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COUPLED FIXED POINT THEOREM IN PARTIALLY ORDERED
MODULAR METRIC SPACES AND ITS AN APPLICATION

ALI MUTLU, KUBRA OZKAN, AND UTKU GURDAL

ABSTRACT. In this article, we extend certain coupled fixed theorem which
was introduced for mappings having the mixed monotone property in vari-
ous metric spaces to partially ordered modular metric spaces. In addition to
this, we express some results about this theorem. Finally, we show using our
main theorem that there exists a unique solution for a given nonlinear integral
equation.

1. INTRODUCTION

The first time in literature, Guo and Lakshmikantham [12] introduced the con-
cept of coupled fixed point in 1987. After that, Bhaskar and Lakshmikantham
[5] introduced the concept of the mixed monotone property and expressed certain
coupled fixed point theorems which are considered as the most interesting fixed
point theorems for mappings having this property in ordered metric spaces. They
showed the existence of a unique solution for a periodic boundary value problem.
Since the coupled fixed point theorems in the study of nonlinear integral equations
and differential equations are important tools, many researcher have studied them
in various partially ordered metric spaces, e.g. [3, 4, 6, 13, 16, 18, 20, 21, 22, 23, 24].

Lately, a lot of significant results related to fixed point theorems have been
extended to modular metric spaces which was introduced by Chistyakov via F-
modular [7] in 2008 and developed the theory of this spaces in 2010 [8]. And then,
many authors made various studies on these structures, e.g. [1, 2, 9, 10, 11, 14, 15,
17].

In this article, we extend certain coupled fixed theorem which was introduced
for mappings having the mixed monotone property in various metric spaces to
partially ordered modular metric spaces. In addition to this, we investigate some
results about this theorem. Finally, we show using our main theorem that there
exists a unique solution for a given nonlinear integral equation.

2. MODULAR METRIC SPACES

Here, we express a series of definitions of some fundamental notions related to
modular metric spaces.

Definition 2.1. [19] Let X be a vector space on R and p : X — [0,00] be a
function. If p satisfies the following conditions, we call that p is a modular on X:

(1) p(0) = 0;
(2) If a € X and p(ya) = 0 for all numbers v > 0, then a = 0;

2010 Mathematics Subject Classification. 46A80, 47TH10, 54H25.

Key words and phrases. Modular metric space, coupled fixed point, complete modular metric.
1
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(3) p(—a) = p(a), for all a € X;
(4) p(ya+ 0b) < p(a) + p(b) for all 4,0 > 0 with v+ 6 =1 and a,b € X.
Let X # 0 and w : (0,00) x X x X — [0,00] be a function where A € (0,0).

Throughout this article, the value w(A, a,b) is denoted by wy(a,b) for all a,b € X
and A > 0.

Definition 2.2. [8] Let X # 0 and w : (0,00) X X x X — [0,00] be a function.
If w satisfies the following conditions for all a,b,c € X, we call that w is a metric
modular on X:

(m1) wx(a,b) =0 for all A > 0 < a = b;

(m2) wy(a,b) = wyx(b,a) for all A > 0;

(m3) wrtp(a,b) <wsz(a,c) +wyu(eb) for all A, p > 0.

From [8, 9], we know that as fix ag € X, the two sets

X = Xu(ap) ={a € X :wyr(a,ap) = 0 as A = oo}
and
X5 =X (ap) ={a € X : 3\ = Aa) > 0 such that wy(a,a) < oo}

are said to be modular spaces.

From [8, 9], the modular space X, can be equipped by a metric

dy(a,b) =1inf{A > 0:wx(a,b) < A}

which is generated by w for any a,b € X, where w is a modular on X.

Definition 2.3. [15] Let X, be a modular metric space, {a, }nen be a sequence in
X, and C C X,,. Then,
(1) {an}nen is called a modular convergent sequence such that a, — a, a € X,
if
wx(an,a) = 0asn — 0o
for all A > 0.
(2) {an}tnen is called a modular Cauchy sequence if and only if for all € > 0
there exists n(e) € N such that wy(an,an) < € for each m,n > n(e) and
A>0.
(3) C is called complete modular if every modular Cauchy sequence {a,} in C
is a modular convergent in C.

3. MAIN RESULTS

Let < be a ordered relation and X, be a modular metric space. Throughout
this article, (X, <) denotes partially ordered modular metric space.

Definition 3.1. Let (X, <) be a partially ordered modular metric space. The
mapping F : X, x X, — X, has the mixed monotone property if F' holds the
following conditions for any a,b € X,

a1 < ag = F(a1,b) < F(ag,b), a1,a2 € X,
and

b1 > by = F(a,bl) < F(a,bg), b1,by € X,
These imply that F' is monotone non-decreasing in ¢ and monotone non-increasing
in b.
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Definition 3.2. Let X, be a modular metric space, (a,b) € X, x X, and F :
X, x X, — X, be amapping. (a,b) is called a coupled fixed point of the mapping
if

F(a,b) = a and F(b,a) = b.
Theorem 3.3. Let (X, <) be a partially ordered complete modular metric space,
the mapping F : X, x X, — X, has the mixed monotone property in X, and k, 1
be non-negative constants such that k +1 < 1. Suppose that we have the following
condition for all a,b,p,q € X, and A >0
(31) W)\(F(aa b)7 F(p7 q)) < kW)\(a,p) + lw}\(ba q)

where a > p, ¢ > b.
If there exist ag,by € X, with ag < F(ag,by) and by > F(bg,ag), then F has a
unique coupled fized point.

Proof. Let ag,by € X, with a9 < F(ag,by) and by > F(bg,ap). We take ay,b; €
X, with a1 = F(ag,bo) and by = F(bg,ap). Again we take as,by € X, with
as = F(ay,b1) and by = F(b1,a1). Repeating this way, we obtain sequences {ay}
and {b,} in X, with

an+1 = F(an,by) and by1 = F(by, an)
for all n € N*. In view of mixed monotone property of F, we get
a0 <a; <ag <o <ap <apgp <

and

bo>b1 >by > 2bp >bpp1 >
Then, by (3.1), we get
(3'2) W)\(an’an-‘rl) = WA(F(an—labn—1)7F(anabn))a
kW)\((ln,h an) + lw}\(bnfla bn)
forallm € N*, A > 0and k +1 < 1. Similarly,
(33) W)\(bnyanrl) = w)\(F(bnfhanfl)aF(bn7an))7
< kw}\(bnfla bn) + lw}\(anfla an)

for all m € N*, A > 0 and k + 1 < 1. Therefore, letting

IN

€n = w)\(ana an+1) + W)\(bn, bn+1)

for all n € N*, X\ > 0. Using equations (3.2) and (3.3), we get

en = wrl@n,ant1) + wxr(bp,bni1)
< kwx(an—1,an) + lwx(bp_1,bn) + kwx(bp—1,bp) + lwx(an—1,an)
= (k4+D(wr(an-1,an) +wxr(bp-1,bp))
= (k+ep-1.
Then, we obtain that
(3.4) 0<e,<(k+Den 1 <(E+D%n o< - < (k+D"e.

If eg = 0, then eg = wy(ag, a1) +wx(bo, b1) = 0. Therefore, we get wy(ag,a1) =0
and wy (bp,b1) = 0. So, from condition (m2) of modular metric spaces, we get

() S [ F(ao,bo) and b() Z bl = F(bo,ao).

This implies that (ag, bo) is a coupled fixed point of F'.
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Now, let eg > 0. Preserving the generality, suppose that for m,n € Nand n < m,
there exist n_» € N satisfying

w#(an;avwkl) +w_a (bnaanrl) = €n

m—n m—n

forallﬁ>0andn2n¢.Weget

(3.5) )
wx(@n; am) W A (an,ant1) +w s (Gng1,anp2) £+ w s (Amo1,0m),
g (bmfl)bm)

<
w)\<bn7bm) S W_x L(bnzanrl)+wﬁ(bn+1;bn+2)+"'+w

m

A
m—n

for each n < m. Thus, from (3.4) and (3.5), we get

Wx(@n, am) + wx(bn,bm) < (w_a (an,am_l)+wmxﬁ(bn,bn+1))+--~

+(wﬁ (Am—1, am) Tw_a (bm—1,bm)),
entept1+--temoi,
(k+D"o+ (k+1D)" eg+ -+ (k+1)" teo,
(K+D" 4+ (k+D)" 4 4 (k+1)™ Yeo,
(k+0)"
- 1—-(k+10
forn <mand A > 0. Let k£ + 1 = 0. Since there exists ng such that %60 < €,
from (3.6), we have for each n,m > ng that

IN

(3.6) €o

Wx(@ny ) + W (bpy b)) < €

for an arbitrary € > 0. Then, {a,} and {b,} are Cauchy sequences in X,,. Using
completeness of X, we can talk about existence of a,b € X, with

lim a, = a and lim b, =b.
n— o0 n— o0

There exists ny € N with w%(an,a) < § and w%(bn,b) < §foralln >mng, A >0
and every € > 0. So, from (3.1), we get
wx(F(a,b),a) < w%(F(a, b),ant1) + w%(anﬂ,a)
wy (F(a,b), F(an, b))+ wy (ant1,a)

< kwy(an,a) + lw%(bmb) —|—w%(an+1,a)
€ € €
< k‘§+l§+§
€ €
= (l{i+l)§+§<€

for all A > 0 and each n € N. Then, wy(F(a,b),a) =0. So, F(a,b) = a. In similar
way, we get F'(b,a) = b. These imply that (a,b) is a coupled fixed point of F. We
assume that F' has an another coupled fixed point (a*,b*). Then, for A > 0 we get

wi(a*,a) = wr(F(a*,b"), F(a,b)) < kwy(a®,a) + lwx(b*,b)
and
wx(b*,0) = wA(F(b*,a"), F(b,a)) < kwx(b*,b) + lwx(a™, a).

Therefore, we get

(3.7) wr(a*,a) +wy(b*,b) < (k+1)(wala®,a) + wx(b,D)).
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Since k+1 < 1, from (3.7) we get wy(a*,a) +wx(b*,b) = 0 for all A > 0. Hence, we
obtain that

wx(a*,a) =0 a" =aand wy(b*,0) =0 b* =0.
Therefore, (a,b) is a unique coupled fixed point of F. O

If we take equal the constants k, [ in Theorem (3.3), the following corollary is
obtained.

Corollary 3.4. Let (X,,, <) be a partially ordered complete modular metric space,
the mapping F' : X, x X, — X, has the mixed monotone property in X, and
k €[0,1). Suppose that we have the following condition for all a,b,p,q € X,, and
A>0

(38) W)\(F(a7b),F(p, Q)) < (wA(a,p) +w/\(bv Q))

N |

where a > p, ¢ > b.
If there exist ag, by € X, with

ao < F(ao,bo) and by > F(bo, agp),
then F' has a unique coupled fixed point.
Theorem 3.5. Let (X, <) be a partially ordered complete modular metric space.
Suppose that X, satisfies the following conditions
(i) if a non-decreasing sequence a,, — a, then a, < a for all n,
(i3) if a non-increasing sequence b, — b, then b, > b for all n.
Let the mapping F : X, x X, — X, has the mized monotone property in X,, and k,

l be non-negative constants such that k+1 < 1. Suppose that we have the following
condition for all a,b,p,q € X, and A >0

wx(F(a,b),(p,q)) < kwx(a,p) + lwa(b,q)

where a > p, q > b.
If there exist ag, by € X, with

ao < F(ag,bo) and by > F'(bo, ao),

then F has a unique coupled fized point.

Proof. This proof can be made in analogy to the proof of Theorem (3.3). Here, it
will be enough only to show that F'(a,b) = a and F(b,a) = b for proof. Let ¢ > 0.
Since F(ap—1,bp—1) = ay, = a and F(b,—1,an-1) = b, — b, there exists ngp € N
with

wr(an,a) = wr(F(an-1,bn-1),a)
w)\(bnab) = WA(F(bn—laan—1)7b)

for all n > ng. Letting n > ng and using the equations (3.1) and (3.9), we get
wx(F(a,b),a) < wa(F(a,b),an4+1) + wy (an1,a)
wa (F(a,b), F(an,bn)) + wi (ant1,a)

(3.9) z

wWlmwolm

< kw% (an,a) + lOJ% (bn,b) +w%(an+17a)
€ € €
REp1E4 C
< 3Jr 3+3
€ €
- kD4 Ece
(k+ )3+3<e
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Then, we get F(a,b) = a. In a similar way, we obtain that wy(F(a,b),a) < €
implies F(b,a) = b. On the other hand, uniqueness of the coupled fixed point of F’
can be shown in a similar way with the proof of Theorem (3.3). O

Corollary 3.6. Let (X,,, <) be a partially ordered complete modular metric space.
Suppose that X, satisfies the following conditions;

(i) if a non-decreasing sequence a,, — a, then a,, < a for all n,

(ii) if a non-increasing sequence b,, — b, then b, > b for all n.
Let the mapping F' : X, x X, — X, has the mixed monotone property in X, and
k €[0,1). Suppose that we have the following condition for all a,b,p,q € X,, and

A>0
A(F(a,), (p,)) < (r(a,p) +x(b,0)
where a > p, ¢ > b. If there exist ag, by € X, with
ag < F(ag,bo) and by > F(bg, ag),
then F' has a unique coupled fixed point.

Example 3.7. Let X, = R. If we take the usual partial order < in R, then (R, <)
is a partially ordered set. We define a mapping w : (0,00) x R x R — [0,00) by
wx(a,b) = ‘a%bl for all a,b € R and A > 0. It can be said that X, is a complete
modular metric space. We take a mapping F : R x R — R such that F(a,b) = “TH’.

We easily see that F' has the mixed monotone property. Then, we have

wx(F(a,b), F(p,q)) = wal(

B
\

(wala, p) +wx(b,q))

D= D= D=

for any a,b,p,q € X,, So, the equation (3.8) is satisfied for k = % Therefore, from

Corollary (3.4), F' has a unique coupled fixed point. Also, there are ag = 0 <
F(0,0) = F(ag,bp) and by = 0 > F(0,0) = F(bg, ap). It is obvious that (0,0) is the
coupled fixed point of F.

On the other hand, if F': X, x X, — X,, is defined by F(a,b) = aT"‘b, then F
satisfies the condition (3.8) for k = 1. Then, we get

wx(F(a,b), F(p,q)) = wal

lla—p+b—q
2 A
2 A A

— %(wkﬁup)%*wAa%qn-
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Therefore, coupled fixed points of F are both (0,0) and (1,1). Namely, F has not a
unique the coupled fixed point. Then, the conditions & < 1 in Corollary (3.4) and
k+1 < 1 in Theorem (3.3) are the most appropriate conditions for satisfying the
uniqueness of coupled fixed point.

4. APPLICATION

Here, we show that there exists a unique solution of a nonlinear integral equation
using the Theorem (3.3).
We consider the following nonlinear integral equations:

(4.1) a(s)

/S f(s,a(t),b(t))dt, s€[0,5] =1
0

s
b(s) = /0 f(s,0(t),a(t))dt, s€[0,5] =1

where S € RT (S >0)and f: I xRxR—=R.
Let X, = C(I,R) and X, be a partially ordered set. We define the order relation
as follows:

a<besa(s) <b(s)
for a,b € C(I,R) and all s € I. We can easily see that X, is a complete modular
metric space such that

OJ)\(CL, b) _ SIéII) |(I(S) ; b(S)‘

b

for all a,b € X and X\ > 0.

Assumption 4.1. There exist two non-negative constants k and [ with k+1 < 1

such that
(4.2) 0< f(s,a,b) — f(5,p,q) < %(k(a—p)j\rl(q—b))

forall se€ I, a,b,p,q € X, and A > 0 where a > p, ¢ > b.

Definition 4.2. (a,3) € C(I,R) x C(I,R) is called a coupled lower and upper
solution of the integral equations (4.1) if a(s) < 8(s) and

S
a(s) < i f(s,alt), B(2))dt

S
B(s) < / F(s. B(t), alt))dt
0
forall s e I.

Theorem 4.3. We suppose that the Assumption (4.1) is satisfied. The integral
equations (4.1) have a unique solution in C(I,R) if there exists a coupled lower
and upper solution for equations (4.1).

Proof. Let X, = C(I,R). X, is a partially ordered set if we define the order
relation such that for a,b € C(I,R) and all s € T

a<b<s a(s) <b(s).

213 ALI MUTLU et al 207-216



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

8 A. Mutlu, K. Ozkan, U. Giirdal

It is obvious that X, is a complete modular metric space such that

(43) WwH (a’ b) = SLGIII) L;b(sﬂ

for a,b € C(I,R) and all A > 0. Also, we define a partial order on X, x X, =
C(I,R) x C(I,R) such that

(a,b) < (p,q) = als) < p(s) and g(s) < b(s)

for (a,b), (p,q) € X, x X, and all s € I.
Now, we define F' : X, x X, — X,, with

S
(4.4) Fla, b)(s) = /0 F(s, alt), b(t))dt

for a,b € C(I,R) and s € I. We need to show that F has the mixed monotone
property. If a1 < aq, that is, a1(s) < az(s) for all s € I, by Assumption (4.1) we
get

s
F(a1,b)(s) — F(az,b)(s) = f(s,a1(t dt—/ f(s,ao(t),b(t))dt

(s,a1(t),0(t)) — f(s,a2(t),b(t)))dt

IN

I
Oﬁc\

Then, F(a1,b)(s) < F(ag,b)(s) for all s € I. That is, F(a1,b) < F(az,b).
Similarly, if by > be, that is, by(s) > ba(s) for all s € I, by Assumption (4.1), we
get

s

),b1(t))d ), b dt
/Ofsa 1(t))dt — /fsa o(t))dt
S

_ bi(t)) — f(s,a(t), ba(t)))dt

0
< 0.

F(a,bi)(s) = Fla,bs)(s)

Then, F(a,b1)(s) < F(a,bs)(s) for all s € I. That is, F(a,b1) < F(a,bs). There-

fore, F(a,b) is monotone nondecreasing in a and monotone nonincreasing in b.
Now, we show that F' has a coupled fixed point. Let a > p and ¢ > b. Then,

a(s) > p(s) and q(s) > b(s) for all s € I. From equation (4.2), (4.3) and (4.4), we
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obtain that

F(a,b)(s) = Fp.a)s)| |y f 0)dt — Jy £(s.p() a(t))d|
A A
LS (s at). b)) — £(sp(0). a(0)) )]
A
B foslf(sva(t),b(t)) £(s,p(1), a(t))]dt
S — [—
<1 / (JHtalt) p(t));l(q(t) GO
< L /S(km(t) —p)l lb() ;q(t)l)dt
- ’”"2213 ) ”“2‘2}' ORI
- L. (k?g();p( >+l21£| ORI
~ e otz) ~ p(2) s ()~ atz)
for all A > 0 which implies that
F(a,b)6) = Fe.aG)] 1@ =p@)] o 1bG) = o)

A T zel A zel A
Therefore, we obtain that

wx(F(a,b), F(p,q)) < kwx(a,p) + lwx(b, q)

for a,b,p,q € X, and all A > 0. On the other hand, let (o, 8) be a coupled lower
and upper solution of the integral equations (4.1), then we get

a(s) < F(a, B)(s) and B(s) = F (B, a)(s)
for all s € I where o, 8 € I. Then,
a < F(a,B) and 8 > F(B, ).

We obtain that Theorem (3.3) is satisfied. Therefore, from Theorem (3.3), we get
a unique solution (a,b) € X,, x X,, of integral equations (4.1). O
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Abstract

The minimum order and extremal graph of a connected m— K,, —residual graph were first proposed
by Erdos, Harary and Klawe, in addition to two important conjectures related to the graph. They
addressed said conjectures solely from the perspective of K, —residual graphs, and did not study
the m — K, —residual graphs m > 1. In this study, we found that with n > 2m + 2, the minimum
order of connected m — K, —residual graph was (m + n)(m + 1) and the unique extremal graph was
Kptn X Kpt1. This conclusion agreed with the conjectures proposed by Erdés, Harary and Klawe.
Moreover, with n = 2m + 2, we identified at least two non isomorphic m — K, —residual graphs;
this did not correspond with the conjecture. The m — K, —residual graph was determined only by
m,n and the maximum connected branch r. The relationship among m,n and r was similar to that
among the parameters of Hill cryptosystem implementation steps. According to these observations
and principle knowledge regarding Hill cryptosystem implementation, the novel binary cryptosystem
related m — K, —residual graphs was established. We also built a Hill password encryption algorithm
that ensures the binary cryptosystem is effective. The complexity of the minimum order and extremal
graphs of connected m— K,, —residual graphs make the ciphertext, plaintext, and relationship between
the keys highly complex and give the binary cryptosystem favorable performance.

Keywords: Residual graph; Minimum order; Extremal graph; Isomorphic.

1 Introduction

The residual graph, which represents an important branch of graph theory, was first proposed by
Erdos, Harary and Klawe[1], and has since been widely applied throughout information science, network-
ing, computer science, and other fields[2-7]. By definition, a residual graph is built by removing points
in the closed neighborhood N(u) that are isomorphic with the original graph; each removed point the
closed neighborhood N(u) in the graph has the same nature as its counterpart the original graph. For
example, K3 is a highly stable triangle that retains its original shape but with even higher stability after
the adjacent edges and vertices of m — K3—residual graph are removed for m times. In cryptology, an
important component of information security[8-9], known information is denoted by graphs and kept
in cipher form. Corresponding residual graphs are constructed according to their relevant definitions.
Many residual graphs can be constructed, but it is difficult to select only one as the ciphertext: On-
ly a sufficiently complex(i.e.,unique)representative residual graph can ensure information security. The
complete graph K, is often utilized in the computer networking and computer aided design fields[10-12],
making it a useful research object in regards to the minimum order and extremal graph of connected
m — K, —residual graph.

Erdos, Harary and Klawe originally defined this concept[1] and they concluded that as n > 1,n # 2,
the minimum order of connected m — Kn—residual graph is 2(n + 1); as n # 2,3,4, K, 1 X K is the
unique connected K,—residual graph with the minimum order. They also proposed the following two
conjectures for connected m — K,,—residual graphs.

Conjecture 1: Ifn # 2, then every connected m — K,,—residual graph has at least min{2n(m +
1), (n+m)(m + 1)} vertices.

Conjecture 2: Ifn is large, there is a unique smallest connected m — K, —residual graph.

*Corresponding author. Tel:+86-13507164166; E-mail:xpingxiao@163.com (X.P. Xiao).
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It is difficult to study the minimum order and residua graph of connected m — K,, —residual graph. As
shown in Fig.1, for example, we successfully constructed a residual graph with order of 6 from m = 2 and
n = 1, but it was very difficult to prove that the minimum order was 6 or even that the graph as-drawn
was the unique extremal graph.

Fig.1 2 — K;—residual graph.

There has been notable progress towards resolving problems related to the minimum order and ex-
tremal graph of connected m — K, —residual graphs. Author [13], for example, investigated complete
residual graphs of odd order to find that there is no K,,—residual graph of odd order for any odd n. Au-
thor [14] studied the K, —residual graph to determine several other important properties and ultimately
obtain the minimum order and extremal graph with n = 2, 3,4 . Author [15] explored the 2— K, —residual
graph to find that when n > 5,n # 6 , the results are in accordance with the two conjectures listed above.
Other researchers [16] found that when n > 9 | the 3 — K,,—residual graph is also in accordance with
the conjectures. Author [17] examined the nature of a connected residual graph when n = 3,4. In this
study, we explored a connected m — K, —residual graph to find that when n > 2m + 2, the minimum
order was (m+n)(m+ 1) and the unique extremal graph was K, 1, X K, +1. This also agreed well with
the conjectures described above. In addition, when n = 2m + 2, there were two isomorphic connected
m — K, —residual graphs as least—this does not align with the conjectures.

Recent years have seen rapid advancements in modern cryptography [18-23]. Information security has
become especially important with the advent of the internet. Protecting information via secure, efficient
cryptosystems is a popular research subject, to this effect. Hill cryptosystems [23-24] are widely used
in encryption and digital signature applications, but do contain loopholes. Researchers are still looking
for a more effective cryptosystem. At present, the relationship between graph theory and cryptography
is understood primarily as a relationship between the block cipher and DNA algorithm components of
graph theory [25-27]. In other words, graph theory is an important theoretical basis for cryptography.

Again, there are some loopholes in the security of the traditional Hill cryptosystem [28-30]. Despite
notable achievements in improving cryptosystem security, there is much room for further improvement.
In this paper, plaintext is denoted by m, n, and the maximum connected branch r. The parameters of the
Hill cryptosystem and minimum order and extremal graph of the connected residual graph were carefully
assessed, and a novel Hill password encryption algorithm was established. The binary cryptosystem
was found to be secure due to the complexity of the minimum order and extremal graphs of connected
m — K,,—residual graphs, which makes the ciphertext, plaintext, and relationship between the keys highly
complex. The security of this binary cryptosystem was also found to be adjustable.

The remainder of this paper is organized as follows. Section 2 provides some background information
on the residual graph concept, and Section 3 introduces the minimum order and extremal graph of
the connected m — K, —residual graph. In Section 4, the binary cipher is proposed according to several
parameters of the connected m — K,, —residual graph and the security of the resulting system is discussed.
Section 5 concludes the paper.

2 Preliminaries

The following concepts and results for solving the m — K, —residual graphs.

Definition 2.1 V(G) is the number of vertices in a graph G, N(u) is the closed neighborhood of vertex
u € V(G), and N*(u) are the original neighborhood and closed neighborhood of u in G.

Definition 2.2 For u € V(G), define G, = G — Nu]. For convenience, we use notation (S) to mean
G[S](the subgraph induced by S in G).
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Definition 2.3 Let F C G, then the degree of F in G is the cardinality of its boundary dg(F) =
Ydg(x) —dp(z),z € F.

Definition 2.4 A graph G is said to be a F—residual graph if for every vertex v in G, the graph obtained
from G by removing the closed neighborhood of v is isomorphic to F. We inductively define a multiply
—F—residual graph by saying that G is an m— F —residual graph if the removal of the closed neighborhood
of any vertex of G results in a (m — 1) — F—residual graph, where of course a 1 — F—residual graph is
simply said to be a F—residual graph.

Definition 2.5 Let X, Y C V(G), X is said to be adjacent to' Y, and viceversa, if there exist x € X and
yeY, thenaxy € E(G). Ifxy € E(G) forallz € X andy € Y, then X is said to be complete adjacent to
Y, and viceversa, for exzample, X and Y are said to be nonadjacent if there are no edges between them.

Definition 2.6 Let Gy and G5 are two disjoint graphs the join, G = G1+ G2, of G1 and G4 is defined as
follows V(G) = V(G1) UV (G2) two vertex u and v are adjacent to each other, if and only if, u € V(G1)
and v € V(G2), or uv € E(Gy) or uwv € E(G2).

The known supporting results are summarized in the following Lemma.

Lemma 2.1 [1] If G is a connected F-residual graph, then for any vertex u in G, the degree d(u) =
v(G)—v(F)—1.

Lemma 2.2 [17] If G = Gy + Ga, then G is m — F—residual graph, if and only if, both G1 and Gy are
m — F—residual graphs.

Lemma 2.3 [15] If G is a 2 — K, —residual graph, when v(G) = 3n+1t, 1 < 2n, then it hasn’t u € G,
which makes d(u) =n+t—1, whenn > 5n #6, then v(G) =3n+6, G = K, 12 X K3.

Lemma 2.4 [16] If G is a 3 — K,,—residual graph, when n > 11, then v(G) = 4n+12, G =2 K, 13 x K4.

Lemma 2.5 [17] Assume G is an mK,—residual graph, G # (m + 1)K,,, then v(G) > 2(m + 1)n, and
Kpt1,m+1[K5] is the unique extremal graphs.

3 On connected m — K,—residual graphs

In order to obtain the minimum order and extremal graph of the connected m — K, —residual graph,
we need the following Lemma.

Lemma 3.1 Assume G is an m — K,—residual graph, m > 2, u € G, and F C G, F is the mazimum
connected subgraph, and F is a r — K,—residual graph, (0 <r < m —2), if v(G) < v(F) + 2(m — r)n,
then there certainly a v € G, which makes G, = G — N[v] connected.

Proof. In the following, by reductio absurdum, we suppose there don’t exist vertexes v € G,,, which
make G, = G — N[v] connected, then we need to prove v(G) > v(Fy) +2(m — r)n. Set H = {F|F C
Gy,v € Gy,u € F}. Let Fy € H, v(F1) = max{v(F)|F € H}, and G, = F; UGy, then F) is a
r — K, —residual graph. When r =0, F} & K,,, then G is an (m — r — 2) — K,,—residual graph.

For every w € (G — N(F1)) C Gy, let G, = F5 U Gy, where Fy C Gy, hence Fy C F», because F; is
the biggest connected components, then Fy» = Fy, G, = F; UGy, N(F) NGy =0, Gy C [G — N(Fy)],
G9 is an (m — r — 2) — K,,—residual graph too, G — N(Fy) is a (m —r — 1) — K,,—residual graph, and
v(G— N(Fy)) > (m—r)n.

Let N(Fy) — F; = X, then G — N(F}) is complete adjacent to X, in the following, we have discussed
F} according to three conditions.

Case 1. F} is complete adjacent to X, then

G=(NF1)U(G-N(F)) =(XUFLU(G—-N(F)))
= (X)+ (U (G- N(F))) = (X)+ (G - X),
because | X| > (m + 1)n, then

v(G) > (m+Dn+v(F)+ (m—r)n > v(F) + 2(m —7r)n.
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Case 2. F} is a (r+1) independent, let {ug,uy, - ,u.} C Fi, let X — N(ug,u1,--- ,u, ) = Xy, then
X1 # (0, hence we have

G =G — N(ug,ur,- - ,u,) = (X) + (G — N(F)),

by Lemma 2.2, then G is a (m — r — 1) — K, —residual graph, and |X;| > (m — r)n, according to the
proving in Case 1, we know that v(G) > v(F1) + 2(m — r)n.

Case 3. Thereisalindependent set and I < r+1. Set uy, ug, -+ ,u;} C Fi,let X—N(uy,ug, - ,u;) =
Xg, then X2 # @ Let

G =G —N(ui,ug, - ,u) = (X1)+ (G U (G — N(F))),

because| X| > |X2| > (m — 1+ 1)n > (m — r)n, according to the proving in Case 1, we know that
v(G) > v(Fy) +2(m —r)n.

From the proves above, we know that if v(G) < v(F') 4 2(m —r)n, then there certainly exist a vertices
v € Gy, which makes G, = G — N[v] connected.

Theorem 3.1 Assume G is an m—K,—residual graph, m > 2, if 6(G) = n, then v(G) > (m+3)n+m—1,
and the Fig.3 is the only extremal graph.

Proof. We take induction to m, let G; be a 2 — K,,—residual graph, if exist w € Gy,, which makes
Gy = G1 — N(w) connected, then dg, (w) =n+t—2,dw) =n+t—1, G, = H; U Hy = 2K,, and
ue Hy =2 K,,i=1,2. By Lemma 3.1,

V(G1) > 6(G) +(Gu) +1>n+4n+1=>5n+1,

Gy is a K, —residual graph, when v(G1) = 5n+1, we can specify the Fig.1 is the minimum 2— K, —residual
graph.

Suppose that Theorem is true for m > 2, and assume G is an (m + 1) — K, —residual graph, and
0(G) =n, let u € G, d(u) = n, and assume v(G) < (m+4)n+ m. In the following, we prove that it must
exist a vertex v € (G, with the case of the above assumptions, which makes G, connected. By contrary,
by Lemma 3.1, we have v(G) > v(F) + 2(m —r 4+ 1)n, and F' is a connected r — K, —residual graph, if
F =2 K,,. We have

v(G)>n+2m+1n=(m+4)n+ (m—1)n

=m+4dn+m+m—-1)n—-1)—1>(m+4)n+m,
this is a contradiction. Since u € F, d(w) = n, we have r # 1. If r > 2, by induction hypothesis of F is
a connected r — K, —residual graph with §(F) = n, hence v(F) > (r +3)n+r — 1 and

v(G) > (r+3m+r—14+2(m+1—-r)n

=m+4n+(m+1—rn+r—1

> (m+4)n +m,
which contradicts that v(G) < (m+4)n+m. So we have there must be a vertex v € G, which makes G,
connected. Let u € Gy, then n < 6(G,) < dg,(u) < d(u) = n, so we have §(G,) = n, and by induction
hypothesis, we have v(G,) < (m + 3)n+m — 1, and by Lemma 2.1,

v(G) =v(Gu) +d(v) +1
>m+3n+m—14+n+1
= (m+4)n+m.
So we have v(G) = (m + 4)n +m, and v(G) < (m + 4)n + m is not true, then v(G) > (m + 4)n + m.
When v(G) = (m+4)n+m, we can construct (m —1) — K, —residual graph and m — K, —residual graph,
the Fig.2 is the minimum (m — 1) — K, —residual graph, and the Fig.3 is the minimum m — K,, —residual
graph.

In the following, we have proved the Fig.3 is the only extremal graph. Let v € G,,, G, = X; U X5 U
YiUYaUV, =34, m+1, X; 2V, i=1,2, V; 2 K,41. Let V; = {a;,5,}UC;, j = 3,4, ,m—+1,
and let X = Xy UXoU{z3,24,  ,Tmi1}, Y = Y1UY2U{y3,94," * ,Ym+1}, then X is complete adjacent
to Y. Suppose u € Cs, G, is the Fig.2, we have G = (N(v) UG,), G, = {((G, — N(u)) U N(v)) =
(((Gy) — V3) U Vpyo), where Vipo = N(u) = {@ms2, Ymt2} C Cmt2, Tmao is complete adjacent to
Y —{ys}, Ym+2 is complete adjacent to X —{x3}, hence we have let X* = X U{xy, 42}, Y* = YU{¥my2},
then X™* is complete adjacent to Y*, so that the Fig.3 of G is the only extremal graph. O
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Fig.1 2 — K,,—residual graph with order 5n + 1
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m-—3
Fig.2 (m — 1) — Kp-residual graph with order (m + 2)n +m — 2

K K

n n

K, K e——r——
! n
m—2
Fig.3 m — Ky-residual graph with order (m + 3)n+m — 1

On the basis of the conclusion from literature [15] and the definition of m — K, —residual graph, we
have

Theorem 3.2 Let G be a connected m — K, —residual graph, v(G) = (m+1)n+1t, 1 <t <2n, m > 2,
n > 4, then G has no vertex of degree n +1t¢ — 1.

Proof. We take induction to m, when m = 2, by Lemma 2.3, G has no vertex of degree n + ¢ — 1.
When m = 3, G is a connected 3 — K,,—residual graph v(G) = 4n + ¢,1 < t < 2n. Supposing there
exist such vertices like v € G, which make d(u) =n+t—1 and G, = H; U Hy U H3 = 3K, because
v(G) =4n+t,1 <t < 2n, then v(G) < 6n < 6n + 2. By Lemma 3.1, there exists at least v € G,,, and
we might as well suppose v € Hs, which makes G, connected, then G, — N(u) = H; U Hy = 2K,,, and
by Lemma 2.1, v(G,) = ¥(G) —d(v) — 1, let d(v) =n—r, v(Gy) =4n+t—n—1r—1=3n+1t, let
t1=n—r—1v(G,) =3n+1t,1 <t; <2n, because G, is 2 — K,,—residual graph, it is contradictory
to the conclusion of literature [15] that there are no vertexes makes d(u) =n +1¢ — 1.

We suppose let G be a connected m — K, —residual graph, and there doesn’t exist such vertices
like v € G, which make d(u) = n+t— 1. For G be a connected (m + 1) — K,,—residual graph,
v(G) = (m+2)n+t 1 <t <2n, m>2 n >4 Supposing there exists u € G, which makes
d(u) =n+t—1,then G, = HHUH3U---UH, 11 = (m+1)K,, because v(G) = (m+2)n+t,1 <t < 2n,
then

v(G) < (m+2)n+2n=mn+4n

<mn+4n+m= (m+ 4)n + m,
by Lemma 2.3 and Lemma 3.1, there exists v € Gy, let v € Hy, 41, which makes G, is connected then
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GU—N(U):H1UH2U"‘UngmKn,

and by Lemma2.1, v(G,) = v(G)—d(v)—1, let d(v) = n—r, v(G,) = (m+2)n+t—n—r—1 = (m+1)n+t,
ty, = n—r —1, it is contradictory to the induction and assumption that G, is an m — K, —residual
graph, then there don’t exist vertices, which make d(u) =n+t—1, u € G.O

Theorem 3.3 There are at least two non isomorphic minimum m—K,,, —residual graph, One is Kp,4n, X
Kint1, and the other is G, [K%l], where Gy = m — Ko—residual graph, ny = 2m + 2, and this example
doesn’t meet the conclusion Erdés and Harary and Klawe made in [1].

Proof. Let G = Kppiny, X K1, v(G) = (m + nq)(m + 1), and G,,, & m — Ko—residual graph, by
literature [1], v(Gm) = 3m + 2, v(Gm[Kn]) = 5 (3m + 2), and ny = 2m + 2, so when n = ny, it
doesn’t meet the conclusion Erdés and Harary and Klawe made that only one K, tn, X K11 is an
m — K, —residual graph. O

Theorem 3.4 Let G be a connected m — K, —residual graph, if n > 2m + 2, m > 3, then v(G) >
(m+n)(m+1), and when v(G) = (m+n)(m+1), G = Kyipn X Kyt 18 a connected m — K, —residual
graph of minimum order, it is only such graph, so we show that the conjectures are true, whenn > 2m-+2.

Proof. At first, we prove v(G) > (m + n)(m + 1) and construct m — K, —residual graph, and show the
conjecture [1] is true.

Let G; be 2 — K,,—residual graph, when n > 6, by Lemma 2.3, G; = K, 12 X K3, and G is the Fig.4,
all points in the same square are mutually adjacent, and two vertices, which are joined by a line, are
adjacent. Let u € G, we have G, is (m — 1) — K,,—residual graph, suppose v(G,) = (m +n — 1)m, and
Gu = m+n—1 X Km Let

T O U =12,
B Gu=(H UH;-- UHy) = {«]J 20500, (3.1)
where H, = (xi,m%, syt Dand if @ = j, then i is adjacent to x, if i # j, x} is nonadjacent to

xd U #kk1=1,2,---,m, adjacent to the Fig.5, all points in the same square are mutually adjacent,
and two vertices, which are joined by a line, are adjacent. According to the induction and assumption
that v(Gy) > (m +n — 1)m. When G, is disconnected, by Lemma 2.5, let G,, = (m — 1)nK,,, and
v(Gy) > 2(m —1)n. Because n > 2m + 2, m > 3, then v(G,,) > 2(m — 1)n > (m+n — 1)m, by definition
of residual graph, if and only if, when G, is connected, v(G) is minimum. According to the Fig.5, we
can construct m — K, —residual graph in the Fig.6, when v(G) = (m + n)(m + 1). The Fig.6, all points
in the same square are mutually adjacent, and two vertices, which are joined by a line, are adjacent. By
G, is connected and Lemma 2.1, v(G) = v(G,) + d(v) + 1, according to the induction and assumption
that v(Gy) > (m + n — 1)m, and by the Fig.6, d(u) > n + 2m — 1, and by Lemma 2.1, hence

v(G) =v(Gy) +d(v) +1

>(m4+n—1)m+n+2m—-1+1

=(m+n)(m+1).

In the following, exist a vertex u € G, which makes G, connected. Because v(G) = (m + n)(m + 1),
by Lemma 3.1, when F' is r — K,,—residual graph, 0 < r < (m — 2), v(G) = v(F') + 2(m — r)n. In the
following, we prove v(G) = v(F)+2(m—r)n > (m+n)(m+1), when F 2 K,,, and n > 2m + 2, we have
v(G) > n+2mn > (m+n)(m+ 1), if r > 1 by induction hypothesis F' is a connected r — K, —residual
graph. So v(F) > (r+n)(r + 1), and

v(G) = v(F) +2(m —r)n= (r +n)(r +1) +2(m —r)n,

because of (r +n)(r+ 1)+ 2(m —7)n — (m +n)(m + 1)> (m —r)2 +m —r > 0, then
v(G) =v(F)+2(m—r)n
=(r+n)r+1)+2(m—r)n
> (m+n)(m+1).
So it must exist a vertex u € G, which makes G,, connected.

