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Locally and globally small Riemann sums and

Henstock integral of fuzzy-number-valued functions

Muawya Elsheikh Hamid®*, Luoshan Xu ¢ , Zengtai Gong °
@ School of Mathematical Science, Yangzhou University, Yangzhou 225002, China
b College of Mathematics and Statistics, Northwest Normal University, Lanzhou, 730070, P.R.China

Abstract In this paper, we first define and discuss the locally small Riemann sums (LSRS) for fuzzy-number-
valued functions. In addition the necessary and sufficient conditions have been obtained for a fuzzy-number-valued
function which has (LSRS), i.e., if a fuzzy-number-valued function is Henstock (H) integrable on [a,b] then it
has (LSRS) and the converse is always true. Secondly, the globally small Riemann sums (GSRS) for fuzzy-
number-valued functions is defined and discussed, and the necessary and sufficient conditions have been given for
a fuzzy-number-valued function which has (GSRS), i.e., if a fuzzy-number-valued function is (H) integrable on
[a, b] then it has (GSRS) and the converse is always true. Finally, by Egorov’s Theorem, we obtain the dominated
convergence theorem for globally small Riemann sums (GSRS) of fuzzy-number-valued functions.

Keywords: Fuzzy numbers; fuzzy integrals; (H) integral; (LSRS); (GSRS).

1 Introduction

Since the concept of fuzzy sets was firstly introduced by Zadeh in 1965 [22], it has been studied extensively
from many different aspects of the theory and applications, such as fuzzy topology, fuzzy analysis, fuzzy decision
making and fuzzy logic, information science and so on. fuzzy integrals of fuzzy-number-valued functions have
been studied by many authors from different points of views, including Goetschel [9], Nanda [15], Kaleva [12], Wu
[18, 19] and other authors [1, 3, 4, 5, 6, 8]. The locally and globally small Riemann sums have been introduced
by many authors from different points of views. In 1986, Schurle characterized the Lebesgue integral in (LSRS)
(locally small Riemann sums) property [16]. The (LSRS) property has been used to characterized the Perron
(P) integral on [a,b] [17]. By considering the equivalency between the (P) integral and the Henstock-Kurzweil
(HK) integral, the (LSRS) property has been used to characterized the (HK) integral on [a, b] [13].

The (LSRS) property brought a research to have global characterization on the Riemann sums of an (HK)
integrable function on [a, b]. This research has been done by considering the following fact: Every (H K) integrable
function on [a, b] is measurable, however, there is no guarantee the boundedness of the function. A measurable
function f is (H K) integrable on [a, b] depends on it behaves on the set of  in which |f(z)] is large, i.e. |f(z)| > N
for some N. This fact has been characterized in (GSRS) (globally small Riemann sums) property [13].

The (GSRS) property involves one characteristic of the primitive of an (HK) integrable function. That is
the primitive of the (HK) integral on [a,b] is ACG* (generalized strongly absolutely continuous) on [a,b]. This
is not a simple concept.

In 2015, Indrati [11] introduced a countably Lipschitz condition of a function which is simpler than the ACG™,
and proved that the (HK) integrable function or it’s primitive could be characterized in countably Lipschitz
condition. Also, by considering the characterization of the (H K) integral in the (GSRS) property, it showed that
the relationship between (GSRS) property and countably Lipschitz condition of an (H K) integrable function on
[a, b].

In this paper, we first define and discuss the locally small Riemann sums (LSRS) for fuzzy-number-valued

functions. In addition the necessary and sufficient conditions have been obtained for a fuzzy-number-valued

*Corresponding author. Tel.: 4+8613218977118. E-mail address: muawya.ebrahim@gmail.com, mowia-84@hotmail.com
(M.E. Hamid), luoshanxu@hotmail.com (L.S. Xu) and gongzt@nwnu.edu.cn (Z.T. Gong).
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function which has (LSRS), i.e., if a fuzzy-number-valued function is (H) integrable on [a, b] then it has (LSRS)
and the converse is always true. Secondly, the globally small Riemann sums (GSRS) for fuzzy-number-valued
functions is defined and discussed, and the necessary and sufficient conditions have been given for a fuzzy-number-
valued function which has (GSRS), i.e., if a fuzzy-number-valued function is (H) integrable on [a, b] then it has
(GSRS) and the converse is always true. Finally, by Egorov’s Theorem, we obtain the dominated convergence
theorem for globally small Riemann sums (GSRS) of fuzzy-number-valued functions.

The paper is organized as follows, in Section 2 we shall review the relevant concepts and properties of fuzzy
sets and the definition of (H) integrals for fuzzy-number-valued functions. Section 3 is devoted to discussing
the locally small Riemann sums (LSRS) of fuzzy-number-valued functions. In section 4 we shall investigate
the globally small Riemann sums (GSRS) of fuzzy-number-valued functions by Egorov’'s Theorem, we obtain
the dominated convergence theorem for globally small Riemann sums (GSRS) of fuzzy-number-valued functions.

The last section provides Conclusions.

2 Preliminaries

Definition 2.1 [10, 13] Let d : [a,b] — R™ be a positive real-valued function. P = {[z;_1,;]; &} is said to be a
o-fine division, if the following conditions are satisfied:

Da=x0<z1 <22 < ... <Tp =0

(2) & € [xifl’wi] C (gl - 5(52)751 + 6(&))(1 =12, 7n)'

For brevity, we write P = {[u, v]; £}, where [u,v] denotes a typical interval in P and £ is the associated point
of [u,v].

Definition 2.2 [10, 13] A real-valued function f(z) is said to be (H) integrable to G on [a, b] if for every £ > 0
there is a function §(€) > 0 such that for any d-fine division P = {[u, v]; £} we have

> fOw-u) -Gl <e (2.1)
(P)

As usual, we write (RH) f: f(z)dz = G and f(z) € RH|a,b].

For the results about fuzzy number space E'. we recall that E' = {u: R — [0,1] : u satisfies (1)-(4) below}:

(1) uw is normal, i.e., there exists a zo € R such that u(zo) = 1;

(2) u is a convex fuzzy set, i.e., u(rz + (1 —r)y) > min(u(z),u(y)), z,y € R, r € [0,1];

(3) w is upper semi-continuous;

(4) cl{xz € R : u(z) > 0} is compact, where clA denotes the closure of A.

For 0 < r < 1, denote [u]” = {z : u(z) = r}. Then from (1)-(4), it follows that the r—level set [u]" is a close
interval for all r € [0,1] (refer to [2, 7, 9, 12, 14, 20, 21]). We write v” = [u]” = [u_,u}] or [u—(r), us(r)].

For u,v € E', k € R, the addition and scalar multiplication are defined by the equations:

[u+v]" =[u]" + [, e, v +v" =[u+v]" and v} + v} = [u+v]};

[ku]” = k[u]", ie., [ku]” = min{ku’, kul}} and [ku]} = max{ku’, kul },

respectively.
Define D(u,v) = sup d([u]", [v]") = sup max{|ul —v"|,|u} — v} |}, where d is Hausdorff metric. Further-
r€(0,1] re(0,1]
more, we write
lall g = D(a,0) = sup max{luy|, uy|}.
A€[0,1]

Notice that || - ||z1 = D(-,0) doesn’t stands for the norm of E*.
For u,v € B, u < v means u” < v",u} < v} (see [2, 7, 9, 12, 14, 20, 21]).
Using the results of [2, 7, 9, 12, 14, 20, 21], we recall that:
(1) (E', D) is a complete metric space,
(2) D(u~+ w,v+w) = D(u,v),
3) D(u+v,w+e) < D(u,w) + D(v, e),
(4) D(ku, kv) = |k|D(u,v),k € R,

12 Elsheikh Hamid et al 11-18
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(5) D(u+v,0) < D(u,0) 4+ D(v,0),
(6) D(u+v,w) < D(u,w) + D(v,0), where 0 = x{o} and u,v,w,e € E".

Definition 2.3 [18] A fuzzy-number-valued function f(z) is said to be (H) integrable to A € E' if for every
€ > 0 there is a function §(¢) > 0 such that for any é-fine division P = {[u,v]; £} of [a, b], we have

DY) (w—wu),A) <e (2:2)
b
(FH)/ f(z)dz=A and f(z)€ FHla,b]. (2.3)

Lemma 2.1 [18] Let f : [a,b] = E' be a fuzzy-number-valued function. Then f € FH|a,b] iff f7 (), f7(z) €
Hla, b] uniformly for any r € [0,1], i.e., 6(£) in Definition 2.2 is independent of r € [0, 1].

3 Locally small Riemann sums and Henstock (H) integral of
fuzzy-number-valued functions

In this section, we shall define locally small Riemann sums or in short (LSRS) and show that it’s the necessary
and sufficient condition for f(z) to be Henstock (H) integrable on [a, b].

Definition 3.1 A fuzzy-number-valued function f : [a,b] — E' is said to be have locally small Riemann sums
or (LSRS) if for every € > 0 there is a 6(§) > 0 such that for every ¢t € [a,b], we have

1> 7@ =w)|p <e, (3.1)
whenever P = {[u,v];£} is a d-fine division of an interval [r,s] C (¢t — §(¢),t + 6(t)), ¢t € [r, s] and ¥ sums over P.
If there exists a z € E' such that « = y + z, then we call z the H— difference of = and y, denoted by z — y.

Lemma 3.1 [18] Let f € FH[a,b] and F be the primitive of f(z) then F satisfies the H— difference.

Lemma 3.2 (Henstock Lemma). If a fuzzy-number-valued function f : [a,b] — E' is (H) integrable on [a, b]
with primitive F, i.e., for every € > 0 there is a positive function 0(€) > 0 such that for any d-fine division
P = {[u,v]; £} of [a,b], we have

DO f(&w—u), D Flu,v) <e. (3.2)

Then for any sum of parts Y from ), we have
1

DY f()(w—wu), > Flu,v) <e. (3.3)
1 1
The proof is similar to the Theorem 3.7 [13].
Theorem 3.1 If f(x) is (H) integrable on [a,b] then it has LSRS.

Proof Let F be the primitive of f(z). Given ¢ > 0 there is a §(¢) > 0 such that for any &-fine division
P = {[u,v]; &} of [a,b], we have
D> fOw—u),> F(u,v)) <e. (3.4)
Where F(u,v) = F(v) — F(u). By the continuity of F at £,
D(F(u), F(v)) <e whenever [u,v] C (&~ (£),&+8(€)).

Therefore for ¢ € [a,b] and any d-fine division P = {[u,v];£} of [r,s] C (¢ — 6(t),t + 5(¢)), we have

1D FO@=w)|m < DO_FEO@—u),)Y Flu,v)+D(F(r), F(s))
< 2e.
That is f(x) has LSRS.
This completes the proof. g
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Lemma 3.3 [18] (Cauchy criterion). A fuzzy-number-valued function f : [a,b] — E' is (H) integrable on [a, ]
iff for every € > 0 there is a positive function §(§) > 0 such that whenever Py = {[u1,v1];&1}, P2 = {[u2, v2]; &2}

are two 0-fine divisions, we have

D(> f&) i —w), Y f(&2)(v2 —ua)) <e. (3.5)

(P1) (P2)

Theorem 3.2 If a fuzzy-number-valued function f : [a,b] — E* has LSRS on [a,b] then f(z) is (H) integrable
on any closed sub-interval C' C (a,b). (Where C' = [r, s]).

Proof A fuzzy-number-valued function f : [a,b] — E' has LSRS means that for every € > 0 there is a §(£) > 0
such that for every t € [a, b], we have
1Y F @@ =u)|p <e (3.6)
whenever P = {[u, v];£} is a d-fine division of an interval C' C (t — 6(¢),t + d(t)), t € C and X sums over P.
(i) If there t € [a,b] with C C (¢t — (t),t + 6(t)) we have the following discussion:
(1) If t € C then for every € > 0 there is a two d-fine divisions Py = {[u1,v1];&1}, Po = {[uz, v2];&2} on C,
such that
D(D> f(&) i —w), Y f(&2)(v2 —ua)) <e. (3.7)
(P1) (P2)
According to the Cauchy criterion, then f(z) is (H) integrable on C.
(2) If ¢t ¢ C then there is a closed interval E C (¢t — §(t),t + 4(t)), with the result that t € F and C C E
(where E = [g, h] ). As a result, for every € > 0 there is a two d-fine divisions Py = {[u1,v1];&1}, Pe = {[uz2,v2]; &2}
on E, such that
D(> f&) i —w), Y f(&2)(v2 —ua)) <e. (3.8)
(P1) (P2)
According to the Cauchy criterion, then f(z) is (H) integrable on E. Because C C E and f(z) is (H)
integrable on E then f(z) is (H) integrable on C.
(i) If C € (t — &(¢),t + 6(¢)) then there is a positive function & on [a,b] which resulted in the presence that
P ={(Ci,t;) :i=1,2,--- ,k} is a é-fine division of the interval C. Tt follows that f(z) is (H) integrable on C;
fori=1,2,--- k.
Then f(z) is (H) integrable on C.
This completes the proof. |

Corollary 3.1 If a fuzzy-number-valued function f : [a,b] — E* has LSRS on [a,b] then f(z) is (H) integrable
on C for any simple set C' C (a,b).

Notice that a simple set C' means that there exists finite closed sub-interval C; which belongs to (a,b) such

k
that C = U C;.
i=1

1=

Theorem 3.3 If a fuzzy-number-valued function f : [a,b] — E* has LSRS on [a,b] then f(z) is (H) integrable

on [a,b].

Proof A fuzzy-number-valued function f : [a,b] — E* has LSRS then for every & > 0 there is §*(£) > 0 such
that for every t € [a, b], we have

1> F @@ —w)|p <e (3.9)
whenever P = {[u,v];£} is a §*-fine division of an interval C C (¢t — 6(t),t + 6(¢)), t € C and ¥ sums over P.
According to the Corollary 3.1, f(z) is (H) integrable on C' for any simple set C' C (a, b).
Rows set {E;}, E; (| E; = ¢, Vi # j with property (a,b) = |J E;, E; is a closed interval. Thus for above ¢ > 0,
there is a positive numbers ng with property

p{lab] — | J Ei} <e, (3.10)

i<ng
where p is Lebesgue measure.
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For any i, there is a positive function §; such that for any §;-fine division on F;, we have
DI FO@ = w. (1) [ Fayz) <= (3.11)
E;
Define a positive function § by the formula:

min{§" (), 3d(¢,0[a,0])} f €€ U Ei

6( _ i>ng

min{6"(£),d: (&)}, ifé¢e U Ei

i<ng
For each C = {C} = {C1,C4, - ,Ci} with C; = E;(Q (where Q = [u,v]), for one i < ng and one @ with
{[u,v]; €} is a d-fine division and £ € (a,b), we have
(i) If Cj = E; for i < no. Because f(z) is (H) integrable on E; and f(z) is (H) integrable on C;; consequently
N k
f(z) is (H) integrable on |J Cj. Selected a positive function §, with d.(§) = min{d;(¢) : 7 = 1,2,--- ,k}, then
=1

Jj=

k
for each d.-fine division P = {[u,v];£} on |J Cj, we have
j=1

D((H) /6 @i Y fOw ) <e. (3.12)

Thus obtained:

le>>m [ fpael < p(an |

< e+ ke

. fl@)dz, Y (&) —u)) +Z 1> £ =)l

According to the properties of Cauchy, f(x) is (H) integrable on [a, b].
(i) If C; = E; N Q, for i < ng and one d-fine Q with {[u,v];£} and € € (a,b) then C; C (£ —6(£),€ + 4(8)).
N ~ k
According to the Theorem 3.2, then f(x) is (H) integrable on C;. As the result f(z) is (H) integrable on |J Cj.
j=1

k

Selected a positive function 61 with property 61(§) < §(§) then for each d.-fine division P = {[u,v];£} on U Cj,
j=1

we have

D((H) /6 . fl@)dz, > f(w-u) <e. (3.13)

Thus obtained:

HCZ(H)/Cf(x)dxHEl < D((H)/

k
=

. fl@)dz, Y (&) (w —u)) + Z 1> £ =)l

< e+ ke

According to the properties of Cauchy, f(x) is (H) integrable on [a, b].
This completes the proof. O

Corollary 3.2 A fuzzy-number-valued function f : [a,b] — E' has LSRS on [a,b] iff f(z) is (H) integrable on
[a, b].

4 Globally small Riemann sums and Henstock (H) integral of

fuzzy-number-valued functions

In this section, we shall define globally small Riemann sums or in short GSRS and show that it’s the necessary

and sufficient condition for f(z) to be Henstock (H) integrable on [a, b].
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Definition 4.1 A fuzzy-number-valued function f : [a,b] — E* is said to be have globally small Riemann sums
or (GSRS) if for every € > 0 there exists a positive integer N such that for every n > N there is a §,(£) > 0 and
for every d,-fine division P = {[u, v];£} of [a, b], we have

I Y fO@-—wl<s (4.1)

17Ol g1 >n

where the 3 is taken over P and for which || f(£)||g1 > n.

Theorem 4.1 Let f(z) be (H) integrable to F(a,b) on FH][a,b] and F,(a,b) the integral of f,(z) on FH]a,b],
where f,(z) = f(z) when ||f(z)||p1 < n and 0 otherwise. If F,,(a,b) — F(a,b) as n — oo then f(z) has GSRS.

Proof Given € > 0 there is a 6,(§) > 0 such that for every d,-fine division P = {[u,v];{} of [a, b], we have

DY fa©)(v —u), Fu(a,b) <e, (4.2)
where (FH) f: fn(z)dz = E,(a,b).
Zf (v —u), F(a,b)) <e, (4.3)
where (FH) [ f(z)dz = F(a,b).
Choose N so that whenever n > N
D(F,(a,b), F(a,b)) < e. (4.4)

Therefore for n > N and d,-fine division P = {[u,v];&} of [a, b], we have

I >0 FO@=wllpm =DQ_ @ —w), 3 fE)w—w)
£ )l g1>n
an (v — ), Fn(a,b)) + D(Fn(a,b), F(a,b)) + D(F(a,b) Zf (v —u)

< 3e.

Hence f(x) has GSRS.
This completes the proof. 0

Theorem 4.2 A fuzzy-number-valued function f(z) has GSRS iff f(x) is (H) integrable on [a, b] and F},(a,b) —
F(a,b) as n — oo where E,(a,b) and F(a,b) are defined as in Theorem 4.1.

Proof Theorem 4.1 proves the sufficiency. We shall prove only the necessity. Suppose f| (z) has GSRS. Note
that fn(z), as defined in Theorem 4.1, is (F/H) integrable on [a,b] for all n. Then for n,m > N and a suitably

chosen d-fine division P = {[u, v]; £}, we have

D(Fy(a,b), Fr(a,b))
< D( ~n(a7b)7 Z f(g)(v—u))—i—D( Z f(g)(v—u),ﬁ’m(a,b))

17l g1 <n IF )l g1 <m

+ H Z f(f)(U—U)HEl +|| Z f(g)(v_u)”}m
1F g1 >n 1F N g1 >m
< de.

That is, Fn(a, b) converge to a fuzzy number, say I:"(a, b), as n — oco. Again, for suitably chosen N and 6(&)

and for every d-fine division P = {[u, v]; £}, we have

Zf u ( 7b)) < D(F(avb)7FN(avb))
+ D(Fn(a,b), Z FOw=w)+| D fOw-w|u
IF )l g1 <N 17l g1 >N
< 3e.

That is, f(z) is (FH) integrable on [a, b].
This completes the proof. d
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Theorem 4.3 Let fn(z) € FHla,b], n=1,2,3--- and satisfy:
(1) hm fu(z) = f(z) almost everywhere in [a, b];
(2) there exists a Lebesgue (L) integrable (H integrable) function h(z) on [a, b] such that

D(fu(@), fm(x)) < h(z). (4.5)
Then, f,(x) has GSRS on [a,b] uniformly for any n. Naturally, f is (SFH) integrable on [a, b]. Furthermore,

b b
lim (SFH) | fo(z)dz = (SFH)/ f(z)dz. (4.6)

n—00

Proof Let e > 0. Since H(z f h(t)dt is absolutely continuous on [a, b], there exists a positive number
n > 0 such that > |H(b;) — H(a,)| < € whenever {[a;, b;]} is a finite collection of non-overlapping intervals in [a, b]
that satisfy > (b; — a;) < 7. Since hm fn(z) = f(x) almost everywhere in [a, b], and

D(fn, f) = sup max{|(fn(2))Z = (f(2))Z], [(fn ()% = (f(@))3[}

= sup max{|(fa(@)™ — (F@)|Fa(@))F — F@)F)

rp€[0,1]

is a sequence of Lebesgue (L) measurable functions, where ri € [0, 1] is the set of rational numbers, by Egorov’s
Theorem, there exists an open set G with L(G) < n such that nl;r{go fn(z) = f(x) uniformly for x € [a,b]\ G. Then,
there is an natural number N, such that for any n,m > N, and for any z € [a, b]\ G, we have D(fn(x), fm(x)) <€
Since h(z) is (H) integrable on [a, b], there is a §,(§) > 0 such that for any d5-fine division P = {[u, v]; £} of [a, b],

we have .
DIIGIOEEN! (L)/ h(t)dt| < e. (4.7)

Define ’

6(5)7 SatiSfying (5@ - 6(51)7§l + 6(51)) CG, 1f£ € [a7 b]
Then, it follows that for a d-fine division Py = {[zi—1,x:]; &} of [a, b],

D an (&) (@i = mim1), Yy fm (&) (@i = mi1))

) {Ma, if€ € [a,0]\ G,

< DO Y, fl@)@i—wi), Y. fml&) (@i — @)

£;€la,b]\G £;€[a,b]\G
+ 2 fn (&) (xi — zim1), 2 fm(fz)(xz —Ti—1))

&, €EG £ €EG
< Z D(fn(&), fn(&)) (@i — iz1) + Z D(fn(&), fm(&)) (@i — ziz1)

£;€[a,b]\G £, €eG
< elb—a)+| S hE) @i —wioa) — [ k)t +| [ hE)dt|
= - J o+ f

< eb—a)+3e.
Hence, there is an natural number N such that for any n,m > N, we have
D(Fy[a, b], Fin[a, b))
< D(Fula, 8], (&) (@i = 2im1)) + D(Fnfa, b, fn(&) (i — i-1))
+ DY Fal€) (@i = wica), ) (&) (@i — wicn))

< 3e.

Thus, E, [a,b] is a Cauchy sequence, and there is an natural number N; such that for any n > Ni, we have
D(F,[a,b], A) < . According to the (FH) integrability of fy, (z), there is a Oy, (§) > 0 such that for any ¢, -fine
division P = {[u,v];£} of [a, b], for any n > Nn,, we have

D(Y" ul©)@ — u), Fula,b)

< D( "[a7b]7FN1[ab +DZfN1(£ U_u)7FN1[a7b])
+ DO f©w—u), Y fni (O —w)
< 3e.
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This completes the proof. O

5 conclusions

In this paper, we introduced locally and globally small Riemann sums for fuzzy-number-valued functions. We
proved that a fuzzy-number-valued functions is (H) integrable on [a, b] iff it has (LSRS). Also it is proved that
a fuzzy-number-valued functions is (H) integrable on [a, b] iff it has (GSRS). Finally, by Egorov’'s Theorem, we
obtained the dominated convergence theorem for (GSRS) of fuzzy-number-valued functions.
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THE GENERAL ITERATIVE METHODS FOR SPLIT VARIATIONAL
INCLUSION PROBLEM AND FIXED POINT PROBLEM
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Abstract. In this paper, we consider and analyze a general iterative method to approximate a common solution of
split variational inclusion problem and fixed point problem for a nonexpansive mapping, which is the unique solution for
the variational inequality in real Hilbert spaces. Furthermore, under reasonable conditions, the sequence generated by
the proposed iterative scheme converges strongly to a common solution of split variational inclusion problem and fixed
point problem for a nonexpansive mapping, which is a solution of a certain optimization problem related to a strongly
positive linear operator. The results presented in this paper improve and extend the corresponding results reported by
some authors recently.

Keywords: Split variational inclusion problem, Nonexpansive mapping, Fixed point problem, Hilbert space.
AMS Subject Classification: 47H10, 47HO09.

1. INTRODUCTION

Throught out the paper unless otherwise stated, let H; and Hs be two real Hilbert spaces with
inner product (-,-) and norm || - |. Let C' and @ be nonempty closed convex subsets of H; and Hs,
respectively. A mapping S : H; — H; is called contraction, if there exists a constant « € (0,1) such
that

1Se - Syll < allz — yl, Yo,y € Hi.

If « =1, 5 is called nonexpansive, that is,
ISz — Sy|| < ||z —y||, Yo,y € H.

Further, we consider the the following fixed point problem (in short, FPP) for a nonexpansive mapping
S :Hi — Hi: Find x € H; such that

Sz =z. (1.1)
The solution set of FPP (1.1) is denoted by Fix(S). It is well known that if Fix(S) # 0, Fix(S) is closed
and convex. Next, let T': Hy — H1 be a single-valued mapping. We recall the following definitions:

(i) T is said to be monotone, if
(Tx — Ty,x —y) >0, Va,y € Hy.

(ii) T is said to be a-strongly monotone, if there exists a constant a > 0 such that

(Te —ty,x —y) > allz —y|I*, Yo,y € Hy.
(iii) T is said to be f-inverse strongly monotone(or, S-ism), if there exists a constant 8 > 0 such
that
(Tx —ty,x —y) > BTz — Ty|?, Va,y € Hi.

(iv) T is said to be firmly nonexpansive, if
(Tx —ty,x —y) > ||Tx — Ty||*, Va,y € Hi.
Next, let M : H; — 2% be a multi-valued mappings. We recall the following definitions:
e M is called monotone if for all z,y € Hi,u € Mz and v € My such that (z —y,u —v) > 0.

*Corresponding author:
Email address: rattanapornw@nu.ac.th (R. Wangkeeree) and kiattisakrat@live.com (K. Rattanaseeha) and rabi-
anw@nu.ac.th (R. Wangkeeree).
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e A monotone mappings M : H; — 2*1 is maximal if the Graph(M) is not properly contained
in the graph of any other monotone mapping.
For more precisely, a monotone mappings M is maximal if and only if for (x,u) € HixH1, (x—y, u—v) >
0, for every (y,v) € Graph(M) implies that u € Mz, where Graph(M) := {(x,y) € H1 xH1 :y € Mx}.
Let M : H; — 2™ be a multi-valued mappings. Then, the resolvent mapping associated with M, is
defined by
JM(z) == (I + M)~ (z), Vo € H,y
for some A > 0, where I stands identity operator on H;. We note that for all A > 0 the resolvent
operator J f\\/f is single-valued, nonexpansive and firmly nonexpansive.
For a given single-valued operator F' : H; — H;, Hartman and Stampacchia [12] introduced the
variational inequality problem (in short, VIP) :

Find z* € C such that
(VIP) { (F(z*),z —x*) > 0,Vz € C.

The VIP is a powerful tool to investigate and study a wide class of unrelated problems arising in
industrial, regional, physical, pure and applied sciences in a unified and general framwork. Variational
inequalities have been extended and generallized in several direction using novel and new techniques.
The following existence result of solutions for VIP can be found in [12]. Let H; be a real Hilbert space,
C a nonempty, compact and convex subset H;. Then, if F': C' — H; is continuous, there exists z* € C
such that

(F(z*),z —x*) > 0,Vz € C.

Recently, in 2011, Moudafi [24] introduced the following split monotone variational inclusion problem
(in short, SMVIP):

Find 2* € H; such that 0 € fi(x*) + Bi(z*),

(SMVIP) { y* = Ax* € Hasolves 0 € fa(y*) + Ba(y™).

where B; : H; — 27 is a multi-valued mappings on a Hilbert space H1, By : Hy — 2%2 is a multi-
valued mappings on a Hilbert space Ha, A : H1 — Ha is a bounded linear operator, f1 : H1 — H;1 and
fo : Ho — Ho are two given single-valued operators. If f; =0 and fo = 0, then SMVIP reduces to the
following split variational inclusion problem (in short, SVIP) : Find z* € #; such that

0 € By(z"), (1.2)
and
y* = Azx™ € Hysolves 0 € Ba(y™). (1.3)

When looked separately, (1.2) is the variational inclusion problem and we denoted its solution set by
SOLVIP(Bj;). The SVIP (1.2)-(1.3) constitutes a pair of variational inclusion problems which have to
be solved so that the image y* = Ax* under a given bounded linear operator A, of the solution z* of
SVIP (1.2) in H; is the solution of another SVIP (1.3) in another space Hs2, we denote the solution set
of SVIP (1.3) by SOLVIP(B5;). The solution set of The SVIP (1.2)-(1.3) is denoted by

I':{z" € Hy: 2" € SOLVIP(B;) and Az* € SOLVIP(B3)}.

l,Recently, Byrne et al. [3] studied the weak and strong convergence of the following iterative method
for SVIP. For given z¢ € H;, compute iterative sequence {z,} generated by the following scheme.

Tpa1 = Jfl (x) (mn + VA*(J)]?I — I)Axn), (1.4)

for A > 0 and A* is the adjoint of A, L = ||A*A| and v € (0, 2). It is proved, in [3], that the sequence
{zn} generated by (1.4) converges strongly to z* which is the solution of SVIP.

Very recently, Kazami and Rizvi [13] studied and analyzed the strong convergence of the iterative
method for approximating a common solution of SVIP and FPP for a nonexpansive mapping in a real
Hilbert space. Let g : H1 — H; be a contraction mapping with constant « € (0,1) and S : H; — H;
be a nonexpansive mapping. For a given xg € H; arbitrarily, let {w,} and {z,} be generated by

U, = Jfl (xn —l—vA*(Jf"’ — I)Axn) :
Tn+1 = O‘ng(zn) + (1 - an)suna (15)
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where A > 0 and v € (0, %), L is the spectral radius of the operator A*A and A* is the adjoint of
A and {a,} is a sequence in (0,1). They proved that, under some certain conditions imposed on
the parameters {a,}, the sequences {u,} and {z,} both converge strongly to z € Fix(S) NT", where
z= PFix(S)mFg(Z)'

On the other hand, iterative methods for nonexpansive mappings have recently been applied to
solve convex minimization problems; see, e.g., [11, 27, 28, 29] and the references therein. Convex
minimization problems have a great impact and influence in the development of almost all branches of
pure and applied sciences. A typical problem is to minimize a quadratic function over the set of the
fixed points a nonexpansive mapping on a real Hilbert space:

0(x) = ggél %(Gm,@ — (z,b), (1.6)

where G is a linear bounded operator, C' is the fixed point set of a nonexpansive mapping T and b is a
given point in H. Let H be a real Hilbert space. Recall that a linear bounded operator B is strongly
positive if there is a constant ¥ > 0 with property

(Gz,z) > 7||z||* for all x € H. (1.7)

Marino and Xu [25] introduced the following general iterative scheme basing on the viscosity approxi-
mation method introduced by Moudafi [14]:

Tn+1 = (I - anG)Tmn + anﬂf(xn)vn > 0. (18)

where G is a strongly positive bounded linear operator on H. They proved that if the sequence {a,}
of parameters satisfies appropriate conditions, then the sequence {x,} generated by (1.8) converges
strongly to the unique solution of the variational inequality

(G=Bfa*,x—a*) >0,zeC (1.9)
which is the optimality condition for the minimization problem
1
géiél §<Gx, x) — h(z),

where h is a potential function for 8f(i.e., h'(z) = Bf(x) for z € H).

Motivated by the work of Kazmi and Rizvi [13] and Moudafi [24] and Marino and Xu [25] and by the
ongoing research in this direction, we suggest and analyze a general iterative method for approximating
a common solution of SVIP and FPP which solves the variational inequality (1.9). More precisely, let
g : H1 — H; be a contraction mapping with constant a € (0,1), S : H; — H1 be a nonexpansive
mapping and G : H; — Hi be a strongly positive, bounded linear operator with constant p and
0 < < £. For a given zq € H; arbitrarily, let {u,} and {z,} generated by

u, = J& (a:n +yA*(JP — I)Axn) ;
Tp4+1 = anﬂf(xn) + (I - O‘nG)Sunv (110)

where A > 0 and v € (0, %), L is the spectral radius of the operator A*A and A* is the adjoint of A
and {a,} is a sequence in (0,1) and B; : H1 — 2H1 By : Hy — 2H2 two multi-valued mappings on
H1, and Ha, respectively. We prove that the iterative method (1.10) converges strongly to a common
element of SVIP and FPP for a nonexpansive mapping, which is a solution of a certain optimization
problem related to a strongly positive linear operator. The result presented in this paper generalize the
corresponding results of Kazmi and Rizvi [13] and Moudafi [24], Marino and Xu [25] and many others.

2. PRELIMINARIES

For a real Hilbert space H; with the norm || - || and the inner product (-, -), it is well known that for
any A € (0,1),

A2+ (1= Xyl* = Ml + @ = NIyl = A1 = Nz = yl*, Vo,y € Hi. (2.1)

Further, every nonexpansive operator T : H1 — H satisfies, for all (z,y) € Hi x H1, the inequality

((z=T(x) = (y =T(Y), T(y) - T(z)) < %II(T(x) —2) = (T(y) - )| (2.2)
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and therefore, we get, for all (x,y) € Hix Fix(T),
((z=T(x),(y —T(x)) < %HT(SC) —a|. (2.3)
A mapping T : ‘H1 — H; is said to be averaged if and only if it can be written as the average of the
identity mapping and a nonexpansive mapping, i.e.,
T:=(1-a)l+aS
where « € (0,1) and S : Hy — H; is nonexpansive and I is the identity operator on H;

Proposition 2.1. (i) If T = (1 — a)S + oV, where S : Hy — Hi is averaged, V : Hi — Hq is
nonexpansive and o € (0,1), then T is averaged.

(i) The composite of finitely many averaged mapping is averaged.

(i4i) If the mapping are averaged and have a nonempty common fized point, then

N
() Fiz(T;) = Fiz(Ty, Ty, ..., Ty).
=1

(i) If T is 7 —ism, then for v > 0,7T is T _ism
Y
1
(v) T is averaged if and only if , its complement I — T is T — ism for some T > 3

For every point z € H;, there exists a unique nearest point in C, denoted by Pcx, such that
|z — Pzl < [z —y|l, Vy€C.

P¢ is called the (nearest point or metric) projection of H; onto C. In addition, Pox is characterized
by the following properties: Pox € C' and

(x — Pox,y — Pex) <0, (2.4)
lz =yl > |z — Pea|® + ||y — Pex|?, Vo eHiyeC. (2.5)
Recall that a mapping T : H1; — H; is said to be firmly nonexpansive mapping if
|Tx — Ty||* < (Tx — Ty, —y), Yo,y € H;.
It is well known that P¢ is a firmly nonexpansive mapping of H; onto C and satisfies
|Pcx — Poy||* < (x —y, Pox — Poy), Va,y € Hi. (2.6)

If G an a—inverse-strongly monotone mapping of C' into H1, then it is obvious that G is éfLipschitz
continuous. We also have that for all z,y € C' and A > 0,

I = AG)z = (I = AG)yl lz =y = MGz — Gy)||?
= lz —yl* = 2X(Gz - Gy, x — y) + N||Gz — Gy]*
lz = yl* + A\ = 20)||Gz — Gy]|* (2.7)

IN

So, if A < 2a, then I — A\G is a nonexpansive mapping of C' into H;.

Next, we denote weak convergence and strong convergence by notations — and —, respectively. A
space X is said to satisfy Opials condition [31] if for each sequence {z,} in X which converges weakly
to a point x € X, we have

liminf ||z, — z|| < liminf ||z, —y||, Yy € X,y # x.
n— 00 n—00
Lemma 2.2. [25] Let H; be a Hilbert space, C be a nonempty closed convex subset of H, and f : H1 —

H1 be a contraction with coefficient 0 < o < 1, and G be a strongly positive linear bounded operator
with coefficient ¥ > 0. Then, for 0 <y < I,

(& =y, (G =z — (G =7 ly) =2 (T = ya)llz —ylI*, z.y € Hi.
That is, G — v f is strongly monotone with coefficient ¥ — ya.

Lemma 2.3. [25] Assume G is a strongly positive linear bounded operator on a Hilbert space Hi with
coefficient ¥ > 0 and 0 < p < ||G||7*. Then ||I — pG|| < 1 — p7.
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Lemma 2.4. [23] Let {z,} and {y,} be bounded sequences in a Banach space X and let {B,} be a
sequence in [0, 1] with 0 < liminf, o B, < limsup,, .., Bn < 1. Suppose that x,+1 = (1= Bn)Yn + Bnn
for all integers n > 0 and limsup,,_, o (||[Yn+1 — Ynll — [|[Znt1 — 2nl]) < 0. Then limy, o0 |yn — || = 0.

Lemma 2.5. [31] Let H1 be a Hilbert space, C' a closed convex subset of Hi, and S : C — C a
nonexpansive mapping with F(S) # 0. If {x,} is a sequence in C weakly converging to x € C and if
{(I = S)xn} converges strongly to y, then (I — S)x = y; in particular, if y = 0, then x € Fiz(S).

Lemma 2.6. [26] Assume {a,} is a sequence of nonnegative real numbers such that
Ap41 S (1 - Jn)an + 577,7

where {oy,} is a sequence in (0,1) and {6, } is a sequence in R such that
(1) 307, 0n = 00;
67’74 oo
(2) limsup,,_,.c — <0 or > >~ | |0pon| < oco.
o

n
Then lim,,_,o &y, = 0.

3. MAIN RESULTS

In this section, we prove a strong convergence theorem for the general iterative methods for ap-
proximating the common element of SVIP and FPP which is the unique solution for the variational
inequality (1.9). First, we have the following technical lemma, which is immediately consequence of
the definition of resolvent mapping;:

Lemma 3.1. SVIP is equivalent to find x* € Hy such that y* = Az* € Hay, z* = Jfl (z*) and
y* = JEQ(y*) for some A > 0.

Theorem 3.2. Let Hi and Hs be two real Hilbert spaces. Let A : Hi — Hao be a bounded linear
operator. Assume that By : Hi1 — 2" and By : Ho — 2M2 are mazimal monotone mappings. Let
S : H1 — Hi1 be a nonexpansive mapping such that Fix(S)NT # 0. Let f: H1 — Hi be a contraction
mapping with constant « € (0,1) and G : H1 — H1 a strongly positive, bounded linear operator with
constant p such that |G| =1, and 0 < 8 < £. For given Yxo € Hi, let the sequences {un} and {z,}
be generated by (1.10), where {ay} s a sequence in (0,1) satisfying the following conditions :

(1) limy—yeo ap =0;

(ii) >0, ay = oo and

(iii) 07 |y — an_1| < 0.
Then the sequences {uy} and {x,} both converge strongly to z € Fiz(S) NT, where z = PF’iI(S)ﬂF(I -
G + Bf)(2). Moreover, z is a unique solution of the variational inequality (1.9).

Proof We observe that PFix(S)nF(I — G + Bf) is a contraction. Indeed, applying Lemma 2.3 with
IG|| = 1, we have,

| Prixse(d = G+ BH@) = Prigse = G+BHWI < 1(8F + (= G)(a) = (Bf + (I - D))l
Bllf (@) = Fll + I = Gl =yl

vallz =yl + 1 =7)[z -yl
(1=F—ap)llz—uyl,

for all z,y € H;. Therefore, Banach’s Contraction Mapping Principle guarantees that PFix( S)ﬁF(I —

G + Bf) has a unique fixed point, say z € H;. That is, z = Qr(vf + (I — G))(2). Next, we devide the
proof into five steps as follows.

N

INIACIA

Step 1. We first show that the sequences {z,} is bounded. Let p € Fiz(S)NT, then we have that
p= Jflp, Ap = J;\BQ(Ap) and Sp = p. So, we have

—p|? Jb A (7% — ) Az =l
||un pH A (xn+7 A l'n) p

_ ijl (w0 + 7 A" (J02 = 1) Awy) = JP'p

‘ 2

IN

T, —l—’yA*(J;\B2 — I)Awn —pH2
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< ||xn—p||2+’y2HA*<J52—I)Amn 2+27<xn—p7A*(Jf2 —I)Aacn>. (3.1

It follow that
lun = ol < llwn = pI? 92 (I8 — 1) Ay, 447 (1P = 1) A, )
n 2~y<xn —p, A* (Jf? - I) Axn>. (3.2)

Since

(I = 1) Awg, A4 (17 = 1) Aza) < Dy((IP2 = 1) A, (772 = 1) A, )
2

L2 H (sz _ I) Az,

and using (2.3), we have
27<:17n —p, A" (J)J:% — I)Azn> = 27<A(xn -p), <J52 — I)A:z:n>
- 27<A(wn —p)+ (Jf2 _ I) Az, — (sz _ 1) Az, (sz _ I) Axn>

)

- %{@ABQA% o (9~ 1)) | (98 - 1) o,

1 B 2 B 2
< 299 5|| (97 - 1) Aaa|| = || (902 - 1) A }
2
< —7”(Jf2 —I)Axn (3.4)
From the inequalities (3.2), (3.3) and (3.4), we can conclude that
2 2 B 2
ltn = I <l = I + 4 (Ly = V)| (482 = 1) Az, (3.5)
Since v € (0, %), we obtain
lun = pl* <l —pl%,
which implies that
l[tn = pll < [lzn = pll (3.6)
Therefore
[#nt1 = pll = llomBf (2n) + (I — anG)Sup — p||
< Ban | f(xn) = F®) + (T = anG)|[[|Sun — pll + an||Bf (p) — G|l
< Banallzn, —pll + (1 — anp)|[un — pll + anl|Bf (p) — Gpll
< Banallzn —pll + (1 — anp)|zn — pll + anl|Bf (p) — Gl
= (Bana+ (1 = app))l|lzn — pll + anl Bf(p) — G|l
18 (p) — Gpl
=(1—a,(p— )|z, —p| + an(p — fa) —————
( (1= Be))|n = pll + an(p — Ba) (i~ Ba)
< max Hxn _p||7 Hﬁf(p) — Gp” )
p— Pa
By induction, we have
-G
2 — pl < max{|x1 —l, Bf(mp”}, Vn > 1. (3.7)
p— Pa

Hence {z,} is bounded and consequently, we deduce that {u,},{f(z,)} and {Su,} are bounded.

Step 2. We show that the sequences {x,} is asymptotically regular, i.e.,

|Znt1 — znl| = 0asn — oco.
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For each n € N, we notice that

||anﬁf(xn) + (I - anG)Sun - (an—lﬁf(xn—l) + (I - an—lG)Sun—l)H

[Zn+1 — @nll

< I = anG)(Sup — Stup—1) — (@n — @p—1)GSUp_1
+Ban (f(l'n) - f(l'nfl)) + B(an — an—1) f(zn_1)||
< (1= app)|Sun — Sup—1| + [an — an—1|[|GSun—1]|
B |(f(@n) — f(@n-1)ll + Blan — an—1|l| f(2zn-1)]
< (= anp)llun = tn—1] +|an — an_1||GSusp—1||
+Baan||zn — -1l + Blan — an—1|| f(@n-1)|l
= (I —anp)llun —un—1| + Baay||z, —zn_1]|
+|an - an,1|(||Gun,1|| + BHf(mnfl)”)
< (= anp)llun — un—1ll + Baay||zn — Tp1| + an — an_1|K (3-8)

where K = sup {||Gun—_1|| + B||f(zn_1)| : n € N}. Since, for v € (0,1), the mapping J' (I +
yA*(JP? — I)A) is averaged and hence nonexpansive, therefore

|0 (@a 7" (TP = 1) Az) = TP (2n1 + A" (I = 1) Awa) |

wn — wn—1]|

IN

| (14 (522 = 1) A = TP (17 (I = 1) )|
len — Tp_1]|- (3.9)
It follows from (3.8) and (3.9) that

IN

[#n41 — an|| < (1 — o (p = ﬁa)) [#n = @p—1] + o — 1| K.
By applying Lemma 2.6 with 8, = a, (¢ — fa) and d,, = |a, — ap—1]| K, we obtain

nlgrgo |Znt1 — znl = 0. (3.10)

Step 3. We show that
|zn+1 — pl| = Oasn — oo.

For each n € N,

||an5f(mn) + (I - anG)Sun - p”2
len(Bf (xn) — Gp) + (I — anG)(Sun — p)|1?

41 =Pl

< | = anG)(Suy — p)H2 + 20, (Bf(2n) — Gp, Tpt1 — p)

< (1- O‘nﬂ)2”5un - pH2 + 20, B(f(xn) — f(P); Tnt1 — p)
+200,(Bf(2n) — G, Tpg1 — p)

< (1= anp)?llup = plI* + 200 8(f (n) = f(P), Zn41 — D)
+200 (B () — Gp; Tny1 — p)

< (1= o) in — pl? + 20 B — plllzer —

Thus, from (3.5), we obtain

+204[|Bf(p) — Gplll|zn+1 — pll. (3.11)
2
lens — P < (1- anm?{m = ol + (L = V)| (177 - 1) Aw, }
+2a ol = pllllzns1 —
+2a,||8f(p) — Gpll|Tns1 — pll
= (I =2anp+ (0np)?) ||z, —pl* + (1 — anu)2<'y(L7 — 1)H (Jf’2 — I)A:En

+2ay Bal|lz, — plll|zne: — pll
+200,[18f(p) — Gpll|2n+1 — pll

ln =PI + anpllon = pl2 = (1= @) (31 = Ly)|| (77 = 1) Aw,

)

IN

)

25 WANGKEEREE et al 19-31



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

8 R. WANGKEEREE, K. RATTANASEEHA AND R. WANGKEEREE

+2anBal|zn — pll|zn+1 — p
+2a||Bf(p) — Gplll|zns1 — p- (3.12)

Therefore,

2
(1= anp)?(r(1 = L) (48 = 1) Az | < lhow = ) = lrnsr = oI + sl — 1

+ 20 Ballzn —pll[|#n1 — pll
+ 20018 (p) — Gpll[€ns1 — Pl
< wny1 — an(”xn —pll + |41 —p||) =+ anﬂszn —p||2
+ 20 Ballzn — plll|#n1 — pll
+ 200181 (p) = Gpll[2ns1 — I

Since y(1 — Lvy) > 0, and «,, = 0 and ||zp4+1 — x| = 0asn — oo, we have

lim | (17 - 1) Aa,

n—oo

=0. (3.13)

Furthermore, using (3.7), (3.11) and v € (0, 1), we notice that
2 B B 2
lun — p||* = HJA ! (.Tn + A" (J)\ 2 I)Aa:n) —pH
2
= HJfl (zn +~A* (sz - I)Amn) —JPp ‘
<un —p,xp +yA" (Jf"’ - I)Aazn) —P>
1 *
= 5 {lln = pI? + Nz + 4" (IP* — 1) Az — p?

