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Existence and global attractiveness of pseudo
almost periodic solutions to impulsive partial
stochastic neutral functional differential equations

Zuomao Yan* and Fangxia Lu

January 5, 2018

Abstract: In this paper, we introduce a new concept of p-mean piecewise
pseudo almost periodic for a stochastic process and establish a new composition
theorem about pseudo almost periodic functions under non-Lipschitz conditions.
Using this composition theorem, the analytic semigroup theory and fixed point
strategy with stochastic analysis theory, we also study the existence and the
global attractiveness for p-mean piecewise pseudo almost periodic mild solutions
for impulsive partial neutral stochastic neutral functional differential equations.
Moreover, an example is given to illustrate the general theorems.

2000 MR Subject Classification: 34A37; 60H10; 35B15; 34F05

Keywords: Impulsive partial stochastic functional differential equations;
Pseudo almost periodic functions; Composition theorem; Analytic semigroup
theory; Fixed point

1 Introduction

The concept of pseudo almost periodic functions introduced initially by Zhang
[1] is an important generalization of the classical almost periodic functions. Since
then, there has been an intense interest in studying several extensions of this
concept such as asymptotic pseudo almost periodic functions and Stepanov-like
pseudo almost periodic functions. Some contributions on pseudo almost peri-
odic type solutions to abstract differential equations have recently been made
[2-8] and the references therein. On the other hand, it should be pointed out
that noise or stochastic perturbation is unavoidable and omnipresent in na-
ture as well as that in man-made systems. Therefore, we must import the
stochastic effects into the investigation of differential systems. The concept of
almost periodicity is of great importance in probability for investigating stochas-
tic processes. In fact, the existence of almost periodic, asymptotically almost
periodic and pseudo almost periodic solutions for stochastic differential systems
has been thoroughly investigated; see [9-18] and reference therein. In particu-
lar, Bezandry and Diagana [19,20] introduced the concepts of p-mean pseudo
pseudo almost periodicity, and studied the existence of p-mean pseudo almost
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periodic mild solutions to partial stochastic differential equations. Diop et al.
[21] obtained the existence, uniqueness and global attractiveness of an p-mean
pseudo almost periodic solution for stochastic evolution equation driven by a
fractional Brownian motion.

The theory of impulsive differential equations is an important branch of dif-
ferential equations, which has an extensively physical background [22]. There-
fore, it seems interesting to study the various types of impulsive differential
equations. The asymptotic properties of solutions of impulsive differential equa-
tions have been considered by many authors. For example, Henriquez et al. [23],
Liu and Zhang [24], Stamov et al. [25-27] discussed the piecewise almost pe-
riodic solutions of impulsive differential equations. Liu and Zhang [28], Chérif
[29] established the existence and stability of piecewise pseudo almost peri-
odic solutions to abstract impulsive differential equations. Bainov et al. [30]
concerned with the asymptotic equivalence of impulsive differential equations.
However, besides impulse effects and delays, stochastic effects likewise exist in
real systems. In recent years, several interesting results on impulsive partial
stochastic systems have been reported in [31-33] and the references therein.
Further, Zhang [34] obtained the existence and uniqueness of almost periodic
solutions for a class of impulsive stochastic differential equations with delay by
mean of the Banach contraction principle. In [35], the authors investigated the
existence and stability of square-mean piecewise almost periodic solutions for
nonlinear impulsive stochastic differential equations by using Schauder’s fixed
point theorem. Neutral differential equations arise in many areas of applied
mathematics. For this reason, those equations have been of a great interest
during the last few decades. The literature relative to partial neutral stochas-
tic differential equations is quite extensive; for more on this topic and related
applications we refer the reader to [36]. Similarly, for more on impulsive partial
neutral stochastic functional differential equations we refer to [32,33,37,38]. In
this paper, we study the existence and global attractiveness of p-mean piecewise
pseudo almost periodic mild solutions to the following impulsive partial neutral
stochastic neutral functional differential equations:

dlz(t) — h(t,z)] = [Az(t) + g(t, ze)]dt + f(t, 2:)dW (1), (1)
te Rit#t;,1 € Z,

Ax(t) =2(t]) —2(@t]) = L(z(t)), i€ Z, (2)

where A is the infinitesimal generator of an exponentially stable analytic semi-
group {T(t)}+>0 on a Hilbert space LP(P,H) and W(t) is a two-sided stan-
dard one-dimensional Brownian motion defined on the filtered probability space
(Q,F, P, F:), where Fy = o{W(u) — W(v);u,v < t}. The history z; € D with
g > 0, where z; being defined by x;(0) = z(t + 6) for each 6 € [—¢,0]) and
D ={y:[—q,0] = LP(P, H), ¢ continuous everywhere except for a finite num-
ber of points at which (s~ ) and ¥ (s™) exist and ¥ (s~) = 1(s)}. The functions
h,g, f,1;,t; satisfy suitable conditions which will be established later. The no-

1344 YAN ET AL 1343-1386



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

tations z(t;"), (t;") represent the right-hand side and the left-hand side limits
of z(-) at t;, respectively.

To the best of our knowledge, the existence and global attractiveness of
p-mean piecewise pseudo almost periodic mild solutions for for nonlinear im-
pulsive stochastic system (1)-(2) is an untreated original topic, which in fact is
the main motivation of the present paper. Although the papers [34,35] studied
the piecewise almost periodic mild solution of impulsive stochastic differential
equations, besides the fact that [34,35] applies to the results under the Lipschitz
conditions, the class of impulsive stochastic systems is also different from the
one studied here. Further, many dynamical control systems arising from real-
istic models can be described as impulsive partial neutral stochastic functional
differential systems. So it is natural to extend the concept of pseudo almost
periodicity to dynamical systems represented by these impulsive systems. In
the paper, we will introduce the notion of p-mean piecewise pseudo almost peri-
odic for stochastic processes, which, in turn generalizes all the above-mentioned
concepts, in particular, the notion of piecewise almost periodic. Then we will
establish a new composition theorem for p-mean pseudo almost periodic func-
tions under non-Lipschitz conditions. As an application, we study and obtain
the existence and exponential stability of p-mean piecewise pseudo almost peri-
odic mild solutions to system (1)-(2) by using the analytic semigroup theory and
Krasnoselskii fixed point theorem with stochastic analysis theory. Such a result
generalizes most of known results on the existence of almost periodic solutions
of type system (1)-(2). It includes some results of almost periodic and pseudo
almost periodic solutions to stochastic differential equations without impulse.
Moreover, the results are also new for deterministic systems with impulse.

The paper is organized as follows. In Section 2, we introduce some notations
and necessary preliminaries. In Section 3, we give the existence of p-mean
piecewise pseudo almost periodic mild solutions for (1)-(2). In Section 4, we
establish the global attractiveness of p-mean piecewise pseudo almost periodic
mild solutions for (1)-(2). Finally, an example is given to illustrate our results
in Section 5.

2 Preliminaries

Throughout the paper, N, Z, R and R' stand for the set of natural numbers,
integers, real numbers, positive real numbers, respectively. We assume that
(H,|| - 1), (K, || - |lx) are real separable Hilbert spaces and (£, F, P) is sup-
posed to be a filtered complete probability space. Define LP(P, H), for p > 1
to be the space of all H-valued random variables V such that E || V [[P= [, ||
V ||P dP < oo. Then LP(P, H) is a Banach space when it is equipped with
its natural norm || - ||, defined by | V |,= ([, E | V [P dP)/P < o for
each V € LP(P,H). Let C(R,LP(P,H)), BC(R, L?(P, H)) stand for the collec-
tion of all continuous functions from R into LP(P, H), the Banach space of all
bounded continuous functions from R into LP(P, H), equipped with the sup
norm, respectively. We let L(K, H) be the space of all linear bounded operators
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from K into H, equipped with the usual operator norm || - ||1(x,#); in par-
ticular, this is simply denoted by L(H) when K = H. Furthermore, L(K, H)
denotes the space of all Q-Hilbert-Schmidt operators from K to H with the
norm || ¢ H%g: Tr(¢vQvy*) < oo for any v € L(K, H).

Definition 2.1 ([19]). A stochastic process  : R — LP(P, H) is said to be
continuous provided that for any s € R,

}imE | z(t) — x(s) ||P= 0.
—S8

Definition 2.2 ([19]). A stochastic process x : R — LP(P, H) is said to be
stochastically bounded provided that
lim limsup{P || z(¢) ||[> N} =0.
—0o0  teR

Let T be the set consisting of all real sequences {t;};cz such that v =
infieZ(ti+1 — ti) > 0, lim;_, o t; = 00, and lim;_, _ ., t; = —o0. For {ti}iEZ eT,
let PC(R, LP(P, H)) be the space consisting of all stochastically bounded piece-
wise continuous functions f : R — LP(P, H) such that f(-) is stochastically
continuous at t for any t ¢ {t;}iez and f(t;) = f(¢t;) for all i € Z; let
PC(R x LP(P,K), LP(P, H)) be the space formed by all stochastically piece-
wise continuous functions f : R x LP(P,K) — LP(P,H) such that for any
x € LP(P,K), f(-,x) € PC(R,LP(P,H)) and for any t € R, f(t,-) is stochasti-
cally continuous at « € LP(P, K).
Definition 2.3 ([19]). A function f € C(R,LP(P,H)) is said to be p-mean
almost periodic if for each ¢ > 0, there exists an [(g) > 0, such that every
interval J of length [(¢) contains a number 7 with the property that E || f(t +
7) — f(t) ||I’< € for all t € R. Denote by AP(R,LP(P, H)) the set of such
functions.
Definition 2.4 (Compare with [22]). A sequence {x,} is called p-mean almost
periodic if for any € > 0, there exists a relatively dense set of its e-periods, i.e.,
there exists a natural number [ = [(g), such that for k € Z, there is at least one
number ¢ in [k, k + [], for which inequality F || 14 — @, ||P< € holds for all
n € N. Denote by AP(Z, LP(P, H))) the set of such sequences.

