) = N(r, f(2)) + O(r*"*%) + O(log ).

Lemma 2.7. (See [8, Remark 1]) Let f(z) be a transcendental meromorphic function. If
P(z, f) and Q(z, f) are mutually prime polynomials in f(2), there exist polynomials of f(z),
Ul(z, f) and V(z, f) such that

where s(z) and coefficients of U(z, f) and V(z, f) are small functions with respect to f(z).
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Lemma 2.8. Let f(2) be a transcendental meromorphic function and A(z) £ C(z) # 0, then
A(2)f(2)+C(2) and f(2)(1— f%(2)) are mutually prime polynomials in f(z), where A(z), C(z)
are nonzero small functions with respect to f(z).

Proof. Since A(z), C(z) are non-zero small functions with respect to f(z) and A(2)+C(z) Z 0,
then C(2)(C?(z) — A%(2)) £ 0, T(r,C(2)(C%*(z) — A%(2))) = S(r, f). There exist polynomials
of f(2), U(z, f) = A%(2) f3(2) — A(2)C(2)f(2) + C?(z) — A%(2) and V (2, f) = A3(2) such that

Uz, )I(A()f(2) + C(2)) + V(2 /) f(2)(1 = f2(2)) = C(2)(C?(2) — A%(2)).
By Lemma 2.7, we see that A(2)f(z) + C(z) and f(2)(1 — f%(z)) are mutually prime.

Lemma 2.9. Let f(2) be a transcendental meromorphic function and A(z) £ C(z) #£ 0, then
2f3(2) + (A(2) — 2)f(2) + C(2) and 1 — f?(2) are mutually prime polynomials in f(z), where

A(z), C(2) are non-zero small functions with respect to f(z).

Proof. Since A(z), C(z) are non-zero small functions with respect to f(z) and A(z)+C(z) # 0,
then A%(z) — C%(z) # 0, T(r,A%(z) — C%(z)) = S(r, f). There exist polynomials of f(z),
Uz, f) = A(2) f(2) — C(2) and V (z, f) = 2A(2) f?(2) — 2C(2) f(2) + A%(2) such that

Uz [)2F(2) + (A(2) = 2)f(2) + C(2)) + V (2, /)1 = £2(2)) = 42(2) — C*(2).
By Lemma 2.7, we see that 2f3(z) + (A(z) — 2)f(2) + C(z) and 1 — f2(2) are mutually prime.

Lemma 2.10. (See [15, Theorem 1.51])  Suppose that f1(z), f2(2), ..., fa(2)(n > 2) are mero-
morphic functions and g1(2),92(2), ..., gn(2) are entire functions satisfying the following con-
ditions,

(1) Sy fi(z)en @) =0,

(2) g;(2) — gx(2) are not constants for 1 < j <k < n;

(3) For 1 < j<n,1<h<k<n, T(rfiz) = o(T(r,en@H=9))(r - co,r & F), where
E C [1,00) is finite linear measure or finite logarithmic measure.

Then fi(z) =0 (j =1,...,n).

Lemma 2.11.  Suppose that f(z) is a transcendental meromorphic solution of finite order of
the difference equation
0A(2)
1 — )= :
O T O (21)

where 6 = £1, A(z) is a non-constant small function with respect to f(z), then
() A (3) = A = o();

(77) f(2) has at most one non-zero finite Borel exceptional value.

Proof. (i) Since f(z) is a finite order transcendental meromorphic solution of the equation
(2.1), then we have

Pz, f)=0fR)(f+1)+fz=1))—(f(z+ 1)+ f(z—1)) + 6A(2) =0. (2.2)

By (2.2), we obtain
P(z,0) =0A(2) #0. (2.3)

It follows from (2.3) and Lemma 2.1 that

() =501

outside of a finite exceptional set of logarithmic measure. Then
1
N (n ) =)+ 800 1)
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that is, A(f) = o(f).
Next, we will prove A (%) =o(f). It follows from (2.1) that

0f(2)(flz+ 1)+ f(z=1))=fz+ 1)+ f(z — 1) — §A(2). (2.4)
Set o(f) = 0 < 0o, by Lemma 2.2, we have
m(r, f(z+1) + f(z = 1)) = 07 F%) + S(r, f), (2.5)

possibly outside of an exceptional set of finite logarithmic measure. By (2.1) and Lemma 2.3,

we obtain

T o4 1)+ £ 1) =T (n 250 ) =T ) 4 5(1.5) (26)
Since A (%) < o(f) < o0, it follows from (2.5), (2.6) and Lemma 2.6 that

T(r, f)+0@" )+ S(r, f) = N(r, f(z+ 1) + f(z — 1))

) (2.7)
<2N(r, f) + O F)71+9) 4 O(log ),
then A (;) = o(f).
(ii) By (i), we see that 0, co are not the Borel exceptional values of f(z). Suppose that f(z)
has two distinct finite Borel exceptional values a(# 0) and b(# 0, a).

Set ) -
g(z) = m (2.8)

Then
o(g) = o(f), Mg) = A(f — a) < o(g). A (;) _ A/ - b) < olg).

That is, 0 and oo are the Borel exceptional values of g(z). By [15, Theorem 2.11], we see that

g(z) is of regular growth, then g(z) can be rewritten as
9(2) = P(2)e®", (2.9)

where d(# 0) is a constant, o(g) = (> 1) is a positive integer, P(z) is a meromorphic function
with o(P) < o(g) = 0. By (2.8) and (2.9), we have

b—a b—a
= = 2.1
and
b—a b—a
1 - =
fer) =+ s =1 = T Pe T DPa)e — 1 -
fFle—1)=b+ b-a b+ boa e
? B P(z —1)edz-17 —1 P(z—1)P_q(2)e®” — 1’
where
Pyi(z) = exp di: 7z P_1(z) = exp di:(—l)i MY
i \! 7 i=1 ‘
Substituting (2.10) and (2.11) into (2.1) yields
C1(2)e®® 4+ Co(2)e2%” + C3(2)e®” + Cy(2) =0, (2.12)
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where

Ci(2) = [BA(2) — 26(1 — 8] P(2) P(= + 1)Py1 (=) Pz — 1)P_y (2);

Ca) = [(a+b)(1 - 8b) — SAG)P()P(= + )Py (=) + Pz — 1)P_1 (2)
+(2b(1 — da) — 6A(2)|P(z + 1)P11(2)P(z — 1) P_1(2);

C3(2) = AG) ~ (a4 B)(1 ~ B[P + )P (2) + P~ 1P, (2) =)
+[0A(2) — 2a(1 — 6b)| P(2);
Cy(z) =2a(l—da)—0A(z).
It follows from (2.13) and Lemma 2.10 that
Since P(z)P(z + 1)Py1(2)P(z — 1)P_1(z) # 0 and C1(z) = C4(z) = 0, we obtain
dA(z) =2b(1 —6b) and 6A(z) = 2a(l — da). (2.14)

Note that A(z) is a non-constant function, which shows that (2.14) is a contradiction.

3 Proof of Theorems

Proof of Theorem 1.1

Suppose that f(z) = 523 is a rational solution of (1.6). Then (1.6) can be rewritten as

P(z+1) P(z—1) B P2(2)]  m(2) P(2)

g e | | e e e R (31)
M(E)I@A) - PPENIPG+ DG 1) + Pz~ DQ(: + 1) o)
=m(2)P(2)Q(2)Q(z + 1)Q(z — 1) + Cn(2)Q*(2)Q(z + 1)Q(z — 1).

(i) Suppose that m > n. If p > ¢, (3.2) yields

deg(m(2)P(2)Q(2)Q(z + 1)Q(z — 1)) = m + 3¢ +p, (3.3)

{ deg(n(2)[Q2(z) — P2)][P(z + 1)Q(z — 1) + P(z — Q= + 1)) =n + 3p+ ¢,
deg(Cn(2)Q2(2)Q(= + 1)Q(z — 1)) = n + 4.

Byn+3p+q¢>n+4q and m+ 3¢+ p > n + 4q, then we must have n+ 3p+ g = m + 3¢ + p,

that is p — ¢ = ™5™, m — n must be even.
If p = g, then gg; — B, ggzﬂg — B, SEE:B — B as z — oo, where B is a nonzero
constant, while &) — 00 as z — oo, If B=1or B = —1, then

n(z)

P(z+1) P(z—-1) P?(2) m(z) P(z)
[Q<z+ D QG- 1)] [1 B Q2<z>] 7Y k) Q)

If B # +1, then

[Pletd PO PO a0,

These show that (3.1) is a contradiction.
If p < q, (3.2) yields

{ deg(n(2)[Q*(=
P(z

+C — o0 as z — 0o.

N

n(z)  Q(z)

+C — o0 as z — oo.

deg(m(z) 2)Q(z+1)Q(z—1)) =m+3¢+p, (3.4)
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By m+3g¢+p>n+3q+pand n+4qg > n+ 3¢+ p, then we must have m + 3q + p = n + 4q,
thatisg—p=m—n>1.

(ii) Suppose that m = n. If p > ¢, by (3.3), we see that n +3p+¢g > m +3qg+p > n+ 4q.
This shows that there is only one term in (3.2) which has the highest degree, a contradiction.

If p = g, then ggz; — B, ggzﬂg B, SEE:B — B as z — 0o, where B is a nonzero

constant, while :’LL((ZZ)) — A as z — oo, where A is a nonzero constant. If B =1 or B = —1, then

[P(z—kl)_’_P(z—l)} {1 P2(z)}_>0’ m(z) P(z)

n(z) Qz)
So we have C £ A = 0. If B # +1, then
{P(z +1) N P(z— 1)} {1 B P2(2)
Qlz+1)  Qz—-1) Q*(2)
So we have C' = B[2(1 — B?) — A].
If p < q, by (3.4), we see that n+4q > n+ 3¢+ p = m + 3¢+ p. This also shows that there
is only one term in (3.2) which has the highest degree, a contradiction.
(iii) Suppose that m < n. If p > ¢, by (3.3), we see that n+3p+q > m+3q¢+p, n+3p+q >
n + 4q, that is, there is only one term in (3.2) which has the highest degree, a contradiction.

If p = q, then gg; — B, ggiig — B, SEZB — B as z — 0o, where B is a nonzero
constant, while % —0asz—o0. If B=1or B=—1, then

{P(z +1) n P(z— 1)} {1 B PQ(z)} o m(z) P(2)
Qlz+1)  Q(z—-1) Q*(2) Ton(z) Q)
So we have C' = 0, a contradiction. If B # +1, then
P(z+1 P(z—-1 P?(z m(z) P(z
G e [ ] 2 - T aG
So we have C' = 2B(1 — B?).
If p < q, by (3.4), we see that n +4qg > n + 3¢+ p > m + 3¢ + p. That is, there is only one
term in (3.2) which has the highest degree, a contradiction.

m(z) P(z)

n(z) Q(z)

}%23(132), +C — AB+C as z — oo.

+C —= C as z— 0.

+C — C as z — oo.

This completes the proof of Theorem 1.1.

Proof of Theorem 1.2
In what follows, we consider two cases: A(z) £ C(z) Z 0 and A(z) £ C(z) =0.
Case 1, A(z) £ C(z) #0.
(i) Using the same method as in the proof of Lemma 2.11 (i), we can obtain that A (%) =
A(f) = o(f).
(ii) First, we will prove A (Afl(z)> = o(f). By equation (1.7), Lemmas 2.3, 2.5 and 2.8, we

ey
have
3T(r, f(2) = T (r, ‘310(”’; )){fz_ ;;;3) +8(r, f)
_ Tf(z+1)+f(z—1) .
= T(, ) )+5(,)

— orT r,f(zjl) +S r,f(zjl) S(r f)
< oT gr, f{fiﬁ”%+$(§f) " )
- 2T<r,Af](cS)>+S(T,f),
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that is,

3

370 S <7 (i

It follows from (3.5) and Lemma 2.4 that

W(55) - r05e) (55

> ST () + S0 ).

) + S(r,w). (3.5)

Thus, A (Afl(z)> =o(f).

f(z)

Next, we will prove A (Afl(z)> = o(f). By equation (1.7),

Af(z) =Af(z=1) =fz+ 1)+ f(z—1) = 2f(2)
A(2)f(2) +C(2)

R T (2) (3.6)
_2/%(2) + (A(x) ~2)f(2) + C(2)
- f3(2) '

From (3.6), Lemmas 2.3, 2.5 and 2.9, we have

2f°(2) + (A(2) = 2)f(2) + C(2)
r( - )
T(’I“, Af(z> - Af(z - 1)) + S(T7 f)
2T (r, Af(2)) + S(r,Af(z)) + S(r, f)
21(r, Af(2)) + S(r, f),

3T(r, f(2))

)+ 50

IN N

that is,

3

FT(r, f(2)) < T(r, Af(2)) + S(r, ). (3.7)
It follows from (3.7) and Lemma 2.4 that

N(r,Af(2)) = T(r,Af(2)) —m(r, Af(2))

> 700,886~ (m (1 3 i g1

> 370, 0() ~ TS (2)) + 507 )
= STO ) + S0, ).

Hence, A (ﬁ(z)) =o(f).

Furthermore, we will prove A (ﬁ(z)) =o(f). By (3.6), we have

2/%(2) + (A(z) —2)f(2) + C(2)

A2f(z—1) = Af(z) = Af(z— 1) = e (33)
From (3.8), Lemmas 2.3, 2.5 and 2.9, we have
3(2 z) — z z
30(r, f(2) =T <r, 277 )Jr(Al(_)fQ(zjf( )+ )) +S(r, f)
(3.9)

=T(r,A%f(z — 1)) + S(r, f)
=T(r, A%f(2)) + S(r, f).
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It follows from (3.9) and Lemma 2.4 that

N AY() = T(rA() - mlr. A(2)
> 37 4G) -~ (m (1 75 ) gt
> AT( £(2)) - T, £(2) + S0, )
= 2T(r, f(2))+ S(r, f)

Thus, A (ﬁ(z)) =o(f).

Finally, we will prove A ( L > = o(f). It follows from (3.9) and Lemma 2.4 that

AZf(z)
F(z)

“(F) - 10 ()
> T(,A%() = T(r, f(2) + S0, )

= 3T(r, f(2)) — T(r, f(2)) + S(r, f)
= 20(r, f(2)) + S(r, f).

. f
rf

1
Then, A <Afz(f(>z)> = O'(f)
(iii) Suppose that f(z) is a finite order transcendental meromorphic solution of equation

(1.7). Set g(z) = f(2) — 2. Then g(z) is a transcendental meromorphic function with o(g) =
o(f) < oo and 7(f) = A(g). Substituting f(z) = g(z) + = into (1.7) yields

P(z,9) =gz +1) +g(z — 1) + 22][(g(2) + 2)® — 1] + A(2)g(2) + zA(z) + C(z) = 0. (3.10)

Since P(z,0) = 2z(2% — 1) + 2A4(z) + C(2) £ 0, it follows from (3.10) and Lemma 2.1 that
1
N (1 2) =T + S(:9) = T 1)+ 500,

Then, 7(f) = Ag) = a(g) = o(f).
Case 2, A(z) = C(z) = 0. Rewriting equation (1.7) as
SA(2)

f(2+1)+f(2—1)zﬁf(z)v

(3.11)

where § = £1.
By Lemma 2.11, we see that (i) and (iv) hold. Using the same method as in the proof of
Case 1 (ii) and (iii), we can also obtain (ii) and (iii). If 22(1—02)—0A(z) # 0, then 7(f) = o(f).
This completes the proof of Theorem 1.2.
Acknowledgements. The authors would like to thank the referee for his/her thorough re-

viewing with constructive suggestions and comments to the paper.
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Abstract

In the paper, the authors establish some new explicit formulas and integral representations
of the Catalan numbers and a class of parametric integrals in terms of the k-gamma and k-beta
functions.
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1 Introduction and main results

The Catalan numbers C,, for n > 0 form a sequence of natural numbers that occur in various
counting problems in combinatorial mathematics. The nth Catalan number can be expressed in
terms of the central binomial coefficients (277) by

1<2n)_ (2n)!  4"T(n+3)

n =

nti\n)  nlln+ 1) Val(nt2) (1)

where I'(z) = [;°t*"'e~"dt for z > 0 is the classical Euler gamma function, or say, the Euler
integral of the second kind.

The Catalan numbers C,, were described in the 18th century by Leonhard Euler and are named
after the Belgian mathematician Eugéne Charles Catalan. In 1988, it came to light that the
Catalan numbers C),, had been used in China by the Mongolian mathematician Ming Antu by
1730, see [11 12| T4, [T6], 17, 18, 19, 20, B5]. In recent years, the Catalan numbers C,, has been
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analytically generalized and studied in [I5], 21, 23] 25] 26, 27, 28], [30, 29, 3], 33, B6] and closely-
related references therein. For more information on the Catalan numbers C,,, please refer to the
monographs [2, 3, [8, @, 10, 32} 34] and closely-related references therein.

Tt is common knowledge [II, p. 4] that the beta function, or say, the Euler integral of the first kind

B(z,y) can be defined by B(z,y) = fol t*=1(1—¢)¥=t d t and satisfies B(x,y) = Fp(gi(y%) for z,y > 0.
T'(z+n)

The rising factorial, denoted by (z)y, is defined [I3], p. 13] by (), = z(z+1) - (z+n—1) = NE)
which is frequently called the Pochhammer symbol in mathematics.
Diaz and Pariguan [5], p. 180] introduced the Pochhammer k-symbol as

(@)nk = x(z+ k) (x+2k) - [v+ (n — 1)k].

It is clear that (z)n1 = (T)n.

Diaz et al. [4] [5l [6] introduced the k-gamma and k-beta functions and proved a number of their
properties. They also studied the k-zeta function and the k-hypergeometric functions based on the
Pochhammer k-symbols. The k-gamma function is defined in [B] p. 180] by

k" (k z/k—1
Tx(z) = lim ik (kn) ™"

n—00 x)n,a

, k>0.

It was showed [5], p. 180] that the Mellin transform of the exponential function et /k

function, that is,

is the k-gamma

Fk(x):/ trLe=t"/k q ¢,
0

It is easy to see that
M(o) = Tife). Tale) =00 (F), Tulo ) = aTufa). 2)

This gives rise to the k-beta function

1 [t ,
Bule.) =3 [ £/ (3)
0

Vvl iCI saliSﬁeS I ( )I ( ) 4

The aim of this paper is to establish some new explicit formulas and integral representations of
the Catalan numbers C,, and parametric integrals

I g(a) :/ x(a+1)k—1(a2k _ ka)de
0

for a,k > 0 and some «a, f > —1 in terms of the k-gamma function I'y(x) and the k-beta function

Our main results in this paper can be stated as the following theorems.

Theorem 1.1. For k>0 and n € N, we have

C 13/2 4”Fk(2n2+1k) Eol+2n(l=k) (2 ,.(2n+1)k—1 |
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Theorem 1.2. Fora,k >0 andn > 0, we have

N rk(le) E1/2 ntl 3
L . — 2 V7 (2 2 — (71+2)kB k 2k
m/z(0) = T L Ty = e T2 (6)
and k ( +1 ) k
7T a™ Ty n2 k a™ n+1. 1
Lo —1/2k(a) = - =—B k, =k
n, 1/27k( ) \/; 2 Fk (n-2-2 k) 2 < 2 ’ 92 ) (7)

For a,k >0 and a, 8 > —1, we have

aoz+26k:+1 o+ 1
Lo gik(a) = Bk<

2

2 Proofs of main results

We are now in a position to prove our main results stated in Theorems and
From the second relation in , we have

Fk<2”2+ 1k> _ k(2n+1)k/2klr((2n+ 1)k) _ ]{:(2n1)/2r<n+ ;) _ p(2n-1)/2 (Qn)!ﬁ'

2k 4nn!

Accordingly, it follows that

Fk(2n2+1 k‘) B k(?nfl)/Q (227)1'7:'/; _ k_3/2 (271)'\/7? _ ]{}_3/2 \/ECH
4n

Tr((n+2)k)  knti(n+1)! 4nnl(n +1)!

The explicit formulas in thus follow.
By changing variables z = at'/?* for ¢ € [0, 1], we have

a 1o 1/2
T jo(a) = / (at1/2k)( +1)k—1 [a2k B (at1/2k>2k} %t1/2k71 dt
0

_ a“;:)k /01 t(n+1)k/2k—1(1 _ t)1/2+1_1 dt
_ a(nt2)k /1 t(n+1)k/2k*1(1 B t)3k/2k71 dt = a(n+2)kBk n+ 1]€ §I<: .
2k 0 2 2 72
Utilizing the second relation in gives
(n+2)k T, (ELET, (2 )
In,1/2;k(a) = ¢ k( ? n+4k(2 )
2 Te (%52 k)

Further using

Fk<3k> = k1/2r<;’) = @ and F(1> =T,

2

we obtain the formulas in @
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By the Leibniz rule for differentiation

% /g::) F(x,t)ydx = h'(t)F(h(t),t) — g'(t)F(g(t), 1) + /g::) %F(x,t) dx

in [T, p. 615], differentiating with respect to a on both sides of @ gives

a (n+1)k—1 vk T (2tLly
I, 1/2~k(a) = kazkil/ - 1/2 do =" (n+ Q)ka(nﬂ)kil k((n3-4)k)
e 0 (a2k — z2k) 4 Iy (2522)
Therefore, it follows that
vk Fk(”—ﬂk)
Iy _190(a) = ——(n+2)a™F -2 9
R 1/2,k< ) 4 ( ) Fk(nTHk) ( )

The formulas in are thus acquired.

Letting a = 2 and replacing n by 2n in @[) derive

n(l— n — 2n+1
k2it2n(=k) (2 p(2nt+1)k—1 da = 132 ATy (25HLE) —C,.
m(n+1) Jo 22k — g2 Vi ((n+2)k)

The integral representation in is thus proved.

By changing variables z = asin’/* 6 for 6 € [0, g], we have

/2
I, 1(a) = / (asin'/*0) (et} (a®* — a®* sin? G)ﬁ% sin'/*"1 9 cos 0 d
0
(a+2B8+1)k /2
S / sin® @ cos?* 1o d o
k 0
a+2B+1)k  p/2 a+28+1)k
- a(k)/ sin?k(@+1)/2h=1 g o2k (B+D/k=1 9 q g = al ) Bk(a ; 1k, B+ 1)k>,
0

where we used in the last step the formula
/2 k_
/ sin??/F=1 g cos®/F 10 d 0 = §Bk(x, y), R(z),N(y) >0,
0
which can be derived from using the change of the variable ¢ = sin®# in by
1 /2 .92 z/k—1 . 92 y/k—1 .
By (z,y) = Z (sin” 0) (1 —sin*0) 2sinf cosfd o
0
92 /2
k

= — / sin?*/ k=1 g cos?/F1 9 4 0.
0

The proof of the formula is thus complete.
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3 Remarks

Finally we give some remarks about connections between our main results and some know conclu-
sions.
Remark 3.1. When k = 1, the expression becomes the last expression in .

Letting k = 1 in (), we can deduce [22, Theorem 2.1].

Letting k = 1 in (7], we can obtain [22, Theorem 3.1].

Letting k£ = 1 in (8]), we can recover [22] Theorem 5.1].

Letting k = 1,aa =n, and § = % in , we recover [22] Remark 6.1].

Letting k =1, = 2n, and 8 = % in , we can obtain [22] Remark 6.2].

Let k=1,a=mn,and 8 = f% in (@, we can derive [22] Remark 6.3].

The Wallis ratio W,, = 4(2(7:3;2 can also be expressed by

F ()

Wn =12 Ti((n+ 1)k)

for n € N and k > 0, which is a generalization of [22] Remark 6.5].
Remark 3.2. This paper is a slightly revised version of the preprint [24].
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Abstract

The generalized von Neumann-Jordan constant CJ(\% (B) and the James constant
J(B) for a quasi-Banach space were introduced in [7]. In this note, it is shown that

CJ(\% (B) < 2 for any quasi-Banach space B and CJ(\% (B) < 2if and only if B is uniformly
non-square. Along with relationship between J(B) and CJ(\%(B), the criterion for the
uniformly smooth quasi-Banach space is also established.

2010 Mathematics Subject Classification: 46B20, 46E30

Key words and phrases: James constant, generalized von Neumann-Jordan constant,
uniform non-square

1 Introduction

Among various geometric constants of a Banach space B, the von Neumann-Jordan con-
stant Cy 7(B) for a Banach space B introduced by Clarkson [2] as the smallest constant
C, for which the estimates

1zt zo|” + ||zt — 22|
c 2([|lz1l|” + flz2[I)

hold for any x1,x9 € B with (x1,x2) # (0,0). Equivalently

2 2
|21 + 2 2+ |21 2$2H 121,29 € B with (z1, x2) # (0, 0)}
2([|lz1[I” + [lz=2l%)

Cny(B) = sup {

*Corresponding author
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This idea was further enhanced by many authors in [2, 4, 5, 8, 9].
The James constant J(B) of a Banach space B is defined by

J(B) = Sup{min(||:131 + x|, ||z1 — @2||) : 21,22 € SB},

where Sp is unit sphere.

In [3], the authors introduced the generalized von Neumann-Jordan constant C’](\‘?} (B)
which is defined as

|lx1 + 22| + |21 — 22|P
207 (fla [P A+ |2 ]P)

P (B) = sup : 21, 9 € B with (x1,x2) # (0,0)
N

and obtained the relationship between C](\:?}(B) and J(B).
This has an analog in the quasi-Banach space, that was considered in [7]. In this note,
It is shown that C’](\‘?} (B) < 2 for any quasi-Banach space B and C’](\‘?} (B) < 2 if and only if

B is uniformly non-square. A relationship between J(B) and C’%’?,(B) is established. We
also give the criterion for the uniformly smooth quasi-Banach space.

2 Preliminaries

Recall [1], that a quasi-norm on || -|| on vector space B over a field K (R or C) is a mapping
B — [0, 00) with properties

e ||z|| =0« z=0.
o |az| = |a|||z|| for all « € K and z € B.

e There exists a constant C' > 1 such that Vz,zo € B we have
|21 + ol < C(flza || + [|Jz2]])-

)

Definition 2.1. The generalized von Neumann-Jordan constant C’](\‘? 7(B) for a quasi-
Banach space is defined by

®) |zt + z2||” + [|z1 — 22|?
C1(B) ‘S“p{ 1P ([e1]” + Jall)

1 w1,y € B with (:El,:Eg) # (0,0)},

where 1 < p < o0.
)

The parametrized formula for the constant C’](\‘? 7(B) is given as

|21 + tao||” + |1 — tas||”
Cr2r=1(1 + 1)

Cﬁ)(B)Zsup{ . 21, T2 € S, 0§t§1},

By taking t = 1 and x1 = x2, we obtain the estimate

W gy s 2l 2P _ 1
Cna(B) 2 C2e(1+1) — C»-1(1+1) C°
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Definition 2.2. In a quasi-Banach space B the James constant is defined as

1 .
J(B) = sup {Emm(le + x|, ||z1 — @2||) : 21,22 € SB}.

Definition 2.3. A quasi-Banach space B is said to be uniformly non-square if there exists
a positive number d < 2 such that for any z1, z2 € Si, we have

win )<

Remark 2.4. As in classical case, the quasi-Banach space B is uniformly non-square if
and only if J(B) < 2

T+ X2

C

T+ T2

C

I

Definition 2.5. The modulus of uniform smoothness of a quasi-Banach space B is defined
as

pB(t) =

sup 4 o1t tee] + flag —taa| 1
P 2C c

— ::L'l,:L'QESB,tZO}.

Definition 2.6. A quasi-Banach space B is said to be uniformly smooth if (pg), (0) =

t
PBt( ) =0.

limt_>0+

Definition 2.7. For any quasi-Banach space B and a real number p € [0,00), Jz,(t) is
defined by

1
1 + txs||? + |21 — tz2l|P\ P
JB,p(t)ZSUP{<H Lt 2”201”” ! 2| > ::L'17£L'2€SB}.

3 Main results

Theorem 3.1. Let B be a non-trivial quasi-Banach space and p € [1,00). Then

1

IBp(t) 2 p(t) + -

Proof. By using convexity of the function f(u) = u” on (0, c0), one can easily obtained

<||!L"1 + too|| + ||y — 753«"2||>70 < = + tao ||’ + ||z — tao||”
2 - 2 ’

therefore

|1 + taa]| + |21 — taa|\” < Iz + tao ||’ + ||z — tao ||
2C - 20p ’

which implies that

1
6 + pB(t) < JB,p(t)'

For p = 1, we have Jg1(t) = & + pp(t) and for p = 2, we have 202J12372(t) = E(t, B), where

E(t,B) = sup {(||z1 + twa|* + |21 — twa|?) : 21,22 € Sp}.

This completes the proof. O
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Theorem 3.2. For any quasi-Banach space B, we have
(a) JBp(t) is a non-decreasing function.

(b) JBp(t) is convex.
(c) JBp(t) zs continuous function.
(d) Js ”(t s a non-decreasing function.
Proof. We only prove (a) and remaining are analogous to it. Let g(t) = ||z + tzs||’ +
|x1 — tz2||” be a convex and even function. Let 0 < t; <ty and x1, 29 € Sg. Then we
have
to + 11 la — 1
21 + tiza||” + |21 — tize||” = g(t1) = g ta + (—t2)
2t9 2t9
la+t la —t1
< t t
= "o g(t2) + 2%, g(t2)

= g(ta) = llz1 + taxa|” + |21 — taxa|”
< QCpJgp(tg),
which implies that
|21 + ta@a||” + [|o1 — tawa|”
20P
Hence Jpp(t1) < Jpp(t2). O

< Jg,(t2).

Theorem 3.3. For any quasi-Banach space B and 1 < p < oo, the generalized von
Neumann-Jordan constant C’(p) 7(B) satisfy the inequality C’(p) 7(B) < 2.

Proof. As we have already defined

{ |21 + tao||” + |1 — tao |

Cp2p_1(1 n tp) 121,22 € Sp with (:El, :Eg) # (0, 0)},

where 0 <t < 1.
By using definition of a quasi-Banach space, we have the following inequality

|21 + two||” + 21 — taa [P < CP([|2a]| + tl|z2l))? + CP(|21] + tl|z2]])”
= 2CP([|z1[| + tl|22]])?
=2CP(1+t)P,
therefore
w1 + two||” + [lar —tao” _ 201+ 8)"
Cr2r—1(1 +tp) — 211+ tp)’

(3.1)

The function f(u) = u” is convex, which leads
1+¢\” 1+t
1+t = (2' ; > §2p< +2 > =21 (1 +7).

Using above inequality (3.1) become

w1 + twa||” + [lar — two||” _ 1
Cror—1(1 + tr) = op2

1046 Wagqgas Nazeer et al 1043-1052



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Hence
®) 1y _ 21 + tao||” + |lz1 — tao|”
Cy;(B) = Sup{ Crovi(1 1 17) tx1,22€ 98, 0<t <1
< 2.
This completes the proof. O

Next theorem presents the relationship between C’](\‘?} (B) and J(B).

Theorem 3.4. Let B be a non-trivial qausi-Banach space and p € (1,00). Then the
following inequality hold:

p—1

J(B) < 27 {/C¥)(B).

Proof. For any x1,x2 € Sp, we have

_ p
2(min{ ||y + m2|, |21 — 22| })P < 2(II:rsl + T -2F [ :132||>

< oot e ol

e + zo||P + ||y — 22||P pop—1 p p
R

< PO (B) 2P (||x1 |IP + [|22]|?)
= 2. 27" crC)(B),

({min{ |21 + @a|, |21 — 22| })P < 27" CPC)(B),

p—1

1 .
E{mln{H:El + zo||, [|z1 —x2|])} <277 { Cﬁ}(@).

Taking supremum both side,

1 . —1
sup ( g minflles + ol o - 22} ) <27 /)@
Therefore
2=l o/ ~(p)
J(B) <277 \/Cy;(B)
This completes the proof. O

Theorem 3.5. For p € (1,00), a quasi-Banach space B is uniformly non-square if and
only if there exists 6 € (0,1) such that for any x1,x9 € B, we have

x1 + z2 ||

2C

g 2|1 + (21"

< (2-4) . (3.2)
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Proof. Let B be an uniformly non-square quasi-Banach space and on contrary assume that
(3.2) is not hold. Therefore for every positive integer n, there exists z,, and y, in B such

that p p p p
Tn + Yn Tn — Yn > (2 . l> ||$n|| + HynH

_|_

2C 2C n 2

Let z,, € Sg and y,, € Bg = {x € B : ||z|| < 1} for all n. With out loss of generality
we assume that {||y,||} converges to some 7, where 0 < < 1 (by Bolzano-Wiestrass) we

have » »
2_1 1+||yn||p< Tp + Yn + Tn — Yn
n 2 2C 2C
< of CUlzal” + llyal") |
- 2C
oLl
2
P
)
- 2
letting n — oo, we obtain
1 P
( + ’7) — 2]7—1 :> ,y — 1’
144P
therefore » »
Tn + Yn Tn — Yn
on T on_Jn 2
¢ | |2 | 7
which implies that
P _ P
$n2"£’yn — 1 and $n20yn .
This contradiction to the fact that B is uniformly non-square.
Conversely, suppose that
p _ P p P
r1 4 T n-nl” o g 21" + [|22]]
2C 2C 2
In particularly, we have
x1 + 2o||P z1 — x|
<(2-96
2C 2C < )
which implies that
1
) 1+ 22 ||V |21 — 22 ||P < (1 o\?
min —= .
2C ’ 2C - 2
Hence B is uniformly non-square. This completes the proof. O

Theorem 3.6. For p € (1,00), a quasi-Banach space B is uniformly non-square if and
only if C\V(B) < 2.
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Proof. From the Theorem 3.5, B is uniformly non-square if and only if there exists 0 <
0 < 1 such that

x1 + g ||P L1 — X2 pg (2_5)||$1||p+||$2||p'
2C 2C 2
Therefore I P ”
r1 + 22| + ||x1 — X2
<2, VY(z,x 0,0).
G ([l + ey <2 Tenr2) 0.0
Hence C](\:?}(B) < 2. O

Theorem 3.7. For any quasi-Banach space B and p € (1,00), the inequalities C](\f?, (B) <2
and J(B) < 2 are equivalent.

Proof. From the Remark 2.4, J(B) < 2 if and only if B is uniformly non-square. Therefore
by using Theorem 3.6, we have C’%’?,(B) < 2.
Suppose that C’](\‘?} (B) < 2. Then by using the Theorem 3.4, we have

p—1

J(B) < 27 2% = 2.
This completes the proof. O

Theorem 3.8. Let B be a quasi-Banach space, p € [1,00) and t > 0. Then the following
conditions are equivalent:

(a) Jpp(t) <1+t

(b) J(t,z1) <1+t

Proof. (a) = (b) Suppose on contrary that J(¢,z1) > 1+ t. Then it is enough to take
J(t,fﬂl) =1+t
Since

1 .
J(t, B) = sup {Emm(H:El + xo||, ||z1 — @2||) : 21,22 € SB},
by using the definition of supremum, for any € > 0, there exist x1, zo € Sg such that

|21 + txo|| + [|21 — taa|
2

> min{||zy + tzz||, ||v1 — txal|} (3.3)
>c(l4+t—e).

Applying convexity of the function f(u) = uP, we get

1 1
<<||331 + tao || + |21 — 75332||>p> P < <||~"U1 + tao |’ + ||lz1 — 75332||7”> g

2 2

therefore from (3.3)

<||331 + tao||P + |loy — tao||”
2

1
p .
) > min{ a1 + taa]), o1 — tasll}

>c(l1+t—e).
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Since € is any arbitrary so
Jpp(t) > 141,

which leads a contradiction.

(b) = (a) Suppose on contrary that Jg,(t) > 1+ t. Then it is enough to take
Jp(t) = 1+ t. Again using the definition of supremum, for any ¢ > 0 there exists
1, T € Sp such that

||:E1 —I—t:EQHP + ||:E1 — t:Eng > QCp(l +t— E)p,

also using
21 + tao||” + [lz1 — tza||” < 2CP(L + )7,
207 (1 + )P > ||wy + tza||P + ||x1 — tza]|? > 2CP(1 4+t — €)P

since € is arbitrary, so
21 + tao||” + [lz1 — tza||” = 2CP(1 +¢)7,
which implies that
|1 + tao|| = |21 — tzal| = C(1 + 1).

So using the definition of J(t, x1), we get J(t, x1) > 1+t, which lead to a contradiction. O
Corollary 3.9. Let B be a quasi-Banach space, p € [1,00) and t > 0. Then the following
conditions are equivalent:

(a) B is uniformly non-square.

(b) Jp(t) <1+t

(c) J(t,z1) <1+t

Theorem 3.10. A quasi-Banach apace B is uniformly smooth if

Proof. Suppose that

From Theorem 3.1 we know that

which implies that

JBp(t) — % > p5(t),

dividing both side by ¢ and applying the lim;_.q

Jgp(t) — &
lim p5(t) < lim (M) =0.
t—0 t t—0 t

So by definition B is uniformly smooth. O
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4 Quasi-Banach fixed point theorem (Contraction theorem)

Definition 4.1. ([6]) Let B = (B,d) be a quasi-metric space. A mapping T : B — T is
called a contraction on B if there exists a positive real number o < 1 such that for all
X1, X2 € B

d(Txy, Txy) < ad(xy, x3).

Theorem 4.2. Consider a quasi-metric space B = (B, J), where B # (. Suppose B is
complete andT : B — T be a contraction on B and suppose that C"3™ — 0, where § = &
Then T has exactly one fixed point.

Proof. Let any zg € B and define the iterative sequence by
xo, ®1 =Tz, mp=T?x9, w3=T20, -+, z,=T"x0,
First, we show that this iterative sequence (z,,) is cauchy. For this we take
dN(:L'm—l—la :Em) = dN(T:Ema T:Em—l)
< OZJ(:Ema :L'm—l)
< ad(Txpm—1, TTpm—2)
< Olsz(ZEm—la $m—2)
< ozm(i(:nl, xo)-
Suppose that n > m and using the definition of quasi-metric
J($ma :L'n) < C(J($ma :L'n—l) + J($n—17 :En))
< C*(d(m, Tn—2) + d(Tn-2,2n-1)) + Cd(zn_1, T7)
< c? (dN(JEma $n—3) + J($n—3a $n—2)) + Csz(JEn—% $n—1) + CdN(ZEn—la $n)

< C""Md(Tpy, Tm1) 000+ C’J(:L"n_l, Zn)
C ( :Ema:Em—l—l + - "+d~($n—la$n))
<Cc" [oz + o™t 4 '—I—a"_l]ci(:m,:no)
< 0y, a0)
n/oNm 1 -
—C (6) —1_ad($1,$0).
Since )
~ 0% m ~
<C" (= _
d@n,a) < C" (%) 7—=d(@1,0)

from our supposition J(:L"m, xn) — 0 as m — oo. Since B is complete so x,,, — = € B.
Next we show that this limit x is the fixed point of T'. For this using the definition of
quasi-metric we have

d(xz, Tz) < C(d(z, ) + d(xy, Tx))
< C(d(z, zm) + ad(2m—1, T))
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because (z,,) converges to x, therefore we have d(z, Tx) = 0. This implies Tz = z. Now
we prove that x is the unique fixed point of T'. For this let Tx = x and Ty = y, therefore
we have

d(z,y) = d(Tz,Ty) < ad(z,y),

which implies d(x, y) = 0 because o < 1. Hence z = y. This completes the proof. O

5 Conclusion

Generalized von Neumann-Jordan and James constants studied by many researcher for
Banach space for example in [2, 4, 5, 8, 9] and the references therein. In this paper,
we introduce the generalized von Neumann-Jordan constant and the James constant for a
quasi-Banach space. Relationships between James constant and generalized von Neumann-
Jordan constant are also presented.
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Abstract

In this paper, we study the shared values and uniqueness of meromorphic func-
tions on annulus, and obtain one theorem about meromorphic functions on annulus
sharing some distinct values, and this result is an improvement of some theorems
given by Cao, Yi [4, 5], Kondratyuk and Laine[9].

Key words: Meromorphic function, Nevanlinna theory, the annulus.
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1 Introduction and main resut

In 1929, R.Nevanlinna(see [14]) first investigated the uniqueness of meromorphic func-
tions in the whole complex plane and obtained the well-known theorem—5 I M theorem
of two meromorphic functions sharing five distinct values.

After his theorem, there are vast references on the uniqueness of meromorphic func-
tions sharing values and sets in the whole complex plane(see [2, 16, 18]). In recent,
the uniqueness problem of meromorphic functions with shared values in some angu-
lar domain attracted many investigations (see [3, 11, 19, 20]). Thus, we always as-
sumed that the reader is familiar with the notations of the Nevanlinna theory such as
T(r, f),m(r, f), N(r, f) and so on (see [6, 16, 17]).

We use C to denote the open complex plane, C to denote the extended complex plane,
and X to denote the subset of C. Let S be a set of distinct elements in C and X C C.