From the proves above, we know v(G) > (m + n)(m + 1), when n > 2m + 2, because 2n(m + 1) >
(m 4+ n)(m + 1), so we show the conjecture [1] is true.
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Fig.4 2 — K, —residual graph with minimum order 3n + 6
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Fig.5 (m — 1) — K —residual graph with minimum order (m 4+ n — 1)m
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Fig.6 m — K, —residual graph with minimum order (m + n)(m + 1)

In the following, we prove uniqueness, we have a discussion according to five conditions, so we show
that the conjecture [2] is true.
Fact 1. Let

F=H1UHQUUng m+n—1XKm7
where H; =2 Ky 1,7 =1,2,--- ,m, then H; and H; have bijection
0: V(Hl) - V(H])7 Za.] = 1a2a"' ,m,

and u; € H; is adjacent to 0(u;) € H;, where ¢ # j, i, = 1,2,--- ,m. If H C F, and H C Kj,
3<s<n+m-—1,then HC H,, 1 <w <n.
Fact 2. Let u € G, v(Gy) = (m+n —1)(m — 1), hence Gy, = Kpyyn—1 X K. Adjacent to (3.1), let
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Go=G— Ny N=(H;UHfUH;U---UH!) = K1 X Kpn,
we have o
Km+n—2 = Hl n+m ! <.’E%,l’%, . aw?+m_2> C G2

by Fact 1, without loss of generality, we may assume that

<'T}lvx%"" x?er 2>C‘Hl :<'T07x%"" ;Ler 2>
<.’L‘%,l‘%, e wg-‘:—m 2> - H2 = <.’L‘8,l‘2, o 72L+m_2>
<.%'3n71‘%1,--- » L n+m 2> CH;:L:<‘/L.97’L7$?1TL7... 7$:Ln+m_2> (3.2)
If xo is adjacent to 7, where j = 0 1,---,n+m—1. Obvious ) = u, then H} = (29,24, xg+m 2.
We now prove ! is adJacent to a:"+m ! Suppose the contrary, let G3 = G — N[z}~ 1], 7Y € Gs,
by (3.1), (3.2), we have 2 is adjacent to {xl,zl, co P © N[t Thus
Ha8) > dey (o) + -+ =2
=n+m-—-14+n+m-—2
>n+m—-1-m=n+2m-—1.
So 9 is adjacent to 27771 29 is adjacent to H,. Set
H, = <x1,x%,-~- x?er 1> = Kingn-
Similarly, 20 is adjacent to H,,, set
H, = <x9u7x11u7 e ’xzzu+m71> = Kernaw = 1723 e, M.
Similarly, in
G — N*[ay™™ N = (H; UH; UH; U---UH),
we have ™! € N*[25+" Y = (H U Hf UH; U---U H,) complete adjacent to Hg. Obvious,

o0t e (HyuaPt™tugltm=ty...ualht™ ) ¢ N*[zptm 1,

1
hence Hy = (20,2}, 20 1) =2 Ky

Fact 3. Any vertex in H, is adjacent to single vertex in Hy, T # s. Suppose the contrary, let x% € Hy
be nonadjacent to H,,, then

G"=G - N[xé} = Kn+7n—1 X Knbv

but H,, =2 Ky, HY, C G*, contrary to G* = Ky ym—1 X K, hence x% is adjacent to H,,. If H,, has
two vertices adjacent to ), by
di, () =n4+m+m—1=n+2m—1,
d@l)=n+m+m+1=n+2m+1,
we have this Io is nonadjacent to one of H,, which is a contradiction. Similarly, z]_; is adjacent to
H;,i=1,2,--- ,m, and is adJacth to only one vertex 1n H;. A .
Fact 4. By Fact 3, we have 29 adjacent to Hy. If 2V is adjacent to x5, j # 0, by 23, j # 0 is adjacent

to xl, thus H; has two vertices adjacent to z3,j # 0, contrary to Fact 3, so 2 adjacent to 9. Similar,
so ¥ adjacent to x , and a1 ! adjacent to T 1 =1, 2 , M.

Fact 5. Since mo is adjacent to xd for] =0,n+m—1, let ;vo be nonadjacent to xl, for j 75 0,n+m—1,
by Fact 3, we have z) is adjacent to z%,,7 # j. Since z] is adjacent to xk,l #k,l,k=1,2,---,m, set

G— N[z = (Hy —2))U(Hy —2}) U+ U (Hp — 7)) = Kpim1 X Ko, (3.3)

By Fact 4, we have 2! adjacent to zf,, ¢ # 4, , by (3.3), we have 2% adjacent to zJ,, contrary (3.1), hence
z}) is adjacent to z7,. Similarly, z7) is adjacent to z7,.
Hence
j17=0,1,2, ntm—1
G=(X)= <w¥~|3-:o,1,2,u.,’£1 " )

9

where 2% is adjacent to 7, if and only if 7 = s,i # j, or i = j,r # s, thus G = K,y X Ky y1.0
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4 Binary cryptosystem of connected m — K,,—residual graphs

The implementation principle and steps of the traditional Hill cryptosystem were followed to establish
the novel, binary cryptosystem proposed here. The Hill cryptosystem is a symmetrical cipher that is
effectively resistant to frequency analysis that was first proposed by Prof. Lester S. Hill in 1929. It is
implemented in the following steps.

(1) The digitization of plaintext M = [my,ma, -+ ,my| (41 characters, including 26 letters, the
figures from 0 to 9 and punctuation corresponded to the figures from 0 to 40, respectively), with ¢
components taken as a row vector (if the amount could not reach ¢ in the last row, the space is required
for supplementation.) that constitute a nt matrix, written as M .

(2) Matrix A of ¢ -t is constructed in Zy; where ged(det(A),41) = 1 is required as the encryption key.

(3) Encryption operation C = E(M) = M A(mod4l) is carried out to obtain the ciphertext.

(4) Decryption operation M = D(C) = CA~!(mod41) is carried out to recover the plaintext.

It is difficult for the Hill cryptosystem to withstand a plaintext attack. After attackers intercept the
ciphertext C, they are able to guess certain words used in the plaintext to attempt to ascertain the key
K, then can calculate M K to determine whether ciphertext C' can be generated. A large amount of
information is stored in a computer system in a form of figure and transmitted through a public signal
channel. Unfortunately, these computer systems and signal channels are very susceptible to attack in
an open environment. The complexities of the minimum order and extremal graph of the connected
m — K, —residual graph can be used to denote the plaintext with different K,, thus forming the proposed
binary cryptosystem of the connected m — K, —residual graph. The corresponding encryption algorithm
is as follows.

(1) Each character in plaintext M is translated into the corresponding figure n;; 41 characters, (26
letters, figures from 0 to 9, and punctuation corresponded to the figures from 0 to 40, respectively, where
n; € Za1 )

(2)For encryption operation, each figure n; corresponds to a K,,. The sequence [my,ma, -, my]
represents the multiples, where my € Z. Finally, the largest connected branch r can be identified and
assigned to an extremal graph, i.e., the ciphertextC.

(3) For decryption operation, each ciphertext C' equals an extremal graph and the complete graph K,
is determined according to the multiple sequences [my, ms, - -+ ,my] and the largest connected branch r.
The corresponding n; can also be identified, n; € Zsi(ie., j(j = 1,2,--- ,41)); the resulting graph is the
plaintext M.

These implementation steps are depicted in Fig. 8.

The binary cryptosystem of the connected m — K,,—residual graph makes full use of all available
complexity in constructing the minimum order and extremal graph of the connected m — K,,—residual
graph, which ensures optimal binary cryptosystem security. Even if attackers intercept the ciphertext C
and knew that the minimum order and extremal graph of the connected m — K, —residual graph have
been used for encryption, they are unable to solve the decryption operation and thus cannot obtain the
plaintext.

5 Conclusions

(1) The minimum order and extremal graphs of connected m — K, —residual graphs form an open
question put forward by Erdos, Harary, and Klawe which was addressed in this study.

(2) It is difficult to determine the minimum order and extremal graphs of connected m — K, —residual
graphs.

(3) We confirmed that the m and n values identified are in accordance with the conjectures of Erdos,
Harary, and Klawe; namely, that the minimum order and extremal graphs of connected m — K, —residual
graphs do exist. This had important practical significance for establishing the proposed binary cryp-
tosystem.

(4) A new binary password system comprised of an image-encryption-based password system and
encryption algorithm was proposed here. This system represents an enhanced relationship between
graph theory and cryptography.

(5) According to the complexity of the minimum order and extremal graph of the connected m —
K,,—residual graph, the ciphertext, plaintext, and relationship between the keys is highly complex and the
binary cryptosystem performs well. The security of the binary cryptosystem can be effectively adjusted
according to these factors.
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Abstract

The question that raised after the recent introduction of the derivative with no singular ker-
nel was: Does this non-singularity have a comprehensive impact on real life phenom-
ena like wave motion or other related motions? We comprehensively analyze the Harry
Dym model generalized with two types of derivatives, namely a derivative with singular
kernel, the Caputo derivative and the other one without singular kernel called the Caputo-
Fabrizio derivative. Using Picard L-stability combined with the fixed-point theorem, the
well-posedness of both models are proved together with their existence and uniqueness
results existence. Techniques to approximate numerical solutions are provided for each of
the two models with graphical representations performed and compared for several values
given to the derivative order &. Similar behaviors are noticed for soliton waves related to
close values of o and are compared to the soliton wave of the standard first order (o = 1)
Harry Dym model.

Keywords: Harry Dym equation; existence, uniqueness, derivative with and without singu-
lar kernel, approximated solutions

AMS Mathematics Subject Classification: 35F10, 26A33, 35D05.

1. Introduction

It is well known that one of the most popularly used derivative with fractional order is the one
introduced in 1967 by Michele Caputo and called the Caputo derivative [1] given by

Lo .d
CD,ar(x,t):F(l_a)/O (- r(x7)dr, (1.1)

0 < a < 1, with its associated anti-derivative well known to be defined by

o 1 tor(x,T)
Iy r(x,t)—r(a)/o (t—r)l_o‘dr' (1.2)

However in April 2015, Caputo and Fabrizio [5] observed that the Caputo fractional derivative is
unable to properly described some features related to some behavior happening in the fields of clas-
sical thermal media, classical viscoelastic materials or electromagnetic. Hence they proposed a new
definition, the fractional derivative with no singular kernel in order to address the noticed unsolved
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issues. The new version called the Caputo-Fabrizio derivative differentiate from the Caputo deriva-
tive by having no singular kernel in the integral part. It reads as

CthO‘r(x,t) = (22_(;1)_]‘2(;‘) Ot %r(x, T) exp <_a](t_—ar)) dr. (1.3)

0 < o < 1, where M(c) is a normalization function such that M(0) = M(1) = 1. Its associated
fractional integral (anti-derivative) is given by [8]:

2(1—a) 200

)r(x,t)—i-(

S1%r(x,t) = oM@

t
2—(X)M(Ot)/o r(x,7)dr, (1.4)
o € [0,1] ¢ > 0. This expression shows the integral as a sort of average between the function r and its
integral. Since then, many authors have improved the concepts. Starting with Losada and Nieto [8]
who developed the associated fractional integral (1.3) and Doungmo Goufo [11] or Doungmo Goufo
and Atangana [12] who proposed the related Riemann-Liouville version.

Nevertheless, the literature is full of several other definitions of fractional derivative. General
formulation is done in [9] and many useful properties are intensively analyzed in [1-3, 10], espe-
cially in the analysis of the spread of diseases [14—17]. The main goal of this work is to apply
both Caputo and Caputo-Fabrizio derivatives to the same Harry Dym equation and see their impact
on the output behavior of the solutions. In other words, does the non-singularity have a significant
influence on a real life process like wave motion or other motion? Recall that unlike Caputo deriva-
tive, there is no singularity at ¢+ = 7 for Caputo-Fabrizio derivative and the following equality for
Caputo-Fabrizio fractional derivative is satisfied:

d
lim /D%r(x,t) = —r(x,1) (1.5)
o—1 ot
and
lim “/D%r(x,t) = r (x,1) — r(x,0). (1.6)
oa—0

This paper investigates the non-linear third-order Harry Dym differential equation within the scope
of the two types of derivatives mentioned above. Note that the traditional Harry Dym model can be
solved using the Lax operator [18-20] and is associated with the Sturm-Liouville operator.

2. Solvability with Caputo fractional derivative

LetQ=(a,h), R3T >0R>b>acRandrcC’[Qx[0,T]]. Let & € [0; 1], B € (0, +0) then, the
non-linear Dym equation expressed with the Caputo time fractional derivative is investigated in this
section. Existence and uniqueness of the exact solution are shown for the model under investigation
that reads as

D% (x,1) = Pro(x,1), (2.1
subject to the initial condition
r(x,0) = g(x) (2.2)

with €D%r(x,t) the Caputo derivative as defined in (1.1) and g : Q —— R, . We start by transforming
(2.1) into an integral form by applying the anti-derivative integral (1.2) on both sides to get
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1

(1) = r(5,0) = e /0 (=) (P ree )y 2.3)

Let us proceed by simplicity and consider the operator with three variables
E(x,1,7) = Pre(x,1). 2.4)

The next goal is to show that operator = with respect to variable r verifies the Lipschitz condition.
For that,

|E(x,2,7) — E(x,t,v)|| = Hr3rxxx(x,t) —VV(x,1) HCO[Qx[O,T]] (2.5)

Assuming that r and v are bounded functions, there is a positive constants k; > 0 and k» > 0 such
that

Hr”gD[Qx[OJ]} <k and HngO[Qx[OJ]] <k. (2.6)

Furthermore, using the properties of the norm and the Lipschitz condition for the first order deriva-
tive function o, there is a positive constant ¥ such that (2.5) becomes

||E(x7t>r) - E(xvtvv)HCO[Qx[O,T]] < k1k2ﬁ3 Hr_VHCO[Qx[O,TH : 2.7)
Putting
K = kiky 03,

we finally get

1E(x,2,7) = E(x,1,9)| o o)) < K llr = vllcopasgor

which therefore proves the desired Lipschitz condition. This enables us to evaluate the following
norm

lr(x, 1)l cojxjo,) > £ € 10,7

Assuming the existence and the boundedness of the initial condition g, there is a positive constant
C such that ||g(x) | cojqx (0,7 < € for any x € Q. Whence,

G, 0) leojepo.ry < M7 (x O)HCO[QxOT] + ey Jot =) E(x,y,r(x,y))dy
<llg(x )HCO[QXOT +r Jot=y)*dy ; (2.8)

KT“
<C+ al(a)

which yields the following propositions:

Proposition 2.1. Assuming that g given in (2.2) is bounded, let 0 < o0 < 1 and Elx,t,r(x,1)] :
[Qx[0,T]] x B— A (with A D B) be a continuous function with respect to t for any fixed x €
Q, r€B. If r(x,t) € CO[Q x [0,T]], then the function r(x,t) verifies the model (2.1)-(2.2) if and
only if r(x,t) verifies the corresponding Volterra integral equation (2.3).
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Proof. To prove the necessity condition we assume that r(x,7) € C°[Q x [0, T]] satisfies the equa-
tions (2.1)-(2.2). Because Z(x,y,r(x,y) € C[Q x [0,T] x B] for any r € B then (2.1) means there
exists the Caputo fractional derivative of 7 in C[Q x [0, T]]. However

0
ng‘r =3 (IO_O‘) [r(x,1) — r(x,0)]. (2.9)

Exploiting
Iy *[r(x,t) — r(x,0)] € C°[Q x [0,T]]
and applying the results in [13] for y=0to
V(x,t) =r(x,t) —r(x,0),
yields

I§ §Dfr(x,1) = I§ §DF [r(x,1) — r(x,0)]

LA (x,0)q; (2.10)
1) —r(x,0)= } e o
r(x,t) —r(x,0) J; Tloa—j+1)

with r1_q (x,) = IJ"%[r(x,t) — r(x,0)]. Using the integration by parts in (2.10) and differentiating
the resulting expression give

_j d
Al (er) = 50 (5 *dr(r) = r(x,0))) @.11)

Changing of variable t = B+ p(y — ) leads to

1

. —_B)l-« .
A =SB [apy e (B o0 ). @.12
0

Recalling 0 < a < 1 and r'~/(x,¢) € C[Q x [0,T]], equation (2.12) and (2.10) take the form
I§ §Dfr(x,1) = r(x,1) —r(x,0) (2.13)
Since I¢E(x, T,7(x, 7)) € C°[Q x [0,T]] and using the Lipschitz condition of Z, we obtain

KT“
ol (o)

||Ig3(x7fvr(x7 T)HCO[QX[O,TH <

Nonetheless, applying I§ on both sides of (2.1) and making use of the initial condition we prove the
necessity condition by recovering the Volterra version (2.3).

Conversely for the sufficient condition, assume r(x,7) € C[Q x [0,T]] verifies the Volterra ver-
sion (2.3) of equations (2.1)-(2.2). It suffices to show that r(x,¢) satisfies the initial condition (2.2).
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The differentiation of the two sides of the Volterra version yields

t

Ty [ B e )=o)

0

or(x,t) =

Changing again the variable r = 8 4+ p(y — ) in the Volterra expression for k = 1, leads to

A t) = »y—B) /E( B+P((lf)[;)rl(x7£:p(y—ﬁ)))dy

0

Passing to the limit as y — B and making use of the continuity of K show that the sought initial
condition is verified, and the sufficient condition is proved. O

Proposition 2.2. Considering 0 < o < 1 and the Lipschitz condition for E then, there is a unique
solution for equation (2.3) in the space

Cc%%0,T] x Q

Proof. From the above analysis in Theorem 2.1, it is sufficient to show the existence of the unique
solution r(x,t) € C°[Q x [0, T]] of the Volterra equation (2.3). Indeed, the model (2.3) holds in any
interval [0, 7] C [0,T]. Hence, we select the adequate #; € [0, 7] so that

Kt
ol'(a)

<

and then, prove the desired existence result of a unique r(x,¢) € C°[Q x [0,1]]. We can exploit the
technique of successive approximation and set

ro(x,t) = r(x,0)

E( 2.14
rn(x,t) = rp—1(x,0) + / xfrnle))df7 neN. @19

0
Obviously, r(x,0) € C°[0, T] and the differentiation of (2.14) with respect to ¢ yields
t

E(x, T T
Orp(x,t) = / xtrnrlx ))dT.

O

Using the differentiability of (x,0) with respect to ¢ leads to r,(x,¢) € C°[0, T].
The quantity [|7,(x,7) — ru—1(x,1)||cojx[o,) can be evaluated for  n € N. Whence,

Kt
[ (x6,1) = ra—1(x,2) llcopax o)) < ol (o)’
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Furthermore,

[72(x,2) = r1(x, )| cojax o)) < MG EM, T,71(x, 7)) — E(x, T,70(x, T)) | cojax o))
o

t

< al“l(a) |71 (x,2) = ro(x,2) | copax o]
Kt 1

ol'(a) oI'(ex)

<

The above iteration is repeated n-times and yields

K \"' e
lr2(x,2) — 1 (X,f)HcO[Qx[O,nH < (ocF(Oc)) . ol' ()

Hence, the sequence {r,(x,t) },ex has r(x,¢) € C°[Q x [0,#1]] as its limit function. Moreover, the
assumption

1 -
ol'(a)
gives nli_r)noo (|7 (x,2) — ru—1(x,1) | cox [o,r,) = O- However by considering #; = T', we can estimate

E(x,t,ry(x, 7)) — E(x,1,r(x,1)).
Taking into account the Lipschitz condition of E leads to

t t
Ex’crnxr ExTrxT
dr

0 0 CO[Qx[0,T]]

Lty
< ar(a) (|7 (x,2) = (%, 1) | cox o,

and

n—-po0

t t
Ex’cr (x,7)) Ex’crxT
lim / - / d’c =0,
0 O

V[Qx[0.T]]
which prove that r(x,t) satisfies (2.3) in the space C° [Q x [0, T]].
Uniqueness result

Considering now that there are two separate solutions | (x,) and ry(x,) verifying (2.3) on [0,7]
then,

Kt®
71 (x,2) = r2(x,1) | copax o)) < r@”“ (x,8) = r2(x, 1) lcojax 0,111

This gives 1 < & ( 7 Which is a contradiction. The solution is unique in COlQ x [0,#]]
We consider now the closed interval [t1,,] with t, = #; + h; where hy >0 and #, < T. Fort € [t1,1,],
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we have

r(x,r) = 1 /E(Zi’:rssx’af))dr+r(x,0)+F(la)/E(zct’z’;'ggx’;))dr.
0

151
Taking into account the uniqueness result on [0,7;], then
t

E(x, 7,1y (x, 7))
r(x,t) =ry(x,t)+ / t—'t:nl dt

tl

I
where r{(x,t) = r(x,0) + ﬁ / %dt is a given function.
0
we repeat the same analysis presented above and there is an unique solution r(x,t) € C°[Q x [t1,1]]
for (2.3). Taking another interval [f,,#3] so that 13 = 1, + hy with i, > 0 and #3 < T, the same analysis
is performed to finally obtain the existence of an unique solution r(x,t) € C°[Q x [0, T]] of equa-

tion (2.3) and therefore, proves the existence of an unique solution of equation (2.1) in the space
Co%[Q x [0,T]]. O

Corollary 2.3. Assume & satisfies Theorem 2.1. If the inequality

KT“
ol'()

<1

holds, then the sequence ry(x,t), (n € N) tends to the exact solution r(x,t). Moreover, we have for
anyn €N,

T K"
ol'(a) 1 —

Hr(xJ) - rn(xvt)HCU[Qx[O,tl]} <

ol (a)
Proof. The proof is done by the mathematical induction on n.

For

KT*“
ol ()

71 (x,2) = ro(x,0) | copax o)) <

T 2
lr2(x,2) = r1 (%, 1) [ oo < K <aF(a)>

Thus by induction,

T KT% n—1
(|7 (x,2) = ru—1 (x,0) [ cop@ o) < al(a) (al"(a))
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but,

[7(x,2) — 1 (x, 1) | cor@xo,n]) = j@w |74 (1) = 1 (3,8) |02 0,1]]

= [[rn1(6,1) = 1 (,0) | copax o)) + 17n2 (6, 1) = Pt (6 8) |0 i 0,107

n+1 n+2
<x (I cx (0 L 2.15)
- ol'(a) ol'(o)
Ta n+1 oo KTa k
(@) |5 (erw)
al(a) =\ ol (a)

and the corollary is proved. O

This implies the following existence and uniqueness results for our model (2.1)-(2.2):

Corollary 2.4. The function r(x,t) is the strong solution of the sequence r,(x,t) given by (2.14).

Proof. This result is an immediate consequence of Propositions 2.2 and 2.1 O

3. Analyzis with Caputo-Fabrizio fractional derivative

3.1. Introduction and formulation

Definition 3.1 (Piccard’s L-stability).

Consider the Banach space (B, ||||), the self-map L of B and the recursive technique o, = g(L, 0,).
Let us assume that B(L), containing all the fixed points of L has at least one element and o, con-
verges to an element b of B(L). Let {u,} C B and set d, = ||up+1 — g(L, uy)||. Therefore n@wdn =0

leads to lim u, = b. In this case, we say that the reccurence formula 6, = g(L, 0,) is L-stable.
n—-voo

Remark 3.1. Assuming that {u, } has a upper boundary, o, = Lo, is called Piccard’s iteration if
the conditions of Definition 3.1 are satisfied and therefore, will be L-stable.

Lemma 3.1. Let (B, ||||) be a Banach space and L a self-map of B verifying

[[Lx — Ly[| < Cllx — L[| + Cllx -y
forall x,y € B, where 0 < C, 0 < a < 1. If L admits a fixed point f then, L is Picard L-stable.
Proof. [4, Theorem 3.1] ]

Proposition 3.2. The self-map L expressed as

L(rn(x,t)) = I'n+1 (xvt)
= rn(x,l‘) +Cf1;a[r3rxxx(xat))]

is L-stable in L*(a,b)
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Proof. The first step is to prove that L has a fixed-point. For that set i, j € N then,
1Lri(e, 1) =L (e, )V = i (1) = rsa ()| = [| e, 1) +7 1 [ 0% m3] = rj(x,t) = 1 [0 |

with
2(1-a) 2a !
— ()t —————— / r(t)dr,
2—a)M(a) (®) 2—a)M(a) Jo ()
the anti-derivative associated to the Caputo-Fabrizio derivative as given in (1.4). Then, making use

of the boundedness the function u, the Lipschitz condition for the first order operator d, with the
same constants k1, kp, ¥ as in the previous section, we have

1%r(t) =

ILri(x,1) = Lrj(e,0) || < flriCe,) = i (e )|+ | IR s = i3l

X

=@ a1 gy e
Thus,
|Lrie,) = Le(e, )| < i) = ry(xat) |
With
- C—a)M(a) " I rj||+(2*0‘)M(O‘) "

Consequently L is Lipschitz continuous with respect to » and this means the non-linear operator L
has a fixed point. To conclude the proof, it is necessary to remark that taking C = 0 and C = P, the
conditions of Lemma 3.1 are verified for L and then, L is Picard L-stable. O]

4. Numerical Solvability

This section deals with some numerical schemes associated with both models. So a technique to
determine the solution for each model using integral iterative methods is presented. We The model
with Caputo derivative is iteratively solved making use of Laplace transform while the model with
the Caputo-Fabrizio derivative exploit the Sumudu transform. Similar results are obtained as shown
below.

4.1. Numerical Approximations with Caputo derivative

Applying the Laplace transform . on both sides of the model (2.1)-(2.2) iteratively yields

pr(x,p) —g(x) = L [Pru(x,0)] (p),

equivalently

r(x,p)

_g) 1 P (X
= —i—pf[ ex ( ,t)] (p).
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Taking the inverse Laplace transform .#~! yields
r(x,1)

= g(x)+.27! (;y [r3rm(x,t)}> ().

Now, we can introduce the following iterative formula
ro(x,1) = g(x)
(1
r,,H(x,t) = rn(x,t) +7 ! <p$ [r3rxxx(xat)]> (t)

the above formula leads to a numerical approximation with Caputo derivative and the approximate
solution reads as

r(x,t) = nli_r{lwrn(x?t)

4.2. Numerical Approximations Caputo-Fabrizio derivative

Here we first recall the following important relation

pF(p)—f(o)

7 ((orrw) =M T =

where F(p) = .7 (f(t)) is the Sumudu transform of f (7). Applying the Sumudu transform . on
both sides of equation (2.1) yields

pr(x,p) —g(x)
Toaapy =7 [Pre0](p)

equivalently

r(x,p)

— gf;) +(1—a—ap)? [Pra(x,1)] (p).

The inverse Sumudu transform .~ yields

r(x,t)

=g(x) +. 77! ((1 —a—ap)s [r3rxxx(x,t)]) ().
repeating as above, the following iterative formula introduced
ro(x,1) = g(x)
Pt (x,8) = ru(x,1) +. 771 ((1 —a—ap)s [r3rxxx(x,t)]) (1).

which leads to a numerical approximation with Caputo-Fabrizio derivative and the approximate
solution reads as

r(x,t) = ninwrn(x,t).

10
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Those recurrence schemes are used and numerical representations of both models can be depicted
in Fig.1 to Fig.5 for different values of the order ¢. The graphics in Fig.1, Fig.2, Fig.3, Fig.4 and
Fig.5, performed respectively for ¢« = 0.2, & =0.3, « =0.4, o« = 0.8 and o = 1.0 using the Caputo
derivative and compared to one using the Caputo-Fabrizio derivative show the standard well-known
wave solution of the Harry Dym equation. It is clear that the figures show similar behavior for
solutions of both models.

5. Concluding remarks

We have proved the existence and uniqueness of the solution to for the nonlinear Harry Dym equa-
tion modelled with both the classical Caputo derivative and the newly introcuced derivative of
fractional order with no singular kernel. It is the first time that the same model of Harry Dym is
analyzed using both derivatives in the same work. This proves that there is a possible way to extent
the nonlinear Harry Dym model to the scope of fractional calculus.Two numerical methods suitable
to approximate the solutions of model with both derivatives have been presented with numerical
simulations performed for « = 0.2, ¢ = 0.3, &« = 0.4, oo = 0.8 and & = 1.0. Each figure exhibits
solution with similar behavior for the involved wave associated to the Dym equation. This paper
innovates by pointing out another concrete application of the Caputo-Fabrizio derivative, new in the
literature and till under investigation. More complex investigation will certainly follow.

Solution with C:aputo for alpha = 0.2

Solution with Capulo-Fabrizio for alpha = 0.2

Fig. 1: Representation of the solution r(x,#) when o = 0.2 with both derivatives.

Seben wih Caputs fof 3igha = 0.3
Solution with Caputo-Fabrizi for alpha = 0.3 i

Fig. 2: Representation of the solution r(x,#) when o = 0.3 with both derivatives.

11
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Sohution with Capusto for alpha = 0.4
Solution with Caputo-Fabrizio for aipha = 0.4 :

)

Fig. 3: Representation of the solution r(x,7) when o = 0.4 with both derivatives.

Solution with Caputo for aipha = 0.8
Soluson With Capulo-Fabvizio for 3pna = 0.8 :

i)

Fig. 4: Representation of the solution r(x,7) when o = 0.8 with both derivatives.

Selution for alpha = 1

Fig. 5: Representation of the solution r(x,#) when o = 1.0 with both derivatives.
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Product-type Operators from Weighted Bergman Spaces to
Bloch-Orlicz Spaces

Zhi-jie Jiang
(School of Mathematics and Statistics, Sichuan University of Science and Engineering,

Zigong, Sichuan, 643000, P. R. China)

Abstract: Let D be the open unit disk in the complex plane C and H (D) the class of all
analytic functions on D. Let ¢ be an analytic self-map of D and u € H(D). By constructing some
suitable test functions in weighted Bergman space, in this paper the boundedness and compactness
of the product-type operators D" M,C,, D"C,M.,, C,D"M,, M,D"C,, M,C,D" and C,M,D"
from weighted Bergman space to Bloch-Orlicz space are characterized in terms of the symbol func-
tions u and ¢.

Keywords: Weighted Bergman-type space; Bloch-Orlicz space; product-type operator;
boundedness; compactness

MR (2010) Subject Classification: 47B38; 47B33, 47B37

Chinese Library Classification: 0177.2

1 Introduction

Let D = {z € C: |z| < 1} be the open unit disk in the complex plane C and H (D) the
class of all analytic functions on D. Let ¢ be an analytic self-map of D and v € H(D). The
weighted composition operator W, , on H(D) is defined by

Weuf(2) = u(2)f(¢(2)), z €D.

If u = 1, it becomes the composition operator, usually denoted by C,,. If p(z) = z, it becomes
the multiplication operator, usually denoted by M,. Since W, , = M,C,, it is a product-
type operator. A standard problem is to provide function theoretic characterizations when
¢ and u induce a bounded or compact weighted composition operator (see, for example,
[2, 4, 8, 13, 15, 23, 26, 27| and the references therein).

Let n € Ny = NU{0}. The nth differentiation operator D™ on H (D) is defined by

D"f(z) = f™(2), z€D,

Foundation item: Supported by the Sichuan Province University Key Laboratory of Bridge Non-
destruction Detecting and Engineering Computing (No.2016QZJ01), the Key Fund Project of Sichuan
Provincial Department of Education (No.15ZA0221) and the Cultivation Project of Sichuan University

of Science and Engineering (No.2015PY04).
E-mail: matjzj@126.com
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where f(© = f. If n = 1, it is the differentiation operator D. A systematic study of
some other product-type operators started by Stevié et al. since the publication of papers
[11] and [12]. Before that there were a few papers in the topic, e.g., [5]. The publication
of paper [11] first attracted some attention in product-type operators DC, and C,D (see,
e.g., [14, 18, 20] and the references therein). The publication of paper [12] attracted some
attention in product-type operators involving integral-type ones (see, e.g., [9, 19, 21] and
the references therein). Now there is a great interest in various product-type operators (see,
e.g., [6, 7, 10, 16, 30, 31] and the references therein).

By using multiplication, composition and the nth differentiation operators, we define

the product-type operators in the following six ways
bp'm,C,, D"C,M,, C,D"M,, M,D"C,, M,C,D", C,M,D". (1.1)

When n = 1, they were studied by Sharma in [17]. They were also studied on the weighted
Bergman space in a unified manner by Stevi¢ et al. in [24] and [25].

By constructing some test functions in weighted Bergman space, here we characterize the
boundedness and compactness of the product-type operators in (1.1) from weighted Bergman
space to Bloch-Orlicz space. Because some more suitable test functions were not found in
weighted Bergman space, before this work we didn’t find any result on these operators from
weighted Bergman space to Bloch-Orlicz space.

Let dA(z) = %dxdy be the normalized Lebesgue measure on . For a > —1, let
dA,(2) = (a+ 1)(1 — |2|*)*dA(2) be the weighted Lebesgue measure on D. For p > 1, the
famous weighted Bergman space AP consists of all f € H(D) such that

11, = / FIPdAL(2) < .

It is well known that the weighted Bergman space AP with the norm || - ||4» is a Banach
space. For some results of the weighted Bergman space, see, for example, [28, 29].

Let U be a strictly increasing convex function on [0, +00) such that ¥(0) = 0. The Bloch-
Orlicz space BY was introduced in [15] by Ramos Ferndndez, is the class of all f € H(D)
such that

b;lelg(l — [2)T(Af(2)]) < o0

for some A > 0 depending on f. Ramos Fernandez in [15] proved that BY is isometrically
equal to ug-Bloch space, where
1
pw(z) = ey €D.

1—|z[?

Hence, BY is a Banach space with the norm given by

[fllse = 1f(0)] + Slelguw(Z)lf’(Z)l-
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This space generalizes some other spaces. For example, if ¥(¢t) = t? with p > 0, then the
space BY coincides with the weighted Bloch space B*, where a = 1/p. Also, if ¥(t) =
tlog(1 +t), then BY coincides with the Log-Bloch space (see [1]).
Let X and Y be Banach spaces. A linear operator L : X — Y is bounded if there exists
a positive constant K such that
ILflly < Kl fllx

for all f € X. The operator L : X — Y is compact if it maps bounded sets into relatively
compact sets.

In this paper, the letter C' denotes a positive constant which may differ from one occur-
rence to the other. The notation a < b means that there exists a positive constant C' such
that a < Cb. When a < b and b < a, we write a < b.

2 Prerequisites

The first result is a alternative to Proposition 3.11 in [3], which characterizes the com-

pactness in terms of sequential convergence. So the proof is omitted.

Lemma 2.1. Let T be one of the operators in (1.1). Then the bounded operator T : AY, — BY
is compact if and only if for every bounded sequence { f;},en in A such that f; — 0 uniformly

on every compact subset of D as j — oo, it follows that

jhjgo T f;llse = 0.

For k = 0, the following lemma was proved in [29], while for k& > 1 it essentially follows

from the Jensen’s inequality (see [6]).

Lemma 2.2. Let a > —1 and p > 1. Then for each k € Ny, there exists a positive constant
Cr = C(a, p, k) independent of f € AP and z € D such that

Ck“f”Aﬁ
(1 [z[2)F+5

1fP ()] <

In order to construct some test functions in weighted Bergman space, for a fixed w € D

and ¢ € Ny we define the following function

1— 2 i+aT+2
kw.i(z) = (Gl z e D.

i+ 2atd

(1 —wz)"™" »
Then from [6], we know that f, ;, € A2 and

sup [|kw,if 4z S 1. (2.1)
weD
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By using some suitable linear combinations of the functions k, ;, we obtain the test

function in A? in the following result, which will be used in the proofs of our main results.

Lemma 2.3. Let w € D and n € N. Then for each fized k € {0,1,...,n + 1}, there exist

constants ao g, a1k, - - ., Gni1,k Such that the function
n+1
Fur(2) = i kkwi(2)
i=0
satisfies
—k
fihw) = —— and fy3(w) =0 22)

(1= w5

for each j € {0,1,...,n+ 1} \ {k}. Moreover,

sup || fu.kllaz < 1. (2.3)

wed

Proof. We write a = (2a + 4)/p. From a direct calculation, it follows that the system (2.2)
is equivalent to the following system

n+1

Z (a+1i)a;r =0

&

Y(a+i)a+i+1)a;, =0
i=0

n4lk—1 (2.4)

n+l n

o II(a+i+j)air =0.

i=0 j=0

Hence we only need to prove that there exist constants agr, @1x, ..., @nt1,6 such that
the system (2.4) holds. By Lemma 3 in [22], the determinant of the system (2.4) equals

H;L: j!, which is different from zero. So there exist constants ag, @1, ..., Gnt1x such
that the system (2.4) holds. From (2.1) the asymptotic expression of sup,,cp || fuwxllaz S 1
is obvious. O

Remark 2.1. It is not hard to see that f,  — 0 uniformly on every compact subset of D

as |lw| — 1.

Stevi¢ in [22] used the Faa di Bruno’s formula of the following version

(fop)(2) =) fP(@(2)Bui(@(2);- -, " * D (2)), (2.5)
k=0
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where B,, (21, ..., Zn_k+1) is the Bell polynomial. For n € N the sum can go from k =1
since By, o(¢'(2), ..., " ¥ (2)) = 0, however we will keep the summation since for n = 0
the only existing term By is equal to 1. From (2.5) and the Leibnitz formula the next
Lemma 2.4 follows.

Lemma 2.4. Let f, u € H(D) and ¢ be an analytic self-map of D. Then

n+1 n+1

(w2 Fe(0) " = 37 F () Y Claat™ @By (¢ (2), - 0TI (R),

3 Boundedness of the product-type operators

First we characterize the boundedness of the operator D"M,,C,, : A? — BY.

Theorem 3.1. Let a« > —1, p > 1, ¢ be an analytic self-map of D and v € H(D). Then the
following statements hold.

(i) The operator D"M,C,, : Ak, — BY is bounded.

(i) The functions u and ¢ satisfy the following conditions:

n+1 . . .
w(2)| 22 Copqu () By (#(2), - 00 (2)) ‘
I, :=sup S 3 < o0
z€D (1= le(=))H*
for each k € {0,1,...,n+1}.
Proof. (i) = (ii). Let ho(z) =1 € AP. Then we get
n+1 4
Lo = sup pa(2)| 3 CLou™ 1D () Bl (), 00 V(:)| < CID"MACl - (8)
ze X
7=0

Let hy(z) = 2F € AP, k = 1,2,...,n+ 1. Assume now that we have proved the following
inequalities

n+1

sup uxp(Z)) D O T () B¢ (2), . U (2))| < CDMMLC, | (3.2)
z j:l

for each [ € {0,1,....,k — 1} and a k < n+ 1. Applying Lemma 2.4 to the function hy, and
noticing that h{™(z) = 0 for s > k, we get

n+1

k
(D" M, Cohi)' (2) = > 0 (0(2)) Y Cou™ 7 (2) By (¢ (2), -, 07 (2))

k n+1
=2 ke (k=i + D) Y O @) B¢ (), o). (33)
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From (3.3), the boundedness of function ¢ and the triangle inequality, by noticing that the

coefficient at
n+1

> O™ I @) B¢ (2), 0T ()
j=k
is independent of z and finally using hypothesis (3.2) we easily obtain
n+1

L = Sug /,Lq;(Z)‘ E Cflﬂu("“_ﬁ(Z)Bjyk(go’(z), e w(j_kﬂ)(z)) < C||D"M,C,|. (3.4)
ze -
j=k

By induction we see that (3.4) holds for each k € {0,1,...,n+ 1}.
For a fixed w € D and k € {0,1,...,n + 1}, by Lemma 2.3 there exist constants ag,

@1,k - -5 Qnt1k Such that the function
n+1
fotw)k(2) = Zai,kkw(w),i(z)a
i=0
satisfies
(w)"
k plw j
Pl () = and ) (p(w)) =0 (3.5)

(1~ Jg(w)[2)"*+5

for each j € {0,1,...,n+ 1} \ {k}. Moreover,
sup ||f<p(w),k||A§ < C. (36)
weD

Then from (3.5), (3.6) and the boundedness of D"M,C,, : Ax — B¥, we have

n+1 X ) )
o (w)|sp(w)[*] Zk Crrul™ D (W) B (@' (w), .., U+ (w) |
j:

a+2

(1~ lp(w)2)
< D" MuCifaturills < CID"MC, || (3.7)

Ik(w) =

From (3.7) we see that

sup I(2) < CHD”MUC'W

Y

z€D
from which we obtain
n+1 . ) )
pu(2)] 32 Cu D (2) B (@' (2), -, U TR (2))]
=k
sup — < C|D"M,Cy,|. (3.8)
e(2)1>1/2 (1= lp(2)|) 5" :
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On the other hand, from (3.4) we get

n+1 X . .
pe(2)] 32 O u"™ I (2) B (¢ (), -, U (2)
sup 7=k < CL;, < C||D"M,C,|.

a+2

()| <1/2 (1= Je(2)[2)*

(3.9)

Hence from (3.8) and (3.9) we see that I}, < oo for each k € {0,1,...,n+ 1}.
(73) = (7). From Lemma 2.2 and Lemma 2.4, for all f € A? we have

sup py (2)| (D" M, C, f) ()|

z€D
n+1 n+1 )
= supas (2)| D2 FP(@(2) Y Chut™ V@) B (#(2), 0T (2) |
=€ k=0 =k
n+1 n+1

< sup o (2) 3 [F9 (0| D2 Chau V(D Bia(@ (2. U T (R))|
€ k=0 j=k

n+1

<> " Culillflaz- (3.10)
k=0
It is clear that
(D" MoCop £)(0)] < CI| flaz.- (3.11)
Hence from (3.10) and (3.11) it follows that D"M,,C, : A?» — BY is bounded. O
Remark 3.1. If D"C,M,, : A¥ — BY is a zero operator, then it is obvious that | D"C,M,,|| =

0. Hence, the case is usually excluded from such considerations.

Remark 3.2. Since D"C,M, = D"M,.,C,, the characterization of the boundedness of
D"C, M, : A%, — BY can be directly obtained from Theorem 3.1. So we omit here.