~n =) = (wn + 74" (I = 1) Az — ) }
= & {lwn = 8l + llzw = 9l (27— )| (72 ~ 1) Az

— (= ) = A" (I = 1) Ao |2}

IN

2

1
5 { I =PI + llzn = pII? = [Jn = 2

2
+ 72| A* (J/{82 - I)AnvnH2 — 29{uy — zy, A* (J/{82 - I)Axnﬂ}

IN

IN

1
5 { I =PI + 2 =PI = lftn =
+ 2] A(un — @) — DAl }.
Thus, we obtain
ltn = I < o = pII® = llun = 2l + 2 A(un = @)IlI(JP? = DAz (3.14)
It follows from (3.11) and (3.14) that
@ntr =PI < (1= ) [llen =PI = lun = 2all? + 2 Alun = @)l (JF2 = D Az

+ 2anBallzn, — pll|l2n41 — pl]
+ 200181 (p) = Gpll 201 — pll

=(1-2appu+ (anﬂ)zuxn - p||2 - (1= anﬂ)znun - xn”?
+ (1= ann)® 29| A(up, — 2) || (JY2 = 1) Az, |
+ 2anfofzn — pl[|2ni1 —p
+ 2a,[|Bf(p) — Golll|Tnt1 — pll

<wn = pl* + anp®llzn —pl* = (1= anp)?lun — 2|2
+ (1= ann)* 29| Aup, — 2) [ (T2 = DAz, |
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+ 2o Bezn — plll|znss —pll
+ 20018 (p) = Gpllllznsa — pll-
Therefore,
(1- O‘nﬂ)znun - anQ <oy 7p||2 — | Tns1 *sz + O‘nﬂQHxn - 10”2
+ (1= anp)*29]| Alup — 2)[[|(JY2 = I) Az |
+ 20, Bal|zn — pll|zn1 — pl|
+ 20m 18 (p) — Gpll[|2ns1 — pll
< @ngr — xn”(”xn —pll + 241 *p||) + anﬂznxn *p”z
+ (1= anp)*29]| Alun — 2)[[|(JY2 = T) Az, |
+ 2anfalzn — pllllzn+1 —
+ 2008 (p) — Gpll|#ns1 — pll.
Since a,, — 0asn — oo, and from (3.10) and (3.13), we obtain

nhﬁng(j |t — 2n] = 0. (3.15)

Since || Sun — || < ||Stun — Zn || + |20 — un||, it follows that

[1Sun — un|| = 0asn — co. (3.16)

Step 4. We will show that
limsup((G — Bf)z, xn — 2) < 0,where z = Ppiyg)r(I — G+ Bf)(2).

n—oo

Since {uy} is bounded, we consider a weak cluster point w of {u,}. Hence, there exists a subsequence
{un, } of {u,}, which converges weakly to w. Now, S being nonexpansive, by (3.16) and Lemma 2.5, we

obtain that w € Fix(S). On the other hand, u,, = J&* (mn +yA (TP — I)Axni) can be rewritten as
(Tp; — Un,) + A*(J)j\32 — 1Az,

A
By passing to limit ¢ — oo in (3.17) and by taking into account (3.13), (3.15) and the fact that the graph
of a maximal monotone operator is weakly-trongly closed, we obtain 0 € B;(w). Furthermore, since
{un} and {z,} have the same asymptoical behavior, { Az, } weakly converges to Aw. Again, by (3.13)

and the fact that the resolvent J* is nonexpansive and Lemma 3.1, we obtain that Aw € Ba(Aw).
Thus w € Fix(S) NT'. Since z = Ppiy(g)nr({ — G + Bf)(2). Indeed, we have

limsup((G = Bf)z, 2 —an) = lim (G = Bf)z,2 = zn))
= ((G=Bf)z,z—w) <0. (3.18)
Step 5. Finally, we will show that z,, — z asn — co. We have
[Zn1 = 2l* = lanBf (@) + (I — 0 G)Sun — 2|

= an(Bf(2n) = Gz) + (I — anG)(Sun — 2)|”

< I = anG)(Suy — 2)||* + 20 (B (x0) — G2, Tpy1 — 2)

< (1= anp)?lun — 2[1* + 200 8{f (zn) = f(2), Tnt1 — 2)
+ 200 (Bf(xn) — Gz, Tnp1 — 2)

< (1= anp)?(lzn — 2[1? + 200 8(f (20) — f(2), 241 — 2)
+ 200 (Bf(2) — Gz, 41 — 2)

< (1= anp)?llzn — 2|1* + 20nBallzy — 2|2t — 2|
+ 200 |81 (2) — Gzll|lzn 1 — 2|l

< (1= anp)?llen — 2|* + anfa[llzn — 2] + l|lzats — 2]
+ 200 |81 (2) — Gzlll|lzns1 — 2|l

€ By, . (3.17)
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< (1= an)? + anfa) 2 — 2|2 + anfalzn — 2l + [2nss — 2|
+ 20018 (2) — Gzllllzntr — 2],
which implies that

1 — 20+ (anp)? + o Ba

o = 2” < 1=, Ba |20 — 22
20,
+ ﬁ<5f(2) - GZ,LL‘n+1 - Z>
_ | Z(M—Ba)an_ (anp)?
o B L v
20,
T ga () — Gz tn = 2)
2 B n
I el [
2(p — Ba)ay, | (anp®)M 1
F " auBa |20i—pa) T p=paltt D= Gnran —2)
= (1= )20 — 2| + 06,
where 0 = sup{[le, — 2| 5 n € N}, = 2EZLV g 5, é?u”?ajc\f) el CHOE

Gz, Tpt1 — 2). 1t is easily to see that o, — 0,7, 0, = 00 and limsup,,_, ., — < 0 by (3.18). Thus,
On

by Lemma 2.6, we deduce that x,, — z asn — oco. Further it follows from ||u, — 2,|| = 0,u, = w €
Fix(S)NT and z,, — z asn — oo, that is z = w. This completes the proof. O

Remark 3.3. In general case, if G is any strongly positive bounded linear operator with coefficient 7
and 0 < v < g We define a bounded linear operator G' on E by
o

G=|G|'G.
It is easy to see that G is a strongly positive with coefficient ||G||~*x > 0 such that ||G|| = 1 and
G -1
0 <llety < 1600
a
Let the sequence {x,} be defined by, for any 2y € E,
Uy = I (xn 4y AT (TP - I)Axn) :
Tntl = O‘nﬂ”GHilf(xn) + (I = ,G)Sup, (3.19)

Replacing G with G in Theorem 3.2, we obtain the following result.

Theorem 3.4. Let Hqy and Ho be two real Hilbert spaces. Let A : Hi — Ho be a bounded linear
operator. Assume that By : Hi1 — 2" and By : He — 2M2 are mazimal monotone mappings. Let
S :H1 — Hi be a nonexpansive mapping such that Fix(S)NT # 0. Let f: H1 — Hi be a contraction
mapping with constant « € (0,1) and G : H1 — H1 a strongly positive, bounded linear operator with
constant p and 0 < § < E. For given Vo € Hy, let the sequences {u,} and {x,} be generated by
(3.19), where {a,} is a sequence in (0,1) satisfying the following conditions :

(i) limy,—yeo ap = 0;

(i) >0, an =00 and

(iii) D02 Jan — ap_1] < co.

Then the sequences {un} and {x,} both converge strongly to z € Fiz(S) NT', where
2= Ppigsyar (U= IGI7HG +1£)7)) .

Moreover, z is also a unique solution of the variational inequality (1.9).
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Proof. From Theorem 3.2, we have that {x, } converges strongly, as n — 0o, to a point z satisfying

= PFiX(S)mF (I — GG+ ’Yf)) Z,

which is a unique solution of the variational inequality:

IGI7H(G = Bz, —2) 20,2 € Hy (3.20)
It is easy to see that (3.20) is equivalent to (1.9). Hence z is a unique solution of the variational
inequality (1.9). O

Putting G = I and f =1 in Theorem 3.2, we have the following results immediately.

Theorem 3.5. [13] Let H1 and Ho be two real Hilbert spaces. Let A : Hy — Ha be a bounded linear
operator. Assume that By : H1 — 2" and By : Hy — 2M2 are mazimal monotone mappings. Let
S :Hy — Hi be a nonexpansive mapping such that Fix(S)NT #£ 0. Let f: Hy — Hy be a contraction
mapping with constant a € (0,1). For any given xo € H1, let the sequences {u,} and {x,} generated

by
Uy, = Jfl (mn —|—7A*(J/<3"‘ — I)Axn) ;
Tn4+1 = anf(xn) + (1 - an)Su’ru (321>

where A > 0 and v € (0, %), L is the spectral radius of the operator A*A and A* is the adjoint of A
and {an} is a sequence in (0,1) such that

(1) limy—yeo ap = 0;

(i) D07, an =00 and

(ii) Do0% ) Jan — ap_1] < co.
Then the sequences {u,} and {z,} both converge strongly to z € Fiz(S)NT, where z = PFix(S)me(z)'

Applying Theorem 3.2, we can establish the strong convergence for new iterative method as the
following theorem.

Theorem 3.6. Let Hi and Hs be two real Hilbert spaces. Let A : Hy — Hs be a bounded linear
operator. Assume that By : Hi1 — 2" and By : Ho — 2M2 are mazimal monotone mappings. Let
S :Hy — Hi be a nonexpansive mapping such that Fiz(S)NT # 0. Let f: Hi — Hi be a contraction
mapping with constant « € (0,1) and G : H1 — H1 a strongly positive, bounded linear operator with
constant p and 0 < 8 < £. For any given y1 € Hy, let the sequences {u;,} and {y,} generated by

dy = TP (A" = D A
Yn+1 = anﬂf(‘su/n) + (I - anG)Su;wn > 1, (322)

where A > 0 and v € (0, %), L is the spectral radius of the operator A*A and A* is the adjoint of A
and {ay} is a sequence in (0,1) such that
(1) limy—yeo ap = 0;
(i) >0, an =00 and
(ii) Do0% ) Jan — ap_1] < co.
Then the sequences {ul,} and {yn,} both converge strongly to z obtained in Theorem 8.2.

Proof. Let {x,} be the sequence given by xz; = y; and
Uy = Jfl (mn—l—'yA*(Jf? —I)Axn>;
Tnp1 = apff(zn) + [ — anG)Suy,n > 1. (3.23)

From Theorem 3.2, x,, — z. Next, we claim that y, — z. Since Jfl and sz both are firmly
nonexpansive, they are averaged. For v € (0, %), L, the mapping (I + 7A*(Jf2 I)A) is averaged, see
[15] . Tt follows from Proposition 2.1 (ii) that the mapping JZ* (I +~yA*(JP21)A) is averaged and hence
nonexpansive. For each n > 1, we can estimate the following

2n41 — Yngill = [lanBf (2n) + (I — nG)Sup — anf(Suy,) — (I — 0 G)Suy ||
< lanBf(@n) — anBf(Sup)| + I — anG)Sup — (I — anG)Suy,|
< anﬁOfllSU% = 2|l + (1 = app)|lun — uan
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< apfalSu;, — Sz| + anBallSz — za || + (1 — anp)||2n — ynl

< anfalluy, =zl + anfallz — @l + (1 — anp)llzn — ynl

< anfalyn — zll + anfallz — x|l + (1 — anp)zn — ynl

< anBallyn — znll + anfallzn — 2| + anBalz — zn || + (1 — anp) |20 — yal|

20
=(1—ay(p—LB0a))|zn —yn|| + an(pp — Ba) ——||zn — 2||-
( ( M [ ( )u—ﬁaH |
It follows from > | a;, = 00, lim,,_,0 ||, — 2|| = 0 and Lemma 2.6 that ||z, —y, | — 0. Consequently,
Yn — %z as required. O
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A FIXED POINT ALTERNATIVE TO THE STABILITY OF AN ADDITIVE
p-FUNCTIONAL INEQUALITIES IN FUZZY BANACH SPACES

CHOONKIL PARK AND SUN YOUNG JANG*

ABSTRACT. In this paper, we solve the following additive p-functional inequalities

N(farn - @ - s - o (2f (F52) ~ 1@ - 1) 1) 2 o O

and

(%($+y> f@y—ﬂw—pﬁw+y%—ﬂﬂ—f@D¢)>

T t+p(x,y) (02)

in fuzzy normed spaces, where p is a fixed real number with p # 1.
Using the fixed point method, we prove the Hyers-Ulam stability of the additive p-functional
inequalities (0.1) and (0.2) in fuzzy Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

Katsaras [23] defined a fuzzy norm on a vector space to construct a fuzzy vector topological
structure on the space. Some mathematicians have defined fuzzy norms on a vector space from
various points of view [14, 27, 52]. In particular, Bag and Samanta [3], following Cheng and
Mordeson [10], gave an idea of fuzzy norm in such a manner that the corresponding fuzzy
metric is of Kramosil and Michalek type [26]. They established a decomposition theorem of
a fuzzy norm into a family of crisp norms and investigated some properties of fuzzy normed
spaces [4].

We use the definition of fuzzy normed spaces given in [3, 31, 32| to investigate the Hyers-Ulam
stability of additive p-functional inequalities in fuzzy Banach spaces.

Definition 1.1. [3, 31, 32, 33] Let X be a real vector space. A function N : X x R — [0, 1] is
called a fuzzy norm on X if for all z,y € X and all s,t € R,
(N1) N(z,t) =0 for t < 0;
(N2) x =0 if and only if N(x,t) =1 for all ¢ > 0;
(N3) N(cz,t) = N(x ,W)lfc;éo
(Ng) N(z +y,s+t) > min{N(z,s), N(y,t)};
(N5) N(z,-) is a non-decreasing function of R and lim;_, N(z,t) = 1.
(Ng) for  # 0, N(x,-) is continuous on R.

The pair (X, N) is called a fuzzy normed vector space.
The properties of fuzzy normed vector spaces and examples of fuzzy norms are given in
(30, 31].

2010 Mathematics Subject Classification. Primary 46540, 39B52, 47H10, 39B62, 26E50, 47540.

Key words and phrases. fuzzy Banach space; additive p-functional inequality; fixed point method; Hyers-
Ulam stability.
*Corresponding author: Sun Young Jang (email: jsym@ulsan.ac.kr).
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Definition 1.2. [3, 31, 32, 33] Let (X, N) be a fuzzy normed vector space. A sequence {z,} in
X is said to be convergent or converge if there exists an x € X such that lim,,_,oo N(z,—2,t) =1
for all t > 0. In this case, z is called the limit of the sequence {z,} and we denote it by N-
lim,,—y o0 Tn, = .

Definition 1.3. [3, 31, 32, 33] Let (X, N) be a fuzzy normed vector space. A sequence {z}
in X is called Cauchy if for each € > 0 and each ¢ > 0 there exists an ng € N such that for all
n > ng and all p > 0, we have N(zpqp — 2, t) > 1 —c.

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy
normed vector space is called a fuzzy Banach space.

We say that a mapping f : X — Y between fuzzy normed vector spaces X and Y is
continuous at a point zyp € X if for each sequence {z,} converging to zp in X, then the
sequence {f(x,)} converges to f(zp). If f : X — Y is continuous at each = € X, then
f:X — Y is said to be continuous on X (see [4]).

The stability problem of functional equations originated from a question of Ulam [51]
concerning the stability of group homomorphisms.

The functional equation f(x+vy) = f(z)+ f(y) is called the Cauchy equation. In particular,
every solution of the Cauchy equation is said to be an additive mapping. Hyers [19] gave a
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem was
generalized by Aoki [2] for additive mappings and by Th.M. Rassias [43] for linear mappings by
considering an unbounded Cauchy difference. A generalization of the Th.M. Rassias theorem
was obtained by Géavruta [15] by replacing the unbounded Cauchy difference by a general
control function in the spirit of Th.M. Rassias’ approach.

The functional equation f (L;y) = % f ($)+% f(y) is called the Jensen equation. The stability
problems of several functional equations have been extensively investigated by a number of
authors and there are many interesting results concerning this problem (see [9, 20, 22, 24, 25,
28, 39, 40, 41, 45, 46, 47, 48, 49, 50]).

Gilanyi [17] showed that if f satisfies the functional inequality

12f(2) +2f(y) = f(z —y)| < [f(z +y)ll (1.1)

then f satisfies the Jordan-von Neumann functional equation

2f(x) +2f(y) = fle +y) + f(z —y).
See also [44]. Fechner [13] and Gilanyi [18] proved the Hyers-Ulam stability of the functional
inequality (1.1). Park, Cho and Han [38] investigated the Cauchy additive functional inequality

1 (2) + F(y) + FI < 1f (@ +y + 2)]] (1.2)

and the Cauchy-Jensen additive functional inequality

1£(2) + ) +2£ ()] < [2f (;y + )

and proved the Hyers-Ulam stability of the functional inequalities (1.2) and (1.3) in Banach

(1.3)

spaces.
Park [36, 37] defined additive p-functional inequalities and proved the Hyers-Ulam stability
of the additive p-functional inequalities in Banach spaces and non-Archimedean Banach spaces.
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We recall a fundamental result in fixed point theory.
Let X be a set. A function d : X x X — [0,00] is called a generalized metric on X if d
satisfies
(1) d(z,y) =0 if and only if z = y;
(2) d(z,y) = d(y,z) for all x,y € X;
(3) d(z,2) < d(x,y) + d(y, z) for all z,y,z € X.

Theorem 1.4. [6, 11] Let (X, d) be a complete generalized metric space and let J : X — X
be a strictly contractive mapping with Lipschitz constant L < 1. Then for each given element
x € X, either
d(J"z, J" ) = oo

for all nonnegative integers n or there exists a positive integer ng such that

(1) d(J"z, J"tz) < oo, Vn > ng;

(2) the sequence {J"x} converges to a fixed point y* of J;

(3) y* is the unique fixed point of J in the set Y = {y € X | d(J™z,y) < co};

(4) d(y,y*) < 1_1Ld(y, Jy) forally € Y.

In 1996, G. Isac and Th.M. Rassias [21] were the first to provide applications of stability
theory of functional equations for the proof of new fixed point theorems with applications. By
using fixed point methods, the stability problems of several functional equations have been
extensively investigated by a number of authors (see [1, 5, 7, 8, 12, 16, 30, 34, 35, 41, 42]).

In Section 2, we solve the additive p-functional inequality (0.1) and prove the Hyers-Ulam
stability of the additive p-functional inequality (0.1) in fuzzy Banach spaces by using the fixed
point method.

In Section 3, we solve the additive p-functional inequality (0.2) and prove the Hyers-Ulam
stability of the additive p-functional inequality (0.2) in fuzzy Banach spaces by using the fixed
point method.

Throughout this paper, assume that X is a real vector space and (Y, N) is a fuzzy Banach
space.

2. ADDITIVE p-FUNCTIONAL INEQUALITY (0.1)

In this section, we prove the Hyers-Ulam stability of the additive p-functional inequality
(0.1) in fuzzy Banach spaces. Let p be a real number with p # 1. We need the following lemma
to prove the main results.

Lemma 2.1. Let f: X — Y be a mapping satisfying

fo+ )~ f@) - F0) = o (21 ("5 2) - 1) - 1)) (21)

forallx,y € X. Then f: X — Y is additive.

Proof. Letting x =y =0 in (2.1), we get —f(0) = 0 and so f(0) =
Replacing y by x in (2.1), we get f(2x) —2f(x) = 0 and so f(2z) = 2f(z) for all z € X.
Thus

fa+y) — f@) — f) = (2f( ) f) - f<y>) = o+ 1) — F(&) — FW))
and so f(z+y) = f(x)+ f(y) for all z,y € X. O

r+y
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Theorem 2.2. Let ¢ : X? — [0,00) be a function such that there exists an L < 1 with

L
forallxz,y e X. Let f: X —Y be a mapping satisfying

N (fatn) - @ - 1w -r (2 (5) ~f@ - 1w) 1) 2 e (22

for all z,y € X and all't > 0. Then A(x) := N-lim, ,o 2" f (5%) exists for each x € X and
defines an additive mapping A : X — 'Y such that

(2 —2L)t
N (fla) = Alw)t) 2 g (2.3
forall z € X and all t > 0.
Proof. Letting y = x in (2.2), we get
t
N(f(2z) —2f(2),t) > m (2.4)

for all z € X.
Consider the set
S:={g: X ->Y}

and introduce the generalized metric on S:

(ﬂ%h)_hﬁ{ue§R+:Aﬂﬂxy—h@Luﬂ ,vxe;th>o},

> -

T t+ oz, x)

where, as usual, inf ¢ = +o00. It is easy to show that (5, d) is complete (see [29, Lemma 2.1]).
Now we consider the linear mapping J : S — S such that

x

J =2g( =
g9(x) :=2g (2>
for all x € X.
Let g,h € S be given such that d(g,h) = . Then
N(g(x) — h(z),et) >

t+p(z, )
for all z € X and all ¢ > 0. Hence

N(Jg(z) — Jh(z),Let) = N (29 (g) —2h (;’) ,Lst)

Lt Lt

> 2 > 2
Y+0(3%5 " %+ 5o, )

_ t

b+ (o)

for all z € X and all £ > 0. So d(g, h) = ¢ implies that d(Jg, Jh) < Le. This means that
d(Jg, Jh) < Ld(g,h)
for all g,h € S.
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It follows from (2.4) that

N (f(x) _of (‘;) §t> > W

forall x € X and all t > 0. So d(f,Jf) < %
By Theorem 1.4, there exists a mapping A : X — Y satisfying the following:
(1) A is a fixed point of J, i.e.,
T 1
Al=)==A 2.
(5) =34 (2:5)

forallz € X. Since f: X - Y isodd, A: X — Y is an odd mapping. The mapping A is a
unique fixed point of J in the set

M={geS:d(f,g) < oo}

This implies that A is a unique mapping satisfying (2.5) such that there exists a p € (0, 00)
satisfying
N(f(z) — A(z), ut) > ————
(@) = Ao it) > s
for all x € X;
(2) d(J™f, A) — 0 as n — oo. This implies the equality

N- lim 2"f (;) = A(z)

n—oo
for all z € X
(3) d(f,A) < ﬁd(f, J f), which implies the inequality
L
< .

This implies that the inequality (2.3) holds.
By (2.2),

V() 1 () - ()
() o () -2 () )= e
(=)

for all z,y € X, all ¢ > 0 and all n € N. So
n rT+y iy

N (2 — — | -

(& ((5) -1 () -

o ()21 () -1 () )2 i

t

for all z,y € X, all t > 0 and all n € N. Since lim,_o0 50—
<0 a7+ 5w e(ny)
> 0,

=1for all ,y € X and all

r+y

Alw+9) - Alx) - AW) = p (24 (T1) - 4) - AW))
for all z,y € X. By Lemma 2.1, the mapping A : X — Y is Cauchy additive, as desired. [
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Corollary 2.3. Let 8 > 0 and let p be a real number with p > 1. Let X be a normed vector
space with norm || - ||. Let f : X — Y be amapping satisfying

T+Y
N (4w - £@) - 1) - o (2 (1) = @) - 1) ) o)
S t
— 0z + lyllP)
for all z,y € X and allt > 0. Then A(x) := N-lim, o0 2" f(5%) exists for each v € X and
defines an additive mapping A : X — 'Y such that

(2.6)

(28 — 2)t
(20 — 2)t + 20|z ||

N (f(z) — Alz),t) =
forallxz € X and all t > 0.

Proof. The proof follows from Theorem 2.2 by taking ¢(z,y) := 0(||z||P +||y||P) for all z,y € X.
Then we can choose L = 2P, and we get the desired result. O

Theorem 2.4. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with

Ty
<2Lp (=2
o(z,y) < @(272)

forallz,y € X. Let f : X — Y be a mapping satisfying (2.2). Then A(z) := N-lim, 0o %f (2"z)
exists for each x € X and defines an additive mapping A : X — Y such that
(2 —2L)t

N — A t) > 2.7
() =A@ 2 Gy s (27)
forallx € X and all t > 0.
Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.2.
Now we consider the linear mapping J : S — S such that
1
To(a) = 3o (20)
for all x € X.
It follows from (2.4) that
1 1
N —Zf(22),5t) > ————
(r@) = 5re0.5t) > o
for all z € X and all t > 0. So d(f, Jf) < 3. Hence
1
<
which implies that the inequality (2.7) holds.
The rest of the proof is similar to the proof of Theorem 2.2. O

Corollary 2.5. Let 8 > 0 and let p be a real number with 0 < p < 1. Let X be a normed
vector space with norm || - ||. Then A(x) := N-lim, 2%]’(2"3:) exists for each x € X and
defines an additive mapping A : X — Y such that

N (f(z) = A(z),t) >

forallx € X and all t > 0.

(2 —2P)t
(2 — 2P)t + 20||z||P
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Proof. The proof follows from Theorem 2.4 by taking ¢(z,y) := 0(||z||P +||y||?) for all z,y € X.
Then we can choose L = 2P~! and we get the desired result. O

3. ADDITIVE p-FUNCTIONAL INEQUALITY (0.2)

In this section, we prove the Hyers-Ulam stability of the additive p-functional inequality
(0.2) in fuzzy Banach spaces. Let p be a fuzzy number with p # 1.

Lemma 3.1. Let f: X — Y be a mapping satisfying f(0) =0 and

27 ("52) = £(@) = 5w = p (e +9) ~ (@) - 1) (31)

forallxz,y € X. Then f: X — Y 1is additive.

Proof. Letting y = 0 in (3.1), we get 2f (5) — f(z) = 0 and so f(2z) = 2f(x) for all z € X.
Thus
r+y

fo+w) ~ F@) ~ Fo) =2f (T3 2) = 1@) = 1) = ol (a4 )~ F@) — F0)
and so f(z+vy) = f(z)+ f(y) for all z,y € X. O
Theorem 3.2. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with

L
o(z,y) < 5@(296,224)

forallz,y € X. Let f : X =Y be a mapping satisfying f(0) =0 and
r+y
N (2 — f(z) - f(y) — ~ f(a) - >
(2 (52) ~ 1@) = f0) =0 e+ 9) = 1) = ) ) = s
for all z,y € X and all't > 0. Then A(x) := N-lim, ,o 2" f (5%) exists for each x € X and
defines an additive mapping A: X —'Y such that

(3.2)

(1- L)t

N — A(x),t) > 3.3
forallx € X and all t > 0.
Proof. Letting y = 0 in (3.2), we get
x T t
N —2f = |,t)=N(2f(= | — t) > —-o-— 3.4
(=21 (3) 1) =5 (21 (3) - 10) 2 i @4
for all x € X.
Consider the set
S:={g: X >Y}
and introduce the generalized metric on S:
d(g,h) = inf Ry : N —h t)> ———— Ve e X,Vt >0
(0.) = int {0 € R s Nlg@) = h(a). ) > (s, Yo € X¥0 >0

where, as usual, inf ¢ = +o00. It is easy to show that (S5, d) is complete (see [29, Lemma 2.1]).
Now we consider the linear mapping J : S — S such that

xr
Tgla) =29 (5)
for all z € X.
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Let g,h € S be given such that d(g,h) = . Then

N(g(z) — h(z),et) > m

for all z € X and all ¢ > 0. Hence

N(Jg(z) — Jh(z),Let) = N <2g (;) —2h (';) ,Let)
(

x T L
=N 9(2)‘h<z>’z“)
Lt Lt
> . > :
H19(5,00 7 4 5p(2,0)
_ t
~ t+o(x,0)

for all z € X and all ¢ > 0. So d(g, h) = € implies that d(Jg, Jh) < Le. This means that
d(Jg, Jh) < Ld(g, h)

forall g,h € S.
It follows from (3.4) that

N (f)-27(3) 1) = m

forall x € X and all t > 0. So d(f,Jf) < 1.
By Theorem 1.4, there exists a mapping A : X — Y satisfying the following:
(1) A is a fixed point of J, i.e.,

T 1
Al=-)==A .
(5) = 34@ (35)
for all x € X. The mapping A is a unique fixed point of J in the set
M ={geS5:d(f g) < oo}

This implies that A is a unique mapping satisfying (3.5) such that there exists a p € (0, 00)
satisfying

N(f(z) — A(z), ut) > m

for all x € X;
(2) d(J™f, A) — 0 as n — oo. This implies the equality

. n T\
N- 1115202 f (2”) = A(x)
for all x € X;
(3) d(f, A) < <1-d(f,J f), which implies the inequality

1

This implies that the inequality (3.3) holds.
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By (3.2),
(es(5) - (2)-or(2)
(53 @) )

for all z,y € X, allt > 0 and all n € N. So
n+1 Tty __on i __on ﬁ
v () 2o () -2 ()
il o (TtY z y i
o (5) 1 () - ) ) =
2 2 2 o+ 5o (x,y)

_t
omn

for all z,y € X, all t > 0 and all n € N. Since lim,, o0 —

mzlfbr all z,y € X and all
t>0,

r+y
24 (251 ~ Alw) - Aly) = p (AGs +) - Alx) — AW))
for all x,y € X. By Lemma 3.1, the mapping A : X — Y is Cauchy additive, as desired. = [J

Corollary 3.3. Let 8 > 0 and let p be a real number with p > 1. Let X be a normed vector
space with norm || - ||. Let f: X — Y be a mapping satisfying f(0) =0 and
T4y t
N (21 (5Y) - £@) ~ £0) - (a4 9) — F@) ~ FW) 1) =
2 t+0(l=l” + [lyllP)

for all z,y € X and all t > 0. Then A(x) := N-lim, ;o 2" f(57) exists for each v € X and
defines an additive mapping A : X —'Y such that

(3.6)

(20 — 2)t

N () = A1) 2 G oy 2eglalp

for allxz € X and allt > 0.

Proof. The proof follows from Theorem 3.2 by taking ¢(z,y) := 6(||z||? +||y||?) for all z,y € X.
Then we can choose L = 2P, and we get the desired result. ([l

Theorem 3.4. Let ¢ : X? — [0,00) be a function such that there exists an L < 1 with
ry
p(z,y) < 2Ly (2, 2)
forallz,y € X. Let f: X =Y be a mapping satisfying f(0) =0 and (3.3). Then A(x) := N-
limy, 00 Q%f (2"x) exists for each x € X and defines an additive mapping A : X — Y such
that
(1—L)t
(1 - L)t + Ly(x,0)

N (f(x) — A(z),t) = (3.7)
forallx € X and all t > 0.

Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem 3.2.
Now we consider the linear mapping J : S — S such that

To(a) = g (20)
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for all x € X.
It follows from (3.4) that
1
N ——fQ2x),Lt) > ———
(1) = 3ren.1t) > s
for all z € X and all ¢ > 0. So d(f,Jf) < L. Hence
L

( ’ ) 1-— L’
which 1rnphes that the 1nequahty (3 l) holds.

The rest of the proof is similar to the proof of Theorem 3.2. O

Corollary 3.5. Let 6 > 0 and let p be a real number with 0 < p < 1. Let X be a normed
vector space with the norm || - ||. Let f : X — Y be a mapping satisfying f(0) =0 and (3.6).
Then A(x) := N-lim, Q%f(Q”:L’) exists for each x € X and defines an additive mapping
A: X =Y such that

(2 —2P)t
220yt + 20l

N (f(z) = Alz),t) =

forallx € X.

Proof. The proof follows from Theorem 3.4 by taking ¢(z,y) := (||z||? +||y||?) for all z,y € X.

Then we can choose L = 2P~! and we get the desired result. O
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FOURIER SERIES OF HIGHER-ORDER GENOCCHI FUNCTIONS AND THEIR
APPLICATIONS

TAEKYUN KIM, DAE SAN KIM, LEE CHAE JANG, AND DMITRY V. DOLGY

ABSTRACT. In this paper, we derive some identities for higher-order Genocchi functions arising from
Fourier series for them . In addition, we give some application of these identities related to Bernoulli
function.

1. Introduction

The numbers Gg, (k > 0), in the Taylor expansion

2t o 1"
m:ZGnﬁ, (See [2—11])7 (11)
n=0

are known as the Genocchi numbers. These numbers arise in the series expansion of trigonometric
functions, and are extremely important in the number theory and analysis. The Genocchi polynomials
Gn(z), (n > 0), are defined by the generating function

2t T tn
(et n 1) et =% Gn(x)ﬁ, (see [5,12,13]). (1.2)
n=0 :

Note that G, (x) € Z[z] with degG,(x) = n — 1, for n > 1. Let f(z) be a square integrable function
defined on [—p, p]. Then the Fourier series of f(z) is given by

a = nm . nw
— + a,, C0S —x + b, sin x) , 1.3
EPNCEL S @3
where
1 P 1 P
ag = f/ f(z)dz, a,= f/ f(z) cos L dx, (1.4)
pJ, pJ, )
and
1 /P . onm
by, = — f(z)sin —a dx, (see [6,7]). (1.5)
pJ), p

The Fourier series in (1.3) can be alternatively given as follows:

i Coe5 %, (i =/—1), (1.6)

n=—oo

where

nwi

» Tdx,,  (see [6,7]). (1.7)

1 [P _
Cn:2p/_pf($)e

2010 Mathematics Subject Classification. 11B83, 42A16.
Key words and phrases. Fourier series, Genocchi polynomials, Genocchi functions.
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2 Fourier series of higher-order Genocchi functions and their applications

For r € N, the higher-order Genocchi polynomials are defined by the generating function to be

2t \" > tn
<€t+1> e =3 G (a0, (see [5]). (1.8)
n=0 .

When z =0, G4 =gl (0) are called the higher-order Genocchi numbers.
For any real number z, we define

<z>=uz-z] €][0,1), (1.9)

where [-] is the Gauss symbol. Note that < x > is the fractional part of x. Thus, G (< x >) are
functions defined on (—o0,c0) and periodic with period 1, which are called Genocchi functions of order
.

In this paper, we derive some identities of Genocchi functions of order r arising from Fourier series for
them. In addition, we give some application of these identities related to Bernoulli functions.

2. Fourier series of higher-order Genocchi functions and their applications

From (1.8), we note that

G (x) =0, for 0<m <r—1, and G () = rl. (2.1)

m

Now, we assume that m > r + 1 > 2. We first observe that

GOz +1) = 2mG, (@) — G0 (z), (m>0). (2.2)

2t \" 2t \"
(et+1) e<w+1>t:(et+1) evt(et +1-1)

r—1 s
2 Y , 2 ot
frd _ 1 _ x
(et+1> € (et+1>(e+ ) et +1 €

Indeed,

o0 tm
Y G+ 1)—
m—0 m.:

_ (r—1) ") ()
=2Y mGS T @) - 3 G
m m! m!
m=0 m=0
o . . t
=3 (2meh @) -6 @) —
m=0
For x = 0 in , we have
G (1) = 2mGG7Y (0) = GR(0). (2:4)
By (2.4), we get
GO(1) = G0(0) & G(0) = mGU~D(0). (2.5)

G%)(< x >) is piecewise C*°. Moreover, G%)(< x >) is continuous for those (r,m) with el (0) =
mG(mrj) 0), and discontinuous with jump discontinuities at integers for those (r,m) with G (0) #
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mng)(O). The Fourier series of G%)(< x>)is

Z Clrm)e2mine - (; — /7). (2.6)

n=—oo

where

1
orm) — / G (< x >)e 2mne g
0

. (2.7)
:/0 Gﬁ:ﬂ (z)e 2™ g,
Now, we observe that
1
C«T(Lr,m) :/ G%) (x)e—Qﬂ-inrdx
_ 1 (r) —27rina: 1 2min / (r) —27rinw
T m+1 [Gm“e 0 m+1 G (@ e (2.8)
_ b (an r) 2min (rim+1)
L (el o)+ 2
2 2min
= (7" 1) _ At ~(rym41)
g (0G0 - G0 0) + RO,
Replacing m by m — 1 in (2.8), we have
2 2 _
mnc(rm C’r(br,mfl) + = (G%)(O) _ mGg—P@)) _ (2.9)
Assume first that n # 0. Then we have
(rm) — M ~(rm—1) (M) — (r=1)
Co 27rinC" tin Tin (Gm (O) MG (O))
_m (m=1me2) (r) P
s (G € 4 (652,400 - (m - 1G5 (0) )
1 _
— (a™o) — (r=1)
+—— (GL)0) = mG5 P (0)
m(m 1) (rym—2) 1 (r) (r—1)
= —(m—1
(27_(_171)2 Cn + 9 (7TZ’I7,)2 (Gm—l(o) (m )Gm—2 (0))
1 _
() (r=1)
+—— (G0 - ma, 7 )
mm—1) fm—=2 . s 1 ) (r—1)
ram - _ —9
(2min)? { 2min O * in (Gm—Q(O) (m = 2)Gs (0)) (2.10)
m_1 " (0 — (1 — 1D L a0y — D)
+ 5 iy (Gnla©) = m = DGEZ) + (61 0) - mGZ0(0)
_ m(m — 1)(m B 2) (rym—3) m(m - 1) 1 (r) (r—1)
- (27TZTL)3 Cn + 922 (Win)3 (Gm72(0> (m 2>Gm73 (0))
m_1 ™) (0 — (1 — 1)L L a0y — D)
+ 5 iy (Gnla©) = m = DGEZ) + - (61 0) - mGZ0(0)
m! T (m) ) (1)
_ (rl r . r—1
(2min)m- O ; oh— - )k (Gm+1 R(O0) = (m+1-k)G, (O))
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Note that
o
rl) _ T —2min _
clrb = / Gy (z)e dx =0, (2.11)
0

since Gﬁ” (x) =0, for r > 2 and Ggl)(x) = 1. From (2.10) and (2.11), we have

m—1

r,m (m)kfl 1 T r—1
™ = 3 S s (Gl (0) = tm = k4 1)G7)(0))
"= (2.12)
min{m+1—r,m—1} (m)k 1 - ( )
—1 r r—1
= ; W (Tl'i?’l)k <G77L—k+1(0) - (m —k+ 1)Gm—k (O))
Here we used the fact that G’g,’;) =0, for 0 <m < r — 1. Assume next that n = 0. Then we have
1
1 1 1
clrm) _ / a0 () dr — {Gm } _ a1y —a™ (o
0 0 m (x) X ma1 m+1(£) 0 m+1 ( 7rL+1( ) 7rL+1( )) (2 13)
2 —_ r
= —— (m+ 1650 - 6L 0)
Before proceeding further, we recall the following facts about Bernoulli functions B, (< x >) :
> e27rinz
Bp(< x>) = —m! n_z_:oc iy form 22 (see [1]), (2.14)
n#0
and
B — e | Bi(<z>), forz¢Z
L 2min o, for x € Z. (2.15)

n#0

The series in (2.14) converges uniformly, but that in (2.15) converges only pointwise. Assume first that
G(mr)(O) = mng)(O). Then Ggf;)(l) = GW (0). G,(q:)(< x >) is piecewise C'*°, and continuous. Hence

the Fourier series of G,(fl)(< x >) converges uniformly to G(mr)(< x >), and we have

G(<x>)=

(m+1)G5 ) - 6L (0)

m+1
o min{m+1—r,m—1} 216)
(m)k_l 1 (r) (r=1) 2mine (
n#0
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for all z € (—o00,00). In addition, we can express this in terms of Bernoulli functions B,,(< x >).

2 _ r
G (< >) = == (m+ 1G5 (0) - 6L, 0)

min{m+1—-r,m—1}

Q(m)k,1 (r) (r—1) > e27rinz
- kzz:l o (Gm—k+1(0) —(m—-k+1)G,, (0)) —k! n;w (@rin)*
n#0
2
— (r—1) o (r)
—— (m+ 1650 - 67)1(0)
min{m+1—r,m—1}
2(m k— T— T
DS 2 (1 MGED(0) — G, 4(0)) Bu(< 2 >)
=2
— Bi(<xz>), forz¢Z
2 (mGU~10) - G0 (0 ! ’
* (m m-1(0) m())x 0, for x € Z.
(2.17)
Therefore, we obtain the following theorem.
Theorem 2.1. Let m >r+ 1> 2. Assume that
G)(0) = mGy =7 (0).
Then we have
(@) G(< 2 >) = —— ((m+ DGE(0) - ¢5%,(0))
m m -+ 1 m m+1
o min{m+1—r,m—1}
+ Z Z (me—1 1 (G(T) 0)— (m—k+ 1)G(T—1)(0)> p2minT
e —~ 2k—1 (Win)k m—k+1 m—k ’
n#0

for all x € (—o0,00), where the convergence is uniform.

() G (< >) = —— ((m+ 1G5 0) - G, 0))

min{m+1—-r,m—1
{ " o(m)i

+ A (m+ 1RG0 = G, 0) Bu(< @ >),

k=2
for all x € (—o0,00), where By(< x >) is the Bernoulli function.

Assume next that G%)(O) # mGS;_l)(O). Then G%)(l) G (0), and hence G%)(< x >) is piecewise
C* and discontinuous with jump discontinuities at integers. Thus, the Fourier series of G%)(< x >)
converges pointwise to G%)(< z >), for x ¢ Z, and converges to % (Gx)(l) +G5 (O)) = mGE;:})(O),
for x € Z. Therefore, we obtain the following theorem.
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Fourier series of higher-order Genocchi functions and their applications

heorem 2.2. Let m > r+1> 2. Assume that G%)(O) # meﬁl (0). Then we have
9 00 min{m+1—r,m—1} (m) 1 k
DGED(0) - G ) -1 (1
@ g (4 DGO - G0) + 3 > e e
n#0

fol)(< x>), forxz¢lZ,

(r) (r—1) 2mine
< (G 0)—(m+1-k)G 0)) Je = -
( m1-k(0) = ( )Gy ( )) mGg:_P(OL for x € Z.

m

ere the convergence is pointwise.
#) = (m+ 1650 - 64,0

min{m+1—r,m—1}

+ 2(m)k,1

!
Pt k!

=GW(<z>), forz¢l,

m—k

(m+1=RGE=00) = Gy 4(0)) Bu(< @ >)

and

H

S W

10.

11
12
13

2 (m+ 16 0) - 65,40

m+
min{m+1—r,m—1} 2(m)k71
k!

m—

(m+1=RGS=20) = Gy 4(0)) Bu(< z >)

ere By (< x >) is the Bernoulli function.
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(9, #n.m) — CONVEX AND (g,logp) — CONVEX DOMINATED
FUNCTIONS AND HADAMARD TYPE INEQUALITIES
RELATED TO THEM

MUSTAFA GURBUZ

ABSTRACT. In this paper, we present the notion of (g7 gohym) —convex and
(g,log ¢) —convex dominated function and present some properties of them.
Besides, we attain some Hermite-Hadamard-type inequalities for (g, gohym) —convex
and (g,log ¢) — convex dominated functions. Our results generalize some find-
ings about Hermite-Hadamard-type inequalities in the literature.

1. INTRODUCTION

The inequality
b 10 b

which holds for every convex function f, from a closed set [a,b] to R, is known in
the literature as Hermite-Hadamard’s inequality (see [13]).
In [1], Dragomir and Ionescu introduced the following class of functions.

Definition 1. Let g : I — R be a convex function on the interval I. The function
f: I — R is called g—convex dominated on I if the following condition is satisfied:

Af (@) + A=A f(y) = fQz+ 1=y
(1.2)
< M)+ A=Ngy)—gz+(1-AN)y)
forallz,y € I and A € [0,1].

In [1] and [2], the authors connect together some disparate threads through a
Hermite-Hadamard motif. The first of these threads is the unifying concept of a
g—convex-dominated function. In [3], Hwang et al. established some inequalities
of Fejér type for g—convex-dominated functions. Finally, in [4], [5] and [6] authors
introduced several new different kinds of convex -dominated functions and then
gave Hermite-Hadamard-type inequalities for this classes of functions.

In [7], S. Varosanec introduced the following class of functions.

I and J are intervals in R, (0,1) C J and functions h and f are real non-negative
functions defined on J and I, respectively.

Date: October 12, 2016.

2000 Mathematics Subject Classification. Primary 26D15, Secondary 26D10, 05C38.

Key words and phrases. Convex dominated functions, Hermite-Hadamard Inequality,
#p,m—convex functions, (g,pp) —convex dominated functions, (g,loge)—convex dominated
functions.
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Definition 2. Let h be a non-negative function from J which is a subset of R to
R, h#0. f: I — R is called an h—convex function, or that f belongs to the class
SX (h,I), if f is non-negative and for all x,y € I and a € (0,1], we get

(1.3) flaz+ (1 —a)y) <h(a) f(z)+h(1—a)f(y).
If the inequality (1.3) is reversed, then f is said to be h—concave, ie. f €
SV (h,I).

Youness have defined the p—convex functions in [9]. A function ¢ : [a,b] — [c,d]
where [a,b] C R:

Definition 3. A function f : [a,b] — R is said to be p—convex on [a,b] if for every
two points x € [a,b], y € [a,b] and t € [0, 1] the following inequality holds:

(1.4) fe(@)+ 1 =t)e(y) <tf(p(x)+1-1)f(e).
In [8], Sarikaya defined a new kind of ¢—convexity using h—convexity as follow-
ing:

Definition 4. Let I be an interval in R and h : (0,1) — (0,00) be a given function.
We say that a function f : I — [0,00) is @, —conver if

(1.5) e @)+ =1)ey) <h @) f(e@)+h(l-1)f(py)
forallz,y € I and t € (0,1).

If inequality (1.5) is reversed, then f is said to be ¢; —concave. In particular, if f
satisfies (1.5) with h (t) = ¢, h (t) =t* (s € (0,1)), h(t) = },and h (t) = 1, then f is
said to be p—convex, ¢, —convex, ¢—Godunova-Levin function and ¢p— P—function,
respectively.

In [10], Ozdemir et al. defined (h — m) —convexity and obtained Hermite-Hadamard-
type inequalities as following.

Definition 5. Let h : J C R — R be a non-negative function. We say that
f :]0,0) — R is a (h—m)—convex function, if f is non-negative and for all
x,y € [0,b], m € [0,1] and o € (0,1), we have

(1.6) flaz+m (1 —a)y) <h(a)f(z)+mh(l-a)f(y).

If the inequality is reversed, then f is said to be (h — m) —concave function on [0,b] .

In [2], Dragomir et al. proved the following theorem for g—convex dominated
functions related to (1.1):

Definition 6. A function f : I — [0,00) is said to be log —convex or multiplica-
tively convex if logt is convex, or, equivalently, if for all x,y € I and t € [0, 1] one
has the inequality

(1.7) flz+ =ty <[f @] [f @]

We note that if f and g are convex and g is increasing, then g o f is convex;
moreover, since f = exp (log f), it follows that a log —convex function is convex,
but the converse may not necessarily be true [12]. This follows directly from (1.7)
because, by the aritmetic-geometric mean inequality, we have

[f @) [f )" <tf (@) + (=1 f ()
forall z,y € I and ¢ € [0, 1].
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For some results related to this classical results, (see [13], [14], [15], [16], [17])
and the references therein.
In [17], Sarikaya has defined the log —p—convex function as following.

Definition 7. Let us consider a ¢ : [a,b] — [a,b] where [a,b] C R and I stands for
a convex subset of R. We say that a function f : I — RT is a log —p— convex if

(1.8) Fltp @)+ 1=t e®) <[f @) [f (@)™
forallz,y € T and t € [0,1].