*This work was supported by the NSF of China(11561033, 11201395), the Natural Science Foundation
of Jiangxi Province (20151BAB201008), and the Foundation of Education Department of Jiangxi of
China (GJJ150902, GJJ151222).
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Define
Ex(S,f) = U {z €X|foa(2) =0, counting multiplicities},
acsS
Ex(S, f) = U {z € X|falz) =0, ignoring multiplicities},
acS

where fo(2) = f(2) —aif a € C and foo(2) = 1/f(2).

For a € C, we say that two meromorphic functions f and g share the value a CM
(IM)in X (or C), if f(z) — a and g(z) — a have the same zeros with the same multiplic-
ities(ignoring multiplicities) in X (or C). In addition, we also use f = a = g = a in X
(or C) to express that f and g share the value a CM in X (or C), f=a<=g=ain X
(or C) to express that f and g share the value a IM in X (or C), and f =a = g=a
in X (or C) to express that f = a implies g = a in X (or C).

As we know, the whole complex plane C and angular domain all can be regarded
as simply-connected regions, many results about the uniqueness of shared values and
sets in the complex plane and angular domain can also be regarded as the uniqueness of
meromorphic functions in simply-connected regions. Thus, it arises naturally an inter-
esting subject on the uniqueness for the meromorphic functions in the multiply connected
region?

The main purpose of this paper is to study the uniqueness of meromorphic functions
in doubly connected domains of complex plane C. From the Doubly Connected Mapping
Theorem [1], we can get that each doubly connected domain is conformally equivalent
to the annulus {z : r < |2] < R}, 0 < r < R < 4o00. For two cases: r =0, R = +o0

z

simultaneously and 0 < r < R < 400, the latter case the homothety z — 75 reduces

the given domain to the annulus {z : Rio < |z| < Ro}, where Ry = 1/£. Thus, every

annulus is invariant with respect to the inversion z +—» % in two cases. The basic notions
of the Nevanlinna theory on annuli will be showed in the next section.

In recent, there have some results on the Nevannlina Theory of meromorphic functions
on the annulus (see [7, 8, 10, 12, 13, 15]). In 2005, Khrystiyanyn and Kondratyuk
[7, 8] proposed the Nevanlinna theory for meromorphic functions on annuli (see also [9]).
Lund and Ye [12] in 2009 studied functions meromorphic on the annuli with the form
{# : Ry < |z] < Ry}, where Ry > 0 and Ry < co. However, there are few results about
the uniqueness of meromorphic functions on the annulus. In 2009 and 2011, Cao [4, 5]
investigated the uniqueness of meromorphic functions on annuli sharing some values and
some sets, and obtained an analog of Nevanlinna’s famous five-value theorem as follows:

Theorem 1.1 ([5, Thereom 3.2] or [4, Corollary 3.3]). Let f; and f2 be two transcen-
dental or admissible meromorphic functions on the annulus A = {z : Rio < |z] < Ro},
where 1 < Ry < 400. Let a; (j = 1,2,3,4,5) be five distinct complex numbers in C. If
f1, fo share a; IM for j =1,2,3,4,5, then fi(z) = fa(2).

Remark 1.1 For the case Ry = +00, the assertion was proved by Kondratyuk and Laine
19

In this paper, we will focus on the uniqueness problem of meromorphic functions in
the field of complex analysis and obtain the main result below which improve Theorem
1.1.
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Theorem 1.2 Let f and g be two transcendental or admissible meromorphic functions
on the annulus A = {z : Rio < |z| < Ro}, where 1 < Ry < +00, a; € C(j =1,2,3,4) be
four distinct values. We assume that f and g share four distinct values a;(j =1,2,3,4)
IM on A and Ex(S, f) C Ex(S,g), where S = {by,...,by},m > 1 and by,... b, €
@\ {a1,a2,a3,a4}. Then f and g share all values CM on A, thus it follows that either
f =g or f is a Mobius transformation of g. Furthermore, if the number of the values in

S is odd, then f =g.

Remark 1.2 The special case m = 1 of Theorem 1.2 immediately yields Theorem 1.1.
In fact, when m = 1, set S = {as}. If f,g share a5 IM on A, which implies E4(S, f) C
Ex(S,g), then by Theorem 1.2, we can get f = g.

2 Basic notions in the Nevanlinna theory on annuli

For a meromorphic function f on whole plane C, the classical notations of Nevanlinna
theory are denoted as follows

_ Rn(t7f)_n(07f)
Nir.g) = [ R

2
MRﬂz%A log* | f(Re™)|d8, T(R, f) = N(R, f) + m(R. f),

dt +n(0, f)log R,

where log™ 2 = max{log 2,0}, and n(t, f) is the counting function of poles of the function
fin{z:]|z| <t}

Let f be a meromorphic function on the annulus A = {z : Rio < |z| < Ro}, where
1 < R < Ry < +00, the notations of the Nevanlinna theory on annuli will be introduced
as follows, let

1 R
Nl(R,f)=L Mdt, N2(R7f):/1 Mdt’

R

1
mO(R7 f) = m(R7 f) + m(ﬁa f>7 NO(R7 f) = Nl(Ra f) + NQ(R?f)v
where ny(t, f) and na(t, f) are the counting functions of poles of the function f in {z :
t <|z] <1} and {z:1 < |z| < t}, respectively. Similarly, for a € C, we have

1 _ 1 _ 1
——) = Ni(R,——)+ Nao(R,——
f _ a) 1( Y f _ a) + 2( ’

/1 nl(tvfla)dt_’_/R ﬁQ(t7ﬁ>dt
1 t 1

NO(T,

in which each zero of the function f — a is counted only once. In addition, we use
ﬁlf) (t, ﬁ) (or ﬁgk(t, ﬁ)) to denote the counting function of poles of the function
ﬁ with multiplicities < k (or > k) in {z : t < |z| < 1}, each point counted only
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once. Similarly, we have the notations N]f) (t, ), Nﬁk(t,f), N;c) (t, ), Nék(t,f), N’S) (t, f),

—(k
NG (¢, ).
The Nevanlinna characteristic of f on the annulus A is defined by

TO(Rv f) = mO(R7 f) - 2m(17f) + NO(R7 f)

For a nonconstant meromorphic function f on the annulus A = {z : % < |z| < Ro},
where 1 < R < Ry < 400, the following properties will be used in this paper (see [7])

() To(R.f) =T (R})

(i) max{To(R, f1 - f2), To(R, %%TO(R, fi+ f2)} STo(R, f1) + To(R, f2) + O(1),

1
(131) To(R, m) =To(R, f)+0O(1), for every fixzed a€ C.
In 2005, the lemma on the logarithmic derivative on the the annulus A was obtained
by Khrystiyanyn and Kondratyuk [8].

Theorem 2.1 ([8]) (Lemma on the logarithmic derivative) Let f be a nonconstant mero-

morphic function on the annulus A = {z : & < |z| < Ro}, where Ry < +o0, and let

R
A > 0. Then ’
(i) in the case Ry = 400,

mo <R, J}) — O(log(RTu(R, 1))

for R € (1,4+00) except for the set Ag such that fAR R YR < 4o0;
(ii) if Ry < 400, then

f/ TO(R7 f)
R, L) = O(log(=2"2L2
mo<,f (Og(RO_R))
for R € (1, Ry) except for the set A'R such that fA/R 7(1%0?%%1 < +o00.

In 2005, the second fundamental theorem on the the annulus A was first obtained
by Khrystiyanyn and Kondratyuk [8]. Later, the other forms of the second fundamental
theorem on annuli were given by Cao, Yi and Xu [5].

Theorem 2.2 ([5, Theorem 2.3]) (The second fundamental theorem) Let f be a non-

constant meromorphic function on the annulus A = {z : R%) < |z| < Ro}, where
1 < Ry < +oo. Let ay, az, ..., ag be ¢ distinct complex numbers in the extended
complex plane C. Let ki, k2, ..., k; be ¢ positive integers, and let A > 0. Then

q

(i) (q—2)To(R,f) < Z ) = N§V(R. f) + S(R, f),

_a]

(i) (a=2)To(R.f) < Z =) TSR,

a;

1056 Si Jun Tao et al 1053-1066



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

where

NSO(R, £) = No(R, %) L ON(R. f) — No(R, f).

and (i) in the case Ry = 400,
S(R, f) = O(log(RTo (R, [)))

for R € (1,400) except for the set A g such that fAR R R < +o0;
(ii) if Ry < 400, then
TO(R7 f)

S(R, f) = O(log(m))

. ’ dR
for R € (1, Ry) except for the set Ap such that fA% Ro—Ryp=T < t00.
Definition 2.1 Let f(z) be a non-constant meromorphic function on the annulus A =

{z: R%) < |z| < Ro}, where 1 < Ry < +00. The function f is called a transcendental or
admissible meromorphic function on the annulus A provided that

To(R
limsupM =00, 1< R< Ry=+o0
R—o00 logR
" Th(R. /)
limsup —— 4/ — 0, 1< R< Ry < +00,
FHROp —log(Ro — R) "
respectively.

Then for a transcendental or admissible meromorphic function on the annulus A,
S(R, f) = o(To(R, f)) holds for all 1 < R < Ry except for the set Ag or the set A
mentioned in Theorem 2.1, respectively.

3 Some lemmas

To prove the above theorems, we need some Lemmas as follows.

From Theorem 2.1 and the definition of mq(R, f), f is transcendental or admissible
function on A, we can get Lemma 3.1 by using the same argument as in Lemma 4.3 in
[16]

Lemma 3.1 Suppose that f is a transcendental or admissible meromorphic function on
the annulus A = {z : R%) < |2] < Ro}, where 1 < Ry < +oo. Let P(f) = aof? +
arfPt + -+ + aplag # 0) be a polynomial of f with degree p, where the coefficients
a;(j=0,1,...,p) are constants, and let b;(j =1,2,...,q) be g(q > p+ 1) distinct finite
complex numbers. Then

PU) - f i
o (R’ (fbl)(fbg)-..(qu)> =S(R, ).
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Lemma 3.2 Let f, g be two distinct transcendental or admissible meromorphic functions
on the annulus A = {z : R%) < |z| < Ro}, where 1 < Ry < 400. Suppose that f and g
share four distinct values ay,as,a3,aq4 IM on the annulus A. Then

(Z) TO(Ra f) = TO(Rv g) + S(Rv f) and TO(R’ g) = TO(Ra f) + S(Rv g);

(i1) S2jo No (R, 75 ) = 2To(R, f) + S(R. f);
(ZZZ) NO(R7 ﬁ) = TO(R7 f) + S(R7 f)7 NO(Ta ﬁ) = TO(Ra g) + S(R7g); where b 7é
a;(j =1,2,3,4).

Proof: From Theorem 2.2(ii), we have

1 1
e _) + S(R, f) < No(R, m) + S(R, f)

Raf)+TO(Rag)+S(va)7

No(R,

M»

2T0(R7 f) S

<.
Il

A»—*

<T

then we can get To(R, f) = To(R, g) + S(R, f) and Z 1 No (R, o ) = 2Ty(R, f) +

S(R, f). Similarly, we can get Ty(R, g) = To(R, f) +S(R,g). Thus, we prove (i) and (ii).
Again by Theorem 2.2 and (ii), we get

4
3To(R, f) < Z —— )+ No(R +S(R, f)

1
f—aj; ’ffb)

:ﬂMRﬁ+NMR?%?+SmJ%

that is,

No(R,F—5) = To(R. ) + S(R. ).

Similarly, we can get

Thus, we obtain (iii).
Therefore, we complete the proof of this lemma. a

Lemma 3.3 Let f, g be two distinct transcendental or admissible meromorphic functions
on the annulus A = {z : R% < |z| < Ro}, where 1 < Ry < +00. Suppose that f and
g share four distinct values ay,as,az,as CM on the annulus A. Then f is a Mobius
transformation of g, two of the shared values, say a1 and as, are Picard values on A, and

the cross ratio (ay,as,az,a4) = —1.

Proof: Since f,g share aj,as,a3,a4 CM on A, from Lemma 3.2(i) and f, g are tran-
scendental or admissible, we have S(R, f) = (R g). We assume that there exist three
of No(R, 72-)(j = 1,2,3,4), say No(R, +2-)(j = 1,2,3), such that WO(R,f%aj) =
S(R, f), then from Theorem 2.2(ii) we have

3
To(R, f) SZ ) +S(R, f) = S(R, f).

aj
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Thus, we can get a contradiction with the condition of the lemma. Therefore, there are
at least two of No(R, ﬁ)(] =1,2,3,4), say No(R, f%a)(j =1,2), such that
J J

1 — 1
m) =5S(R,f), No(R, F—a

No(R, ) = S(R, f). (1)

Set
Z— a3 ag — a4
L(z)=2—8227 04
Z — Q4 G2 — a3

Then L(as) =0, L(ag) = 00, L(az) = 1 and

Z— a3 a2 — a4

L(a1) = = (a1, a2,as,a4),

Z — Q4 Qg — A3
which is the cross ratio of ai,as,as,a4. Let ®(z) = L(f(2)),¥(z) = L(g(z)). From
f(2) # g(2), we get ®(z) # ¥(z). From the assumptions of this lemma, we have L(a;)(j =
1,2,3,4) are shared CM by ®(z) and ¥(z) on A. Thus, we can get that ®(z) and ¥(z)
share 0,1,00,b CM on A, where b = L(a;). From Lemma 3.2(i) and (1), we have
S(R,®) = S(R, V) and

No(R, ) # S(R.1),  No(R,®) % S(R. ) &)

Set o o
H, = — . 3
To@—1)(@—b) W(V-—1)(V-b) 3)
Suppose that Hq(z) #Z 0, from Lemma 3.1, we have mo(R, H) = S(R,®). If 2o € A
is a point such that ®(z¢) = ¥(z9) = L(a;) for some j = 1,2,3,4, then from (3) we can
get that H; has no pole on A. Thus, from we have Ty(R, Hy) = mo(R, H1)+ No(R, Hy) —
2m(1, H;) = S(R,®). If z; € A is a pole of ® with multiplicity p, then it must be a pole
of ¥ with multiplicity p. Hence from (3) we have that z; is a zero of H with multiplicities

as least 3p — (p+ 1) = 2p — 1. Thus, we get

— 1 1
No(R, 5) < No(R, F) < To(R, H1) +2m(1, Hi) + O(1) = S(R, f).
1
Therefore, we can get a contradiction with (2). Thus, we can get that Hi(z) = 0.
Set
P’ vy’
Hy = - (4)

(@—-1)(®—-0b) (v-1)(V-0)

By using the same argument as in the above, we can get that Ho(z) = 0. From H;(z) =
Hy(z) = 0 we have ®?(2) = U2(2). Since ®(z) # ¥(z), we have ®(z) = —¥(z). Thus,
both 1 and —1 are Picard values of ® and ¥ on A. From Lemma 3.2(iii), we get that
b = —1. Hence we have L(a1) = (a1,a2,a3,aq4) = —1. Therefore we get that a; and
as are Picard values of f and g on A and L(f(2)) = L(g(z)). Thus, we get that f is a
Mobius transformation of g.

This completes the proof of this lemma. a
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4 The proof of Theorem 1.2

Suppose that f # g and none of the a;(j = 1,2,3,4) is co. From Lemma 3.2, we have
S(R,f) = S(R,g). Set S(R) := S(R, f) = S(R,g). Let ¢ be the function expressed as
follows

f'g(f—9)?
(f —a)(f —a2)(f —a3)(f —as)(g —a1)(g — az)(g — az)(g — as)

Then we can get ¢ #Z 0. We will show that Ty(R, ¢) = S(R) as follows.
Suppose zg € A and f(z9) = a1 (or as,as, asq) with multiplicity p and g(z9) = a1 (or
ag, as, aq) with multiplicity g. From (5), we can get

o= (5)

p(2) =0 ((2 - zo)2min(p7q)—2) .

Hence ¢ is an analytic function on A. Then, we have

To(R,0) = mo(R,¢) / )
S (R’ (f - ag)(fiag)(f/— a4)) o (R f—al)(ff@)(f - as)>
*”“(wa—aﬁu—ﬁii—as —a4>
o (R7 (f —a)(f —/az)( —as)(f —a4) )
+mg ER, (gaz)(ggag)E " an) ) 0><R, g—a1)( az)(9a3)>
o (B = ma) e — e =
+m°Oi@—uw@—ijéla@m—an>+0“)

= S(R,f)+5(R,g) = S(R),

where P;(f) is a polynomial of degree no more than 2 in f and Pz(g) is a polynomial of
degree no more than 2 in g. By Lemma 3.2 (iii), we have

mo (R ) = SU0). o (R0 = (o) ©)

for any b; € S(j =1,2,...,m).
- -9 \"
_ , g(f-g
T o) (= b <(9—a1)"'(9—a4)>

b)) (f—ba) Fi-g \"
= (= —7=a) -

and
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By Lemma 3.1 and (6), we can get that

1 g —9)g—1b)
mO(R,f—bj (g—ai) - (g—as

L fU=9U=0b) \_
mo(R,g_bj (f—a1)~-~(f—a4))S(R)'

From the definitions of ¢ and ¢, we get mo(R,¢;) = S(R),j = 1,2. By Lemma
3.2(iii), we see that "almost all” of poles and b;-points of f and g on the annulus A are
simple. Since f, g share the four distinct values a;,j = 1,2,3,4 on the annulus A and
EA(S, f) C Ea(S, g), we can easily get that No(R, 1) = S(R). Therefore, we have

;)= st

and

To(R, 1) = S(R). (7)
Since p1p2 = ¢™ and Ty(R, ) = S(R), we can have
To(R,¢2) = S(R). (8)

Let T%%(a;) be the set of those aj-points of f and g on the annulus A such that the
multiplicities of f and g at these points are p and g, respectively. For any zy € I't?(ay),
by simple computation, we have

(e F) —d () :
#1(z0) = (q (a1 — az)(ar — az)(a1 — “4))
and (20) '(20) m
— . %0) 9 \%0
Palz0) = (p (a1 — az)(a1 — az)(ar — a4)> .
Hence 1 () - 1 (%) = 0 (9)
qm ¥1{z0 pm p2(20) =1

Similarly, we can see that (9) holds for any zo € I'}?(a;),j = 2,3,4.
Now we discuss two cases as follows.
Case 1. Suppose that P? := q%cpl — #@2 £ 0, for all positive integers p, q.
Next, for j = 1,2, 3,4, we denote by

1 1
ﬁ) + NJ(R,
J

No*(R ) = N'(R,

1
’f*a]‘

1 ! nlqu(tv j ) 1 Rngq(t’ j -)
NE(R =) = / — =g, NPUR, )= / S N

— a; 1 t f—a; 1
where nf!(t, f_laj )( nbi(t, f_laj )) is the counting function of zeros of the function f — a;

in {z:t<|z] <1} (resp. {z:1 < |z] < t}) with respect to the set I'}?(a;), similarly, we

R
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p,q=1
= 1
= > Ny (R, )
p,q=1 f—a
and
m@l):iw@ 1)
f a; = 0 Tf- a;

Since f, g are transcendental meromorphic on the annulus A, and from the above two
equations, (6),(7) and (8), we can see that To(R, ¢P?) = S(R, f) + S(R,g). And by (9)
each zero of f — a; is a zero of P9, so with the help of ¢P? # 0, we can get

A7Pe 1 P4 1 1
No (R’ s ) No (Rw) =To (Rw> + o)

< To(R,¢™)+0(1) =S(R, f) + S(R,g) :== S(R),
for some p, . By Lemma 3.2 (ii), we have To(R, f)+ S(R, f) = To(R, g) +S(R, g). Thus,
from the definition of S(R), we can get To(R, f) = To(R,g) + S(R). Therefore, for a
positive integer k(> 4), we have

~ 1 4 1
() - E W (reg)rsen

max(p,q) >k

1 1 1

Y Ne(R—)+ Y No(R

k 0 < ’f-%) 0 ( 9-%)
max(p,q) >k max(p,q) >k

+5(R, f)
1 1 1
< p(o(mg) o (rgag)) st

< %T(R,f)+S(R), i=1.2.3.4.

IN

IN

By the above inequality and Lemma 3.2(ii), we can get

To(R, 1) < £ To(R, /) + S(R). (10)

Since k(> 4) is a positive integer, that is, % < 1, from f is transcendental or admissible
on A, thus, we can get a contradiction.
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1
pm

Case 2. Suppose that ¢P? := q%tm -
Thus, we have

(8) = )

q

We will consider the two following subcases:

Subcase 2.1. p # gq. Without loss of generality, we may assume that p < ¢g. For
some two positive integers p; and g1, if 21 € T} (a;) for some j € {1,2, 3,4}, then (11)
implies that 23 = Z—i. Hence g1 > p1 > 1, and ¢; > 2 which means that any a;-points
(j = 1,2,3,4) of g on A are multiple. By Lemma 3.2 and f, g are transcendental or
admissible on A, we can get

wo = 0, for some positive integers p, gq.

(11)

4
2To(R = No (R S(R
O( 79) Jz:; 0( ) _aj)+ ( 79)
1
< = N
= 22 0<R7 aj>+S(R7g>
j=1
< 2To(R,9) + S(R, g).
Thus, we can get the following equalities easily
1
To(R,9) = Ny (R, ) +S(R), j=1,2,3,4 (12)
Y%
and ) )
Ny (R, ) =2N, (R, ) +S(R), j=1,2,3,4. (13)
g—a; g—a

From (12) and (13), we can see that ”almost all” of a;-points of g have multiplicity 2,
and ”almost all” of a;-points of f are simple on the annulus A. Without loss of generality,
we may assume that f and g attain the values a3 and a4 on the annulus A. Set

by = 2f'(f — a4) B 9'(9 — a4)
 (fa)(f —ax)(f—a3) (9—a1)(g—a2)(g—as)

and

by = 2f'(f — as) B g'(g — as) _
(f —a)(f —a2)(f —as) (9—a1)(g—a2)(g—a4)

Since ¢;(i = 1,2) is analytic at the poles of f and of g and also at those common
a;-points of f and g which have multiplicity 1 with respect to f and multiplicity 2 with
respect to g, by Lemma 3.1, we have To(R,¢;) = S(R, f),i = 1,2. If ¢; # 0, then

Ny (7‘, ﬁ) < Ny (R, é) = S(R, f), which contradicts to equation (13). Then ¢; = 0.
Similarly, we have ¢o = 0. Therefore, from the definitions of ¢; and ¢2, we have

(o) = (=) 1)

1063 Si Jun Tao et al 1053-1066



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Since f # g, and from (14), we have

f—ay g — a4

f—as g—as’

which implies that f and g share a3,aq C'M on the annulus A. Since f and g assume
the value ag there exist positive integers pi,qi such that T'Y'* (a3) # 0. From the
considerations above we get ¢; > p1, contradicting the fact that f and g share a3 C'M.
Subcase 2.2. p =gq.
In this subcase, (10) becomes

(g—b1)2~--(9—bm)2:<f’(g—a1)---(g—a4))m
(F=007 - (f = bm)?  \g(f—ar)--(f —aa)

which implies that f and g share the four values a;(j = 1,2, 3,4) CM on the annulus A.
From the conditions of this lemma and applying Lemma 3.3, g is a M&bius transformation
of f on A. Furthermore, two of the four values, say a1, as are Picard exceptional values
of f and g on the annulus A. Set

A — f'(f — a4) B 9'(g — a4)

(f —a)(f —a2)(f — a3) (9 —a1)(g —a2)(g — as)

and

C(fma)(f—a)(f—as)  (g—a1)(g—a2)(g—as)

Using the same argument as in Subcase 2.1 for A1, Ag, we can get

A, im f'(f —a3) 9'(9 — a3)

f—as g —asg

f—ay g—a4'

We take the Mobius transformations 7', M and L satisfying

w — as

T(w) := M(w) := —w and L:=T'oMoT.

w—ay

Then we have
Tof=-Togy, hence g=1Lof.

Thus, we can see that az and a4 are the fixed points of L. Therefore, there exist no fixed
points of L in the set S. If some b € S is given. Then from b # a1, a2, there exists a
2o € C such that b = f(z9), and from E, (S, f) C Ex(S,g) we obtain

L(b) = L(f(20)) = g(20) € S.
So S is invariant under L. Furthermore, we have L o L = I where I denotes the identical

transformation. Thus, we can get that S must contain an even number of values.
Thus, we complete the proof of Theorem 1.2.

1064 Si Jun Tao et al 1053-1066



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

References

1]

2]

8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

S. Axler, Harmomic functions from a complex analysis viewpoit, Amer. Math. Monthly 93
(1986), 246-258.

A. Banerjee, Weighted sharing of a small function by a meromorphic function and its
derivativer, Comput. Math. Appl. 53 (2007), 1750-1761.

T. B. Cao and H. X. Yi, On the uniqueness of meromorphic functions that share four values
in one angular domain, J. Math. Anal. Appl. 358 (2009), 81-97.

T. B. Cao and H. X. Yi, Uniqueness theorems of meromorphic functions sharing sets I M
on annuli, Acta Mathematica Sinica (Chinese Series), 54 (4) (2011), 623-632. (in Chinese).

T. B. Cao, H. X. Yi and H. Y. Xu, On the multiple values and uniqueness of meromorphic
functions on annuli, Comput. Math. Appl. 58 (2009), 1457-1465.

W. Hayman, Meromorphic functions, Oxford: Clarendon Press, 1964.

A. Ya. Khrystiyanyn and A. A. Kondratyuk, On the Nevanlinna theory for meromorphic
functions on annuli. I, Mat. Stud. 23(2005), No.1, 19-30.

A. Ya. Khrystiyanyn and A. A. Kondratyuk, On the Nevanlinna theory for meromorphic
functions on annuli. II, Mat. Stud. 24 (2005), No.2, 57-68.

A. A. Kondratyuk and I. Laine, Meromorphic functions in multiply connected domains,
Laine, Ilpo (ed.), fourier series methods in complex analysis. Proceedings of the work-
shop, Mekrijarvi, Finland, July 24-29, 2005. Joensuu: University of Joensuu, Department
of Mathematics (ISBN 952-458-888-9/pbk). Report series. Department of mathematics,
University of Joensuu 10, 9-111 (2006).

R. Korhonen, Nevanlinna theory in an annulus, value distribution theory and related topics,
Adv. Complex Anal. Appl. 3 (2004), 167-179.

W. C. Lin, S. Mori and K. Tohge, Uniqueness theorems in an angular domain, Tohoku
Math. J. 58(2006), 509-527.

M. Lund and Z. Ye, Logarithmic derivatives in annuli, J. Math. Anal. Appl. 356 (2009),
441-452

M. Lund and Z. Ye, Nevanlinna theory of meromorphic functions on annuli, Sci. China.
Math. 53 (2010), 547-554.

R. Nevanlinna, Findentig keitssdtze in der theorie der meromorphen funktionen, Acta.
Math. 48 (1926), 367-391.

H. Y. Xu and Z. X. Xuan, The uniqueness of analytic functions on annuli sharing some
values, Abstract and Applied Analysis 2012 (2012), Art. 896596, 1-13.

H. X. Yi and C. C. Yang, Uniqueness theory of meromorphic functions, Science Press
1995 /Kluwer 2003.

L. Yang, Value distribution theory, Berlin: Springer-Verlag/ Beijing: Science Press, 1993.

1065 Si Jun Tao et al 1053-1066



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

[18] X. Y. Zhang, J. F. Chen and W. C. Lin, Entire or meromorphic functions sharing one
value, Comput. Math. Appl. 56 (2008), 1876-1883.

[19] J. H. Zheng, On uniqueness of meromorphic functions with shared values in some angular
domains, Canad J. Math. 47 (2004), 152-160.

[20] J. H. Zheng, On uniqueness of meromorphic functions with shared values in one angular
domains, Complex Var. Elliptic Equ. 48 (2003), 777-785.

1066 Si Jun Tao et al 1053-1066



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

On the Henstock-Pettis Integral for Fuzzy Number Valued Functions

Yabin Shao! , Zengtai Gong? and Yuping Lian®

1School of Science
Chongqing University of Posts and Telecommunications, Nanan, 400065, Chongqing, P. R. China

2College of Mathematics and Statistics
Northwest Normal University, Lanzhou 730070, Gansu, P. R. China

3Department of Mathematics
Dingxi Teachers College, Dingxi 743000, Gansu, P. R. China

Abstract. In this paper, we show that the fuzzy Henstock-Pettis integration of n—dimensional fuzzy-number-valued
function could be translated into the sum of the fuzzy Henstock-Pettis integration of a n—dimensional fuzzy-number-
valued function and the Henstock-Pettis integral of a vector-valued function which valued in the kernel sets. In addition,

we give the Komlés-type convergence theorems for such integrals.
Keywords. Fuzzy number, fuzzy Henstock-Pettis integral, representation theorems, convergence theorems.
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1 Introduction

It is well-known that the Henstock integral includes the Riemann, improper Riemann, Lebesgue and
Newton integrals [9, 12]. Tt is also equal to the Denjoy and Perron integrals [14]. In the theory
of integrals, there are some integrals based on the Banach space-valued functions such as Pettis
and Bochner integrals [3, 14, 21]. In particular, Ziat [28, 29] and Amri and Hess [1] presented a
characterization of Pettis integral having as their values convex weakly compact subsets of a Banach
space. Bochner and Pettis integrals are all defined by using the Lebesgue integrability of the support
functions. The integrals of fuzzy-number-valued functions, as a natural generalization of set-valued
functions, have been discussed by Puri and Ralescu [19], Kaleva [10], and other authors [7, 24, 25, 27].
Recently, Wu and Gong [6, 8] discussed the fuzzy Henstock integrals of fuzzy-number-valued functions
which extended Kaleva [10] integration. However, for a fuzzy valued function in the n—dimensional
fuzzy number space E™, the integral and its characteristic theorems have not defined or discussed. In
[2], the authors shown that a fuzzy-number valued function is fuzzy Henstock integrable if and only if it
can be represented by a sum of a fuzzy McShane integrable fuzzy-number valued function and a fuzzy
Henstock integrable fuzzy number valued function generated by a Henstock integrable function. In
2014, K. Musiat [18] established the following decomposition theorem for fuzzy mappings with values
in a Banach space: a fuzzy mapping is fuzzy Henstock integrable if and only if it can be represented as
a sum of a fuzzy McShane integrable fuzzy mapping and of a fuzzy Henstock integrable fuzzy mapping
generated by a Henstock integrable function. As a continuation of our previous work [16, 17, 22], in
this paper, we continue to develop the theory of Henstock-Pettis integrals in fuzzy number spaces. By
means of replacing the Lebesgue integrability of support functions with their Henstock integrability,
we give the definitions of Henstock-Pettis integral and Aumann-Henstock-Pettis integral for compact
convex set-valued functions. In addition, the relationships among Henstock-Pettis integral, Aumann-
Henstock integral and Pettis integral are investigated. Furthermore, we present the Henstock-Pettis
integral, fuzzy Henstock-Pettis integral and Aumann-Henstock-Pettis integral of n—dimensional fuzzy-
number-valued functions, and the relationships among them are studied. At the same time, the
representation theorems and the calculations of fuzzy Henstock-Pettis integral are given. It shows
that the fuzzy Henstock-Pettis integration of a n—dimensional fuzzy-number-valued function equals
the sum of the Henstock-Pettis integration of an n—dimensional fuzzy-number-valued function and
the Henstock-Pettis integration of a vector-valued function which valued in the kernel sets.

The rest of the paper is organized as follows. In section 2, the definitions of Pettis integral,
Henstock-Pettis integral and Aumann-Henstock integral for compact convex set-valued functions are
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given. In section 3, we disscus the characterization of Henstock-Pettis integral, fuzzy Henstock-
Pettis integral and Aumann-Henstock integral for fuzzy-number-valued functions, and we give the
representation theorems of fuzzy Henstock-Pettis integral. In section 4, we present a Komlds-type
convergence theorem to the fuzzy Henstock-Pettis integral and give an existence theorem for a kind
of fuzzy integral inclusion. And in section 5, we present some concluding remarks.

2 Preliminaries

Let T be the closed interval on the real line R, i.e., T = [a,b] (a,b € R). |T| denotes the length of T

Throughout this paper, we use P(R™) to denote the family of all nonempty compact convex
subsets of R™. For A, B € P,(R"),k € R, the addition and scalar multiplication are defined by the
equations as follows respectively:

A+B={z+y|lzecAyeB}, aA={ax|zecA}
In addition, for A, B € Pi(R"), the Hausdorff metric between them defined by:

d(A, B) = inf ||la — b, sup inf [|b—al}.
(4, B) = max { sup inf [la —bl|, sup inf [|b - al}

A compact convex set-valued function F' : T — Py (R") is said to be measurable if {t € T|F(t)NO #
¢} is a measurable set for any open subset O C R". F is said to be scalarly measurable if the
map o(z, F(+)) is measurable for every z € S"~!. Certainly, a compact convex set-valued function
F :T — P,(R™) is measurable if it is scalarly measurable.

A function f: T — R™ is called a selection of F if f(t) € F(t) for any ¢t € T. A selection f is said
to be measurable if the function f is strongly measurable, i.e., f is a limit of an almost everywhere
convergent sequence of measurable simple functions.

A compact convex set-valued function F : T — P, (R™) is said to be graph measurable if the set
{(t,z) € T x R"|z € F(t)} is a member of the product oc—algebra generated by £ and the Borel

subsets of R™ in the norm topology. Here £ denotes the family of all Lebesgue measurable subsets of
T.

Definition 2.1 ([27]). For A € Py(R"™), z € S, the support function of A is defined by

o(xz, A) = sup(y, ),
yEA

where S"~1 denotes the unit sphere of R", (-,-) is the inner product in R".

Next, we shall give the definitions of Pettis integral, Henstock-Pettis integral and Aumann-
Henstock-Pettis integral for compact convex set-valued functions.

Definition 2.2. A set-valued function F : T — P,(R™) is said to be Henstock integrable to I €
Pi(R™) if for every € > 0 there is a function d(z) > 0 such that for any J—fine division II =
{&, [xi—1,2;]} of T, we have

A1, " F(&) (2 — xim1)) <,
and write (H) [, F(x)dx = 1.
Lemma 2.3 ([27]). If A € Py(R"),z € S"7!, then A= {y € R"|(y,z) < o(z,A),z € S"7'}.
Lemma 2.4 ([26]). If A, € P,(R"),{A,, } C Px(R"), where ry, is converging nondecreasingly to r
and Ay, D Ay, ., D A (m=1,2,---) for any x € S"!, then A, = ﬁ Ay, if o(x, Ay,) converge
to o(x, A,). "

1068 Yabin Shao et al 1067-1080



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Theorem 2.5. A set-valued function F : T — Pi(R"™) is Henstock integrable on T iff the real-valued
function U(ac, F(t)) is Henstock integrable uniformly on T for any x € S™~ ', and

oz, (H) /T F(t)dt) = (H) /T o (e, F(t))dt. (2.1)

Definition 2.6. Let F' : T — Py (R™) be a measurable set-valued function. F' is said to be Pettis
(Henstock-Pettis) integrable on 7 if there is a nonempty set A € Py (R™) such that for any z € S"~!
we have

oz, A) = (L) /T oz, F(£))dt

(o, A) = () /T o, F(£))dt),
and write A = (P) [, F(t)dt (A= (wH) [, F(t)dt).

In particular, if the set-valued function above is defined by F' : T' — R"™, then the set A will become
a vector in R™, and for any = € S"~! we have

<2, A= (L)/ < F(t) > dt
T

(<2, A >= (H)/ < F(t) > dt),
T
In this case, F is also said to be Pettis (Henstock-Pettis) integrable on T'.
Theorem 2.7. If F: T — P,(R"™) is a measurable set-valued function, then the family of measurable
selections of F' is not empty.

Proof. Since R"™ is a separable space, we can prove the theorem easily. O

Now, we use sy (F) to denote the family of Henstock-Pettis integrable selections and sp(F) to
denote the family of Pettis integrable selections of F.

Definition 2.8. The Aumann-Henstock integral of a measurable set-valued function F : T — Py (R")
defined by

(Am) /T F(t)dt = {(HP) /T F()dtlf € su(F)).

Definition 2.9. Pick a set-valued function F' : T — P (R™) and let I C T. The function f: A —
Pi(R™) is the weak derivative of F' on T if the Banach valued function (o(z, F'))’ is differentiable
almost everywhere on I and (o(x, F)) = o(x, f)) almost everywhere on T

Ezample. Let F : T — P, (R"™) be weakly differentiable. Then its weak derivative F’ is Henstock-Pettis

integrable and
(HP) / F'(H)dt = F(s) — F(a),s € T.

Indeed, F has the weak derivative at a point ¢ means that there is a point F’(t) € R™ such that
for any x € S"~1, we have

lim <z, Flt+ALt) >— <z, F(t) >

= F'(t) > .
At—0 VAN < ()>

Since < z, F' > is differentiable, so we have

<z, F(s)>— <z, F(a) >= (H)/ <z,F>'dt,seT.
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On the other hand, < z, F >'=< z, F’ >, it implies that
S
<xz,F(s)>—<z,F(a) >= (H)/ <z, F'(t) > dt.
a

That is .
<, F(s) — Fla) >= (H)/ <, F'(1) > dt.

Hence s

F(s) - F(a) = (HP) / Fd. O

a

Theorem 2.10. If all measurable selections of F : T — Py (R™) are Henstock-Pettis integrable and
o(xz, F(t)) is Henstock integrable, then (AH) [, F(t)dt is a compact convex set.

Proof. Since o(z, F(t)) is Henstock integrable, so o(x, F(t)) is measurable. Now fix a measurable
selection f of F' and let G(t) = F(t) — f(¢t). Since f is Henstock-Pettis integrable, so G is Aumann-
Henstock integrable.

Let Iy = (AH) [ G(t)dt and D be a countable dense subset of S"~!. We prove the convexity of
I first. It can be proved that

) [ Gt ={(wi) | gt)atlg € su(F = 1)
is a convex set. In fact, for any A, B € I, there exist g1(t), 92(t) € sg(F — f) such that
A= (HP)/Tgl(t)dt, B= (HP)/ng(t)dt. (2.2)
In addition, for any A € [0, 1],

M+ (1-M\B

A(HP) / g (D)t + (1) / ga(t)dt

(HP) /T (Agr(t) + (1= Nga(t))dt.

That is, A\ A+ (1 — A\)B € Ir.
In order to prove the compactness of I, we take a sequence of points x,, € It, and then there exists
9n € su(G) with z,, = (HP) [ gn(t)dt. For each n € N,t € T,z € S"~', we have the inequalities

—o(—z,G(t) << z, gn(t) >< olz, G(t)). (2.3)

Since f € sy (F') and the null function is included in G(t), o(z, G(t)) is nonnegative Henstock inte-
grable. It implies that the support function o(x, G(t)) is Lebesgue integrable. Thus, each < x, g, >
is Lebesgue integrable and

(@) [ 1< 20,0 > 4t < (D) [ oGt + 1) [ oGO

T T T
Furthermore, due to the countability of D and L;—boundeness of each < x,g,, > we can find there
exist hy, € conv{gn, gn+1, - }, such that for each x € D the sequence < z, h,, > is almost everywhere

convergent to a measurable function h,.

As for each t and n we have h,,(t) € G(t) and G(t) is compact, there is a cluster point h(t) € G(t).
It follows that there is a set NV of Lebesgue measure zero such that for any z € D and ¢ ¢ N we have

<z,h(t) >= lm <z, hy(t) >= hy(t).

n—oo
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Taking into formula Eq. (2.3) and the Lebesgue dominated convergence theorem, we have for any
x €S,

lim < ac,(HP)/ hn(t)dt > = lim (L)/ < @, hy(t) > dt
T T

n—oo n—oo

= (L)/ < x,h(t) >dt
T

<=, (HP) /T h(t)dt > . (2.4)

We write y, = (HP) fT h,(t)dt, then y, € Ir,y, € conv{x,,xnt1, -} and the sequence {y,}
convergent to yo = (HP) [, h(t)dt. Thus, given an arbitrary sequence {x,}, ®, € Ir, there is

a convex combination of points y, € conv{x,,Tnt1, -} and yg € Ir such that y, converge to
yo- Consequently, the set Ip is compact, i.e., there exists yo = (HP) [, h(t)dt € Ip such that
lim y, = yo. O
n— o0

3 The Henstock-Pettis integral for fuzzy number valued func-
tions

In this section, we give the definition of Henstock-Pettis integral of fuzzy-number-valued functions
and its representation theorems.

Definition 3.1 ([4, 23]). Let E" = {u|u : R — [0,1]}. For any u € E", u is said to be a
n—dimensional fuzzy number if the following conditions are satisfied:
(1) w is a normal fuzzy set, i.e., there exists an xg € R", such that u(xg) = 1;
(2) w is a convex fuzzy set, i.e., u(tx +(1- t)y) > min {u(x),u(y)} for any x,y € R",t € [0, 1];
(3) u is upper semi-continuous;
(4) suppu = {z € R" | u(z) > 0} is compact, here A denotes the closure of A.

For r € (0,1], denote [u]” = {z € R™ | u(x) > r} and we call it the r—level set of u, and
[®="U [u"
re(0,1]
E"™ denotes the n—dimensional fuzzy number space. If u € E™, then [u]” is a nonempty compact
convex subset of R" for each r € [0, 1].