Define 1(Z, V(P H)) = {z : Z — LY(P,H) | & ||= sup,c4 (E | 2(n) |
)P < o0}, and

PAPy(Z,LP(P,H))

1 n
= {:1: €l>™(Z,LP(P,H)) : nler;O% g E | z(n) ||P dt = O}.
j=—n

Definition 2.5. A sequence {x,}ne, € [*°(Z,X) is called p-mean pseudo
almost periodic if x, = . + 22, where x} € AP(Z,LP(P,H)),z2 € PAP,(Z,
LP(P,H)). Denote by PAP(Z,LP(P, H)) the set of such sequences.

Definition 2.6 (Compare with [22]). For {t;}icz € T, the function f €
PC(R, LP(P, H)) is said to be p-mean piecewise almost periodic if the following

conditions are fulfilled:
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(i) {tf =ti4; — t;i},J € Z, is equipotentially almost periodic, that is, for any
€ > 0, there exists a relatively dense set ). of R such that for each 7 € Q.
there is an integer ¢ € Z such that |t; 5 —t; — 7| < e for alli € Z.

(ii) For any e > 0, there exists a positive number & = §(¢) such that if the
points ¢’ and t” belong to a same interval of continuity of ¢ and [t/ —t"| < §,
then E || f(t') — f(t") ||IP< e.

(iii) For every e > 0, there exists a relatively dense set Q(e) in R such that if
T € Q(g), then
E|flt+7)—f(#)I’<e

for all t € R satisfying the condition |t — ;| > ¢,i € Z. The number 7 is
called e-translation number of f.

We denote by APp(R, LP(P, H)) the collection of all the p-mean piecewise

almost periodic functions. Obviously, the space APp(R,LP(P,H)) endowed
with the sup norm defined by || f ||cc= supser(E || f(t) ||P)'/? for any f €
APr(R,L?(P,H)) is a Banach space. Let UPC(R, LP(P, H)) be the space of
all stochastic functions f € PC(R, LP(P, H)) such that f satisfies the condition
(ii) in Definition 2.6.
Definition 2.7. The function f € PC(R x LP(P,K),L?(P, H)) is said to be
p-mean piecewise almost periodic in ¢ € R uniform in « € LP(P, K) if for every
compact subset K C LP(P,K), {f(-,x) : * € K} is uniformly bounded, and
given € > 0, there exists a relatively dense subset 2. such that

E| ft+72) = ft,z)[P<e

for all x € K,7 € Q, and t € R satisfying |t — ¢;| > . Denote by APr(R X
L?P(P,K),LP(P, H)) the set of all such functions.

Similarly as the proof of [22, Lemma 35|, one has
Lemma 2.1. Assume that f € APp(R,LP(P, H)), the sequence {z;}icz €
AP(Z,LP(P,H)), and {t!},j € Z are equipotentially almost periodic. Then,
for each ¢ > 0, there exist relatively dense sets (2. of R and (). of Z such that

(i) E| ft+71)—f(@t)|[|[P<eforallt e Rt —1t;)| >e,7 €. and i€ Z.
(ii) E| zi4g— ;i |[P<cforall §€ Q. and i€ Z.
(iii) £ || x‘g —7||P<eforall §,7 €, andie Z.
We need to introduce the new space of functions defined for each ¢ > 0 by
PCY(R,LP(P,H),q)
~{rercmream): i ( sw Bl1o1) =0},
€

=00 [t—a.t]
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PAPY(R,LP(P,H),q) = {f € PC(R, L*(P, H)) :
lim i/ ( sip B || £(0) p)dt:O},
r—o0 27 —r \0€[t—q.,t]

PAPp(R x LP(P,K), LP(P, H), q)

— {f € PC(R x L*(P,K), LP(P, H)) :

lim i/r ( sup E | f(6,x) |p>dt:0

—r \0€[t—q,t]

uniformly with respect to = € K,

where K is an arbitrary compact subset of L?(P, K )}

Similar to [4], one has
Lemma 2.2. The spaces PAPY(R, LP(P, H),q) and PAP2(Rx LP(P,K), L?(P,
H), q) endowed with the uniform convergence topology are Banach spaces.
Definition 2.8. A function f € PC(R, LP(P, H)) is said to be p-mean piecewise
pseudo almost periodic if it can be decomposed as f = f; + f2, where f; €
APr(R,LP(P,H)) and fo € PAPY(R, LP(P, H), q). Denoted by PAPr(R, LP(P,
H), q) the set of all such functions.
PAPp(R,LP(P,H),q) is a Banach space with the sup norm || - || -
Similar to [1,28], one has
Remark 2.1. (i) PAPY(R, L(P,H),q) is a translation invariant set of PC(R,
12(P, H))). (i) PCH(R, LP(P, H),q) C PAPY(R, LP(P, H), q).
Lemma 2.3. Let {f,}nen C PAPY(R, LP(P, H),q) be a sequence of functions.
If f, converges uniformly to f, then f € PAPX(R,L?(P,H),q).
One can refer to Lemma 2.5 in [6] for the proof of Lemma 2.3.
Definition 2.9. A function f € PC(R x LP(P,K), LP(P, H)) is said to be p-
mean piecewise pseudo almost periodic if it can be decomposed as f = f1 + fa,
where f1 € APr(Rx LP(P,K),LP(P,H)) and f, € PAPY(R x LP(P,K), L?(P,
H),q).
Denoted by PAPr(R x LP(P,K),LP(P, H), q) the set of all such functions.
We need the following composition of p-mean pseudo almost periodic pro-
cesses.
Lemma 2.4. Assume f € PAPr(R x LP(P,K),L?(P,H),q). Suppose that
f(t, x) satisfies

BN ftx) = f(ty) IP<AE [z -y ") (3)

for all t € R,x,y € LP(P,K), where A is a concave and continuous nonde-
creasing function from R' to R™ such that A(0) = 0,A(s) > 0 for s > 0

and f0+ % = +00. Here, the symbol f0+ stands for lim._,g4 f:—OO, If ¢(-) €
PAPr(R,LP(P,K),q) then f(-,¢(")) € PAPr(R, LP(P, H),q).
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Proof. Assume that f = f1 + f2, ¢ = ¢1 + ¢2, where f; € APr(R x LP(P, K),
LP(P,H)), f2 € PAPTO«(RX L?(P,K),LP(P,H),q), 1 € APr(R,L?(P,H)), and
¢2 € PAPY(R, LP(P, H),q). Consider the decomposition

f(ta ¢(t)> = fl(ta ¢1(t)) + [f(t7 ¢(t)) - f(t’ (bl(t)ﬂ + f2(t> ¢1(t))

Since f1(-, $1(-)) € APp(R, LP(P, H)), it remains to prove that both [f(-, ¢(-))—
f(,é1(:)] and fa(-, é1(-)) belong to PAP:?(R7 LP(P,H),q). Indeed, using (3),
it follows that

! ( sup B | 1(0.0(0)) — £(0,1(60)) ||P)dt

Z —r \0€[t—q,t]

IN

[ (s AE 160 =60 ) )a

[t—a.t]

1 r »
(gesup AE || 6206) | >)dt7

2r - [t—a.t]

noting that A is a concave and continuous nondecreasing function and A(0) = 0,
we deduce that A(E' || ¢2(0) [|) < A(supgep—q, £ || 2(0) [|P), and

(s A ) 1))

? —r \0€[t—q.t]

<L A( sup E | 6o(0) |p)dt
oe

L [t—q,t]

1 '
SA(/ ( sup B || ¢a(6) ||p)dt>—>oas R
2r J—r \ oeft—q.1

which implies that [f(-,¢(-)) — f(-,¢1(-))] € PAP2(R, LP(P, H),q).