Noticing that

n+1

(CoD" M, f) (2) = > CFu 70 (0(2))¢ (2) f*) (0(2)),

k=0

we can obtain the following result whose proof is similar to that of Theorem 3.1. So we also

omit.

Theorem 3.2. Let o > —1, p > 1, ¢ be an analytic self-map of D and w € H(D). Then the

following statements hold.

(i) The operator C,D"M,, : AL, — BY is bounded.
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(i) The functions u and ¢ satisfy the following conditions:

Ji := sup “‘P(Z”“("“_'“)Wiﬂi@’(z)l
#€D (1= le(2))"

< o0

for each k € {0,1,...,n+ 1}.

From a calculation, we have

(M.D"Cof)(z) = Y fP(e(2) [t/ (2)Bu(#'(2), .., HH1 ()

+u(2)Busrk('(2), -, "B (2)] + ul2) (9 ()" (0(2)),

and then we have the next result.

Theorem 3.3. Let o« > —1, p > 1, ¢ be an analytic self-map of D and v € H(D). Then the

following statements hold.

(i) The operator M,D"C, : Ak, — BY is bounded.
(i) The functions u and ¢ satisfy the following conditions:

po(2) U (2) Bua(¢'(2), -, "D (2) + u(2) Buaa (¢ (2), - " () _

My, ;= sup e
2€D (1= le(2))5"

for each k € {0,1,...,n}, and

/ n+1
Mo oo sup PRI
zeb (1 — Jp(z)2)" 1"

oo

Since (M,C,D"f) (z) = u'(2) f™ (¢(2)) +u(2)¢’ (2) TV (p(2)), we have the following

result.

Theorem 3.4. Let o« > —1, p > 1, ¢ be an analytic self-map of D and v € H(D). Then the

following statements hold.
(i) The operator M, C,D™ : Ak — BY is bounded.
(i) The functions u and ¢ satisfy the following conditions:

P G O]
2D (1= |p(2)])"+ 5

and

§ i sup LA
2D (1 - [p(2)2)

< o0
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Remark 3.3. Noticing that C,M,D" = M,.,C,D", we can obtain the characterization of
the boundedness of C,M,D™ : A2 — BY from Theorem 3.4. Here we omit.

4 Compactness of the product-type operators
We first characterize the compactness of the operator D"M,C,, : AL — BY.

Theorem 4.1. Let « > —1, p > 1, ¢ be an analytic self-map of D and v € H(D). Then the

following statements hold.

(i) The operator D"M,C, : AL — BY is compact.
(ii) The functions u and ¢ satisfy Ly < oo and

n+1

)| 5 Gl DBk (¢ 2)s 07 (2)
lim — =0
o1 (L=l () P57

for each k € {0,1,...,n+1}.

Proof. (i) = (ii). Suppose that the operator D"M,C, : A2 — BY is compact. Then
it is clear that the operator D"M,C, : A2 — BY is bounded. Hence from the proof of
Theorem 3.1 it follows that Ly < oo for each k € {0,1,...,n + 1}. Consider a sequence
{¢(z;) }ien in D such that |p(z;)] — 17 as i — oco. If such a sequence does not exist, then
the last condition in (i) obviously holds. Without loss of generality, we may suppose that
|p(zi)| > 1/2 for all ¢ € N. For each fixed k € {0,1,...,n + 1}, by using this sequence we
define the function sequence f; x(2) = fo(z,).x(2), © € N. Then from Lemma 2.3 and Remark
2.1, we see that sup;cy || fixllaz < C and f;, — 0 uniformly on every compact subset of I

as ¢ — 00, moreover

d £ (e(z) =0 (4.1)

() = — 2 |’

(1~ Jgp(z) |25

for each j € {0,1,...,n+ 1} \ {k}. Then from Lemma 2.1 we have

Combing (4.1) and (4.2), for each fixed k € {0,1,...,n+ 1} we get

uD) (2) By (@ (21), - -, 00D ()]

ilir?o (1= lp(z) )52 - W
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(ii) = (i). We first prove that D"M,C, : A2 — BY is bounded. We observe that the
last condition in (é¢) implies that for every € > 0, there is an n € (0, 1), such that for any
ze K={z€D:|pz)| >n}

S Ot D () B (@ (2), - g (2))]
Ii(z) = =t <e (4.4)

a+2

(1= le(x))**
for each k € {0,1,...,n+1}. From the fact L, < oo for each k € {0,1,...,n+ 1} and (4.4),

we have

L
Ik<8+ k

ST (4.5)

From (4.5) and Theorem 3.1, we see that the operator D"M,C,, : A2, — B¥ is bounded.
In order to prove that D"M,C, : AL — BY is compact, by Lemma 2.1 we only need to
prove that, if { f; }ien is a sequence in AP such that sup,cy || fil| a4z < M and f; — 0 uniformly

on any compact subset of D as ¢ — oo, then
lim ||D"M,C,fi||gv = 0.
For such chosen ¢ and 7, by using (4.4), Lemma 2.2 and Lemma 2.4, we have

sup p1g (2)| (D" M., £:) (2)]

zeD
n+1 n+1

= supia(2)] - 1 (0(2) - Ot B (¢, U (2))|
? k=0 j=k

n+1 n+1

ff’“><so<z>><] Zci+1u<”+l—j><z>3j,k(so’<z>, e UT(3))|

n+1
(k) (p(2) ” Z J JumH=d) (2)Bj.x (ga'(z),...,gp(j*kﬂ)(z))’

< sup puy(2)
zeD

< (sup+ sup )py(z )

z€K  zeD\K k—0

n+1 n+1
<> L sup FE @)+ MY Cre. (4.6)
k=0 z|<n k=0

From (4.6), Lemma 2.1 and the fact f; — 0 uniformly on compact subsets of D as i — oo
implies that for each k € N, fi(k) — 0 uniformly on compact subsets of D as i — oo, we

finally get

lim sup py (z)‘(D"Mqufi)'(z)‘ =0. (4.7)

11— 00 ZE]D)

It is clear that

lim |(D"M,C, f;)(0)| =0. (4.8)

71— 00
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From (4.7) and (4.8) we obtain
This shows that the operator D"M,C,, : A2 — BY is compact. O

Remark 4.1. Since D"C, M, = D"M,.,C,, the characterization of the compactness of
D"C, M, : A¥ — BY can be directly obtained from Theorem 4.1. So we omit here.

Similar to Theorems 3.2, 3.3 and 3.4, we have the following results.

Theorem 4.2. Let o« > —1, p > 1, ¢ be an analytic self-map of D and v € H(D). Then the

following statements hold.

(i) The operator C,D"M,, : AL — BY is compact.
(ii) The functions u and @ satisfy the following conditions:

up o (2)|u" 1= (p(2) [ (2)] < o0

and

(n+1—k) /
i Pl (@E{i)i@ Gy
e(2)l =1~ (1= le(z)]2)" >

for each k € {0,1,... ,n+1}.
Theorem 4.3. Let o« > —1, p > 1, ¢ be an analytic self-map of D and v € H(D). Then the
following statements hold.

(i) The operator M,D"C, : Ak — BY is compact.

(ii) The functions u and @ satisfy the following conditions:

sup ()| (2)Bui(¢'(2), -, 0" (2) + u(2) Busi (¢ (2), -, 0" (2)) | < o0,
zE

pw (2) U/ (2) Bu (¢ (2), -, 0" D (2) + u(2) Buaan (@' (2), - " (2))]

lim = =0
(=)l =1- (1 —|p(2) )5

for each k € {0,1,...,n},
SHBM@(Z)W(Z)llsO'(Z)\”H < o0,
S

and

pe ()¢ ()"

P@I=17 (1 = |p(2)[2)" 57
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Theorem 4.4. Let a« > —1, p > 1, ¢ be an analytic self-map of D and v € H(D). Then the
following statements hold.

(i) The operator M,C,D™ : AL — BY is compact.

(ii) The functions u and ¢ are such that u € BY,

Sztelguw(Z)IU(Z)llw’(Z)l < o0,

lim pe@)]

eGI=1 (1 = |p(2)[2)" 5

and

7116 1G] 4 ) I

P@I=1 (1 — [p(2)[2)" 57

Remark 4.2. Noticing that C,M,D" = M,.,C,D", we can obtain the characterization of

the compactness of C,M,D" : A? — BY from Theorem 4.4. Here we omit.
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On some recent fixed point results for
a-admissible mappings in b-metric spaces
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Abstract: The purpose of this paper is to present some fixed point theorems for
weak a-admissible mappings type in the setting of b-metric spaces. The results
greatly optimize and improve some fixed point results in the existing literature.
Moreover, we highlight our assertions by utilizing an example. In addition, we
use our results to obtain the existence of solution for a class of nonlinear integral
equations.

Keywords: a-admissible mapping, a-contraction mapping, rational a-Geraghty
contraction of type, fixed point, integral equation

1 Introduction

Since Polish mathematician Banach proved the well-known Banach contraction map-
ping principle in metric spaces in 1922 (see [1]), fixed point theory occupies a prominent
place in strong research activity. Due to its applications in finding the existence of solu-
tions for the nonlinear Volterra integral equations, nonlinear integro-differential equations
and existence of equilibria in game theory as well, it has become the most celebrated tool
in nonlinear analysis. During the past decades, scholars extend this principle towards dif-
ferent spaces, such as G-metric spaces, 2-metric spaces, fuzzy metric spaces, probabilistic
metric spaces, cone metric spaces, partial metric spaces, modular metric spaces, b-metric
spaces, etc (see [2-10]). Whereas, the most influential spaces among them, i.e., b-metric
spaces, or metric type spaces called by some authors, introduced by Bakhtin [9] or Czer-
wik [10], have a rapid development. Compared with other spaces, people are willing to
deal with fixed point problems or the variational principle for single-valued or multi-valued
operators in b-metric spaces, based on the fact that b-metrics have no continuity in general.

On the other hand, people fascinate fixed point results by substituting the Banach
contractive mapping, such as Kannan contraction mapping, Chatterjea contraction map-

ping, a-i-contractive type mapping, cyclic contractive mapping, multivalued contraction

*Correspondence: denggt@bnu.edu.cn (G. Deng)
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mapping, and so on (see [6-14]). Recently, Samet et al. [12]| introduced the notion of a-
admissible mapping in the framework of metric spaces, and very recently, Sintunavarat [15]
introduced the concepts of a-admissible mapping type S, weak a-admissible mapping, weak
a-admissible mapping type S, as some generalizations of a-admissible mapping. Moreover,
[15] proved fixed point theorems based on his new types of a-admissibility in the setup of
b-metric spaces. In this paper, inspired by [15], we introduce the notion of a-admissibility
mapping, and obtain some fixed point theorems, as compared to the main results of [15],
with much simpler conditions and more straightforward proofs. Furthermore, we cope
with some fixed point results for the mappings on rational a-Geraghty contraction of type
in terms of a-admissibility in b-metric spaces. In addition, we give an application in the
existence of a solution for a class of nonlinear integral equations. Our conditions are weak
and applicable compared to the applications from [15].

For the sake of reader, the following definitions and results will be needed in the sequel.
Definition 1.1([16]). A mapping ¢ : [0,00) — [0, 00) is said to be an altering distance
function if it holds:

(1) ¢ is nondecreasing and continuous;

(2) p(t) =0 if and only if ¢t = 0.

Definition 1.2([15]). Let X be a nonempty set and s > 1 a given real number. Let
a: X xX —[0,00)and f: X — X be mappings. We say f is an a-admissible mapping
type S if for all z,y € X, a(z,y) > s leads to o fz, fy) > s. In particular, f is called
a-admissible mapping if s = 1.

Remark 1.3 Usually, use A(X, a) and A, (X, ) to denote the collection of all a-admissible
mappings on X and the collection of all a-admissible mappings type S on X. It is worth
reminding that the class of a-admissible mappings and the class of a-admissible mappings
type S are independent, in other words, A(X, a) # A (X, a) in general case.

Definition 1.4([15]). Let X be a nonempty set and s > 1 a given real number. Let
a: X xX — [0,00) and f : X — X be mappings. We say f is a weak a-admissible
mapping type S if for all x € X, a(z, fr) > s leads to a(fz, f fxr) > s. In particular, f is
called weak a-admissible mapping if s = 1.

Remark 1.5. Customarily, utilize WA(X, a) and W.A,(X, «) to denote the collection of
all weak a-admissible mappings on X and the collection of all weak a-admissible mappings
type S on X. Clearly, A(X, o) C WA(X, a) and A, (X, a) C WA(X, o).

Definition 1.6(|10]). Let X be a nonempty set and s > 1 a real number. A mapping
d: X x X — [0,00) is called a b-metric if for all z,y, 2z € X, the following conditions are
satisfied:

(bl) d(z,y) = 0 if and only if z = y;

(d2) d(z,y) = d(y, x);

(d3) d(z,z) < sld(z,y) + d(y, z)].

In this case, (X, d) is called a b-metric space.
Definition 1.7([17]). Let (X, d) be a b-metric space, z € X and {z,} a sequence in X.
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Then we say
(i) {x,} b-converges to x if d(x,,x) — 0 as n — oo. In this case, we write nh—{EO T, = .
(ii) {x,} is a b-Cauchy sequence if d(z,, x,,) — 0 as n,m — oco.
(iii) (X,d) is b-complete if every b-Cauchy sequence is b-convergent in X.
(iv) a function f : X — Y is b-continuous at a point z € X if {x,} C X b-converges to
x, then {fx,} b-converges to fz, where (Y, p) is a b-metric space.
Throughout this paper, unless otherwise specified, X is a nonempty set, f : X — X is

a mapping, Fix(f) denotes the set of all fixed points of f on X, that is,
Fix(f) .= {z € X|fz = z}.

Also, for each elements x and y in a b-metric space (X, d) with coefficient s > 1, let

(o) i fo))

M) = e { o), dGe S, dn f3), T2

Lemma 1.8([18]). Let (X, d) be a b-metric space with coefficient s > 1 and let {z,,} and
{yn} be b-convergent to points z,y € X, respectively. Then we have

1 . .
;d(x,y) < liminf d(z,, y,) < limsup d(z,,y,) < s%d(z,y).

n—00 n—00

In particular, if © = y, then we have lim,_, d(z,,y,) = 0. Moreover, for each z € X, we
have .

—d(z,z) <liminfd(z,, z) < limsupd(x,, z) < sd(z, z).

s

n—o00 n—00
Definition 1.9([15]). Let (X,d) be a b-metric space with coefficient s > 1, let « :
X x X — [0,00) be a mapping and let ¢, ¢ : [0,00) — [0,00) be two altering distance
functions. A mapping f : X — X is said to be an (a, 1, ¢)s-contraction mapping if

z,y € X with a(z,y) > s = ¢(s’d(fz, fy)) < O(M(z,y)) — o(Ms(z,y)).  (1.1)

In this case, write Q(X, a, 1, ¢) as the collection of all («, v, p)s-contraction mappings.
Theorem 1.10([15]). Let (X,d) be a b-complete b-metric space with coefficient s > 1,
let 1, : [0,00) — [0,00) be two altering distance functions and let o : X x X — [0, 00)
and f: X — X be given mappings. Suppose that the following conditions hold:

(S1) f € Qu(X, a, 1, 0) N WAL(X, );

(S3) there exists zg € X such that a(zg, fzo) > s;

(S3) « has a transitive property type S, that is, for z,y,2z € X,

a(r,y) > s and a(y, z) > s = a(z,2) > s;

(S4) f is b-continuous.
Then Fix(f) # 0.
Theorem 1.11([15]). Let (X,d) be a b-complete b-metric space with coefficient s > 1,
let 1, ¢ : [0,00) — [0,00) be two altering distance functions and let a : X x X — [0, 00)
and f: X — X be given mappings. Suppose that the following conditions hold:
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(S1) [ € Qs(X, a9, 0) N WAL(X, a);

(S3) there exists g € X such that a(zg, fzg) > s;
(S3) « has a transitive property type S;

(S1)

X is agregular, that is, if {z,,} is a sequence in X such that
a(-rnaanrl) 2 S

for all n € N and z,, - = € X as n — oo, then a(x,,x) > s for all n € N.
Then Fix(f) # 0.
Corollary 1.12([15]). Let (X, d) be a b-complete b-metric space with coefficient s > 1,
let 1, : [0,00) — [0,00) be two altering distance functions and let o : X x X — [0, 00)
and f: X — X be given mappings. Suppose that the following conditions hold:

(51) f € (X, ., 90) NA(X, 0);

(S3) there exists g € X such that a(zg, fzg) > s;

(S3) « has a transitive property type S;

(S4) f is b-continuous.
Then Fix(f) # 0.
Corollary 1.13([15]). Let (X, d) be a b-complete b-metric space with coefficient s > 1,
let ¢, ¢ : [0,00) — [0,00) be two altering distance functions and let a : X x X — [0, 00)
and f: X — X be given mappings. Suppose that the following conditions hold:

(S1) f € (X, o, 1, 0) N A(X, a);

(S3) there exists zg € X such that a(zg, fzg) > s;

(S3) @ has a transitive property type S;

(S4) X is a,-regular.
Then Fix(f) # 0.

2 Main results

Definition 2.1. Let (X,d) be a b-metric space with coefficient s > 1, let a : X x X —
[0,00) be a mapping and £ > 1 be a constant. A mapping f : X — X is said to be an

a-contraction mapping if
x,y € X with a(z,y) > s = s°d(fz, fy) < Ms(z,vy). (2.1)

In this case, write Q4(X, ) as the collection of all a-contraction mappings.
Theorem 2.2. Let (X,d) be a b-complete b-metric space with coefficient s > 1. Let
a: X xX — [0,00) and f : X — X be given mappings. Suppose that the following
conditions hold:

(S1) f € Q(X,a) N WAL(X, a);

(S3) there exists g € X such that a(zg, fzg) > s;

(S3) f is b-continuous.

Then Fix(f) # 0.
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Proof. By (S2), for zy € X, construct a Picard iteration sequence {x,,} satisfying x, 1 =
[, n € N. Assume that z,,, = x,,41 for some ng, then Fix(f) = {z,,} # 0, in this case,
the conclusion is satisfied. So set z,, # x,41 for all n, that is, d(z,, x,+1) > 0 for all n. Let

us prove the following inequality:

d(xn+17 mn—i—?) S )\d(wna wn-‘,—l)a (22)

where A € [0,1) is a constant.

Indeed, in view of f € WAL(X, «) and a(zg, frg) > s, it implies that
a(zy,x9) = alfxg, ffrg) > s.
Repeating this process, we make a conclusion that
(T, Tns1) 2 s
for all n. Making the most of (2.1), we have

55d(£n+17 xn+2) = Ssd(fxnv fanrl)

S Ms (xna 'rnJrl)

= max{d(a:n, anrl)a d(xm f‘rn)a d(anrla fxn+1>7
d(xna fxn-l—l) + d(xn—f—ly fxn) }

2s

- max{d(xm xn—l-l)a d(l‘n, $n+1>7 d(xn—i-h I'IH-Q):

d(xnv xn+2) + d(l’n+1, xn-{—l)
2s

2

= max{d(Tn, Tni1), A(Tni1, Tnia)}- (2.3)

d nyn d n+1,4n
< maX{d(w”7xn+1)ad(xn+17$n+2)7 (@0 Tni1) + d@ni, @ H)}

If d(xy, xnt1) < d(@pi1, Tni2), then by (2.3), it follows that

$°d(Tni1, Tnr2) < d(Tpp1, Tnya).

Hence, d(x,11,Tni2) = 0, it is a contradiction. If d(z,11,Zp42) < d(xy,2n41), then by
(2.3), it establishes that

Sed($n+17 $n+2) S d($n7 $n+1)-

As a result, (2.2) holds, where A = = € [0, 3).
Now by [11, Lemma 3.1|, taking advantage of (2.2), we claim that {z,} is a b-Cauchy
sequence. Since (X, d) is b-complete, we know that {z, } b-converges to some point z € X.

Finally, we show x € Fix(f). Actually, by using (S3), it is not hard to verify that
d(fz,z) < sld(fx, fr,) +d(fr,,x)] = sld(fz, fr,) + d(xpi1,7)] — 0 as n — oo.
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Therefore, d(fz,z) = 0, that is to say, z € Fix(f). O
Theorem 2.3. Let (X,d) be a b-complete b-metric space with coefficient s > 1. Let
a: X xX — [0,00) and f : X — X be given mappings. Suppose that the following
conditions hold:

(S1) f € Q(X,a) N WAL(X, a);

(S3) there exists g € X such that a(z, fzg) > s;

(S3) X is a-regular.
Then Fix(f) # 0.
Proof. Making full use of the proof of Theorem 2.2, we obtain a sequence {z, } satisfying
Tpy1 = fx, — x € X as n — oco. Then by (53), we get a(z,,x) > s for all n € N. By

virtue of (S7), we have
s“d(fan, fr) < My(zn, 2)

= max{d(:z:n,x),d(a:n,fxn),d(x, fx),

d(xy, fx) +d(z, fz,)
2s }

< max{d(xn, x), s|d(xn, x) + d(zpi1, x)], d(z, f2),
d(zy,, x) + d(z, fz) N d(z, an)}

2 25
~ max {o, 0,d(x, fz). M} — d(z, fr) (n— o),
which implies that
T d(fr, fr) < ~d(r, f) (2.4)
Note that
%d(x, F2) < d(z, f0) + d(fm, f7) = d(z, 2e1) + d(fm, ). (2.5)

Taking the limit as the above inequality (2.5) and utilizing (2.4), we speculate that
1 1
—d(.CE, fl') < —d(l’, fx)a
s s°

which follows that d(z, fz) = 0, that is, € Fix(f). O
Corollary 2.4. Let (X,d) be a b-complete b-metric space with coefficient s > 1. Let
a: X xX — [0,00) and f : X — X be given mappings. Suppose that the following
conditions hold:

(51) f € Qu(X, ) N A(X, o);

(S3) there exists g € X such that a(zg, fzg) > s;

(S3) f is b-continuous.

Then Fix(f) # 0.

260 Huaping Huang et 255-269



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Corollary 2.5. Let (X,d) be a b-complete b-metric space with coefficient s > 1. Let
a: X xX — [0,00) and f : X — X be given mappings. Suppose that the following
conditions hold:

(S1) € Qu(X,a) N A(X, );

(S2) there exists xg € X such that a(zg, fzg) > s;

(S5) X is a,-regular.
Then Fix(f) # 0.
Remark 2.6. Theorem 2.2, Theorem 2.3, Corollary 2.4 and Corollary 2.5 greatly opti-
mize and improve Sintunavarat’s theorems, i.e., Theorem 1.10, Theorem 1.11, Corollary
1.12 and Corollary 1.13, respectively. Actually, on the one hand, compared with (1.1),
(2.1) not only deletes the limitation of the altering distance functions ¢ and ¢, but also
it dispenses with an item @(M,(z,y)) which makes the condition become much wider.
These are some great improvements. Moreover, our index € > 1 is arbitrary, and it clearly
contains € = 3. Hence, our range € > 1 is much larger and more applicable. On the other
hand, our theorems dismiss the condition of transitive property type S for the mapping «.
That is to say, the conditions of our theorems are weaker than Sintunavarat’s theorems.
Therefore, our conclusions may be more convenient than Sintunavarat’s in applications.
Remark 2.7. From the proofs of our theorems, it is easy to see that we do not use
Lemma 1.8. Our proofs are much simpler since we do not refer to b-discontinuity of b-
metric. Whereas, in order to overcome the difficulty of the b-discontinuity of b-metric, the
proofs of Sintunavarat’s theorems are very comprehensive based on the fact of depending
on Lemma 1.8 strongly.
Example 2.8. Let X = R and define

d(l’,y) - |ZE - y|2

for all x,y € X. Then (X, d) is a b-complete b-metric space with coefficient s = 2. Define
mappings f: X — X and a: X x X — [0,00) by

fa={
5, 1 16
o= FH myeL ¥l
0, otherwise.

Let us prove f € Q4(X,a). Actually, assume that z,y € X with a(z,y) > s = 2 and

z € (0,4,

) Y
T+ =, 1:6(1—36,00),

N ES
Wi

and

hence z,y € [0, ?] with |z —y| < %. Let 1 < £ <4 be a constant. Then

2°d(fx, fy) = 2°| fx — fyl?

2

xr oy
—oe|Z 2

4 4
=2 —yf?
S M8<xvy)

261 Huaping Huang et 255-269



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

As a consequence, f € Q. (X, ).
We also can verify f € WA(X, a). Indeed, if z € X such that

CY(ZL‘,fZL‘)ZS:2,

then z, fz € [0, %] and |z — fz| < 3. Thus z € [0,]. This indicates that ffz € [0, §]

and hence - 6 17
=24 > s5=2
alfz ffr)= 1+ g2 g > s

Otherwise, it is obvious that f is b-continuous and there exists o = 1 such that

2 1 31

a(xo,fxo):a(l,fl)zzl+mzﬁ2225.

Consequently, all the conditions of Theorem 2.2 hold. Thus Fix(f) = {0} # 0.

However, we cannot use Theorem 1.10 to get Fix(f) # (), since « is unsuitable for the
condition (S3) of this theorem. Indeed, put © =4, y = 3, z = 2. Though a(z,y) = § > 2
and a(y, z) = ¥ > 2, whereas, a(z,z) = 1 < 2. So (S3) does not hold in this example. In
other words, Theorem 2.2 is more superior than Theorem 1.10. ]

In the sequel, let s > 1 be a constant and let F, denote the class of all functions

3 :10,00) — [0, 1) satisfying the following condition:

1
limsup 5(t,) = — implies that ¢, — 0 as n — oc.
s

n—o0

Definition 2.9. Let (X, d) be a b-metric space with coefficient s > 1, and let @ : X x X —
[0,00) be a function. A mapping f : X — X is called a rational a-Geraghty contraction
of type I, g if there exist ¢ > 0 and 3 € F; such that

z,y € X with a(z,y) =2 s = a(z,y)s*d(fx, fy) < B(M(z,y)) Mi(z,y), (2.6)

where

_ d(z, fx)d(y, fy) d(z, fx)d(y, fy)
Mf(x’y)‘max{d@’y)’ T+d(ry) ' 1+d(fz.[y) }

Definition 2.10. Let (X,d) be a b-metric space with coefficient s > 1, and let « :

X x X — [0,00) be a function. A mapping f : X — X is called a rational a-Geraghty
contraction of type Il 5 if there exist € > 0 and € F; such that

x,y € X with a(x,y) > s = alz,y)s"d(fz, fy) < B(My(z,y)) M (z,y), (2.7)

where
_ d(z, fx)d(x, fy) +d(y, fy)d(y, fx)
M (z,y) = max {d(m,y), 1+s[d(z, fz) +d(y, fy)] ’
d(x,f:v)d(x,fy)+d(yafy)d<yvf$)}
1+ s[d(z, fy)+d(y, fz)] .
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Definition 2.11. Let (X,d) be a b-metric space with coefficient s > 1, and let « :
X x X — [0,00) be a function. A mapping f : X — X is called a rational a-Geraghty
contraction of type III, s if there exist € > 0 and 8 € F; such that

z,y € X with a(z,y) > s = a(z,y)s*d(fz, fy) < B(Mirr(z,y) M (x,y),  (2.8)

where
- d(z, fz)d(y, [y)
M (z,y) —max{d(x’y>’1+s[d(x,y) +d(z, fy) +d(y, fz)]

d(z, fy)d(z,y) }
1+ sd(x, fo) + 53 [d(y, fx) +d(y, fy)] |

Theorem 2.12. Let (X,d) be a b-complete b-metric space with coefficient s > 1, and
let @ : X x X — [0,00) be a function and f : X — X be a mapping. Suppose that the
following conditions hold:
(i) f is a rational a-Geraghty contraction of type L. 5 (resp. type IL. 5 or type IIL, 3);
(i) f € As(X,a) and there exists xy € X such that a(xg, frg) > s;
(iii) f is b-continuous or X is a,-regular.
Then Fix(f) # 0.
Proof. By (ii) and the proof of Theorem 2.2, we can construct a Picard iteration sequence
{z,} satistying z,,41 = fx, and

a(Tp, Tpi1) > 8

for all n € N. Let us prove that

d(!lj'n+1, xn+2) S )\d(l’n, £BTL-H) (29)

for all n € N, where X € [0,1).
First of all, let f be a rational a-Geraghty contraction of type I. 5. Then by (2.6), we

have

$°d(Tny1, Tny2) = 5°d(f2n, fTni1)
< @, Tns1) S d( [T, fTn41)
< B(M(zn, Tpir)) M1 (Tn, Tntr)
< é]\/[](xn,xnﬂ), (2.10)

which follows that

s d(2ni1, Tnga) < My(2n, Tnyr)
= max < d (2, Tns1) d (T, Tny1)d (xn+17$n+2), d (T, Tni1) d (Tng1, Tnya)
14 d (ITH I’n+1) 1+ d ($n+1, xn+2)

<max < d(Tp, Tpy1) d (T, Tni1) d (Tpg1, Toya) d(Tn, Tngr) d(Tngr, Tngo)
>~ ny4n+1), d(xn,xn+1) 9 d(l‘n+171}n+2)

= max {d (zp, Tpi1),d (Tpi1, Tni2)} - (2.11)
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If d(zp, xpi1) < d(Tpi1, Tnaz), then from (2.11), it leads to

d (mn—l—lu xn+2) S @d (xn—l-l; xn+2) <d (mn—&—la xn+2) .

This is a contradiction. So

1
Ss+1

d(anrla an+2> S d (xna anrl) .

In this case, (2.9) is satisfied, where A = =5 € [0, 2).
Secondly, let f be a rational a-Geraghty contraction of type Il 3. Then similarly by

(2.10), we have
1
S*d(Tpt1, Tnga) < gMn(a:n,:an%

which establishes that

SEJ’_ld(anrla xn+2) < MH(xm $n+1)
— max {d (xn’ $n+1) ’ d (xna anrl) d (xna xn+2) + d (anrla xn+2> d (:Cn+17 anrl)
L+ s[d(zn, Tps1) + d (Tng1, Tot2)]
d (In, xn—l—l) d (xnu xn+2) + d (xn—l—la xn+2) d ($n+17 mn—H) }
1+ s[d(zn, Tps2) + d (Tng1, Tot)]

Y

= max {d (;CT“ anrl) d («Tny «Tn—l-l) d (C(f'm xn+2) d (xny xn—f—l) d («Tny xn+2> }

"1+ s[d(@p, Tpy1) + d(Tng1, Tna2)] 1+ sd(n, Tpia)
8d (T, Tng1) [d (Tn, Tpg1) + d (Tng1, Tpg2)] AT, Tngd)d(Tn, Trgo) }
1+ s[d(zn, Tns1) + d(Tpt1, Tngo)] SA(Tp, Tio)
8d (T, Tny1) [d (T, Togr) + A (Tpgr; Tnga)] d(Tn; Toyr) }
8 [d (T, Tng1) + d (Tny1, Tnga)] ’ S

< max {d(xn,xn+1),

S max {d (x'rw xn—l—l) )
< d(Tp, Tns1) -

Accordingly, (2.9) is also satisfied, where A = 5 € [0, 1).
Thirdly, let f be a rational a-Geraghty contraction of type IIl. 3. Then similarly by
(2.13), we have

Sed(xn+17xn+2) S EMIII(:En7xn+1)7

which implies that

S d( @1, Toge) < Mirr(Tn, Tngr)
d (xnv $n+1> d (xn+1> $n+2)
=max < d (T, Tpi1), ,
{ ( +1) l1+s [d (xna xn-i-l) +d (xna xn-i-?) +d (xn—i—la xn—i—l)]
d (.T,'n, xn+2) d (ilfn, anrl) }
1 + sd (l‘n, anrl) + 83 [d (xn+1> $n+1) + d ($n+1> xn+2)]
d (LEn, xn—l—l) d (xn+1> $n+2)
< d n» n 9 Y
N max{ (x ! +1> 1 +s [d (fl?n, anrl) + d (fl?n, xn+2)]
S[d(xm xn—l—l) + d(‘rn—&-l, xn+2)]d(xm xn—f—l)
1+ sd(zp, Tpi1) + $3d(xni1, Tnao)

S max {d (.Z’T“ xn+1> ’ d (xna fL‘n-‘rl) d (fEn-‘rl) xn+2) S[d(l‘n, xn—f—l) + d(l‘n-‘,—ly xn—&—?)]d(xn, xn—‘,—l) }

d (xn’ xn—&-l) ’ S[d(l’n, CUn—i—l) + d(xn—&-h xn+2)]

= max {d (ajn; xn—l—l) ) d (In—l—la xn+2)} .
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A similar discussion as to (2.11), we can get (2.9), too.
In a word, under the conditions of (i) and (ii), we always acquire (2.9). As a conse-
quence, by using [11, Lemma 3.1] and the b-completeness of (X, d), there exists a point

x € X such that x,, — = as n — oco. Now by (iii), if f is b-continuous, then
r=lim z,.; = lim f(z,) =f ( lim xn> = fux,
n—00 n—00 n—r00
that is, = € Fix(f). If X is as-regular, then o(z,,z) > s. Put
M(zn,x) € {Mi(xn, x), Mrr(2n, ), Mirr(2,, )},
it follows immediately from (2.6), (2.7) and (2.8) that

oy, )s*d(frn, fx) < B(M(z,, z))M(x,, x). (2.12)
We show that
nlg& M(z,,z) = 0. (2.13)

Indeed, for one thing,

My (xy,r) = max {d(xm ), d(Tn, Tny1) d(x, fr) d(2n, Tny1)d (2, f) }

1+d(x,,x) o1+ d (T, f7)
— max{0,0,0} =0, asn — co.

For another thing,

B d(xp, Tpyr) d(Tp, fx) +d(z, fr)d(x, Tpir)
My (wn, ) = max {d (Tn, 7). 1+ s[d(xn, xpe1) +d(x, f)] ’

d (l‘n, xn-i—l) d (ZL'n, f$) + d (ZL‘, fl’) d ($a xn-i—l) }
L+ s[d(zy, fx)+d(x,2541)]
<max{d(xn,),d (T, Tni1) s [d(Tn, x) +d(z, fr)] +d(z, fx)d(z, T0t1),
d(2n, ¥nia) 8 |d (20, 2) + d (2, f2)] + d (2, fr)d (2, 2n11)}

— max{0,0,0} =0, asn — oo.

For the third thing,
d(wn, Tny1)d(z, f2)
"1+ s[d(zp, x) + d(z,, f2) + d(x, Tpi1)]
d(xy, fr)d(x,,x)
1+ sd(xy, xpi1) + $3[d(x, xp11) + d(z, f)] }
— max{0,0,0} =0, asn — co.

9

Mir(zn, ) = max {d(xn,x)

Thus (2.13) holds.
Using (2.12) and (2.13), we speculate that
sd(x, fr) < 5" d(w, fo) + d(fon, fz))
s d(x, 2py1) + s a(w,, )d(fr,, f2)
T, Tpi1) + sB(M(xp, x)) M (2, )
)

T, Tpy1) + M(z,,z) — 0, asn — oo,

IN

IN

SE+1d(
Ss+1d(

IN

which establishes that d(x, fx) = 0, that is to say, € Fix(f). O

265 Huaping Huang et 255-269



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

3 Application

In this section, we prove an existence theorem for a solution of the following nonlinear

integral equation by using our results in the previous section:

z(c) = ¢(c) +/ K(c,r,z(r))dr, (3.1)

where a,b € R, x € Cla, b] (the set of all continuous functions from [a, b] into R, ¢ : [a, b] —
R and K : [a,b] X [a,b] x R — R are given mappings.

The following theorem greatly improves Theorem 3.1 of [15] with simpler conditions,
which illustrates the superiority of our results.
Theorem 3.1. Consider the nonlinear integral equation (3.1). Suppose that the following
conditions hold:

(i) K : [a,b] X [a,b] x R — R is continuous and nondecreasing in the third order;

(ii) there exists p > 1 satisfying the following condition: for each r,¢ € [a,b] and
x,y € Cla,b] with z(w) < y(w) for all w € [a, b], we have

[K (e, a(r)) = K(e,r,y(r))] < (e, r)|z(r) = y(r)], (3.2)

where C : [a,b] X [a,b] — [0,00) is a continuous function satisfying

b
1
p <
(2%<l<“”)”>—2wsw—@pl

and € > 1 is a constant.

(ili) there exists xy € Cla, b] such that x¢(c) < ¢(c)+f; K(c,r,xo(r))dr for all ¢ € [a, b].
Then the nonlinear integral equation (3.1) has a solution.
Proof. Put X = C|a,b] and define a mapping f : X — X by

b
(Fa)() = ot0) + | Kleratr))ar
for all z € X and ¢ € [a,b]. Define a mapping d : X x X — [0,00) by

d(z,y) = sup [z(c) —y()" (p>1)
ce|a,
for all z,y € X. Then (X,d) is a b-complete b-metric space with coefficient s = 2P~
Define a mapping a: X x X — [0,00) by

21 x(c) < y(e) for all ¢ € [a, b],
T, otherwise,

a(z,y) = {

where 0 < 7 < 271, Since K is nondecreasing in the third order, we get f € A, (X, a) C
WA (X, a). By (iii), it infers (S2) in Theorem 2.3 is satisfied. Also, we get that condition
(S3) in Theorem 2.3 also holds (see [21]).
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Finally, we show f € Q4 (X, ). To prove this fact, we first choose ¢ € R such that

5+ = 1. Assume that 2,y € X such that a(z,y) > s = 27", that is, 2(c) < y(c) for all

¢ € [a,b]. From (ii) and the Holder inequality, for each ¢ € [a, b] we get
277 (fx)(c) = (fy) ()]
b P
<om e ([ It - Kleorptrlar)

ggap-al(/ 1qd7«) (/ K (e, 2(r) K(c,r,y(r))|pdr);r
<2€p€b—aq(/<cr lafr) - ylr)ar )
(o)

< 27— M) ( / cleryar)

< My(z,y).

'E

Q\'U

< 2P7¢(b—a)

This implies that s°d(fz, fy) < Ms(z,y). Hence f € Q4(X, ). Thus all the conditions of
Theorem 2.3 are satisfied and hence f has a fixed point in X. It follows that the nonlinear
integral equation (3.1) has a solution. O
Remark 3.2. Compared with [15, Theorem 3.1], our Theorem 3.1 has many superiori-
ties. First, our condition (ii) is much simpler than (ii) from [15, Theorem 3.1|. Indeed, our
condition (3.2) is weaker than the corresponding condition of |15, Theorem 3.1]. More-
over, we delete the function Y (¢). Whereas, T(t) is a complex function with very strong
conditions. Otherwise, our function ((c,r) satisfies the wider condition since ¢ is arbitrary.
Further, even if € = 3, our condition for ((c,7) is also much weaker.

Remark 3.3. In [15, Theorem 3.1|, there exist some mistakes. For instance, the incorrect

equality from the proof of [15, Theorem 3.1] appears as follows:

(s°d(fx, fy))" = (23”_3 sup |(fz)(t) — (fy)(t)|> :

te(a,b]

In fact, it should be the following:

te(a,b|

(s°d(fx, fy))" = (23“’ sup |(fz)(t) — (fy)(t)lp) :

Due to such mistake, the conditions from [15, Theorem 3.1] need some revisions. Similar

revisions should be done in Corollary 3.2 and Corollary 3.3 from [15, Theorem 3.1].
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Abstract:Using triangular norms, we present a new classification of fuzzy subalgebras, ideals and
implicative ideals in BCK/BCI-algebras.

Keywords: t-norm; anti if-ideal; anti implicative if-ideal; BCK/BCl-algebra.

1 Introduction

BCK/BCl-algebras are an important class of logical algebras introduced by Imai and Iseki [7], and was
extensively investigated by several researches. BCK/BCl-algebras generalize, on the one hand, the
notion of the algebra of sets with the set subtraction as the only fundemental non-nullary operation
and, on the other hand, the notion of the implication algebra (see [7]). In 1965, Zadeh [16] introduced
the notion of fuzzy sets and in 1991, Xi [15] applied this notion to BCK/BClI-algebras. In 1990,
Biswas [4] introduced the notion of anti fuzzy subgroups of groups and in 2008, modifying Biswas’
idea, Kutukcu and Sharma [10] introduced the notion of anti fuzzy ideals in BCC-algebras.