Theorem 3.2 ([4, 23]). Define D : E™ x E™ — [0,00) by the equation

D(u,v) = sup d([u]",[v]"),u,v € E",
relo0,1]

then

(1) (E™, D) is a complete metric space;

(2) D(Au, ) = |\|D(u,v), A € R;

(3) D(u+ w,v + w) = D(u,v);

(4) D(u+v,w +e) < D(u,w) + D(v,e);

(5) D(u+v,0) = D(u,0) + D(v,0);

(6) D(u+v,w) < D(u,w) + D(v,0).
where u, v, w, e,ﬁ € E”,ﬁ = X({o})-

~ A~~~

The metric space (E™, D) has a linear structure, it can be imbedded isomorphically as a convex
cone with vertex # into the Banach space of functions u* : I x S"~! — R, where S”~! is the unit
sphere in R™, with an imbedding function v* = j(u) defined by

u*(r,z) = sup <a,z>
aclu]®
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for all < r,x >€ I x S™ 1.

Theorem 3.3 ([23]). There exists a real Banach space X such that E™ can be imbedding as a convex
cone C with vertex 6 into X. Furthermore the following conditions hold true:
(1) the imbedding j is isometric,
(2) addition in X induces addition in E",
(8) multiplication by nonnegative real number in X induces the corresponding operation in E™,
(4) C — C is dense in X,
(5) C is closed.

A fuzzy-number-valued function F : [a,b] — E" is said to satisfy the condition (H) on [a, b], if for
any 1 < xg € [a,b] there exists u € E™ such that f(z2) = f(xz1) + u. We call u is the H-difference of
F(x3) and F(z1), denoted F(z2) —p F(x1) ([10]).

For brevity, we always assume that the condition (H) is satisfied when dealing with the operation
of subtraction of fuzzy numbers throughout this paper.

Definition 3.4 ([24, 25]). A fuzzy-number-valued function F:T — E" is said to be fuzzy Henstock
integrable on T if there exists a fuzzy number A € E™ such that for every ¢ > 0 there is a function
d(z) > 0 such that for any d—fine division IT = {;, [z;—1, x;]} of T, we have

D(A, ZF(&)(J% — xi—l)) < €.

We write (FH) [, F(z)dz = A.

Definition 3.5 ([22]). A fuzzy-number-valued function F : T — E™ is said to be Pettis ( Henstock-
Pettis) integrable on 7' if [F'(t)]" is Pettis ( Henstock-Pettis) integrable on T for every r € [0,1], and
there exists a fuzzy number A € E™ such that for any z € S"~! we have

ol A1) = (1) [ ote (PO

T

We write A = (FP) [, F(t)dt (A= (FHP) [, F(t)dt).

Remark 3.6. In particular, if Fis degenerated into F' : T' — R™ and Ais degenerated into A € R™,
then

o(z,[A]") =<z, A >.
Remark 3.7. When n = 1, if the fuzzy-number-valued function F:T — E'is Kaleva integrable on T
(refer to [25]), then F is also Pettis integrable.

Remark 3.8. When n = 1, if the fuzzy-number-valued function F : T — E'is fuzzy Henstock
integrable on T (refer to the Definition 3.2 of [24]), then F' is also fuzzy Henstock-Pettis integrable.

A fuzzy-number-valued function F : T — E™ is said to be measurable on 7" iff the compact convex
set-valued function F" : T' — P, (R") is measurable for any r € [0, 1].

Definition 3.9. Let F' : T — E™ be a measurable fuzzy-number-valued function, F is said to be
fuzzy Aumann-Henstock-Petiss integrable on T if

(FAHPX/

T

W@Wﬂﬁiﬂﬂpxéf®&V68HﬂF®V}

determines a unique fuzzy number A € E™, where sy [F (t)]" denotes the family of all fuzzy Henstock-
Petiss integrable selections of [F(t)]". We write (FAH) [, F(t)dt = A.
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Theorem 3.10. Let F' : T — E™ be a fuzzy Aumann-Henstock-Pettis integrable function on T. If the
set-valued function [F(t)]" is measurable and the measurable selections of [F(t)]" are Henstock-Pettis
integrable for any r € [0,1], then for every x € S~ we have

oz, (AHP) /

T

(FOa) = () [ ofe (Pt
Proof. Since the measurable selections of [F'(t)]" are Henstock-Pettis integrable for any r € [0, 1], we
have

o (. (AHP) / [F(O)]"dt) = (H) / oz, [FO])dt

T T
for any z € S"~1,r € [0,1]. O

Furthermore, by Theorem 2.10, we can easily obtain the following Theorem 3.11.

Theorem 3.11. Let F : T — E™ be a fuzzy-number-valued function. If all measurable selections of
[F(t)]" are Henstock-Pettis integrable and o(x,[F(t)]") is Henstock integrable for any r € [0,1], then
(AHP) [,[F(t)]"dt is a compact convex set.

Theorem 3.12. Let F' : T — E™ be a fuzzy-number-valued function on T. If F is fuzzy Henstock-
Pettis integrable on T, then each measurable selection of [F(t)]" is Henstock-Pettis integrable for any
rel0,1] andt €T.

Proof. Since [F'(t)]" is Henstock-Pettis integrable on T, for any r € [0,1] and ¢t € T, by Lemma 3 of
[5], the conclusion holds. O

Theorem 3.13. If A,B € E", then A C B if and only if o(z,[A]") < o(x,[B]") for any r € [0,1]
and x € S"71.

Proof. Necessity: If A C B, then for any r € [0,1] and z € S~ we have

o(@,[A") = sup{<wa>oc (4]}
< sup{<z,b>|be[B]"}
— o, [B]). (8-1)

Sufficiency: If o(z,[A]") < o(x, [B]") for any r € [0,1] and € S"~!, then for every a € A, by
the Lemma 2.3 we have < x,a >< o(z,A) < o(z, B), thus a € [B]", that is [A]" C [B]". Hence,
ACB. O

Theorem 3.14. Let F : T — E™ be a fuzzy-number-valued function on T. If the integration (FH) fT ﬁ‘(t)dt
exists, then the following statements are equivalent:

(1) F is fuzzy Henstock-Pettis integrable on T';

(2) For every Henstock-Pettis integrable function f € syp([F(t)]}), there exists a fuzzy-number-
valued function G : T — E™ such that F(t) = G(t) + f(t) and G is fuzzy Pettis integrable on T}

(3) For every f,h € sg([F(t)]'), h — f is Pettis integrable;

(4) F(:r) is fuzzy Aumann-Henstock-Pettis integrable on T and for any x € S, we have

o(x,(AHP) /

T

(PO = () [ ol (PO (v € 0.1).

Proof. (1) = (2): For every f(t) € su([F(t)]'), since [F(t)]' is Henstock-Pettis integrable on
T, by Theorem 3.10, wa can infer that f(¢) is Henstock-Pettis integrable on T. Define [G(t)]" =
[F)]" — f(t), [G]":T — Py(R™), then for any x € S"~1,t € T we have o(z, [G(t)]") > 0, and

oz, [F(1)]") = oz, [GO])+ <, f(t) >
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By Theorem 3.12, [G(t)]" is Pettis integrable. In addition, we can prove that {[G(¢)]",r € [0,1]}
determines a fuzzy number. In fact, {{G(¢)]"} satisfies the following conditions:

(i) [G(¢)]" is a nonempty compact convex set;

(ii) if 0 <r; < ry <1, then

o(@, (GO = ola,[FO)")- < f(t) >
> ole [FOI)- <, f(t) >
= o [GO]™) (3.2)

That is [G(¢)]™ 2 [G(¢)]™;
(iii) for any {r,,} converging increasingly to r € (0, 1], since for any = € S~ we have

oz, [F(B)]™) L o(x, [F()]),

o(z, [GM]™) = oz, [FO)]™)= <z f(t) >
Voo [F@)])- <=, f(t) >
= oz, [GO]"). (3-3)

(2) = (3): Let f € sup((FO]), GO = [FO — £(). T h € sy(FO)]), then g =h— f is a
measurable selection of [G]”, and

—o(—z, [G)]") << z,9(t) >< oz, [GH)]").

For every E € L, we denotes wg = (P) [[G(t)]"dt € P,(R"), then

—o(—z,wg)

~0) [ o= GO
< (L)/ < z,g(t) > dt
< (1) /E oz, [GE])dE = o(z, wp). (3.4)

On the other hand, wg is compact and its support function o(z, wg) is Lipschitz continuous uniformly
with respect to x, therefore  — (L) [, < x,g(t) > dt is continuous uniformly, it follows that g = h— f
is Pettis integrable.

(3) = (2): For f € suyp([F(t)]), define [G(t)]" = [F(t)]" — f(t), then by assumption, each
measurable selection g of [G(t)]" is Pettis integrable, and by Theorem 3.12, [G(¢)]" is also Pettis
integrable on 7. Furthermore, we can prove {[G(¢)]",r € [0, 1]} determines a fuzzy number similar to
(1) = (2). It shows that G is Pettis integrable on T'.

(2) = (4) For f € sg([F(t)]}), the set-valued function [G(t)]" = [F(t)]" — f(t) is Pettis integrable
on T. By the Theorem 3.12, [G(¢)]” is Aumann-Henstock-Pettis integrable on 7', and

(P) /T Gt = {(P) /T g(t)dtlg € sp([GOT)}.

Note that (P) [.[G(t)]"dt is a compact convex set, then

(AHP) /

T

F(H)dt = (P) /

T

(G(8)]dt + (HP) /T Ft)dt

is also a compact convex set.
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We can prove that {(AHP) [[F(t)]"dt | r € [0,1]} determines a unique fuzzy number. In fact,
{(AHP) [ [F(t)]"dt | r € [0,1]} satisfies the following conditions:

(i) (AHP) [,[F(t)]"dt is a compact convex set;

(ii) if 0 <r; < ry <1, then

o(xz,(AHP) / [F(t)]™dt)

T

ot (P) [ (GO ae+ Py [ poa)

= ola(P) [ (GO a0+ ote (P) [ 1(0))

> ola.(P) [ (GO a0+ oa (11P) [ 1(00)

— o(x, (AHP) / [F(£)]"2d). (3.5)

T

(iii) for any {r,,} converging increasingly to r € (0,1], since for every x € S"~! we have
oz, [GH)]™) L o(z, [G(D)]").
Consequently,

oz, (AHP) / [F(£)]™ dt)

T

= oz, (P) /T (G(t)]™dt) + oz, (HP) /T F(t)dt)
L ol (P) /T (G dt) + oz, (HP) /T F(t)dt)
— o(z,(AHP) / [F($)]7d).

T

Thus, {(AHP) [,[F(t)]"dt | r € [0,1]} determines a unique fuzzy number. That is, F(x) is fuzzy
Aumann-Henstock-Pettis integrable on 7', and

(e, (AHP) [ [FO ) = (1) [ ot (PO
T T

(4) = (1): Since F(t) is fuzzy Aumann-Henstock-Pettis integrable on T', so [F(t)]" is Aumann-
Henstock-Pettis integrable on T for any r € [0,1]. By Theorem 3.12, [F(¢)]" is Henstock-Pettis
integrable on T'. Similar to the proof of (2) = (4), we can prove that {[F(¢)]",r € [0,1]} determines
a unique fuzzy number (FAHP) [ F(t)dt € E™, ie., F(t) is fuzzy Henstock-Pettis integrable on
T.

Corollary 3.15. IfF:T - E", G:T — E", f € sup([F(t)]', then the fuzzy Henstock-Pettis
integration of F could be translated into the Henstock-Pettis integration of G, and

(FHP) /

T

Ft)dt = (FP) / G(t)dt + (HP) / F(t)dt.

Theorem 3.16. Let F : T — E™ be a measurable fuzzy-number-valued function, o(x, [F(t)]") Hen-
stock integrable on T. If F is fuzzy Henstock-Pettis integrable on T, then [G(t)]" = [F(t)]" — f(t) is
Pettis integrable on T for any measurable selection f of [F(t)]*, and

(H) /T oz, [FO])dt = (L) /T oz, GO )dt + (H) / < f(t) > dt.

T

for every t € T,x € S~ 1.
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Proof. Suppose f is a measurable selection of [F(¢)]}, [G(t)]" = [F(t)]" — f(t). Since the support func-
tion o(z, [G(t)]") is a Henstock integrable set-valued function and < z, f(¢) > is Henstock integrable,

we see that
[F@®)]" =[GMO)]" + f(t).

On the other hand, since [G(¢)]" has at least one Bochner integrable selection (the null function), for
every E € L there is wg € R™ with

o(a,wp) = (L) / o (e, [G(0)])dt
E
for any x € S"~1. Hence, we have for every x € S"~1

o(x, wr) + (H)/

T

<z, f(t)>dt=(H) /T oz, [F(t)]")dt # £oo.

It follows that o(z,wy) # +oo for all z € S"~1. By Banach-Steinhaus Theorem, wy € Py(R"™). And
we get that every wg is bounded, thus [G(t)]" is Pettis integrable on T. O

4 The Komlés-type convergence theorem for the Fuzzy Henstock-
Pettis integrals and a fuzzy integral inclusion

The Komlés’s classical theorem (see[11]) yields that from any L'—bounded sequence of real functions
one can extract a subsequence such that the arithmetic averages of all its subsequence converge point
almost everywhere. In [20], the author extended these results by providing a Komlés-type theorem for
set-valued functions under Henstock-Pettis integrability assumptions. In this section, we extend the
Komloés theorem to the case of the fuzzy-number-valued Henstock-Pettis integrals. As an application,
an existence theorem for a fuzzy integral inclusion involving the fuzzy Henstock-Pettis integral is
obtained.

Definition 4.1. A sequence (ﬁ‘n)n of fuzzy-number-valued functions is said to be Komlés convergent
(K —convergent for short) to a fuzzy-number-valued function F if for every subsequence (F}, ), there
exists a p—null set N C T, such that for all ¢ € T\ N,

ola, [F(O))) = lmo(z, - Z

3

Theorem 4.2. Let F,, : T — E™ be a sequence of (FH[E’)—integmble functions. Suppose
(i) there exists a real Henstock integrable function f, such that

ft) <oz, [F,(t)]"), VteT,vneN,;

and

sup(t) [ o(a, (P (O] )dt < +oc;

(i3) there exists a function h: T x R — [0,+00) such that, for everyt € T, h(t,-) is conver and
compact, and a countable measumble partition (B, )m of Tsatisfying:

(a) sup,,(H) [ \0 n(O]7)]dt < +oo;

(b) sup,,(H) [ I )] )de.
Then there exist a (FHP)—mtegmble function F and a subsequence of (F,), which K— converges to
F. Moreover, me h(t,[F(t)]")dt exist for each m € N.

10
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Proof. Consider the convex Y C E™, let the function g(¢t,C) = o(z,C) be continuous on Y. By
(ii) and defn 5 1, the fuzzy sequence (F,), K—converges to F which is (F'HP)—integrable and
I5,. )dt exist for each m € N

By ( ) the function — f(t) 4+ o(z, £ 37" | [Fy, (t)]") is Henstock 1ntegrable for every n € N. We are
now able to apply Fatou’s Lemma to the sequence (—f(t) + o(z, L 31" | [Fy, (£)]"))n, and have

/T (—F(t) + (e, [F()])dt

< liyrlninf(H)/T(—f(t)—i-U(x,;;[Fki(t)]r))dt
. . 1« .
= (H)/T(—f(t)dt—i—hrrlnmf(H)/Ta(x,n;[Fki(t)] )dt
< () [ (faat s [ ol FOF)E < 4o (4.1)

Consequently, — f(t)+o(x, [F(t)]" is (H)-integrable and, since f(t) is (H )-integrable, the H-integrability
of o(x, [F(t)]" follows. Every measurable selection f of F' is H P—integrable, so we have

—o(—z,[F)]") <z, f(t)) < o(z,F(t)]"), a.eteT.

For every [a,b] C T, there exist A, such that (x, A) = (H) f; (x, f(t)). Thus every measurable selection

of F is Hestock-Pettis integrable.
Finally, by implication (4) = (1) in Theorem 3.14, we have

lim (FHP) /T F,(t)dt = (FHP) /T F(t)dt.
O

Corollary 4.3. Let (Fn)n be a sequence of (F'H P)—integrable functions satisfying hypothesis (i) in
Theorem 4.2 and for every n € N there ewist F),(t), such that F,,(t) C F), a.e. Then there exist a
F HP—integrable function F and a subsequence of (Fy,)n which K—converges to F.

Proof. Let B, = {t € T|m —1 < D(F!(t),0) <m, Vm € N} satisfy hypothesis (ii) in Theorem 4.2.
Then, for every m € N, we have

sup(H) [ lotw Fa01 e < () [ o IF o)l
neN B,
< / D F/ < —+o0.
By Theorem 4.2, the conclusion holds. O

Theorem 4.4. Let (F,), be a sequence of (FHP)—integrable functions satisfying hypothesis (i) in
Theorem 4.2 and
(i) there exists a measurable countable partition (By)m of T such that, for each m € N,

sup(H / D(F, dt < +o0.
neN
Then there exz'st a (FHP)— ntegmble function F and a subsequence of (F,,), which K—converges

to F Moreover, fB (F(t),0)dt < 400 for every m € N.

11

1077 Yabin Shao et al 1067-1080



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

In the sequel, using above Komlds-type convergence theorem, we give an existence theorem of a
fuzzy integral inclusion as the following:

x(t) €§+(FHP)/Ot15(s,x(s))ds, teT

Theorem 4.5. Let U an open subset of fuzzy number space (E™, D), and F H P-integrable function
F:TxU—E"andT : T — E" satisfy

(1) F(t,z) cT(t), VteT,Vzxel,

(2) F’(t, x) is upper semi-continuous fort € T';

(3) o(z,[F(-,x)]") is measurable for every x € U.
Then, for every fixzed £ € U, there exist to € T such that £ + (FHP) foto ['(s)ds ¢ U and

x(t) € £+ (FHP)/0 F(s,z(s))ds

has a solution in C([0, %], E™).

Proof. By Theorem 3.14, for all f e sup([F(t)]Y), there exists G : T — E™ such that F(t) =
G(t)+ f(t), and G is fuzzy Pettis integrable on T', then f is measurable.
Fixing & € U we conbider the open subset U; and Uy of E™ such that & € U1 and U; + Uy C U.
Since (FHP) fo t)dt is continuous, there exist t; € T such that (FHP) fo t)dt € Uy for every
telo, tl]. We deﬁne a fuzzy-number-valued function F' : [0,t1] x Uy — E™ as the following:

Fi(t,z) = (=1)- f + F(t,z + FHP/f Ydr),

which satisfies the following conditions:
(1) F'(t,z) c G(t), VteT,YxeU;
(2) for evry t € T, F'(t, ) is upper semi-continuous;
(3) o(z, [F'(-,x)]") is measurable for every x € U.
Then we obtain that there exist tg € [0, t1] such that £+ (FP) fo s)ds € Uy, the integral inclusion

y(t) € £+ (FHP)/0 F’(s,y(s))ds (4.2)

has a solution in C([0,tg], E™) and the set of solution is compact in C([0, to], E™).
Therefore, we have

to

¢+ (FHP) / " Fls)ds = £+ (FHP) [ (s)ds + (FP) / " Gsyds c U

0

and we find y(t) € C([0,to], E™) such that

y(t) € & + (FP) / (=1)- f(s) + F(s,y(s) + (FHP) / " f(r)dr)ds

That is
y(t) + (FHP) / F(s)ds € &+ (FHP) /O F(s,y(s) + (FHP) /O F(r)dr)ds

Thus z(-) = y(-) + (FHP) [, () f(7)dr is a solution of the integral inclusion. O

12
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5 Conclusions

In this paper, we study the Henstock-Pettis integral of compact convex set-valued functions and
fuzzy-number-valued function and the K —convergence theorem of fuzzy Henstock-Pettis integrals.
We emphasize that the outcomes of the second part in our paper are different from the results in L. Di
Piazza’s paper [5]. In the future research, we shall deals with a new derivative and Hestock-Pettis-A-
integral for fuzzy-number-valued functions on time scales. Also, we shall study and investigate fuzzy
differential equations and fuzzy integral equations with Apg—derivative and FHP — A—integral on
time scales.
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Abstract

In this paper, we investigate the Diamond integral on time scales. By using
Darboux approach, we define the Riemann Diamond integral on time scales
and prove the corresponding theorems. Our results extend and improve the
corresponding results on inequality of [8].

Keywords: Diamond integral, generalized Holder’s inequality, generalized
Jensen’s inequality, time scales
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1. Introduction

The theory of time scales was born in 1988 with the Ph.D. thesis of Stefan
Hilger, done under the supervision of Bernd Aulbach [9]. The aim of this theory
was to unify various definitions and results from the theories of discrete and
continuous dynamical systems, and to extend such theories to more general
classes of dynamical systems. It has been extensively studied on various aspects
by several authors [1,4,5,6,7,10,14,16].

Two versions of the calculus on time scales, the delta and nabla calculus,

are now standard in the theory of time scales [5,6]. In 2006, the Diamond-alpha
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integral on time scales was introduced by Sheng, Fadag, Henderson, and Davis
[16], as a linear combination of the delta and nabla integrals. The Diamond-
alpha integral reduces to the standard delta integral for « = 1 and to the
standard nabla integral for « = 0. We refer the reader to [2,3,11,12,13,15,16]
for a complete account of the recent Diamond-alpha integral on time scales. In
2015, the Diamond integral on time scales, as a refined version of the diamond-
alpha integral, was introduced by Artur M. C. Brito da Cruz et al., [8]. In this
paper we define and study the Riemann Diamond integral on time scales. Basic
properties of the theory are proved.

The paper is organized as follows. Section 2 contains basic concepts of time
scales theory. In Section 3, definition of the Riemann diamond integral will
be introduced. We will investigate basic properties of the Riemann diamond
integral. In Section 4, we will establish generalized Holder’s inequality, Cauchy-
Schwarz’s inequality, Minkowski’s inequality and Jensen’s inequality on time

scales.

2. Preliminaries

Let T be a time scale, i.e. a nonempty closed subset of R. For a,b € T we
define the closed interval [a, by by [a,b]lr = {t € T : a <t < b}. The open and
half-open intervals are defined in an similar way. For ¢t € T we define the forward
jump operator o : T — T by o(t) = inf{s € T : s > t} where inf ) = sup T, while
the backward jump operator p : T — T is defined by p(t) = sup{s € T : s < t}
where sup () = inf T.

If o(t) > t, we say that ¢ is right-scattered, while if p(t) < ¢, we say that t is
left-scattered. If o(t) = t, we say that ¢ is right-dense, while if p(t) = t, we say
that ¢ is left-dense. A point ¢ € T is dense if it is right and left dense; isolated if
it is right and left scattered. The forward graininess function p : T — [0, c0) and
the backward graininess function 7 : T — [0, 00) are defined by u(t) = o(t) — ¢,
n(t) =t—p(t) for all ¢ € T respectively. If sup T is finite and left-scattered, then
we define T* := T\ sup T, otherwise T := T; if inf T is finite and right-scattered,
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then Ty := T\ inf T, otherwise T}, := T. We set 'H",j = T* N Tg.

A function f: T — R is called regulated provided its right-sided limits exist
(finite) at all right-dense point of T and its left-sided limits exist (finite) at all
left-dense point of T.

A function f : T — R is called rd-continuous provided it is continuous at
all right-dense points in T and its left-sided limits exist (finite) at all left-dense
points in T.

Assume f: T — R is a function and let t € T*. Then we define f2(¢) to be
the number (provided it exists) with the property that given any & > 0, there
exists a neighborhood U of ¢ such that

[f(0(t)) = f(5) = f2 (&) (a(t) = 5)| < elo(t) — s

for all s € U. We call f2(t) the delta derivative of f at ¢ and we say that f is
delta differentiable on T* provided f2(t) exists for all ¢ € T.
let t € Ty. We define fV(¢) to be the number with the property that given

any ¢ > 0, there exists a neighborhood U of ¢ such that

[F(p(1)) = f(s) = FY()(p(t) — 5)| < elp(t) — s

for all s € U. We call fV(t) the nabla derivative of f at ¢ and we say that f is
nabla differentiable on T}, provided fV (t) exists for all t € Ty,.

Let t,s € T and define p; s := o(t) — s and ns := p(t) —s. We define
fO=(t) to be the number with the property that given any ¢ > 0, there exists a
neighborhood U of ¢ such that

|a(f(a(8)) = F()ne,s + (L= ) (F(p(t)) = F(5))e,s = FO () pe s,

S €|Mt,s77t,s|

for all s € U. We call f0=(t) the diamond-a derivative of f at ¢ and we say that
f is diamond-a differentiable on T¥ provided f¢«(t) exists for all ¢ € T.

The real function

L o(t)—s
(1) = lim o(t) + 2t — 25 — p(t)
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3. The Riemann Diamond integral
A partition of [a, b]t is any finite ordered subset
P ={to,t1,...,tn} Cla,blr, where a=ty<t; <...<t,=0>.

Each partition P = {tg,t1,...,ts} of [a,b]r decomposes it into subintervals
[ti—1,ti)T, i =1,2,...,n, such that for ¢ # j one has [t;_1, ;)1 N [t;—1,t;)T = 0.

By P(la,b]r) we denote the set of all partitions of [a,blr. Let P,, P, €
P(la,b]r). If P, C Py, we call P, a refinement of P,,. If P,, P, are indepen-
dently chosen, then the partition P, U P,, is a common refinement of P, and
P,.

Let f: [a,b]lr — R be a real-valued bounded function on [a, b]r. We denote

M = sup{y(t)f(t) : t € [a,b)r}, ™ =inf{y(t)f(t):t € [a,b)7},
M = sup{(1 —~(t))f(t) : t € (a,b]r}, m=inf{(1 —~(t))f(t):t€ (a,b]r},
and for 1 <i <n,
M; = sup{y(t) f(t) - t € [tio1,ti)r}, i = inf{y(t)f(t) :t € [tio1, ti)T},

M; =sup{(1—y(t))f(t) : t € (ti—1,talr}, mi =nf{(1—y())f(t) : t € (ti-1,til7},

Let v(¢) € [0,1]. The upper Darboux {-sum of f with respect to the parti-
tion P, denoted by U(f, P), is defined by

n

U(f,P) =Y (M; + M) (t; —ti-1),

i=1
while the lower Darboux {-sum of f with respect to the partition P, denoted
by L(f, P), is defined by

L(f,P) = (5 + my)(t; — tio1).
Note that

U(f,P) < i(M+M)(ti —ti1) = (M + M)(b—a)
i=1
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and

L(f,P) > Z(W+m)(ti —ti-1) = (Mm+m)(b—a).

Thus, we have (M +m)(b—a) < L(f,P) <U(f,P) < (M + M)(b — a).
Definition 3.1 Let I = [a,b]r, where a,b € T. The upper Darboux
{—integral of f from a to b is defined by

f P);
/f = et U(f, P);
The lower Darboux {)—integral of f from a to b is defined by

b
[ root= sw 1(4.p),

PeP([a,blT)

If Ef(t)@t = f:f(t)(}t, then we say that f is Riemann <{)—integrable on
[a, b]T, and the cor;non value of the integrals, denoted by fj F()Ot, is called
the Riemann {— integral.

Definition 3.2 Let I = [a,b]r, where a,b € T. The upper Darboux
A—integral of f from a to b is defined by

/ 1) inf U/, P)

PEP( a b]'ﬂ')
where U(f, P) denote the upper Darboux sum of f with respect to the partition
P and

n

U(f, P) = ZMl(tz — ti—l)a Mi = Sup{f(t) it e [ti—h ti)T}~

i=1

The lower Darboux A—integral of f from a to b is defined by

b
/ f@&Vi= sup L(f,P).

PeP([a,b]r)
where L(f, P) denote the lower Darboux sum of f with respect to the par-

tition P and

Zml i —tio 1 1nf{f(t) 1t e [tifl,ti)'ﬂ‘}.
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If E’f(t)At = f;f(t)At, then we say that f is A—integrable on [a, b]r, and the
common Valuegthe integrals, denoted by f: f(t)At, is called the Riemann A—
integral. Similarly, we can give the definition of the Riemann V— integral.

We can easily get the following two theorems.

Theorem 3.1 Ifyf:[a,blr — R is Riemann A—integrable and (1—7)f :
[a,b]r — R Riemann V—integrable on the interval [a,b]r, then f : [a,b]r — R

is Riemann {—integral on [a, b]r and

b b b
h/f@@hj/vﬁﬁ@Av+/(l—ﬂmf®Vt

Theorem 3.2 Let f : [a,b]r — R is Riemann {—integrable on the interval
[a, b]T.
(1) If v(t) = 1, then f is Riemann A—integrable on [a, b]r.
(2) If v(t) = 0, then f is Riemann V—integrable on [a, b]r.
(3)If 0 < 4(t) < 1, then f is Riemann A—integrable and Riemann V—integrable
on [a,b].

The proofs of the following two Theorem are standard and similar to [6,
Theorem 5.5 and Theorem 5.6].

Theorem 3.3 Let L(f,P) = U(f,P) for some P € P([a,b]r), then the

function f is Riemann {—integrable on the interval [a, b]T and

b
/fww:uﬁszmP»

Theorem 3.4 (Cauchy criterion) Let f : [a,b]r — R be a bounded
function on the interval [a,b]r. Then the function f is Riemann {—integrable
on the interval [a,b]r if and only if for every € > 0 there exists a partition
P € P([a,b|t) such that U(f, P) — L(f, P) <e.

The following Lemma can be found in [7].

Lemma 3.5 Let I = [a,b|r be a closed (bounded) interval in T. For every
0 > 0 there is a partition Ps = {tg,t1,...,tn} € P([a,b]T) such that for each i
one has:

ti—ti_1 <6 or t; —ti_1>0AN p(tz) =1;_1.
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The next theorem gives another Cauchy criterion for integrability.
Theorem 3.6 A bounded function f on [a, b is Riemann {—integrable

if and only if for each € > 0 there exists § > 0 such that Ps € P([a,b]r) implies
U(f,Ps) — L(f, Ps) <e.

Proof. If for each € > 0 there exists § > 0 such that Ps; € P([a,b]r) implies
U(f, Fs) — L(f, Ps) <,

then we have that f is integrable on [a, bt by Theorem 3.4.

Conversely, suppose that f is Riemann {—integrable on [a,b]r. If y(t) =
1 or 4(t) = 0, then f is Riemann A—integrable or V—integrable on [a, b]y.
Therefore condition holds from [6, Theorem 5.9]. Now, let 0 < ~(t) < 1, f
is Riemann {— integrable, then v f is Riemann A—integrable and (1 — ) f is
Riemann V—integrable. For each € > 0 there exists ¢’ > 0 and ¢” > 0 such that
Ps € P(la,b]t), Ps» € P([a,blr) we have

U(’yf7P6’)_z(7faP5')< ) Q((l—’}/)f,P(;u)—L((l—’}/)f,Ptgu)<

N
[NCN e

If Ps € P([a,b]r) where 6 = min{d’, §”}, then we have

U(f, Ps)—L(f, Ps) =U(vf, Ps)—L(vf, Ps)+U((1=7) f, Ps)—L((1—7) f, Ps) < €.

The Riemann <{—integral has the following properties. Here we will not
dwell with the proofs.

Theorem 3.7 Let functions f, g: T — R be Riemann {—integrable on
the interval [a, b]T, a < b < ¢ and «, B be arbitrary real numbers. Then,

(1) aof £ Bg is Riemann <{—integrable on the interval [a, bt and
b b b
[ s e samor=a [ swoe=s [ gror

2) [ FOt+ [L FH0t = [) F(1)Ot.

(3) if f < g for t € [a, b]r, then f; f(t)ot < f: g(t)$t.

(4) |f| is Riemann {—integrable on the interval [a,b]r and |f; F@®)ot] <
J 11 @10t
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(5) fg is Riemann {—integrable on the interval [a, b].

The following theorem may be proved in much the same way as [6, Theorem
5.18, 5.19, 5.20, 5.21.].

Theorem 3.8 Let I = [a,b]r, where a,b e T.

(i) Every monotone function f is Riemann {—integrable on [a, b]t.

(ii) Every continuous function f is Riemann {—integrable on [a, b].

(iii) Every bounded function f with only finitely many discontinuity points
is Riemann {—integrable on [a, b]r.

(iiii) Every regulated function f is Riemann {—integrable on [a, b]r.

Theorem 3.9 Let f: T — Randt & T. Then, f is Riemann {—integrable
on [t,o(t)]r and t

[ #0008 = w0 + 70
Proof If ¢t = o(t), then the equality is obvious. If ¢ < o(t), then

P([t, o(£)]z) contains only one element given by
F— 5o < 81 = olt).
Since [s, 51)r = {t} and (so,s1]r = {o(£)}, we have
U(f, P) = L, P) = 1(0)f(2) o))+ (1o () 7 () () —1) = (O F(0)+7 (1),
By Theorem 3.3, f is Riemann {—integrable on [t, o (t)]r and
[ s00s = w0 + 7@,

Theorem 3.10 Let f: T — R and ¢t € T. Then, f is Riemann <{—integrable
on [p(t),t]r and
t
[, 76108 =n0(70) + 70,
p(t

Proof If ¢t = p(t), then the equality is obvious. If t > p(t), then [p(¢),t]r

contains only one element given by

p(t) =s0<s1=t.
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Since [sg, s1)T = {p(t)} and (so, s1]T = {t}, we have

U(f, P) = L(f, P) = 7(p(®) f* () (t=p(£))+ (1=~ () f () (t=p(t)) = n() (7 )+ (#))-

By Theorem 3.3, f is Riemann {—integrable on [p(t), t|]r and
t
[, 76108 =n0(70) + 70
By the definition of the Riemann <{>—integral, we have the following Corol-
lary:
Corollary Let a,b € T and a < b. Then we have the following:
(1) If T = R, then a bounded function f is Riemann <{—integrable on the

interval [a,b] if and only if f is Riemann integrable on [a, bl in the classical

lﬂww—lvwﬁ

(2) If T = Z, then each function f :Z — R is Riemann {—integrable on the

sense, and in this case

interval [a, b]y. Moreover

/f Jot= S £1)+ Fla)+ ).

t=a+1

(3) If T = hZ, then each function f : hZ — R is Riemann {—integrable on

the interval [a, b]r. Moreover

/f Z F(kh) + f(a)h + F(B)R.

k=241

Example Let f:{1,2,3} — R be defined by f(t) =¢. Then,
3
/1 f@)0t =) f(1)+A=~(2)f(2)+7(2) f(2)+(1-7(3))f(3) = 1+2+3 = 6.

4. Generalized Inequalities

In this section, we will establish generalized Holder’s inequality, Cauchy-
Schwarz’s inequality, Minkowski’s inequality and Jensen’s inequality on time

scales.

1089 Xuexiao You et al 1081-1093



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Theorem 4.1 (Generalized Holder’s inequality) Let f, g, h € Ci4([a, b]r, R)
and}%+%:1withp>1;then

[ moiswstior< ([ mansoron’ ([ mongwron’.

Proof For nonnegative real numbers «, 5 and p, g such that % + E = 1 with
p > 1, we have the well-known Young’s inequality 04%5 v < % + %

Without loss of generality, we suppose that
b b
([ moisoron) ([ mwligwror) #o

BOS@P 5y —  Olg@)l”
SR @)t [P n@)lg(6)|aot
Consequently we have that
/b (RO 1£(0)] LGIMG]DY
“ (f ot |P<>t)5(f [h(®)llg(®)1s0t) "

Let

at) =

o a(t ,B(t

= / p q )Ot

[ 1 h@)I1f ()] 1 |p@®)llg@®))

B / Pfflht t|P<>t+‘If;’|h(t>|g(t)|q<>t)<>t
1 1

AR

which completes the proof. For the particular case p = ¢ = 2 in Theorem
4.1, we obtain the Cauchy-Schwarz’s inequality.
Theorem 4.2 (Generalized Cauchy-Schwarz’s Inequality) Let f,g,h be

{—integrable on the interval [a, b]t, then

[ ol |<>t<¢/|h @lsoro)( [ naloweor),

Theorem 4.3 (Generalized Minkowski’s inequality) Let f, g, h be {—integrable

on the interval [a, bl and p > 1, then

1 1

/Ih () +g(t |p<>t ; /\h If(t |”<>t p /|h )g(t) \p<>t>%

10
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Proof It follows from Theorem 4.1 that

b
| s+ swpor

b
/ RO E) + 9O f () + 9Ot

b
< [ IO+ gP 1) + ot

b b
- /\htllf (6 + 90~ 110) <>t+/ AOILF(E) + 9P g0t
< /|h (1) +gp) "ot} /|h IROROK

- /\ht (0 + o0p=) o} ([ n@nooror)’

/|h £ +alrory{( |h WPt + ( /\h ORI

Dividing both sides by

L[ oo +sovor),

we arrive to Minkowskis inequality:

/|h O +0or)” /\h ORI /|h Mg@Por)”.

Theorem 4.4 (Jensen’s inequality) Let a,b € T and ¢,d € R. If g :
[a,b]lr — (¢, d) is rd-continuous and f : (¢,d) — R is continuous and convex,

then

(f g(t ) Sfff(g(t))ot

b—a b—a
Proof Let g € (¢,d). Then for each = € (¢,d), there exists 8 such that

f(x) = f(x0) = Bz — 20).

11
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b
Sy 9()ot Thus

Let zg = =2p——,

)

b b
Fla(e) ot — (b - a) £ (=200

b

a

I
~

(g(£)t — (b— a) f (o)
b
= [ o) - sanor

b

(9(t) = o)t

v
=

ab
8 / g(H)ot — (b— a)zo = 0,

which completes our proof.

Similarly, we have the following Generalized Jensen’s inequality.

Theorem 4.5 (Generalized Jensen’s inequality) Let a,b € T and ¢,d € R.
If g : |a,b]r — (¢,d), h: [a,blr — R is rd-continuous with f; |h(t)]$t > 0 and

f:(c,d) = R is continuous and convex, then

; (fj LU0 Ja I(0)1£ (9(0) 0t
Jom@lot 27 [T R0t
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CONTINUITY AND CONTINUOUS HOMOGENEOUS
SELECTIONS OF SET-VALUED METRIC GENERALIZED
INVERSE IN BANACH SPACES

SHAOQIANG SHANG!'* AND YUNAN CUI?

ABSTRACT. In this paper, upper semicontinuity and continuity for the set-
valued metric generalized inverses T¢ in Banach spaces are investigated by
metric projection operator. Moreover, criteria for the set-valued metric gener-
alized inverses to have continuous homogeneous selections are given. Finally,
the relation of continuity and continuous selection of the set-valued metric
generalized inverse are given.

1. INTRODUCTION AND PRELIMINARIES

Let (X,]|| - ||) be a real Banach space. Let S(X) and B(X) denote the unit
sphere and the unit ball of X, respectively. By X* we denote the dual space of
X. Let T denote a linear bounded operator from subspace of X into Banach
space Y. Let D(T), R(T) and N(T') denote the domain, range and null space of
T, respectively. Let L be a subspace of X. The set-valued mapping P, : X — L

Pr(z) = {z € L: ||z —z|| =dist(x, L) := inf ||x — y||}
yeL

is said to be the metric projection operator from X onto L. A subspace L is
said to be proximinal if Py (x) # ) for all x € X. Continuity of metric projection
operator is an important content in geometry of Banach spaces. Moreover, metric
projection operator plays an important role in the optimization, computational
mathematics, theory of equation and control theory.

The concept of generalized inverses has been extensively studied in the last
decades, which has its genetic in the context of the so-called "ill-posed” linear
problems. If N(T') # {0} or R(T') # Y, the operator equation Tz = y is generally
ill-posed, i.e., there exists yo € Y such that ||Tx — yo|| # 0 for any = € D(T).
In order to solve the best approximation problems for ill-posed linear operator
equations in Banach spaces, it is necessary to study the set-valued metric gener-
alized inverses of linear operators between Banach spaces. In 1974, Nashed and
Votruba [9] introduced the concept of the set-valued metric generalized inverse of
a linear operator between Banach spaces and they raised the following research
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suggestion " The problem of obtaining selections with nice properties for the met-
ric generalized inverse merits study”. Moreover, it is well known that set-valued
metric generalized inverses is a set-valued mapping. Hence upper semicontinuity
and continuity of set-valued metric generalized inverses merit study. In 2015,
Shang and Cui [8] gave a criteria for upper semicontinuity of the set-valued met-
ric generalized inverses in approximative compact spaces. In this paper, upper
semicontinuity and continuity for the set-valued metric generalized inverses 77 in
Banach spaces are investigated by metric projection operator. Moreover, criteria
for the set-valued metric generalized inverses to have continuous homogeneous
selection are given. Finally, the relation of continuity and continuous selections
of the set-valued metric generalized inverse are given. First let us recall some
definitions that will be used in the further part of the paper.

Definition 1.1. (see [7]) A subspace L C X is said to be k-Chebyshev subspace
if L is proximinal and for any € X, we have dim (span {x — Pr(z)}) < k.

I. Singer defined the k-strictly convex spaces in [15]. He proved that if X is
reflexive and k-strictly convex, then every closed subspace of X is k-Chebyshev
subspace. Moreover, it is easy to see that if L is a Chebyshev subspace, then L
is k-Chebyshev.