Since ¢1(R) is relatively compact in LP(P, K) and f; is uniformly continuous
on sets of the form R x K where K C LP(P, K) is compact subset, for ¢ > 0
there exists £ € (0,¢) such that

E| At z2) - 1 2) [P<e, 2,2 € d1(R)

with |z —2| < €. Now, fix 21, ..., 2z, € ¢1(R) such that ¢1(R) C Uj_, Be(z;, LP(P,
K)). Obviously, the sets D; = ¢ '(B¢(z;)) form an open covering of R, and
therefore using the sets By = Dy, By = Dy\D; and B; = DJ\Ui;i D, one
obtains a covering of R by disjoint open sets. For t € B;, ¢1(t) € Be(25),

E | f2(t, ¢1(1)) I
<3PTE | £t o1(t) — f(t,25) [P
+3TE || = f1(t,01(t) + fr(t, ) [P 3P E || fa(t, 2) |
<BTIN(E || ¢o(t) — 25 [IP) + 3P e + 3P E || falt, 25) ||
<3PTIN(E) + 3P e + 3P LR || falt, 25) | -
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Now using the previous inequality it follows that

3 [ (5w ElAGaE) 1)

O€[t—q,t]

1 n
— E 0 ) |IP )d
SQT;/IBjm[T’T]( wp B £1(0.6:(0)) |7

0€t—q,t]

1 n
< 3p*12i2/ { sup < sup
szl B;in[—r,r] Li=1,....,n \ 0€[t—q,t]NB;

<E || £(0.61(6)) — £(6. %) ||p)]dt

1 n
4371 — / { sup
2T; B;n[—r,r] Li=1,...,n
B || £1(8,61(8)) — (6.2)) ||p)

1 n
+3r-1— / { sup
2r ; B;n[—r,r] Li=1,...,n

< 3,)_1% / [A(e) + e]dt

-

n 1 T
S (o )02 1)a
= T J_r \oe

[t7q7t]

sup
0et—q,t]NB;

dt

7 N —— 7N

sup B faol0.7) p)}dt

0et—q,t]NB;

In view of the above it is clear that fa(-, ¢1(+)) belongs to PAPL(R, LP(P, H), q).
This completes the proof.

Lemma 2.5. Assume the sequence of vector-valued functions {I;};cz is pseudo
almost periodic, and there is a concave nondecreasing function from R* to R™
such that A;(0) = 0, A;(s) > 0 for > 0 and [, Affs) = +o00,

E| Li(z) = Ly) [P< Mi(E |z —y [I7)

for all z,y € LP(P,K),i € Z.1f ¢ € PAPr(R, LP(P, H),q)NUPC(R, LP(P, H))
such that R(¢) C LP(P, K), then I;(¢(¢;)) is pseudo almost periodic.

Proof. Assume that ¢ = @1 + ¢2, where ¢1 € APr(R,LP(P,H)), ¢2 €
PAPY(R,LP(P,H),q). Fix ¢ € PAPp(R,LP(P,H),q) N UPC(R, LP(P, H)),
first we show ¢(t;) is pseudo almost periodic. One can refer to Lemma 37
in [22] that the sequence ¢(t;) is almost periodic. Next we need to show that
¢(t;) € PAPy(Z, LP(P, H)). By the hypothesis, ¢,¢»; € UPC(R, L?(P, H)), so
¢2 € UPC(R,LP(P,H)). Let 0 < € < 1, there exists 0 < { < min{1,v} such
that for ¢t € (¢t; — &, t;),1 € Z, we have

E | ¢2(t) [IP< (1 =) E || go(ta) |7, i € Z.

Since t{ i € Z,j =0,1,... are equipotentially almost periodic, {t!} is an almost
periodic sequence. Here we assume a bound of {t}} is M; and |t;| > |t_i|;
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therefore,

I
s [ (s Bl P)a
ti ).

0€t—q,t]
1 - (%
> 1 / ( sup B | 6o(0) p)dt
2t; j:;_H tj—& \ 0€[t—q,t]
1 i
2o >t -o)E | ¢alty) IIP
b j=—itl
l-e) 1 ¢
> o P

Since ¢o € PAPY(R,LP(P,H),q), it follows from the inequality above that
¢2(t;) € PAPy(Z, LP(P, H)). Hence, ¢(t;) is pseudo almost periodic.
Now, we show I;(¢(t;)) is pseudo almost periodic. Let

It,z) = (t—n)(x),n<t<n+1,neZ

It) =t —n)pp(ty),n<t<n+1lneZ

Since I, ¢(t,) are two pseudo almost periodic sequences, Refer to Lemma
1.7.12. in [39], we get that I € PAP(R x LP(P,K),LP(P,H)), ¥ € PAP(R,
L?(P,K)). For every t € R, there exists a number n € Z such that [t —n| <1,
we have for 1,29 € LP(P, K),

B I(t,z1) — I(t,z2) ||
S E | In(z1) — In(z2) ||P
<A(E |2, — 2, |IP).

Similar to the proof of Lemma 2.4, I(-,9(-)) € PAP(R,LP(P, H)). Again, sim-
ilarly as the proof of Lemma 1.7.12 in [39], we have that I(i,9(¢)) is a pseudo
almost periodic sequence, that is, I;(¢(¢;)) is pseudo almost periodic. This
completes the proof.

Let 0 € p(A), then it is possible to define the fractional power A%, for
0 < a <1, as a closed linear operator on its domain D(A%). Furthermore, the
subspace D(A®%) is dense in H and the expression || z ||o=| A%z ||,z € D(A%),
defines a norm on D(A®). Hereafter we denote by H, the Banach space D(A%)
with norm || z ||, . Throughout the rest of this paper, we denote by || - |
the sup norm of the space PAPp(R, LP(P, Hy)).
Lemma 2.6 ([40]). Let 0 < o < 8 < 1. Then the following properties hold:

«,00

(a) Hp is a Banach space and Hg — H,, is continuous.

(b) The function s — APT(s) is continuous in the uniform operator topology
on (0,00) and there exists Mg > 0 such that || APT(t) ||< Mge=%=P for
each t > 0.
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(c) For each x € D(AP) and t > 0, APT(t)x = T(t)APx.
(d) A=? is a bounded linear operator in H with D(A%) = Im(A~#).

Next, we introduce a useful compactness criterion on PC(R, LP(P, H), q).
Let h : R — R™ be a continuous function such that h(t) > 1 for all t € R
and h(t) — oo as |t| — co. Define

0
PC(R, L*(P,H), q)

E 0) ||?
= {fEPC(R,Lp(P,H)): lim ( sup |f()”) :0}
[tl—o0 \ ge[t—q,1] h(0)
endowed with the norm || f ;= sup,cg(supgep—q. 713”}{((3))”17), it is a Banach

space.
Lemma 2.7. A set B C PC’%(R, LP(P,H),q) is relatively compact if and only
if it verifies the following conditions:

(1) lm (supgep_q,q EHI{((:))HP) = 0 uniformly for f € B.

|t] —o0

(ii) B(t) = {f(t): f € B} is relatively compact in LP(P, H) for every t € R.
(iii) The set B is equicontinuous on each interval (¢;,t,41)(i € Z).

One can refer to Lemma 4.1 in [28] for the proof of Lemma 2.7.
Lemma 2.8 (Krasnoselskii’s Fixed Point Theorem [41]). Let D be a closed,
bounded, and convex subset of a Banach space X. Let ¥1 and ¥y be operators,
defined on D satisfying the conditions:

(a) Uix 4+ Way € D when z,y € D.
(b) The operator ¥, is a contraction.
(¢) The operator ¥y is continuous and Wy (D) is contained in a compact set.

Then the equation V2 + Wox = z has a solution on D.

3 Existence

In this section, we investigate the existence of p-mean piecewise pseudo almost
periodic mild solution for system (1)-(2). We begin introducing the followings
concepts of mild solutions.

Definition 3.1. An F; -progressively measurable process z : [o,0+b) — H,b >
0 is called a mild solution of system (1)-(2) on [o,0 + b), if x, = ¢ € D, the
function s — AT (t — s)h(s, z,) is integrable on [0,t) for every o < t < o + b,
and o £ t;,1 € Z,

2(0) = Tt~ 0)lp(o)  h(o:p)) + hit,) + [ AT(t = s)h(s,.)ds

10
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—|—/ Tt —s)g(s,zs)ds + / Tt —s)f(s,zs)dW(s)

o

+ Y Tt—t)i(x(t;), teo,o+Db). (4)

o<lt;<t
Additionally, we make the following hypotheses:

(H1) A is the infinitesimal generator of a exponentially stable analytic semi-
group (T'(t));>o on LP(P, H) such that for all t > 0, || T(t) ||< Me™° with
M, § > 0. Moreover, T'(t) is compact for t > 0.

(H2) There exist constants 8, L > 0 such that 0 < 8 < 1, the function h €
PAP(R x D, LP(P, Hg), q), and

E || APR(t1,41) = APh(ta, 4b2) [P< Lty — tol+ || 1 — 2 |15,
tlatQ € valva € Dv

E || APn(t,0) |P< L(|| ¢ |Ip +1), t€ R, € D.

(H3) The functions g € PAPr(RxD, LP(P,H),q), f € PAPr(RxD, LP(P, LY),
q), and for each t € R, 11,19 € D,
E ” g(tﬂ/ﬂ) - 9(t7¢2) ”p +E || f(t7¢1) - f(t, '(/}2) ”Zzg
SAE || Y1 =2 |IB),

where A is a concave and continuous nondecreasing function from R™ to
R* such that A(0) =0,A(s) > 0 for s >0 and [, % = +o0.

(H4) For any p; > 0, there exist a constant x4 > 0 and nondecreasing continuous
function © : R — R™ such that, for all¢t € R, and ) € Dwith E || z ||',>

1,
El gt ) P +E | f(t,9) [7y< pOE | ¢ [1).

