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FOURIER SERIES OF FUNCTIONS INVOLVING EULER
POLYNOMIALS

TAEKYUN KIM, DAE SAN KIM, GWAN-WOO JANG, AND JONGKYUM KWON

ABSTRACT. Recently, T. Kim introduced Fourier series expansions of certain
special polynomials and investigated some interesting identities and properties
of these polynomials by using those Fourier series. In this paper, we consider
three types of functions involving Euler polynomials and derive their Fourier
series expansions. Moreover, we express each of them in terms of Benoulli
functions.

1. INTRODUCTION

Let E,,(z) be the Euler polynomials given by the generating function

2 > tm
me”mt = mXZ:OE,”(J:)M, (see [1,2,5,7-11,16]). (1.1)
From this equation, we can derive the following relation.

2, ifn=0,

Ey=1,(E+1)"+E, =
o=1L{(E+1)"+ {0, if n # 0.

The Bernoulli polynomials B,,(z) are defined by the generating function

t - tm
. 16“ = E Bm(x)ﬁ, (see [1,2,5,9]). (1.2)
m=0 ’

For any real number z, we let
<z>=zx—[z]€]0,1) (1.3)

denote the fractional part of x.

Here we will consider the following three types of functions involving Euler poly-
nomials and derive their Fourier series expansions. Further, we will express each of
them in terms of Bernoulli functions B,,(< x >).

(1) am(< 2 >) = 330 Er(z)z™ ", (m > 1);
(2) Bm(< 2 >) = 340 gy Br (@)™ ", (m > 1);

(3) Ym(< 2 >) = T4 o Br(@)a™*, (m > 2).
The reader may refer to any book (for example, see [13-15,17]), for elementary facts
about Fourier analysis.

2010 Mathematics Subject Classification. 11B68, 42A16.
Key words and phrases. Fourier series, Euler polynomials.
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As to v, (< & >), we note that the polynomial identity (1.4) follows immedi-
ately from Theorems 4.2 and 4.3, which is in turn derived from the Fourier series
expansion of v, (< = >).

1
E m—k
Rm = k) Ce@)T
k=1
1 /& Es 1 2
= —— — Em
m(k_1 k(m—k+1) + m(m+1) m(m+1) +1)
m m—1
1 m Hm—l - Hm—s m El—s+1
— — (1 - 2F,,_. — By (z),
er;((s) m—s+1 ( +1) <s>l_s (l—s—i—l)(m—l)) (z)

(1.4)

where H,,, = Z;n:l % are the harmonic numbers. The obvious polynomial identities

can be derived also for ay, (< « >) and B, (<  >) from Theorems 2.1 and 2.2, and
Theorems 3.1 and 3.2 , respectively.

2. THE FUNCTION (< x >)

Let () = >y Ex(x)z™ %, (m > 1). Then we consider the function
ap(<x>)= ZZ;O Ey(<z>) <z >mk

defined on (—o0, 00), which is periodic with period 1.
The Fourier series of B, (< >)is Y o0 Aglm)e%rin:v’
where

1
Alm) — / am(< @ >)e 2T dy
0

1 (2.1)
:/ ()2 g,
0
To proceed further, we note the following.
m
ap(2) =Y (kBx—1(2)a™ " + (m — k) By (z)z™ )
k=0
m m—1
:ZkEkl mk+2m E)Ej(z)z™ k1
k=1 k=0
m—1 - m—1 - (2 2)
=Y (k+ DE(@)a™ * 4+ Y (m — k) By (x)a™
k=0 k=0
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li
So, al,(x) = (m + 1)aym,—1(z). From this, (%) = ap ().

/0 oo () = %H (@1 (1) — ams1(0)). (2.3)

k=0
= Z ((—Ex +20;0)) — Z Exom.k (2.4)
k=0 k=0
=—> Ex+2-En
k=0
Thus
am(1) = am(0) < Y By =2-Ey, (2.5)
k=0
Also,
1 1 m—+1
ap(2)de = —— | — E,+2—E,, . 2.6
[ amwrir= s (- 2 H (2.6
Now, we would like to determine the Fourier coefficients A%m).
Casel :n # 0.

1
Agm) :/ Qo (x)e ™2™ g
0

1 [ ( ) —Qﬂinac] L + 1 /1 / ( ) —27rin:vd
= — Am\T)e . am e -
2min o 2min J,
! m+ 1 ' —2minx
-  27in (am (1) = am (0)) + 2min /O am—1(z)e 2 dx

m

m+1 1
=T Am-n 2 (N, 24 B,
orin ™ 1 2in > Be-2+
k=0
m—1 m
m+1 1
= Alm=2) En,—2+FEp,_ Ey—2+ E,,
2min <2mn " * orin 2min Z k * ! 2mn Z F +

m—1 m
(m+ 1)m _ m+1
= A E, -2+ FE,,_ E,—-2+FE
(2min)? '+ (2min)? Z F +Ema 27rm Z F b

k=0
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m—1 m—j+1
(m+ 1)m—1 1 (m—|—1)_1
= I mot 4) T )it Ep—2+4Ep_;
@rinyn1 7 T 22 T (ain)i D, Be=24 By
j=1 k=0
m—1 m—j+1
(m+1)! (m+1);_1
= —_— Ey, -2+ FE,_;
(2min)™ M ; 2min)J Z F - A
j=1 k=0 @7)
= (m41); minE 94 .
= Z " (2min) Z k= 2+ Bm_jp1
j=1 k=0
1 S (m+2); (&
- : Ep—2+FEp 1],
m+ 2 Z (2min)J Z F + g+
7j=1 k=0
1) _ 1 —2minx _rt _ 1\ _ —27minx ___2
where Ay, = [ ax(z)e dr = [;(2z — 3)e de = — 52—
Case2 :n = 0.

m—+1

A = /0 am (2)d = o\ ’;J Epy+2—Epn |- (2.8)

am(< x >),(m > 1) is piecewise C*°. Moreover, o, (< z >) is continuous for
those positive integers m with ;"  Ey = 2 — E,, and discontinuous with jump
discontinuities at integers for those positive integers m with >"/"  Ej # 2 — E,,.

We recall the following facts about Bernoulli functions B, (< z >) :

(a) for m > 2,
| 0 e2ming
B = —m! —_— 2.9
m(< @ >) m Z @rin)™ (2.9)
n=—o00,n#0
(b) for m =1,
e 2mine B £ 7,
B Z e _ 1(<x>), forzé¢Z, (2.10)
oot 2T 0, for z € Z.

Assume first that m is a positive integer with Y ;" Ey = 2— E,,. Then a,,, (1) =
m(0).
am (< @ >) is piecewise C*°, and continuous. So the Fourier series of (< x >)
converges uniformly to «,,(< z >), and
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m—+1
1
(<7 >) = (Z By — 2+Em+1>

m + 2 P

1 o m

4 Z Z(m+2)j mflEk—Q—i—E - 2mine
m+2 < (2min)I prd megt

n=—oo,n#0 \ j=

1 m—+1
= <Z Ek2+Em+1>
m m—j+1
1 m+2 :
m+2z( )(Z Ekzwm_j“)

j=1 k=0

627rzn.r

S # (2min)J

(2.11)

3

+1
(Z Ep—2+ Em+1>

k=0
m—j+1

i <m;r2> < Z Ej — 2—|—Emj+1> Bj(< z >) (2.12)
+
1

J:2 k=0
" fi
1 <m 2> ZEk_2+Em ) Bi(<z>), orxgéZ,’
m+ 2 — 0, forx € Z
for all x € (—o0, 00).

Hence we obtain the following theorem.

Theorem 2.1. Let m be a positive integer with ZZL:O Ey =2—FE,,. Then we have
the following.
(a) Yoiy Ex(< 2 >) <z >™"F has the Fourier series expansion

Y Ei(<z>)<z>mF

k=0
(s

e Ek—2+Em+1>
m+ 2 P

oo

I A _ o e ,
m+2 (2min)I P b I+

n=—oo,n#0 \j=1

for all x € (—o0,00), where the convergence is uniform.

m m m—j+1
. 1 m+2 g
b) E Ek(<$>)<$> 1k —m E ( . ) ( E Ek_2+Emj+1> Bj<<l‘>)7

k=0 §=0,j%#1 J k=0

for all x € (—o0,00), where By(< x >) is the Bernoulli function.
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Assume next that m is a positive integer with >.}"  Ey # 2 — E,,. Then
am (1) # a(0). Hence auy, (< z >) is piecewise C*° , and discontinuous with jump
discontinuities at integers. The Fourier series of ., (< = >) converges pointwise to
am(< x>) , for z ¢ Z, and converges to

. (am(0) + am(1)) = o (0) — %ZEk +1-3E

2
1m71
=1-5> B
k=0
for z € Z.

Thus, we get the following theorem.

Theorem 2.2. Let m be a positive integer with Y ;- | Ey, # 2— E,y,. Then we have
the following.

1 m—+1
- E.—2+E,,
(a) 12 (kzzo k + +1>

1 & m+2) ("I
(b) =g > Ex—2+En_jq | Bi(<z>)

‘7 k=0

1 & /mt2) (&
_m Z j Z Ek_2+Em—j+1 Bj(<1'>)
§=0,j#1 k=0

m—1
1
:1—§ZE;€, for x €Z.

Question: For what values of m > 1, does ZZL:O E,=2-F,, hold ?

Remark 2.3. Another expression for A( ™) fo o (x)dx was obtained previously
(see [3,4,6,12]) and is

;-.

m—

m— l _ ) (m l+1>El+J +4(_1)m+1
— 1+ 1)("19) m+ 2

Byt (2.13)
1=0 j=1
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So, we obtain the following identity.

m—1m—I (_l)j (mf/'l+1)El+j 4(_1)m+1

- E .
I+ m—+1
1=0 j=1 (m—l—&—l)(ﬂ) m+2

3. THE FUCTION S,,(< z >)

Let By (z) = > ity mEk(x)xm‘k, (m > 1). Then we will consider the
function

m 1
— E m—k
Bm (< x>) g:oik!(m_k)! (<z>)<z> ,

defined on (—o0, 00), which is periodic with period 1.
The Fourier series of 3, (< z >) is

o)

Z B7(Im) eQ‘n’inm7

n=—oo

where

1 1
B™ = / B (< o >)e 2™ dy = / B (z)e™ 2T g
0 0

Before proceeding further, we observe the following:

m

B () = Z: {k!(mk— k)!Ek—l(x)xm*k

— - 1 m—k
- ; = im — Ry @)
5 1 (3.1)
D ey ey LG '
k=0
m—1 1
T L k(m—1— k)lEk(m)xm_l_k
k=0
m—1 1
m—1—k
* ;0 F(m 1= @)
= QBmfl(l')
So, B,,(x) = 2Bm—1(x). This implies that (7[37“21(1-))/ = Bm(x).
1
1
| 8@yt = 5 (Buss() = s ). (32)
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-y m (Ex(1) = Er(0)0m.k)

k=0
L V1S
= 1
- —— _F
2 kN (m — k)! KO,k
k=0
i Es 2 E,
== Tt
pors Ellm—k)!  m! m!

m+1 Emga

S0, Jy Bm(@)de = § (_ k=0 k'(m-‘rl o+ T (m+l)!)'
Also, Bm(1) = Bin(0) & 3o mrrmigy = 21 — it

Now, we are going to determine the Fourier coefficients Bﬁtm).

Case 1:n # 0.

1
B(m):/ ﬁm(x)e—%rinzdx

—2mi ! 1 ! ! —2mi
[ﬁm( ) TinT _’_27”:”/ Bm(x)e TN ],

27rm
= _%CBM( ) ﬁm 7TZ7’L/ Bm— 1 e 72T g
- %Brgm_l) 2min (Bm( ) = Bm(0))
- %(%B&m—” i (s (1) = s (0)) — e (Bon(2) — B (0)
= (mln)zB,(Z”’Q) (2mn) (Bm-1(1) = Bm—1(0)) — 5 (5m() B (0))
m—1 j—1
B WB’(}) T« (227Tin)j (B +1(1) = Bn—j+2(0))

=1

=

m—1 m—j+1
1 2] 1 2 E’m—j-‘rl
__(m'n)m*; orin)i (Z (m —y—k+1) Tt -+

L& gt [ jo 2 Em_jt1
Z(Zm’n)j<kz K (m—j—k+1)!  (m —j+1)!+(m—j+1)!>’
(3.4)

where B = fo Ye TNty — fol (22 — L)e ?mnedy = — L,

mTin
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Case 2: n=0.

1 m—+1
(m) _ _L( Ej, 2  Ewmn
B _/0 Bm(w)dz = 2( /;J Mt 1=m el e, &Y
Let
i Es 2  E,
Qm:Bm(l)_ﬂm(O):_Zm—’—m_ma
k=0
for m > 1.

Bm(< x >), (m > 1) is piecewise C*>°. Moreover, S, (< x >) is continuous for
those positive integers m with €2,,, = 0 and discontinuous with jump discontinuities
at integers for those positive integers m with ,, # 0.

Assume first that m is a positive integer with Q,, = 0. Then £,,(1) = 5,,(0).
Bm (< x >) is piecewise C°°, and continuous. So the Fourier series of B, (< = >)
converges uniformly to 5,,,(< z >), and

Bm (< x >)

m 1
_ E m—k
g:o W = %) <z >)<z>

o 2]'_1

1 S TINT
= gStmr = 2 (Z (2mn)jﬂm—j+1)62

n=—oo0,n#0 j=1

2minx

1y S 2 e e
= 5tmt +;7j! m—j+1 X <—J~ Z (27Tin)j)

n=—o00,n#0

1 " 9i-1
= §Qm+1 + Z TQm—j+1Bk(< x >)
j=2 7

Bi(<xz>), forx¢Z,
Q0
+ mX{O, for x € Z,

for all x € (—o0, 00).

(3.6)
Now, we obtain the following theorem.
Theorem 3.1. For each positive integer 1, let
l
Ey 2 E
Q=- S
D Db TR TR
k=0
Assume that Q,, = 0, for a positive integer m. Then we have the following.
(a) >, mEk(< x >) < x >™"F has the Fourier series expansion
m 1 1 00 m o g1 ‘
— —  _Ei<z>)<z>"F = Q00— ( O ) minz

kzzo Kl(m = k)! e 27 n—g7wé0 32:31 (2min)J j+1)€
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for all x € (—o00,0). Here the convergence is uniform.

m

1 o 9i-1
k=0 7=0,5#1

for all x € (—o0,00). Here By(< x >) is the Bernoulli function.

Assume next that m is a positive integer with €, # 0. Then, 3,,(1) # B (0).
Bm (< x >) is piecewise C*° and discontinuous with jump discontinuities at integers.
Thus the Fourier series of 5,,(< z >) converges pointwise to §,,(< x >), for © ¢ Z,
and converges to

for z € Z.
So, we obtain the following theorem.

Theorem 3.2. For each positive integer [, let

__ZZL+E_E
RO—k0 0
k=0

Assume that 0, # 0, for a positive integer m. Then we have the following.

1 274
(8) 5 Qs > (Z Gy Ot )€
n=—oo,n#0 j=1
ZZL 0 k'(m k)lEk(< x>) <z >"F forx ¢ 7,
m 1Qm7 fOT re 7.

Here the convergence is pointwise.

(b)

- 1 m—k
:ZmEk(<z>)<z> , forxz¢Z,

+ =, forxz e Z.

Here By(< x >) is the Bernoulli function.
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Question: For what values of m > 1, does Z?_O ﬁ = % — % hold ?

Remark 3.3. In a previous paper (see [3,4,6,12]), it was shown that

m—1m—I i (m+1
) = 3 ECE ) B | 20 By (3.8)
0o — = (m+1)! (m+1)!

1 Ey, . 2 Ert1
2 pre Elm+1—-k)!  (m+1)! (m+1)!
1

m—1m—I (_1)j (T_;;‘l)El-i-j 2(_1)m+1Em+1
| |
= = (m+1)! (m+1)!

4. THE FUCTION 7,,(< z >)

Let ym(r) =

Zk 1 k(m Ty w(@)x™ k (m > 2). Then we will consider the
function

?

(< T >) Z e Eu(<z>)<z>mF (4.1)

defined on (—o0, 00), which is periodic with period 1.
The Fourier series of y,,,(< © >) is

Z Cﬁm)GQﬂ—inI, (42)
where
1 ) 1 )
C,(Lm) :/ Yo (< >)e 2™ gy :/ Vo ()2 g, (4.3)
0 0
807
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To proceed further, we observe the following.

m—1
1
’ _ kE. m—k —kE m—k:—l)
(@) = 3 5 (BB @)™+ (= ) By (o)
m—1 1 m—1 1
— - _E._ m—Fk - m—k—1
g Bea(@)2™ T+ ) S E(@)e
k=1 k=1
m—2 1 m—1 1
_ m—k—1 m—k—1
=D Bl +> i)z
k=0 k=0
m—2
1 1 1 ko1 1 (4.4)
= m E m —F,,_
m_1" +kZ:1m—k—1 k(@) t o1 Em@)
m—2 1
+ Z EEk(sc)xm_k_l
k=1
s 1 1
— -1 E m—1—k ( m—1 Em— )
(m );H R = 1=k Cr@)T Fo T\ Bl

Yon(2) = (m— g a(2) + —

From this, we have

(& (i) = o™ = @) ) = o)
/01 Ym(z)dx
= P @) = ™ = s P @)
= o (1 (0 =901 0) = s = s (Bt (1) = B (0))
= 2 (1 () =91 (0) = s s B

(4.5)

_ m@ku) — Ei(0)6m.1)

= m(—Ek(O) + 25k,0) - ]; m Er(0)dmr (4.6)
Ey
W — k)
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Thus,
m—1 E
k
1) = 0) & — =0. 4.7
() =1m(0) 3 T (47)

In addition,

! & Ej, 1 2
/0 Ym(@)dr = =2 <; Hm—k+1) " mmt1)  mm+ 1)Em+1> - (48)

Now, we would like to determine the Fourier coefficients C,sm).
Case 1:n # 0.

1
C£l7rn):/ ,ym(x)e—%rinxdm
0

1 —omina ] L —2mi
— m mTinT y - 7\'7/ﬂflfd
2min [7 (z)e }0 27Tm/0 Y (@)e .
1 m—1 (! :
— _ m 1) — " 0 ) . —27rznzd 4.9
2m‘n(7 W) =m @)+ 55 /0 Tm-1(@)e v (49)
1 ! 1 !
m—1_—2minx —2minx
T d T — E_ d
+ 2min(m — 1) /0 e S 2min(m — 1) /0 i(z)e *
:milc(mfl)f 1 o 1 m+ 2 (bm
2min " 2min 2min(m — 1) 2min(m —1) ™

where , for [ > 1,

1

l Di—
Ey(z)e 2™ dy = {2 21 (27)!2”)% Ei_pt+1, forn#0,

2 —
0 7mEl+17 fOr n = O

l Dg—1
/1 1'16727rin:vdx _ {1216:1 %7 for n # O’
0

o for n = 0.

Here, for m > 2,

Ey,
A, = 1) — = —
m = Ym( ) '7m<0) Te(m — k)’
k=1
m—1
(m— 1)k
O = )P (4.10)
k=1
m—1
(m— 1)1
(b =
" (2min)k ™k
k=1
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m—1 1 1 2
cm — =11 _ o 2 5
" 2min " 2min 2min(m — 1) + m—1)
m—1/m—2 1 1 2
- MZ2cm=2) _ =\ L g 4t g _ )
2min ( 2min " orin ™ Srin(m—2) " T 2min(m —1) "
1 1 2
- A — O+ 7P
2min 2min(m — 1) + 2min(m — 1)
_moDm=2) ey m =y L mel g
(2min)? (2min)? 2min (2min)2(m — 2)
1 2(m—1 2
(2win)(m — 1) (2min)2(m — 2) 2min(m —
m—2

1 (m—1)! 2(m -1

, (m—1)j1
Am—jr = ; (2min)i(m — j)@m i+l

T 2@rin)m L (2min)m Z  (2min) m=g+1
m—2 m—2
(m — 1)] 1 2(m — 1)] 1
& (@min)i(m —j) " ; (2min)i(m —j) "

Jj=1
m—
2(m 1
)i—
+ (2min)I )(I)m AR
Jj=1
where

1
CT(L2):/ ,)/2( 27””16193*/
0

1 1
Ay = © e
2 2= 2min’ 2= 2min

%, X (—5)

Before proceeding further, we note the following.

810

727rinzdl, —

(4.11)

1 1 2

T 22min (2min)?

(4.12)
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m—1
(m—1);1 _
j=1 (2min)i I
_ m—1 (m o 1))_1 m—j Ek
= (2min)J = k(m—j—k+1)
m—1m—j
1 (m);
il E 4.13
m 121 2min)ik(m —j—k+1) F (4.13)
m—1m—s
_ l (m)s E,
m 2rin)sk(m—s—k+1)
m m—1
__ l Z (m)sEl—s-‘rl
m = — (2min)*(l — s+ 1)(m — )
m—1
2(m — 1)],1 o o
2 @rinyim—j) "
m—1 m
_ 2(m —1);4 i m—j)k— 1 p .
(2min)i (m (2win)k Bt
j=1 =1
m—1m—
:z J (M) j4k-1 B i pi1
m e~ = (2min)ith(m — ) ™7
9 m—1 1 m m)s 1 (
_c 4.14)
m o m = Z (2min)* Em-st1
2 ( )s—l - 1
= Em—s —
m Z (2min)* i Z m—j
s=2 7j=1
2 m (m)s_l
= Em—s Hm— _Hm—s
m 4= (2min)® 1 ! )
2 i (m)s Em—s+1
= Hm— - Hm—s .
mz(Qm'n)Sm—s—&—l( ! )

—J
=t (4.15)
1 i m 1 Hm s
m ~ 27Tm —s+1
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Putting everything together, we have

(m)sEr—st1
(2min)s(l —s+1)(m —1)

S
1 - (m)S Hm—lf m—s 2 s m s+1
T m — H, 1—H,,_
mZ(QWin)S m—s+1 mZ:: 27in) —s+1( m—1 m—s)

s=1
1 “ (m)s Hm—l - Hm—s ey (m)sEl—s+1
=—— 1-2FE,,_ - .
m; ((2772'71)5 m—s+1 ( m—s+1) ; 2rin)s(l—s+1)(m —1)
(4.16)
Case 2: n =
c“”):/lv( i T~ ey B
0 0o k:1km k—!—l) mm+1) mim+1) ™"
(4.17)
Question: For what values of m > 1, does Z?:o FE,=2—-F,, hold ?
Remark 4.1. In a previous paper (see [3,4,6,12]), it was shown that
| () = § 5 EV ) By | 21 B § (1)
m m—2\ "
0 - 1 =1 j=1 (l 1) m(m? —1) =1 (lL—l)
(4.18)
So, we obtain the following identity.
IR Ey 1 2
_ = _ E,,
m (;_:1 k(m —k+1) +m(m—|—1) m(m+ 1) H)
B 4.19)
m—1m— l m+1 , m— (
! (l+] )ElJFj 2(_1)m+1Em+1 ! (_1)l
m—2\ "’
o 1 =1 j=1 (l 1 ) m(m? —1) =1 (1—1)

for m > 2.

Ym(< & >), (m > 2) is piecewise C*°. Moreover, v, (< x >) is continuous for
those integers m > 2 with and A,,, = 0, and discontinuous with jump discontinuities
at integers for those integers > 2 with A,, # 0.

Assume first that A,, = 0. Then v,,(1) = 7, (0). Ym(< x >) is piecewise
C* and continuous. So the Fourier series of ~,,(<  >) converges uniformly to
m (< x >), and
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1 ﬁi Ey L1 2 5
m \ = k(m —k+ D mm+1) mm+1) "

e} m
1 . Hyp1— Hps
I OO (s (R Y
B m =\ (2min)*  m—s+1

mz:l (m)sEr—si1 ))ezmzmc
(2min)s(l — s+ 1)(m —1)

1 (& 1 2
T m (Z k(m — k‘-l-l) m(m+1) m(m+1)EmH>

1 Ui m m—1 — HTYL—S‘
- Smol T Imes (1 _9F,,
+ms_1(<s) m—s+1 ( n—s+1)
e 627r'm3:
—gl
8 ( DY (Qﬂin)s)

n=—o0,n#0

1 ié Ey, L1 2 .
om — ktm—k+1) m(m+1) m(m+1) il

1 — m —H, s m
+m;(<s) —s+1 (1= 2Em—st1) = <s>
+<_m_1 E )x Bi(<x>), forx¢?Z,

— I(m—1) 0, for x € Z,

where H,, =Y 0, 1.

Now, we get the following theorem.

Theorem 4.2. Let m be an integer > 2, with

813

El s+1 )
(I—s+1)(m—1)

(4.20)
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18 TAEKYUN KIM, DAE SAN KIM, GWAN-WOO JANG, AND JONGKYUM KWON

Then we have the following.
(a) Zk 1 k(m k(< z>) <z > * has the Fourier series expansion

m—1
W= Ep<z>)<z>mF
k=1

m

1 2
T m - FE
m (k_l k(m — k‘ + 1) + m(m + 1) m(m + 1) m+1>

- i (7711 i(( . Hos = Pl (1=2Em_s41)

.. S —
e o 2min) m—s+1

(m El s+1 T
- lz omin) (I — s + 1)(m z))>€2 o

for all © € (—o0,00), where the convergence is uniform.

(b)

E m—k
2 T =h) p(<x>)<z>

1 /& Es 1 2
_m(z_:1 Km—k+D)  mm+1)  m(m< 1)E’"+1)

n % i((?) %(1 — 2B s41) — <’:> mil : Bi_s41 )Bs(< z>),

p- l—s+1)(m=1)

l=s

for all x € (—o0,00). Here Br(< x >) is the Bernoulli function.

Assume next that m is an integer > 2 with A,,, # 0. Then, v,,(1) # m(0).
Hence v, (< « >) is piecewise C*° and discontinuous with jump discontinuities at

integers. Thus the Fourier series of v,,(< x >) converges pointwise to v, (< z >)
for « ¢ Z, and converges to

1 1 1 Ey,
=\ Ym 0 m 1)) = m 0 7Am = -3 P
3 0m O+ 20 (1) = 1m(0)+ 54n = =5 3
for z € Z.
Hence we obtain the following theorem.
Theorem 4.3. Let m be an integer > 2, with
m—1
— #0.
— k(m — k)
814
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Then, we have the following.

(a)
_ = B 5
m(z::k(m—k+1)+m(m+1) m(m + 1) +1)
m Hm—s
- Z ( Z( 27T’L’I’L 1_ s+ 1 (1 - 2Em.—s+1)
n=—o00,n#0
_ mz_:l (m)sEl—s+1 ))(32””93
— @2rin)s(l—s+1)(m—1)
_ Zk 1 k(m k)Ek(< r>)<ax>"k forx ¢ Z,
-5 TR k(m k) for x € Z.
Here the convergence is pointwise.
(b)
1 /& E, 1 5
= B 5
< m—1
1 m Hm—l _Hm—s El o
m — (1 - 2E,,_; B,
+yn§¥(s) m—s+1 (1 +1) ( >lgl3+1( IQ (< >)
m—1 1
k:lk(m_k) K<z >) <z , forax ¢ Z,

1 /e Ey 1 2
_E(Z (m—k+1) + m(m+1) m(m+1)E7n+1)

2
((m)m( — 2B si1) ( )m " B )Bs(<x>)

—\\'s m—s+1 — (l—=s+1)(m—=1)
1< E
k
S N Z.
5 k(m_k),forxe
k=1
Question: For what values of m > 2, does Z;”:_ll ﬁ =0 hold ?
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Abstract

In this paper, we introduce the higher order generalization of Bernstein type operators
defined by (p, g)-integers. We establish some approximation results for these new operators by
using the modulus of continuity.

Keywords and phrases: (p, q)-integers; (p, ¢)-Bernstein operators; modulus of continuity;
approximation theorems.
AMS Subject Classification (2010): 41A10, 41A36.

1. INTRODUCTION AND PRELIMINARIES

In 1912, S.N Bernstein [4] introduced the following sequence of operators
B, : C[0,1] — C]0, 1] defined for any n € N and for any f € C[0, 1] such as

Bu(fiz) = i (Z)xk(l — )"k (S) , € 0,1]. (1.1)

k=0
In approximation theory, ¢-type generalization of Bernstein polynomials was in-
troduced by Lupas [7].
For f € C[0, 1], the generalized Bernstein polynomial based on the g-integers
is defined by Phillips [15] as follows

-3 [1] # T s (B2), cemn o

k=0

Recently, Mursaleen et al. [10] applied (p, ¢)-calculus in approximation the-
ory and introduced first (p, ¢)-analogue of Bernstein operators and defined as:

Bpg(f;x) = Wl Zf( ) Por(p,q;7), 0<qg<p<1, z€l0,1]

where
1

n—k—
k(k—1) n
Fok(p o) =p 2 {k] [T & =), (1.3)
1

s=0
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They have also introduced and studied approximation properties based on (p, q)-
integers given as: (p, q)-Bernstein-Stancu operators [11], (p, ¢)-Bernstein-Shurer
operators [14] and (p, ¢)-Bleimann-Butzer-Hahn operators [13]. In the sequel,
some more articles on (p, ¢)-approximation have also been appeared, e.g. [1], [2],
3], [6], (9], (12] and [13].

We recall some basic properties of (p, ¢)-integers.

The (p, q)-integer [n],, is defined by

[”]pvq = P d
p—q

The (p, ¢)-Binomial expansion is

,nm=0,1,2---, 0<g<p< 1

1 n—1

(z+y)r, = (@ +y)(pr+qy) P’z + ¢y) - (p" y)

and the (p, ¢)-binomial coefficients are defined by

T +q

K } =

For p = 1, all the notions of (p, g)-calculus are reduced to g-calculus. For details
on (p,q)-calculus and g¢-calculus, one can refer [5, 7]. In this paper we use the
notation [n] in place of [n], .

In [5], (p, q)-derivative of a function f(z) is defined by
f(pr) — flgz)
(r—q)

and the formulae for the (p, ¢)-derivative for the product of two functions is given
as

D, .f(z) = , x#£0, (1.4)

Dy o(f9)(x) = f(px).Dpeg(x) +{Dpyf()}.9(qz), (1.5)

also

Dy o(f9)(x) = [(q2)-Dpag(x) +{Dpof(x)}.9(pr)- (1.6)

Let r € NU {0} be a fixed number. For f € C"[0,1] and m € N, we define
rt" order (p, q)-Bernstein type operators as follows:

0 (o) LN S o P L R Y
B”,Ihq(f) ) pw ;Pn,k(pa% );Z'f ( n[n])< [n]> (17)

pk:— pk—n

In this paper, using the moment estimates from [8], we give the estimates
of the central moments for these operators. We also study some approximation
properties of an 7 order generalization of the operators defined by (1.7) us-
ing the techniques of the work on the higher order generalization of g-analogue
[16]. Further, we study approximation properties and prove Voronovskaja type
theorem for these operators.
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If we put p = 1, then we get the moments for ¢-Bernstein operators [8] and
the usual generalization higher order ¢-Bernstein operators [16], respectively.
2. MAIN RESULTS
We have the following elementary result.
Proposition 2.1. Forn>1, 0<g<p<1
Dyo(1+2),, = [n](1+ qx)g’gl. (2.1)
Proof. By applying simple calculation on (p, ¢)-analogue, we have

(L+pz)r, =p" (L4 pz)(L+qu)pt (L4 qx)), = (0" + ¢"x) (1 + qz)) "
(2.2)

Applying (p, ¢)-derivative and result (2.2) we get the desired result. O

Lemma 2.2. Let B, ,,(f;x) be given by (1.7). Then for any m € N, = € [0,1]
and 0 < g <p <1 we have

m4+n
Bipg ((t - 37)p,;15 37) = — Dp,q{Bn,p,q ((t - Z_))p,q; _) }

[n] p
P mja(l - 2) 4T\ m—1. 9%
T Gy
+ [m](ﬂ%an’p,q ((t — x)Z?q; x) )

Proof. First of all by using (1.5) and Proposition 2.1, we have

Dp,q (ﬁ ZZ:O (t - %) Pn,k(pa q; %))
p 2 b,q

I S £ o YAy N R YA TN g
= (; (t = 2)ys Dol Posp: a5 )} <t > Pun(p 4= )) :
(2.3)

Now in the same way by using (1.5) and Proposition 2.1, we have

T k(k=1) n z k . k
e R o e
p.q
(o] g2 o1
=p 2 — - — —[n— g _ 4t ‘
k g pk P 0 k - [ P b

Now by a simple calculation, we have

AN | 11
(1 - —) LI S S 9 T R Lo
p P p
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qr kel 1 1
= 1— )k, 2.
(1-%) =m0 (2.

From (2.4),(2.5) and (2.6), we get
T Pox(p, ¢;7) —k —k k
D Pn y 45 — = ’ K] (p" —q" - —k ’
p,q{ ,k <p q p) } (L 1) (K] (p q""x) = p*ln — klz)
which implies that
Do Poa (i) = DL oty ). )
p pra(l —x)
From (2.3), (2.7), we have

Dp,q (ZZ:O (t - %) Pn,k(p7 q; %))
P

n m—1
qr
= —— t— Pow(p, 45 —)
( 2 L p kz% ( p )p7q p
1 1 - m _
n(n—1) - »,q n,k y Y -
+ (t =)y, Pak(psq;2) (" F k] = [n]z)

1 [m] <& qe\™ qx
= - n(n—1) - Z (t - _) Pn,k:(pv qﬂ _)
p z P p

p = P
1 1 -

+ = (t—a) Pur(p, g z)

(M(pmt —q"r) - ][%(pm - qm)x) :

pm

X

Hence we have
Dm {anp,q ((t - %)Z?q; %) }

[m] 4T |y QT [n] m
= _?Bn,p,q (t— ?>p,q g ? + mBn’P’q (<t - $)p,;r1; x)

[m](p" —q") g
mBn,p,q ((t )p @ ) .

This complete the proof of Lemma 2.2. O

Lemma 2.3. Let B, ((t — ) ) be a polynomial in x of degree less than or
equal to m and the minimum degree of ﬁ is LmT“J Then for any fired m € N
and x € [0,1], 0 < g <p <1 we have

m z(1 —12)
Bn,p,q ((t - ili')p q? Lm+1 Z k,m,n p7 7 (28)

such that the coefficients by m n(p, q) satzsfy \ bkym,n(p, Q) |<bp, E=1,2,--- ,m—2
and by, does not depend on x,t,p,q; where |a| is an integer part of a > 0.
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Proof. Clearly by Lemma 2.2 it is true for m = 2. Assuming it is true for m, then
from the recurrence of Lemma 2.2 and equation (2.8) we easily get

Bn,p,q ((t o x)m—Fl. .CE)

pq

m—1
z(1—x) Z o
Lm+2 bk m+17’b p) 9
k=0

where
1
bemiin(Piq) = e (p™ " K] 4+ ") b (9, )
1
T e (pm+n+1_k[k — 1]+ [Q]Pm+n_k_lqk_l) br—1,mn(D; Q)
1 e
+ W[ m](p" — ¢")br—1,mn(P, @) + [Mlp™ " et me1.0(p, @)
- [m]pm+n_k_1qkbk—2,m—l,n(pa Q)
Clearly
1 2
a=1+ ") - |2 0k <m-,

which lead us that either a = 0 or av = 1.
Since | bk mn(p, q) |< b, for k =m — 1, clearly we have

1 1
[ bmra(®o0) | S oo (0 m = 145" b oo (07 = 20+ 29707 b
£ eI = 4+ Il
+ [mlp"g™ b
1 1
~ T (plm = 1]+ 4™ 1)bm+W(P [m — 2]+ [2]¢"™ ) b
* nje ()b + [m]g™ o1 + [M]g™ by
= bm_H’ k= 172’...m_1,
and b,, does not depend on z,t,p,q. This complete the proof. O

Remark 2.4. From the Lemma 2.3 we have
Bipa ((t — :c)gfq; :c) =2(1 —2)Qm-2, Bnpg ((t — x)z’lq; :L‘) =0, (2.9)

where (),,,_» is a polynomial of highest degree m — 2.

From the Lemma 2.2 and Lemma 2.3 we have the following theorem.
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Theorem 2.5. Let m € N and 0 < g < p < 1. Then there exits a constant
Cyn > 0 such that for any x € [0, 1], we have

1 —
| By ((t - I);’?q; $> < Cma:( z)

)7
Lemma 2.6. For any fited m € N and z € [0,1], 0 < g < p <1 we have

m—k
m m— p —q m—
(=0 = 3 o — @ Hem 4 — ), zm( ) e,
k=1
(2.10)

where

m— km
o] R R =1 m— g =0
’ 1, k=m

the coefficients Y p satisfy | Ymx |< Ym, k= 1,---,m and 7, does not depend
on z,t,p,q.