Theorem 1. Let g : I — R be a convexr function and f : I — R a g—convex
dominated mapping. Then for all a,b € I with a < b,

(1.9) ‘f(cwb) a/abg(w)d:v—g<a;b>

and
b
Sg(a);—g(b) _bia/ g(x)da:

b
(1.10) f(a);f(b)—bia/f(x)dx

In [4], Kavurmac: et al. proved the next theorem:

Theorem 2. Let h : J — R be a non-negative function, h #0, g : I — R be an
h—convex function and the real function f : I — R be a (g, h) —convex dominated
on I. Then one has the inequalities:

(1.11)

ot gt (450)] < ot [ e g (57)
and

(1.12)

|[f(a)+f(b)]/01h( dx——/ e

forallz,y € I and A € ]0,1].

<lo@)+9 @) [ h = [ g s

In [6], Ozdemir et al. proved the following theorem:

Theorem 3. Let a nonnegative function g : I C R — R belong to the class of
P (I). The real function f: I CR — R is (g, P (I)) —convex dominated on I. If
a,b € I with a <b and f,g € L [a,b], then one has the inequalities:

Ea/abf(w)dx—f<a;rb) < bfa/:g(@dm_g(“;b)

b
(114) ‘[f()+f i [r@a] <p@rom -k [iwe

(1.13)

and

forall z,y € 1.

In [11], Ozdemir et al. proved the following theorem:
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Theorem 4. Let h: (0,1) — (0,00) be a given function, g : I — [0,00) be a given
o, —convex function. If f: 1 — [0,00) is Lebesgue integrable and (g, ;) —convex
dominated on I for linear continious, non-constant function ¢ : [a,b] — [a,b], then
the following inequalities hold:

L L (e@ e
¢ (b) — ¢ (a) /ga(a) fle)d 2h(§)f( 2 )‘

(1.15)
I S A 1 (e +e)
< w(b)—w<a>ﬁ<a>g(x)dx ah(;)g< 2 )
and
1.1 b 1h d 1 - d
(1.16) '[f(w(a)Hf(w())]/O <t>tML(a)f<x>x

1 »(b)
< @)+ [ @ pios [ g
e(a

for all z,y,a € [0,b], t € (0,1) and m € (0,1].

In the following sections our main results are given: We introduce the notion
of (g, <ph,m) —convex and (g,log ¢) — convex dominated function and present some
properties of them. Besides, we present some Hermite-Hadamard-type inequalities

for (g,¢p.m) —convex and (g,logy) — convex dominated functions. Our results
generalize the Hermite-Hadamard-type inequalities in [2], [4], [6] and [11].

2. (9, %nm) —CONVEX DOMINATED FUNCTIONS
Definition 8. Let h : (0,1) — R be a non-negative function, h # 0, g : [0,b] C
[0,00) — R* be a given @y, ,,—convex function. The real function f :[0,b] — R*
is called (g, <ph7m) —convex dominated on [0,b] if the following condition is satisfied
7 (8) f (@ (2)) +mh (1 =1) f (0 (y)) = [ (te (@) +m (1 =1) ¢ (y))]
(2.1)
< h@®g(p (@) +mh(1-1)g(p(y) —g e () +m(l—-1)e(y))

for all xz,y € 10,b], t € (0,1) and m € [0, 1].

In particular, if f satisfies (2.1) with m = 1, then f is said to be (g, ¢, ) —convex
dominated function. If the inequality (2.1) is reversed, then f is said to be ¢, ,, —concave

dominated function on [0, d].
The next simple characterisation of (g, <,0n,m) —convex dominated functions holds.

Lemma 1. Let h: (0,1) — (0,00) be a given function, g : [0,b] C [0,00) — R be
a given @y, ,,—convex function and f : [0,b] — R* be a real function. The following
statements are equivalent:

(1) fis (g9,¢n.m) —convex dominated on [0,b].

(2) The mappings g — f and g + f are ¢, ,,— convex on [0, ] .

(3) There exist two ¢j, ,,—convex mappings [, k defined on [0, b] such that

f=3(1—-k) and g=3(+k) .
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Proof. 1<=-2 The condition (2.1) is equivalent to
g (e (@) +m(1—1t)e(y) —h(t)gle(x)) —mh(l—1t)g(e (y))

< h(®) f(@ () +mh(l =) f (e (y) — f (e (@) +m (1 —1) ¢ (y))

< h(t)gle(x) +mh(l =t)g(e (y) — g (e (x) +m (1 —1) ¢ (y))
for all z,y € [0,b] and ¢ € (0,1). The two inequalities may be rearranged as

(9+ 1) (tp (@) +m(1-1) ¢ (y))

IN

h(t)(g+ f) (¢ (@) +mh(l—1)(g+ f) (¢ ()

and

(9= 1) (te (@) +m(1-1)¢(y))

< h(t)(g—1f)(p(@) +mh(l—=1)(g—f)(» )
which are eqivalent to the ¢, ,, —convexity of g + f and g — f, respectively.
2<=>3 Let we define the mappings f, g as f = % (l—k)and g = % (I + k). Then
if we sum and subtract f and g, respectively, we have g+ f =1 and g — f = k. By
the condition 2 in Lemma 1, the mappings g — f and g + f are ¢, ,,,—convex on
[0,b], so I, k are ¢}, ,,,—convex mappings on [0, b] too. O

Theorem 5. Let h: (0,1) — (0,00) be a given function, g : [0,b] C [0,00) — RT be
a given @y, ,,—convex function. If f is defined from [0,0] to [0,00) and it is Lebesgue
integrable with (g,cphm) —conver dominated on [0,b] for linear continuous, non-
constant function ¢ : [0,b] — [0,b], then the following inequalities hold:

| #(0) m? “ 1 (a) + o (b)
@(b)—tp(a)/q;(a) f(x)d“wb)—w(a)ﬁ;;» f(x)dmh(;)f(w ' >|
(2.2)
@(b) m2 o a
< w(b)i@(a)/@m) 9@t @ / 9 (@)de - ;)f’(@( );Mb)>
and
[F(p (@) +m{f (0 (2)+F (0 (L) +mf (¢ (L)} o b ()t
23) () —
B [mw(;ﬁ)w(a) Jotwy " T @ e+ oSy e f(x)dx]
<
[g(w(a))er{g(@(gL))+g(<p<:l)>+mg(w(7sg>>” Olh(t)dt
. ) " N
- [m@@g)—m L o0t ey [ 9@ 1
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for all z,y,a € [0,b], t € (0,1) and m € (0,1].

Proof. By the Definition 8 with ¢ = 1, z = Xa+(1-\)b, y = (1 —A) 2412 A€
[0,1] and m € (0,1], as the mapping f is (g, ,,) —convex dominated function,
we have that

R(3)[f(ea+ (L =Nb)+mf (p((1—N) 2 +AL2))] l

s (w(xﬁ(lA)b)+m¢((1x);ﬂ};)>
2

<

2(3) |t 0at a-amyrmg (o (a-0 2 a2)))
L, <<p(>\a+(1 )\)b)+m<p((1>\)ﬁl+)\7’jl)> .

2

Then using the linearity of ¢—function, we have

n(3) [F0e@+a-nem)ems (Ao + 2ow)| - (29520
<

n(3) [rov @+ a-Nee)+me (2o @+ 2om)| - o (£O5ED),

If we integrate the above inequality with respect to A over [0,1], the inequality
(2.2) is proved.
Since f is (g, ¢y, ) —convex dominated on [0,b], we have

|h (@) f (@ () +mh (1 =1) f(p(y) — f (e (x) + m (1 —t) @ (y))|

< h(t)g(p(x)+mh(1—1t)g(p(y) —gte(z) +m(l—1)p(y))

for all x,y > 0 which gives for xt =a and y = b

h(t)f(<p(a))+mh(l—t)f<90 (2)) —f(tso(a)+m(1—t)<p<:,b>>‘

h(t)g(so(ammhut)g(@ (;)) g(tw<a>+m<1t>w(;)>

and for x = >,y = #, multiplying with m,

1 (o (5)) im0 (¢ (7)) s (v () et (3))|
)9 (i (7)) 40 =00 (4 (53) ) o (12 () #m1 010 (55

<

<
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for all t € (0,1). By properties of modulus and adding the above inequalities side
by side we get,

‘ () [f (e (@) +mf (¢ (52))] +mh(1=t)[f (¢ (;3) +mf (¢ (5=
—[f (tp(a)+m(1—1) (%))—l—mf(tgp( )+m(1—1t) (%
<

b0 oo @)-+mg (o (5))] +mnt=0 o (o (5] ) +mo (o ()]
R ) R Gl R €5

Thus, integrating over ¢ on [0, 1] we obtain the inequality (2.3).

Remark 1. Under the assupmtions of Theorem 5, if we choose m = 1, the inequali-
ties (2.2) and (2.8) reduce to Hermite-Hadamard type inequalities for (g, ¢y ) —convex
dominated functions given as (1.15) and (1.16) in [11].

Remark 2. Under the assupmtions of Theorem 5, if we choose m =1, h(t) =t,
t € (0,1) and the function ¢ is the identity, then the inequalities (2.2) and (2.3)
reduce to Hermite-Hadamard type inequalities for convex-dominated functions given
as (1.9) and (1.10) in [2].

Remark 3. Under the assupmtions of Theorem 5, if we choose m = 1, h(t) =
t*, t,s € (0,1) and the function ¢ is the identity, then the inequalities (2.2) and
(2.3) reduce to Hermite-Hadamard type inequalities for (g, s) —convex-dominated
functions given as (1.9) and (1.10) in [4].

Remark 4. Under the assupmtions of Theorem 5, if we choose m =1, h(t) = %,
t € (0,1) and the function ¢ is the identity, then the inequalities (2.2) and (2.3) re-
duce to Hermite-Hadamard type inequalities for (g, Q (I)) —convex-dominated func-

tions given as (1.9) and (1.10) in [6].

3. (g,log¢) —CONVEX DOMINATED FUNCTIONS

Definition 9. Let g : [a,b] C R — (0,00) be a given log —p—convex mapping where
¢ :[a,b] = [a,b] . The real function f : [a,b] — (0,00) is called (g,log —p) —convex
dominated on [a,b] if it holds

(3.1) [ (@) [f (e D) = f (b (@) + (1 = 1) 0 (1)

< gl @) g e —gte (@) + (1 - )¢ ()
for all x,y € [a,b] and t € [0,1].
Proposition 1. Let g : [a,b] C R — (0,00) be a given log —p— convex mapping

where ¢ : [a,b] — [a,b] and f : [a,b] — (0,00) be a (g,log —¢p) —conver dominated
function on [a,b] . Then the mapping g + f is p—convex on [a,b].
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Proof. The condition (3.1) is equivalent to

glte @)+ 1=t o) —lge @) g
< fle@) e = flto@) + 1 -t)p(y)

< lge @' e —glte (@) + (1 —t) o (y)

for all 2,y € [a,b] and ¢ € [0,1]. The left side of the inequality may be rearranged
as

(g+ 1) tp(x)+ (1 —t)p(y))
< @) e +Ilg@@)] lg@@'™
< tf(p(@)+ (A=) fe(y) +tg (e () + (1 —1)g(e(y))

= t(f+9) (@) +0-1)(+9)(¢¥)
which is eqivalent to the ¢p—convexity of f + g. ([l

Theorem 6. Let g : [a,b] C R — (0,00) be a given log —p—conver mapping
and f : [a,b] — (0,00) is Lebesgue integrable and (g,log —¢) —conver dominated
function on [a, b] for linear continuous function ¢ : [a,b] — [a,b], then the following
inequalities hold:

»(b) .
;/ G(f(x)af(sﬁ’(a)-l-go(b)—a:))dg;_f(90()'“0(())>|

© (b) —¢(a) Jya) 2
(3.2)
1 () B _(ela)+o(b)
< Sireaw L, 0@ s+ em) -y (LT E0)
1 () _ i (ela)+o(b)
53 | S L, CU@ TG @+p0) e g (2] )|
L (@ te®)
< e L, 1 (252
and
1 »(b)
LU )1 @)~ oo [ f @
(3.4)
@(b)
< LleO) @) - oo [ e

for all z,y € [a,b].
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Proof. By the Definition 3.1 witht = %, 2 = Aa+(1-A)b, y = (1 — A) a+Aband A €

[0,1], as the mapping f is (g, log —p) —convex dominated function, we have that

FeOat (=N (o (- Na+ )t —f (W‘”(1 — A +eld ‘”““b))|

2

SIS

< lgle(hat (1 AB)) [g(so((l—mwb))ﬁ—g(*”“”“‘””)“"“l‘”a“b)).

Then using the linearity of ¢—function we have

3.5) [[f O (@) + (1= N 0] [f (1= A ¢ (a) + Ap (B)]* — f <¢<a)-2w<b>> ’
<
9 (g (@) + (1= N (0)]2 [ (1= A) @ () + A (0)]* — g <90(“);90(b)> _

If we integrate the above inequality with respect to A over [0,1], the inequality in
(3.2) is proved.

On the other hand, if we use the inequality vab < § (a + b) for a,b > 0 on (3.5)
we have

[f (g (a) + (1= ANe (0))]

Nl

[F (1= N o (a) + Ao (B)]F - f <<P(a);<ﬁ(b)>‘

<

9@ (@) + A =Ne®)+g((1 =) e(a)+Ap (b)) g<¢(a)+<ﬁ(b)>
2 2 '

If we integrate the above inequality with respect to A over [0,1], the inequality in
(3.3) is proved.

To prove the inequality in (3.4), firstly we use the Definition 3.1 for = a and
y = b, we have

[1F (@) 1F (0 O™ = £ (0 (@) + (1 = 1) o ()

< lge@)'lg @) = g(te(a) + (1= 1) e (b))

Then, we integrate the above inequality with respect to ¢ over [0,1], we get

@), [ .
reo) [ RS a- [ faow+0-nom)a

'Tg(p(a))
< g [ 28D a- [gto@+a-0ew)a
) o) | 0 I
- g(“’(b))(g(so(b» >1ogg<so<a>>1ogg<so<b>> so(b)so(a)/w)g“d

_ 9(e (b)) —g(p(a)) 1 w(b)
log f (¢ (b)) —log f (¢ (a)) ¢ (b) = (a) /(p 9(z)dz

(@)

1 ©(b)
- L(g(@(b)),g(v(a)))—w/() g (x) d.
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If similar calculation is made for the function f, the proof is completed. ([l

Corollary 1. If function ¢ is the identity in (3.2), (3.3) and (8.4), then we have

bia/abG(f(x),f(aHx))dxf<a;b>
(3.6)
- bia/abG(g(ﬂf),g(a+b:z:))dxg<a;b>
(3.7) b1a/abg(f(gg),f(a+b_x))dm_f(a—2|—b)
< bia/abg(:c)dmg(a;b>
and
O @) -5 [ s
(3.8)

b
< Lig(b).g(a) - — /g<x>dx

b—a

for all z,y € [a,b].
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FIXED POINT THEOREM AND A UNIQUENESS THEOREM
CONCERNING THE STABILITY OF FUNCTIONAL QUATIONS
IN MODULAR SPACES

CHANGIL KIM

ABSTRACT. In this paper, we investigate a fixed point theorem in modular
spaces, whose induced modular is lower semi-continunous, for a mapping with
some conditions in place of the condition of bounded orbit. Using this fixed
point theorem, we prove the generalized Hyers-Ulam stability for the following
additive-quadratic functional equation

fRe+y)+ 2z —y) - 2f(z+y) - 2f(z —y) — 2/ (2z) + 4f(2) =0

in modular spaces.

1. INTRODUCTION AND PRELIMINARIES

A problem that mathematicians has dealt with, for almost fifty years, is how to
generalize the classical function space LP”. A first attempt was made by Birnhaum
and Orlicz in 1931. This generalization found many applications in differential and
integral equations with kernels of nonpower types. The more abstract generalization
was given by Nakano [13] based on replacing the particular integral form of the
functional by an abstract one that satisfes some good properties. This functional
was called modular. This idea was refined and generalized by Musielak and Orlicz
[11] in 1959. Modular spaces have been studied for almost forty years and there is
a large set of known applications of them in various parts of analysis([6], [7], [9],
[10], [12], [14], [17], [20]).

It is well known that fixed point theories are one of powerful tools in solving
mathematical problems. Banach’s contraction principle is one of the pivotal results
in fixed point theories and they have a board set of applications. Khamsi, Kozowski
and Reich [4] investigated the fixed point theorem in modular spaces. In [5], Khamsi
proved a series of fixed point theorems in modular spaces, where the modulars do
not satisfy As-conditions.

Lemma 1.1. [5] Let X, be a modular space whose induced modular is lower semi-
continuous and let C C X, be a p-complete subset. If T : C — C is a p-
contraction, that is, there is a constant L € [0,1) such that

p(Tz —Ty) < Lp(z —y), Vz,y € C

and T has a bounded orbit at a point o € C, then the sequence {T"xy} is p-
convergent to a point w € C.

2010 Mathematics Subject Classification. 39B52, 39B72, 47H09.
Key words and phrases. Fixed point theorem, Hyers-Ulam stability, modular spaces.
* Corresponding author.
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The stability problem for functional equations first was planed in 1940 by Ulam
[18].

“Let G be a group and G2 a metric group with the metric d. Given a constant
6 > 0, does there exist a constant ¢ > 0 such that if a mapping f : G; —
G4 satisfies d(f(zy), f(z)f(y)) < c for all z,y € G, then there exists a unique
homomorphism h : Gy — G» with d(f(x), h(z)) < § for all z € G17”

In the next year, Hyers [3] gave the first affirmative partial answer to the question
of Ulam for Banach spaces. Hyers’ theorem was generalized by Aoki [1] for additive
mappings and by Rassias [15] for linear mappings by considering an unbounded
Cauchy difference, the latter of which has influenced many developments in the
stability theory. This area is then referred to as the generalized Hyers-Ulam sta-
bility. In 1994, P. Gavruta [2] generalized these theorems for approximate additive
mappings controlled by the unbounded Cauchy difference with regular conditions.

Recently, Sadeghi [16] presented a fixed point method to prove the general-
ized Hyers-Ulam stability of functional equations in modular spaces with the As-
condition and using the fixed point theorem Lemma 1.1, Wongkum, Chaipunya,
and Kumam [19] proved the generalized Hyers-Ulam stability for quadratic map-
pings in a modular space whose modular is convex, lower semi-continuous but do
not satisfy the As-condition.

Lee and Jung [8] proved a general uniqueness theorem that can be easily applied
to the (generalized) Hyers-Ulam stability of the Cauchy additive functional equa-
tion, the quadratic functional equation, and the quadratic-additive type functional
equations in Banach spaces.

In this paper, we investigate a fixed point theorem in modular spaces, whose
induced modular is lower semi-continuous, for a mapping with some conditions in
place of the condition of a bounded orbit. Using this fixed point theorem, we will
prove a general uniqueness theorem that can be applied to the generalized Hyers-
Ulam stability of additive-quadratic functional equations in modular spaces without
As-conditions.

2. FIXED POINT THEOREMS IN MODULAR SPACES

In this section, we will prove a fixed point theorem in modular spaces, whose
induced modular is (convex) lower semi-continuous, for a mapping with some con-
ditions in place of the condition of a bounded orbit.

Definition 2.1. Let X be a vector space over a field K(=R or C).
(1) A generalized functional p : X — [0, 00] is called a modular if
(M1) p(z) = 0 if and only if z = 0,

(M2) p(az) = p(z) for every scalar a with |a| =1, and

(M3) p(z) < p(x) + p(y) whenever z is a convex combination of z and y.
(2) If (M3) is replaced by

(M4) p(az + By) < ap(z) + Bp(y)

for all z,y € V and for all nonnegative real numbers a, § with a + 8 = 1, then we
say that p is convez.

Remark 2.2. Let p be a modualr on a vector space X. Then by (M1) and (M3),
we can easily show that for any positive real number § with § < 1,

p(6z) < p(z)
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for all x € X and hence we have
p(z) < p(2)
for all z € X.
For any modular p on X, the modular space X, is defined by
X, ={x € X | p(Ax) > 0as A - 0}.
Let X, be a modular space and let {z,,} be a sequence in X,. Then (i) {z,} is
called p-convergent to a point € X, denoted by

lim z, =,2 or z =, lim z,,
n—0o0 n— 00

if p(xn, —x) = 0 as n — oo, (ii) {z,} is called p-Cauchy if for any € > 0, one has
p(zn — xm) < € for sufficiently large m,n € N, and (iii) a subset K of X, is called
p-complete if each p-Cauchy sequence in K is p-convergent to a ponit in K.

Proposition 2.3. Let p be a modualr on a vector space X and S : X — X an
one-to-one linear map. Define a map ps : X — [0,00] by

ps(x) = p(S(z)), Vo € X.
Then we have
(1) ps is a modular on X,
(2) if p is a convex modular on X, then pg is a convexr modular on X, and
(3) if p is lower semi-continuous, then ps is lower semi-continuous.

Suppose that S is an isomorphism. Then we have

(4) S(X,5) =X, and

(5) if C is a p-complete subset of X, and S(C) = C, then C is a ps-complete subset
of Xpg.

Proof. (1) Suppose that ps(z) = 0. Then by (M1), S(z) = 0 and since S is one-
to-one, z = 0. If z = 0, then pg(0) = p(S(0)) = p(0) = 0. Hence pg satisfies
(M1). Since S is a linear map, pg satisfies (M2). Let z = ax + By for z,y € X and
non-negative real numbers «, § with a4+ 8 = 1. Since S is a linear map and p is a
modular, by (M3), we have

ps(az + By) = p(aS(z) + BS(y)) < p(S(x)) +p(S(y)) < ps(z) + ps(y)
and thus pg satisfies (M3).
(2) is trivial.
(3) Suppose that {z,} is a sequence in X, such that {z,} is pg-convergent to
zin X, . Then {S(z,)} is p-convergent to S(z). Since p is lower semi-continuous
and {S(z,)} is p-convergent to S(x),

2.1) ps(@) = p(S(2)) < liminf p(S(en)) < linnin ps ()

n—o0

and hence pg is lower semi-continuous.
(4) Let z € X,. Then

. T -1 _
lim p(Az) = lim ps(AS™"(z)) =0
and so S~1(z) € X,,,. Hence X, C S(X,,). For the converse, let z € X,,;. Then

lim ps(Az) = lim p(AS(z)) =0
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and so S(z) € X,. Hence S(X,,) C X,.
(5) Suppose that C' is a p-complete subset of X, with S(C) = C. By (4),
C C X,,. Let {z,,} be a ps-Cauchy sequence in C. For any n,m € N,
p(S(xn) = S(xm)) = ps(@n — m),

{S(z,)} is a p-Cauchy sequence in C. Since C' is a p-complete subset of X, there
is an y € C such that {S(z,)} is p-convergent to y. Then clearly, {z,} is ps-
convergent to S~1(y) € C and so C is a pg-complete subset of X, . O

A modular space X, is said to satisfy the As-condition if there exists k > 2 such
that p(2z) < kp(z) for all z € X.

Now, we will prove a fixed point theorem in modular spaces where the map T
do not assume to be the boundedness of an orbit. Our results exploit one unifying
hypothesis in which some conditions are assumed.

Lemma 2.4. Let X, be a modular space whose induced modular is lower semi-
continuous and let C' C X, be a p-complete subset. Let S : X — X be an
isomorphism and T : C — C a mapping such that S(C) = C and STx = TSz
for all x € C. Suppose that there is a constant L € [0,1) and z, € C' such that
p(Tx, — ) < 00 and

(2.2) p(z+y) < ps(@) +psy), ps(Te—Ty) < Lp(x —y), Yo,y € C.

Then there is a unique fized point w € C of T such that

2
(2.3) p(S?mg —w) < EP(T% — o).

Further, we have
nh_}rréo p(T"S™2zy) =, w.
Proof. By Proposition 2.3, pg is a modular, C is a pg-complete subset of X, and
S(X,s) = X,. By (M1) and (2.2), we have
p(x) < ps(x), ps(Te—Ty) < Lp(x —y) < Lps(z —y)
for all z,y € C and so T is a pg-contraction. By (M1) and (2.2), we have
ps(872T?xy — S™220) = p(S™'T%xg — S zp)
< ps(S7'T?xg — S Txg) + ps(S ™ Txg — S 'ap)
< Lp(S™'Txo — S ag) + p(Txg — x0)
< (L4 Dp(Txo — o).
and
ps(S72T"xy — S™2x0) < ps(S™'T"xg — S™'Txo) + ps(S™ Ty — S~ o)
< Lp(S7 T Yoy — S ag) + p(Txg — x0)
= Lps(ST2T" 'wg — S™2x¢) + p(Txo — x0)

for all n € N. By induction, we have

_ _ N 1
ps(ST2T"xg — S™2x0) < SN_LLFp(Txg — 20) < 1 p(Txg — 9)

- L
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for all n € N. For any non-negative integers m,n with m > n,
(2.4)
ps(ST3T"xzg — ST o) = p(S 2T 2o — S 2T™x0)
< ps(ST2 Ty — S™220) + ps(ST2T™xe — S™210)
S ﬁp(T{IJO — 1'0).

Since STz = TSz for all 2 € C, T has a bounded orbit at a point S~3zy in
C C X, and thus by Lemma 1.1, {T™S 32} is ps-convergent to a point wy € C.
Let w = Swy. Then

lim p(T™S %) =, w

n—roo

and since pg is lower semi-continuous, by (2.4), we have (2.3).
Now, we claim that w is a unique fixed point of T'. Since pg is a lower semi-
continuous, we have

p(w — Tw) = ps(wy — Twp) < liminf ps(T™" S 3xq — Twy)
n—o0
< liminf Lp(T"S™3zq — wo) = 0

n—oo
and hence w is a fixed point of T. Suppose that v is another fixed point of T'. Since
STz =TSz for all z € C, by (2.2) and (2.3), we have
p(S™'w — S71) < ps(T"w — TS 2x0) + ps (TS 2xo — T™0)
4
S Lnﬁp(T{IJO — 1'0)
foralln € Nand since 0 < L <1, w =w. O

Replacing (2.2) by (2.5), we have the following lemma. The proof is similar to
the proof of Lemma 2.4.

Lemma 2.5. Let X, be a modular space whose induced modular is lower semi-
continuous and let C C X, be a p-complete subset. Let S : X — X be an
isomorphism and T : C — C a mapping such that S(C) = C and STz = TSx for
all z € C. Suppose that there are real numbers r, L and x, € C such that0 <1 < 1,
L]0, %), p(Tz, — z,) < 0o, and

(25)  plz+y) <rps(@) +rps(y), ps(Tz—Ty) < Lp(z —y), Yo,y €C.
Then there is a unique fized point w € C' of T such that
lim p(T"S™ %) =, w

n—oo
and
2

. 200 —w) <
(2.6) p(S 20 —w) < T——p

(Tmo — mo).

Proof. By Proposition 2.3, pg is a modular, C is a pg-complete subset of X, , and
S(X,s) =X,. By (M1) and (2.5), we have

p(z) < ps(z), ps(Tz—Ty) < Lp(x —y) <rLps(z—y)
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for all z,y € C and so T is a pg-contraction. By (M1) and (2.5), we have
ps(S72T?xg — S 2x0) = ps(S™ Tz — S 1a0)
<rps(STIT?xg — S™'Txo) + 1ps(S™ ' Txo — S~ 20)
<rLp(S 'Txg — S ao) + 7p(Txo — 70)
<r(rL+1)p(Tzo — x0).
and
ps(S2T"zg — S 2xg) < rps(S 1Tz — S Txg) +rps(S ' Txg — S tap)
<rLp(ST'T" oy — S ag) + rp(Txg — 20)
=rLps(S2T" txg — S 2x0) + rp(Txo — 70)

for all n € N. By induction, we have

ps(ST2TMzy — S 2x9) < EZ;éTkHLkp(TxO — 1) < (T'zg — x0)

r
1—rL”
for all n € N. For any non-negative integers m,n with m > n,

ps(ST3T "y — ST3T™xg) = p(S™2 T 2o — S™2T™x0)
<rps(ST2T"xg — S 2wo) + rps(S 2T wg — S 2x0)

2r2
< T TLp(Tmo — Ip).
The rest of the proof is similar to the proof of Lemma 2.4 . O

3. UNIQUNESS THEOREM FOR THE STABILITY OF FUNCTIONAL EQUATIONS AND
ITS APPLICATIONS

Throughout this section, we assume that V' is a linear space and X, is a p-
complete modular space whose induced modular is lower semi-continuous. In this
section, we prove that, if for given map f : V' — X, there is a mapping F : V —
X,, which is near f in X,, with some properties possessed by additive-quadratic
mappings, then F'is uniquely determined.

Define a set M by

M:={g:V — X, | g(0) =0}
and a generalized function p on M by for each g € M,
plg) = inf{c >0 p(g(z)) < c¥(z), Vz € V},

where ¥ : V' — [0, 00) is a mapping.
Similar to Lemma 10 in [19], we have the following lemma :

Lemma 3.1. We have the following :
) M is a linear space,

) p is a modular on M, and

) if p is convex, then p is convez,

) Mz = M and Mj is p-complete, and
) p is lower semi-continuous.
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Proof. (1), (2), and (3) are trivial.

(4) By the definition of Mz, Mz = M. Take any p-Cauchy sequence {g,} in M.
Then {g,(x)} is a p-Cauchy sequence in X, for all 2 € X. Since X, is p-complete,
there is a mapping g : V' — X, such that p(g.(z) — g(z)) — 0 as n — oo for
all z € X. For any € > 0, there is an m € N such that

p(gm(0) — 9(0)) = p(g(0)) <€

and hence g € My = M. Let 6 > 0 be given. Since {g,} is a p-Cauchy sequence in
My, there is a k € N such that for any n,m € N with n,m >k,

p(gn(m) - gm(w)) < (5“1/('17)7V:1j ev

and since p is a lower semi-continuous, we have
plgn(z) = g(x)) <liminf p(g,(z) — gm(2)) < 0¥ (z)

for all z € X. Hence {g,} is p-convergent and thus Mj is p-complete.

(5) Suppose that {g,} is a sequence in M which is p-convergent to g € Mj.
Then {gn(z)} is p-convergent to g(z) for all z € V. Let € > 0 be given. Then for
any n € N, there is a positive real number ¢,, such that

plgn) < cn < p(gn) €

and so

plg(x)) < liminf p(gn () < liminf ¢, ¥(z) < (liminf f(ga) + ) ¥()

n—o0 n—oo

for all z € X. Hence p is lower semi-continuous. O

Now, with Lemma 2.4 and Lemma 3.1, we will show the following uniquness
concerning the stability of additive-quadratic mappings and using these, we prove
the generalized Hyers-Ulam stability for additive-quadratic mappings

Theorem 3.2. Let & : V — [0,00) be a mapping and L a positive real number
sucht that 0 < L < % and

(3.1) ®(2z) < LP(x)

forallz € V. Let f,F:V — X, be mappings such that

(3.2) P (@) - F(x)) < M[®(z) + &(~2)

for all x € V' and some non-negative real number M and

(3.3) F(2z) = 3F(x) + F(-x)

for all x € X. Then F is determined by

) F@ = i [(gorer + o) 1200 + (g = o) H-2'0)

forallz e V.

Proof. Let ¥(z) = ®(z) + ®(—=z) for all z € V. By Lemma 3.1, Mz = M is
p-complete and p is lower semi-continuous. Define T' : Mz — M by Tg(z) =
%g(?x) — %g(—?aj) for all g € Mz and all z € V and S : My — Mj by Sg = 2g for
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all g € Miz. Then S is an isomorphism. Suppose that g,h € M5z and p(g — h) < ¢
for some positive real number ¢. By (M3) and (3.1), we have

ps(Tg(x) ~ Th(z)) = p(39(2) — 19(~2a) — Sh(20) + {h(~2r))
(
(

< p(9(2z) — h(2z)) + p(9(—22) — h(—2z))
< (U (2z) + U(—212))
< 2¢LU(x)

for all z € V and so
ps(Tg —Th) < 2Lp(g —h).
y (M3), we have
plg — h) < ps(g) + ps(h)
for all g,h € M. By (3.3), F is a fixed point of T and since ps = pg, by (3.2), we

get
p(S7 f(z) = TS f(2)) < p(f(z) = F(2)) + p(TF(z) - Tf(2))
< MU(z) + ps(TF(z) = Tf(x))
< MU(z) + 2Lp(F(z) — f(x))

for all z € V' and thus
p(STHfF-TS™'f) < (14+20L)M < .
By Lemma 2.4, there is a unique fixed point G' € My of T' such that
lim p(T"S3f-G)=0

and

~ Q=3 < ~q—1lp T —1 .
PSTf = G) < (ST =TS
Since F is a fixed point of T, S73F is a fixed point of T and by (3.2), we have

=TS

PSTf=STPF) <PSTHf = STIF) < 757 p(S

because 1 < Hence by the uniquness of G in Lemma 2.4, S~3F = G and

12L

(3.5) lim ,H(T”S_3 f- S_3F) = 0.

n—>00

By induction, there are sequences {a,} and {b,} such that

T"f(x) = anf(2"z) + bn f(=2"2)
for all z € V and all n € N. By the definition of T',
3 1 3

T f(z) = (gan - gbn)f(Q”“x) + (gbn - éan)f(_QnJrlx)

and so
_ 3
Apt1 = §an - §bn

bn+1 = %bn - %an
for all n € N. Hence
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Gpt1 + bp1 = i(an +by)

Gp41 — bn+1 = %(an - bn)
for all n € N and so we get

_ 1 1
Gn = 37T T a1

hoo— 1 _ _1_
n — 22n+1 2n+1

for all n € N. Thus

§5F(@) =, im [ (s + 51 ) F@0) + (s — g ) F(-2°0)]

n—>00

for all x € V and hence we have (3.4). O

For any mapping f: V — X, let

folz) = W, fuolz) = w
Then f, is odd and f, is even. By the fact that f(z) = f,(z) + f,(z) forall z € V,

we can easily show the following corollary :

Corollary 3.3. All conditions in Theorem 3.2 are assumed. Then F' is determined

by

3.6 1F =, li 1 2"

(3.6) ] o(7) =, et Wfo( ),

1 _ 1 .
(3.7) gFe(fE) =p nhj;() er@ z),
and
1 : 1 n 1 n

(3.8) GF@ = Jim (S £o270) + 5o £0(27))
forallz e V.

Proof. Note that

1 1 .
p[gFO(m) - Wfo(2 .’L’)]

p[ L F @) — () — g F20) + o f(-270)]

ol = (g + o) 12°0) = (v = o) 120

1 1 1 1 1
+ogF=2) = (Gams + gova ) 2" = (gors — o) F279)
for all z € V and for all n € N. By (3.4), we have (3.6) and similarly, we have (3.7).
Thus we get (3.8). O

IN

If F is additive or quadratic or additive-quadratic, then F satisfies (3.3) and
hence we have the following corollary :
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Corollary 3.4. All conditions in Theorem 3.2 are assumed. If F is addi-
ive(quadratic, addiitive-quadratic, resp.) then F is determind by

| DU B2 BED R | .

5@ = Jim 5o fo(') (gF(e) = Jim s fe(2"a),

1 , 1 . 1 .

EF(I') =p lim (er@ ) + Wfo@ 37)): T€5P~)
forallz € V.

Similar to the proof of Theorem 3.2, we can show the following theorem for
modular spaces with convex modulars.

Theorem 3.5. All conditions in Theorem 3.2 are assumed. Suppose that p is
convex and L is a positive real number sucht that 0 < L < 2. Then F' is determined

by

1 , 1 1 . 1 1 .
0.9 gF@ =y Jim |( g + o) ") + (g = gowr ) 1(-20)
forallz eV.

Proof. Let ¥(z) = ®(x) + &(—=2) for all « € V. By Lemma 3.1, My = M is
p-complete and p is lower semi-continuous. Define T' : Mz — M by Tg(z) =
%g(?x) — %g(—?x) forall g€ Mz and all z € V and S : Mz — M5 by Sg = 2g for
all g € M;. Then S is an isomorphism. Suppose that g,h € M and p(g — h) < ¢
for some positive real number c¢. By (M3) and (3.1), we have

ps(Tg(e) ~ Thiz) = p(g(2z) — 19(~22) = Sh(2e) + {h(~20))

< > plg(2r) — h(20) + 7plo(27) — h(~27)

< cLY(x)

for all z € V and so
ps(T'g—Th) < Lp(g — h).

Further, clearly we have

Ao~ 1) < 57s(o) + 5s(h)

for all g, h € M. By (3.3), F is a fixed point of T" and by (3.2), we get

p(S7 7 @) = TS™ (@) < 5o (&) — F(@)) + 5p(TF(@) ~ Tf(x))

2
< SMU(@) + 5ps(TF(2) - Tf())

1
< 5(1 + LYMY(z)
for all x € V and thus
1
p(STHf-TS™'f) < 5(1 + L)M < oo.

By Lemma 2.5, there is a unique fixed point G € M of T" such that

P —G) < St pl(57 f ~ TS ),
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and further, we have
lim p(T"S™3f —G) =0.

Since F is a fixed point of T, S~3F is a fixed point of T' and
1 1
pST*f—87°F) < Zﬁ(s_lf —-S57'F) < ﬁﬁ(S‘lf —~TS7'f)

because 3 < 7. Hence by the uniquness of G in Lemma 2.4, S7F = G. The

rest proof is similar to the proof of Theorem 3.2. O

Using Lemma 2.5 and Theorem 3.5, we can show the generalized Hyers-Ulam
stability for aditive-quadratic mappings.

Corollary 3.6. Let V be a linear space and X, a p-complete modular space whose
induced modular is convex lower semi-continuous. Suppose that f :V — X, is a
mapping such that

(3.10) p(f(@+y) + flz—y) = 2f(x) — fly) — f(=y)) < d(z,y)
for all z,y € V and let ¢ : V2 — [0,00) be a mapping satisfying
(3.11) o(2x,2y) < Lo(x,y), Yo,y €V

for some real number L with 0 < L < 2. Then there is a unique additive-quadratic
mapping G : V — X, such that

1 3

(3.12) p(5f(x) = G(x)) <

4 = m[¢(xam) +¢(—£C,—£L‘)]

forallz e V.

Proof. Let ®(z) = ¢(x,z) and ¥(z) = ®(z) + ¢(—=) for all z € V. By Lemma 3.1,
Mz = M is p-complete and p is lower semi-continuous. Define T' : Mz — M by
Tg(x) = 2g(2z) — £9(—2x) for all g € My and all z € V and S : My — M by
Sg = 2g for all g € Mz. Then S is an isomorphism and (2.5) in Lemma 2.5 holds
for r = 1. Letting y = z in (3.10), we get

(3.13) p(f(2z) = 3f(z) — f(-2)) < ¢(z,x)
for all z € V and by (3.13), we have
3 1 3
p(TS ()~ J(@)) < $6(e,2) + 56(—2, —2) < SW(2)
for all z € V. Hence we get
~ 3
(314 prf- <t
and by Lemma 2.5, there is a unique fixed point G' € M of T' such that
. 3
pST2f—G) < ——ru.
For any n € N, let
1 1 1 1
an = 922n+4 + gn+4” by = 2n+4 ~ gn+d’
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Since G is a fixed point of T', G satisfies (3.3) and by Theorem 3.5, we have

1
§G(@) =, Tim [0, f(2"2) + by f(~2")
for all x € V. By (M3), we get

(3.15)
p(56 +9) + 3Gl —y) ~ 5 G@) — 5 Gl) — 55G(-))
< 50560 +1) ~ anf @@ +9)) — buf (-2 +1))
+550(56 — ) — an S =) — baf (<22 ~ 1)
+ %p(iG(fE) - 2anf(2nx) - anf(_an))
+550(560) — anf(2'y) ~ b f(-2")
+50(560-) — anf @ (-0) ~ b (-2 (-1)
+ 5ap(F@M 4 u) + 2@ )~ 27(2"0) — f(2°) ~ [(2°(-0)
el o (2@ ) + 52 - ) - 26(-200) - (-2 - 52" (-w)
and by (3.11), we have
(3.16)
So(F@ @+ u) + £ (@ —y) - 2£(2"0) = F(2"y) - F(2"(y)))
el o (2@ ) + 12 - ) - 26(-200) — f(-2) - 52" ()
< ;—g¢(2”m,2”y) + |g—g| (—2"%z,—-2"y)
<2 [S(e,0) + 2l o0, )

for all z,y € V and for all n € N. Since 0 < an, |b,| < 27", by (3.15) and (3.16), we
can show that G is an additive-quadratic mapping. Since every additive-quadratic
mapping satisifes (3.3), G is a unique additive-quadratic mapping with (3.12). O
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Rough fuzzy ideals in BC'K/BCI-algebras

Sun Shin Ahn! and Jung Mi Ko**
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Abstract. The notions of rough ideals and rough fuzzy ideals in BCK/BCI-algebras are introduced and some
properties of such ideals are investigated. The relations between the upper(lower) rough ideals and the upper

(lower) approximations of their homomorphic images are discussed.

1. Introduction

The notion of rough sets was introduced by Pawlark ([11]). The theory of rough sets has
emerged as another major mathematical approach for managing uncertainty that arises from
inexact, noisy, or incomplete information. It is turning out to be methodologically significant
to the domains of artificial intelligence and cognitive sciences, especially in the representation of
reasoning with vague and /or imprecise knowledge, data analysis, machine learning, and knowledge
discovery ([11,12]). The algebraic approach to rough sets was studied in [8]. Biswas and Nanda
([1]) introduced the notion of rough subgrougs, and Kuroki and Morderson ([6]) discussed the
structure of rough sets and rough groups. Kuroki and Wang ([7]) gave some properties of lower
and upper approximations with respect to the normal subgroups and the fuzzy normal subgroups,
and Kuroki ([5]) introduced the notion of rough ideals in semigroup, which is an extended notion
of ideals in semigroups, and gave some properties of such ideals. Xiao and Zhang ([13]) established
the notion of rough prime ideals and rough fuzzy prime ideals in a semigroup. Imai and Iséki
([2]) introduced two classes of abstract algebras : BC K-algebras and BCI-algebras. It is known
that the class of BC'K-algebras is a proper subclass of the class of BCT-algebras. C. R. Lim
and H. S. Kim ([8]) introduced the notion of a rough set in BC'K/BCI-algebras. By introducing
the notion of a quick ideal in BC'K/BCI-algebras, they obtained some relations between quick
ideals and upper(lower) rough quick ideals in BC'K/BCI-algebras.

In this paper, we introduce the notion of rough ideals and rough fuzzy ideals in BCK/BCI-
algebras, and we give some properties of such ideals. Also, we discuss the relations between the
upper(lower) rough ideals and the upper (lower) approximations of their homomorphic images.

92010 Mathematics Subject Classification: 06F35; 03G25.
YKeywords: rough sets; rough ideals; rough fuzzy ideals.
* The corresponding author.
YE-mail: sunshine@dongguk.edu (S. S. Ahn); jmko@gwnu.ac.kr (J. M. Ko)
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2. Preliminaries

(13 2

A BCI-algebra ([9]) is a non-empty set X with a constant 0 and a binary operation
satisfying the axioms, for all x,y,z € X:
(D) ((z*y) = (zx2))*(zxy) =0,
(if) (zx (z*y)) =y =0,
(iii) x *x =0,
(iv) xxy =0 and y xx = 0 imply z = y.
A BCK-algebra is a BC'I-algebra satisfying the axiom:
(v) Ox 2z =0 for all z € X.

We can define a partial ordering < on X by x < y if and only z *xy = 0. In any BCI-algebra
X, the following hold: for any z,y,z € X,
(1) %0 =z,
(2) (xxy)*z=(rxz)*y,
(3) r <yimplieszxz <yxzand zxy < z*x,

Let X be a BCK/BC1I-algebra and let 0 € I C X. A set [ is called an ideal of X if for all
r,y€e€ X, xxy €l andy € I imply x € I. An ideal I is said to be closed if 0 x x € I whenever
x € I. Let S be a non-empty subset of X. Then S is called a subalgebra of X if, for any x,y € S,
xxy € S. A closed ideal of a BCK/BCI-algebra X is a subalgebra of X. An equivalence relation
pon X is called a congruence relation on X if (x * u,y % v) € p for any (z,y), (u,v) € p. We
denote by [a], the p-congruence class containing the element a € X. Let X/p be the set of all
p-equivalence classes on X, i.e., X/p:={[a],la € X}. For any [z],, [y], € X/p, if we define

(2], % [y], = [z *xy], = {z € X|(z,x*xy) € p},

then it is well defined, since p is a congruence relation. A congruence relation p on a BCK/BC1I-
algebra X is said to be regular if [z], * [y], = [0], = [y], * [z], implies [z], = [y], for any
(2], [ylo € X/ p-

Theorem 2.1. ([9]) Let X be a BC'K-algebra and let p be a congruence relation on X. Then p
is regular if and only if X/p is a BC K-algebra.

Let I be an ideal of X. We define a relation p; on X as follows:
pro=A{(z,y)|lz*y,yxzel} (*)

Then p; is a regular congruence relation ([4]). Let Con(X) be the set of all congruences on X.
We define a subset I, of X from p € Con(X) by I, := {z *y|(z,y) € p}.
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Proposition 2.2. ([4]) Let A be an ideal. If A is closed, then A =1,,.

Let X be a BCK/BCI-algebra and let p be a congruence relation on X. Let P(X) denote the
power set of X and P*(X) = P(X)\ {0}. Define the functions p, p~ : P(X) — P(X) as follows:
for any 0 # A € P(X), p_(4) :=={z € X|[z], C A} and p~ (A) := {z € X|[z], N A # 0}. The set
p—(A) is called the p-lower approximation of A, while p~(A) is called the p-upper approzimation
of A. For a non-empty subset A of X, p(A) = (p_(A), p~(A)) is called a rough set with respect to
pof P(X)xP(X)if p_(A) # p (A). A subset A of X is said to be definable if p_(A) = p~(A).
The pair (X, p) is called an approzimation space. A congruence relation p on a set X is called
complete if [z], * [y], = [z * y], for any z,y € X.

3. Rough ideals in BCK/BCI-algebras

Let X be a BCK/BC1I-algebra and let ) # A C X. Let p be a congruence relation on X.
Then A is called an upper (a lower, respectively) rough ideal of X if p~(A) (p_(A), respectively)
is an ideal of X.

Theorem 3.1. Let p; be a congruences relation on a BCK/BCI-algebra X as in (x). If A is a
closed ideal of X, then it is an upper rough ideal of X.

Proof. Since A is an ideal of X, 0 € A. Hence AN [0],, # 0. Therefore 0 € p;~(A).