In the present paper, we introduce the notions of anti if-subalgebras, anti if-ideals and anti implica-
tive if-ideals of BCK/BClI-algebras with respect to arbitrary t-conorms and t-norms. Illustrating with
examples, we prove that our definitions are more general than the classical ones. We also prove that
an if-subset of a BCK/BCl-algebra is an anti if-ideal if and only if the complement of this if-subset is
an anti if-ideal. We also discuss some relationships between such notions.

Let us recall [7,8] that a BCl-algebra is an algebra (X,*,0) of type (2,0) which satisfies the
following conditions, for all z,y,z € X: (1) ((x xy) x (xx2)) *x (z*xy) = 0; (ii) (zx (x xy)) xy = 0;
(iii) zxx =0; (iv) x *y = 0 and y * = 0 imply © = y. A BCl-algebra X satisfying the additional
condition (v) for all x € X, 0 xz = 0 is called a BCK-algebra.

We can define a partial ordering < on X by z < y if and only if x x y = 0. Furthermore, in any
BCK/BCl-algebra X, the following properties hold, for all z,y,z € X: (i) (x*xy)*z = (z* 2) xy; (ii)

*Corresponding Author
E-mail: skutukcu@omu.edu.tr (S. Kutukcu), atuna@nigde.edu.tr (A. Tuna)
2010 MR Subject Classification: 06F35, 03G25, 03E72, 94D05
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xx(xx*(zxy))=awxy; (i) xxy <z; (iv) 2x0=x; (v) (% 2) % (y*2) < zx*xy; (vi) z < y implies
zxz<yxzand zxy < z*xz.

A non-empty subset A of a BCK/BCl-algebra X is called an ideal of X if 0 € A, and zxy € A
and y € A imply = € A for all z,y € X.

A non-empty subset A of a BCK/BCl-algebra X is called an implicative ideal of X if 0 € A, and
(zx(y*xx))xz€ Aand z € Aimply z € A for all z,y,z € X. Any implicative ideal is an ideal, but
not conversely.

A mapping f of a BCK/BCl-algebra X into a BCK/BCI-algebra Y is called a homomorphism if
flxxy) = f(x)* f(y) for all z,y € X.

By a triangular conorm (shortly t-conorm) S [14], we mean a binary operation on the unit interval
[0, 1] which satisfies the following conditions, for all z,y, z € [0,1]: (i) S(z,0) = ; (ii) S(z,y) < S(x, 2)
if y < z; (iii) S(z,y) = S(y,z); (iv) S(z,S(y,2)) = S(S(z,y),z). Some important examples of
t-conorms are Si(z,y) = min{x +y,1}, Sp(x,y) =z +y — 2y and Sy (z,y) = max {z,y}.

By a triangular norm (shortly t-norm) 7" [14], we mean a binary operation on the unit interval [0, 1]
which satisfies the following conditions, for all z,y,z € [0,1]: (i) T'(z,1) = z; (ii) T(z,y) < T(x, z) if
y < z; (iii) T(x,y) = T(y,x); (v) T(x,T(y,2)) = T(T(x,y), z). Some important examples of t-norms
are Tr(z,y) = max{z +y— 1,0}, Tp(x,y) = zy and Trs(z,y) = min{z,y}.

A t-conorm S and a t-norm T are called associated [11], i.e. S(z,y) =1—-T(1 —xz,1 —y) for all
x,y € [0,1]. For example, t-conorm Sy, and t-norm T); are associated [6,9-11]. Also, it is well known
[6,9] that if S is a t-conorm and T is a t-norm, then max {z,y} < S(z,y) and min {z,y} > T(x,y) for
all z,y € [0, 1], respectively.

Note that, the concepts of t-conorms and t-norms are known as the axiomatic skeletons that we
use for characterizing fuzzy unions and intersections, respectively. These concepts were originally
introduced by Menger [13] and several properties and examples for these concepts were proposed by
many authors (see [6,9-11,13,14]).

A fuzzy subset A in an arbitrary non-empty set X is a function p, : X — [0, 1]. The complement
of p4, denoted by 15, is the fuzzy subset in X given by pu§(x) =1 — py(z) for all z € X.

Definition 1.1 ([15]) A fuzzy subset A in a BCK/BCI-algebra X is called a fuzzy BCK/BCI-subalgebra
of X if

pa@xy) = min{py (), pay)}
forallxz,y € X.

Definition 1.2 ([15]) A fuzzy subset A in a BCK/BCI-algebra X is called a fuzzy ideal of X if

14(0) = pa(z) > min{pa(zxy), paly)}
forall x,y € X.
Definition 1.3 ([10,12]) A fuzzy subset A in a BCK/BCI-algebra X is called a implicative fuzzy
ideal of X if
114(0) = pa(@) = min {py (@ * (y x2)) * 2), pa(2)}
forallx,y,z € X.
Definition 1.4 ([12]) A fuzzy subset A in a BCK/BCI-algebra X is called an anti fuzzy BCK/BCI-
subalgebra of X if
pa(exy) < max{py(2), pa(y)}
forallxz,y € X.
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Definition 1.5 ([12]) A fuzzy subset A in a BCK/BCI-algebra X is called an anti fuzzy ideal of X
if

1a(0) < pg(e) < max{py (e« y), paly)}
forallx,y € X.

As a generalization of the notion of fuzzy subsets in X, Atanassov [2] introduced the concept of
intuitionistic fuzzy subsets (or simply if-sets) defined on X as objects having the form

A={(z,pa(x),Aa(2)) : 2 € X}

where the functions g4 : X — [0,1] and Mg : X — [0, 1] denote the degree of membership (namely
14(x)) and the degree of non-membership (namely A4(x)) of each element z in X to the set A,
respectively, and 0 < py(x) + Aa(z) <1 for all z in X.

In [3], for every two if-subsets A and B in X, we have

(i) ACBiff py(x) < pg(z) and Aa(z) > Ag(x) for all z € X,
(if) OA = {(z, pa(z), pi(z)) s 2 € X},
(i) 0A = {(z,\%(x),  a(z)) 12z € X}.

For the sake of simplicity, we shall use the symbol A = (4, Aa) for the if-subset A = {(z, p4(x), Aa(z)) : z € X}.

2 Anti IF-Ideals

Definition 2.1 An if-subset A = (g, Aa) in a BCK/BCI-algebra X is said to be an anti intuitionistic
fuzzy BCK/BCI-subalgebra of X (or simply, an anti if-BCK/BCI-subalgebra of X ) if
() palzxy) <max{ps(e), pa(y)},
(i) Aa(z*y) > min{ia(2), Aa(y)}
forall x,y € X.

Definition 2.2 An if-subset A = (4, Aa) in a BCK/BCI-algebra X is said to be an anti intuitionistic
fuzzy BCK/BCI-subalgebra of X with respect to a t-conorm S and a t-norm T (or simply, an (S,T)-
anti if-BCK/BCI-subalgebra of X ) if

(i) palzxy) < S(palz), nay))
(i) Aa(z*y) > T(Aa(z), a(y))
for all x,y € X.

Remark 2.3 Fvery anti if-BCK/BCI-subalgebra of a BCK/BCI-algebra is an (S, T)-anti if-BCK/BCI-
subalgebra of X such that S = Sy and T = Ty, but it is clear that the converse is not true. If
Aa(z) =1 — py(x) for all x € X, then every anti if-BCK/BCI-subalgebra of a BCK/BCI-algebra X

is an anti fuzzy BCK/BCI-subalgebra of X. Also, if Aa(xz) =1 — py(x) for allz € X, S = Sy and

T = Ty, then every (S,T)-anti if-BCK/BCI-subalgebra of a BCK/BCI-algebra X is an anti fuzzy

BCK/BCI-subalgebra of X .
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Definition 2.4 An if-subset A = (i, Aa) in @ BCK/BCI-algebra X is said to be an anti if-ideal of
X if
(i) #4(0) < pa(@) and A4 (0) > Aa(a),
(i) pa(@) <max{py(z*y),pay)},
(i) Aa(e) = min {Aa(o *y) Aa(y)}
forall x,y € X.

Definition 2.5 An if-subset A = (4, Aa) in o BCK/BCI-algebra X is said to be an anti if-ideal of
X with respect to a t-conorm S and a t-norm T (or simply, an (S, T)-anti if-ideal of X ) if

(1) 114(0) < py(z) and Aa(0) > Aa(z),
(i) pa(z) < S(pa(@=*y), 1a(y)),
(iil) Aa(z) > T(Aa(z *y),Aa(y))

for all x,y € X.

Remark 2.6 Every anti if-ideal of a BCK/BCI-algebra is an (S,T)-anti if-ideal of X such that
S = Sy and T = Ty, but it is clear that the converse is not true. If Aa(x) = 1 — py(x) for
all x € X, then every anti if- ideal of a BCK/BClIl-algebra X is an anti fuzzy ideal of X. Also,
if Aa(z) = 1 — py(z) for allz € X, S = Sy and T = Ty, then every (S,T)-anti if-ideal of a
BCK/BCI-algebra X is an anti fuzzy ideal of X.

Example 2.7 Let X ={0,1,2,3} be a BCK-algebra with the Cayley table as follows

£ ] 0 1 2 3
0]0 0 0 O
1 1 0 0 1
2 2 1 0 2
3 3 3 3 0
Define an if-set A= (s, a) in X by
0, z=0 1, z=0
palx)=4¢ 1/2, z=1or2 and Aa(z)=4¢ 1/3, z=1lor2
1, r=3 0, r=3

It is easy to check that 0 < p,(z) + Aa(z) < 1, MA(O) < pa(z) and Aa(0) > Aa(z). Also,
ta(@) < Sm(palzxy), pa(y)) and Aa(z) > TL(AA(ﬂf*y) A(y)) forallz,y € X. Hence A= (py,Aa)
is an (Sar, Tr)-anti if-ideal of X. Also note that t-conorm Sy and t-norm Ty, are not associated.

Remark 2.8 Note that, the above example holds even with the t-conorm Sp; and t-norm Tyr, and
hence A = (g, Aa) is also an (Sar, Tar)-anti if-ideal of X. Therefore, every anti if-ideal of X is an

(S, T)-anti if-ideal but the converse is not true.

Example 2.9 Let X = {0,a,b,c,d} be a BCK-algebra with the Cayley table as follows
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*x | 0 a b ¢ d
0 0O 0 0 0 O
a a 0 a 0 0
b|b b 0 0 0
C c b a 0 0
d|d d d d 0

Define an if-set A= (s, a) in X by
[ 1/2, 2€{0,a,b} [ 1/3, x€{0,a,b}
Ha() = 3/4, otherwise and Aa(z) = 1/4, otherwise.
It is easy to check that 0 < pa(z) + Aa(x) < 1, pa(0) < py(z) and Aa(0) > Aa(z). Also,
ta(x) < Sp(pa(xxy), na(y)) and Aa(z) > Tp(Aa(zxy), Aa(y)) for all z,y € X. Hence A = (i ,Aa)
is an (Sr,Tp)-anti if-ideal of X. But A = (4, Aa) 18 not an anti if-ideal of X.

Lemma 2.10 If A = (us,Aa) is an (S,T)-anti if-ideal of a BCK/BCI-algebra X, then so is JA =
(4, %) such that t-conorm S and t-norm T are associated.

Proof. Since A = (4, 4) is an (S, T)-anti if-ideal of X, then p4(0) < py(z) for all x € X and so
1—p5(0) <1 —puS (), hence 5 (0) > pG(z). Also, for all z,y € X, we have

pa(x) < S(palz*y), paly))

and so
L—p(z) < SO —ph(z*y), 1 —pi(y))

which implies
pa(z) > 1= S - ph(x*y), 1 - pi(y)).

Since S and T are associated, we have
pa(r) = T(pi (@ y), pia(y)).
Thus, OA = (py, 1) is an (S, T)-anti if-ideal of X. m

Lemma 2.11 If A = (4, a) is an (S,T)-anti if-ideal of a BCK/BCl-algebra X, then so is QA =
(X%, Aa) such that t-conorm S and t-norm T are associated.

Proof. The proof is similar to the proof of Lemma 2.10. m
Combining the above two lemmas, it is easy to see that the following theorem is valid.

Theorem 2.12 A = (uy,Aa) is an (S,T)-anti if-ideal of a BCK/BClI-algebra X if and only if OA
and QA are (S,T)-anti if-ideals of X such that t-conorm S and t-norm T are associated.

Corollary 2.13 A = (uy,Aa) is an (S, T)-anti if-ideal of a BCK/BCI-algebra X if and only if p4
and X are anti fuzzy ideals of X such that t-conorm S and t-norm T are associated.

Lemma 2.14 Let A = (uy,Aa) be an (S, T)-anti if-ideal of a BCK/BCI-algebra X. If < is a partial
ordering on X then p (z) < pa(y) and Aa(y) < Aa(x) for all x,y € X such that x < y.
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Proof. Let X be a BCK/BCl-algebra. It is known [8] that < is a partial ordering on X defined by
x <yifand only if zxy =0 for all z,y € X. Let A = (uy,Aa) be an (S, T)-anti if-ideal of X. Then

pa(@) < S(pa(z*y), pa(y)) = Spa0), na(y)) < naly)
and

Aa(@) = TAa(z *+y), Aa(y)) = T(Aa(0), Aa(y)) = Aa(y).
These complete the proof. m

Theorem 2.15 Let A = (4, a) be an (S, T)-anti if-ideal of a BCK/BCI-algebra X. A is an (S,T)-
anti if-BCK/BClI-subalgebra of X.

Proof. Let A = (4, 4) be an (S, T)-anti if-ideal of X. Since z xy < z for all z,y € X, it follows
from Lemma 2.14 that p,(z *y) < py(x) and Aa(z) < Aa(z *y). Then

pa(@y) < pa(e) <Spa(@*y) paly)) < Spa@), naly))
and

Aa(@*y) = Aa(z) =2 T(Aa(z xy), Aa(y) = T(Aa(x), Aaly))
and so A is an (S, T)-anti if-BCK/BCI-subalgebra of X. =

Remark 2.16 The converse of the above theorem does not hold in general. In fact, suppose that X
be the BCK-algebra in Example 2.7. Define an if-set A = (4, a) in X by

0, z=0 1, z=0

palz)=1¢ 1/2, x=1 and da(z)=4¢ 1/3, z=1
1 r=2or3 0, r=2or3

7

By routine calculations, we know that A = (uy,Aa) is an (Sar, Tar)-anti if-BCK-subalgebra of X but
not an (Sar, T )-anti if-ideal of X because py(2) = 1 > max{u (2 *1),u (1)} and Aa(2) =0 <
min{A4(2x 1), 4(1)}.

If A= (ug,Ma) is an if-subset in a BCK/BCl-algebra X and f is a self mapping of X, we define

mappings 4 [f] : X — [0,1] by p[f](2) = pa(f(z)) and Aa[f] : X — [0,1] by Aa[f](z) = Aa(f(z))
for all € X, respectively.

Proposition 2.17 If A = (u4,Aa) is an (S,T)-anti if-ideal of a BCK/BCI-algebra X and f is an
increasing endomorphism of X, then (p14[f], Aalf]) is an (S, T)-anti if-ideal of X.

Proof. For any given =,y € X, we have

palfl@) = palf(@) < S(ualf(@)x f(y) palf(y)))
= S(ua(f(z+y),na(f(y)))
= S(palfl(@*y), palfly)),

Aalfl(@) = Aa(f(2) = TAa(f (@) * f(y)), Aa(f ()
)

|
=
>
b
—~
~
—~
8
*
<
~—
~—
>
hS
~
<
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Also, since X is a BCK/BCl-algebra, we have 0 x z = 0 and so 0 < z for all z € X. Since f is
increasing, we have f(0) < f(z) for all z € X and, from Lemma 2.14, 4(f(0)) < p4(f(z)) and
Aa(f (@) < Aa(f(0)) ie., pulf](0) < pulf)(z) and Aa[f](z) < Aa[f](0) for all € X. This completes
the proof. m

If f is a self mapping of a BCK/BCI-algebra X and B = (ug,Ap) is an if-subset in f(X), then
the if-subset A = (4, Aa) in X defined by uy = pgofand Ay = Ago f (ie., ps(z) = ug(f(z)) and
Aa(x) = Ap(f(x)) for all € X) is called the preimage of B under f.

Theorem 2.18 An onto increasing homomorphic preimage of an (S, T)-anti if-ideal is an (S, T)-anti
if-ideal.

Proof. Let f : X — Y be an onto homomorphism of BCK/BCl-algebras, B = (pp,Ap) be an
(S, T)-anti if-ideal of Y, and A = (4, Aa) be preimage of B under f. Then, we have

pale) = pp(f(e) <S(up(f(x)* f(), ns(f(y)))
= S(us(f(xz*y)),ns(f(y))
= S(palz*xy),1a(y)),

Aa(@) = Ap(f(x) >
= Ts(f(zxy
= T()\A(l’*y)a)‘A(y))

for all 2,y € X. Also, 14(0) = jp(f(0)) < () = f1a(x) and Aa(0) = Ap(f(0)) = An(f(z)) =
Aa(z) for all x € X. Hence, A = (4, A4) is an (S, T)-anti if-ideal of X. m

=
5
SN—

Lemma 2.19 ([9]) Let S and T be a t-conorm and a t-norm, respectively. Then
S(S(z,y),S(z,t) = S(S(z, 2),S(y,t)),
T(T(x,y),T(z,1)) = T(T(x,2), T(y, 1))

for all z,y, z,t € [0,1].

Theorem 2.20 Let S be a t-conorm, T be a t-norm and X = X1 x Xa be the direct product BCK/BCI-
algebra of BCK/BClI-algebras X1 and Xo. If Ay = (pq,,A4,) (resp. Az = (fa,,Aa,)) is an (S, T)-anti
if-ideal of X1 (resp. X3), then A= (s, Aa) is an (S, T)-anti if-ideal of X defined by prq = pa, X fta,
and g = Aa, X Aa, such that

pa(@e,ma) = (La, X pa,)(@1,22) = S(pa, (1), pa,(22)),

Aa(wy,2) = (A, X Aa, ) (21, 2) = T(Aa, (21), Aa, (22))
for all (z1,22) € X.
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Proof. Let z = (21,22) and y = (y1,y2) be any elements of X. Since X is a BCK/BCl-algebra, we
have

pal@) = (pa, X pa,)(@1,22)
= (MAl(wl) MA2(372))
< S(S(pa, (@1 xy1), pa, (W1)), S(pa, (T2 % y2), pa, (Y2)))
= S(S(pa, (@1 xy1), 1a, (2 % y2)), S(pa, (¥1): Ha, (y2)))
S((ra, X pa,) (@1 *y1, 22 % Y2), (Ba, X pay)(Y1,92))
= S((ra, x pay)(z1,22) * (Y1, 92)), (Ba, X f1a,)(Y1,2))
S(palz=y), pa(y)),
Aa(z) = (Aa, X Aa,)(1,22)
= T(Aa,(z1),Aa,(22))
> T(T(Aa, (z1*y1), Aa, (11)), T(Aa, (22 * y2), Aa, (y2)))
= T(T(Aa,(¥1 % y1), Ay (T2 2 y2)), T(Aa, (Y1)s Aas (92)))
= T((Aa, x Aa,)(x1 % y1, 2 * y2), (Aa, X Aa,)(y1,92))
= T((Aa, X Aa,) (w1, 22) * (Y1,92)), (Aa, X Aay) (Y1, 2))
= TAa(zxy), Aa(y))
Also,
1a(0) = (ma, X pa,)0,0) = S(pa,(0),p14,(0))
< S(pa, (1), pa,(22) = (4, X f14,)(21,22)
= palz),
Aa(0) = (Aa, X A4,)(0,0) = T'(A4,(0), A4,(0))
> T(Aa, (1), Aa,(z2)) = (Aa, X Aa,)(z1,z2)

)\A (3;‘)
This completes the proof. m

Definition 2.21 Let S be a t-conorm and T be a t-norm, and let A = (g, a) and B = (up, Ap)
be if-sets in a BCK/BCl-algebra X. Then S-product of 4 and pg, and T-product of A and Ap,
written [py.pgls and [Aa.Ag]T, are defined by

a-ppls(@) = S(pa(x), pp(x)),

[Aa-ABlr(z) = T(Aa(z), A(2))
for all x € X, respectively.

Theorem 2.22 Let S be a t-conorm and T be a t-norm, and let A= (4, Aa) and B = (ug, A\p) be
(S, T)-anti if-ideals of a BCK/BCI-algebra X. If S is a t-conorm which dominates S, that is,

Sl(S(xvy)a S(th)) < 5(51(2?, Z)7 Sl(y’t))
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and Ty is a t-norm which dominates T, that is,

T(T(x,y), T(z,t)) 2 T(T1(x, 2), Ta(y, 1))
for all z,y,z,t € [0,1], then ([ua-tigls,, [Aa.-AB]1,) is an (S,T)-anti if-ideal of X.
Proof. For any z,y € X, we have

[a-pls, () = Si(pa(), pp(x))

S1(S(palzxy), pa(y)), S(pp(x*y), ns(y)))
S(S1(palmxy), pp(x*y)), S1(pa(y), kp(Y)))
S([pa-ppls, (@ xy), [La-ppls, (v),

VANVAN

[Aa-ABlr, () Ti(Aa(z), Ap())
Ti(T(Aa(z *y), Aa(y)), T(As(z * y), AB(Y)))
T(Ty(Aa(z *y), Ap(z + y)), Ty(Aa(y), A ()

T([Aa-AB]7, (x *y), [Aa-AB]T, ()

AVARLY

Also,
[1a-1pls, (0) = S1(a(0), up(0) < Si(pa(z), pp(x)) = [1a-ppls, (@),

Aa-AB]T, (0) = T1(Aa(0),A5(0)) > T1(Aa(x), Ap(7)) = [Aa-AB]T, (%)
This completes the proof. m

3 Anti Implicative IF-Ideals

Definition 3.1 A fuzzy subset A in a BCK/BCI-algebra X is said to be an anti implicative fuzzy
ideal of X if

(i) pa(0) < pa(z),
(i) pa (@) <max{py((z* (y*z))*2), pal2)}

forall x,y,z € X.

Definition 3.2 An if-subset A = (p4, Aa) in a BOCK/BCI-algebra X is said to be an anti implicative
if-ideal of X if

(1) 14(0) < pa () and A4(0) > Aa(e),
(i) poa(z) <max{py((2* (y*z))*2), pal2)},
(iil) Aa(z) > min{Aa(z * (y xx)) * 2), Aa(2)}

forall z,y,z € X.
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Definition 3.3 An if-subset A = (14, Aa) in a BCK/BCI-algebra X is said to be an anti implicative
if-ideal of X with respect to a t-conorm S and a t-norm T (or simply, an (S, T)-anti implicative if-ideal

of X) if

(1) 1a(0) < py(z) and Aa(0) > Aa(z),
pa((@ s (y = x)) * 2), pa(2)),
Mz (y*x)) * 2), 4(2))

for all xz,y,z € X.

Remark 3.4 Fvery anti implicative if-ideal of a BCK/BCI-algebra is an (S, T)-anti implicative if-
ideal of X such that S = Sy and T = Ty, but it is clear that the converse is not true. If Aa(x) =
1 — py(x) for all x € X, then every anti implicative if-ideal of a BCK/BClI-algebra X is an anti
implicative fuzzy ideal of X. Also, if Aa(z) =1 — p(z) for allz € X, S = Sy and T = Ty, then
every (S, T)-anti implicative if-ideal of a BCK/BClI-algebra X is an anti implicative fuzzy ideal of X .

Example 3.5 In Example 2.9, it is easy to see that A = (u4,Aa) is also an (Sg,, Tp)-anti implicative
if-ideal of X.

Remark 3.6 An (S,T)-anti if-ideal of a BCK/BCI-algebra X need not to be (S,T)-anti implicative
if-ideal. For instance, in Example 2.7, we know that A = (4, a) is an (Spr, Tr)-anti if-ideal of X
but it is not an (Sar, Tp)-anti implicative if-ideal of X, because pi4(1) > Sar(pa (1% (2%1))%0), u4(0))
and Aa(1) < Tr(Aa((1 % (2% 1)) %0),A4(0)).

Theorem 3.7 Any (S, T)-anti implicative if-ideal of a BCK/BClI-algebra X is an (S,T)-anti if-ideal
of X.

Proof. In Definition 3.3, let 2z = y and y = x. Hence py(z) < S(pus((z * (x * ) *y), pa(y)) and
Aa(x) > TAa((z * (x x2)) *y),Aa(y)). Since z*+xz = 0 and x * 0 = z, we obtain (ii) and (iii) in
Definition 2.5. This completes the proof. m

Theorem 3.8 Let A = (puy, a) be an (S,T)-anti if-ideal of a BCK/BCI-algebra X. Then A =
(g, Aa) s an (S, T)-anti implicative if-ideal of X iff ps(x) < py(x*(y*x)) and Aa(z) > Ag(x*(y*z))
forallxz,y € X.

Proof. Assume that A = (puy,Aa) is an (S, T)-anti implicative if-ideal. Taking z = 0 in (ii) and (iii),
and using (i) in Definition 3.3, we get the inequalities. Conversely, since A = (4, Aa) is an (S, T)-anti
if-ideal, hence

IN

(ral(@x (y*2)) % 2), pa(2)),

pa(@) <palz*(yxz)) < S(pal(
* T TOa((z*(y*xx))*2),Aa(2)).

Aa(z) = Aa(z * (y x x))
This completes the proof. m

Y]

Lemma 3.9 Let A= (u4, a) be an (S, T)-anti if-ideal of a BCK/BClI-algebra X. If xxy < z holds
in X, then py(x) < S(pa(y), 1a(2)) and Aa(z) > T(Aa(y), Aa(z)) for all x,y € X.

10
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Proof. Since x xy < z holds for all x,y € X, we have

S(pa(z*y) x2),pa(2))
S(pa(z*2),pa(2))

= S(pa(0),p4(2))

< pa(2)

pa(T*y)

it follows that
pa(@) < S(pa(@xy), may)) < S(pa(y) 1alz2)),

Aa(zxy) > TAal(x*y)*2), a(2))
> TAa(zx2),2a(2))

T(Aa(0),Aa(2))

a(z)

%
>

hence
Aa(x) > TAa(z xy), Aa(y)) > T(Aa(y), Aa(2))-
This completes the proof. m

Theorem 3.10 ([12]) A BCK-algebra is implicative iff it is both commutative and positive implica-
tive.

Theorem 3.11 ([12]) If X is an implicative BCK-algebra, then x * ((z * (y x x)) * 2) < z for all
z,y,z € X.

Theorem 3.12 In an implicative BCK/BCI-algebra, every (S,T)-anti if-ideal is an (S,T)-anti im-
plicative if-ideal.

Proof. The proof is easily follows from Lemma 3.9 and Theorem 3.11. m

Theorem 3.13 The intersection of any set of (S, T)-anti implicative if-ideals of a BCK/BCI-algebra
X is also an (S, T)-anti implicative if-ideal whenever S and T are continuous norms.

Proof. Let {A; = (ua,,Aa,)},., be a family of (S, T)-anti implicative if-ideals of X. Then, for any

z,y,2 € X, e
(N pa,) (0) =inf {puy,(0)} <inf{py, (2)} = (N pa,) (=),
(M Aa;) (0) = sup {A4,(0)} = sup {Aq; (2)} = (N Aa,) (z).
Also,

((1a) () = inf {jua (@)} < inf {S(ua, (0 5) % 2), i, ()}
S@nf {pa, ((x*y) *2)},inf {py,(2)})
= S((N pa,) ((mxy)*2), (N pa,) (2)),

(NAa) (@) = sup{ug, (@)} >sup{T(Aa, (2w 5y) *2),Aa,(2))}
T(sup {Aa,((z +y) * 2)},sup {Aa,(2)})
= T((N Aa,) ((z *y) * 2), (N Aa,) (2)).

This completes the proof. m

11
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4 Conclusions

In this work, we introduce the notions of anti intuitionistic fuzzy BCK/BCI- subalgebras, anti in-
tuitionistic fuzzy ideals and anti implicative intuitionistic fuzzy ideals with the help of arbitrary
t-conorms and t-norms, and discuss some properties such as product, direct product and relations
between them. But there are still some open problems. How can we define the notions of anti in-
tuitionistic fuzzy filters and anti intuitionistic fuzzy congruences with recpect to arbitrary t-conorms
and t-norms on a BCK/BCI-algebra? What are the relations between such notions, between the
cosets of an anti intuitionistic fuzzy filter and anti intuitionistic fuzzy congruences? These could be
a topic of further research. Furthermore, using that generalizations, one could define the notion anti
intuitionistic fuzzy subgroups in BCK/BCI-algebras with respect to arbitrary t-conorms and t-norms
in the sense of [1] and [7]. Using the idea of Dudek et al. [5], one could also generalize the notion of
fuzzy topological anti BCK/BCl-algebras to intuitionistic fuzzy structures.

The notions given in this paper can be fundamental to other sciences. For instance, in the last
decade, most of researchers are focused on Content Based Image Retrieval, shortly CBIR, and manag-
ing uncertainty becomes a fundamental topic in image database. Intuitionistic fuzzy set theory can be
ideally suited to deal with this kind of uncertainty. This fuzziness is mainly due to similarity of media
features, imperfection in the feature extraction algorithms, esc. Using the concept of this paper, one
could develop an anti intuitionistic fuzzy model for image data and provide an anti intuitionistic fuzzy
subalgebra for dealing with such data. Moreover, new anti intuitionistic fuzzy algebraic operators
could be defined in order to capture the fuzziness related to the semantic descriptors of an image,
and built thematic categorizations of multimedia documents using ontological information and anti
intuitionistic fuzzy subalgebra in triangular norm systems.

Problem. Can we replace in the statement of Theorem 3.13, the condition "S and T are contin-
uous" with "inf,~¢ S(a,a) = 0 and sup,, T'(b,b) = 1"?
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Abstract:The concept of (IT)-commutativity and property (E.A) between set-valued mappings and
single-valued mappings are used to prove some common fixed point theorems on metric spaces without
taking condition of continuity.
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1 Introduction

Banach contraction principle or Banach’s fixed point theorem provides a technique for solving a va-
riety of applied problems in mathematical science and engineering. Many authors have extended,
generalized and improved Banach’s fixed point theorem in different ways. In [9] Jungck introduced
more generalized commuting mappings, called compatible mappings, which are more general than
commuting and weakly commuting mappings. This concept has been useful for obtaining more com-
prehensive fixed point theorems (Jeong and Rhoades [8], Jungck [9,10], Jungck and Rhoades [11],
Kang and Rhoades [13]).

Recently, Jungck and Rhoades [11,12] defined the concepts of §—compatible mappings and weakly
compatible mappings, respectively, which extend the concept of compatible mappings in single-valued
settings to set-valued mappings. They showed that compatible mappings and §—compatible mappings
are weakly compatible but the converse does not need to be true. Several authors used these concepts
to prove some common fixed point theorems (Ahmed [2], Chang[3], Rashwan and Ahmed [20,21],
Rhoades [22]). Pant [16-19] initiated the study of noncompatible maps and introduced pointwise R-
weak commutativity of mappings. He also showed that pointwise R~ weak commutativity is equivalent
to weak compatibility at coincidence points for single-valued mappings. Following Itoh and Takahshi
[7], Singh and Mishra [23] introduced the notion of (IT)-commutativity for single-valued and multi-
valued mappings. They showed that (IT)-commutativity of hybrid pair is more general than their
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weak compatibility at the same point. More recently, Aamri and Moutawakil [1] defined a property
(E.A) for self single valued maps and obtained some fixed point theorems for such mappings under
strict contractive conditions. The class of (E.A) maps contains the class of noncompatible maps.

In this paper, the concept of (IT)-commutativity and property (E.A) between single-valued map-
pings and set-valued mappings are used to prove some common fixed point theorems on metric spaces
without taking any mapping continuous. We improve and generalize the results of Ahmed [2], Fisher
[4] and Khan et al. [15].

2 Preliminaries

In the sequel, (X, d) denotes a metric space and B(X) is the set of all non empty bounded subsets of
X. Asin [3] and [6], we define

0(A,B) = sup{d(a,b):ac A,be B},
D(A,B) = inf{d(a,b):a€ Abe B},
H(A,B) = if{r>0:A4, > B,B, DA}

for all A, B in B(X) where A, = {z € X : d(z,a) <1 for some a € A} and B, ={y € X : d(y,b) <r
for some b € B}.

If A = {a} for some a € A, we denote (a, B), D(a,B) and H(a,B) for 6(A, B), D(A, B) and
H(A, B) respectively. Also, if B = {b} and A = {a}, one can deduce that 6(4,B) = D(A,B) =
H(A, B) =d(a,b).

It follows immediately from the definition of 0(A4, B) that 0(A,B) = 6(B,A) > 0, 6(A,B) <
3(A,C)+6(C,B), §(A,B) =0iff A= B ={a}, 0(A,A) =diamA for all A, B,C € B(X).

Definition 2.1 ([6]) A sequence {A,} of nonempty subsets of X is said to be convergent to a subset
A of X if

(i) Each point a in A is the limit of a convergent sequence {a,}, where a,, is in A,, for all n € N.

(ii) For arbitrary e > 0, there exists an integer m such that A,, C A, for n > m, where A, denotes
the set of all points z in X for which there exists a point a in A, depending on x, such that
d(z,a) < e.

A is said to be the limit of the sequence {4, }.

Lemma 2.2 ([6]) If {A,} and {B,} are sequences in B(X) converging to A and B in B(X), respec-
tively, then the sequence {6(A,, B,)} converges to 6(A, B).

Lemma 2.3 ([6]) If {A,} is a sequence in B(X) and y is a point in X such that (A, y) — 0, then
the sequence {A,} converges to the set {y} in B(X).

Lemma 2.4 ([3]) For A,B,C,D € B(X), we have
0(A,B) < H(A,C)+4(C,D)+ H(D, B).

Definition 2.5 ([6]) The mappings [ : X — X and F : X — B(X) are said to be weakly commuting
if IFx € B(X) and 6(Flz,IFy) < max{0(Iz, Fx),diamIFz} for all x in X.
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Definition 2.6 ([11]) The mappings I : X — X and F : X — B(X) are d-compatible if the limit
limp—0od(FI2,, IFz,) = 0 whenever {x,} is a sequence in X such that IFx, € B(X), Fx, — {t}
and Iz, — t for somet in X.

Definition 2.7 ([12]) The mappings I : X — X and F : X — B(X) are weakly compatible if they
commute at coincidence points, i.e. for each point u € X such that Fu = {Iu}, we have FIu = IFu
(Note that the equation Fu = {Iu} implies that Fu is singleton,).

Itoh and Takahsi [7], and Singh and Mishra [23] defined the (IT)-commutativity for single-valued
and set-valued mappings is as follows:

Definition 2.8 The mappings I : X — X and F : X — B(X) are said to be (IT)-commuting (Itoh-
Takahasi commutativity is simply called (IT)-commuting) at © € X if IFx C Flx. I and F are
(IT)-commuting on X if they are (IT)-commuting at each point of X.

In [14], the property (E.A) for single-valued and set-valued mappings is defined as follows:

Definition 2.9 The mappings I : X — X and F: X — B(X) are said to satisfy the property (E.A)
if there exists a sequence {x,} in X such that lim,_ oIz, =t and lim,_oocFz, = {t} for some
te X.

Remark 2.10 Let X is a metric space, I : X — X and F : X — B(X). Then it is clear from Jungck
and Rhoade’s [11] definition that I and F will not be §-compatible if there exists at least one sequence
{zp} in X such that lim,_oolz, =t and limy,_,ooFx, = {t} for some t € X, but §(Flxz,,IFx,) is
either non- zero or non existent. Thus two non d-compatible maps satisfy the property (E.A).

Example 2.11 Let X = [1,00] with the usual metric. Define I : X — X, F : X — B(X) by
Io =2+ 1 and Fr = [,z + 1] for all x € X. Then IFy C FI,. Therefore, I and F are IT-
commuting at x = 1. But I and F' are not weakly compatible since [Fy # FI,. Consider the sequence
{zn} = {1/n}. Clearly limp_oolzy, =1 and limp_ooFx, = {1}. Thus I and F satisfy the property
(E.A). But I and F' are not §-compatible.

Remark 2.12 [t is clear from Remark 1 and Example 1 that if I : X — X and F : X — B(X) are
(IT)-commuting maps then I and F satisfy the property (E.A).

Let I: X — X and F: X — B(X). In all that follows, C(F,I) stands for the set of coincidence
points of the maps F and I, that is C(F,I) = {z: {Iz} = Fz}.

3 Main Results

Theorem 3.1 Let (X,d) be a complete metric space. Let I,J be mappings of X into itself and F,G
of X into B(X) such that

(1.1) §(Fz,GQy) < max{cd(Iz, Jy),cd(Iz, Fx),cd(Jy, Gy),aD(Ix,Gy)+bD(Jy, Fz)} for all z,y € X,
where 0 <c<1,a,b>0,a+b<1, cmax{ﬁ,%b} <1,

(1.2) UF(X) C J(X) and UG(X) C I(X), then
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(i) F and I have a coincidence point.
(ii) G and J have a coincidence point.
Further if

(1.3) F and I are (IT)- commuting at p € C(F,I), G and J are (IT)- commuting at ¢ € C(G, J),
then

(iii) I, J, F and G have a unique common fixed point u € X.
Proof. Let xy be an arbitrary point in X. By (1.2), we choose a point x; in X such that Jx; €
Fxo = Zy and for this point z, there exists a point z5 in X such taht Izo € Gz; = Z; and so on.
Continuing in this manner, we can define a sequence {z,} as follows:

(14) J:L’Qn_H € Fxy,, = Zo, and I$2n+2 S G!L‘Qn+1 = Z2n+1, neNU {0}

For simplicity, we put V,, = 6(Zy,, Zn+1) for n € N U{0}. By (1.1) and (1.4), we have

Vv2n = 5(22717 Z2n+1) = §(Fx2na Gm2n+1)
max{cd(Ixon, Jront1),c0(Ixan, Fxoy), cd(Jxani1, GTant1),

CLD(I:Egn, G$2n+1) + bD(J.TQn_H, Fxgn)}
max{c‘én—ly c‘/2na a(‘/2n—1 + ‘/271)}

IN

IN

IN

a
— V5,
maX{c, 1— a} 2 1
for n € N. Similarly, one can show that
b
Vont1 = 8(Zant1, Zont2) = 6(Gxoni1, Franio) < max{c, m}‘én

for n € N. If we put 8 = max{c, 1% }. max{c, ﬁ}, then by hypothesis it can be easily seen that
0 < B < 1. So we deduce that

(15) Vv2n < B‘/2n72 <...< Bn% and ‘/2n+1 < 6‘/27171 <. < anl

for n € N. Put M = max{Vp, V1}. It follows from the inequality (1.5) that if z, is an arbitrary
point in the set Z, for n € N, then we obtain that d(za,, 2on+1) < 6(Zan, Zon+1) < B"M and
d(zon+t1, 22n+2) < 0(Zony1, Zonye) < B"M. This implies that {z,} is a Cauchy sequence in the
complete metric space X. Hence it converges to a point uw € X, which does not depend upon the
particular choice of each z,. In particular, the sequences {Izs,} and {Jx2,1} converge to u and the
sequences of sets {Fxa,} and {Gxa,41} converge to the set {u}.

Since UG(X) C I(X), there exists a point p € X such that {u} = {Ip}. Then using (1.1), we have

0(Fp,Gzont1) < max{cd(Ip, Jront1),cd(Ip, Fp),cd(Jxont1, GTant1),
aD(Ip, Grany1) + bD(J w2, 11, Fp)}

max{cd(u, Jrani1),cd(u, Fp), cd(Jxant1, Granyt1),
ad(u, Gxopy1) + bd(Jxant1, Fp)}.

IN

Taking the limit as n — oo, we have
§(Fp,u) < max{cd(u, F'p),bd(u, Fp)} = max{e, b}d(Fp,u)

and hence F'p = {u}, since max{c,b} < 1. Therefore {Ip} = {u} = Fp. Thus Fp is singleton and
p e C(F,I).
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Since UF(X) C J(X), there exists a point ¢ € X such that {u} = {Jg}. Then using (1.1), we
have

o(u,Gg) = 6(Fp,Gq)

max{cd(u, u), cd(u, u), cd(u, Gq), ad(u, Gq) + bd(u,u)}
= max{cdé(u,Gq),ad(u,Gq)}

= max{c,a}d(u, Gq).

IA

Since max{c,a} < 1, then {u} = G¢ = {Jq}. Thus Gq is singleton and ¢ € C(G, J).
Since F and I are (IT)-commuting at p € C(F,I), so IFp C FIp, that is, {Iu} C Fu. Using (1.1),

we have

0(Fu, Gxant1)

IA

max{cd(Iu, Jront1), cd(Iu, Fu), cd(Jxant1, GTant1),
aD(Iu, Gxopy1) + bD(Jxopt1, Fu)}

max{cd(Fu, Jrani1), cd(Jxant1, GTant1),

ad(Fu, Gxapi1) + b0(Jxan11, Fu)}.