Definition 1.2. (see [4]) Set-valued mapping F' : X — Y is said to be upper
semicontinuous at zy, if for each norm open set W with F'(xy) C W, there exists
a norm neighborhood U of x( such that F'(x) C W for all x in U. F is called lower
semicontinuous at zg, if for any y € F(zo) and any {z,}>°; in X with z,, — =z,
there exists y, € F(z,) such that y, — y as n — oco. F' is called continuous at
Tg, if F'is upper semicontinuous and is lower semicontinuous at .

Definition 1.3. (see [14]) A closed subspace N of X is said to be a topologically
complemented subspace of X, if there exists a closed subspace M of X such that
Mo N=X.

Definition 1.4. A subspace L C X is said to be maximal subspace of X if there
exists z* € S(X*) such that L = {z € X : 2*(z) = 0}.

Definition 1.5. (see [6]) A Banach space X is said to be nearly convex, if every
closed convex set of S(X) is compact.

Definition 1.6. (see [9]) A point zq € D(T) is said to be the best approximative
solution to the operator equation Tz = y, if

720 —yll = nf {72~ y] - € DT)}
and
= mi : D(T Tv—vyl| = inf ||[Tx— )
Joul| = min {010 & D), 70—l = _int Tl

Definition 1.7. (see [9]) Let X,Y be Banach spaces, T be a linear bounded
operator from subspace of X to Y and D(T) be the domain of T'. The set-valued
mapping 79 : D(T?) — X defined by

T%(y) = {xo € D(T) : x( is a best approximative solution to T'(z) =y}
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for any y € D(T?), is said to be the (set-valued) metric generalized inverse of T,
where

D(T?) = {y € Y : T(x) = y has a best approximative solution in X}.

2. CONTINUITY OF THE SET-VALUED METRIC GENERALIZED INVERSE IN
BANACH SPACES

Theorem 2.1. Let X be a nearly convex space, Y be a Banach space, T be a
linear bounded operator from subspace of X into Y, D(T) be a closed subspace of
X and R(T) be a 2-Chebyshev mazimal subspace of Y. Then

(1) T? is upper semicontinuous on'Y if and only if Pty is upper semicontin-
uous on D(T);

(2) T? is continuous if and only if TT? is lower semicontinuous and Pyt is
continuous on D(T).

Proof. (1) ”=" We first will prove that the metric projector operator Pgp is
continuous and Pg(p)(y) is a line segment. In fact, by Lemma 1 of [8], we know
that if closed subspace H is a 2-Chebyshev subspace of X, then Py(x) is a line
segment for any € X. Hence Pgr(y) is a line segment.

Since R(T') is an 2-Chebyshev maximal subspace of Y, there exists f € S(X*)
such that R(T) ={y €Y : f(y) =0}. Let y € Y. Pick z € R(T) and h € S(Y').
Then there exists « € R such that y—z = ah. It is easy to see that o = f(y)/f(h).
Then y — z = (f(y)/f(h))h. Hence |ly = z|[ = |f(y)| / |f(h)| = |f(y)|- Then it is
easy to see that 2 € Pr(p)(y) if and only if h € Ay. Hence Prir)(y) = v — f(y)Ay,
where Ay = {y € S(Y) : f(y) =1}

Suppose that metric projection operator Pgr) is not upper semicontinuous at
Yo Then there exist a sequence {y,}72; C Y and an open set W O Prry(yo) such
that Prry(yn) ¢ W and y, — o as n — oo. Hence there exists 2z, € Prr)(yn)
such that z, ¢ W. Then 2, = y, — f(yn)hy, where h,, € Ay. Since Pp(r)(y) is
a line segment and Pgr(r)(y) = y — f(y) Ay, we obtain that Ay is a line segment.
Hence there exists a subsequence {h,, }32; of {h,};>, such that h,, — hy € A
as k — oo. Let 20 = yo — f(yo)ho. Then 2y € Priry(yo) and

Jim z,, = 1 (Yo, = f(Yn) o) = Yo = F(yo)ho = 20,
—00 k—oo

a contradiction. This implies that Pg(7) is upper semicontinuous.

Let y, — yo as n — 00. Pick 29 € Prer)(yo). Then there exists hg € Ay such
that 20 = yo — f(yo)ho. Hence 2, =y, — f(yn)ho € Pr(r)(x,) and
lim 2, = lim (yn — f(yn)ho) = Yo = f(y0)ho = 20

n—o0 n—

This implies that Pg(7) is lower semicontinuous at yo. Hence we obtain that Pg(r)
is continuous.

Pick 1y € Y. Suppose that T? is not upper semicontinuous at ;. Then there
exist a sequence {y,}°°, C Y, y, — yo € Y and norm open set W with T?(y,) C
W such that T?(y,) ¢ W for all n € N. Hence there exists z,, € T%(y,) C X
such that x,, ¢ W. Since T is a bounded linear operator, we obtain that N(T) is
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a closed subspace of D(T'). Let
T:D(T)/N(T) — R(T), Tlx] = Tz,

where [z] € D(T)/N(T) and x € D(T'). Then it is easy to see that R(T) = R(T).
Moreover, R(T) = R(T) In fact, suppose that R(T) # R(T). Then there exists
y' € R(T) such that 3/ ¢ R(T). It is easy to see that {y € R(T) : ||y —y| =
dist(y’, R(T))} = 0. This implies that R(T) is not a 2-Chebyshev subspace of Y,
a contradiction. Since R(T) = R(T), we obtain that R(T) is a Banach space.
Moreover, it is easy to see that T is a bounded linear operator and N(T) = {0}.
This implies that the bounded linear operator T is both injective and surjective.

Therefore, by the inverse operator theorem, we obtain that the operator T 'isa
bounded linear operator.

Let Prery(yo) = [y(1,0),4(2,0)]. Since T is a bounded linear operator and
[y(1,0),y(2,0)] is a compact set, we obtain that the infimum

inf{HT_l(z)H ze [y<1,0),y<2,0)]}
is attainable on [y(1,0),4(2,0)]. Let
A(0) = {y € (1,0, y2.0)): |7 ()| = mt{ [T =) : 2 € (1,00, y(2. 001} }

It is easy to see that A(0) is a closed set. Moreover, if z; € A(0) and 2z, € A(0),
then

HT‘I (21 + (1 — A)z)

< A HT* (1)

1= |T ()

2 € [y(1,0),y(2,0)]},

where A\ € [0,1]. This implies that the set A(0) is a closed convex set. Hence there
exist z(1,0) € [y(1,0),y(2,0)] and 2(2,0) € [y(1,0),y(2,0)] such that A(0) =

— inf {HT”@)

(2(1,0), ( 0)]. Let Prery(yn) = [y(1,n),y(2,n)]. Then there exist z(1,n) €
[y(1,n),y(2,n)] and z(2,n) € [y(1,n),y(2,n)] such that
A(n)
= {y € [y(1,n),y(2,n)] HT H = mf{HT H Dz € [y(l,n),y(2,n)]}}
= [2(1,n),2(2,n)].

Since Pp(ry is continuous, we may assume without loss of generality that

nll_g)lo y<17 n) =21 € [y(l’ 0)7y(2’ 0)] and nh—{go y(27 n) =22 € [y(17 0)7 y(27 0)]
(2.1)

We claim that [zq, 22] € [2(1,0), 2(2,0)]. Otherwise, we may assume without loss
of generality that z; ¢ [2(1,0),2(2,0)]. Hence there exists r > 0 such that

HT—l (zl)H > inf {HT—I(Z)H (z € [y(170)’y(2’0)]} T A
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Since T is a bounded linear operator and y(l,n) — 2z as n — oo, we may
assume without loss of generality that

HT* (z(l,n))H > inf{HT*l(z) L2 e [y(1,0), (2, 0)]} Lo (22)
for every n € N. Since the metric projection operator Pp(ry is continuous, there

exists z(n) € [y(1,n),y(2,n)] such that z(n) — z(1,0) as n — oco. Since T 'isa
bounded linear operator and z(n) — z(1,0) as n — oo, we have

T ' (2(n)) T*(Z(LO))H:inf{ T'(2) :zE[y(l,O),y(Z,O)]}.

Therefore, by formula (2.2), we may assume without loss of generality that

HT_l (z(l,n))” > HT_l(z(n))H +r

lim
n—oo

for all n € N, a contradiction.
Pick #(1,0) € T ' (z1), 2(2,0) € T (2), z(1,n) € T ' (2(1,n)) and 2(2,n) €

T (2(2,n)). Then we have [x(1,n)] =T (2(1,n)) and [z(2,n)] =T ' (2(2,n)).
Since T is a bounded linear operator, by formula (2.1), we have

le(tm) = 2(LO]I = Na(Ln)] = [o(L O] < | T (2(0,m)) = T '

< HT_IH |2(1,n) — z|| = 0 as n — .

Hence we may assume without loss of generality that z(1,n) — z(1,0) as n — 0.
Similarly, we may assume without loss of generality that x(2,n) — z(2,0) as
n — 00. Moreover, by the definition of set-valued metric generalized inverse,
there exists a sequence {\,}22, C [0,1] such that

Ty = Mpx(L,n) + (1 = A)x(2,n) — 7y (Anz(1,n) + (1= \y)z(2,n)),
where
Ty (Anz(L,n) + (1 = Ay)x(2,n)) € Py (Ax(1,n) + (1 = Ap)z(2,n)).
We may assume without loss of generality that A\, — A as n — oo. Then
nh_{](r)lo Anz(L,n) + (1= A)x(2,n) = Az + (1 — N)zg € 21, 29). (2.3)
Since Py(r) is upper semicontinuous, by formula (2.3), we obtain that for any
e > 0, there exists ng € N such that

s Az(l,n) 4+ (1—=MN,)z(2,n)) € U B(z,e
vy (A (1, n) 4 ( )z(2,n)) P 05 (1e) (z,€)

whenever n > ng. This implies that
dist ({/\nx(l,n) + (1= M)x(2,n) 102y, Pyery(Az + (1 — )\)22)) = 0.
Hence, for any k > 0, there exists h,, € Pner)(Az1 + (1 — A)22) such that

ey g (L) 4 (1= A )2, 10)) — o | < % (2.4)

Moreover, there exists > 0 such that
Az1 + (]_ — /\)22 — PN(T)()\ZI + (]_ — )\)22) C TS(X)
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Since X is a nearly convex space, we obtain that Az, 4+ (1 — X)ze — Py(r)(Az1 +
(1 —=X)zz) is compact. Then the set Py ry(Az1 + (1 — A)22) is compact. Hence we
may assume without loss of generality that h,, — h € Pyy(Az1 + (1 — A)22) as
n — 0o. Therefore, by formula (2.4), we have

khjEO TNy (A2 (1,n0) + (1= Ay )z(2,n1)) = h € Pyry(Azr + (1 — A)2a).
This implies that

v = Apa(lng) + (1= Ao )2(2,np) — Tvery (An2(1,nk) + (1= Ay )2(2, ng))

— Az + (1 =Nz —h

€ Az + (]_ — )\)ZQ — PN(T)<)‘Z1 + (1 — )\)Zg)
Moreover, by the definition of set-valued metric generalized inverse, we obtain
that Az; + (1 — X)2z2 — Pyry(Az1 + (1 — N)2zp) C T?(y) € W. Since W is a norm
open set, we have x;, € W for k large enough, a contradiction.

7<" Suppose that Py(ry is not upper semicontinuous on D(T'). Then there
exist {z,}02, C D(T), o € D(T) and a norm open set W such that x,, — o,
Pnery(xo) C W and Py(py(z,) € W. Hence there exists myr)(2n) € Py(r)(2n)
such that 7y (2z,) ¢ W. We claim that there exists § > 0 such that
U  B(z,20) c W.
2€Pn (1) (%0)

Otherwise, there exists 2, € Py(r)(zo) such that B(z,,1/n) ¢ W. Since Py (o)
is compact, we may assume that 2z, — 29 € Py(r)(2o) as n — oo. Hence there

exists 7 > 0 such that B(zg,4n) C W. Moreover, there exists ny € N such that
1/ng < n and ||z,, — 20|| < n. Hence, for any z € B(z,,, 1/ng), we have

1
Iz = 20l < ll2 = 2noll + llzno = 20l < 2= m <m+n < 4.

This implies that z € W. Then B(z,,,1/n¢) C W, a contradiction. Let y,, = Tz,
and yo = Txg. Then

T(yn) = @, — Pyry(zn), T%(yo) = o — Py(ry(z0) and r}l_)filo Yn = Yo-

Since Pn(ry(wo) C W, we obtain that T (yo) = o — Pyery(zo) C 29 — W. We
claim that

Ty — T Tn) & T — U B(z,0
N(T)( ) & o z€PN (1) (w0) (2,9)

whenever ||z, — zo|| < 0. In fact, suppose that ©,—mnr)(zn) € 20— U B(z,
2€Pn (1) (%0)

d) whenever ||z,, — x|l < 0. Then

ey (En) = @ — (Tn — Ty ()
€ x,— (.CEO — U B(z,é))
z€Py(r)(Z0)

= U B(z,0)+ (z, — x
2€Pn (1) (%0) ( ) ( 0)

C U  B(z,2)) CcW,

2€Pn (1) (%0)

1099 SHAOQIANG SHANG et al 1094-1106



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

CONTINUITY AND CONTINUOUS HOMOGENEOUS SELECTIONS 7
a contradiction. Since x, =7y (2n) € To— U B(z,6) whenever ||z, — x|
Z2EPN (1) (0)

< 8, we obtain that 77 is not upper semicontinuous at yo, a contradiction.

(2) "=" Let yp € Y and y, — yo as n — oco. Then, by the previous proof,
there exist z(1,n) € Prr)(yn) and 2(2,n) € Prry(yn), 2(1,0) € Prer)(yo) and
2(2,0) € Priry(yo) such that

2L, 22m)] = {=: [T @) = nt{| T W) v € Pan (0}

and

=1 . =1
2(1,0),22,0)] = {=:||T72)| =it ([T~ )| : y € Py (w)} }
Moreover, by the previous proof, we may assume without loss of generality that
lim z2(1,n) = 2z € [2(1,0),2(2,0)] and lim 2(2,n) = 22 € [2(1,0), 2(2,0)].
n—o0 n—oo
(2.5)
From the previous proof, there exist [z(1,n),z(2,n)] C X and [2(1,0),2(2,0)] C
X such that
T {2 € [s(1,n), 22, )]} = [2(1,n), 2(2,n)]
and
T{x:z € [z(1,0),2(2,0)]} = [2(1,0), 2(2,0)].
Moreover, by the definition of set-valued metric generalized inverse, we obtain

that
TT?(yo) = [2(1,0),2(2,0)] and TT?(y,) = [2(1,n), 2(2,n)].
Since the set-valued mapping 7T is lower semicontinuous, by formula (2.5), we
have
lim z(1,n) = 2 = 2(1,0) and lim z(2,n) = 2, = 2(2,0).

n—oo n—oo
Therefore, by the previous proof, we obtain that
lim z(1,n) = 2(1,0) and lim z(2,n) = z(2,0), (2.6)
n—oo n—oo

Moreover, by the definition of set-valued metric generalized inverse, we obtain
that for any x € T9(y), there exist A € [0,1] and h € Pyiry(Az(1,0) + (1 —
A)z(2,0)) such that x = Az(1,0) 4+ (1 — X)x(2,0) — h. Since Py(p) is continuous,
there exists h, € Pyy(Az(1,n) + (1 — A)x(2,n)) such that h, — h as n — oo.
Therefore, by formula (2.6), we obtain that

lim Ax(1,n) + (1 — N)z(2,n) = Az(1,0) + (1 — N)=z(2,0).
n—oo
This implies that
lim (Az(1,n) + (1 — Nz(2,n) — hy) = Ax(1,0) + (1 — N)x(2,0) — h==xz. (2.7)
n—o0
Noticing that Az(1,n)+ (1 —\)x(2,n) —h, € T?(y,) and formula (2.7), we obtain
that 79 is lower semicontinuous at yo. Therefore, by (1), we obtain that T? is
upper semicontinuous at . Hence T? is continuous at 1.

"<" Let yo € Y and y,, — yo as n — oco. Then, by the previous proof, there
exist 29 € X and {z,}72, C X such that Pr)(yo) = T, Pr(r)(yn) = T, and
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T, — xgasn — oo. Then T?(yy) = zo — Py ry(z0) and T (y,) = T — Pyery(xn).
Since T? is continuous, we obtain that for any =g — 2z € xy — PN(T)(JUO), there
exists x, — 2, € ¥, — Py(r)(2,) such that z, — 2, = o — 2 as n — oo, where
Zp € Pyn(ry(x,). Hence, for any z € Py(r)(zo), there exists 2, € Py(r)(x,) such
that z, — 29 as n — oo. This implies that Py(r) is lower semicontinuous at yp.
Therefore, by (1), we obtain that Pyp) is continuous at yp.

We next will prove that 777 is lower semicontinuous. Let yy € Y and y,, —
Yo as n — oo. Pick z € TT?(yy). Then there exists o € D(T) such that
Txy = yg and zg € T' a(yo). Since T? is continuous, we obtain that 7 is lower
semicontinuous. Hence there exists x,, € T?(y,) such that x, — x5 as n — oo.
This implies that T'z,, — T'rg = yo as n — oo. Since z,, € T?(y,), we obtain that
Tx, € TT?(y,). Hence TT? is lower semicontinuous at yo, which completes the
proof. O

3. CONTINUOUS SELECTIONS OF THE SET-VALUED METRIC GENERALIZED
INVERSE IN BANACH SPACES

Theorem 3.1. Let X, Y be Banach spaces, T be a linear bounded operator from
subspace of X into Y, D(T) be a closed subspace of X, N(T') be a topologically
complemented subspace of D(T) and R(T) be a proximinal subspace of Y. Then
the following statements are equivalent:

(1) T? has a continuous homogeneous selection on 'Y ;

(2) Py(ry has a continuous homogeneous selection on D(T') and the set-valued
mapping TT? has a continuous homogeneous selection on'Y .

Proof. (2) = (1). Since N(T) is a topologically complemented subspace of D(T),
there exists a closed subspace M (T') of D(T) such that M(T) ® N(T) = D(T).
Moreover, by M(T) & N(T) = D(T), we obtain that T-*(y) N M(T) is singleton
for any y € R(T). Define the mapping G : R(T') — M(T) such that

T).

Gly) =T '(y)NM(T), yeR(

Since T be a linear bounded operator from D(T') into R(T), by M(T) & N(T) =
D(T), we obtain that G is a linear bounded operator from R(T') into M(T). Let
TT® be a continuous homogeneous selection of 779 and Tn(r) be a continuous
homogeneous selection of Py (r). Therefore, by the definition of set-valued metric
generalized inverse, we obtain that the mapping

GoTT’ —nyqyoGoTT? : Y — D(T)

is a continuous homogeneous selection of T?.

(1) = (2). Since T? has a continuous homogeneous selection on Y, by the
definition of set-valued metric generalized inverse, we obtain that N(7') is a prox-
iminal subspace of D(T). Let T be a continuous homogeneous selection of T?.
Pick z € D(T). Let

TN(T) (:C) =T — TUT(:C).
We next will prove that my(r) is a continuous homogeneous selection of Py (7). In
fact, since

T (nnery(z)) =T (x —T°T(2)) =Te — TT°T(z) = Ta — Tz = 0, (3.1)
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we obtain that 7y (x) € N(T'). Moreover, by the definition of set-valued metric
generalized inverse, we obtain that |77 (z)|| = dist (z, N(T')). Therefore, by

r—nnry(r) = —x+T°T(x) =TT ()
and formula (3.1), we obtain that 7y(r)(x) € Py(r)(x). Moreover, since T7 is a
continuous homogeneous selection of 7% and mx((z) = z — T°T(x), we obtain
that 7y is a homogeneous selection. This implies that Py 7y has a continuous
homogeneous selection on D(T).

Since T7 is a continuous homogeneous selection of 7, we obtain that 77 is
a continuous homogeneous selection of TT?, which completes the proof. O

Definition 3.2. (see [5]) A nonempty subset C' of X is said to be approxima-
tively compact if for any {y,}>°, C C and any = € X satisfying ||z — y,| —
inf ec || — y|| as n — oo, there exists a subsequence of {y,}>°, converging to
an element in C'. X is called approximatively compact if every nonempty closed
convex subset of X is approximatively compact.

Definition 3.3. (see [5]) A Banach space X is be said to be strictly convex if for
any z,y € S(X) and ||z + y|| = 2 we have z = y.

Theorem 3.4. Let X be approrimatively compact and strictly convex, Y be a
Banach spaces, T be a linear bounded operator from subspace of X into Y, D(T)
be a closed subspace of X, N(T') be a topologically complemented subspace of
D(T) and R(T) be a proximinal subspace of Y. Then the following statements
are equivalent:

(1) T? has a continuous homogeneous selection on 'Y ;

(2) TT? has a continuous homogeneous selection on'Y .

Proof. Since X is approximatively compact, we obtain that Py(r) is upper semi-
continuous. Since X is a strictly convex space, we obtain that Py(r) is single
value mapping. This implies that Py(r) is continuous. Therefore, by Theorem
3.1, it is easy to see that Theorem 3.4 is true, which completes the proof. 0

Theorem 3.5. Let X be approximatively compact and strictly convex, Y be a
Banach space, T be a linear bounded operator from subspace of X into Y, D(T)
be a closed subspace of X and R(T) be a proximinal subspace of Y. Then the
following statements are equivalent:

(1) T? has a continuous selection on 'Y ;

(2) TT? has a continuous selection on'Y .

Proof. (2)=(1). Since X is approximatively compact, we obtain that Py is
upper semicontinuous. Since X is a strictly convex space, we obtain that Py ) is
a single value mapping. This implies that Py(r) is a continuous and single value
mapping. Let 777 be a continuous selection of TT? and f~'TT° be a selection
of T=YTT°. This implies that the mapping

[T — Py f~'TT°
is a selection of T9. We next will prove that if 1, — y as n — oo, then
lim [f ' TT (yn) — Prer) f~ T (ya)] = [ TT(y) = Paeny f T TT7(y). (32)

n—oo
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In fact, by the proof of Theorem 2.1, there exists a sequence {x,}2°, C D(T)
such that

Ty € fﬁlTTU(yn) - PN(T)filTTUQ/n) =+ N(T) and lim Tn = fﬁlTTU(y)'

n—oo

Since the mapping Py and f~'TT7 are single value mappings, we obtain that

Te,=T (fflTTU(yn) - PN(T)fflTTU(yn)) .
Hence there exists a sequence {z,}52, € N(T') such that
Ty — Pnery (%) — 2n = FTT (y,) — PN(T)f_lTTU(yn)'
Moreover, by the definition of set-valued metric generalized inverse, we have
|20 — Py (@n) = 2| = || f 7' TT (yn) — Prery S TT (y,)|| = dist (2, N(T)).
This implies that Py(r)(2,)+ 2, C Py(r)(2,). Since the mapping Py(r) is a single
value mapping, we have z, = 0. Hence
Ty — Pynery (@) = [T (yn) — PN(T)f_lTTU(yn)'

Since Py(r) is a continuous single value mapping, by z,, — f 7T (y) asn — oo,
we obtain that

lim [z, — Pyr)(za)] = fTT(y) = Pyeny f~TT(y).

n—oo
Noticing that x,, — Pyry(2n) = [ TT7(yn) — Pneryf " TT° (yn), we obtain that
(3.2) is true. Hence f~'TT% — Py f~*TT is a continuous selection of 7.

(1)=>(2). Let T° be a continuous selection of T°. Then TT? is a continuous
selection of 779, which completes the proof. O

Theorem 3.6. Let X be approximatively compact and strictly convex, Y be a
Banach spaces, T be a linear bounded operator from subspace of X intoY, D(T)
be a closed subspace of X, N(T) be a topologically complemented subspace of
D(T) and R(T) be a 2-Chebyshev maximal subspace of Y. Then the following
statements are equivalent:

(1) For any x € T?(y), there exists a selection T° of T° such that T°(y) = x
and T is continuous at y;

(2) TT? is lower semicontinuous at y.

Proof. (1)=(2). From the proof of Theorem 2.1, there exist z(1) € Pr(r(y) and
2(2) € Prer(y) such that

TT(y) = [2(1,), 2(2,9)] € Prar(y).
Since N(T') is a topologically complemented subspace of D(T"), there exists a
closed subspace M(T) of D(T ) such that M(T) @ N(T) = D(T). Pick z(1,y) €

) =
T '(2(1,y)) and 2(2,y) € T (2(2,y)). Then, by M(T) @& N(T) = D(T), there
exist G(y(1)),G(y(2)) € M(T) and h(y(1)), ( (2) € N(T) such that

z(ly) = G(y(1)) + h(y(1)) and z(2,y) = G(y(2)) + h(y(2)).
Therefore, by x(1,y) € T_l(z(l,y)) and z(2,y) € 7_1(2(2, y)), we obtain that
T(G(y(1))) = 2(L,y) and T(G(y(2))) = 2(2,y).
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Hence, for any z € TT?(y), there exists A € [0, 1] such that
= TOGH) + (1~ NGE).

Pick z € T°(y). Then there exists a selection 7% of T? such that 7°(y) = = and
T7 is continuous at y. This implies that

Ta = T (AG) + (1 - NG(2)) = =
Therefore, by the definition of set-valued metric generalized inverse, we have
T7(y) = AG(y(1)) + (1 = NG(y(2)) = Pniry (AG(y(1)) + (1 = A)G(y(2))) -

We next will prove that set-valued mapping 777 is lower semicontinuous at ¥.
Let y, — y as n — oo. Then, by M(T) @ N(T) = D(T) and the previous proof,
there exist G(y,(1)) € M(T) and G(y,(2)) € M(T) such that

T(Gya(1)) = 2(Lyn),  T(G(yn(2))) = 2(2,¥n)
and
TT?(yn) = [2(1, yn), 2(2,9n)] € Prery(yn)-
Hence there exists a sequence {\,}°°, C [0, 1] such that
T7(51) = M Glon(1) (1A 2) Pty Gl (1)) + (1 = A)G0(2))-
Since
AnG(yn(1)) + (1= An)G(yn(2)) € M(T),  AG(y(1)) + (1 = A)G(y(2)) € M(T),
Py (AnG(ya(1)) + (1 = X)G(yn(2))) € N(T)
and
Py (AG(y(1)) + (1 = NG (y(2))) € N(T),
by M(T)@® N(T) = D(T) and T°(y,) — T°(y) as n — oo, we obtain that
Tin A, Gilga(1) + (1~ A)G((2) = AG(y(1) + (1~ NG(y(2))
This implies that
T T (A Gya(1) + (1~ A)G((2))) = T AG((D) + (1~ NG((2) ==

where T'(A,G(yn(1)) + (1 — X\)G(yn(2))) € TT(y,). Hence the set-valued map-
ping 779 is lower semicontinuous at 7.
(2)=(1). Let z € T?(y). Then, by the previous proof, there exists A € [0, 1]
such that
z=AG(y(1) + (1 = NG (Y(2)) — Py (AG(y(1)) + (1 = NG(y(2))) -
Define the set-valued mapping Y — TT?(Y') such that

F(z)=c¢, where |c—Tz|= inf |h—Tz| and c€ TT(2).
heTT?(z)
It is easy to see that F'(y) = Tz. Let f be a selection of F'. Moreover, let y,, — y
and f(y,) = c,. Since TT? is lower semicontinuous at y, we obtain that ¢, — Tx

as n — oo. This implies that f is continuous at y. Since N(T) is a topologically
complemented subspace of D(T'), there exists a closed subspace M(T') of D(T)
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such that M(T) & N(T) = D(T). Define the mapping G : R(T) — M(T) such
that
Gly) =T (y) N M(T), y e R(T).

Then, by the previous proof, we obtain that G is a linear bounded operator from
R(T) into M(T). Since M(T) ® N(T) = D(T), we have x = 1 — xg, where
x1 € M(T) and x5 € N(T). Since X is a strictly convex space, we obtain that
Py(ry is a single value mapping. Since z € T9(y), by the definition of set-valued
metric generalized inverse, we have

||| = ||z1 — x2|| = inf {||z|| czeT 'z = T_lxl} =inf{||z;y — h||: h € N(T)}.

Therefore, by x; € M(T) and 2, € N(T'), we obtain that x9 = Py r)(21). Since
f is a selection of F' and F(y) = Tz, we have G o f(y) = G(Tx) = z1 Define the
mapping

T =Gof—PnryoGof.

Then T7 is a selection of T°. Moreover, by G o f(y) = G(Tz) = z;, we have

T°(y) = Go f(y) — PnyoGo f(y)
= 21— Pney(21) = 2.

Since X is approximatively compact, we obtain that Py(r) is upper semicontin-
uous. Since Py is a single value mapping, we obtain that Py (r) is continuous.
Since f and G is continuous at y, we obtain that 77 = G o f — Py¢ryoGo f is
continuous at y, which completes the proof.

4. RELATION OF CONTINUITY AND CONTINUOUS SELECTIONS OF THE
SET-VALUED METRIC GENERALIZED INVERSE IN BANACH SPACES

Theorem 4.1. Let X be approximatively compact and strictly convex, Y be a
Banach space, T be a linear bounded operator from subspace of X intoY, D(T)
be a closed subspace of X, N(T') be a topologically complemented subspace of
D(T) and R(T) be a 2-Chebyshev maximal subspace of Y. Then the following
statements are equivalent:

(1) For any x € UyeyT?(y), there exists a selection T? of T? such that T°(y) =
x and T is continuous at y;

(2) TT? is lower semicontinuous;

(3) T? is continuous.

Proof. Since X is approximatively compact, we obtain that Py(r) is upper semi-
continuous. Since X is a strictly convex space, we obtain that Py(r) is single
value mapping. This implies that Py(r) is continuous. Therefore, by Theorem
2.1, we obtain that (2)< (3) is true. Moreover, by Theorem 3.5, we obtain that
(1)< (2) is true, which completes the proof. O
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Abstract: In this paper, we introduce and study locally and globally small Riemann sums with respect to « on
[a, b] for fuzzy-number-valued functions and obtain some of it’s characterizations. Also, we shall prove two main
theorems: (i) If a fuzzy-number-valued functions f(z) is Henstock-Stieltjes integrable on [a, b] then it has (LSRS)
and the converse is always true. (ii) If a fuzzy-number-valued functions f (z) is Henstock-Stieltjes integrable on
[a, b] then it has (GSRS) and the converse is always true. Finally, by Egorov’s Theorem, we obtain the dominated
convergence theorem for globally small Riemann sums (GSRS) with respect to « on [a, b] for fuzzy-number-valued
functions.

Keywords : Fuzzy numbers; fuzzy integrals; Henstock-Stieltjes integral; locally small Riemann sums (LSRS)
with respect to « on [a, b]; globally small Riemann sums (GSRS) with respect to « on [a, b].

1 Introduction

Since the concept of fuzzy sets was firstly introduced by Zadeh in 1965 [21], it has been studied extensively
from many different aspects of the theory and applications, such as fuzzy topology, fuzzy analysis, fuzzy decision
making and fuzzy logic, information science and so on. It’s well known that the concept of the Stieltjes integral
for fuzzy-number-valued functions was originally introduced by Nanda [12] in 1989. Nonetheless, as Wu et al.
[17] pointed out that the existence of supremum and infimum for a finite set of fuzzy numbers wasn’'t easy at
first thought. That is, Nanda’s concept of fuzzy Riemann-Stieltjes (F'RS) integral in [12] was incorrect. In 1998,
Wau [18] introduced the notion of (FRS) integral by means of the representation theorem of fuzzy-number-valued
functions, whose membership function could be obtained by solving a nonlinear programming problem, but it’s
difficult to calculate and extend to the higher-dimensional space. In 2006, Ren et al. proposed the notion of two
types of (FRS) integral for fuzzy-number-valued functions [13, 14] and showed that a continuous fuzzy-number-
valued function was (F'RS) integrable with respect to a real-valued increasing function. Gong et al. [2] defined and
discussed the (HS) integral for fuzzy-number-valued functions and proved two convergence theorems for sequences
of the (FHS) integrable functions in 2012. The locally and globally small Riemann sums have been introduced
by many authors from different points of views. In 1986, Schurle characterized the Lebesgue integral in (LSRS)
(locally small Riemann sums) property [15]. The (LSRS) property has been used to characterized the Perron
(P) integral on [a,b] [16]. By considering the equivalency between the (P) integral and the Henstock-Kurzweil
(HK) integral, the (LSRS) property has been used to characterized the (HK) integral on [a, b] [10].

The (LSRS) property brought a research to have global characterization on the Riemann sums of an (HK)
integrable function on [a, b]. This research has been done by considering the following fact: Every (H K) integrable
function on [a, b] is measurable, however, there is no guarantee the boundedness of the function. A measurable
function f is (HK) integrable on [a, b] depends on it behaves on the set of = in which | f(x)| is large, i.e. |f(z)] > N

*Corresponding author. Tel.: 4+8613218977118. E-mail address: muawya.ebrahim@gmail.com, mowia-84@hotmail.com
(M.E. Hamid), luoshanxu@hotmail.com (L.S. Xu) and gongzt@nwnu.edu.cn (Z.T. Gong).
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for some N. This fact has been characterized in (GSRS) (globally small Riemann sums) property [10]. The
(GSRS) property involves one characteristic of the primitive of an (H K) integrable function. That is the primitive
of the (HK) integral on [a, b] is ACG™ (generalized strongly absolutely continuous) on [a, b]. This is not a simple
concept. In 2015, Indrati [8] introduced a countably Lipschitz condition of a function which is simpler than
the ACG”*, and proved that the (HK) integrable function or it’s primitive could be characterized in countably
Lipschitz condition. Also, by considering the characterization of the (HK) integral in the (GSRS) property, it
showed that the relationship between (GSRS) property and countably Lipschitz condition of an (H K) integrable
function on [a, b].

In 2018, Hamid et al. [6] investigated locally and globally small Riemann sums for fuzzy-number-valued
functions and proved two main theorems: (1) A fuzzy-number-valued functions f (z) is Henstock integrable on
[a,b] if and only if f(z) has (LSRS). (2) A fuzzy-number-valued functions f(z) is Henstock integrable on [a, ] if
and only if f(z) has (GSRS).

In this paper, we introduce and study the locally and globally small Riemann sums with respect to a on [a, b]
for fuzzy-number-valued functions. We show that a fuzzy-number-valued functions is Henstock-Stieltjes integrable
with respect to a on [a,b] iff it has (LSRS) with respect to a on [a,b]. Also it is shown that a fuzzy-number-
valued functions is Henstock-Stieltjes integrable on [a, b] iff it has (GSRS) with respect to « on [a, b]. Finally, by
Egorov’s Theorem, we get the dominated convergence theorem for globally small Riemann sums (GSRS) with
respect to a on [a, b] for fuzzy-number-valued functions.

The rest of this paper is organized as follows, in Section 2 we shall review the relevant concepts and properties
of fuzzy sets and the definition of Henstock-Stieltjes integrals for fuzzy-number-valued functions. Section 3 is
devoted to discussing the locally small Riemann sums (LSRS) with respect to « on [a, b] for fuzzy-number-valued
functions. In Section 4 we shall investigate the globally small Riemann sums (GSRS) with respect to a on [a, b]

for fuzzy-number-valued functions.

2 Preliminaries

Definition 2.1 [7, 10] Let § : [a,b] — R™ be a positive real-valued function. P = {[x;_1,;];&} is said to be a
o-fine division, if the following conditions are satisfied:

Da=xz0<z1 <22 < 0. < T =0

(2) & € [rim1, 2] C (& —0(&), & +6(&)(E=1,2,--- ,m).

For brevity, we write P = {[u, v]; £}, where [u, v] denotes a typical interval in P and & is the associated point

of [u,v].

Definition 2.2 [4] Let « : [a,b] — R be an increasing function. A real function f : [a,b] — R is Henstock-Stieltjes
(HS) integrable to A € R with respect to « on [a, b] if for every € > 0, there is a function §(z) > 0, such that for

any d-fine division P = {[us, v;]; & }ie1 we have

\ Z F&)la(vi) — a(ui)] = Af <e. (2.1)

We write (HS)ff(x)da =A,and f € HS.[a,b)].

For the results about fuzzy number space E'. we recall that E' = {u: R — [0, 1] : u satisfies (1)-(4) below}:

(1) w is normal, i.e., there exists a zo € R such that u(zg) = 1;

(2) u is a convex fuzzy set, i.e., u(rz + (1 —r)y) = min(u(z), u(y)), z,y € R, r € [0,1];

(3) w is upper semi-continuous;

(4) c{x € R : u(z) > 0} is compact, where clA denotes the closure of A.

For 0 < r < 1, denote [u]” = {x : u(xz) > r}. Then from (1)-(4), it follows that the r—level set [u]" is a close
interval for all r € [0,1] (refer to [1, 3, 5, 9, 11, 19, 20]). We write " = [u]” = [u”,u}] or [u—(r),us(r)].

For u,v € E', the addition and scalar multiplication are defined by the equations:

[u+v]" =[u"+ [, e, v +0" =u+0v]" and v} + v} = [u+v]};
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[ku]” = k[u]", ie., [ku]” = min{ku”, kul} and [ku]} = max{ku’, kul },

respectively.

Define D(u,v) = sup d([u]",[v]") = sup max{|ul —v"|,|uly — v} |}, where d is Hausdor{f metric. Further-
re(0,1] rel0,1]
more, we write

allpr = D(@,0) = sup max{|uy |, [uy[}.
A€(0,1]

Notice that || - ||gr = D(-,0) doesn’t stands for the norm of E*.
For u,v € B, u < v means u” < v",u7 < v} (see[l, 3, 5,9, 11, 19, 20]).
Using the results of [1, 3, 5, 9, 11, 19, 20], we recall that:

1) (E', D) is a complete metric space,

u~+v,w+e) < D(u,w) + D(v,e),
ku, kv) = |k|D(u,v),k € R,
u+v,0) < D(u,0) + D(v,0),

(
(
(3) D
(4) D
(5) D <
(6) D(u + v,w) < D(u,w) + D(v,0), where 0 = X{o}y and u,v,w,e € E'.

(
(
(
(

Definition 2.3 [2] Let « : [a,b] — R be an increasing function. A fuzzy-number-valued function f(z) is said to
be fuzzy Henstock-Stieltjes (FHS) integrable with respect to a on [a, b] if there exists a fuzzy number H € E'
such that for every € > 0, there is a function §(z) > 0 such that for any d-fine division P = {[us,vs]; & }imq, we

have

DY f(&)lav:) - atu)), H) <= (2.2)

We write (FHS) [ f(z)da = H , and f € FHS4[a,b).

8=

Definition 2.4 [6] A fuzzy-number-valued function f : [a,b] — E' is said to be have locally small Riemann sums
or (LSRS) if for every € > 0 there is a §(§) > 0 such that for every ¢ € [a,b], we have

1> F@O@=w)|p <e, (2.3)

whenever P = {[u,v];£} is a d-fine division of an interval [r,s] C (t — §(¢),t + 6(t)), t € [r, s] and ¥ sums over P.

3 Locally small Riemann sums and Henstock-Stieltjes integral

of fuzzy-number-valued functions

In this section, we shall define locally small Riemann sums with respect to « on [a,b] for fuzzy-number-
valued functions. Furthermore, we prove that a fuzzy-number-valued functions is Henstock-Stieltjes integrable
with respect to « on [a, b] if and only if it has (LSRS) with respect to a on [a,b]. We begin with the following

definition.

Definition 3.1 Let a : [a,b] — R be an increasing function. A fuzzy-number-valued function f : [a,b] — E* is
said to be have locally small Riemann sums (or LSRS) with respect to o on [a, b], if for every € > 0 there is a
5(€) > 0 such that for every t € [a,b], we have

<e, (3.1)
El

H S™ A (©)la) — aw)]

whenever P = {[u,v];£} is a d-fine division of an interval [r,s] C (t — §(¢),t + 6(t)), ¢ € [r, s] and ¥ sums over P.

If there exists a z € E' such that z = y + z, then we call z the H— difference of z and y, denoted by = — .
According to the additivity of FFHS, we have the following Lemma.

Lemma 3.1 [2] Let f € FHS,[a,b] and F be the primitive of f(z) then F satisfies the H— difference.

1109 Elsheikh Hamid et al 1107-1115



MECHMERTATIONGE ARALYE S ANP LRI GRA R BaYP i AR MR AR ARRVRIF AR B R RRAYE AR L LC

Lemma 3.2 (Henstock Lemma). Let « : [a,b] — R be an increasing function. If a fuzzy-number-valued function
f: [a,b] — E' is Henstock-Stieltjes integrable with respect to « on [a,b] with primitive F, ie., for every € > 0
there is a positive function §(§) > 0 such that for any d-fine division P = {[u,v]; £} of [a,b], we have

D(Zf(g)[a(v) - a(u)},ZF(u,v)) <e. (3.2)

Then for any sum of parts ) from ), we have
1

D ( Z F©Oa() — auw)], Z F(u, v)> <e. (3.3)
The proof is similar to the Theorem 3.7 [10].