Let z,y € X with xxy,y € pr (A). Then ([z],, *[y],,)NA = ([z*y],,)NA # 0 and [y],,NA # 0.
Hence there exist a, € A such that o € [x],, * [y],, = [v*y],, and € [y],,. Therefore a = pxq
for some p € [z],,,q € [yl,,- Since B,q € [y],,, we have (8,v),(y,q) € pr and so (B,q) € p;.
Hence [3],, = [q],,. Since (¢ * f,q*q) = (¢ * 5,0) € p;, we have (¢ 3)«0 =g=* 3 € A by
Proposition 2.2. Using 8 € A, we have ¢ € A. Since p* q,q € A and A is an ideal of X, we
obtain p € A. Therefore p € [z],, N A # 0. Thus = € p;~(A), completing the proof. O

Theorem 3.1 shows that the notion of an upper rough ideal is an extended notion of a closed
ideal in BCK/BC'I-algebras.

Example 3.2. Let X := {0, 1,2,3} be a BC'K-algebra with the following Cayley table:

*x0 1 2 3
0(0 0 0 O
1110 0 0
22 1 01
313 3 30

If we take A := {0,2}, then it is not an ideal of X, since 12 =0 € A, but 1 ¢ A. On the
while, let p be a congruence relation on X such that {0, 1,2}, {3} are all p-congruence classes of
X. Then p~(A) = {0,1,2} is an ideal of X.
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Theorem 3.3. Let X be a BCK/BC1I-algebra and let A be a closed ideal of X. Then p_(A),
if it is non-empty, is an ideal of X.

Proof. Since A is a closed ideal of X, it is a subalgebra of X. Since p_(A) # 0, p_(A) is a
subalgebra of X. Hence 0 € p_(A). Let z,y € X with z xy,y € p_(A). Then [z], * [y], =
lzxyl, C A, [y, CA Ifac€]z], then (a,z) € p. Since p is a congruence relation on X, we
have (o xy,zxy) € pand so axy € [x*y], C A. Since A is an ideal of X and y € A, we get
a€ A e, [z], C A, proving that = € p_(A). O

Let p be a regular congruence relation on a BC'K-algebra X and let ) # A C X. The lower
and upper approximations can be presented in an equivalent form as shown below:

p—(A)/p ={lz], € X/p|lz], € A}
o (A)/p ={la], € X/p] [a],N A £ 0},

Proposition 3.4. Let p be a regular congruence relation on a BC'K-algebra X. If A is a
subalgebra of X, then p~(A)/p is a subalgebra of the quotient BC K -algebra X/p.

Proof. Since A is a subalgebra of X, there exists an element x € A such that [z], N A # 0, i.e.,
p~(A)/p# 0. Let [z], and [y], be any elements of p~(A)/p. Then [z],N A # 0 and [y], N A # 0.
This means that there exist a,b € X such that a € [z],NA and b € [y],NA. Then axb € [z],*[y],.
Since A is a subalgebra of X, a xb € A. This means that [z], x [y], € p~(A)/p, completing the
proof. O

Proposition 3.5. Let p be a regular congruence relation on a BCK-algebra X. If A is a
subalgebra of X, then p_(A)/p is, if it is non-empty, a subalgebra of the quotient BC K -algebra

X/p.
Proof. Straightforward. O

Theorem 3.6. Let p; be a regular congruence relation on a BCK-algebra X as in (x). If A is
an ideal of X, then p;~(A)/pr is an ideal of the quotient BC' K -algebra X/ py.

Proof. Since 0 € p;~(A), we have [0],,NA # 0 and hence [0],, € pr (A)/pr. Let [z],,*[yl,, . Y], €
pr (A)/pr. Then ([x],, *[y],,) VA= [x*y],, NA# D and [y],, N A # 0. Hence there exist a« € A
with a € [z],, * [y],, = [ *y],, and 8 € A for some S € [y],,. Therefore @ = p * ¢ for some
p € [z],,,q € [yl,,- Since B,q € [y],,, we have (8,y),(y,q) € pr and so (B,q) € p;. Hence
18]p; = ldlp,;- Since (¢* 5,9 *q) = (¢ *5,0) € p;, we have (¢ * ) *0 = ¢ € A by Proposition
2.2. Using f € A, we have g € A. Since A is an ideal of X and ¢ € A, we have p € A. Thus
p € [z],, N A, proving [z],, € pr~(A4)/pr. O

Theorem 3.7. Let p be a regular congruence relation on a BC'K-algebra X. If A is an ideal of
X, then p_(A)/p, if it is non-empty, an ideal of the quotient BC K -algebra X/p.
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Proof. Since p_(A)/p # 0, p_(A)/p is a subalgebra of X/p. Hence [0], € p_(A)/p. Let [z], *
Y], [y], € p—(A)/p for some [z], € X/p. Hence [x *xy], C A and [y], C A. Therefore z *xy €
p—(A),y € p_(A). If a € [z],, then (a,z) € p. Since p is a congruence relation on X, we have
(axy,zxy) € p. Hence axy € [x*y], C A. Hence a € A, because A is an ideal of X and y € A.
Therefore [z], C A, proving that [x], € p_(A)/p. O

Theorem 3.8. Let p be a regular congruence relation on a BC'K-algebra X. If A is an upper
rough ideal of X, then p~(A)/p is an ideal of the quotient algebra X/p.

Proof. Since 0 € p~(A), we have [0], N A # (0 and hence [0], € p~(A)/p. Let [z], * [y], =
2 % 4l [oly € o (A)/p for some [s], € X/p. Then (], * [4],) N A = [z +y],n A # @ and
lyl, N A # 0. Hence = xy,y € p~(A). Since p~(A) is an ideal of X, we have z € A. Thus
z € [z], N A # 0, proving [z], € p~ (A)/p. O

Theorem 3.9. Let p be a regular congruence relation on a BC K-algebra X. If A is a lower
rough ideal of X, then p_(A)/p is, if it is non-empty, an ideal of the quotient BC' K -algebra X/ p.

Proof. Since p_(A)/p # 0, p_(A)/p is a subalgebra of X/p and hence [0], € p_(A)/p. Let
(2], * [yl,, [yl, € p—(A)/p for some [z], € X/p. Hence [z *xy], C A and [y], C A. Therefore
zxxy € p_(A),y € p_(A). Since p_(A) is an ideal of X, we have z € p_(A). Thus [z], C A. O

4. Approximations of fuzzy sets

Let p and A be two fuzzy subsets of X. The inclusion A C 1 is denoted by A(z) < p(x) for all
x € X, and pNAis defined by (pNA)(x) = p(z) A A(z) for all z € X.

Definition 4.1. Let p be a congruence relation on a BC'K/BCI-algebra X and u a fuzzy subset
of X. Then we define the fuzzy sets p_(u) and p~(u) as follows:
P (1)) = Nueup,pi(a) and p= (1) (@) = Vaera, i(a).

The fuzzy sets p_ () and p~(u) are called the p-lower approximations and p-upper approximations
of the fuzzy set p, respectively. A set p(u) = (p—(u), p~ () is called a rough fuzzy set with respect

to pif p-(n) 7 p~(1)-

Definition 4.2. ([3]) A fuzzy set p of a BCK/BCI-algebra X is called a fuzzy ideal of X if
(F1) pu(0) > p(z) for all z € X,
(Fy) p(x) > min{p(z xy), u(y)} for all z,y € X.

Let p and v be fuzzy ideals of a BCK/BCI-algebra X. Then pNv is also a fuzzy ideal of X.

A fuzzy subset p of a BCK/BCI-algebra X is called an upper (a lower, respectively) rough
fuzzy ideal of X if p~ () (p—(u), respectively) is a fuzzy ideal of X.
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Theorem 4.3. Let p be a congruence relation on a BCK/BCI-algebra X. If i is a fuzzy ideal
of X, then p~(p) is a fuzzy ideal of X .

Proof. Since p is a fuzzy ideal of X, 1(0) > u(x) for all z € X. Hence we obtain
P~ (1)(0) = Vaefo, i(2) = Varepa, u(z') = p~ (1)(x).
For any z,y € X, we have
P ()(@) = Ve, 1(2) 2 Varayelal wlylpretul, {min{p(e’ '), p(y')}}
= Varsyelosyl, v, {min{u(z’ +y'), n(y)}}
> Min{ Vg efen), (@ % Y)s Ve, i(y) }
=min{p™ (p)(z * ), p~ (1) (¥)}-
Thus p~(p) is a fuzzy ideal of X. O

Theorem 4.4. Let p be a congruence relation on a BCK/BCTI-algebra X. If i is a fuzzy ideal
of X, then p_(p) is, if it is non-empty, a fuzzy ideal of X.

Proof. Since p is a fuzzy ideal of X, u(0) > p(z) for all x € X. Hence for all z € X, we have
p—(1)(0) = Aeqo), i1(2) = Asrepa),1(2') = p—(p)(z).
For any x,y € X, we obtain
p—(1)(2) = Narefal, 1(T') 2 Natuyrela] ol e, {min{p(@’  y'), u(y')}}

= Natsyclorylpyelyl, {min{p(@ « y'), p(y')}}
= min{Aurayefony), T % Y)s Ayep, 1(y)}
=min{p_(u)(z *y), p-(1)(y)}-

Thus p_(p) is a fuzzy ideal of X. O

Let 1 be a fuzzy subset of a BCK/BCI-algebra X and let (p_(u),p~ (1)) be a rough fuzzy
set. If p_(u) and p~(p) are fuzzy ideals of a BC'K/BCI-algebra X, then we call (p_(u), p~ (1))
a rough fuzzy ideal of X. Therefore we have:

Corollary 4.5. If u is a fuzzy ideal of a BCK/BC1I-algebra X, then (p—(u), p~ (1)) is a rough
fuzzy ideal of X. If u, A are fuzzy ideals of a BCK/BC1I-algebra X, then (p—(uNA),p~ (LN A))
is a rough fuzzy ideal of X .

Let p be a fuzzy subset of a BCK/BCI-algebra X. Then the sets
pe = {z € Xlp(z) > t}, i = {z € X|u(z) > t},
where t € [0, 1], are called respectively, a t-level subset and a t-strong level subset of p.

Theorem 4.6. ([3]) Let p be a fuzzy subset of a BOCK/BC1I-algebra X. Then p is a fuzzy ideal
of X if and only if p; and u¥ are, if they are non-empty, ideals of X for every t € [0, 1].
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Lemma 4.7. Let p be a congruence relation on a BCK/BC1I-algebra X. If p is a fuzzy subset
of X and t € [0, 1], then

(1) (P—(N))t = P—(Mt);
(2) (p~ ()it = p~ ().

Proof. (1) We have

v € (p-(1)e & p-(1)(x) > t & Nagp,p(a) >t
e Va € el n(a) 2 & [a], C o 7 € p ().

(2) Also we have

z e (p(w)i & p~(w)(x) >t & Vaep,ma) >t
< Ja € [a]y, pla) >t & 2], N #0 &z ep (1))
O

Theorem 4.8. Let p be a congruence relation on a BCK/BCI-algebra X. Then p is a lower
(an upper) rough fuzzy ideal of X if and only if u;, uX are, if they are non-empty, lower (upper)
rough ideals of X for every t € [0, 1].

Proof. By Theorem 4.6 and Lemma 4.7, we can obtain the conclusion easily. U

5. Problems of Homomorphism

Lemma 5.1. Let f be a surjective homomorphism of a BCK/BC1I-algebra X to a BCK/BCI-
algebra Y and let A be any subset of X. Let ps be a congruence relation on Y, and p; :=
{(z1,22) € X X X|(f(21), f(22)) € p2}. Then

(1) py is a congruence relation on X,
(2) If py is complete and f is single-valued, then p; is complete,

(3) f(pr (A)) = py (f(A)),

(4) f(p1-(A)) € p2_(f(A)). If [ is single-valued, then f(p1_(A)) = p2_(f(A)).
Proof. (1) It is clear that p; is a congruence relation on X.
(2) Let 2’ be any element of [z * x3],,. Since py is complete, by the definition of p;, we know
that f(2') € [f(@1 * 22)]p, = [f(21)]p * [f(22)],,. Since f is surjective, there exist z},25 € X
such that f(x}) € [f(21)lps, f(25) € [f(22)]p, and f(2') = f(a))  f(2h) = f(a) * 25). Since f
is single-valued, by the definition of p;, we have 2 € [x1],,,2} € [12],,, such that 2’ = & * z.
Thus 2’ € [x1],, * [22],,. This means that [zq * 23], C [21],, *[22],. On the other hand, we have
[21] 5y * [22],y C |21 * 22],,. Therefore p; is complete.
(3) Let y be any element of f(p;~(A)). Then there exists x € p;~(A) such that f(z) = y. Hence
[z],, N A # 0. Then there exists ' € [z],, N A. Then f(2') € f(A) and by the definition of py,
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we have f(z2') € [f(x)],,. So [f(x)]p2 N f(A) # 0, which implies y = f(z) € p2~(f(A)). Thus
f(p1™ (A)) € p2(A)).

Conversely, let y € po~(f(A)). Then there exists z € X such that f(z) = y. Hence [f(x)],, N

f(A) # 0. So there exists @’ € A such that f(z') € f(A) and f(2') € [f(x)],,.- Then by
the definition of p;, we have 2’ € [z],,. Thus [z],, N A # 0 which implies z € p;7(A4). So
y = f(x) € f(p1i (A)). It means that po~(f(A)) € f(p1 (A)). From the above, we have
f(p1m(A)) = p2= (f(A)).
(4) Let y be any element of f(p;_(A)). Then there exists x € p;_(A) such that f(z) = v,
so we have [z],, € A. Let y € [y|,. Then there exists 2/ € X such that f(z/) = ¢/ and
f(@') € [f(x)],,. Hence 2’ € [z],, € A, and so ¢’ = f(z’) € f(A). Thus [y],, C f(A) which yields
that y € ps_(f(A)). So we have f(pr_(A)) € po_(f(A).

Assume that f is single-valued and suppose y € pa_(f(A)). Then there exist z € X such that
f(z) =y and [f(2)],, € f(A). Let 2’ € [z],,. Then f(2') € [f(x)],, € f(A), and so 2’ € A. Thus
[z],, © A which yields z € p1_(A). Then y = f(z) € f(p1(A)), and so py_(f(A)) S f(p1_(A)).
From the above, we have f(p1_(A)) = p2_(f(A)). O

Theorem 5.2. Let f be a surjective homomorphism of a BC K /BCI-algebra X toa BCK/BC1I-
algebra Y. Let ps be a congruence relation on Y and A be a subset of X. If p; := {(x1,22) €
X x X|(f(x1), f(x2)) € pa}, then p1~(A) is an ideal of X if and only if p,~(f(A)) is an ideal of
Y.

Proof. Assume that p;~(A) is an ideal of X. Since 0 € p;~(A), [0],, N A # (). Hence there exists
' € [0],, NA. Then f(2') € f(A), and by the definition of p;, we have f(z’) € [f(0)],,. So
[f(0)],, N f(A) # 0 which means f(0) € pa~(f(A4)). Let o',y € Y with o',y x 2’ € pa~ (f(4)).
Then there exist x, z € A such that f(z) =2’ and f(z) =y * 2’. Hence [f(2)],, N f(A) # 0 and
[f(2)]p, N f(A) # 0. Therefore there exists b € A such that f(b) € [f(x)],,. By the definition of
p1, b € [z],, and so b € [z],, N A. Hence [z],, N A # . Thus = € p;~(A). Since f is surjective,
there exists y € X such that f(y) =4. Put u:=yx ((y*xx) * 2). Then u € X. Since

f(lyxx)*z) =f(y*z)* f(2)
=fly*xx)xy x2’ (- f(z) =y x2')
=(f(y) * f(z)) * (¥ *2")
=y x2') x (y' x2) =0,
é(y* ((yxx)*2) = fly) = f((y*xz)*2) = f(y) 0 = f(y) =y Since

, we obtain

we have f(u) =
[F(2)]p, N F(A) #
Yoo * [2']5,) N (A)
f(W)]py * [f(2)]2) 0 f(A)
=[f(uxx)]p, N f(A) #0.
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Then there exists a € A such that f(a) € f(A) and f(a) € [f(u * x)],,. By the definition of p,
we have a € [u* z],,. Hence [u*x], NA# (0 and so u*z € p;~(A). Since p;~(A) is an ideal
of X and x € p;(A), we get u € py~(A). Therefore f(u) =1y € f(p1~(A)) = p2~(f(A)). Thus
p2~(f(A)) is an ideal of Y.

Conversely, suppose that pa~(f(A)) is an ideal of Y. Since f(0) = 0" € ps~(f(4)), [f(0)],, N
f(A) # 0. Hence there exists y' € [f(0)],, N f(A). Since f is surjective, there exists 2’ € X such
that f(2') = /. Hence f(2') € [f(0)],, N f(A). Therefore f(z') € f(A). By the definition of p,
z' € [0],, and 2’ € A. Hence [0],, N A # ), which means 0 € p;~(A).

Let z1,29 € X with x1 % 29,29 € p;~(A). By Lemma 5.1, we obtain that f(z; % z5) =
f(z1) = f(x2), f(z2) € f(pr(A)) = p2~(f(A)). Since p2~(f(A)) is an ideal of Y, we have
f(x1) € pa=(f(A)). Hence [f(z1)],, N f(A) # 0. Therefore y' € [f(z1)],, N f(A). Since f
is surjective, there exists 2’ € X such that f(2/) = 3. Hence f(z') = ¢ € [f(z1)],, N f(A).
Therefore f(2') € f(A). By the definition of p;, there exists 2’ € [z41],, and 2’ € A. Therefore
[z1],, N A # (0, which means z; € p;~(A). Thus p;~(A) is an ideal of X. O

Theorem 5.3. Let f be an isomorphism of a BCK/BCI-algebra X to a BCK/BCI-algebraY'.
Let py be a complete congruence relation on Y and let A be a subset of X. If p; := {(z1,x2) €
X X X|(f(x1), f(x3)) € pa}, then py_(A) is an ideal of X if and only if p_(f(A)) is an ideal of
Y.

Proof. By Lemma 5.1, we have f(p1_(A)) = pa_(f(A)). The proof is similar to the proof of
Theorem 5.2. U

By Theorem 5.2 and Theorem 5.3, we can obtain the following conclusion easily in quotient
BCK/BCI-algebras.

Corollary 5.4. Let f be an isomorphism of a BCK/BCI-algebra X to a BCK/BCI-algebra
Y. Let ps be a complete congruence relation on'Y and let A be a subset of X. If p; := {(x1,22) €
X % X|(f(x1), f(x2)) € pa}, then py_(A)/p1( resp. p1~(A)/p1) is an ideal of X/p; if and only if
p2_(f(A))/p2(resp. p2~(f(A))/p2) is an ideal of Y/ p.

Theorem 5.5. Let [ be a surjective homomorphism of a BCK/BCI-algebra X toa BCK/BC1I-
algebra Y. Let py be a complete congruence relation on Y and let A be a fuzzy subset of X. If

p1 = {(z1,22) € X x X[(f(z1), f(22)) € p2}, then

(1) p1~(A) is a fuzzy ideal of X if and only if po~(f(A)) is a fuzzy ideal of Y.
(2) If f is single-valued, then py_(A) is a fuzzy ideal of X if and only if ps_(f(A)) is a fuzzy
ideal of X.

Proof. (1) By Theorem 4.6, we obtain that p;~(A) is a fuzzy ideal of X if and only if (p; = (A))7 is,
if it is non-empty, an ideal of X for every ¢ € [0, 1]. By Lemma 4.7, we have (p; ™ (A))X = p1~(AY).
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By Theorem 5.2, we obtain that p;~(A;X) is an ideal of X if and only if py~(f(A4Y)) is an ideal
of Y. Tt is clear that f(AX) = (f(A));*. From this and Lemma 4.7, we have

p2 (f(AT)) = p2~ (J(A)) = (o2~ (f(A)))7-
By Theorem 4.6, we obtain that (py~(f(A)))X is an ideal of Y for every ¢ € [0, 1] if and only if
p2 (f(A)) is a fuzzy ideal of Y. Thus the conclusion holds.
(2) Since f is single valued, by Lemma 5.1, we have f(p1_(A)) = pa_(f(A)). The proof is similar
to that of (1). 0

Corollary 5.6. Let f be an isomorphism of a BCK/BCI-algebra X to a BCK/BCI-algebra
Y. Let ps be a complete congruence relation on'Y and A a fuzzy subset of X. If p; := {(x1,22) €
X x X|(f(z1), f(x2)) € pa}, then p1_(As)/p1 (resp. p1~(AX)/p1) is an ideal of X/p; if and only
if p»_(f(Ar))/p2 (resp. p2~(f(A"))/p2) is an ideal of Y/ pa.
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A Lebesgue integrable space of Boehmians for a
class of D,. transformations

Shrideh Al-Omari ! and Dumitru Baleanu 2

October 28, 2016

Abstract Boehmians are objects obtained by an abstract algebraic construc-
tion similar to that of field of quotients and it in some cases just gives the field
of quotients. As Boehmian spaces are represented by convolution quotients,
integral transforms have a natural extension onto appropriately defined spaces
of Boehmians. In this paper, we have defined convolution products and a class
of delta sequences and have examined the axioms necessary for generating the
D,. spaces of Boehmians. The extended D,, transformation has therefore been
defined as a one-to-one onto mapping continuous with respect to A and ¢ con-
vergences. Over and above, it has been asserted that the necessary and sufficient
conditions for an integrable sequence to be in the range of the D, transforma-
tion is that the class of quotients belongs to the range of the representative.
Further results related to the inverse problem are also discussed.

keywords: Integral transform; analogue system; generalized integral; discrete
system; Boehmian.

* Correspondence : Email: s.k.q.alomari@fet.edu.jo

1 Introduction

As some physical situations were determined by initial value problems which are
not smoothly enough but are generalized functions, numerous integral trans-
forms were defined in a context of distributions, ultradistributions, tempered
distributions, tempered ultradistributions and Boehmian spaces. The Laplace
transform method of right-side distributions was treated in [17] and [18] to solve
various types of ordinary differential equations. In [19] Loonker and Banerji have
given a solution of Volterra-Abel integral equations by aid of a distributional
wavelet transform. Indeed, if the differential equation % = w , w being the
heaviside step function, is considered then no classical conclusion can be drawn
at this point. But, on generalized sense, if S denotes a space of rapid descents
(rapidly decreasing functions) and S be its dual of slow growth, then for every
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v € S we write
i(v) = —u(d)

= —/Oou(m)zﬁ(ac)dx

— 00

- _/0 aza(a;)dx—/ooo(wa)ﬁ(x)dx

—00

= —aU(O)—I—aU(O)—/OOOm?(x)dI

/Ooov(x)dx

_ /oow(x)v(:c)dac

—00

= w(v)

where « is some suitable constant.

Let k be a sampling period and v, be an analogue function. In some engi-
neering applications, the classical D transform was presented as an equivalence
between discrete and analogue systems as [8]

Doy, (1, k) := Dv,, (1) == — /va (t) et (tnfl)rdt (1)

T

where D (vq * Ya) (1, 6) = >, Dyq (r — k, K) Dvg (1, K) , * being the Fourier con-
0

volution product defined by [7]

(Vo * Yo ) (1) := / Vo (T) Yo (t — 7) dt. (2)

Ry

Let x, be an analogue function and x be a sampling period. Then, treating r
as a positive real number, say &, then the existed integral, denoted by D, is
given as

Dyva (§,5) = = /va () e " (b 1) dt, (3)

where £ € Ry; Ry = (0,00).

In this paper, without reading the efficiency of this integral in discrete and
analogue systems, we attempt to investigate the extension of this integral to a
class of Boehmians, being recent in the space of generalized functions. We derive
virtuous products, give definitions and derive some properties of the existence
of the given integral in the class of generalized functions.

Boehmian spaces were inaugurated by the idea of regular operators which is a
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subalgebra of Mikusinski operators. According to literature, we briefly recall the
general construction of Boehmian spaces. Let G be a group and S be a subgroup
of G. We assume to each pair of elements f € G and w € S, is assigned the
product f * g such that :

(1) w,v €S implies w1 €S and wx Y = Y * w.

(2) fegGandw,v €S implies (f*xw)*x1p = f* (w*1).
(3) f,g€G,weSand A€ R, implies (f + g)*w = frw+g*rw, A\ (f xw) =
(Af) #* w.Let A be a family of sequences from S such that:
(1) f,g€G,(0n) €A and f*6, =g*d,(n=1,2,..) implies f = g,n € N.
(2) (wn),(0,) € A implies (wy, * ¢y) € A.
Members of A are called delta sequences.
Let A be a pair of sequences defined by A = {((fn), (wn)) : (fn) € G, (wn) € A},
where n € N, then members of ((f),(wn)) € A are called quotient of se-
quences, denoted by [fn/wn], if fn * Wm = fim * wn, ¥n,m € N. Two quotients
of sequences f,/w, and g,v, are equivalent, f,/wn, ~ gnn, if fn *x U, =
Jm * W, VN, m € N.

The relation ~ is an equivalent relation on 4. The equivalence class contain-
ing f,/wy is denoted by [f,,/wy]. These equivalence classes are called Boehmi-
ans. The space of all Boehmians is denoted by ;. The sum of two Boehmi-
ans and multiplication by a scalar can be defined in a natural way [f,/w,]| +
[9n/tn] = [(fn * Yn + gn * wn) [ (Wn % ¥n)], & [fn/wn] = [afn/wn] o € C, space
of complex numbers.

The operations x and D% are given by [fn,/wn|*[gn/Un] = [(fn * gn) / (Wn * 1¥2)]
and D [f,,/wy] = [P fn/wy] whereas, * can be extended to § x S in the form
that If [f,/wn] € 81 and w € S, then [f,,/wy] *w = [frn *w/wy] .

However, soon after the topic has been initiated, numerous integral trans-
forms were extended to Boehmian spaces by many authors in [1], [2], [6], [9 — 16],
[20 — 23] and many others.

Definition 1 The Mellin type convolution product ® between two signals z,,
and y, is defined by the integral equation ( see [4])

(v © ) () = / v (1) g () ™ ey (4)

Ry

when the integral exists.

The Lebesgue space of integrable functions defined on Ri is denoted by 1! (Rf_)
and the set of smooth functions of bounded supports over R, is denoted by
Y (R4) (see [3] for definition, properties and convergence in ¥ (R4)).

2 Convolution products and Boehmians
In this section, we establish the prerequisite axioms of the Boehmian space

B (11 (Ri) 1,0, o) with the operations ® and e where e is a convolution prod-
uct defined as follows.

87 Al-Omari et al 85-95



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Definition 2 Let the casual analogue signals v, yo € 1! (Ri) be given. Then,
between v, and y,, we define a product e given as

(V0 @ o) (€. ) = / v (6257 1%) o () dy (5)

Ry

provided the above integral exists.

Proving axioms of the space B (11 (Ri) 0,0, 0) begins with the following the-

orem.

Theorem 3 Given v, € I (Ri) and y, € 9 (Ry). Then we get v, ® Yo €

I' (R2).

Proof The hypothesis that v, € 1' (R3) implies [ |vq (&, k)| dédr <
R2

2
M (y > 0) . Hence, with the aid of the Fubini’s theorem together with the hy-

pothesis that y, € ¥ (R4) we confirm

[1tvasua€mldin = [ | [ oo (€7 n) o () do| ds

51 R3 |R+
=< //’Ua &y "8) | [ya (v)| dydédr
Ri P

IN

M1/|ya (y)| dy < o0
P

where P is an interval in R, including the support of y,.

Hence the theorem is finished.

Theorem 4 Let v, € 1! (Ri) and that y,, 2z, € ¥ (R4+) be analogue signals.
Then

Vo @ (ya © Za) = (/Uoc .ya) ®2n.

Proof On account of (4) and (5) we are permitted to write

(UO& i (ya O] ZC!)) (ga ”) = / Vo (ga yilﬁ) Ya (tily) dyza (t) t~tdt. (6)
7

The substitution u = yt~! implies dy = tdu. Therefore, (6) can be expressed as

(Va ® (Yo @ 24)) (&, k) = /Ua (& (t77R)) Ya (u) za (t) dudt

2
R+

= /(vaoya) (&t7'K) za (t) dt.

Ry
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The proof is therefore finished.
Theorem 5 Given v, € 1! (Rf_) . For every y, € 9 (Ry), we get

Dy (va © Ya) (& K) = ((Drva) @ Ya) (€, k)

Proof Applying (3) to (4) gives

Dic (Va0 ya) (€)= % /”a (v ™'2) ya (y)y~'dy (e’”_l) (zr1)* da
Ry
= ;R[ v (y~ ') (efzn”) ($I€71)£ya () = dzdy(7)

Let zy = x, then dz = ydz. Therefore, on account of (7) we obtain that

Dy (00 ©a) (€0) = g7 [ v @) (77 ) (067 o ) dady. (8)

Hence, by the Fubini’s theorem, we finish the proof of the theorem.
Theorem 6 Given i € C, v, € I' (R%) and y, € ¥ (R;). We get

(7%7)04) ® Yo = 7 (va L ya) .

Proof of this theorem is straightforward follows from definitions. Hence it is
omitted.

Theorem 7 Given v,, 2o € 1! (Ri) . For every y, € 9 (Ry), we get
(Ua+za).ya :Ua.ya+za.ya-
Proof of above theorem follows from simple integration. Details are therefore

omitted.

Theorem 8 Given v, — v as n — oo in 1! (Rf_) . For every y, € 9 (Ry),
we get Vg n ® Yo —> Vo ® Yo @S N — OO.
Proof of above theorem is a direct conclusion of Theorem 4. Hence it is avoided.

By A we mean the subset of ¥ (R4) such that for every sequence (fia,n), €
Y (Ry), n € N, we have.

it [ pamdy =133 [ |panldy < 003 i" : supppiam € (0,an), lim, o0 an =
0.

Elements of A are said to be delta sequences or approximating identities.
Theorem 9 Given v, € 1! (Ri) . For every (fta.n) € ¥ (R4), we get limy, oo va®
Hayn = Va-
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Proof Let v, € I! (Ri) and ¢ (Ri) be the set of smooth functions of bounded
supports over R2, then ¢ (Ri) is dense in 1! (Ri) . Hence, for a given € > 0, we
can find ¥, € ¢ (Ri) such that

[va = Pall <e (9)

Define gq (y) = Yo (§,y7'K) , then gq (y) is uniformly continuous mapping in
9 (Ry) for every &, k > 0. Therefore, for each ¢ > 0 we find § > 0 so that
—€ < ga (1) — ga (y2) < € wherever —0 <y —y~! < 4.

Since y and y~! belong to R, and that g, € ¥ (Ry), we get

—e<ga(y) —ga (y7') <e (10)

when —§ <y —y~ ! < 4.
Also, since 1), is of bounded support in ¥ (Ri) it follows suppi,, (f,y‘lﬂ) C
[a1,az] x P for some compact subset P of Ry. Hence

Yo (&y7'R) =0, (§y k) & [ar —b,a0 + 0] x P. (11)
The hypothesis that suppp,, — 0, n — oo asserts that we can find N € N
such that
suppiia,n (y) C [0, 4] (12)
for every n > N. By the property [ pandy =1 we write
Ry

1o ® Hom) — Yol = / / (o (6,575) — tho (E15) ptam (9)) dy| | dedr

"2 \|Ry
< / (|90 &) = 90 (v~ )| 1ta,n (v)]) dydédr
i
az+8 &
- ///(!ga(y)—ga(y‘l)llua,n(y)l)dydﬁdn-
P a1 O

By virtue of (10) and (12) and the assumption that [ |pan|dy < M we have
Ry

az+6 )
o ® tom —tall < c(az+5) / / o ()| dy | de

aq 0

= e(a2+§)M(a2—a1 +5) (13)
Finally, we write

”(Ua hd Moc,n) - UaH < H(Uoz - %) hd Ma,nH + H(¢a ’Moz,n) — Yall + Hl/)a - UocH .
(14)
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Hence, on account of (9),(10) and (13), (14) yields

[(vo ® i) — o] < e (M + M (az — a1 +25) +1).

This finishes the proof of our result.

The Boehmian space B (1' (R1),9,®, o) is therefore entirely performed. Simi-
larly, one can proceed to generate the space B (l1 (Ri) 9,0, @) .

We introduce addition in B (1' (R%),9,©,e) as [(un) / (en)] + [(vn) / (€0)] =
[((un @) + (v ®€,)) [ (en ®ep)]. In B (I' (R2) , 9, ®, ) we define scalar mul-
tiplication as Q[(un) / (€2)] = [ (un) / (en)] = [(Quy) / (€4)], 2 € C. We de-
fine the convolution e in B(1' (R2),9,©,e) as [(¢,)/ (e,)] [( n) /[ (en)] =
[(on ®vp) /[ (€n ®en)]. Also, we define differentiation in B (1' (R1),9,®,e) as

D [(un) / (€0)] = [(D*uy) / (€n)], @ is a real number. For B (1 (R2 ),0,0,0) 0

1' (R2) the product is given as [(uy) /()] ® ¢ = [((un) ® @)/ (€,)] where
[(un)(8,)] € B(1' (R%) ,9,®,e) and ¢ € 1' (R2).

(Bn) of B (11 (Ri) 9,0, 0) is § convergent to 3 in B (11 (Ri) 9,0, o) ;ie.(Bn—0),
if we can find (e,) in A such that 3, e ex; 8@ ¢, € 1' (R2) (Vk,n € N), where
lim,, o0 Br @€, = S o€ in I (R?i_) (VE e N).

(Bn) of B(I' (R%),9,®,e) is A-convergent to 3 in B(1' (R3),9,0,e); ie
(Bn—B) ,if (€n) € A, with (B, — B)ee, € 1 (RZ) (Yn € N), and lim,, o0 (B, — B)®
e =0in1' (R3).

3 7D, transform of Boehmians

Let B = [(Van)/ (ftan)] € B(1* (R%),9,®,®) . Then we present the general-
ized transform ’Z/),: of B as

ﬁeﬁ = [(Dn”a,n) / (ta,n)] (15)
in the space B(1' (R2),9,0,e).

Theorem 10 The mapping 6;,6’ : B (11 (Ri) 0, @,@) — B (11 (Ri) ,19,@70)
is well-defined and linear.

Proof Given [(Va,n) / (Taun)] = [(Yan) / (Vam)] € B(1* (R%) ,9,®,©) . Then it
follows that va,n © Ya,m = Ya,n © Ta,m. Employing D,; for the previous equation
directly giVGS ’Dﬁva,n ® Yo,m = Dnya,n ® ' m; (vnv me N) . That iS,

Dfiva,n/ra,n ~ ,Dnya,n/waﬂr (16)

Finally, let the Boehmians [(va,n) / (ra.n)] and [(Ya.n) / (Ya.n)] be equivalent in
the space B (l1 (Ri) 10,0, @) . Then by definitions and Theorem 5 the proof of
our result follows.

Theorem 11 The extended 7/); integral is consistent with D, : 1! (Ri) —
I (R2) .
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Proof For every v, € 1! (Ri) , let 8 be its representative in B (11 (Ri) 0,0, @) .
Then indeed 8 = [(va © (¢an)) / (Pa,n)] Where (@on) € A (Yn € N). On the
other hand, its clear that (¢q,,) and its representative are independent for n €
N. Therefore by Theorem 5 we deduce Dy, (8) = [(Dy. (va ® (Yan)))/ (Pan)] =
[(Dy (Va ® (Pa,n))) / (¢a,n)]; that is the representative of D, f in 1' (R2).
Hence the proof is finished.

Theorem 12 Given [(ga,n) / (Ya,n)] € B (1* (RL),9,©®,0) . Then [(gan) / (Ya,n)]
is in the range of l/?; iff go p is in the range of D,; (Vn € N).

Proof Indeed, when [(ga.n)/ (¥a.n)] is in the range of D,.; then it is obvious
that go,n is in the range of D, (Vn € N).

On the other hand, if g, is in the range of D, (¥n € N), then it can be ob-
tained an element vy, € I' (R%) satisfying D.van = ga,n (Vn € N). Due to the
assumption that [(ga,n) / (Va,n)] € B (I' (R2),9,®, ), we have gon ® Va,m =
ga,m.wa,n (Vm, ne N) . That iS, DK (Ua,n © Spa,n) = ’D/{ (Ua,m © Soa,n) (ma ne N)a
where v, p, € I (Ri) and o, € A, Vn € N.

Now, injectivity of Dy leads to va.n © @a,m = Va,m @ Pa,n (M,n € N).

Hence, the quotient vy, /@q,» defines a quotient in B (l1 (Ri) 10,0, @) . There-

fore, we write [(Va,n) / (¢an)] € B (1' (R2),9,©,0) and Dy ([(van) / (Pan)]) =
[(ga,n) / ("/}a,n)] .

Hence the proof is finished.

Theorem 13 1/),: : B(l1 (Ri) ,19,@,@) — l”)’(l1 (Ri) ,19,(970) is an isomor-
phism. - -

Proof Let Dy [(van) / (Yan)] = Dk [(gan) / (Yan)] in of B (11 (Rf_) 9, @, 0) )
By aid of Theorem 5 and the idea involving quotients of B (1' (R3),9,®, ) we
deduce that Dy va,n®Ya,m = DkVa,m®Pan. Theorem 5 reveals Dy (vqn © Yo.m) =
D (Ja,m © Ya.n) - Properties of D, implies von @ Ya,m = Ga,m © Pa,n. There-
fore, the idea of quotients of B (I' (R%),9,®,®) leads to [(van)/(Pam)] =
[(ga,n) / (Ya,n)] Surjectivity of D, can be derived as in the following man-
ner. Let [(Dpvan)/ (dan)] € B(1' (RL),9,®,e) be given arbitrary. Then
DiVa,n ® Oa,m = DwVa,m ® ¢a,n for every m,n € N.

Once again, Theorem 5 leads to Dy (Va,n @ Ya,m) = Pk (Vam © @a,n). Hence
the proof is finished. . -
Theorem 14 Given 61,2 € B (11 (Ri) RVNOR @) . We get Dy (61 © d2) = Doy e
Ja.

Proof Let 61 = [(van) / (Pan)] € B (RL),9,0,®). By (15) and calcula-

tions, we get. Dy ([(ta,n) / (Pan)] © [(kan) / (D)) = [ (Do (van)) / (Pn)| @
[(Fan) / (Pa,n)] -

This finishes the proof of the theorem.
Definition 15 Given [(l/?; (van)) /(wan)] € B(I' (R2),9,®,e). We define

—~—1 —~
D, as the inverse integral of D, as

—~—1

D [(Dn (van)) / (Pam)]| = [(Van) / (Pan)], (a7)
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(Pan) € A.

Theorem 16 Given [(van)/(Pan)] € B(1' (RL),9,0,e). For every ¢ €
9 (Ry) we get Dy ([(van) / (Pan)] @ 6a) = | (D (van) ) / ($aun)] @ Ga-

Proof Let [(Va,n) / (¢an)] € B(1' (R3),9,0,0) and/\(ﬁa € 9 (R4). Applying

(15) and Theorem 5 give 'Z/): ([(va,n) / (Pa,n)] © da) = D ([(Va,n) / (Pa,n)] @ da) -
Hence the proof is finished.

Theorem 17 Z/); and 5: ' are continuous in terms of convergence of § and A
types.
Proof We now confirm that ’1/3; and 7/); ! are continuous in terms of 4. Let
Bn—B € B(I'(R%),9,0,0) as n — oo. By virtue of Theorem 1 we can
find va,np and ve, € 1' (R2) such that 8, = [(vank)/(dak)] and 8 =
[(Va,k) / (Pa,k)] with limy, oo Vank = Vak (Vk € N). Continuity of D, trans-
form yields limy, 00 DxVa.nk = DrVa k in 1! (Ri) .Thus [(Devani)/ (Pak)] =
[(Drvak)/ (dar)] € B(1' (R%),9,®,e) as n — occ. in the sense of § .
On the other hand, we show continuity of the inverse integral with respect to §
convergence. Let g, ,—gq in B (11 (Ri) , 4,0, 0) as n — 0o. Then, a parity of
Theorem 1 implies that we can write gq n = (PrVa,n.k)/ (Pa.k)] and that g, =
[(Drvak) / (@a,k)] with the property that Dyxva n ik — Dwva,k s n — co. Hence
Vank — Vak a8 1 — 00. Therefore, [(Vank)/ (Pak)] = [(Vak)/ (Pak)] asn —
—~-1 1
oo. By using (17) we get Dy [(Diva,nk) / (Pak)] = D [(Drvak) / ($a,k)]
as n — oo. . .
Now, we establish continuity of D, and D,,  with respect to A convergence.
Let 8, — B € B(1'(R2),9,0,0) as n — oo. Then there exist va, €
' (R2) and (@a,n) € A such that (8, — 8) ® da,n = [ﬁg}a’”) © bak)/ (Pak)]
and van, — 0 as n — oo. Employing (16) reveals D, ((8n — 8) @ ¢an) =
[(Dy (Van) © dak))/ (Pak)] - Hence, it follows

Dy ((Bn — B) © dan) = [(Dx (Vam e ® o)) / (b)) = Dic (Varm) — 0

as n — oo in I' (R%) .

Therefore, 2/),: ((Brn—B) O dan) = (Z/):ﬁn — @B) ® o as n — oo. Hence,
DBy — DB as n— 0o in A convergence.

Finally, let go.n—gq in B (11 (Ri) ,19,@,0) as n — oo then by Theorem 1 we

find Dnva,k S 11 (Ri) such that (ga,n - ga) L4 d)a,n - [(Dnva,k L4 ¢a,k) / (¢a,k>]
where Dy vk — 0 as n — oo for some (¢.n) € A.
Using (17), we obtain

—~—1

Dr (9o — 9a) # Gam) = [(D " (Dutak #90)) / (Gt

~—1
Theorem 5 implies D, g(ga,n - ga) b ¢a,n) = [(('Ua,k)IG ¢a,k) / (¢a1,k)] ~ Van —
0 as n — oo. Thus, Dy, ((gan — Ga) ® Pan) = (D,i Jam — Dy, ga> © Pan
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as n — oo. Hence, we get

o~

D 1ga,n_>go¢ €B (11 (Ri> U, 0, @)

as n — oo. (18)

This finishes the proof of the theorem.
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STABILITY OF THE SINE-COSINE FUNCTIONAL EQUATION IN
HYPERFUNCTIONS

CHANG-KWON CHOI and JEONGWOOK CHANG*

ABSTRACT. Let D} o (R?") and A/ o (R?") be the spaces of bounded distributions and bounded
hyperfunctions respectively. In this paper we consider the Ulam’s stability of the sine-cosine

functional equation
woT —u®v+v®u € Do (R?™) [resp. Al oo (R?™)],

where u, v are Gelfand hyperfunctions, T : R2™ — R™ such that T'(z,y) = = —y for all z,y € R™,

and o, ® denote pullback and tensor product of generalized functions respectively.

1. INTRODUCTION

A certain formula or equation is applicable to model a physical process if a small change in the
formula or equation gives rise to a small change in the corresponding result. When this happens
we say the formula or equation is stable. In an application, a functional equation like the additive
Cauchy functional equation f(z +y) — f(x) — f(y) = 0 may not be true for all 2,y € R but it may

be true approximately, that is
fl@+y) = flx) = fly) =0
for all z,y € R. This can be stated mathematically as

(L.1) [fx+y) - flx) - fly)l <e

for some small positive € and for all z,y € R. We would like to know when small changes in

a particular equation like the additive Cauchy functional equation have only small effects on its

solutions. This is the essence of stability theory. In 1940, S.M. Ulam asked the following question:
Let f be a mapping from a group G to a metric group Go with metric d(-,-) such that

d(f(zy), f(2)f(y)) <e.

Then does there exist a group homomorphism h and 6. > 0 such that

d(f(x), h(z)) < b

forallx € G1 ¢
This problem was solved affirmatively by D. H. Hyers under the assumption that G5 is a Banach

space (see Hyers [19], Hyers-Isac-Rassias [20]). Since then Ulam problems of many other functional

2010 Mathematics Subject Classification. 46F99, 39B82.
Key words and phrases. convolution, distribution, hyperfunction, heat kernel, sine addition formula, Ulam

problem.
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equations have been investigated [13, 14, 15, 21, 23, 24, 25, 26, 27, 28]. Among the results, Székelyhidi
has developed his idea of using invariant subspaces of functions defined on a group or semigroup he

prove the Ulam-Hyers stability problem for functional equation

(1.2) flx+y) = f@)g(y) +g9(x)f(y), z,yeR",

which arises from the sine addition formula [30, 31]. Using his elegant idea, Chung and Chang [7]

prove the parallel Ulam-Hyers stability problem for functional equation

(1.3) fle—y) = f2)gly) —9(@)f(y), x,y€eR,

which arises from the sine subtraction formula. As a result it was proved that if f,g : R® — C
satisfy

(1.4) [f(z—y) = f@)g(y) +9(2)f(y)| <M, z,yeR"

for some M > 0, then either there exist A1, Ay € C, not both zero, and L > 0 such that
(1.5) A f(2) = Aeg(@)| < L

for all x € R™, or else

(1.6) flx—y) = f(@)g9(y) — g(z)f(y)

for all x,y € R™. Also in the sequel, the functions f and g satisfying both (1.4) and (1.5) were

investigated.

Schwartz introduced the theory of distributions in his monograph Théorie des distributions [29]
in which Schwartz systematizes the theory of generalized functions, basing it on the theory of linear
topological spaces, relates all the earlier approaches, and obtains many important results. After his
elegant theory appeared, many important concepts and results on the classical spaces of functions
have been generalized to the space of distributions. For example, the space L*>(R") of bounded
measurable functions on R™ has been generalized to the space D} o (R™) of bounded distributions as a
subspace of distributions and later the space D o (R™) is further generalized to the space A’ . (R™)
of bounded hyperfunctions. It is very natural to consider the following stability problem for the
functional equation in distributions and hyperfunctions u, v with respect to bounded distributions

and bounded hyperfunctions
(1.7) woT —u®v+v®u€ Do (R*™) [resp. A} (R*™)],

where D/ . (R?) and A’ . (R?") are the spaces of bounded distributions and bounded hyperfunc-
tions, T : R?" — R" such that T(z,y) = x —y for all z,y € R", and o, ® denote pullback and
tensor product of generalized functions respectively. In [10] the distributional version of the stability
of (1.2) was proved. In this paper, as a parallel result we prove the stability of (1.7). As in [10] the
main tool is the heat kernel method initiated by T. Matsuzawa [22] which represents the generalized

functions in some class as the initial values of solutions of the heat equation with appropriate growth
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conditions [12, 22]. Making use of the heat kernel method we can convert (1.7) to the classical Ulam-
Hyers stability problem of the functional inequality; there exist C' > 0 and N > O[resp. for every
€ > 0 there exists C. > 0] such that

1 1\"
(8) fate =yt 8) — e 5(09) + 0o )30 <O (T+5)  resp. Gt/
S

for all x, y € R", t,s > 0, where u, v, W, k:R" x (0,00) — C are solutions of the heat equation
whose initial values are u,v,w, k respectively. In Section 3, we consider the stability problem (1.8)
with a more general setting, which will be used, combined with the heat kernel method [12, 22], to

prove the stability problem of (1.7).