Proof. Inductively, for m = 1, it is obvious. For m > 1 the relation (2.10) holds.
For k =1,---,m, we have

(t— )™ = E:%mp A S (RS G (S L R B

We can write .
t—x= ﬁ (pkt —q¢'z—(p—4q) [k]p,qx) (2.12)
(2.11),(2.12) imply that,

m “ m— m— 1
(=)™ = 3 slp - )" - )

k=1
< m—k_ .m—k k 1
- Z fym,k<p - Q> T (t - x)p,q_k(p Q>[k]p:qx
k=1 p
m 1 m
_ ma(t pa mAl—k, mtl—k(p - \k
- Z ’ymk 1 Q> € (t x)p,q
k=2
’Ym,1<p - Q)mxm<t - ZE - 1 m+1—k,_m+1—
_ _ Z _k[khm,k(p _ q) 1=k m+1 k(t . x)l;q
p o P
_ 7m m(t - x)m—l—l ’ym,l(p - q)mxm<t - ZE)
" p
- TYm,k—1 k TYm,k m41—k m-+1—
+ Z( o _[]k >(p_q) +1 kI +1 k(t_x)l;q
o \ P p
m+1

= ) Ymerklp— @ TR - 2)k
k=1
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where

Y k-1 (k]vm _ _
7+1k_{ ;kal - pZn ak_]-7"'7m) /Ym,()_o
m+1,k —

P)/m,mzla kE=m+ 1.
]

Theorem 2.7. Let m € N and 0 < ¢ < p < 1. Then there exits a constant
E,, > 0 such that for any x € [0,1], we have

z(1—x)
D2

Proof. From Lemma 2.6 we have

m n n\ m—k
[ Bupa (=201 < Y T | (F) | Buga (6= ) |
k=1

m—1
m 1
< Ym (l By ((t - w)p,q"r) | + [n]m—F | Bipg ((t - x)l;,qvx) |>
k=1
By using Theorem 2.5 we have
i z(1 — )
| Bupg (t—2)",2) | < A || Bupg ((t - x);rfq?m) | + m,kck [EEL]
k=1 7] [n]"2
m—1
m z(1—x)
< Ym | Bn7p7q ((t — x)p,q7$) ‘ +[n]lT%J Ck)
k=1
m—1
1— 1—
< o (€0 L*mJ) 2 LfJ) Ok)
[n]' 2 [t
m—1
1—
k=1 [n]' 2
z(1l—x)
= Em 1
)

OJ

Corollary 2.8. Let m € N and 0 < ¢ < p < 1. Then there exits a constant
K., > 0 such that for any x € [0, 1], we have

Bupa (| 4= ") < K, 2ot 2.13)
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Proof. For an even m, clearly we have

Bupg ([ t=2[)™2) = Bupg((t—2)";2)

z(1—x)
- )l
_ z(1—x)
ICE
In case if m is odd, say m = 2u + 1, we have
Bupq ([t =2 [} )
< \/ npq(’t_xu%ﬂw \/Bnpq r [)% )
z(l—=) | z(l—x)
< /B 1/ &
= \/ * [n]L“JJ\/ !
x(l—=x z(l—=
_ &, ( QJ) 5, (1—x)
[n] ]
z(l—=x
- K2u+1 ( 2u+1)
[n] ™2
This complete the proof. O

Theorem 2.9. Let BT[:]p,q(f; x) be an operator from C"[0,1] — C"[0,1]. Then for
0 < g <p <1 there exits a constant M(r) such that for every f € C"[0,1], we
have

I By, o(f:2) o< M(r Z I F = M(r) || f |

crlo] - (2.14)

Proof. Clearly Bnpq( f;x) is continuous on [0, 1]. From (1.7) we have

T

’Er]pq(f r) = Z %Bn,p,q ((t — :E)if(i)(t); :zc) .

i=0
From the Corollary 2.8, we have

| Bupa (=2 FOW2) | < | FD ) Bupg (|t = 2) [')
< K| f9 [n] 75
Therefore
Bl . < - <_1)i B i £(6) (4).
| Brpo(f52) || < il | Brp.g ((t—x) S (t),x) |
1=0
< M(r)Y [
i=0
This complete the proof. 0
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3. CONVERGENCE PROPERTIES OF Blf}p,q(f;x)

The modulus of continuity of the derivative f() is given by
w(f75t) = Sup{ | [ (x) =[O ) [l e =y [<t, 2y €0, 1]}- (3.1)

Theorem 3.1. Let 0 < g <p <1 and r € NU{0} be a fized number. Then for
x € (0,1], n € N there exits D, > 0 such that for every f € C"[0,1] the following
inequality holds

| Bl (fi2) = f(2) < Dy (f(”; L) . (3.2)

[n]> ]

Proof. Let r € N. Then for f € C"[0,1] at a given point ¢ € [0, 1], we have from
the Taylor formula that

On applying Bllhq(f;2), we get
n (x_—kyﬂ )r 1
gl (=N TR e .
@) = B fi) = 30— 2H [ =y Pt

k=0

<o (g o (o)) -1 o) o 09

Now from the definition and properties of modulus of continuity, we have
o (1K __[A] ))_ o) (ﬂ)’ ( . )
7 (oo (= o)) 1 (o) < (7
L ‘ ) . L
) < ( [n]|x PP n] +1)w (f ) (3.4)
O

Now forevery 0 <z <1, 0<¢<p<1, ke NU{0}, n € N and from (3.3)
and (3.4), we get

| BiLo(f;2) — f(x)

(k]
pFrn]

xr —

(K]

T ]

W <f(7”);u

(K]

pFrin]

+ 1) P k(p, q; )
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10

1

r 1 r+1 T
Y (f( ). W) (\/EBWW( =t 2) + By (|2 —t| ,x)) . (3.5)

Using (3.9) and (3.5) for = € [0, 1], we have

|Bnpq(f :E) f( )| < %(KT-H—’—KT)( 1[71]) w(f(r);ﬁ)

oo (LY e L)
D’“( [nl) (f’ w)

In order to obtain the uniform convergence of BY) pman (f3T) to a continuous
function f, we take ¢ = g,,, p = p, where g, € (0,1) and p,, € (gn, 1] satistying,

limp, =1, limg, = 1. (3.6)

Corollary 3.2. Let p = p,, ¢ = qu, 0 < ¢, < pp < 1 satisfy (3.6) and [ €
C"00,1] for a fivred number r € NU{0}. Then

lim [n]2 || BYL(f) = f [I=0. (3.7)

We say that (cf. [16]) a function f € C]0, 1] belongs to Lipy(a), 0 < a < 1,
provided

| f(@) = fy) [ M |z -yl (z,y €[0,1] and M > 0). (3.8)

Corollary 3.3. Let p = pn, ¢ = qn, 0 < ¢, < pp < 1 satisfy (3.6) and [ €
C"(0,1] for a fived number r € NU {0}. If f™) € Lipy(a) then

| BiLo ()= FlI=0 (I %), (3.9)

Proof. From (3.2) and (3.8), we have
1 1

[r] — - =
I BEhalh) = £ IS DM

n.p.q
0J

Theorem 3.4. Let 0 < ¢ < p < 1. Suppose that f € C™2]0, 1], where r € NU{0}
18 fixed then we have

(_1)rf(r+1)(x)Bn7p,q ((t =) )

By, (f5x) = f(x) —

(r+1)!
_ (_1)Tf(r+2)(x)Bn7p,q ((t —2)"*22)
(r+2)!
r(l—x) - 1 r+2—i -1
S Kt Berd) e D g = (10 )
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11

Proof. Let f € C™2[0,1] and = € [0, 1] for a fixed number r € NU {0} we have
f@ e 0m+2-90,1], 0 < i <r. Then by Taylor formula we can write

r4+2— Zf(ZJr])

FOt Z

— ) + Ry (fit52), (3.10)

where

FUPO(Gnoreyy) = fU 0 (2)

Ryoi(fitio) = (r+2—1)

(t . $)r+27i

and
|G —z|<|t—=].
Therefore from (1.7) and (3.10) we have

n r xr — k[lﬂn ZT+2 : H‘] J
Bl (fix) = > Pulpga)) ( H) 2 f ( £Iz][n] _m)
k=0

=0 7=0
n r (x — klk][ ])Z
PN

+ D Puklpain) Y S Rl fits )

k=0 =0

[]

= I, +1 here t =

v b vhere £ = S

Which implies that

| BILo(f;2) — I |
= | 12 \

(r4+2—1) _ f(r+2—1) T
nkp;% Z( ') f (54_22;]6”' ( )(t_l,)T—I—Q

T (1) f£(r+2—9) _ f(r+2-1) T
_ ‘B (Z< 1) (G — £ <><t_x),«+2;x>'.

—~ il (r+2—1)!

We use the well-known inequality

w(f;A0) < (14 X)w(f,d),

| FOEG) = (@) | < w (U G -2 ))
< w(fU0 ) (L+ ) —2)?).
Hence
r —1)¢ flr+2—14) —_fr+2—i) (4 r
|21 |Boge Sy L0 1 o

< B4 (Z::o mw (f(q"”*i), [n]~ %) (L+n](t—2)?)|t—=a |r+2;$>
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12
r 7" 1

X (Bppg(|t =z "2 2) + [n]Bnpq
1 - _$

< 3o M (f 270, [ 2) ( i %)

1

— (Keia + Ko 2052 5004 lw(fw ), [ %),
Therefore

t—I |1“+4 ))

z(1—x)
n]zt!

|B[T] (fiz) =1 |< (Koqo + Krgg)

n7p7q

| M‘E
~—~

=

+

ol =
|

~.

SN—

&
/N
~

=
+
N
-~
=
|
NI
~—

Now we simplify for [,

Il = ankp7qa Z

=0

70
= ank(p7Qa )Z( 5

— ! (I —1q)! < -

)
+ %Pn,k(p,q;x)z(_i!li T:_Z ( x) -t
)

(x —

,i ( Jﬁ][n] B )
fO ()

n . r ( 11 r+2
+ Z-Pn,k(p7Q7x)Z Z' T+2—Z Y

- ZP””’Q’ Zf((i (7 k][n]‘x)i(i)“”i

+ <m ZP””’Q’ (5~ ””)Z(H)“)
. %ZP”’“ o) (bl =) ()

Forn e N, r € NU{0} we have

TO ( 7 1)(—1>i = (-1, TO ( : 2)(—1)2’ =+ D=L

i=

Therefore
(=1 fU (@) Bupg ((t — 2)"; 2)
I — )
1 f(ZL') + (7" 4 1)|
) FU (@) Bupg ((t — 2) 2 )
(r+2)!
This complete the proof. 0
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Corollary 3.5. Let p = pp, ¢ = Gn, 0 < g, < pn < 1 satisfy (3.6) and f €
C?[0,1] for a fived number r € NU {0}. Then for every x € [0,1] we have

1 fra)a—a)| _  al=) (o
B (fi2) = () = 5= | S K (108
where K = % Moreover,
T 1) (B g () — 1)) = 2 (o)

uniformly on [0, 1].
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FOURIER SERIES OF FUNCTIONS INVOLVING GENOCCHI POLYNOMIALS

TAEKYUN KIM, DAE SAN KIM, LEE CHAE JANG, AND DMITRY V. DOLGY

ABSTRACT. We consider three types of functions involving Genocchi polynomials and derive their Fourier

series expansions. In addition, we express each of them in terms of Bernoulli functions.

1. Introduction

Let G, (x) be the Genocchi polynomials given by the generating function

2t

oo tm
ﬁe” => Gm(@) =, (see [1,2,12 —17,21]),
m=0 ’

The first few Genocchi polynomials are as follows:
Go(z) =0, Gi(z) =1, Ga(x) =22 — 1,
G3(x) = 322 — 3z, Gu(z) = 42® — 627 + 1,
Gs(z) = bz — 1023 + 5z, Gg(z) = 62° — 152 + 152 — 3,
Gr(z) = 725 — 2125 + 352° — 21
From the relation G, () = mE;,,_1(z)(m > 1), we have
degGp(x)=m—-1(m >1), Gy, =mE;,_1 (m > 1),
Go=0, Gy =1, Gopy1 =0 (m > 1), and Ga,,, #0 (m > 1).

Moreover, we have

d
%Gm(tﬂ) =mGp_1(z) (m > 1),

Gl + 1) 4+ Gpo(x) = 2ma™ ! (m > 0).
From these, we have

G (1) + G (0) = 26,01, (m > 0).

1
1
| Gnl@)ts = = G (1) = Gora(0)
2
= mi_i_l(*Gm—‘rl(O) + 6m,0)
[0, if miseven,
B —miHGm_H, if mis odd.

2010 Mathematics Subject Classification. 11B83, 42A16.
Key words and phrases. Fourier series, Genocchi polynomials, Genocchi functions.
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2 Fourier series of functions involving Genocchi polynomials

For any real number z, let < x >= x — [z] € [0,1) denote the fractional part of x. In this paper, we
will study the Fourier series of the following three types of functions involving Genocchi polynomials
Gn(<z>).

(1) am(<z>) =37 Ge(<x>) <z >m"F (m>2);

(2) Bm(<z>) =34, mGkK x>) <a>mF (m > 2);

(3) Ym(<z>) =S T Or(< e >) <z >"7F (m > 2).
The reader may refer to any book (for example, see [6,18,22]) for elementary facts about Fourier analysis.

As to v, (< z >), we note that the polynomial identity (1.7) follows immediately from Theorems 4.1
and 4.2, which can be derived in turn from the Fourier series expansion of v,,(< x >).

1 m—k
2 i) @)
L& Gr 2 2
—— ;k(m—k—l—l) mm(m+1)Gm+1> (17)
1 — m 2 2Gm—s+1 plas Gl s+1
— — Hy1—Hp—s) — B .
+m;(s) (m—s m—s+1< mel m=s) — (l—s+1)(m=1 ()

The obvious polynomial identities can be derived also for a,, (< z >) and S,,,(<  >) from Theorems
2.1 and 2.2, and Theorems 3.1 and 3.2 , respectively. It is noteworthy that from the Fourier series
expansion of the function 22:11 mBk’(< x >)Bp_r(< x >) we can derive a slightly different
version of the well-known Miki’s identity (see [3,5,19,20])

-1

3

1
2k (2m — 2k)

m

Boj, Boym ok (1.8)

iy

3|~

1 /2m 1
2k <2k>B2kBQm—2k + EHQm—1B2m7 (m>2).

In addition, we can derive the Faber-Pandharipande-Zagier identity (see [4])

=

m—

1 _

—BorBoy— 1.9
;Zk (2m — 2k) 7Mook (1.9)
1 & 1

*EZ BQkBQm ok + H2m 1Bom, (m>2),

k=1

om— 1

where B,, = (%) B,, = (21_’” — 1) B,, = B,, ( ), Some related works can be found in [1,7-11].

1
2

2. Fourier series of the first type of functions

In this section, we will study the Fourier series of first type of functions involving Genocchi polynomials.
Let ayy,(z) = Y p, Ge(z)z™ %, (m > 2). Note here that deg a,, () = m — 1. Then we will consider the

831 TAEKYUN KIM et al 830-847



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

T. Kim, D. S. Kim, L. C. Jang, D. V. Dolgy 3
function

m
m(< 2 >) Z (<z>)<z>""F (m>2).

(2.1)
defined on (—o0, —00) which is periodic of period 1. The Fourier series of o, (< z >)
Z A 27mnz (22)

where

1
Alm) = / am(< o >)e 2T dy
0

L (2.3)
= / am(x)e_%m‘”da:.
0

Before proceeding further, we first observe the following

/

Ckm(x) = Z(kafl(f)mm_k + (m o k)Gk(IL'){,Em_k_l)

k=1
m m—1
=Y (kGa()z™F 4+ Y (m — k)G (x)a™ !
k=2 k=1
m—1 m—1 2.4
_ (k+1)G 7rzkl+zm ka mk:l ( )
k=1 k=1

!/
From this, we have (O‘m+1(m)>

I
Q
3
=
=
)
j}
S
3
g
<
3

/0 oo ()d = m1+2( et (1) = amsr (0) (2.5)
am(1) — am(0 Z Gr(0)dpm k)
. =1 (2.6)
Z +25k1_Gk ZGk+2_ ms
k=1
m(0) = (1) @iak =2 Gy, (2.7)
k=1
1 1 m4+1
/0 am (z)dz = ) (— ; G +2— Gm+1> ) (2.8)
832
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4 Fourier series of functions involving Genocchi polynomials

We are now ready to determine the Fourier coefficients A%m).
Case 1 : n #0.

1
Alm) :/ ()™ 2™ g
0

1 i 1 1 1 omi
=—— [am(z)e” ’”M]O +— / al (x)e ™" dy
0

2min 2min

1 m+1 [ —2mi
— m 1) — m i . mina g
2m'n(a (1) = am(0)) + 2min /0 am-1(z)e v
m+1 1 "
= A= Gr—2+ Gy,
2min = " +27Tz'n kz::l k +
m+1 m 1o
= AT (Y G =24 G
omin <2m'n " +2m'n(kz::1 BT )
2min Pt k m

(m+ 1)m 9 m+1 [
= Am=2) 4 -2 m—
(2win)2 " (2min)? — G +Gm— (2.9)

+ 5 (Z_: Gp —2+ Gm>

m—2

m—j+1
(m+1)m—2 ,( (m+1);-4 A
@rinym—2 “n 2 (2min)i D, Gr=2+Cnojn

k=1

m+1)m_2 i (m+1)j 1 (mfle—Q—FG +1>
m—j

k=1

|
—~|=

m—1 m—j+1
- Lfl)ﬂ ! < Z G — 2+ G ]H)

where

3

2min

1
AP = / (3 — 1)e~2mn2dy = — (2.10)
0

Case 2: n = 0.
m—+1

1
m 1
Ay :/0 am(r)dr = *m(; Gr =2+ Gmia)- (2.11)

am(< x >), (m > 2) is piecewise C*°. Moreover, a,,(< x >) is continuous for those integers m > 2
with ;" G = 2— G, and discontinuous with jump discontinuities at integers for those integers m > 2
with S G £ 2 — Gy

We need the following facts about Bernoulli functions B, (< z >):
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(a) for m > 2,
0 e2ming
B (<z>)=—-m! —.
(<z>)=-ml Y i) (2.12)
n=—o00,n#0
(b) for m =1,
7 i ermint ( Bi(<x>), for x€Z°
B 40 2rin | 0, for ze€Z, (2.13)

where Z¢ = R—Z. Assume first that m > 2 is an integer with }_;" | G = 2—G,,. Then a,, (1) = @, (0).

Thus a,(< = >) is piecewise C*°, and continuous. So the Fourier series of oy, (< x >) converges
uniformly to a,, (<  >), and

am (< x>)
m+1 00 m—1 m—j+1
1 1 (m + 2) omi
= (Y G2+ Gr1) + —— Ty G —24 Gy wina
m+2<z b + +1>+m+2 Z ; (2min)J Z k + st | €
k=1 n=—oo,n#0 \ j=1
1 m—+1

= —m(z Gr =2+ Gmy1)
=1

k
m—1 m—j+1 St 2mwin (214)
1 m—+ 2 . e
— E < j ) ( E Gr—2+ Gm—j+1> —j! E —

j=1 k=1 n=—o00,n#0 (27””)]
m-+1 m—1 m—j+1
1 m 4+ 2
m+2< Gk—2+Gm+1>—m+2 < )(Z Gr =2+ Gn- ]+1>Bj(<x>)
k=1 j=2 J k=1
o Bi(<z>), for xe€Z°
—(kzle—Z—FGm))x{ 0, for z€Z,

for all x € (—o0,00). Hence we obtain the following theorem.

Theorem 2.1. Let m > 2 be an integer with Y - G =2 — G,,. Then we have the following.
(a) Yo Ge(< o >) < >™"F has the Fourier series expansion

m
> Gr<z>)<a>mh
k=1

m+1
1
i (Z Gk2+Gm+1> (2.15)
k=1
oo m—1 (m+2) m—j+1

2minx
W Z Gk_2+Gm j+1) (& 5

for all x € (—o0,00). Here the convergence is uniform.
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6 Fourier series of functions involving Genocchi polynomials
(b)

m

Y Gr<z>)<a>mF

k=1

1 m—1 m+2 m—j+1 (216)
:—mz < j > < Z Gk—2—|—Gm_j+1>Bj(<J?>),
j=0,5#1 k=1

for all x € (—o00,00), where B;(< x >) is the Bernoulli function.

Next, we assume that m > 2 is an integer with Y ;" | Gy # 2 — Gy, Then ay, (1) # a,,(0). Hence
am (< x >) is piecewise C™ and discontinuous with jump discontinuities at integers. The Fourier series
of ay (< & >) converges pointwise to a,, (< x >), for x € Z°, and converges to

%(O‘m(o) +am(1) = an(0) - %ZGk +1— %Gm
= (2.17)

m—1

:1—%ZG,€.
k=1

Thus we get the following theorem.

Theorem 2.2. Let m > 2 be an integer with Y - Gy # 2 — Gy,. Then we have the following.

(a)

m—+1
1 1
_m+2<ZGk_2+GmH>+m+2 2.

k=1 n=—oo,n#0 \ j=1 k=1
_ { S Gr(<z>) <z >mk for z €7

1-3 Z:lle, for xe€Z.

Here the convergence is pointwise.

(b)

1= <m—|—2> i
- SO G =24 Grji)Bi(<x>)
m+2 j=0 J k=1

=ZGk(<$>) <z >mF forzeze ;

T N e (2.19)
_m Z ( ) )( Z Gk—2—|—Gm,j+1)Bj(<$>)
§=0,j#1 J k=1
1m71
=1- 5 ; Gk, xEZ

Question: For what values of m > 2, does >./" | G, = 2 — G,, hold?

9). m—j+1 .
M( S Gk—2+ij+1> J2rina

(2.18)
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3. Fourier series of the second type of functions

Let B (z) =300, mGk(x)xm*k, (m > 2). Then, we consider the function

m—k
Bm(< z>) = Zk'm i Gr(<z>)<a>m"F (3.1)
defined on (—o0, —o0) which is periodic with period 1. The Fourier series of 8,,(< x >) is
Z B7(Im)€27rinx7 (32)
where
1 .
Bflm) :/ B (< x >)e 2™y
0
1 ‘ (3.3)
= / B (x)e ™2™
0
Before proceeding further, we need the following.
= k m—k
/ = - m—k m—k—1
fm(@) _;{k!(m—k)!Gk‘l(x)x + kl(m—k)!Gk(I)x }
m 1 m—
= —G - Gz xm—k—l
2 i i 2 TR e (3.4)
m—1 1 m—1 1
_ m—1—k m—1—k
= 2 fm oo 2 w1y @
k=1 k=1
= 2Bm-1(z)
So, B, (x) = 2Bm—1(z). From this, we see that
/
1 (T
(5 = ute) (35)
and
! 1
[ @) = 5 (5uria(1) = Bns0): (36)
0
We also observe that
Bn(1) =3 i = (O~ Gul0)3s)
n 1 s )5m k
= _— 2 _
Zk!(m_k)( Gr(0) + 20%,1) — Z CT (3.7)

836
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8 Fourier series of functions involving Genocchi polynomials
We put
- Gk 2 G,
QWL:ml_WLO:_ - .
fm(1) = Bm(0) ;k!(mfk)!—i—(m—l)! m) (3:8)
for m > 2. Then
Bm(0) = B (1) <= Q,,, = 0. (3.9)
Moreover,
1
/ ﬁm( dr = - m+1
m 3.10
i:l i + Gm—i—l ( )
kl(m — k‘—i—l) m! (m4+1)! [’
Now, we are going to determine the Fourier coefficients Bﬁbm).
Case 1: n # 0.
B”(Lm) — / ﬂm 727r7,n93dx
2 1 ' 2mi
— ‘ﬂ'ZTLCC /! —ZTInT
= m o d
 27in [5 (z)e + 2mn/0 fm(@)e ’
I ,
— - - 0 - . 727rzn:rd
g () = B(0) + == [ Bra(@e e da
_ Ly o 1
win " 2min (3.11)
O (Lpmen Lo Y L
min \min " 2min 2min
= ! B(m_Q) - 2 m—1 — ! m
(min)2 " (2min)? 2min
m—2
1 271
=—_ _B®_ ———— Qi
(win)ym—2"" JZ::I (2min)J AR
where
! 1 , 1
BY) = / <2:c - ) eIy = ——. (3.12)
0 2 min
y (3.11) and (3.12), we get
m—2 :
271
Bm — _ — _
" (win)m=t 4= (2min)’ A
= (3.13)
m—1 2]'71
= - - m—j+1
= (2min)i ="
Case 2: n=0.
_ [ 1
By = Bm(z)dx = §Qm+1- (3.14)
0

837 TAEKYUN KIM et al 830-847



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

T. Kim, D. S. Kim, L. C. Jang, D. V. Dolgy 9

Here B, (< x >), (m > 2) is piecewise C*°. Moreover, (3,,(< x >) is continuous for those integers m > 2
with ,, = 0 and discontinuous with jump discontinuities at integers for those integers m > 2 with
Q,, #0.

Assume first that m > 2 is an integer with Q,, = 0. Then 5,,(0) = 8n(1). So B (< x >) is piecewise
C*, and continuous. Hence the Fourier series of §,,(< x >) converges uniformly to §,,(< z >), and

m—k

(< 2 >) i Ay Gp(<z>)<z>

00 m—1

1 2j71 2minx
= §Qm+1 - Z Z @T'n)jgm—j-‘rl €

n=—oo,n#0 \ j=1

1 m—1 2j—1 | e e2mina (315)
= §Qm+1 + Z %'Qm—j"rl —-J: Z (27TZTL)J
j=1 J: n=—o00,n#0

1 !
= §Qm+1 + Z Tﬂm,j+1Bj(< x >)
i=2 7
Bi(<z>), for ze€Z°
+me{0, for z € Z,

for all z € (—o0, 00).
Thus we have the following theorem.

Theorem 3.1. For each integer | > 2, let

2 €
Z k' + T l—'l (3.16)

Assume that Q,, =0, for an integer m > 2. Then we have the following.
(a) 00, mGk(< x >) < x >"™"F has the Fourier series expansion

1
G m—k
> W B! (< >)<z>
- - (3.17)
1 2j ! 2minx
- §Qm+l B Z Z (2min)J L | € ’
n=—oo,n#0 \ j=1
for all x € (—o0,00). Here the convergence is uniform.
(b)
m
Zk' Gr(<z>) < >mF
=1
(3.18)

m—1 2]_1
= Y T QuonBi(<z>),
J=04#1 7'

for all x € (—o00,00). Here By(< x >) is the Bernoulli function.

Assume next that m > 2 is an integer with Q,, # 0. Then 8,,(1) # B (0), and hence B, (< = >)
is piecewise C'*° and discontinuous with jump discontinuities at integers. Thus the Fourier series of
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Bm (< x >) converges pointwise to f,,(< z >), for x € Z¢, and converges to

%(ﬂm(o) + Bm(l)) = 5m(0) + %Qm

G 1 “ G 2 Gm
~ T T3 <_Z STE TR m!) (3.19)

k=1

1 2 G
T2 ((m—l)! - kz::l k!(mik)!>’

for x € Z. Hence we obtain the following theorem.

Theorem 3.2. For each integer | > 2, let

2 G
—. 3.20
Z T T T (3.20)
Assume that 2, # 0, for an integer m 2 2. Then we have the following.
(a)
1 00 m—1 9j—1 ]
7Qm _ Qm 2minx
9" Z Z (2min)i anl
n=-—oo n;ﬁO Jj= (321)
Zk L k,(m miGr(<a>) <z >mF for x el
Zmo | Qm, for z € Z.
Here the convergence is pomthse.
(b)
m—1 2]‘*1
7l Qi1 Bj(<z>)
=0 (3.22)
- 1 m—k
k=1
for x € Z°;
m—1 2j—1
Z f'mej+lBk(< x >)
J=0,j#1 7" (3.23)
G 1
m! + 2"
for x € Z. Here Bj(< x >) is the Bernoulli function.
Remark: For what values of m > 2, does Y./, k!(gﬁk)! = (mzl)l -
4. Fourier series of the third type of functions
Let ym(z) = Zk 1 k(m ) Gr(x)x™ % (m > 2). Then we will consider the function
m—1 1
- _ G m—k,) 4.1
Ym (< >) gik(m*k) p(<z>)<z> (4.1)
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defined on (—o0, —00) which is periodic of period 1. The Fourier series of v, (< z >) is

Z Cflm)eQTrinm, (42)
where
1 ) 1 )
e = [ (< e o = [ @y, (4.3)
0 0

To proceed further, we need to observe the following.

Tle) = Y (ml_ 5 (Gt (@27 4 (m = )G ()a™ )
k=1
_m72 1 G ( ) m—k—1 +7§11G ( ) m—k—1
= k\L)X —GrpT)T
ookl il (4.4)
=(m-1) ) "om _11 — k)Gk(x)a:m**k + ﬁam_l(ufc)
k=1
=(m—1)ym_1(z) + %Gm,l(m)
Thus,
o) = (m = D1 (&) + G (). (45)
From this, we have
(5 met) = s Gnna()) = 7m(2) (46)
and
/ Y (2)dx
0
1 1 !
- 1[m<wm+1<x> - Wcmﬂfnh .
= (O (1) = 3 (0) = s (Ga(1) = G (0))
= % (’Ym+1(1) = Ym+1(0) + m(mQ—i—l)GmH(O)> .
Observe that
m—1
101) = 00) = Y s (Gal1) = G0}
k=1
m—1 1 m—1 1
— 2 m(*Gk(O) +25k,1) - 2 mGk(O)(sm,k (4.8)
m—1 Gk 9
- = k(m — k) +m71
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So, we have
m—1 2
m (1 == 4
(1) ’ = (49)
k=1
Also,
1 m
1 2 2
- - — G- 4.10
/0’Y (x)dx m< ;km k—l—l) +m(m+1) +1> (4.10)

Now, we will determine the Fourier coefficients C,(Lm).
Case 1: n # 0.

1
CT(Lm) _ / ,ym(x)ef%rinzdx
0

1 4 1 ! _
— g lm(@)e P o [ (@)
0

2min

2min

- _27rlz'n (1) =3 O) + 5 /0 ((m — Dym-a(z) + mllel(x)) o (4.11)

1 m—1 [t .
= m 1) — m 0 . - —27mnwd
=g () = 00O + Gt [ s @)
1 ! o
G', _ — wznmd
T Zmintm = 1) J, Gm@e v
m—1 1 2
= ——Clm=1) _ A, D,
2min " oin ™t 2min(m —1) "
where
m—2
(m—1)g1
q)m, = WGm—ka (412)
k=1
and one can show
! ‘ 20, f 0
/ G (z)e ™ dy { jf:l or n#0, (4.13)
0 -2, for n=
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—1 1 2
cm M~ aim-1) _ % et —®,,
" 2win " 2min + 2mwin(m — 1)
m—1/m-—2 1 2
_ c(m=2) _ Ay _— P,
2min < 2min " 2min Lt 2min(m — 2) !
1 2
2min 2min(m — 1)
_mom=2) gy =1, 1
(2min)? " (2min)2" " 2min
2(m—1 2
L‘bm—l + 7(1)777,
(2min)2(m — 2) 2min(m — 1) (4.14)
m—2 m—2
(m—=1)l o (m—1);_1 2(m—1);1
=~ 7 0?2 _ A2 ety N = el g,
(2mwin)m—2"" Jzz:l (2min)J g1+ =~ (2min)i(m — j) o
m—1 m—2
(m—1);1 2(m—1);1
2 iy Mt X i — )
m—1 m—2
1 () 1 2(m),
=—— A — P,
7 2 P Y o L G Gn =g
where
@) _ [ o2 !
cP = —ming gy — 415
" /o e v 2min (4.15)
In order to get a final expression for C,(f L), we need to observe the following.
-2
KK 2m)i 5
2 @rinyi(m—j) "
m—2 m—j—1 .
_ 2(m); 2]: (m = J)k—1
- - Sk m—j—k+1
‘— (2min)I (m — j) (2min)
J=1 k=1
m—2m—j—1
Y S G G
j=1 k=1 (2min)H (m — j) !
(4.16)
m—2 m—1
N 1 (m)s,1
=2 m—j (2min)s "ot
Jj=1 s=j+1
m—1 s—1
5 (m)s—1 G oot 1
= (2min)® meg
m—1
S Gmfs
=2 (m) 1 (Hmfl - Hmfs)a
— (2min)*m —s+1
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and

(m
A,
= @min) " i
_ — (m); mz:] Gy 2
&= (2min) k(m—j—k+1) —
g : (4.17)
m—1m—j m—1
= — (m)ij 4+ 2 Z  m);
it (2min)ik(m —j—k+1) st (2min)i (m — §)
m—1m—1 m—
— _ ( ) G- s+1 Z
= = @2mn)*(l—s+1)(m—1) —~ 2mn (2min)*(m —s)
Putting everything altogether
m—1m—1
cm) — 1 (m)sGi—s+1
" m = — (2min)*(l — s+ 1)(m — 1)
B 3'm—l (m)é
m = (2min)*(m — s)
2 m—1 (m) G et
P S m—s Hm_ _ Hm_s 4.18
—’—mS:1 (2m‘n)5m—s+1( ! ) (4.18)
_ _lm—l (m)é
m = (2min)*
2 2G'm—s+1 ml Gl é+1
X - (H’m 1= m s
m—s m-—s+1 = (I—s+1 —1)
Case 2: n=0.
1
C’ém) = / Y (2)dx
0
1 2
= — Am —Gm
m ( A D¢ “) (4.19)
1 - G, 2 2
=\~ —_——+ —+ —G,, .
m( ;k(mkarl)—’—m—’_m(qul) +1>

Ym(< @ >),(m > 2) is piecewise C*°. Moreover, v,,(< x >) is continuous for those integers m > 2

with A,, = 0 and discontinuous with jump discontinuities at integers for those integers A,, # 0.

843 TAEKYUN KIM et al 830-847



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

T. Kim, D. S. Kim, L. C. Jang, D. V. Dolgy 15

Assume first that A, =0 . Then 7,,(0) = v, (1). So V(< x >) is piecewise C*°, and continuous. So
the Fourier series of 7y, (< & >) converges uniformly to v, (< z >), and

(I —s+1)(

n=—oo,n#0

_ l i 7nz_1 (m)s 2 _ 2Gm—8+1 (H — Gl s+1 eQTrinx
m — (2min)* \m—-s m—s+1 ml -1

1L 22
m km k+1) m  m(m+1) m

n=—o0,n#0
1 [ & G 2 2
= - 27_7_7Gm+1
m \ = k(m—k+1) m m(m+1)
m—1 m—1

1 m 2 2Gm—_st1 Gist1

— — H,_ H,_ S By(<z >
+ms_2<s) (m—s m—s+1( b — (l—s+1)(m—1) (<z>)

+ 2 G % Bi(<z>), for ze€Z°
m—1 < 1(m —1) 0, for €7,
for all x € (—o0, 00). Now, we obtain the following theorem.
Theorem 4.1. Let m > 2 be an integer with A, = — m-l _ G _ 4

k=1 k(m—k)
following.

(a) Zk 1 k(m ) Gr(< z>) <o >™% has the Fourier expansion

= 0. Then we have the

m—

m—1
Gr(<z>)<z>mF
k=1

1 iL,E,#G
o om kzlkr(m—k:—i—l) m  mm+1) "

(4.20)

1 j)o: m§_:1 (m)s 2 2Gm—s+1 plaa G- s+1 2ming
- B - (Hmf - m s €
m 2min)s \m—s m—s+1 =1

n=—oo,n#0 \ s=1

for all x € (—o0,00). Here the convergence is uniform.
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(b)
m—1 1
Gr(<z>) <z >mF
Rm—por<e>) <@
k=1
1 (& Gy 2 2
-1 ;Mm_kﬂ)mm(ml)anﬂ) a2
m—1 m—1
1 m 2 2Gm—5+1 Gl s+1
— — H,,_ Bs(< x>
+m5_2(s) (ms mfs+1( ' — (l—s+1)(m—1) (<z>)

for all x € (—o0,00), where By(< x >) is the Bernoulli function.
Assume next that m > 2 is an integer with A, # 0.Then 7,,(0) # Y (1). Ym (< z >) is piecewise C*

and discontinuous with jump discontinuities at integers.Thus the Fourier series of 7,,(<  >) converges
pointwise to v, (< « >), for z € Z¢, and converges to

S Om(0) + (1)) = 7 (0) + 3 A

5 (4.23)
< kz::l k(m m—l)’

for x € Z. Hence we have the following theorem.

Hl\)\}—‘

M\»—t

Theorem 4.2. Let m > 2 be an integer with A,, = e 11 k(m w1 ome 1 # 0. Then we have the
following.

(a)

L ZM:L_E_#G
m kzlk(m—k—i—l) m  m(m+1) mt

oo m—1 m—1

n—foon7£0 m—s m-—s+1 (l—s+1)(m—

l=s

{Zk 1 Fm= kG(<x>)<x>m’k, for xe€Z°,

Zklk(m k)er%l)y for x€Z.
Here the convergence is uniform.
(b)
1 i Gy 2 2 o
m \ = kElm—k+1) m m(m+1) m+l
m=1 m—1
1 m 2 2Ghm—si1 oo
m - Hy—y = Hin—s) By(<z>) (4.2
ers:l(s)(m—s m—s+1( e £ (I—s+1)(m—1) (<x>) (4.25)
m—1 1
= 7G m—k
2 k(m— ) p(<a>) <z >mF,
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for x € Z¢ and

m—1
1 m 2 2Gm—s+1 Groir
— _ o gy . |
+mS:2 (8) m-—s m—s+1( m—1 5) 2 (—s+1)m—0 (< x>) (4.26)
_1 7m71 Gy 2
72 Pt k(m—]f) m—1 ’
forx € Z.

Question For what values of m > 2, does Z;n:_ll % = % hold?
Acknowledgements. This paper is supported by grant NO 14-11-00022 of Russian Scientific Fund.
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Lyapunov inequalities of quasi-Hamiltonian

systems on time scales

Taixiang Sun Fanping Zeng Guangwang Su Bin Qin*
College of Information and Statistics, Guangxi Univresity of Finance and Economics

Nanning, Guangxi 530003, China

Abstract In this paper, we obtain several new Lyapunov-type inequalities for the

following quasi-Hamiltonian systems
22 (t) = =W (0)z(a () =U @)y >y(t), y>(t) = V(6)|z(a(t)|" (o () +WT (t)y(t)

on the time scale interval [a,b]t = [a,b] N'T for some a,b € T (o(a) < b), where U
and V' are real n x n symmetric matrix-valued functions on [a,b]t with U being
positive definite, W is real n x n matrix-valued function on [a, bt with I + u(t)W
being invertible, and x,y are real vector-valued functions on [a, b]T.

AMS Subject Classification: 34K11, 34N05, 39A10.

Keywords: Lyapunov inequality; Quasi-Hamiltonian system; Time scale

1. Introduction

In 1990, Hilger [1] initiated the theory of time scales as a theory capable of treating continuous
and discrete analysis in a consistent way, based on which some authors have studied some
Lyapunov inequalities for dynamic equations on time scales (see [2-4]) during the last few years.
A time scale T is an arbitrary nonempty closed subset of real axis R. On a time scale T, the

forward jump operator and the graininess function are defined
ot)=inf{se€T:s>t} and pu(t)=o0(t)—t,

respectively. For the notions used below we refer to [5,6] that provide some basic facts on time
scales.
In this paper, we continue this line of investigation and study Lyapunov-type inequalities for

the following quasi-Hamiltonian systems

22(t) = =W (2o () = U@y 2y(t), y>(t) = V(©)la(o () a(e () +WT ()y(1), (1.1)

* Project Supported by NNSF of China (11461003) and SF of Guangxi Univresity of Finance and Eco- nomics(

2016KY15; 2016ZDKT06; 2016TJYB06)
x Corresponding author: E-mail address: q3009b@163.com
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on the time scale interval [a, b]t = [a,b] N'T for some a,b € T (o(a) < b), where p,q € (0, +00)
and 1/p+1/qg =1, U and V are real n X n symmetric matrix-valued functions on [a, b|y with U
being positive definite, W is real n X n matrix-valued function on [a,b]t with I + u(¢)W being

invertible, and x, y are real vector-valued functions on [a, b|T.

When n =1, (1.1) reduces to

22(t) = a(t)z(o(t) + SOy 2y(t), y>(t) = =)o) 2(a(t) — a(t)y(t). (1.2)

In 2011, Zhang et al. [7] obtained the following theorem.

Theorem 1.1 Suppose that 1 — u(t)a(t) > 0 and (t) > 0 for any ¢t € T and a, b € T* with
o(a) <b. If (1.2) has a real solution (x(t),y(t)) satisfying

xz(a) =0 or z(a)x(o(a)) <0, x(b) =0 or x(b)x(c(b)) <0, tg[laag](T |z(t)] > 0,

then the following inequality holds:

[awisos ([ s0s0) ([ msbo.0s0) =2

a

When n =1 and T = R, Tiryaki et al. [8] obtained the following theorem.

Theorem 1.2 Suppose that G(t) > 0 for any ¢t € R and a, b € R with a < b. If (1.2) has a
real solution (x(t),y(t)) satisfying z(a) = x(b) = 0 and maxyc(, ) [z(t)| > 0, then the following

inequalities hold:

b t),0
/ II_anX{fY( )1_(1} dt Z 1 (14)
o BN+ R
and
1 \1-
/ max{7(t), 0129 2( ™ hb(t)) > 1, (1.5)
where hq(t) = [ A(s e 0T s and hy(t) = [P B(s)e P " et g

For some other related results on Lyapunov-type 1nequaht1es, see, e.g. [9-16] and the related

references therein.

2. Preliminaries and some lemmas

For any u € R" and any U € R™*" (the space of real n x n matrices), write

U

lu| = VuTu and |U|= max M,
yeR"—{0} |y

which are called the Euclidean norm of v and the matrix norm of U respectively, where Q7 is

the transpose of a n x m matrix Q. It follows from the definition that for any y € R™ and any

U,V e Rm*™

Uyl <|Ullyl, [UV]<[U][V].
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Write R?X" = {U € R**" : UT = U}. It is easy to show that for any U € R?X",

U= max |\ and [U? =|UJ?
det|xI-U|=0

where det|\] — U| denotes determinant of the matrix A\I — U. An U € RI*" is said to be
positive definite (resp. semi-positive definite), written as U > 0 (resp. U > 0), if y?Uy > 0
(resp. y'Uy > 0) for all y € R™ with y # 0. If U is positive definite (resp. semi-positive definite),
then there exists a unique positive definite matrix (resp. semi-positive definite matrix), written
as /U, such that [VU]? = U.
In this paper, we study Lyapunov-type inequalities of (1.1) which has some solution (x(t), y(t))
satisfying
z(a) = z(b) =0 and max |z(t)] > 0. (2.1)

tE[a,b]T

We first introduce the following notions and lemmas.

The point ¢ € T is said to be left-dense (resp. left-scattered) if p(t) =t (resp. p(t) < t). The
point ¢ € T is said to be right-dense (resp. right-scattered) if o(t) =t (resp. o(t) > t). If T has
a left-scattered maximum M, then we define T% = T — {M}, otherwise T* = T.

A function f : T — R is said to be rd-continuous provided that f is continuous at right-
dense points and has finite left-sided limits at left-dense points in T. The set of all rd-continuous
functions from T to R is denoted by C,4(T,R).

For a function f : T — R, the (delta) derivative f*(t) at ¢ € T is defined to be the number
(if it exists), such that for given any € > 0, there is a neighborhood U of ¢ with

f((8)) = f(s) = FRD)(0(t) = $)| < elo(t) — |

for all s € U. If the (delta) derivative f2(t) exists for every t € T¥, then we say that f is A—
differentiable on T.

Definition 2.15 Let F, f € C,4(T,R). If F&(t) = f(t) for all t € T*, then we definite the
Cauchy integral of f by

b
/ fit) At =F(b) — F(a) for any a,b € T.