Theorem 3.1 Let « : [a,b] — R be an increasing function. If f(:c) is Henstock-Stieltjes integrable with respect
to a on [a, b] then f(z) it has LSRS with respect to a on [a, b].

Proof Let E be the primitive of f(x). Given € > 0 there is a §(¢) > 0 such that for any d-fine division
P = {[u,v]; £} of [a,b], we have

DX F©la() - aw], 3= Fun)) <= (3.0
Where F(u,v) = F(v) — F(u). By the continuity of F at £,
D(F(u), F(v)) <¢ whenever [u,v] C (€ — 8(€),€ + 6(¢)).
Therefore for ¢ € [a,b] and any 5-fine division P = {[u, v]; €} of [r,s] C (¢ — 8(¢), ¢ + 8(t)), we have

< (T 00a0) - aw]. X Fw) + D F0). ()

< 2e.

H S™ A (©)la) — aw)]

That is f(x) has LSRS with respect to o on [a, b].
This completes the proof. O

Lemma 3.3 [2] (Cauchy criterion). Let « : [a,b] — R be an increasing function. A fuzzy-number-valued function
f:]a,b] = E' is Henstock-Stieltjes integrable with respect to a on [a, b] if and only if for every & > 0 there is a
positive function §(¢) > 0 such that whenever Pi = {[u1,v1]; &1}, P2 = {[u2,v2]; &2} are two d-fine divisions, we
have

D ( S Al - atu)], Y FE)la(w) - a(mn) <e. (3.5)

(P1) (P2)

Theorem 3.2 Let a : [a,b] — R be an increasing function. If a fuzzy-number-valued function f : [a,b] — E*
has LSRS with respect to « on [a, b] then f(x) is Henstock-Stieltjes integrable with respect to o on any closed
sub-interval C' C (a,b). (Where C = [r, s]).

Proof A fuzzy-number-valued function f : [a,b] — E* has LSRS with respect to o on [a, b] means that for every
€ > 0 there is a §(§) > 0 such that for every ¢ € [a, b], we have

<k, (3.6)
El

|3 i@l - au)

whenever P = {[u,v];£} is a d-fine division of an interval C' C (t — 6(¢),t + d(t)), t € C and X sums over P.
(i) If there t € [a,b] with C' C (¢t — d(t),t + 6(¢)) we have the following discussion:
(1) If t € C then for every € > 0 there is a two d-fine divisions P; = {[u1,v1];&1}, P2 = {[u2, v2];&2} on C,
such that
DY flefatwn) - alw)l. ¥ fela(e) - atus)]) <. (3.7
(P1) (P2)

According to the Cauchy criterion, then f(z) is Henstock-Stieltjes integrable on C.
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(2) If ¢t ¢ C then there is a closed interval E C (¢t — (t),t + d(t)), with the result that t € E and C C E
(where E = [g, h] ). As aresult, for every € > 0 there is a two d-fine divisions Py = {[u1,v1];&1}, Pe = {[uz2,v2]; &2}
on F, such that
D ( D fEnla(o) — aw)], Y f(&)a(v) - Oé(va)]) <e. (3.8)
(P1) (P2)
According to the Cauchy criterion, then f(z) is Henstock-Stieltjes integrable on E. Because C C E and f(z)
is Henstock-Stieltjes integrable on E then f(:c) is Henstock-Stieltjes integrable on C.
(i) If C € (t — 6(t),t + 6(¢)) then there is a positive function § on [a,b] which resulted in the presence that
P ={(Cit;) :i=1,2,--- ,k} is a 0-fine division of the interval C. It follows that f(m) is Henstock-Stieltjes
integrable on C; for i =1,2,--- , k.
Then f(z) is Henstock-Stieltjes integrable on C.
This completes the proof. O

Corollary 3.1 Let « : [a,b] — R be an increasing function. If a fuzzy-number-valued function f: [a,b] — E!
has LSRS with respect to « on [a, b] then f(w) is Henstock-Stieltjes integrable with respect to a on C for any
simple set C' C (a, b).

Notice that a simple set C' means that there exists finite closed sub-interval C; which belongs to (a,b) such

k
that C' = |J C.
i=1

1=

Theorem 3.3 Let « : [a,b] — R be an increasing function. If a fuzzy-number-valued function f: [a,b] = E* has

LSRS with respect to o on [a,b] then f(z) is Henstock-Stieltjes integrable with respect to « on [a, b].

Proof A fuzzy-number-valued function f : [a,b] — E* has LSRS with respect to a on [a, b], then for every & > 0
there is % (&) > 0 such that for every ¢ € [a, b], we have

<k, (3.9)

El

H S™ A (©la) — aw)]

whenever P = {[u,v];{} is a §*-fine division of an interval C C (¢t — 6(t),t + 6(t)), t € C and X sums over P.
According to the Corollary 3.1, f(x) is Henstock-Stieltjes integrable on C' for any simple set C' C (a, b).

Rows set {E;}, E;(E; = ¢, Vi # j with property (a,b) = |JFi, E; is a closed interval. Thus for a bove
€ > 0, there is a positive numbers ng with property

w{la,b] — U E;} <e, (3.10)

i<ng

where p is Lebesgue measure.

For any i, there is a positive function §; such that for any d;-fine division on E;, we have

DX F©lat) — atu), (#5) [ fleya) <= (3.11)
Define a positive function § by the formula:

min{d" (), 3d(¢,0[a,0])} f €€ U Ei
5(5) _ i>nQ
min{d§* (&), d:(€)}, if¢e iylo E;.
For each C = {C} = {C1,Cy, - ,Cy} with C; = E;(Q (where Q = [u,v]), for one i < ng and one Q with
{[u,v]; &} is a 0-fine division and £ € (a,b), we have
(i) If C; = E; for i < no. Because f(x) is Henstock-Stieltjes integrable on E; and f(x) is Henstock-Stieltjes
k

integrable on C; consequently f (z) is Henstock-Stieltjes integrable on |J Cj. Selected a positive function d, with
j=1

k
0+(€) = min{d;(§) : j = 1,2,--- ,k}, then for each d,-fine division P = {[u,v];£} on |J C;, we have
j=1

D((HS) /L,jl . f(x)da,Zf(f)[a(v) - a(u)]) <e. (3.12)
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Thus obtained:

HCZ(HS)/Cf(x)da > F©la) - au)]

L= () [ e Y Al - at) + 3

j=1

El
< e+ ke.

According to the properties of Cauchy, f(z) is Henstock-Stieltjes integrable on [a, b].
(ii)) If C; = E; N Q, for i < no and one d-fine Q with {[u,v];£} and € € (a,b) then C; C (£ —0(£),& + 0(8)).

According to the Theorem 3.2, then f(a:) is Henstock-Stieltjes integrable on C;. As the result f(:c) is Henstock-
k
Stieltjes integrable on |J Cj;. Selected a positive function d1 with property 61(¢) < §(§) then for each d.-fine
j=1
k
division P = {[u,v];£} on |J Cj, we have
j=1

Jj=

D((HS) / e F@)da, 3 F(E)latw) - a(u)]) <e. (3.13)

Thus obtained:

k
les>rs) [ ool < p(ws) [, fwaa 3 [k - awi) + 3| S i@l - at)
¢ Bl U G j=1 El
j=1
< e+ ke.
According to the properties of Cauchy, f(x) is Henstock-Stieltjes integrable on [a, b).
This completes the proof. O

Corollary 3.2 Let a: [a,b] — R be an increasing function. A fuzzy-number-valued function f: [a,b] — E' has
LSRS with respect to « on [a, b] if and only if f(x) is Henstock-Stieltjes integrable with respect to a on [a, b].

4 Globally small Riemann sums and Henstock-Stieltjes integral

of fuzzy-number-valued functions

In this section, we shall define globally small Riemann sums with respect to « on [a,b] for fuzzy-number-
valued functions. Furthermore, we prove that a fuzzy-number-valued functions is Henstock-Stieltjes integrable
with respect to « on [a, b] if and only if it has (GSRS) with respect to « on [a,b]. We begin with the following
definition.

Definition 4.1 Let a : [a,b] — R be an increasing function. A fuzzy-number-valued function f : [a,b] — E' is
said to be have globally small Riemann sums or (GSRS) with respect to « on [a, b] if for every € > 0 there exists
a positive integer N such that for every n > N there is a §,(£) > 0 and for every d,-fine division P = {[u,v]; £}

of [a, b], we have

H S Ol -aw]| < (4.1)

17l g1 >n
where the 3 is taken over P and for which || f(&)z: > n.

Theorem 4.1 Let « : [a,b] — R be an increasing function and let f(m) be Henstock-Stieltjes integrable to
F(a,b) with respect to o on FHS,[a,b] and F,(a,b) the integral of f,(z) on FHS4[a,b], where f,(z) = f(z)
when Hf(x)HEl < n and 0 otherwise. If F,(a,b) — F(a,b) as n — oo then f(z) has GSRS with respect to a on
[a, b].

Proof Given € > 0 there is a 0,(£) > 0 such that for every d,-fine division P = {[u,v];{} of [a, b], we have

D(Y_ [n(©)la(v) = a(u)], Fu(a,b)) <e, (4.2)
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where (FHS) f; fn(z)da = F,(a,b).

DY F(©)la) - a(w), Fla,b)) <, (4.3)

where (FHS) f; f(z)da = F(a,b).
Choose N so that whenever n > N
D(Fu(a,b), F(a,b)) < e. (4.4)
Therefore for n > N and d,-fine division P = {[u,v]; &} of [a, b], we have
| > @k - aw)

=0 L Fu©la(o) - a], 3 F©)late) - a(w)])
I1F () g1 >n Bl

D( ¥ Fu©la(w) - al. Fula,t) ) + D Fula.t). Fla.t)) + D Fla.t). 3 F©)la) - atu)])

< 3e.

Hence f(x) has GSRS with respect to « on [a, b].
This completes the proof. |

Theorem 4.2 Let  : [a,b] — R be an increasing function. A fuzzy-number-valued function f(z) has GSRS
with respect to o on [a,b] if and only if f(x) is Henstock-Stieltjes integrable with respect to a on [a,b] and
Fo(a,b) = F(a,b) as n — oo where Fy,(a,b) and F(a,b) are defined as in Theorem 4.1.

Proof Theorem 4.1 proves the sufficiency. We shall prove only the necessity. Suppose f (z) has GSRS with
respect to a on [a, b]. Note that fn (z), as defined in Theorem 4.1, is fuzzy Henstock-Stieltjes integrable on [a, ]
for all n. Then for n,m > N and a suitably chosen d-fine division P = {[u, v];£}, we have

< DRt X Ol -ew])+0( X f©l) -] Fulab)

17 (&)l g1 <n 1F Ol g1 <m

; H S Ao — a(w) +H S A©w) - aw)]
IF )l g1 >n IF )l g1 >m L
<  4e.

That is, Fn(a, b) converge to a fuzzy number, say F(a, b), as n — oco. Again, for suitably chosen N and 6(&)
and for every d-fine division P = {[u, v];£}, we have

D( X 7©lat) - atu)], Fla b)) D(F(et). Futa.n))

+ p(Avan. X fOe)-aw])+| X f©lat) - at)
- 1
IF &)l 1 <N 17N g1 >N B
< 3e.
That is, f(x) is fuzzy Henstock-Stieljes integrable on [a, b].
This completes the proof. O

Theorem 4.3 Let a : [a,b] — R be an increasing function and let f,,(z) € FHS,[a,b], n =1,2,3--- and satisfy:
(1) lim f.(z) = f(z) almost everywhere in [a, b];
n— o0
(2) there exists a Lebesgue-Stieljes integrable (Henstock-Stieljes integrable) function h(z) on [a, b] such that

D(fu(2), fm(x)) < h(z). (4.5)

Then, f,(x) has GSRS with respect to a on [a, b] uniformly for any n. Naturally, f is (FHS) integrable with
respect to e on [a, b]. Furthermore,

n—o0

b b
lim (FHS) | fo(z)da = (FHS) / f(z)da. (4.6)
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Proof Let e > 0. Since H(z) = (LS) [ h(t)da is absolutely continuous with respect to stieljes measurable
n [a,b], there exists a positive number 1 > 0 such that ) |H(b;) — H(a;)| < € whenever {[a;,b;]} is a finite
collection of non-overlapping intervals in [a, b] that satisfy > (a(b;) — (a;)) < 7. Since lim fn(x) = f(z) almost
n— oo
everywhere in [a, b], and
D(fn, f) = sup max{|(fn(2))" — (f(@)2 ] [(fa (@) = (F(2) 31}

= sup max{|(fa(2))™ = (f(2)™], |(fn(x))} — (f ()]}

rr€[0,1]
is a sequence of Lebesgue-Stieljes measurable functions, where r, € [0,1] is the set of rational numbers, by
Egorov’s Theorem, there exists an open set G with LS(G) < 7 such that nh_}rr;o fu(z) = f(z) uniformly for
z € [a,b] \ G. Then, there is an natural number N, such that for any n,m > N, and for any z € [a,b] \ G, we
have D(fn(z), fm(x)) < €. Since h(z) is Henstock-Stieljes integrable on [a, b], there is a 6,(£) > 0 such that for
any Op-fine division P = {[u,v]; £} of [a, b], we have

b
‘Zh(f)[a(v)fa(u)] — (LS) / h(t)de| < e

(4.7)

Define

5(), satisfying (& — 0(&),& + (&) C G, if € € [a,b].
Then, it follows that for a d-fine division Py = {[zi—1,x:]; &} of [a, b],

DS Fulate) - aleia)) 3 Fn(€)late:) — atei)] )

) {w), i€ € [a.b]\ G,

A
)
/‘\/‘\/\

o
=
fa
\/
1 ; o
=
8
=
3 I
Q
~
2
|
-
=
~
3
—~
o
\_/
o
=
8
5_/
|
Q
~
2
|
-
=
N———

£i€[a,b\G £i€la,b\G
+ D 3 @late) - alwon)l, X Fu(@late) - atwion)])
§EG £, €eG
< (o€, Fn€) () — alee D]+ 3 D(Faler). Fn€) () — e 1)
£;€a,b]\G &, €EG
< h(&)[a(z:) — a(xi-1) h(t)do| + h(t)da
9|2 1= [ ptoaal +| [ 100

< s(b—a)—f—SE.

Hence, there is an natural number N such that for any n,m > N, we have

D(Fn[a, b], Fnla, b]>
( [a, 8], fu(&)a(as) — o 1)]> +D(Fm[a,b},2fm(§i)[a(n) —a(:c,-,l)})
(an 51 [CM xz 7051'2 1 me 7 7OZ(ZE1 1)])

3e.

IN

+

Thus, F, [a,b] is a Cauchy sequence, and there is an natural number N; such that for any n > Ni, we have
D(F,[a,b],A) < e. According to the (FHS) integrability of f, (), there is a dy, (§) > 0 such that for any
8, -fine division P = {[u,v]; £} of [a, b], for any n > Nn,, we have

DX Fu©la(w) - atwl. Frla.b])
- D(Fn[a,b],FNl [a,b]> ; D(me - au], P o)
+ D Oa) - ol X o w)
< 3e.
This completes the proof. O
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5 conclusions

In this paper, we have investigated locally and globally small Riemann sums with respect to « on [a, b] for
fuzzy number-valued functions. Also we have stated and proved two main theorems: (1) If a fuzzy number-valued
functions f(z) is Henstock-Stieltjes integrable with respect to a on [a,b] then f(z) has (LSRS) with respect to
o on [a,b] and the converse is always true. (2) If a fuzzy number-valued functions f(z) is Henstock-Stieltjes
integrable with respect to o on [a,b] then f(x) has (GSRS) with respect to a on [a,b] and the converse is always
true. Finally, by Egorov’s Theorem, we got the dominated convergence theorem for globally small Riemann sums

(GSRS) with respect to « on [a, b] for fuzzy-number-valued functions.
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Abstract
In this paper we establish some fuzzy differential subordinations regarding the differential operator
RIZ yi @ An — An, RI;, 5, f(2) = (1 — a)R™f(2) + al (m,\,1) f(2), where R™ is the Ruscheweyh
derivative,I (m, X, 1) is the multiplier transformation and A, = {f € H(U), f(2) = 2+ ant12" ™ +..., 2z €
U} is the class of normalized analytic functions. We introduce a fuzzy class RIS (a,m, A\, 1) and by using
the fuzzy differential subordinations we derive some properties of this class. Also, several fuzzy differential
subordinations are established regarding the studied differential operator.

Keywords: fuzzy differential subordination, convex function, fuzzy best dominant, differential operator.
2010 Mathematical Subject Classification: 30C45, 30A20.

1 Introduction

The differential subordination method was introduced and developed by S.S. Miller and P.T. Mocanu. G.I.
Oros and Gh.Oros in [6], [7] combine the notions from the complex functions domain with the fuzzy sets theory.

In this paper we obtain fuzzy differential subordinations regarding the differential operator studied in [4]
using the methods from [2], [3].

Consider U = {z € C : |z| < 1} the unit disc of the complex plane, H(U) the space of holomorphic
functions in U, A, = {f € H({U) : f(2) = 2 + anp12" ™ + ..., 2 € U} and H[a,n] = {f € H{U) : f(z) =
a+ an2" + apy12" + ..., 2 € U} for a € C and n € N. The class of normalized convex functions in U is

denoted by K = {f €A, :Re Z}C,/;g) +1>0, z € U}.

We need the following.

Definition 1.1 (/6]) Let D C C, zy € D be a fized point and let the functions f,g € H (D). The function f is
said to be fuzzy subordinate to g and write f <x g or f (2) <x g (2), if are satisfied the conditions f (z0) = g (z0)
and Frpyf (2) < Fypyg(2), z € D.

Definition 1.2 (/7, Definition 2.2]) Let ¢ : C3 x U — C and h univalent in U, with 1 (a,0;0) = h (0) = a. If
p 1s analytic in U, with p (0) = a and satisfies the fuzzy differential subordination

Fyeoxon¥(p(2), 20’ (2),2°p"(2); 2) < Fpanyh(z), 2z €U, (1.1)

then p is called a fuzzy solution of the fuzzy differential subordination. The univalent function q is called a fuzzy
dominant of the fuzzy solutions of the fuzzy differential subordination, if Fyqnp(z) < Fyunq(z), z € U, for all
p satisfying (1.1). A fuzzy dominant q that satisfies Fguq(2) < Fyanq(z), z € U, for all fuzzy dominants q of
(1.1) is said to be the fuzzy best dominant of (1.1).

Lemma 1.1 (5, Corollary 2.60.2 p. 66]) Let h € Ay and L{f) (=) = G () = —Lr [Zh())t+~"de, = € U If
Re (f/;S) + 1) > f%, z€eU, then L(f)=GeK.

Lemma 1.2 (/8]) Let h be a convex function with h(0) = a, and let v € C* be a complex number with Re v > 0.
If p € Hla,n] withp(0) =a, ¥ :C>xU — C, ¥ (p(2),2p' (2);2) =p(2) + %zp’ (z) an analytic function in U
and

1
Fueno, (p<z> n 7zp’<z>) < Fuoh(2), z€U, (1.2)

then Fpunp(2) < Fyuw)g(2) < Fruyh(z), z € U, where g(z) = —2 [ h(t)t"/"=1dt, z € U. The function q is
convex and is the fuzzy best dominant.
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Lemma 1.3 ([8]) Let g be a convex function in U and let h(z) = g(z)+nazg'(z), z € U, where o > 0 and n is a
positive integer. If p(z) = g(0)+ppz" +pni12" T +. .., 2 € U, is holomorphic in U and F,q) (p(z) + azp’(z)) <
Fruyh(z), z € U, then Fyanp(z) < Fyuyg(z), z € U, and this result is sharp.

We need the following diferential operators.

Definition 1.3 (Ruscheweyh [9]) For f € A,, m,n € N, the operator R™ is defined by R™ : A, — A,,

Rf(z) = [(2), R f(2)=2f"(2),
(m+1)R™f(2) = 2z(R™f(2)) +mR™f(z), z€U.
Remark 1.1 If f € Ay, f(2) =2+ 372, a;27, then R™f (2) =2+ 377 %ajz], zeU.
Definition 1.4 ([1]) For f € A,, m,n € N, \;l > 0, the operator I (m, A1) f(z) is defined by the following
infinite series I (m, \,1) f(2) =2+ 3272, 14 (w) ajzd.

I+1

Remark 1.2 We have I (0,\,1) f(2) = f(2), ( + 1) T (m+1,\1) f(z) = (1 +1 =X T (m,\1) f(2)+ 2 (I (m, \1) f(2)),
zeU.

Definition 1.5 ([4]) Let a, A\,1 > 0, m,n € N. Denote by RIy, , ; the operator given by RIS \ ; + Ay — Ay,
RIG 1 f(2) = (L= )R f(2) + al (m, A1) f(2), z € U.

Remark 1.3 If f € Ay, f(2) =2+ 372 n+1a3 , then
RIG \ f(z) =2+ Zj:n—H { (1+/\l7+11)+l) +(1-a) (:;(rjj:ll))!! } a;zl, z e U.

2 Main results

Using the operator RIj ,;, we define the class RI% 8 (o, m, A\, 1) and we study fuzzy subordinations.

Definition 2.1 The class RI} (a, m, A\, 1) contains all the functions f € A, which satisfy the inequality

RI;:LAZ

F vy RIG () >6, z€U, (2.1)

where § € (0,1], o, A\,1 >0 and m,n € N.
Theorem 2.1 RI% (a,m, A1) is a conver set.

Proof. Let f1, fo € RIS (a,m, A\ 1), fr (2) =2+ > rens1 @ik, k=1,2, 2z € U We show that the function
h(z) =m1f1 (2) +m2fz (2) is in the class RI% (a,m, A, 1), where 7, and 72 are nonnegative such that n; +n, = 1.
Diﬁerentiating, we obtain b’ (2) = (u1f1 + pof2) (2) = pifl (2) + pafh (2), z € U, and

(Rla ,\zh( )) <ngn,,>\,l (uifr + pafo) (2 )>’:’u1 (R gL,\zfl( ))/+M2( )\lfg( ))/, so we have also
RI®

Frars o (B @) = Flare oy @ (BRI (i + 1) () =

/
F(rrs, \ o frtma ) @) (m (REg A1 (z)) 12 (RIG 002 (2) ) =

NI(RISL,A,L](‘I(Z)),)"FF( HZ(RI"L,)\,[]%(Z))I)
5 —

F(ulRIgn,A,lfl)/(U)< M2RI%,A,lf2)/(U)(

/

(RIZ,,A,zfl(Z))'+F( (RIG, s f2(2)

2
/
Since f1, fo € RI;- (o, m, A1), we have 6 < F(RISL LR ) (RI;',‘LJ\,lfl (z)) <1 and

/
o< F(ngmlfz)’(U) (ngv,,)\,lfQ (z)) <l,zeUl.
RI;;,A,,fl(z))#F(ma A lh)/(U)(RIV‘;)/\Jfg(z))/
2
/
nY () (RI A (2 )) < 1, which means that h € RI;- (o, m, A1) and RI;- (o, m, A1) is a convex

F(mgmufl)'w) RIS 1 F2) ()

i (
Therefore § < (RIm A, lfl) ()

set. m

< 1 and we obtain that

RI?nkl
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Theorem 2.2 Consider g a convex function in U and h(z) = g(z) + CiQ zg' (2), with z € U, ¢ > 0. When

f € RI% (a,m, A1) and G (z) = &5 [ t°f (t)dt, z € U, then
@ !/
F(ngz,/\,zf)/(U) (RInL,)\,lf (Z)) < Fh(U)h (Z) , zeU, (22)
!/
implies F(RI::L LG) () (RI,%/\VIG (z)) < Fyung(2), z € U, and this result is sharp.

Proof. Differentiating with respect to z the following relation 271G (2) = (¢ + 2) foz tef (t) dt. We obtain
(c+1)G(2)+2G (2) = (c+2) f () and (c+ 1) RIZ , ,G (2) +2 (RI;,7A,IG<Z)) (c+2)RIZ \ ,f(2), z€U.

!/

c+2Z (RI%MG( ))H (RIO‘ af (2 )) , z € U, and the fuzzy

!
Differentiating again we get (Rlﬁ‘% G (z)) +

differential subordination (2.2) becomes

. 229’ (z)) . (2.3)

1
Frig, , ,6(0) ((RI%,AJG(Z))/ +—5° (RIgn,A,lG(Z))H> < Fyw) <9 (2) +

Consider )
p(2) = (RI; G (2), z€U, (2.4)

220 (7).

li
Y W) (RI%’)\JG(Z)) < Fyuyg(2), z € U, and g is the fuzzy best

evidently p € H [1,n] and from relation (2.3) we get Fy, (p (2) + ?122'])’ (z)) < Fyu (g (2) +
zeU.

By using Lemma 1.3 we obtain F<RI%MG
dominant. m
Theorem 2.3 Leth(z) = H(fi%l)aﬁ €[0,1) andc > 0. IfA\,1 >0, m,n € Nand L. (f) (2) = =& [, t°f
z € U, then

I, {ng (a,m,)\,l)} C RIJ’? (a,m, N\, 1), (2.5)

where 37 = 28 — 1+ (S22 (L gy

Proof. A similar proof with Theorem 2.2 for the convex function h get us F, (p (2) + Ci2 zp' (z)) <

Jnyh (2), with p(z) defined in (2.4).

/
Applying Lemma 1.2 we obtain F(ngl LG ) (RI%)\JG(Z)) < Fyunyg (2) < Fruyh(2), where g(z) =
. Z,et2 1 14(28—1)t 5, (c+2)(2—28) [z t 52~

m%éotn l%dt—2ﬁ_]—+ nz%# ).fOttJrl

respect to the real axis, we have

Frimancw) I (m, A1) G (2)) > |H|11111F a9 (2) = Fyang (1) (2.6)

"dt. Since g is convex and ¢ (U) is symmetric with

o2
and B*=g(1)=28—-1+ (C+2)(2 26) fl ¢ ) L dt. The inclusion (2.5) follows from (2.6). m

Theorem 2.4 Consider g a convex function with g(0) = 1 and h(z) = g(z) + z¢'(2), z € U. For A\,l > 0,
m,n € N, f € A, and the fuzzy differential subordination

- /
Flrre 1) @) (RIg a0 (2)) < Fpanh(2), z€U, (2.7)
‘ Bl f(2) . .
holds, we obtain Fris | s 2 < Fyang(z), z €U, and this result is sharp.

Proof. For p(z) = M, z € U, we have p € H[1,n] and differentiating the relation RI}, , ,f(2) =

zp(z), z € U, we obtain (RIO‘ af (2 )) =p(z) + 2p'(2), z € U.

The fuzzy differential subordination (2.7) becomes F,7) (p(2) + 2p'(2)) < Fruyh(z) = Fyw) (9(2) + 29'(2)),

z € U, and applying Lemma 1.3, we deduce F(RI:}L,A,,f)'(U)M < Fyung(2),2€U. m

Theorem 2.5 Let h be a holomorphic function with Re (1 + Z};:Ei?) > —7, z € U, and h(0) = 1. When the

fuzzy differential subordination

o /
F(RI;"“ N lf)/(U) (R‘[m,)\,lf (2)) < Fh(U)h(Z), z e U, (28)

holds, where )\,l 0, m,n € N, f € Ay, then Frre N )7 < Fyunq(z), z € U. The function

1

tn~ldt is convex and it is the fuzzy best dominant.
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e t)tw—ldt is
a convex function and verifies the diﬁerentlal equation associated to the fuzzy dlfferentlal subordmatlon (2.8)
q(z) + 2¢' () = h(z), therefore it is the fuzzy best dominant.

o !/
Keeping p(z) = M, p € H[1,n] and differentiating it, we obtain (RI%’A’lf(z)) = p(z) + 2p'(2),
z € U and (2.8) becomes Fy,y (p(2) + 2p'(2)) < Fruyh(z), z € U.
7le”2”f(z) < F,anq(z),z€U. =

Proof. Since Re (1 =+ Zh”(z)> > —2, 2z € U, from Lemma 1.1, we deduce that ¢ (

By using Lemma 1.3, we deduce Frio | r)

Example 2.1 Let h(z) = 1_2 with h (0) =1, b/ (2) = it )2 and b (z) = ﬁ.
Since Re( h,(i)) + 1) = Re (1+Z) = Re (i;ggg;g#g:ﬁg) = 1+2plc_0229+p2 >0 > —%, the function h is

convez in U.

Let f(z) =z—2% 2z€U. Forn=1,m=1,1=1,A=2 a=2, weobtamRIMIf()—%le(z)—i—

21(1,2,1) f(2) = 32" (2)+ 22/ (2) = 2—22°. Then (RIEQ’lf(z)) =1—4z and %ﬂ) = 1—2z. Function
q(2) =1 [5 {dt =-1+ 721n(21+z).

From Theorem 2.5 we have Fy (1 —4z) < Fy (ﬁz) ,z €U, imply Fy (1 —22) < Fy (—1 + %Hz)) ’
zeU.

Theorem 2.6 Let g be a convex function with g (0) =1 and h(z) = g(2) + z¢' (2), z € U. When the fuzzy
differential subordination

!/
SRIGaif ()
m+1,),1
Frig, , £) <W < Fuanh(2), 2€U (2.9)
holds, for A,l > 0, m,n € N, f € Ay, then Frjo “f(U)I%}lei*}J(;()z) < Fyuyg(2), z € U, and this result is
ALl

sharp.

Proof. Diferentiating p(z) = W we get p/ (z) = W —p(z) - % and

o _ ZRI%Jrl,,\,zf(z)),
p(2)+2p () = ().
In this conditions, relation (2.9) becomes Fy,y (p(2) + 2p'(2)) < Franh(z) = Fywy (9(2) +29'(2)), z € U,

and aplying Lemma 1.3, we obtain Frre lf(U)};{’;‘Jli*%z()z) < Fyung(z),2€U. m
myA, Al

Theorem 2.7 For a convex function g, with g(0) = 1, consider h(z) = g(z) + 2¢'(z), z € U. The fuzzy
differential subordination

m

RIS fN
FRIa“f(U)<<v*ZJ> (leﬂ\,lf(z))/ < Fpuyh(z), z€el, (2.10)

is satisfied, when a, A\, 1,0 > 0, m,n € N, f € A,, and implies the following fuzzy sharp differential subordination
RIS f(2)\?
Fria | 1) (721 ( )) < Fyuyg(2), zeU.

+2p/(z), z € U. Evidently p € H[1,n], and (2.10) becomes F,1) (p(z) + 329/ (2)) < Fpanh(z) = Fyw) (9(2) + 24'(2)) ,
zeU.

By using Lemma 1.3, we have Fpre ¢ (M) < Fyung(z),z€U. m

o 4 a 6—1 /
Proof. Differentiating p(z) = (M) , z € U, we get (M) (RI,‘}MJ (z)) = p(z) +

Theorem 2.8 Consider an holomorphic function h which satisfies the inequality Re (1 + h (i))) >—z,2¢€U,
and h(0) = 1. When the fuzzy differential subordination

RI%,A,lf(Z) -
Frrg o (\—

a §
holds, with a, A, 1,6 > 0, m,n € N, f € A, then Fria ) (M) < Fyq(2), 2 € U, and q(2) =
S [Zh(t)te—dt.

nzmn

1
(RI%7A,1f(Z))/> < Fyoyh(z), zel, (2.11)
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trldt is

Proof. Since Re (1 + ZZ;;S)) > —2, 2z € U, from Lemma 1.1, we deduce that ¢ (

a convex function and verifies the diﬂerentlal equation asscociated to the fuzzy dlﬁerentlal subordmatlon (2.11)
q(z) + 2¢' (2) = h(2), therefore it is the fuzzy best dominant.

@ 5 a o—1 !
Consider p(z) = (M) ,z € U, then p € H[1,n]. Differentiating, we obtain (M) (RI%’/\’lf(z)) =

z z
p(z)—l—%zp’(z), z € U, and the fuzzy differential subordination (2.11) becomes F), 1 ( (z) + lzp’(z)) S Frnyh(z),
. RIS 2)\ ¢ _
z € U. Aplying Lemma 1.2, we get FRI%)Mf(U) (%ﬂ)) < Fyyq(z) and q(z) = - 5 fo ()t 1dt, zeU,

is the best dominant. m

Theorem 2.9 For a convex function g, with g(0) = 1, define the function h(z) = g(2) + 34’ (2), z € U. If
a,\ 1,6 >0, mneN, fe A, and the fuzzy differential subordination

2 RIS, () (Rf“uf(Z)) (00 ()

Frrg | 1) 2 o
AL (5 (RI(X+1 \ lf(z)) m7A7lf(Z) R’Im-i-l,)\,lf(z)

m

541 RIG,0 ()
O (RIga0f ()

+z < Franh(z), z€ U, (2.12)

2

holds, then Frre | r) ( M) < Fyuny (2), z € U, and this result is sharp.
o +1,X,1

. .. RIS 51 f(2)
Proof. Differentiatin 2) = gt e ot
gp( ) (RIQ+1“f(Z))2aW g
Z o+1 RI;:; A, f(2) 2 le A, 1 f(2) (RI’V(:l,)\Jf(Z))/ _ (RIf:LJrl A, lf(z)),
p(2)+ 50 (2) = 25 (RIZ 1 2 J())° (RI,”HMf(z)) L R 1 e 1)

k)
The fuzzy differential subordlnatlon (2.1 ) becomes
Fyw (p(2) + 20/ (2)) < Fuah(2)Fyw (9(2 '(z)), z € U, and by using Lemma 1.3, we derive

ledﬁ,’f(z)

(AL f@) ) = Fg(U)Q(z), €U m

Frre | 1)

Theorem 2.10 Let h be a holomorphic function with properties Re (1 + ZZ;;L?) > 77, z € U, and h(0) =
The fuzzy differential subordination

2orie ) | (REAE) (RIGaf@)

Frie | 1) 5 a —2-—0
AL ) (RIC:LH R lf(Z)) RImA,lf(z) RIm+1,/\7lf(z)

7

§+1  RIp ,,f(2)
2
0 (RIHL-‘,-l A, lf( )>

+z < Franh (2), z€U, (2.13)

RIG, 5,1 f(2)

implies the following fuzzy differential subordination FRIaA’Lf(U) < (Rl PO ) < Fonq(2), z € U, where

a,\1,6 >0, mmneN, feA, and q(z) = 5 fo ti_ldt.

Proof. Since Re (1 + Z,’; (S)) > —2, z € U, from Lemma 1.1, we deduce that ¢ ( (t)tn—1dt is

a convex function and verifies the differentlal equation associated to the fuzzy dlﬁerentlal subordmatlon (2.13)
q(2) + $2q' () = h(z), therefore it is the fuzzy best dominant.

Considering p(z) = %, z €U, p € H[1,n]. Since
m+1,)\,l
41 RIS 5 .F() 2 RIGAIGE)(BLaa /() (R auf(3)

-2

PC)+ 50 () = AP T

(2.13) we have F, (p(2) + 2/(2)) < Fjw)h(2), z € U, and from Lemma 1.2, we obtain Frre 1) <z

],zEU,from

(RIT(:L+1,>\,lf(z))2 RIZ 31 f(2) RInH»l)\lf(Z)

RIZ 51f(2)
LR G W
(RIgL+1,)\,lf(Z))2>
Fywya(z), z € U, and the best dominant is ¢ (2) = U fo t?_ldt. ]

nzmn
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Theorem 2.11 For a convex function g with g(0) = 0 define h(z) = g(z) + 29'(2), z € U. If a,\,1,6 > 0,
m,n € N, f € A, and the fuzzy differential subordination

A
Frre sy | 2° 6+2 <RIm7A’lf (Z)) +
A o RIS (. f (2)

s [(rrasr @) (@)
6 | RIG,f(z) | RIS, f(2)

< Fh(U)h(Z)7 zeU, (214)

holds, then the following result is sharp Frre | 1(u) (Z2W) < Fyunyg(z), z€U.

Proof. Considering p(z) = ZQM, we deduce that p € H[0, 1] and dlfferentlatlng it, we obtain

(RIZ \  f(2)” (RIS ., F(2)
RIG 51 F(2) B RIZ 51 F(2) 2eU.

The fuzzy differential subordination becomes Fj,r) (p(2) + $20'(2)) < Franh(z) = Fya (9(2) + 29/ (2))

2 (RIﬁL,A,lf(Z))I
RI’IC:I,A,lf(z)

o540 (RIS f(2) | .3
p(2) + 50 (2) = 2252 RIm/\Allf() %

and by using Lemma 1.3, we deduce FRI& N (z ) < Fyun9(2), z € U, and this result is sharp.

Theorem 2.12 Consider h a holomorphic function with Re (1 + h,(g)) > — , z € U, and h(0) = 0. If the

fuzzy differential subordination

oo (RIS ()

RI vy | 2 > +
ot () § RIS\, f(2)
" N\ 2
o | (RIgas ) [ (RIgaf ) e et s
3 (e - « = 'h(U z), zeU, .
o RIm,,\,lf(Z) RIm,)\,lf(Z) @
b o (RIS 5.1 F(2))
olds, for a,\,1,6 > 0, m,n € N, f € Ay, then Frre = 1) 22 W < Fyuna(z), z € U, where
= nz:i Sttt
Proof. Since Re (1 + ZZ;;Q?) > —2, 2z € U, from Lemma 1.1, we deduce that ¢ (z) = 5 fo tn—ldt is

a convex function and verifies the diﬁerentlal equation asscociated to the fuzzy dlﬁerentlal subordmatlon (2.15)
q(z) + 2¢' (2) = h(2), therefore it is the fuzzy best dominant.
Considering p(z) = 22%, z € U, p € H[0,n]. Differentiating it, we obtain p(z) + 5p'(2) =
m,\,l

245 (RIm)\lf( ))/ 23

2242 RIo  J() T 6

f‘ﬂh(U)h(Z)7 zeU.

1" ’ 2
RIS o\ f(z RIZ o\ f(z
(Rf:f;,f(u))) - <(st;:,llf(<z)>) ) ] 2 € U, and (2.15) becomes Fy(w) (p(2) + 520(2)) <

Applying Lemma 1.2, we get Frro s (22 (AL 21/ (2)

Rlaf(z)) < Fywyq(2), z € U, and the best dominant is
moALlL

S [Zh(t)tnldt. m

nz n

Theorem 2.13 Let h(z) = g(2) + z9'(2), z € U, where g is a convex function such that g(0) = 1. When the
fuzzy differential subordination

RIS f () (RIS, ()
al ( Af ; ) < Funh(z), zeU (2.16)
(RE50u8 ()|

holds, for a,\,l > 0, m,n € N, f € A,, then the followinf result is sharp Frre | 1) <m> <
A, z moaf(z
Fyang(z), z € U.

Fria | sy | 1-
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Proof. Let p(z) = oS B) e deduce that p € H[1,n] and differentiating it, we get 1—

m,x,zf(Z)'(RISL,)\,Lf(Z))N

2(RIg, \ ,F(2)"
p(z)+zp (2), z€ U.
The fuzzy differential subordination becomes F,1) (p(2) + 2p'(2)) < Frw)yh(z) = Fyw (9(2) + 29'(2)) and

we apply Lemma 1.3 to deduce the following sharp result RIS | F(U) <m> < Fyng(z), z€lU. m
Tt z R WRAC

Theorem 2.14 Let h be a holomorphic function with h(0) = 1 and Re ( Zh((j)) > — 7 z € U. The fuzzy

differential subordination

RID 3. (2) - (RI%,AJf (Z))H

FRI;:L,A,Zf(U) 1-— 12 < Fh(U)h(Z)7 zeU, (217)
[(RI;W 1) ]
. RIY z 1_
induce FRI?n,A,lf(U) (W) < Fyuya(z), z € U, where q(z) = fo tn Ldt, for a,\,1 > 0,

m,neN, feA,.

Proof. Since Re (1+ Zh”(z)) > —1 2 € U, from Lemma 1.1, we deduce that — foz h(t)t%*ldt is a

h'(z) 27 e
convex function and verifies the differential equation asscociated to the fuzzy differential subordination (2.17)
q(z) + 2¢' () = h(z), therefore it is the fuzzy best dominant.

RIp ol (2) : P RIS () (R 01 (2)”
—— el 2z € U, p € H[1,n]. Differentiating it, we obtain 1— o =
ENIE) peHllnl ; [(m15\ FO)T
p(2)+2p' (2), z € U, and the fuzzy differential subordination (2.17) is written F,;r) (p(2) + 2p/(z ) < Frwyh(2),
zeU.

By using Lemma 1.2, we get Frro  f(u) (m> < Fyw)q(z), z € U, and the best dominant is
o muA, L

Consider p(z) =

L [Fh(t)t=—'dt. m

nzn

Example 2.2 Let h(z) = 322 a convex function in U with h(0) = 1 and Re (ZZ,/;S) + 1) > -1

142z

Let f(2) =2z—2%, 2z€U. Fornzl,mzl,lzl,/\:la:%, we 0btainRI§27lf(z):27222,ZEU.