2. DISTRIBUTIONS AND HYPERFUNCTIONS

We first introduce the spaces S’ of Schwartz tempered distributions and G’ of Gelfand hy-
perfunctions(see [16, 17, 18, 22, 29] for more details of these spaces). We use the notations:
la] = a1+ Fan, al =ayl-a), o) = Vai+ a2, 2% = 2028 and 9% = 9N - 99,
for x = (21, -+ ,2n) € R, a = (a1, -+, o) € Nj, where Ny is the set of non-negative integers and
0 = .

Definition 2.1. [29] We denote by S or S(R™) the Schwartz space of all infinitely differentiable

functions ¢ in R™ such that
(2.1) llla,s = sup a9 p(z)| < oo

for all o, B € N, equipped with the topology defined by the seminorms || - ||o.5. The elements of
S are called rapidly decreasing functions and the elements of the dual space S’ are called tempered

distributions.

Definition 2.2. [16, 17] We denote by G or G(R™) the Gelfand space of all infinitely differentiable

functions ¢ in R™ such that

ol = |08 p(z)| <
Pllnk = meR”ngﬁGNS hlelglBlalt/2511/2 >

for some h, k > 0. We say that ¢; — 0 as j — oo if ||@;||pe —> 0 as j — o0
for some h, k, and denote by G’ the strong dual space of G and call its elements Gelfand hyperfunc-

tions.

As a generalization of the space L* of bounded measurable functions, L. Schwartz introduced

the space D} of bounded distributions as a subspace of tempered distributions.

Definition 2.3. [29] We denote by D1 (R™) the space of smooth functions on R™ such that 0% €
LY (R™) for all a € N} equipped with the topology defined by the countable family of seminorms

lellm =Y 10%llzs, m € No.

la|<m

We denote by D’ .. the strong dual space of Dy and call its elements bounded distributions.
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As a generalization of bounded distributions, the space A’ » of bounded hyperfunctions has been

introduced as a subspace of G’.

Definition 2.4. [12] We denote by A1 the space of smooth functions on R™ satisfying
10l
hlela!
for some constant h > 0. We say that ¢; — 0 in A1 as j — oo if there is a positive constant h

such that

lplln = sup <0
«

10%p; |1 ,
sng%() as j — oo.

We denote by A}« the strong dual space of Ar:.

It is well known that the following topological inclusions hold:
G— 8 < Dp, T o8 =G,

G A =D, Diw > Ap =G
It is known that the space G(R™) consists of all infinitely differentiable functions ¢(z) on R™
which can be extended to an entire function on C™ satisfying
(2.2) lp(z +iy)| < Cexp(—alz|* +blyl*), @,y eR"
for some a, b, C' > 0(see [16]).

Definition 2.5. Let u; € G'(R™) for j = 1,2. Then the tensor product u; @ us of uy and us,
defined by

(ur ® ug, p(x1,22)) = (ur, (uz, p(r1,72)))
for o(x1,22) € G(R™ x R"™2), belongs to G'(R™ x R"2).

3. STABILITY OF (1.8)

Throughout this paper (G, +) is a 2-divisible commutative group, f,g : G x (0,00) — C and N
denotes a fixed nonnegative real number. We consider the stability problems of each of the following

functional inequalities;

there exist C > 0 and d > 0 such that
o= mt49) = FoOg(0.5) + 9o 0S| S C (141 ) +d Yoy €Go b >0

for every e > 0, there exists C. > 0 which depends on € such that

3.2
(32 f(x—y,t+s) — fla,)g(y,s) + g(z, ) f(y, )| < Cee VTV W yeG, t,s>0.

From now on, a function a from a semigroup (S, +) to the field C of complex numbers is said to
be an additive function provided a(z +y) = a(x) + a(y) for all z,y € S and m : S — C is said to be

an exponential function provided m(z + y) = m(x)m(y) for all x,y € S.
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We introduce the following conditions (3.3) and (3.4) on f : G x (0,00) — C and N;
there exist C > 0 and d > 0 such that

(3.3) N
|f(z,t)| <Ct™ +d, VYzeG, t>0

for every e > 0, there exists C. > 0 which depends on € such that

(3.4)
|f(x,t)] < Cee’t, Vzeq, t>0.

Using the idea in [20, p. 104] we obtain the following (See [10] for the proofs).

Lemma 3.1. Let f,g: G x (0,00) = C satisfy the inequality; for each y € G and s > 0 there exist
positive constants C = C(y,s) and d = d(y, s) [resp. for eachy € G, s >0 and € > 0 there exists a
positive constant C. = Ce(y, s)]| such that

(3.5) lf(z—y,t+s)— f(z,t)g(y,s)] < ct™N +4d [resp. C’eee/t]

for all x € G,t > 0. Then either f satisfies (3.3) [resp.(3.4)] or g is an exponential function.

Lemma 3.2. Let m : G x (0,00) — C be a nonzero exponential function satisfying (3.3) [resp.(3.4)].

Then m can be written in the form
m(x,t) = mq(x)msa(t),

where my : G — C, ma : (0,00) — C is exponential functions satisfying |m1(z)| =1 for all x € G.

Lemma 3.3. Let m be a nonzero exponential function satisfying (3.3) [resp.(3.4)]. Suppose that
f G x(0,00) — C satisfies the inequality; there exist positive constants C and d [resp. for each

€ > 0, there exists a positive constant C.] such that

N
B 1Sttt - famls) — o] <C (§41) + d . el
for all x,y € G,t,s > 0. Then we have
F(2.) = a(eyma(@)ma(t) + 2f (o, ;) ma (2)ma (;) + R(z,),

where a : G — C is an additive function, m : (0,00) — C is an exponential function, A € C and
R: G x (0,00) = C satisfies

|R(z,t)| < Ct™N +d [resp.(3.4)]
forallx € G,t > 0.

Theorem 3.4. Suppose that f,g : G x (0,00) — C satisfy the inequality (3.1) [resp.(3.2)]. Then

either

(37) f('r -y, t+ 5) - f(a:,t)g(y,s) —|—g(1‘,t)f(y,$) =0

forallz, y € G, t,s > 0, or else there exist A1, Aa € C, not both zero, such that A1 f(x,t) — Aag(z,t)
satisfies (3.1) [resp.(3.2)].
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Proof. It suffices to prove that f, g satisfies (3.7) when Ay f(x,t) — Aag(z, t) satisfies (3.3) [resp.(3.4)]
only for Ay = Ao = 0. Let

(3.8) F(z,y,t,s) = f(x —y,t+s) — f(z,t)9(y, s) + g(x, ) f (. 5)-
Choosing y; and s with f(y1,s1) # 0 we have

(3.9) g(x,t) = ki f(2,t) + ko f(x — y1,t + s1) — k2 F' (2, 91, ¢, 51),

where k) = % and ko = f(y_lilsl) From (3.8) and (3.9) we have

(3.10) f((@—y)—z(t+s)+7))

=f(z -yt +s)g(z,7) —g(x —y,t +8)f(2,7) + F(z —y,2,t + 5,7)
=f(z —y,t+s)g(z,7)

- (klf(x_yat+s>+k2f($_y_y17t+s+sl)_kQF(x_y7y17t+s731))f(z7r)
+ F(z—y,z,t+s,7)

:(f(fm )9y, s) = g(z, 1) f(y,s) + F(z,y,1, 8))9(2’ r)
— k1 (£, 090y, ) = 9@, [ (4. 5) + Fl.y.8,9) ) (2,7)
ko (£ (@, )9y +yrss +51) = 9@, f (4 +y1,5 4 51)
+ F(n,y+yits+ 1) = Fz =yt +s,51) ) f(z7)
Y F(z —y, 2t +s,1),
and also we have
(8.11) f(z—(y+2)t+(s+7)) = fla, gy +z.5+7) = gla, ) f(y+2,5+r)+ Fla,y+z,t,s+7).
From (3.10) and (3.11) we have
(3.12) f(2,8)(9(y: 8)9(=7) = kig(y, ) f(27) + kag(y+y1.5+ 1) F(2,7) = gy + 2,5+ 7))
+ 9@, = F9)9(z7) + kaf (g, )] (2,7) = kafy + ya,s + 1) f(57) + [y + 2,5+ 7))
=F(z,y+z,t,s+7r)— F(x —y,z,t+s,1)— F(x,y,t,5)9(2,7) + k1 F(x,y,t,5) f(2,7)
— ko (Fla,y+yn,ts+s1) = F@ =yt +5,50)) f(2,7).
Fixing y, z, s, r in (3.12), using (3.1) and (3.8) we have
|F(z,y+2,t,54+71)— Flx—y,2z,t+s,7) = Fz,y,t,8)g(z,7) + k1 F(z,y,t, ) f(2,7)
ko (F(@,y+y1tos+s1) = Flw = yoyit+5,51)) f(z7)]
<20 <1+i)N+2d+Cl (1+1)N+d1+02 (1+511)N+d2
<Cc'tN+d,

where C' = 2N(2C 4 Cy + Cy), d' = 2N (20r=N 4 C1s™N 4 Cos7 ™) + 2d 4 dy + da.
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Similarly, using (3.2) we obtain that for every € > 0 there exists C. > 0 such that
|F(:E,y—|—z,t,s +T) - F(.’E - y,z,t+s,?") - F(x’yvta s)g(z,r) + le(QE,y,t,S)f(Z,T)

- kQ(F(x,eryl,t,ersl) fF(xfy,yl,t+s,51)>f(z,r)|

< 20, V/HH1/) 0y CLec(M/1H1/9) 4 0y e (/11 /51)

< C’éee/t,
where C! = C,(2¢/" + Cye/* + Coe/*1).

Thus, by the assumption that A\ f(z,t) — Aag(z,t) satisfies (3.3) [resp.(3.4)] only for Ay = A2 =0

we have

9(y,8)9(2,7) = k1g(y, 8) f(z,7) + kag(y + y1,5 + 51) f(2,7) —g(y + 2,5 +7)

= fy;s)g(z,r) = ko f(y, s)f (z,7) + ko f(y +y1, s+ 51) f(2,7) — f(y + 2,5 +7) = 0.
Thus, it follows that
(3.13) Flz,y+z,t,s+r)— Flax —y,z,t+s,7)

z( —ki1F(z,y,t,8) + ko F(z,y + y1,t, 8 + s1) — ko F(x — y,y1,t + 5, 51))f(z, T)
+ F(z,y,t,8)g(z,1).

Now, if we fix x, y, t, s, the left hand side of (3.13) satisfies (3.3) [resp. (3.4)] as a function of z

and r. From the right hand side of (3.13), using the assumption that A; f(x,t) — Aag(z,t) satisfies
(3.3) [resp.(3.4)] only for A\; = A2 = 0 it follows that £ = 0. This completes the proof. O

Theorem 3.5. Let f,g9: G x (0,00) = C satisfy (3.1) [resp. (3.2)]. Then (f,g) satisfies one of the
following :

(i) both f and g satisfy (3.3) [resp.(3.4)],

(i) f(x,t) = a(z)m(t) + R(z,t), g(z,t) = Af(x,t) + m(t) for all z € G,t > 0, wherea: G — C
is an additive function, m : (0,00) — C is an exponential function, A € C and R : G x (0,00) — C
satisfies |R(z,t)| < Ct=2N 4+ d [resp.(3.4)] for all z € G,t > 0 and for some C,d > 0,

(iil) f(z —y,t+s) — f(z,t)g(y,s) + g(z,t) f(y,s) =0 for all x,y € G,t,s > 0.

Proof. Assume that (f,g) does not satisfy (iii). Then by Lemma 3.4 there exist A1, Ay € C, not
both zero, such that Ay f(z,t) — Aag(z, t) satisfies (3.3) [resp.(3.4)].

(Case 1) f( 0) satisfies (3.3) [resp.(3.4)].

Assume that f(# 0) satisfies (3.3). Choosing yo € G,so > 0 such that f(yo,so) # 0, dividing
|/ (yo, s0)| in both sides of (3.1) and using the triangle inequality we have

1

9601 < 170 =00

N
<|f(x = Yo, t + o)l + [ f(x, t)g (o, s0)| + C (1 i 510) +d>

1 1\"
<Ct+50) N +di+Cot™N +dy +Cs (t+s) +ds
0

<t N4d
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for all z € G,t > 0 and for some positive constants Cy,Cs, C3,dy,ds,ds, C' and d’. Similarly, if f
satisfies (3.4) we can show that for every e > 0 there exists C > 0 such that

lg(x,1)] < Cle/!

for all x € G,t > 0. Thus, we obtain the case (ii).

(Case 2) f does not satisfy (3.3) [resp. (3.4)].

Assume that f does not satisfy (3.3). In this case we must have Ay # 0 and we can write

(3.14) g(z,t) = —;—;f(m,t) + B(z,t) :== Af(z,t) + B(z,t)

for all z € G,t > 0, where R satisfies (3.3) [resp. (3.4)]. Putting (3.14) in (3.1) we have
1 1\"
(315) o= mt49) = o OB(no) + B 0] <O (1) +d
for all z,y € G,t,s > 0. Using the triangle inequality and fixing y and s in (3.15) we have

N
o=t +9) = f@ B9 < B0 fns) +C (147 )+ od

for all z,y € G,t,s > 0 and for some positive constants C’ and d’. Applying Lemma 3.1 we have

(3.16) B(x,t) = m(x,t)

for all z € G, t > 0, where m is an exponential function on G x (0,00). Now, applying Lemma 3.2
we have

(3.17) R(z,t) = m(x,t) = my(x)ma(t)

for all z € G,t > 0, where my : G — C, ma : (0,00) — C are exponential functions. Replacing (z, t)
by (y, s) in (3.15) we have

1o1\"
(3.18) |[f(—z+y,t+s)— fly,s)B(z,t) + B(y,s)f(z,t)| < C <t + S) +d

for all z,y € G,t,s > 0. From (3.15) and (3.18), using the triangle inequality, putting y = 0 and

replacing t, s by % we have
(3.19) If(z,t) + f(—z,t)| < C22NT1=N 4 24
for all x € G,t > 0. Replacing z by —z, y by —y in (3.15), we have
1o1\"
B20)  fatut+9) - fn0B(s) + B0 -pal <O (141) +a
for all 2,y € G,t,s > 0. From (3.20) and using (3.19) with fixing y and s we have
(321) |f(—.’£ + yvt + 8) - f(l’,t)B(—y, 8) + B(—l',t)f(y, S)| S CltiN + dl
for all z € G,t > 0. From (3.20) and (3.21) with fixing y and s we have

(3.22) |[f(@,8) (B(y. s) = B(~y,5)) = f(y,5) (B(a,t) = B(=2,1))| < Cat™ +dy
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for all z,y € G,t,s > 0. Since f does not satisfy (3.3), it follows from (3.22) that
B(y,s) = B(—y,s)
for all y € G, s > 0 and hence m1(y) =1 for all y € G. Thus, we have
(3.23) gz, t) = Af(z,t) + ma(t)
for all x € G,t > 0. From (3.15), (3.17) and (3.19) we have
(3.24)

[f (@ +y,t+s) = f(z,)ma(s) = f(y, s)ma(t)] < [f(y, ) + f(=y, s)[[ma(D)] +C<
2N+1,—N -N 1 1 N
< (C22VTHTN 1 2d)Ct +C(t+s) +d
2N
§0’<1+i> +d'

for all z,y € G,t,s > 0 and for some C’ > 0,d" > 0.
Similarly, if f satisfies (3.4) we can show that for every € > 0 there exists C! > 0 such that

(3.25) |[f (@ +y.t+5) = fla,tyma(s) = f(y, syma(t)] < Cre*

for all x € G,t > 0. Applying Lemma 3.3 with (3.23) and (3.24) we have

(3.26) F(z,t) = a(z)ma(t) + 2f (o, ;) me <;> + R(x, 1)

for all z € G,t > 0, where a is an additive mapping and R satisfies (3.3)[resp. (3.4)]. Replacing
(y,s) by (z,t) in (3.1) we see that f(0,¢) satisfies (3.3). Thus, 2f (0,%) ma (%) + R(z,t) satisfies
(3.3)[resp. (3.4)]. Replacing 2f (0, £) mz (%) + R(x,t) by R(z,t) and my by m we get the case (iii).
This completes the proof.

O

4. MAIN RESULTS

In this section as a main result of the paper we consider the stability of (1.6). The main tools of our
proof are based on structure theorems for generalized functions and the heat kernel method initiated
by T. Matsuzawa [22] which represents the generalized functions as initial values of solutions of the
heat equation with appropriate growth conditions [8, 9, 11, 12, 22]. For the proof of our theorem we

employ the n-dimensional heat kernel E;(x) given by
Ey(z) = (47t) "2 exp(—|z|?/4t), t > 0.

In view of (2.2), we can see that the heat kernel E; belongs to the Gelfand space G(R") for each
t > 0. Thus, for each u € G'(R™), the convolution (u * E;)(z) := (uy, E(z — y)) is well defined. We

call (ux Ey)(x) the Gauss transform of u. From now on we denote by (z,t) the Gauss transform of
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u. It is well known that the Gauss transform @(x,t) is a smooth solution of the heat equation such
that i(x,t) — u in weak star topology as t — 0T, i.e.,

u, ) = lim [ u(x,t)p(x)dx

(u,0) = lim [ a(z, t)p(x)

for all p € G.

We first discuss the solutions of the corresponding trigonometric functional equations in the space

G of Gelfand generalized functions.

Lemma 4.1. The solutions u, v € G' of the equation

(4.1) uoT —u®v+v®u=0

are either

(4.2) u=Ae""—e %), v=7e"T+(1—-7)e "
or else

(4.3) u=c-xz, v=1+A-zx.

Proof. As a consequence of the results in [4, 15] the solutions (u,v) of (4.1) are equal to the smooth

solutions (f, g) of the equation

(4.4) fl@—y) = f(@)g(y) + f(y)g(z) =0

for all ,y € R™. By [2, Theorem 11] all solutions of (4.4) are given by

(4.5) f(@) = Alm(z) —m(-z)), g(x)=ym(z)+(1-7y)m(-z)
or else

(4.6) f@)=a(z), g(z) =1+ a(z),

where m is an exponential function and a is an additive function. From (4.5) and (4.6) m and a are

c-x

smooth functions and hence m(z) = e* and a(x) = ¢ - x for some ¢ € C". Thus, we get (4.2) and

(4.3). This completes the proof. O

The proof of Theorem 2.3 of [11] works even when p = oo, i.e., we obtain the following.

Lemma 4.2. [11] The Gauss transform u(x,t) := (ux E)(z,t) of u € D} (R™) is a smooth solution
of the heat equation (A — 9/0:)t = 0 satisfying:

(i) There exist constants C > 0, N > 0 such that
(4.7) iz, t)| < Ct™N  for all  €R™, t > 0.

(i) @(x,t) = u as t — 0T in the sense that for every ¢ € Drx,

(u,) = lim | a(z,t)p(z)de.

t—0t

Conversely, every smooth solution u(x,t) of the heat equation satisfying the estimate (4.7) can be

uniquely expressed as u(x,t) = (u* E)(x,t) for some u € D} (R™).
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The following lemma is a special case of Theorem 3.5 of [12] when p = oo where the space
"o (R™) is denoted by Bpe (R™).

Lemma 4.3. [12] The Gauss transform a(x,t) := (ux E)(z,t) of u € A} (R™) is a smooth solution
of the heat equation (A — 9/0:)u = 0 satisfying:
(i) For every e > 0 there exists a constant C. > 0 such that

(4.8) iz, )| < Cee’t for all z € R, t > 0.
(ii) @(z,t) = u as t — 0T in the sense that for every ¢ € Ap1,

(u,p) = lim [ @z, t)p(x)de.

t—0+
Conversely, every smooth solution (x,t) of the heat equation satisfying the estimate (4.8) can be

uniquely expressed as u(x,t) = (u* E)(x,t) for some u € D} (R™).
The following structure theorem for bounded distributions is well known.

Lemma 4.4. [29] Every u € D}« (R™) can be expressed as

(4.9) u= > 0"fa

la|<p

for some p € Ny where f, are bounded continuous functions on R™. The equality (4.9) implies that

W)= 3 (-1l / fa ()0 o)

la|<p
for all p € Dy

As a special case of Theorem 3.4 of [12] when p = oo where the space A} . (R™) is denoted by
Br~(R™) we obtain the following.

Lemma 4.5. [12| Every u € A} (R™) can be expressed by

(4.10) u= <i ak Ak) g+h

k=0
where A denotes the Laplacian, g, h are bounded continuous functions on R™ and ar, k=0,1,2,...

satisfy the following estimates; for every L > 0 there exists C > 0 such that
lag| < CLF /K2
forallk=0,1,2,....
The following properties of the heat kernel will be useful, which can be found in [22].

Proposition 4.6. [22] For each t > 0, Fy(-) is an entire function and the following estimate holds;
there exists C > 0 such that

(4.11) 0B, ()| < Clelg=(nHaD /20112 exp(— || /8t).
Also for each t,s > 0 we have

(4.12) (Ecr B)(@) = [ Eila ~ y)Eu(0)dy = Era(a),
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Now, we state and prove the main theorem.

Theorem 4.7. Let u,v € G'(R™). Then (u,v) satisfies (4.1) if and only if (u,v) satisfies one of the
followings:

(i) u, v € D} oo (R™) [resp. A} o (R™)],

(f)u=c-z+r, v=1+Ac-z for somece C" XA € C and r € D}« (R"™) [resp. A}« (R"™)],

(iil) u = A(e®® —e %), v=7e""+ (1 —v)e % for some c € C", )\, € C.

Proof. We use the same method as in the proof of [10, Theorem 4.6]. Here we give the proof for the
reader. Convolving the tensor product Fi(z)F(y) of n-dimensional heat kernels in the left hand
side of (4.1), in view of the semigroup property (E: * F;)(x) = Etys(z) of the heat kernel we have

(1.13 (o D) x (BB, ) = (ue, [ Brle =€~ m)Euly ) d)
= <u5a (Et * ES)(.%‘ - Y- f))
= (ug, Brys(z —y —§))
=a(x —y,t+s).

Similarly we have

(4.14) [(u @) (B (&) Es(m)](2, y) = ulz,1)0(y, 5),

where @(z,t),v(z,t) are the Gauss transforms of u, v, respectively. Let w:=uoT —u® v+ v ® u.
Then w € D/ . (R?*") [resp. A} (R?")]. First, we suppose that w € D .. (R?"). Using (4.9) and
(4.11) we have

[w* (B (OEs(m(@, )| < Y 110%fa  (Bo(&)Es())](,y)]

|a|<p
< |[fa * 02 (B (&) Es ()] (. y)]
|a|<p
< W fallze 10, (Be(€) Es(m)| 1
la|<p
<G > Hé’?Et(&)HLlH&?&(n)\lu
1B1+vI<p
<C Y B2t/
[Bl+IvI<p

N
1 1
SC’(+) +d,
t S
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where N = n + p/2 and the constants C' and d depend only on p. Secondly we suppose that
w € A (R*™). Then, using (4.11) we have

IAHEOE ) < 3 S0 (BBl

lo]= B '

< Y GBI Ew
|B|+|vI=k

1/2 1/2 a2k

< Z K(28)1 ('27')' M 1—n/2=1Bl g—n/2=|7
181+ rl=k Aot

< 3 K@M)Hn/2IBl /2]
|Bl+|vI=k

< kN 2vnM)?* (1/t+1/s)" T

Now, by the structure (4.10) of bounded hyperfunctions together with the growth condition of
ar, k=0,1,2,... we have

I[w * (E(§) Es()](@, )| < Y llan(A*g) * (E(€) By ()l + [[h (E,(€)Es(n))l|

k=0
< gl 3 loxA @ Ba)lls + Al | B B
k=0
<Gy %(4nM2 ) (1/t+1/5)" " 4 |hl|
k=0
<Oy Y0 e 141/ o

=
(=)

< Ce ee(l/tJrl/s),
where L is taken so that 4nM?2L < € and the constant C, depends only on w and e. Thus, we have
the inequality; there exist C' > 0 and d > 0 [resp. for every € > 0 there exists C. > 0] such that

N
(4.15)  Ja(z —y,t + s) — @(x, t)o(y, s) + 0(x, t)a(y, s)| < C (1 + 1) + d [resp. Ceec/tH1/9)]
S

where @, v are the Gauss transforms of u, v, respectively, given in Lemma 4.2. Replacing f by u, g

by ¥ in Theorem 3.5 and using the continuity of @ and ¥ we obtain one of the followings (I) ~ (III):

(I) both @ and o satisfy (3.3) [resp.(3.4)],
(1) a(x,t) = c- zeb + R(z,t), 9(x,t) = Ma(z, t) + e,
where ¢ € C", b\ € C and R : R" x (0,00) — C satisfies

|R(z,t)| < Ct™2N 4 d [resp.(3.4)]

for all x € R™,t > 0 and for some C,d > 0,
(III) a(x — y,t + s) — a(x, t)o(y, s) + 0(x, t)u(y,s) = 0 for all x,y € R, ¢, s > 0.

By Lemma 4.2, case (I) implies (i). For the case (II), since @, ¥ are solutions of the heat equation
we must have b = 0 and so is R(z,t) = a(x,t) — ¢ - x. Letting t — 0" in (II) we obtain case (ii).
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Finally, letting ¢ — 07 in (III) we have

(4.16) vol —u®v+v®u=0.

The nontrivial solutions of the equation (4.16) are given by (iii) or u = ¢-x, v = 1+ Ac¢-x which is

included in the case (ii). This completes the proof. O
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Abstract

The purpose of this paper is to study the effect of the cytotoxic T lymphocytes (CTLs) on an HIV-1
dynamics. The model considers that the virus infects the macrophages in addition to the CD4™ T cells. The
role of the CTLs is to kill the infected macrophages and CD4" T cells. The time delay which accounts the
time of infection and the time of producing new active HIV-1 is modeled. The HIV-1 dynamics is modeled
as a 6-dimensional nonlinear delay differential equations. The incidence rate of infection and killer rate of
infected cells are given by general nonlinear functions. We study the qualitative behavior of the system. The
global stability analysis has been established using Lyapunov method and LaSalle invariance principle. We
present an example and perform numerical simulations to emphasize our theoretical results.

Keywords: Global stability; HIV infection; time delay; Immune response; Direct Lyapunov method.

1 Introduction

Recently, the study of Human Immunodeficiency Virus type-1 (HIV-1) and Acquired Immunodeficiency Syn-

drome (AIDS) has become a topic of interest in the mathematical literature. In the pursuit of understanding

the interaction between the HIV-1 and immune system, several mathematical models have been proposed.
The following is the basic model of HIV-1 infection dynamics that has been described and studied in [1]:

T =\—dx — Bxv,

Yy = Pav — oy,

v =ky—rv.
Here, the concentrations of uninfected CD4™ T cells, infected CD4% T cells and virus are represented by z,y
and v, respectively. The production rate of CD4" T cells is represented by ), while the infection rate, and
thus the infected CD4% T cell production rate, is represented by Szwv, where 3 is the infection rate constant.
The uninfected cells and infected cells are die with rate dz and dy, respectively. k represents the rate constant
of virion generation by CD4™ T cells while 7 represents the rate constant of viral particle emptying from the
plasma.

Replication models assume cytotoxic T lymphocyte cells (CTLs) to be the main host defence restricting

viral replication in vivo and thus the main determinant of viral load. Nowak and Bangham [2] constructed the
first model of HIV taking into account CTLs as:

= \—dx — Bxv,
Yy = Pav — oy — pyz,
v =ky—rv,

z=cyz — bz.
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where z represent the concentration of CTLs which multiply at a rate cyz when stimulated by infected cells,
while bz represents the death rate of this population of CTLs.

Delay differential equations are used to introduce delays into the infection equations and/or equations for
virus production to account for the intracellular phase of the viral life cycle. This delay is defined as period
between infection of a CD4" T-cell and the point at which the infected cell begins to produce viral particles
(see, e.g. [3], [5], 6], [7], [8], [9], [10]). Complications have been shown to occur ([11], [12], [13]) when time
delays are introduced into infection models with immune responses. Such complications include stable periodic
solutions and chaos. The use of general kernel function to represent distributed intracellular delays has been
motivated by the argument that constant delays may not biologically realistic ([22],[23],[24]). In contrast to
Nakata’s [17] investigation of the stability of an immunity mediated HIV-1 model with two finite distributed
intracellular delays, Wang et al. [16] and Li and Shu [14] examined the stability of an infection model with
infinite distributed intracellular delays by constructing Lyapunov functionals. Yuan and Zou [15] proposed and
developed an appropriate mathematical model for HIV-1 infection by incorporating distributed delay into the
cell infection equation and another virus production equation and nonlinear incidence rate and a nonlinear
removal rate for the infected cells. However, the presence of the macrophages has been neglected.

Our aim in this paper is to study the effect of the CTL immune response of the global dynamics of a
distributed delayed HIV-1 model which describe the interaction between the virus and two target cells, CD4*
T cells and macrophages. The motivation for considering the two target cell model is the observation that the
rate of viral load decline was considerably lower after the rapid first phase of decay during the 1-2 weeks after
antiretroviral treatment ([3],[4],[18]). The model is a 6-dimensional nonlinear ODES that takes into account
cytotoxic T lymphocyte cells (CTLs) with nonlinear incidence rate and distributed delays using distributed
kernels reflecting the variance in time required for viral entry into cells and the variability in time required for
intracellular virion reproduction. The positive invariance properties and the boundedness of the solutions for
the model are studied. By constructing explicit Lyapunov functionals and using the LaSalle invariance principle,
which are extensions and modified forms of the Lyapunov functionals given in [15], we prove that the steady
states of the model are globally asymptotically stable (GAS) and the dynamics of the system is fully determined
by the basic reproduction number Ry.

2 Mathematical model

We shall examine a deterministic model of HIV infection, which represents the interaction of HIV with two
co-circulation populations of target cells, representing CD4™ T and macrophages cells. The system takes into
consideration the distributed invasion and production delays and (i) We assume that the incidence rate is given

by a nonlinear form. (ii) The model takes into consideration cytotoxic T lymphocyte cells (CTLs) immune

response:
a1 (t) = pn — k() — eaza (8) f1(v(1)), (1)

hn(t) = 04176’"”@(7)381(75 —7)fi(o(t = 7))dr —ryi(t) — Byr (H)ha (2(1)), (2)

o (t) = uzof kawa(t) — agma(t) fa(v(t)), 3)

Ya2(t) = 04276’"”(?2(7)382(75 —7)fi(o(t = 7))dr — ry2(t) — By2(t)ha(2(1)), (4)

0
0(t) = Nr 706‘"”\111(7-)311(15 — 7)dT + ooe_nzT\Ifg(T)yg(t —T1)dr | —dv(t), (5)
At) = A (yl(:) +12(t)) — qz(1). O (6)
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The state variables describes the plasma concentrations of: x1, y1, represent the uninfected and infected CD4™
T cells; xo, Y2, represent the uninfected and infected macrophages. Eq. (1) and (3) describe the populations of
target cells, where 1 and po perform the rates of new generations of CD4T T cell and macrophages from sources
within the body, k1, ko are the death rate constants, and o1, as are the infection rate constants. Equation
(2) and (4) represent the population dynamics of the infected target cells, where r represent the clearance
rate and it killed at rate By;(¢t)h1(z(t)) and Bya(t)h2(z(t)), respectively. The CTL cells are produced at a rate
A(y1 + y2)z and are decayed at a rate gz . Assume the kernel functions G; and ¥,, ¢ = 1,2 satisfy G;(7;) > 0,

W;(7;) > 0. Let us denote a; = [ e ™"G,(r)dr, b; = [e; " " W¥;(r)dr , i=1,2. Thus0<a; <1, 0<b; <1
0 0
All parameters are assumed to be positive. The function f;(v) and h;(z) are continuously differentiable and
guarantee this conditions are met:
!/
(C1): £i(0) = 0, fI(&;) exists and satisfies f/(¢;) > 0 and (%) <0 in (0,00),
(C2): hi(0) =0, hi(¢;) is strictly increasing in (0, 00),

2.1 Positively and Boundedness

To prove the positively and the boundedness of the solutions, it is biologically reasonable to consider the

following non-negative initial conditions for the system (1-6), define the Banach space of fading memory type
Co = {p € C ((—00,0], R) : p(#)e*? is uniformly continuous for 6 € (—oco,0] and ||¢|| < oo}

where « is a positive constant and [J¢|| = supy<q [@(0)] e*?. Let CT = {p € Cq : (8) > 0 for 6 € (—o0,0]}.
The initial conditions for system (1-6) are given as:

21(0) = ¢1(0), y1(0) = 2(0), 22(0) = p3(0), y2(0) = @a(0),v(0) = p5(0),
2(0) = pg(0) for 6 € [—00,0], p; €Cl, i=1,2,..,6. (7)

By the fundamental theory of functional differential equations (see [20] and [21]), model (1-6) with initial
conditions (7) has a unique solution and the following lemma establishes the positivity and boundedness of the
solutions.

Lemma 1. Let (x1(t), y1(t), x2(t), y2(t), v(t), 2(t)) be the solution of system (1-6) with the initial conditions
(7), then x1(t), y1(t), x2(t), y2(t), v(t) and z(¢) are all positive and bounded for all ¢ > 0.

Proof. First, we will prove that z;(t) > 0,i = 1,2, for all ¢ > 0. Assume that x;(t) loses its nonnegativity
on some local existence interval [0, v] for some constant v and let t* € [0,v] be such that x;(t*) = 0. From (1)
and (3) we have z;(t*) = p; > 0. Hence x;(t*) > 0 for some t € (t*,¢* + ¢€), where € > 0 is sufficiently small.
This leads to a contradiction and hence x;(t) > 0, for all ¢ > 0. Further by using the variation of parameters
method and Eq. (2), (4) and (5) we have

yi(t) = yi(0)e Jo (rHBR(=()))ds
t o0
T / it / e MNG () (s — ) fi(v(s —n))dnds; i =1,2.
0 0

t oo 2
v(t) = v(0)e” % + Nr/ e~ dt=9) / Z e "MW (n)yi(s — n)dnds,
0 0 =1

confirming that y;(¢t) >0, ¢ = 1,2, and v(t) > 0 for all ¢ > 0. Now from (6) we get

t 2
2(t) = 2(0)e " + )\/ ea(t=9) Z yi(s)ds.
0 i=1

Then z(t) > 0, for all t > 0, and this prove the positively of the solution. Now we shall prove that the solution
are bounded, from Eq.(1) and (3), we have @;(t) < p; — kjzi(t), this implies lim supoowi(t) < 1,1 = 1,2, let

113 Shaimaa A. Azoz et al 111-125



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Ui(t) = [ e ™7Gi(r)ai(t — T)dT + y;(t), then

Ui(t) = foooe_m"’TGi(T)ﬂbi(t — 7)dT + 9;(t),
= foooe_miTGi(T)(Mi — kizi(t — 1) — agzi(t — 7) fi(v(t — 7)))dr

+ ai/e_m”Gi(T)sci(t —7)fi(w(t = 7))dT — ry;(t) — Byi(t)hi(2(¢)),
= pia; — a; [ e ™Gy (T)ai(t — T)dT — ryi(t) — Byi(t)hi(2(1),
< pia; — piUs(t).

It follows that limsup, | Ui(t) < &%, where p; = min{ay, as, r}. Since z;(t) > 0, y;(t) = 0 and 2(t) > 0
then lim sup Zz’:l yi(t )t_)oo < L, hm sup y;i(t),.,.. < L;, i =1,2. On the other hand,
’U(t) < N’I"(blLl + bng) — d’l}(t) < NrbL — d’U(t).

where b; = [;“e ™7 W;(7)dr. From Eq.(6) we get #(t) < AL — qz(t). Then lim sup;_o v(t) < NTTbL and lim
SUP; 00 2(t) < /\TL' Therefore, z1(t), y1(t), x2(t), y2(t), v(t), and z(t) are ultimately bounded and this complete

the proof of boundedness of solutions.

2.2 Basic reproduction number and steady state

To obtain the equilibrium points of model (1)-(6), we consider the following equations:

Ayr +y2) —qz=0.

We find that if z # 0, there is two steady states Ey = (2%,0,29,0,0,0) where 2 = £ 2§ = k2, and

E* = (3, y5, 25, y5,v*, 2*) satisfies the equations:

gr=— M 52 e 4
g kz+041fz(v*)’ i=1J1 Nrb
v A2 . A . ozzalfz( )
z = quzlyi - N’I"bqv ) Yy = T+Bh( *) "

The basic reproduction number, Ry, for system (1)-(6) is given by:

Nby 1 (0 Nba f5(0
Ry — praar Nby f1(0) L H20202 2f5(0) = R + Ry,
kd kod

where, Ry and Ry are the basic reproduction numbers for CD4" T cells and macrophages cells, severally.
Now, we shall prove that Ry > 1 is a sufficient condition to ensure the existence of an infected steady state
E* = (x%,y7, 25, y5,v", 2*). Using the above calculations the existence of an infected equilibrium is equivalent

to the existence of a positive root of the equation L(v) = 0, where

2 rd ., pBd .. [ Adv
— v — v
ks + asfa(v*)  Nrb Nrb Nrbq )’

) M1

B Fa i) + agasg fa(v™)

L(v*) = ajaq f1(v*
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and it satisfies L(0) = 0, L(400) = —o0, and

u H2 rd
L'(0) = enan f1(0) - + azaz f3(0) 1 = o
d araipi Nbf{(0)  agasusNbfL(0) d
Nb knd kad ~ om0

It follows from the continuity of the function L(v) in [0, 00) that L(v) = 0 has at least one positive root. Hence,

we see that the condition at least has one infected equilibrium E* when Ry > 1. We can rewrite the model as:

a1 (t) = py — k() — eaaa () f1(v(1)), (8)

hn(t) = 19176’”“91(()@‘1(?5 — Q) f1(v(t = Q))dC = ryr(t) — Byr (t)h((1)), (9)

g (t) = uzo— kawa(t) — agma(t) f2(v(t)), (10)

hn(t) = 19276"”‘92(()@‘2@ — Q) f1(v(t = Q))dC — rya(t) — By2(t)h(2(1)), (11)
0

o(t) = 71/006”1%1(01/1(15 —¢)d¢ + 72706"2<¢2(C)yz(t — ()d¢ — du(t), (12)

(t) = A (Zn(t) +ya(t)) — qz(0). O (13)

For simplify, we taked by = hy = h, 9; = quas, vi = Nrb;, gi(¢) = €L yy(¢) = L),

3 Global stability

In this section, we going to show that the steady states satisfy the global stability condition:
Theorem 1. Let Conditions C1 and C2 hold true and Ry < 1, then the infection-free equilibrium Fy is
globally asymptotically stable.

Proof. Define H;(t) = [, g:(¢)d¢;, Pi(t) = [ :(¢)d(, and consider laypunov function W (t) = S Walt),
where,
21 wi\> i Qi aifti3 pa(t)
Wa(t) = 25 (s = 52} ) 4 o) 4 S [ Oniya,
) o
W(t) = 32 4 / Hi(Gas(t — G fi(o(t — )G,
i=1 'y

oo

2
Qi by T
Wi = Y- 9 [Pttt - e
0

It clear that, W (t) > 0 and W(t) = 0 if and only if z;(t) = f* and y;(t) = v(¢) = 2(t) = 0. The derivative W;(t)
of along the solution is:

2 oo
Wi =3 [(%(t) 1) s = hat) = a0 + %2 [(@te = )0t - GO

0

i iy Qi fhg ks d
S0 - S n(a(0) + S / Gt = GG = TSt
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Note that H;(0) = 1, H;(c0) = 0 and dH;(t) = —g;(t)dt. Using integration by parts, we calculate the derivative
of WQI

oo

2
_ Qi [l —G)filv(t — Qifli — G)filv(t = G))) .
-3 % 0/H ) D, - Z /H ¢ o .
= _Z (0‘1/‘1 Cz xz( _Ci)fi(v(t - z IC 0 +aZMz/xz Cz fz t_Cz))dH (Cz)) ’
0
2 azuz Qg Ly T
Z ( (v(t) — T /gz‘(Q)ﬂCi(t = Gi)fi(v(t - Ci))dCi) :
i=1 v 0
Similarly
T > QG ;T Oéz,ui
WS(t) = ; ( k0, yi(t /1/% C’L yz Cz)dg) )
Therefore
2 N2
LUOEDY l—ki (m(t)—‘,j%) — @l (O fi(v(t) + S (0 fi(0(®)
i=1 ¢ ¢
2 [ (it = G Aol = )G~ G0~ Sy (Oha()
0
ST [ttt = GG — T ote) + S 0ha0)
0
~SECLOMC0) + a0 f00) - 2 [aGnite - GVt - )
0
+OZi/f;iryi(t - ZMZ /wz Cz Yi t_Cz)dCz] .
~ . A% 24 p2
W=y [k (i)~ 12) — autito(o) (220 - 2w+ 15
i=1 v v ¢
aluz o;prd o Bq
L A000) — FE0(0) - SEPL (a0
Hence
; : pi\? pi\®  aipiBq
Wi =Y [—ki ()= 1)~ aufito(o) () = ) = S5m0
i=1 g % 1\Uj

a;pird pi¥ivi fi(v(t))
+ I{Zi’l?i’yi vl ( k/’l’l“d ’U(t) 1 ’

But from Condition (C1), we have fif)v(t)) < f1(0). Hence

(3

ney [k (00— 2) v (0~ )+ S 1yt — ST )|

If Ry <1, then, Wi < 0. To prove the global stability of the infected equilibrium, we need to use this lemma:
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Lemma 2. If satisfies Condition (C1), then g (F(0)) < g(o), ¢ > 0 with the equality holding only at
o =1, where F(o) = "}(Z’;U)), and g(u) = u—1—Inu and with g : (0,00) — [0,00) has the global minimum
g(1) = 0 and positive elsewhere for ¢; € (0, 00).

Proof. Since F(1) = 1 and the derivative of g(o) has the same sign as o — 1 for o > 0, we need only to
prove that 0 < F(o) < 1 for o € (0,1) and 1 < F(o) < o for 0 € [1,00). The proof of case o € [1,00) is
similar to that case of o € (0,1), so we will only consider the case when o € (0,1). Note that 0 < F'(¢) <1 is
equivalent to f(::) < f(vv::) < flff;) for 0 € (0,1), from Condition (C1) we completed the proof.

Theorem 2. Let conditions C1 and C2 hold true and Ry > 1, then the chronic infection equilibrium E* is
globally asymptotically stable for all positive solution.
Proof. Define

2 2
i (t) zi(t — G)fi(v(t — G))
= 7 ) = HZ i)Y d iy
W ( . ) v Z/ <<>g( S ¢
1= i=17
2 2
i (¢ v (¢
VSZZQi(y£)>a V4:Z§]i< (*)),
i=1 Yi i=1 v
Z(t) 2 o0
_ . _ Yi (s)
Vs= [ [n(G)—h(z")]dG,, Vo=2 [WilG)g (= ) ds.
e i=17) i
with the infected steady state conditions:
wi = kixp + iz fi (v7), Viy; = dv”,
Vixi fi (v*) = ry; + By;h(27), Ay; = qz". (14)

we will let the function V' (¢) and study the derivative of the Lyapunov functional as:

a;f
AY;

oY a;rv*
S+ —— Vi (¢t
9 Vg()Jrﬁi%VZ;()wL

a;Byrh (z*)
dv,

V() = x; Vi (t) + s} fi (v°) Vo (t) + Vs (t) + Vai (1)

+ gy fi (v7) Ve (1)
satisfies V' (t) > 0 with the equality holding if and only x; (t) = «f, v; (t) = v, v(t) = v*, z(t) = z* and
zi(t —G) fi(v(t — G)) = xf fi (v*), vi(t —¢) =y;. We get

. 1 *
Vli (t) =— (1 Z;

Z; B ZT; (t

) (kix] + el fi (V) = ki (t) — cumi () fi (0(2)))

L a w®Iew) | i)
R0 e ) TR

zix; (t)

. (15)

Vai (t) = zi()fi(v(®) _ In (ml(t)fl(v(t))) _ /gi ) zi(t — G) fiv(t — Ci))dc

z} fi(v*) z} fi(v*) z} fi(v*) '
i zi(t = G) filw(t = &)
+ [gi(G)In (o dgi,
0/ < x fi(v*) )
where
oy L v ,w.w,_,,v_,._r‘_‘ ;
Vi) = (1- 25 ) [ O/gx@) (= CF0(t — )G — i) — Bus(DA(=(1)
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Using Eq. (14)

oo o0

7 _ 191x;kf2(v*) . zi(t — Cz)fz(v<t Cz vix; fz —Gi) y? fl( ( Cl)) .
Vsi (t) = * 0/91 (CZ) o fi(v) G — O/gz w3y (1) F(v") g,
Viri fi(v") Ty O (z () hEE)] ( ) i (t) (z) h(z(1)
e ) e e (16)
Vi (t) = ylj (1 -3 > (71/% Cy1(t — C1)dG +’)’2/¢2 C2)y2(t — C2)dCa — du( ))
Using Eq. (14)
Vii (1) = d [1 - / ol B = g, / 6" dcz] ,
Vii (8) = [h (2 (£)) — b (2")] M () — gz (1))
Using Eq. (14)
Vas () = —a b ()~ A ()] = () — =7+ g ) [1 - L0, wORED)_BEAN],
Similar to Va; (t) the derivative of V; (t),differentiating gives
Vi (¢ / bilcn ¥l Q wlt =) ey / GG ( )d@,
It follows that
o 2| i (@ () = 2p)? e zi | filv(t)
V(t)—zi_ll ) +ai$ifi(v)[1—xi(t)+ fz(U*)]
e [ zi(t = G) filv(t = ) . i ~ ) a f1< (t—)
+ai 2 fi (v) [ i (¢)In oy d¢; — a; i fi (v7) [ i ( poe - g
-0/ < xfz( ) > b/ yz z( )
oTy; yi) i @hM®) hEM)] e [ORED)  hEE)
P 1 y:+ yh (=) h<*>} ”fz(){ e =y

e ot
+alﬂy:‘h [ /1/% &) W g, - / i(Gi) " dCz]

il g BR[| w) s ORGE0) hEw)
ST () = h () = (0 — 1) + S [1 W wurea) Eed)

+ay xifi(v )y e e xlfz(v ) ¢(Cz) dCz"’O‘zx fz wz Cz hl(
Y; 0/ (s /

)]

118 Shaimaa A. Azoz et al 111-125



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

We have “fy—f* =ry’ =9; i f; (v*) — Byfh(z*), then

_ge ki) -’ e w Re@)] o)
V(t)_zizl z; (t) + 7 zfl( ) |:3 x; (t) + fz (U*) :| zfl( ) v*
e [ it = Gl file(t — ) i — G ilo(t — &)
—a; wy fi (v7) (Cz) : " dGi + iz} fi (v gi ( * " dg;
0/ zyy; (t ) fi(v*) 0/ ( ifl(v ) >
cr o [V (OR(2(1)  h(z(1) it — G)
-y ‘rzfl(v )|: ylh( ) - h Z*) :| —Q; Ty fz /wz Cz ——dg

a;fq * Cz)
=S b (2 1) ~ ) 1) — ] + s i o /wzg (_()d@,

t)
3=2[gi(G)d¢+ [ i (G)dg.
0/ 0/

We can write

Hence

V=%, ["“” e ORI [HOR

+ay xf fi (V) L/Ong (Gi) <—9< :t ) 9( miyl flz(i()i) Q))> ~hn ;;)

_nm(t—Ci)y*fi(U(t—Ci)) . zi(t — ) f(o(t - yi(t — G)
Ay T 0 fe0) )d@ /”” Q( ( o (O )
(1))

TS ) )
< oo [0 () 0 ()]

=37 s @ fi (v¥) (9(F(0) — g(0))],

where o = Uv(f) and using Lemma 2, we get V (t) < 0 and V (t) = 0 if and only if z; (t) = z},2(t) =

25yl fi(v(t =) = vi(t) fi(v*), v*y;(t—¢;) = v(t)yf and v(t) = v* for {; € [0, 00). Then the solutions converge
to I', which is the largest invariant subset of {V (t) = 0} and by conforming LaSalle’s invariance principle, we
get that £* is GAS in T

4 Numerical simulations

In this section, we present an instance to explain the main results given in Theorem 1 and 2 by using the

Lyapunov direct method. We have determined a set of conditions which guarantee that the steady states of

model (1)-(6) are GAS. Table 1 have the estimate values of model (1)-(6) parameters. The effects of two main

factors on the qualitative behavior of the system which include therapy efficacy € and time delay 7 will be

studied below in details. Using MATLAB we have implemented all computations. This example is obtained

from the model (1)-(6) by choosing particular template of the functions f;(v(t)) and h;(z(¢)) as follow:
filv(t)) = Cf2v(t) = . ha(=(t) = 2(t), ha(x(8) = 2(1) ,

1+wv 14 wyv’

where wy, wse > 0 are constants. Further more, we are going to choose a particular form of the probability
distribution functions G;(7) and ¥,(7) as G;(7) = §(7 — 1), ¥;(7) = 6(t — 7), i = 1,2, where §(.) is the
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Dirac delta function, 71 and 7 are constants where 7; € [0,00], i = 1,2. are constants where [;* G;(7)dr =
fooo W, (7)dr = 1. Using Dirac delta function properties we get:

oo

/e MTS(r — T)dT = e_m”‘/é (T —m)dr =e ™
0

W = /e_""é(T —7)dr = e‘”””/é(r —7)dT = e ™",
0

0
oo

Ot —m)e ™ (t — 1) fi(v(t —7))dr = e " (t — ) fi(t — ),

o\

/6 Dyt — 1)dr = e Ty (t — 7).