Lemma 2.2/ (Holder’s inequality) Let a,b € T with a < b and fi, fo € C,q(T,R). Then

/ab!fl(t)fQ(t)!Até (/ablfl(t)\pﬁt);(/ab!fg(t)\th);,

where p > 1 and ¢ = p/(p — 1).
Lemma 2.3 Suppose that W € C,4(T,R™ ") with I 4 u(t)W(t) being invertible and g €
Crq(T,R™). Let tg € T and x¢p € R™. Then the initial value problem
22 (t) = =W (t)z(o(t) + g(t), x(to) = o
has a unique solution

x(t) = eew (t, to)xo +/t eow (t,7)g(T)AT,
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where (QA)(t) = —[I+pu(t)A(t)] L A(t) for any ¢t € T* and egA(t, o) is the unique matrix-valued

solution of the initial value problem

YA(t) = (04) ()Y (t),
Y(to) = I.

Lemma 2.4° Suppose that A(t) and B(t) are differentiable n x n matrix-valued functions.
Then
(AW B(1)" = A%(1)B(o (1) + A1) B2 () = A(o (1) B2 () + A% () B(1).

Lemma 2.5'2 Let a,b € T with a > b and x1(t), z2(t), -+ ,2n(t) be A-integrable on [a, b]T.
Write z(t) = (z1(t), x2(t), -+ ,z,(t)). Then

b n b 5 b | n b
lw(t)AtJ?}(/a ri(t)A) g/a ;xg(t)m:/a (1) AL

Lemma 2.612 Let V,V; € R™" with V4 >V (i.e., Vi —V > 0) and x € R". Then 2!V <
V][

3. Main results and proofs

Write

aw:{<ﬁwmwa@mv@f%f“u¢W@rwmmA@Zif1<q<z
(Ji leow (t.)PIU(3)| )7 it g>2

(3.1)

and

mw_{(ﬁW@W@wWﬂKﬁﬁgj“H¢U®N4W“”A$? it 1<g<2 g
U leow (2, 5)IPIU (s)|As)>, it g2

Theorem 3.1 Let a,b € T with o(a) < b and V; € RI*™ with Vi(t) > V(¢). If (1.1) has a
solution (x(t),y(t)) satisfying (2.1) on the interval [a, b]t, then the following inequality holds:

b &la®)n(o(t)
/a E(U(t)) + 77(0'(t)) ’m(t)‘ At > 1. (33)

Proof We claim that y(¢t) # 0 (¢ € [a,b]T). Indeed, if y(t) = 0 (¢ € [a,b]r), then the first

equation of (1.1) reduces to

By Lemma 2.3, it follows z(t) = eew(t,a) - x(a) = 0, which is a contradiction with (2.1).
Moreover, we have y? (t)U (t)y(t) > 0 (£ 0) for t € [a, b]t since U(t) > 0.
Since (z(t),y(t)) satisfies the following equality

(" (Oz()> = (@7 (@) V()27 ()27 (8) — 5" (U @)y (O 2y(2), (3.4)
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where z7(t) = z(o(t)). By integrating (3.4) from a to b and taking into account that z(a) =

x(b) = 0, we see
b
/ |27 ()72 (27 (4))'V t) At = / Y2y (U )y(t) At > 0. (3.5)
For t € [a,b]T, let tg = a and to = b respectively, we obtain from Lemma 2.3 that
t t
x(t) = —/ eow (t, T)U(T)|y(1)[P~2y(r) AT = —/ ceow (t, 7)U () |y(1) [P~y () AT
a b

Which follows that for ¢ € [a, b)T,

o(t) b
() == [ eow(o0, U= [ conlo® U@ ye)Ar
a o(t
Case I: Assume that ¢ > 2. Then we have that for a <7 <o(t) <b,
con (e (0), U@l 2y(r)
DU )y (o)

|
)
NP2 {yT (UL (DU (r)y(r)} 2
P2 U@y(n) U (r Hﬁy )|}z
) (
)
)

IN

leow (o (t), 7)lly

Iy

\]

leew (o(t),

)
)

IN

Iy

\]

leew (o(t),
t NIP=2U(r)|E (T (1)U (r)y(r))2

NP2 U ()2 (" (1)U (1)y(r)a (57 (v >U<r>y<¢>>%‘%
NP2U)E (6T (1)U (7)y (7)) |F Jy(r

y(7)) 1 VU (m)[~ |” .
Ty(r))sly(rP

Iy

\]

leew (o(t),

~ Y~ o~ —~ —~

Iy
;U
;U

leew (o (t), T

\]

leew (o(t),

(o(t),7)
(o(t),7)
(o(t),7)
(o(t),7)
= leew(a(t),7)[ly
(o(t),7)
(o(t),7)
(o(t),7)
(o(t),7)

IN A

T (NU(r
(

( )
(M) T (1)U

|€@W o(t), T

Combining Lemma 2.2 and Lemma 2.5 we obtain

e = |/ " cow(o® U@l 2y A"
< (/ " eow o, U@l 2T
< ( / " leow (o(6), DU (I (7 (DU ()y(r))aly(r)P A7)
< ([ iewtot.orweiss) ([ @mmnner-2ar)
that is

o(t)
P <€) [y U2 Ar (3.6
Similarly, by letting 7(¢) be as in (3.2), for a < o(t) < 7 < b, we have
b

|7 (8)]* Sn(a(t))/(t) y (U (m)y(7)ly(r) P2 Ar. (3.7)
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It follows from (3.6) and (3.7) that

o(t)
U(U(t))ﬁ(ff(t))/ y (MU (T)y(D)ly() [P~ A7 > |27 (t)|"n (o (¢))
and
W(U(t))é(a(t))/ y (MU (T)y(r)ly(T)[P2AT > [27(8)|%€(0 (t))

Thus

b
S [ vl an

O < S ot

By Lemma 2.6 and (3.5) we see

[ moleorar < [ oo O [ rouyeep-2ana
= [ WSO [ o lup-ar
Ry S Ay B
< [ o0 [ e oar
Since
[l opac [ opee o v st= [ o ouana:so
we get

) t ()
@) At >1.
[ o) i
This completes the proof of Case I.
Case II: Assume that 1 < g < 2. Then p > 2. Note that fora <7 <o(t) <b,

(o(t),7)
leow (o (t), 7)ly(r >\p 2|U (7)y (7))

= leew (o (t), Iy 2y (N UT (MU (r)y(r)}2

= leew (o (t), DIy (/T(r) y(r )TU ()T (T)y(r)}

< Jeow(o(t), D)|(VU () VU T)y(r)[P~ 2{|ﬁyTHU uﬁymr}%

< leew (o (t), DIIVT )P Q\ﬁy )P=2U(7) 2 VU (7))

= leew(o(), DI(VT @) PO VT Dy(r) P!
leow (a(8), TI(VT ) P2U ()2 [VT @y ()] VT my(r)P

< Jeow (o(t), DI (VT - 2|U<T>|%|Fy HFW’ e |P* -

(o(t), DI(VT(T)

e 1 (p— )(:v ) _2
Uz (T () )a VU ()] ]

Il
o
@
=
R)
~
\]
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Then we obtain

27 (@) =

a(t) q
[ cowlo U@l 2ur)ar]
o(t) q
< ([ koalo®. IUEln)P 2yl A7)
a(t) L
([ leaw(®. nIlVTm) P2 o)

)(p ) _2 q
< (" (MU (r)y() VT P ar)

IN

< (" (DU (F)y(r) ()P~ i ar)”

a(t)
</ leow (o (1), T)IPI (VU ()~ PP=2|U(7)]

IN

<( /:(t) Y (DU (r)ly(r)P A7 ).

That is

a(t)
0P <o) [ Uo7

Similarly, by letting n(¢) be as in (3.2), for a < o(t) < 7 < b, we have

b

|27 (@) < n(o(t)) /(t) y" (U (T)y(7)|y(r) [P 2AT.

The rest of the proof is similar to the Case I, we have

(o(t))
/5 SV A1,

This completes the proof of Theorem 3.1

Corollary 3.2 Let a,b € T with o(a) < b and V; € R}*" with Vi(t) >

o(t) o
(] '%W(a(t)mnumrw%%Wﬁ%ﬂ

q
p(p—2) =
: +1A7) P

(3.9)

V(t). If (1.1) has a

solution (x(t),y(t)) satisfying (2.1) on the interval [a, b]t, then the following inequality holds:

b
/ &(e@) +nlac@®)Vi(t)| At > 4.

Proof Note

It follows from (3.3) that

b E(o(t)) ZU(U(W Vi) At > 1.

a

That is )
[ o) +neenmol a1

This completes the proof of Corollary 3.2.
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Corollary 3.3 Let a,b € T with o(a) < b and V; € R} with Vi(¢) > V(¢). If (1.1) has a
solution (x(t),y(t)) satisfying (2.1) on the interval [a, b]t, then the following inequality holds:

b 1
/ EeE)ne®) V(D) At>2. (3.11)

Proof Note

NI

(o (t)) +n(o(t)) = 2(5(a()n(o(t)))z.

It follows from (3.3) that

N

[ OO 0

That is )
| ceoneunivial stz

This completes the proof of Corollary 3.3.

Theorem 3.4 Let a,b € T with o(a) < b and V; € RI*™ with Vi(¢) > V(¢). If (1.1) has a
solution (x(t),y(t)) satisfying (2.1) on the interval [a,b]t, then there exists an ¢ € (a,b) such
that

a(c) b
/ o) Vi) At>1 and / (o)) At > 1. (3.12)
Proof Let )
/5 DIVis 'AS‘/t n(o(s)[Va(s)| A .

Then we have F(a) < 0 and F(b) > 0. Hence we can choose an ¢ € (a,b) such that F(c) <0
and F(o(c)) > 0, that is

b
/5 DIVi(s \Ass/ n(o(s)|Vi(s) A s (3.13)

and

o(c) b
/ §(a(s)Va(s)| &s = /( )n(G(S))|V1(S)\ As. (3.14)

From (3.6) and (3.8), we have

Vi@« () < &(o(8))[Va(t I/ Jy(T)ly(r)[P AT (3.15)

Note that for a <7 < o(t) < o(c) <b . Integrating (3.15) from a to o(c), we obtain

o(c) a(c) o(t)
| moleoracs [T seomol( [y Ou@umsnrtan) at

o(c)
/ E(o(t))Val(t ]At/ yT (1)U ()y()|y (1) P2 Ar.

a(e)
HEOMEIEE - [ I OU@OlP2ar.
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o(c) o(c)
— [ cemmolat [ OUOORP2Ar,

Similarly, for a < o(c) < o(t) <7 < b, we can obtain from (3.7),(3.9) and (3.14) that

b b b
/ Vi@ll=" ()" At S/ (o (8)[Va(1)] A75/ y (DU ()y(r)ly ()P~ Ar
o(c) o(c) o(c)

o(c) b
< [eeomaenan [ euEmelnr-ar

These yield

b a(c) b
/lVl(t)HfEU(t)lthS/ f(U(t))Vl(t)lﬁt/ y (DU (m)y()|y(r)P2Ar

o(c) b
=/ 5(0’(75))|V1(t)\ﬁt/ |27 (£)|772 (27 () V (£)a” () At

o(c) b
< / SV At / VA(0) |27 ()7 At

Since

b b
/ VOl @A [0 a0 V00 At = / (P2 (U (£)y(t) At > 0,

we obtain fo(c E(e()Vi(t)| At > 1.
Next, we have from (3.7) and (3.9) that

2 (B VA(L)] < (o (£) V()| / (r)P-2Ar. (3.16)

Integrating (3.16) from c to b, we obtain that for a < ¢ <t <o(t) <7 <b,

b

b b
Vi z7 ()9 A o \% T U@y |y(r)|P2AT) A
[ menerorsis [aeomol [ evmeimran) a

b b
: / M@ 41 / oV OUEElPAr

Similarly, for a <7 < o(t) < o(c) < b, we can obtain

o(c)
/ Vi (@)l () At < / o)D) At / YL (DU ()y(n)ly(r) P2 Ar

o(c)
< ["weapmmias [ U
These yield

b b b
/ Vi(t)||2 (1) At < / (o ()IVi(t)] O t / YT OU ()P 2At

b b
—/ n(a(t))\Vl(t)IAt/ |27 (072 (27(8)) TV (£)a (1) At
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b b
< / NGONAORY. / Vi(0)l|e” (1)) A .

Thus, we also obtain f n(o(t))|Vi(t)| At > 1. This completes the proof of Theorem 3.4.

Theorem 3.5 Let a,b € T with o(a) < b and V; € RI*™ with Vi(¢) > V(¢). If (1.1) has a
solution (x(t),y(t)) satisfying (2.1) on the interval [a, b]T, then the following inequalities hold:

/brw<t>rm+(/brv<t>\m; /bm(t)m)’llzz, it g>2
, , a By a l
/W(t>|m+(/ O VT D Ad)? /|v1 at)T 22 i 1<g<2

Proof From the proof of Theorem 3.1, we have

b b
/ WO)P2" (U (Ey(t) At = / 27 (012" () TV (D)2 (1) At

It follows from the first equation of (1.1) that for all a < ¢ < b,

#(t) = / (W ()22 (r) — U(n)y(r)P~2y(r) A,

b
(1) :/t (W ()27 (1) + U(7)|y()P2y(1)) A 7.
Case I: Assume that ¢ > 2. We have

t

(1) = (=W (r)a? (1) = U(r)ly(n)P2y(1)) AT

t
< /‘W(T)w”(T)+U(T)|y(7)|p_2y(7)lAT

IN

/\W \Aw/ U@ () P2y(r) A

IN

/ W (r)||2° (7)] AT+/ U@ 3T (U (y(r) ly(n) P~ A

Similarly, we have

b b . ) ,
w01 < [ W@l a7+ [ WO OUEE) O A

Then from Lemma 2.2 and Lemma 2.6, we obtain

w0 < 5 /b|W<t>||z0<t>|At+ /b|U<t>1—i<yT<t>U<t>y<t>> P Al
< A woreoracs ([ oo ([ roveuonor s
= A oo ([ oors) ([ e oreorves o ai)]
< ;/rw Mla”(®) &t + /|U |At’1’(/b| Vol @ ).
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Denote M = max,<;<p |2(t)| > 0, then

< ;[/;\W(t)!MAH (/abyU@)\At)i%b‘vl(t)wqm)é]_
/ab|W(t)!At+ (/ab|U(t)|At);’</ab|vl(t)’At>é -

Case II: Assume that 1 < ¢ < 2. Then p > 2 and

Thus

2(t)] < /|W Uly(rP2y(r)| &7
< /WW’ |AT+/|U y(r) P2y(r)| A
t 1
< /|W nx<naf+/|u/<» G
< OUEE)IVTE T P A

and

b b 1
2] < l!WTHfﬁNAT+/I(Uﬁ>1W2Wﬂ2
< (" (U )V )P A

Thus we obtain

b 1
w0 < 5 m«mm<nﬁt+/|u/<» O
(" OUOYE) VIO Iyt~ 75 A
b i b o e=DE=2) :
/|Wumw@nAt+(/ku¢U@>rp|¢Um| S N)

1

[
<[ wrovemiuer-irad)]

IN

= ﬂAﬂW@WWMAH{[ﬁww”?”WVWWlwpmagi
( / b 27 (1)1 2 (27 (1)) TV ()27 (t) A t) 5]
;[/b'W“)“xo(”' At (/;lU(t)p(”f)“\( T@) P2 o)’

/\V1 a0 &1)7].

Similarly, we also have

[ s ([ worsiwmm e s ([ vois)

This completes the proof of Theorem 3.5.

X

IN

1
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A new three-step iterative method for a countable family of
pseudo-contractive mappings in Hilbert spaces

Qin Chen, Li Li, Nan Lin, Baoguo Chen*

Research Center for Science Technology and Society, Fuzhou University of International

Studies and Trade, Fuzhou 350202, P.R. China

Abstract: In this paper, we propose a new three-step iterative method for a count-
able family of pseudo-contractive mappings in a real Hilbert space. We also prove the

strong convergence of the proposed iterative algorithm under appropriate conditions.

Key words: pseudo-contractive mapping; iterative method; fixed point; strong

convergence

AMS subject classification (2000): 47H09

1 Introduction

In this paper, we assume that H is a real Hilbert space with the inner product (-,-) and the
induced norm || - ||, C'is a nonempty closed convex subset of H and T': C' — C'is a self-mapping
of C. F(T) denotes the fixed point set of the mapping 7. Recall that T is called a k-strictly

pseudo-contractive mapping if there exists a constant k& € [0, 1) such that
1Tz = Ty|* < |lz — y|I* + kl|(I = T)a — (I = T)y|?, ¥ z.yeC, (1.1)
and T is called a pseudo-contractive mapping if
1Tz = Ty|l* < [lz =yl + [|(I = T)a — (I = T)y|?, Vz,yeC. (1.2)
It is obvious that k = 0, then the mapping 7T is nonexpansive, that is
[Tz =Tyl < |z —yll, Vo,yel. (1.3)

Finding the fixed points of nonexpansive mappings is an important topic in the theory of
nonexpansive mappings and has wide applications in a number of applied areas, such as the

convex feasibility problem [1,2], the split feasibility problem [3], image recovery and signal

*Corresponding author. Email: chenbgl123@163.com.
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processing [4]. After that, as an important generalization of nonexpansive mappings, strictly
pseudo-contractive mappings become one of the most interesting studied class of nonexpansive
mappings. In fact, strictly pseudo-contractive mappings have more powerful application than
nonexpansive mappings do such as in solving inverse problem [5].

Iterative methods for nonexpansive mappings have been extensively investigated (see e.g.,
[6-16,31-33] and the references contained therein). However, iterative methods for strictly
pseudo-contractive mappings are far less developed than those for nonexpansive mappings and
the reason is probably that the second term appearing on the right hand side of (1.1) impedes
the convergence analysis for iterative algorithms used to find a fixed point of the strictly pseudo-
contractive mapping 7'.

The most general iterative algorithm for nonexpansive mappings studied by many authors

is Mann’s iteration algorithm [18] which is as following:
Tpt1 =y + (1 — ap)Txy,, n >0, (1.4)

where zog € C is chosen arbitrarily and {a,} is a real sequence in (0,1). Under the following
additional assumptions: (i) nh_)rglo an = 0 and (ii) > ;2 o = 00, the sequence {z,} generated
by (1.4) is generally referred to as Mann’s iteration algorithm in the light of [18]. The Mann’s
iteration algorithm dose not generally converge to a fixed point of T even the fixed point exists.
For example, C' is a nonempty closed convex and bounded subset of a real Hilbert space, T :
C — (' is nonexpansive, one can only prove that the sequence generated by Mann’s iteration
algorithm (1.4) with the assumptions (i) and (ii) is an approximate fixed point sequence, that is,
|z, — Txyp| — 0 as n — oo. In [19], Reich proved that if X is a uniformly convex Banach space
with a Fréchet differentiable norm and if {«,} is chosen such that Y > ; ay, (1 — o) = 00, then
the sequence {z,} defined by (1.4) converges weakly to a fixed point of 7. To get the sequence
{z,,} to converge strongly to a fixed point of T (when such a fixed point exists), some type of
compactness condition must be additionally imposed either on C' (e.g., C' is compact) or on T'
(e.g., T'is demicompact or T is semicompact, see [20,21]).

The first convergence result for k-strictly pseudo-contractive mappings was proposed by
Browder and Petryshyn [22] in 1967. They proved that if the sequence {z,} is generated by the
following:

Tpi1 = axy + (1 — )Tz, n >0, (1.5)

for any starting point z¢p € C' and « is a constant such that k& < o < 1, then the sequence {x,,}
converges weakly to a fixed point of k-strictly pseudo-contractive mapping 7'. In [23], Marino
and Xu extended the result of Browder and Petryshyn [22] to Mann'’s iteration algorithm (1.4),
they proved that the sequence {x,} generated by (1.4) converges weakly to a fixed point of
k-strictly pseudo-contractive mapping 7' for the conditions that k¥ < «, < 1 for all n and

Z;O:O(O‘n - k?)(l — Oén) = 00.
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However, the well known strong convergence result for pseudo-contractive mappings is Ishikawa’s
iteration algorithm which was proved by Ishikawa [24] in 1974 and it is more general than that

of Mann'’s iteration algorithm (1.4) in some sense. More precisely, he got the following theorem.

Theorem 1.1 ([24]) Let C be a convexr compact subset of a Hilbert space H and let T : C — C
be a Lipschitz pseudo-contractive mapping. For any x1 € C, suppose the sequence {xy} is defined

iteratively for each n > 1 by

{ Yn = (1 - 5n)xn + 5nTxn; (16)

Tn+1 = (1 - O‘n)xn + anTynu

where {an}, {Bn} are sequences of positive number that satisfy the following there conditions:

(i) 0 <ay < Bp <1; (if) lim B, =0; (iii) Y .7, anfp = 00. Then the sequence {x,} converges
n—oo

strongly to a fized point of T.

In 2001, Chidume and Mutangadura [25] gave an example to show that the Mann’s iteration
algorithm (1.4) failed to be convergent to a fixed point of Lipschitz pseudo-contractive mappings.
In order to obtain a strong convergence result for pseudo-contractive mappings without the
compactness assumption, Zhou [26] established the hybrid Ishikawa algorithm for Lipschitz

pseudo-contractive mappings as following;:

Theorem 1.2 ([26]) Let C be a closed convex subset of a real Hilbert space H and letT : C — C

be a Lipschitz pseudo-contraction such that F(T) # ¢. Suppose that {a,} and {B,} are two real

sequences in (0,1) satisfying the conditions: (i) an < Bn,Yn > 0; (ii) liminf o, > 0; (iii)
n—oo

limsupa, < a < n > 0, where L > 1 is the Lipschitzian constant of T'. Let a

1

papen £ 0 <
sequence {xy} be generated by
xo € C,
Yn = (1 —ap)zy + anTx,,
zn = (1= Bn)zn + BuTYn,
Cp={2€C: |z —2|I> < llan — 2[I” = anfn(l = 20, — L2} w0 — Ta},
Qn={2€C:(xy,—zz0—xy) >0},
Tnt1 = Po,ng.ro, 1> 0.

(1.7)

Then, {zn} converges strongly to a fized point v of T, where v = Pr(r)(zo).

We observe that the iterative algorithm (1.7) generates a sequence {z,} by projecting zy on
to the intersection of the suitably constructed closed convex sets C,, and @),. Recently, Yao et
al. [27] introduced the hybrid iterative algorithm which just involved one closed convex set for

pseudo-contractive mappings in Hilbert spaces as follows:
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Let C be a nonempty closed convex subset of a real Hilbert space H. Let T : C'— C be a
pseudo-contractive mapping. Let {«,} be a sequence in (0,1). Let 29 € H. For C; = C and

x1 = Po,xo, define a sequence {z,} of C as follows:

Yn = (1 - an)xn + anTxnv
Crr1 ={2 € Cp: lan(I = T)yall* < 200 (s — 2, (I = T)yn)}, (1.8)

Tny1 = Po, . 70, m € N.

Theorem 1.3 ([27]) Let C' be a nonempty closed convex subset of a real Hilbert space H. Let
T : C — C be a L-Lipschitz pseudo-contractive mapping such that F(T) # ¢. Assume the
sequence oy, € [a,b] for some a,b € (0’L1—|—1)' Then the sequence {x,} generated by (1.8)
converges strongly Pr(ry(zo)-

In [28], Tang et al. proposed the hybrid algorithm (1.8) to the Ishikawa’s iteration algorithm
(1.6) and got the following result.

Let C' be a nonempty closed convex subset of a real Hilbert space H. Let T : C — C be
a pseudo-contractive mapping. Let {a,}, {8,} be two sequences in [0,1]. Let xg € H. For

Cy = C and x; = P, g, define a sequence {z,} of C as follows:

Yn = (1 — an)zn + anTzy,
Zn = (1 - /Bn)xn + ﬁnTxnv

Cni1 = {2 € Cp : lan(I — Tyn||? < 2an(zn — 2, (I — T)yn) (1.9)
+ QQnﬁnLnffn - Tan : Hyn — Tn + O‘n(I - T)ynH}a
{ Tn+1 = Fo, %0, 1 > 1.

Theorem 1.4 ([28]) Let C be a nonempty closed convex subset of a real Hilbert space H. Let
T : C — C be a L-Lipschitz pseudo-contractive mapping with L > 1 such that F(T) # ¢. Assume
the sequences {an} and {5y} in (0,1) satisfying: (1) b < ap < an(L+1)(1+ SpL) < a < 1,
for some a,b € (0,1); (ii) nh—>120 Brn = 0. Then the sequence {x,} generated by (1.9) converges
strongly Pr()(zo)-

Recently, Zegeye et al. [29] generalized Ishikawa’s iteration algorithm (1.6) to a common fixed
point of a finite family of Lipschitz pseudo-contractive mappings and obtained the following

theorem.

Theorem 1.5 ( [29]) Let C be a nonempty, closed convexr subset of a real Hilbert space H.
LetT; : C — C,i=1,2,---,N, be a finite family of Lipschitz pseudo-contractive mappings
with Lipschitzian constants L;, for i = 1,2,--- , N, respectively. Assume that the interior of

F = ﬂf\il F(T;) is nonempty. Let {x,} be a sequence generated from an arbitrary xo € C' by

Tn+l1l = (1 - an)xn + anThyn,
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where Ty, = Tyy(mod Ny and {an},{Bn} C (0,1) satisfying the following conditions: (i) an <

B,V n > 0; (ii) lirginf anp = a > 0; (iii) sup,> B < B < for L := max{L; : i =
n o0 -

1
VI+L2+1
1,2,--- ,N}. Then, {x,} converges strongly to a common fized point of {T1,Ta, -+ ,Tn}.

In [30], Cheng et al. extended the algorithm (1.10) to a countable family of pseudo-

contractive mappings and gave a three-step iterative method, which is as follows:

Theorem 1.6 ([30]) Let C be a nonempty, closed convexr subset of a real Hilbert space H, let
{T,}32, : C — C be a countable family of uniformly closed and uniformly Lipschitz pseudo-
contractive mappings with Lipschitzian constants Ly, let L := sup,>y L,. Assume that the
interior of F = ooy F(Ty,) is nonempty. Let {x,} be a sequence generated from an arbitrary

xg € C by the following algorithm:

Zn = (1 - Vn)xn + ’YnTnxn;

Tnt+l1l = (1 - an)$n + anThyn,

where {an}, {Bn}, {7} C (0,1) satisfying the following conditions: (i) ayn < Bn < Yn,V n > 0;
(i) liminf o, = @ > 0; (iii) sup,>; 1 < v with Y3L* + 292L3 +42L% + yL? + 2y < 1. Then,
n—oo -

{zn} converges strongly to =* € F.

Remark 1.1 The condition (iii) of the Theorem 1.6 is not correct, it is replaced by SUPp>1 Tn <
v with Y3L* +2y2L3 + 4212 + 2vL? + 2y < 1.

Motivated and inspired by the above works, in this paper, we propose a new three-step
iterative method for a countable family of pseudo-contractive mappings in Hilbert spaces and

prove its strong convergence theorem under appropriate conditions.

2 Preliminaries

In this section, we recall some definitions and useful results which will be used in the next

section.

Definition 2.1 Let C be a subset of a real Hilbert space H.
(1) A mapping T : C — H is said to be L-Lipschitz if there exists L > 0 such that

|72 — Tyl < Lz —yll, Vo, yeC.

When L =1, T is nonexpansive. If L < 1, T 1is called a contraction. It is easy to see that every

contractive mapping is nonexpansive and every nonexpansive mapping is Lipschitz.
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(2) A countable family of mappings {T),}32, : C — H is said to be uniformly Lipschitz with
Lipschitzian constants Ly, >0, n > 1, if there exists 0 < L := sup,,>; L, such that

HTnx_Tny” SLH'x_va Vo, y€C7 n > 1.

(3) A countable family of mappings {T,,}°2, : C — H is said to be uniformly closed if
zp — z* and ||z, — Thagl — 0 imply * € (2, F(T,,).

Definition 2.2 A mapping T with domain D(T') and range R(T) in a real Hilbert space H is

said to be monotone if the inequality
e =yl < llz—y+s(Tx =Ty
holds for every x, y € D(T') and for all s > 0.
We observe that

T is monotone < (Tx—Ty,xz—y) >0
& |(I-T)x— (I =Tyl <z —yl* + Tz - Ty|?
& Az - Ay|? <llz =y + (I = Az — (I = A)y|®, A:=1-T

< A is pseudo-contractive.
Furthermore, a zero of T is a fixed point of A, that is,
reNT)={zeDT): Tx =0} =z e F(A):={ze€D(A): Az = z}.
Lemma 2.1 Let H be a real Hilbert space. Then for « € [0,1] the following equality
laz + (1 = a)yl* = allzl* + (1 = a) ylI* - a(l — )|z — y||?
holds for all x,y € H.

Lemma 2.2 If the sequences {an}, {Bn}, {1} C (0,1) satisfying the following conditions:
(i) Bn <,V > 1,
(ii) (1 — @)y + aB(y?L? 4+ 2y —1) <0,

where o = liminf v, § = liminf B,,, v > sup,,~1 Yn, and L > 0 is a constant. Then, we have
n—o00 n—o00 2
a>0,8>0 and (1 — ap)yn + anBu(v2L* 4 27y, — 1) < 0.

Proof. On one hand, it is obvious that & > 0, 8 > 0 and v?L? + 2y — 1 < 0 because of
(1—a)y+aB(y?L?+2y—1) < 0. And we get that (1—ay,)y < (1—a)y and o, B, (V2 L2 +2v—1) <
aB(y2L? + 2y —1). Then

(1= an)y+ anBn(Y¥L* + 2y —1) < (1 — a)y + af(y’L* + 2y — 1) < 0.

(@)
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On the other hand, it is easy to know that (1 —ay)v, < (1 —ay)y and o, B, (V2 + 27y, — 1) <
anBn(y?L? + 2y — 1). We can obtain

(1 — an)¥n + nBn(V2 + 279 — 1) < (1 — an)y + anBn(V2L* + 27y — 1) < 0.

Hence (1 — ap)yn + anBn(v2L? + 27y, — 1) < 0. O

3 The main result

Theorem 3.1 Let C be a nonempty, closed convex subset of a real Hilbert space H, let {T,}22 4 :
C — C be a countadble family of uniformly closed and uniformly Lipschitz pseudo-contractive
mappings with Lipschitzian constants Ly, let L := sup,>; L,. Assume that the interior of

F =,y F(T,) is nonempty. Let {x,} be a sequence generated from an arbitrary x1 € C by

Zn = (1 - ’Yn)xn + ’YnTnxny
Yn = (1 - /Bn)wn + ﬂnTnznv (31)

Tn+1 = (1 - an)zn + anYn,

where {an}, {Bn}, {1} C (0,1) satisfying the following conditions:
(i) Bn <MW, Vn2>1,
(i) (1 — a)y +aB(y2L? +2v - 1) <0,
where a = liminf oy, B = lin_ligfﬁn and 7y > sup,>1Yn- Then, {z,} converges strongly to

n—oo n
e F.
Proof. Take p € F arbitrarily. By (3.1) and Lemma 2.1, we have

lzns1 = plI* = (1 = an)zn + anyn — plI?

11 = an)(zn = p) + n(ya — D)

(1= an)llzn = 2l + anllyn — plI* = an(l = an)ll2n — yal®
< (1= an)lza =l + anlly. — 2l (3-2)

and

lzn = plI° = (1 = v)2n + YaTnzn — pl|°

11 =) (@n = p) + W (Tnn — p)|I°

(1 =)z = plI* + Yl Tnzen — plI* = (1 = va) |20 — Toza?

(1 =)ll@n = plI* + yulllzn = plI* + |20 — Tozal?)

— V(1 = v)l|zn — TnanQ

120 = pII* + Vollen — Tnwn?, (3.3)

IN
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where the inequality is based on that {7},}7°  is a countable family of pseudo-contractive map-

pings. Similarly, we can get

lyn — p||2 = (1= Bn)wn + BnTnzn — p”2

= (1 = Bu)(@n = p) + Bu(Tnzn — p)|I?
= (1= Bu)llzn = plI* + BallTnzn — plI? = Bu(1 = Bu) |20 — Tnzall?
< (1= Bo)llzn = plI? + Balllzn — plI* + 120 = Tnzal?)
— Ba(l = Ba)ll2n — Tnza|®. (3.4)

In addition, using (3.1), we have that

|20 — TnanQ

= (1 = )z + 1 Tnzn — Tnzal®

= N =) (@n — Tnzn) + m(Than — Tozn)|

= (L=)lzn — Tozall® + Wl Tnan — Tozall* = 1l — W)llzn — Tazal

< (I =)llzn — Tnan2 + ’Yan”mn - Zn\|2 = Y (1 =) |lzn — Tn$n||2

= (1=7)llzn — Tnan2 + ’YnLQH'Yn(xn - Tnxn)Hz — V(1 = vn)llzn TnanQ
= (L=)lzn — Tozall® + My L? + 9 — Dz — Towall?, (3.5)

where the inequality is based on that {7,,}7°, is a countable family of uniformly Lipschitz

mappings. Substituting (3.3) and (3.5) into (3.4), we obtain that

A

lyn =l <

<

(1= Ba)llzn =PI + Ba (ll2n = pI + 270 = Tuzal?)

+ B (1= )llzn = Tzl + (2L + 70 = Dl — Trza?)

= Bn(1 = Bu)llzn — Tnzn®

@ =PI + B (VL2 + 250 = 1) |0 = Taal2 + Ba(Bn = )l — Tuzall
o =PI + Burn(V2L? + 230 = Vllan — Tuzal, (3.6)

where the last inequality is based on the condition (i). Therefore, substituting (3.3) and (3.6)

into (3.2), we get

ot = o2 < (1= an) (lon = ol + 32020 — Towall?)

+ an(Jn = pI? + Burn(V2L? + 29 = Dlzn — Toza|?)

e =PI + (1 = an)72 + anButa(2L: + 290 = 1)) o — Toza|%.(3.7)

According to the conditions and Lemma 2.2, inequality (3.7) implies that

lzns1 = plI* < llzn — pII*. (3.8)
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It is obvious that li_>m |zn, — p|| exists, then {||z, — p||} is bounded. This implies that {z,},
n—oo
{Thzn}, {zn}, {Tnzn} and {y,} are also bounded.

Furthermore, we have that
l#n = pI* = 20 = Zora | + 201 = Pl + 2(2ns1 = Py 20 — Tatr).
This implies
1 2 1 2 2
{@nt1 =P, 20 = 2n41) + S llzn = 2niall” = 5 (lzn = plI° = llznss = pI%). (3.9)

Moreover, since the interior of F is nonempty, then there exists p* € F and r > 0 such that
p* 4+ rh € F whenever ||h| < 1. Thus, from (3.8), we have

0 < (Enst = 0 +7h), 20— 1) & 3 n — s
= S0 = "+ P = s — (7 + 7)), (3.10)
From (3.9) and (3.10), we obtain that
Pt = 2us1) S {Znit =80 = Zir) + 2 = Ensa
= 300 =912 = onss = 1) (311)

Tn — Tn+1

Since h with [|h|| < 1 is arbitrary, we can take h = with ||h|| = 1, then

Zn — Tnt1l]

1
0 = 21l < o= (e = "1 = llenss = p"[?).

- 2r
So, for n > m, we can get
[Zm —znll = [(@m — Tmt1) + (Tmt1 — Tmg2) + -+ (Tn-1 — 24|

n—1

< Z |lzi — zip]|
i=m
n—1 1

< > 5y Ul — P[] = [lzig1 — p*[1?)
i=m

o P O

= o (lem =p*lI° = llzn —p7I1).

From (3.8), we know that {||z,, — p*||?} converges. Therefore, {z,,} is a Cauchy sequence. Since

C is closed subset of Hilbert space H, then there exists z* € C such that
Ty — 2" € C. (3.12)

Furthermore, from the conditions and Lemma 2.2, we have
0 < 6((a —y+ap(l -2y - WQLQ))

9
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IN

’Yn((an - 1)’771 + O‘nﬁn(l =27 — 7721112))
= (an— 1)7,% + an By (1 — 2y, — ’yZLQ). (3.13)

Then, by (3.7) and (3.13), we conclude that

(0 =198+ a1~ 29 =7°L?)) 3" llew - ol

n=1

o0
> ((an = 172 + @nBaa(l = 29 = ¥2L3)) [0 — Tl

<
n=1
(o)

< D (len =l = lzns — pl?) < o,
n=1

from which it follows that
lim |z, — Thz,| = 0. (3.14)
n—oo
Since {T},}>2, are uniformly closed mappings, then from (3.12) and (3.14), we can obtain
o0
vt e (| F(T,) =F.
n=1
The proof is complete. O

Remark 3.1 We now give an example of a countable family of uniformly closed and uniformly
Lipschitz pseudo-contractive mappings with the interior of the common fixed points nonempty.
This example comes from [30]. Suppose that H := R and C :=[-1,1] € H. Let {T,}3°, : C —
C be defined by

z, x € [-1,0),
Thx = 1 1
(27 + i)x, z € [0,1].
Then F := (.~ F(Tn) = [—1,0], and hence the interior of the common fized points is nonempty.

Moreover, it is easy to show that {T,,}°2 ¢ is a countable family of uniformly closed and uniformly

Lipschitz pseudo-contractive mappings with Lipschitz constant L := sup,,>q Ln = 2.

3 1 1 1 3 1
For this example, we can let c.,, = 1 + 4 Bn = 10 + T 40 and vy, = 20 nT10 f;r
n>1. Then {a,},{Bn}, {m} C (0,1) and B, < vn,V n > 1. Furthermore, a = liminf v, = It
n—oo
.. 3
B = hnnl)gfﬁn =10’ SUP,>1 Y < 207 and
3 3 3 1 3 3 33
1— 212 1oy )= (1= x — 4+ 2% — <472 92 4 9 47_1):_h44, 0
=y taf(Li2y=1) = (1= Pxag+ < g ((55) 2 +2x 55 1000 ©

It satisfies all conditions in Theorem 3.1. Hence, from Theorem 3.1, we can obtain the sequence
{xn} generated by (3.1) and staring with an arbitrary x1 € C will converges strongly to a common
fized point of {T,,}°2 .

10
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4 Applications

If in Theorem 3.1, we consider a finite family of Lipschitz pseudo-contractive mappings, then we

have the following result.

Theorem 4.1 Let C be a nonempty, closed convex subset of a real Hilbert space H, let {Tz}f\il :
C — C be a finite family of uniformly closed and Lipschitz pseudo-contractive mappings with
Lipschitzian constants L;, for i = 1,2,--- | N, respectively. Assume that the interior of F =

ﬂi]\il F(T;) is nonempty. Let {x,} be a sequence generated from an arbitrary x1 € C by

Zn = (1 - ’Yn)xn + ’YnTnxny
Yn = (1 - /Bn)mn + ﬂnTnzna (41)

Tn+1 = (1 - an)zn + anYn,

where Ty, := Ty (mod Ny and {an}, {Bn}, {1} C (0,1) satisfying the following conditions:
(i) Bn <,V 21,
(ii) (1 — @)y +aB(y?L? +2v - 1) <0,
where a = linrr_1>i£fan, 8 = limgfﬂn and vy > Sup,>1 Yo, for L := max{L; : i = 1,2,--- | N}.

n—

Then, {x,} converges strongly to a common fized point of {Th,Ta, - ,Tn}.

If in Theorem 3.1, we consider a single Lipschitz pseudo-contractive mapping, then we may

add a condition that is >">7 | v, = oo.

Theorem 4.2 Let C' be a nonempty, closed convexr subset of a real Hilbert space H, let T :
C — C be a Lipschitz pseudo-contractive mapping with Lipschitzian constant L. Assume that
the interior of F(T') is nonempty. Let {x,} be a sequence generated from an arbitrary x,; € C
by
zn = (L = )xn + T Tn,
Yn = (1 = Bn)xn + BnT zn, (4.2)
Tpt1 = (1 — ap)zn + Qnyn,
where {an}, {Bn}, {7} C (0,1) satisfying the following conditions:
(i) Bn <M,V > 1,
(if) 2one1 Y = 00,
(iii) (1 — @)y +aB(v?L*+2y—1) <0,

where a = liminf o, f = liminf B, and v > sup,,~ V. Then, {x,} converges strongly to a
n—oo n—oo -

fized point of T.
Proof. Following the method of the proof of Theorem 3.1, we also obtain that
| Zn41 —pH2 <|lzn - p||2 + ((1 - O‘n)'Yi + @nﬁn'Yn(%%Lz + 29n — 1)) |27 — TanQ,

11
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and x, — * € C. Now, from Lemma 2.2, we get

((a =1y + B =29 =921%)) D" vallan — Tl

n=1

oo
< Y (0 = D+ @ua(l = 290 = 22L2)) v — T
n=1
00
= Z ((an - 1)'7721 + O‘nﬁn')/n(l — 29 — ’772LL2)> ||-73n - T$n||2
n=1
o0
< Y (= pl* = 2041 — pl?) < o0,
n=1

from which it follows that
liminf ||z, — Tz,|| =0,
n—0o0

and hence there exists a subsequence {z, } of {x,} such that

Tim s, = T | = 0.
Thus, z,, — =* and the continuity of 7" imply that z* = T'z* and hence z* € F(T). O

Now, we prove a convergence theorem for a countable family of monotone mappings.