2
2 / 2 " 3
Then ( Iy 1f( )) =1—4z and (le&lf(z)) = 4, Rllg""‘f(z) = ZZ(’;_QZE) = tiz,
Z(Rlﬁllf(z))

2 2 "
15, 0) (RIP, 1(2) 2 .
1_ fizs 2< 121/ 2 > =1— ( (12_4)2)(2 Y _ 8?12:::;1. We have q(z) = 1f0 h_tdt +M.
(C*D)
Using Theorem 2.14 we obtain Fy (Sff__%) < Fy (h ) z € U, induce Fyy ( ) < Fy (—1 + W) 7
zeU.

Theorem 2.15 Consider h(z) = g(z) + z¢'(2), z € U, where g is a convez function with g(0) = 1. When the
fuzzy differential subordination

i 2 1
Frie | 1) <|:(RISL,)\,lf (2)) } + RIg \ i f (2) - (RIg 5 f (2)) > < Fyanh(z), zeU (2.18)

holds, for a,\,1 >0, m,n €N, f € Ay, then the following result is sharp Frre  t) <ng""“f(z).(ZRI%”*’lf(Z)) ) <
Foang(z), z € U.

RI:;,A,zf(z)'(RIsz,A,zf(z))/

z

Proof. Let p(z) =

. We deduce that p € H[1,n].

2 1
Differentiating it, we obtain [(RI“ it (2 )) } + RIS, f () (RI;,’MJ f(z)) =p(2)+2p (2), z€ U, and

the fuzzy differential subordination becomes Fy,1y (p(z) + 2p'(2)) < Fpnh(z) = Fyw) (9(z) + 29'(2)) .
RIG 2uf ) (BRI 01 (2)) ) < Fyung(2),

By using Lemma 1.3, we obtain the following result sharp Frre | r) =

zeU m
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Theorem 2.16 For a holomorphic function h which satisfies the inequality Re (1 + h'(i))) >—z,z€U, and
h(0) = 1, the fuzzy differential subordination

o / 2 o a "

Frie | 1) <[(le,>\,lf(z)) } + RIg \ i f (2) - (RIg 50 f (2)) ) < Fyanh(z), z €U, (2.19)
induce Frre | 1) RI"('Y”*’lf(Z)A(ZRI?“’A'lf(Z)) ) < Foanq(z), z € U, where q(z fo (t)tw—tdt, and a, A\, 1 >
0,mneN, feA,

Proof. Since Re (1 + Z::é‘?) > —2, z € U, from Lemma 1.1, we deduce that ¢ ( —L [ tnLdt is

a convex function and verifies the diﬁerentlal equation asscociated to the fuzzy dlﬁerentlal subordmatlon (2.19)
q(z) + zq' () = h(z), therefore it is the fuzzy best dominant.

Let p(2) = RI:“’J(Z)'(ZRI’?”’“f(z))/, z € U, evidently p € H[1,n].

We have p(z) + 2p' (2) = [(lefl,)\,lf(z))/}2 + RI, Alf( ) (RI%AJJC (Z))//, z € U, and (2.19) means
Fpwy (p(2) + 20/(2)) < Fryh(2), z € U,

Applying Lemma 1.2, we get Frie | f) <

RIS \ 1 f(2)-(RIS , f(2))

z

) < Fynq(z), z € U, and the best

dominant is ¢(z fo ()tw—ldt. w

Example 2.3 Let h(z) = %;Z a convex function in U with h (0) =1 and Re (z;:,/;S) + 1) > -1

Consider f(z) =z—2%, z€U. Forn=1,m=1,1=1,A=2, a=2, weobtainRIﬁQ’lf(z):z—ZZQ,
zeU.

2 2 ’
5 " 125, F(2)-( RIZ,, £(2) 0.2\ (1
(Z)) =1—4z, (RIIS,Q,lf(Z)) _ _4’ ! (Z 1,2,1 ) _ (z—22 Z)(l 4z) — 8226241,

1f
n2 2 " 9 ) )
[(Rllmf )] + RIF, f (2) (le,mf(z)) = (1—42)% + (2 — 222) - (—4) = 2422 — 122 + 1.
We have q (z) = 1 [ L_tdt -1+ LH(ZHZ).
From Theorem 2.16 we obtain Fy (2422 — 12z+1) < Fy (;j), z € U, induce Fy (8,22 — 62+ 1) <
Fd—HW), zeU.

Theorem 2.17 Consider h(z) = g(z) + 1%59'(2), z € U, where g is a convex function with g(0) = 1. If the
fuzzy differential subordination

. s N\ R G) [((BEaad ) (REaf @)
Flaad WA\ RIg T (2) 1-9 RIG.,,,f(z)  RIZ,,f(2)

Then ( 1%

z € U, holds, for a,\,1 >0, € (0,1), m,n €N, f € A,, then the following result is sharp

RIZ 1,1 f(2) : 0
FRI%,A,lf(U) ( +lz/\l ’ (RI;:,,,AJf(Z)) > < Fg(U)g(Z)a zeU.

Proof. Let p(z) = RI*"“;*"f( ) (ngl flf(Z)) . We deduce that p € H[1,n] and differentiating the function

O RIS aif(2) (RIS A, f(2) (RIS 5 F(2) 1
f<z)) =3 RIS rad )~ ORI ) =P+ 5 (2), 2 €U

The fuzzy differential subordination means Fj, (p(z) + ﬁzp’(z)) < Franh(z) = Fyw) (g(z) + 1fég'(z))

ngkl

p, we obtain (

o 5
and by using Lemma 1.3, we obtain the following sharp result Frjo N (le“j’lﬂz) . (ma z f(z)) ) <
my, moAL
Foang(z), z€U. m

Theorem 2.18 Let h be an holomorphic function with h(0) =1 and Re (1 + ZQ,IES)) > f%, z € U.The fuzzy

differential subordination

. 2 * RI® it (2) (ngn,+1,>\,lf(2>)/ 6(RIO‘ /\zf(z))
Bl WA\ RIS f(2) 1-9 RIZ .\, f(z) RIS, f(2)

< Frayh(2),
(2.21)
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z RI;’,‘L,A,lf(z
fora,\,1>0,5€(0,1), mneN, feA,.

nz n

a ) _
2 € U induce Frry g0y (#2245 - (70 ) < Fyual2), = € U where q(2) = 52 [ h(1)e'= ~1dt,

1-48

Proof. Since Re (1 + ZZ,IEZ)) > —1 2 €U, from Lemma 1.1, we deduce that q (z) = 252 [ h(t)t = ~1dtt

n
is a convex function and verifies the differential equation asscociated to the fuzzy differential subordination (2.21)
q(2) + 1552¢ (2) = h(2), therefore it is the fuzzy best dominant.

[e3 5
Consider p(z) = “220E - (et} 2 € Uip € ML,

. o O RIG 10 f () (BRI a0 f () RIg 3 af ()
Differentiating it, we get (RISL flf(z)) 2 z (ng:;?flf(zz)) — 6(R131’.1’lz.f(zz)) =p(2)+ 520 (2),

z € U, and (2.21) becomes Fj, (p(z) + lflézp’(z)) < Fryanh(z), z € U.

« 5
From Lemma 1.2, we get Frre  f) <RI’"+1*Mf(Z) . ( z ) ) < F,

p RIT .. 7() < Fyuyq(2), z € U, and the best

dominant is ¢(z) = 15 N h(t)t%’ldt. ]
nz n
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Abstract

In this work we study a new operator I Rm" defined as the Hadamard product of the multiplier transfor-
mation I (m, A, 1) and Ruscheweyh derivative R", given by IRY"}" : A — A, IRY" f (2) = (I (m, A\, 1) * R™) f (2)
and A, = {f € H(U): f(2) = 2+ ans12" + ..., z € U} is the class of normalized analytic functions with
A1 = A. The purpose of this paper is to derive certain subordination and superordination results involving

m,n

the operator IR}";" and we establish differential sandwich-type theorems.

Keywords: analytic functions, differential operator, differential subordination, differential superordination.
2010 Mathematical Subject Classification: 30C45.

1 Introduction

Let H (U) be the class of analytic function in the open unit disc of the complex plane U = {z € C : |z| < 1}.
Let H (a,n) be the subclass of H (U) consisting of functions of the form f(z) = a + a,2™ + ap412" ™ + .. ..

Let A, ={f € HU): f(z2) =2+ an12" T +..., 2€ U} and A= A;.

Let the functions f and g be analytic in U. We say that the function f is subordinate to g, written f < g,
if there exists a Schwarz function w, analytic in U, with w(0) = 0 and |w(z)| < 1, for all z € U, such that
f(z) = g(w(2)), for all z € U. In particular, if the function ¢ is univalent in U, the above subordination is
equivalent to f(0) = g(0) and f(U) C g(U).

Let ¢ : C?> x U — C and h be an univalent function in U. If p is analytic in U and satisfies the second order
differential subordination

V(p(2), 2p'(2), 2" (2); 2) < h(z), for z €U, (1.1)

then p is called a solution of the differential subordination. The univalent function ¢ is called a dominant of
the solutions of the differential subordination, or more simply a dominant, if p < ¢ for all p satisfying (1.1). A
dominant ¢ that satisfies ¢ < ¢ for all dominants ¢ of (1.1) is said to be the best dominant of (1.1). The best
dominant is unique up to a rotation of U.

Let ¢ : C2x U — C and h analytic in U. If p and ¢ (p (2), 20 (2),2%p" (2); z) are univalent and if p satisfies
the second order differential superordination

h(z) < ¥(p(2), 20/ (2), 2°p" () ; 2), zeU, (1.2)

then p is a solution of the differential superordination (1.2) (if f is subordinate to F', then F' is called to be
superordinate to f). An analytic function ¢ is called a subordinant if ¢ < p for all p satisfying (1.2). An
univalent subordinant ¢ that satisfies ¢ < g for all subordinants ¢ of (1.2) is said to be the best subordinant.

Miller and Mocanu [6] obtained conditions h, ¢ and ¢ for which the following implication holds h(z) <
U(p(z), 2p'(2),2%p" (2)512) = q(2) = p(2). }

For two functions f(z) = z + Z;iz a;z? and g(z) = z + Z;iz bjz’ analytic in the open unit disc U,
the Hadamard product (or convolution) of f(z) and g(z), written as (f * g) (z) is defined by f(z) *x g(z) =
(f*9) (2) = 2+ 3725 a;b;27.

Definition 1.1 /5] For f € A, m € NU{0}, \,l > 0, the multiplier transformation I (m,\,1) f(2) is defined by
the following infinite series I (m,\,1) f(z) ==z + Z;’;Q (%ﬁ) a;zd.

Remark 1.1 We have (I + 1)1 (m+ 1, \1) f(2) = (1 +1 =X T (m,\ 1) f(2) + Xz (I (m, M\ 1) f(2)), z€U.
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Remark 1.2 Forl =0, A > 0, the operator DY = I (m, \,0) was introduced and studied by Al-Oboudi , which
reduced to the Salagean differential operator S™ =1 (m,1,0) for A =1.

Definition 1.2 (Ruscheweyh [8]) For f € A and n € N, the Ruscheweyh derivative R™ is defined by R™ : A —
A,

Rf (2) FQ2), R'f(2)=2f"(2),
(n+ 1R f(2) = 2(R"f(2)) +nR"f(z), ze€U.

Remark 1.3 If f € A, f(2) = 2+ 372, a;27, then R"f (2) = 2 + 3272, (:,J(rf 11, ajz? for z € U.

Definition 1.3 ([2]) Let A\, > 0 and n,m € N. Denote by IRZZ" : A — A the operator given by the
Hadamard product of the multiplier transformation I (m, A1) and the Ruscheweyh derivative R™, IRTJ”f (2) =
(I (m,A\,1)* R™) f(2), for any z € U and each nonnegative integers m,n.

Remark 1.4 If f € A and f(2) = 2+ Y25 a;27, then IR f(2) = 2 + 372, (H)‘gi_ll)ﬂ) (g!-&q’:ll))"a%g
zeU.

Using simple computation one obtains the next result.

Proposition 1.1 [1/For m,n € N and A\, > 0 we have
/
(n+ 1) IR f (2) = nIRY f (2) = (IR’;f;"f (z)) . (1.3)

The purpose of this paper is to derive the several subordination and superordination results involving
a differential operator. Furthermore, we studied the results of Selvaraj and Karthikeyan [10], Shanmugam,
Ramachandran, Darus and Sivasubramanian [11] and Srivastava and Lashin [12].

In order to prove our subordination and superordination results, we make use of the following known results.

Definition 1.4 [7] Denote by Q the set of all functions f that are analytic and injective on U\E (f), where
E(f)={cedU: lirréf (2) = oo}, and are such that f' (¢) # 0 for ¢ € OU\E (f).
z—

Lemma 1.1 [7] Let the function q be univalent in the unit disc U and 0 and ¢ be analytic in a domain D
containing q (U) with ¢ (w) # 0 when w € q(U). Set Q(2) = 2¢' (2) 9 (q(2)) and h(z) = 0(q(2)) + Q (2).

Suppose that Q is starlike univalent in U and Re (Zg((zz))) >0 forzeU.

If p is analytic with p(0) = ¢(0), p(U) € D and 6 (p(2)) +2p' (2) ¢ (p(2)) < 0 (q(2)) + 24" (2) 6 (q(2)) , then
p(z) < q(2) and q is the best dominant.

Lemma 1.2 [/] Let the function q be convex univalent in the open unit disc U and v and ¢ be analytic in a

domain D containing q (U). Suppose that Re ( d)((q((zz))))> >0 for z € U and ¢ (2) = z¢' (2) ¢ (q(2)) is starlike

univalent in U.
If p(z) € Hlq (0
zq' (2) ¢ (q(2)) < v (

),11NQ, withp(U) C D and v(p(2)) + 2p' (2) ¢ (p(2)) is univalent in U and v (q(2)) +
p(2))+2p (2) ¢ (p(2)), then q(z) < p(z) and q is the best subordinant.

2 Main results
We begin with the following

z(IRY; "f(z))

Theorem 2.1 Let IR € H(U) and let the function q(z) be analytic and univalent in U such that

q(z) #£0, for all z € U. Suppose that Z(i)) is starlike univalent in U. Let

€y ) d)
Re<5q()+ﬁq()+1+ () q(z))>0’ (2.1)

foravé-vﬁu,ue(cy B#O, ze U and

IRV f (2)

Y (€, B 2) o= (o — &n+ pn?) 4+ (n+1) (€ — 2np — B) TR (2]
Al
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IR f(2) (n+2) IRV 2F (2) — (n+ 1) IRV [ (2)
12 Al AL Al '
Fu(n 1) ( IR F (2) ) AT IRV (2) — IRy (2)
If q satisfies the following subordination
VR (@B 2) < ot €a() +la () + 5L, (2.3
for a,&, B, € C, §#0, then /
2 (1R}'1 (=)
IR (=) (2.4)

and q is the best dominant.

z(IRY" f ()’

Proof. Let the function p be defined by p(z) := ,2z€U, z#0, f € A We have p/ (2) =

CIRTTf(R)
(IRm, n+1 (Z))l IRm:’n+1f(z) (IRm nf(z))
(n + 1) IRm n (Z) - ( + 1) Iﬁ;‘lrﬁ’lnf(z) N IR/'nl/'Lf(Z) .
By using the identity (1.3), we obtain
) _ ) IR () - VIR G) TR () 25)
p(2) (n+1) IRV f (2) — nI Ry} f (2) IRV f(2) '

By setting 6 (w) := a + &w + pw? and ¢ (w) = g, it can be easily verified that 6 is analytic in C, ¢ is
analytic in C\{0} and that ¢ (w) # 0, w € C\{0}.

Also, by letting Q (2) = 2¢' (2) ¢ (¢ (2)) = BZLE and h (2) = 0 (q(2)+Q () = a+&q (2)+4 (q (2))°+B4E,
we find that @ (2) is starlike univalent in U.

We have b/ (2) = £¢' (2) + 2uq (2) ¢’ (2) +
'z _d()
=) " Ptz

We deduce that Re (zg((;))) = Re (%q (2) + 25‘(12 (z2)+1+ zqq((;)) ' (zZ)) > 0.

By using (2.5), we obtain

z (2 zh'(z
qq(())—ﬁz(‘f]((z))) and G5 = §a (o) + P (o) + 1+

z

o+ ep(2) + up(2) +ﬂp(z) = (@ &n -+ pn?) + (n+ 1) (€~ 200 — B) TS +

2 1R§f;"+1f(z) (n+2)IRY; "2 f(z)— (n+1)IRY, "tlr(z)
wn+1) < TRITTG) > +B8(n+1) (D IRY, T )= nIRY" 1(2)

By using (2.3), we have a +&p (2) + (p (2))° + BZE < o+ £q(2) + (g (2))° + BELEL.

p(z)
By an application of Lemma 1.1, we have p(z) < q(z), z € U, i.e. (Rminff((;)) < ¢q(2), z€ U and q is the

best dominant. m

Corollary 2.2 Let m,n € N, \,1 > 0. Assume that (2.1) holds. If f € A and ¢}\'/" (o, B, 15 2) < @ +§iigz

Iz (iigz) + (1_515{2)(5;32), fora, 8,1, € C, B#0, -1 < B < A<1, where ¢\';" is defined in (2.2), then

Z(IR;rL,},nf(z)> = 1+Az d 1+Az

TR (o) ey 5. s the best dominant.
ALl

Proof. For ¢(z) = ij_gz, —1< B < A<1in Theorem 2.1 we get the corollary. m

Corollary 2.3 Let m,n € N, \,l > 0. Assume that (2.1) holds. If f € A and " (a,B,p1;2) < o +
§(1+Z> +u(1+z > + 28% for a, B, € C, 0 < v <1, B # 0, where Yy is defined in (2.2), then

1—=z 1—22>»
2(IRY"f(2)) 142”7 1+2\" -
TR =< (1_2) , and (ﬁ) is the best dominant.

Proof. Corollary follows by using Theorem 2.1 for ¢ (z) = (}fi)v, 0<~v<1l =m

Theorem 2.4 Let q be analytic and univalent in U such that q(z) # 0 and = (j) be starlike univalent in U.

Assume that

Re (Zq (2)q (2) + %(f (2)q (z)) >0, for&,B,ueC, B#0. (2.6)
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B, w; z) is univalent in U, where ¥\';" (o, B, j1; 2) is as

If f € A, %67—[@(0),1]0@ and 37" (e,
defined in (2.2), then
a+ 0+ ula () + P < a . .1

implies /
z (IRt\sz”f (z)) 28)

q2) R ——mm T~ ZGU,
G = =R )

7

and q is the best subordinant.
: _ 2R R)
Proof. Let the function p be defined by p(2) := TRy 2 € U,z#£0, fe A
ALl
By setting v (w) := a + &w + pw? and ¢ (w) = 5 it can be easily verified that v is analytic in C, ¢ is
analytic in C\{0} and that ¢ (w) # 0, w € C\{0}.
q’(z)q(z)[§+2pq(z)]7 it follows that Re (u((q((;))))) = Re (%q(z) q () + 2/5(]2( )¢ (= )) > 0, for

: V(g(2) _
Since Gty =
a,B,p€C, u#0. , )
By using (2.5) and (2.7) we obtain a + £q(2) + 1 (q (2))° + ﬁqugz()z) <a+&p(z)+ulp() + B;’Zz()z).
Using Lemma 1.2, we have ¢ (z) < p(z) = (gmiwf((z))) z € U, and ¢ is the best subordinant. m
IR @) € Hlq(0),1]NQ and

Corollary 2.5 Let m,n € N, \,1 > 0. Assume that (2.6) holds. If f € A, “IRETG)
a—|—£iig§ +u (%Igz) + (1_55,?)(5&32) =< 7,/1>\l (o, B, 15 2), for o, B, &, u e C, B#0, =1 < B< A <1, where
Yy is defined in (2.2), then ﬂ'éz =< (fg:: :;((zz))) , and %igz 1s the best subordinant.
Proof. For ¢(z) = %igz, —1 < B < A<1in Theorem 2.4 we get the corollary. m
) € 19 (0),1]1 Q and

Corollary 2.6 Let m,n € N, \;l > 0. Assume that (2.6) holds. If f € A
<" (a, By 5 2) , for a, B, 1, € € C, B#0,0 <y <1, where \}" is defined

) is the best subordinant.

2y
are(B2) p(B2) 7+ 22
) Y 2(IRTf(2)
142 N 14z
m (22), then (1—2) < W, and (l—z

0 < v <1 in Theorem 2.4 we get the corollary. m

~
Proof. For ¢(z2) = (ifz ,
Combining Theorem 2.1 and Theorem 2.4, we state the following sandwich theorem

Theorem 2.7 Let ¢1 and 2 be analytic and univalent in U such that ¢1 (z) # 0 and ¢ (2) # 0, for all z € U
being starlike univalent. Suppose that q1 satisfies (2.1) and qo satisfies (2.6). If f € A,

(, B, ;5 2) is as defined in (2.2) univalent in U, then

ﬁwm»<a+@ﬂ@+umﬂa>+ffg?,

zqz(z)

with qu((zz)) and

IR f(2)
iﬁﬁﬁm¥*eﬂm<>ﬁwm9mmwﬁ"
qu/ z m,n
o€ (2) 4l () + 20 o,
a1 (2) ’
for a,B8,u,6 € C, B # 0, implies q1 (z) < % < q2(2), and 1 and g2 are respectively the best
ALl

subordinant and the best dominant.
where —1 < By < B; < A1 < A3 <1, we have the following corollary

1+ A2

For q1 (Z): }igiv(h( ): 1+Bsz’ s
e A URI

Corollary 2.8 Let m,n € N, A\, > 0. Assume that (2.1) and (2.6) hold. If f € A TR 10)
ALl
2
1AZ 1+A,2 B(A m,n . 1+As2 1+A5z2 B(A—DB2)z
+A) ( +A; ) ey < YN (0, By 2) < TR +u(1iB§z) + e
i

Q and a+£ 1+B;yz /'L 1+Byz
for a,f,p,§ € C, B # 0, =1 < By < By < A1 < Ay < 1, where ¢\'[" is defined in (2.2), then
are the best subordinant and the best dominant, respectively

( Rnllnf(z)) 1+Azz h 1+A:2 d 1+As0z
< ence 14812 an 1B,z

Rmnf( ) 1+B227
) where 0 < 1 < 2 < 1, we have the following corollary.

71 72
For i (=) = (H2) " a2 () = (£2)
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Corollary 2.9 Let m,n € N, A\,l > 0. Assume that (2.1) and (2.6) hold. If f € A, %EH[Q(O)J]Q

2y 2.
Q and a+¢ (1) 4 p (B2) 7+ 20 < gl (B < ot e (B2) 4 (B2) 7 4 22 for

a,B,1,§ €C, B#0,0 <y <72 <1, wherepy';" is defined in (2.2), then (%) =< % =< (%) 2,

71 Y2
hence (ﬁi) and <1+Z) are the best subordinant and the best dominant, respectively.

We have also

Theorem 2.10 Let % eEHWU),feA zeU,mneN, A\l >0 and let the function q(z) be convex
and univalent in U such that q (0)=1, z € U. Assume that
a+p 4 (Z))
Re + z >0, 2.9
< B 7 (2) (29)
fora,peC, #£0, z€U, and
I 1 2 IRZ?E”J&f ) 2.10
Yyi (o, Biz):=B(n+1)(n+ )W— (2.10)
2
IRy f (2) IR (2)
Bin+1)° | =2 —— | +(a—B)(n+1) —24—"—" _an.
T ) TP TR G
If q satisfies the following subordination
ni(a, Bi2) < aq(2) + Bzq (), (2.11)
fora,Be€C, g #£0, z€U, then
/
i (IRT’znf (Z)) (2) U (2.12)
—pmryra - <4q(2), z€U, .
IRy} f(2)

and q is the best dominant.

Proof. Let the function p be defined by p(2) := ggﬁqlin;c((z))), z€eU, z#0, f € A The function p is
A,
analytic in U and p (0) =1

IRy £(2))’ IRY" U f(z)  (IRY"f(2))
We have 1/ (2) = (n -+ 1) Lo fOL — 1) LD GRIES)

By using the identity (1.3), we obtain

TRGIG) e (IRT,Z"“f (=) ) ey BTG

TR () TRTTT (2) e )

zp’ (2) = (n+1) (n+2)
By setting 6 (w) := aw and ¢ (w) := B, it can be easily verified that 6 is analytic in C, ¢ is analytic in C\{0}

and that ¢ (w) #0, w € (C\{O}
Also, by letting Q (2) = zq "(2) 9 (q(2)) = Bzq’ (2), we find that Q (z) is starlike univalent in U.

Leth() 0(q(2)+Q(z Oé(){r,ﬁzq()
WehaveRe(h(Z): (Tﬁ—i—z (Z))>0
TRY 1)

By using (2.13), we obtain ap (z) + Bzp’ (2) = B(n+1) (n +2) TR

2 Rm ,n+ f(Z) IRWL n+1 (Z)
By using (2.11)7 we have ap (z) + fzp’ (2) < aq( )+ Bz¢ (2) .

From Lemma 1.1, we have p (z) < q(z), z € U, i.e.% < ¢q(2), z € U, and ¢ is the best dominant.
ALl

[

Corollary 2.11 Let q(z) = Hg; zeU —1<B<A<I1 mmneN, \Il>0. Assume that (2.9) holds. If
feAand " (a,B2) < iigi + /ziiBB ,fora,B€C, B#0, -1 < B <A<, where ¢\'|" is defined in
(2.10), then z(llginl,n;((;)) = iigz, and iigj is the best dominant.
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Proof. For ¢(z) = }Igz, —1< B < A<1,in Theorem 2.10 we get the corollary. m

z

Corollary 2.12 Let q(z) = (HZ)7 m,n € N, A\,1 > 0. Assume that (2.9) holds. If f € A and ¥\'}" (a, B;2) <

vy Ly 2 ’
a(%fj) —&-f@j (ifi) ,Jora,B€C,0<y <1, B#0, where ¢)'|" is defined in (2.10), then%nj:((z)))<
ALl

2
GZ) , and (HZ) is the best dominant.

.
Proof. Corollary follows by using Theorem 2.10 for ¢ (z) = sz) ,0<~v<1l m

Theorem 2.13 Let q be convex and univalent in U such that q (0) = 1. Assume that
Re (gq’ (z)) >0, fora,f€C, B#0. (2.14)

If fe A, (Ilzgliwf((;) € H[q(0),1]NQ and ¥'|" (o, B; 2) is univalent in U, where \'}" (a, B; 2) is as defined

in (2.10), then

aq (z) + B2q (2) < 3" (a, B; 2) (2.15)
implies
2 (1R} 1 (2))
Q(Z)<W; 0e€C,0#0, z€U, (2.16)
W

and q is the best subordinant.

Proof. Let the function p be defined by p(z) := %, zeU, z#0, f € A The function p is
Ll

analytic in U and p (0) = 1.
By setting v (w) := aw and ¢ (w) := @ it can be easily verified that v is analytic in C, ¢ is analytic in C\{0}

and that ¢ (w) # 0, w € C\{0}.

Since ¢((;7((5)))) 3¢ (2), it follows that Re ( ;1((5 ) Re ( "(z )) >0, for o, € C, 8 #0.
Now, by using (2.15) we obtain aq(z) + 8z¢' (2) < ap(z) + Bzp’' (), z € U. From Lemma 1.2, we have

q(z) <p(z) = (Ulzminff(())) z € U, and q is the best subordinant. m

Corollary 2.14 Let q(z) = 322 1 < B < A<1,z€ U m,n €N, \|l > 0. Assume that (2.14) holds.

1+Bz’
(IRA T F(2) )

If f € A “pgiiroy- € HIa(0). 0N Q. and atfgE + HIE0F < 3" (. Bi2), Jor o € C, B # 0,

—1< B < A<1, where )" is defined in (2.10), then }igi =< (Ilg,nl,z;((z))) , and }igi is the best subordinant.

Proof. For ¢(z) = }igz, —1< B < A<1,in Theorem 2.13 we get the corollary. m

2(IRY" £(2))'
IR f(z)

5
) + f@; (}fz) =< w;rfl’” (o, 8;2), for a,B € C, 0 < v <1, B+#0, where wxl’" is

2(IRY" f(2)' 1+Z)V : .
) < IR and ( is the best subordinant.

Corollary 2.15 Let q(z
H[g(0),1]NQ anda(
defined in (2.10), then (1+

11—z

(ﬁj)v,m,n e N, \,l > 0. Assume that (2.14) holds. If f € A, €

11—z

Proof. Corollary follows by using Theorem 2.13 for ¢ (z) = <1+2)7, 0<y<1 =m

1—=
Combining Theorem 2.10 and Theorem 2.13, we state the following sandwich theorem.

Theorem 2.16 Let g1 and g2 be conver and univalent in U such that g1 (2) # 0 and g2 (2) # 0, for all z € U.

Suppose that q1 satisfies (2.9) and qo satisfies (2.14). If f € A, %3%1771;2)) € Hlg(0),1]NQ , and w;rfln (a, B 2)
is as defined in (2.10) univalent in U, then aq (z)+ Bz¢) (2) < 1/11’?;” (o, B;2) < ags (2)+ B2, (2), fora, B € C,

IRT" '
B #£ 0, implies q1 (z) < % < g2 (%), z € U, and q1 and g2 are respectively the best subordinant and the
ALl

best dominant.

For q; (2) = }igi» Q@ (2) = ﬁgii, where —1 < By < By < A1 < Ay <1, we have the following corollary.
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Corollary 2.17 Let m,n € N, \,1 > 0. Assume that (2.9) and (2.14) hold for qi (z) = 412 and ¢, (2) =

1+B1z
}igiz, respectively. If f € A, 72:([111:%;4((:))) € Hig(0),1] N Q and aF41z 4 BlA—Byz 1#;73” (o, B;2) <

1+B1z (1+B12)2

a}igzz + 5((1“‘;;322, z €U, fora,p €C, B#0, -1 < By < By <Ay < Ay <1, where ¢)'|" is defined in

1+A4 (IR} £(2) 144 144 1+A .
(2.2), then 11312 < (IRff;”f(z)) =< 11322’ z € U, hence 11312 and 11322 are the best subordinant and the best

dominant, respectively.

1 71 1 72 .
For ¢ (2) = (11'2) , g2 (2) = (11'2) , where 0 < 7 < 72 < 1, we have the following corollary.

Corollary 2.18 Let m,n € N, A\,1 > 0. Assume that (2.9) and (2.14) hold for ¢ (z) = (}fi)% and gs (2) =
z(IRm’lnf(z))/ R

~ v

(ifi) 2, respectively. If f € A, W € H[q(0),1]NQ and « (ifi) g 21612122 (%fz) ' vy (o, B;2)
V2 2 )

<« <1+Z> + 21[3_% (ﬁ) ,2 €U, fora,BeC, B#0,0<y <72 <1, where )" is defined in (2.2),

1—= 1—=

oé! IR™™ ! V2 gé! V2 )
then (%) =< % =< (Hz) , 2 €U, hence (f_rz) and (%) are the best subordinant and the
ALl

1—=z
best dominant, respectively.
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Global stability of a quadratic anti-competitive system of rational difference
equations in the plane with Allee effects.
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Abstract. We investigate global dynamics of the following systems of difference equations

2

— ¥

Tntl - a+:)2%
L n=0,12,...

— 2

Yntl = 52

where the parameters a, b are positive numbers and initial conditions x¢ and yo are arbitrary nonnegative numbers. We
find all possible dynamical scenario for this system. We show that this system has substantially different behavior than
the corresponding linear fractional system.

Keywords. Competitive map, global stable manifold, monotonicity, period-two solution.
AMS 2010 Mathematics Subject Classification: Primary: 39A10, 39A30 Secondary: 37E99, 37D10

1 Introduction and Preliminaries

We investigate global dynamics of the following systems of difference equations

2
y
Tn+1 = a+7;2
n
. , n=0,1,... (1)
x
Ynt1 = pp2

where the parameters a,b are positive numbers and initial conditions xo and yo are arbitrary nonnegative numbers.
System (1) is related to an anti-competitive system considered in [21]

V1Yn B2xn
Ln = ) n = n=20,1 ceny 2
+1 A+ Yn+1 A2+yn7 s Ly ()
where the parameters A1, vy1, A2 and S are positive numbers and the initial conditions (xo, yo) are arbitrary nonnegative
numbers. In the classification of all linear fractional systems in [3], System (2) was mentioned as system (16, 16).

The main result on the global behavior of System (2) is summarized in the following theorem, see [21].

Theorem 1  (a) If f2y1 — A1 A2 <0, then Eo(0,0) is a unique equilibrium and it is globally asymptotically stable.

(b) If Boy1i — A1 A2 > 0, then there exist two equilibrium points, namely a repeller Eo and an interior saddle F..
There exists a set C C R =[0,00) X [0, 00) which is invariant subset of the basin of attraction of E+. The set C is
a graph of a strictly increasing continuous function of the first variable on an interval, and Eoy € C and separates
R into two connected and invariant components, namely

W- : ={zxeR\C:Iye€C withz <y},
Wi @ ={zeR\C:3yeC withy S z}.

1Corresponding author, e-mail: mkulenovic@uri.edu
2Partially supported by Maitland P. Simmons Foundation
3Partially supported by FMON grant 05-39-3087-18/16
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which satisfy:
i) If (xo0,y0) € Wy, then

nlLII;O (l’gn, ygn) = (C)O7 0) and nll»n;o (332n+17 y2n+1) = (O, OO) .
”’) If (QUO’Z/O) € W*7
lim (z2n,Y2n) = (0,00) and lm (z2n+1,Y2nt+1) = (00,0).

(c) If B2y1 — A1 A2 = 0, then,

i. Fo(0,0) is the unique equilibrium, and every point of the positive semiazes is a period-two point. Orbits of

period-two solutions consist of the points (z,0) and (0, % x), for some x > 0.

ii. All minimal period-two solutions and the equilibrium are stable but not asymptotically stable.

iii. There exists a family of strictly increasing curves Co, Cx and C* for x > 0, that emanate from Eo, Ey := (x,0)
and E* := (0, % x) respectively, such that the curves are pairwise disjoint, the union of all the curves equals
]R?._, and solutions with initial point in Co converge to Ey, solutions with initial point in C; have even-indexed
terms converging to Ey and odd-indezed terms converging to E*, and, solutions with initial point in C* have

even-indexed terms converging to E* and odd-indexed terms converging to E..

As we will show in this paper System (1) has very different behavior than System (2), showing that introduction of
quadratic terms can significantly change behavior of the system. As we will show in Section 4 there are three dynamic
scenarios for System (1), each different than one of the three scenarios for System (2). For example System (1) always
possesses the unique period-two solution which substantially effects the global behavior. Second System (1) exhibits
the Allee’s effect which is nonexistent in System (2). Third major difference between two systems lies in the techniques
of the proof used in two results. While the results about the global stable and unstable manifolds in [18, 19, 20] were
sufficient for the proofs of global dynamics of System (2), these results are not effective in the case of System (1) as the
eigenvectors which correspond to the period-two solution of System (1) are parallel to the coordinate axes. Thus we used
new techniques based on the properties of the basins of attraction of the period-two solution or the points at infinity
(0,00) and (00, 0). Furthermore, we used the real algebraic geometry to prove some basic facts about the local stabilty
of the equilibrium points and the period-two solutions. Our results show that the introduction of quadratic terms in
the linear fractional systems of difference equations change substantially their behavior, see [2, 10] for similar results. In
particular, introduction of quadratic terms creates the Allee’s effect and introduces the periodic solutions.

The rest of this section contains some known results about competitive systems. Section 2 gives some basic facts
about the global behavior of System (1). Section 3 presents local stability analysis of the equilibrium solutions and the
period-two solution. Finally, Section 4 gives complete global dynamics of System (1).

A first order system of difference equations

{ Tn+1 = f(xmyn)

, n=0,1,...,(xo, ER, 3
Ynt1 = g (Tn,Yn) (%0, 30) ®)

where R C R?%,(f,g9) : R — R, f,g are continuous functions is competitive if f(z,y) is non-decreasing in z and
non-increasing in y, and g (z,y) is non-increasing in z and non-decreasing in y.

System (3) where the functions f and g have monotonic character opposite of the monotonic character in competitive
system will be called anti-competitive. In other words (3) is anti-competitive if f (z,y) is non-increasing in x and non-
decreasing in y, and g (z,y) is non-decreasing in x and non-increasing in y.

Consider a partial ordering < on R%2. Two points v,w € R? are said to be related if v < w or w < v. Also, a
strict inequality between points may be defined as v < w if v < w and v # w. A stronger inequality may be defined as
v = (v1,v2) K W = (w1, w2) if v < w with v1 # w1 and ve # we. For u, v in R?, the order interval [u,v] is the set of
all x € R? such that u < x < v. The interior of a set A is deoned as intA.

A map T on a nonempty set S C R? is a continuous function T : S — S. The map T is monotone if v < w implies
T(v) XT(w) for all v,w € S, and it is strongly monotone on S if v < w implies that T'(v) < T'(w) for all v,w € S. The
map is strictly monotone on S if v < w implies that T'(v) < T(w) for all v,w € S. Clearly, being related is invariant
under iteration of a strongly monotone map.

Throughout this paper we shall use the North-FEast ordering (NE) for which the positive cone is the first quadrant,
i.e. this partial ordering is defined by (z1,y1) =<ne (z2,y2) if z1 < 22 and y1 < y2 and the South-East (SE) ordering
defined as (1,y1) Rse (z2,y2) if x1 < x2 and y1 > yo.

A map T on a nonempty set S C R? which is monotone with respect to the North-East ordering is called cooperative
and a map monotone with respect to the South-East ordering is called competitive. A map T on a nonempty set
S C R? which second iterate T2 is monotone with respect to the North-East ordering is called anti-cooperative and a
map which second iterate T2 is monotone with respect to the South-East ordering is called anti-competitive. A map
T that corresponds to System (3) is defined as T' = (f,g). An equilibrium x of anti-competitive system (3) is said to
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be nonhyperbolic of stable (resp. unstable) type if one of the eigenvalues of the Jacobian matrix evaluated at x is by
absolute value 1 and the second one is by absolute value less (resp. bigger) than 1.

Next, we give three results for competitive maps in the plane. There is an extensive literature on competitive
systems in the plane, see [1, 2, 4, 5, 6, 8, 9, 18, 19, 20, 23] for different examples of planar competitive systems and their
applications. The following definition is from [24].

Definition 1 Let S be a nonempty subset of R®. A competitive map T : S — S is said to satisfy condition (O+) if
for every z, y in S, T(x) <ne T(y) implies x <ne y, and T is said to satisfy condition (O—) if for every x, y in S,
T(x) Sne T(y) implies y <pe .

The following theorem was proved by de Mottoni-Schiaffino [7] for the Poincaré map of a periodic competitive
Lotka-Volterra system of differential equations. Smith generalized the proof to competitive and cooperative maps [23].

Theorem 2 Let S be a nonempty subset of R®. If T is a competitive map for which (O4) holds then for all x € S,
{T"(z)} is eventually componentwise monotone. If the orbit of x has compact closure, then it converges to a fixed point
of T. If instead (O—) holds, then for all x € S, {T*"} is eventually componentwise monotone. If the orbit of = has
compact closure in S, then its omega limit set is either a period-two orbit or a fixed point.

The following result is from [24], with the domain of the map specialized to be the cartesian product of intervals of
real numbers. It gives a sufficient condition for conditions (O+) and (O—).

Theorem 3 Let R C R? be the cartesian product of two intervals in R. Let T : R — R be a C* competitive map. If T
is injective and detJr(x) > 0 for all x € R then T satisfies (O+). If T is injective and detJr(xz) < 0 for all x € R then
T satisfies (O—).

The following result is a direct consequence of the Trichotomy Theorem of Dancer and Hess, see [11, 19], and is
helpful for determining the basins of attraction of the equilibrium points.

Corollary 1 If the nonnegative cone of < is a generalized quadrant in R™, and if T has no fixed points in [u1,uz] other
than w1 and ug, then the interior of [ui,us] is either a subset of the basin of attraction of ux or a subset of the basin of
attraction of ua.

2 Some Basic Facts

Let ) )
x
To(z,y) = b+y2

Ti(z,y) = m7

The map T'(z,y) associated to system (1) is given by

2 2

T(e,y) = (Ti (2, 9), To(2,9)) = ( R

i) @ e x0.) (W

and the Jacobian matrix of the map 7 at the point (x,y) is given by:

_ 2?2y
_ (z2+4a)? z2+a
JT(£7 y) - . _ 2:L'2y (5)
y>+b (y>+0)?
Determinant of the Jacobian matrix (5) is given by
dzy(bz® + a(y® + b))
det J. =— 6
€ T($7y) (ZEQ +a)2(y2 +b)2 ) ( )
and the trace of the Jacobian matrix (5) is given by
2yz? 2%z
trJ. =— . 7
T T(may) ((y2 i b)2 (172 +a)2 ( )
The map T2 is given by T%(z,y) = (F(=,y), G(x,y)), where
4 4
x
Flz,y) = . Glay) = : : (8)

(b+y2)? (ﬁ + a)
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The Jacobian matrix of T2 is given as
A B
JT2('T7:U)_<C D),

where

4a:3<
A=

12 a 4
Gl 1a)

(+a) BA,_“4@9+afy(%4+Mf+a@9+af)
(> +b)* (( B )2+a)27 0" (' +ale2 +0))”
z2+a

4y3 (

oyt (4 0)° (207 + 0) P 4 (4 +0)7)

(2y2+b)z4

W“’)

)

(z2 + a)3 (ac4 +b(y?2+ b)2)2

Determinant of the Jacobian matrix (9) is

A

(% + a)®

(7 +0)

det Jp2(z,y) =

where

A = 162%y° (a (a+ x2)2 (b* + )

(a+22) (b+y2) (alat22)? +y)° (b(b+y?)? +a1)*

(10)

(11)

+by4 (a (a + x2)2 + b2) + 2a62y2 (a + 12)2 + 2b2y6 + byg) (a (b + y2) + bx2) .