Referring to the previous relations, we can rewrite model (1)-(6) as follows

v(t)

#1(1) =~ haa(8) = nm () 7 (17)
n(6) = are ™= ) () = B (0200 (18)
Fa(t) = pa — kawa(t) — agxg(t)% (19)
I (6) = s Faa(t = ra) P = i) = B (0):(0), (20
b(t) = Nr (e ™My (t — 1) + e " ys(t — 12)) — do(t), (21)
4(t) = A (8) + (1)) — g2(0). (22)

To study the effect of drug efficacy, we choose ay = (1 — €)ap and az = (1 — €)by. We have chosen the initial
conditions:

IC: p1(u) =600, @a(u) =1, wz(u) =500, p4(u) =1, ¢5(u) =10 and @g(u) = 40, u € [—00,0].

Table 1: We define the parameter values of model (17-22) as follow:

Parameter Value Parameter Value
T 10 cells mm~3day ! 1o 6 cells mm~3day !
k1 0.01 day—* ko 0.01 day !
ag 0.004 day—* bo 0.001 day !
w1 0.05 virus~! mm? wa 0.05 cells™! mm?
r 0.3 day—! my 1 day !
B 0.001 mo 1 day~!
N 5 virus cells~? ny 1 day—!
d 3 day ! N2 1 day—!
A 3 day ! T = To varied
q 0.1 day—! € varied

Case I: Effect of drug efficacy on the dynamical behavior of the system:

In this case, we fix the delay parameter 71 = 75 = 7 = 0.5. Figures 1-6 show the effect of drug efficacy on
the stability of the steady states and the evolution of the uninfected and infected for each CD4+ T cells and
macrophages, free virus particles and immune response. We observe that, as the drug efficacy is increased from
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e =0 toe = 0.8, Ej still exists and is a globally asymptomatically stable. Moreover the concentrations of

uninfected CD4™ T cells and macrophages are increasing and converging to their normal values Z—i = 1000 cells
mm 3, % = 600 cells mm™3, respectively. While the concentrations of CD4*T, macrophages infected cells

and free viruses are decaying and tend to zero when € = 0.8. The concentration of cytotoxic T lymphocytes
(CTLs) immune response is increasing for the values of equal to 0,0.2,0.5 and tend to zero when € equal to
0.8. It means that the numerical results are consistent with the theoretical results that are given in theorem
1,2. We can see from the simulation results that the treatment with such drug efficacy succeeded to eliminate
the HIV virus from the blood.

Case II: Effect of time delay on the dynamical behavior of the system:

In this case, we confirm the effect of delay parameter in pre-treatment case where € = 0.0. Figures 7-12 show
the effect of time delay on the stability of the steady states and the evolution of the uninfected and infected
for each CD4+ T cells and macrophages, free virus particles and immune response. We observe that, as time
delay is increased from 7 = 0.1 to 0.9, F; still exists and is a globally asymptomatically stable. Moreover the
concentrations of uninfected CD4™T cells and macrophages are increasing for the values of 7 except 7 = 0.1.
The concentrations of CD4™T, macrophages infected cells and free viruses are decaying with the increasing of
time delay values and tend to zero when 7 = 0.9. While the concentration of cytotoxic T lymphocytes (CTLs)
immune response is increasing for the values of equal to 0.1,0.3,0.5 and it tend to zero when 7 equal to 0.9.
It means that the numerical results are consistent with the theoretical results that are given in theorem 1,2.
Moreover from a biological point of view, the intracellular delay plays a similar role as an antiviral treatment
in eliminating the virus. Where, sufficiently large delay repress viral replication and works on virus clearance.

This awaken us to the significance of medications running on the prolong of intracellular delay period.

Uninfected CD4 T cells
Infected CD4 T cells

L L L L L L L L L L L
0 50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 300 350 400 450 500

Time(days) Time(days)
Figure 1: The evolution of uninfected CD4+T cells Figure 2: The evolution of infected CD4+T cells
against time with constant time delay 7 = 0.5. against time with constant time delay 7 = 0.5.
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25

Uninfected macrophages cells
Infected macrophages cells

%0 0 5‘0 1(;0 1;0 2(;0 25‘0 3(;0 3;0 4(;0 4;0 500 0 0 5‘0 1(;0 15‘0 2(‘)0 25‘0 3(;0 35;0 4[;0 45‘0 500
Time(days) Time(days)
Figure 3: The evolution of uninfected macrophages Figure 4: The evolution of infected macrophages
cells against time with constant time delay 7 = 0.5. cells against time with constant time delay 7 = 0.5.
4 T T T T T T T T T
250 T T T T T T T T T
35 1
----- eps=0
---------- eps=02
eps =05 i 4
eps=0.8

Free virus

100 1

50 1
) 7 k
0 L L L L L L L L L 0 L L L L L L L L
0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400 450 500

CTL immune response

Time(days) Time(days)
Figure 5: The evolution of free viruses against time Figure 6: The evolution of immune response against
with constant time delay 7 = 0.5. time with constant time delay 7 = 0.5.

12 T T T T T T T T T
] 10Fy 1
1 :‘l tau=0.9
i
- s !
s ]
oo L . S S
0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400 450 500
Time(days) Time(days)
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CD4+4T cells against time. CD4+4T cells against time.
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Figure 12: The pre-treatment evolution of immune

response against time.

Shaimaa A. Azoz et al 111-

125



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

5

Conclusion

In this paper, we suggested a distributed delayed human immunodeficiency virus (HIV) models with CTL

and two target cells as a system of nonlinear ODES. We demonstrated the positively and boundedness of the

solutions and calculate the steady states of the model. Besides we have used suitable Lyapunov functions to

set the global asymptotic stability of the steady states. We have derived the basic reproduction number R

and established that the global dynamics are completely established by the value of the related reproduction

number.
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The pseudo-T-direction and pseudo-Nevanlinna direction of
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Abstract

By applying Ahlfors’ theory of covering surfaces, we prove that for quasi-meromorphic
mapping f satisfying limsup,._, &:grf))z = 400, there exists at least one pseudo-T-direction
of f. We also prove that there exists at least one pseudo-Nevanlinna direction of f which is
also pseudo-T-direction of f under the same condition.

Key words: K-quasi-meomrophic mapping; pseudo-T-direction; pseudo-Nevanlinna direction
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1 Introduction, definitions and results

It is very interesting topic on singular directions of meromorphic functions in the fields of complex
analysis([3, 6, 8, 13, 10, 14]), such as Julia direction, Borel direction, T-direction, Hayman direc-
tion, and so on. In 1997, Sun and Yang [7] extended the value distribution theory of meromorphic
functions (see [3, 13] for standard references) to the corresponding theory of quasi-meromorphic
mappings [1, 7]. In fact, for value distribution of quasi-meromorphic mappings f, the singular
direction for f is also one of the main research objects. In [7], Sun and Yang obtained an existence
theorem of the Borel direction by using the filling disc theorem of quasi-meromorphic mappings.
Later, there were some important results about singular directions for quasi-meromorphic map-
pings. In 1999, Chen and Sun [1] gave the definition of Nevanlinna directions of quasi-meromorphic
mappings on the complex plane and proved that there exists at least one Nevanlinna direction for
quasi-meromorphic mappings of infinite order by using type function, and they also obtained that
the Nevanlinna direction for quasi-meromorphic mappings of infinite order is also one Borel direc-
tion with respect to the type function. In 2004, Liu and Yang [4] studied the relationship between
the Julia direction and the Nevanlinna direction of quasi-meromorphic mappings by applying a
fundamental inequality of quasi-meromorphic mappings on an angular domain.

For a meromorphic function f, Zheng [14] introduced a new singular direction called a T-
direction conjectured that a transcendental meromorphic function f must have at least one T-
direction and proved that lim sup —0) — 4oo. Later, H. Guo, J. H. Zheng and T. W. Ng [2]

(logr)?
7—00
proved that the conjecture is true by using Ahlfors-Shimizu character T'(r,)) of a meromorphic
function in an angular domain Q. Xuan [12] studied the existence of T-direction of algebroid

function dealing with multiple values. In 2006, Li and Gu [5] proved that there exists at least one

T(rf) _
Togr)? —

Nevanlinna direction for a K-quasi-meromorphic mapping f under the condition lim sup
r—00

*The author was supported by the NSF of China(11561033,11561031), the Natural Science Foundation of
Jiangxi Province in China (20151BAB201008), and the Foundation of Education Department of Jiangxi of Chi-
na (GJJ150902).
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+00. In this paper we will further investigate some new singular direction of K-quasi-meromorphic
mapping f. Before stating our main results, we will introduce some definitions and notations, which
can be found in [7, 11].

Definition 1.1 (see [7]). Let f be a complex and continuous functions in a region D. If for any
rectangle R = {zx +iy;a < x < b,c <y < d} in D, f(z +1iy) is an absolutely continuous function
of y for almost every x € (a,b), and f(x+1iy) is an absolutely continuous function of x for almost
every y € (¢,d), then f is said to be absolutely continuous on lines in the region D. We also call
that f is ACL in D.

Definition 1.2 (see [7, Definition 1.1]). Let f be a homemorphism from D to D'. If

(i) f is ACL in D,

(ii) there exists K > 1 such that f(z) = u(x,y) + iv(x,y) satisfies | f-| + |fz] < K(|f.] — |fz])
a. e. in D, then f is called an univalent K -quasiconformal mapping in D. If D' is a region on
Riemann sphere V', then f is named an univalent K -quasi-meromorphic mapping in D.

Definition 1.3 (see [7, Definition 1.2]) Let f be a complex and continuous function in the region
D. For every point zy in D, if there is a neighborhood U(C D) and a positive integer n depending

on zg, such that
2) = (f(Z))%, f(Zo) = 00,
R = { 0 b 1 1 F 7

is an univalent K-quasi-meromorphic mapping, then f is named n-valent K -quasi-meromorphic
mapping at point zo. If f is n-valent K -quasi-meromorphic at every point of D, then f is called a
K -quasi-meromorphic mapping in D.

Let V' be the Riemann sphere whose diameter is 1. For any complex number a, let n(r,a) be
the number of zero points of f(z) — a in disc |z| < r, counted according to their multiplicities,
n"(r,a) be the number of zeros of f(z) — a with multiplicity < [ in disc |z| < r, counted according
to their multiplicities. Let F,. be the covering surface f(z) = u(z,y) + tv(x,y) on sphere V and
S(r, f) be the average covering times of F,. to V,

|F.| L2 — | f2)?
ST ) =17 = // TR e

where |F,.| and |V| are the areas of F,. and V respectively,
1)~ [ 2L
0 T

N(r,a) = / —n(t, a) ; n(0,a) dt +n(0,a)logr,
0

" nb(t,a) —nb(0
Nl)(r,a):/ n’(ta) tn ( ’a)dt—i—n )(0,a)logr.
0

Let Q(p1,p2) ={2€C:p; <argz < 9210 < 91 < 2 < 2m), we denote

F P2 2 £ = 1f=7 2
©1

rg . 7 ;
T(n@l;@?;f) :/ Mdr,
0

r

when 1 = 0, g = 27, we note S(r,0,2m; f) = S(r, f),T(r,0,27; f) = T(r, ).
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For any complex number a, let n(r, @1, p2;a) be the number of zero points of f(z) —a in sector
Q(p1,92) N{z : |z| < r}, counted according to their multiplicities, n!) (7, ¢1, p2;a) be the number
of zeros of f(z) — a with multiplicity <1 in sector Q(¢1,92) N{z : |2| < r}, counted according to
their multiplicities. We define

T t . _ .
N(’I’, 8017@2504) :/ n( 7@13@2704) 'I’L(O,QDhQOQ,CL)

. dt 4+ n(0, 1, 2; a)logr,
0

T b (¢ . _ D 0 .
Nl)(T,@l,QCQ;G):/ n (a¢1a§027a) tn ( ’@17%0210’)
0
Next we give the definitions concerning the Nevanlinna direction of K-quasi-meromorphic map-
pings dealing with multiple values .

dt +nY(0, 1, ;) log .

Definition 1.4 Let f be a K-quasi-meromorphic mapping and | be a positive integer. Then we
call 51)(a7<p0) the deficiency of the value a in the direction A(pg): argz = ¢,0 < g < 2w. We
call a the deficiency value of f in the direction A(po) if 69 (a, o) > 0, where

Nl) _ .
oY (a,po) = 1 — limsup lim sup (r, 0 = & o + &; a).
e—>+0 r—ooco T(T7 Yo — &,%0 + £; f)

Definition 1.5 We call A(pg) : arg z = @o the pseudo-Nevanlinna direction of f if, for any system
a; € CU{oo}(j =1,2,...,q) of distinct values and any system k;(j = 1,2,...,q) such that k; is
a positive integer or 400 such that

> (1-11) -2 0

and

Similarly, we give the pseudo-T-direction of K-quasi-meromorphic mapping as follows.

Definition 1.6 Let f be the K-quasi-meromorphic mapping. A direction B : arg z = ¢p(0 < ¢g <
2m) is called a T-direction of f if, for any €(0 < ¢ < %), and any system a; € CU {oo}(j =
1,2,...,q) of distinct values and any system kj(j = 1,2,...,q) such that k; is a positive integer

or +00 satisfying (2), there exists at least one integer j(1 < j < q) such that

li Nkj)(T’SDO—E’QDO—‘,—E’aj)
1m su
v (. 7)

Now, we will give an existence theorem of pseudo-T-direction of K-quasi-meromorphic mapping
f as follows.

> 0.

Theorem 1.1 Let f be the K-quasi-meromorphic mapping satisfying

lim sup T f) _ +00, (2)

rooo (logr)?

then there exists at least one pseudo-T-direction of f.

We also investigate the problem on the relationship between pseudo-Nevanlinna direction and

go(grf))Q = 400, and obtain the following result:

pseudo-T-direction of f under the condition lim sup
T—>00

Theorem 1.2 Let f be the K-quasi-meromorphic mapping satisfying (2). Then there exists at
least one direction which is both one pseudo-Nevanlinna direction of f and one pseudo-T-direction

of f.
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2 Some Lemmas

Let F be a finite covering surface of Fy, F' is bounded by a finite number of analytic closed Jordan
curves, its boundary is denoted by OF. We call the part of OF, which lies the interior of F, the
relative boundary of F', and denote its length by L. Let D be a domain of F}, its boundary consists
of finite number of points or analytic closed Jordan curves, and F(D) be the part of F, which lies
above D. We denote the area of F, Fy, F(D) and D by |F|,|Fi|,|F(D)| and |D|, respectively. We
call

L) _|F(D)|

S=impr  SP=Tp

the mean covering numbering of F' relative to Fy, D, respectively.

Lemma 2.1 (see [9, Theorem 3]) Let F be a simply connected finite covering surface on the unit
sphere V, and let k;(j = 1,2,...,q) be q positive integers. Let D;(j =1,2,...,q) be q(> 2) disjoint
spherical disks with radius 6/3(> 0) on'V and without a pair of D; such that their spherical distance
is less than 0 and let nfj) be the number of simply connected islands in F(D;), which consist of
not more than k; sheets, then

q q
kj kj) ]. C+971'h
) > 1- —2 sy
;ij”J 2P ky+ 1 PER

Jj=1

where L is the length of the relative boundary of F.

By applying Lemma 2.1, we can get an important inequality of K-quasi-meromorphic mapping
in an angular domain as follows.

Lemma 2.2 Suppose that f(z) is a K-quasi-meromorphic mapping, and let k;(j = 1,2,...,q) be
q positive integers, and {a;} are g(> 3) distinct points on V' and without a pair of {a;} such that
their spherical distance is less than § + 26/3, n?j) be the number of zeros of f(z) — aj, which are
consisted of not more than k; multiplicities, then

q q
ki k) | C +9rh
) > 1 — _ _ )
ijJran = Z( k:j+1> 25— L
Jj=1 Jj=1

Lemma 2.3 (see [5, Lemma 2.2]). Let f(z) be a K-quasi-meromorphic mapping on the angular
domain Q(po — 0,00 + 0), a1,...,aq(q > 3) are distinct points on the unit sphere V' and the
spherical distance of any two points is no smaller than vy € (0, %) Let Fy = V \ {a1,a9,...,a4},
D =Q(r,00 — p,00 + ) N{z:|z| > 13\ {f " (a1), ft(a2),..., fHa1)} and D, = DN{z:|z| <
r}(r > 1), F. = f(D,) CV, then for any positive number ¢ satisfying 0 < ¢ < §, we have

L@f(D,)) <vakn | AEe0 = @0 o1 f)d; S g0 — ¢, 00 + 91 /)]
+ V2K bru® (r, 00 — 8,00 + 6) + V2Kdu2 (1,00 — 8, 00 + 6).

(logr)®  (3)

where F,. is the covering surface of Fy and L(Of(D,)) is the length of the relative boundary of F,
relative to Fy, and

M(TCP 7690 +§)/¢0+6 |fz|2_|f2|2 Tdﬁp
R s (L [f(rewe2)2

129 Hong Yan Xu 126-137



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

Lemma 2.4 Let f(z) be a K -quasi-meromorphic mapping on the angular domain Q(po—9, 0o+9),
and k; (7 =1,2,...,q) q positive integers. If a1, ...,aq(q > 3) are distinct points on the unit sphere
V' and the spherical distance of any two points is no small than ~ € (0, %) Then

K 1
1-— —9 _ ~
§ ( kj+1) S(rye0 — @, 00 + ¢ f)

2027512 K
(Cim (1= 5) —2) 6 -9

q
1 3101 11
+ Z(l—kj+1)—2 S(L,p0 — @, 00 + @3 f) + 207262 K22 2 (r, oo — 8,00 + 0)

k.
<> L =nk)(r, 00 — 6,00 + §05) + log r

&
+
[t

+ 2077385 K2 3 (1,00 — 0,0 + ) (4)

q
1
1- —2|T - ;
(Z k,j+1) (r,00 — .00 + 95 f)

j=1
q 2.,—6.2
k; 2C K
<D N0 — 6,00 + 05ag) + 71 . (logr)*
j=1 " ( i=1 (1—m)—2) (0 —¢)

q
1
+ Z(1—k_ 1)—2 T(1, 90 — ¢, 00 +¢; f)

q
1
> L= ) =2 S(wo = ¢, 00 + @1 f) logr
i+

+2077* 83 K3 (1, 00 — 8,00 + 8) log 7 + A(ry 00 — 8, 00 + ) (5)
for any p,0 < ¢ < 6§, where C' is a constant depending only on {alé, az, ..., aqz, A, po—0, po+d) =
3¢l gL oo u(rpo—0,p0+0) \ L 45 P =1
20361 K H [} (Mreosheatd) )y ar (u(r, gy — 6,00 +6) = [2F) Gbolld rd)

A(r, 00 — 8,00 + 6) < 207363 w2 K2 (T(r, 00 — 6,00 + 6; )2 log T(r, 00 — 6,00 + 6; ) (6)

outside a set E5 of r at most, where Es consists of a series of intervals and satisfies ng (rlogr)~tdr
< +o00.

Proof: Under the condition of Lemma 2.3 and Lemma 2.2, we have

S(Dy) = S(r,00 — @, 00 +@; f) = S(1,00 — 0,00 + ©; f). (7)

Using Lemma 2.1, we easily obtain

1 1
2{(1 3 >2 [S(r, 00 — 0,00 + 93 ) — S(1,00 — 0,00 + ¢; f)]
it
k

q
<> k. i 1”kj)(7”7 ¢o — 8,50 + 85 a;) + Cy > L(A(D,)). (8)
J
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where C' is a constant depending only on {a1, as, ..., a4}
Taking (3) into (8), we have

q
Z( k+1)2 [S(r, 00 = @, 00 + @3 f) = S(1,00 = ¢, 0 + ¢3 f)]

_Zk +1 T ¥Yo — 6,(,00"‘(5;0/]‘)—0’)/_3\/%“%(7"’800—57()004—6)

— Oy V2K /ﬂ( 00 — 0,0 +9)

<O 3aRr {d(S(r, 0o =, 00+ ©; f) = S(1,00 — 0,00 + ©; f)) ] 2

0 (ogn)t.  (9)

We denote

Alre) = (>0 (1— kj:—1> =2 [S(r,e0 — .00 + 05 f) = S(1, 00 — @, 00 + 93 f)]
j=1

q
Z +1 (1, 00 = 6 9o + 8 05) — Cy*V2KGrp3 (1, 00 — 6, 00 + )

—077 V2K 613 (1,0 — 8,00 + ). (10)
By (9) and (10), we have

A(T,(p) SC'Y_g\/ﬁﬂ' |:d(S(Ta<p0_@7(PO+¢; f)d; S(l7<)00_¢a§00+90; f)) (lOgT‘)% (11)

And from (10), it follows that A(r,¢) is an increasing function of ¢. Thus, there exists dp > 0,
such that A(r,¢) <0 for 0 < ¢ < dg and A(r, ) > 0 for ¢ > dy.

Now, two following cases will be considered:
Case 1. For ¢ > dg, by (11) we have

[A(,,,, @)]2 S 202776K7r2d(5(7ﬂ3 Yo — ¥, %o + ¥; f) - S(L@O — ¥, %0 + ©s3 f))

e log . (12)

y (10) we have

dAw Zq:<

>2 d(S(T7<pO_SDaQD0+90;f)_5(13990_90a§00+(p;f))' (13)

de

From (12) and (13) we have

20%ySKn?logr  dA(r,¢)
d )

(1) -2 W

[A(r, o)) <

i.e., 202y~ Kn2logr dA(r, ¢)
T (e

Jj=1 ki+1

For the above inequality, by integrating its two sides, we have
S /6 dp < 202y SKn2logr /5 [(i/(l(r, ?])2 < 2C%ySKn?logr o 1 .
o L (o) 2 BEOR T s (- ) 2

kj+1
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Thus
202y~ SKn?logr

(5. (- ) -2 0-0)

Case 2. Because A(r, ) < 0 when 0 < ¢ < §p, the above inequality also holds.
From Case 1 and Case 2, we can easily get

A(r,p) <

202y SKn2logr
(1 (1= gh) ~2) G-

for any ¢,0 < ¢ < §. Thus, from (10) we can get (4) easily.
Then, by dividing r and integrating from 1 to r on each sides of (4) we get

Ar,p) <

q
Z<1 L >2 T(r, 00 — ¢, 00 +¢; f)

= kj—|-1
q 2,,—6_2
k; 2C K
SZk_jrlNkj)(ﬁwo—é,sOoJr&aj)Jr 71 u (logr)?
j=1 " ( i=1 (1—m)—2> (0—v)

q
1
1- —2| T, 0 — ~
+ §1< kj+1) (1,00 — @, 00 + ©; f)

q
1
+ S L= ) = 2] S(Lwo— w0 +¢; f)logr
;+

1 T

1
11 1 1 " - 2
+2077°87 K3 % (1,90 — 8,0 + ) logr+207_355K§/ {“(“ 0 = %0 ”)} dr.

From the definitions of S(r, @1, p2; f), u(r, wo — 0, po+9) and \(r, o — 3, o +9), and Schwarz’s
inequality we get

1 2
r _5 51\ 3
()\(7‘, Yo — (57 ©o + 5))2 — 402776(;[( |:/ (N(Tv ®o , 0 + )) d’r"|
1

,
< 4027_65K/ w(r, po — 8,00 + 5)d7“/ r~Ydr
1 1

<A4C*~ySnéK logr/ dS(r,0 — 6,00+ 6; f)
1

<AC?* O K S(r, o — 6,00 + 6; ) log r
dT(r, 0 = 6,00 + 05 f)
dr
Choosing rg,79 > 0 such that T(ro, 0 — 0,00 + 0; f) > 1, and setting Es = {ro < r < oo :

()\(T, $o — 6? Yo + 6))2 > 40277671_5KT(T3 ¥o — 57 o + 5; f)(lOg T(T’, ¥o — 53 o + 6; f))z}a thus we
have

= 4C?*y 10K

rlogr. (15)

/ dr </ dT(raSOO_(;a(pO-'_(;;f)
g rlogr = Jp, T(r,¢0 — 0,00 + 6; f)[log T(r, 00 — 6, po + &; f)]?
< [log T'(r9, 0 — 0,00 + 6 )] 7" < +o0. (16)

Then for r > rg and r € Es, we have (5).
Thus, the proof of Lemma 2.4 is completed. a
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Lemma 2.5 (see [11, Lemma 2.4] or [12]). Let F(r) be a positive nondecreasing function defined
for 1 <r < +oo and satisfy

. F(r)
lim sup ——= = +o0. 17
e (logT)? a7)

Then, for any subset E C (1,400) satisfying fE dr é(p >2),

rlogr

: F(r)
lim sup 5
r—o0,r€(1,+00)\E (log T)

= 400

Lemma 2.6 Let f(z) be the K-quasi-meromorphic mapping and m(m > 1) be a positive integer.
Put Yo = 05@1 = %7-~-7§0m—1 - (mf 1)% Let

2
A(@i)={ZI|argz—soi|<ﬂ:} (0<i<m—1).

Then among these m angular domains {A(p;)}, there exists at least an angular domain A(p;)
such that for any system aj(j = 1,2,...,q) of distinct values and any system k;(j = 1,2,...,q
such that kj; is a positive integer or +oo and that

1 1
1-— 2
Z( kj+1)> ’

Jj=1

there exists at least one integer j(1 < j < q) such that

> 0.

NE) (r, A(i), a)
lim su ’ i
T T )

Proof: Suppose that the conclusion is false. Then for any A(y;)(i = 0,1,...,m — 1), there is

a system aé—(j =1,2,...,q) of distinct values and a system k;-(j =1,2,...,q) such that k; is a
positive integer or +o0o and that

! 1
(1_ i )>2v
=1 kj+1

J

for any j(1 < j < q), we have

. Nkj)(r’A(¢Z)7a;)
lim sup

msu T f) =0. (18)

Let 3 be any positive integer. Put ¢; 1 = %z + %’:{,O <i<m-1,0<k<p—1. For any given

number r > 1, writing

Aik(r)=1{2|2] < ry @ik < Piks1}-

Then
B—1m—1
(el <r}=>_>" Aixlr).
k=0 i=0
Put
A, = {z| Yi,0 ; Pi,1 < argz < Pit+1,0 ‘QF Pi+1,1 } ’

A? ={z|lpio <argz < giy11}, 0<i<m-—1,
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From Lemma 2.4 we have

q q
1 1
jgzl <1 - k]‘“) -2 S(r,Ai f) < E: (r, Al,aj)—i-O(logr)—i-hiT%,uf(r, ©i0sPit1,1)-
Add from ¢ = 0 to m — 1 and divide both sides of this inequality by r and integrate both sides

from 1 to r, and since T'(r, f) = Z;Z_Ol T(r, A, f), then the following inequality can be obtained

£ ) o)

Jj=1
m—1 q kZ m—1
J 0
<33 VI AL ) + O((log ) + Y- A e pisn) (19)
=0 j=1 7 =0
where
o 1.7 .
AT, 94,0, Pir1,1) < hi E(l + B) (T'(r, 05,0, pitr1,15 f))2 log T(r, @i, Pit1,1; f)
at most outside a set E; of r, where E; satisfies fE (rlogr)~tdr < +o00(i =0,1,...,m —1).

For any i € {0,1,...,m—1} and p > 2, there exists r; > 0 such that T'(r;, pi.0, pit1,1; f) > €™
for r > r;. Then it follows from (16) that

1 1 1
dr < << =
/Ei, rlogr logT(r, ¢i0,0it1,15f)  pm @

Put E = U",' E;, then

1 1 1
Z r<m max dr<m - — < —.
B rlogr B rlogr 0<i<m—1 Jp. rlogr pm  p

By applying Lemma 2.5 to this set £ and T'(r, f), we obtain that

T
lim sup (r, /) = +00.
r—o0,r€(1l,00)\ F (10g T)
There exists {r,} € (r, +o0)\E,
. T(ra, f)
lim ——=% = .
nLH;O (logrp,)? 00
For this sequence {r,}, by (19) we have
q
-2|T "
2 ( k; + 1> (rn, f)
j=1
m—1 ¢q z m—1
Z Z k/’ r'n,uAga ]) + O((lOg’f'n) ) + Z >\(T7L7S0i,0790i+1,1)-
i=0 j=1 =0

From (18), by dividing both sides of the above inequality by T'(r,, f) and letting n — oo, we obtain
4 (1 - ﬁ) —2<0that is, )7, (1 = +1> < 2, a contradict.
Thus, this completes the proof of Lemma 2.6. O
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3 The Proof of Theorem 1.1

Proof: By Lemma 2.6, we can choose subsequence of {6,,}, assume that 6,, — 6, when m — oo.
Then B : argz = 6 is a pseudo-T-direction of f.

In fact, for any (0 < ¢ < %), when m is sufficiently large, we have A(6,,) C Q(0,c). By
Lemma 2.6, we have

Nkﬂ')(r, 6o, €, a;) Nkf)(r,A(Hm),aj)

limsup ——————= > limsu > 0.
T—>oop T(T7 f) - 7‘—>oop T(T, f)
Thus, we complete the proof of Theorem 1.1. O

4 The Proof of Theorem 1.2

Proof: Suppose ¢ € (0,27), we can choose rg > 0 such that T'(rg, g — 0, + d; f) > €. Then it
follows from (16) that

1 1 1
dr < < —.
/EJ rlogr log T'(ro, 00 = 6,0+ 05 f)
By applying Lemma 2.4 for the set E5 and T'(r, f), it follows that
T(r, f)

lim sup ——= = 4o00.
r—o0,r€(1,00)\ Es (10g7")2

So, there exists a sequence {r,} € (r,+00)\Ej,

lim T(Tnv f)

= . 2
n—00 (log rn)Q oo ( O)

By applying the finite covering theorem at [0, 27], there exists some ¢ such that ¢q € [0, 27] and

T ny - ¥ ;
lim sup (Tns 0 — ¢, 00 + @5 f)

n—00 T(Tna f) =0 (21)

for an arbitrary ¢,0 < ¢ < @o. Thus, we will prove that the direction A(pg) : argz = ¢q is one
pseudo-Nevanlinna direction of f(z) which is also the pseudo-T-direction of f(z).

Step one. We firstly prove that the direction A(pg) : argz = ¢q is one pseudo-Nevanlinna
direction of f(z).

Otherwise, for an arbitrary positive number ¢y > 0, there exists a system a; € CU {oo}(j =
1,2,...,q) of distinct values and a system k;(j = 1,2,...,¢q) such that k; is a positive integer or

400 and that
< 1
1- > 2, 22
— ( ki + 1) @)

<

the following inequality holds

q
ki,
E 0% (a; 2 .
j=1 k] + 1 (a‘]7g00) > + =0

From the definition of 6% (a;, ¢o), we get

k: N
lim sup lim sup E J (r, 00 — ¥, 00 + p; a;) <
p+0 rotoo = kit T(r,00 — @, 00 +©; [) :

1 1
(1———)—2—¢.
— kj+1
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Thus, there exists some ¢’(> 0), and for any ¢,0 < ¢ < ¢’, we have

q q
kj ”(Mpo—@woﬂoa
lim su J 3 < )—2—¢ 23
r—>+o<?;kj+l T(r,p0 — @, 00 + ©; f) ; k; +1 0 (23)
Then for any ¢,0 < ¢ < ¢, set
T ns ) ;
T(¢) = limsup (rn: 0 — ¢ 00 + ¢ f) (24)

n—+o00 T(Tm f)

Obviously, T'(¢) is an increasing function in interval [0,¢’]. From (21) we have T'(¢) > 0. So,
0 < T(p) < 1. Since the increasing of T(y) in interval [0, ¢'] and the continuous theorem for
monotonous functions, we can see that all discontinuous points of T'(¢) constitute a countable set
at most. Then, by Lemma 2.4, we can get

q
1
1- -2\ T sy R ) 5
> kj+1) (T 0 — @, 00 + ¢ f)

k.
SZ , L N*3) (1., 00 — 6,00 + 8;a5) + O(log 1)

+O((T(rn, po — 8,500 + 65 1)) 2 1og T(rn, 00 — 8,00 + 65 f)) (25)

for0<p<d<¢ and r, ¢ Ejs.
Thus, it follows from (23)-(25) that

q 1 q
Z(1-kj+1)_2 T(p) < Z —2—g9 | T(5). (26)
Jj=1 j=1
Then, we get from (26)
T(p) = T), ¢—é. (27)

By combining (26) with (27), we can obtain T'(§) = 0, which is a contradiction to T(d) > 0. Then
A(po) : argz = pg is the pseudo-Nevanlinna direction of f(z).
Step two. We will prove that A(pp) : argz = g is the pseudo-T-direction of f(z).
Otherwise, there exists €9 > 0 and there is a system a;(j = 1,2,...,¢q) of distinct values and a
system k;(j = 1,2,...,q) such that k; is a positive integer or +o0o and that

q

>

Jj=1

> 2,

for any j(1 < j < ¢q), we have

Nkj)(’ra Yo — €0, Yo + EOaa/j)

lim su =0.
7'—)<>op T(T, f)
Then there exists a sequence {r,} such that
Nk (r, _ .
lim (T, 0 — €0, %0 + €0, a;) —0. (28)

roo T(rn, f)

For ¢ € (0,eq), similar to (24), we define T'(¢), then 0 < T(p) < 1. By Lemma 2.4, for the above
sequence {r,} C (1,4+00)\Es and 0 < ¢ < ¢’ < 4§, we have

q q
> (- o) T oot f Z

7 (7'ny P0—E0, Pot+e0; al ) +O((log 7,)?)
j=1 kj +1
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+O((T (1w, 90 — €0, 00 + €03 f))? 1og T(rn, 00 — 20, %0 + €05 f)). (29)
By (21), (28), (29) and Z?Zl(l - ﬁ) > 2, we can obtain T'(¢) < 0 which is a contradiction with

T(p) > 0. Therefore A(pg) : argz = g is the pseudo-T-direction of f(z).
Thus, this completes the proof of Theorem 1.2.
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Abstract

In this paper, we firstly establish the second main theorem about meromorphic functions on
annuli concerning small functions. Then, by using this theorem, we deal with the uniqueness
of meromophic functions sharing some small functions on annuli and obtain the results of
meromporphic functions sharing five small functions on annuli, which is an answer to the
question of Cao and Yi. In addition, we investigate the properties of meromorphic functions
on annuli, and obtain a form of Yang’s inequality on annuli by reducing the coeffcients of
Hayman’s inequality. Moreover, we also study Hayman’s inequality in different forms, and
obtain accurate estimates of sums of deficiencies.

Key words: Small function, Nevanlinna theory, the annulus.
Mathematical Subject Classification (2010): 30D30, 30D35.

1 Introduction

Firstly, we always assumed that the reader is familiar with the notations of the Nevanlinna theory
such as T'(r, f), m(r, ), N(r, f) and so on (see [6, 22, 23]).

In 1920s, R. Nevanlinna (see [17]) first established the famous Nevanlinna characteristic of mero-
morphic functions. It is well known that the Nevanlinna characteristic is powerful, and Nevanlinna
theory of value distribution play an important role in the research of complex analysis, which has
been used to deal with various complex problems, such as: complex differential equation, complex
difference equation, uniqueness of meromorphic functions, complex dynamic systems, etc. Among
many basic theorems in Nevanlinna theory, the second main theorem is very important to study
the value distribution, uniqueness, singular direction, which is listed as follows.

Theorem 1.1 (see [6, 253]). Let f(z) be a non-identically-constant meromorphic function, let
ai,...,aq be distinct complex numbers, one of which can be equal to co. Then

m(r, %) <2T(r, f) — Ni(r, f) + S(r, f),
— — a;

j=1

*The authors were supported by the NSF of China (11561033,11561031), the Natural Science Foundation of
Jiangxi Province in China (20151BAB201008), and the Foundation of Education Department of Jiangxi (GJJ150902)
of China.

fCorresponding author.
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q
(4= DT 1) < 3N =) + (1. ),
j=1 I
where .
Ni(r, f) = N(r, ) +2N(r. ) = N(r, ),

and S(r, f) = O(logr) as r — oo, if f is of finite order, S(r, f) = O(log(rT(r, f)) as r — oo,
excluding, possibly, some set of segments in [0,00) with finite total length, if f is of infinite order.

As a corollary we get the following result about deficiencies

> da f) <2,

aeé
where ( L ) ( ) )
m(r, —— N(r, —
6(a, = liminf — =% =1 — limsup — =2~
(D=t ) I )

Nevanlinna asked whether Theorem 1.1 is still true when we replace constants a; to arbitrary
collection of distinct small functions a;(z) with respect to f. This question is very interesting and
attracted many investigations (for references, see [5, 18]). In 2004, Yamanoi [21] extended the
second main theorem to the case of small functions and obtained the following result

Theorem 1.2 (see [21]). Let f(z) be a non-constant meromorphic function and a1(z), az(z),...,
aq(z) be q distinct small functions of f(z). Then, for all e >0

1
f—a;

(@—2-e)T(r f) < ZN(T, ),

as T — oo, € E, where E is a subset of [0,00) such that E is of finite linear measure, and the

defect relation:
Zé(a(z),f) < 2.

After theirs theorems, there are vast references on the value distribution of meromorphic func-
tions in the whole complex plane (see [6, 13, 14, 19, 23]). Moreover, it is an interesting topic how
to extend some important results of Nevanlinna value distribution in the complex plane to some
subset of the whole complex plane, such as, the unit disc, the angular domain, the annuli. In 2003,
J. H. Zheng firstly took into account the value distribution of meromorphic functions in an angular
domain and extended the second main theorem in the complex plane to an angular domain (see
[24, 25]).

Theorem 1.3 (see [26, pp.59 and pp.85]). Let f be a nonconstant meromorphic functions in an
angular domain Qa, f) = {z:a <argz < f}H0 < f—a < 2x) let a1,...,aq be distinct complex
numbers, one of which can be equal to co. Then

(0= DTas(r 1) < 3 R plr =) + Qs ).
j=1

- Y

where Qo p(r, f) = O(logr + logt Ty (7, f)) as r — oo, possibly except some set of r with finite
linear measure.

Theorem 1.4 (see [26, Theorem 2.5.2]). Let f be a nonconstant meromorphic functions in an
angular domain Qe f) = {z:a < argz < fH0 < f—a < 27) let a1,...,aq(q > 3) be distinct
small functions with respect to f(z). Then, for any positive number €, we have
L 1
(¢—2-¢e)Tap(r, f) < Zmaﬁ(r7 f—ia) + Qa,s(r, f).
J

j=1
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In recent, there have some results on the Nevannlina Theory of meromorphic functions on
annulus (see [8, 9, 11, 15, 16, 20]). In 2005, Khrystiyanyn and Kondratyuk [8, 9] proposed the
Nevanlinna theory for meromorphic functions on annuli (see also [10]). Later, the other forms of
the second fundamental theorem on annuli were given by Cao, Yi and Xu [3].

Theorem 1.5 (see [3, Theorem 2.3]). (The second fundamental theorem) Let f be a nonconstant
meromorphic function on the annulus A = {z : R%) < |z| < Ro}, where 1 < Ry < 4o00. Let a1, az,

.., aq be q distinct complex numbers in the extended complex plane C. Let ky, ko, ..., kq be q
positive integers, and let A > 0. Then

(¢ -

N(gl)(rvf) +Sl(r7f)a

—%

(g —2)To(r, f) < —) +Si(r, f),

Depe
S

where

’

1
NGV (r, 1) = No(r, 77) +2No(r £) = No(r ),
and Si(r, ) is stated as in Lemma 2.1.

The basic notions of the Nevanlinna theory on annuli will be showed in the next section. Lund
and Ye [15] in 2009 studied functions meromorphic on the annuli with the form {z : Ry < |z| <
Ry}, where Ry > 0 and Ry < oco. In 2009 and 2011, Cao [2, 3] investigated the uniqueness
of meromorphic functions on annuli sharing some values and some sets, and obtained an analog
of Nevanlinna’s famous five-value theorem. From Theorems 1.1-1.4, we can pose the following
question

Question 1.1 Whether Theorem 1.5 is still true when we replace constants a; to arbitrary collec-
tion of distinct small functions a;(z) with respect to f?

In [6], W. K. Hayman obtained the following well-known theorem by investigating the charac-
teristic functions of meromorphic function and its derivative in the complex plane.

Theorem 1.6 (see [6, Hayman inequality]). Let f be a transcendental meromorphic function on
complex plane, then for any positive integer k, we have

T(r, f) < (2 + ;) N (n ch) 4 (2 + 2) N (7’, f(k)11> + S0, f).

W. K. Hayman [6] gave a question: whether the coefficients of two counting functions N (r, f)
and N(r, (k> +m—7) are best in Theorem 1.17 Hayman’s question attracted many investigations (for

references see [23, 27, 4]). In [23], Yang Lo studied the above question and established the well-
known Yang Lo’s inequality, in which the coefficients of the counting functions is more precise than
the ones of Hayman inequality.

Theorem 1.7 (see [25]). Let f be a transcendental meromorphic function on the complex plane,
then for any € > 0 and positive integer k, we have

T ) < (1 " ;) N+ (1 " ;) N =)~ N (r, f(kl“))
+eT(r, f) + S(r, f).
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2 Conclusions

The main purpose of this paper is to extend Theorem 1.5 to the case of small functions and obtained
the following result.

Theorem 2.1 Let f be a nonconstant meromorphic function on the annulus A = {z : R% < |z| <
Ry}, where 1 < Ry < 400. let ay,...,aq(q > 3) be distinct small functions with respect to f(z).
Then, for any positive number €, we have

(q—2—&)Ty(r, <ZN0 +Sl(rf)

From Theorem 2.1, we can get the following result immediately.

Theorem 2.2 Let fi and fy be two transcendental or admissible meromorphic functions on the
annulus A = {z : 0 < |z] < oo}. Let a;(z) (j = 1,2,3,4,5) be five distinct small functions with
respect to f1 and fo. If f1, fo share aj(z) CM for j =1,2,3,4,5, then fi1(z) = fa(2).

The other purpose of this paper is to study the Hayman inequality of meromorphic function
on annuli. We obtain:

Theorem 2.3 Let f be a transcendental or admissible meromorphic function on the annulus A =
{z:0 < |z| < o0}, then for any € > 0 and positive integer k, we have

TQ('F, f) < (1 + ]16) NO (T, ;) + (1 + i) No (7", f(k)l_1>
7N0 (Ta f(k];rl)) +5TO(T7 f) +Sl(rv f)

Furthermore, when a,b are two finite complex number, a # b and b # 0. Then we have

k+2

Remark 2.1 Fora € (IA:, we define

N (. 7) No(r, 7wd)
do(a, f) =1 —limsu T ) 6t (a, ®)) = 1 — limsup —— L =a”
O( f) r—>oop (T f) 0 ( f ) r—>oop TO (T, f)

Definition 2.1 Let f(z) be a non-constant meromorphic function on the annulus A = {z : P%o <
|z| < Ro}, where 1 < Ry < +o00. The function f is called a transcendental or admissible meromor-
phic function on the annulus A provided that

T
lim sup o(r, f) =00, 1<r<Ry=+00
r—00 IOgT
or
hmsup(;f) =00, 1<r<Ry<+oo,
r—Ro log(RO - T)
respectively.