IN

Taking the limit as n — oo, we have

d(Fu,u) < max{cd(Fu,u),ad(Fu,u)+ bd(u, Fu)}
= max{c,a+ b}é(Fu,u).

Since max{c,a + b} < 1, then {u} = Fu. Since {u} = {Iu}, {Iu} = Fu = {u}. Similarly we can
prove that Gu = {Ju} = {u}. Thus u is a common fixed point of I, J, F' and G.
Now suppose there exists w € X,u # w such that Fw = {w} = {Iw}. Using (1.1), we obtain
that
dw,u) < 0(Fw,Gu)
< max{cd(w,u), ad(w, u) + bd(u,w)}
= max{c,a + b}d(w,u).

Since max{c,a + b} < 1, it follows that u = w. So w is unique common fixed point of F' and I such
that Fu = {u} = {Iu}. Similarly, it can be shown that w is the unique common fixed point of G and
J such that Gu = {u} = {Ju}. This completes the proof. m

By using the property (E.A) and by removing the completeness of the space with a set of alternative
conditions in Theorem 3.1, we prove the following:

Theorem 3.2 Let (X,d) be a metric space. Let I,J be mappings of X into itself and F,G of X into
B(X) satisfying condition (1.1), (1.2) and

(2.1) {F,I} or {G, J} satisfy the property (E.A),

(2.2) if the range of one of I(X), J(X), F(X) or G(X) is a complete subspace of X, then
(i) F and I have a coincidence point

(ii) G and J have a coincidence point.

Further if (1.3) is satisfied then
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(iii) I, J, F and G have a unique common fixed point.
Proof. Suppose that the pair {F, I} satisfies the property (E.A). Then there exists a sequence {x,,}
in X such that lim,_colz, = v and lim,_,cc Fz, = {u} for some v € X. Since UF(X) C J(X),
there exists a sequence {y,} in X such that lim, o Fz, = lim,—Jy,. Hence lim,_coJyn, = u.
Let us now show that lim, .Gy, = {u}. Indeed in view of (1.1), we have

0(Fapn,Gy,) < max{cd(Izy, Jyn),cd(Izn, Fxy), cd(Jyn, Gyn),
aD(Ixy, Gyy) +bD(Jyn, Fxp)}.

Taking the limit as n — oo and since max{a, c} < 1, we have lim, -Gy, = {u}. Suppose that J(X)
is complete subspace of X. Then u = Jq for some ¢ € X. Subsequently, we have lim, .Gy, =
{Jq} = limy— oo Fxy, and limy, ool = lim, oo Jy, = Jq. Using (1.1), we have
§(Fzn,Gq) < max{cd(Ix,,Jq),cd(Izy, Fx,),cd(Jq, Gq),
aD(Iz,,Gq) +bD(Jq, Fxy,)}.
Taking the limit as n — oo and since max{a,c} < 1, we have Gg = {Jq} = {u}. Thus Gq is singleton

and ¢ € C(G,q). On the other hand UG(X) C I(X), there exists p € X such that {Ip} = Ggq. Using
(1.1), we have

6(Fp,Gq) < max{cd(Ip,Jq),co(Ip, Fp),cd(Jq, Gq),
aD(Ip,Gq) +bD(Jq, F'p)}
max{c, b}d(Ip, Fp).

IN

Since max{c,b} < 1, so {Ip} = Fp that is p € C(F,I) and {Ip} = Fp = {u} = {Jq} = Gq. Since
F and I are (IT)-commuting at p € X. Therefore IFp C FIp which implies {Iu} C Fu. Similarly
{Ju} C Gu. By using (1.1), we have

0(Fu,Gyn) < max{cd(Iu, Jy,),cd(Tu, Fu),cd(Jyn, Gyn),
aD(Iu,Gy,) + bD(Jy,, Fu)}

< max{cd(Fu, Jyn), cd(Fu, Fu), c§(Jyn, Gyn),
ad(Fu, Gyy) + b3(Jyn, Fu)}.

Taking the limit as n — oo, we have 0(Fu,u) < max{c,a + b}é(Fu,u), then Fu = {u}. Since
{Iu} C Fu and Fu is singleton, Tu = u. Therefore u is common fixed point of F and I. Similarly we
can prove that v is common fixed point of G and J.

The proof is similar when I(X) is assumed to be complete subspace of X. The cases in which F(X)
or G(X) is a complete subspace of X are similar to the cases in which J(X) or I(X), respectively, is
complete since UF'(X) C J(X) and UG(X) C I(X). Hence u is common fixed point of I, J, F' and G.
The uniqueness of common fixed point v € X follows from (1.1). This completes the proof. m

With the help of Remark 2.12 and Theorem 3.2, we get the following:

Corollary 3.3 Let (X,d) be a metric space. Let I,J be mappings of X into itself and F,G of X into
B(X) satisfying condition (1.1), (1.2), (2.2) and the pairs {F, 1}, {G,J} are (IT)-commuting. Then
1,J,F and G have a unique common fized point.

The conditions (1.2) and (2.2) can be removed by taking I(X) and J(X) as closed subspaces of
X. We prove the following:
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Theorem 3.4 Let (X,d) be a metric space. Let I,J be mappings of X into itself and F,G of X into
B(X) satisfying condition (1.1) and

(3.1) the pairs {F,I} and {G, J} satisfy the property (E.A),
(3.2) I(X) and J(X) are closed subspaces of X, then

(i) F and I have a coincidence point,

(ii) G and J have a coincidence point.

Further if (1.3) is satisfied then

(iii) I, J, F and G have a unique common fixed point.
Proof. Since the pair {F, I} satisfies the property (E.A), then there exists a sequence {z,} in X
such that lim, oIz, = v and lim, . Fz, = {u} for some v € X. Again since the pair {G, J}
satisfies the property (E.A), then there exists a sequence {y,} in X such that lim, . Jy, = w and
limy— 0o Gyyn, = {w} for some w € X. If w # u, then by using (1.1), we have

0(Fxyn,Gy,) < max{cd(Ixy, Jyn),cd(Ixy, Fxy), cd(JYn, Gyn),
aD(Izy, Gyy) + bD(Jyn, Fp)}.

Taking the limit as n — oo, we have

0(u, w)

IN

max{cd(u, w),ad(u,w) + bd(u,w)}
= max{c,a+ b}d(u,w).

Since max{c,a + b} < 1, it follows that v = w. Since I(X) is closed, we have lim, oIz, = Ip for
some p € X. Thus Ip = u. Subsequently, we have lim,, .o Fx, = {Ip}. From (1.1), we have

6(Fp,Gyn) < max{cd(Ip, Jyn),cd(Ip, Fp),cd(Jyn, Gyn),
aD(Ip,Gy,) + bD(Jy,, Fp)}

Taking the limit as n — oo, we have §(Fp,u) < max{c, b}d(u, F'p) and hence Fp = {u} = {Ip}, since
max{c,b} < 1. Since J(X) is closed, we have lim,_Jy, = Jq for some ¢ € X. Thus Jq = wu.
Subsequently, we have limy,_,.cGyn = {Jq} = {u}. Using (1.1), we have

o(u,Gg) = 6(Fp,Gq) < max{cd(Ip, Jq),cd(Ip, Fp),cd(Jq, Gg),
aD(Ip,Gq) +bD(Jq, Fp)}
= max{cd(u,Gq),ad(u,Gq)}
= max{c,a}d(u,Gq).
Since max{c,a} < 1 then {u} = Gq. Thus Gq is singleton and ¢ € C(G, J). The remaining part of

the proof is same as that of Theorem 3.1. This completes the proof. m
With the help of Remark 2.12 and Theorem 3.4, we get the following:

Corollary 3.5 Let (X,d) be a metric space. Let I,J be mappings of X into itself and F,G of X

into B(X) satisfying condition (1.1), (3.2) and the pairs {F,I} and {G,J} are (IT)-commuting then
I1,J,F and G have a fized point.
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Abstract:The aim of this paper is to give some new fixed point theorems for contractive type map-
pings in intuitionistic fuzzy metric spaces. The results presented improve and generalize some well
known results in literature.

Keywords: Intuitionistic fuzzy metric space; fuzzy metric space; complete; compact; fixed point.

1 Introduction

In [6], the well-known fixed point theorems of Banach [1] and Edelstein [3] were extended to fuzzy
metric spaces obtaining the following two theorems,

Theorem 1.1 Let (X, M, *) be a complete fuzzy metric space. LetT : X — X be a mapping satisfying
M(Tx, Ty, kt) > M(z,y,t)

for all x,y € X where 0 < k < 1. Then T has a unique fized point.

Theorem 1.2 Let (X, M, *) be a compact fuzzy metric space. Let T : X — X be a mapping satisfying
M(Txz,Ty,.) > M(x,y,.)

forallx #y (i.e. M(Tx,Ty,.) > M(z,y,.) and M(Tz,Ty,.) # M(z,y,.) for all x #y). Then T
has a unique fized point.

In this paper, we give some new fixed point theorems in intuitionistic fuzzy metric spaces. The
results not only improve and generalize Theorems 1.1 and 1.2, but also unify and extend some main
results of [5-8]. Let us call some basic definitions,
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Definition 1.3 ([2]) The 5-tuble (X, M, N,x, Q) is an intuitionistic fuzzy metric space if X is an
arbitrary set, * is a continuous t-norm,  is a continuous t-conorm and M, N are fuzzy sets on
2 % [0,00) satisfying the following conditions: for all x,y,z € X,

(i) M(z,y, )+N(x y,t) <1
(ii) M(z,y,0) =
(iii) M(z,y,t) =1for allt > 0iff x = y;
(iv) M(z,y,t) = M(y,z,t);
(v) M(x,z,t+8) > M(z,y,t) * M(y, z,s) for all t,s > 0;
(vi) M(z,y,.):[0,00) — [0,1] is left continuous;
(vii) lim M (z,y,t) =1;
(viii ,0) =

N(z,
(33 Y, )—Oforallt>01ffx_y,
N(z,y,t) = N(y, z,1);
(z,2,t+5) < N(z,y,t)ON(y, 2, s) for all £, s > 0;
(

N(z,y,.) : [0,00) — [0,1] is right continuous;

—~
OB B :
= L L O O

tlim N(z,y,t) =0.

Remark 1.4 By (iii) and (v), it is easy to show that M(x,y,.) is non-decreasing and by (iz) and
(xi), it is easy to show that N(x,y,.) is non-increasing for all z,y € X.

Remark 1.5 Every fuzzy metric space (X, M, ) is an intuitionistic fuzzy metric space of the form
(X, M, 1— M, x,Q) such that t-norm x and t-conorm ¢ are assosiated, i.e. xOy =1—((1—2x)x(1—y))
for any x,y € [0,1]. Moreover, Theorem 1.1 is a fuzzy generalization of Theorem 2 in [4].

Definition 1.6 ([2]) A sequence {z,} in an intuitionistic fuzzy metric space (X, M, N,*,0) is a
Cauchy sequence iff lim, M (zp1p, Zn,t) =1 and lim,, N( p4p, Tn,t) = 0 for each t > 0 and p € N.
A sequence {x,} in X is convergent to x € X if lim, oo M (2, x,t) =1 and lim,, oo N (2, 2,t) =0
for each t > 0. An intuitionistic fuzzy metric space (X, M, N, *, Q) is called complete, if every Cauchy
sequence in X is convergent. It is called compact, if every sequence in X contains a convergent
subsequence.

Lemma 1.7 ([2]) Let lim, z, = © and lim, y, =y. Then, for allt > 0,
lim inf M (2p, Yn,t) > M(x,y,t) and lim sup N(z,,yn,t) < N(z,y,t),

lim sup M (2, yn,t) < M(z,y,t) and lim inf N(2p,yn,t) = N(z,y,1).

Particularly, if M(x,y,.) and N(z,y,.) are continuous at point t, then
lim M(z,,yn,t) = M(z,y,t) and lim N(z,,yn,t) = N(z,y,t).

n—oo n—oo

293 Servet Kutukcu et al 292-301



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

2 Main Results

Definition 2.1 Let the function ¢ : [0,00) — [0,00) satisfies the following conditions:

(¢1) ¢(t) is strictly increasing, $(0) = 0 and lim, ¢"(¢t) = oo for all t > 0, where ¢"(t) denotes the
n-th iterative function of ¢(t). Then ¢(t) >t and ¢™(t) > ¢" '(t) for t >0 and n = 1,2, ...

(¢g) limy_oo[p(t) — t] = 0.

Lemma 2.2 Let x and { be continuous t-norm and t-conorm, respectively. Then for each A € (0,1),
there is a sequence {A,} in (0,1) such that

(IT=Ap)*x(1=X,) >1— A1 and M\yON, < A1, n=1,2, ...,
where A\g = X\ (obviously, the sequence {\,} satisfying the condition is decreasing).

Proof. Since * is continuous at point (1,1) and a*b < 1x1 = 1, and since ¢ is continuous at point
(0,0) and a®b > 000 = 0 for all a,b € [0, 1], we have

sup [(1 —p) = (1— =1and inf =0,
0<;£1[( ) * (1= p)] odnt 1Ou

respectively. Thus, for each A € (0, 1), there exists A; € (0,1) such that
(1=A)*(1—A)>1—Xand \OA < A.
Similarly, there exists Ay € (0, 1) such that
(IT=X2)*x(1—=X3) >1— A1 and AaQXa < A1
Continuing this procedure, we can obtain a sequence {\,} C (0,1) satisfying the condition. m

Lemma 2.3 Let (X, M, N,x,Q) be an intuitionistic fuzzy metric space. Let T : X — X be a mapping
satisfying
M(Tz,Ty,t1) > M(z,y,t1) and N(Tz,Ty,t1) < N(z,y,t1),

where t1 is a fized positive number. Then there exist a continuity point to of M(x,y,.) and N(z,y,.)
such that
M(T:E7 Tya tO) > M(.’E, Y, tO) and N(TZ’, Tya tO) < N(Z’ Y, tO)'

Proof. Since M (Tz,Ty,.) — M(x,y,.) is left continuous and N(T'z,Ty,.) — N(z,y,.) is right contin-
uous at point 1, there exists to > 0 such that

M(Tz,Ty,t) > M(x,y,t) and N(Tz,Ty,t) < N(x,y,t)

for all t € [ta,1]. Note that the set of discontinuous points of M (z,y,.) and N(z,y,.) is countable at
most. Hence, there exists ¢y € [t2,t1] such that M(x,y,.) and N(z,y,.) are continuous at ¢;. ®

Theorem 2.4 Let (X, M, N,x*,0) be a complete intuitionistic fuzzy metric space. Let T : X — X be
a mapping satisfying the following conditions:
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(i) there exists zp € X such that
lim M(z, T'xo,t) = 1, lim N(zo,T'zo,t) =0,i=1,2,...; (2.1)

(ii) there exists a mapping m : X — N such that for any z,y € X
M(T™@ g 7™y ) > M(z,y,6(t)) and
NT™ e, TPy ) < N(z,y,6(t)) (2.2)
where the function ¢(t) satisfies conditions (¢;) and (¢,).

Then T has a unique fixed point z, and the quasi-iterative sequence {z,, = 7™z, 1} con-
verges to Ty.
Proof. First, we prove that

sup inf M(zg,x,s) =1and inf sup N(zg,z,5)=0 (2.3)
s>0 erT(wO) S>0:DEOT(CE())

where Op(z¢) = {xO,T:ro,TQxO, } is called the orbit of zy for T. For any n € N with n > m(xy),
we can denote
n = km(zo) + s where 0 < s < m(xg).

Note that ¢(t) > ¢ for all ¢ > 0 and lim;_,o,[¢(t) — ¢] = co. By (2.1), we have
Jim M (z0, 20, ¢(t)) = 1 and Jim N (2o, T'zo, d(t)) = 0 (2.4)
fori=1,2,...,m(xo) and
tlirgo M (xg, T'wg, ¢(t) —t) = 1 and tlggo N (zo, T'xq, d(t) —t) = 0. (2.5)
Moreover, by Lemma 2.2, for any A € (0, 1), there is a sequence {\,} in (0,1) such that
(IT=Ap)x(1=X,) >1—=Xpq and A 0N, < Am1, n=1,2, ...
Thus, it follows from (2.4) and (2.5) that for given Ay, there exists ¢o > 0 such that

in  M(zo,T" t)) >1— A\ and N(zo,T" ) < A
19.2171,{1(%) (w0, T"x0, P(t)) > & an Kggﬁmg) (zo, T"xg, P(t)) < A,

M (z, T™ @) zq, p(t) — ) > 1 — A and N (o, T™ ), ¢(t) — t) < A, Yt > to.
So, by (2.2), for all ¢ > ¢y, we have
M (o, T w0, $(t)) = M (mo, TF™ 701 F 50, (1))
> M(zo, T zg, ¢(t) — 1)
*M(Tm(’c”)xo, Thm(o)ts t)

> M(l'(), Tm(mo)xo’ d)(t) - t)
M (o, THR= DM@l 550 (1))
> > Mo, T™0) g0, ¢(t) — t)

) s M (o, T™ ) g, p(t) — t) % M (0, T 0, P(t))
> (1= ) x EED 5 (1= X\p)
(1= Xp—1) * B (1= A1)
> (T=2))x(1=X) >1 =X,

vV Vv
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N(zo, Tz, (1)) N (g, TF™@0) T30 (1))

< N(zo, T™") 2, () — t)
ON(T™(0) gy, Thm(@o)+5 4 1)
< N(zo, T™) 2, (1) — t)
ON (wo, TH-DmEoltog, ¢(t))
< e < N(zo, T 0, 6(t) — 1)

<><k ON (o, T™ )20, ¢(t) — t)ON (w0, T w0, $(1))
< MOEEDON,
A1 OFFEDON
L < A0A <A

VANVAN

Therefore, for all t > tg,

inf  M(zg,z,4(t)) >1—Xand sup N(zg,z,¢(t)) < A
z€O0T(70) z€O0T(z0)

and hence

sup inf M(zg,x,8) >1—Xand inf sup N(zg,z,s) <A
$>0 €07 (x0) s>0xEOT(xo)

By the arbitrariness of A\, we have

sup inf M(zo,z,s) =1and inf sup N(zg,z,s)=0.
$>0 €07 (x0) S>0wEOT(;E0)

Next, we prove that the quasi-iterative sequence {xn = Tm@n-1)g _1} , is a Cauchy sequence. For
convenience, put m; = m(x;),s = 0,1,2,.... Then, by (2.1), for all ¢ > 0, we have

M(In, Tn+p, t) M(Tmnilmn—lv Tmn+p71+mn+p72+.“+mn71mn—17 t)
M (g, TMmtw=tFee g, 1,¢>( )
M(.’L‘nf T'mn+p,1+...+'mnx (t))

> Mg, Ter 1m0 g 7))

inf  M(xzo,x,¢" (1))

€07 (x0)

AVARAVAR VARV,

Y

sup inf M (xp,z,s),
O<S<¢n(t)w€OT(ajo)

N(zp, Tpip,t) N(T™n=1 g,y Tmntp=1tMngp—2 b tMa—1g 1)
N(xpy_y, TTrtp=t g o(t))

N (g, TMntr-rbetmug o ¢2(t))

. < N(wo, Tmmtr—1tH Mg 9" (t))

sup N(x07x7¢n(t))
€07 (x0)

VAN VAN VAN VAN

IN

inf sup - N(zo, 2,5
0<s<gn (t).LEOTI?'KU) (o ’
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Then, by condition (¢,) and (2.3)
lim M(zy,Znip,t) =1and lm N(z,,Tpipt) =0

n—oo n—0oo

for all ¢ > 0. This means that {z,} is a Cauchy sequence in X. By the completeness of X, there
exists lim,, z,, = z. € X. Now, we prove that z, is the unique fixed point of 7™+ where m, = m(x,).
By (v) and (xi) in Definition 1.3, and (2.2), we have
t ,
Mz, T™ xp,t) > Mz, T™ 2y, 5) « M(T"* 2y, T s,

t
=z Mz, T™ zp, 5) * M(zn, T™ 24, (), (2.6)

t t
N(zo, T™xy,t) < N(zu, T xp, i)ON(Tm*xn,Tm*x*, 5)

IN

t t
N(zy, Ty, i)ON(q:n,Tm*x*, ¢(§)) (2.7)
It is easy to prove that
lim M(z., T x,,u) =1and lim N(z., T™ x,,u) =0

for all u > 0. In fact,

M(2e, T™ ) > Mz, 5) M, T" 0, 5)
= M(zy, p, %) * M(T™r =1,y T Mg %)
> M(x*,xn,%)*M(an,Tm*xn—l,Qs(g))
> > M(wan, 5) * Mo, T 20,6"(3)) = 1,
N(ze, T xp,u) < N(:U*,wn,*)ON(mem xnag)
= N(@emn, SJON(T™ g T, 2
< N(x*,xn,f)ON(:cn LT 2, q, (%))
< ...§N(x*,xn,%)0N($o, Tz, ¢ (%)) — 0.

Thus, letting n — oo on the right sides of (2.6) and (2.7), and noting the continuity of * and ¢, we
have

Mz, T™ x,,t) =1 and N(zy, T™ x4,t) =0
for all ¢t > 0. This implies that Tz, = x,, i.e. =, is a fixed point of T™() To show uniqueness,
assume that T7(*<)y =y for some y € X. Then
M(za,y,t) = M(T™0g,, Ty, t)

M(m*ﬁ y? ¢(t))7
N (s, y, 6(1)).

>
<
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On the other hand, as M (z., y,t) is non-decreasing and N (z., y, t) is non-increasing, we have M (z,,y,t) <
M(.’E*, Y, ¢(t)) and N(.’E*, Y, t) Z N(SL‘*, Y, ¢(t))7 respeCtiVGIY' Thus

M (2, y,t) = M(2s,y,8(t)) = M(z.,y,9"(t)),
N(I*,y,t) = N(I*vya ¢(t)) = N(x*vya ¢”(t))
for all ¢ > 0. Hence, by condition (¢,), and (vii) and (xiii) in Definition 1.3, we have
M(zy,y,t) =1 and N(z,y,t) =0,

i.e. x, = y. Finally, we prove z, is the unique fixed point of T, too. In fact, since T"**)z, = x,, it
follows that Tx, = T(T"™*x,) = T™ (Tz,). Hence, Tx, = x,. Uniqueness is obvious. This completes
the proof. m

From Theorem 2.4, we can obtain the following consequence immediately.

Corollary 2.5 Let (X, M, N,x,0) be a complete intuitionistic fuzzy metric space. Let T : X — X be
a mapping satisfying the following conditions:

(i) there exists xp € X such that

lim M(zg,T"20,t) = 1, lim N(xo, T xo,t) = 0,5 =1,2,...;

(ii) there exists a mapping m : X — N such that for any z,y € X
M(T™ 2, Ty ) > M(x,y,t/k), N(T™ 2, Ty, t) < N(z,y,t/k)
where 0 < k < 1.

Then the conclusion of Theorem 2.4 remains true.
Proof. Taking ¢(t) = t/k. Obviously, ¢(t) satisfies the conditions (¢;) and (¢,). Theorefore the
conclusion follows from Theorem 2.4 directly. m

Corollary 2.6 Let (X, M, N,*,0) be a complete intuitionistic fuzzy metric space. Let T : X — X be
a mapping. If there exists a mapping m : X — N such that for any x,y € X,

M(T™® g, 7™y ) > M (z,y, ¢(t)), N(T™ )z, T™ Py t) < N(z,y, ¢(t)),

where the function ¢(t) satisfies the conditions (¢1) and (¢s). Then T has a unique fized point x. and
the iterative sequence {T™x} converges to x. for every x € X.

Proof. By Theorem 2.4, we need only to show that the iterative sequence {T™x} converges to ..
For n € N with n > m(x.),
n=km(z.) +50<s<m(z,).

Since

M($*7T7L$,t) M(TnL(w*)x*7Tk'm(;c*)—&-sx’t)
M (a,, THZD™E 5, (1))

o> M(zy, Tz, " (1) — 1,

(AVARAYS
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N(ac*,T”x,t) _ N(Tm(x*)x*,Tk7rL(x*)+sm7t)

N (@, TH=DmEI 55 6(1))

. < N(zy, T%z, 0% (1)) — 0

so lim,, M (z,, T"x,t) = 1 and lim, N(z.,T"x,t) =0 for all ¢ > 0, i.e. T"z — x,. ®

Remark 2.7 Taking ¢(t) = t/k (0 < k < 1) and m(z) = 1 in Corollary 2.6, we at once obtain
Theorem 1.1. Hence Theorem 1.1 is a special case of Corollary 2.6. In the view of Remark 1.5, taking

o) =t/k, N=1—- M, and * = min and ¢ = max (i.e. a*b = min(a,d) and aQb = max(a,b)) in
Corollary 2.6, we obtain that the main results of [5-8] are special cases of Corollary 2.6.

INIA

Theorem 2.8 Let (X, M, N,*,0) be a compact intuitionistic fuzzy metric space. Let T : X — X be
a continuous mapping satisfying
M(Tz,Ty,.) > min{M(z,Tx,.),M(y,Ty,.),M(z,y,.)}, (2.8)
N(Tz,Ty,.) < max{N(z,Tz,.),N(y,Ty,.), N(z,y,.)} (2.9)
for all z # y. If there exists xg € X such that {T"zo},—, has an accumulation point z, € X and for
allt>0,n=1,2,...
M(T" Yzg, T"xo, t)
N(T" tzg, Tz, t)

M(T"zo, T 2, t),

<
> N(T"zo, T" g, t)

then x, is the unique fized point of T and lim,, T"xy = .

Proof. Assume T"xzq # T" 12 for each n € N. (If not, there is ng € N such that Tz = T 1x,.

This means that z, = T"z is a fixed point of 7" and lim,, T"x¢ = ). Since {T™z¢}, ., has an accu-
mulation point z, € X, there exists a subsequence {T™ zo}, lim; T" o = . {M(T"xo, T" 20, t)}

and {N (T"xo, T oy, t)} are non-decreasing and non-increasing, respectively, and also bounded, thus
{M(T”i:co,T"iJrlzo,t)} , {M(T”i+1m0,T"i+2xo,t)} and {N(T”izg,T”i+1x0,t)} , {N(T"i+1x0,T”i+2z0,t)}
are convergent to a common limit, i.e.

lim M(T" o, T ag,t) = lim M(T™ag, T 20, t),
11— 00 11— 00
lim N(T™xg, T" 1 xg,t) = lim N(T™xg, T 20, t)
11— 00 11— 00

for all ¢ > 0. By the continuity of T, we have

lim 7" gy = lim T(T" xg) = Tx..

1—00 1—00

Suppose z, # T'z,. Putting y = Tz in (2.8) and (2.9), we have
M(z,Tz,.) < M(Tx,T%z,.) and N(z,Tz,.) > N(Tz,T?z,.)

for every x # Tx. So, by Lemma 2.3, there exists a continuous point ty of M(z.,Tx.,.) and
N(z4,Txy,.) such that M(Tx,, T?z, tg) > M(x., Tx.,tg) and N(Tz., T?w.,to) < N(zw, T, to).
On the other hand, by Lemma 1.7

M (z., Tz, to) = lim M(T"xzo, T(T™ x0),to)
= hm M(TnH_l:L‘o, Tni+2.1?0, to)

11— 00

2 M(Tx*vTQx*vtO)a
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N(zw,Txs,tg) = lim N(T"xg, T(T" ), 1t0)

11— 00

= hm N(Tm-‘rlmo, T”"’—FQJZO7 to)

11— 00

< N(Tz.,T%z,,to)

are contradictions. Therefore z, = Tx,, i.e. z, is a fixed point of T'. Uniqueness follows from (2.8) and
(2.9). Finally, we prove that lim, T"xo = x.. Since lim; T"x¢ = x, and lim; T 12y = Ta, = z.,
by Lemma 1.7,

lim inf M(T™ zo, T ag, t) > Mz, 2., t) =1,

lim sup N(T™zo, T 2o, t) < N(2u,24,t) =0
for all t > 0. So, lim; M (T™ixy, T"+z0,t) = 1 and lim; N(T"xg, T 2g,t) = 0 for all t > 0. For
any n € N with n > ny, there exists n; with n;11 > n > n;. By (2.8) and (2.9), we have

M(T"xo,z,t) > min {M(T"_lxo,T"mo, t),1, M(T"_lxo,m*,t)}

. M (T tag, TMwo, ), M(T" 220, T" 120, 1)
>
= mln{ ,M(T" 210, 14, 1)
= min{M(T"_meT”_lxo,t),M(T"_on,x*,t)}
> ...>min {M(T”ixo,TmHa?o,t), M(T”"xo,x*,t)} ,
N(T"xg,x4,t) < max {N(T”_lxo, T"20,t),0, N(T" 'xq, ., t)}
N(T"flxo, Tnfl'(), t), N(T"fzxo, T"ilxo, t)
= maX{ ,N(Tn_on,[L'*,t)
= max {N(T”*on,T”*Iwo,t),N(T"*Q:co,x*,t)}
< ...<max {N(T”imo,T"ino,t), N(T”ixo,x*,t)} .

Letting n — oo (n; — o0), we have

lim M(T"xg,x«,t) > 1 and lim N(T"zg,x.,t) <0

n—oo n—0o0

for all £ > 0. Hence, lim, T"xo = z,. |

Remark 2.9 Theorem 1.2 is the immediate consequence of Theorem 2.8. In fact, by Theorem 1.2,
it is easy to see that T is continuous and (2.8), (2.9) hold for any xzy € X. In addition, by the
compactness of X, {T"xo} has an accumulation point. Hence Theorem 1.2 follows immediately from
Theorem 2.8.
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Existence and uniqueness of positive solutions for singular higher
order fractional differential equations with infinite-point boundary
value conditions”
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Abstract
In this paper, we consider the singular problem for higher order fractional differential equations with
infinite-point boundary value conditions. First, we get some properties of the Green function, then
by a monotone iterative technique, we establish the existence and uniqueness of the positive solutions
for singular higher order fractional differential equations with infinite-point boundary value conditions.
Moreover the iterative sequences of positive solution and error estimation are also given. In the end, an
example is given to illustrate one of the main results.

Keywords: fractional differential equation, positive solution, monotone iterative technique, Green function, exis-
tence and uniqueness,completely continuous operator

1 Introduction

In this paper, we consider the following singular problem for a higher order fractional differential equation
with infinite-point boundary value conditions.

—DO(t) = q(t) f(x(t), DM x(t), D2 (t), -, D'»—1a(t), te (0,1)

2(0) = DHiz(0) = 0, DPa(1) — iajpux(gj), l<i<n-—1, (1.1)
j=1

wheren >3, n—1<a<nn—k—1<a—pu<n—kfork=12--- n—2, u—ppn_1 >0, ¢ —ptn_1 <2,
o0

a—p>1,0200<<EH< <G << <1 =12..,0<> ;&M <1, D s
j=1

the standard Riemann-Liouville derivative. Recently, fractional differential equations have been applied in

variety of different areas such as chemical physics, engineering, electrical networks, mechanics, see [1, 3-10]

and references cited therein for details. Zhang et.al [11], by establishing eigenvalue interval for the existence

of positive solutions from Schauder’s fixed point theorem and the upper and lower solutions, obtained a

multiple positive solution of the following fractional differential equation.

—D%x(t) = Mf(z(t), D" x(t), D*?*x(t),- - - , DF=1x(t)),t € (0,1)

i (1.2)

Jj=1

*The work was supported by the Foundation of Department of Education of Jiangxi Province(No. GJJ152008).
tCorresponding author
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wheren >3, n—1<a<nn—k—1<a—pur<n—kfork=12--- n—2, u—ppn_1 >0, ¢—pp_1 <2
p—2

a—p>1,0;>200<G <&E< <G <Goa<l(i=12...,p-2),0<) a;&8 "1 <1, D% is the
j=1

standard Riemann-Liouville derivative. In [12], Zhang and Han concerned the following singular nonlinear
(n — 1,1) conjugate-type fractional differential equation with one nonlocal term

—D%%(t) = f(t,z(t)),t € (0,1),a € (n — 1,n],

2*(0) =0,0< k <n—2,2(1) = /1 z(s)dA(s), 13)
0

where o > 2, D¢ is the standard Riemann-Liouville derivative,A is a function of bounded variation and
fol x(s)dA(s) denotes the Riemann-Stieltjes integral of « with respect to A, dA is a signed measure. By using
a monotone iterative technique, Zhang and Han [12] established the existence and uniqueness of this positive
solution.

Motivated by the above articles, we study the existence and uniqueness of positive solution of fraction-
al differential equation (1.1). By means of a monotone iterative technique, we obtain the existence and
uniqueness of the positive solutions of (1.1).

In the rest of this article, we suppose that following assumptions hold:

(L1) ¢(t) : (0,1) — [0, +00) is continuous and does not vanish identically of (0,1) and

1
0< / q(s)ds < 4003
0

(L2) f:(0,400)" — [0, +00) is continuous and is nondecreasing at z; > 0 for i = 1,2, -+, n;
(L3) for all r € (0,1), there exists a constant 0 < A < 1 such that for each (z1, 22, - ,x,) € (0,400)™,
f(T.T],T.’I?Q, T 7T-/L'n) Z T)\f(l‘h T, 7$n).

Remark 1.1. If (L3) holds, then for r > 1, there exists a constant 0 < X < 1 such that for each
(xlaan e 7x71) € (0’ +Oo)n7

f(?“xl,rxg,- o ,T.Z'n) S 7">\f($1,$2," . ,.’Iln).

2 Preliminaries

For the convenience of the reader, we present the necessary definitions and lemmas from the fractional
calculus theory. These definitions and lemmas can be found in monograph [3, 5, 6, 8, 10, 11].

Definition 2.1. The Riemann-Liouville fractional integral of order o > 0 of a function f: (0,400) — R is
given by
L= aes)
Iaf(t):—/(t—s) a=1) f(s)ds,
I'(a) Jo

provided that the right-hand side is point wise defined on (0, +00).

Definition 2.2. The Riemann-Liouville fractional derivative of order o > 0 of a continuous function f :
(0, +00) — R is given by

D*10) = g ()" [ =9 ps)as

where n — 1 < « < n, provided that the right-hand side is point wise defined on (0, +00).
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Lemma 2.1. (1) Ifz € C(0,1)(L(0,1), v > o > 0, then

I"I7x(t) = I"T7x(t), D7V 2(t) = [V x(t), D I°x(t) = x(t).
(2)If v > 0,0 > 0, then
Duta—l — F(U) ta—u—1.
I'(oc—v)

Lemma 2.2. Assume that © € C(0,1) () L(0,1), with a fractional derivative of order o > 0 that belongs to
C(0,1)L'(0,1). Then
ID%x(t) et 4

= m(t) + Clta71 + Cnta7n7

where ¢; € R(i =1,2,--- ,n), n is the smallest integer greater than or equal to c.

Remark 2.1. There are many kinds of functions satisfying conditions (L2) and (L3). In fact, let
K ={f(x1,22, -+ ,xn) : f(x1,22, - ,zp) satisfies conditions (L2) and (L3)}
and a;(t) be nonnegative continuous on (0,+00), (i =1,2,---,n).
Then it is easily verified directly that the following facts hold:

(1) Zai(t)a:?i € K, where b; € (0,1) are constants, i =1,2,--- ,n

(2)2 a;(t

Ml ’L €K ( 1,2, 777’) and 2 > lfgi{xn{ﬂi}y

(S)If f($1,$27' o ,(En) € K then ai(t)f(xl7x2>' o ,(En) S K(l = 1727 e 7’I’L).
(4)If fi(l‘laan e 7xn) eK (Z = 1a2a o an); then
1I£laX {fl(‘rlax% Zl'n)} € K7 lrgniiéln{fi(l.l’x% T 7xn)} €K
and
Jnax {filzr, 22, zn)} + oin {filz1, 22, ,2n)} € K.
Let e 1 a—p—1 « 1
—Hn—1— — —Hn—1—
! (1 l‘fz ()t °) 0<s<t<1
o a — Un—1
Gl(t75)_ t(’tfll«n—lfl( S)a n—1 (21)
0<t<s<l
(e = pin—1)
and 1 1 1
a—p— _ \a—p—1 _ _ e\a—pu—
¢ { ;z ()t 5) 0<s<t<l1
a — Up—1
Gs(t,s) = 2.2
2( ) tafp,fl(l 73)(17;1,71 ( )
,0<t<s<1
F(a _:unfl)
Obviously for ¢, s € [0, 1], we have
toz—u,,,_l—l
0<Gy(t,s) < — 2.3
= 1( ) ]-—‘(Oéfﬂln—l) ( )
teh=L(1 —¢)s(1 — s)ert toe—p—l
0< <Gy(t,s) < —————. 2.4
S 7 R S YTy @4
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Lemma 2.3. If h(t) € L'(0,1) then the boundary value problem

—De—hn-iy(t) = h(t),t € (0,1)

— 2.5
w(0) =0, D Fr—1w(l) = Zaj'Do‘*“"*lw(fj) (25)
j=1
has the unique solution
1
w(t) = / G(t, s)h(s)ds,
0
where
ta—#n—l—l >
G(t,s) = Gl(t,5)+ ) Zang(fj,s) (26)
1- Zajf?_“_l =t
j=1
is the Green function of the boundary value problem (2.5)
p—2 o
Proof. The proof is similar to Lemma 2.3 of [11] if replacing Z a; D¥THn=1qp(€5) with Z a; DO Hn=1w(§5),
j=1 j=1
so we omit the details. O

Lemma 2.4. The function G(t,s) has the following properties;
(1) G(t,s) >0, fort,s € (0,1);
(2) et Hn—171(1 — g)amr=lg < G(t,s) < dt¥Hn-171 where

a1 g)
j=1 1

c= = , d= = .
(1= & ™ T (@ = in—1) (1= &t ™ T (@ = pin—1)
j=1 j=1

Proof. The first result is obvious so we only prove the second one.
From (2.3), (2.4), (2.6) we have

to‘_#n—l_l

G(t,s) = = > a;Ga(¢,5)
1Y gt
j=1

S a1 - €)1 - s

> taﬁun—lfl Jj=1

(1 - Zajggl—u—l)r(a - ,U"rb—l)
j=1

= ¥ (] = s)a_“_ls
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and

ta*#n—lfl

G(t,s) = Gi(t,s)+ = ZajG2(£j75)
1-— Z ajf?_#_l =t
j=1

tozfun,lfl tozf;tn,lfl

+ ) ZOL]'GQ(SJ‘,S)
1—
J

(e — pin—1) a1 =
doagggTh s

1

ta—#n—l—l
— dtoé—#n—l—l

IN

(1= &8 I (a — pin—1)
=1

O

For the convenience of expression in the rest of the paper, we let ug = 0, E = C[0,1]. Now let us consider
the following modified problem of (1.1):

D y(t) = g(0)f (T o u(t), TF R (t), - T Re(e), u(t)), 8 € (0,1)

v(0) =0, DF Hr-1y(1) = ZajD“_“"*lv(fj), (2.7)
j=1

Lemma 2.5. Let z(t) = I*»—17Hoy(t), v(t) € E. Then we can transform (1.1) into (2.7). Moreover, if
v € C[(0,1),(0,400)] is a solution of (2.7), then the function x(t) = IF»—1"Foy(t) is a positive solution of

(1.1).
Proof. The proof is similar to Lemma 2.5 of [11], so we omit the details. O

Let e,_1(t) = t* #»-1=! and for i = 0,1,2,--- ,n — 2, define

F(a - Mnfl)ta—ui—l
Do = pi)

Let P={ve E:v(t) >0,t€]0,1]}. Clearly P is a normal cone in E. Now let us define a sub-cone of P as
follows:

D = {v(t) € P: there exist two positive numbers L, > [, such that lye,_1(t) <v(t) < Lye,—1(t)}.
Obviously, D is a nonempty set since e,,_1(t) € P.

ei(t) = Ip‘n—l_/t'ienil(t) —

Lemma 2.6. Let the operator T : D — E be defined by
1
(T)(t) = / G(t,s)q(s) f (L' ou(s), IHn =t u(s), - THn =t =20(s), 0 (s) )dis,
0

and 0 < fol q(s)feo(s),e1(s), -+ ,en—2(5),en—1(s))ds < 400, then any fixed point of T is a solution of (2.7),
and T is a well defined completely continuous operator and T : D — D.