The following lemma summarizes some basic facts about System (1).

Lemma 1 Let (n,yn) = T"(z0,y0) be any solution of System (1). Then

(i) Assume that o = 0 and yo > 0. Then the following holds:
(i.1) x2n =0 and y2n—1 =0 for all n € N.
(i.2) If 0 < yo < m, then 0 < z1 < Vab? and Yon+2 < Yon for all n € N.
(i.8) If yo > V/a2b, then x1 > Vab? and yan < yoni2 for alln € N.

(i) Assume that xo > 0 and yo = 0. Then the following holds
(#.1) z2n—1 =0 and y2n, =0 for all n € N.
(4.2) If 0 < 2o < W7 then y1 < Ja2b and Tonto < T2, for alln € N.
(#.3) If zo > W, then y1 > a2b and xon < ZTan+t2 for alln € N.

(ii) For allm > 0 we have Tnyn < 1.

Proof. We prove statement (i.1). Take zo = 0 and yo > 0. The statement (z) follows from

&W*W@W:@m%(a

4
Yo
a2b> (0’

2 _ y% - 3V a‘4b2
a

a?b

2
3abQ:y—O— Vab

xr1 —

a’byo — yo

).

and monotonicity of T2. Similarly, we prove (ii.1). Proofs of (i.2), (#.2), (i.3) and (4i.3) are immediate.
Take zo,yo € [0,00) X [0,00). Let (xn,yn) := T"(x0,y0). The proof of the statement (iii) follows from the fact

2 2
Yn Tp _

at+aib+yd

2 2
Tn Yn

< 1.
atad bty

Tn+1Yn+1 =

Lemma 2 The map T is injective.
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Proof. We have to prove that
T(z1,y1) = T(x2,y2) = 1 =22 and y1 = yo.

Let x1,y1,22,y2 > 0. Then

x5yt +ayi — 2iys —ays yaai + baf — bad — m%y?)

Tl = Tlone) = (Bt S R

From T'(z1,y1) — T(x2,y2) = 0 we have

23yt +ayl — 2iys —ays =0 (13)
and

yiz? 4 bo? — bas — z2y? = 0. (14)
Equation (13) implies that

L2 Tyl + az;f —ay; (15)
Y2
Substituting 3 from (15) into equation (14) we have
(y1 — y2) (Y1 + y2) (bx3 + ays +ab) 0
% o
from which it follows that y; = y2. Substituting in (15) we have x1 = x2. This proves Lemma. O

Theorem 4 Every bounded solution of System (1) converges to a period-two solution.

Proof. In view of Lemma 2 the map T associated to System (1) is injective which implies that the map T? is also
injective. Relation (12) implies that determinant of the Jacobian matrix (9) is positive for all z € (0,00) x (0, 00). By
using Theorem 3 we have that the condition (O+) is satisfied for the map T2 (T? is competitive). Theorem 2 implies that
odd and even subsequences {Z2n } oo, {T2n+1 fre—1, {¥2n fneo, {Y2n+1 tne_1 of any solution {(zn,yn)}neo are eventually
monotonic, from which the proof follows. O

3 The local stability of the equilibrium solutions and the period-two
solution

The equilibrium points (Z, ) of System (1) satisfy equations

g2

v D hrp Y (16)
By eliminating T from (16) we get
7° +3b5" + 2ag° + 3b°5° + (4ab — 1)y + (b° + a?) §° + 2ab°5® + a®by = 0. (17)
Similarly, we can eliminate variable § from system (16) to obtain
7° +3az” + 2b7° + 3a°7° + (4ab — 1)7* + (a® +b°) 7° + 2a°b7% + ab’z = 0. (18)

In view of Descartes’ Rule of Signs we obtain that Eq. (18) has zero equilibrium always and either zero, one or two
positive equilibrium points if 4ab— 1 < 0. By using (16) all its real roots are positive numbers. These equilibrium points
will be denoted Ey(0,0), E(Z,7), Esw(Z,y) and Eng(Z, 7).

Lemma 3 Let

Aq = 186624b%a™® + 55296b°a'% + 2657664b a'? + 40966°%a* + 161971263 !
+ 754688b"a '’ — 1250062 + 10767632b%a° + 552966 °a® — 115504006°a® + 2657664b°a”
+ 1980000b*a” + 1619712b%a° — 8437564’ + 186624b"%a” — 125006°a®  (19)

and
AQ = 4ab - 1.

Then the following holds:
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a) If Ay > 0, then equation (18) has one real root and four pairs of conjugate imaginary roots. Consequently, System
(1) has one equilibrium point Eo(0,0);

b) If Ay < 0, and A1 < 0, then equation (18) has three distinct real roots and three pairs of conjugate imaginary
roots. Consequently, System (1) has three equilibrium points Fo(0,0); Esw (Z,§) and Eng(Z,7);

c) If Ay < 0, and A1 > 0, then equation (18) has four pairs of conjugate imaginary roots and one real T0Ot.
Consequently, System (1) has one equilibrium point Ey(0,0);

d) If A; < 0 and Ay = 0 then equation (18) has three pairs of conjugate imaginary roots and one real root of
multiplicity two and one root of multiplicity one. Consequently, System (1) has two equilibrium points Eo(0,0)
and E(Z,7).

Proof. Let A be discriminant of
f(z) = 2° + 3az” + 2b2® + 3a%2® + (4ab — 1)z* + (a3 + b2) z* + 2a°ba” + ab’x.

Then A = a®bA;. The rest of the proof follows from the fact that equation (18) has at most three real roots and Theorem
5.1 from [13]. O

Period-two solution {(®, ¥),T(®, ¥)} satisfies the system
F(®,0) = ®, G(®, V) =T,
which is equivalent to
4 4
P <<1>3 — (b+9?)* ((af’Tg)z —|—a>) =0, ¥ (@3 — (a+9?)* ((bfT?)? + b)> =0. (20)
For ® = 0 we have ¥ = 0 or ¥ = V/a2b, and for ¥ = 0 we have ® = 0 or ® = V/ab®. Hence, we have two minimal
period-two points P; (0, M)) and P (W, 0).

Lemma 4 The period-two solution {P1, P>} is a saddle point with corresponding eigenvectors which are coordinate axes.

Proof. The proof follows from the fact that Jp2(P1) = ( 8 2 ) . |

Lemma 5 Let Cr := {(z,y) : F(z,y) = z} and Ce := {(z,y) : G(z,y) = y} be the period-two curves, that is the
curves which intersection is a period-two solution. Then for all y > V/a2b there exists exactly one xg (y) > 0 such that
G(zc(y),y) =y and for all x > Vab? there exists exactly one yp(x) > 0 such that F(x,yr(x)) = . Furthermore, xc(y)
and yr(z) are continuous functions and g (y) > 0, yr(x) > 0.

Proof. Since F(z,y) = ¢ and G(z,y) = y if and only if
7xy4 (a3 +2a%2” + az* + b2) + (a + m2)2 (m3 - ab2) - 2abxy2 (a + x2)2 - 2bxy6 — mys =0,
—z* (a2 +0b (b + y2)2) — (b + y2)2 (a2b — y3) — 2abz? (b + y2)2 —2az® — 2% =0,
respectively, in view of Descartes’ Rule of Signs we have that for all ¥y > v/a2b there exists exactly one zg(y) > 0

such that G(zc(y),y) = y and for all 2 > V/ab? there exists exactly one yr(z) > 0 such that F(z,yr(z)) = z. Taking
derivatives of F(z,y) = z with respect to = we get

/ 1- F;(l‘, y)
yp(z) = —
" Fy(z,y)
From F(x,y) = z we have that (b + y2)2 = %, which implies
(a2

dyt (a + 2362) + 4a (a + x2)3
y*(a+a?) +a(a+a?)’

Fy(z,y) = > 1.

Since Fy,(z,y) < 0 we get 2> (y) > 0. Taking derivatives of G(z,y) = y with respect to y we get

tly) = &) giz(z)y)

6
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From G(z,y) = y we have that (b+ y2)2 = 173’ which implies
y +a
(7"
4x4y2
G (z,y) = +4> 4.
D ) b+ v+ )
Since G (x,y) < 0 we get x5 (y) > 0. o

Theorem 5 If T has a period-two solution {(®,V),T(®,V)}, then it is unstable. If p1 and pa, (0 < p1 < p2) are the
eigenvalues of Jpz(®, V) then w1 > 0 and p2 > 1. All period-two-solutions are ordered with respect to the North-East
ordering.

Proof. Since
49 (a + 2<I>2) +4a (a + @2)3

F; (Cb, lIl) = 3
U4 (a+ P2) + a(a + D?)
and aeo
497V
G’;(‘I’,\Il) = 5 +4 >4,
(b+02) (b(b+ ¥2)* + 04)
we obtain
trdp2 (P, ) = p1 + p2 > 5.
The rest of the proof follows from the fact that detJp2(®, ¥) = pipu2 > 0 and Lemma 5. O

Theorem 6 If map T has a minimal period-two point {(®1, V1), T(P1, V1)}, which is non-hyperbolic, then Dis(p) = 0,
where Dis(p) is the discriminant of polynomial

p() := p16x'® + pisa’® + -+ + pra + po,
where the coefficients p;, 1 = 0, ..., 16 are given in appendiz A. If {(®1, V1), T(P1, 1)} and {(P2, ¥2), T (P2, ¥2)} are two
period-two points such that T has no other period-two points in [[(®1, V1), (P2, V2)]] = {(z,y) : (P1,¥1) Zne (2,Y) Zne

(P2, Ua)}, Dis(f) # 0 and Dis(p) # 0, then one of them is a saddle point and the other one is repeller.

Proof. Period-two solution curves Cr = {(x,y) € R : F(z,y) = 0} and Ce = {(z,y) € R : G(x,y) = 0}, where

F(m, y)=— a®v’z — 2a°bzy? — dPwy* — 26*b%2® — 4a’ba®y? + oot

—2d°2%y" — ab’z® — 2abz’y® + 2ax® — ax®yt — byt — 202y’ + 2° — 2y,
G(z,y) = — a’b®y — 2a°b*y® — a®by® — a2y — 2ab®2%y — 4ab*z*y>

— 2abz’y’ — 2az’y — b3x4y — 2%z + b2y4 —ba'y® +2by° — 2 —y + 45,

are algebraic curves. By using software Mathematica one can see that the resultant of the polynomials FN'(:r,y) and

G(z,y) in variable y is given by
R(F,G) =z*° (a+ :c2)16 (ab2 — 373)
(a31’2 + 2a°bx + 3a’z" + ab® + 4aba® + 3ax® + b*2® + 2b2° + 2° — 1:3) p(y)
=2'"(a+2%)'%(ab® - 2°) f(a)p(x).

The rest of the proof is the same as the proof of Theorem 15 in [10] so we skip it. a

It is easy to see that the following holds:
Lemma 6 The equilibrium point Ey is locally asymptotically stable.

Let Cy := {(z,y) : Th(z,y) = =} and C3 := {(z,y) : To(z,y) = y} be the equilibrium curves, that is the curves which
intersection is an equilibrium solution. Then for all z > 0 there exist exactly one y;(z) > 0 such that T (z,y1(z)) =«

and exactly one y2(x) > 0 such that T»(x,y2(x)) = y. Furthermore, it can be seen that y1(z) and y2(z) are continuous
increasing functions.
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Theorem 7 Assume that A1 < 0 and A < 0. Then there exist two positive equilibrium solutions Esw and Eng and
the following holds true:

(i) The equilibrium solution Esw is repeller.

(i) The equilibrium solution Eng is a saddle point.

Proof. The existence of the equilibrium solution follows from Lemma 3.

(i) Since the map T is anti-competitive then by results in [15], the eigenvalues A; and A2 of the Jacobian matrix
associated to the map T at Esw (Z,7) € int(R%) are real and distinct, and the following holds |X2| < —X1. By
using (6), we see that det s, (Z,y) = A1 A2 < 0, which implies A2 > 0. Let

. _ (e f
Taking derivatives of T4 (z,y) = = and Tx(z,y) = y with respect to = in the neighborhood of Z, we have
_ _ 1—e 1 A —1(A—1

foo1-h JO-h fF(1=h)
where
P(N) = A? = (e+ )X+ (eh — fg)
is the characteristic equation of (21). One can see that y1(Z) — y2(Z) < 0. Since A\; < 0, and f > 0, h < 0, we
obtain A2 > 1. In view of |A2] < —A1 we have A1 < —1 from which the proof follows.

(ii) Now, we consider the equilibrium point Enxg(Z, ). Same as in the previous case we have that y1(Z) — y5(z) > 0
which implies that 0 < Ay < 1. By Theorem 5 we have \? + A3 > 5 from which it follows A2 > 4, i.e. A1 < —2.
This completes the proof.

O

Theorem 8 Assume that Ay < 0 and A1 = 0. Then there exist one positive equilibrium point E(Z,§) which is a
non-hyperbolic equilibrium point of unstable type. If A1 and A2 are the eigenvalues of the Jacobian matriz associated to
the map T at E(Z,7) € int(RL) then M1 < —1 and A2 = 1.

Proof. In view of Lemmas 6 and 7 from [1], the curves Cr and Cg intersect tangentially at E(z,7) (i.e. y1(%)—y2(Z) = 0)
if and only if T is zero of f(x) of multiplicity greater then one. By Lemma 3, Z is a root of f(z) of multiplicity two. In

view of
=Y o 7) = (Alfl)()@*l) _
W(E) = 9h() = S =0, (23)

we obtain A2 = 1. Since |A2] < —A; we have \; < —1. g

4 The global behavior

Let R = [0,00)%, Cr = {(z,y) € R: F(z,y) =z}, Cc = {(z,y) € R: G(z,y) = y} and

Rrz2(—=—-) = {(z,9) €R: F(z,y) <z, Gz,y) <y},
Rr2(+,-) = {(@y €eR:Flz,y) >z, Glr,y) <y},
Rr2(+,+) = {(z,y) €R:Flz,y) >z, Glx,y) >y},
Rezx(—+) = {(zy) eR:Flz,y) <=z, Gz,y) >y}

By Lemma 5, Cr na Cg are the graphs of continuous strictly increasing functions yr and yg, i.e. Cr = { (z,yr(z)) :
x> Vab? } and Co = { (z,yc(x)) : 2 >0}.

In view of Lemma 4 [15] we have that T(Rp2 (+, —)) € Ry2(—,+) and T(Rpz2(—, +)) € Rpz(+, =) and T*(Rp2 (—,+)) C
Rz (—,+) and T?(Rp2(+,—)) € Rye(+,—). Since T? is competitive map, by using (iii) of Lemma 1, we obtain
T2 (w0, 1y0) — (0,00) if (x0,v0) € Ry2(—,+) and T?(Fo, §o) — (00,0) if (Zo, o) € Ry (+, —).

Lemma 7 int[[P1, P]] C B(FEy).
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Proof. If P € int[[P1, P2]] then there exist zo and yo such that
Py <se (0,90) <se P <se (20,0) <se Pa.
Since T2 is competitive map we have
Py <ee T?"(0,90) <se T?(P) <se T°" (%0,0) <se Pa.

From Lemma 1 we obtain 72" (0,90) = Fo and TZ"(Q:O7 0) — Eg as n — oo from which the proof follows. O

4.1 The case Ay >0 or (A <0 and A; > 0)

In this case, by Lemma 3, there exists one equilibrium point, £y which is locally asymptotically stable and the minimal
period two solution {P1, P»} which is a saddle point. In this case we have that yr(z) < ye(x) for x > 0 and

Rr2(—,—) = {(z,9) €ER:yr(z) <y <yc(z) },
Rr2(+,-) = {(z,9) € R:yr(z) >y} C B(oo,0),
RTQ(_7+) = { (xvy) E’R:y>yc(w) }QB(0,00).

Let B(0, c0) denote the basin of attraction of (0,00) and B(oo, 0) denote the basin of attraction of (oo, 0) with respect
to the map T2

In view of Theorem 4 and iii) of Lemma 1 it is clear that {T"(zo,y0)} is either asymptotic to {(0, 00), (c0,0)} or
converges to a period-two solution, for all (zo,0) € R = [0,00)%. Let S1 denote the boundary of B(0,c0) and let Ss
denote the boundary of B(oo,0). It is easy to see that P1 € S1, P> € S2, and §1,82 C Rp2(—, —). Similarly as in [10] it
follows that T2 (S1) C Sy, T2 (S2) € S2 and T'(S1) = S2, T(S2) = Si. Further, S1 and Sz are the graphs of continuous
strictly increasing functions. Since 81,82 C Rp2(—, —), we have, by the uniqueness of the global stable manifold of the
map T2, that W*(Py) = Si and W*(P,) = Se.

Theorem 9 Assume that Az > 0. Then System (1) possesses one equilibrium point Eo(0,0) and one minimal period-two
solution {P1, P»}. Equilibrium Eq is locally asymptotically stable and {Py1, P2} is a saddle point. Global stable manifold
W?({P1, P2}), which is a union of two continuous increasing curves S1 and Sz, divides the first quadrant such that the
following holds:

1) BEvery initial point (zo,yo) € R such that (Zo, o) Kse (T0,Y0) Kse (To,Yo) for some (%o, o) € S1 and (To, o) € S2
1s attracted to Ey.

1) If (xo0,y0) € R such that (xo,y0) Kse (Zo,Yo) for some (ZTo,Po) € S1 then the subsequence of even-indexed terms
{(z2n,y2n)} is asymptotic to (0,00), and the subsequence of odd-indexed terms {(2n+1,Y2n+1)} is asymptotic to
(00, 0).

11) If (xo,yo0) € R such that (To,§o) Kse (To,y0) for some (To,Jo) € Sz then the subsequence of even-indexed terms
{(x2n,y2n)} is asymptotic to (00,0), and the subsequence of odd-indexed terms {(Tan+1,Y2n+1)} is asymptotic to
(0, 00).

See Figure 1 (a) for visual illustration.

Proof. Since S; is invariant under 72 and subset of Ry 2(—, —) we have that if (zo,y0) € S1 then T?""2(zo,90) <ne
T?"(x0,10). This implies that subsequences {x2,} and {y2n} are decreasing and since they are bounded sequences, they
are convergent. It must be that T2"(zo,40) — P1 as n — oco. By the uniqueness of the global stable manifold of T2
we obtain W?(P;) = S;. Similarly we get W*(P2) = Sz from which it follows that W*({P1, P2}) = S1 U Sa. Take
(x0,90) € R, (Fo,50) € S1 and (Zo, o) € Sz such that (Zo,%o) <se (To,y0) Kse (Zo,%o). By monotonicity of T? we
have T2"(:Eo,gjo) K se T2"(aso, Yo) Kse 2" (Zo, Yo). Since T2"(io, Jo) — P1 and " (Zo,Yo) — P> as m — oo and by the
uniqueness of the global stable manifold we obtain that 72" (o, yo) eventually enters int[[Pi, P2]]sc. So it is enough to
prove that [[Pi, Pe]lse € B(Eo). Indeed, for (zo,y0) € int[[Pi, Ps]]se there exist vab? > Zo > 0 and va2b > §o > 0
such that (0,%0) =se (Zo0,%0) =se (Zo,0). By Lemma 1 we have T%"(0,%) — FEo and T°"(Zo,0) — Eo as n — oco. By
monotonicity of T2 we get T"(xo,%0) — Eo from which the proof follows. By construction of the sets S; and Sz the
statements ii) and iii) are valid. |
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4.2 The case Ay <0 and A; <0

In this case, by Lemma 3, there exist three equilibrium points Ey, Esw and Enxg. By Lemma 6 Ejy is locally asymptotically
stable and by Theorem 7 Esw is repeller and Eng is a saddle point. If Q2(Esw) = {(z,y) : 0 <z < Zsw and y > Tsw}
and Q4(Esw) = {(z,y) : * > Tsw and 0 < y < Tgw }, then one can see that Q2(Esw) C Ry2(—,+) and Q4(Esw) C
Rz (-l—, —).

Let B(0, 00) denote the basin of attraction of (0, c0) and B(co, 0) denote the basin of attraction of (co,0) with respect
to the map T2

In view of Theorem 4 and iii) of Lemma 1 it is easy to see that {7 (xo0,yo0)} is either asymptotic to (0, 00) or (oo, 0)
or converges to a period-two solution, for all (x9,%0) € R = [0,00)?. Let S1 denote the boundary of B(0, c0) considered
as a subset of Q3(Esw) and Sz denote the boundary of B(oco,0) considered as a subset of Q3(Esw). It follows that
Py, Esw € S1 and Po, Esw € Ss. It is easy to see 81,82 C Rp2(—, —), from which, similarly as in [10], it follows that
T2(S1) C &1, T?%(S2) € Sz and T(S1) = Sa, T(S2) = Si. Further, S; and S» are the graphs of continuous strictly
increasing functions. Since S1,S82 C Rp2(—, —), we have, by the uniqueness of the global stable manifold of T2, that
WS(Pl) = 31 and WS(PQ) = SQ.

Lemma 8 B(Ey) ={P € [O,oo)2 cP <. P <. P for PcS andPc Sa}.

Proof. Assume that P <sc P <5 P for P € S; and P € Ss. By monotonicity of T' we get TQ"(ﬁ) <se T?(P) <se
T?"(P). Since T?"(P) — Pi and T?"(P) — P, as n — oo. By the uniqueness of the global stable manifold we have that
T?" eventually enters int[[Py, P2]]. The rest of the proof follows from Lemma 7. m

Lemma 9 Assume that Dis(P) # 0. Then System (1) does not have minimal period-two solution.

Proof. For contradiction, assume that P is a minimal period-two solution of System (1). It is clear from previous
discussions that P € (Q1(Esw) N Q3(EnE)) U Q1(EnE). Furthermore, assume that P € Q1(Esw) N Qs(Eng) and T
has no other minimal period-two solutions in [[Esw, P]]<,,.. Since Esw is a repeller by Lemma 6 we obtain that P
is a saddle point. The map T? satisfy all conditions of Theorem 5 [20], which yields the existence of the global stable
manifolds W*({ P, T(P)}), which is the union of two curves W?(P) and W?*(T'(P)). Since W*(T(P)) = T(W?(P)) we have
that these two curves have a common endpoint Esw and there exists minimal period-two solution { P, T'(P)} such that
P <ne P =<ne Eng and the curve W* (P) has the second endpoint at P while the curve W* (T'(P)) has the second endpoint
at T(P). Furthermore, the minimal period-two solution {P, T(P)} is a repeller. Since all positive period-two solutions
are ordered with respect to the North-East ordering it must be W*(T(P)) =<ne W*(P), i.e. W*(T(P)) C Q3(Esw)
which is in contradiction to W?(T'(P)) C @Q1(Esw). Similarly, we have contradiction if P € Q1(Eng). Hence, T has no
minimal period-two solutions. O

Theorem 10 Assume that Ay < 0 and Ay < 0. Then System (1) has three equilibrium solutions Eg <ne Fsw <ne ENE,
where Eo is locally asymptotically stable, Esw is a repeller and Enxg is a saddle point and the minimal period-two
solution {P1, P} which is a saddle point. In this case there exist three invariant continuous curves W*(Eng), W*(P1),
W?(P;), which have end point at Esw and they are graphs of increasing functions. Every solution {(xn,yn)} which
starts below W*(Eng) UW?(Py) in South-East ordering is asymptotic to (0,00) and every solution {(xn,yn)} which
starts above W?(Eng) UW?(P2) in South-East ordering is asymptotic to (c0,0). Every solution {(zn,yn)} which starts
below W?*(P2) and above W*(Py) in South-East ordering converges to Eo. The first quadrant of the initial conditions
Q1 = {(z0,y0) : o > 0,y0 > 0} is the union of siz disjoint basins of attraction, i.e.

Q1= B(O, OO) U B(OO7 0) @] B(Eo) @] B({P1, Pg}) @] B(ENE) @] B(Esw),
where

B(Esw)={Esw}, B(Eng)=W?(Eng), B{Pi,P})=W(P)UW*(P),
B(0,00) ={(z,y)|(z,y) Zse (Z0,%0) for some (Zo,Jo) € W (Enr)UW?*(P1)},

6(0070) :{(-T7y)‘(3~31,g1) =se (xvy) fOT‘ some (jlfgl) EWS(ENE)UWS(PQ)}7
B(Eo) ={(z, y)|(Z1,51) Zse (x,y) Zse (Z2,82) for some (Z1,§1) € W (Pr), (Z2,72) € W*(P2)}-
Proof. The proof which follows from previous discussions and Theorem 5 [20] will be ommited. See Figure 1 (c) for
visual illustration. |
10
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Figure 1: Visual illustration of (a) Theorem 9 (b) Theorem 11 and (c¢) Theorem 10.

4.3 The case Ay <0 and A; =0

Let S1 and S2 be defined as in the previous case where Esw = Eng = E. In this case, by Lemma 3, there exist two
equilibrium points Ey and E. By Lemma 6 we have that Ejy is locally asymptotically stable and F is a non-hyperbolic
equilibrium point of unstable type. Let Si denote the boundary of B(0,00) considered as a subset of Q1(E) and S
denote the boundary of B(oco,0) considered as a subset of Q1(FE). It is clear that E € SIUS,. Furthermore, one can see
81,8 C Ry2(—,—). Similarly as in [10], we have that T2(51) C 81, T%(S2) € Sz and T(S1) = Sz, T(S2) = S1. Further,
S; and S, are the graphs of continuous strictly increasing functions.

Theorem 11 Assume that Az < 0 and Ay = 0. Then System (1) possesses two equilibrium solutions Eo and E and one
minimal period-two solution {P1, P>}. Equilibrium Eq is locally asymptotically stable, E is non-hyperbolic of unstable type
and {P1, P>} is a saddle point. Global stable manifold W*({P1, P2}) is the union of two continuous increasing curves Si
and Sz and the following holds

i) Every initial point (zo,yo) € R such that (Zo,Jo) Kse (To,Yo) Kse (To,Yo) for some (Zo, Jo) € S1 and (To, o) € S2
is attracted to Ey.

i) Bvery initial point (zo,y0) € R such that (Zo, o) <se (o,50) Kse (Zo, 7o) for some (Fo, 7o) € S1 and (Zo, Jo) € Sa
is attracted to E.

1) If (xo,y0) € R such that (xo,yo) Kse (Zo,Fo) for some (To, Yo) € S1 US; then the subsequence of even-indezed terms
{(z2n,y2n)} is asymptotic to (0,00), and the subsequence of odd-indexed terms {(xan+1,Y2n+1)} is asymptotic to
(00,0).

w) If (zo,y0) € R such that (ZTo, Jo) Kse (o, yo) for some (To,To) € SQUgg then the subsequence of even-indexed terms
{(z2n,y2n)} is asymptotic to (00,0), and the subsequence of odd-indexed terms {(2n+1,Y2n+1)} is asymptotic to
(0, 00).

See Figure 1 (b) for visual illustration.

Proof. The proof of the statement i) is the same as the proof of the statement i) of Theorem 9. Since Sy is invariant
under T2 and subset of Ryp2(—,—) we have that if (zo,y0) € §1 then 72712 (z0,Y0) =ne T2 (z0,Yy0). This implies that
subsequences {z2,} and {y2,} are decreasing and since they are bounded sequences, they are convergent. It must be
that TQ"(JCO, yo) — F as n — oo. Since T is continuous map and F is an equilibrium pomt we obtam T2”+1(x0, yo) = E
as n — oo and Sy = (Sl) Similarly we obtain that if (zo,y0) € S2 then T%"(z0,y0) € Sa, T (31707 yo) = E as n — oo.
Further, T?" " (z0, y0) € 51 T (20,90) — E as n — oo. Take (x0,10) € R and (Zo,%0) € S: and (Zo, Yo) € S» such
that (Zo,J0) <Kse (T0,%0) Kse (ZTo,To). By monotonicity of T? we have T? "(Zo,To) Kse T2 "(z0,Y0) Kse T2 "(Zo,Yo)-
Since T?"(Zo,§o) — E and T?"(Zo, jo) — E as n — oo we obtain that T°"(xo,y0) — E, which implies the statement
ii). The statements iii) and iv) follow by construction of the sets S; and Ss. a

Remark 1 The major results of this paper, Theorems 9 - 11, are actually the general results for general anti-competitive
system (3). In fact, any anti-competitive system (3) with same configuration and local stability of the equilibrium and

11
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period-two solutions will have the same global dynamics. So System (1) is actually an example of a global dynamics
described in Theorems 9 - 11.

Remark 2 In [22] we consider system

2
Ty

aty?2

, n=0,1,... (24)

Tn+1 =

y2
Yntl = 5oz

where the parameters a, b are positive numbers and initial conditions x¢ and yo are arbitrary nonnegative numbers, and
obtain global dynamics similar to one described in Theorems 9 - 11, with the major difference that P, and P» are saddle
point equilibrium solutions. Since the eigenvectors of the linearized system at P; and P, are parallel to the coordinate
axes one can not apply at this time the results from [19, 20] to prove the existence of stable manifolds at these two
points. However, existence of stable manifolds at these two points can be proved as in Theorems 9 - 11, where these
two manifolds are obtained as Julia sets of the points (co,0) and (0,00). Thus all results in [22] are correct with this
adjustment of the proof.

A Values of coefficients p; for i =0, ..., 16.

p1s =a’b* — 4a®b® + 6a%b* — dab + 1
p1s =4a®b® — 12a%b* + 12ab® — 4b°
p1a =6a°b® — 12ab° + 7a°b* + 6b* — 20a*b® + 184°b* — 4a’b — a
P13 =4ab” — 4b° + 26a*b® — 52a3b* + 240> + 4ab® — 2b
pr2 =b® + 38ab° — 40a%b° + 21a°b* — 10ab® — 40a®b® + 12b° + 10a*b® 4 8a°b + a” + d®
p11 =28ab” — 4ab® + 72a°b° — 16b° — 87a*b* — 30a°b* + 26a°b* + 4a°b + 10ab + Ta® + 1
p1o =5a® 4 35b%a” — 406%a® — 12b%a® + 1016°a” + 32ba’* — 440°a® + 13a® — 100b*a?
+116%a + 16b%a + 4b" + 1167
po =2b° + 76a°b” + 10a%b° + 110a°b° — 58ab® — 68a°b* — 6b* — 102a*b*
+ 344®b> + 18a"b + 284°b + 21a° + 3a
ps =10a° + 35b%a® — 20b%a” + 2b%a® + 1456°a° + 58ba” — 12b°a* + 15a* — 163b*a® + 336°%a>
—20b%a® 4+ 8b"a + 13b%a + 8b° + 4b
pr =8ab” + b® 4+ 104a"b” + 16a°0° + 100a"b° — 66a°b° — 22a°b* — 33ab* — 66a°b® 4 29a*b*
+ 32a%b 4+ 22a°b + 224" + 3a®
ps =10a'® + 21b%a° — 4b®a® + 35b%a” + 1200°a® + 48ba® + 8b°a® + 6a° — 90b*a* + 43b%a°
—42b%a® 4+ 6b"a® — b*a® 4 166°a + 4ba + b0 4 2b° + 1
ps =28ba’ + 546°a® + 9a® 4 106%a® + 76b"a” + 16b%a” + 6b°a* + 10ba* — 22b°a®
+a® +100%a° — 370 a® + 4b%a — 106%a + b°
pa =5a'’ + 70’ + 33b%a® + 56b°a” + 14ba” + 4b°a® + a® — 5b*a® + 266%a* — 18b%a*
+6b"a® — b%a® + 14b°a® + 2ba® + b0 — 2b°a + 2b° + b*
P3 =12ba"° + 16b°a’° + a’ + bta® + 206307 + 28b"q° + 35248 + 4ba’® + 2b°g*
+4b%a® — 9b*a® + 8b%a® — 6b%a® — 4b"a — 2b%a + b°
p2 =a'? + blart +116%a° + 13%a° + 6"’ + 6b%a° + 2%a°
+6b"a* + 3b%a* + 30%a> + 26°a® + 20%a — bta + B°
p1 =2ba't + 26°a'® + 4b%a® + 4b7a” + 4b*a* + 4650 — 2b%0% — 2743
po =ab® + 2a°b" + a®b® + a®b* + 2a°b° + a'b?
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Solutions to Periodic Sylvester Matrix Equations Based on Matrices
Splitting *

Lingling Lv, fChaofei Han, *Lei Zhang,

Abstract

New iterative algorithms are introduced to solve periodic Sylvester matrix equations in this paper. The
iterative algorithms are based on the principle of matrix splitting and gradient iteration method. Detailed
iterative steps for solving equations are presented and their convergence property are strictly verified. A
numerical test is employed to prove the correctness and effectiveness of the iterative algorithms.

Keywords: Periodic Sylvester matrix equations; iterative algorithm; matrix splitting.

1 Introduction

Analysis and design of time-varying systems are more charllenging than that of time-invariant dynamic
systems since their coefficients are changing according to time. Take stability and stabilization for example,
the stability concepts and criterion for (linear) time-varying systems are very difficult to characterize as they
generally have no direct relationship with their coefficients (see [18] and [19] for detailed introductions). The
periodic linear system as a special case of linear time-varying systems is thus important since it helps to
understand that methods built for time-invariant systems can be generalized to time-varying setting. On the
other, periodic linear systems also have important applications in engineering since they can be frequently
used to describe cyclic temporal variation (seasonal or interannual) and to account for the operation of
multiple processes. For example, Caswell analyzed in [1] the periodic models that must trace the effects of
parameter changes and they applied the method to periodic system for periodic environments, and Verstraete
introduced in [13] a picture to analyse the density matrix renormalization group (DMRG) numerical method
from a quantum information prespective, which leads to a variational formulation of DMRG that allows
for dramatic improvements in the case of problems with periodic boundary conditions. Therefore, in recent
years, periodic linear systems have attracted significant attention in the literature.

Periodic Sylvester matrix equations play a major role in the analysis and design of discrete-time periodic
linear systems. A general form of the periodic Sylvester matrix equation is as follows

A Xy + X1 By = Gy, (1)
and

A X + Xo By = Cy, (2)
where the coefficient matrices A;, By, C; € R™™™ t = 0,1, --- , are given matrices and X; € R"*™ are

unknown matrices. These matrices are periodic with period T, i.e., Ay17 = Ay, Biyr = By, Cipr = Cy and
Xt = X;¢. In [8], Korotyaev showns that it is related with the periodic matrix-valued Jacobi operators. We
have shown recently that the aboveperiodic Sylvester matrix equation are helpful in the design of periodic

*This work is supported by the Programs of National Natural Science Foundation of China (Nos. 11501200, U1604148,
61402149), Innovative Talents of Higher Learning Institutions of Henan (No. 17HASTIT023), China Postdoctoral Science
Foundation (No. 2016M592285).

TInstitute of Electric power, North China University of Water Resources and Electric Power, Zhengzhou 450045, P. R. China.
Email: lingling lv@163.com (Lingling Lv).
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Email: 18235140359@163.com (Chaofei Han).
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zhanglei@henu.edu.cn (Lei Zhang). Corresponding author.
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Luenberger observers [10] and output regulator [11]. For more applications of this class of periodic Sylvester
matrix equations, see [10], [11] and the refereces therein.

The (generalized periodic) Sylvester matrix equations were first put forward by Sylvester and applied in
mathematical control theory. As the development of science and technology, they become more and more
important. Now many scholars and experts have analyzed the existence and uniqueness of solutions to
the Sylvester matrix equation. In [12], Sreedhar proposed an elegant and simple method for computing
the periodic solution of Sylvester matrix equations. In [3], Chen used the matrix sign function to solve
periodic Sylvester equations. In [16], Zhang offered a finite iterative algorithm for solving the complex
generalized coupled Sylvester matrix equations. In [2], the author pays attention to solving the Lyapunov
matrix equations and Sylvester matrix equations in control theory by numerical methods. [4] constructs an
iterative algorithm to solve the generalized coupled Sylvester matrix equations over reflexive matrices. In
[9], a comprehensive theory of the matrix linear equation AX + XB = C' is presented. In [6], Gu applied
Jacobi iteration of solving linear equations to solve Sylvester matrix equations. In [5], M Dehghan propose
two iterative algorithms for finding the Hermitian reflexive and skew-Hermitian solutions of the Sylvester
matrix equation AX + XB =C.

Furthermore, it should be pointed that gradient iterative algorithm is attracting more and more researchers.
Many experts apply it to solve the Sylvester matrix equations and a lot of cases show that it is a better
way to solve matrix equations. In [17], zhang present a gradient iterative algorithm for solving coupled
matrix equations based on the hierarchical identification principle. In [14], Li study solutions of general
matrix equations by using the iterative method and present gradient iterative algorithms by applying the
hierarchical identification principle. In [7], Hoskins discussed an iterative method for solving the matrix
equation XA + AY = F and compared it with existing techniques. In [15], an iterative algorithm is
construct to solve the general coupled matrix equations over reflexive matrix solution. Of course, researchers
have given numerical examples to demonstrate the correctness of the proposed algorithm.

However, to the best of our knlowedge, the iterative algorithms for the periodic Sylvester matrix equations
have not been fully researched in the literature. Therefore, in this paper, we dedicate to give iterative
algorithms for solving equations (1) and (2). The iterative algorithms are based on the principle of matrix
splitting and gradient iteration method. Detailed iterative steps for solving equations are presented and
their convergence property are strictly verified. A numerical test is employed to prove the correctness and
effectiveness of the iterative algorithms.

The rest of this paper is arranged in the following ways. In section 2, new iterative algorithms are proposed
to solve the Sylvester matrix equations and the convergences are validated. In section 3, a numerical example
is provided to verify the correctness of the iterative algorithm. And in section 4, we draw some conclusions.

2 Main results

2.1 Iterative algorithm for equation (1)

Firstly, for t =0, 1, ---, T — 1, define Wt' and Wt” as
W, =Cy — Xy 41 B (3)
Wt” = Ct - AtXt (4)
Rewrite matrices A; and B; as /
At :atIan +Tt7 (5)
Bt = Btlnxn + Tt/,v (6)

. . . . ’ 1" .
where o and (; are arbitrary constant numbers, I,x, is the unit matrix and T,, 7, are the remaining
matrices of A;, By.

Based on the above division, it is easy to obtain that

W, = (arLnxn + 1)) X (7)
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W, = X141(Belnsn + T ) (8)

Construct the following iteration:
X)(k) = X, (k — 1) + 0,0 (ct — X, (k—1)By — A X, (k — 1)) (9)
X[ (k) = X[ (k= 1) + 060 (Co = X[y (k= DB~ A X[ (k— 1)) (10)

Where £k is iterative step and bigger than 1.
Further, let

X, (k) + X, ()
2

= Xt(k — ].) =+ %Ht(ozt + /Bt) (Of — Xt—‘,—l(k — I)Bt — Afo(k — 1)) (11)

Xi(k) =

In addition, denote
Ry(k) = [ X¢(k) — Xo(k = 1) (12)

Algorithm 1 (An iterative algorithm for equation (1))

1. Set error upper limit ¢, freely select initial matrices X,(0) and X, (0), calculate

x,(0) = XQ + X/ (©

2
2. Choose parameters of oy, By and 0y fort =0, 1, ---, T — 1, calculate
T—1 1 -1 T—1
At = Z (L — iet(at + B)Ad)|l + Z ||§0t(at + Bl Z [ B:l) (13)
t=0 t=0 t=0
k:=0;
S If e <1 fort=0,1, ---, T —1, go to next step; else, return to step 2.

4. Set k=k + 1, according to (9),(10),(11), compute Xi(k); Further more, compute Ri(k) by (12).

5. If Ri(k) < e, stop; else, go to step 4.
The convergence of the iterative algorithm will be proved by the following theorem.