Moreover, we also investigated other kind of precise inequalities, and obtained accurate esti-
mation of the sum of deficiencies as follows.
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Theorem 2.4 Let f be a transcendental or admissible meromorphic function on the annulus A =
{z:0 < |z| < o0}, then for any finite complex numbers a,b(a # b),e > 0 and positive integer k,

we have
1 1 1 1
(k) r _ L _ L
To(r, f) < (1 + Zk) No (“ Q) a) + (1 + 2k> No (T’ ) b)
1
No (1 715 ) + €Tolr ) + $1(1, 5,

Furthermore, we have
1

2k +1°

So(a, f®) + 8o(b, fP) <14

3 Preliminaries and some lemmas

Now, we will introduce the basic notations and conclusion about meromorphic functions on annuli
(see [8, 9, 10]). From the Doubly Connected Mapping Theorem [1], we can get that each doubly
connected domain is conformally equivalent to the annulus {z : r < |2| < R}, 0 <r < R < +o0.
For two cases: r = 0, R = 400 simultaneously and 0 < r < R < 400, the latter case the homothety

z J%{ reduces the given domain to the annulus {z : R%) < |z| < Ro}, where Ry = 1/%. Thus,

every annulus is invariant with respect to the inversion z — % in two cases.
Let f be a meromorphic function on the annulus A = {z : Rio < |z| < Ro}, where 1 <r < Ry <
400, the Nevanlinna characteristic of f on the annulus A is defined by

TO(ra f) = mO(Tv f) + NO(Tv f)

Some basic conclusions and properties of Ty(r, f), No(r, f), mo(r, f) had been introduced in (see
3, 8, 9, 10)).

In 2005, the lemma on the logarithmic derivative on the the annulus A was obtained by Khrys-
tiyanyn and Kondratyuk [9].

Lemma 3.1 (see [9, Lemma on the logarithmic derivative]). Let f be a nonconstant meromorphic
function on the annulus A = {z : Rio < |z| < Ro}, where Ry < 400, and let X > 0. Then

mo (r, J;,/) = S1(r, f),

where (i) in the case Ry = +00,
S1(r, %) = O(log(rTo(r, *)))

forr € (1,+00) except for the set A\, such that fA A dr < 4o00;
(i) if Ry < +00, then

S1(r,%) = Ollog (1)

forr € (1,Ry) except for the set A; such that fA’/' (Ro_d% < +o0.

Remark 3.1 If f is a transcendental or admissible meromorphic function on the annulus A, then
S1(r, f) = o(To(r, f)) holds for all 1 < r < Ry except for the set I\, or the set A\, mentioned in
Theorem 3.1, respectively.

By using the same argument as in (Valiron-Mohon’ko) ([12]), we can get the following lemma.
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Lemma 3.2 Let f be a nonconstant meromorphic function on the annulus A. Then for all irre-
ducible rational functions in f,

S a2 f()
S b () ()

where meromorphic coefficients a;(z),b;(z) are small functions with respect of f, then the charac-
teristic function of R(z, f(z)) satisfies that

TO(TaR(z7f(Z))) = dTO(Taf) + Sl(rv f)7

R(z, () =

where d = max{m,n} .

In order to prove the following lemma, we firstly give the definition of Wronskian determinant
of a1(2),...,ap(2)

a1(2) as(2) ap(2)
a(2) ay(2) ay(2)
W(al(z)w 7ap(z)) = . )
o @) o) e )
where a1(2),...,ap(z) are meromorphic in annuli.

Lemma 3.3 Let f be a transcendental or admissible meromorphic function on the annulus A =
{z:0< |z| < oo} and e > 0. Then forp=1,2,...., we have

(0~ DRo(r.f) < (1+2)Ng ( f})) LN S) + 51 ). 1)

where Na(r, f) = No(r, f) — No(r, f).

Proof: For any given € > 0 and positive integer n, we choose a positive integer n(> g), and consider

for all z € A. Let W(2) = W(1,2,2%,--- ,2PTn=L f 2f ... 2"f) as the Wronskian determinant

of 1,2,22, -+ ,2PTn=L f 2f ... z"f. Since f is a transcendental meromorphic function, we can

suppose that W(z) # 0. It is easy to see that W (z) is a homogeneous differential polynomial of

degree p+1 in f with polynomial coefficients of z and without fU)(z)(j < p) in each term of W (z).
Let B(z) = W(z) - (fP)(2))~""!, from Lemma 3.1, it follows

mo(r, B) = S1(r, f)-
From the first fundamental theorem for meromorphic function on annuli, we have
1
NO(Ta E) S TO(T7 B) + 0(1) = NO(T7 B) + m()(’f’7 B) + O(l) (2)
S NO(T7 B) + 51(7’7 f)

Next, we will estimate the number of zeros and poles of B on A. From the definition of W (z),
we have

W(z) = forntiy (= 2 f =t o 2Pl g o 2™,
If zg is a pole of f of order ¢, then
W(z) = O((z — 20) "2, 2= 2.
Hence

B(z)=0 ((z - ZO)(n+1)(P+t)*t(p+2n+1)> ‘)

-0 ((Z _ Zo)n<p71>f<p+n><t71>> ’
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as 2z — 29.

Let N?(T),N:o (r) and N (r) be the counting functions for those poles of f of order ¢ on A,
where B(z) has a zero, pole or finite nonzero value, respectively, each pole being counted only
once. From (2) and (3), we get

S (nlp— 1) =+ m)(¢ = DINp(r) < Nolr, ) < No(r, B) + (s, )
((p+m)(¢ = 1) = nlp — V)" (r)
4 DN (15 ) + 51000 @)

If a pole of f contributes to N, (r), then from (3) it follows n(p — 1) — (p+ n)(t — 1) < 0 and

n(p = N, (r) < (p+n)(t = DN (r).

Summing for t = 1,2,--- in above and substituting to (4), we obtain
—1) ;Nt(r) <(p+mn) ;(t —1)Ny(r) + (n+ 1)No ( f(p)) + Sy (r, f), (5)

where N,(r) = Ny (r) + Ny (r) + N, (r).

Noting
i(t —1)Ny(r) = i [tN(r) — Ny(r)]
= i [Ne(r) = Ne(r)] = No(r, f) = No(r, f),
since n > £ and (5), we have proved Lemma 3.3. O

By using the same argument as in the proof of Lemma 3.3, we can get the following lemma.

Lemma 3.4 Let f(z) and a;(2)(j =
W(al( )aa’Q( )""7 ( ) ( ))

€ >0, we have

1,2,...,p;p > 3) be stated as in Theorem 2.1. Set W(f) =
If aj(2)(7 = 1,2,...,p;p > 3) are linearly independent, then for

pNo(r, ) < No ( (U No(r, 1) + Su(r. f).

)

Lemma 3.5 Let f be a transcendental or admissible meromorphic function on the annulus A =
{#z:0 < |z| < 00}. Then for any e > 0 and positive integer k, we have

NO(T7 f) < %NU (nf(lk)) + %NO(Tv f) +ET0(T7 f) +Sl(7a7 f) (6)

Proof: Replacing € with £ in Lemma 3.3, it follows

No(r,f)<1N0< f(1)>+kN0( £+ N0< f(k)> (7)

+ SkNO(T )+ Si(r, f).
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Since

No (r, f(l,c)> < To(r, fM)+0(1)

< m ﬁ + (k)
> o\ f mO(raf)+N0(raf )+O(1)
S mo(r,f)+No(T,f)+kN0(T,f)+Sl(7’,f)
< (k+1)To(r, f) + Si(r, f),
from (7), we have
5 No(r 7 + 57 Nolr ) < SEZE T ) + 510, ) )
< eTo(r, f) + Si(r, f).
From (7) and (8), we get (6) easily. a

Lemma 3.6 (see [7, Theorem 2]). Let f be a transcendental or admissible meromorphic function
on the annulus A = {z : 0 < |z| < o0}, and k be a positive integers. Then

! N, ! N ! S

?) + No(r, m) — No(r, —5) + S1(r, f).

T fR+1)
Lemma 3.7 Let f be a transcendental or admissible meromorphic function on the annulus A =
{#z:0 < |z| < 00}. Then for any € > 0 and positive integer k, we have

To(’l"7 f) < No(’h f) + No(ﬁ

Nolr ) <p o (13 ) + 18 (n g5 = ) + <)+ 81(0,). )
Proof: From Lemma 3.5 we have
No (1 2y ) > (6 DRa(r ) = Bt )~ 52T 1) = 8100,).

Substituting the above inequality back into Lemma 3.6, we obtain

Nl ) < No(n3 )+ N (n g ) + it )~ Tofr )

kE+1

T

6110(7‘3 f) +Sl(raf)'

Therefore

NO(rv f) < %NO (7’, ;-) + %NO <7“, f(k)li 1) + k;];lETl(T» f) + Sl(r7f)

1 1 1 1
< %No (T, f> + %No <T’f(k)—1) +&'To(r, f) + Si(r, f).

Thus, this completes the proof of Lemma 3.7. a
From Theorem 1.5, we get the following conclusion easily.

Lemma 3.8 Let f be a transcendental or admissible meromorphic function on the annulus A =
{z:0 < |z| < o0}. Then for any finite complex number a,b(a # b), we have

1

T f) < ol ) + 8 (52 ) 4 8o (5

> 7N8(T) +51(7"7.](‘)7

where Ng (r) = 2No(r, ) = No(r, f') + No (T’ %)
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Lemma 3.9 Let f be a transcendental or admissible meromorphic functions on the annulus A =
{z:0 < |z2]| < c0}. Then for any finite complex numbers a,b(a # b), positive number € > 0 and
positive integer k, we have

— 1 1 1 1
No(r, f) < ﬁNO <r7f(k)—a) + %NO <7"’ f(k)—b> +eTo(r, f) + Si(r, f)-

Proof: By using Lemma 3.8 for f(*) and three distinct complex numbers a, b, co, we have
1 1
(k) (k) - -
TO (rvf > SNO (raf ) +N0 (7’, f(k)—a> +N0 <T.7 f(k)—b>
- N§() + 81 (r f @),

where N§(r) = 2No (r, f®) = No (r, f#+1) + No (7, 7k )-
Thus, we get

TO (7", f(k)> SNO(Ta f) + NO (Tv f(k)1a> + NO <7", f(k)1b> (10)

1
— NO <T, f<k+1)> + Sl (7', f(k)) .

Since To(r, f*)) = mo(r, f*)) + No(r, f) + kNo(r, f), then by applying Lemma 3.7 for f*+1) it
follows

1 _
Mo (1 7ty ) >0+ DNl )= Nolr ) = (k-4 DETlr f) = (-4 D310,
Substituting the two above inequalities back into (10) , we get

— 1 1 1 1 kE+1
No(r, f) < 25 No (7“, f(k)a> + 55 No (T, 7 b> Ry eTo(r, f)

+k+2
2k

Sl (Tv f(k))

1 1 1 1 )
< %No (T’, f(k)—a> + ﬂNO (T, f(k)—b> +e€ To(T, f)
+81(r, f®).

From the definition of Sy (r, *) and Ty(r, f) < To(r, f*)) < (k+1)To(r, f)+ S1(r, f), where S (7, f)
is as stated in Lemma 3.1, we can get the conclusion of Lemma 3.9.
Thus, we can complete the proof of Lemma 3.9. O

4 Proofs of Theorem 2.1 and Theorem 2.2

4.1 The proof of Theorem 2.1

Without any loss of generalities, suppose that {a1(z),a2(2),...,ap(2)} is a maximum linearly
independent subset of a;(2)(j = 1,2,...,q), then p < ¢ and each a;(2)(j = 1,2,...,q) can be
linearly expressed in terms of a;(2)(j =1,2,...,p). Set W(f) = W(ai,az,...,a,(2), f), then

W(f)prf(p)—l—bp,lf(p_l)—|—---+b1f'+bof, (11)
where b;(j =1,2,...,p) are small functions with respect to f. It follows from (11) that

NO(T,W(f)):pﬁo(’f’,f)+N0(T,f)—|—51(’l",f) (12)
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and
mo(r, W(£)) < mo(r, £) + mo(r, L) = imo(r, 1) + 10, £). (13)
Thus from (12), (13) it follows that
To(r, W) < pNo(r, ) + To(r, f) + 107, ) (14)
From the definition of W(f), we have W(f — a;) = W(f) for j = 1,2,...,q. Thus, it follows by

Lemma 3.1 that
W(f) W(f —a;)
f—aj [ —aj

) = S1(r, f). (15)

) = mo(r,

mo(T’,
Set
-3 s
Then it follows from (14),(15) and by Lemma 3.4 that

mo(r, F) < mg + mo(r, FW(f))

1
(7 W)

< To(r, W(f)) = No(r )+ 51(r, f)

1
TW(f)
< PN )+ T ) = Mol )

< To(r, f) + (L +e)No(r, f) + S1(r, f)-
Then it follows by Lemma 3.2 that

qTo(r, f) = To(r, F) + Si(r, f)

+Sl(r7f)

<3 Mol =)+ Tl )+ (L) No(r )+ Si(r. )

<> No(r, o) @D )+ 5i(r f).

—a;
Hence, this completes the proof of Theorem 2.1.

4.2 The proof of Theorem 2.2
Suppose f(z) # g(z). By applying Theorem 2.1, since f and g share aq,...,a5 CM, we have

5
(3 —&)To(r, f) SZ : +Sl(r,f)sNo(r,figHSl(r,f)
=1
( )+T0(7“,g)+51(7‘,f),
that is,
(2_€)T0(T7f) STO(Tvg)"_Sl(T»f)' (16)
Similarly, we have
(2—e)To(r,9) < To(r, ) + S1(r, 9)- (17)

Thus for any small number (> 0), it follows from (16) and (17) that
(1 - 6) [TO(rv f) + TO(Tvg)] < Sl(ra f) + Sl(’ra g)a

which is a contradiction with the assumption that f, g are transcendental or admission.
Therefore, we have f = g.
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5 Proofs of Theorem 2.3 and Theorem 3.4

5.1 The proof of Theorem 2.3

From Lemma 3.4 and Lemma 3.7, we get

wen < (o)D) (o))
—Ng (r, f(kl-l,-l)) +eTo(r, f) + Si(r, f).

Now, we will prove the inequality of the sum of deficiencies as follows. First, by using the above

inequality for the function ! 7=, then it follows

toin < (14 )80 () + (1) 0 (g =5) =20 (o)

+ ETO(T7 f) + Sl(r7f)

< (1 + ;) Ny <T7fi0,) + (1 + ]i) Ny (r,f(k)l_b> +eTo(r, f) + Si(r, f).

Dividing the both sides of the above inequality by Ty(r, f), we have

Mo(rsts) | N(rgis)
1 0\" F=a 0\" Fm—p 2 Si(r, f)
I+ ) |1l-—t 1l | <14+ fe+ . 18
< k> T()(’f',f) TO(T7f) k TO(T7f) ( )
From the definitions of &y(a, f), 68 (a, f*)), then it follows from (18) that
1
(1+7) (ota )+ 860, 7)
< <1+ 1)1' e 122 <rf%) +1 o Oﬁ)
— | limin - e
- k) r—oe To(r, f) To(r, f)
: 2 S )
<1 14+ - 1 f .
<t (145 4¢) it 0
Since f is a transcendental or admission on annuli, we have
Sl (T7 f)
im =0. 19
r—00 TO (T’, f) ( )
Hence,
: E+2
So(a, f) + 65 (b, f*)) < Pl

Thus, this completes the proof of Theorem 2.3.

5.2 The proof of Theorem 2.4
By Lemma 3.9, it follows from (10) that

1 1 1 1
T (ﬂf(k)) < (1-1—%) No (T’f(k)—a> + <1+2k> No (T’f(’“)—b>

_NO <’I"7 f(k1+1)> —f—ETo(’I",f) + Sl (Taf(k)) .
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The above inequality implies

1 1
Qk TO(Ta f(k)) TO (7"7 f(k)) k TO (7“, f(k)) .
Thus, it follows from (20) and the definition of 0, g(a, f) that
<1 ) (a, £9) + 8o(b, £*))
< (14— )liminf |1 NO(T’ﬁ)JF NO(T’W)
o lrrgg‘} a TO(T7 f(k)) - To(’l", f(k))
: 1 Si(r, f*)
< hgsolip <1 + % +€) +hrrg£f To(r, f®)’
Since f is a transcendental or admission on annuli, we have the following equalities easily
(k)
lim inf M (21)

r—oo T (r f(k))

Since ¢ is arbitrary, it follows from (21) that

(k) *)) <
60(aaf )+5O(b7f )_1+2]€+1

Therefore, we complete the proof of Theorem 2.4.
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WEIGHTED COMPOSITION OPERATORS BETWEEN
WEIGHTED HILBERTIAN BERGMAN SPACES IN THE
UNIT POLYDISK

NING CAO, GANG WANG AND CEZHONG TONG*

ABSTRACT. In this paper, we prove that the topology spaces of nonze-
ro weighted composition operators acting on some Hilbert spaces of
holomorphic functions in the unit polydisk are path connected, which
generalized Hosokawa, Izuchi and Ohno’s results in single complex vari-
ables’ case [9].

KEYWORDS: Weighted Hilbertian Bergman spaces, weighted composi-
tion operator, polydisk, norm topology, Hilbert-Schmidt topology.

1. INTRODUCTION

Let H(D") be the space of analytic functions on the open unit polydisk
DY i={z=(21,...,2n) €CN i |z] < 1,i=1,2,...,N}

and H™ the space of bounded analytic functions on DY with the supremum
norm | - [oo. When N = 1, the unit polydisk reduces to the unit open disc
D in the complex plane C. Let S(DV) be the set of analytic self-maps of
DN. Every ¢ = (¢1, -+, on) € S(DV) induces the composition operator C,,
defined by C,f = fop for f € H (]D)N). If w € H(DY), the multiplication,
M, : HDY) — H(D"), is defined by

M (f)(z) = u(z) - f(2)
for any f € H(DY) and 2 € DV. If u € H(DY) and ¢ € S(DV), we call the
operator M, C, to be the weighted composition operator.

Much effort has been expended on characterizing those analytic maps which
induce bounded or compact composition operators between those classic s-
paces of analytic functions. Readers interested in this topic can refer to the
books [16] by Shapiro, [7] by Cowen and MacCluer, and [23, 24] by Zhu.

An active topic is the topological structure of the space of composition op-
erators acting on function spaces. If X is a Banach space of analytic functions,

2010 Mathematics Subject Classification. Primary: 47B33; Secondary: 47B38.
* Corresponding author.
Tong was supported in part by the National Natural Science Foundation of China (Grant
Nos. 11301132).
1
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2 N. CAO, G. WANG, C. TONG

we employ the symbol C(X) to represent the space of composition operators
on X equipped with the operator norm topology. In 1981, Berkson [3] firstly
studied the topological structure of C(H?(D)). Central problem focuses on
both the structure of C(H?(D)) and the compact differences of its members.

In 1989, MacCluer [12] showed that, on the weighted Bergman space A2(ID)
for s > —1, all the compact composition operators can be connected by path-
s, and she gave necessary conditions for two composition operators to have
compact difference. At about the same time, Shapiro and Sundberg [17] gave
further results on compact difference and isolation and they believe that the
compact composition operators should form a connected component of the set
C(H?*(D)).

In 2008, Gallardo-Gutiérrez and co-workers [8] showed that there exists
noncompact composition operators in the component generated by all com-
pact composition operators. In 2005, Moorhouse [13] characterized compact
difference for composition operators acting on Ai(}D), A > —1, and gave a
partial answer to the component structure of C(A%(D)). Later, Kriete and
Moorhouse [11] extended that results to linear combinations. In 2012, Saukko
[14, 15] obtained a complete characterization of bounded and compact differ-
ences between standard weighted Bergman spaces. Recently, Choe, Koo and
Park [5, 6] extend Moorhouses characterization to the Bergman spaces in unit
polydisk and unit ball. In 2015, Hosokawa, Izuchi and Ohno [9] investigate
the topology space of weighted composition operators acting between some
Hilbert spaces on D in general, and they also consider the Hilbert-Schmidt
norm topology. Readers interested in those related topic can refer recent
papers [19, 20, 21, 22] and the references therein.

Generally speaking, theory of composition operators on the spaces of holo-
morphic functions in the unit polydisk are far from complete. To completely
characterize the boundedness and compactness of composition operators on
Hardy spaces and weighted Bergman spaces is still open. In [2], Bayart showed
that the study of boundedness of composition operators on the polydisk is a
difficult problem, and many obstacles are caused by differences between the
torus of DV (distinguishing boundary of D?) and the whole boundary. Stessin
and Zhu [18] characterized the boundedness of composition operators between
different weighted Bergman spaces in the polydisk. Inspired by [2, 9, 18], we
continue to investigate the topology spaces of weighted composition operators
between different weighted Bergman spaces in the unit polydisk. On those
spaces, we will also consider the Hilbert Schmidt topology spaces of weighed
composition operators.

2. PRELIMINARIES

Let dA(z) = dady/m denote the normalized area measure of D. For s >
—1 the weighted Hilbertian Bergman space A%(DY) consists of all functions

152 NING CAO et al 151-160



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

WEIGHTED COMPOSITIONS IN THE POLYDISK 3

f € H(DY) such that
2 - 2d s 3
112 / () Pdv(2) < oo

where du(2) = dA,(1) -+ dA, () and Ay (2) = (s + (L~ [52)°dA(z;).
The inner product of A2(D¥) is given by

(.9 s—/ F(2)a()dus(2),

where f,g € A2. And the reproducing kernel of A2(D¥) is given by

N

kaz H
_ 2+
=1 1 wjzj s’

When s = 0, AZ(D") is the classical Bergman space. It is well known that

N
I(a; +1)
a2 2 ;|2 N Al )
= dus( I | I1°dAs(z5) =T +1) | |
”Z ”5 /]D) ‘Z | ! /|Z | Zj S j=1 F(Oz] s 2)

where a = (a1, ..., an) and 2% = 27" -+ 237,
We believe the following pointwise esitmate is well known, and we list it
with a simple proof for the completeness.

Lemma 2.1. Letp >0 and s > —1. If f € A2(DV), then

[1f1ls
<
Fw)] <
_Hl(l = |w?)"7
i=
for each w = (w1, ...,wy) € DV.
Proof. Fixing wa,...,wy, function f((1,ws,...,wy) is analytic with respect
to (1 € D. It is well known that
P
G, w)p < LG )l

(1 = fwy [?)2+e

f]D) |f(<1aw27 e 7wN)|pdAs(<1)
(1= Jwy[?)?Fs '
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We can also estimate |f({1,ws,...,wyn)|P by the similar inequality with re-
spect to wso, and then up to wy, hence we have
|f(’lU1,’lU2, cee 7wN)|p
< Jo 1f (G we, .. wn) [PAAS(CL)
a (1= Jwy[?)*
< f]D) f]D |f(€17 C2a s 7wN)|pdAs(C2)dAs(C1)
- (1= fwi?)?+5 (1 — |wa[?)>+s
< Jo - Jolf(C, Gy G PAAS(CN) - - - dAS(C2)d As(Gr)
- (1= Jw)*Fe . (1= |wn[?)?+e
That is
[1£1ls
fw)] < —.
IT(1—|wil*)™>

-
Il
_

It is an obvious consequence that the point evaluation €, : f — f(w) =
f(wy,...,wy) is a bounded linear functional on A?(D), and
~max_ sup ||ey]|ar < 00
i=1,..., Jw; |[<r
for every 0 < r < 1.

If -1 < s’ < s, we can immediately have that A2, C A% by a direct

computation ||f|ls < C||f|ls where the constant C' depends only on s and
!/

s'. Let Cy(A2%, A2) be the space of nonzero bounded weighted composition
operators from a weighted Hilbertian Bergman space A2, to another A% with
the operator norm topology, that is,

Cw(AZ,AY) = {M,C, : M,,C, : A%, — A2 is bounded, u # 0}.

And C,,(A2%) = C, (A2, A%). For a bounded linear operator T : X’ — X, we
write ||T||x/,x its operator norm. If —1 < ¢’ < s, for M,Cy, € C,(A2), we
have

||Mucvf||A§ < ||MquoHA§Hf||s <C- HMuCtp”Ai”fHS’
for every f € A%. Hence M,C, : A% — A? is bounded and
(2.1) [MuCpll a2, a2 < [[MuCpllaz for every M,C,, € Cuw(A?).

Restricting M,,C, € C,(A?%) on A2, we may consider that M,C,, is also a

bounded linear operator from A% to A2. We note that
Cw(Ag'vAg) = Cw(Ag)
as sets, and if M, Cy, € Cy(A%, A?), then u € A2

s’
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3. OPERATOR NORM TOPOLOGY SPACES

Now we discuss the operator norm topology spaces C,, (A%, A%).

Lemma 3.1. If o = (¢1,...,¢n) € S(DV) and ||¢]|oo := max loilloe < 1,
then C,f € H™ for every f € A2 and

ICoFlloe < [IFlls max sup —lew]az-
jwil <l

Proof. For f € H and z € DV, we have

(Ce N =11 < I llsllepllaz < s max - sup —[lewlaz,

lwi|<llelloo

so we get the assertion. g

The main result is following.
Theorem 3.2. If —1 < s’ < s, then the space C,, (A%, A2) is path connected.

Proof. Let M,C, € Cy, (A2, A%). Since C,, (A2, A%) = C,,(A?) as sets, we have
u e A2 and |[M,Cy|l42 < co. Let 0 <7 < 1. For f € A2, by Lemma 3.1 we

have forp = f(rpi,...,ron) € H*® and by Lemma 2.1,

[MuCro fs [u(f ere)lls < I1f o relloollulls

< ullsliflls | max - sup flew]|az-
|w; | <r

A

Hence M, C., € Cy(A2), so M,Chry € Cyy (A2, A2).

s’

Fixing 0 < tg < 1, we apply the similar method in [9] to show that
|M,Cryp — Mu0t<p||A2,,Ag — 0 ast — ty. Let g(z) = >, caz® € A%. For
each 0 <t <1, let

g(z) =D calty —toh)z0

[e%

Since A% C A?, we have g € A2. Note that

(9t 91)s / Zc (£ — tlel)z Z ca(tO — tlol) zodu, (2)
Sl ey / lealPlel oy (2)

4% [ leaPleldo(2) = ol

gelI2

IN
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we have g; € A2. Hence

|| (Muctoga - MuCtl,D)g”?

2
u Y ot =ty

S

= |IMuCogell? < 1My %2 lgel?
- ||MOHAzZ|ca| el — e 2222

2
||M C H su |t|a\ _t|a\|2 ”ZOLHS |C |2||zo¢H2/
R\ EIYR
’
o

|

IN

IN

=
IMoC2 sup (% e 2 e
|a|>0 |

|25
Then

Za
IMuCrop — MuCigllaz, a2 < IMuCilLaz sup (t'“ '””) .
s : Sup &R

For any positive integer n, we have
sup < > (
[a|>0 ”ZaHS’ N

la|<n?
Hence

#l — glel #i — glel

« (0%
1 g sy L7l

1z ][ jafzn? 125

(3.1) limsup || My, Ctypp — M, CtsoHAZ a2 < 2[[M,Cyllaz sup |2 ”S

t—to |a|>n2 ”ZaHs’

According to the Stirling’s approximation, we have

[ et
- = sup
|a|>n2 lzls || >n2? IN(s' +1) H _D(ay+1)
T(aj+s'+2)
N ai+s' +2 s—s’
i+ 2\ 1
< ¢ sup H(%S) ()
lal>n? 52 a; +5s+2 a; + 5+ 2

Since |a| > n, there is at least one o; > n. Considering that
a; + s 42\t
( @ +s+2 >

is bounded for j = 1,..., N, we get M,,Cy, — M,,Cyyp ast — to in Cy (A%, A2)
by letting n — oo in (3.1).
O
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4. HILBERT-SCHMIDT NORM TOPOLOGY SPACES

We will consider the topology spaces of Hilbert-Schmidt weighted composi-
tion operators. If X is a separable Hilbert spaces with orthonormal bases {e,, }
and X’ is another Hilbert space, recall that a linear operator T : X — X' is
said to be Hilbert-Schmidt if

o0
IT)% x a5 = D [ Temllr < o0

m=0
Since {z%/||z*||5} is an orthonomal bases of A2, M, C,, € C,,(A?) is Hilbert-
Schmidt if and only if

||MuO¢H2A§,HS Z || allz Z —ZR‘;H; < 00
S

lal>0

We denote by Cy ms(A?) the space of Hilbert-Schmidt operators M, C, in
Cw(A?%) with the Hilbert-Schmidt norm topology.
We have that M, C,, € Cy, (A2, A2) is Hilbert-Schmidt if and only if

Nlusp® I3 _
HM C</7||A2 ,A2 JHS * Z Hza”
We denote by Cy,ms(A2, A2%) the space of M,C, € C,(A2%,A?) which are
Hilbert-Schmidt operators. We consider the Hilbert-Schmidt norm topology
on Cy ms(A%, A%). The topology on Cy, s(A2,, A?) is stronger than the oper-
ator norm one. So a path connected set in Cy, grs(A2, A2) is so in C,, (A%, A?).
Since

|a| >0

[lup |12
||M C ||A2 VA2 HS <CZ || a||2 C||Muc¢||?4%,HS’

we have Cy pgs(H) C Cu.us(A%, Ai) Next lemma will be employed in the
main result of this section.

Lemma 4.1. Let s',s > —1. For each 0 < r < 1, if the operator M,C,
A%, — A2 is a Hilbert-Schmidt operator for some nonzero u € A2 and ¢ €
S(DY), then M,C,, is also a Hilbert-Schmidt operator from A% to AZ.

Proof. The Lemma follows immediately from the computations that

. | My Crg () 12
MGl s = 3 Pl
s a>0 &
|| up®||3
= 3 ylel HQS < || M, C¢||,24§,7A§,HS < o0

a>0

O

Theorem 4.2. If —1 < s’ < s, then the topology space Cyy s (A2, A?) is path
connected.
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Proof. If M,,C, € Cy ms(A%, A?), recall that {z*/||z%| : a} is an orhonomal
basis, and we have

(4.1) ||MucsoHi§,,Ag,Hs = Z
lo|>0

Besides, M, Ci, € Cy s(A%, A?) for every 0 < ¢ < 1 by Lemma 4.1.
If we fix 0 < to < 1. we can also prove ||M,Ci, — MyCiylla2, 42,55 — 0

lue™|12
(B

< 0Q.

as t — tg as following statements. For any positive integer N, we have

(15! = tlehyp2 |2

[l
IMuCrop = MuCroll2, az.r15 = D

2
> T
< Y et = el ? flug®llz T lue™]12
- ’ =% 2%
la|<N $ la| >N S

Take € > 0 arbitrary. Then by (4.1), we may take N large enough so that

Z [lue™||2 e
2|2,

|a|>N

Hence

2 [Jup® |12

o ||
ty —t
0 2213

IMuCrop = MuCrolsz, a2 irs <€+ D
‘ || <N

By letting t — tg, we have

limsup || M, Ctyp — Mucwlliz,,m HS <€
t—sto s

A?) is path connected.
g

Let € — 0 then, we have the topology space Cy, rrs(A?

s’

5. FINAL REMARKS

Lemma 5.1. Let s > —1. If |[¢llc < 1 and u € A2, then M, C, € C,(A?)
and is compact.

Proof. By the first paragraph of the proof in Theorem 3.2, we have M,C, €
Cu(A?).

To show that M, C,, is compact, let { f,,} be a sequence in A2 such that there
is a positive constant K satisfying || fn||s < K for every n. By the pointwise
estimate (Lemma 2.1), we may assume that f,, converges to some f € H (DY)
uniformly on compact subsets of DV. By the assumption, f, oo — fop in
H®°. Hence both u(f, o ) and u(f o ¢) are in A%, and

[1MuCo fr. = u(f o @)lls < [lullsll fnow = foplloc =0, n— o0
Thus M, C, € Cy(A?) is compact. O
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Proposition 5.2. If —1 < s’ < s, then C, (A%, A%) consists of all compact
weighted composition operators.

Proof. For 0 < r < 1, by Lemma 5.1 M,C,, € C,(A?) is compact. Hence
M,C., : A2 — AZ which can be regarded as the composition of id : A%, — AZ
and M, C,, : A2 — A2, is compact. Since the algebra of compact operators is
closed in norm topology, we get M, C,, is compact since it can be approximated
by compact operators M, C)., by Theorem 3.2. g

We note that on many spaces, the compact (weighted) composition opera-
tors form a path connected subset in the topology space of bounded (weighted)
composition operators. The compactness has played an important role in the
proof of the main result.
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On the L., convergence of a nonlinear difference
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Abstract

In this article, a nonlinear difference scheme for Schrédinger equations
is studied. The existence of the difference solution is proved by Brouwer
fixed point theorem. With the aid of the fact that the difference solution
satisfies two conservation laws, the difference solution is proved to be
bounded in the Lo, norm. Then, the difference solution is shown to be
unique and second order convergent in the Lo, norm. Finally, a convergent
iterative algorithm is presented.

MSC(2010): 35A35, 35K55, 656M12, 65M15
Keywords: Schrodinger equations, Nonlinear difference scheme, Solvability,
Convergence

1 Introduction

The Schrédinger equation is one of the most important equations in quantum
mechanics. This model equation also arises in many other branches of science
and technology, e.g. optics, seismology and plasma physics. Recently, a growing
interest is on the numerical solution to the nonlinear Schrodinger equations.
Many authors investigated the finite difference methods for solving this kind of
equations, including the conservation, solvability, stability, convergence and the
symplectic geometry (see [1] — [8]).
Consider nonlinear Schrodinger equations

ou  O%u

. 2
za+@+q|u|uf0, 0<z<1l,0<t<T, (1.1)

u(zx,0) = p(z), 0<x<1, (1.2)
w(0,t) = 0, u(1,t) =0, 0<t<T,

LCorresponding author: X.M. Liu, email: 230159429@seu.edu.cn
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where ¢ is a real constant, ¢(z) is a known function and ¢(0) = ¢(1) = 0, u(z,
is an unknown function. Take two positive integers m and n. Denote h
1/m,T =T/n, so we have

t)

x;=7gh, 0<3<m, ty=kr, 0<k <n.

Denote Qpr = {(z,tx) | 0 < j < m,0 < k < n}. Suppose u = {ugC | 0 <
J <m,0 <k <n} be a discrete grid function on Q.. Introduce the following

notations:
k+3 1 k kil pin g P k-1
u; 75(% +uj), 5tuj f;(uj fuj), Dtujfg(uj —uj ),
8pu :l(uk —u’?) 52uk:l Spu®, L — dpu”
x J+% h J+1 3]0 x g h xT j+% x J*% .

The author of [9] developed the following nonlinear difference scheme for

(1.1)-(1.3)

o k% o K+ g (1 k|2 k+1)2) , k+3 _
puy 4 0quy ? & ([uf |+ W) ug T =0,

(1.4)
1<j<m-10<k<n—1,

u?zw(xj), 1<j<m-1, (1.5)

ub =0,uf, =0, 0<k<n. (1.6)

The contents in [9] pointed out that the difference scheme preserves the densities
and the energy of the solution, and the author also proved that the difference
scheme is uniquely solvable and convergent with the convergence order of (72 +
h?) in L, norm under some constraints on the stepsizes. On this basis, we proof
further that this difference scheme is convergent with the convergence order of
(12 4+ h?) in Ly norm.

In this paper, we will analyze the difference scheme (1.4)-(1.6). The re-
mainder of the paper is arranged as follows. In Section 2, the existence of the
difference solution is shown by the Brouwer fixed point theorem. Then with
the aid of the conversations of the difference solution, the boundedness and u-
niqueness of difference solution are proved. In Section 3, the convergence of the
difference scheme is discussed. The difference scheme is proved to be convergent
with the convergence order of O(72? 4+ h?) in Lo, norm. In Section 4, an iterative
algorithm for the difference scheme with the proof of the convergence is given.
A short conclusion section ends the paper.

2 The existence of the difference solution

In this section, we will prove that the finite difference scheme (1.4)-(1.6) exists
a solution.
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Let H ={v | v = (vo,v1,...,0m),v; € C,0 < j < m,vg = vy, = 0} be
the space of complex grid functions on 5. Given any complex grid functions
v,w € H, denote the inner product

m—1
(v,w)=h Z VW5
j=1

The discrete L, norm ||- ||, maximum-norm |- || and Hg norm |-|; are defined
respectively as follows

<i<m

m—1
lollp = 2| A " loslrp > 1, flwlloe = max [ud,
i=1 -

m—1 ) o 2
|U|1 = h Z 'Uj+1h U]
§=0
For abbreviation, we write || - ||2 as || - ||
In order to illustrate the existence of the difference solution, we need the
following lemma.

Lemma 2.1. (Brouwer Fized Point Theorem [10]) Let (H,(-,-)) be a finite
dimensional inner product space, || - || the associated norm, and I1 : H — H be
continuous. Assume moreover that

da >0, Vz € H, ||z]| = o, Re(Il(2),z) > 0.
Then, there exists an element z* € H such that II(z*) = 0 and ||z*|| < a.
Theorem 2.2. The solution of difference scheme (1.4) — (1.6) ewists.

Proof. Suppose {u¥ | 0 < j < m} be the numerical solution. Using the notation
introduced before, we rewrite the difference scheme (1.4)-(1.6) in the following
form

k+3

2) u =0 o

I<j<m-—1

.2 k+%_ k 9 k+31 q k|2 k+%_ k
i (’“ i ) + 07wy + g ([ |20 -

)

1 1
u§+2 =0, um? =0. (2.2)

Let

then (2.1)-(2.2) can be written as

2 ) .
z; (Uj — u?) + (5in + % (\u§|2 + |20, — uf|2) v;=0,1<j<m-1, (2.3)
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vg =0, vy =0. (2.4)

Define the mapping Il : H — H,

0 j=0m
11 Jp— ? . .7 )
(TT(w)); { vy —uk —i2 [620; + $(Jub|? + 205 — b)), 1<j<m—1
Computing the inner product of II(v) and v, we obtain

m—1
(II(v),v) = h Zl [0 — uf —iZ620; — i B (Jul[? + |2v; — ub]?)v;] 7

J=

= |lolP® = (u*,v) —iFh 32 (82v))0; — iF (luf® + 205 — uf?) Jv; |2

2
—i (\u§|2 + |2v; — u’?|2) v ]2.

= |vl® = (¥, v) —igh ;

g
o

So taking the real part of the inner product
Re((v),v) = [lo]* - Re(u*,v)
m—1
= ||v]|> - Re (h '21 u§6j>
]:

m—1 2 m—1 2
[v]* = Re |5 | X uf] +| X 9
j=1 j=1

[ol® = & (P + o))
3 (ol = )

When |[jv]| = ||u*||, Re(II(v),v) > 0. Using Lemma 2.1, we have Vv € H, ||| =
|ubtz| = |luF|| > 0, Re(II(v),v) > 0. Then there exists an element v* € H
such that II(v*) = 0 and ||v*|| < ||u”¥||. Hence, it is easily seen that the solution
{v; | 0 < j < m} satisfies the difference scheme (2.3)-(2.4). The proof is
complete. O

v

3 The uniqueness of the difference solution

Theorem 3.1. (/9])The solution of difference scheme (1.4) — (1.6) is conser-
vative. In more precisely, let {u§c [0<ji<m,0<k< n} be the solution of
(1.4) — (1.6), we have

|| = [lu®]?, B* = E°, 1<k <n,

where
m—1 q m—1 4
k k k
E*=hY |6ouf,, —§h§ |uf
j=0 j=1
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Theorem 3.2. ([9])The difference solution of (1.4) — (1.6) is bounded in the
discrete Loo morm. In more precisely, let {u§ [0<j<m,0<k< n} be the
solution of (1.4) — (1.6), we have

1/1 q
It < 5 (GlaP1al® + 1 - 210l 1<k <,

Using Theorems 3.1 and 3.2, we can obtain
Theorem 3.3. The difference solution of (1.4) — (1.6) is unique.

Proof. To proof this theorem, we can prove the solution of difference scheme
(2.3)-(2.4) is unique.

Let {v; | 0 <j <m} and {w; | 0 < j < m} be the solutions of (2.3)-(2.4).
Then we have

2
i~ (w; = uf) + 62w; + g (luf? + [2w; —ubP)w; =0,1<j<m—1, (3.1)

wy =0, wy,, =0. (3.2)

Denote
Qj:vjfwj,()gjgm.

Subtracting (3.1)-(3.2) from (2.3)-(2.4) respectively, we obtain the following
equations

i20; 4 620; + £ub20; + 4 (1205 — ubPv; — [2w; — ufPw;) =0, (3.3)
1<j<m-1, ’

0y =0, 6, = 0. (3.4)

Multiplying (3.3) by —ihéj, summing up for j from 1 to m—1, we can obtain
27, T 2 S g ap TSN kg2
S - S (020) ;- 130 (kP
J=1 j= j=

) ) (3.5)
—igh 2_: (120j — ufPv; — [2w; — ufPw;) 6; =0

Adding the term —|2v; — u¥[?w; to the part of the forth term in (3.5).
Meanwhile, noticing the equality |a|? — |b]> = (a — b)a + b(a — b) where both a
and b are complex functions, we have
205 — uf|*v; — |2w; _uk|2
|20; — ug| (”J —wj) + (|2UJ - uﬂz — [2w; — Uj
= |20; —uf[?0; + [2(11]- —w;)20; — uf + 2(v; — w;) 2w; — uf) | w;

= |2v; —uf[?0; + 2 {0]-21@ —uk + 0;(2w; — u?)} wj.

k

*)w;
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Thus, taking the real part of (3.5) with the rewritten forth term, we obtain

m—1

2 q YEY Y
02— 1m{ 2n Y 2 [|aj|2(2vj — k) + 2wy — ubywy| b = 0.
j=1

According to Theorem 3.2 which illustrates that the solution v, w are bounded-
ness, we easily get that |v|, |w| < ||u*||s. So using Theorem 3.2 and Cauchy-
Schwarz inequality, we have

m—1
261> < lalh 21 (120; = uf| + [2w; — uf|) 1651 |w;]
7]7;_1 k k 2
< gk Zl (2] + [uf] + 2Jw; | + [uf]) 110]% [w;]
j=
< 6lgl - [lu*IZ 107

Denote the right term of the inequality in Theorem 3.2 be a constant c;, we

have 5
—11611* < 6elal - [16]1*.
When 7 < SC%M, we get [|0]|*> = 0. Hence, v; = w;,0 < j < m. The proof is
2 .
complete. O

4 The convergence of the finite difference scheme

Suppose that the continuous problem (1.1)-(1.3) has a smooth solution u, and

Uj’.C = {u(z;,tx) | 0 < j <m,0 <k < n}is the solution u under the mapping

Qpn,. In this section, we will illustrate that the solution uf of the difference

scheme (1.4)-(1.6) is convergent to the solution UJIC with the convergence order
of O(72 + h?) in the Lo, norm.

Denote
= ot 4.1
Co OréltaéXT ||u( ) )”007 ( )
e =UF—ul, 0<j<m, 0<k<n.

Lemma 4.1. (Gronwall Inequality [9]) Assume {G™ | n > 0} is a nonnegative
sequence, and satisfies

G < (1+en)G"+7g9, n=0,1,2,...,
where ¢ and g are nonnegative constants. Then G satisfies
G" < e (GO—&—%), n=20,1,2,....
Lemma 4.2. ([11]) For any complex functions U, V,u,v, one has

HUPV = Julv| < (maz {|U, [V [ul, [o]})? - 2IU = ul + [V = o]).
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Lemma 4.3. (/9]) Denote

Vi ={v|v={v;|0<1i<m} is the grid function on 4},
V={v|v={v; |0<i<m} e Vy,v9 =0y =0}

(1) Suppose v € Vi, so there is
1
[Vl < 5l0l1.
(2) Suppose v € Vi,. For any e > 0, there is
1
2 <elvlf+ —|v|*
ol < eloff + 2ol

Theorem 4.4. Suppose that the difference scheme (1.4) —(1.6) has the solution
uf and the equations (1.1) — (1.3) has the solution U]’?, When T is small enough,
there exists a constant C independent of h, T such that

[e¥]|ce < C(r* +1%), 0<k <n. (4.2)

Proof. Subtracting(1.4)-(1.6) from (1.1)-(1.3) respectively, we obtain the error
equations

J J

1 1 1 1
ibert? 52t 4 8 [(|U;.€|2 FUFFRIUETE — (b 4 kPl
=R 1<j<m-1,0<k<n-1
J? —_ —_ b —_ - b

(4.3
62:07 1§]§m717
ek =0k =0, 0<k<n.

In using the Taylor expansion with Lagrange remainder, we can get

72 93u h? [0*u o*u 2 J*u
Rj = ﬂﬁ(%»ﬁjk)"’ﬂ @(fjk’tk) + @(5;,k+lvtk+l) +§W(%’»Cjk)a

where
Niks Gk € (s thr1)y Eins Ejppr € (T5-1,541).

Therefore there exists a constant co such that

IR¥ <ea(r® +h2), 1<j<m—-1,0<k<n-—L (4.6)

J J

k3 _ (k2 k+112y77k+3 k|2 K112y, k+3
Let G; 2 = (|UJ] +;|€Uj1 U, Z—l (Juj | + [uj T [*)u; " 2, and add the
term —(|UF|* + \Uf+1|2)uj+§ to the Gj+§7 we obtain

k_;’_l k_;,_i k-‘rl
G = (UFP U e (U + U = P — ) g
k+3 ¥ Tk kY
= (7P + U5 P)e;* + [(UF — )Ty +uf (U —uf)
—i—(UfH . u?“)U]’?H + uf“(Uf“ — u?“)}u;ﬁi
) k+5

k k+3 - _ 177k k+1-k
= ([UFP+1U7*P)e; " + (fUF +ufel + el U +uf ey u;
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Noticing the initial-boundary value conditions (1.2)-(1.3) and (1.5)-(1.6), we
have

Go'* = (U + [UEF ) U = (b2 + [ ) ug ™ =0,
G = (AP +1US) Un™® = (b + ) ™ = 0,
According to Lemma 4.2, we get
G < (e {JUFL 10 b 2 ) - (214 1)),
or we can say there exists a positive constant cg such that
IGFH3]2 < e (k] + ¥T2)?), 0 <k <n—1,  (4.7)
GFFER < g (M + [leF T 12 + ("3 + |eFHE), 0<k<n—1.  (48)

1
Multiplying the (4.3) by héerz, summing j from 1 to m — 1, we have

— m—1
ih z (5tek+2) T p Z (02T g, > it z RETE
i= J=
k+1 S k+
o= ([[eF 12 = [le¥|[?) — h Z |5z€j,§|2+%h 2 (IUF2+1U7HY2) Jeg 2|2
- =

l\.’)\»ﬁ

_— — 1 gyl
2; ( §Lf 5 ?—F k+1Uk+14_uk+1 k+1) j+2 T3 _p E:ARk k+2.