(H5) The functions I; € PAP(Z,LP(P,H)), and for each t € R, x1,22 €
LP(P,H),i € Z,

E || Li(1) = Li(wo) [P< A(E || 21 — 2o |P),

where A; are concave and continuous nondecreasing functions from R* to
R* such that A;(0) = 0,A;(s) > 0 for s > 0 and [, ]\(?7(85) = +o0.

(H6) For any py > 0, there exist a constant 4 > 0 and nondecreasing continuous
function ©; : Rt — R*,i € Z, such that, for all t € R, and z € LP(P, H)
with E || z |P> p,

E || Li(x) |[P< p2O4(E || z |IP).

11
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To study the system (1)-(2) we need the following results.

Lemma 3.1. Assume that (H1) holds. If h € PAPp (R, L?(P, Hg),q) and if H
is the function defined by

H(t) := /_t AT (t — s)h(s)ds

for each t € R, then H € PAPr(R,LP(P,H),q).

Proof. Since h € PAPr(R, L?(P, Hg), q), there exist hy € APr(R, LP(P, Hp))
and hy € PAPY(R, LP(P,Hg),q), such that h = hy + he. Then H(t) can be
decomposed as

H(t)= /t AT (t — s)hi(s)ds + /t AT (t — s)ha(s)ds =: Hi(t) + Ha(t).

Next we show that H;(t) € APr(R, LP(P,H)) and Hs(t) € PAPY(R, LP(P, H),
q). Thus, the following verification procedure is divided into three steps.

Step 1. H; € UPC(R,LP(P,H)).

Let t',t" € (t;,ti41),4 € Z,t" < t'. By (H1), for any € > 0, there exists

0<¢é< (221)1/”5 such that 0 <t —t"” < &, we have

5
I T —t") T |P< 222,
2h1

where iy = 20" 1MP_ (1= BOSP 1o || g |, 6y = (D(1 — 25=yr=15708,
Using Holder’s inequality, we have

E || Hy(t') — Hi(t") P
p

<or-lp H /_ t; AT — )Tt — ") — Ty (s)ds

t/
+2P71E H ATt — s)hy(s)ds

t//
<2TIM | T )~ TP

¢ p—1
X (/ (t" — s)r'pl(lﬁ)e_‘s(t”_s)ds>

— 00

t// "
X </ e =R || APhy(s) || ds)

tl
+2P1M{’_@(/ t - 5)_1’171(1_5)65(t/5)ds>
t//

t/
X (/ e =9 p I Aﬂgl(s) I ds)
t/
<MD T - ) TP

p

p—1

12
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p(1—8). »a-m \P" "1
ra - P25 ZsupE || hu(s) |
X( (=== 5 SR Bl (s) 5

t p—1
—I—ZPIMf_ﬁ(/ (t' — s)_pfl(l_ﬁ)) (t —t”)sugE | h1(s) 5
t seE

"

) S
<2 i 25 (- PEE ) g

2h, p—1
1-p L pB
_ p(1—08) e\
+20- P (1— hy |15 —
La\1-5 ) Il | (57
<§+§—5
2 2 7

Consequently, H, € UPC(R, LP(P, H)).

Step 2. Hy € APp(R,LP(P, H)).

Let t; <t <t;y1. For € > 0, let ). be a relatively dense set of R formed by
e-periods of F. For 7 € Q. and 0 < n < min{e, v/2}, we have

E | Hi(t +7) = Hi(@) ||

<E /t AYPT(t — 5)[APhy(s + 7) — APhy(s)]ds

t R p—1
< M{’ﬁ(/ (t— s)M(lﬁ)e_‘s(t_s)ds>

t
X (/ eI E || APhy(s+7) — APhy(s) ||P ds)

i Y p—1
< Mf_ﬁ(/ (t—s)_v—l(l_ﬁ)eé(ts)ds>

j=—00
izl ety
S / e E || APhy (s + 7) — APhy(s) |7 ds
j=—o0’ti
izl tjt+1
S / =) || APhy (s + 7) — APha(s) [P ds
t

j=—oco Y tit1 7N

tj+1—n
/ e OB || APhy(s+ 1) — APhy(s) | ds
tj+n

t
+/ eI || APhy(s + 1) — APhy(s) ||P ds|.

ti
Since h; € APr(R, LP(P, Hg)), one has
E | APhy(t+ 1) — APhy(t) |[P< e

fOI‘aHtE[tj+7],tj+1—77],j€Z,j§i, andt—szt—ti+ti—(tj+1—n)2

13
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t—t;+v(i—1—j)+n. Then,
izl ety
/ e || APhy (s +7) — A%hy(s) |
t

j=—00 0

IN

iTn

izl et
€ Z / e =) g
j=—o0 "t

e~ 0(t=tit1+m)

<« _ <
(1 —e 0y’

il ti+n
/ e O || APhy(s+ 1) — APhy(s) ||P ds
j=—oc0’ti
izl it

<ol B | A [P Y [T et s

sER j=—00 t;

1—1

= O D DR

j=—o00

i—1
= e D DI

j=—o0
2 | B [y €%

- 1—e %

Similarly, one has

i—1 tit1 Y
/ e IR || APhy(s 4 71) — APhy(s) ||P ds < Me,
j=—00 tjit1—m

t
/ e~ B || APhy (s + 7) — APha(s) [P ds < Me,
t;
where M, Mo are some positive constants. Therefore, we get that £ || Hy(t +
7) — Hy(¢) ||P< Nie for a positive constant Ny. Hence, H; € APr(R, LP(P, H)).
Step 3. Hy € PAPY(R, LP(P, H), q).
In fact, for r > 0, one has

1 T
o sup E || Ha(0) ||P dt
T J—r 0cft—q,t]

14
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1
sup EH/ AT (6 — s)ha(s)ds dt

2r —r 0€(t—q,t]

R . EH/ AYBT(5) APha (0 — s)ds
2r —r 0€[t—q,t]

1 T 0o p—1
—(1- —ds
< MP. 5%/ </o s~1=Pe ds)

></ e % sup E| APhy(6 —s) ||P dsdt
0 0€(t—q,t]

0o p—1
:Mfﬁ(/o s_(l_ﬁ)e_’;sds>

o0 1 T
x/ eiésds—/ sup E || APhy(6 —s) ||P dt.
0 2r

—r 0€[t—q,t]

p

dt

Since hy € PAPY(R, LP(P, Hg),q), it follows that ho(- — s) € PAPY(R, LP(P,
Hpg), q) for each s € R by Remark 2.1, hence

1 p
— sup EH (0 — s)ha(s)ds|| dt — 0asr — oo

2r —r 0€[t—q,t]

for all s € R. Using the Lebesgue’s dominated convergence theorem, we have
Hy € PAPY(R, LP(P, H),q). This completes the proof.

Lemma 3.2. Assume that (H1) holds. If g € PAPp(R,LP(P,H),q) and if G
is the function defined by

t

G(t) == / T(t —s)g(s)ds
— 0o

for each ¢t € R, then G € PAPr(R,LP(P, H),q).

Proof. Since g € PAPr(R,LP(P,H),q), there exist g1 € APr(R,LP(P, H))

and go € PAPY(R, L?(P,H),q), such that ¢ = g1 + g2. Then G(t) can be

decomposed as

t t
G(t) = / T(t—s)g1(s)ds + / T(t — s)g2(s)ds =: G1(t) + Ga(t).
Next we show that G1(t) € APr(R, LP(P,H)) and Ga(t) € PAPY(R, LP(P, H),
q). Thus, the following verification procedure is divided into three steps.

Step 1. G1 € UPC(R, LP(P, H)).

Let t',t" € (t;,tiv1),5 € Z,t" < t. By (H1), for any € > 0, there exists
0<&< (g5 )1/p such that 0 < t’ t" < &, we have

618

)

1T —t") =

15

1357 YAN ET AL 1343-1386



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

where g, = 20" MP || g1 ||, 6 = 6~ P. Using Hélder’s inequality, we have
E || Gy(t') = Ga(t") [P

t"’ P

t’ P
—|—2p1EH / Tt — s)g1(s)ds
t//

"

t p—1
<2PTIMP | T — ")~ 1|7 (/ e _S)d5>
—o0

t//
. ( [ e m g ds)
t/ , p—1 t' ,
+2p1Mp( [ e %) ( [ etem i) 1 ds)
t t/

1
< op—1 )P ” T(t' _ t”) — 7 HP 5 sup F || 91(5) ||p
SER

2P P () — P SugE | g1(s) [I7
se

=

525 1 € P
< 2 ipp b — 2t yp 4
loulle 55,5 * forli K%) ]
< g + e o
272~ ¢

Consequently, Gy € UPC(R, LP(P, H)).

Step 2. G1 € APp(R, LP(P,H)).