Proof. For each v € D, there exist two positive numbers L, > 1 > [, such that

lyen—1(t) <v(t) < Lye,—1(t),t € [0,1]. (2.8)
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According to (2.8), (L2), (L3), Lemma 2.1(2) and Remark 1.1, we have

1
(TU)(t) < / G(ta S)q(s)f(lﬂn_li'uo[/ven—l(S)v 1#71_17#1[/11671—1(8)7 e aI#n_liun_szen—l(S% L'Uen—l(s))ds
0

IN

1
Li‘/ G(t, s)q(s)f(IHn—17Hoe, 4(s), [Hr1"Me, q(s), -+ IHr—t7Hn=2e. 1(s),en—1(s))ds
0
1

IN

dr /0 4()(eo(s)ex(s), - en—a(s), eni(5))dsen_1(£) < +00,

1
(Tw)(t) > / G(t,s)q(s) f(IHn17H0 e 1 (8), [H 2 "M e _1(8), -+ THr 1 7Hn=2] e, 1(8),lpen—1(8))ds
0

1
> li‘/ G(t,8)q(s)f(IFr—r7Hoe, q1(s), [Fr—17He, q(s), -+ IHr=1THn=2¢, 4(s),ep—1(8))ds
0
1
> o) / s(1—8)*""Lg(s)fleo(s),e1(s), -+ ,en_a(5),en_1(8))dse,_1(t).
0
From above it is not difficulty to prove that T': D — D is a completely continuous operator. O

3 Main results

Theorem 3.1. Suppose that (L1)-(L3) hold and

0< /0 q(s)f(eo(s),e1(s), -+, en—2(s),en—1(s))ds < 4o0.

Then the equation (2.7) has a unique positive solution v* in D, and for each initial value vy € D, the iterative
sequence vy, = Tvp_1(n=1,2,---) converges to v* asn — +o00. Meanwhile I*n=17H0y* is the unique solution
of (1.1). Furthermore we have the following error estimation

||I#"_1_#0Vn _ Z/*” S 2(1 _ (tg))\n)ulﬂn—l—#OwOH,

and the rate of convergence is o(1 — (t2)"), where to is determined by vo, and to € (0,1).

Proof. From Lemma 2.6 for any v € D, then there exist four positive constants l,,,, Ly, I, , L, such that
lpen—1(t) <o < Lygen—1(t), L en—1(t) < Ty < L, en_1(t).
So
e L,
Sy < Ty < —up.
Vo Vo
Let ) )
1= \ TX L, \ %
to = min <UO> 7( _0) )
{ LUO Ll/()
then tg € (0,1) and
1\
téi)\l/() S TV() S (t) o. (31)
0
Let po = tovg, wo = %l/o, then py < vy < wy. Now we define
tn, =Tpp—1,wn =Twyp_1(n=1,2,--). (3.2)
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According to (L3)and Remark 1.1 we have

(Tro)(t) = / G(t,8)q(s) f(IFr—r7Hopy(s), =t "Hipy(s), -+ T2 7Hn =2y (s), rv(s))ds
> PAT()if 0< A< 1
(Tro)(t) = / G(t Vf(IFn—t7Hopy(s), IFn 1T Hry(s), - -+ IFn=tTHEn=2py(s), ru(s))ds

< r(v),if A > 1.

By a careful calculation and (L2) we can obtain
1\* 1
Tuo > tyTvy > tovy = g, Two < <t> Tyy < V0 = wo. (3.3)
0 0

By induction we can get

po Spr <o Sy <o Swp < o-- Swyp L wo. (3.4)
Notice that g = t3wp, by induction it is easy to get u, > (t3)* wy,, (n = 1,2,---). Since P is a normal cone
with the normality constant 1, and 1 — ptn < wy, — py, for each m € N, we obtain

ntm = il < lloon = pnll < (1= (@)*)lwoll = 0, (n = +00). (3.5)

It means that {u,} is a Cauchy-sequence, so p,, converges to some v* € D, and Tv* > v* in the other hand
we have
lwn = V|| < [lwn = pnll + [l = v*[| = 0, (n = 400).

This implies that w,, converges to v*, and and Tv* < v*. So v* is a fixed point of T, and v* € [ug,wp]. For
each initial value vg € D, we have uy < vy < wp and p, < v, <wp, (R=1,2,---). So

v =¥l < v = pall + Nl = v* || < 2llwn = pall < 21 = () llwoll,

which implies that v, converges to v*. From Lemma 2.5 we get [#n-1~Hop* ig a positive solution of equation
(1.1) satisfying

I””*l_uol/n _ [Mn—1—H0 % — [Hn—1—f0 (Vn o V*) < 2(1 B (tg)/\")lunf1—liow0.
Furthermore we have the error estimation
||]un717uoyn _ Ill«n—lfll«ol/*” < 2(1 _ (tg)k")||_run717uow()||'

So the rate of convergence is o(1 — (t3)*"), where ¢, is determined by .
Now we shall prove the uniqueness of positive solution of(2.7).
For any fixed point v~ € D of T, from the definition of D, let

ti=inf{t>0:v" <t}
Then 0 < t; < 400. Now we prove t; < 1. Otherwise, then
vT =Tv™ <T(tv") < T(v*) = t}v*.

It implies ti‘ < t1, which contradicts the definition of ¢;. So t; < 1 and v~ < v*. In the other hand, let

to = inf{t > 0:v* <tr~}. In the same way we obtain v* < v~ thus v~ = v*, that is v* is the unique fixed
point of T' € D. Of course, it is also the unique positive solution of (2.7).
Thus according to Lemma 2.5, [#n=1~Hoy* js the unique solution of (1.1). O
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Example 3.1 Consider the following equation
4

Dig(t) + 2(x9(t) + (Diz(t))s + (Diz(t))? + (Dix(t))F) =0,t € [0, 1]
2(0) = Diz(0) = Diz(0) = D3z(0) =0

S

where n =4, pn = &, o= T, ps = L, q(t) = 2, a = I,

O el
—~
~
~—
8

W jeo
—~
~
~—
8

> ool
—~
~
~—

4 G
flx1, 22,23, 24) = 20 (¢) +

By a careful calculation we get « — y— 1 = O — fp_1—1=3,

[N

1
10°

I

4 1 3 3
f($1,l‘27l’3,$4) = (ZZf (t) + $§ (t) + $§ (t) + SCE (t),
is increasing on [0, 1].

And f(ray, reg,rag, reg) =13 f(21, 02, 23,24), 0< £ <1, 1> 3 = Zaquf“*l > 0.

=1
701 N 5 19 1 N 7 71 Tz s N
eo = I5ts = FEZ;t27€1 =J12ts = F((il))t%eg =J13t5 = FEE;“’% =t
1
0 < /OQ(S)f(eo(S),€1(8)7 ;en72(5),6n71(8)>d5
YR ()) 5 () z r'(%) s 1
- et
VT T(E) T
< ey ey T Y T

From Theorem 3.1, the equation (3.6) has a unique positive solution.
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ABSTRACT. In this paper, we consider the fermionic p-adic g-integral on Z, which was
defined by Kim [T. Kim, On p-adic interpolating function for ¢-Euler numbers and its
derivatives, J. Math. Anal. Appl. 339(2008) 598-608]. By using this integral, we define
the (h, g)-Euler polynomials and numbers and give some interesting identities of these
polynomials and numbers.

1. INTRODUCTION

Let p be a fixed prime number with p = 1(mod 2). Throughout this work, Z,, C, Q, and
C,, will, respectively, denote the ring of p-adic integers, the complex field, the field of p-adic
rational numbers and the completion of the algebraic closure of Q,. The p-adic norm | - |,
is normalized by |p|, = %. When one talks of g-extension, ¢ is variously considered as an

indeterminate, a complex number ¢ € C, or p-adic number ¢ € C,. If ¢ € C, we assume that
lg| < 1. If ¢ € Cp,, we assume that |¢ — 1], < p_f)lfl so that ¢ = exp(xloggq) for |z|, < 1. We
use the notation
Lo0 nd ], = 1= (o (see [1,4,5,11,12, 15, 21,22, 24)). (1)
I—gq l+gq

Let C(Zy) be the set of continuous functions on Z,. For f € C(Z,), the p-adic g-integral
on Zj is defined by Kim to be

[z]q =

o) = [ @) = Jim e 3 f@0, Gee23.6-2). @)
P =0

oo [pN]—q
It is well-known that the classical Euler polynomials E,(z) are defined by means of the
following generating function:

/Z @ ay (y) = 1 F=3 " En(x)—, (see [8 — 13,15,16,19,22 — 25]).  (3)

n!
P n=0

1991 Mathematics Subject Classification. 05A10, 11B68, 11580, 05A19.
1
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For a fixed h € C, with |1 — h|, < piﬁ, we define the (h, ¢)-Euler polynomials as

e = [ i) (1)
When z = 0, &(Lﬁ; = &(L}fq) (0) are called the (h,q)-Euler numbers. When q = 1, B (z) =
87(:11) (z) is called the (h)-Euler polynomials as follows

E®(z) = / (v -+ 2)" Wy (y). (5)

P

and BV = BV (0) is called the (h)-Euler numbers.

In this paper, by using the fermionic p-adic g-integral on Z,, we define the (h,g)-Euler
polynomials and discuss their properties. Furthermore, we give some interesting identities of
these polynomials and numbers.

2. THE (h,q)-EULER POLYNOMIALS

From (4), we observe that

(M) (1) = 1 — (n lo( 1\l 11\y
200 = e 2 (1o 0 [ @nrdnao) )
We note that
R
| @npan ) = Jim e S -

x=0
e iy LF (g h)P”
2 NS 144¢ih

o -

1+ ¢tih’
By (6) and (7), we obtain the following theorem.

Theorem 2.1. Forn € NU {0}, we have

ety = 23 (7)) 0 ®

=0

Now, we observe that

<7Z’> qlw(_l)l i (_1)mq(l+1)mhm

m=0

_ (1 [2]1(11)” Z (_1)’mhmq’m Z (7) ql(w-l—nb)(_l)l

m=0 =0
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3
= 2 S ()R 4 (9)
m=0
By (9), we obtain the following theorem.
Theorem 2.2. Forn € NU{0}, we have
EM(z) =20, Y (=1)™h™mg™ [z + m]D. (10)
m=0
Let us consider the generating function of the (h,¢)-Euler polynomials as Fj, 4(z,t) =
> &(L}fq) (x)tn—:, where t € C, with |1 —¢|, <1 or t € C with |¢| < 1. Then we see that
S o)
Fh,‘]('r7t> = Z‘cf’n,q (m)ﬁ
n=0
- - mpm _ m n tn
= 3 (1 ot )
n=0 m=0
S 0 n
=2 Y g Y mly
m=0 n=0
= (2, 3 () hgele et (1)
m=0

By (11), we obtain the following theorem.

Theorem 2.3. Let Fy, 4(x,t) be the generating function of (h, q)-Euler polynomials as Fy(x,t) =
522 &M (2) L Then we have

n=0 ~",9q nl
Figlt) = [2ly 3 (~1)"hmgmelr it )
m=0
From Theorem 2.3, we note that
limqﬁth.qCL" t) = 92 Z (_1)mhme(3:+m)t
m=0
= 2¢%t Z(_l)mhmemt
2m=0
— t
= heiri® (13)

and

/ hyet(“”er)du_q(y)
ZP
') . B m
= > | Wty du gy
n=0 Ly n

) m
— S EN@L, (14)
n=0
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where Ey(,h)(x) are the (h)-Euler polynomials. We also observe that if fi(x) = f(z + 1), then
we have

p -1
o) = Jim e 30 (1) S+ D
9 z=0
pN

|
¢
|
—
Nl
5
|
AR
-
—
8
-
IS
5

| = —I,(f)+[2.f(0). (15)

By (15), we obtain the following integral equation.

I g(f1) + 1-o(f) = [214£(0). (16)
We note that if f(y) = h¥e@+¥)t by (5) and (16), then we get

xT 2 xr
/Z hyet( +y)d/,bfq(y) = me t. (17)

P

From (13), (14) and (17)

Theorem 2.4. Let B ( ) be (h)-Euler polynomials with the generating function Fj, 1(z,t) =
P E(h)( z)L. Then we have

2 = tn
F @t =N" W (z)— 1
hi(w,t) = et 1 1° nzz;) n (x)n!, (18)
In particular, when h =1 and g = 1, we get
Fia(x,t) = _2 et iE (x)ﬁ (19)
1,1\4, - et +1 - n 'I’L!,
n=0
where E,(x) are the classical Euler polynomials.
From (16), we note that if f(z) = h*[z]}, then we have
a [ W g / B a]ndp_g(z) = [2],07- (20)
z

¥

By (20), we obtain the following theorem.

Theorem 2.5. Forn € NU{0}, we have
gh&{M (1) + £ = [2]46n.0, (21)

where 6, is the Kronecker’s symbol.
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We note that

oy = (el + o)
= > (7 )l (22)
=0
By (22), we get
(P (p) = Yy
i) = [ Wl ilidn )
= > ()l [ ki)
=0 P
_ =~ (n 2l gle () (4
;(l)[]q ¢€lq" ()
= (@) +[aly)" (23)

with the usual convention about replacing (&gh)(x))l = &(L(;(x) Thus, by (21) and (23), we
obtain the following theorem.

Theorem 2.6. Forn € NU {0}, we have
ah (€M) +1)" + €)= 21460 (24)

with the usual convention about replacing (&gh) (z)) = 5,(1}2 (x), where 8,9 is the Kronecker’s
symbol.

3. REMARKS

In this section, we assume that ¢, h € C with |¢| < 1 and |h| < 1. For s € C, we define the
(h, q)-Zeta functions as follows:

S n nhh

¢ (s,2) = Z + L A0, —1, =2, . (25)
TL J)

By (10) and (25), we obtain the following theorem.

Theorem 3.1. For m € N, we have

¢ (=m,x) = EL (). (26)

We note that if d € N with d = 1(mod 2), then we have

/Z p f(w)dufq(w)
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dlp—l

— a+dx
= ngnoow Z;)Z)fa+dx q)
d—1p"

1 1 ,
= m O +qZZfa+da; gt

d, d
N—oo 1 4 q% 1+qa0z0
1 dlp -1

a [d] J&E)noo [pN gl ,12;) ;J f a—|— dx)(_q)aera:
1 S . 1 A d\x

B mz}_q) N ;0 f(@)f(a+ dz)(—q?)
1

a
= W]l—q /fa—i—dm)d,u o(T). (27)

By (27), we obtain the followmg theorem.

Theorem 3.2. Let d € N with d = 1(mod 2). Then, we have

d 1
/ f(w)dufq(w)Z[d]l / fa+ dz)dp_y(z). (28)
We note that if f(y) = h¥[z + y]}, then we derive
/ Y[z + ylgdu—q(y)
d—
- @ S /h“*dya+dy+x]"du o)
9 q=0
_ 1 = _\apa dy n
= 0 [ ek dy sl (o)
— [d]g = _\apa dy a+w n
= o /th b i)
dr =2 a+x
S e (222).
9 =0

where d € N with d = 1(mod 2).

Theorem 3.3. Forn € NU {0}, we have

M (z) = Z dzl (a;‘n) . (30)

4. RESULTS AND DISCUSSION

The results of our works are some interesting identities of the (h, ¢)-Euler polynomials as
follows. The first result is to fine the generating function of the (h,g)-Euler polynomials in
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Theorem 2.3. We note that the (h, ¢)-Euler polynomial is the generalization of the g-Euler
polynomial and the (h)-Euler polynomials (see Theorem 2.4). The second result is to find
the recurrence formula of the (h, ¢)-Euler polynomials in Theorem 2.6. The third result is to
compare with the (h, ¢)-Euler polynomials and the (h, ¢)-Zeta functions in Theorem 3.1. The
fourth result is to find the distribution equation of the (h,g)-Euler polynomials in Theorem
3.3.

In the future, we will work to find some interesting identities between the (h,q)-Euler
polynomials and the ¢-Euler polynomials and to compare with the zeros of the (h, q)-Euler
polynomials and the zeros of the ¢g-Euler polynomials.

5. CONCLUSIONS

We defined (h, ¢)-Euler polynomials which are g-Euler polynomials with some weight func-
tion in Eq.(6) and remarked that if h = 1, (1, ¢)-Euler polynomials are g-Euler polynomials.
In Theorems 2.1 and 2.2, we found some properties of (h, ¢)-Euler polynomials. In Theorem
2.3, we obtained some specific type of the generating function for (h,q)-Euler polynomials
and noted that when h = ¢, we saw the more specific type of the generating function of
(h, q)-Euler polynomials.

Furthermore, we investigated very interesting recursion formula of (h, ¢)-Euler polynomials
in Theorem 3.1. In section 3, we defined the (h, ¢)-Zeta functions and gave some relation
with the (h, q)-Zeta funtion and (h, ¢)-Euler polynomials. Finally, we obtained a distribution
identity equation of (h, q)-Euler polynomials in Theorem 3.3.
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HERMITE-HADAMARD TYPE INEQUALITIES FOR n-TIMES
DIFFERENTIABLE AND o-LOGARITHMICALLY PREINVEX FUNCTIONS

SHUHONG WANG*

ABSTRACT: In the paper, the concept of a-logarithmically preinvex func-
tion is introduced, and by creating an integral identity involving an n-times
differentiable function, some new Hermite-Hadamard type inequalities for a-
logarithmically preinvex functions are established.

KEY WORDS: Integral identity, Hermite-Hadamard type inequality, a-logarithmically
preinvex function.

1. INTRODUCTION

Throughout this paper, let R = (—o0,00), Ry = (0,00), N denote the set of all positive
integers, I denote the interval in R, and A denote the set in R™,n € N.
First, let us recall some definitions of various convex functions.

Definition 1.1. A function f: I C R — R is said to be convex if

flte+ (1 —t)y) <tf(z) + (1 —1)f(y) (L.1)
holds for all z,y € I and ¢ € [0, 1]. If the inequality (1.1]) reverses, then f is said to be concave
on I.

Definition 1.2 ([T]). A set A C R" is said to be invex with respect to the map n: Ax A — R™,
if for every z,y € A and t € [0,1]
y+in(z,y) € A. (1.2)
The invex set A is also called a n-connected set.

It is obvious that every convex set is invex with respect to the map n(x,y) = x — y, but there
exist invex sets which are not convex (see [I], for example).

Definition 1.3 ([I]). Let A C R™ be an invex set with respect to n: A x A — R"™. For every
x,y € A, the n-path Py, joining the points x and v = x + n(y, z) is defined by
Py = {U‘U =T+ tn(yax)at € [Ov 1}} (13)
Definition 1.4 ([13]). Let A C R™ be an invex set with respect ton : A x A — R™. A
function f: A — R is said to be preinvex with respect to 7, if for every xz,y € A and ¢ € [0, 1]
fly+tn(z,y) <tf(x) + (1 =1)f(y). (1.4)
The function f is said to be preincave if and only if —f is preinvex.

Every convex function is preinvex with respect to the map n(x,y) = x — y, but not conversely
(see [13], for instance).
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Definition 1.5 ([I0]). Let A C R™ be an invex set with respect to n : A x A — R™. The
function f: A — R, on the set A is said to be logarithmically preinvex with respect to 7, if for
every z,y € A and t € [0,1]

t 1—t
Fly+tn(a,y) < [f@)] [fW)]

For properties and applications of preinvex and logarithmically preinvex functions, please refer
to [8, [, [I4] [I6] and closely related references therein.

The most important inequality in the theory of convex functions, the well known Hermite-
Hadamard’s integral inequality, may be stated as follows. Let I C R and a,b € I with a < b. If
f:a,b) C T — R is a convex function on [a, b], then

f(a;b)gbla/abf(x)dmfw' 4o

(1.5)

If f is concave on [a, b], then the inequality (L.6)) is reversed.
The inequality (1.6)) has been generalized by many mathematicians. Some of them may be
recited as follows.

Theorem 1.1 ([5]). Let f: I C R — R be a differentiable mapping on I and a,b € I with
a <b. If |f'(x)]? for ¢ > 1 is convex function on [a, b] then

LOESC /f Jdal< (If()lq;f’(b)q)l/q (1.7)
" (550) s [ s e (Ao )

Theorem 1.2 ([0]). Let f: I CR — R be differentiable on I, a,b € I with a <b, and p > 1.
If | £/ (z)|P/®=1) is convex on [a,b], then

a+b <b—a 4 1/p
(%) <5 (751)
1-1/p 1-1/p
<{[ie@prosapop o] T @pevrepe) T

Theorem 1.3 ([9]). Let A C R be an open invex set with respect ton : A x A — R and
a,b € A with n(a,b) > 0 for alla #b. If f: A — Ry is a preinvex function on A, then the
following inequality holds

a a a+n(b,a) a
f(2 +g(b, ))g n(bl’ a)/a fla)de < w (1.10)

Theorem 1.4 ([I1I]). Let A C R be an open inver set with respect ton : A x A — R and
a,b € A with n(a,b) > 0 for all a # b. Suppose that f : A — R is a differentiable function. If
|f]9, g > 1,q €R, is a log-preinvez function on A, then we have the inequality

(o poa) - s [ s

n(b,a)/[F (@) [(lf/(b)l)m—(|f’(a)|)‘”2 1/a
~ 2VP(p+ 1)Y/pqt/a [ (In(|f'(b)]) — In(|f'(a)])) ;

z)dz

(1.11)

1,1 _
where;—i—a—l.
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Theorem 1.5 ([7]). Let A C R be an open invex set with respect ton : A x A — R and
a,b € A with n(a,b) > 0 for all a # b. Suppose f : A — R is a function such that f™ ezits on
A and £ is integrable on [a,a + n(b,a)] for n € Nyn > 1. If | f(™|? is log-preinvex on A for
neNn>14q>1, then we have the following inequality

net e Y a+n(b,a)
Z [(=1)% + 1] (n(b, a)) F8) (a—&—;n(b, a)) 1 / f(z)dz

A G n(b, a)
a))| £ (a)](n)t/ a1
= (72]((:;13()11%/!1((”1(1)31/(1 {[EZ(n’q)]l/q‘f'[EB(n,Q)]l/q}, (1.12)
where
(=t
FEsy(n,q) = —
0 (0 - W @)
[FM B\ & (=1)*
+ (’f(’rb)(a)‘) — (7’?, _ k)!qk+12n_k [ln(‘f(")(b)‘) - hl(’f(n)(a)D]k-‘rl (]-]_3)
and
(n) (p)
Es(n,q) = o) T
¢ ([ FO)) (| f@))] 7 )
PN ) .
(If““(a)l) 2 gz (0] —m(re@ e

Recently, some related inequalities for preinvex functions were also obtained in [4] [15] [16], [I7].

2. NEW DEFINITIONS AND LEMMAS
Now we introduce the concept of a-logarithmic preinvex function.

Definition 2.1. Let A C R" be an invex set with respect to n: A x A — R". The function
f A — R, on the set A is said to be a-logarithmically preinvex function with respect to 7, if
for every z,y € A,t € [0,1] and some « € (0, 1]

Fly+tn(y) < [f@)]" [Fo)] " (2.1)

Clearly, when taking o = 1 in (2.1)), then f becomes the standard logarithmically preinvex
convex function on A.

In order to obtain our main results, we need the following lemmas.

Lemma 2.1. Forn € N, let A C R be an open invex set with respect ton: A x A — R and
a,b € A with n(a,b) >0 for alla #0b. If f : A — R is an n-times differentiable function on A
and f) is integrable on the n-path Py, for ¢ = b+ n(a,b), then

n—1
1

Z - [(b + 77(0' b) _ J?)k+1 _ (b _ x)k+1]f(k) (l‘) _ 1 /b-H?(a,b) f(x) d
2 (it Din(a, ) / w@8) Jy

_ (—1)"“[77(@75)]" ﬁ n g(n) a ! _ 1\n £(n) a
[/O f (b+tn(,b))dt+/ (-1 f (b+t77(,b))dt], (2.2)

n! _x—b_
n(a,b)

where x € [b,b+n(b, a)].
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Proof. Since a,b € A and A is an invex set with respect to ), for every t € [0,1], it follows that
b+tn(a,b) € A. When n = 1, by integrating by part in the right-hand side of (2.2)), it turns out
that

n(a,b) Uo(b) tf (b+ tn(a, b)) dt + /

1

(t—1f (b+ tn(a,b))dt}

_a:—b waty z—b—n(a,b) 1

= e’ _/0 J(bttna, b)) dt = —— 2= S (@) - /n’f;,’?» J(b+ tn(a,b) dt
1 b+n(a,b)

= f(z) - (@ b) /b f(z)dz.

Hence, the identity (2.2]) holds for n = 1.
When n = m and m > 1, suppose that the identity (2.2) is valid.
When n = m + 1, by the hypothesis, we have

(—=1)"*[n(a, b)]"*
(m+1)!
+/1 (= 1)m+1f(m+1)(b+tn(a,b))dt]

r—
n(a,b)

_ (=D"™*2[n(a,b)]™ K z—b

z—b

(a,b)
Uw £ FOD) (4 (0, b)) dt
0

m+1 rTe Z
) £ = 1) [T e+ e ) e
0

(m—l—l)' n(a7b)
_ Lﬁ(a,b) m (m) 2) — (m ! _ym (m) a
( n(a,b) ) F(z) = H)/J@,i)(t 1™ FO (b + ,b))dt}
— M [(.’E _ b)m+1 _ (ZC . n(a,b))m—i-l]

(m+ 1)In(a,b)

(_1)m+1[ ( 7b)]m "f;'b) m £(m 1 m e(m
# CROR [T g e [ 0100 mta o)

m oy L ] () () 1 b+n(a,b) e
g%k+1 il nta.) =) 0= @) - s [ e,

Therefore, when n = m + 1, the identity (2.2) holds. By induction, the proof of Lemma is
complete. 0

Remark 2.1. Under the conditions of Lemma taking = b+ @, we get

+ (=DM (., n(a,b) 1 )
k+112k+1 f (b+ 9 )_77(@7[?)/17 f(z)dz

:C4W“M@MW[

M

k=0

n!

/2t"f<”>(b+tn(a,b))dt+[(t—1)"f<”>(b+tn(a,b))dt . (2.3)

0 3
which may be found in [7].

Lemma 2.2 ([14]). Let p >0 and x > 0. Then

- (—1)’"’*’177,! +n' xzn (_1)kxnfk # 1
Blupa) 2 [ eptde={ g P R0 G AT (o)
0 =R p=1
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forn>0,n€N.

Lemma 2.3 ([12]). Let r >0, >0 and x > 0. Then

)kl

T (— xlnu 1
F(T;,u,x)é/ =1t dt = {x D e ’”él’ (2.5)
0 ) H=1,

where (r)g =r(r+1)(r+2) - (r +k—1).
Lemma 2.4 ([3]). Let 0 < ¢ <1<t and 0 < t,s < 1. Then
¢ts < ¢St (26)

and
wts S wStJrlfs. (27)

3. HERMITE-HADAMARD TYPE INEQUALITIES

Now we start out to establish some new Hermite-Hadamard type inequalities for n-times
differentiable and a-logarithmically preinvex functions.

Theorem 3.1. Forn € N and n > 1, let A C R be an open invex set with respect to
n:AxA—R anda,be A withn(a,b) >0 for all a #b. Suppose that f: A — R is an n-times
differentiable function on A and f™ is integrable on the n-path Py. for ¢ = b+n(a,b). If |f(”) |q
is a-logam'thmically preinvez function on A for ¢ > 1, then for a € (0,1] and x € [b,b+ n(a, b))

kz 0 n(ah) =) = =) ) - s T e
< [;(nz]r(z;ll—f;f{(x b) (D a=D/a| £ () €| £ ()| [ (n;m“,:(;:)ﬂl/q
0 nfa) =)D @) | @) (e, LT ) /} (3.1)
P
ca-(u, o
sor={{r g nE

and E(n;p, ) is defined in (2.4).

Proof. Since a,b € A and A is an invex set with respect to n, for every t € [0,1], we have
b+ tn(a,b) € A. Using Lemma Holder’s inequality and a-logarithmic preinvexity of | i |q,
we deduce that

. b+n(a.b)
kz F 1)) [(b+n(a,b) — )"+ — (b gj)k-‘rl]f(k)(x) - 77(;, D /b f(z)da
[n(a

b ﬁ ol o) . Y] “
UO "] £ (b + tn( ,b))]dt+/H (1=8)"[f" (b + tn( ,b))|dt]

n!
n(a,b)

IN
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+ {/1_ (1 _t)”dtr_l/q [/1_ (1 —t)"}f(")(b+tn(a’b)>|th} Uq}

n(a,b) n(a,b)

x—b
[n(a, b))t +1-9)/a - n@s) gt a(1-t%)
— p)(n+1)(a-1)/q | () () (p dt
o (Y e @) )
1

a o 1/q
+<b+n<a7b>—x><"+1><q-1>/Q[/ =1 )" ’f(")(b)|q(1t)dt} }

xz—b
n(a,b)

n+1— n z=b 1
_ (NI OO [ e [T e g "
nl(n+1)1-1/q 0

1/q

1 1/q
+ (b+n(a,b) — z)rHHla=D/a [/ (11—t pu” dt} } (3.4)
ey
_ @]
|f<n>
By Lemma [2.2} - and Lemma [2.4] for 0 < u <1, we give

where p

m o ( —
/ T et Qg < / T g gaet 4y = (n; uie, xb) (3.5)
0 0 n(a,b)
and
1 . 1
(1—t)"pd" dt < (1 — )" pdt dt
x—b —
n(a,b) n(a,b)
e bt
- / T yaa(i=t) gy = ,uan<Tl;Mqa, W); (3.6)
0 na,
for u > 1, we obtain
r—b r—b
a6y o n(a.b) —b
/n t",uqt dt < /" t"uq(at+1_a) dt = /ﬂ(l_o‘)E<n; pae, mb) (3.7)
0 0 n(a,b)
and
1 . 1
(1 —t)"pat" dt < / (1 —t)rpalat+i=a) q¢
x—b r—b
n(a,b) n(a,b)
b+n(a7l;7)*z
_ n(a.b) tnﬂq(a(lft}l»lfa) dt = /~LqE (TL, qua’ b+ n((a; l;))) - .’E> . (38)
0 na,
Substituting (3.5)) to into , we get the inequality (3.1)).
Theorem [3.1] is thus proved. O

Corollary 3.1.1. Under the assumptions of Theorem
(1) if ¢ =1, we know

n—1

a —x — —x ()ZL' — L vt xr)ax
> G Tl G GUEE R R R PO [ r@a

[( )] (n & ¢(n) ¢ e xr—>b
@@ (e, 2
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() (N[O p(n) (1|7 C—a b+77(ayb)—$>},
HIO@P O B (e, AR (39)
(2) if « =1, we get
n—1 1 f1 1 *) b+n(a,b)
2 m[(b+ﬁ(a7b)—x)' — (b —2)* ] () - a f(z)da
(n+1-q)/q
= [ZL(!(n l]“ 1)1-1/4 {(x B b)(n+l)(q71)/q|f(n)(b)| [E (n e, )}
1/q
+ (b+n(a,b) — m)(”+1)(q_l)/q|f(") (a)| [E <n; ' 0 0F 77 < b x)] } (3.10)
(3) ifa=1 and g =1, we have
n—1 b+n(a,b)
> T [0+ e =) = b= @) - s [ ) da
k= 0
’7( )] {\ﬂ" ]E<n o ,b )+|f<" )]E(m b+’7((ab)} (3.11)

Theorem 3.2. Forn € N and n > 1, let A C R be an open invex set with respect to
n:AxA—R anda,be A with n(a,b) >0 for all a #b. Suppose that f: A — R is an n-times
differentiable function on A and f™ is integrable on the n-path Py, for ¢ = b+mn(a,b). If |f(”) |q
is a-logarithmically preinvex function on A for ¢ > 1, then for a € (0,1], = € [b,b+ n(a,b)] and
0 <r < ngqg, we get

n—1

b+n(a,b)
> Wl,n(ab) [(b+ n(a,b) — 2)F+ — (b— )] f ¥ (2) — — /b (@) da
k=0 ’

n(a,b)
[n(a, b)] 1=/ g-—1 1
n! ng+q—r—1

<

1/q
" {(x _ b)n+1_<r+1>/q,f(n)(a)|€|f<n>(b)\< [F (r +1; e, ma_bﬂ

1/
+ (b + n(a’ b) _ x)n+l—(r+1)/q’f(n)(a)‘ts‘f(n)(b)’a |:F<7“ + 1§U_qa7 b+ n(a,b)) — Qj):| Q},

where u, {&,C} and {6,0} are given in Theorem and F(r; u, x) is defined by (2.5)).

Proof. Since a,b € A and A is an invex set with respect to 7, for every t € [0, 1], it is easy to
see that b+ tn(a,b) € A. From Lemma Holder’s inequality and a-logarithmic preinvexity of
|f(”) |q7 one has that

Z 1 [(b +n(a,b) — )k+1 —(b- I)kJrl]f(k)(x) 1 /b+n(a,b) Fo)da
£ (k + 1)!n(a,b) n(a,b) J

[ )]n m n| £(n) a ! | e(n) a
Sin! VO " (b + tn( ’b))’dH/n?;,Z)(l 6™ £ (b + tn( ,b))|dt]

o (T e P 1/q
- [n(cz' )] {[/0 w L)/ (4~ 1)dt} [/O “ tr|f(n)(b+t77(a,b))’th]
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1 1-1/q 1 1/q
+ U (1 —¢t)(na=m/ta=1) dt} [/ (1— t)r|f(")(b+t77(a,b))|th} }
_ [n(a, b)|(rH1-9)/a qg—1 1-1/q
- n! ng+qg—r—1

G 1/q
n —(r n(a,b) r n e n 14>
X {(xb) +1 (+1)/q[/ ¢ |f( )(a)|qt |f( )(b)|q( t )dt]
0

1 o o 1/q
4 (b + 77(0" b) o x)n+1f(r+1)/q |:/ (1 o t)r|f(n)(a)|qt |f(n)(b)|Q(17t )dt:| }

z—b
n(a,b)
r1— n 1-1 m—b_ 1
_ [nfa, b))/l ) (o) /q{u S AR ’
n! ng+q—r—1 0
1 N 1/q
+ (b+n(a,b) — )t/ U (1—¢)pdt dt] } (3.13)
n(a,b)
_ @]
where p = |f(n) |
By Lemma [2.3] and Lemma-, 24 for 0 < p <1, we show
z xz—b
n(aa ) o n(a,b) —b
/ b £ u8t" dt < / Vet qp = B 4100, E (3.14)
0 0 n(a,b)
and

1 1
/ (1—)"pa® dt < / (1 — )" et dt

x—b x—b
n(a,b) n(a,b)
B o b+ n(a,b)
= / ' truqa(l—t) dt = /ﬂO‘F<T + 1 pm9, W); (3.15)
0 n(aa b)
for p > 1, we state
x—b x—b
n(a,b) o n(a,by -b
/ tr,U/qt dt < / tTMq(at-l-l—Oé) dt = Nq(l_a)F<T +1; Nqa7 x ) (316)
0 0 n(a,b)
and
1 . 1
/ (1—)"pa® dt < / (1 —t)rpalet+i=a) q¢
z—b z—b
b+n(a,ll)))—z
— / i) trﬂq(a(l—t)+1—a) dt = MqF<7“ +1; M—qa’ b+ 77((1, b) — J?) (317)
0 77(@, b)
Substituting (3.14)) to (3.17)) into (3.13]), we get to the inequality (3.12)).
The proof of Theorem [3.2]is established. O

Corollary 3.2.1. Under the assumptions of Theorem[3.3,
(1) ifazl we write

b+n(a,b)
Z £ 1)na.b) [(b +n(a,b) — 2)" 1 — (b— x)k+1]f(k) (z) — ;)/b f(z)da
ko=
< [n(a, )](H—l—q)/q < g—1 )11/q

n! ng+q—r—1
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HERMITE-HADAMARD TYPE INEQUALITIES 9

X {(iﬂ — byt /a| () )| [F<r+ 1 ’x(a—’:))r/q

+ (b4 n(a,b) — 2yt 1=/ £ (g [F (r 1y, 2@t T :77((‘; Z)) — x)} 1/q}; (3.18)

(2) if r = ng, we find

s 1 b+n(a,b)
Z G D) [(b+n(a,b) —2)"* — (b x)k-i-l}f(k)(x) _ /b f(z)da
k=

n(a,b)

< e b)]:!qﬂfq)/q {(:17 R IONVRIOIN [F <nq + 1, nx(a:))] "

+ (b+n(a,b) — )t /2| f0) (a)|5|f<n>(b)|” {F (nq + 15 pae, %)} Uq}. (3.19)

In particular, if r = ng and o = 1, one has

n—1 1 b+n(a,b)

g;@;qﬁmfaﬁb+me—xf“-wb—w“ﬂfw<) a f(z)da
< bite, b)]:fﬂ_qvq {(m =)' )] [F (nq Lt d )}

+ (b+n(a,b) — )1 f")(a)| {F(nq—i— 1;,fq, l; )] } (3.20)
(3) if r =0, we observe

E;Us%Jm@ﬁﬂ®+WMﬁ%ﬂw“l—@—xV“M“V@—néﬁ)lwmmwﬂ@dx

O M (L POy

n!(ga)l/a ng+q—1

X|f(n)(b)}<7a(m7b)/n(a’b) [’f(n)(a) (@—b)ga/n(a,b) |f(”) b)|<mb)qa/n<a,b>} 1/q
ln‘f(")(a)‘—ln’f(n)(b)’
< § b+ n(a,b) — @) Va] fo g PRI o ) 7 (3.21)
|f(”) b) (b+n(ﬂvb)*r)qa/n(a=b)7|f(n)(a)|(b+n(a b)—x)qa/n(a, b)]l/q} '
1
[ In| £ (6) | ~In| () (a)| ’ sl
() 1-1/q
ol () ™l =0 0 () — ), Fu=1.

Specially, if r =0 and o = 1, one has

— b+n(a,b)
EZOz:ﬁ%@zﬂ“*”“ﬁV*@“‘*@fxfﬂwﬂkm—f : A f(a)da
k=0 ’
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10 S. H. WANG

ab)1— /4 _1 \1~Va e l— n) 1y | (bFn(a,b)—z) /n(ab)
[n( n!)(il/q (nqq-‘rql—l (x — b)ntt 1/q|f( )(b)‘ n(a,b)—z)/n(a
~[rmw)|

y |:|f(")(a) (z—b)q/n(a,b)
£ (@) | £ ()]

+(b+ na,b) — z)mH=V/a| fo) (q)| 7000 (3.22)
() o | (B (@D)=@)a/n(ad) |y " (b+n(a.b)=z)a/n(a,b) 7 1/q

MIGRIO RIO] 7 i,

In| £ (6) | ~In| () (a)|

£ (b) B 1-1/q n n .
7|n!n(a,b){ (Mq_‘_iql_l) [(x —b)"* + (b+n(a,b) — ) +1], if p=1.

(z—b)a/n(a,b) 7 1/q
In :|
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Existence of solutions for boundary value problems
of fractional differential equation in Banach spaces®
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Abstract

In this paper, with the help of a new estimation technique for the measure
of noncompactness, under more general conditions of growth and noncom-
pactness measure, combining with the Sadovskii’s fixed point theorem and
Leray-Schauder type fixed point theorem of condensing mapping, we obtain
the existence of solutions for the following boundary value problems of frac-
tional differential equation in Banach spaces

~CDJu(t) = f(tu(t), te,
u(0) =u(l) =0,
where 1 < § < 2 is a real number, J = [0, 1], CDéi is the Caputo fractional

derivative of order 3, f : J x E — E is continuous, E is a Banach spaces, 6
is the zero element of E.

Keywords: Banach spaces; fractional differential equation; measure of non-
compactness; condensing mapping

Mathematics Subject Classification(2010): 34A08; 34B15; 47TH08; 49K27

1 Introduction

Differential equations of fractional order occur more frequently in difference re-
search areas and engineering, such as physics, chemistry. For the details, one can
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see the monographs [1-5]. Recently, many people pay attention to the boundary
value problem for fractional order ordinary differential equation involving Caputo’s
derivative, see [8-29] and the references therein. However, as far as we know, there
are few papers studied the existence of solution to boundary value problems for
fractional differential equation involving Caputo’s derivative in abstract space.

In 1988, Guo and Lakshmikantham [6] firstly studied the existence of solutions for
the following boundary value problem of nonlinear second order differential equation
in Banach spaces

—~
—_
~—

—u"(t) = f(t,u(t), tel0,1],
{ u(0) =u(l) =4,

where f : J x E — FE is continuous, E is a Banach spaces, 6 is the zero element of

E.

In 2008, Li and Guo [7] obtained an existence result of positive solution of BVP
(1) by employing a new estimate of noncompactness measure and the fixed point
index theory of condensing mapping.

Motivated by the above mentioned works, in this paper, with the help of a new
estimation technique of noncompactness measure, under more general conditions of
growth and noncompactness measure, combining with the Sadovskii’s fixed point
theorem and Leray-Schauder type fixed point theorem of condensing mapping, we
consider the existence of solutions for the following boundary value problem (BVP)
of fractional differential equation in Banach space F

{ —ODu(t) = f(tu(t)), teJ,

u(0) = u(l) =0, @)

where 1 < 5 < 2 is real number, J = [0, 1], CDOBJr is the Caputo fractional derivative
of order 3, f : J x E — E is continuous, 6 is the zero element of Banach space F. It
is easy to see that if § = 2, then BVP (2) will degrade into the problem (1), which
was studied in [6] and [7].