Theorem 4.3 Let H be a real Hilbert space, let {T,}22, : H — H be a countable family of
uniformly Lipschitz monotone mappings with Lipschitzian constants Ly, let L := sup,>y Ln.
And if xy, — = and ||Thxy,| — 0, then x* € (o N(Ty). Assume that the interior of N :=
Mooy N(T,) is nonempty. Let {x,} be a sequence generated from an arbitrary x; € C' by

Zn = Tn — 'YnTn-xny
Yn = Tp — /Bn(wn - Zn) - BnTnZn7 (43)

Tn+1 = (1 - an)zn + anyn,

where {an}, {Bn}, {1} C (0,1) satisfying the following conditions:

(1) Bn <,V >1,

(i) (1 — a)y +aB(y2L? +2v - 1) <0,
where a = lilrgicgf Qn, B = hnrggf Bn and v > sup, >y Yn- Then, {x,} converges strongly to
* e N.

Proof. Since T;, is monotone if and only if A,, := I—T, is pseudo-contractive and (),-; F(A,) =
Moy N(T,) # 0, then the conclusion follows from Theorem 3.1. O
If in Theorem 4.3, we consider a finite family of monotone mappings and a single monotone

mapping, respectively, then we get the following corollaries.

12
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Corollary 4.1 Let H be a real Hilbert space, let {T;}¥., : H — H be a finite family of Lipschitz
monotone mappings with Lipschitzian constants L;, for i = 1,2,--- , N, respectively. And if
Tn — o and |Tpan|| — 0, then z* € NN, N(T;). Assume that the interior of N := (X, N(T3)

is nonempty. Let {x,} be a sequence generated from an arbitrary x1 € C by

Zpn = Tn — VnTnxny
Yn = Tp — /Bn(xn - Zn) - BnTann (44)

Tn+1 = (1 - an)zn + anyn,

where Ty, := Ty (moa Ny and {an}, {Bn}, {1n} C (0,1) satisfying the following conditions:
(i) Bn <,V n>1,
(i) (1 — a)y +aB(y2L? +2v - 1) <0,

where o = liminf o, B = liminf 8, and v > sup,,~1 Yn- for L := max{L; : i = 1,2,--- /N}.
n—oo n— o0 z
Then, {x,} converges strongly to a common zero point of {Th,Ta,--- ,Tn}.

Corollary 4.2 Let H be a real Hilbert space, let T : H — H be a Lipschitz monotone mapping
with Lipschitzian constant L. Assume that the interior of N'(T) is nonempty. Let {x,} be a

sequence generated from an arbitrary x1 € C by

Zn = Tn — ’YnTxna
Yn = Tn — /Bn(lin - Zn) — BT zp, (45)

Tpt+l = (1 - an)zn + anYn,

where {an}, {Bn}, {1} C (0,1) satisfying the following conditions:
(1) Bn < T,V > 1,
(il) >opeq yn = 00,
(iii) (1 — a)y +aB(?L? +2y—1) <0,

where o = liminf o, B = liminf 8, and v > sup,~; Y. Then, {x,} converges strongly to a
n—o00 n—o0 =z

zero point of T'.
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Abstract

The main aim of this paper is to give integral representations for strongly negative definite functions defined on the
product hypercomplex systems. Harmonic properties for strongly negative definite functions are investigated. We
construct a Lévy measure on the product hypercomplex systems, then we study the conditions that guarantee the
existence of some integrations having an integrand parts as a function of the constructed kernel. Finally, we give a
Levy - Khinchin type formula for strongly negative definite functions defined on the product hypercomplex systems.

Keywords. Lévy — Khinchin; Hypercomplex; Negative definite.
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1. Introduction.

The integral representation of negative definite functions is defined as Levy-Khinchin formula.
This was established by Levy-Khinchin in1930’s for G = R. Many author’s paid attention to
generalize this result in different spaces. It had been extended by Hunt [4] to Lie groups,
Parthasarathy et al [8] to locally compact commutative groups, Berg et al [3] to comutative
semigroups with identical involution and by Lasser [6] for commutative hypergroups. The main
aim of this paper is devoted to find the integral representations for strongly negative definite
functions defined on the product dual hypercomplex system. Let Q be a commutative separable
locally compact metric space of points p, q,7, ...; B(Q) is the ¢ —algebra of Borel subsets on Q
and By (Q) is the subring of B(Q), which consists of sets with compact closure. We denote by
C(Q) the space of continuous functions on Q; C,(Q),Cs(Q) and Cy(Q) consists of bounded,
tending to zero at infinity and compactly supported functions from C(Q), respectivly. For a fixed
r € Q, B € B(Q), we will denote by c(4, B;r) a commutative Borel structure measure in A €
B(Q). The hypercomplex system L;(@Q,dm) is the Banach algebra of functions on Q with
respect to the multiplicative measure m and convolution " * " defined for any ¢ * Y € L,(Q,dm)
by:
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@0 = [ $@Idp [ w(@da c(Bp )
Q Q

= [ | s c.air) dm@yama)

Q

Q
=ffwmw@mmm®
Q Q

The space C, (Q) is a Banach space with norm

|- 1leo = Supreql(-) (M|

We will denote by M (Q), the space of Radon measure on Q, i.e. the space of continuous linear
functionals defined on Cy(Q). Let M, (Q) = (C(Q)) denote the space of bounded Radon
measures with norm

lltlloo = sup{lu(f)I; f € Co, |f] < 1}

The topology of simple convergence on functions from in the space of Radon measures, is
called vague topology.

2. Strongly Negative Definite Functions.

A hypercomplex system L;(Q,dm) may or may not have a unity. In this paper we will concern
our efforts on hypercomplex system with unity. A normal hypercomplex system contain a basis
unity if there exists e € Q such that e* = e and

c(4,B;e) =m(A*nB), A B € B(Q).

A nonzero measurable and bounded almost everywhere function Q 3 r = y(r) € C is said to be
a character of the hypercomplex system L, (Q, dm)if for all A, B € By(Q) we have

JdA&ﬂﬂﬂmMﬂ=xMMw)
Q
and

JﬂﬂmMﬂ=xw)CeBd@-
C
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We will denote by X}, the set of all bounded Hermitian characters, i.e.

Xn = {x € C,(Q); f c(4,B;7) x()dm(r) = x(Dx(B), x(r) =x(")}
Q

A continuous bounded function Y:Q — C is called negative definite if for any
7,12, ., Ty € Q; C1,Cy,...,cy, € Cand n € N we have:

Pl @) + ¥(n) - (R, ) ()] cic; 2 0,

and a continuous bounded function ¢: Q — Cis called positive definite if for any 1y, 15, ..., 73, €
Q; ¢q,¢y, ..., ¢, € Cand n € N we have:

{,lj=1(RT*j (p) (ri) CiCT] = 09
where R, (7 € Q), denote the generalized translation operators onL, (Q, dm).

As pointed out of [1], every positive definite function ¢ € P(Q) admits a unique
representation in the integral form

(2.1) o(r) = AQ0) = [, x(duCo, X € Xn,

where y is a finite nonnegative regular measure on the space X;. Conversely, each function have
the integral form (1.1) belongs to the set of all positive definite function P (Q).

Let Q; and Q, be two commutative separable locally compact metric spaces, with
identities e; and e, respectively, and suppose A be a non empty subset of L;(Qq) X L;(Q- ),
then the strongly positive definite function will be defined as follows:

Definition 2.1. A locally bounded continuous measurable function @ € A is called strongly
positive definite, if there exists two positive definite functions ¢, € P(Q;) and ¢, € P(Q)
and a Radon measure u € M, (Q; X Q, ), such that

~ 901()()+§02 (T)I (XI T) EA
2.2 ) = {
(2.2) A ) 0, (r,7) ¢ A.
A locally bounded continuous measurable function ¥ € A is called strongly negative
definite, if ¥ (e, ;) = 0and exp(—t¥) is strongly positive definite in A for each t > 0.

Clearly each strongly positive (negative) definite function is positive (negative) definite
but the converse implication does not hold. Negative definiteness is an analogue of one half of
Schoenberg’s duality result, It is not known for which hypercomplex system, negative
definiteness implies strong negative definiteness. The following Lemma is in fact, an adaption of
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whatever done for hypergroups [7], we will not repeat the proof, wherever the proof for
hypergroups can be applied to the hypercomplex with necessary modification.

Lemma 2.2. The sum and the point-wise limit of strongly negative definite functions on
hypercomplex are also strongly negative definite.

Theorem 2.3. A function ¥:(Q — C is strongly negative definite if and only if the following
conditions are satisfied:

(1) Y(eq,e;) =0, Wis continuous bounded function ;

(i) ¥Y@)=¥{@*) foreachr € Q; X Q,;

(i)  if for any 74,7y, ..,y € Q1 X Q2 and ¢y, ¢y, ..., ¢, € C with ¥it;¢; =0 and
ri = (rll’rll) € Ql X QZ » WE have

Zh=1 Ry, VY 65 < 0.

Proof. Suppose that the function ¥ is strongly negative definite. From the above definition of
strongly negative definite functions, it is clear that ¥ satisfies (i) and (ii). Let r{, 75, ...,7, €
Q, X Q, and ¢y, ¢y, ...,c, €EC with X7 ;c; =0 . Since, every strongly negative definite
function is negative definite, so

0<Xl=[PC)+ ?(r,) — (R ;)] ag

= (Z 16) X [P@r)] cl+(2 L1¢) X [¥ ()]
l] 1[(R l‘”)(rl)] Ci C]

l] 1[(R qj) (rl)] ClC}

Conversely, suppose that ¥ satisfies the above conditions. Let e,ry,75, ..., 7, € Q1 X
Q, and cq, ¢y, ..., ¢, € Cwith Yi-; ¢; = 0. From (iii) we have

0> iZo[(R W) r)]aE

= )[R )] + & ) [Paole+a ) [¥(r)]g + ¥ (@leol?
j=1 i=1 j=1

= Slal¥ ) + ¥(1) = (Re WI@D] e + ¥(@lcol

This implies

Y e+ ¥(1) - Re, VD] G = ¥(@lel 2 0
=1
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Corollary 2.4. For any functions @, ¥ on the product Q; X Q, we have:
(1) If ¥ belongs to the set of strongly negative definite function on Q; X Q,, then
the function r - ¥ (r) — ¥(e,, e,) is also strongly negative definite function.
(11) If @ belongs to the set of strongly positive definite function on Q; X Q,, then the
function r - @(r) — @(ey, e) is also strongly positive definite function.

Proof. Let 74,75, ...,7, € Q; X Q, and ¢y, ¢y, ..., ¢, € Cwith }7-; ¢; = 0. Then we have

Z R, () = ey e))] 6 = Z(R W)rDas - sv<e1,ez>|zcl|2

i,j=0
n
> ®Re, DG <0
i,j=0

This proves the strongly negative definiteness of ¥(r) — ¥ (ey, e,). Similarly, let
Ty .., Ty € Q1 X Q, and ¢y, ¢y, ..., ¢y € Cwith Y-, ¢; = 0. Then we find

D[R, (@(er,e2) = D] 6 = Z(R AT - q>(e1,e2)|zcl|2
i,j=0 i,j=0

= — z (Rr*j @) (rcic; <0

i,j=0
Because @ belongs to the set of strongly positive definite functions, hence (ii).

Theorem 2.5. For every strongly negative definite function ¥ on the product Q; X Q, with
¥(eq,ep) = 0, the function $ is strongly positive definite function on the product Q; X Q.

Proof. Suppose ¥ strongly negative definite function on the product Q; X Q,, so exp(—t¥) is
strongly positive definite on the product Q; X @, . This implies

lexp(—t¥)| < |exp(—t¥(e;,e,))| forallt > 0.

It follows, for all (x,7) € Q; X Q, we have

(o) (°9)

Jexp( t¥ (x, ‘r)) dt—J & (x, T)dt
0

0

1
Y(x 1)

Where y; is the corresponding measure for exp(—tW¥). Moreover, applying Leévy continuity
Theorem, there exists a measure v € M, (Q; X Q, )such that
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oo}

V(1) = 00 7) = f &0t

0
and

€2) = o — =<
U(el eZ) q,(el ) ez) o
Consequently, v € M?(Q; X Q,). This implies the required to prove.

3. Construction of Levy measure.

Let L,(Q; X Q,) denote a commutative normal hypercomplex system with the product basis
Q4 X Q, and basis unity e = (e;,e,). A family of bounded Radon measures ((;)¢~o Will be
called a convolution semigroup on Q; X @, if it satisfies the following items:

6)) Ue(Q1 XQz) <1, foreach t > 0;
(i1) U, * U, = Ui +t, foreach ty, t; > 0;
(ii1) lting Ur = €,, with respect to the vague topology on y € M2(Q; x Q).

Theorem 3.1. For any strongly negative definite function ¥ on Q; X Q,, there exists a unique
convolution semigroup on Q; X @, such that ¥ is associated to (4¢)¢>o-

Proof. Firstly, we will prove that, for (x,7) € Q; X Q, , the function t - f;(x,T) is

continuous. As pointed out of Ursohn’s lemma [9], there exists f € C.(Q; X Q) that satisfies
f(e)=1and 0 < f < 1. Applying the above conditions for the convolution semigroup on
Q; X Q,, we have:

1=f(e)= }:l_l‘)r(} <Upf >< lti_r)rolinfut(Ql X Q) < lti_r)rolsupyt(Ql XQ)=<1

and this shows that

ltirrox Ut = €, (in the Bernolli topology).

As pointed out of [2], for each t;,t, > 0, we have
la:(x,©) — .ﬁto(){' | < |ﬁ|t—t0|()(' ) —1]
the right hand side tends to zero uniformally on compact subset of Q; X Q,, so

ltirré Kt = U, (in the Bernolli topology).

Secondly, from the definition of strongly negative definite function, there exists a unique
determined measures u, € M2(Q; x Q,),t > 0, such that 4,(y) = exp(—t¥) It is clear that,
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the family (u;)¢>¢ satisfies conditions (i) and (ii). The boundedness of the function ¥ on compact
subsets of Q; X Q, implies that

lim 2, (x) = lim exp(—t¥) = 1.

From [5], there exists a multiplicative measure /m on the dual Q; X @Q,, such that for every f €
Co(Q1 X Q) and & > 0, there exits g € Co(Q1 X Q )such that Q; X Q, |If — gl| < & and

() — £o(F)] < 26 + f 196D A ) — 1dA G, D)
this implies (ii). e

Let S denote the set of probability and symmetric measures on Q; X @, with compact
support, i.e.

S={0; 0 € M (Q1 X Q)N M(Qy xQ2),0(x,7) =6 (x1)}

Let (1) >0 be a convolution semigroup on Q; X Q,and ¥: Q; X @, — C the strongly negative
definite function associated to (U¢)¢>o - Applying the same technique of [2] for the

hypercomplex system instead of semigroups, we can see that, the net (% Ue|Q1 X Qz\{€e}¢>o of

positive measures on Q; x Q, \{e}converges vaguely as t - 0 to a measure 4 on Q; x Q, \{e},
and for every g €S, the function ¥ * ¢ — ¥ is continuous strongly positive definite on
Q; X Q,and the positive bounded measure p, on Q; X Q, whose Fourier transform is ¥ * ¢ —
¥ satisfies

(3.1) (1-0)p = pus|Q1 X Q2 \{e}.

The positive measure y on Q; X Q, \{e} defined by (3.1) is called the strong Lévy
measure for the convolution semigroup (Us)¢so on Q1 X Q5.

Theorem 3.2. Let u denote the Lévy measure for the convolution semigroup (Us)s>o on Q X
Q, . Then

(32) forxanie(t ~ RECEDENARCLT) <0, (7)€ Q1 X Q.

Proof. For (y,7) € Q; X Q,, letag = %(E(X,T) + €) €5; thend = Re(y, 7)(r), substituting
in (3.2) we get

(1 —Re(x,t)())duly, 1) = f (1-=6@)dux 1) = UuslQr X Q2 \{€} < oo.
Q1 XQ2 \{e} Q1 XQ2 \{e}
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4. Integral representation theorem.

A continuous function h: Q; X Q, — Ris called homomorphism if it satisfies h(r*) = —h(r)
and R,h(s) = h(r) + h(s), r,s € Q; X Q,. Clearly, if h: Q; X Q, — R is a homomorphism,
then the function ¥ = ih is strongly negative definite. A continuous function q: Q; X @, = R

is called a quadratic form, if it satisfies

(4.1) R.q(s) + R,.q(s) = 2q(r) + 2q(s), r,s € Q1 X Q;.

Theorem 4.1. Let ¥ be a strongly negative definite function associated the convolution
semigroup (Ue)eso on Q1 X Q5. If the Levy measure p of (U¢)e>o is symmetric, then Im¥ is a
homomorphism.

Proof. As remarked in [2], a continuous function f:Q, X/Q—z\ — R which satisfies f(e;,e;) =0
is a homomorphism if and only if f *v — f = 0 for all v € S. Since, /i = u is equivalent to i, =
Uy for each 0 €S . So, Im¥V *v—Im¥ =0 for each 0 €S, hence, then Im¥ is a
homomorphism. In particular, we have i Im¥ is strongly negative definite.

Lemma 4.2. For every positive definite symmetric measure ¢ on the product Q; X Q, \{e} such
that

(42) Jor xop (1~ ReEQDE) A u(r) < o0, (1,7) € Q1 X Q.

The function ¥,: Q; X @, — C defined by

(4.3) Y= Jo, wo, (1~ ReEQLDENA (1) < oo, (x,7) € Q1 X Q2
is strongly negative definite function.

Proof. To prove the function ¥, is strongly negative definite, we will sufficiently prove that the
measure 4 is strong Lévy measure for ¥,. For f € CZ(Q; X Q) such that f(¥) = f(x) and
[ f(x) dx = 1, Applying Fubini’s Theorem we get
(4.4) W+ N = fy50, (Ro ) CO¥i(p)p

=Jorz0, £ Iy, xonesennlt — ReXp()]d u(r)

:le XQz\{e}[l — Rex(nf(m]d u()
Specially, for y = 1, we have

f [1-F)]dut) = f £(0) ¥ (p)dp
Q1 XQ2\{e}
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Clearly, dv(r) = [1 —f (r)]du(r) is positive definite measure on Q; X Q,\{e}, so can be
considered as positive definite measure on Q; X Q,. This implies

0(x) = Red(x) = le XQZ\{e}ReX(T”)[l - f(r)]d u(r) for x € Qy X Q,.

Putting f = o in (4.4) implies that

W« 000 — W00 = f | Rex([1 =3 1u()
Q1 XQz\{e

So, ¥, * 0 — ¥,is the Fourier transform of the measure [1 — 6(r)]|u, this implies u is the Lévy
measure of ¥),.

Theorem 4.3.(Main_Result) Let W:Q; X Q, — C be a strongly negative definite function
associated the convolution semigroup (U;)¢~o With a symmetric positive Lévy measure y such
that

(1—Re(x,D()du@) <o, (x,7) €Qy XQ;,
Q1 xQ2 \{e}

Then ¥ admits the integral representation

Y(x,t)=%(e)+ilm¥ +q(x,1)

+ j (1= Re(, D)) d u) < o, (1,7) € QT X Vs,
Q1 xQ2 \{e}

where

RE (D) REPVI0T)
a( 1) = lim[( @D Z)XT FZ)
n—oo 4n

].

2n

Proof. Regarding Theorem 4.1, the symmetries of the measure u implies h = Im¥ is a
homomorphism and ih belongs to the space of strongly negative definite functions on Q; X Q.
Hence, the function ¥ — CI belongs to the space of strongly negative definite functions on
Q; X Q, associated Lévy measure p, where C = ¥(e). This implies the function ¥# = ¢ —
CI — ih belongs to the space of strongly negative definite functions on Q; X Q, associated Lévy
measure u. By virtue of the argument of Theorem 3.2, the integral

o= [ (-ReD@AN)
Q1 XQ2 \{e}
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is finite for all (y,7) € Q; X Q,.Observing Lemma 4.2, we get that, the function ¢ = ¥# —
¥, is a real valued symmetric function with gq(e) = 0. As remarked in [3], for ¢ € S we have

Yhog—WP=Wsxg -y
and

4.5) Yyro—-Y¥, = le xOs\(e} Rey(r)[1 —&(r)]d u(r)
Applying (3.1) and (4.5), we get
(4.6) qro—q=W"-¥)ro-W"-¥) = f,{e) 20

As pointed in [2], (4.6) implies that the function q is a nonnegative quadratic form on Q; X Q.
Recalling the integral

o= [ (-ReD@NAUO)
Q1 XQ2 \{e}

By Lemma 4.2 the function ¥, is strongly negative definite. Since every quadratic form satisfies
the following relation[2]

R )
lim M} q(7) = ( DD
So
(4.7) q(x,©) — ( a0 T)Q)(X )
= lim _(R?x,rf’z()m) [(Rur)’*”u)()( T)l
n—oo n Tl—>°°

. -(R?X,T)lp) (X: T) 1 m
= Jim [FEE S hm [ (= Re(Go D@
i i Q1 XQ2 \{e}

Since the product Q; X @, is locally compact, then for every compact K of Q; X @, , there

exists a constant M > 0, a nieghbourhood Ny of € and a finite subset Sk of K such that for
every element r € N we have

supr{1 —Re(x, 1)(r); (x,7) €K} < Mgsup {1l —Re(y,0)(r); (x,7) € Sk}

If (x,7)(r) = 0, let (y,7)(r) = pexp(iv) forsome 0 < p < 1 and — <9 < m. Then for
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n € N the ratio 222 is ounded a way from Q; X Q,on [ , 7], this implies the existence of a

n
positive constant C > 0 such that

51n(m9)
nd

(1 —cos(2n9)) = 3

[sm(nﬂ)] ll - COS(Zﬁ)]

< C(1 — cos(29))

Also, we have

1_ 2n _ A2
p sl pgl p
4n? 2n 2
These gives
1 2n mn pZn
W(l—Re(()(,r)(r)) ) (1 p™™) + = (1~ cos(2nd))

<12% 4 cp2n(1 - cos(2
<124 CpP (1~ cos(29))

2

< Zp + Cp?(1 — cos(29))

1 —pz 2
<— A - Re((r, D()7)

Applying the dominated convergence theorem gives

1 2n —
o (1~ Re(Qt D (@)?d u(r) = 0

Q1 %XQz \{e}
Substituting in (4.7) gives

1 . [®RE YD)
(4.8) 9000 =5 (R0 ) + ,1‘5‘30[ e ]
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Observing that
( Y1)
(Rg® 0 ®) = lim [“e22)
(R(Xr)lp)()( ) 1
— 1; 4 . - _ 2n
— i [P L [ @ 1w0@Pdu)
Q1 %Q2 \{e}
But

1
(L= 10 D@PY < 1- D@

Applying the dominated convergence theorem again gives

1
imo- [ A= l@amPYdur) =0

n-o 2n
Q1 xQ2 \{e}

and so

(R ®) 00 D)
(Regy® 00 1) = lim [ e ]

This complete the proof of the Theorem.

5. Conclusion
In this paper integral representations for strongly negative definite functions defined on the product
hypercomplex systems is given. Harmonic properties for strongly negative definite functions are
investigated. We construct a Lévy measure on the product hypercomplex systems, then we study the
conditions that guarantee the existence of some integrations having an integrand parts as a function of the
constructed kernel. Finally, we give a Lévy - Khinchin type formula for strongly negative definite functions
defined on the product hypercomplex systems.
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Abstract. The existence and uniqueness of solutions for nonlinear delay fractional difference equations
are investigated in this paper. We prove the main results by employing the theorems of Krasnoselskii’s
Fixed Point and Arzela—Ascoli. As an application of the main theorem, we provide an existence result

on the discrete fractional Lotka—Volterra model.

Keywords. Existence and uniqueness; Fractional difference equations; Krasnoselskii Fixed Point The-

orem; Arzela-Ascoli’s Theorem; Discrete fractional Lotka—Volterra model.

AMS subject classification: 34A08, 34A12, 39A12.

1 Introduction

Fractional differential equations have received a special attention during the last
decades since it has been found that these type of equations provide an excellent in-
struments for the description of memory and hereditary properties of various materials
and processes [1, 2, 3]. The problem of the existence of solutions for fractional differ-
ential equations, in particular, has been considered in several recent papers; ( see Refs.
[4, 5, 6, 7, 8] and the references therein).

For the development of the theory of fractional difference equations, which is the
discrete counterpart of fractional differential equations, still there exists less interest
among researchers. In fact the progress of the theory of fractional difference equations
is still in its early stages. Indeed, some mathematicians have recently taken the lead
to develop the qualitative properties of fractional difference equations. We name here
for instance Atici et. al. [9, 10, 11, 12, 13] who developed the transform methods,
properties of initial value problems and studied applications of these equations on the
tumor growth, Abdeljawad et. al. [14, 15, 16, 17, 18] who investigated the properties of
Riemann and Caputo’s fractional sum and difference operators, Anastassiou [19, 20] who
defined a Caputo like discrete fractional difference and studied some discrete fractional
inequalities, Goodrich [21, 22, 23] who established sufficient conditions for the existence
of solutions for initial and boundary value problems of discrete fractional equations
and Chen et. al. [24, 25, 26] who studied the stability of certain fractional difference
equations. In [27, 28], Wu and Baleanu provided some applied results concerning with
certain real life problems described by discrete fractional equations. For further details
on these achievements, we recommend the reader to consult the new publications [29, 30].

!Corresponding Author E-Mail Address: dumitru@cankaya.edu.tr
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Obviously, the existence and uniqueness of solutions are essentially significant con-
cept for differential equations. To the best of authors’ knowledge, there are no results
concerning with the existence and uniqueness of solutions for nonlinear delay fractional
difference equations. The objective of this paper is to cover this gap and study the
existence and uniqueness problem for equations of the form

{ Vix(t) = f(t,z(t),z(t — 7)), t € Ng ={0,1,2,...}, 7 >0, (1)
z(t) =o¢(t), te[-1,—7+1,...,0],

where f : Ng x R x R — R and “V§ denotes the Caputo’s fractional difference of order
a € (0,1). To prove our main results, we employ the Krasnoselskii Fixed Point Theorem
and the Arzela-Ascoli’s Theorem. As an application of the main theorem, we provide an
existence result on the discrete fractional Lotka—Volterra model.

2 Preliminaries

Throughout this paper, we will make use of the following notations, definitions and
known results of discrete fractional calculus [29]. For any «,t € R, the « rising function
is defined by

a_ I(t+ )

I'(t)
where I is the well known Gamma function satisfying I'(a + 1) = oI'(«).
Definition 1. Let 2 : Ng = R, p(s) =s—1, a € RT and p > —1. Then
1. The nabla difference of x is defined by

Va(t) =x(t) —x(t—1), te Ny ={1,2,...}.

,teR\{...,—2,—1,0}, 0% =0, (2)

2. The Riemann—Liouville’s sum operator of x of order o > 0 is defined by

Viou(t) = ﬁ St - p()" La(s), te N, (3)

s=1

3. The Riemann—Liouville’s difference operator of x of order 0 < a < 1 is defined by

Vox(t) = V' TIVa(t) = ﬁ 3 (t—p(s)) Vals), teN.  (4)

s=1
4. The power rule is defined by

I(p+1)

Vot = —L 2
0 Mp+a+1)

()™, t €N, ()
Lemma 1. [40] z(t) denotes a solution of equation (1) if and only if it admits the
following representation

1

z(t) = ¢(0) + () Y (= p(s)* (s, w(s),a(s = 7)), t €N, (6)

s=1

and x(t) = ¢(t), t € [-7,—7+1,...,0].
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The space [, denotes the set of real bounded sequences with respect to the usual
supremum norm. We recall that [, is a Banach space.

Definition 2. A set D of sequences in ls is uniformly Cauchy if for every e > 0, there
exists an integer N such that |x(t) — x(s)| < € whenever t,s > N for any x = {z(n)} in
D.

The following discrete version of Arzela—Ascoli’s Theorem has a crucial role in the
proof of our main theorem.

Theorem 1. (Arzela—Ascoli’s Theorem) A bounded, uniformly Cauchy subset D of lo
1s relatively compact.

The proof of the main theorem is achieved by employing the following fixed point
theorem.

Theorem 2. [31] (Krasnoselskii Fized Point Theorem) Let D be a nonempty, closed,
convex and bounded subset of a Banach space (X, ||x|). Suppose that A : X — X and
B: D — X are two operators such that

(i) A is a contraction.
(ii) B is continuous and B(D) resides in a compact subset of X,
(iii) for any x,y € D, Ax + By € D.

Then the operator equation Ax + Bx = x has a solution x € D.

3 Main results

We prove our main results under the following assumptions:

(I) f(t,z(t),y(t) = fr(t,z(t)) + fo(t,z(t),y(t)), where f; are Lipschitz functions with
Lipschitz constants Ly,, 1 =1, 2.

(ID) [t x(®)] < M|z @)], |2t 2(8), y(@))] < Ma|z(t)] x [y(¢)] for any positive num-
bers M7 and M.
Let B(N_;,R) denote the set of all bounded functions (sequences). Define the set

D={z: € BN_,R), |[z| <r, teNp},

where r satisfies u N2
17+ Mor
0 7 <
60) + S <

Define the operators £} and F5 by

Fl!l?(t) ﬁz t_ 1f1(8,33‘(8)),

s=1

and

1
I'(a) 4

It is clear that x(t) is a solution o (1

(t— p(s))* 7L fals, x(s), x(s — 7).

MH

Fg:l?(t) =

~—

it it is a fixed point of the operator F'x = Fix+ Fyx.
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Theorem 3. Let conditions (I1)—(I1) hold. Then, equation (1) has a solution in the set

T 7‘2 (e}
D provided that Lfl( ()a) <1 and |¢(0)| + (Ml +1£V([Z) )C( )

<r.

Proof. From the assumptions on the set D, one can easily see that D is a nonempty,
closed, convex and bounded set.

Step.1: We prove that Fj is contractive. We can easily see that

[Fia(t) = Fin®)] = g7 St = o)™ | fulsv(s) = (s,
s=1
< ol = ) ats) ~ (o)
s=1
< pslle = ol o - o) ™
s=1

By virtue of (2), (3), (5) and since (t — 0)? = 1, one can see that

St = pls) T~ 0 = T(@) Tyt - 0 = )

Therefore, (7) becomes

Lflc(a)

[Fiatt) - Fuyl)] < “4

le —yll, ¢ <T,

where C(a) = F{iﬁ;s) is a positive constant depending on the order a. By the as-

sumption Lfll(ca ()a) < 1, we conclude that Fj is contractive. Furthermore, we obtain for

zeD

|Frx(t) + Fa(t)| < [6(0)] + Yot = p()*H fils,x(s)) + fals, w(s),a(s — 7))

a @szl
x x 2 ——T
< fo) + IEEEEE S - o)™
s=1
< ooy + QITREEICE),

which implies that Fix 4+ Fox € D. For z € D, we also get

(M2T2)C(Oé) <.

| Fox(t) LZ O‘_l‘fg(s,x(s),a:(s—Tm < <
I(a I'(a)

s:l

which implies that F»(D) C D.
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Step.2: We prove that Fy is continuous. Let a sequence x,, converge to x. Taking
the norm of Fyx,(t) — Fox(t), we have

|Foa(t) — Foa(t)| < %Z(t—p(s))wwfxs,xn(s),wn(s—T>>—f2<s,a:<s>,x<s—7>>\

Ly, ! o1

< 1 2t DT (ane) = 2(0)] = fanlo = ) — (s = 7))
2Ly, Ty — T t —p(s m_i(Qsz)C(a) Ty — T

< Tl H;(t S L

From the above discussion, we conclude that whenever x,, — x, Fx,, — Fx. This proves
the continuity of F,. To prove that F5(D) resides in a relatively compact subset of [,
we let t1 < t9 < H to get

to

m‘ Z(t2 - P(S))ﬁﬂ(s,x(s)’x(s - 7))
s=1

IN

‘ng(tg) — ng(t1)|

= Y t— e fals a(s), a(s = 7))|

s=1

(t2 = p(5)* ™" = (11 = p(5)* " || fals, 2(s), (5 = 7))

IN
=
Ola

g

s=1
1 & __
+ WS:tﬁl‘(tz—P(S)) 1||f2(s,x(3)7$(s_7))|‘

Farta) = Fara)] < [ S 2 — po) ™ = 5 S0 = o)
1 & .
Ry 2 o)™

By using (3), we get
| Poa(tz) — Fax(ty)| < Mor? [v(;“(tg —0)° — Vg(t; —0)° + V% (ts — tl)ﬁ].
From (5), it follows that

Myr? 15 & g
|[Fa(ts) = Faa(t)| < m—2es |65 — 1] + (t2 - tl)o}.

(a+1)

This implies that F5 is bounded and uniformly subset of [*°. Thus, by virtue of the
Discrete Arzela Ascoli’s Theorem 1, we conclude that F5 is relatively compact.
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Step.3: It remains to show that for any =,y € D, we have Fiz(t) + Fay(t) € D. If
x = Flz(t) + Foy(t), then we have

@) < |Fia) + Bay(t)] < 1600)] + = S — ()| fuls, 2(5)) + fals y(s), y(s — )|

F(Oé) s=1
. 22 & _
< ’¢(O)’+M1H H];‘(_a];42” H Z(t_p(s))a—l
s=1
(Mir + Maor?)C(a)
< lo)] +

which implies that z(t) € D.

By employing the Krasnoselskii Fixed Point Theorem, we conclude that there exists
x € D such that x = Fo = Fiax + Fyx which is a fixed point of F. Hence, equation (1)
has at least one solution in D.

O

4 Applications

The Lotka—Volterra model has been extensively investigated through different approaches
[32, 33, 34, 35, 36, 37]. However, all the above mentioned papers studied the integer order
Lotka—Volterra model. In spite of the fact that the study of population and medical
models of fractional order has been initiated in [12, 38, 39], there is no literature achieved
in the direction of discrete fractional Lotka—Volterra model. Therefore, in this section,
we employ Theorem 3 to prove an existence and uniqueness result for the solutions of
this model.
For a bounded sequence g on N, we define g7 and g~ as follows
gT =supg(t) and ¢~ = inf g(t).
teN teN

Let f(t,z(t),z(t — 7)) = x(t)(v(t) — B(t)z(t — 7)) in equation (1), then we have the
following discrete fractional Lotka—Volterra model:

{ Viz(t) = z(t)(y(t) — B(t)x(t — 7)), t € Ny ()
z(t)=¢t), te[-m,—7+1,...,0, 0 <a <1,

where the coefficients v and g satisfy the boundedness relations
T <) ST, BT < B() <87,

which are medically and biologically feasible. Model (8) represents the interspecific
competition in single species with 7 denotes the maturity time period.
Denote

Fit,z(®) = x(t)y(t),  falt,x(t), a(t — 7)) = =B()z(t)z(t — 7).

It follows that the functions f; and f, satisfy the conditions
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(D) [Fo(tz))] <y )], [Fat,z(t), 2t — )| < BH ()] x |o(t — 7).
(IV) f; are Lipschitz functions with Lipschitz constants Ly,, i = 1,2.
The solution of model (8) has the form

(1) = 6(0) + Fay S0 = p(5)T2(s) (3(5) = Bls)als = 7). tETo. ()

s:l

and z(t) = ¢(t), t € [-7,—7 +1,...,0]. Define a function G by

Gz(t) = Ghz(t) + Gax(t),

where
Gra(t) = 6(0) + ﬁ St - p()™ Ta(s)1(5),
s=1
and
Goar(t) (1a SO — pls)* La(s)B(s)(s — 7).
s=1

One can easily employ the same arguments used in the proof of Theorem 3 to complete
the proof of the following theorem for equation (8).

Theorem 4. Let conditions (II1)—(IV) hold. Then, the model (8) has a solution in the

[ +r4ptr2 o
set D provided that Lfl(c() ) < 1 and |p(0)| + % <r

Remark 1. The above result can be extended to n species competitive Lotka—Volterra
system of the form

{ Vgl‘l(t) = :EZ(t) (%-(t) - Z?:l 5ij(7f)$j(t — Tij)), teNg, i=1,2,...,n. (10)

xl(t) = (Zﬁi(t), te [—TZ’, —T; + 1, - ,0], I<a< 1, T; = Maxi1<j<n Tij,

where v~ < (1) <%, BT < By(t) < BT

Remark 2. Results of this paper can be carried out for the equation

Gu(t) = f(t, t)ﬁc(t—T)) teNy={2,3,...}, 7>0,
{ : x(t) = ¢(t), t [T,—ril,...,u, (11)

where f: Ng x RxR — R and V§ denotes the Riemann—Liouville’s fractional difference
of order a € (0,1). The solution of equation (11) has the form

a—1 t
x(t) = Ii( ) %Z t—p (s x(s),z(s — 1)). (12)

s§=

895 J. Alzabut et al 889-898



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

5 Conclusion

A comprehensive literature survey on the predator—prey type Lotka—Volterra model re-
veals that a considerable amount of work has already been done by many esteemed
researchers during the last century. However the concept of the model related to frac-
tional time derivatives is an original one.

The fractional Lotka—Volterra equation is obtained from the classical equations by
replacing the first order time derivative by fractional derivative of order o € (0,1). One
of the most significant outcomes of this evolution equation is the generation of fractional
Brownian motions.

It has been discernible that the discrete analogue of ordinary differential equations has
tremendous applications in computational analysis and computer simulations. Motivated
by this reality, the study of the discrete analogue of fractional differential equations has
become pressing and compulsory.

In this paper, we studied the existence and uniqueness of solutions for nonlinear
delay fractional difference equations. The main theorem is proved with the help the
Krasnoselskii fixed point theorem and the Arzela—Ascoli’s Theorem. Prior to the main
result, we set forth some notations and definitions which enriched the knowledge of
discrete fractional calculus. To demonstrate the applicability of the main theorem, we
provide an existence result for the discrete fractional Lotka—Volterra model.

It is to be noted that the analysis carried out in this paper is based on the use
of nabla rather than delta operators. Indeed, unlike the delta operator the range of
nabla fractional sum and difference operators depends only of the starting point and
independent of the order . This provides exceptional ability to treat skilfully different
circumstances throughout the proofs. The delta approach can be obtained from nabla
operator through the implementation of the dual identities discussed in [41].
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Abstract: In this paper we generalize, complement and improve some recent
results on NLC-operators established in Gp-metric spaces. Several examples are
given to support our theoretical approach.

Keywords: G)-metric space, NLC-operator, supporting sequence, G,-complete,
fixed point

1 Introduction and preliminaries

Partial metric space and G-metric space are two different generalized metric spaces. In
1994 Matthews [13] introduced partial metric space as follows:

Definition 1.1. Let X be a nonempty set. A partial metric is a mapping p : X? — [0, +00)
which satisfies that

(pl) v =y <= px,2)=p(x,y) =p(y,y), for all z,y € X;

(02) p(2,2) < p(2,y), for all 2,y € X;

(p3) p(2,y) =p(y,z), for all 2,y € X;

(p4) p(2,2) <p(x,y) +p(Y,2) —p(y,y), forall z,y,z € X.

Then the pair (X, p) is called a partial metric space.

It is clear that each (standard) metric space is a partial metric space, while on the
contrary it does not hold, in general. In recent years, many authors have obtained lots of
fixed point results in partial metric spaces, for example, see [12], [13], [15], [17], [21] and
the references therein.

On the other hand, in 2006 Mustafa and Sims [14] introduced another kind of general-
ized metric space, so-called G-metric space as follows:

Definition 1.2. Let X be a nonempty set. A mapping G : X3 — [0, 400) is called

G-metric if it satisfies the following conditions:

*Correspondence: denggt@bnu.edu.cn (G. Deng)

899 Huaping Huang et al 899-914



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

(Glz=y=2< G(v,y,2) =0 for all z,y,z € X;
(G2) 0 < G (z,z,y), for all z,y € X with = # y;
(G3) G (z,x,y) < G (x,y,2), for all z,y,z € X with z # y;

(G4) G (z,y,2z) = G(P{x,y, z}), where P is a permutation of z,y,z € X (symmetry
in all three variables);

(Gh) G(x,y,2) < G (z,a,a) + G (a,y,z), for all z,y,z,a € X (rectangle inequality).
Then the pair (X, Q) is called a G-metric space.