Let t; <t <t;y1. For e > 0, let ). be a relatively dense set of R formed by
e-periods of F. For 7 € Q. and 0 < np < min{e, v/2}, we have

E | Gi(t+71)—Gi(t) ||
/_ T(t —s)[g1(s + 1) — g1(s)]ds

t p—1
< Mp</ e‘s(ts)ds>

t
. ( [ B st i) P ds)

t p—1
< M”(/ e_é(t_s)ds>

il tjy1—n
T[T e s - o) 1P ds
ti+n

p
<E

j=—00
i—1 ti+n
Y [ eI (s ) ) I ds
t

j=—00 J

16
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i—1

ti+1
Y [T I s k) - (o) 7 ds
t

j=—00 j+1="N

t
+/ e | gy (s +7) — g1(s) | ds|.
t

i

Since g1 € APr(R, LP(P, H)), one has
Ellgt+7)—a()[I"<e

forallt e [t;+n,tjp1—n,j€Z,j<i,andt—s>t—t;+t;— (tjy1—n) >
t—t;+7(i—1—j)+n. Then,

izl et s
/ e IE || gy(s +7) — gas) [I”
j=—o0 Y titn
1—1
<eg

tj+1—n
/ efé(tfs)ds
tj+n

6_6(t_tj+1+n)

j=

T
-3

IN
SRS
Ing

J=—0Q
c i—1
< 3 77006767(17J71)
c__ &
— (1 —e 0y’

izl it
> / e CIE | gi(s+7) — gi(s) [P ds
N
1—1
<2r-! SugE Il g1(s) [I” Z
se .
j=—00

j:*OO J
ti+n
/ e—é(t—s)ds
tj
i—1

<27 gy B ee®™ Y €700

j=—o00

i—1
<27 gy [l et 3T o)
j=—0o0
2071 | g1 1B /%
- 1—e % '

Similarly, one has

i—1

ti+1 Y
/ eiﬁ(tiS)E || gl(S + 7') - 91(3) Hp ds < Mse,
t

j=—o0 Y ti+1 71

17
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t
[ e IE s+ 1) - aa(o) |7 ds < Wi
t;

where Ms, My are some positive constants. Therefore, we get that E || Gy (t +
7) — G1(t) ||P< Nae for a positive constant No. Hence, G1 € APr(R, LP(P, H)).
Step 3. Go € PAPY(R, LP(P, H), q).
In fact, for » > 0, one has

1 T
o sup  E || Go(0) ||” dt
T J—r0eft—q, f]
1 p
= — sup EH/ 0 — s)ga(s)ds|| dt
2r —r 0€[t—q,t]
1 p
= — sup EH / —s)ds|| dt
2r —r 0€[t—q,t]

SM”i/ (/ ﬂsgds)
2r —r 0

x/ e % sup E| g2(0—s) ||P dsdt
0

0€t—q,t]

oo p—1 roo
= M”(/ e_‘ssds> / e %ds
0 0

1 T
sup E || g2(0 — s) ||P dt.
2r J_, 0€[t—q,t]

Since g» € PAPY(R, LP(P, Hg), q), it follows that go(-—s) € PAPY(R, LP(P, H),
q) for each s € R by Remark 2.1, hence

p
dt - 0as r— oo

1
— sup EH/ 0 — s)ga(s)ds
2r —r 0€[t—p,t]

for all s € R. Using the Lebesgue’s dominated convergence theorem, we have
Gy € PAPY(R, LP(P,H),q). This completes the proof.

Lemma 3.3. Assume that (H1) holds. If f € PAPr(R, LP(P,LY),q) and if F
is the function defined by

F(t):= [ T(t—s)f(s)ds

for each t € R, then F € PAPr(R,LP(P,H),q).
Proof. Since f € PAPr(R, LP(P, LY)), there exist f; € APr(R, LP(P, L9)) and
f2 € PAPY(R, LP(P, L3),q), such that f = fi + f2. Hence,

F(t) = / T(t — s)fi(s)dW (s)

— 00

+ /t T(t — s)f2(s)dW(s) =: Fi(t) + F5(¢).

— 00
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Next we show that Fy(t) € APr(R,LP(P, H)) and Fy(t) € PAPX(R, LP?(P,H),q).
Thus, the following verification procedure is divided into three steps.

Step 1. Fy e UPC(R, L?(P, H)).

Let t',t" € (t;,tiv1),5 € Z,t" < t. By (H4), for any € > 0, there exists
0<&< (55 )p/z(” D) such that 0 < ' — " < &, we have for p > 2,

17 ) -1 1< B
2f1
where fy = 2°"1MPC,, || f1 |1, 03 = (pp—i)(p’z)/w—;. Using Holder’s inequality

and the Ito integral [42], we have

E || Fy(t') = F@”) |17

< lE H /_too Tt —s)[T(t —t") — I]fi(s)dW (s)

p

p

+2F1E ’ /tt T(t' — s)fi(s)dW (s)

t//
< 2”1MPC,,E[ / e~ =) | Tt — ") — T |?

p/2
<) g 5]

t/ , p/2
v, [ | g 13y o

t//

p—2

t// ] , T
<27YMPC, | T — ")~ T ||P (/ e 720 _S)ds>

t”
y ( [ ewe —s>ds) sup || f1(s) I15
i SER ’

p—2

t’ =
+2p—1MPCp</ ez 9>ds>
t//

’

t
y < / oo s>ds) sup || f(s) 17,
7 SER 2

<@ INrCy | £ I 53~5<p(5> 7 po
2f1 \p— 2

) p/2(p—1)72(p—2)/
+2P MPC P
dne|(z) ]
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For p = 2. Let € > 0, there exists 0 < £ < 2‘} such that 0 < ¢/ —t"” < £, we have
1

26
| T — ") — I|]2< 22,
f1
where f; = 2M? || f; |2, . Similar to the above discussion, one has

E| R{) - ") |?

t//
< 22 H T(t/ _ t”) _J ||2 (/ 8—25(75 —5)d3> sug H fl(S) ||ig
— 00 se

t
s ([ B s | Ao Iy
t SER

20¢ st —s €
<o | 20 ([ e as) e ()
2f1 —00 2f1

Consequently, F} € UPC(R, LP(P, H)).

Step 2. Fy € APr(R, LP(P, H)).

Let t; <t <t;y1. For e > 0, let ). be a relatively dense set of R formed by
e-periods of F. For 7 € €2, and 0 < n < min{e, v/2}, we have

E| F(t+7) - F@) "

/ Tt — 8)[fa(s + ) — f1()JdW(s)

— 00

P
=F

. P/2
< CpE[ [0 1Pt + 0 - 516 I dS]

t p/2
<] [ e | st r) = A9 IRy ds

ya

-2
t =
< CpMp(/ e_Pp?‘S(t_s)ds)

L ptgaem

X [T fek ) - ) Iy ds

j=—o00 ti+n 2
L optitm

+jzoo/tj e BB | fi(s 1)~ fals) I ds
— [ —B5(t—s) p

+ 3 [ eEIE | fs ) = Al 7y ds

j=—o0 Vti+1—M

t
+/ e BB | fi(s 1)~ fals) 17 ds|.
t;
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Since f1 € APr(R, LP(P, LY)), one has
B filt+7) - i) < e

for all t € [t; +n,tj41 —n] and j € Z,j < i. Then,

L ptiaem
3 / B || fy(s 1) — fuls) |17, ds
j=—o00 ti+n 2
izl tji+i—n
<e Z /] e 59(t=8) g
t

j=—o0 Y titN

92 i—1
< e~ 50(t—tj11+m)
v,
9e =1
< - 257(1 J 1)
S
2e
~ op(l—e%)
i—1 ,
tatn _P§(t—s) _ p
> e BB fils +7) = fu(s) I} ds
j=—o00ti
J+1+77
< 2P~ 1supEH fi(s Z / (=) g
]_—oo

<P Usup B || fis) |y eekonem 8001 Z e 8000=I)
SER

j=—o00

<22 tsup E || fi(s) ||p ceTne=50(t=t:) E e~ 897(i=1)
SER i
j=—o0
L [ e
o 1—e 597

Similarly, one has

i—1 t;

+1 Y
Z / e B | fils+7) — fi(s) ||1£g ds < Mse,
t

j=—o0 Vti+1—M

t
/ BB | fuls +7) — fu(s) [ ds < M,
t

where Ms, Mg are some positive constants. Therefore, we get that £ || F1(t +
T) — F1(t) |[P< Nse for a positive constant N3. For p = 2, we have

B | Fi(t+7) - F(t) |

21

1363 YAN ET AL 1343-1386



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

t
< MQE/ o 20(t—s) | fi(s+7)— fi(s) ||ig ds

Unt AR
< MQ[ S [ eI A+ 1) - A(s) [y ds
ooty :
i1t
i Z / eS| fi(s+7) — fu(s) ”%3 ds
j=—00 1t

i—1 tit+1
+ 3 [ BB fls ) = Al |y ds

j=—o0 Y ti+1 M

t
+ [ eI Al r) - o) I3y ds|
ti
Similarly, we get that E || Fy(t+7) — F1(t) ||>< N,e for a positive constant Ny.
Hence, F, € APr(R, LP(P, H)).

Step 3. Fy € PAPY(R, LP(P, H), q).