2 Preliminaries

Throughout this paper, we denote by C(J, ') the Banach space of all continuous
E-value functions on interval J with the supnorm ||u||c = sup ||u(t)]|
teg
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Definition 2.1  The fractional integral of order ¢ > 0 with the lower limit ze-
ro for a function g is defined as

Ingg(t) =

1t -
TQ)/O (t—s)""g(s)ds, t>0,

where I'(+) is the gamma function.

Definition 2.2  The Caputo fractional derivative of order ¢ > 0 with the low-
er limit zero for a function g is defined as

1 t
C n—q—1 _(n
D(;ﬂg(t):—F(n_q)/o(t—s) g™ (s)ds, t>0, 0<n—1<gqg<n,

where the function g(t) has absolutely continuous derivatives up to order n — 1.

If g is an abstract function with values in F, then the integrals which appear in
Definitions 2.1 and 2.2 are taken in Bochner’s sense.

Next, we recall some properties of the measure of noncompactness that will be
used in the proof of our main results. In order to no confusion may occur, we denote
by «(-) the Kuratowski measure of noncompactness on both the bounded sets of
E and C(J, E). For the details of the definition and properties of the measure of
noncompactness, we refer to the monographs [30] and [31]. For any D C C(J, E)
and t € J, set D(t) ={u(t) |ue D} C E. If D C C(J, E) is bounded, then D(t) is
bounded in £ and a(D(t)) < a(D).

Lemma 2.3 ([36]). Let E be a Banach space, and let D C C(J,E) be bound-
ed and equicontinuous. Then «(D(t)) is continuous on J, and

max a(D(t)) = a(D) = a(D(J)).

teJ

Lemma 2.4 ([35]). Let E be a Banach space, and let D = {u,} C C(J,E) be a
bounded and countable set. Then «(D(t)) is Lebesgue integral on J, and

a<{/Jun(t)dt neN}) < Q/Ia(D(t))dt.

Lemma 2.5 ([32,33]). Let E be a Banach space, and let D C E be bounded. Then
there exists a countable set Dy C D, such that a(D) < 2a(Dy).
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Lemma 2.6 ([34]). Letue C(J,E), ¢ € L(J,R*). Then

/Ju(s)w(s)ds € /JI/J(S)dSC_OU(J),
where u(J) = {u(t) | t € J}.

Lemma 2.7 ([31]). Let E be a Banach space. Assume that D C E is a bounded
closed and convex set on E, () : D — D is condensing. Then () has at least one
fixed point in D.

Lemma 2.8 ([36]). Let E be a Banach space. Assume that Q) : D — D is
condensing, if {z | x = XQx,0 < A < 1} is a bounded set. Then @) has at least one
fixed point in D.

With the help of the existence of solutions for fractional differential equation in
real number space, we firstly get the corresponding existence and uniqueness of the
fractional linear differential equation in Banach spaces.

Lemma 2.9. Assume that 1 < § < 2 and J = [0,1]. Then for any h € C(J, E),
the boundary value problems of fractional linear differential equation in Banach
spaces (LBVP)

(3)

has a unique solution

u(t) = /o G(t,s)h(s)ds := Th(t), (4)

where 1 t(l )ﬁ—l (t )ﬁ—l o< <t<1
S — — 8 R S = 4

Proof. From the expression (4), we first easily know that w(t) is a solution of
LBVP (3). Next, we prove u(t) is uniqueness solution.

Suppose uy(t), us(t) € C(J, F) is solutions of LBVP (3). For any ¢ € E*, where
E* is conjugate space of E. Let r(t) = p(ui(t) — uz(t)). Then r(t) is a solution
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about pure variable ¢ of fractional linear differential equation
D0+T() 0, 1<p<2 tel
r(0) =r(1) =0.

Evidently, r(t) = 0, according to the arbitrary of ¢ € E*, we know wu () —u2(t) =0,
also, uy(t) = ua(t) on J. Thus, u(t) expressed by (4) is a unique solution of LBVP
(3). This completes the proof of Lemma 2.9. U

Lemma 2.10. The integral operatorT : C(J, E) — C(J, E') defined by (4) satisfies
the following inequality of norm

1 1 B
17| < I‘(6—+1)<61B - 51*‘;’)-

Proof. For any h € C(J, E), by the definition of T', we have

| Th(#) |<||/ (t, s)h(s)ds]),

replace above G(t, s) with the expression of G(t, s) defined by (5), we obtain

B
I7h0N < (5551 ~ Fg o) e

and since, we easily know

ﬁ%?ﬁ@‘”ﬂ%csﬁgrﬁwﬁ

7

— 877 ) lIhllc

Hence

I7h) < w s (07 ) Ikle,

).

Let us introduce the following assumptions which are used hereafter.

namely,
1

1 1
17 < me gy (P77 - 87

=
™

This proof is completed. U

8 —1
(F1) There exist constants cg, ¢; > 0 satisfying ¢; < <ﬁ <ﬁﬁ —ﬂﬂ» ,

such that for any t € J and z € E, ||f(t,2)|| < ez + co;
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a8 A\
. o (W <5l’ﬁ —51’5»
(F2) There exist constant L satisfying 0 < L < 1 , such

that for any ¢t € J and bounded set D C E, a(f(t,D)) < La(D);

r(B+1)

(o))
(F3) There exist constant L satisfying 0 < L < , such
that for every bounded set D C E, a(f(J, D)) < La(D);

1 —1
(F4) There exist constant L satisfying 0 < L < (%(5ﬂ — ﬂ%>> ,
such that for every bounded set D C E, a(f(J, D)) < La(D).

Defined by the following integral operator @ : C(J, E) — C(J, E)

Qu(t) = / G(t, 5)f (s, u(s))ds. (6)

To be convenient for next prove procedure, we firstly introduce the following two
Lemmas.

Lemma 2.11. Assume that (F1) and (F2) hold. Then Q : C(J,E) — C(J, E) is
a condensing mapping.

Proof. By (6) we easily know that ) is a continuous operator. Next, we show
that () is a condensing mapping.

When (F1) hold, we see easily that () maps bounded set in C(J, E') into bounded
and equicontinuous set in C'(J, E). For every non-relatively compact bounded set
D c C(J,E), we will prove in the following that a(Q(D)) < a(D).

For every bounded set D C C(J, E), by the Lemma 2.5, there exists a count-
able subset Dy = {u,} C D, such that a(Q(D)) < 2a(Q(D;)). Since a(Q(Dy))
is a bounded and equicontinuous set, by the Lemma 2.3, we have a(Q(D;)) =
max a(Q(D;(t))). By the Lemma 2.4, for any ¢ € J, we can obtain

A(Q(Dy(1)) = a({/olc; ) (s, us(s))ds | n e N}
{G

(
< /0 1 a({ct9)
(t,s) f(s,Dl(s)))ds.

1
2/G
0

(
f(s,un(s))ds | n € N})ds

\)

t,s)
(t,s
(

IN
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According to properties of the measure of noncompactness and condition (F2), we

have
a(f(s,D1(s)) < La(Dy(s)) < La(Dy) < La(D).

Further )
a(Q(Dy(1)) < 2La(D) /0 Gt 5)ds.

From this inequality, we have

a(Q(Dy)) = maxa(Q(D(t)

teJ

~—
~—

< 2La(D)max
ted

C\Q
[y
Q
—~
u@#
VA
~—
IS8
VA

1 B

< foap (77 =7 )a(o).

From the condition (F2), we get that

il

4L 1 B
a(Q(D)) < 20(Q(D)) < m(gl_ﬂ _ gl_ﬂ)a(p) < a(D).

Then, @ : C(J,E) — C(J, E) is a condensing mapping. This completes the proof
of Lemma 2.11. O

Lemma 2.12. Assume that (F1) and (F3) hold. Then Q : C(J,E) — C(J,E) is
a condensing mapping.

Proof. By @ defined by (6) and condition (F1), we easily know that () maps
bounded set in @ : C(J, E) into bounded and equicontinuous set in @ : C(J, E).
For every non-relatively compact bounded set D C C(J, E), we hope prove that

a(Q(D)) < a(D).
For every bounded set D C C(J, E), since Q(D) is bounded and equicontinuous
set, by the Lemma 2.3, we know a(Q(D)) = max a(Q(D(t))).
€

Denote B = D(J), then B C E is bounded and a(B) < 2«a(D). For any
t e J,ue D, by the Lemma 2.6, we obtain

Quit) = /0 G(t, 5)f(s,uls)) € /0 G(t, 5)dsTs f(J x B),

Q(D)(t) C /01 G(t,s)dsco f(J x B).
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Combining with properties of the measure of noncompactness and condition (F3),
we have

a(Q(D)(1) < /O 1 G(t, s)dsa (0 f(J x B))
— /01 G(t, s)dsa(f(J X B))
< I / Gt s)dsa(B)

< 9L / G(t, s)dsa(D)

2L 1 ]
< — (378 — 31-5 D).
< s (A7 = )a(n)
From condition (F3), make the maximum value on both sides of this inequality, we
know
(Q(D)) = max a(Q(D(1)) < e (87 — 477 ) (D) < a(D)
QD) = ax QD) < iy (D) < a(D)

Therefore,@ : C(J, E) — C(J, E) is a condensing mapping. This proof is completed.
[

By the definition of @), we know that the solution of BVP (2) is equivalent to the

fixed point of (). We will find the fixed point of ) by using the Leray-Schauder fixed
point theorem and the Sadovskii’s fixed point theorem about condensing mapping.

3 Main results

Theorem 3.1. Assume that f:J x E — FE is continuous and satisfies the condi-
tions (F1) and (F2). Then BVP (2) has at least one solution.

Proof. We firstly prove that Q = {u € C(J,E) | v = AQu,0 < A < 1} is a
bounded set in C(J, ). In fact, for any u € Q satisfies

u(t) = AQu(t) = )\/01 G(t, 5)f(s,u(s))ds, 0 < A < 1.

8
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Combining with condition (F1), we have
@l = Al [ 6169 (s, )]
< [ G+ allus)hds
< ¢ /01 G(t,s)ds + c1To||u(t)]],

where Tllu(t)]| = [} G(t, 9)[[u(s) s is defined by (3). Since [T < i (577

8
5@), we can obtain ||c;T|| < (5“) (ﬁ 8 — B1-8 ﬁ) < 1, and by the famous per-
turbation theorem of unit operator, we easily know that I — ¢;T exists a bounded
inverse operator (I — ¢, 7))}, and

(I—aT) " =) (aT)

n=0

is positive. Hence

lulle < FC—OD(M—M)U—QH—%U

(8 +
(5 ) STy
L(B+1) nzzo !
. -1
Since ¢; < (F 1 Y </Bﬁ — ﬁﬁ)) , then there exist ¢ > 0 such that ¢; + ¢ <

< RIS (ﬁ - B% )1. Namely

C1 n
ol < e < (=)'
sl < epir < (5

n
By the fact that > 7 (C—1> is convergence, we know that Y, ¢'||7"|| is conver-

c1+e
gence. Denote My = > c|T"|| < +oo. Then |lullc < NEEE) (ﬁ —F — B1-F 6>M0
Therefore, combined with Lemma 2.8 and Lemma 2.11, we get that the operator @)
has a fixed point, which is the solution of BVP (2). This proof is completed. O

Similar with the Proof of Theorem 3.1, we can obtain the following result.
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Theorem 3.2. Assume that f:J x E — FE is continuous and satisfies the condi-
tions (F1) and (F3). Then BVP (2) has at least one solution.

Theorem 3.3. Assume that f : J x E — FE is continuous and satisfies the condi-
tions (F'1) and (F4). Then BVP (2) has at least one solution.
Proof. Firstly, when (F1) hold, we easily know () maps bounded set in C(J, E)
into bounded and equicontinuous set in C(J, E).

Secondly, let Qr = Bo(6, R) be a closed ball in C(J, E), where

Co(ﬁﬁ —ﬁ$>
R > - -
D(B+1) - e (577 - 577)

Clearly, Qp is a bounded set in C'(J, E). For any t € J,u € Qp, according to the
condition (F1), we have

(Qu)®)] < /OG(tvs)Hf(&U(S))HdS

< / G(t, 5)(co + 1 Ju(s)|])ds

< wErn (T ) e (07 67 R
< R,

then Q(Qgr) C Qg and it is continuous operator. Let Qg = €0 Q(2g), obvious Qy is a
bounded closed and convex set in C'(J, E') and it is equicontinuous. Since Qo C (g,
then we have Q(20) C Q(Qr) C Qp and Q : Qy — € is a continuous operator.
Finally, we will prove @ : Qo — 2 is a condensing operator.
For any non-relatively compact bounded B in (), we can obtain that both B
and Q(B) is a bounded set and equicontinuous set. By the Lemma 2.3, we have

o(B) = maxa(B(1)) = a(B())), a(Q(B)) = maxa(Q(B(1))).

By the proof of the Lemma 2.12 and the Lemma 2.6, for any t € J, u € B, we
have

Q(B)(t) C /0 G(t,s)dsco f(J x B(J)).

From the properties of the measure of noncompactness and condition (F4), we easily
obtain

a(Q(B)(1)) < /OG(t,S)dsa(@f(JxB(J)))

10
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< L/Ol G(t,s)dsa(B(J))

1
= L/ G(t,s)dsa(B).

0

Combining with condition (F4), we have

a(Q(B)(t)) = maxa(Q(B(t))

teJ

teJ

< Bmax/Gts
8

< (5“)(51 — 577 )a(B)

< o(B).

Therefore, @ : Qg — € is a condensing operator. By the Lemma 2.7, we obtain
that the @ has at least one fixed point, which is the solution of BVP (2). This
completes the proof of Theorem 3.3. 0
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ABSTRACT

The main objective of this paper is to study the global stability of the positive solutions, the boundedness and
the periodic character of the difference equation

YTn—k

T = Ax,, + Bxy_; + Cx,— + -,
n+1 n n—I n—=k Dxn_5+Exn_t

n=20,1, ..,
where the parameters A, B, C, D, E, v € (0, co) and the initial conditions & _,,x_,41,...,Z_1, Tg are positive
real numbers where o = max{l, k, s, t}. Numerical examples will be given to explicate our results.

Keywords: Difference equations, Stability, Global stability, Periodic solutions, Boundedness.
Mathematics Subject Classification: 39A10

1. INTRODUCTION

Difference equations appeared much earlier than differential equations. But it is only recently that difference
equations gained the place they deserve. There is no doubt the interest in difference calculus is related to
computers which let effectively apply approximate methods to solve nonlinear difference equations and systems
of difference equations [1 - 6]. Particularly, the boundedness, persistence, local asymptotic stability, global
character, and the existence of positive periodic solutions can be discussed in many papers [7 - 36].

In [7] El-Dessoky investigated the global stability character and the periodicity of solutions of the recursive

sequence
T _ aTp_Fbry g
N+l = eqda,_xn_k

Xiu-Mei Jia et al. [8] studied the dynamical behavior of rational difference equation,

y _ rtPYntYn—k
ntl Wntyn—r

Kosmala et al. [9] obtained the periodic and the global stability of solutions of rational difference equation

Yno1 = Pt+Yn—1
n+ QYn+yn—1°

In [10] Abo-Zeid studied the global asymptotic stability of all solutions of the difference equation
_ )
Tnt+1 = B+CrpnTp_1Tpn_2"

In [11] Devault et al. investigated the dynamics of the difference equation

Tn—k
Tn41 :p+T.
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Elsayed et al. [12] investigated the global stability and the periodicity of solutions of the difference equation

btean_y

Tp41 = AQTn + dtex, 1"

Zayed et al. [13] obtained some qualitative behavior of the solutions of the difference equation,

ATn+bTn i

Tn+1 = VTn—k + Ccxyp—dxTy, _§ "

In [14] El-Dessoky obtained the global stability character, the boundedness and the periodicity of the positive
solutions of the difference equation

dx,_s
€Tpn—s—QALp—t "

Tpt1 = ATy +bTp_g + cTp_; —

Our goal is to investigate some qualitative behavior of the positive solutions of the difference equation

Tpy1 = Axp + Bxy  +Cxpy_y + %, n=20,1, .., (1)

where the initial conditions ©_,,Z_s41, ..., L_1, To are positive real numbers where o = maz{l, k, s, t} and the
coefficients A, B, C, D, E, v € (0, o).

Let J be some interval of real numbers and let
G:J° =,

be a continuously differentiable function. Then for every set of initial conditions x_,,Z_s41,...,20 € J, the
difference equation

Tot1 = G(Tn, Tp—1, -, Tn—s), n=0,1,.., (2)
has a unique solution {z,}>° .

DEFINITION 1.1. The linearized equation of Eq. (2) about the equilibrium T is the linear difference equation

Yn+1 = QYn + Q©Yn—1 + G3Yn—k + QUYn—s + G5Yn—1t- (3)

_ 0G(=, =T, =T, T, T) _ 0G(=, =T, =T, T, T) _ 90G(=, =T, =T, T, T) _ 0G(=, =T, =T, T, T) _ 0G(=, =T, =T, =T, T)
q1 = Oxn y 2 = Or—y y 43 = OTm—r y 4 = O —s y 5 = O%m —t .

The characteristic equation associated with Eq. (3) is

qN) =g+ @A T @A T g\ =0, (4)

THEOREM 1.2. [1]: Assume that g1, q2, g3, g1 and g5 € R. Then

lq1| + |a2| + |g3| + [qa| + [gs5] < 1, (4)

is a sufficient condition for the locally asymptotically stability of the Eq. (2).

THEOREM 1.3. [4, 5]: Let h : [¢,n]° Tt — [¢,n], be a continuous function, where o is a positive integer, and
where [(,m)] is an interval of real numbers. Consider the difference equation

Tnt1 = W(&ny Tpe1y.y Tnoy), n=0,1,.... (5)

Suppose that g satisfies the following conditions.

(1) For each integer i with 1 <14 < o + 1; the function h(z1, 22, ..., Zo4+1) is weakly monotonic in z; for fixed
21y 22y vy Zi—1y Ridls vy Ro41-
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(2) If m, M is a solution of the system

m = h(ml, ma, ..., ma+1), M:h(Ml, MQ, ceny Ma+1),
then m = M, where for each i =1, 2, ..., 0+ 1, we set

m, if h is non-decreasing in z;
M, if h is non-increasing in z;

and L
M — M, if h is non-decreasing in z;
Tl m if h is mon-increasing in z;.
) K3

Then there exists exactly one equilibrium point Z of Eq. (5), and every solution

2. LOCAL STABILITY OF EQ. (1)

Eq. (1) has equilibrium point and is given by
T =A% + BT+ CT + 525,

" T(D+E)(1—-A—B—C)=7.

If A+ B+ ¢ < 1; then the only positive equilibrium point T of Eq. (1) is given by

T = (5rBI-A=B=0)

THEOREM 2.1. The equilibrium point T of Eq. (1) is locally asymptotically stable if

A+B+C<1.

Proof: Suppose that G : (0, o0)> — (0, 0o) be a continuous function defined by

G(uy, ug, us, uy, us) = Auy + Buy + Cug + 54—

Therefore, it follows that

3
Dug+FEus*

of Eq. (5) converges to T.

dG (u1, ug, u3, ug, us) A 9G(ur: vz, us, was us) g OG(wa, ua. uz, g, us) C+ o
ouy - ) Ous - ! Ous - Duyg+FEus’
0G(u1, up, us, us, us) _ _ __ Dyug O0G(u1, ug, us, ua, us) __ __ BErug
Ouq (Dug+Eus)?’ Ous (Dua+FEus)?*
So, we can write
Gz, z, z,x, @ o o 0G(x, z, ¢, T, ®) o 0G(x, z, T, T, ®) o
DuL = A=p, Oug =B =py, Ous =1-A-B=ps3,

_ D(A+B+C-1) _

~D(mrmatasr=a) e
)

[
(D+E)2((D+E)(1—A—ch)) (D+E)
_____ ol
oGz, =, =, T, T _ _E'Y((DJFE)(I—A—B—C)) _ EBE(A+B+C-1) _
dus = P5-

D+0 (mrpaaso) PP
Then the linearized equation of Eq. (1) about Z is

Ynt+1 — P1Yn — P2Yn—1 — P3Yn—k — Paln—s — P5Yn—t = 0.

344
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It follows by Theorem 1 that, Eq. (1) is local asymptotically stable if and only if

|p1] + |p2| + P3| + [pa] + [ps| < 1.

Thus,
Ip1| + [p2| + [ps| + |pal + Ips| = [A[+[B]
+1-A-B|+ D(A(Eig?—l)‘+‘E(A&)iEC)‘—l)
= 1+A+B+C—-1=A+B+C,
for

A+B+C< 1.
The proof is complete.

THEOREM 2.2. The equilibrium T of Fq. (1) is unstable if A+ B+ C > 1.

Example 1. The solution of Eq. (1) is local stability if | =2, k=s=3,t=4, A=B=~v=0.1, C =
0.2, D =1 and F = 0.6 and the initial conditions x_4, = 0.2, z_3 =0.7, z_5 = 0.3, z_; = 2.1 and 2g = 1.1 (See
Fig. 1).

plot of x(n+1)= A X(n)+B X(n-)+C X(n-k)+(gamma X(n-k)/(D X(n-s)+E X(n-1)))
T T T T T T

x(n)

Figure 1. Plot the behavior of the solution of Eq. (1).
Example 2. The solution of Eq. (1) is local stability if I =4, k=t =2, s =3, A=10.09, B=C =
0.01, D =103, E = 0.5 and v = 0.6 and the initial conditions x_4 = 0.2, x_3 = 0.7, x_o = 0.2, z_; = 2.1
and xg = 1.1 (See Fig. 2).

plot of x(n+1)= A X(n)+B X(nH}+C X(n-k)+(gamma X(n-k)/(D X(n-S)+E X(n-1)))
T T T T T T

(n)
I
~
T
L

L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100
n

Figure 2. Plot the behavior of the solution of Eq. (1).
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Example 3. The solution of Eq. (1) isunstableif{ =4, k=t=2, s=3,A=C=0.2, B=y=0.7, D=
0.1 and E = 0.5 and the initial conditions z_4, = 0.2, x_3 = 0.7, z_5 = 0.3, z_; = 2.1 and zg = 1.1 (See Fig.
3).

1400

plot of x(n+1)= A X(n)+B X(n-)+C X(n-k)+(gamma X(n-k)(D X(n-S)+E X(n-1)))
T T T T T

1200 -

1000 -

T L L L L L L
0 10 20 30 40 50 60 70 80 90 100

Figure 3. Plot the behavior of the solution of Eq. (1) is unstable.

3. GLOBAL ATTRACTIVITY OF EQ. (1)
THEOREM 3.1. The equilibrium point T is a global attractor of Eq. (1) if A+ B+C <1 andy > 1.
Proof: Suppose that ¢ and 7 are real numbers and assume that h : [¢, 7] — [¢, 7] is a function defined by

— Y3
h(vl7 V2, U3, V4, 'U5) - A'Ul + B'UQ + C'Ug + Dvg+Evg * (7)
Then
Oh(vi, va, v3, va, v5) _ Oh(vi, va, v3, va, v5) __ Oh(vi, v2, v3, V4, v5) __ vy
ovy - A’ Ova - B’ Ovs - C + Duvy+Ewvs?
Oh(vy, v2, v3, va, v5) __ D~vs Oh(vy, v2, v3, va, V5) __ Evvs
Ova - (Dva+FEwvs)?? dvs T (Dva+Ew5)?”

First, we can see that the function h(vy, va, vs, v4, v5) increasing in vy, ve, vs and decreasing in vy, v for

Y
— > 0.
* Dvy + Evs >

Let (m, M) be a solution of the system M = h(M, M, M, m, m) and m = h(m, m, m, M, M). Then
from Eq. (1), we see that

M m
M = AM + BM + CM + 52 and m = Am + Bm + Cm + 5375577

Dm+Em
and then
M m
M(1-A-B-C)=p52— and m(l - A—B - C) = 55152
thus
(1-A-B-C)(D+E)Mm=yM
and

(1-A-B-C)(D+ E)Mm=~ym.
Subtracting we obtain
then
M =m.
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for C + i

It follows by Theorem 2 that T is a global attractor of Eq. (1). This completes the proof.
Second, we can see that the function h(v1, ve, vs, v4, vs) increasing in vy, ve and decreasing in vs, vy, vs
—F <0
Duvy + Evs

Let (m, M) be a solution of the system M = h(M, M, m, m, m) and m = h(m, m, M, M, M). Then
from Eq. (1), we see that

M = AM + BM + Cm + 5:2%— and m = Am + Bm + CM + 53557
and then
M(1-A-B)-Cm= 513,
and
m(l—A—B)-CM = 515.
Subtracting we obtain

M-m)(1-A-B-0C)=0,
under the condition A+ B+ C < 1, we see that

M =m.
It follows by Theorem 2 that T is a global attractor of Eq. (1). This completes the proof.

Example 4. The solution of Eq. (1) is global stability if | =2, k=s=3, t=4, A=0.5, B=0.07, C =
0.01, D =2, EF = 0.6 and v = 0.1 and the initial conditions z_4 = 0.2, z_3 = 0.7, z_2 = 0.3, x_; = 2.1
and xg = 1.1 (See Fig. 4).

plot of x(n+1)= A X(n)+B X(n-)+C X(n-k)+(gamma X(n-k)/(D X(n-s)+E X(n-1))
25 T T T T T T T

15

x(n)

0.5

L L L
10 30 40

L L L L L
50 60 70 80 90 100
n

Figure 4. Plot the behavior of the solution of Eq. (1) is global stability.

4. EXISTENCE OF PERIODIC SOLUTIONS

(4)

THEOREM 4.1. Ifl, k,t are an even and s is an odd then Eq. (1) has a prime period two solutions if and only if

(E—D)(A+B+C+1)+4D > 0.
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Proof: First Let there exists a prime period two solution
..P,Q, P, Q, ..
of Eq. (1). We see from Eq. (1) when I, k and ¢ are even and s odd that
P =AQ+ BQ+CQ+ 555 and Q = AP+ BP + CP + 55755

Therefore,
DP? + EPQ=D(A+ B+ C)PQ+ E(A+ B+ 0)Q* +Q, (8)

and
DQ? + EPQ = D(A+ B+ C)PQ + E(A+ B+ C)P? +~P. (9)

Subtracting (9) from (8) gives
D(P* = Q*)+ E(A+ B+ C)(P* = Q%) +7(P - Q) =0,

then
(P-Q)[(D+EA+B+C)(P+Q)+~]=0

Since P # @, then
P+Q= pipatsro: (10)

Again, adding (8) and (9) yields
D(Q*+ P?) +2EPQ =2D(A+ B+ C)PQ + E(A+ B +C)(Q* + P*) +~4(Q + P),

then
20E—~D(A+B+C))PQ = (E(A+ B+ C)—D)(Q*+ P*) +~(Q + P). (11)

By using (10), (11) and the relation
P4+ Q*=(P+Q)?—-2PQ forall P, Q€ R,

we obtain
(E(A+B+C)—D)(P+Q)* - 2PQ) +v(Q+ P)=2(E - D(A+ B+ C))PQ,

2[E-DA+B+C)+E(A+B+C)-D|PQ=(E(A+B+C)—D)(P+Q)*+~(Q+ P),

2
2E —D)(A+B+C+1)PQ = (W@m) (E(A+B+C)7D)+7(m’rm>,

_ 2(E(A+B+C)—D)—~+*(D+E(A+B+0C))
20E-D)(A+B+C+1)PQ = =2 (D+E(A+'YB+C))2 ,

2
20E—-D)A+B+C+1)PQ = *rE(QﬂW'

Then,

— DA? 1
PQ = - ((D—&-E(A:&Y-B-&-C))z) ((E—D)(A+B+C+1)> : (12)

Now it is obvious from Eq. (10) and Eq. (12) that P and @ are the two distinct roots of the quadratic
equation

2+ Lt ( D ) ( L ) -0
DTE(A1B+C) (D+E(A+B10)E ) \F-D)(A+BT0oTD) )
2 Dy?
(D+ E(A+B+CONE + 7~ Gopyarsrot) (D EATBT0) = O (13)
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and so

T L D+ L 0
DYE(A+BT0)) T (D+E(A+B+C))? ) \ (E-D)(A+B+C+1) > U

4D
1+((E—D)(A+B+C+1)> > 0,

or
(E-D)A+B+C+1)+4D > 0.
For E > D then the Inequality (i) holds.
Second suppose that Inequality (i) is true. We will show that Eq. (1) has a prime period two solution.
Suppose that

_ (1) _ (140
P = 2?D+Ea) and Q = *2(7D+Ea)7

whereC:,/1+%anda:A+B+C.

We see from the inequality (i) that
(E-D)A+B+C+1)+4D >0,
which equivalents to
(E—-D)(a+1)+4D > 0.
Therefore P and @ are distinct real numbers.

Set
x—l:Q7 x—k:Q7 x—S:P7 x—t:Q7"') $_3:P, $_2:Q, x—1:P7 xOZQ'
We would like to show that
r1=2_1=P and xzy=2x9=0Q.

It follows from Eq. (1) that

AQ + BQ +CQ Q Y(=1-¢) 7(2(5+IE >)
T = + + + =« ( —— > + — .
1 DP+EQ 2(D+Ea) D(;((Digg )+E(;((D+1Ei)>)

Dividing the denominator and numerator by 2 (D 4+ E«) we get

— o (2120 y(=1=¢) — o (L=1=9 7(14¢)
T =0 (2(D+Ea)> + B orE(-I=o — ¢ (2(D+Ea)> + ore)r@E-DiC

Multiplying the denominator and numerator of the right side by (D + E) — (D — E)(

_ Y(=1-¢) 1(14+Q)((D+E)—(E-D)) _ (2m=1=0) )\, A((D+E)—(E—-D)C+(D+E)(—(E-D)¢?)
1= a\3D1Ea) ) T OB+ E-DIOD+E)—(B-D)Q) - * \2(D+Ea) (D+E)°—(E-D)°C ’
E—D)(a+1)4+4D
— 4 (7(_1_@) 1((D+E)+2D¢—(E-D)¢?) (7(_1_0 ) N 'Y((D+E)+2DC—(E_D)< (E—D)(a+1) ))
- 2(D+Ea) (D+E)2—(E-D)?¢2 - 2(D+Ea) (E—D)(a+1)+4D ?
(D+E)2—(E—D)2( (E—D)(a+1) )
(E=D)(a+1)+4D
= « (v(—l—c) > + 7<(D+E)+2DC_< (at1) )) —a ( v(=1-0) ) 7((D+E)+2Dg_((E_D)+—(;fl)))
AD+EBa) (D+E)2—(E—D)<;M—LE_D((1:‘:)1 +4D> AD+E) (D+E)2—(E—D)((E—D)+4(a—5_)l)) ’
4D 4
-« (w—l—o ) I e = 1) (w—l—c) ) Ikl S o)
2(D+Ea) (D+E)2_(E_D)2_4§J(E(‘I;LI)))D 2(D+Ea) 4DE_4Q5111:1>))D
_ a(v(—1—<)>+ Y+ (a+1)=2) _ (a<—1—<)+<1+<)<a+1)—2> _ 2= _p
2(D+E«) 2F(a+1)—2(E—D) 2(D+Eaq) 2(D+E«x) '
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Similarly as before, it is easy to show that
To = Q

Then by induction we get
Top =Q and a9, =P forall n>-2.

Thus Eq. (1) has the prime period two solution

""P7 Q7 P7 Q""’
where P and @ are the distinct roots of the quadratic equation (13) and the proof is complete.
Example 5. Figure (5) shows the Eq. (1) has a prime period two solution when [ =2, k =t =4, s = 3,

A=0.01, B=0.02, C=0.03, D=0.2, £E=0.3 and v = 0.1 and the initial conditions z_4 = x_9 = 29 = @
and x_3=x_7 = P.

plot of x(n+1)= A X(n)+B X(n-)+C X(n-k)+(gamma X(n-k)/(D X(n-s)+E X(n-t)))
0.5 T T T T T

x(n)

05

Figure 5. Plot the solution of Eq. (1) has a periodic solution.

THEOREM 4.2. Eq. (1) has a prime period two solutions if and only if

(D-E)A+B+C+1)+4E >0 ,l,k,s —even and t — odd.

THEOREM 4.3. Eq. (1) has a prime period two solutions if and only if

1-C—-3A-3B >0 I,s,t—even and k — odd.

THEOREM 4.4. Eq. (1) has a prime period two solutions if and only if

A+B+C >31,k—even and s,t — odd.

THEOREM 4.5. Eq. (1) has a prime period two solutions if and only if

(D—E)Y(A+B+1-C)>4D(A+ B) l,s —even and k,t — odd.
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THEOREM 4.6. Eq. (1) has a prime period two solutions if and only if

(FE-D)1+A+B—-C)>4E(A+ B) I,t —even and k, s — odd.

THEOREM 4.7. Eq. (1) has a prime period two solutions if and only if

(D-E)(1+A+C—-B)+4E(1—-B) >0, k,s — even and I,t — odd.

THEOREM 4.8. Eq. (1) has a prime period two solutions if and only if

(E-D)(1+A+C—-B)4+4D(1—B) >0, k,t —even and l,s — odd.

THEOREM 4.9. Eq. (1) has a prime period two solutions if and only if

A+C+3B>3, k—even and l,s,t — odd.

THEOREM 4.10. Eq. (1) has a prime period two solutions if and only if

(D—E)(1+A—-C—DB)>4DA, s —even and l, k,t — odd.

THEOREM 4.11. Eq. (1) has a prime period two solutions if and only if

(FE-=D)(1+A—-C—B)>4FA, t—even and l,k,s — odd.

THEOREM 4.12. Eq. (1) has a prime period two solutions if and only if

3A+ B+ C <1, s,t—even and I,k — odd.

THEOREM 4.13. Eq. (1) has no prime period two solutions ifl, k , t and s are an even when 1+ A+B+C # 0.

Proof. Let there exists a prime period two solution ...P, @, P, @, ..., of Eq. (1). We see from Eq. (1) when
l, k,tand s are even

P =AQ+ BQ+CQ+ 5505 (14)
and
Q= AP+ BP+CP + 5755 (15)

Subtracting (14) from (15) gives
(1+A+B+C)(P-Q) =0,

then
(P-Q)[(D+E)A+B+C)YP+Q)+~]=0

Since 1+ A+ B+ C # 0, then P = ). This is a contradiction. Thus, the proof is completed.
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I
OW

Example 6. Figure (6) shows the Eq. (1) has no period two solution when | = 2,k = s
B=D=02,C =06, FE=0.3and vy = 0.1 and the initial conditions x_, = 0.2, x_3
r_1=2.1and zg = 1.1.

=~
8
|

\
(e}
“C,O

plot of x(n+1)= A X(n)+B X(n-I)+C X(n-k)+(gamma X(n-k)/(D X(n-s)+E X(n-t)))
T T T T

22

18

16

14

x(n)

12
08 -

06 [~
04 - -
0.2 I I I I I

0 10 20 30 40 50 60
n

Figure 6. Plot the solution of Eq. (1) has no periodic.

THEOREM 4.14. FEq. (1) has no prime period two solutions if | is an even and k, s, t are an odd when
A+B-C+1#0.

THEOREM 4.15. Eq. (1) has no a prime period two solutions if I, k, s, t are an odd when 1 — A+ B+ C # 0.

THEOREM 4.16. Eq. (1) has no a prime period two solutions if k, t, s are an even and l is an odd when
1+A+C—-B#0.

5. BOUNDEDNESS OF THE SOLUTIONS OF EQ. (1)

THEOREM 5.1. Let {z,} be a solution of Eq. (1). Then the following statements are true:
(i) Suppose v < D and for some N > 0, the intial conditions

TN—o+1y -y TN—1, TN € [%, 1],
are valid, then we have the inequality
2
Z(A+B+0)+ g <an < (A+B+0)+ 535, (16)

for allmn > N.
(i) Suppose v > D and for some N > 0, the intial conditions

TN—o41, - TN-1, TN € [1, %],
are valid, then we have the inequality
’)/ 2
(A+B+C) + gy <20 < 15 (A+ B+ O) + oy, (17)

for allm > N.

Proof: First of all, if for some N > 0, % <zy <1, we have

rny1 = Axy + By +Caxy_p + 7Dwﬁ’i§’;w <A+B+C+ 7DmNﬁﬁ;§’;M }
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But, it is easy to see that Dxy_s + Fxy—t > v+ F, then we get

v SA+B+ 0+ 5. (18)
Similarly, we can show that
an+1 > 5 (A+B+0) + 5 g, (19)

But, one can see that Dxy_s+ Fry_; < L}S'@, then
2
SCN+1Z%(A+B+C)+D—2'+,YLE (20)

From (18) and (20) we deduce for all n > N that the inequality (16) is valid. Hence, the proof of part (i) is

completed.

Similarly, if 1 < zy < 7, then we can prove part (ii) which is omitted here for convenience. Thus, the proof

is now completed.
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AN ADDITIVE («,3)-FUNCTIONAL EQUATION AND LINEAR
MAPPINGS IN BANACH SPACES

CHOONKIL PARK, SUN YOUNG JANG*, AND YOUNG CHO

ABSTRACT. In this paper, we investigate the additive («, 8)-functional equation

fl@) +af(ay) =67 f(B(z +y)) (0.1)
for all complex numbers « with || = 1 and for a fixed nonzero complex number S.
Using the fixed point method and the direct method, we prove the Hyers-Ulam
stability of the additive («, §)-functional equation (0.1) in complex Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originated from a question of Ulam [21]
concerning the stability of group homomorphisms.

The functional equation f(x +y) = f(x) + f(y) is called the Cauchy equation. In
particular, every solution of the Cauchy equation is said to be an additive mapping.
Hyers [9] gave a first affirmative partial answer to the question of Ulam for Banach
spaces. Hyers’ Theorem was generalized by Aoki [1] for additive mappings and by
Rassias [17] for linear mappings by considering an unbounded Cauchy difference. A
generalization of the Rassias theorem was obtained by Gavruta [8] by replacing the
unbounded Cauchy difference by a general control function in the spirit of Rassias’
approach. See [5, 7, 13, 14, 15, 18, 19, 20, 22] for more information on functional
equations.

We recall a fundamental result in fixed point theory.

Theorem 1.1. [2, 6] Let (X, d) be a complete generalized metric space and let J : X —
X be a strictly contractive mapping with Lipschitz constant o < 1. Then for each given
element x € X, either
d(J"z, J"z) = 0o

for all nonnegative integers n or there exists a positive integer ng such that

(1) d(J"z, J" ) < oo, Vn > ngp;

(2) the sequence {J"x} converges to a fixed point y* of J;

(3) y* is the unique fized point of J in the set Y = {y € X | d(J™x,y) < co};

2010 Mathematics Subject Classification. Primary 39B52, 39B62, 47H10.

Key words and phrases. Hyers-Ulam stability; additive (¢, 8)-functional equation; C-linear map-

ping; fixed point method; direct method; complex Banach space.
*Corresponding author .
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(4) d(y,y*) < =d(y, Jy) for ally €Y.

In 1996, Isac and Rassias [10] were the first to provide applications of stability theory
of functional equations for the proof of new fixed point theorems with applications. By
using fixed point methods, the stability problems of several functional equations have
been extensively investigated by a number of authors (see [3, 4, 16]).

In Section 2, we solve the additive («, §)-functional equation (0.1) in vector spaces
and prove the Hyers-Ulam stability of the additive («, §)-functional equation (0.1) in
Banach spaces by using the fixed point method.

In Section 3, we prove the Hyers-Ulam stability of the additive («,)-functional
equation (0.1) in Banach spaces by using the direct method.

Throughout this paper, assume that X is a complex normed space and that Y is a
complex Banach space. Let [ be a fixed nonzero complex number.

2. ADDITIVE (a, )-FUNCTIONAL EQUATION (0.1) IN COMPLEX BANACH SPACES [

We solve the additive («, 8)-functional equation (0.1) in complex vector spaces.

Lemma 2.1. Let X and Y be complex vector spaces. If a mapping f : X — 'Y satisfies

fle) +af(ay) =B f(B(z +y)) (2.1)
forallz,ye X and allao € T:={p € C | |u| =1}, then f: X =Y is C-linear.

Proof. Assume that f: X — Y satisfies (2.1).
Letting z =y = 0 in (2.1), we get (1+a)f(0) = 7' f(0) for all & € T. So f(0) = 0.
Letting @ =1, y = —z in (2.1), we get f(z) + f(—x) =0 and so f(—x) = —f(z) for
all v € X.
Letting a = 1, x = 0 and replacing y by x + y in (2.1), we get

flz+y)=B7"f(Blx +y))
for all z,y € X. Letting a =1 in (2.1), we get f(x) + f(y) = B~ f(B(x +y)) and so
f+y) = flz)+ fy)

for all z,y € X.