Based on this notion, many fixed point results under different contractive conditions
have been obtained (see [1], [7]-[10], [14], and the references therein).

In 2011 Zand and Nezhad [23] introduced a concept as a generalization of both partial
metric space and G-metric space as follows:

Definition 1.3. Let X be a nonempty set. A mapping G, : X3 — [0, +00) is called a
Gp-metric if the following conditions are satisfied:

(Gl) x=y=21G,(x,y,2) =G, (z,2,2) =Gy (y,y,y) =Gy (2,2,2) for all z,y, 2z €
X;

(Gp2) Gy (z,z,2) < Gp(x,2,y) < Gy (x,y,2) for all x,y,z € X;

(Gp3) Gy (x,y,2) = G, (P{x,y, 2}), where P is a permutation of z, y, 2 € X (symmetry
in all three variables);

(Gpd) G, (z,y,2) < Gy (x,a,a)+G, (a,y,2)—G, (a,a,a), forall z,y, z,a € X (rectangle
inequality).

Then the pair (X, G)) is called a G,-metric space.
Remark 1.4. It is worth mentioning that authors in (2|, [3], [5], [19] and [23] used (G,2)
while in [6], [18] and [20] authors used the following condition:

(Gp2) Gy (z,2,2) < Gy (x,2,y) < Gp(x,y,2) for all x,y,z € X with z # y.

In the former case (X, G,) is a symmetric G,-metric space, that is., G, (z,z,y) = G, (x,y,y)
for all =,y € X. However, in the latter case this does not hold.

Otherwise, each symmetric G-metric space is symmetric G,-metric space, but the con-
verse is not true (see Example 1 from [23]) as well as each G-metric space is G,-metric space
in the sense of [18|. However, the claim from [23] (page 87, lines 6-,7-) that each G-metric
space is also G,-metric space is false (see [18], page 79). In addition, It is noteworthy that
Example 3 in [23] is symmetric G-metric space, and hence it is G-metric space. It is also
clear that Definition 6 (because (G,2)) in [23] is superfluous.

First our important result in this section is the following:

Proposition 1.5. Every G,-metric space (X,G,) in the sense of [18] defines a metric
space (X , dgp) as follows:

de (J:ay) = Gp (557.’%9) + Gp (:U,$,y) - Gp (IL‘,[L’,ZIZ’) - Gp (yvyay)v for all z,y € X.

Proof. Using (G,2), we have dg, (v,y) > 0 for all z,y € X. Also, if # = y, then
da, (x,y) = 0. Conversely, let dg, (x,y) = 0, then

Gp (x7y7y> + GP (%%Z/) - Gp (x,x,x) - Gp (y7y7y) = 07
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that is.,

Gy (z,2,y) = Gy (w2, 2)] + [Gy (z,5,9) — Gy (3,5, 9)] = 0,
or equivalently, G, (z,z,y) = G, (z,z,2) and G, (z,y,y) = G, (y,y,y) . Further, on ac-
count of (G,4) it implies that G, (z,y,vy) < 2G, (z,z,y) — G, (z,z,x) = G, (z,z,y). Sim-
ilarly it follows that G, (z,z,y) < G, (x,y,y) for all x,y € X. Then

Gp (I’yvf) = Gp ($,ZB,1’) = Gp (y,y,y) )

thus by (G,1) it gives z = y.
It is obvious that dg, (z,y) = dg, (y, x) for all z,y € X.
Finally, we shall prove that

de ('I7 Z) < de ("'U?y) + de (1/7 Z) ’
for all z,y, z € X, or equivalently,

Gy (z,2,2)+ G, (v,2,2) — Gy (x,2,2) — G, (2,2, 2)
< GI? (ZL‘,CL’,y) + Gp (xay7y) - Gp (ZE,{L‘,JZ) - GP <y7y7y)
+ Gp (yayaz> + GP (yaza Z) - Gp (y7y7y) - Gp (Z,Z,Z) ;

that is.,

Gp ($7$72) + GP (JT,Z,Z)
S Gp ([L’,.Z‘,y) + Gp (.Qj,y,y) - Gp (yay7y) + Gp (yay7z) +Gp (yVZaZ) - G;D (y,y,y) .

Notice that
Gy (z,2,2) =G, (z,2,2) < Gy (2,9,y) + Gy (v, x,2) — Gy (y,4,Y)

and
Gp(2,2,2) <Gy (z,y,y) + Gy (4, 2,2) — Gy (4,9, Y)

so the proof is completed. ]
Remark 1.6. Our proof of this proposition is more detailed than one of [23].

Further, we announce the following definition with valid approaches which complements
Definition 1.9 from [18].
Definition 1.7. Let (X, G)) be a G,-metric space and {x,} a sequence in X. Then

(1) {@n}, oy is called G-convergent to a point x € X if n}é&ﬂ@ Gy (2,20, xm) = G, (2,2, 7).
In this case, we write z,, — x as n — o0;

(2) {z,} is called a Gp-Cauchy sequence if lim G, (z,, Tm,Tm) = € R. Particularly,

n,Mm—00
{z,,} is called 0-Cauchy sequence if r = 0;
(3) (X,G,) is called Gp-complete if for every G,-Cauchy sequence {z,} in X is G,-

convergent to r € X.
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Now, we give the following conclusion which corrects Proposition 4 of [23]:
Proposition 1.8. Let (X,G,) be a symmetric G,-metric space. Then for a sequence
{z,} € X and a point x € X the following are equivalent:

(1) {z,} is G)-convergent to z;

(2) G, (zp, ) = Gy (v, 2,2) as n — o0

(3) Gy (zn,z,2) = Gp (x,2,2) as n — oo.

Proof. Since (X, G)) is symmetric G,-metric space, then (2) is equivalent to (3). Taking
m =n in (1), we speculate that (1) implies (2), thus, (1) implies (3). For the converse we
have that

Gy (x, 20, xm) — Gp (2,2, 7)
=G, (Tn, Tm,x) — Gy (v, 2, 2)
< Gy (Tn,x,2) + Gy (T, T, ) — Gy (2, 2,2) — Gy (2,2, 7)
=[Gy (zp,z,2) — Gp (x,2,2)] + [G) (T, x,2) — G (2, 2, )]

—+0+0=0, asn,m — oo,

then (3) implies (1). We complete the proof. O
Next we generalize Lemma 1.10 from [2] (see also [3], [5], [6], [18], [20]), that is., we
announce the following assertion:
Proposition 1.9. Let (X, G,) be a Gp-metric space in the sense of [18|. Then
(A) if Gy (x,y,2) =0, then z =y = z;
(B) if = # y, then G (z,y,y) > 0.
Proof. (A) If v # y # 2z # x, then (A) is an immediate consequence of (G,2') and
(Gpl). If for instance, x # y = z, then G, (x,y,2) = G, (x,y,y) = 0. In this case, we get
Gy (z,2,2) =G, (x,z,y) = G, (y,y,y) = 0. Indeed, by (G,4) it follows that

Gy (z,2,y) <Gy (z,y,y) + Gy (v, 2,9) — Gy (y,y,y) < 2Gp (x,y,y) = 0.

Since G, (z,z,7z) < G, (z,z,y) and G, (y,v,y) < G, (z,y,y) hold for all z,y € X, then we

arrive at
Gy (2,y,y) = Gy (z,2,y) = Gy (z,2,2) = G, (y,y,y) =0,
so by (G,1), we obtain the desired result. ]

(B) Let G, (z,y,y) = 0. Now, based on the proof of (A) when z # y = 2, we claim
that © = y. A contradiction.

2 Auxiliary results

In the sequel, let (X,G,) be a G,-metric space in the sense of [18]. First of all, we
introduce the following notion:
Definition 2.1. Let (X, G),) be a Gp-metric space, o € (0,1) a constant and 7' : X — X
a mapping. We say that T is an NLC-operator on X if for each x € X there is some
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n (z) € N such that for each y € X it holds
G, (T"(”)x, @ g, T”("’”)y) < max {aG, (z,z,y),G, (z,z,2)}. (2.1)

For an NLC-operator T" and x € X we define supporting sequence at x as a sequence
{sk}renufoy Where so = 0 and s = s, +n(T%z), k € NU{0}. Also set Jr(X) =
{x € X :T™x = T™ 'z for some m € N}.

Remark 2.2. (i) Condition (2.1) implies that for any i > sy, it is valid that

G, (Tska:, Tk x, Tias) < max {aGp (Tsk—la:, T, zj) LGy (TR, T 1, Tsk—l.r)} ,
(2.2)

where j =1 — sp + S_1 > sp_1, and specially that
Gy (Torx, T x, T%*x) < G (T 1z, T g, T 1) . (2.3)

Now, fix x € X\Jr (X). For k € Nand i > s use (2.2), repeatedly fix integers [; > s,,0 <
Jj < kand ty, ty,....t; € {0,1} such that I} := ¢, then

G) (Tsjac, T% x, lex) <a'-G, (Tsj‘lx, T, le‘lx)

for all 0 < 5 < k, where
P 1, if Sj—1 < ljfl,
J 0,

if s;_1 =1_1.

Let us recall (lo,l1, ..., k1) and (t1,ta, ..., tx) as the (k,1)-descent and (k,i)-signature at z,
respectively.

Further put r,; =: k — hy;, where hy; is a number of zeroes in (k,7)-signature at z.

We shall say that z is Type 1 if there are sequences of positive integers {kp,},,cn (o)
and {im},,cnugo), One of them is strictly increasing such that for all m € NU{0} we have
that i, > sy, and 74, 50 < Thoit i -

We shall say that x is Type 2 if x is not Type 1, i.e., there are ko, B € N such that for
all £ > ky and 7 > sy, it holds r;,; < B.

(ii) In the framework of G-metric spaces, condition (2.1) becomes
G, (Tn(x)l', Tn(x)l.’ Tn(x)y) < aG, (z,2,y), (2.3)

hence, it is iterate contractive condition of Sehgal-Guseman type in this framework (see
[11], [16]).
Lemma 2.3. Let T be an NLC-operator on G,-metric space (X, Gp),x ¢ Jr (X), and let
{Sk}keNu{O} be a supporting sequence at x. Then

(a) if (lo, 11, ..., lg—1) is (k,ip)-descent at x, then

G, (Tskx, Tskx,Tioa:) < o™i -G, (x,:v,Tle) ,
G, (Tskx, Tskm,TiO:v) <G, (Tij, Tij,Tlfa:)

for all 0 < 5 < k, where I}, := i¢;
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(b) if P € {0,1,...,k — 1} and ry;, < cardP (cardP is the number of elements of P),
then for some jy, € P it holds

G, (T% 2, Tz, T"x) < G, (T%0x, Tz, T*0x).

Proof. Using the definition of ry;, (a) is obvious. To prove (b), under the hypothesis, the
set {j+1:7 € P} is subset of {1,2,...,k} with card(P) > 74, so there is some j, € P
with ¢;,41 = 0. Then

G, (T%“x, T, Ti°x> <G, <le0+1:L‘,leO+l.iE, Ti°+1:v>
< ahotl@q, (T%x, TSio g, To x)
=G, (T%0x, T%0x, T%x),

whereof (a) and sj, = [, have been used. O
Lemma 2.4. Let T" be an NLC-operator on G,-metric space (X,G,) and z € X, then
there is some M, > 0 such that for all 7 > 0 it satisfies that

Gy (2,2, T'z) < M,, (2.4)

and so G, (T9x, T9z, T"z) < 3M,, for each i, j € NU{0}.
Proof. If = € Jy (X), then this is obvious. Thus, let z ¢ Jr (X) and set

b(z) =G, (2,2, 2) + Gy (x,2,Tx)+ -+ G, (aj7q;’ T"(’”)x) _

Let us prove by induction that

Gy (z,2,T'z) < b(z), for all i € N.

1l—«

Obviously (2.4) is true for 0 < k < n(z). Now assume that the same is valid for some

k > n(z). Then

G) (ZE z, T g ) <G, (x,:z:,T"(’” ) + G, ( D, T g TR g )

<G, (m z, T m) + max {aGp (x, :E,Tk’ﬂ_"(“”)x) Gy (2, x, :v)}
<Gy (2,2, T"Wz) + G, (v, 7,2) + 1%b(x)
<b(@)+1—0()

1
- ab<x>,

0 (2.4) is proved with M, = b (z).

Further, we have
G, (Tix, zj,zj) <G, (Tix,yc, :c) +2G, (zj,a:, x) < 3M,,
for all 4, j € NU{0}. O
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Lemma 2.5. Let 7' be an NLC-operator on G,-metric space (X, G,) and z € X\ Jr (X).
If z is Type 1, then lim; j oo G, (T2, Tz, T?x) = 0.
Proof. Fix m € NU{0}. If (lo, ..., lx,,—1) is (Sk,,,im)-descent, then by (a) of Lemma 2.3
we have

G, (Tskmx, Tskmx,Tim:c) < atmim G (x,m, Tlox) < @"kmotm VL

In view of lim,, o0 7%, i,, = 00, it follows that

lim G, (Ts’fmx,Ts’“mx, Timx) = lim G, (T%mz, T%%mg, T**ngx) = 0.

m—00 m—00

For given ¢ > 0, choose my € N such that ™ M, < € and G, (T**mx, T*mx, T%mz) < €

for all m > my. Let Tk i = TM0- Then
G) (TSk?mo x, T""2mo Tix) < a"fmot L ML < ™M, < €.

Now suppose that ry,, i < mq. For P = {kpny, ..., kamg-1} € {0, 1, ..., koo — 1}, we have

card (P) > rp,,, i, so by Lemma 2.3, there exists some mg < j < 2mg — 1 such that
Gy (T™2mo, T 2mox, T'x) < Gy (T2, T™x, T™x,) <e

for each @ > sp,,, -

Accordingly, if 7, j > sy,,, , then

Gy (T'z, Tz, T'x) < Gy (T™2mox, T 2mox, TVx) + G, (T, Tz, T2m0)
< Gy (T2mo, T 2mox, TV x) + 2G,, (T, T 2mo x, T™2mo 1)

< 3e.

Therefore, we prove that lim; ; oo G, (T'z, T'z, T72) = 0. O
Lemma 2.6. Let T be an NLC-operator and z € X\Jr (X). If z is Type 2, then the
sequence {17z}, (0y 18 Gp-Cauchy.

Proof. By (2.3), it is easy to see that {G, (Tskx,Tskm,TSkx)}keNU{o} is a nonincreasing

sequence, where {Sk}keNu (0} is a supporting sequence at x. Then there exists
Ty = li]£n Gy (T x, Tz, T ) = i%f {G, (T, Tz, T x)}

such that it is finite.
At first let us prove that for any € > 0, there exists my € N such that for all m > my

and 7 > s,,, one has
Gy (T*rz, T2, T'x) € (r, —e,ry +e). (2.5)

Since x is Type 2 there are kg, B € N such that for all £ > ky and all i > s;, there holds
ri; < B. Let € > 0, take m; > kg such that for all m > my,

Gy (TPmx, T x, T*"x) € (1, —€,75 +€). (2.6)
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Let m > my+B and i > s, be arbitrary. For P = {my,...,m; + B—1} C {0,1,...,m — 1},
we have cardP > B > r,,;, then there exists m; < j <m; + B — 1 such that

ry —e < G, (T°mx, T°mx, T°"x) < G, (TS’”x,TSmx, Tix) <G, (T%z, T2, Tx) <r; +e¢.

So we get (2.5).
Now let us prove that for any € > 0, there is £* € N such that for all 7, j > k¥,

Gy (T2, T'z, T'z) <ry +e. (2.7)
Indeed, for any € > 0, consider mg as in (2.5) and let i,j > s,,, be arbitrary. Then

Gy (Tix, Tz, zj) <G (TSWOx, T mog, zj) +G, (Tia:, Tz, TSmOI)
— G, (TPmog, Tmox, Tmox)
<ry+e+2G, (TST”O:U, T%mog, Ti:v) —2G, (T*mox, T*mox, Tmox)
<ryt+e+2(ry+e)—2(r,—¢)
=17, + de.

To prove lim; j 00 Gp (T"x, T'z, T?z) = 1., we only need to show that for any € > 0, there

exists k € N such that for all i > 7{?, ones always have

ry —e <G, (T'z, T'z,T7x) . (2.8)
Suppose on the contrary, that for any k there is some iy > k satisfying

G, (Tiox,TiOx, Tiox) <r,—e.

Put z := T"z. Obviously, z ¢ Jr (X) implies that z ¢ Jr (X). If z is Type 1, then by
Lemma 2.5 it follows that

0=1LmG, (T°2,T°2,7z) = lim G, (T'z,T'z, T’z) = r,,
1,] 2,7

50 {T"7}cnupoy 18 0-Cauchy sequence.
Now suppose that z is Type 2, and let {gm},,cn (0 be a supporting sequence at z.
Then, for each m € NU{0},

Gy (T2, T2, T 2) < G, (2,2, 2) <1y — &,

SO
r,=lUmG, (T%™z,T™z,TM"z) <r, —¢.
m
Note that 7, < %F= then for j, € N, one obtain that

P e

G, (sz,sz,sz) < , for all 7 > jo.
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As limy,, o0 Gy, (T, T2, T x) = r,, then there is some m > iy + jo such that

Ty + 7,

Gp (zj,Tj:p,zj) > 7

which is impossible, so (2.8) is satisfied. Now, for s, —ig > m — iy > jo, we claim that

fe ;— T o Gy (T, Tz, T°mx) = G, (T°m "0z, T "0g, T 0x) < i ;— =
In the end, from
ry —e < Gp (Tix,Tix,Tix) <G, (Tix,Tix,zj) ,
it follows that {T"z}, (0y 1s a Gj-Cauchy sequence. O

Lemma 2.7. Let T': X — X be an operator on G,-metric space (X, G,). Suppose that
x € X is a point such that 7%z = z holds for some positive integer k, and there is y € X
such that

Gp(y,y,y) =lim G, (y, 'z, T'z) = lim Gy (T'x, Tz, T'x), (2.9)

then Tx = .
Proof. Since T%ix = x, then for any i € NU {0}, we have that
Gy (y.y,y) = im G, (y. T2, T"2) = G, (y. 2, x)
and
Gy (y,y,y) =1lim G, (Tkix, Ty, Tkix) =G, (v,2,2),
so y = z. Now (2.9) implies that
Gy (v,2,2) = im G, (z, T" 2, TF2) = G, (2, Tz, Tx)
and
Gy (z,2,x) = im G, (T* o, TF 2, T 2) = G, (T, Tz, Tx).

Thus, Tx = . O

3 Main results

Both results in this section generalize many existing results in the literature (see [12,
Theorem 3.1| and [4, Lemmas 3.-5, Theorems 1 and 2|). Firstly, we announce our first
result for NLC-operator in G)-complete GG-metric space as follows.

Proposition 3.1. Let 7" be an NLC-operator on G,-complete G,-metric space (X, G)),
then

(1) for each z € X, the sequence {Tix}ieNU{O} G'p-converges to some v, € X;

(2) for all z,y € X, one has

Gy (vy, vy, o) = max {Gp (Vz, Vo, Vz) , Gp (U, vy, vy) } -
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Proof. Since (X, G)) is Gp-complete, then for each x € X, the existence of v, is assured
by Lemma 2.5 and Lemma 2.6. Let us prove (2). Let z,y € X and G, (v, vy,v,) >
Gp (Vg, Vg, v,). I G (vy,vy,v,) = 0, then v, = v, and the claim is clear. Thus, assume
that G, (vy, vy, v,) > 0.

For any 0 < ¢ < ﬁGP (vy, vy, vy), there is some my € N such that for all 7, j > my,

we have

maX{Gp<Tiy7 Uyu Uy) - Gp(sza szu sz)v |GP<TZy7 sza sz) - Gp(vya Uy’ Uy)|a
Gp(Ti?/a Tiya vy) — Gp(vy, vy, v)} < €

and
max { G, (vg, v, T72) — G (Vg, 03, 02) , Gy (v, TV, TV2) — G (T2, TV, T2) } < e,
For i, j > mq, we have
Gy (T'y, T'y, T'x) < G, (T'y, T'y,vy) — Gy (v, vy, v,)

+ G, (vy, vy, v,) + Gy (vx,vx,Tix) — G (Vg, Vg, V)
< 2e 4+ Gy (vy, vy, v;)

and

Gy (vy, vy, 03) < Gy (vy, vy, T'y) — G, (Ty, T'y, T'y) + G, (v, TV, T )
=G, (T7y, T7y, T7y) + G, (T'y, Ty, T'y)
<2+ G, (T'y, Ty, T'x) .
For any ig > mg and 7, := n (T"y), we get
G)p (vy,vy,v,) — 26 < G, (Tiﬁily, Tty Ti“”lx)
< max {aGp (Tioy, Ty, Ti%) Gy (Tioy, Ty, Tioy)}
< max {a (2e + Gy (vy, vy, v;) , € + Gy, (Vy, vy, vy)) } -
If
G (vy, vy, v,) — 26 < 2ae + aG) (vy, vy, Uz)

then
G (vy, vy, 05) < 26 (1 + a) < G, (vy, vy, V) -

This is a contradiction. As a consequence, we deduce that
Gp (vy, vy, v;) < 3e + G, (vy, vy, vy)
SO

G (U% Uy, ve) < Gy (Uya Uy, Uy) .
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Finally, by (G,2), we speculate that
Gy (vy, vy, v2) = G (Vy, vy, V) = max {Gy (Vz, Ve, Vz) , Gp (Vy, vy, vy) } -

O]
Now, we announce our second result in the framework of GG)-complete G,-metric spaces.
Theorem 3.2. Let 7" be an NLC-opertor on G,-complete G,-metric space (X, G,), then
there is a fixed point z € X of T such that G, (2, z, z) = inf {G}, (vs, vz, v,) : x € X}
Proof. Forz € X, put r, := G, (vg, Vg, Vz) = limg 00 G (T, T 2z, T** ) for {Sk}keNu{o}
which is the supporting sequence at x. Let [ :=inf {r, : x € X}. For m > 1, take z,,, € X
such that for all 7, 7 € NU{0}, it holds

. . . 1 1
G, (Tz! Tl Tal)e (I——=T+=). 3.1

At first we shall prove that lim,, y—eo Gp (T, Tm, 2x) = I. For m, k > 2, let C,, . > 0 and
G, (zjm, Tj.Tm,TiiL‘k) < Cmpgs 1,J € NU{0}.

Fix m,k > 2 and let {sq}quU{O} be the supporting sequence at z,, and let [ > 1 be an
integer such that o' - Cr e < k—l-;m Then

Gp (T, T, T
< Gy (T, Timy T ) — G (T %y, T Xy, T 0,) + G (TP, T 0y, )
< Gy (T, Tiny T 2) — G (T 2y, T 0, T 2,
+ Gy (xg, Ty, T wy) — Gy (T g, TP g, T xy) + G (T @, T 2y, Ty, )

Denote

Api = Gp (T, T, T x0,) — G (T, T 0, T ,y,) < %,
Do i o = Gy (xg, Ty, T wy) — Gy (T, Ty, TP xy) < %
At first, assume that
Gy (T% 2y, T xy,, T ) > G, (Tia:m, Tia:m,Tia:m) for all i € {0,1, ..., 5} .
Then by (1.2), it is clear that

Gp (T 2y, Ty, T y,) < Gy (TP0 2y, T 2y, T 1)

< PG, (T 22, T 22y, T -21y) < ..
1

I I
< @Gy (Tmy Ty Tp) S - Oy < o

If Gy (T, TS, T 1) < Gy (T, Ty, T'xy) for some i € {0, ..., s}, then by (3.1),
Gy (T*wy, T xy,, T xy) < I + %, SO

Gp (l’m, T, l‘k) S Am,k + Dm,k + Gp (TSlxma TSlxma TSlxk)

2 2 1
<—+-+I1+—.
m k m
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From the above consideration and
1
I — - < Gy (T, Tiny T) < Gy (Tiny Ty The)

it follows that

lim Gy (T, Ty Tm) = 1.
m,k—00

Now that (X, G,) is G,-complete, there is some v € X such that

I = mll}:glooG (Timy Ty Th) = 7711_I>IC1>OG (T Ty u) = Til_rgoG (T, u, u) = Gy (u,u,u).

It is easy to see that
Gy (T, Ty, T"Wy) = G, (u,u,u) = 1.

Now we shall prove that 7"y = u.

From

I =G, (u,u,u) <G, (u,u,zjm)
< Gy (U, ) + Gy (T, T, TV 20) = Gy (T, Ty Tn)

1 1
< G, (u,u, ) + 1+ — — (I——)
m m

2
= Gp (U,'LL, xm) + Ea
it means that
lim G, (u,u,Tj:cm) =1, jeN

m— 00

On the other hand,

I =Gy (T u, T"u, T"u) < G, (T, T, Tz,

< max {aGp (u, u, Ty, Gy (u,u,u)},

which implies that
lim G, ( ,T”(“)U,T"(“)xm) =1.

m—ro0

Now that

< Gp (u7 )xm, Tn(u ) +G, ( O Tn(u)% Tn(u)xm)

-G, (T”(“)a:m, T”(“)mm, () :vm)
1

< 2G, (u, w, T, xm) — G, (u,u,u) + Gy (T”(“)u, Ty, T”(“)xm) — I+ p”

— I, as m — oo,

SO
Gy (0, T, TO) = T = Gy (1) = Gy (T, 700, 7700

and Ty, = u. Finally, by utilizing Lemma 2.7, the remaining proof is valid. [
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4 Some examples

Now, we give four examples to support our theoretical approach.
Example 4.1. Let X = {0,1,2} be a set and G, : X® — [0, +00) a mapping satisfying

Gy (z,2,2) = % forall z € X

G, (0,0,1) = G, (0,1,0) = G, (1,0,0) = 1,
G,(0,1,1)=G,(1,0,1) = G, (1,1,0) =1,
G,(1,2,2) =G, (2,1,2) =G, (2,2,1) =3,
G, (0,0,2) = G, (0,2,0) = G, (2,0,0) = 3,
G,(0,2,2) = G,(2,0,2) = G, (2,2,0) = 3,
Gy (1,1,2) = Gy (1,2,1) = G, (2,1,1) = 3.1,
G,(0,1,2) = G, (0,2,1) = G, (1,0,2) =

Then G, is an asymmetric G,-metric as G, (1,2,2) # G, (1,1,2). Further, (X,G,) is a
Gp-metric space in the sense of [18|. Let T': X — X be defined by 70 =71 = 0,72 = 1.
We shall prove that T is an NLC-operator where a = 3, while n(z) = 1 for all z € X.
Indeed, we need to check

Gp (Tx, Tz, Ty) < max {%GP (z,2,y),G, (z,, x)} (4.1)

for all z,y € X into nine cases as follows:

N | —

1
(1) #=0, y=0=> 5 = G,(T0,T0,70) < G,(0,0,0),G,(0,0,0)

G,(0,0,1),G,(0,0,0)

| —

1
2
1 1
(2) v=0, y=1= 5 =G,(T0,70,T1) < max{ 5

(3) 2 =0, y=2=>1=G,(T0,70,72) < max 4 =G,(0,0,2),G,(0,0,0)

[\CR V]

1
2

G,(1,1,0),G,(1,1,1)

DN | —

1
= 2
1
2

1
(5) x=1y=1= 5 =G,(TLTLT1) < max{ 5 Gy(1,1,1),Gy(1,1,1)

w
—_

(6) v=1, y=2=1=G,(T1,7T1,72) < max

G,p(1,1,2), Gp(1,1,1)

S|

(7) 2=2, y=0=1=G,(T2,72,T0) < max{ =G,(2,2,0),G,(2,2,2)

8) x=2 y=1=1=G,(T2,T2,T1) < G,p(2,2,1), G,(2,2,2)

&
e
e
4) =1, y:O:%:G(Tl T1,70) < m x{
e
{
&
e

1
2
1
2
1
2

I
DO W

H_/H/—/H/—/H/—’H,_/H,_/H/—/H_/W_/
I
DN | —

(9) z=2, y—2:>%—G,,(T2,T2,T2) <max{2G (2,2,2), Gy(2,2,2)

l\DI»—

Hence all cases show that (4.1) is satisfied and then both Proposition 3.1 and Theorem 3.2

are true. ]
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Example 4.2. Let (X,G),) be a G, -metric space where X = [0, +00) and G, (z,y,2) =
max {z,y,z}. Define T : X — X by Tz = ?)(f——ix) We shall prove that T is an NLC-
operator, that is, for each z € X, there is n (x) such that for each y € X,

G, (T"(x)x, T @y, T”(I)y) <max {aG), (z,z,y),G, (z,2,2)},

where o € (0,1). Let v = 1. It is easy to see that n (z) = 1. Indeed, we shall check that

332 1'2 y2

max{3(1+x)’3(1+$)’3(1+y

)} < max {%max (z.2,9) ,max{x,m,x}} @)

for all z,y € [0, +00).
Consider the following three possible cases.
(i) y < x. In this case (4.2) becomes:
2

——E——jgnmx{%xx}::m (4.3)

3(1+x

which is true for any x € [0, 4+00).
(ii) ¥ <2 <y. In this case (4.2) becomes:

y? 1
— < . 4.4
iy <) = o

By virtue of 3(1+y) = m ¥ < % <, it follows that (4.4) holds.
(iii) 0 <z < £. Because of x <y, (4.2) becomes:

2

Y 1 1
— < = = —. 4.5

Obviously, (4.5) holds for each y € [0, +00).

Hence, (4.2) holds for all z,y € [0, 4+00), that is., all the conditions of Proposition 3.1
and Theorem 3.2 are satisfied and T has a fixed point (which is z = 0). O
Example 4.3. Let X = {a,b} be a set with Gp-metric defined by

Gp(a,a,a) =0, Gp(a,a,b)=G,(a,b,a)=G,(b,a,a) =1,
G, (b,b,b) = G, (a,b,b) = G, (b,a,b) = G, (b,,a) = 2.

Since G, (a,a,b) # G, (a,b,b), we get that (X,G,) is an asymmetric G,-metric space.
Also, we have that for all z,y € X,

1, z #y,

de, (1,y) = Gy (z,2,y) + Gy (z,4,9) — Gy (z,2,2) — G, (,y,7) :{ 0, z=y

is a (standard) metric on X. O
Example 4.4. Let X = {a,b} be a set with G)-metric defined by

Gp(a,a,a) =0, Gp(a,a,b)=G,(a,b,a)=G,(b,a,a)=1=G,(b,b,b),
Gp(a,b,b) = G, (b,a,b) = G, (b,b,a) = 2.
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It ensures us that the sequence {x, = a} converges to a. However, conditions (2) and (3)

of Proposition 1.8 are not equivalent. Indeed,
Gp (T, xn, b) = G, (a,a,b) = G, (b,b,b) (n — 00),

while
Gp (2, b,0) = G, (a,b,b) - G, (b,b,b) (n — 00).

Thus, Gy, (-, -,) may not be continuous in the sense that z,, — z, v, — v and z, — z
implies G (pn, Yn, 2n) — G, (2,y,2). In fact, we take x, = y, = a and z, = b for all
n € N. Further, it is easy to check that x, — b, y, — a and 2, — b but G, (2, Y, 2n) =
Gp (b, a,b), this is because G (2, Yn, 2n) = Gp (a,a,b) =1 # 2 =G, (b,a,b). O
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Most general Self Adjoint Operator
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Abstract
We demonstrate here most general self adjoint operator Chebyshev-
Griiss type inequalities to all cases. We finish with applications.
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1 DMotivation

Here we mention the following interesting and motivating results.

Theorem 1 (C’ebygev 1882 [2]). Let f,g : [a,b] — R absolutely continuous

functions. If f',¢' € Lo then
1 b
da:) (b—a/a g(x)dx)‘ (1)

b)),

1 b
b_a/f(w)g (
1

< 5 0= 1 e

Also we mention

Theorem 2 (Griiss, 1935, [6]). Let f,g integrable functions from [a,b] into R,
such thatm < f(z) < M, p < g(z) <o, forallx € [a,b], where m, M, p,0 € R.
Then

bia/f dm—(b /f )( a/abg(x)da:>‘ (2)

(M —m) (o - p).

»-lk\'—‘
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2 Background

Let A be a selfadjoint linear operator on a complex Hilbert space (H;(:,-)).
The Gelfand map establishes a x—isometrically isomorphism ® between the set
C (Sp(A)) of all continuous functions defind on the spectrum of A, denoted
Sp (A), and the C*-algebra C* (A) generated by A and the identity operator
1y on H as follows (see e.g. [5, p. 3]):

For any f,g € C' (Sp(A)) and any «, 8 € C we have

(i) @ (af + Bg) = a® (f) + 6B (g):

(ii) @ (fg) = @ (f) P (g) (the operation composition is on the right) and

O (f)=(2();

(iif) | (A = [1/1] = S 1f @1

(iv) ®(fo) = 1y and @ (f1) = A, where fo(¢t) = 1 and f1(¢) = t, for
te Sp(A).

With this notation we define
J(A):=(f), forall feC(Sp(A4)),

and we call it the continuous functional calculus for a selfadjoint operator A.

If A is a selfadjoint operator and f is a real valued continuous function on
Sp(A) then f(t) > 0 for any ¢ € Sp(A) implies that f(A) > 0,ie. f(A)isa
positive operator on H. Moreover, if both f and g are real valued functions on
Sp (A) then the following important property holds:

(P) f(t) > g (¢t) for any t € Sp(A), implies that f (A) > g (A) in the operator
order of B (H).

Equivalently, we use (see [4], pp. 7-8):

Let U be a selfadjoint operator on the complex Hilbert space (H, (-,-)) with
the spectrum Sp (U) included in the interval [m, M| for some real numbers
m < M and {FE\}, be its spectral family.

Then for any continuous function f : [m,M] — C, it is well known that
we have the following spectral representation in terms of the Riemann-Stieljes
integral:

M
G@am) = [ F0 ). 3

for any x,y € H. The function g, , (\) := (Exz,y) is of bounded variation on
the interval [m, M], and

9z,y (m - O) =0 and Ga,y (M) = (x,y) y

for any z,y € H. Furthermore, it is known that g, (A) := (E\z, ) is increasing
and right continuous on [m, M].
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In this article we will be using a lot the formula

M
(f(U)z,z) = _Of(A)d(<EA:E,$>), Vzel. (4)
As a symbol we can write
M
fo= [ roae, Q

Above, m = min {\A € Sp(U)} := min Sp (U), M = max{\A € Sp(U)} :=
max Sp (U). The projections {E)},p , are called the spectral family of A, with
the properties:

(a) E)\ < E)\/ for A < )\/;

(b) Ep—o = 0p (zero operator), Fpy = 1y (identity operator) and Ejyo =
FE)y for all A € R.

Furthermore

E\:=p,(U), VAR, (6)

is a projection which reduces U, with

1, for —oc0o < s <A,
0, for A < s < +o0.

ex(o)i={

The spectral family {E\},.p determines uniquely the self-adjoint operator U
and vice versa.

For more on the topic see [7], pp. 256-266, and for more detalis see there
pp. 157-266. See also [3].

Some more basics are given (we follow [4], pp. 1-5):

Let (H; (-, -)) be a Hilbert space over C. A bounded linear operator A defined
on H is selfjoint, i.e., A = A*, iff (Az,z) € R,V « € H, and if A is selfadjoint,
then

A= swp  |(Aza). (7)
z€H:||z||=1
Let A, B be selfadjoint operators on H. Then A < B iff (Az,z) < (Bx,z), V
xeH.
In particular, A is called positive if A > 0.
Denote by

P:{cp(s):Zakskmzo,ake(c,()ﬁkgn}. (8)

k=0

If A € B(H) (the Banach algebra of all bounded linear operators defined on H,
i.e. from H into itself) is selfadjoint, and ¢ (s) € P has real coefficients, then
© (A) is selfadjoint, and

I (A)]| = max{[e ()], A € Sp(A)}. 9)
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If ¢ is any function defined on R we define

@l 4 == sup{lp (N[, A € Sp(A)}. (10)

If A is selfadjoint operator on Hilbert space H and ¢ is continuous and given
that ¢ (A) is selfadjoint, then ||¢ (A)|| = |l¢|l4- And if ¢ is a continuous real
valued function so it is ||, then ¢ (A4) and |p|(4) = |¢ (A4)] are selfadjoint
operators (by [4], p. 4, Theorem 7).

Hence it holds

Il (I = N4 = sup {lle (VI A € Sp(A)}

=sup {[p (A)], A € Sp(A)} = [[oll 4 = lle (A,
that is
l[le (AN = lle (A)]]- (11)

For a selfadjoint operator A € B (H) which is positive, there exists a unique
positive selfadjoint operator B := v/A € B(H) such that B> = A, that is

2
(\/Z) = A. We call B the square root of A.

Let A € B(H), then A*A is selfadjoint and positive. Define the ”operator
absolute value” |A| :== vV A*A. If A= A*, then |4| = V A2

For a continuous real valued function ¢ we observe the following:

M
| (A)] (the functional absolute value) = / lo (M| dEN =

m—0

/ » V(¢ (A\)2dEy =1/ (¢ (A))? = |¢ (A)| (operator absolute value),

where A is a selfadjoint operator.
That is we have

| (A)] (functional absolute value) = | (A)| (operator absolute value). (12)
Let A, B € B(H), then
IAB] < A I1BI[ (13)

by Banach algebra property.

3 Main Results

Next we present most general Chebyshev-Griiss type operator inequalities based
on Theorem 26.9 of [1], p. 404.

Then we specialize them for n = 1.

We give

918 George A. Anastassiou 915-933



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Theorem 3 Let n € N and f1, fo € C™([a,b]) with [m,M] C (a,b), m < M;
g € C([a,b]) and g=* € C™ ([a,b]). Here A is a selfadjoint linear operator on

the Hilbert space H with spectrum Sp (A) C [m, M]. We consider any x € H :
o] = 1.
Then

(A (f1,f2;9) (A)z,x) :=
n—1
<f1(A)f2(A)x,m>—<f1(A)x,x>.<f2(A)$7x>_1{ 1

e [ ( [ (rog ) @) @) g ) dt) d <Ew,x>] }H

”g” [mM Hg ” J[m, M) ()
e 5 ) (o) o

‘oo,[m,M]

o an L1 = 277 a1 ).
(14)

LA I |[(2097) ™ 0g

Proof. Call l; = f;og™', i = 1,2. Then I;,1}, ...,lgn) are continuous from
g ([a,b]) into f; ([a,b]), @ = 1,2. Hence (f; ogfl)(n) og € C([a,b]), i =1,2.
Here {Ey}, is the spectral family of A.

Next we use Theorem 26.9 of [1], p. 404. We have that (i = 1,2)

1 M
— /m fi (t) dt+

{i;/ (fiog™) ™ (gt ())(g(A)g(t))kdt}+

=

1

M
s 6 T(feg ™) 9 ) g WK (N
(15)
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where
t—m, m<t< A<M,

t—M, m<A<t<DM. (16)

K (t,\) ;{

By applying the spectral representation theorem on (15), i.e. integrating against
E) over [m, M], see (4), we obtain:

I (/ (900 =9 (0)" (frog™) <g<t>>g’<t>K<t,A>dt>dEh 7)

1=1,2.
‘We notice that

i (A)f2 (A):f2 (A)fl (A), (18)
to be used next.
Hence it holds
1 M
F2 (A) i (4) = (M — [ nw dt) 2 (4) + (19)
1 n—1 1 M M NG
STe= {2_: ah [ ( [ oa) @) e - @) dt) dEA}
+ . f2(4)

| ( [ a0 =@ (freg )™ 6 ®)g O K (01 dt) 4B,

and

M
£ (A) f2 (4) = (Mim/ 2 () dt) fi(4)+

n—1 M M
(M 1— m) {Z %fl (4) / . (/ (209" (1) (g(\) — g (2)* dt) dE,\}
k=1 m— m
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| ( [ a0 =90 (og™)" @) O K (01 dt) 4By (20

Here from now on we consider « € H : ||z|| = 1; immediately we get

M
/ d{Eyz,x) = 1.
m—0

Then it holds (i = 1,2)

M
(fi (A)z, ) = <M 1_ m/ fi () dt) + (21)
n—1 M M
(Ml—m) { %/ . (/ (fiog™) ™ (9®) (g g(t))’“dt) d<EAz,x>}
k=1 m— m
N 1

| ( [ a0 =907 (hog™) ™ 609 O K (1) dt) 4 (Bxz, ).
It follows that

1 M 1
(fo(A)z,z) (f1 (A) z,2) = (M—m/m f1(t)dt> <f2(A)x7m>+(M_m).

n—1 M M
{Z;IUQ (A):z:,:r>/mio (/m (flogﬂ)(k) (g(t))(g(A)g(t))kdt>d<EA;p,g;>}

1

| ( [ a0 =g@) " (freg )™ 6 0)g O K (01 dt) 4(Bxz,2),
and

(fi(A)z,z) (fo(A)z,z) = (Mlm/ f2(t)dt> (fi (A z,z) + Gr )’
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| ( [ a0 -g@) ™ (o) 9 0)g K (2. dt) d(Bra,a).