In fact, for r > 0, one has for p > 2,

1 T
o[ sw B R
r 7'r9€[t7q7t]
1 Saw ()|
= — sup EH/ 0 —s) fa dt
2r 7r0€[t q,t] 2
1 P
= — sup EH/ (0 —s)dW(s)|| dt
2r )y oc(t—q,1

1 T p/2
< Cpﬂ/ sup E[/ e72% || fol0 — 5) ||ig ds} dt
—r 0€[t—q,t] 0

TR =
< M”Op2—/ (/ ewésds>
rJ_r 0

x/ e 5% sup E| f2(0 —s) 19 dsdt
0 0€lt—q,t] 2

p—2

:M”Cp</ epf‘ssds> /67%656&9
0 0

sup E | fo(0 —s) |2, dt
Sl A I f2(0 = s) 7o

For p = 2, we have

2

L s EH/ (0~ 5)fa(s)dW (s) || e

—r 0€[t—q,t]

1
<M — / / % sup | f2(0 — s) ||2Lg dsdt

0€lt—q,t]
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o0 1 r
:M2</ e—aasd8>2/ sup E || fal6— ) |7, dt
0 T J_roclt—q,t) 2

Since fo € PAPY(R, LP(P, LY), q), it follows that fo(-—s) € PAPY(R, LP(P, LY),
q) for each s € R by Remark 2.1, hence

1 p
— sup EH/ (0 —8)f2(8)dW(s)|| dt = 0as r— oo

2r J_roclt—q.

for all s € R. Using the Lebesgue’s dominated convergence theorem, we have
Fy, € PAPY(R, LP(P, H),q). This completes the proof.
Lemma 3.4. Assume that (H1) holds. If v, € PAP(Z,LP(P,H)),i € Z and if

4, is the function defined by
) = Z T(t - ti)’Y’L

t; <t
for each t € R, then R; € PAPr(R,LP(P,H),q).
Proof. Since v; € PAP(Z,LP(P, H)), there exist v1; € AP(Z,LP(P,H)) and
Yo, € PAPy(Z, LP(P, H)), such that v; = v1; + 72,;. Hence,

Rl(t) = Z T(t — ti)’)/l,i + Z T(t - ti)’}/gﬂ' =: Hl,i(t) + Hgﬂ'(t).
ti<t ti<t
Next we show that I1; ;(t) € APr(R, LP(P,H)) and Il ,;(t) € PAPY(R, L?(P,
H),q). Thus, the following verification procedure is divided into three steps.
Step 1. I, ; € UPC(R, L?(P, H)).
Let t',t" € (t;,tix1),1 € Z,t" < t'. By (H4), for any € > 0, we have
1—e 9P
j ey -1 < LEET
!

where 41 = MP || y1; ||B, . Using Holder’s inequality, we have
E || T i(t) = T (87) |17

p
=F Z T(tl — ti)'YLi — Z T(t” — ti)'YLi
t; <t t; <t
p
=F Z T(t” — tz)[T(t/ — t”) — I]’}/Li
t; <t
p—1
a7 -1 (3 o)
t; <t
X( Y e?TIE ||p>
t; <t
p
< MP||T( ~t") 1| ( > e‘““”) sup E || 1. |17
Kt icz
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1—6_67176 Y P
<o EEE (50 ) s

ga! ti<t!
<eE.

Consequently, IT; ; € UPC(R, LP(P, H)).

Step 2. II, ; € APp(R, LP(P, H)).

Let t; <t < t;y1. For € > 0, let Q. be a relatively dense set of R formed
by e-periods of F. For 7 € Q. and 0 < n < min{e,y/2}. By Lemma 2.1, there
exists relative dense sets of real numbers 2. and integers Q., for every 7 € ).,
there exists at least one number ¢ € Q. such that [t9 — 7| < ¢, € Z and
E || Yi,i+q — V1,6 ||p< €,q € Qe,1 € Z. Then,

E || Ty i(t+71) — Iy a(t) ||P

P
=E Z Tt+7—ti)y,: — Z T(t—ti)v1,i
t;<t+T1 t; <t
p
< E[Z VT = 1) s — 10 ||}
t; <t

p—1
< MPE[( Z eé(tn)) (Z e 0(t—t:) H Vitq — Vi ||p>]
t; <t ti<t

P
< M* ( > ftg(t_ti)) E | v, — 71

t; <t
MPe
==y

IP

Hence, Iy ; € APr(R, LP(P, H)).
Step 3. Tlo; € PAPY(R, LP(P, H), q).
For a given i € Z, define the function v(t) by v(t) = T(t—t;)v2,4, ti <t < tit1,
then
lim sup E | v(0)|?
=0 gelt—q,1]

=lim sup E|TO—ti)ve:l”
100 gclt—q,1]

< lim MPe PU=t) sup || 7, ||P= 0.
t—o0 icZ
Thus v € PCX(R,L?(P,H),q) C PAPY(R,LP(P,H),q). Define v; : R —
LP(P, H) by
v;(t) =T(t — tiej)y2,i—j> ts <t <tiy1,j €N.

So v; € PAPY(R, LP(P, H),q). Moreover,

sup B || v;(6) [|”
0c(t—q,t]

= sup E|TO—ti—j)v2i-j I
0€(t—q,t]
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< MPeP ) sup B || 7, |7
i€Z

< MPemPO—t) =PI qup || Yo |IP -
i€z

Therefore, the series Z;}io v; is uniformly convergent on R. By Lemma 2.3, one
has

Y T(t—ti)yai = Y _v;(t) € PAPL(R, LP(P, H),q),
ti<t =0

that is

1 T p
sup E dt - 0as r— oo.

2r —r 0€[t—q,t]

Z T(0 — ti)’)/Z,i

t; <t

Using the Lebesgue’s dominated convergence theorem, we have Il ; € PAPY(R,
L?(P,H),q) This completes the proof.

Lemma 3.5. If x € PAPr(R, LP(P,H),q), then t — x; belongs to PAPr(R, D,
q)-

One can refer to Lemma 3.3 in [4] for the proof of Lemma 3.5.

Now, we establish the existence theorem of p-mean piecewise pseudo almost
periodic mild solutions to partial impulsive stochastic differential equation (1)-
(2).

Theorem 3.1. Assume that assumptions (H1)-(H6) are satisfied. Then system
(1)-(2) has a mild solution € PAPr(R,LP(P,H),q).

Proof. Let Y = PAPr(R,LP(P,H),q) N UPC(R,LP(P, H)). Consider the
operator ¥ : Y — PC(R, LP(P, H)) defined by

t

(Uz)(t) = {h(t, x) + /

— 00

AT (t — s)h(s, xs)ds}

+[/; T(ts)g(s,o:s)der/t T(t—s)f(s,xs)dW(s)

— 00

+ Z T(t— ti)Ii(x(ti))] = (U12)(t) + (P22)(t), tE€R.

t; <t

Obviously, the operator ¥, 4+ W5 has a fixed point if and only if operator ¥ has
a fixed point in Y. To prove which we shall employ Lemma 2.8, we divide the
proof into several steps.

Step 1. For every x € Y, Yz €Y.

Let z(-) € Y, by (H2), (H3), (H5) and Lemmas 2.4, 2.5, we deduce that
h(-,z.),9(,z.), f(-,x.) € PAPp(R,L*(P,H),q) and I;(x(t;)) € PAP(Z, LP(P,
H)). Similarly as the proof of Lemmas 3.1-3.5, one has Uz € Y.

Step 2. For a closed bounded convex subset B« of Y, W1x + Uoy € B,
when x,y € By«

25

1367 YAN ET AL 1343-1386



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Let p1, p2 > 0 be fixed. By (H4) and (H6) it follows that there exist a positive
constant p such that, for allt € Rand ¢,z € Y with E || ¢ [|H> p, E || = [|P> p,

Ellgt ) 7 +E | f(t9) [7y< mOE | ¢ 3),

E || Ii(z) |P< psi(E ||  |P).i € 2.
Let
V= flelg{E () 17 B £t 9) [[7g: BNl ¢ < p},

= sup {E| L) " Elz|P< pu}.
teR,icZ

Thus, we have for all t € R,
Ellgt. ) IP +E | f(t,9) [73< mOE [ ¢ |P) +v, ¢ €D, (5)
E | Ii(x) ||IP< p2©i(E ||z ||P) + 11, =€ LP(P,H),i€ Z. (6)
By (H2), (5), (6), Holder’s inequality and the Ito integral, we have for p > 2,
E | (W) () + (Pay) (@) [P

t p
<P Bt |+ E | [ AT nsz)as

t P
+5P7 R / T(t— s)g(s,ys)ds

5B [ 2= 9 fsp)aw ()

5P E || Y Tt — ) Ly (L)) !

t; <t

ST ATP | B || APh(s, ) P

t
+5p‘1M{)5</ (t— S)Pﬂ(lﬁ)e_‘;(t‘g)ds)
t
X (/ e U E || APh(s, x4) || ds)
t p—1
+5P—1MP</ e—5<f-8>ds>
. — 00
<( [ B N gtoim) 1 as)
t P/2
rorrp( [ e s 12y ds)

+5“M”E[(Ze‘“””)pl(2 e || Iy (1)) |)}

t; <t t;<t

p—1
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<UL ATP Y L() @ I +1)

-1
—1 p(1 =), cza=m 4 ?
+5p Mf—ﬁ <F(1 — ﬁ)d p—

t
X </ eI L) 24 |1 +1)ds>

1 t
w0 . 1) + i)

p—2

t
+5p_1MpCp(/ e—;ﬁ25<t—5>ds> ’
t 2
([0 | 1) +vlas)