Theorem 1 If equation (1) has solutions X; and Ay shown in (13) is less than 1, the iterative sequence of
Xi(k) generated by Algorithm 1 converges to the true solution X, which means, for any initial X;(0), there

18
lim X, (k) = X;

k—o0

Proof. Define error matrix X;(k)=X;(k) — X;, where X; act as the real matrix, X;(k) is the iterative
solution to k by the algorithm, then

X, (k) = X/'(k) - X} (14)
X, (k) = X," (k) - X; (15)
We can easily get
X{(k) = X (k ~ 1) + 5040+ B)(~X1pa (k — 1B — 4K (k — 1) (16)
3
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=11

X, (k) =X, (k—1)+ %m(at +B)(— X 1 (k= 1)B, — A X, (k- 1))

Then, we get
(k) = X (k) J;Xt”(k)

= Xi(k—1)+ %Gt(at + B) (= X1 (k= 1)By — Ay Xy (k — 1))

=X;(k—1)— %etati{m(k —1)B; — %etﬁt)‘(tﬂ(k ~1)B,

- %GtoztAt)_(t(k —1)) - %Gt,@tAtXt(k — 1))

= (I — %GtatAt - %@mAt)Xt(k —1)— %otati{m(k ~1)B,

- %GtﬁtXt-i-l(k - 1)B;

— (- %Gt(at + B AN Kk — 1) — %m(at + 80K (k= 1B
Let

12X (R)|| = [1(Z — %Qt(at + Bi)Ad) Xe(k — 1) — %Qt(at + Bi) X1 (k = 1)By||
<~ S0+ 8) A Kok = DIl + 15000 + 60 Ko (k — D By|

1 _ 1 _
< (L — iet(at + Be) A ||| X (k — 1) + ||§9t(04t + Be) || X1 (B — D)[[|| Bt ||

So we can obtain

T-—1 B T-—1 1 B 1
IXe ()< DI = 50:(0 + B) A 1K (k = 1) + |50 (e

t=0 t=0 2 2

+ Bl X1 (k= D)[[[| B

T-1

[[(£e = *Qt(at + Be) Ad) | Z [Xe(k = 1) + Z ||*9t
t=0
+ B0l Z [ Xe1 (k= 1) Z [ Bell
=0 t=0
T-1 T-1

Z (L — *Qt (cr + Br)Ar) H+Z H*Gt

T—1 T—1
+ 81 S 1Bl S 1Kk
t=0 t=0

According to assumption \; < 1, where A; are shown in (14), we can obtain that

T—1 B T—-1 B T—1 B T-1 B
STIXR) <MD Xk =D <A Xk =2)| < ... S AF D[ Xe(0)
t=0 t=0 t=0 t=0

By controlling parameters of oy, 5, 6, to make \; < 1.

When k is towards infinity,

k—o0

(17)

(18)
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So
lim X, (k) = X;

k— o0

2.2 Iterative algorithm for equation (2)

On periodic Sylvester matrix equation (2),we can also build an convergent algorithm which is similar to
Algorithm 1.

Firstly construct the following iteration:

Xy (k) = X (k= 1) + 6 (Co = X[ (5= 1)By — A X[, (k— 1)) (19)
X; (k) = X; (k= 1) + 6,8, (Ct — X, (k= 1)By — AX;yy (k — 1)) (20)

Let
= Xt(k — ].) —+ %Ht(at —+ Bt) (Ct — Xt(k — I)Bt — AtXt+1(l€ — ].)) (21)

Algorithm 2 (An iterative algorithm for equation (2))

1. Set error upper limit &, arbitrary select initial matrices X,(0) and X, (0), calculate X,(0) as

X,(0) + X, (0
Xt(O) — t( )+ t ( )
2
2. Choose parameters of oy, By and 0y fort =0, 1, ---, T — 1, calculate \; according to (13), and set

k:=0;

8. If \y <1 fort=0,1, ---, T —1, go to next step; else, return to step 2.
4. Set k=k + 1, according to (19),(20),(21), compute X;(k).
5. Compute Ri(k) according to (12). If Ri(k) < e, stop; else, go to step 4.

We can make use of the following theorem to prove the convergence of the iterative algorithm.

Theorem 2 If equation (2) has solutions X; and Ay shown in (13) is less than 1, the iterative sequence of
X (k) generated by Algorithm 2 converges to the true solutions X;, which means, for any initial X¢(0), there

18
lim X, (k) = X;

k—o0

Proof. According to Algorithm 2, we can acquire the following results

Xy0k) = Xyl = 1)+ J0ula + B (— X, (b = 1)Be = Ay (k= 1) (22)

X[ () = X, (b= 1)+ 500+ B (=X, (b = DBy — AXs (k= 1) (23)

(k) = X (k—1)+ %Gt(at + B (= Xu(k = 1)Bs — AXipa (k — 1)) (24)
5
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Let
12X (k)| = [1(& — %et(at + B)A) Xeya (k= 1) — %a(at + 80X (k= 1)By

<k = 60on+ B)A) Ko = D+ 1 500(a + 5 Kol — 1B
1 - 1 _
< |I(Z — iet(at + Be) A [ X1 (B — D) + ||§9t(04t + B[ Xe(k — )| Bel

Further, let
T—

—_

(| X (k
t=0

1
9t (ar + Be) A X1 (k — 1D + ||§9t(04t

H<Z||1t

t=0
+ BllIIXe(k = D B

T-1 1 T-1 _ T-1 1
<3N - S0t(ar + B ) Al DXk =1+ II56¢(exe
t=0 t=0 t=0
T-1 B T-1
+ Bl Z [ Xe(k = 1) Z | Bl
=0 t=0
T-1 T-1

Z I It—*et (ar + Br)Ar) H—FZ H*Ht

— T-1
+ B Z 1B:) D 1 Xe(k
t=0 t=0

According to assumption \; < 1, where ); are shown in (13), we can obtain that

T—1 T—1 T—1 -1
> X (k \<At2||Xt —DI <A Xk —2)) <. <A IIX0)
t=0 t=0 t=0
When k is towards infinity and )\ < 1, we can obtain
lim X, (k) =0
k—oc0
So
lim X (k) = X{
k—o0
]

3 A numerical example

In this section, we will give an example to illustrate the correctness and effectiveness of the iterative algorithm.

Example 1 In this example, we consider the following periodic Sylvester matriz equation with T = 3:

A Xy + Xy By = Gy

For given matrices

21 0.8 32 1.3 52 2.8

Ao = | 10 13 } A= [ 0.9 31 } Ae = [ -3.1 53 }

[05 —0.2 L1 —04 21 -16
Bo = | 0.3 1.0 }’Bl [ 03 1.0 }732 [ 0.7 25 }

122 106 256 21.4 374 30.2
“=| 06 74 }’Cl: { 1.2 151 ]’02_ [ 1.6 244 }

6
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Set the corresponding parameters as follows:

90 = 0.22,0[0 = ].,ﬁo =1
01 = O.44,0t1 = 1751 =0
92 = 0.44,@2 = O,BQ =1

e = 0.0000001
By applying the iterative algorithm given in Algorithm 1 with Xo(0) = X1(0) = X2(0) = 10751(2), we can
compute the sequences Xo(k) , X1(k) and Xo(k) and finally obtain the convergent solution as

2.2792084 2.1443643
—0.0053164232 2.8578095

X — 3.8959794  3.0173837
17| 0.91457065 4.3687527

e [ 3.7974423 2.1832934
27 | 1.8076325 3.3274102

In order to demonstrate the convergent effectiveness,we define the relative iteration error as

T—1 2
D=0 |IXe(k) — X/
T—1 | yra 2 :
2—o X7
The varying trajectory of relative iteration error with the time is shown in 1. It is cleared that §(k) decreases
quickly and converges to zero as k increases.

5(k) =

Figure 1: The changed trend of relative error

4 Conclusions

In this paper, we introduce a new iterative algorithm to solve a kind of periodic Sylvester matrix equation.
The iterative algorithm is proven to converge the exact solutions in finite iteration steps without round-off
errors. Finally, we give a numerical example to check the convergence and performance of the iterative
algorithm.
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FOURIER SERIES OF SUMS OF PRODUCTS OF EULER AND
GENOCCHI FUNCTIONS AND THEIR APPLICATIONS

TAEKYUN KIM!, DAE SAN KIMZ2, DMITRY V. DOLGY3, AND JIN-WOO PARK%*

ABSTRACT. We study three types of sums of products of Euler and Genocchi
functions and derive Fourier series expansions for them. Further, we will be
able to express each of those functions in terms of Bernoulli functions.

1. INTRODUCTION
The Genocchi polynomials G, () are given by the generating function

2t

x - tm
o1 =3 G (@) (see [1-5, 7, 11]).

m=0
The first few Genocchi polynomials are as follows:
Go(z) =0, G1(z) =1, Ga(z) =22 — 1,
Gs(z) = 322 — 3z, Gy(z) = 4% — 627 + 1,
Gs(x) = 5z* — 1023 + 52, Gg(z) = 62° — 1527 + 1522 — 3,
Gr(z) = 725 — 2125 + 352° — 21
The Euler polynomials E,,(x) are defined by the generating function

2 . tm
1 :n;)Em(x)m, (see [2-4, 6-8, 10]).
When z =0, E,,(0) = E,, are called the Euler numbers.
From the relation G,,(x) = mE;,,_1(z) (m > 1), we have
deg Gpp(z) =m—1(m>1), G, =mE,_1 (m>1),
Go = 0, Gl = 1, G2m+1 =0 (m Z 1), and Ggm 75 0 (m Z 1).
Moreover,
a4
dx
Go(2 4 1) 4+ Gp(x) = 2ma™ 1, (m > 0).

G () = mGp—1(x), (m > 1),

From these, we have
Gm(1) + G (0) = 26,1, (m >0),
2010 Mathematics Subject Classification. 11B68, 11B83, 42A16.
Key words and phrases. Fourier series, Euler polynomial, Euler function, Genocchi polynomial,

Genocchi function.
* Corresponding author.
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Fourier series of sums of products of Euler and Genocchi functions

1
1
/0 G @)z =— (Grr1(1) = G (0))
2
ZTH (—Gm+1(0) + (5m70>
0, for m even,
= 2

— meﬁ-l? for m odd.

For any real number x, let

<z>=zx-—|z] €]0,1)
denote the fractional part of x.
Let By, () denote the Bernoulli polynomials given by et = °°°_ ' B, ()L,

m=0 ml
Then we recall the following about Bernoulli functions B, (< = >):
(a) for m > 2,

e eQﬂ'inw
Bu(< 2 >) = —ml —
m(<@>) " Z (2min)™

n=—o00

n#0

(b) for m =1,

2min

O g2minz Bi(<z>), forz¢lZ,
N 0, for x € Z.

n=—oo

n#0

Fourier series expansion of higher-order Bernoulli functions were treated in the
recent paper [9]. Here we will study three types of sums of products of Euler and
Genocchi functions and derive Fourier series expansions for them. Further, we will
be able to express each of those functions in terms of Bernoulli functions.

2. SUMS OF PRODUCTS OF EULER AND GENOCCHI FUNCTIONS OF THE FIRST
TYPE

Let

m—1
am(@) = 3 Ep(@)Gm-i (@), (m > 2).
k=0

Note that deg au, () = m — 1. Then we will consider the function

—

3

am (< x>) Ep(<x>)Gmik(<z>), (m>2)

0

E
I

defined on (—oo, 00), which is periodic with period 1.
The Fourier series of ay, (< © >) is

i A'(nm) 6271'1'77,:67

n—=—oo
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where

1
Alm) :/ am (< @ >)e 2 dy
0

1
= / Qo () e ™2™ g,
0

To proceed further, we need the following

m—1
o () = ) (kEp—1(2)Gm-n(x) + (m — k) E(2)Gm-i-1(2))
k=0
= - kE),_ 1( —|— Z m — k Ek Gm_k_l(l‘)
P k=0
m—2

=(m—+1) Z_ Ep(2)Gm-1-k(x)

So, al, () = (m + 1)am—1(z). From this,

<0‘m+1(x)>/ =am (),

m+ 2
1 1
| @ == @i (0 = a0
and
m—1
(1) — am(0) = (Ek(1)Gm-k(1) = ExGr—i)

k=0
m—1

= ((=Ek +260,1x) (—Gm—k +20m-1%) — ExGm—r)
k=0
m—1

(—2Ek0m—1k — 200,kGm—k + 40k,00m—1.k)

=

oy~ %G+ 46mrs
2(Em-1+Gn)
—2(m+1)E,,
Recall that
Es,=0(n>1),F,-1#0(n>1), and Ey = 1.
So
am(0)=a(l) @em=2n+1(n>1).
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4 Fourier series of sums of products of Euler and Genocchi functions

Also,

! 1
/0 Q (x)dx e (=2(m+2)E,,)

=—2FE,,.

Now, we are going to determine the Fourier coefficients AS{”).

Case 1: n # 0.

= — 1 [ ($)6—27rznw] 1 1 /1 / (LU) 27Tznwdx
2min 2min J,
:—%(am(l)—am(O))—F omim /0 Q1 (z)e 2 d
m+1 _ 2(m+1)
= AL TR
2min =~ " + 2min !
AL (I gy 2 ) X0 D
2min \ 2min " 21 2min
2
(m +1)2 2(m
(2min)? +; (2mn mek
m—1
2mwin)™ + Z 2mn Em—t
@i P
(27_”” m k>
k=1

where A = fol e 2mInT gy — ().

Case 2: n=0.
1
A(()m) = / Q()de = —2F,,.
0

am (< x >), (m > 2) is piecewise C*°. Moreover, a,,(< = >) is continuous for
all odd integers > 3 and is discontinuous with jump discontinuities at integers for
all even integers > 2.

Assume the first that m is an odd integer > 3. Then a,,(0) = ay(1). am(< z >)
is piecewise C'*°, and continuous. So the Fourier series of o, (< @ >) converges
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uniformly to ., (< z >), and

27TZTL
n=—oo \ k=1
n#0
m—1 m+1 27Tznw
— _9E,, —2 ek | — !
(" )| S s
B n;éO
m—1 m+ 1
=—-2F,, —2 ( i )Ekak(<5L' >)—2(m+1)Em,1
k=2
Bi(<z>), forz¢Z,
. 0, for x € Z.

Now, we can state our first theorem.

Theorem 2.1. Let m be an odd integer > 3. Then we have the following.
(1) ZZZOI Er(< z >)Gm_i(< & >) has the Fourier series expansion

,_.

m—

Ep(<x>)Gm-i(< x>)

(=)

k=

o] m—1
2 1 )
- _ 2Em + Z ( (m+ )k Em—lc) e27rznrc,

Pt (2mwin)k

for all x € (—o0,00). Here the convergence is uniform.
(i)
m—1
> Bi(<z>)Gmoi(<z>)
k=0
m—1

22 <m+1> _kBr(<z>).

Here By(< x >) is the Bernoulli function.

Assume next that m is an even integer > 2. Then ,, (0) # au,(1). Hence oy, (<
x >) is piecewise C*°, and discontinuous with jump discontinuities at integers.
The Fourier series of a,, (<  >) converges pointwise to a,, (< z >), for « ¢ Z, and
converges to

2 (@ (0) + ()

=y (0) — (m+ 1) E;p,_1
m—1

= Z Ekafk - (m + 1)Em71;
k=0

for z € Z. Hence we have the following theorem.

Theorem 2.2. Let m be an even integer > 2. Then we have the following.
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6 Fourier series of sums of products of Euler and Genocchi functions

e m—1
2 m+ 1 o
—2E,, E,_ TinT
> (3 teikn, )
_ [ 01 Ek(< x >)Gm—k(<z>), forxd¢Z,
Zk:o EvGpp — (m+ 1)E; 1, forxzelZ.

Here the convergence is pointwise.
(i)

m—

1
1
-2 (m + )Em—kBk(< x >)
k=1

m—1

= Z En(<z>)Gpm_p(< x>), forx ¢ Z;

k=0

m—1
1
— 2K, —2 Z <mk+ )Em—kBk(< x >)
k=2

m—1
= Z EvGopr — (m+1)E;_1, forx €Z.
k=0

Here By (< x >) is the Bernoulli function.

3. SUMS OF PRODUCTS OF EULER AND GENOCCHI FUNCTIONS OF THE SECOND
TYPE

Let
z)=> mEk(m)Gm,k(x), (m > 2).
I !

Then we will consider the function
Bm(< z>) me mi Ep(< 2 >)Gpp(<z>), (m>2)

defined on (—o0, 00), which is periodic with period 1.
The Fourier series of 3, (< z >) is

i B’Elm) e?ﬂ'inw ,

n=—oo

where

1
B(™ :/ B (< @ >)e™ 2™ dy
0

1
_ / ﬁm(.%')e_%rinxdl'.
0
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To proceed further, we need to observe the following.

80(@) = 3 { s B (@)Gmoa(a) + ,MEk<x>Gmm<x>}

k=0
m—1 1 m—2
= 2 mEk—l( m— k + Z k' m k — 1) k('r)Gm—k_l(Jf)
m—2 1
— 2 mEk( z)Gm—1-k(z) + Z Mim—1—F )Ek(x)Gm—lfk;(l')
=2 Z_ kl _1— ) Ek(I)Gm—l—k(x)
*2671171( )

So B..(x) = 2Bm—_1(x), and from this we obtain
ﬂm—‘—l(x) ' _
<2) = B ().

Thus )
1
ﬁm(ﬂf)dl‘ = 5 (B'rn-l-l(l) - ﬁm+1(0)) s
0
and
B (1) = B (0)
m—1 1
=2 Wm =k (Ek(1)Gm-k(1) — ExGrm—k)
k=0
m—1 1
= 2 Hm -0 (=B + 205.0) (=Gt + 20m—1.4) — ExGu_1)
m—1 1
= — (=2E}0m—1.k — 20k.0Gm— 461 00m—1.k
2 it — ot (2O = oG+ k0dr )
_ 2E’H’L71 . 2Gm + 4§m71,0
T (m-1)!  m! ml
— 2Em*1 _ QTTLEm,l
(m — 1)! m)
4
- (m— 1)!Em*1
So,
Bm(0) = (1) <= E,,_1 =0
= m=2n+1(n>1).
Also,

[ @) =3 (Bna(1) = Bra(0)
0
2

ooml ™

1159 TAEKYUN KIM et al 1153-1168



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

8 Fourier series of sums of products of Euler and Genocchi functions

Now, we are ready to determine the Fourier coefficients B,(Lm).
Case 1: n#0.

1
Bgm): i 5m(z)672”im"dz

=_ 27rlm [ﬁm(x)e_%im]é + ﬁ /1 Bl (z)e 2 dy
7 2rin (Bm(1) = Bm(0) 27rm/ B 72ﬂmd
4
=g B g B
5 (zmeﬁM + MEW) + i e

2k+1

(m 2) B
(277171) * Z (2min)k(m — k)! F
)'m 1 m—1 2k+1

( B + Z (2min)*(m — k)! Bt

m—1 2k+1

Emfkv
_ |
1 272n m ]4))

where By(Ll) = fol e~ 2mInT do — ().

Case 2: n=0. .
m 2
B >:/0 Bn(@)dz =~ By

Bm(< x >), (m > 2) is piecewise C*°. Moreover, S, (< = >) is continuous for
all odd integers > 3 and discontinuous with jump discontinuities at integers for all
even integers > 2.

Assume first that m is an odd integer > 3. Then £,,(0) = B (1). Bm(< = >)
is piecewise C*°, and continuous. So the Fourier series of 3,,(< x >) converges
uniformly to S, (< « >), and

2 S = 2k TinT

) ) m—1 m e 627rin$
- ‘g, - = ok E._i. | —FK
! m! <k) . Z (2min)k
k=1 n=-—o0
n#0
2 2 L (m
= - — Qk )Emk:Bk(< z >)
| |
m! —~ k

_ > y Bi(<x>), forx¢Z,
(m—1)1 ™" 0, for x € Z.

We can now state our first theorem.
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Theorem 3.1. Let m be an odd integer > 3. Then we have the following.

(i)

—

Ey(< 2 >)Gm_k(< z >)

pors El(m —

has the Fourier series erpansion

1
E —
Him — ] k(<@ >)Gpp(< 2 >)
k=0
9 00 m—1 2k
— 7Em 2 Emf 2minx
m! + Z (Z (2min)k(m — k)! k) ¢
ng;(;)o k=1

for all x € (—o0,00). Here the convergence is uniform.

(i)

—

m—

> mmk & )G k(< z>)
k=0

m—1
2 2 m
=— "B, - — ok Epp_iBr(< x>
ml m!; (k) kBir(< @ >)

Here By(< x >) is the Bernoulli function.

Assume next that m is an even integer > 2. Then 3,,(0) # 5, (1). Hence B, (<
x >) is piecewise C'*°, and discontinuous with jump discontinuities at integers.
The Fourier series of 5,,,(< x >) converges pointwise to ,,(< x >), for z ¢ Z, and
converges to

5 (B (0) + (1) = i (0) = s B
mz: Ekafk B 2 E,_1,
for x € Z.

Now, we can state our second theorem.

Theorem 3.2. Let m be an even integer > 2. Then we have the following.

(i)
E ~ 2k E 2mwinT
2 Z (Z (2min)k(m — k)! mk) N

n=—oo

n#0
_ { Ek o T Bk (@) G (@), forz ¢ Z,

k 0 mEka k — ﬁEmfl, fO""fL' € Z.

Here the convergence is pointwise.
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10 Fourier series of sums of products of Euler and Genocchi functions
(ii)

-1

2 2 '~ (M
—mEm—mkz_? (k)Em_kBk(<x>)

- mEk(< r>)Gpk(< 2 >), forx ¢ Z;

m—1
2 2 LM
— B - — 2 (k)Em—kBk(<$>)

1 2

— mEmfl, fOT’ x € 7.

Here By(< x >) is the Bernoulli function.

4. SUMS OF PRODUCTS OF EULER AND (GENOCCHI FUNCTIONS OF THE THIRD

TYPE
Let v (z) = 21:_11 mEk(x)Gm,k(:v), (m > 3). Then we will consider the
function
m—1 1
Tm(< 2 >) = Z mEk(< x>)Grop(< x>)
k=1

defined on (—o0, 00), which is periodic with period 1.
The Fourier series of v, (< x >) is

i Cq(lm)e%rina:’

n=—oo

where
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To proceed further, we need to note the following.

m—1

Tm—F) {kEk 1(@)Gm—r(x) + (m — k) () Gr—p—1(2)}
k=1

—_

— ——Ep1(2)Gm—k(z) +

I
S|
ol
&
@
3
z
_|_

So v, (z) = L5 Gp_1(x) + (m — 1)9—1(2), and from this, we have

<ﬂl’t <7m+1(x) - m(ml+1)Gm+1(fﬂ)>>/ = Y ().
Since Grt1(1) + Grng1(0) = 26,0,

1 1

1

1
Y ()dr = m {7m+1(37) - m

G ()]

0

3= 3"“%

(1) = 2 42(0) = s (Goria(1) = Gonia(O))
= (’Ym+1(1) — Ym+1(0) + m(m2_~_1)Gm+1> )
and
(1) =0 (0) = 32 gty (BR(DGon-4(1) = ErGns)
m—1
= m ((=Ek +20k,0) (=Gm—k + 20m-1%) — ExGm—1)
k=1
*mil ! 2EL6
- 2 W —h) (—2E36m-1k)
o 2Em—1
T om-—1
So
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12 Fourier series of sums of products of Euler and Genocchi functions

/01 et = (2 G

< 2B, 2Em,)
= _ —
m m

Now, we are going to determine the Fourier coefficients C’T(Lm).
Case 1: n #0.

Also,

1
m
1
“m

=0.

1
Cr(LM):/ 'ym(x)e_Qmmdm
0

1
g P @) [ e
1 1 ' 1 —2min
—— gm0 = 1O+ e [ s+ (1= Va0 e
1 1 ' —2minx
== g ) = 10O + g [ G @)

-1 .
+ m i / ’Ym,1($)6_2ﬂmxdfb
0

2min
2F,,_1 2 m—1
_ m ®,, C(m—l)
2min(m — 1) + 2min(m — 1) + 2win " ’
where ®,, = 21:712 %7 and, for { > 2,

2Gz+1 _
— T for n =0.

0

' L @G
/ Gl(l‘)672Winxdx = { 22 @rin)k for n ;A 0,

Continuing our argument, we have

-1 2E,,—1 2
cm) — M~ 2 ~(m-1) m >,
" 2win " + 2rin(m — 1) = 2mwin(m — 1)
m—1(m—2 2B, o 2
_ C(7n—2) m D,
2min ( orin " omin(m—2)  2min(m—2) ™
2F 1 2
@
+ 2min(m — 1) * 27rin( - 1)
(m—1) J 1
=T a_ 9 E, o
(27Tm +Z 2mn v +Z 2mn —5) " A
(m — (2) — — J 1
_ m 1)l it g, —cbm,.
(27rm g 27rm g 2min)i (m — j) gt
m—2 m—2
( 2(m 2(m )ji—1
S s —‘I)m .
(27rm ym—1 + ; 2min)J it ; 2min)d (m — j) A
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where ) = fol(x — De ey = — L
Here we note that
—2
N 2m-D)i g
= m—j+1
2 @rin)im—j) "
—2 —j—1 .
= 2m -1 T (= ) e—1Gm ket
- . - _ . k
= 2min)i (m — j) Pt (2min)
m—2m—j—1

Thus
(-1t 25~ (m),
Cr(Lm) - . _ + - Emfs
(2min)™—t "~ m = (2min)*(m — s)
m—1
2 (m)s Gmfs+1
- Hmf - Hmfs
—i_mS:1 (27Tin)5m—s—|—1( ! )
m—2
(m-1D! 2 (m)s
= - —_ Ep_s
(2win)m—1 * m ; (2win)s(m — s)
m—2
2 (m)s Gm—st+1 (m—1)!
- Hmf Hmfs T e N1 Hmf -1
+ m = (2min)*m — s+ 1( ! ) (2min)m—1 ( 1= 1)
m—2
(m—1)! 2 (m)s Gm—s+1 E,_s
- - 7Hm7 _ Hmf - Hmfs .
(2win)m—1 Lt m = (2min)* (m—s+ 1( ! )+ m—s
Case 2: n=0.

Ym(< & >), (m > 2) is piecewise C°°. Moreover, 7, (< x >) is continuous for all
odd integers > 3, and discontinuous with jump discontinuities at integers for all
even integers > 2.

Assume first that m is an odd integer > 3. Then 7,,(0) = v (1). Ym(< = >)
is piecewise C*°, and continuous. So the Fourier series of v,,(< = >) converges
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uniformly to v, (< z >), and

V(<@ >) = { 2mnm1 Hpn

n

m—2
2 (m)s Gm—s—i—l Em—s 271
“ Hm— _Hm—s TINT
+m;(27rin)5 (merl( ! )+ms>}e
> e2ming
= _ — — 1 ! N
m-t | ~(m—1) n;m (2min)m—1
n#0
m—2 0o i
2 m Gmferl Emfs e?ﬂznx
-= S (g~ H sl .
m?}(s) (m—s—!—l( ! )+m—s> Sn_z_: (2min)s
o n#£0
p E
B il Tmostl o g m—s
m1m1<m> m;()( 75+1(m1 ms)+m5)
2Eml Bl<x> for z ¢ Z,
x Bs(<z>) - X{ for x € Z.
Now, we can state our first theorem.
Theorem 4.1. Let m be an odd integer > 3. Then we have the following.
(i)
m—1 1
—Ep(< 2 >)Gpk(< x>
2 o — ) K<z >)Grop(<z>)
has the Fourier series erpansion
m—1 1
Ey<z>)Gp_p(<x >
Zk(m—k) (<2 >) G (<2 >)
k=1
_niioo (2minym—1""""1
n#0
m—2
2 s Gm—s Em—S TINT
+— (m) N ( s (Hm—l - Hm—s) + > 62 ’
m (2min)s \m—s+1 m—s
for all x € (—o00,0). Here the convergence is uniform
(i)
m—1 1
Ep(<x>)Gmop(<z>
K —F) K<z >)Grop(<z >)
k=1
2 =2 m Gm—s+1 En—s
m-1Bm_1(<x>) — o SZ:; (s) <m_s+1(Hm—1 —Hps) + p— S) By(<x>).

Here Bs(< x >) is the Bernoulli function.
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Assume next that m is an even integer > 4. Then ~,,(0) # v,(1). Hence
Ym (< @ >) is piecewise C* and discontinuous with jump discontinuities at integers.
The Fourier series of 7y, (<  >) converges pointwise to v, (< x >), for x ¢ Z, and
converges to

5 Om(0) + (1)) = 3 (0) — 2=

—~ 1
=) T~ EGn—k
D k(m — k) Fmh
k=1
for x € Z. Now, we can state our second theorem.

Theorem 4.2. Let m be an even integer > 4. Then we have the following.

(i)
2 (oo
n#£0
2 — Gm—s+1 Em—s i
— H. +—-—H Tin
Z 27rm (m5+1( m—1 ms)"’ms) e
_ ZL_11 k(m k)Ek(<$>)Gm k(< x>), forxél,
Zk 1 k(m ) EyGo—k, forx € Z.
Here the convergence is pointwise.
(i)
2 m—1 B
m—s+1 m—s
o ————(Hm-1— Hpm—s B(< x>
o 2 (1) (en = (25 ) i)
m—1
= <z >)Gmop(< T >), Z;
;k(m gy Be(< @ >)0m-i(<2>), forod
2 m—1 B
o < ) (mSH(HTnl _Hmfs)"‘ ms) Bs(< x >)
= —s+1 m—s
m—2 1
= — K Gmf 5 e Z.
£ h(m—k) forw
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MAJORIZATION PROPERTIES FOR CERTAIN
FAMILIES OF ANALYTIC FUNCTIONS IN THE UNIT
DISK

ADEL A. ATTIYA, M. F. YASSEN, AND MAHER I. ABDELHAFIZ

ABSTRACT. The main object of this paper is to introduce the ma-
jorization properties for certain families of analytic functions asso-
ciated with generalized Srivastava-Attiya operator in the unit disk.
Also, some applications of our results are discussed which give a
number of new results.

1. INTRODUCTION

Let A(p) denote the class of functions f(z) of the from

L) TS S
k=1

which are analytic in the open unit disk U = {z € C : |z] < 1}. Also,
let A= A(1).

Definition 1.1. Let f and F be analytic functions in U, f is said to
be majorized by F in U (see [15], [18]), written f < F, =z €U, if there
exists a function @, analytic in U such that

(1.2) [p(2) <1 and  f(z) = @(2)F(z) (z€0).

Noting that the concept of majorization is closely related to the concept
of quasi-subordination between analytic functions (see [18]).

Definition 1.2. Let f and F' be analytic functions. The function f is
said to be subordinate to F, written f < F. if there exists a function
w analytic in U with w(0) = 0 and |w(z)| < 1, and such that f(z) =
g(w(z)), in particular, if F is univalent, then f < F if and only if
f(0) = F(0) and f(U) C F(U).

2010 Mathematics Subject Classification. 30C45.
Key words and phrases. Analytic functions, Hurwitz-Lerch Zeta function, Ma-
jorization , Subordination relation, Srivastava-Attiya operator .
1

1169 ADEL A. ATTIYA et al 1169-1177



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

2 ADEL A. ATTIYA, M. F. YASSEN, AND MAHER I. ABDELHAFIZ

A general Hurwitz-Lerch Zeta function ®(z, s, b) defined by (cf., e.g.,
20, P. 121 et seq.])

o0 k

(1.3) B(z,5,b) =Y (k;ZTb) ,

k=0

(b € C\Zy, Zy =7 U{0} ={0,-1,—-2,...}, s € C when z €
U, Re(s) >1 when [z]=1).

Many authors studied and invistagated various properties of ®(z, s, b),
see e.g. [2], [6], [5], [7], [8], [14], [10], [11], [19], [21], [22] and [17].

Now, let us define, the operator Jg; (f) which has been introduced
by Srivastava and Attiya [19]

(1.4) Jon (f) (2) = Gap(2) * f(2)

(€U; fed beC\Zy; s€C)

where

(1.5) G&b(Z) = (1 + b)s [(I)(Zv S, b) - bis]

and * denotes the Hadamard product .

Moreover, Attiya and Hakami [2] defined the function Gy, by

(1.6) Gspr =1+ (t+0)° 2@(2,5,1+t+ )
(z€U; be C\Zy; s€C; t€R),

we denote by

()2 Alp) — Alp),
Attiya and Hakami [2] defined the operator J;,(f)(2) by:

(1.7) b (F)(2) = 2PGopy * f(2)
(zEU; feAp);be C\Zy; s€C; tER),

where x denotes the Hadamard product
Noting that
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18 ILNEH =Y (i) arey 2 (2 € )

we note that

(1.9) () = J5(f) .
where J_;(f) introduced by Liu [13] .

The operator J;;b( f) generalizes many operators e.g., Srivastava and
Attiya operator [19], Liu operator [13], Alexander operator [1], Libera
operator [12], Bernardi operator [4] and Jung-Kim-Srivastava integral
operator [9].

Now, we begin by the following lemma due to Attiya and Hakami
[2].
Lemma 1.1. Let f(z) € A(p), then

(1L10) 2 (Tlny £(2) = (t+0)TLf(2) = (E+b— p) T, f(2),
(zEU; be C\Zy; s eC, tE]R)

Definition 1.3. A function f(z) € A(p) is said to be in the class
S™ (A, B, () if it satisfies

s,b,p
(n+1)
1([~% (( st+1,b) (f)(z)) 1+ Az
(L11) 14— o —ptn| <5

S\ ()" (DE) + B2
where n € Ng = {0,1,...}, -1 < B< A< 1,( € C:=C\{0},s €
C,teRandbe C\Z,.

We note that Sg’_lLb’l(A, B,1-a)=H,, (A, B) the class which in-

troduced by Kutbi and Attiya [10], Sg’i7b71(1, —1,1 — «) the well known

class of starlike function of order a.. Also, using special cases of n, b, p,t, A, B, ( we
have many various classes associated with Alexander operator, Libera
operator, Bernardi and Jung-Kim-Srivastava operator.

Also, we define the following classes:

(1) STy (=1,1,¢) = ST (C).

(2) S5, (—1,1,1) =57 .

(3) Sppp(A, B,C) =A™ (A, B,()

(4) S5y ,(A, B,¢) =LA, B, ().

(5) Sg5 (A, B,¢) =LM(A,B,¢) (yreal ;v > —1)
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(6) So1,(A B, ) =I1i(A, B,¢) (o real ; 0 > 0)

2. MAIN RESULTS

To introduce our results, we need the following lemma which can be
proved by using Lemma 1.1 and induction .

Lemma 2.1. Let f(z) € A(p), then
(2.1)
2 (Than) " (D) = 40 (T1) " (DE) = (4 n+b =) (TEan) ™ (D)
(nENO, zeU; be C\Z;; s € C; tER)
We begin by proving the following main result.
Theorem 2.1. Let the function g(z) € ST, (A, B, (), if
(2.2) THNE) < T 0)E), (),
then
23) (7)™ D] < (T80 9] (2 <o),

where f(z) € A(p) and ro = 19((,b, A, B) is the positive root and the
smallest of the equation

(2.4)

r?|C(A=B)+(t+b)B|—[|t + b|4+2| B|]r*—[|¢(A—B)+(t+b) B|+2]r+|t + b| = 0,

(-1<B<A<1,(eC"seC,beC\Z,,teR),
Proof. Since g(z) € S™ (A, B, (), then (1.11) gives

1 (7 (( st+1,b) i) (g)(z)) 1+ Aw(z)
(2.5) 1+ Z (‘7St+17b) 0 0)2) —p+n| = 1—i—B—w(2)’
where w(z) is analytic in U with

w(0) =0 and |w(z)| <1 (z€U).
From (2.5), we get
(2.6)
#((7200) " 0B) )+ (o= mB+ (A= Bl()
(T10)" (9)(2) LB w)

by using Lemma 2.1 and (2.6), we get
(2.7)

(74) " (9)(2)] -

N (t+0)[1 + |B]lz]]
‘( ws) (9)(2)] < (t+0)—|C(A— B)+ (t+b)Bl|z]
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Since ( st+1,b)(n) (f)(2)) is majorized by (\7st+l,b)(n) (9)(2), in U, there-
fore, the equation (2.2), gives

(2.8) (TL1)™ (D) = (2) (Thi)™ (9)(2),

where |¢(2)| < 1. Differentiating (2.8) with respect to z , we have the
following relation:
(2.9)

2(Tan) " (NE) = 20(2) (Tan) ™ @D +20() (Than) " (9)(2).
Using (2.1) in the above equation, we get

(2.10)

(7)™ (16N = 25 (T2a) ™ @) + () (7))
since ¢ € P satisfies the inequality (See, e.g., Nehari [16])
(21) )< DR e
and making use of (2.7) and (2.11) in(2.10), it yields
(2.12)
(7)™ (D)) <

1 — |e(2)? [1+[B]|=]]=| )

(e + T R B+ )| O @)
Setting

|zl =r and p(z)] =n (0<n<1)
this gives us the following inequality
(2.13)

NGO ®(n) ¢\ ()
’( s,b) (f)<2)| S (1 —T2> Ht—i—b| . |C(A_ B) i (t+b)B|7’]’ ( s,b) (g)(Z)’,

where

(2.14)

®(n) = —r(1+[Blr)n*+(1=r?) [[t + b = [¢(A = B) + (t + b) Blr] +r(1+] Blr),
the function ®(n) takes the maximum value at n = 1, with rp =

ro(A, B, s,b,t) where ry is the smallest positive root of (2.4). More-
over, if 0 < n < ryg(A, B,s,b,t) then the function ¥(n) defined by

U(n) = —o(1+|Blo)n’+(1-0?) |t + b = [((A — B) + (t + b) Blo] n-+o(1+| Blo),
is an increasing function on the interval [0, 1], therefore
(2.15)  W(n) < V(1) = (1 —o*)[jt + b = [((A = B) + (t + b) Blo],
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(0<n<1;,0<0<19(A, B,s,b)).
Hence putting n = 1, in (2.14), we conclude that (2.3) of Theorem 2.1
holds true for
lz| <rg=r1o(A, B,s,b),
where 7 is the smallest positive root of equation (2.4). This completes
the proof of Theorem 2.1. O

Remark 2.1. Putting t = 1 in Theorem 2.1, we have the result due to
Attiya and Yassen [3].

Putting A = 1 and B = —1 in Theorem 2.1, we have the following
result.

Corollary 2.1. Let the function g(z) € Sgif’p(o, if

(2.16) (TL1) ™ (D) < (T41) " (9)(), (2 € ),
then
(2.17) (Than) ™ (D <1 (TE10) ™ (9] (2] < 7o),
where f(z) € A(p) and ro given by

m—~/m2—4|b-+t|[2(—b—t| C?éw
(2.18) ro = 2[2¢—b—1] ’ 2

ST -

2+ [b+t| , C= 2

m=2+b+t|+12(—-b—t], (€C*seC andbe C\Z;).

Letting A = 1, B = —1 and ( = 1 in Theorem 2.1, we get the
following property.

Corollary 2.2. Let the function g(z) € SZ;;p, if

(2.19) (T51) ™ (N ) < (Thin) ™ (9)(2), (2 €U,
then
(2.20) [(TEin) ™ (D] <1 (TEi)™ (@)(2)] (2] < o),

where f(z) € A(p) and ry given by

m—+/m2—4|b+t||2—b—t|
. { TR

(2.21) 22— b—1]

s b=2—1
m=2+b+t|+|12—b—t|, s€eC andbe C\Zy).

Y

Letting s = b = 0, in Theorem 2.1, we have the following corollary.
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Corollary 2.3. Let the function g(z) € Ay'(A, B,(), if

(2.22) (A)™ (N)(z) < (A) ™ (9)(2), (z€ ),
then
(2.23) (AN (D)) < 1 (A)™ (9)()] (2] < o),

where f(z) € A(p) and 1o = ro((, A, B) is the smallest positive root of
the equation

(2.24) r3|C(A—B)+Bt|—[|t|+2|B|]r*—[|¢(A—B)+ Bt|+2]r+|t| =0,
(-1<B<A<1,(eC),

If we put s = 0 and b = 1,in Theorem 2.1, then we have the following

result.

Corollary 2.4. Let g(z) € L'(A, B, (), if

(2.25) ()™ (Hz) < ()™ (9)(2), (2 € ),
then

(2.26) (2D (1) < 1(2)™ (9)(2)] (12] < 7o),

where f(z) € A(p) and ro = 19((, A, B) is the smallest positive root of
the equation
(2.27)
r*|C(A—B)+(t+1) B|—[|1 + t|+2|B||r*—[|¢(A—B)+(14t) B|+2]r+|1 + t| = 0,
(-1<B<A<L1,(eC).

Putting s = 0 and b = v > —t in Theorem 2.1, we get the following
corollary.

Corollary 2.5. Let the function g(z) € LI(A, B, (), if

228)  (£,)" (N < (£,)" (9)(=), (zeU, v>-1),
then
(2.29) 1(£L,) ™ (D<) @) (2] < o),

where f(z) € A(p) and ro = ro((, b, A, B) is the smallest positive root

of the equation

(2.30)

r?|C(A=B)+(t+7) B = [t+7+2| B[’ —[|((A=B)+(t+7) Bl+2]r+(t + 7) = 0,

(-1<B<A<1, v>-1, (eC"seC),
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Putting s = 0 (o;real, ¢ > 0) and b = 1 in Theorem 2.1, we get the
following corollary.

Corollary 2.6. Let the function g(z) € I2(A, B, (), if
231)  (Z,)" (NE) < (Z,)" (9)=), (2€Ui0>0),

op
then

232) (@)™ (NE)] < 1(@,) " (9))] (2] < o),

where f(z) € A(p) and ro = ro(C, A, B) is the smallest positive root of
the equation

r3|C(A—B)+(t+1)B|—[|1 + t|+2|B|]r*~[|¢(A—B)+(14t) B|+2]r+|1 4+ t| = 0,
(-1<B<A<1,(eCsecC).
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