Furthermore we obtain

1M )
(fi(A) fo(A)z,x) = (M—m/m f1 (t)dt) (f2(A)z,x) + (M—m)'
{Z % <<f @ [ ( [ Groa ) e 60 - g ) dt) dE,\> >}
k=1 m—0 m

(n—1)!H (M —m)

M M
<<f2 @/ < [ a0 =@ (freg )™ s®)g O K (00 dt) d&) m> ,

and
A W) = (g [ RO (e + o
1 2 9 - M—m - 2 1 5 (M_m)
n—1 1 M M 1
{,;m<<f1<A>LO<L (faog )”(y(t»(g(x)g(t>>kdt>dEA>z,x>}
+ 1 . (25)

<<f1 @/ ( [ a0 =g (og ) 9 ®)g O K (6. dt) d@) x> .

By (24)-(22) we obtain

1
(M —m)

n—1 M M
{kz_:lli' <<f2 (4) /WFO (/m (fio g_l)(k) (g(1) (g(\) — g @®)* dt) dEA) x,x>

~ (2 yaa) [ ( [ reg ) @@ - g dt) d <Ew,x>] }

1 .
(n—1)!H (M —m)

M M
K (fz @/ ( [ aW =90 (hog™)™ ) O K (01 dt) d&) m>

(26)

E:={fi(A) fa(A)z,z) - ({1 (A)z,2)(f2 (A)z,z) =

+
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—{fa(A)z,z)-
" . (n)
/ Y (/ (g(\) —g @) (fiog™) ™ (g (1) g (t) K (t, ) dt) d@w,x)] ’

and by (25)-(23) we have

(M —m)

n—1 1 M M N .
{k}_jk,K(f(A)/ (/ (097" (90D (4N~ 9 (2) dt) d@) m>

M

~ () [ ( [ (rog ) @) - g@) dt) d <Ew,w>] }

1 .
(n—1)!H (M —m)

M M
K <f1 @/ ( [ a0 -g@) ™ (o) 9 0)g O K ¢) dt) m) m>

_|_

- <f1 (A)ZC,.’E> :
M M )
I ( [ a0 =90 (og™)" 00 O K (01 dt) d@mﬂf)] .
(27)
Consequently, by adding (26) and (27), we get that
1
2E = G (28)

n—1l M M o i ) B
{2_3 k!{K(fQ(A)/mO (/m (Frog™) " (0() (9 9 () dt) dEA> | >

M M —1y (k) k
—(f2(A) z,z) . / (frog™) " (@) (g(N) — g (t)" dt | d (Exz, )

M M
K <f1 @/ ( [ (rog )™ g @) g dt) d@) m>

M M —1y (k) k
(@ [ / (200 )" (9(8) (9 (V) — g (1) dt | d (Bxz, )

+

9
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- <f2 (A) x7$> :
/ ( / (GO — g )" (1097 )" (g(1) g (1) K (6, N) dt) d(Bre, )

M
i ( / GO =g @) (f209 )" (9() g () K (£, ) dt) d&) m>

M
K <f1 (4) /
(i (A) )

/ ;O (/ (G —g@)" ™ (097" (g ®) g () K (1) dt) d(E,\x,m>] } .

m

_|_

We find that

(fi(A) f2(A)z,2) — (fr (A)z,2) (f2 (A) 2, z) — m

m—0
1
T 2(n—DI(M —m)
M M
{ K <f2 /. ( G- g@)" " (frog )™ (9 (0) ¢ () K (1, N) dt) dEA> a:x>
—(fo(A)z,)-

+

M M (n)
I ( [ a0 =@ (frog ) g 0) g O K (01 dt) d(By,2)

M M
<f1 (A)/ B (/ @) —g®)" " (209 )" (g(®) g (8) K (£, ) dt) dEA) xa:>

| — |
T

- <f1 (A).’E,JJ) :
M M )
I ( [ 60 =90 (2og ™)™ 90D O K (01 dt) d<Ew,z>] } =R
(29)
10
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Hence we have

M M (n)
Iy ( [ e =90 (og™)™ g0) O K (01 dt) d(Bya, 2)

b

(30)
(here notice that
M (n)
[ a0 =g@)r " (freg™)™ 00 O K ¢ 0] <
M (n)
[ a0 =g 01 [(reg ™)™ @) lg’ 1K ¢ V] de <
M (n)
(/ |At|"1|K<t,A>|dt>|gZo1H(f1og1) og|_lgla = 6V

n—1y 001 (”)O
ol llg ||mn\1(if1+1§ ) gm[(M_A)nHm_m)ng

< 1 :
~2(n-—1D(M—m)

M M
pa [ ( [ aW =907 (hiog™)™ @) O K 01 dt) 4By

{

+

M M
pa ( | a0 =g (rog™) " @) O K ¢ dt) aEs

gl gl || (Frog™) ™ e g

11
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[<(M1H — A", :E> + <(A —mlg) "z, x>] +
gl 19/l || (£ 0971 0]
n(n+1)

[<(M1H —A)"+1m7x> + <(A—m1H)"+1x,$>}} (32)

< 1
~2(n—-11(M—-m)

+

G =g (fiog )™ (9() g () K () dt> dE,

/_0 (/ G =g @) (f209 )" (9() o () K (£,\) dt) dE)

+

thmwgﬂmuWﬁw*W%g
+ >
n(n+1)

1 N g1 19l || (F20 7)o g
n(n+1) .

[<(M1H e H> + <(A — 1) zx>] } — (€). (33)

Notice here that

/0</<m»—wm“%ﬁwl)<um¢@KwMﬁ)mA

sup
llzl|=1

/_0 ( (9N =g )" (frog™)" (g(t) g () K (t,) dt) d (E\z, )

m

gl 19l | (o g™) ™ o g
< o0
n(n+1)

o] e

H . (34)

A similar estimate to (34) holds for fs.
Hence we obtain by (33), (34) that

| gl gl | (Frog7) ™ o]
© < A= | M2 @) T

12
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1)(n)

‘ (e8]

A = may] = (35)

n—1 —
gl 19/l | (£2 09
n(n+1)

°g
+ £ (Al

s -

lgllo 1ol |
(n+ 1)1 (M —m)

(172 1| (Frog7) ™ g+ 172 || (F2097) o g

[arss = 4y + ea - muay+].
We have proved that

)

R| < lglloe " 119l
~ (n+ (M —m)

A |(f2097) " 0g

],

(12 )1 [ (o9 ™ o

e =7+ fjea = ma|

that is proving the claim.

u . (36)

Above it is (||l o = lIlloc .y - ™
We give
Corollary 4 (n =1 case of Theorem 3) For every x € H : ||z|| = 1, we obtain
that
A1 (A) 2 () 2,3) = Ly (A) ) () ,)| < oot
’ ’ =9 (M —m)
Al og7) o] Al (r2og™ 0] )
a0 |(oa™ oa _ + IR Geoa™) od
[larta = 22| + [[ca = mim?|] (37)
We present
Theorem 5 Here all as in Theorem 8. Let p,q > 1: ]l? + % = 1. Then

((A(f1, fasg)) (A, z) <

[P e P4 (r (p(n—1)+ 1T (p+ 1>)é ,
(n—1I (M —m) I (pn+2)

1l (g™ od 4151 |(rog™)™ o

s - ar

‘q’[m,M]} .
E (38)

+ H(A_mlH)"+%

where I' is the gamma function.

13
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Proof. We observe that

<

M
/(ﬂ»—um“%ﬁwﬂﬂﬂﬂm¢Mmew

m

M
[ s =901 (frog™)™ @) lg' 11K (2.0 de <
M
1915 19y [ 1=t [ o9™) ™ (o ()] 15€ 2,3) e =
" (39)
n—1 / A n—1 —1 (n)
1912 19y | [ =07 = m) (1097 (g 1) de+

m

M
LA(M—QU—MWWMQWHW@@Mﬁ]S

A P
wmzmedemm{(/ u—ﬂ@“*””*u—ww“”*dg +

m

1

M P
(/ (M _ t)(PJrl)*l (t _ )\)(P(nfl)Jrl)*l dt)
A

] H (fiog™) ™oy

q,[m,M] B

n— —1y\(n)
19125 .00y 19" oy | (Fr0 7)™ 0 9

s

q,[m,M] .

TR LIRS LA S
YA€ [m,M].
So we got so far

<

[ a0 =g@) " (rog ™) ) g 0K ¢

m

n—1 / -1 (n) .
191 a0 19" o g | (097 0]

(F(p(n—1)+l)F(p+1)

VA€ [m,M].
Hence it holds

<

/0</(MM—Mm%Wﬂwl)(MW@@K@Mﬁ>M%m@

14
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n— —_1\(n)
91% ) 19 gy || (Fi 0 67) 0 9

q,[m,M]

+ H(A—m1H)"+%

.

(42)

(F(p (n _Fz;j);; (p+ 1)>;’ [H(MlH Ayt

fori=1,2.
Thus we derive

/_0 </ (G =g @) (fiog™) ™ (g) g () K (t,\) dt> dE\

<

q,[m,M]

n—1 —1\(n)
||9Hoo,[m,M] ||9/||oo,[m,M] H(fi °g 1) °g

],

+ (A= mig)ts

<r<p <n—F 37111); (p+ 1>>?> o — ayes

(43)
fori=1,2.
Next we use (42) and (43).
Acting as in the proof of Theorem 3 we find that
(30) 1
R| < .
IR < 2(n—1DH (M —m)
_ —1y(")
{212 CONIZ s 19 g [0 ™) ]
1
AR ET IR it vt
M1y = 45 |+ (4 = i) es
(44)

n— —1\(n)
2 [ O 19 i [0 97) ]

)

! ——— Fp(n—1)+ )T (p+ 1))\ F
(n_l)!(M_m){gm’[m’M] lo ”°°’“”’W< - 1“(2)771+)2) . )> '

+ H(AfmlH)”jL%

QTR TSI T

Q7[maM]:| .

bW

1l (g™ og 4151 |(og™)™ o

+ (4= mia)s

s

proving the claim. m
We give for n = 1:
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Corollary 6 (to Theorem 5) It holds

[(f1(A) f2 (A) z,2) — (f1 (A) z,2) (f2 (A) 2, 2)| < CALYGRY T

(M —m)(p+1)7
[Ilfz(A)ll [(rog™ oo FIA@I|(Ros™) o] mM]]

(|1 = Ay 3] (46)
We continue with
Theorem 7 All as in Theorem 3. Then

(A(f1, f29)) (A) z,2) < (M(n_m)) lgll%. 17n 2w 19" loo moany -

{“fl(A)u [(rog™) o, HIR@N](hog™) ™ o], mMJ

(47)

Proof. We observe that

M
/ G =g )" (fiog )™ (g(1) g (&) K (t, 1) dt| <

m

M (n)
[ a0 =g @ lg @11 @0 |(frog™)™ (g 0] de <

m
M

9122 1 191 mM]<M—m>"</ 1(fiog—1)<”><g<t))\dt>:

(f,-ogfl)(”)ogHum,M], i=1,2. (48)

1

1915 .21 19"l .,y (M = 11)"
] [, M]

Hence it holds (1 = 1,2)

| (/ (90~ 9" (Frog ™)™ (9 () g/ (K (1. dt) 4 (B, )| <
91 G20 19 oy OV =m0)" || (Fio97) o] o (49)
the last is valid since
M
/ d{Exz,zy=1,forz € H: |z| = 1. (50)
m—0

16
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Therefore it holds

t/o(/ G0 =g )" (fiog™) @a»y@K@Adem

191 o 19" L oy M = m)" | (Fio97) P o (61)

fori=1,2.
Acting as in the proof of Theorem 3 we find that

(by (30, (49), (51)) 1
B < :
2(n—1!(M —m)

{2002 NI o 1 O = )" (o) o]
2|11 ()] gl WMMQWMNM—mWWhogl”odij}=

(52)
(M — m)" !

HhMMWh%l oﬂ)mm+meWmogl”mem}

proving the claim. m
We finish this section with

Corollary 8 (to Theorem 7, n = 1) It holds

(1 (A) f2 (A) 2, 2) = (f (A) 2, 2) (f2 (A) 2, 2) | < 19| o )

[AZI[Ermer

PR 1A ) [P I O P )

4 Applications
We give

Theorem 9 Let f1, f2 € C' ([a,b]) with [m,M] C (a,b), m < M. Here A is
a selfadjoint linear operator on the Hilbert space H with spectrum Sp(A) C
[m, M]. We consider any x € H : ||z|| =1, and p > 0: M <lInp.

Then

eM

[(f1(A) f2(A) 2, 2) — (fr (A) 2, ) (f2 (A) 2, )| < TOL=m)p

17
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t

;€ t
152 (A H(ﬁ gty o &

1A | rompry o

oo,[m,l\l]‘|

00, [m, M] p
(- o
Proof. Apply Corollary 4 for g (t) = ept. ]

We continue with

Theorem 10 All as in Theorem 9. Let p,q > 1:

[(f1(A) f2 (A) 2, 2) — (fr (A) 2, 2) (f2 (A) 3, 2)| <

t

152 oty o

LA )] H(fz o In pt)

Q7[m7M]]

} . (55)

q,[m, M]

o =75

)

Proof. Use of Corollary 6 and g () = %; p>0,M<Inp. m
We finish article with

Theorem 11 Here all as in Theorem 9. Then

[(f1(A) fa (A) z,z) — (f1 (A) z,2) (f2 (A) z,z)| < (56)

1,[m,M]] .

M
p

t

1A ()] H(f2 otupt) oS

t

+ 12 (Al H(f1 olnpt) o %

1,[m,M]

Proof. Use of Corollary 8. =
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FOURIER SERIES OF SUMS OF PRODUCTS OF POLY-BERNOULLI AND
GENOCCHI FUNCTIONS AND THEIR APPLICATIONS

TAEKYUN KIM, DAE SAN KIM, LEE CHAE JANG, AND GWAN-WOO JANG

ABSTRACT. We derive Fourier series expansions of three types of sums of products of poly-Bernoulli and
Genocchi functions. In addition, we express each of them in terms of Bernoulli functions.

1. Introduction

For any integer r, the poly-Bernoulli polynomials Bg) (z) of index r are given by the generating function

Li,(1—e) . ~=_(m, &7
a1 - Z ng(x)m, (see [1 —4,7 —10,12,13,17,18]), (1.1)
m=0

where Li,(z) = >, % is the r-th polylogarithmic function for r > 1 and a rational function for r < 0.

We observe here that
d . 1.
dr (Lirt1(x)) = ELzr(x). (1.2)

As to poly-Bernoulli polynomials, we note the following:
d

(r) — (r)

T (Bm (x)) mB,,’ |

B (2) = Bu(2), B (@) = 1, BO (@) = o™, (13)
BO = 6,00, BUH(1) — BE(0) = B |, (m > 1).

m m—1

(), (m=>1).

The Genocchi polynomials G,,(x) are given by the generating function

2t
el +1

et = Z Gm(x)%m', (see [14 — 16]). (1.4)
m=0 :

The first few Genocchi polynomials are as follows:
Go(.’L‘) = 0, Gl(l‘) = 1, GQ(Z‘) =2r — 1,

G3(x) = 322 — 3z, Gy(z) = 42> — 622 + 1,
Gs(z) = 5z* — 102 + 5z, Gg(x) = 62° — 152 + 152 — 3, (1.5)
Gr(z) = 725 — 2125 + 352° — 21
From the relation G, () = mE,,_1(z)(m > 1), we have
degGp(z)=m—1(m>1), Gy, =mE,,—1 (m > 1), (16)

Go :0, G1 :1, G2m+1 =0 (mz ].)7 and Ggm#O(mZ 1)

2010 Mathematics Subject Classification. 11B83, 42A16.
Key words and phrases. Fourier series, poly-Bernoulli polynomials, poly-Bernoulli functions, Genocchi polynomials,
Genocchi functions.
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2 Fourier series of sums of products of poly-Bernoulli and Genocchi functions

In addition,

d
Z=Gm(@) = mGa(2) (m > 1), (1.7)
G +1) + G () = 2ma™ " (m > 0).

From these, we also have

Gum(1) + G (0) = 20,1, (m > 0). (1.8)

tAGM@W:‘i*@mﬂU—QMNW

m-+1
2
=— (=Gmt1(0)+6,, 1.9
(G (0) +6n0) (1.9
[0, if miseven,
B —WLHGm_H, if misodd.

For any real number z, let < z >= x — [z] € [0,1) denote the fractional part of . In this paper, we will

study the Fourier series of the following three types of sums of products of poly-Bernoulli and Genocchi
functions:

(1) am(<z>) =37 B(T+1)(< x >)Gm—k(< T >), (m > 2);
(2) Bm(< 2 >) = T By (< 2 >)Gmoi(< @ >), (m > 2);
3) (<2 >) = Y0 rm BY TV (< 2 >)Gmk(< 2 >), (m > 2).

For some elementary facts about Fourier analysis, the reader may refer to [20,22]. As to v, (< x >), we
note that the polynomial identity (1.10) follows immediately from (4.21) and (4.25), which is derived in
turn from the Fourier series expansion of 7, (< x >).

m—1
1 (r+1)
W=k ok (@)Gmk (@)
k=1
L 2Gmi1
Y m(m+1) 1.1
m—1
1 m 2Gm—s+1
m Apmspr = ————=(Hm-1 = Hns) | Bs().
+m;(s)<m s+1 m—s+1( m—1 ms)) 5(37)

The obvious polynomial identities can be derived also for a,,(< = >) and S,,(< = >) from (2.19) and
(2.23), and (3.16) and (3 20), respectively. It is worth noting that from the Fourier series expansion of
the function >, 11 o ®) Bi(< x >)Bpm—k(< x >) we can derive the following polynomial identity:

z_: mBk (z) By—i () (1.11)
k=1
2
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From (1.11), we can derive the following slightly different version of the well-known Miki’s identity
(see [5,21])

1
kzz: ok (2m — k) 2k Bam=2h (12

1<~ 1 /2m 1
=— E — BokBoym—ok + —Hom—1Bom, (m>2).
m 2k m

Also, from (1.11) and with B,, = (153,77:1) B, = (21_7” — 1) B,, = B, (%)7 we have

m—1
1 .
——— B Bop_ 1.1
;213(2771—216) AhTam 2k (1.13)
1 m

1 /2m — 1 _
— B Bom— —Hop—1Bom, >2),
m & 12k<2k> 2k D2m 2k+m om-1Bam, (m )

which is the Faber-Pandharipande-Zagier identity (see [6]). Some related works can be found in [11,19].

2. Fourier series of functions of the first type

In this section, we will study the Fourier series of first type of sums of products of poly-Bernoulli and
Genocchi functions.

,_.

m—

B (2) i (), (m > 2). (2.1)
k=0

Note here that deg a,,(z) = m — 1. We now consider the function

m—1
am(<z>) = Y B (<o >)Gnok(<z>), (m>2), (2.2)
k=0

defined on (—o0, —00), which is periodic of period 1. The Fourier series of a,, (< = >) is

o0

Z A 27mnz (23)

n=—oo

where
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Before proceeding further, we need to observe the following.

3

3

@) = S (kB VD @) G k(@) + (m = )BT (2) G g (2))
k=0
m—1 m—2
=N BT @) k(@) + Y (m— BB (2) Gk (2)
k=1 k=0
m—2 (r41) m—2 (r1) (25)
(k+ 1B, (2)Gm1 k(@) + Y (m = k)BT (2) 1 (2)
k=0 k=0

m—2

=(m+1) Z By Y (2)Gn1(2)
k=0

= (m+ Dam—_1(z).

So, a),(x) = (m + 1)ay,—1(x), and hence

(“;;1(;)) = (), (2.6)
and
! 1
| an@)de = —@nia(1) = 0 ) (2.7)
For m > 2,
Ay, = am(1) — an(0)
_ 7&2 ( r+1) B (1) o B](:JFI)Gm—k)

m—1
=B ()Gn(1) =BG+ 3 (B ()G k(1) - By VG i)

k=1

—2G, + 26,1 + Z ((BU + B ) (G + 26m-10) = B G )

(2.8)
m—1
= =2Gm + Y (~2B{ G + 2B V01— B G+ 2B 61 )
k=1
m—1 m—1
=-2G,, ]B;CT+1)G BE;J’_} Gm—k + 2B(T)—2
k=1 k=1
m—2 m—2
= -2 Z B](:Jrl)Gm,k — Z B(T)Gm k—1 + QB( )_
k=0 k=0
am(0) =ap(l) <= A, =0 (2.9)
! 1
/0 ap(x)dz = — 2Am+1 (2.10)
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Now, we are going to determine the Fourier coefficients A%m).

Case 1 : n #0.
1 .
Al :/ ()™ 2™ g
0
1 o7 1 1 ! / —2mi
— m TINnT . Tl'l’n.’fd
2w L0 (@)e Jo* S /0 am{w)e v
1 m+1 [ Comi
— m 1) — m 0 i e TN g
27rin(a (1) = am(0)) + 2min /0 am-1()e v
— LHA(mfl) o1 A,
2mwin " 2min
S (G S N R SN
2min \ 2min 2min 2min
_(m+ 1)mA(m_2) - m+1 e 1 (2.11)
(2win)2 " (2min)2 ™" 2min
_ (mA D1 = (m+ 1) (m41)j1,
~ (2min)m—1 = (2min)i Am—j1
Jj=1
Y )
=- - +1
= (2win)i T
1 &R (m+2);
= - . : m—j+1,
m+ 2 = (2min)I /
where
AL :/ ay (x)e 2™ dy :/ e 2T Ay = (). (2.12)
0 0
Case 2: n=0.
oy _ [ 1
AO :/0 am(q;)dx = mAm_,_l. (213)
Here we recall the following facts about Bernoulli functions By, (< z >):
(a) for m > 2,
e eQﬂ'inm
Bp(<xz>)=—m! E—
(<z>) m Z @rin)m (2.14)
n=—o00,n#0
(b) for m =1,

2min 0, for z€Z, (2.15)

3 i emine { Bi(<z>), for zeZ°,
n=-—00,n#0

where Z¢ = R — Z. an(< x >),(m > 2) is piecewise C°°. Moreover, a,,(< x >) is continuous for those
integers m > 2 with A,, = 0 and discontinuous with jump discontinuities at integers for those integers
m > 2 with A, # 0. Assume first that m is an integer > 2 with A,, = 0. Then a,,(0) = a,(1).
am (< x >) is piecewise C*°, and continuous. Thus, the Fourier series of o, (< « >) converges uniformly
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to am (< z >), and

am (< x>)
00 m—1
1 1 (m+2) .
= 7Am+1 + Z - . J m—j+1 e27rzna:
m+ 2 oo \ T 2 = (2min)I
m—1 Jo%e) .
1 1 m+ 2 e2min
=——Ap —_— A —j! .
m g ml + — 2 < j ) j+1 | —J 772 o (2min)i (2.16)
m—1
1 1 m+2
= A — Ap—j1Bj(< x>
P +2j_2( j ) snibBsl<e>)
1 m+ 2 A Bi(< x>), for zeZ°,
m+2 1 m 0, for z€Z
Now, we can state our first theorem.
Theorem 2.1. For each integer | > 2, let
A = _22133(”1)@ k- Z]B% Gir1+2B",. (2.17)
k=0 k=0
Assume that A, = 0, for an integer m > 2. Then we have the following.
(a) >0, 'B TH (< x >)Gm—r(< x >) has the Fourier series expansion
m—1
B (< 2 >) G r(< z>)
k=0
1 (2.18)
1 = '« (m+2); ,
_ Am mf' 271'znw7
Com+2 1t Z m+2z (27in)J Anl

n=—o0,n#0 j=1
for all x € (—o0,00), where the convergence is uniform.
(b)
m—1

> B (< 2 >)Go k(< z>)
k=0

1 1 m1<m+2
J

(2.19)
)Amj+1Bj(< T >)7
for all x € (—o0,00). Here B;j(< x >) is the Bernoulli function.

Assume next that m > 2 is an integer with A, # 0. Then a;,(0) # am(1). So ay (<  >) is piecewise
C* and discontinuous with jump discontinuities at integers. The Fourier series of v, (< = >) converges
pointwise to a,,(< x >), for x € Z¢, and converges to

%(am(()) +am(1)) = am(0) +

for x € Z. Next, we can state our second theorem.

A, (2.20)

939 TAEKYUN KIM et al 934-951



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

T. Kim, D. S. Kim, L. C. Jang, G.-W. Jang 7

Theorem 2.2. For each integer | > 2, let

1-2 1—2
= -2 Z BI(CT—H)Gl,k — ZBI(:)Glfkfl + ZBl(i)z (221)
k=0 k=0
Assume that A,, # 0, for an integer > 2. Then we have the following.
(a)
1 s} m— 1 m + 2
Am m . 2minx
m+ 2 H+I_Z m+2zl (2min)J e
n=-oonz0 = (2.22)
_ 21701 IB%,(:H)(< x >)Gmok(<x>), for z€Z°,
ZLO TH)Gm Kt A, for z € Z.
(b)
m—1
1 1 m+ 2
. (2.23)
= IB%,(:+1)(< x >)Gm_k(< x >), forx e Z5
k=0
1 1 & mt2
mAm—H + mio Z ( j )Am—j+lBj(< T >)
o a (2.24)
r 1
B G,k + 58m, v €Z.
k=0
3. Fourier series of functions of the second type
Let B (z) = S p sy mmiBy T (2) G-k (x), (m > 2). Observe that
"~ m—k
r+1 - r+1
= {k-l m k ( + )(x)Gm,k(x) + mﬁi + )(x)Gmkl(x)}
k=0 ' :
m—1 1 ( ) m—2 1 ( )
=Y e @Gk () + Y BT (2) G (1)
S (k= Dl(m— k)1 ' kZ:O El(m—k—1) " (3.1)
m—2
(r+1)
=2 Z Hm _1_ ol — B, (2)Gm—1-1(z)
- 26m71( )
From this, we have
!/
m1 (T
(25 = pa), (32)
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and
! 1
[ @l = 5 (5uria(1) = s 0), (33)
0

For m > 2, we have

Q= Qm("") = ﬁm(l) - Bm(o)

3

1 T T

= = (B Gk - BTG
k=0 ’
m—1
_ L (pe+ _ (D) 1 (r+1) _ @D
= = (BY " (W)Gm(1) - B VG ) + > (B ()G (1) ~ BTG )
m—1

_ . 1 (1) | g ) (_ _ (D)
= —( ZGm+25m,1)+; E— ((BU™ + B ) (~Gon + 20m- 1) = B VG o

m—1

1 (r+1) (r41) (r) (r)
2 G + ; w7 (2B G+ 2B 61— B G+ 2B 01

r r+1 -1 r) r
_9 Z B( H)Gmf +9 ]B'En—l) _ < Bl(c—le—k +9 Bf’n)—Q
(m—1)! k!(m—k)! (m—1)!

2 Z B(r+l)Gm P m—1 B](:,)le—k ) BS;),Q
Kl(m — k)t = kl(m = k)! (m—1)I

Then
IBm(O) = 6m<1) = Qp =0. (35)
Also,
! 1
/ () = S (3.6)
0
Now, we are going to consider the function
m—1 )
T+1
_ >2 .
(< >) me i (<2 >)Gmi(<z>), (m>2), (3.7)

defined on (—o0, 00), which is periodic with period 1. The Fourier series of 3,,(< z >) is

Z Bﬁlm)627rin$7 (38)

k=—o00

where

1
Bflm) :/ B (< >)e 2™ g
0

1
_ / ﬂm(m)e—Qﬂ'inwdx-
0

We are now going to determine the Fourier coefficients Br(Lm).
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Case 1: n #0.

1
Bgm):/ 5m(x)6727rinwdx

—2mina] ! 1 ! —2minx
(B (2)e ™ ]wrm [ e

—27rzn1,
/ Bm 1 dx

 2min

I
—
Q
/\
\_/

— Bm(0))

27rzn

= 5 . m

2min~ " 2min

2 2 1 1
= B - Q) — Q
(27Tm n omin. " 1> 2min. " (3.10)

2mi
2 1
m=2) = Q. ———0
<2mn) 2min)2 ™' 2min

m—1 2]71 Q
27rm) By~ = (2min)i - ™It

m12j1

(2min) Lyt
Jj=1

where

1 1
BT(Ll) — / 61 (.,L,)e—QTl'inxdx _ / e—2m‘nacdx —0. (3.11)
0 0

Case 2: n = 0.
o _ [ 1
Bom :/ ﬁ7rL($)dx = §Qm+1- (312)
0

Bm (< z >), (m > 2) is piecewise C*°. Moreover, (,,(< = >) is continuous for those integers m > 2 with
Q,, = 0 and discontinuous with jump discontinuities at integers for those integers m > 2 with Q,, # 0.

Assume first that 2, = 0, for an integer m > 2. Then ,,(0) = B, (1). Bm(< x >) is piecewise C°,
and continuous. Thus the Fourier series of §,,(< x >) converges uniformly to S,,(< z >), and

[e'e) m—1 ;
1 2 :
. _ 7Qm . %Qm,' 2minx
Bm(<z>) g tmt1 + _72 2 =~ (2min)i ARl
m—1 o, oo i
1 2]_1 62771711
1y CIT | (3.13)
prme ; 7! Y n—%;’n#() (2min)?
1 i1 Bi(<z>), for zeZ
= 5Qm+1 + ZZ TQm—j+1Bj(< T >) + QX { 0, for zeZ.
i=

Now, we are ready to state our first theorem.
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Fourier series of sums of products of poly-Bernoulli and Genocchi functions

Theorem 3.1. For each integer | > 2, let
-2 T
Ql —_9 BEC +1)C¥l7k:

B Gk B,
— K1 —k)!

. 3.14
— kNl — E)! (-1 (3:.14)
Assume that Q. =0, for an integer m > 2. Then we have the following.
(a) Zk 0 Tm= k),B(T+1)(< x >)Gm—r(< x >) has the Fourier series expansion
m—1

TM%””K & >)G (< >)
Kl !

- 1 (3.15)
1 97—1 i
—_ 7Qm m ﬂznm,
2t + Z 27rm L)€
n=—o00,n#0 j=1
for all x € (—o00,00), where the convergence is uniform
(b)
m—1 1
r+1
mﬁi <z >)Cmon(<a>)
k=0 ’
1 gin1 (3.16)
= 5 m+1 + Z j' Qe j+1Bj(< x >),

for all x € (—o0,00), where Bj(< x >) is the Bernoulli function
Assume next that Q,, # 0, for an integer m > 2. Then ,,(0) # B (1). Thus B, (< x >) is piecewise

0. L .
C* and discontinuous with jump discontinuities at integers. The Fourier series of (3,,(< x >) converges
pointwise to S, (< x >), for € Z°¢, and converges to

(B (0) 4 Bn(1)) = B (0)

m—1

1
7Qm
+ g im

1 (r+1)
B, m— Qm7
Z k\(m — k)l Gk +

(3.17)
for x € Z. We can now state our second theorem
Theorem 3.2. For each integer | > 2, let
B(T+I)Gl k -1 B](:)lGlfk ]BZ(T)Q
-2 = 2——=—. 3.18
Z MI-R) 2 K-k (- 1)l (3.18)
Assume that Q,, # 0, for an integer m > 2. Then we have the following
(a)
1 o0 m— ‘ )
e} 2minx
9 m+1 + - Z . Zl 27rm m j+1 ] €
n=—conz (3.19)
_ ?:01 k,(m o B(T+1)(< x>)Gmok(<x>), for x€Z°
Zn:ol kl(m B! IBg(rﬂ)Gm k+ Qm, for z€Z.
Here the convergence is pointwise
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(b)
m— 1
*Qm+1 + Z Qj1Bj(< z>)
(3.20)
N L g
= Z mBk (<2 >)Gm-k(<z>),
k=0
forx € Z°¢;
m—1
27 !
Q1 + Z Q—j1Bj(< z>)
(3.21)
m—1 1 (1)
= T Bk " Q
Z k' m k) Gm kT ms
k=0
for x € Z. Here Bj(< x >) is the Bernoulli function.
4. Fourier series of functions of the third type
Let v (z) = > 1, k(ml k)IB%éTH)(m)Gm,k(x), (m > 2). We observe the following.
(S (1) )
2 _ r+1 r+1
Yo () = >t h {kz]ﬂak,l (2)Grr(z) + (m — k)B. (x)Gm,k,l(m)}
m—2 1 m—1 1
— mBg-ﬁ-l)(l‘)Gm,k,l(ﬂf) + EB;’“+1)(1)Gm,k,1(Z)
k=0 k=1
1 ~ , 1o 4.1
= Gna@) + Y B @) Grai(e) + Y LB @Gy
k=1 k=1
= Lam—l b B (2) G 1 ()
m—1 k(m — 1 —k)
k:l
1
= 7_1Gm 1(z) + (m = 1)ym-1(z).
From this, we see that
1 1 '
— - - = 4.2
(5410 = 5 Gmia(@)) =m0 (4.2
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and
1
[ ey
0
1
1 1
= — |Tm - Gm
[ = sy )|
1 1
= L (i (1) = a1 (0) = ——(Gir (1) — Ginaa (0 43
(0 = 301 0) = S (G (1) = G (0) (43)
1 1
= m 1) —vm 0) - —F——=(—2Gn 0 20,
() =1 (0) = s (261 (0) 4 200 )
1 2C;m-ﬁ—l
= — [ Yma1(1) = Vg1 (0) + ——mFL_)
= (s = 0+ 2L

For m > 2, we let
Am = A (1) = Ym (1) — 1m(0)

3

1 r+1 r+1
=S g (B0t 36,
k=1
m—1
1 (r+1) (r) (r+1)
= PVETAY B + 1B, (_Gmfk + 25m71,k) —B Gmfk
pt k(m—k) (( k k 1) k ) (44)
! (r+1) (r+1) )
= VAR AN QB ! Gm kTt QB i 57n 1,k — B G?n kTt QB 5771—1 k
k_lk(m—k)< ’“1 )
m—1
1 (r+1) 7"+1 (f’)
:_227]31@ Gm— k“riB Z Gm (e B
— k(m — k) = k(m —k)
So,
Also,
/1()d—1A 2 @ (4.6)
0 TYm\T I_m m—+1 m(m+1) m+1 | - .
We are now going to consider
m—1
1 (r-+1)
m(< T >)= — B <o >)Gmop(< T >), 4.7
(<2 >) = X g B < o 2)Gn(< a>) (47)
defined on (—o0,o0) , which is periodic with period 1. The Fourier series of v,,(< x >) is
Z Oflm)e%rinx, (48)
where
1 _ 1 _
C’,(Lm) z/ Y (< >)e 2N ]y 2/ Yo ()€ 72T g, (4.9)
0 0

Now, we want to determine the Fourier coefficients C’,&m).
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Case 1: n # 0.

1
Cr(Lm) _ / 'ym(x)e_%i"xdx
0

1
—2minx)1 ! —2minT
= — 'm d
s D@+ e [ o) @)
1 1 ' 1 —2minT
= 52OV =) + g1 [ Ona@) + = Vs ()| 2 (410)
1 m— 1 1 ! ;
=———Ap+——C Y 7/ G —2ming g
orin ™ 2w v amimm = 1) i(@)e v
1 m—1 1
= A+ —Cm" Vo,
2min + 2win " + 2min(m —1) "
where
m—2
(m — 1)}6,1
D, = Gk (4.11)
k )
= (2min)
and one can show
-1 2(1)
| ‘Gmgerminngy = | it Gt G for n 0, (1.12)
0 2#{1, for n=0.
We observe that
m) M= Loy _ 1 2 %
o 2min Cn 2min. " + 2min(m —1) ™
m—1/m-—2 1 2
_ clm=2) _ — Ay _— P,
2min ( 2win " 2min i 2min(m — 2) !
1 2
— A ®,,
2min + 2min(m — 1)
T (2min)? n 2rin)2 "t 2rin
2(m — 1) 2
%, —®,,
@rin)2(m—2) " T 2rin(m - 1) (4.13)
m— 2 m—2
(m c@ _ ] LA 2(m —1);1
= T N5 m —(I)m
(27rm ym- 2 Cn = 27rm It ; (2min)i(m —j) "It
2 m—2
(m 2(m 1)J 1
— AR F W D
mTin)™m- mn min)l (m —
il 2 e J“*Ez Flm—g) "
m—1 m—
1 1
= - m - CI)m )
m 2ﬂ'm it m ; 27Tm ) o
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14 Fourier series of sums of products of poly-Bernoulli and Genocchi functions

where

1
07(12):/ 72(‘%)6_27”'7”(11'
0

1 —27inz]! 1 ! —2minx
= g 2@+ o /O o(x)e T d (4.14)
1 1
- 1) = 72(0)) = —5——As.
g (12(1) = 12(0)) = =5 s

In order to get a final expression for C,(lm), we observe the following.

m—j—1 .
(m — j)r—1 G
(2rin)i(m —j) & = (2rmin)* m=j=ktl

J
_ Z Z 2(m)j+k—1 G
‘ (2min)itk(m — j) m=j =kl

(4.15)

— (m)s Gm75+1

2min)sm —s+1

(Hmfl - Hm75)~

3

m—1 m—1
1 (m)s 2 (m)s Gm—s+1
C(m) = —— Am_g — Hm— - Hm—9
' 2min)* ‘+1+m ; (27rin)sm—s—|—1( ! s)

(4.16)

m)s 2Gm—s
) N {Am—s+1 - m_iﬂ(Hm—l - Hm—s)} .
Case 2: n=0.

O(m) _ /1 (z)dx = l A + M (4 17)
o O’ym TE m(m+1)) " '

Ym(< x >), (m > 2) is piecewise C*°. In addition, v,,(< z >) is continuous for those integers m > 2
with A,, = 0, and discontinuous with jump discontinuities at integers for those integers A,, # 0.
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Assume first that A,;, =0 . Then ~,,(0) = v (1). ym(< x >) is piecewise C*°, and continuous. So
the Fourier series of 7y, (< @« >) converges uniformly to v, (< z >), and

Ym (< @ >)
1

2Gm+1
- — A/ITL N
m < +1+ m(m + 1))

0o m—1

1 m)s 2Gm75 TIinT

=AY { > (2(7m'7)1)s (A’H“ el H’”‘S)> } i
n=—oo,n#0 \ s=1

m-—s—+1

1 m 2G_s
+ — Z ( ) <Am—s+1 - mis—‘ri(HnL—l - Hm—s))
mi\s mes (4.18)
& e27rinw
—gl -
% s Z (2min)*
n=—o0,n#0
1 2CYYm+1
=— (A,
m ( T 1))
m—1

for x €Z.
Now, we can state our first result.

Theorem 4.1. For each integer | > 2, let

-1
1 2
A =2 B VG + — Bt
l ;k(l—k) k -k +

1—1 1t
- X , (4.19)
_ B(T) _ IB(T) .
E:ku-m A L
k=1
Assume that A, =0, for an integer m > 2. Then we have the following.
(a) 22”2_11 mlﬂ%,&r+1)(< x >)Gp_k(< x >) has the Fourier series expansion
m—1 1 ( )
B! G
2 Fm — %) o (<z>) (< a>)
1 2G i1
= — Am _— .
m 1t m(m—i—l)) (4.20)
1 = = (m)s 2Gm—st1 2ring
“m Z {Z (27in)* (Am—s+1 - m(Hm—l - Hm—s)) e )
n=—o00,n#0 s=1

for all x € (—o0,00). Here the convergence is uniform.
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16 Fourier series of sums of products of poly-Bernoulli and Genocchi functions
(b)
m—1 1 (
BU (< 2 >)Gp(< x>
A
k=1
1 2
=~ (Ap1+—= 4.21
m < +1+ m(m+ 1) +1> ( )
m—1
1 m 2CT'mferl
- § Amfs - 4 Hmf _Hmfs Bs < >
+ms*2 <5)( ! m75+1( ! )> ( v )

for all x € (—o0,00). Here Bs(< x >) is the Bernoulli function.