Taking the imaginary part and then using (4.1), (4.6) and Theorem 3.2, we can

get
%(H6k+1”27 ||6k||2) < % Z ‘( ;e ?+6§+1U]{c+1+u§+1é§+1)
j=
1ogyl
_u§+2 2‘+hZ‘Rk k+2|
- k k k+1 k+1
< dp Z (\ej|co+cl|ej\+|ej |co—|—cl\ej |)
j=1
k+ 1 m=1 _k+1
erle; | +h Y |RE|le ]
j=1
m—1
k
< Dhieo+ ) 2 (bl +1e5 ™) - (el + e D)
3+ 02+ 5 'S (P + 1)
< %o+ er)en + ] (et I + ler 1)
+33(2+ k%)% 0<k<n-1

Thus,

(1 -7 (|q\(co +ec1)er +

)) k+1||2
< (17 (lalteo + enes +'%))lle’“H2+TcQ(T +h?)?, 0<k<n-—1
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Let 8 =7 (|g/(co+ c1)c1 + 3). When 8 < %, we have

"1 < (1 + 38) €[> + ey (r? + h%)?,

1
1-p

or we can say

1\] 3
I < (1437 (lalteo + eden + 3 )| It P4 Sredr4422, 0 <k < e,

According to Gronwall Inequality in Lemma 4.1, we obtain

c3(1% + h?)?

N
eI < exp [3kr <q|<co Fee+ ) ~ [ne“ i

2 2|q|(60+61)61+1 ’
1<k<n.
By the initial-boundary value conditions, we could easily know [[e°|| = 0, so
k| < 3 1 c2 2, 12
Il < exp [5Tllalieo + en)en + )] s (P )

= c(m?+h?), 0<k<n.

1
Multiplying the (4.3) by —hété5+2, summing j from 1 to m — 1 and taking
the real part, we have

o () (7))

= 4Re {htg Gt (5té§+é)} ~ Re {hjg R (5@%;)} .

Now, we estimate each term of (4.10).
Firstly, simplifying the left of (4.10), we obtain

o () (57
)4 (32
- ) 0 (5”36“%%)

e
k+1 k 1 Sk+1 s ok
((Lgej_% + 516]._%) = ((Lgej_% 6956]._ )

1
2

(4.10)

e
I+

Nl= o= I o=

[
>
s
&
@

I
>
B
/N /N
>
8
9]
o
+

<
[
—
<.

<.
Il
_

~
I
—

I
>
N[—=

3

I
[~
>

k
ek tL | = [asel 2,

(]
=)

<
Il
—

that is

—Re< h Z (5gef+%) (6té§+%) = % (Je" 13 — |e¥3) . (4.11)
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Let the right term of (4.10) be A, Ay separately. By the error equation
(4.3), we have

1 1 — 1 _
5,6t = g2 —%in*z +iRk, (4.12)

m=1 1 1
Redh Y G2 (mf“)}
j=1
m—1 1 1 — 1 —
= Reih Gy (—ioe) Tt - giG +z‘R§)}
i=
m—1 1 m—1 _ 1
= Re{—ih Y 0%, 2GR —ig||GHE|2 v in Y REGETE
j=1 j=1
m—1 1 1 m—1 1
- o ki ktd S kS
= Im{—hJ:1 5956] 2Gj 2+h]zz:1 JG], 2}
= Bl +BQ7
where
— 2 kts ARty S LS ST T N k+ip2
Bi<|h )y 02t |§\—hZ(5Iej_%6ij_%|§§(\e R IGHR)
j=1 j=1
m—1 _ k+% h m—1 o m—1 k—&-% ) 1 o bt 112
By<|n > REGTH < o [ STIRE+ D16 | < 5 (IRFIP + 1652
j=1 7=1 7j=1

Then according to (4.6)-(4.8), we can estimate the first right term A; as follow

Ar < § (TR HGHER 4 |RY2 + | GRHE )

L IR+ Loy (k2 + 542 + b2 + e+ )

9e3(r2 + h2)% + Sy (||eF]2 + e+ ?)

(IR 4+ cB(r2 + h2)2] + g (Jle®| + [l +1)2)
e (|e4]3 + |41 3)

q
4
(16545 2 + B2 + 52)2] + geacd (72 + h2)% + g (Jeh 3 + |44 3)

IN N

According to (4.6), we can also estimate the second right term A, as follow
1 1 1 1
Ag < 5 (IR + 1543 ) < 5 (02 + 127 + b5 7))

Now, substituting the three estimations just represented before into (4.10),
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we obtain
1 (|ek+1|2 k %) 1
< TR o + 53R + (qeads + 463) (72 + )2
+lc%(7' + h?)? + Z|eM 23
< ey (|€FF + R HR) + D233 4 (gescd + 1E2e3) (72 + h?)?
< 363 (le¥|3 + |ek+ 12) + L2 L(|ek |3 + [eFHL2) + (q03c4 + C2e2) (12 + h?)?
— qC3+q+2 (| |ek+1| + (QC3C4 + q+2 ) (7_ + h2)
that is
(1 _ T2chzq+2) |ek+ (1 + T2q¢:3+q+22 |ek|%

+ (2gcsct + 23) (12 +h2)2, 0<k<n— 1
Let 8 = T%. When 8 < %, we have
2 2 3 2
leF 112 < (1 + 377(]03 ZQ+ > leF|2 + 37 <2qc;;c?1 + q;r C%) (7% + h?)?,

0<k<n-—1.

Denote

2qcs +q+ 2 +2
:7(]34(] 706:2(1030421"‘7(]2 e,

then we rewrite the inequality as follow
3
|eF12 < (1 + 37¢s)|e]? + 5706(7’2 +h*%, 0<k<n—1

Using Gronwall inequality, we get
ce(T? + h?)?

|e¥3 < exp(3kTcs) - <|e0 7+
205

), 1<k<n.

By the initial-boundary value conditions, we also know [e°|? = 0, so

le*|t < exp(3kres) - 6(727%) (4.13)
< exp(3esT) 5= (T +h?)? 0<k<n. '

According to (1) in Lemma 4.3, we have
lle* 1% ilet
= exp(3esT) (12 + h?)2, 0 < k < n.

VASIZAN

Denote
Ce
C=,— 3csT).
R exp(3esT)

Therefore, when 7 is small enough, there exists a constant C' independent of
h, T such that
lle¥lloo < C(T2 +h?),0 <k <n. (4.14)
This completes the proof.
O
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5 Iterative algorithm

There are some discrete methods about the nonlinear Schrodinger equations
[12]-[13]. In this section, we use an iterative method [9] to compute the solution
of the difference scheme (2.3)-(2.4).

Define the following iterative method

) ! ! -1 l
z% <v§)—u§> +§3v§)+%(\u§|2+|2v§ )—u§|2) v]() =0,
1<7j<m-1,0<k<n-1,

U(()l) =0, v,(l) =0, (5.2)

where v§0) :u;?,OSjSm, [=1,2,....

Multiplying the (5.1) by h@j(.l), summing j from 1 to m — 1 and taking the
imaginary part, we have

20 w2 LS
—|[v*"]|* — Reh u;v; =0,
T -

<

that is
211, (1) 12 KNG
2 = Rehj; U5,
m—1 m—1 0 2
< h| X (u)) (7;7)?
j=1 j=1
1 1
—1 2 m—1 o 2
= |(h X (uf)? h 3 (9;7)?
Jj=1 Jj=1
= ¥ - 0@
Thus,
v @) < ], 1=1,2,.... (5.3)
Denote

S0 _

l .
j vj—v§),0§j§m.

Theorem 5.1. Suppose that the solution is {uéC | 0 < j <m}, 7 is sufficiently
small enough, then the iterative method (5.1) — (5.2) is convergent.

Proof. Subtracting (5.1)-(5.2) from (2.3)-(2.4), we obtain

i%agl) + 6%5@ + 4 (|uf\2 + 205 — uk|?)v; — (|u§‘|2 + |2v](-l71) - u?|2)v§l)}

J J (5.4)

m

eél) =0 =, (5.5)
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Multiplying the (5.4) by héj(l)7 summing j from 1 to m — 1, we have

2, "EN W2 S o Oy—) gp S k202
i2h Y [V 4+ h Y (62650 + 4h Y [ub (Pl

. =t =t (5.6)
+Ih Y |20 — ubPo; — 20870 — B 200 | 50 = 0.

j=1

Noticing the term in brackets, we add |2vj(-l_1) - u§|2vj to this term as follow

[2v; — u§|2vj — \QUJ(-FD — uf\zv(-l)

-1 l -1
= |2vj(» ) _ uﬂ2 (Uj — vj(. )) + <|2vj — u§€|2 — |2vj(- ) _ u§|2> vj
-1 l )7 -1 -
= |2v§ ) _ u§|2€§») + (2€§ )(211j - u;“) + (211](» ) uf)er(l 1)) ;.

Then, substituting this rewritten term into (5.6) and taking the imaginary part,

we have
%HS(DHQ1
< %h 2:1 ‘(26§l_1)(2vj - u?) + (2v](~l_1) - u?)2€_j(l*1)) vje_j(l)‘
=
(1-1) 0) (Sh k -1 _ &
< a1 oo el R X (1205 — e 26 ) oy
j:

< gl ||€(§71)||oo : ||5(§)||oo (120l + [[a® [ + 204D+ [[a¥]]) o]
< gl - 1€V loo - 16D oo - 6|02

According to (5.3) and Theorem 3.1, we obtain

[€2 < 3rlg] - Do - O oo - -
= 37lgl e Voo - leWloo - [l '
Similarly, taking the real part of (5.6), we have
@3
m—1
-1 -1
< AP O+ O (40T 4 (u)? — ey
]:
ﬂtﬂ e oo - ||€|(l|)||oo ~6][v]?
< G IPIEDNZ, + BHIeDI - (4l 1P+ flaF (1 + 4flu* %)
+6|q|~||kwc2||2||;€”;”HooHE(”HoZ o l
< 5lg| - [Ju” ||€(l)||oo + 6lq| - [[u”]] Hf(l_ )”OOHE(Z)HOO
< 5lgl - [lulPe® 13 + 6lal - [u® (e loo]le® oo

According to (2) in Lemma 4.3, for any a > 0, there is

le®11%, ale®]F + 5 2
o (5lq| - [P lle V1%, + 6lgl - [ul*|le" D oo [le )

+aa - 37lal - lluol Pl Ploo le® oo

<
<
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That is

160 < (15ICI| Nl 21e® ]| + 6lg] - [|u]2[le" 1 |oo)
+15 - 37lal - uoll? e’ .

Taking o = 1/(12|q| - [|uo||?), we get
0) 5 1.0 L -1 201, (14)|.0—1)
6% loo < EHS lloo + §H€ oo + 97" Juo[* 1€ |00,
that is

12 /1 _
00 < 2 (5 + 97l ) 1]

When 7¢%[Juo||* < 157, we have

12 /1 9 27
o <2 (1 9N ey _ 2 ey
10 < 2 (5 + 137 ) 19 e = Il

This completes the proof. O

6 Conclusion

In this paper, we consider a nonlinear finite difference scheme for the Schrodinger
equations. We prove that the difference scheme has a unique and bounded
solution and the finite difference solution is convergent with the convergence
order of O(72 +h?) in L., norm. Finally we give a convergent iterative method
to compute the solution of the difference scheme.
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dation of China (11171285) and the Foundation Research Project of Jiangsu
Province of China (BK20161158).
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SINGLE POINT V.S. TOTAL BLOW-UP FOR A REACTION
DIFFUSION EQUATION WITH NONLOCAL SOURCE

DENGMING LIU

ABSTRACT. In this paper, we consider the following initial-boundary value
problem of a semilinear parabolic equation with local and nonlocal sources

ut:Au+up+/uq(;t,t)dz, (z,t) € Bx (0,T),
B

where p, ¢ > 0, B = {x ERN : |z| < R}. We completely classify blow-up
solutions into total blow-up case and single point blow-up case according to
the different values of the nonlinear parameters, and give the blow-up rates of
solutions near the blow-up time.

1. INTRODUCTION

In this paper, we deal with the property of the blow-up solution of the following
reaction-diffusion equation with local and nonlocal sources

up = Au+uP + [pul (x,t)de, (x,t) € Bx(0,T),
u(z,t) =0, (z,t) € OB x (0,T), (1.1)
U(JT,O):U()(ZU), era

where p, ¢ > 0, B = {:17 eERN :|z| < R}. Throughout this paper, we assume
that the initial data ug € C?(B) N C(B), ug () = u(r) > 0 with r = |z|, and
ug (r) < 0 for r € (0, R]. Moreover, we assume that there exists a positive constant §
such that Aug+uf+ [ udde > 6. When min {p, ¢} > 1, we can easily show the local
existence and uniqueness of classical solution of problem . If min{p,q} < 1,
the existence of maximal solution can be proved. Moreover, if max {p,q} > 1, we
can prove that the solution of blows up in finite time for large initial data. In
this paper, we consider the blow-up set of problem and denote the blow-up
time by T'. We now begin with the definition of the blow-up point for a blow-up
solution.

Definition 1.1. A point © € B is called a blow-up point if there exists a sequence
(Tpytn) such that x, = x, t, /T and u (2, t,) = 00 as n — 00.

The set of all blow-up points is called the blow-up set. For simplification, we
denote the blow-up set by S. When S = B, we call this phenomenon “total blow-
up” and when the blow-up set include only one point, we call this “single point

blow-up”.

2000 Mathematics Subject Classification. 35K55, 35K65.
Key words and phrases. Nonlocal source; Single point blow-up; Total blow-up.
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In 1984, Weissler(see [1]) considered the property of the blow-up solution for the
following one-dimensional initial-boundary value problem

uy = Au + uP, (z,t) € (-R,R) x (0,T),
w(z,t) =0, (z,t) € {~R,R} x (0,T), (1.2)
u(z,0) =ug(x), x€[-R,R],

where p > 1, and obtained the single point blow-up phenomenon under some suit-
able conditions. In [2], Friedman and McLeod generalized Weissler’s results to
N-dimensional case, and showed that the blow-up point is only the origin, namely,
S ={0}.

Chadam et al. in 3] studied the following problem with localized reaction term
up = Au+ul? (*,t), (x,t) € Bx(0,T),
u(z,t) =0, (z,t) € 9B x (0,T), (1.3)
u(z,0) =up (x), r € B,

and proved that total blow-up occurs whenever a solution blows up, that is, S = B.
Souplet [415] extended the results in [3] to the case for the moving source z* (¢) and
obtained the precise blow-up profiles of the total blow-up solution.

Recently, Okada and Fukuda in [7] dealt with the single point and total blow-up
for the following problem

ug = Au+uP +ul (z*,t), (v,t) € Bx(0,T),
u(z,t) =0, (z,t) € 9B x (0,T), (1.4)
u(z,0) = ug (), z € B.

They showed that p = ¢ + 1 is a cut off between the single point blow-up and the
total blow-up for * = 0, and p = ¢ is the critical exponent of the single point
blow-up and the total blow-up for x* # 0.

Motivated by above works, we investigate problem . Similar to [7], the main
purpose of this article is to evaluate the effect of the competition between u? and
/ p u?dx on the single blow-up and total blow-up. Motivated by the idea of Souplet
in [6], through modifying the construction of auxiliary functions used in |[7], we
completely classify blow-up solutions into total blow-up case and single point blow-
up case according to the different values of p and ¢, and give the blow-up rates of
solutions near the blow-up time.

In order to state our results, we first let ¢ be a solution of

@t:Awa (I,t)EBX(O,T),
¢ () =0, (z,t) € 9B x (0,T), (1.5)
¢ (2,0) =¢o(x) >0, z€B,

where ¢y € C?(B) N C(B), ¢o(r) = ¢ (r) withr = |z|, and ¢} (r) < 0 for r €
(0, R]. The main results of this article are stated as follows.
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Theorem 1.2. Suppose g > p and g > 1, and let u be a solution of with ug =
Ao (A > 0), then there exists a positive constant Ao (o) such that if A > g (¢0),

then u blows up on the whole domain, that is, S = B; Moreover, the following
estimate

CL(T—t) 7T <ula,t) <Co(T—t) 71, t—T (1.6)
holds for any compact subset of B, here C1, Cy are positive constants.
Theorem 1.3. Suppose p > q and p > 1, then all blow-up solutions of problem
blow up only at the origin, namely, S = {0}; Moreover, there exist positive
constants C3 and Cy such that

Cs(T—1) 71 <u(0,t) <Cy(T—t) 71, t—T. (1.7)
Remark 1.4. From Theorems 1.1 and 1.2, we know that p = q s the critical

exponent for single point blow-up and total blow-up.

This paper is organized as follows. In the next section, we will give some lemmas.
In section 3, we concern with the single point blow-up and the total blow-up, and
give the proofs of Theoremsl.1 and 1.2, respectively.

2. PRELIMINARY

In this section, we will state two important lemmas, which will be used in the
sequel.

Lemma 2.1. Suppose ¢ > 1 and q¢ > p, let u(z,t) be a solution of with
uo () = Ao (x), then there exists a positive constant Ao (o) such that

¢ (z,t)
20 (0)
holds if A > Xo (¢0).

u(x,t) > w(0,t) = (x,t)u(0,t), (z,t) € Bx][0,T), (2.1)

Proof. Using maximum principle (see [4]), we have
0<p(x,t) <po(z) <wo(0).

Because of ¢ > p and ug (0) = Apg (0), we can choose A large enough such that

2 (ar,£) w7 (0) < {Apo (0))7 7 < / 4 (2,1) da. (2.2)
B
Now, letting
U=u(zt)—(x,t)u(0,t),
after a series of simple computation, we have

Ut—AU:up+/
B

ulds — 1) (x,1) (A“ 0,8+ (0,0 + /B uqcm) (2.3)

> %/Buqu—d)(x,t)up(o,t).

On the other hand, Aug + uf + [ uldz > 6 means u; > 0, thus, for any t € [0,T),
we see

w(0,t) > g (0). (2.4)
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Combining (2.2)), (2.3]) with (2.4), we know

U, — AU > ( / widz — 20 (2, ) b~ (0) (O,t))
2\/s

L ;/B uldr — /Bi/)quq (0,1) dx) (2.5)
Uddz,
B

1
D= / [Bu + (1 — 0) pu (0,8)]9" db.
0
In addition, for any (z,t) € 9B x (0,T), we have
U (z,t) =0, (2.6)

>

DR N

where

and

U (,0) = uo () — 1 (2, 0) uo (0) = Ao (z) — 2‘2)0(;”0)) Ao (0) = A‘P‘;(‘”) > 0. (2.7)

From , , and maximum principle, it follows that

U(x,t) >0, (x,t)€ Bx][0,T),
which leads to . The proof of Lemma 2.1 is complete. (]
Lemma 2.2. Supposep > 1 and g > 0, let u(z,t) be a solution of , then there

exists a positive constant n such that

ug > 1 (z,t) (up +/Buqu) , (x,t) e Bx[0,T). (2.8)

Proof. Putting

J (z,t) = ug (x,t) — no (2, 1) (up —|—/ uqda;> ,
B
where n will be chosen later. Computing directly, we obtain

Jy — AT — puP~1T > npouP ! (up —|—/ uldr — uy + Au)
B

—n(pt — Ap) (u” + / uqdw) +q (1 —np) / wI™ tuyda
B B
+ 2npuP IV - Ve +ap (p — 1) puP 2 |Vul®

> 2npuP 'V - Vo + q (1 —nyp) / ul™ tuyde.
B
(2.9)
Since u and ¢ are radially symmetric and monotone decreasing with respect to r,
we have
L1 T2 wn) (961 T2 Tn
) g,

VU'V@:Ur<*7*7"'> 7775"'77):1%"907’20-
T T T T T T

On the other hand, by maximum principle, the assumption Aug + uf) + f B uddr > ¢
implies that u; > 0. Choosing 1 small enough such that

1 —=np(z,1) =0, (2.10)
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we then have
Jo— AJ —puP~1J > 0. (2.11)

Moreover, we can verify that
J (2,0) = us (2,0) — nwo (z) (ug (z) + /B ul (x) dfv)
= Aug (@) + l () + /B ul () da — o () <ug () + /B ul (x) dx)
> =190 ) (0 + [ up0) o)

>0,
(2.12)

holds for sufficiently small n. In addition, for any (x,t) € 0B x (0,T'), we have
J(z,t) =0. (2.13)
From (2.11)), (2.12)), (2.13) and maximum principle, it follows that
J(z,t) >0, (z,t)Bx][0,T),
which yields . The proof of Lemma 2.2 is complete. O

3. PROOF OF THEOREMS 1.1 AND 1.2

In this section, we will discuss the single point and total blow-up phenomena
according to the different values of p and ¢. Firstly, we give the proof of Theorem
1.1.

Proof of Theorem 1.1. Since
lim u (0,¢) = 400,

t—T

we can easily show the total blow-up result under the condition ¢ > p from Lemma
2.1.
Moreover, noticing the fact that

maxu (x,t) = u (0,t),

rzEB
we have

Au (0,t) <0.

On the other hand, thanks to ¢ > p and ¢ > 1, there exists ¢; € (0,7") such that

u (0,t) = Au (0,t) +uP (0,¢) + / u?(0,t) dz

<P (0,8) + / u (0,1) dz (3.1)
< (|B] + l)uq?(),t), te (t,T).
Combining with Lemma 2.1, we obtain
Ci(T—1) 71 <Cu(0,t) <ula,t), (z,t)eK x(t,T), (3.2)

where K is any compact subset of B.
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Furthermore, it follows that, from and (2.8),
ur (0,8) > 1o (0,1) /B widz > 1Bl e (0.) 97 (0,0 (0,8).  (33)
Integrating from 0 to t, we conclude
wla,t) Su(0,t) < Co(T —t) 71, (a,t)€ Bx(0,T). (3.4)
Combining with , we get . The proof of Theorem 1.1 is complete. [

Now, by the method of contradiction, we give the proof of Theorem 1.2.

Proof of Theorem 1.2. Using mean value theorem, and noticing the fact that u (z, t)
is radially symmetric and monotone decreasing with respect to r, we know that
there exists a unique point z* such that

/uqdz=|B|uq(x*,t), x* #£0 and z* ¢ 0B.
B

We suppose that, on the contrary, there is a blow-up point zg # 0 (|xo| < |2*| = ro).
Since u (x,t) is radially symmetric and monotone decreasing on r, then for any
r1 € [0,70], we see

lim w (r1,t) = 0.

t—T

Letting 0 < p1 < p < pa < 19, and
SO(M)V):{:E:(LED:EZ»“‘ ,IEN)ERNI/L<£E1</$+’Y,0<1'j<’7(j:2,"'N)},

here v is a sufficiently small constant such that

So (k,7) € B (p2) \B (1)
Defining an auxiliary function as the form
F (z,t) = ug, (x,t) + eb(x)u™ (x,t), (x,t) € Sy x[0,T), (3.5)
where €, m will be determined later, and
m(T1 — 1) N X
b(z) = sin LT H) Hsin —L.
S S
Calculating directly, we obtain

F, — AF — (pupl _ Wb'vuum1> F

Ug,
N
=e(m —p) buP™™ "  embu™ ! / wlde + 5—bu™
B v
N
=e(m —p)buP™ ! 4 emb |Blu™ tud (z*,t) + o 5—bu™
Y
2me2Vb - V
—em (m—1)bu™ 2 |Vu|® + e VO ¥ gy 2mt
z1
o\l 2me*Vb - V
< e(m—p)buP™™ 1t + emb|BlumTT + o S—bu™ + me Y po2m=1,
Y Ug,

On the other hand, it is easy to verify that
2meVb-Vu  2mmeN o
< < .
Ug YH1

0
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For the case p = ¢, we can choose m < %m and 7 large enough such that
2emVb -
F, — AF — (pup_l _ Mum—1> F
Uy,
2N 2 N 3.6
S—ebum1{[p—m(1+|B|)]uP—w2 w— mme ,uQUm} ( )
Y YH1

<0,

holds for every (z,t) € Sy x [11,T).
For the case p > ¢, we can take m < p and 7 large enough such that, for any
(z,t) € So X [12,T), the following inequality holds
2 b-
emVb - Vu uml) 7

Ugy

F, — AF — <pup1 —

N 2 N .
< et {p—myur —mpjur - Ty 2R D)

72 Y
<0.
Next, putting 7 = max {7, 72}, and taking e small enough, such that
F(x,7) =ug (z,7) + eb(x)u™ (z,7)
< m .
< max ug, (z,7) + € max u (x,7) <0
In addition, we can easily check that,
F (z,t) = ug, (x,t) <0, (z,t) € 9Sy x [1,T). (3.9
Combining (3.6), (3.7) and (3.8) with (3.9)), we conclude immediately that
F(z,t) <0, forany (z,t) €Sy x|[r,T),
which implies
—u" Mg, > eb(x). (3.10)
Fixing
a = (ag,---ay) € RV,
and denoting
ay = (M+’Y7a27"'aN)'
Integrating (3.10) by x1 from u to p + v, we have

nty 9y N , 1
0< / eb(z)dry = aith H sin 4 < . (3.11)
" G S

m—1)um 1! (a,t)

Since
lim u (a1,t) = +o0,
t—>T
from (3.11), we have a contradiction. Hence, u (x,t) blows up only at the origin.
In light of

maxu (z,t) =u(0,1),
zeB
then similar to the process of the derivation of (3.1)) and (3.2)), we find that

Cs(T—t) 771 <u(0,t), t—T. (3.12)
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Now, using Lemma 2.2, we get

ut (0,t) > np (0,t) uP (0,1). (3.13)
From , it follows immediately that
w(0,t) < Cy (T — ) 71, t—T. (3.14)
Combining with , we arrive at . The proof of Theorem 1.2 is
complete. ([
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COMMON FIXED POINT RESULTS FOR WEAKLY COMPATIBLE
MAPPINGS USING C-CLASS FUNCTIONS

GENO KADWIN JACOB!, ARSLAN HOJAT ANSARI?, CHOONKIL PARK*3, N. ANNAMALAT*

ABSTRACT. In this paper, using the concept of C-class fuction, we prove the existence of com-
mon fixed point for generalized Zamfirescu-type mappings and generalized weakly Zamfirescu-
type mappings. Our results generalize so many results in the literature.

1. INTRODUCTION

In 1922, Banach proved the existence of fixed point on complete metric space (X,d). A
mapping f has been considered to be a contraction and a self-mapping.

Definition 1.1. Let (X, d) be a metric space. A mapping f : X — X is said to be a contraction
mapping if there exists k& € [0,1) such that

d(f(x), f(y)) < kd(z,y).

Later many authours have proved fixed point existence on several type of generalized con-
tractions. Kannan type and Chatterjea type mappings were significant type of mappings since
they provided existence of fixed point for non-continuous mappings in literature (see [4,6]).

In 1972, Zamfirescu [7] generalized functions of Banach, Kannan and Chatterjea by intro-
ducing a new kind of mapping and proved the existence of fixed points for mappings.

Definition 1.2. Let (X, d) be a metric space. A mapping f : D — X is said to be a Zamfirescu
mapping if for all x,y € X it satisfies the condition

d(f(z), f(y)) < kMg(z,y)

for some k € [0,1), where

My(e, ) o= max {d(z,y). 5 [d(e, @) + dly, 7)), 5 (e £0) + dly, )] .

Apart all these generalizations, Dugundji and Granas [5] in 1978 generalized the contraction
mapping as follows.

N |

Definition 1.3. [5] Let (X,d) be a metric space and D C X. A mapping f : D — X
is said to be a weakly contraction mapping if there exists « : D x D — [0,1] such that
O(a,b) := sup{a(z,y) : a < d(z,y) < b} <1 for every 0 < a < b and for all z,y € D,

d(f(x), f(y) < alz,y)d(z,y).

2010 Mathematics Subject Classification. Primary 47H10; 54H25.

Key words and phrases. cyclic coupled contraction; best proximity point; multivalued mapping; fixed point;
C-class function.
*Corresponding author.
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In 2014, the concept of C-class functions was introduced by Ansari [2]. By using this concept,
we can generalize many fixed point theorems in the literature.

Definition 1.4. [2] A function F : [0,00)? — R is called a C-class function (also denoted as
C ) if it is continuous and satisfies the following:

(1) F(s,t) <s

(2) F(s,t) = s implies that either s =0 or ¢t =0

for all s,t € [0, 00).

Example 1.5. [2] The following functions f : [0,00)?> — R are elements of C, for all s,t €

[0, 00):
(1) f(s,t) =s—t, f(s,t) =s=1=0;
(2) f(s,t) =ms, 0<m<1, f(s,t) =s=s=0;
()f(s,t):(lﬂ)r, € (0,00), f(s,t) =s=s=0ort=0;
(4) f(s,t) =log(t+a®)/(14+1t),a>1, f(s,t)=s=s=0o0rt=0;
(5) f(s,t) =In(1 +a*)/2, a > e, f(sl)—s:>3—0
Definition 1.6. Let ¥ denote all the functions 1 : [0,00) — [0, 00) which satisfy

(i) ¥(t) = 0 if and only if ¢t = 0,
(ii) ¢ is continuous,

(iii) ¢ (s) < s, Vs > 0.

Definition 1.7. Let (X,d) be a metric space. Then f,g : X — X are said to be weakly
compatible if fg(z) = gf(x) for x € X whenever f(z) = g(z).

Lemma 1.8. ( [3]) Suppose that (X,d) is a metric space. Let {x,} be a sequence in X such
that d(zp,xnt1) — 0 as n — oo. If {zn} is not a Cauchy sequence, then there exist an
e > 0 and sequences of positive integers {m(k)} and {n(k)} with m(k) > n(k) > k such that
d(xm(k%xn(k)) > €, d(xm(k)—lvl'n(k)) <¢e and

(1) img 00 d(Tp(k)—15 Tn(k)+1) = €5

(ZZ) limkﬁoo d(xm(k), xn(k)) = &

(iii) hmkﬁoo d(mm(k)_l, acn(k)) = E&.

In this paper, we prove the existence of common fixed point for two weakly compatible
mappings on a complete metric space.

2. MAIN RESULTS

Definition 2.1. Let (X, d) be a metric space. Consider two self-mappings f and g on X and
let « : X x X — [0,1] be a function. Then g is an f-weakly generalized Zamfirescu type
mapping if, for all ' € C, ¢ € ¥ and for all x,y € X,

dlg(2), 9(0) <F (a(f(@), f))maz{ (407 (@), £w)), 3 [407 (@), 9(2) + A1), 9],

[
Y
—~
~
—~
8
N—
Q
—~
SN—
N~—
+
Y
—~
~
—~
S~—
s}
—
8
S~—
=
R,—/
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Theorem 2.2. Let (X,d) be a complete metric space and f,g : X — X mappings such that
g is an f-weakly generalized Zamfirescu type mapping. Then f and g have a unique common
fized point on X if the following conditions are satisfied:

(1) g(X) C f(X);
(2) f(X) is complete;
(3) f,g are weakly compatible.

Proof. Choose zp € Y arbitrarily and x,, € X such that f(x,) = g(zn—1). Then

d(f(zn), f(2nt1)) = d(g(zn-1), 9(zn)) (2.1)
< F(a(f(xn_1), f(a:n))maa:{d(f(:cn_l), f(@n)), % [d(f(CUn 1), 9(Tn-1)) +d(f(zn), g(x ))]

(2-1)) + d(f(zn1)
w<a(f($n—1)v f(xn))'ma:r{d(f(xn_l), f(xn))7 % [d(f(xn—1)7 g(‘rn—l)) + d(f(xn)7 g(:nn))],
(2n-1)) + d(f(2n-1), 9(zn))] ))

—

< a(f(rn1), fCen))maz{d(F (), Fwn) 3 [0 n 1), glarn 1)) +d(F ), )]
o [0 o). 9o 1)) + (e ), g(n))]

< a(f(nr), fCen))maz {07 (), ) 5 [ nr), £a)) + Al ), S,
LA ). ) + dF ) Fne)]

< (), Sen))maa{a(fen 1), £z 5 A @nr), Flza) + (S ), Flaia)],
A ) £ )+ (), FCni)] )

< & f(n 1), Sy maz{d(F ), ) 5 A nr), Fon)) + AT ), )]}

Claim: d(f(zn), f(xnt1)) < a(f(zn=1), f(zn))d(f(zn=1), f(zn)).
Suppose that
d(f(n), f(2nsr)) < QW I@D g p (2, 0), f20)) + d(f (@), f(2n41))]

— Ao fanin)) < 520 L E i, ), o)
< Oé(f(il?n_l), f(xn))d(f(xn—l)’ f(xn))
Then {d(f(zn), f(zn+1))} is positive, decreasing and converges to some d € [0, c0).
Now, letting n — oo in (2.1), we get

d Snli_)rrolo oz(f(xn_l),f(:zn))max{d(f(xn_l)

W) 3 [0 (E0), gln 1)) + d( ). 9],

e
3 [0 ), 9o 1)) + (o), gln))] |
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which implies that

d=Tim a(f(zn-1), f (@) maz{d(f(zn-1), f(n)), (2.2)
[0 Gon1), 9o 0)) + A0S o), )], 5 [0S ), 9en1)) + S onr), )]
Again, letting n — oo in (2.1) and using (2.2), we get

Thus F(d,v(d)) = d, which implies that d = 0.

Next, we prove that {f(zy)} is Cauchy. Suppose not. Then by Lemma 1.8, there exist se-
quences of positive integers {m(k)} and {n(k)} with my > n; > k such that d(f(zm,_,), f(Zn,))
and d(f(zm,), f(zn,)) converge to some § > 0. So

A @) £ () = (9@ -1), () (23
< F(a(f (@), f@n-0)maz {d(F (@, 1), fln,1),

[d(f (@mi—1)s 9(@my—1)) + d(f (Zns—1), 9(wn,—1))]
[A(f @1, 9@ —1)) + AF (21, 9 (@m—1))]
V(o (f @m). 1)) maz{d(f @), fn, 1)),

d(f(@my—1)s 9(@my—1)) + d(f (Zn—1), 9(wn,—1))]
A (1), 9(n, 1) + A 1), 9@ 1)) ) )
A (1), S (P 1)):

A 1), (g 1)) + A (1), 9 1)),
A (1), 90, 1) + A(F (1), 9(wm, 1)}
[d(f(@my—1)s 9(@my—1)) + d(f (Zns—1), 9(2n,—1))]
Af (1), 9(n, 1) + A (1), 9(@m-1))] }
A @) f@n )] A @ 1), S (0,),

() + A ) @) + A ) )] -

N =N =

—

< a(f(mmk—1)7 f(xnk_l))maa:

—

T ON RN R AN RN

N =

< mal’{d(f(xmk—l)a f(@n,—1)

)

+ NI

< maa{ [A(f (@m-1), f(@n,))
S ),

Letting n — oo in (2.3), we get
5= lim a(f(m, 1),

k—oo

S~

(n 1)) maz{ d(f (2 1), F(@n,)),
(A @mie—1), (@ —1)) + d(f (2,), 9w )] (2.4)

[A(f (@m-1), 9(n,)) + A (), 9(@me 1)) }-

N =N =
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Again, letting n — oo in (2.3) and using (2.4),
d < F(6,9(5)) <.

Thus F(6,1(9)) = 0, which implies that 6 = 0, which is a contradiction.
Therefore, {f(zm)} is Cauchy and converges to = = f(u) for some z € X.
Next, we prove that d(f(u),g(u)) = 0.

d(g(u), ) = lim_d(g(u), g(zs))

—

=y

(f (@), g()) + d(f(u), g(wa))] }
[d( (1), 9(w) + d(f (@n), f@as1))],
[d(f (2n), () + d(f(w), fni1)] }

DN |

N

< SA(f (), g(w) < Jd(z,g(u)).

So z = g(u) = f(u) on X. Therefore, by the weak compatiblity of f and g, we have f(z) =
fa(u) = gf(u) = g(x).

Claim: z is a common fixed point of f and g.

d(x, 9(x)) = d(g(u), g(x))

sF(a(f(u»f(w))max{d<f<u>,f<x)>,%[d(f( ) 9(w) + d(f (), 9(x)),
5 [ (), o) )]},
v (als() f<x>>ma:c{d<f<u>,f<w>>,é[d(f( ) 9(w) + d(f(x), 9()),
1
S [d(r (), g(@) w)}))
< a(f(w), f(w))maz{d(f(u) f<x>>,§[d<f<u> (w) + d(f (x), g(a),
1
5l (w), g()) w)]}

< d(z, g(x)).

Thus F(d(x, g(x)), ¥ (d(z,g9(z)))) = d(z, g(x)), which implies d(z, g(x)) = 0. So x is a common
fixed point of f and g on X.

Uniqueness of common fixed point:
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Suppose that z and z’ are common fixed points of f and g. Then

d(z,2') = (f(2), f(2)) = d(g(), g("))

Therefore, F(d(z,x'),v(d(x,2")) = d(z,2’), which implies d(x,z') = 0. So x is the unique
common fixed point of f and g on X. O

Definition 2.3. Let (X, d) be a metric space. Consider two self-mappings f and g on X and
let @ : X x X — [0,1] be a function. Then g is said to satisfy condition (A) on f if, for all
FeC eV, ke|0,1) and for all z,y € X,

1

Corollary 2.4. Let (X,d) be a complete metric space and f,g: X — X mappings such that g
satisfies the condition (A) on f. Then f and g have a unique common fixed point on X if the
following conditions are satisfied:

(1) g(X) C f(X);
(2) f(X) is complete;
(3) f,g are weakly compatible.

Proof. Choose g € Y arbitrarily. Let z,, € X be the element such that f(z,) = g(zn,—1) and
define a function F} : [0,00)? — R as Fy(s,t) = ks for all k € [0,1) which is a C-class function.
Since f and g satisfy the condition (A),

N

d(g(x),9(y)) < k:oz(f(w),f(y))maw{(d(f(ﬂf),f(y)% [d(f(x), g(x)) +d(f(y),9(m)]
1

5[4 @). 9w) + d(f (). 9(@)] }
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= Fi(a(f(@). 7)) max{ (@(7 (@), F(0). 3 [d(7 (@), 9(2)) +d(Fw). 90)].
[d(f(2), 9(v)) + d(f (), 9(=))] }

v (@), 1) mar{ (@), 1), 1[40 () 0(a)) +d(F(0). o).

%[d(f(x),g(y)) +d(f(y), 9(x))] }))

Hence by Theorem 2.2, f and g have a unique common fixed point in X. O

N =

(NN

Definition 2.5. Let (X, d) be a metric space. Let f and g be two self-mappings on X. Then
g is said to satisfy condition (B) on f if, for all F' € C, ¢ € ¥ and for all z,y € X,

d(g(x),9(y))
< F(maa{ (d(f (), £y
¥ (maz{ (d(f(2). £()):

.3 [d(F (), g(e)) + d(F (), 9))]. 5 [d0F (@), 9(0) + (7). )]
. £ (@), 90) + A7), g(@)] }))-

3 [d(f (), 9(2)) +d(f(v), 9())]. 5
Corollary 2.6. Let (X,d) be a complete metric space and f,g: X — X mappings such that g
satisfies the condition (B) on f. Then f and g have a unique common fixed point on X if the
following conditions are satisfied:

(1) g(X) C f(X);
(2) f(X) is complete;
(3) f,g are weakly compatible.

Proof. By Theorem 2.2, if a(x,y) = 1 for all z,y € X, then the mappings f and g have a
unique common fixed point on X . O

Definition 2.7. Let (X, d) be a metric space and f, g be two self-mappings on X. Then g is
said to satisfy condition (C) on f if, for all z,y € X and a,b,c € [0,1),

b

d(g(x), g(y)) <max {a(d(f(fv), Fw): 51d(f (), g(2)) + d(f (), 9()],

Sl @) 9w) +d(f (), 9(2))] }-

Remark 2.8. If we choose f = I (IX is the identity mapping in the condition (C), then we
obtain the definition of Zamfierscu mapping [7].

Corollary 2.9. Let (X,d) be a complete metric space and f,g: X — X mappings such that g
satisfies the condition (C) on f. Then f and g have a unique common fized point on X if the
following conditions are satisfied:

9(X) C f(X);
(2) f(X) is complete;
f, g are weakly compatible.
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Proof. Choose xg € Y arbitrarily. Let x, € X be elements such that f(x,) = g(x,—1) and
define a function F : [0,00)? — R as Fy(s,t) = ks for all k € [0,1) which is a C-class function.
Since f and g satisfy the condition (C),

b

d(g(x),9(y)) < max {a(d(f(x% F(y), 5d(f (=), g(2)) + d(f(y),

9w))],
5[4 (@). 9w) + d(f(v).9(@)] }

g
5 [0 @),9() + AT v), 9(@)] }) )-

Hence by Corollary 2.6, f and g have a unique common fixed point in X. O

Definition 2.10. Let (X, d) be a metric space and f and g two self-mappings on X. Then g
is said to satisfy condition (D) on f if, for all x,y € X,

d(g(x), 9(y)) < max {(d(f(w), f)), % [d(f(x).9(x)) + d(f(y), 9(¥))],
S [0, 99) + A7), 9(2))] }

2

— 0 (e { (@7 @), £ (), 5 [ (), 9() + AT (), 90))].
LA @), 0w) + d(F(w), 9] })

Corollary 2.11. Let (X,d) be a complete metric space and f,g: X — X mappings such that

g satisfies the condition (D) on f. Then f and g have a unique common fized point on X if
the following conditions are satisfied:

(1) g(X) C f(X);
(2) f(X) is complete;
(3) f,g are weakly compatible.

Proof. Choose xy € Y arbitrarily. Let x,, € X be elements such that f(x,) = g(x,—1) and
define a function F : [0,00)? — R as Fy(s,t) = s — t which is a C-class function. Since f and
g satisfies the condition (D),

d(g(x), 9(y)) < max { (d(f(x),

S~

(1), 5[4/ (2). (@) + d(7 (). 9(0))]
[d(f (), 9(v) + d(f (), 9(x))] }

N | =

191 KADWIN JACOB et al 184-194



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

COMMON FIXED POINT RESULTS FOR WEAKLY COMPATIBLE MAPPINGS

L[/ (). 9(2)) + d(F(w). )],

=0 (max { (d(f (@), F()): 5 )
[d(f(2), () + d(f(y), 9(=))] })
1

), f)), 5 [d(f(2), 9(x)) + d(f (), 9(v))],
[d(f(x),9(y)) +d(f(y),g(x))]

N | =

- Fg(ﬂlax{(d(f(

8

%[d(f(x),g(y)) +d(f(y), 9(x))] D)

Hence by Corollary 2.6, f and g have a unique common fixed point in X. O
Definition 2.12. [1] Let X be a normed linear space. Then a set Y € X is called g-starshaped
with ¢ € Y if the segment [q, 2] = {(1 — k)g+ kz : 0 < k < 1} joining ¢ to x is contained in Y
forallz € Y.

Definition 2.13. Let (X,d) be a metric space, f, T two self-mappings on X and let « :

X x X — [0,1] be a function. Then T is said to be a f-weakly generalized almost Zamfirescu
mapping if, for all z,y € X and a,b,c € (0,1),

I7(x) = T@w)
<F(a(f(@) — f(w) wax {allf ) = ), 5 [dist(F (@), la, T + dist(F ), 0, T,
S dist(£(2), [0, T()]) + dist(£(y). [¢. T@)])] }

W (a(f(2) ~ f(u)) max {alf(2) ~ £, 5 [dist( (@), [a, T@)) + dist(F(0). la: T,

© dist(f (). l0. 7)) + dist(F (). la. 7)) }) ).

Theorem 2.14. Let f and T be self-mappings on a nonempty q-starshaped subset Y of a
Banach space X, where T is a f-weakly generalized almost Zamfirescu mapping and satisfies
the following conditions:

(1) f is linear and q = f(q);

(2) T(X) C f(X);

(3) f(X) is complete;

(4) f,T are weakly compatible.
Define a mapping T, on'Y by

To(z) = (1= Bn)g + BT (),

where {Bn} is a sequence of numbers in (0,1). Then for each n, T,, and f have exactly one
common fixed point x, in'Y such that f(x,) = x, = (1 — Bn)q + BnT (zy). Also T and f have
a common fixed point x € Y. Moreover, if {x,} is Cauchy and nh_}n;o Bn =1, then z, — x.

Proof. By definition,
IT(x) = T(y)l

<F(o(f(x) — £() max {all£(x) ~ F), 3 [dist(F () lg, T@)]) + dist(F(w), 0, T))],
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;M&U@LMT(m+dwt

¥ (a7 (@) — 7)) max {all £ () — F)I, 5 [dist(F (), la, T@)) + dist(F0), o, T,

£ ldist(f(@), 10, () + dist(f 21}))
<a(f(@) - f(o) max {al £(2) = $w)]|, 5 [dist(7(2), lg, 7)) + dist(F0), o <y>m
[dist(£ (@), 0, T(w)]) + dist(§ )]}

<maxc {all f(2) — 7). g [dist(F(@), o, T@)) + dist( (), [0, Tw)],
5 ldist(F(@), la, T(u))) + dist(F(y), la. T())] }.
<max {allf() ~ F), 5 (1) ~ @) + 1) - T,
SUF@) =TI+ 1) - T}

Therefore, by Corollary 2.9, T' and f have a common fixed point x € Y.
By definition,

ITu@) ~ Talw)| = Bl T(x) — T(w)]
<BuF (o () — £(0)) max {all F(@) — 7). o [dist(F(2), g, T(@)]) + dist (7). la. Tw))),

g[dist(f(a;), lq,T(y)]) + dist(f }
¥ (a(f(@) — £@) max {all 7 () = )l 5 [dist(F (@), [0, T@)) + dist(£ ), o T,
g[dist(f(a:), lq,T(y)]) + dist(f }))
<Pna(f(x) = f(y)) max {aHf(m) —f(y)llvg[dist(f(fv)v[q,T( ) + dist(£(v), g, T(W)))],
gWﬁU(H%ﬂ)D+mm 2]},
Sﬁna(f(x)*f(y))maX{Hf(I) Fll, *[Ilf() T(@)ll + 1) =TI,
S5 = T +17) - T}

Therefore, by Corollary 2.4, T;, and f have a common fixed point z € Y.
By the assumption that {z,} is Cauchy, let us consider {z,} — y. If lim 3, = 1, then
n—oo

[en — | = [[Tn(2n) = T(2)]|

= [|(1 = Bn)p + BuT (zn) — T()||
<N = Bn)pll + Bull T (zn) — T(2)]]

193 KADWIN JACOB et al 184-194



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 25, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC

COMMON FIXED POINT RESULTS FOR WEAKLY GOMPATIBLE MAPPINGS
< 1= Bupll + BuF (a(f(@) — () max {allf(2a) = F@)],
2 dist (o) g, Te)]) + dist((2), lg, T()))
[dist(f @), o T(@)]) + dist(F(2), [0, Tw)])] |
¥ (a(f(@) - £() max {all f(a) ~ (@),
2 [dist(f (). la. T(wn)) + dist(f(2). lg. 7)),
[dist(f (), la, T()]) + dist((2), la, Ta)])] }))

<11 = Ba)pll + B masx {all f(wa) = F()]]

(1) = Tn)| + 1) ~ T,
@) = T@) + 1)~ Tl }
b 1 —*ﬁ%1
‘ 1 1- 5,
g llln =+l = g+ (=52 )l

Letting n — 0o, we obtain

C
ly = @l < max {ally = 211,0, 5 [lly = 2ll + o = I] } < klly = all
where k = max{a, c}. Therefore, x = y and so z,, — z. O
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