Letting y = —z in (2.1), we get f(z) + @f(—ax) = 0 and so f(ax) = af(x) for all
r € X and all @ € T. By the same reasoning as in the proof of [12, Theorem 2.1], the
mapping f : X — Y is C-linear. U

Using the fixed point method, we prove the Hyers-Ulam stability of the additive
(o, B)-functional equation (2.1) in complex Banach spaces.
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ADDITIVE (a, 8)-FUNCTIONAL EQUATION

Theorem 2.2. Let ¢ : X? — [0,00) be a function such that there exists an L < 1 with

L
¢ (;U ‘Z) < 5¢(@.y) (2.2)
forallx,y € X. Let f: X =Y be a mapping satisfying f(0) =0 and
|7@)+af(ay) = B7 (B +v)| < ¢l y) (2.3)

forallx,y € X and all o € T. Then there exists a unique C-linear mapping A : X — Y
such that
L

1f(z) = A(z)]] < m(@ (0,2z) + ¢ (z,2)) (2.4)
forallz € X.
Proof. Let a = 1.
Letting y = x in (2.3), we get
12f(x) = B £(282) | < (a,7) (2.5)
for all z € X.
Replacing y by 2z and letting = 0 in (2.3), we get
|£(22) = 87 £(282) | < (0, 22) (2.6)
for all z € X.
It follows from (2.5) and (2.6) that
1f(22) = 2f(2)[] < (0, 22) + (2, ) (2.7)
for all x € X.

Consider the set
S:={h: X =Y, h(0)=0}

and introduce the generalized metric on S:
d(g,h) =inf{p € Ry : |lg(z) — h(@)[| < p(p(0,22) + ¢ (z,2)), Vo € X},

where, as usual, inf ¢ = 400. It is easy to show that (.5, d) is complete (see [11]).
Now we consider the linear mapping J : S — S such that

Jg(x) =29 (;)

for all z € X.
Let g, h € S be given such that d(g, h) = . Then

lg(x) = h(2)]| < e(e(0,22) + ¢ (2, 1))

357 CHOONKIL PARK et al 355-363



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

C. PARK, S. Y. JANG, AND Y. CHO

for all z € X. Hence
T

@) — @l = [20(3) =20 (3)] <2 (s 00+ 4 (5.3))

< 2:7(p(0,20) + ¢ (,2)) = Lelp 0,20) + p (a,))
for all x € X. So d(g,h) = ¢ implies that d(Jg, Jh) < Le. This means that
d(Jg, Jh) < Ld(g,h)
for all g,h € S.
It follows from (2.7) that
lr@ =27 (5)| = e+ (53) < k@020 + ¢ (w,2)

forall z € X. So d(f,Jf) < %
By Theorem 1.1, there exists a mapping A : X — Y satisfying the following:
(1) Ais a fixed point of J, i.e.,

Aw) =24(3) (2.8)
for all z € X. The mapping A is a unique fixed point of J in the set
M={geS:d(f g) <o}
This implies that A is a unique mapping satisfying (2.8) such that there exists a u €

(0, 00) satisfying

If(z) = A@)[| < w(e(0,22) + ¢ (z,2))
for all x € X;
(2) d(J'f, A) — 0 as | — oco. This implies the equality

fin 2/ (5) = 4@

for all x € X;
(3) d(f, A) < 22d(f, Jf), which implies
L
1f(z) = A(z)]] < m(w (0,22) + ¢ (z,2))
for all x € X.

It follows from (2.2) and (2.3) that
|Az) +@A(ay) = B A(B(z + )|

() v (50) - (50

< lim 2"(,0(; y):()

n—00 ' on

= lim 2"
n—oo
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forall z,y € X and all « € T. So
A(z) +aA(ay) = BTTA(B(z +y)) =0
for all z,y € X and all @« € T. By Lemma 2.1, the mapping A : X — Y is C-linear. [

Corollary 2.3. Let r > 1 and 6 be nonnegative real numbers, and let f: X —Y be a
mapping satisfying
|f@) +afay) — B F B+ )| < 0l=l" + llyll") (2.9)

forallx,y € X and all o € T. Then there exists a unique C-linear mapping A : X —'Y
such that

1f(2) = Al@)l| < == 0ll«l"

forallz € X.

Proof. The proof follows from Theorem 2.2 by taking o(x,y) = 0(||z||" + [|y||") for all
x,y € X. Then we can choose L = 2'~" and we get the desired result. 0

Theorem 2.4. Let ¢ : X* — [0,00) be a function such that there exists an L < 1 with
Y
< 2L
v (z,y) @ (2 2)
forall xz,y € X. Let f: X — Y be a mapping satisfying f(0) = 0 and (2.3). Then
there exists a unique C-linear mapping A : X — Y such that

I0) =A@ < 5770 (0.20) + ¢ (@.2)

forallz € X.
Proof. 1t follows from (2.7) that

|#@) = 5720 < 50 (0.20) + ¢ (@,2)

1
-2

for all z € X.
Let (S, d) be the generalized metric space defined in the proof of Theorem 2.2.
Now we consider the linear mapping J : S — S such that

1
Jo(a) = 59 (2)
for all z € X.
The rest of the proof is similar to the proof of Theorem 2.2. O

Corollary 2.5. Let r < 1 and 6 be positive real numbers, and let f : X — Y be a
mapping satisfying (2.9). Then there exists a unique C-linear mapping A : X — Y
such that

If () = Af2)]| <

0| =|"
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forallz € X.
Proof. The proof follows from Theorem 2.4 by taking ¢(z,y) = 0(||z||" + ||ly||") for all

z,9 € X. Then we can choose L = 2"~ and we get desired result. 0

3. ADDITIVE (a, )-FUNCTIONAL EQUATION (0.1) IN COMPLEX BANACH SPACES I]

In this section, using the direct method, we prove the Hyers-Ulam stability of the
additive (o, )-functional equation (2.1) in complex Banach spaces.

Theorem 3.1. Let ¢ : X? — [0,00) be a function and let f : X — Y be a mapping
satisfying f(0) =0 and

00 ; Ty
\I’(I',y) = 22 ¥ (2]7 2]) < o9,
j=1

| @) +af(ay) =B F (Bl +y)| < el@y) (3.1)

forallz,y € X and all « € T. Then there exists a unique C-linear mapping A : X — Y
such that

(U(0,22) + V(z,x)) (3.2)

N | —

1f(z) = A(z)[| <
forallz € X.

Proof. Let a = 1.
It follows from (2.7) that

21 (5)] =00 4053
for all z € X. Hence
4 (5) - ()] < 5

m—1

IA

gy () o

i x P
<290(0’ o) T2\ g

for all nonnegative integers m and ! with m > [ and all x € X. It follows from (3.3)
that the sequence {2¥f(%)} is Cauchy for all z € X. Since Y is a Banach space, the
sequence {2" f (57)} converges. So one can define the mapping A : X — Y by
_ x
A(z) = lim 2% f (2k>

k—00

<

J=l

for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.3), we get
(3.2).
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Now, let T': X — Y be another additive mapping satisfying (3.2). Then we have

24(5) =27 (5] —
94T % _f %

[A(@) =T ()| =

4(3)-21 ()]

2z T T
< 29 (0, — 29
- ( 24 ) - (2‘1 2‘1) ’
which tends to zero as ¢ — oo for all x € X. So we can conclude that A(z) = T'(x) for
all x € X. This proves the uniqueness of A.

The rest of the proof is similar to the proof of Theorem 2.2. [l

Corollary 3.2. Let r > 1 and 0 be nonnegative real numbers, and let f : X — Y be
a mapping satisfying (2.9). Then there exists a unique C-linear mapping A : X — Y
such that

2" 42

1f (@) = Al2)]l < 57—

S0llall’
forallx € X.

Proof. The proof follows from Theorem 3.1 by taking ¢(z,y) = 0(||z||" + ||ly||") for all
x,y € X. 0

Theorem 3.3. Let o : X? — [0,00) be a function and let f : X — Y be a mapping
satisfying f(0) =0, (3.1) and

2355 23 < 00

[\D‘,_.

for all z,y € X. Then there exists a unique C-linear mapping A : X — 'Y such that
1
1f(2) = Al@)ll < 5(2(0,22) + ¥(z, 2)) (3.4)
forallz € X.
Proof. 1t follows from (2.7) that

|#0) = 510 < (0 0.20) + o (w.)

for all z € X. Hence

S 2) = o f )

IN

IN
S <
iR

RS
—_
=

[\

<

X

£ 0w

+

[\

+

—

S

—~~

[\

<

8

[\

<

=
N—
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for all nonnegative integers m and [ with m > [ and all z € X. It follows from (3.5)
that the sequence {2% f(2"z)} is a Cauchy sequence for all z € X. Since Y is complete,
the sequence {5 f(2"z)} converges. So one can define the mapping A : X — Y by
A(x) == lim 21”]”(2”30)
for all x € X. Moreover, letting | = 0 and passing the limit m — oo in (3.5), we get
(3.4).
The rest of the proof is similar to the proofs of Theorems 2.2 and 3.1. OJ

Corollary 3.4. Let r < 1 and 6 be positive real numbers, and let f : X — Y be a
mapping satisfying (2.9). Then there exists a unique C-linear mapping A : X — Y
such that

—A < 0|z
I£@) ~ A@) < 222 pla]
forallx € X.
Proof. The proof follows from Theorem 3.3 by taking ¢(z,y) = 0(||z||" + ||ly||") for all
x,y € X. ([l
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Abstract

In this paper, we first prove two Hermite-Hadamard type inequalities for
h-preinvex functions via Riemann-Liouville fractional integrals, and then, by
introducing an integral identity including the second order derivatives of a given
function, we establish some Hermite-Hadamard type inequalities for functions
whose second order derivatives are h-preinvex via Riemann-Liouville fractional
integrals.

2010 Mathematics Subject Classification: Primary 26A33; 26A51; Secondary
26D07, 26D20, 41A55.

Key words and phrases: Hermite-Hadamard’s inequality; h-preinvex func-
tions; Riemann-Liouville fractional integrals.

1 Introduction

In [27], Sarikaya et al. considered Hermite-Hadamard type inequalities involving
Riemann-Liouville fractional integrals and established the following interesting
inequalities.

Theorem 1.1 Let f : [u,v] — R be a positive function with 0 < u < v and
let f € L'[u,v]. Suppose f is a convex function on [u,v], then the following
inequalities for fractional integrals hold:

f(w) + f(v)
2 b

F(E) < SO D e o) + g fw)] < (1)

2 ~ 2(v—u)®
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where the symbol J&, f and J f denote respectively the left-sided and right-
sided Riemann-Liowville fractional integrals of the order o € RT defined by

I f0) = g [ e =07 e, u<a

and

T @) = F

Here, T'(a) is the Gamma function and its definition is

/U(t —2)* M f()dt, @ <.

I‘(a):/ e Puttdp.
0

We observe that, for a = 1, the inequality (l.1)) can be reduced to the
following termed Hermite-Hadamard inequality

fC§U>S [ e < S (1.2

v—u 2 ’

where f: I CR — R is a convex mapping on the interval I of real numbers and
u,v € I with u < v.

In recent years, many researchers have studied error estimations with respect
to the inequality ; for refinements, counterparts, generalization please refer
to [7, 16, 17, 221 B5H37].

We evoke, now, some basic definitions as follows.

Definition 1.1 ([3]|]]) A set S CR™ is said to be invex set with respect to the
mapping n : S xS = R"™, if x + tn(y,x) € S for every x,y € S and t € [0,1].
The invex set S is also termed an n-connected set.

Definition 1.2 ([3])]) A function f defined on the invex set K C R™ is said to
be preinver respecting m, if

flo+tn(y.2) < (L—Of (@) + 1) Yoy e Kte 0,1, (L3)
The function f is said to be preincave if and only if —f is preinvex.

Very recently, some new generalizations of integral inequalities in connection
with the preinvexity were explored by Du, Liao and Li [6], Hussain and Qaisar
[8], Latif and Dragomir [I4], Li and Du [I5], respectively.

Definition 1.3 ([31]) Let h : J C R — R be a positive function, h £ 0. We
say that f : I CR — R is h-convex, or that f belongs to the class SX(h,I), if
f is non-negative and for all x,y € I and t € (0,1), one has

fltz + (1 —t)y) < h(t)f(z) + h(1 = 1) f(y)- (1.4)

If inequality is reversed, then f is called h-concave, i.e. f € SV (h,I).
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If h(t) = ¢, then any non-negative convex mapping belongs to SX(h,I)
and each non-negative concave mapping belongs to SV (h,I); if h(t) = %, then
SX(h,I) = Q(I); if h(t) = 1, then SX(h,I) 2 P(I); and if h(t) = t° for
s € (0,1], then SX(h,I) 2 K2.

Definition 1.4 ([19/) Let h: [0,1] — R be a non-negative function and h # 0.
The function f on the invex set X is said to be h-preinvexr with respect to n, if

flz+tn(yx)) < h(1=t)f(2) + h(t)f(y) (1.5)
for each x,y € X and t € [0,1] where f(-) > 0.

Definition 1.5 ([31]) We say that h : J C R — R is a super-multiplicative
function, if for any x,y € J with vy € J , one has

h(zy) > h(z)h(y).

Definition 1.6 ([1]) We say that h: J CR — R is a super-additive function,
if for every x,y € J with x +y € J, one has

h(z +y) > h(z) + h(y).

In order to prove some of our results in the present paper, we need the
following Condition C given by Mohan and Neogy in [24].

Condition C: Let n : R™ x R™ — R", we say that the mapping n satisfies
the condition C if for any x,y € R",

(Cy) n(z,x +tn(y, ) = —tn(y, ),

(C) n(y, @ +tn(y, ) = (1= t)ny, z),
for all t € [0, 1].
Note that for any x,y € R™, t1,t2 € [0,1] and from Condition C, we can deduce

n(o+ten(y. 2),2 + tin(y,2)) = (k2 — t)n(y, ).

Also, if t; = 0, we have

77(:6 + tan(y, ), fv) = tan(y, o).

In [21], Noor et al. proved the following variant of the Fejér-Hermite-
Hadamard inequality type under h-preinvexity.

Theorem 1.2 Let f : I CR — (0,00) be an h-preinvex function with n(v,u) >
0, h(3) # 0 and let w : [u;u+n(v,u)] — R is a non-negative, integrable function
and symmetric regarding u —+ %n(v, u), then recurring to Condition C, we have

L oty o)
2h(§)f< 2 ) / w(z)dr < / f@yw(z)de
) ' utn(v,u)
Y OES YNSRI R S
" 1.6)
3
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Corollary 1.1 In Theorem letting w(xz) =1 or m, we can obtain
Uty 1 () + 50)
u+ nv,u u) + f(v
< < 1-
s ) Sy [ @ TSR0 ha - 0)

u

(1.7)

specially for n(v,u) = v — u, we can get

1
21

() < o= [ e < Ty na o).

1
2

Corollary 1.2 In Theorem if f is an h-preincave function and w(z) =1
or m, we can get

utn(v,)

fu) + £(v) 1 L (2utn(u)
e (ORI B e (),

(1.9)

In some of the recent literatures, Riemann-Liouville fractional Hermite-
Hadamard type inequalities are applied widely in the field of analysis, and many
new results of fractional Hermite-Hadamard type inequalities are gained based
on the original Hermite-Hadamard inequalities for functions of different classes.
For example, refer to for convex functions [4, [OHIT] 25], 27 28], for m-convex
functions [32), B8] and (s, m)-convex functions [2], for r-convex functions [33],
for harmonically convex functions [3 [I3], for quasi-geometrically convex func-
tions [I2], for GA-s-convex functions [I8], for preinvex functions [23] [26], for
(o, m)-preinvex functions [5], for h-convex functions [20] and references cited
therein.

Motivated and inspired by these results and the recent developments in this
area, in the present paper, two Hermite-Hadamard’s inequalities for h-preinvex
functions via fractional integrals are firstly established and the obtained results
of [30] are generalized. Secondly, a second-order new identity for fractional inte-
grals is found. By virtue of this integral identity, we present the left-sided new
Hermite-Hadamard type inequalities for h-preinvex functions and h-preincave
functions via Riemann-Liouville fractional integrals. Some results proved in this
paper can be viewed as generalization of several known results of [29, [30].

2 Main Results

In this section, we are going to prove our main results.

Theorem 2.1 Let f: I CR — (0,00) be an h-preinvex function with n(b,a) >
0 and f € Li[a,b]. Then one has the following inequality recurring to Condition
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C via fractional integrals

IN'a
na((b, L) {Jﬁf(a +n(b,a)) + J((fz+n(b,a))—f(a)}

S[ﬂ®+fW+Mh®ﬂAt”HMﬂ+M1—m&
2[f(a) + fla+n(ba)] [ [* AN
(ap—p+ 1)% (/0 (h(t)) dt) ’

=1 with p,q > 1.

Proof. Since f is h-preinvex, we have

(2.1)

IN

where p~1 + ¢!

fla+ (@ =t)n(y,2)) < h(t)f(z) +h(1—1t)f(y)

and

flz+tn(y,z)) < h(1—1t)f(x) + h(t)f(y).

By adding these inequalities we can deduce

fl+ QA —=tnly,x)) + f(z+tn(y, =) < [h(E) +h(1 = 0][f(x) + f(y)]

. (2.2)
By employing (2.2)) with « = a and y = a + 1(b, a) we have

f(a + (1 =t)n(a+ n(b, a),a)) + f(a + tn(a + n(b, a)7a)) 23
< [n(t) + h(1 = )] [f(a) + f(a+n(ba))].

By making use of Condition C for the left hand side of (2.3]), we can get

f(a +(1- t)n(a +n(b,a), a)) + f(a + tn(a +n(b,a), a)) (2.4)
= fla+ (1 —t)n(b,a)) + f(a+tn(b,a)).
Utilizing in , we have

fla+@=tme.a) + f(a+tnb,a) o5
< [0+ h(1 = ] [f(@) + £ (a+ n(b.a)) | |

Then multiplying both sides of (2.5 by t*~! and integrating the resulting in-
equality with respect to t over [0, 1], we obtain

/01 to1 [f(aJr (1 —t)n(b, a)) + f(a + tn(b, a),a))}dt

< [ 7 )+ h1 = 0] (@) + £ (a-+ nlbua)]at

5

368 Tingsong Du et al 364-384



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

and
')
n*(b,a)

<

1
[f(a)+ f(a+n(ba))] /O t*~Hh(t) + h(1 — t)]dt

e F(at n(6,@)) + Tos - F(0)
(2.6)

To prove the second inequality in (2.1)), by virtue of Holder’s inequality for
the right hand side of (2.6]), we get

1 1 1 1 1
/O t*Hh(t) + h(1 — H)]dt < (/0 (1) dt) (/O (h(t) + h(1 —1)) dt)

~Gmre) ([ s o=’

Due to the Minkowski inequality, we may deduce

() ([ 0= —0yae)’
) <0‘p_1p+1>; {(/01 (h(t))thﬁ " (/0 (h(1 — t))thﬂ
e GRCORIR

where the proof is completed.

and therefore the first inequality of (2.1]) is proved.

Q=

We point out, now, some special cases of Theorem [2.1

Corollary 2.1 Letting n(b,a) = b— a, the inequalities reduce to Theorem
2.1 given by Tung in [30, Page 561].

Corollary 2.2 In Theorem[2.1] letting o = 1, we can deduce

1
n(b,a)

/aa—&-n(bﬂ) f(x)dl‘ < [f(a) + f(a + n(b’ a))] /01 h(t)dt

< [f(a) + f(a+ n(b, a))] (/01 (h(t))th> ’
for h-preinvez functions.

Corollary 2.3 (1) If we take h(t) =t in Corollary[2.3, we get

1 a+n(b,a) i fa)+ fla+n(,a))  fla)+ f(a+n(b a))
n(b,a)/a fe)de < 2 = (qJFl)%
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for preinvex functions.
(2) If we take h(t) =1 in Corollary[2.3, we have

1
n(b, a)

for P-preinvex functions.
(3) If we take h(t) = t* in Corollary[2.3, we also obtain

1 a+n(b,a) N fa)+ fla+n(,a))  fla)+ f(a+n(ba))
U(bv@)/a fla)dz < s+1 = (sq+1)7

a+n(b,a)
/ f(@)dz < f(a) + f(a+n(b,a)

for s-preinvex functions in the second sense with s € (0,1].

Theorem 2.2 Let f : I — (0,00) be an h-preinvex function with n(b,a) > 0, h
be super-additive on I and f € Lq[a,b], h € L1][0,1]. Then one has inequality
for h-preinnvez functions via fractional integrals
I'(c)
n*(b,a)

[ £t 00,0)) + Ty S@)] < 2 [1(@) 4 70t mi0,00))
2.7)

Proof. Since f is h-preinvex and h is super-additive, by virtue of (2.5)), we have

fla+ (1 —=t)nb,a)) + fla+tnb,a)) < [A(t)+ (1 —t)][fla) + f(a+n(b,a))]
<

h(1)[f(a) + f(a+n(b,a))].
(2.8)

Then multiplying both sides of (2.8) by t*~! and integrating the resulting in-
equality respecting t over [0, 1], we get

/01 [ f(a+ (L= 0n(b,0)) + f(a+ tn(b, )| at

< [0 [16a) + 1 a+ o)t

and
['(a)
n*(b,a)

< (1) [£(@) + f(a+n(b,0))] / Cetar,

0

[J;ﬁ Fla+0(,)) + T8 .0y f(a)}

which completes the proof.
As special cases, we provide the following results for the Theorem [2.2

Corollary 2.4 Letting n(b,a) = b — a, the inequality (2.7)) reduces to Theorem
2.4 proven by Tung in [30, Page 562].
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Corollary 2.5 If we take « = 1 with n(b,a) = b — a in Theorem then the
inequality becomes a special version of right hand side of (1.8).

We prove, next, some Hermite-Hadamard type inequalities for mappings
whose derivatives are differentiable h-preinvex via fractional integrals. To do
this, we present the following lemma.

Lemma 2.1 Let A C R be an open invex subset with respect ton: Ax A — R
and a,b € A with n(b,a) > 0. Suppose that f : A — R be a twice differentiable
function on A. If f” € L[a,a+n(b,a)] , then the following identity for Riemann-
Liouwille fractional integrals with o > 0 holds:

INa+1)
2n°(b, a)
2(h. 3

"(g)[/o (tf)\(t))f"(a+tn(b,a))dt+/

1
2

[Tz @t 06, @) + T g-1(@)] = 5 (25 22)

1

(X =1t) = X)) f" (a+tn(b, a))dt] ,

(2.10)
where
1— taJrl _ (1 _ t)oz+1
= 2.11
At) a—+1 ( )
Proof. Set
2 3
I = W/ tf"(a+ tn(b,a))dt,
0
2 1
I = @/ (1= 1) " (a + ty(b,a))dt,
and

I =

7 (o) /1 L O™ ka0 .
0

2 a+1
Since a,b € A and A is an invex set regarding 7, for every t € [0,1], we have
a +tn(b,a) € A. Integrating by part yields that

1

—772(b’a) 1 "(a a %_ 1 2 » .
=" L](b,a)tf( +tn(b,a)) | n(b&)/o F'(a+tn(, ))dt]

_n(b,a) ,,2a+n(b,a) 1 3
== f( 5 )—if(a—l—tn(b,a))o
n(b,a) ,, ,2a+n(b,a) 1 2a + n(b,a)
=5 S )_i{f( 2 )_f(“)]'
Analogously we also have
= 200 p 2008y o e, - (22N

371 Tingsong Du et al 364-384



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

On the other hand, integrating by part, it yields that

(b, a) 1 —¢atl _ (1 _ t)a-‘rl , 1
L e M AL
P (o D (o (-1,
- o GO
2(b,a) - !
= (2 i T]2Ellv,a)) f(a+tn(b,a))‘0
O ot to 1)_75) f(a+tn(b,a))dt]
_f(@) +f(a2+ tn(b a)) _ﬂ/o (1 _t)a—1>f(a+t77(b,a))dt}
(2.12)

Let u = a + tn(b,a) and using the reduction formula I'(a + 1) = aI'(a)(« > 0)
for Euler gamma function, we get

o Na+1)

1
5/0 t“‘lf(a—i—tn(b,a))dt:WJ(a+n(ba)) f(a) (2.13)

and similarly we also have

«

! a—1 _ F(Ot—i—l)
5/0 (1=t f(a+tn(ba))dt =

21*(b, a)
Applying (2.13) and (2.14) to (2.12), we obtain

J% f(a+tn(b,a)). (2.14)

fla)+ f(a+n(ba) Tla+1)

e R R0 - (@)

From Iy, I and I3, it follows that

IMNa+1)

) [T Fla+n(6,0)) + Ty - F@)] = f<2a+7n(ba))

L+, -I3= B

which is the desired result. The proof of Lemma is completed.

Corollary 2.6 Letting n(b,a) = b—a, the formula reduces to lemma 2.1
given by Zhang and Wang in [38, page 4]. Clearly, the obtained Lemma n
the present paper is an extension of a result proved by Zhang et al. in [38].

With the aid of Lemma let us begin with our next results involving
fractional integral inequalities for h-preinvex functions.

Theorem 2.3 Let h: J CR — R ([0,1] € J) be a non-negative function and
h(t) >t for 0 < t < 1. Suppose that f : [a,a + n(b,a)] C [0,00) = R be a
twice differentiable mapping on (a,a + n(b,a)) with n(b,a) > 0 such that f”
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€ Lila,a +n(b,a)]. If |f"| is h-preinvex on [a,a + n(b,a)], then the following
inequality for fractional integrals with o > 0 hold:

I'a+1)
2n*(b, a)

Sﬁgﬂqééﬁ_A@ymmpﬁ[(@_@_xmymm40ﬂm>+u%w)
(2.15)

[J§+f(a+n(b, a)) + J(‘fl+n(b7a)),f(a)} _ f(2a+77(ba))‘

2

where \(t) is defined by .
Proof. From Lemma [2.1] and properties of absolute value, we have

2a+727(b,a))‘

a+1

[%fa+nba + Spntva- F@)] = £ (
[/ 0| (a+ tn(b, a)) |dt+/ -1 - t)||f”(a+tn(b,a))|dt}

1
[/ t|f" (a+ tn(b,a) |dt+/ 1—t)|f"(a+tn(b,a))|dt

—/Aww@+mm@mﬁ
’ (2.16)
According to the h-preinvexity of |f”| on [a,a + n(b, a)], we have
Ia+1) 2a + (b, a))’
2n2(b, a) 2

g”@f”{/z4M1—wf%m+hmu%w@w+/gl—w%a—wf%m+hwu%w|w

0

[T f (@ +0(6,)) + Ty, F(@)] = £ (

_/01)\( ){h(l—t)l "(a)] + h(t )|f”(b)|}dt}

_772(1;“){”“@) [/0 th(l — t)dt + [(1 —t)h(1 —t)dt — /01 A(t)h(1 — t)dt}

2

+|f”(b)|[/0;th(t)dt—i—/ll(l—t)h(t)dt—/ol)\(t)h(t)dt]}

:ﬁgWWAéQ_A@yﬁmbhf(ﬂ—ﬂ—A@wWMQQWW)+V%m>
(2.17)

2

where we use the following fact that

1

/2 th(1 — t)dt = [(1 R,

0

10
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1 1
/0 th(t)dt—/é(lt)h(lt)dt

and ) .
/ At)h(L —t)dt = / A(t)h(t)dt.
0 0

Hence, we obtain the required inequality (2.15). This completes the proof of
Theorem

Let us discuss some special cases of Theorem

Corollary 2.7 Under conditions of Theorem if we choose h(t) = t, then
becomes the following inequality for preinvex functions

‘;m [J;ﬁf(a +n(b,a)) + J(C:Hn(bm))—f(a)} _ f(20+27)(b,a))‘
2 2
< e @ o),

specially for « = 1 and n(b,a) = b—a, we get the following inequality for convex
functions

%a /ab f(z)dz — f(a—;b>‘ P ;4(1)2 {|f”(a)| -2|- |f”(b)\]’

which is is the same as the inequality established by Sarikaya, Saglam, and
Yildirim in [29, Theorem 3J.
Also, in Theorem letting h(t) = 1, then we get

Dla+1) [J§+f(a +n(b,a)) + Sasnw.ay-f(a )} (2a + b a) )‘

21°(b, a) !
< PR+ 10l (3 - i)}

for P-preinvex functions.

Corollary 2.8 In given conditions of Theorem if we take h(t) = t°, then
reduces to the following inequality for s-preinvex functions

e [ a4 000.00) 4 - £(@)] = (D))

= 112(12)7@{ [|f”(a)| + \f”(b)@ {25“(2::-11)(2 +2) (s+ 1)(sl+ a+2) * A J;l—i:oi+ 2)} }

Corollary 2.9 In Theorem if |f"(x)] < M, then becomes the fol-
lowing inequality

e e @t 000,0) 4 - 1(0)] = 1 (D))

< M2, a){/éth(t)dt—i—/l(l—t)h(t)dt— Olk(t)h(t)dt}

0 i

-

11
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where A\(t) is defined by .

Theorem 2.4 Let h: J CR — R ([0,1] C J) be a non-negative and h(t) >t
for 0 <t <1. Suppose f : [a,a+n(b,a)] C[0,00) = R be a twice differentiable
mapping on (a,a+ n(b,a)) with n(b,a) > 0 such that he, f" € Li[a,a+ n(b,a)]
and p~t + q¢71 = 1 with p,q > 1. If |f"| is h-preinvez on [a,a + n(b,a)], then
the following inequality for fractional integrals with o > 0 hold:
IN'a+1 2a b,a
e gz s afea) + Jamb,a))ff(a)] - f(*Q“))\

s”Z“;“)[|f"<a>|+|f"<b>|}{(pi1 )" / o)+ /hq i)'

i 1y :
(po‘“’ hq dt }

a+1 pa+p+1
(2.18)

Proof. Continuing from inequality (2.17) in the proof of Theorem using
properties of absolute value again, recurring to definition of A(t) and Hélder’s
inequality, we have

‘ INa+1)
2n* (b, a)

2 a
<TG o) 4177 0)]

A( /O%pdt)é( /j hq@dt)é ([ _Mt)é(
1

T2 Fla+0(6,0) + Tty g5~ F(0)] - f(QQ%n(ba)) ‘

1
1 q

hq(t)dt)

|

o

2

) (/1 (1—t*tt—(1- t)a+1)Pdt) ' (/01 h’l(t)dt)
b

<TI0y 4 17 w)]
x{(pj_l 1+[ é+</;hq(t)dt>;]
([ hqw);}-

To prove the second inequality above, we use the following fact that

Q=

_|_

1 1
2 1
tPdt = / (1—t)Pdt = —————— (2.19)
/o 1 2+ (p+1)
and
1 J—
/ (1 - t)a“)pdt cbotp—l (2.20)
0 pa+p+1
12
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where we use the following inequality
(1=t — (1 =)o th)P <1 —¢ploth) (1 —gyplotD)
for any ¢ € [0, 1], which follows from
(A—B)? < AP — BP

forany A> B >0 and p > 1.
Hence, we can get the desired result (2.18]).

We give, now, some special cases of Theorem [2.4
Corollary 2.10 In Theorem[2.]} if we take p = q = 2, then we get

2a + ;](b, a))

<“§“vawuwﬂwﬂ{2;i(ﬁéMﬂmﬁé+(ﬁnﬁ%“f}

2
(e ([ e

where h is super-multiplicative.

‘;ﬁg;ﬂa;ﬂa+ma@>h@ﬁwmrfwﬂf(

Corollary 2.11 Under assumptions of Theorem letting h(t) = t, then the
inequality becomes the following inequality for the preinver function

‘F(a +1)
2n* (b, a)

TR (L) @l + 150

NS A A A 1 \q 1 -1\
G G G () e G )
p+1 2 2 2q+1 a+1\pa+p+1
specially for o = 1, we get the following inequality for preinvex functions

’27](1b7a)/aa+n(b,a)f(t)dt— f(2a+77(b>a))‘

[Jéif(a +n(b,a)) + J((;Jm(b,a)),f(a)} - f(W) ’

2

2
<TOD (L @)+ 1]

() [0 -] - (27}

13
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In Theorem (2.4), if we choose h(t) = 1, then we get

a3 [T @+ 10.0) + Ty F@)] - 1

ool () - )

for P-preinvex functions.

2a+727(b,a))‘

IN

Corollary 2.12 In Theorem[2.4), if we take h(t) = t°, then the inequality

becomes the following inequality for s-preinvex functions

‘;m {Jéﬁf(a +n(b,a)) + J(D:H-n(b,a))—f(a)} _ f<2&+277(b,a))‘
2 1
ﬁn(;’a)(sqil) @l 1)

1o\gINUEE [y sts 1 4 1 patp—1\3
G @) @) () ) [
p+1 2 2 259+ a+1l\pa+p+1

Theorem 2.5 Let h: J C R — R ([0,1] C J) be a non-negative and super-
multiplicative function, h(t) >t for 0 <t < 1. Assume that f : [a,a+n(b,a)] C
[0,00) = R be a twice differentiable mapping on (a,a + n(b,a)) with n(b,a) > 0
such that " € Lila,a +n(b,a)]. If |f"|? is h-preinvez on [a,a + n(b,a)], ¢ > 1
and |f"(z)| < M, x € [a,a+n(b, a)], then the following inequalities for fractional
integrals with o > 0 hold:

e [ o 0(0,0) 4 T f@)] - D)
SMWZ(M){ G)lﬁ K/oi (e A1 = ﬂ]dt)é + (/;(1 — )[A(t) + h(1 - t)]dt) 7}
i 25;_*11)(/01 ) + 11 —0]e) é} (2.21)

1

ALY e+ nie-ae) ([ o= v 07)ar)

* o@D (/01 )+ 101 =0}
(2.22)

Proof. Continuing from inequality (2.16)) in the proof of Theorem using
properties of absolute value again, recurring to definition of A(¢) and power

14
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mean inequality for ¢ > 1, we have

’I’(a—l—l)
2

oo o) |74 F@ 4 m0,0) - Ty F(@)] = S

SW{(/Oétdt)l;(/O%t‘f”(a—&-tn(b,a))‘th);
+ (/ (1—t>dt)17(/l (1= 0)] 7" (a+ tn(b, ) |"de)”

1—L1 L

o) L amenm -yl me o)l

According to the h-preinvexity of |f”/|? and |f"| < M, we get

2a+77(b,a))‘

[t @ ma)ar< [*efna ol @i + wols o] a
0 0
< Mq/o HA(t) + h(1 — b)]dt.

Similarly, we also have
1

/l(1—t)]f”(a—ktn(b,a))]thgMq/ (1 —t)[h(t) + h(1 —t)]dt

1

and

/01 (1 — ot (1 — t)@-s-l)q’f,,(a +tn(h, a))|th

< (1 - 2%)Mq /Ol[h(t) +h(1 - t))dt,

where we use the fact that

1
(L= @ttt = )T <1 = [ =pott o] <1 - (27T =1 - oo

for any ¢ € [0,1] with ¢ > 1.

Also
3 1 1
/ tdt:/(l—t)dt:f.
0 1 8
2

Using these results, we see that the inequality (2.21]) is proved. To prove (2.22)),
and using the additional properties of h in hypothetical conditions, we further
have

/E tlh(t) + h(1 —t)]dt < /5 [R(t?) + h(t — t*)]dt
0 0

15
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and

1

[1(1 —t)[h(t) + h(1 —¢))dt < / [h(t — 1)+ h((l _ t)Q)}dt.

2 2

Hence, the proof of (2.22)) is completed.

-

Elementary calculation yields the following result.

Corollary 2.13 In Theorem if we choose h(t) =t, we can obtain

Pla+1)r1 ., o 2a +1(b, a)
’277“(1%60 [Ja+ fla+n(b,a) + J(a-‘rn(b,a))*f(a)] - f(2)‘

<Mn2(b,a) (1 21% — 1 )
=72 Q" 2wt/

specially for h(t) =1, we get

Fla+1)71 o 2a + (b, a)

’W |:JaJr f(a’ + 7’](b, a’)) + J(a—‘—n(b,a))*f(a)il - f(2)‘
Mn?(b,a) /1 20% — 1

< Gt mEr)

Theorem 2.6 Let h : J C R — R ([0,1] C J) be a non-negative and super-
additive function, h(t) >t for 0 <t < 1. Suppose that f : [a,a+n(b,a)] C [0, 00)
— R be a twice differentiable mapping on (a,a + n(b,a)) with n(b,a) > 0 such
that " € Lila,a + n(b,a)]. If |f"|? is h-preinver on [a,a + n(b,a)], p,q > 1,
% + % =1 and |f"(x)] < M, x € [a,a + n(b,a)], then the following inequalities
for fractional integrals with o > 0 hold:

2
<MD () I o —om) i o’

2

ai1(gzjig:ri);(/Ol[h(t)ﬂLh(l—t)]dt);} (2.23)

Mn?(bya)[1/ 1 \%, 1 1 /pa+p—1\r, 1
< — a(1 a(1)].
- 2 2(p—|—1) h ()+a—|—1(pa+p—|—1) hia (1)

'F(a+1)

(b, a) |:J5L+ fla+n(b,a)) + J(O:1+n(b,a))—f(a)] _ f(2a+17(b,a))‘

(2.24)

Proof. Continuing from inequality (2.16]) in the proof of Theorem using
properties of absolute value again, recurring to definition of A(¢) and Holder’s

16
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inequality for ¢ > 1, we have

‘5753(2—1; [J;ﬂf(a +n(b,a)) + J(OtclJrn(b,a))*f(a)} - f(

< (12)(1{(/ tpd>é{/2 "a+t77ba)|th}%
JF(/l(ltpdt;/|f"a+t77ba)|dt]é
+ai1[/01(1_ta+1—(1—t)““ ;/|f"a+t77ba)]th}é}

According to the h-preinvexity of |f”|? and |f”| < M, we can get

2a—|—727(b,a))’

1

[ 17 ) o < I @ie [ v - a0 [ b
0 0 0

< Mo / *(h(6) + h(1 — £)]dt.
0

Similarly we also have

/11 | (a+tn(b,a))|*dt < M1 /1 [h(t) + h(1 —t)]dt

2 2

-

and
1 1
/ | (a+tn(b,a))|"dt < MQ/ [h(t) + h(1 — t)]dt.
0 0

By virtue of the above results and the fact (2.19) and the inequality (2.20), we
complete the proof of (2.23)).
Using the supper-additive property of i in the assumptions, we further have

h(t) + h(1 —t) < h(1).
Hence, the proof of (2.24)) is completed.

Finally we shall obtain estimate of Riemann-Liouville fractional Hermite-
Hadamard inequality for for h-preincave functions.

Theorem 2.7 Let h : J C R — R ([0,1] € J) be a non-negative function,
h(t) > t for 0 <t <1 and f : [a,a + n(b,a)] C [0,00) — R be a twice
differentiable mapping on (a,a+n(b,a)) with n(b,a) > 0 such that [ € Li]a,a+
n(b,a)]. If |f"|? is h-preincave on [a,a + n(b,a)], p,q > 1, p~t +q 1 =1, then
the following inequality for fractional integrals with o > 0 hold:

e [ a0, 4 T f@)] - £ (D)
<40l en) G g (40

17
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Proof. Continuing from inequality (2.16]) in the proof of Theorem using
properties of absolute value again, recurring to definition of A(¢) and Holder’s
inequality, we have

‘F(a +1)
2n*(b, a)

gng(g’a){(/j#’dt)‘l’[/0é \f”(a+tn(b,a))\thf

+ ([1(1—t)”dt);[/}l \f”(a+tn(b,a))ythf
S G oo [ [l
§n2(g’a){(2p+1(;+1)); [(/0; \f"(a+tn(b,a))|th)% + (/; !f//(a—i—t??(b,a))’th)%}

b (paer_l);{/l’f”(ath(ba))|th}é}
a+1\pa+p+1 0 mes '

To prove the second inequality above, we here use the fact (2.19)) and the in-

[T Fla =+ m(0,)) + TGy - F(@)] = f(2a+277(ba))'

+

equality (2.20]) again.
Also, |f”|? is h-preincave on [a,a + 1(b, a)], by inequalities (1.9) we have
3 ! 1 2a + (b, a)\ |4
/ |f”(a—|—t77(b, a)) ’th < / |f”(a—|—t77(b7 a)) |th < T f”( a+n( ,a)>
0 0 2h(5) 2

Similarly, we also have

A | (a+tn(b,a))|"dt <

f,,<2a + g(b, a))‘q

2h(3)

and

f,,(Qa + n(b, a)) ‘q.

1
/ ’f”(a—i—tn(b, a))’th < 5
0

Therefore, we can get

‘F(a +1)
2n* (b, a)

§ ; —1\3 :
<G54 i ) i)

Direct computation provides the following corollary.

Corollary 2.14 In given conditions of Theorem if we take h(t) = t, we
obtain the following inequality for the preincave functions

2h(3)

[Ta (@t n(b,0)) + Ty g0y F(@)] f(za%n(ba)) ’

f,,(Za + g(b, a))‘-

m [J3+f(a + (b, a)) + ng(b’a))ff(a)} N f<2a+217(ba))‘
2 1 o ) |
<) () T )
18
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