TV — ( S e T p08i(B |yt |7) + m])

(1 —e=97)p-1 e
<5 AT L« 1% +1)
1— p—1
+TME (m - M)> OPOL(|| @ |5 +1)
1
+57 M= [016(] y ) + 7]
p—2
—92\ 7 2
P*lMp L 2 ,
+5 Cp( 5 ) pé[p1@(\|y||oo)+y]
1 .
P—lMpi . »
5 g e sup Sl y 1) + )
For p = 2, we have

B || (912)(t) + (Way)(t) |
<5 AL« |5 +1)
+5MY_5(D(1 = 2(1 = £)0*L(|| & |15, +1)

1 1
5200y [1%) + 1] + 5M <500 %) + ]
1 -
SM?—— O; p .
+ (176760‘)2 [ﬁ?gg (H Y ||oo)+y1]
Note that, for py, p2 sufficiently small, we can choose r* > 0 such that for p > 2,
5P AP L(r 4+ 1)
— p(l B ﬂ) Pt *
+577 MY, (I‘(l = ﬁ) SPPL(r* 4+ 1)
1
+5p71Mp5[p1®(r*) +v]

27

1369 YAN ET AL 1343-1386



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

_o\ % 9
p—lMp p -~ *
+5 Cp <p5 ) 3 [p1O(r") + V]
1 -
p—1narp (r* *
+5 M (1 76767)7’ [pQ flelé)@z(r )+V1] <r, (7)
and for p = 2, we have
501 A7 || Lir* +1)
+5M7_5(D(1 —2(1 — B))0* L(r* + 1)
1 1
+5M25—2[59(T*) +v]+ 5M25[ﬁ@(r*) + V]
2 1 ) * *
+5M m[ﬁz ?;lg@i(r )+n] <7 (8)

Let By« = {x € Y :||  ||BE,< r*} for r* > 0. It is easy to see that B« is a closed
bounded convex subset of Y. Moreover, for all x,y € B«

E | (1) () + (Pay) (2) [IP< ™

Therefore, V12 + Usoy € B+, when =,y € B,~.
Step 3. W, is a contraction.
For t € R, and z*,2** € B,. From (H2) and Lemma 2.6, we have

E N (12™)(t) = (L12™) (@) [P
< 27LE | h(t,xy) = h(t,z) |7

: p
+2P 1 ‘ / AT(t — s)[h(s,27) — h(s,z}")]ds

<27 | AT B || A%h(t«}) — APh(t,277) |IP
t
+2P MY (/ (t— s)_pfl(l_ﬁ)eﬁ(ts)dé’)

t
x</'(zﬂtﬂEAﬁw&@>—Aﬁw&@wnP@)
<o | AP L2} - |,

1— e -1
2P IMP (F(l - p(plﬁ))(s (plf’)l)

t
([ eI i as)

<Lofla"—a™ & .

p—1

Taking supremum over t,
| Wia® — e 5< Lo | 2* — 2™ |12,

where Lo = 2P~ || A=P || + M{_4(D(1 - %))p_léw]L. By (7), we see that
Lo < 1. Hence, ¥y is a contractive operator with constant L.
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Step 4. U5 maps B, into an equicontinuous family.
Let 71,70 € (ti,tiy1),i € Z,71 < T2, and x € By«. Then, by (H1), (5), (6),
Holder’s inequality and the Ito integral, we have for p > 2,

E | (P2)(12) — (Vaz) (1) ||

< 6P1EH /: T(ry — 8)[T(19 — 1) — Ig(s,74)ds ’

T2 p
+6P'E / T(m2 — 8)g(s,zs)ds

T1

LB / N P(r1 = $) [T — 1) — 11f (5, 2)dW (5)

— 00

+6P'E /72 T(r — 5)f(s,25)dW (s) ’

1

+3P B\ > T(n = ) [T(r2 — 1) — I (x(t;))

t;<T1

T1 p—1
<6PTIMP | T(rp —m) =1 |7 (/ e5<ﬁs>ds>

T1
([ E gt 1 as)
i T2 p—1
+6p_1Mp</ 6_6(7—2_8)d8>
T2 '
X (/ eI E || g(s, ) ||P ds)
T1

T1
+6p1MpCpE[/ e 2= || Ty — ) — I ||?

— 00

p

) p/2
< o) Iy ]

. p/2
sy [ et ) ) iy o

T1

p—1
+3P MY | T(re — 1) — 1 || ( > 6_5(71_“)>

t;<T1

x( Z e *MTE | Ii(2(t) ||p>

t;<T1

T1 p—1
<GPTIMP | T(rp —m) = 1|7 (/ e‘s(ﬁS)ds)

([ e | ) + i
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T p—1
+6”_1Mp</ 26_6(72_5)d3>
T1

<[ et o6 | o )+ vlas)

T1
p—2

T1 P T
100G, [ T = m) -~ 117 ([ 0 as)
T1
([ e E e | o )+ vids

+6P1Mpcp(/ ) eppzMS)ds) N
T1

([ e o ) + vlds)

T1

p—1
3P TIMP || T(rp —m) = I[P ( Z 66(Tlti)>

t;<T1
( ST e 8 (B || a(ti) |IP) + m])
ti<T1
1
SETIMP || T(ra =) = 1P 55 [mO() + 1]

T2 p
+6p1Mp</ 66(Tas)d5> (p1O(r*) + V]
!

PN
PANPC, | T(r—7) — TP (=) T = *
oGy [ T =) - 1P (P2) T 2o+

ya

+6p_1MpCp< / N e—zﬁ25<m—5>ds> ’
T1

X (/ e_g‘s(”_s)d8> [p1O(r") + V]
1

+3P I MP || T(rp —m) = 1 ||P m[

p20;(r*) + v1).

For p = 2, we have

E || (¥2)(r2) = (¥z)(r)) |I*
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+6M2( / e—25<f2—5>ds> [010(r") + V]

! 5[020:(r") + 1]

2 2
+H3M= || T(re —71) — 1 || A=)

The right-hand side of the above inequality is independent of = € B,- and
tends to zero as T3 — 71, since the compactness of T'(¢) for ¢ > 0 implies imply
the continuity in the uniform operator topology. Thus, ¥ maps B,« into an
equicontinuous family of functions.

Step 5. ¥y B,.~ is precompact.

For each t € R, and let € be a real number satisfying 0 < ¢ < 1. For « € B,

we define
(W2,:2)(t)

—T(e) U: T(t— ¢ — 8)g(s,75)ds
[ e astsagan s

+ T(t—E—ti)Ii(x(ti))

=T(e)[(Paz)(t - €)].

Since T'(t)(t > 0) is compact, then the set V.(t) = {(U2z)(t) : * € By+} is
relatively compact in LP(P, H) for each ¢t € R. Moreover, for every x € B, we
have for p > 2,

E | (Waz)(t) = (a,ex)(t) |7

¢ P
<3 'EF H / T(t—s)g(s,zs)ds
t—e

p

g | T(t — 5)f(s,2.)d1V (s)

p

+3"7'E

S Tt —t)(x(t:))

t—e<t; <t

t p—1 t
<o [ esena) T ([ eneom ) g i)
t—e t—e

t p/2
+3p_leMpE(/ e—20(t—s) | f(s,25) H%g ds)
t—e
p—1
+3p1M”EK > e‘“”i))
t—e<t; <t
><< Z efé(tfti)

t—e<t; <t

[ ia(t) 1P|
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t p—1
< 3p_1M”(/ e—5<t—8>ds>
t—e

t
<[ e ) + vlas)
t—e

p—2

t T
+3PICpMp</ ep"gé(ts)d8>
t—e

t
<( [ B0 o )+ olas)
t—e
p—1
+3p—1Mp( Z 6—5(t—ti)>

t—e<t; <t

X( > e pa0i(E | ailts) |I7) + u1]>

t—e<t; <t

t p
< 3p_1Mp(/ e_é(t_s)ds> [010(r") + V]
t—e

p—

t P
+3P71Cp M </ e—pfzé(t—s)ds>
t—e

t P
X (/ e_gé(t_s)ds> [p1©(r") + V]
t—e

P
—|—3p1Mp< Z eé(tti)> [p2 sup ©;(r*) + 11].

t—e<t;<t €2

For p = 2, we have

B || (W) (t) = (W2,e2)(t) ||

¢ 2
< 3M2(/ e‘s(ts)d8> [p1O(r") + v
t—e
¢
+3M? (/ e25(ts)d5) [p1O(r") + v
t—e

2
+3M2( Z e_é(t_ti)) [p2 sup ©;(r*) 4 11].

t—e<t;<t i€z

Therefore, letting e — 0, it follows that there are relatively compact sets V()
arbitrarily close to V(t) = {(¥22)(t) : @ € By«}, and hence V(t) is also
relatively compact in LP(P, H) for each t € R. Since {Usz : € B} C
PCY(R,LP(P,H),q), then {¥sz : © € B,~} is a relatively compact set by
Lemma 2.7, then ¥, is a compact operator.

Step 6. V¥, is continuous.