Assume next that m > 2 is an integer with A,, # 0. Then 7,,(0) # Y (1). Ym(< = >) is piecewise C*
and discontinuous with jump discontinuities at integers. Thus the Fourier series of ~,,(< x >) converges
pointwise to v, (< x >), for z € Z¢, and converges to

(o (0) + 3 (1)) = 3 (0) + 3Am

m—1 (422)
_ ! (r+1) 1
- Z k(mfk)Bk Gmfk"' 2Am7

~—

DN | =

for x € Z. Next, we can state our second result.

Theorem 4.2. For each integer | > 2, let

T T 2 ks
i BTG,y + Z—B( ) L B .Gy + ﬁIBB( ). (4.23)
Assume that A, ;é 0, for an integer m > 2. Then we h(we the followmg.
(a)
1 2G 41
- A7 m+
m ( e m(m+1>>
o) m—1
1 (m)s 2Gm—s+1 o
- Am—s - T 1 Hm— - Hm—s e
m n_gnyﬁo (Zl (2min)® ( i — s+ 1( ! ))> ¢ (4.24)

_ Zl:ll TOm = k)B(T+1)(< x>)Gmok(<x>), for ze€Z°
iy k(ml B TH)Gm k+ 3Am, for zeZ.

Here the convergence is pointwise.

(b)
1 2Gm 1
m (Am+1 + m(m + 1))
m—1
1 m QGm_S 1
+ E (S) (Am—s-‘rl - ﬁ(Hm—l - Hm—s)) Bs(< T >) (425)
s=1
m—1
k(m — k)Bz(fH)(< 2 >)G(< 7 >),
k=1
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for x € Z¢ and
1 2G 41
— (A,
m 1t m(m + 1))
m—1
1 m 2Gmfs+1
- Amfs - 4 Hmf - Hmfs Bs
+ms_2(s)< T L )> ) (4.26)
m—1 1 ( ) 1
BV Gk + = Am
D k(m—k) F kg hm
s=1
forx e Z.
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Convergence of the Newton-HSS Method under the Lipschitz
Condition with the L-average

Hong-Xiu Zhong!, Guo-Liang Chen?, Xue-Ping Guo?

Abstract: Under the hypothesis that the Jacobian matrix satisfies the center Lip-
schitz condition with the L-average, we prove the local convergence of the Newton-HSS
method, which is used to solve large sparse systems of nonlinear equations with positive
definite Jacobian matrices at the solution points. Numerical results are given to examine
its feasibility and effectiveness.

Keywords: Large sparse systems; Nonlinear equations; Newton-HSS method; Cen-
ter Lipschtiz condition with the L-average.

AMS classifications: 65F10, 65F50, 65WO05,

1 Introduction
In this paper, we consider the following system of nonlinear equations
F(z) =0, (1.1)

where ' : D € C* — C" is nonlinear and continuously differentiable, I is an open convex
subset of the n-dimensional complex linear space C". The Jacobian matrix F'(z) € C™*"
is sparse, nonsymmetric and positive definite. This kind of nonlinear equations can be
derived in many areas of scientific computing and engineering applications [1, 2, 3].

The most classic and important iterative method for the system of nonlinear equa-
tions (1.1) is Newton’s method [14, 15], which can be formulated as

:L’kﬂzxk—Fl(a:k)*lF(xk), k:O,l, s

where xg € D is a given initial vector. Obviously, at the k-th iteration step, it is necessary
to solve the so-called Newton equation

/

which is the dominant task in implementations of the Newton method, then get the k+ 1-
th iterative vector x5 = % + sx. Bai and Guo [5], Guo and Duff [10], first used the
HSS iteration [4] to solve approximately the Newton equation (1.2), and used inexact
Newton method [8] as the outer solver, presented the Newton-HSS method for solving

1School of Science, Jiangnan University, Wuxi 214122, P. R. China (zhonghongxiu@126.com).

2Corresponding author. Department of Mathematics, Shanghai Key Laboratory of PMMP, East
China Normal University, Shanghai 200241, P. R. China (glchen@math.ecnu.edu.cn).

3Department of Mathematics, Shanghai Key Laboratory of PMMP, East China Normal University,
Shanghai 200241, P. R. China (xpguo@math.ecnu.edu.cn).
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the system of nonlinear equations (1.1), and gave the convergence theorems under the
Lipschtiz continuous conditions. The following is HSS iterative method, which is used to
solve non-Hermitian positive-definite linear system Ax = b [4].

Algorithm 1.1. HSS
1. Given an initial guess xo € C", and positive constant c.
2. Split the linear matriz A into its Hermitian part H and skew-Hermitian part S

1 1
H= §(A+ A*) and S = §(A — A").
3. For k = 0,1,2,---, compute xp1 using the following iteration scheme until {xy}
satisfies the stopping criterion:

{(OJ%—H)xHé = (al — S)xy + b,

1.3
(ol + S)zpyq = (ol — H):B,H% + b, (1.3)

where I denotes the identity matriz.

Recently, using HSS method as the inner solver for solving Newton equations (1.2),
and the modified Newton method as the outer solver, Chen et al. have proposed the
modified Newton-HSS method for the system of nonlinear equations (1.1). They have
proved the convergence theorems under Holder continuous condition, which is weaker than
the usual Lipschtiz condition. When using Newton’s method to solve equations (1.1), Guo
[11] studied its semi-local convergence property, which is as brief as Newton-Kantorovich
theorem [9, 12], under the hypothese that the derivative satisfies center Lipschtiz condition
with the L-average, which is weaker than Holder condition and Lipschtiz condition, and
has gotten a lot of attention and been extensively studied [13, 17, 18].

The following conditions were introduced by Wang in [13], named the center Lipschitz
condition with the L-average.

Definition 1.1. Let Y be a Banach space and let x, € C". Let G be a mapping from
C" toY. Then G 1is said to satisfy the center Lipschitz condition with the L-average on

B(x,,r) if
llz—]]
|G(z) — G(x,)|| §/ L(u)du for each x € B(x,7);
0

In this paper, motivated by the idea of [11], the main work is to study the local
convergence theorem of the Newton-HSS method under the hypothese that the derivative
satisfies the center Lipschitz condition with the L-average. The organization of the paper
is as follows. In Section 2, we introduce the Newton-HSS iterative method. In Section
3, we first give some lemmas which are useful for our main result, then present the new
local convergence theorems under the hypothese that the derivative satisfies the center
Lipschitz condition with the L-average. An numerical example is given to illustrate the
applications of the results in our paper in Section 4. Finally, in Section 5, some conclusions
are given.
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2 Newton-HSS iteration

For Jacobian matrix F'(z), let

be its Hermitian part,
1 *
S(x) = §(F (z) — F (z)")
be the skew-Hermitian part, the following is the Newton-HSS method [5, 10].

Algorithm 2.1. Newton-HSS
1. Gien an initial guess xg, positive constants o and tol, and positive integer sequence

{le}iZo;
2. fork=0,1,--- until |F(xy)|| < tol||F(xg)]|| do:

2.1. Set dk70 = 0,’
2.2. for1=0,1,--- ,l;; — 1, apply Algorithm HSS to the linear system (1.2):

{(OJ + H(wy))dy o1 = (@l = S(xg))dis — F(x),
(CVI + S(l’k))dk7l+1 = (Oé] — H(ZL’]f))th_% — F(xk),

and obtain dy;, such that
1P (zx) + F (wx)dis || < mellF (i)l i € [0,1). (2.1)
2.3. Set Tp+1 = T + dk,lk'

Denote

Blasz) = %(OJ + H(z))(al + S(z)),
Clasz) = %(a[ — H(z))(al — S(x)). (22)
T(a;x) = (ol + S(x)) Y al — H(z))(ad + H(z)) (al — S(z)).

Thus we have the following formulas
a;x), (2.3)

From the Newton-HSS method we can get [10]
e = a, — (1 = T F (24) 7 F (), (2.4)

here Ty, := T'(a; ).
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3 Local convergence theorem under the center Lips-
chitz condition with the L-average

In this section, we establish a new local convergence theorem for the Newton-HSS method
under the assumption that the derivative satisfies the center Lipschitz condition with the
L-average, which is weaker than Holder condition and Lipschtiz condition. Firstly, we
give the assumption.

Assumption 3.1. Let F: D C C* — C" be G-differentiable on an open neighborhood
No C D of a point z, € D at which F'(x) is continuous, positive definite, and F(x,) = 0.
Assume the following conditions hold for all x € B(x.,r) C Ny, where B(x,,r) denotes
an open ball centered at x, with radius r:

(A1) (The Bounded Condition) there exist positive constants 3, v and § such that

maz{|| Hz.)|, S} < 8, [F (@) < 7.

(A2) (The Center Lipschitz Condition with the L-average) there exist positive integrable
functions Ly(u) and Ls(u) such that,

p(x)
|H(z) - Hz)| < / Ln(u)du,
p(z)
15(2) — 5(z.)] < / L.(u)du,

here p(x) = ||z — x./|.

Let L(u) = Lp(u) + Ls(u), thus L(u) is a positive valued integrable function on
[0,4+00). Before giving the main theorem, we list a series of useful lemmas as follows for
our purpose. Lemma 3.1 is taken from [8], and we will give a proof of Lemma 3.2.

Lemma 3.1. Define x(t) = * fo )t —u)du, t >0, Then x is increasing on [0, +00).

Lemma 3.2. Under Assumption 3.1, szyfo uw)du < 1, then for x € B(x,,r) C Ny,
F'(z)7! ewists, and

p(z)
(1) |F(z) - F'(.)] < / L(u)du,
@) |F (@) <

1 P(x)
®) IF@] < (o / L()(p(a) — u)du + 28)a — .|

(
4) llo = 2= F'(2) " F(a)]

7y 1 p(z) N o(z) N
_1—7f0p(x)L(u)du<P(I)/0 Lwole) —u)d +/0 L{w)du)l +ll-
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Proof. By Assumption 3.1, F'(z) = H(z)+ S(x), perturbation lemma [14], and condition
v [y L(u)du < 1, it is easy to get (1) and (2).
For (3), from integral mean-value theorem and Assumption 3.1, we first have

1F () = F(z.) = F'(z.)(z — )|

—w/<ﬁx+wx—u» F(e)dt(x — 2.)|

tp(x (35)
/ / w)dudt||z — x|

:__4 L(u)(p(x) — u)dullz — 2.,

p(z)
thus, together with || F'(z,)|| = |[|H (x.) + S(z.)|| < 25, we have
IF@)| < [[F(z) = Fz.) = F'(z)(z — z) | + [ F'(z.) (@ — )|
< (L " L) pla) — wydu+ 28) ] — ]
=L@ /0 g o
For (4), by integral mean-value theorem, Assumption 3.1, and (3.5), we can get
lv — 2. = F'(z) "' F(a)
=| = F'(x) " (F(2) = Fa.) = F'(z.)(z — 2.) + F'(2.)(z — 2.) - F'(2)(z — z.))|
<[IF'(@) 7 (I1F(2) = Fa.) = F'(z) (@ — 2| + [[F'(2.) = F'(@)|[llz — z.])

p(x) ()
< [, e —ode [ Lt -

]

Then we can give the following local convergence theorem of the Newton-HSS method
under the center Lipschtiz condition with the L-average .

Theorem 3.1. Assume that Assumption 3.1 holds with r € (0,r,), here r, is defined by
Ty = min{ry, o}, where ry and ry satisfy

/Orl L(u)du = 2(a + 5)(\/(2 : 79‘)):(9& o 1), (3.6)
% 07"2 L(u)(2ry — u)du = Lo 257(2(; + 1)) , (3.7)

and with [, = liminfy_. . [, satisfying

In 25~
R T(GEDR

5
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where the symbol |-| is used to denote the smallest integer no less than the corresponding
real number, T € (0, (1 —0)/0), and

0 =0(a;z.) = |T(a;2.)| <
(s 2.) = [T )| < Aeo(H(z) @+ A

Then, for any xo € B(x., 1), and any sequence {l;}32,, the iteration sequence {x}32,
generated by Algorithm Newton-HSS is well defined and converges to x,.. Moreover, it

holds that L
lim sup ||$k - 33*”% < g(?“*; l*)v

here,
= B g t u —u)au t u)au T !
90 = T [ B =k [ L2+ 00))

Proof. First of all, we will show the following estimate about the iterative matrix 7'(a; x)
of the linear solver: if x € B(xz,,r), then

IT(c; )| < (T+1)0 < 1.

In fact, from the definition of B(q; x) in (2.2) and Assumption 3.1, denote p(x) = ||z —z.|,
we can get

| B(e;z) — Bl 2|

<SIH () — H() + 5() = Sl + 5o | H@)S() — Hw)S(w)
g% /0 " L)
b o () — H(.) + H(z))(S() — S(r) + () — Hw.)S(.)] 59)
<3 /O " L(u)du + %[( /O " L (w)du + B) /0 " Ly(u)du + Op(i) Ly (w)du]
g% /O " L(u)d +%(( o L4<u)du>2 /0 p(x)L(u)dw

Similarly, we have

a+8 [P@
20 Jy

L(u)du. (3.10)

1 p(x) )
[Clasa) = Clasa)l < go( [ Lluduy +

Then from (2.3), it follows that

1B(os )Ml = (T = Tz ) () 7 < (1+0)y < 2v.
6
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Therefore from (3.6), we obtain
17 = Blos2.) 7" Blos )
< ||B(Oé‘x*)_1|! [Blas ) = B(Oé'I*)H

fo u)du)® +4(a + B) fo (u)du
4o

Hence using the perturbation lemma, we get B(a;z)™! exists, and

1B(a; )"l

_ Bl

~ 1—||[I — B(o;z.) ' B(as o) || (3.11)
Savry

<

=7 L du)® + 4(a+ 8) [ Liw)du]

Hence, together with (3.6), (3.9)-(3.11), the estimate about the gap between inner iterative
matrix T'(a; x) and T'(a; o) is obtained as follows:

1T (e 2) = T(a;2.)|

= HB(a'x)_l(C(a'x) —C(aszy)) — B(a‘x)_l(B(a;x) — B(a;z.))B(o; ) 7 Clas ) |

< fo u)du)? + 4(a + B) fo )du]
fo w)du)? + 4(a+ ) fo (u)dul]
< 760.
Consequently,
[T (s z)|| < |T(a; 2) — T ) || + [T (s z)[| < (T+1)8 < 1. (3.12)

Next, we turn to estimate the error about the Newton HSS iteration sequence {xy}

defined by (2.4). Clearly, from fop(x) u)du < & fo 2p(xz) — u)du and Lemma

3.2, it holds that fyfop(x) L(u)du < 1, hence, using Lemma 3.1, Lemma 3.2, (3.7), (3.8)
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and (3.12), we obtain
[ 1 — ]
=z, — @ — F'(24) " F () + T F ()" F ()|
<lg — 2 = F'(a) " F () |+ 1T I ()~ IF ()|

v 1 plex) p(zk)
S T e fy ) = [T L))

((T+1)6’) vy 1 P(zk) i o
e e bt~ + 29—

~ 2 p(zk) p(zk)
(s / L(u)(p(x) — w)du + /O L(u)du

yfp(x’“ w)du p(zi
+28v((7 + 1) ) M — .|
=g(p(xr); li)l|zr —
<g(re, L) |z, — 2]
<g(ra, L)llw, — .||
< — .,

when zy € B(x,,1.), here, we have used the notation

' y 9 t t
g(t,1) := — du(t / L(u)(t — u)du +/0 L(u)du + 267((1 + 1)6)").

Thus, we can further prove that {z}} C B(z.,r) with the estimates
[2kr1 = 2ol < g(re L) llox — 2, k=0,1,2,---. (3.13)

In fact, for &k = 0 we have ||xg — z.|| < r, as g € B(x,,r). Together with g(r.,l.) <1, it
follows from (3.13) that

21 — .| < gre, L)l[zo — .|| <1,
hence, z1 € B(x,,r). Suppose that x; € B(x,,r), then using (3.13) again, we have
[2h1 = ol < g(re, L)llae — 2| <,
hence, zy,1 € B(x.,r). Moreover, we have
s, = 2]l < glre, L)l — @l < gre, L) Hlwo — |-

Now the proof is complete. O
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Remark 1. If we assume the integrable functions Ly(u) and Lg(u) in (A2) are positive
constants Ly, and L, respectively, then the center Lipschtiz condition with the L-average
becomes usual Lipschtiz condition. If both integrable functions are %upfl, where 0 < p <
1, L is a positive constant, then the center Lipschtiz condition with the L-average becomes
usual Holder condition. Therefore, Theorem 3.1 is an extension of Theorem 3.2 in [10)].
If the outer solver, Newton method, is changed to the modified Newton method, then 3.1
is an extension of Theorem 3.1 in [7].

4 Application

In this section, we apply the main result on a two-demensional nonlinear convection-
diffusion equation.
Example 1. Consider the following two-dimensional nonlinear convection-diffusion equa-
tion
—(Ugy +u Uy + Qou, = u, x,y) €€,
{ ( + yy) +Q1 q2Uy ( y) (414)

U(l’,y) =0, on (xay) € 897
where ¢ is a rational number, Q = (0,1) x (0,1), 0Q is the boundary. ¢; and ¢y are

positive constants used to measure magnitudes of the convective terms. By applying the
centered finite difference scheme on the equidistant discretization grid with the stepsize
h = 1/(N + 1), the system of nonlinear equations (1.1) is obtained with the following
form

F(x) = Mz + h*¢(x) = 0,
where N is a prescribed positive integer,

M=T,®1+1®T,),

(b(l’) = (xia .%’;, e ax;)T7

with T, = tridiag(—1 — Rey,2,—1 + Rey), T, = tridiag(—1 — Res,2,—1 + Rey), here,
Re; = %qjh, j = 1,2, Re = max{Rey, Res} is the mesh Reynolds number, ® is the
Kronecker product, and n = N x N.

Obviously, z, = 0 is a solution of (4.14), and it is easy to get F'(x) = M +
ch*diag(z§~t, 2571, -+, 2¢7Y). Hence F'(x,) = M. Moreover, we have

) ) p(x)
|F () — F (z.)]] < ch2||:1: — :c*||C’1 = /0 L(u)du, x € B(x,,r) CQ,

where || - || denotes the 2-norm, L(u) = c(c — 1)h*u“"?. Hence, the center Lipschtiz
condition with the L average is satisfied.
Thus we can obtain the convergence result of nonlinear equation (4.14).

Corollary 4.1. Consider (4.14), define ry := min{ry,ro}, where ri and ry satisfy

1 2(a+p) at B
T T (\/(2 R ICE e %

9
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o=l 1 —2By((T +1)0)"
2 2(c+ 1)yh2 7

and [, = liminfy_ . lp satisfies

In 28~

be> Lln((T +1)0)

1,

where the symbol |-| is used to denote the smallest integer no less than the corresponding
real number, T € (0, (1 —0)/6), and

—A
0=0(c;2,) = |T(e;2.)| < max o = Al

=o(a;z,) < 1.
Neo(H(zx)) O+ A o )

Then, for any xo € B(x., 1), and any sequence {l;}32,, the iteration sequence {x}32,
generated by Algorithm Newton-HSS is well defined and converges to x,.. Moreover, it
holds that
limsup [y, — 2.]|* < g(r; 1),
k—oo

here,
Y 24c—1 l
tl) = ——+— 2)h“t 2 1)0)").
91D = Tl D 20 (r + 1))
Remark 2. For equation (4.14), if c =4/3 or ¢ = 3/2, then equation (4.14) becomes the
equation studied in [6] and [7], respectively, hence satisfies Holder condition. If ¢ = 2,
thus L(u) = 2h?* is a positive constant, hence equation (4.14) satisfies Lipschtiz condition.

Now we consider the numerical results of the corollary. We choose ¢ = 2. In the
following computation, the stopping criterion for the outer Newton method is set to be

£ (k)2
£ (o) |2

and the prescribed tolerance for controlling the accuracy of the HSS iteration is set to
be nx = n. Let the initial guess xy = 1, then parameters (3, 7, can be estimated from
Assumption 3.1. Take positive constants ¢; = ¢, ¢ = 1/h, and adopt experimentally
optimal parameter «, which yields the smallest value of ||z441 — .||, then 6 and 7 can be
estimated from the definition of ||7'(cv; x¢)|| and the estimation of ||T'(c; x)||, respectively,
and the Newton-HSS method is examined for different problem size n = N x N, different
quantity ¢ = ¢; and different tolerance 7, from the values of ||xg41 — .||, % We
list the numerical results in Tables 4.2 and 4.3.

<107,

Table 4.1. The optimal value « for the Newton-HSS method

N q=600 q=800 q=1000
n=01|n=02|n=04|7n=01|7=02|n=04|n7n=01|7n=02|n=04
30 0.9 3.1 1.8 1.3 3.3 1 0.6 0.6 1.1
40 1 3.3 2.1 1 0.7 1.5 1 3.9 0.6
50 3.7 2.1 4.9 0.7 3.1 3.4 0.7 0.5 2.9
10
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Table 4.2. Values of ||xg41 — @.|| for different N and ¢ (n = 0.1)

N=30 N=40 N=50
=600 | q=800 | q=1000 | q=600 | q=800 | q=1000 | q=600 | q=800 | q=1000
1.5115 1.8882 3.1749 2.1595 1.1569 3.1537 1.6414 2.1067 2.0363
0.1171 0.2152 0.2880 0.1665 0.1154 0.2779 0.0877 0.1133 0.1477
0.0087 0.0156 0.0268 0.0116 0.0085 0.0219 0.0075 0.0079 0.0121
6.49e-04 | 0.0011 0.0026 | 8.30e-04 | 8.90e-04 | 0.0021 | 5.03e-04 | 7.05e-04 | 9.03e-04
6.05e-05 | 9.33e-05 | 2.61e-04 | 5.97e-05 | 7.90e-05 | 1.83e-04 | 4.16e-05 | 5.63e-05 | 7.18e-05
5.80e-06 | 7.70e-06 | 2.21e-05 | 4.11e-06 | 5.98e-06 | 1.30e-05 | 3.55e-06 | 5.03e-06 | 6.28e-06
5.26e-07 | 5.21e-07 | 1.53e-06 | 3.12e-07 | 4.52e-07 | 7.06e-07 | 2.73e-07 | 3.32e-07 | 6.01e-07
3.23e-08 | 3.86e-08 | 1.58e-07 | 2.35e-08 | 3.14e-08 | 4.35e-08 | 1.96e-08 | 2.54e-08 | 5.40e-08
2.51e-09 | 3.36e-09 | 1.32e-08 | 1.80e-09 | 2.64e-09 | 3.81e-09 | 1.34e-09 | 2.10e-09 | 4.50e-09
1.46e-10 | 2.14e-10 | 9.05e-10 | 1.73e-10 | 2.51e-10 | 3.10e-10 | 8.91e-11 | 1.81e-10 | 3.59e-10

o~

© 00~ O Uk Wi+

—
o

In Table 4.2, we present the values of ||zx41 — x.||, corresponding to the problem size
N = 30, 40 and 50, and parameter ¢ = 600, 800 and 1000, respectively, for the inner
tolerance = 0.1. From the table, we can see that the sequence {x;} generated by the
Newton-HSS method converges to the solution x, in all these situations.

Table 4.3. Values of 121221l {6, different N and ¢ (y = 0.1)

lxe —a. |

. N=30 N=40 N=50

q=600 | q=800 | q=1000 | q=600 | q=800 | q=1000 | q=600 | q=800 | q=1000
1 [0.0504 | 0.0629 | 0.1058 | 0.0540 | 0.0392 | 0.0783% | 0.0328 | 0.0421 | 0.0407
2 | 0.0775 | 0.0114 | 0.0907 | 0.0771 | 0.0736 | 0.0881 | 0.0534 | 0.0538 | 0.0725
3 | 0.0741 | 0.0726 | 0.0931 | 0.0699 | 0.0736 | 0.0788 | 0.0858 | 0.0693 | 0.0819
4 | 0.0742 | 0.0729 | 0.0957 | 0.0713 | 0.1048 | 0.0966 | 0.0669 | 0.0898 | 0.0747
5 | 0.0933 | 0.0820 | 0.1017 | 0.0720 | 0.0888 | 0.0863 | 0.0827 | 0.0799 | 0.0795
6 | 0.0959 | 0.0825 | 0.0848 | 0.0688 | 0.0756 | 0.0712 | 0.0854 | 0.0893 | 0.0874
7 | 0.0906 | 0.0676 | 0.0689 | 0.0759 | 0.0757 | 0.0542 | 0.0768 | 0.0659 | 0.0958
8 | 0.0614 | 0.0742 | 0.1037 | 0.0752 | 0.0694 | 0.0616 | 0.0718 | 0.0767 | 0.0898
9 | 0.0778 | 0.0869 | 0.0835 | 0.0766 | 0.0840 | 0.0876 | 0.0686 | 0.0826 | 0.0833
10 | 0.0582 | 0.0636 | 0.0686 | 0.0961 | 0.0953 | 0.0815 | 0.0663 | 0.0860 | 0.0799

In Table 4.3, we present the values of % corresponding to the problem size

N = 30, 40 and 50, and parameter ¢ = 600, 800 and 1000, respectively, for the inner
tolerance n = 0.1. From the table, we can observe that all the values of g(r.,l,) are
smaller than 0.11.

5 Conclusion

The Newton-HSS method is a considerable method for solving large sparse nonlinear
systems with non-Hermitian positive definite Jacobian matrices. In this paper, Under
the hypothesis that the Jacobian matrix satisfies the center Lipschtiz condition with the
L-average, which is weaker than Holder condition and Lipschtiz condition, we establish
the local convergence theorem for the Newton-HSS method. Finally, a numerical example
is given to confirm the concrete applications of the results of our paper.

11
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Abstract

In this paper, we discuss the linear autonomous system of neutral delay differential equations
with Riemann-Liouville fractional derivative

l n
D" [a(t)+ 3 Pralt )] + Y- Quae ~ 6) =0

where Dz(t) = [D*\zy1(t), D*?x2(t), ..., D*2m (t)]T is Riemann-Liouville fractional derivative,
the coefficients P;(j = 1,2,...,1) and Qi(i = 1,2,...,n) are real m x m matrices and the delays
7i(j = 1,2,...,1) and 6;( — 1,2,...,n) are non-negative real numbers. Sufficient conditions for all
solutions of the given equation to be oscillatory are obtained by using fractional calculus and Laplace
transform.

Key words and phrases: Fractional neutral differential equations; Riemann—Liouville derivative;
Oscillation; Laplace transform.
AMS (MOS) Subject Classifications: 15A60; 26A33; 34A30; 34K11; 44A10.

1 Introduction

Fractional differential equations have gained considerable importance due to their application in various
disciplines, such as physics, mechanics, chemistry, engineering, etc. In the recent years, there has been
a significant development in ordinary and partial differential equations involving fractional derivatives,
see the monographs of Podlubny[1], Kilbas et al.[2], Diethelm[3], Zhou[4, 5], the recent papers|[6, 7, 8, 9]
and the references therein.

On the other hand, the objective of oscillation theory is to acquire as much information as possible
about the qualitative properties of solutions of differential equations. Oscillation theory of functional
differential equations with integer derivative has been developed in the past thirty years. The several
monographs by Ladde et al.[10], Gyori and Ladas[11], Gopalsamy[12], Erbe et al.[13], Agarwal et al.[14]
summarize a lot of important works in this area.

However, to the best of our knowledge, there are few results on oscillation for fractional differential
equations. Recently, Grace, Agarwal and Wong, et al.[15], Bolat[16], Duan, Wang and Fu[17], Harikr-
ishnan, Prakash and Nieto[18] investigated oscillation and forced oscillation of fractional-order delay
differential equations.

*Project supported by National Natural Science Foundation of China (11671339).
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Y. ZHOU, A. ALSAEDI and B. AHMAD

In this paper, we discuss the neutral functional differential equations with Riemann—Liouville frac-
tional derivative

l n
D~ [m(t) +ZPj$(t_Tj>:| +2Qi$(t—5i) =0, (E)
j=1 i=1

where z(t) = [21(t),22(t), ..., 2 (t)]T, DY(t) = [D*x(t), D¥2x5(t), ..., D", (¢)]T is Riemann—
Liouville fractional derivative of order 0 < «, a0 < 1, . = p1-/ ¢y, Pr, ¢y are co-prime, for r = 1,2, ..., m,
and P;,Q; € R™*™, j=1,2,..,1,1=1,2,...,n, the delays 7;(j = 1,2,...,1) and §;(i — 1,2,...,n) are
non-negative real numbers.

Our aim is to establish sufficient conditions for oscillation of the system (E). In the next section, we
introduce some useful preliminaries. In section 3, we obtain various sufficient conditions for oscillation
of all solutions to the system (E) by using fractional calculus and Laplace transform.

2 Preliminaries
In this section, we introduce preliminary facts which are used throughout this paper.

Definition 2.1 [2] Let [a,b](—o0 < a < b < o0) be a finite interval and let ACa,b] be the space of
functions f which are absolutely continuous on [a,b]. It is known [see Kolmogorov and Fomin ([16],
p.338) that AC|a,b] coincides with the space of primitives of Lebesque summable functions:

f(z) € AC[a,b] = f(z) = c—i—/ml/)(t)dt (W(t) € L(a,b)).

Definition 2.2 [2] The fractional integral of order o with the lower limit zero for a function f is defined
as

(I°F)(t) = F(la)/o (t_fis))l_ads» t>0,0<a<l,

provided the right side is point-wise defined on [0,b], where T'(-) is the gamma function.

Definition 2.3 [2] Riemann-Liouville derivative of order o with the lower limit zero for a function f
can be written as

(D*f)(t) = F(ll—a);t/o (tf_(ss))ads, t>0 0<a<l.

Firstly, we consider the fractional delay differential systems
DYz(t) + > Pa(t—m) =0, t>0, (1)
i=1

where z(t) = [z1(t),22(t), ..., zm(t)]T, D¥x(t) = [D*x1(t), D*?x5(t), ..., D", (¢)]T is Riemann—
Liouville fractional derivative of order 0 < o, < 1, j = p;/q;, pj,q; are odd numbers, for
i=1,2,....,m,and P, € R™*™ 1, € [0,00) for i =1,2,...,n.

Without loss of generality we will assume the coefficients of P; of (1) are all nonzero and that
71 = max{7, ..., T}

Definition 2.4 By a solution of (1) in [0, 00) with initial function ¢ € AC[—71,0] we mean a function
x € AC[—71,00) such that x(t) = ¢(t), t € [-71,0], (D%)(t) exists and x(t) satisfies (1) in [0,00).
A solution z(t) = [x1(t), ..., zm(t)]T of system (1) is said to oscillate if every component x;(t) of the
solution has arbitrarily large zeros. Otherwise the solution is called non-oscillatory.

We recall some facts about Laplace transforms. If X (s) is the Laplace transform of z(t),

X(s) = (Lx)(s) = /000 e Sta(t)dt,
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then the abscissa of convergence of X (s) is defined by
b=1inf{d € R: X(0) exists}.

Then X (s) is analytic for Re(s) > b.

We call a function z(t) to be eventually positive if there exists a ¢ > 0 such that x.(t) > 0 for all
t > 0, where z.(t) = z(t + ¢).

For any m-dimensional vector z = (71,2, ..., 7m)T € R™, ||z|| denotes its norm. For any m x m
real matrix A, the associated matrix norm is then defined by || Al| = max|,—; [|Az||. Denote u(FP;) is
the logarithmic norm with u(FP;) = max|j, =1 (Piu, u).

Lemma 2.5 [2] Let (LD%x)(s) is the Laplace transform of the Riemann—Liouville fractional derivative
of order o with the lower limit 0 for a function x, and X (s) is the Laplace transform of x(t) € AC|0,],
for any b > 0, and the following estimate

lz(t)] < AePet (t > b > 0)
holds for constants A > 0 and py > 0. Then the relation
(LD%z)(s) = s*BX(s) — (I'™z)(0), 0 < a < 1
is valid for Re(s) > po, where

X(s) = [Xl(s),XQ(S),..‘,Xm(s)]T’ e [Sa178a2,‘..78am]

T
(1'=2)(0) = <<Il°‘1x1><o>, (1'=225)(0)] ., U“‘”xm)“’)) ’
B = [BlaB27 "'7B’m]T B'L = (sz)mxm

1 i
bij =4 Z ].7
0, i#j.

Lemma 2.6 [19] If X(s) is the Laplace transform of a non-negative function x(t) and has abscissa of
convergence b > —oo, then X (s) has a singularity at the point s = b.

Lemma 2.7 [20] Let v,w : [0,00) — [0,00) be continuous functions. If w(-) is nondecreasing and there
are constants a > 0 and 0 < 8 < 1 such that

u(t) <w(t) + a/o (tlfss))ﬁ ds,

then there exists a constant k = k(83) such that

v(t) <wl(t) + ka/o (tw—(z))ﬂ ds

for every t € [0, 00).

3 Main Results

In this section, we present our main results.

Lemma 3.1 For any ¢ € R, the Laplace transform X.(s) of x.(t) exists and has the same abscissa of
convergence as X (s).
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Proof. Given that

X(s) = /0 e_Stwc(t)dt:/O e Szt + c)dt = eqc/ e *ta(t)dt

Since the last integral defines an entire function of the complex variable s, therefore X (s) and X.(s)

converge or diverge for the same values of s, and have their singularities at the same points.

completes the proof.

Lemma 3.2 The solution of equation (1) has an exponent estimate
z(t) = o(e®")  (t>b>0)

for constant qo > 0.

Proof. Taking Riemann-Liouville integral of equation (1), we get

z(t) = %Bmo - ;Pi/o ﬁ(t — ) ' Ba(s — 1;)ds

a—1

¢ n

where
zo = (I'"*2)(0),
t a—1 a1—1 ags—1 Qo —1
t tot t2 tem
Fizf:/—t—s"‘_lBgcs—Tids7 = , S .
W= ) Tyt~ Brls=mds 58 = | /ey Tlag) '™ Tlam)
As AC[—m,0] is the Banach space with the norm ||¢l|ac = [|le1llac, l|e2]lac, - ||g0m\|Ac]T.
Then we have
IE®] < / Lt~ 52 1Ba(s — m)|d
5 < —(t—s z(s —1;)||ds
0 F(a) ’
< 1 t t a-lp d
> @ 0( —5) s_gilgggsl\m(n)ll S
_— /t<t 1B max |a(n)|d
— —s max ||z S,
- F(Oé) 0 s—711<n<s U
or
1 t
IBO1 < w9 B(_max_ el + lelac )ds
From (3), it follows that
el < L Bl o|+z L ” tfst max_ ()| + [¢llac )ds
- s—11<n<s

< P e+ 2 e + 22 /t(t $)* 1B max  ||z(n)|ds
o LY P _ %
- F(O{) 0 F(Oé) « pliac F(O[) 0 s—11<n<s " ’
where p = max{||P;||}, for i =1,2,....n

Next we introduce a nondecreasing function m(t) as

a—1

() = Fray Plool + s 5 Blelacl.

m

This
O
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By Lemma 2.7, there exists a number ag in {«;} such that

knp [' _1 knp
< < _ g)%o < ao |
ool <, max_ el < mio) + s [ (0= o tmoyds < mio) (14 1 (@)
Obviously, from (4) we infer that 2(¢) has an exponent estimate. The proof is complete. O

Theorem 3.3 If the characteristic equation

det ()\QB +3 Pie“i) =0 (5)

i=1
has no real roots, then every solution of (1) is oscillatory, where X* = [A¥1 \*2 .. A%m].

Proof. For the sake of contradiction, let us assume that (5) has no real roots and that (1) has a
non-oscillatory solution z(t) = [z1(t), ..., Z,,(t)]T. This means that one of the components of z(t) is
non-oscillatory. Without loss of generality we assume that the component x;(t) is eventually positive,
such that for some ¢ > 0, z.(t) > 0 for ¢ > 0. As (1) is autonomous, it follows by Lemma 3.1 that X;(s)
and X.(s) have the same convergence. Then we assume that z;(t) > 0 for ¢ > —7. Taking Laplace
transform of both sides of (1), we obtain

s*BX(s) — (I'™“x +ZP/ e *ta(t —7;)dt = 0,

i.e.
sBX(s) — (I'™“x) —l—zpe_ST’X +ZP6—871/ et (t)dt = 0.
i=1 —Ti
Hence n
(s*B+ Y Pe )X (s) = (I'"""x ZP@ / e~ stx(t)dt. (6)
i=1 —Ti
Let

n
F(s)=s"B+ Y _ Pie ™, xo = (I'""x)(0),

i=1
=g — Z Pe 5T / e Sta(t)dt.

Then, from (6) we get
F(s)X(s) = ®(s), Re(s) > b. (7)

Since det[F'(s)] = 0 has no real roots, det[F'(s)] > 0, s € R. By Cramer’s rule, we have
det[D(s)]

Xi(s) = Jet[F ()]’ Re(s) > b, (8)
where
fI’l(s) F12(S) e Flm(S)
D(s) = : : : ;
D, (s) Frma(s) -+ Fom(s)

®;(s) is the ith component of the vector ®(s) and Fj;(s) is the (4, j)th component of the matrix F(s).
Clearly, for all 4,5 = 1,2,...,m the functions ®;(s) and Fj;(s) are entire and hence det[D(s)] and
det[F'(s)] are also entire functions.

Since det[F(s)] > 0 for s € R, so det[D(s)]/det[F(s)] holds for s € R and thus (8) becomes

det[D(s)]

X1(8) = GetF (o]

, seR. 9)
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As z1(t) > 0, it follows that X;(s) > 0 for all s € R and, by det[F(s)] > 0 s € R and (9), det[D(s)] >
0 s € R. Now one can see from the definitions of D(s), F(s) and ®(s) that there exist positive constants
M, B, and sg such that

det[D(s)] < Me™P*  for s < —sq. (10)

Since det[F'(s)] is a continuous function in the variables s,e™*™,...,e~*™" and det[F(s)] > 0, s € R, it
follows that there exists a positive number mg such that

det[F(s)] > mg for seR. (11)
From (9), (10) and (11), it follows that

Xl(s):/ e—“:cl(t)dtz/ e_Stxl(t)dtZe_ST/ x1(t)dt > 0
0

T T
and so
~ M sr-p)
0< z1(t)dt < —e =0 ass— —oo.
T mg
This implies that z1(¢t) = 0 for ¢ > T', which is a contradiction. The proof is complete. ]

In Theorem 3.3, the characteristic equation (5) plays an important role in the investigation of the
oscillation of equation (1). However, to determine whether (5) has a real root, is quite an issue in itself.
In the following we derive some sufficient conditions for the oscillation of equation (1) which can easily
be applied.

Before proceeding for it, we need the following lemma which is interesting in its own right.

Lemma 3.4 Assume that
P, e R™™ 1, >0 fori=1,2,..,n, and & = min{e;}, for j =1,2,...,m with

n

Z,u(—Pi)e*A” <0 for XeR (12)
i=1

and

A<0

inf [;@ iu(—ﬂ-)e"\”] > 1. (13)

Then every solution of (1) oscillates.

Proof. Assume, for the sake of contraction, that (1) has a non-oscillatory solution. Then, by Theorem
3.3, the characteristic equation (5) has a real root A\g. In consequence, there exists a vector u € R"

with |Jul| = 1 such that
(ASB +)° Pie_k‘m>u =0,

i=1
ie. .
AgBu = — Z Pie=0Tiq,
i=1
Hence
AS = (Au,u) < (\§Bu,u) = (— ZPie_”\"”u,u)

=1
= (=) Puu)e ™™ <> p(—P)e T
i=1 =1

Then by (12), A\p < 0 such that

[;6” éu(—ﬂ)e—“”} <1 or —\> [Zn:—u(—Pi)] : (14)

i=1

Q=

This contradicts (13) and completes the proof. O
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Theorem 3.5 Assume that for each i =1,2,....n,

P,eR™™  17,>0 and p(—F;) <O0.

Then each of the following two conditions is sufficient for the oscillation of all solutions of (1):

0 g—m—am[i—m—m] Tl
(i) [:f—u(—a))]i ;[;—m—m] >1

Proof. We employ Lemma 3.4. As pu(—PF;) < 0, (12) is satisfied and so it suffices to establish (13).

First, assume that (i) holds. Then, by using the inequality e* > ex, we see that for all A < 0,

MR 2 S = P)e(-An)
— —e%Zu(—PZ—)Ti}\E‘(—)\)F&
=1
> > -ut-Ryn| S -u-r)|

i=1

which, together with (i), implies that (13) holds. Next, assume that (ii) holds. Then, by using the

arithmetic mean—geometric mean inequality we find that for all A < 0,

;gm—a)e*ﬂ = —;é—m—me*ﬂ
_ —Alan{f[l—u(—ﬂ)]lnexp(—711)\270
] (5
- [f{lmpz-)]ie( A)Z
> [ﬁ(—m—m] ' ; [ _ ~u(-F))

From this and (ii) it follows that (13) holds. The proof is complete.
As a special case of the delay differential system with one delay,

(D%z)(t) + Px(t —7) =0,

where
PcR™™ and 712>0,

the conditions (i) and (ii) coincide and each reduces to

(15)

(16)
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Note that (16) is sharp in the sense that the lower bound 1/e cannot be improved. Moreover, when P
is a scalar, (16) is a sufficient condition for the oscillation of all solutions to equation (15).

For the delay differential system (15), we also have the following explicit sufficient condition for the
oscillation of all solutions.

Theorem 3.6 Assume that
PecR™™ and 71 >0.

If P has no real eigenvalues in the interval (—oo,1/(eT)%] (when T =0, replace 1/(eT)® by +00), then
every solution of (15) oscillates.

Proof. For 7 = 0, this result follows immediately from Theorem 3.1. So assume 7 > 0. Note that the
characteristic equation det(A*B + Pe~*") = 0 has a real root Ay, that is, det(A\§e*” B + P) = 0 if and
only if g = —Age*” is a real eigenvalue of P. For convenience, we take one element Ay’ of \§:

Wy = AT a7)

Observe that (17) holds if A\j* + pfie=207 = 0, that is, the equation A% + pl*e™*" = 0 has a real
root. If 19 < 1/er, then the eigenvalue p§ of P should lie in the interval (—oo,1/(e7)®]. The proof is
complete. 0

Definition 3.7 ([13]) We say that (1) is oscillatory, globally in the delays, if for all 7, > 0 for i =
1,2,...,n, every solution of (1) oscillates.

The following corollary is an immediate consequence of Theorem 3.6.
Corollary 3.8 FEquation (15) is oscillatory globally in the delay T if P has no real eigenvalues.

Next, we consider the linear autonomous system of neutral delay differential equations

l n
D¢ |:$(t) +ZPj$(t—Tj):| +ZQ¢$(t—(5Z‘) = 0, (18)

where the coefficients P; and @); are real m x m matrices and the delays 7; and d; are non-negative real
numbers. Associated with (18), the characteristic equation is

det(/\“B + A Zl: Pje i 4 zn: Qie’\‘si) =0. (19)
j=1 i=1
Lemma 3.9 Iflp < 1, then the solution of equation (18) has an exponent estimate
Je@)] < Aot (£ > b>0)
for constants Ag > 0 and by > 0.

Proof. Let § = max{d;}, j = 1,2,...,1, 6 = max{r, &}, ¢ = max{[|Q;||} i = 1,2,...,n, and take
o = (I'72)(0) + Zé‘:l Pj(I'~*z)(—7;) with x(t) € AC|[0,b]. Then there exists a constant M such
that ||z(¢)]] < M. Then, for ¢t > b,

t
ng o—
lz@®l = ellzoll + Wlla(t — )l + 7 /(t*S) “Ha(s —6;)||ds
(ao0) Jo
t
ngq ap—1

< _ 0
< cluoll+lp, max_ (o) + s [ =9t max Je(nlds
<

M
cllzo]l + tp(M + ¢l ac + max la(s)])

L1 /b@ 9001 max||z(n)ds + <2 /tu 9901 max |a(n)]|ds
= X _— = X
T'(ag) Jo s—0<n<b K Tag) Jp b<n<s 1
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nqg te°
< P
< cllzoll + (M + ||¢||Ac)<lp+ T(ag) ao> + lpbrgggt llz(s)ll

t
ngq _ ap—1
s / (0= 5)0 max ()| ds.

Set

o= clzoll + M + |llac) (1o + —L
- 0 SOAC p F(Oéo) Oé() b

which yields

b<s<t 1-1Ip b<n

1 t
max o)l < 2 (0 s [ (e 9 ma latlas ),
b S

Consequently, by Lemma 3.2, we obtain

a(t) 1 kng

t —5)* Lg(s)ds
e < s (o)l < {20 + s [ (= a(s)a

< a(t) - 1 kng pao )
1—1Ip 1—1Ipaol(ap)
The proof is complete. O
A slight modification in the proof of Theorem 3.3 shows that the following result is also true.

Theorem 3.10 Assume that for j =1,2,...,0 andi=1,2,....n,
P;,Q; € R™>™ Tj € (0,00) and §; € [0,00).
If the characteristic equation (19) has no real roots, then every solution of (18) oscillates.

Proof. If we modify the functions F'(s) and ®(s), defined in Theorem 3.3, as

! n
F(S) =s*B + SO‘BZPJE—SU T ZQie—séi’

j=1 i=1

n 0 l 0 l
D(s) =xg — Z Qie™ %% / e *'x(t)dt — s*B Z Pje=°T / e *ta(t)dt + Z Pj(I'™x)(—T;).
i=1 —0i j=1 7 j=1
Then, following the method of proof for Theorem 3.3, one can complete the proof. O
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FIXED POINT RESULTS FOR A PAIR OF MULTI DOMINATED MAPPINGS
ON A SMALLEST SUBSET IN K-SEQUENTIALLY DISLOCATED QUASI
METRIC SPACE WITH AN APPLICATION

TAHAIR RASHAM, ABDULLAH SHOAIB, CHOONKIL PARK"*, AND MUHAMMAD ARSHAD

ABSTRACT. The aim of this paper is to establish fixed point results for semi a.-dominated multi-
valued pair of mappings satisfying generalized locally a.-1-type contractive conditions for a pair of
multivalued dominated mappings in complete dislocated quasi metric space. Applications have been
given and an example has been constructed to demonstrate the novelty of our results.

1. INTRODUCTION AND PRELIMINARIES

Let H : Z — Z be a mapping. A point x € Z is said to be a fixed point of Z if x = Zz. Fixed point
results are a tool to estimate the unique solution of nonlinear functional equations. Many results
appeared in literature related to the fixed point of mappings which are contractive on the whole
domain. It may happen that H : Z — Z is not a contraction but is a contraction on a subset of Z.
It is possible for one to get fixed point for such mappings if they satisfiy certain conditions. It has
been shown the existence of fixed point for such mappings that fulfill certain conditions on a closed
ball by Beg et al. [8] (see also [3, 4, 5, 14, 24, 25, 26, 27]).

Many authors established fixed point theorems in complete dislocated metric spaces. The idea
of dislocated topologies has useful applications in the context of logic programming semantics (see
[11]). Dislocated metric space (metric-like space) (see [17]) is a generalization of partial metric space
(see [16]). Furthermore, dislocated quasi metric space (quasi-metric-like space) (see [8, 21, 30, 31])
generalized the idea of dislocated metric space and quasi-partial metric space (see [18, 25]).

Nadler [20] initiated the study of fixed point theorems for the multivalued mappings (see also [7]).
Several results on multivalued mappings have been observed [1, 10, 19, 29]. Asl et al. [6] gave the
idea of au-1 contractive multifunctions, a,-admissible mapping and got some fixed point conclusions
for these multifunctions (see also [2, 12]).

In this paper, we evaluate some fixed point results fora,-t-contractive type multivalued -
dominated mappings in a closed ball in left(right) K-sequentially complete dislocated quasi met-
ric space. Moreover, we give examples of multivalued mappings which are a,-dominated but not
ax-admissible. We give the following definitions and results which will be needed in the sequel

Definition 1.1. [30] Let X be a nonempty set and let d, : X x X — [0,00) be a function, called a
dislocated quasi metric (or simply d,-metric) if the following conditions hold for any z,y,z € X :
(1) It df]('ray) = dQ(y7fv) =0, then z = y;
(11) dq(ffay) g dq(l’, Z) + dq(zay)‘
The pair (X, d,) is called a dislocated quasi metric space.

2010 Mathematics Subject Classification. Primary: 46540, 47H10, 54H25.

Key words and phrases. fixed point; p left(right) K-sequentially complete dislocated quasi metric space; pair of
mappings; closed ball; semi a.-dominated multivalued mapping; graphic contraction..
*Corresponding author.
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It is clear that if dy(z,y) = dy(y,z) = 0, then from (i), z = y. But if x = y, dy(z,y) may not
be 0. It is observed that if dy(z,y) = dy(y,x) for all z,y € X, then (X,d,) becomes a dislocated
metric space (metric-like space) (X, d;). For z € X and € > 0, By, (z,e) ={y € X : dy(x,y) < ¢ and
de(y,r) < e} and By, (z,¢) = {y € X : dy(x,y) < e and dy(y,r) < €} are an open ball and a closed
ball in (X, d,), respectively. Also By, (z,e) = {y € X : dy(x,y) < e} is a closed ball in (X, d;).
Example 1.2. [8] Let X = R U{0} and dy(z,y) = = + max{z, y} for any z,y € X.

(i) f dg(z,y) = dy(y, ) = 0, then x+max{x,y} = y+max{y, 2} = 0, which implies that z = y = 0.

(ii) Case 1: If z > y, then dy(z,y) = « + max{z,y} = 2z. Let z € X. If 2 < z, then

dg(x,2) +dy(z,y) = =+ max{z,z}+ 2+ max{z,y}
= z+z+z+max{z,y} > 2z = dy(z,y).
If 2 >z, then dy(z,2) + dy(z,y) =2+ 2+ 2+ 2 > 22 = dy(x,y).

Case 2: If x < y, then dy(z,y) = x+y. If z >y, then dy(z,2) + dy(z,y) =x+2+2+2>0+y =
dg(z,y). If z <y, then dy(z, z) + dy(2,y) = v+ max{z, 2} +z +y > v+ y = dy(z, ).

Hence both the conditions of Definition 1.1 hold and so dy(z,y) = x+max{z, y} defines a dislocated
quasi metric on X.

Definition 1.3. [8] Let (X, d,) be a dislocated quasi metric space.
(a) A sequence {x,} in (X,d,) is called left (resp., right) K-Cauchy if for all ¢ > 0, there exists
nog € N such that for all n > m > ng (resp., for all m > n > ny), dg(xm, z,) < €.
(b) A sequence {z,,} is called dislocated quasi-converges (for short, d,-converges) to z if lim dy(z,,z) =
n—oo
lim dy(z,z,) = 0 or for any ¢ > 0, there exists ng € N such that for all n > ng, dy(z,z,) < ¢

n—oo
and dy(xy,, ) < e. In this case, z is called a dg-limit of {z,}.

(c) (X,dy) is called left (resp., right) K-sequentially complete if every left (resp., right) K-Cauchy
sequence in X converges to a point z € X such that dy(z,z) = 0.

Definition 1.4. Let (X, d,;) be a dislocated quasi metric space. Let K be a nonempty subset of X
and x € X. An element yg € K is called a best approximation in K if

de(x,K) = dg(x,y0), where dy(z, K) = in}f{dq(x,y),
ye

de(K,z) = d4(yo,x), where dy(K,x) = in[i;dq(y,x).
ye

If each = € X has at least one best approximation in K, then K is called a proximinal set.
We denote by P(X) the set of all proximinal subsets of X.

Definition 1.5. [22] Let (S,7) : X — P(X) and §: X x X — [0,400) be a function. We say that
the pair (S5,7) is fy-admissible if for all z,y € X,
B(xz,y) > 1 implies B, (Tx,Sy) > 1 and B, (Tx,Sy) > 1.
Again the pair (S,7) is said to be f-admissible if f(x,y) > 1 implies (a,b) > 1 for all a € Sz
and b € Ty.
Let ¥ denote the family of all nondecreasing functions 1 : [0, +00) — [0, +00) such that > ¢™(t) <
400 for all ¢ > 0, where ¥" is the n!” iterate of ¢. If ¢» € U, then ) (t) < t for all ¢ > 0.
Definition 1.6. [22] Let (X, d) be a complete metric space and 8 : X x X — [0,4+00) be a mapping.
Let (S,T) : X — P(X) be a multifunction and ¢ € ¥. We say that the pair (5,7) is a [,
contractive multifunction whenever
Bx(Tx, Sy)H (Tx, Sy)
Bi(Sz, Ty)H(Sxz, Ty)

Y(d(z,y)) V x,y € X,

<
< YP(d(z,y) ¥V o,y € X,
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where B, (Tz, Sy) = inf{B(a,b) : a € Tz, b € Sy}.

Definition 1.7. [27] Let (X,d;) be a dislocated metric space, S : X — P(X) be a multivalued
mapping and o : X x X — [0,+00). Let A C X. Then we say that S is semi «a,-admissible on A,
whenever «a(z,y) > 1 implies o, (Sz,Sy) > 1 for all x € A, where a.(Sz,Sy) = inf{a(a,b) : a €
Sz,b e Sx}. If A= X, then we say that S is a,-admissible on X.

Definition 1.8. Let (X, d;) be a dislocated metric space, S, T : X — P(X) be multivalued mappings
and o : X x X — [0,+00). Let A C X. Then we say that S is semi a,-dominated on A, whenever
ax(z,Sz) > 1 for all x € A, where au(z, Sx) = inf{a(z,b) : b € Sx}. If A = X, then we say that S
is ax-dominated on X.

Definition 1.9. [23] The function Hg, : P(X) x P(X) — X, defined by
Ha, (A, B) = max{sup dy(a, B), sup dg(A,b)},
acA beB

is called a dislocated quasi Hausdorff metric on P(X). Also (P(X), Hg,) is known as a dislocated
quasi Hausdorff metric space.

Lemma 1.10. [23] Let (X,d,) be a dislocated quasi metric space. Let (P(X), Hg,) be a dislocated
quasi Hausdorff metric space on P(X). Then, for all A, B € P(X) and for each a € A, there exists
ba € B such that Hq (A, B) > dy(a,b,) and Hg,(B,A) > dy(ba,a), where dy(a, B) = dy(a,bs) and
d¢(B,a) = dy(bg, a).

Example 1.11. Let X = R. Define the mapping o : X x X — [0,00) by

lifz >y
a(z,y) = { % otherwise.

Define the multivalued mappings 5,7 : X — P(X) by
Sz ={[zr—4,z—3]if z € X},

Ty={ly—2,y—1]ifye X}.
Suppose x = 3 and y = 2. Since 3 > 2, «(3,2) > 1. Now a4 (53,72) = inf{a(a,b) : a € S3,b €
T2} = 3 # 1, which means that o, (53,72) < 1, that is, the pair (S,7) is not a,-admissible. Also
x(53,52) # 1 and a,(T3,72) # 1. This implies that S and T are not a,-admissible individually.
Since oy (x, Sx) = inf{a(z,b) : b€ Sz} > 1 for all x € X, § is an a,-dominated mapping. Similarly,
a,(y, Ty) = inf{a(y,b) : b € Ty} > 1. Hence it is clear that S and T are a,-dominated but not
a,-admissible.

Lemma 1.12. [23] Every closed ball Y in a left (right) K-sequentially complete dislocated quasi
metric space X is left (right) K-sequentially complete.

2. MAIN RESULTS

Let (X,d,) be a dislocated quasi metric space, 29 € X and S,T : X — P(X) be multifunctions
on X. Let x; € Sz¢ be an element such that dy(zo, Szo) = dy(z0,21). Let 9 € Tz be such that
dg(z1,Tx1) = dg(x1,22). Let 3 € Sxo be such that dy(z2, Sx2) = dy(z2, 23).Continuing this process,
we construct a sequence {x,} of points in X such that zon,+1 € Sza, and xopio € Twopt1, where
n = O, 1,2,.... Also dq(ZIJQn,SZEQn) = dq($2n,$2n+1) and dq($2n+1,T$2n+1) = dq($2n+1,$2n+2). We
denote this iterative sequence by {T'S(zy)}. We say that {T'S(z,)} is a sequence in X generated by
Zo.
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Theorem 2.1. Let (X,d,) be a left (right) K-sequentially complete dislocated quasi metric space.
Suppose there exists a function a : X x X — [0,00). Let v > 0, xg € Bg,(xo,7) and S,T : X —

P(X) be semi a-dominated mappings on Bg,(xo,7). Assume that, for some ) € ¥ and Dy(z,y) =
max{dy(z,y),dy(x, Sx),dy(y, Ty)}, the following hold:

max{a*(:c, Sx)qu(Sx, Ty)v a*(y7 Ty)qu(Ty7 S(IZ)} S min{¢(Dq<$, y))? ¢(Dq(ya 1’))} (21)

for all x,y € Bq,(wo,r) N{TS(xy)} with either a(x,y) > 1 or a(y,x) > 1 whenever x € Sy, and
Zmax{w (71, 20), 0" (dg(z0,21))} < 7 for all n € NU {0}. (2.2)

Then {T'S(zy)} is a sequence in By, (zo,7) and {T'S(x,)} — a* € Bq, (w0, 7). Also if the inequality
(2.1) holds for z* and either oy, z*) Z or a(x xp) > 1 for alln € NU{0}, then S and T have
r) a

a common fived point x* in By, By, (z0,7) dg(x*,z*) = 0.
Proof. Consider a sequence {T'S(x,)} generated by zg. Then, we have zo,+1 € Sza, and xoni2 €
Txon+1, wheren =0, 1,2, ... Also dg(xan, Stan) = dg(z2n, Tan+1), dg(Ton+1, Txon+1) = dg(Tan41, Tan+2)-
By Lemma 1.10, we have
dg(Ton, xony1) < Hg,(Tw2,-1,S72,), (2.3)
dg(Tony1, Tont2) < Hg, (Szon, Trony1) (2.4)

for all n =1,2,.... From (2.2), we have

J
max{dy(x1, x0), dg(wo,71)} <> max{y’(dy(w1,70), ¢ (dg (0, 21))} < 7.

1=0

It follows that, dy(x1,20) < 7 and dg(zo, 1) < r. Hence we have
r1 € By, (z0,7).

Let xg, -+ ,xj € By, (zo,7) for some j € N. Since S,T : X — P(X) are semi a,-dominated mappings
on By, (x0,7), cu(w2, ST2:) > 1 and au (w241, Tr2i41) > 1. Since (224, Sw2;) > 1, inf{a(wa;,b) 1 b €
S$2i} > 1. Also x9;4+1 € Sz9; and so a(mzi, 1,‘22‘_;,_1) > 1. Now by (2.3), we obtain
dg(T2iq1, T2i42) < Hg, (S2i, Troiv1) < max{au (i, Soi)Ha, (Sw2;, Tx2i41),

s (T2it1, Tw2ir1) Hay (Tx2i11, Sw2i) }
min{(Dg(x2i, £2i41)), Y (Dg(w2i41, 22:)) } < Y(Dg(22i, T2i41))

Y(max{dy(r2i, v2i11), dg(T2i, S2i), dg(x2i 41, TT2i11)})

Y(max{dq(x2i, ©2i41), dq(x2i, T2i41), dg(T2i41, T2i12) })

Y(max{dy(w2i, 2i+1), dg(T2i+1, T2it2) })-

INININ A

If max{dy(z2i, v2i+1), dg(T2i+1, T2i42)} = dg(T2i41, T2i42), then dg(2i11, T2it2) < Y(dg(T2i+1, T2i42)),
which contradicts to the fact that ¥ (¢) < t for all t > 0. So max{d (2:, T2i41), dq(x21+1,x21+2)} =
dq(x2i, x2i41). Hence we obtain

dg(x2i41, T2i42) < Y(dg(x2i, T2i41))- (2.5)
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Since au(zoi—1,Tx2;—1) > 1 and x9; € Two;—1, a(x2;—1,x2;) > 1. Now by (2.4), we have

IN

Hg, (T 1, S2;) < max{au(r2i, Sw2i)Ha, (Sw2i, Tr2i-1),
(w51, Two;—1)Ha, (Tx2i—1, Sx04) }

min{t(Dg(22i, ¥2i-1)), Y (Dq(w2i-1, 72:)) } < ¥(Dq(w2s, 22i-1))
Y(max{dy(z2;, v2i-1), dg(x2i, S72;), dg(22i-1, T2 -1)})
Y(max{dy(z2i, v2i-1), dg(r2i, T2i11), dg(@2-1,T2i)})
Y(max{dy(z2i, v2i-1), dg(T2i, T2i11), dg(@2i—1,T2i)})-

dq(z2;, ©2i41)

VAN VAN VARVAN

If max{dqy(z2i, x2i—1), dg(2i, X2i+1), dg(@2i—1,T2) } = dg(T2:, X2i41), then dg(x2;, T2i41) < Y(dg(z24, 2i41)),
which contradicts to the fact that i(t) < t for all ¢ > 0. Hence we obtain

dg(w2i, T2i1) < p(max{dy(zai, T2i-1), dg(T2i-1,72:) }).
If max{dy(z2;, x2i—1), dg(x2i—1,2) } = dg(x2i—1,x2;), then
dg(2i, T2i41)) < Y(dg(2i-1,2i))-
Since v is a nondecreasing function,
P(dg(w2i, B2i41)) < V*(dg(2i-1, T27)).
By (2.5), we obtain

dg(®2i41, T2i12) < ¥ (dg(z2i-1,72)). (2.6)
If max{dg(x2;, 2i—1), dg(T2i—1,%2;) } = dg(x2i,T2—1), then
dg(T2i41, T2i42) < V*(dg(w2i, 72i-1)) (2.7)

By (2.6) and (2.7), we obtain
dy(w2i41, Toira) < max{1?(dy (w2, v2i-1)), ¥ (dg(z2i-1, 72:))}-
Continuing in this way, we obtain
dy (i1, Tait2) < max{P? ™ (dy (21, 20)), >+ (dy (w0, 21))} (2.8)
Similarly, we have
dg (20, w2i41) < max{y* (dg(z1,20)), ™ (dg(wo, x1)) }- (2.9)
By (2.8) and (2.9), we obtain
dy(wj, 2j41) < max{e? (dy(x1,20)), 7 (dy(w0, 1))} for some j € N. (2.10)
By Lemma 1.10 and (2.1), we have

dg(w2i2,v2i41) < Hg,(Tx2i41, S72i) < max{au (i, Sx2i)Ha, (Sw2;i, T2i11),
(2241, To2i41) Hay (Tx2i41, S72:) }
< min{Y(Dy(w2i, T2i+1)), Y(Dg(T2i41, ¥2i)) }-

By the same reasoning as in the proof of (?7), we have

dy(2j31,25) < max{y? (dy(z1,20)), ¥ (dy(z0,21))} for some j € N. (2.10)
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Now
dq(xo,ﬂfj+1) < dq(l‘o, $1) + ...+ dq(xj,:zj+1)
< d (xo, x1)+ ...+ max{wj(dq(xl, xo)),wj(dq(xg,xl))}
= Zmax{ﬂ’ o(x1, 20), ¥ (dg (0, 21))} < 7. (2.11)
Also
dg(@jy1,w0) < dg(@jpr, @) + o+ dg (21, 70)
< max{¢j(d (l‘l,l'o)) 'Lﬂ](d (1‘0,.%'1))}-1- ...—|—dq(l‘1,x0)
= Zmax{ﬂ’ a(21,20), ¥" (dg (w0, 21))} <7 (2.12)

By (2.11) and (2.12), we have ;1 € Bgq(xo,r). Hence by mathematical induction z, € Bgqy(zo,7)
for all n € N. Therefore, {T'S(z,,)} is a sequence in Bg,(zo,7). Since S,T : X — P(X) are semi

as-dominated mappings on Bg,(z0,7), o«(Tn,Szn) > 1 and au (2, T2,) > 1 for all n € N. Now
(2.8) and (2.9) can be written as

dg(xp, i) < max{y"(dy(x1,z0)), ¥" (dg(z0, 1))} for all n € N. (2.13)

dg(xnt1, xn) < max{y"(dy(x1,0)), " (dg(z0, 1))} for all n € N. (2.14)

Fix ¢ > 0 and let k() € N such that > max{y*(dy(z1,20)), %" (dg(x0,21))} < €. Let n,m € N
k>k1(e)

with m > n > ki(e). Then we obtain

dq(xn’xm) < Zd $k,$k+1

k=
< z_: max{ (dq(:cl,xo)),wk(dq(wo,xl))} by (2.13),
k=n
dg(xn,2m) <Y max{y™(dg(x1,20)), ¥ (dg (w0, 21))} < €.
k>ki(e)

Thus we obtain that {7°'S(z,,)} is a left K-Cauchy sequence in (Bg,(wo,7),dy).
Similarly, by (2.14), we have

xmvxn E d $k+1,xk

Hence {T'S(z,,)} is a right K-Cauchy sequence in (qu (x0,7),dg). Since every closed ball in left(right)
K-sequentially complete dislocated quasi metric space is left(right) K-sequentially complete, there
exists &* € Bgg(zo,7) such that {T'S(xy,)} — «*, that is,

hm dg(zp,2") = le dg(z*,zy,) = 0. (2.15)
Now
Qg To) < dg(w*, 2ans1) + dyl(wans1, Ta")
< dy(2", 22n41) + Hg, (Sxopn, Tx™) by Lemma 1.10. (2.16)
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Since o (x*, Tx*) > 1, ax(wan, STan) > 1 and a(xa,, z*) > 1, we obtain
Hg,(Sxopn, Tx*) < max{a.(r2n, ST2n)Hy, (Sx2n, T2"), au (2", Tx™) Hyq(T'z™, Sx2n) }
< min{y(Dy(z2n, 7)), Y(Dg(2”, 220)) }
< p(max{dy(wan, *), dy(wam, w2ns1), dyla", To*)})
Y(max{dy(xon, x"), dg(z2n, 2°) + dg(z™, x2n+1), dg(™, T'z")}). (2.17)
By (2.16) and (2.17), we have
4y(@" Ta") < dg(@”3011) + (max{dy (wan, 2°), dylam, %) + dyl&”, 2an41), dol”, T2 }).

Letting n — oo, and by (2.15), we obtain dy(z*,T2*) < ¢(d4(«*,Tz*)) and hence dy(z*,Tz*) = 0.
Now

IN

dg(Tz", z") dg(Tz", Ton41) + dg(T2n+1,27)
qu (T$*, ngn) + dq($2n+1, x*), by Lemma 1.10.

By using a similar argument, we obtain dq(Tz*,2*) = 0 or z* € Tz*.
Similarly, by Lemma 1.10, (2.15) and

dg(z*, S2™) < dg(x™, xont2) + dg(T2n42, ST¥),

we can show that dg(z*, Sz*) = 0 and 2* € Sz*.
Similarly, dgy(Sz*,2z*) = 0. Hence S and T' have a common fixed point 2* in Bg,(zo,7). Now

dy(e",3%) < dyla*, Ta") + dy(Ta" ") < 0.
This implies that dg(z*,2*) = 0. O

<
<

Corollary 2.2. Let (X,d,) be a left (right) K-sequentially complete dislocated quasi metric space.
Suppose that there exists a function o : X x X — [0,00). Let r > 0, 29 € Bg,(x0,7) and S :

X — P(X) be a semi ax-dominated mapping on B, (xo,r). Assume that, for some ¢ € ¥ and
Dy(z,y) = max{dy(x,y),dy(z, Sx),dy(y, Sy)}, the following hold:

max{a.(z, 5z)Hag(Sz, Sy), .y, Sy)Haq(Sy, Sx)} < min{(Dy(z,y)), v (Dg(y, x))}  (2.18)
for all x,y € Bg,(x0,7) N {S(xn)} with either a(x,y) > 1 or ay,x) > 1, and

Zmax{wi(dq(xl,xo),wz(dq(xo,:rl))} <r for alln € NU {0}.
=0

Then {S(xn)} is a sequence in Bq, (zo,7) and {S(zn)} — x* € By, (wo,7). Also, if (2.18) holds for
x* and either a(xp,z*) > 1 or a(z*,x,) > 1 for alln € NU {0}, then S has a fized point x* in
By, (wo,7) and dy(z*,2*) = 0.

Corollary 2.3. Let (X,d;) be a complete dislocated metric space. Suppose that there ezists a function
a: XxX —[0,00). Letr >0, xg € By, (x0,7) and S,T : X — P(X) be semi a,-dominated mappings
on By, (xo,7). Assume that, for some ¢ € ¥ and D;(z,y) = max{di(z,y),d;(z, Sz),di(y,Ty)}, the
following hold:

max{oz* (:‘Ua S$)Hdl (SSL’, Ty)7 O (yv Ty)Hdl (SIL‘, Ty)} < @ZJ(Dl(ﬁ, y)) (219)
for all z,y € By, (xo,7) N{T'S(xy)} with either a(x,y) > 1 or a(y,z) > 1, and

ilﬂi(dl(xo,xl)) <r for alln € NU{0}.
i=0
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Then {T'S(xy)} is a sequence in By, (xg,r) and {TS(xn)} — «* € By, (xo,7). Also if (2.19) holds for
x* and either a(xy,z*) > 1 or a(x*, xy,) > 1 for alln € NU{0}, then S and T have a common fized
point * in By, (xg,r) and dg(x*,z*) = 0.
Corollary 2.4. Let (X,d;) be a complete dislocated metric space. Suppose that there exists a function
a: X xX —[0,00). Let r >0, xg € Bg,(x0,7) and S : X — P(X) be a semi o.-dominated mapping
on By, (xo,7). Assume that, for some ¢ € V and Dj(x,y) = max{di(x,y),d;(z, Sx),di(y, Sy)}, the
following hold:

max{a*(x, Sx)Hdl (Sl‘, Sy)> a*(@/? Sy)Hdl (va Sy)} < w(Dl(xa y)) (220)

for all x,y € By, (xo,7) N{S(zy)} with either a(x,y) > 1 or a(y,z) > 1, and

Zwi(dl(xo,xl)) <r for alln € NU{0}.

=0
Then {S(zn)} is a sequence in Bg,(xo,7) and {S(z,)} — x* € By, (xo,7). Also, if (2.20) holds for
x* and either a(xy,z*) > 1 or a(x*,xy) > 1 for all n € NU {0}, then S has a fized point x* in
By, (xo,7) and dg(x*,z*) = 0.

Let X be a nonempty set , < a partial order on X and A C X. We say that a < B whenever for
all b € B, we have a < b. A mapping S : X — P(X) is said to be semi dominated on A if a < Sa for
eachac€ AC X. If A= X, then S: X — P(X) is said to be dominated.

Corollary 2.5. Let (X, <,dy) be a left (right) K -sequentially ordered complete dislocated quasi metric
space. Let r >0, xg € By, (wo,7) and S, T : X — P(X) be semi dominated mappings on Bg,(xo,T).
Assume that, for some ¢ € ¥ and Dy(z,y) = max{dy(z,y),dy(x, Sx),d4(y, Ty)}, the following hold:

max{Hg,(Sz,Ty), Hag(Ty, Sz)} < min{yp(Dy(x,v)), v(Dy(y, x))} (2.21)
for all z,y € By, (wo,7) N{T'S(x,)} with either v Xy ory Xz, and

Zmax{wi(dq(xl,xo),wz(dq(xo,xl))} <r for alln € NU {0}. (2.22)
i=0

Then {T'S(xn)} is a sequence in Bq,(wo,7) and {T'S(xn)} — x* € By, (wo,r). Also if (2.21) holds for
x* and either x, < z* or x* <X x, for alln € NU {0}, then S and T have a common fized point x*

in Ba,(zo,7) and dy(x*,x*) = 0.

Proof. Let a : X x X — [0,400) be a function defined by a(x,y) = 1 for all x € By, (xo,r) with
either x < y or y < z, and a(z,y) = 0 for all other elements z,y € X. Since S and T are the semi
dominated mappings on Bg,(zo,7), * = Sz and v < Tz for all z € By, (0, 7). This implies that z < b
for all b € Sz and x < ¢ for all ¢ € Tx. So a(z,b) =1 for all b € Sz and a(z,c) =1 for all ¢ € Tx.
This implies that inf{a(x,y) : y € Sz} = 1 and inf{a(z,y) : y € Tz} = 1. Hence au(x,Sx) =1
and ax(z,Tz) = 1 for all x € By, (zo,7). So S,T : X — P(X) are semi ,-dominated mappings on
By, (w0, 7). Moreover, (2.21) can be written as

max{c.(z, Sz)Hag (S, Ty), oy, Ty)Haq(Ty, Sx)} < min{i(Dy(2,y)), ¥ (Dq(y, )}
for all z,y in W N{TS(xzy,)} with either a(x,y) > 1 or a(y,z) > 1. Also, (2.22) holds.
Then by Theorem 2.1, {T'S(z,)} is a sequence in By, (7o,7) and {T'S(x,)} — =* € By, (zo0,7). Now,
Tp, 2% € By, (wo,7) and either z,, < 2* or * < x,, implies that either a(xp,z*) > 1 or a(z*, z,) > 1.
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So all the conditions of Theorem 2.1 are satisfied. Hence by Theorem 2.1, .S and T have a common
fixed point z* in By, (zo,7) and dy(z*,z*) = 0. O

Example 2.6. Let X = Q" U{0} and let d; : X x X — X be a complete dislocated quasi metric on
X defined by
dg(z,y) =4y for all z,y € X.

Define multivalued mappings 5,7 : X x X — P(X) by,

. { [g,ggg] if 2 € 0,10 X
[z, +1]if z € (1,00)NX
and
_ { [Z,%x] if 2 € [0,1]N X
[+ 1,z +3]if x € (1,00)NX.
Considering zg = 1, r = 8, we get W = [0,7]NX. Now dy(xo, Szo) = dy(1,51) = dgy(1, %) =

So we obtain a sequence {T'S(zy)} = {1, 75, 157, 7o+ -~} in X generated by zo. Also Bg, (o, )

{TS(zn)} = {1, 15, 1130 -} Let ¥(t) = &£ and
1if z,y € [0,1]

oz, y) = { 3

5 otherwise.

4
3
N

Now if 2,y ¢ Ba,(xo,r) N {T'S(xy)}, then we have the following cases.
Case 1. If max{ax(z, Sx)Hy, (Sz,Ty), oy, Ty)Hg,(Ty,Sx)} = ax(x, Sx)Hy, (S, Ty), then for
xr = 2 and y = 3, we have
28
=

Case 2. If max{a.(z,Sz)Hqg, (Sz,Ty), ax(y, Ty)Haq(Ty,Sx)} = ax(y, Ty)Hae(Ty, Sx), then for
x = 2and y = 3, we have

(2, 52)Hd,(52,T3) = S(8) > 4(Dy, 1) =

3 28
5(8) > p(Dq(y, @) = 5
So the contractive condition does not hold on thewhole space X.
Now, for all 2,y € By, (wo,7) N {T'S(x,)}, we have the following.
Case 3. If max{a.(z,Sx)Hqa, (Sx, Ty), ax(y, Ty)Ha,(Ty, Sx)} = ax(z,Sx)Hg,(Sx, Ty), then we
have

(3, T3)Hd, (T3, 52) =

s (x, Sw)Hy, (Sz, Ty) = 1[max{sup dy(a,Ty), sup dy(Sz,b)}]
acSx beTy
Y T 2x
= max{sup dq(a, >, —=]), sup d,(|=, ,b
(s dy(an [, 5710 sup (15,5 1.0)
_ 2z 1y 3y z 2z, 3y
- maX{dq( 3 )[47 4])7dq([37 3 ]7 4 )}
2z y x 3y
= max{dq(§71)adq(§vz)}
B 20y x 3y
= maxtm gty
4z by

< Y(max{z +y, ) = ¥(Dy(2,y))-

ERrY
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Case 4. If max{au.(z, Sx)Hqg, (S, Ty), as(y, Ty)Ha, (Ty, Sz)} = as(y, Ty)Ha,(Ty, Sz), then we have

ax(y, Ty)Ha, (Ty, Sz) = 1[max{ sup dy(Sz,b), sup dy(a,Ty)}]
beTy a€ESx
— max{ sup dy([, 221, b), sup dy(a, [2, 2Y))}
bty 10330 e 1 g

T 2x. 3y 20y 3y

= max{dy (5, 2, %), 4, 12, )y
= max{dy(5, 20, dy (5, ¥}
< wlmaxfy+2, 22, ) = w(Dy(y,2)
So the contractive condition holds on By, (0, 7) N {T'S(x)}. Also
Zmax{w (1, 20), 1 (dg (0, 7))} = ;‘Z;Qf) <=

Hence all the condltlons of Theorem 2.1 are satisfied. Now we have {T'S(x,)} is a sequence in
By, (zo,7) and {T'S(xn)} — 0 € By, (xo,7). Also a(zy,0) > 1 or a(0,z,) > 1 for all n € NU {0}.
Moreover, 0 is a common fixed point of S and T.

3. FIXED POINT RESULTS FOR GRAPHIC CONTRACTIONS

In this section, we present an application of Theorem 2.1 in graph theory. Jachymski [15] proved
the contraction principle for mappings on a metric space with a graph. Let (X, d) be a metric space
and A represent the diagonal of the cartesian product X x X. Assume that G is a directed graph
and V(G) is the set of vertices along with X and the set E(G) denotes the edges of X included
all loops, i.e., E(G) O A. If G has no parallel edges, then we can unify G with pair (V(G), E(G)).
Furthermore, we consider G as a weighted graph (see [15]) which showing to each edge the distance
between its vertices. If [ and m are the vertices in a graph G, then a path in G from [ to m of length
N (N € N) is a sequence {z;} of N + 1 vertices such that I, = [, Iy = m and (I,—1,1,) € E(G)
where ¢ = 1,2,--- N. Hussain et al. [13] established fixed points for ¢-graphic contraction with an
application to integral equations. A graph G is connected if there is a path between any two vertices
(for more details, see [9, 14, 28]).

Definition 3.1. Let X be a nonempty set and G = (V(G), E(G)) be a graph such that V(G) = X.
Then S : X — C'B(X) is said to be semi graph dominated on A C X if, for each x € A, (z,y) € E(G)
for all y € Sz. If A = X, then we say that S is graph dominated on X.

Theorem 3.2. Let (X,d,) be a complete dislocated quasi metric space endowed with a graph G. Let
r >0, zg € By, (wo,7), S,T : X — P(X) mappings and {T'S(x,)} be a sequence in X generated by
xg. Assume that the following hold:

(i) S and T' are semi graph dominated on By, (xo,7);
(1) there exists ¢ € ¥ and Dy(x,y) = max{dy(z,y),dy(z, Sx),dy(y, Ty)} such that

T
max { Hy, (Sz, Ty), Hq,(Ty, Sz)} < min{y(Dy(,y)), v (Dq(y, =)} (3.1)

for all x,y € By, (:1:0,‘7’) N {TS(xn)} with (zy) € E(G) or (yz) € E(G);
(iii) Y7 max{y*(dg(z1,20), ¥ (dg(x0, 1))} <7 for all n € NU{0}.
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Then {T'S(xy)} is a sequence in Bg,(vo,r) and {T'S(xn)} — z*. Also if (vn,2*) € E(G) or
(z*,x,) € E(G) for allm € NU{0} and (3.1) holds for z*, then S and T have a common fized point
x* in By, (wo,7).

Proof. Define a : X x X — [0,00) by

oz, ) = 1, if x € Bg,(zo0,7), (z,y) € E(G) or (y,x) € E(G)
Y= 0, otherwise.

Since S and T are semi graph dominated on Bg,(zo,7), for € Bg,(xo,7), (z,y) € E(G) for all
y € Sx and (z,y) € E(G) for all y € Tx. So a(z,y) =1 for all y € Sz and a(z,y) =1 for all y € T'x.
This implies that inf{a(z,y) : y € Sz} = 1 and inf{a(z,y) : y € Tz} = 1. Hence ay(z,Sz) = 1,
ax(z,Tx) = 1 for all z € By, (x9,7). So S,T : X — P(X) are semi as-dominated mappings on
By, (wo, 7). Moreover, (3.1) can be written as

max{a.(z, 5z) Hag(Sz, Ty), oy, Ty)Hag(Ty, Sx)} < min{(Dy(2,y)), P (Dy(y, x))}

for all z,y in By, (xo,7) N {TS(x,)} with either a(x,y) > 1 or a(y,z) > 1. Also (iii) holds. Then, by
Theorem 2.1, we have {T'S(z,)} is a sequence in By, (zo,r) and {T'S(x,)} — 2* € Bg,(wo,7). Now
Tp,x* € By, (vo,7) and either (z,,2%) € E(G) or (z*,z,) € E(G) implies that either a(z,,z*) > 1
or az*, ) > 1. So all the conditions of Theorem 2.1 are satisfied. Hence by Theorem 2.1, S and T’
have a common fixed point 2* in By, (xo,7) and dy(z*, %) = 0. O
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