Let {z™} C B,. with (") — z(n — c0) in Y, then there exists a bounded
subset K C LP(P, K) such that R(z) C K, R(z") C K,n € N. By the assump-
tion (H2) and (H4), for any € > 0, there exists £ > 0 such that z,y € K and
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| 2 —y |5, < £ implies that
E || g(saxs) - g(says) ||p< ¢ forallte R’
E | f(s,xs) — f(s,ys) |[Fo<e forallteR,
2

and
E| Li(z)—Ly) ||P<e forallie Z.

For the above ¢ there exists ng such that || ™ — x |2 < & for n > ng, then for
n > ng, we have

E| g(s, M) = g(s,z,) |[P< e forallte R,
E| f(s,a™) — f(s,as) |Po<e forallte R,
2

and
E | Li(z™) - Ii(z) |P<e forallie Z.

Then, by Hoélder’s inequality, we have that for p > 2,
E || (Waz™)(t) = (Y22)(1) |7

<o [ - olgte.a) ~ gl

p

p

+7| [ 1= 97 ~ sl

p

+3¥'E

ST )L (1) — Lix(t:)]

t; <t

t p—1
< 3p1Mp(/ eé(ts)ds>
-
<( [ IB ol a) — glsi) 17 ds)

. p/2
+3P_1CPMP(/ e PR || f(s,2(M) — f(s,24) H%g ds)
p—1

+3”1MPE[< > e‘*(””)

t; <t

x <25<> |1 0) = L) 17) |

¢ P
< 3p1Mp(/ e5<ts)ds> €
t =2 t
+3”_1CpMp</ epp’é‘é(ts)ds> (/ 6_56(t_s)d8>6
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1
-1 —5(t—t;)
+3P 1\4197(1_6767)%1 (Ze )5
t; <t

p—2

~ 1 p—2\7 2 1
< gp—lpp| r_z 24 - el
=3 [5”+Cp( po > o (16‘”)1”]E

For p = 2, we have

E || (Woa™)(t) = (Pa)(t) ||
1 1
<3M?| 4+ —+ ———— e
=3 {52 T tac e—67)2]5
Thus ¥y is continuous on B, and ¥, is completely continuous.
Therefore, all the conditions of Lemma 2.8 are satisfied and thus operator

U has a fixed point = in B,«, which is in turn a mild solution of the system
(1)-(2), that is

x(t) = h(t,z) + /_t AT (t — s)h(s,zs)ds

+/ T(t—s)g(s,xzs)ds + / T(t—s)f(s,xs)dW(s)

+ T(t — ti)Ii(x(ti)), t € R.
t; <t

Finally, to prove that x satisfies (4) for all t > s, all s € R. Fix 0,0 # t;,i €
Z, we have for t € [0,0 +b),b > 0,

z(o) = h(o,z,) + /U AT (o — s)h(s,zs)ds

— 00

+ /_0 T(oc — 8)g(s,xs)ds + /_(7 T(oc—s)f(s,xs)dW(s)
+ ) Tlo—ti)li(x(t:)) = ¢(0).

t, <o

Since {T'(t) : t > 0} is an analytic semigroup, we have for all ¢t € [0,0 + ),

(t)
= h(t,z;) + /j AT(t — s)h(s,xzs)ds + /j T(t—s)g(s,zs)ds
[T s + Y Tl 0 G(0)

+/ AT (t — s)h(s,zs)ds + / T(t —s)g(s,zs)ds

+/ T(t—s)f(s,z)dW(s)+ > T(t—t:)Li(x(t:))

o<t;<t
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t

— T(t — 0)[p(0) — hlo, )] + h(t,z,) + / Tt — )g(s,2.)ds

-|-/ T(t—s)f(s,zs)dW (s Z T(t—ti)1;(z(t:))-

q) is an p-mean piecewise pseudo almost periodic

Hence z € PAPr(R, LP(P,H),
(2). This completes the proof.

mild solution to system (1)-

4 Global attractiveness
In this section, we present the global attractiveness of a piecewise pseudo almost
periodic solution of (1)- (2). To do this, we also need the following assumptions:
(B1) There exist constants 0 < 3 < 1,1; > 0,5 = 1,2,such that
E | Ah(t, ) IP< U | ¢ |5, t€RpeD,
E | g(t) |7 +E | £6.0) [3,< 1o | 6 B, ¢ € R € D,

(B2) There exist constant ¢; > 0,7 € Z, such that
E || Li(z) |P<E ||z ||, ze€LP(P,K).

Theorem 4.1. Assume that assumptions of Theorem 3.1 hold and, in addition,
hypotheses (B1), (B2) are satisfied. Then the piecewise pseudo almost periodic
mild solution of (1)-(2) is globally exponentially stable.

Proof. Let z(-) be a fixed point of ¥ in Y. By Theorem 3.1, any fixed point
of ¥ is a mild solution of the system (1)-(2). We now can choose a positive
constant (3 such that 0 < 3 < &

1
supc; < 1,

6P~ 1 MP _
(1 —e=9)P=1(1 — e=(=B)7) jez

and

ME | x(t) |7
p

~ _ t
<51 | bt y) | +5p—1eﬂtEH | AT~ (s, )ds
— 00

_ t P
+5P 1Pt E / T(t—s)g(s,zs)ds

—00

p

+50-LefE /t T(t—s)f(s,zs)dW(s)

p

5P B | ST T( - t) L (t)

35

1377 YAN ET AL 1343-1386



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Now, we estimate the terms on the right-hand side of the above inequality. By
(B1) and vy, we have

v <P AT et | g |5,

For any x(t) € LP(P, H) and any ¢ > 0, there exists a f; > 0 such that PE I
x(t — q) ||P< € for t > t;. Thus, we obtain

v <5 AP | e,

which implies 1 — 0 as t — co. As to v, for any z(t) € LP(P,H), t € [—q, ),
we have

V3
p—1

i ¢
< 5p_1eﬁth_ﬁ(/ (t— s)r'pl(lﬁ)e_‘s(t_s)ds>
—00

t
X (/ e U E || APh(s,z) ||P ds)
—o0

_ . p-1
< 5p1Mf_B<F(1—p(1 f))aﬂ—l)
p—

¢ i .
X (/ e O PP ||z, |15 ds).

For any x(t) € LP(P, H) and any € > 0, there exists a #y > 0 such that e’'E I
z(s — 0) ||’< € for s > ty. Thus, we obtain

%)

< 5PIMP (P(l - p(llﬁ))(s?f”l)
.

t . .
X [/ e~ ORI P || 2, |15 ds)
ta

- ta _ N
—I—e_(‘s_ﬂ)t/ =051 P g | zs I ds]

oo

_ p(1— p—1
< 51071M{7_5 (F(l _ ]9(171/6))57(,,,16) —1>
p—

1 N to . ~
X [5 ~lla+67(575)t/ Ol eP B || ag |5, ds}

- oo

Since e= =Rt 0 ast — 00, then there exists £3 > t5 such that for any ¢ > #3,

1-— p(1— p=1
5PMY (F(l - p(p - 1@)525’1)
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~ ta 2 3
e—(é—ﬁ)t/ e(é_ﬁ)sheﬁsE || Ls H% ds

<e—5MP, (m _ %)5%{” —1> - L e

Thus, for any t > #3, we obtain v, < e, which implies 1, — 0 as t — co. As to
vs, for any z(t) € LP(P,H), t € [—q, ), we have

- t p—1
< 5”_1Mpem</ e_g(t_s)ds)
t _
<[ E gt 17 ds)

t - ~
< 5P7 1Mp§p T (/ e O=A=3)Bspy || 2y ||P ds).

Similar to the discussion of vo, we obtain vy — 0 as t — oo. As to vy, for any
x(t) € LP(P,H), t € [—q,00), we have for p > 2,

Vs

Vg

) . p/2

p—

~ t 72
<wigare( [ ortieog,)
t » -
X (/ e 2L E | x(s) ||P ds>

p—2

<siomr(P=2) "
p6

t i N
X </ e_(%s_ﬂ)(t_s)lgeﬂsE | zs ||P ds).

Similar to the discussion of v5, we obtain vy — 0 as ¢ — co. For p = 2, we have
t ~ .
vy < 5M2</ e~ (20 t=8) el || 2, ||? ds).
—o0

Similarly, we obtain v4 < e. By (B2) and Holder’s inequality, we have

Vs

§6P1MP65tE[(;eé(tti)>p_l<tz<:t p—0(t—t) H I(z(t)) |p>}

<o L (T e | () 1)

I
(1=e™) !
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— 1 -(5-3 b 3t
< 6P 1Mp(1_ew< eIl E |t ”p]>
i <t

7

t
- . étiE t: P,
(1 —e=07)P=1(1 — e=(6-F)7) [fg e Ia(t:) )

< 6P—1MP
Then there exists a 6 € [—g, 00), such that for any ¢ > 6, we have
B | 2(t) |7
< L*supe™E | x(t) [P +(5"1 | AP [P 1y + 3)e,
teR

where L* = 6P—1MP(1_676”?11(1_67(575”) sup;ez ¢ < 1. Thus we get that

5 5P| ATB Pl +3
sup e B || z(t) |P< ( ” "5+ )s.
teR 1—L*

It follows that ¢’ E || 2(t) |[P< %57 which is implies that e’*E ||
x(t) ||P— 0 as t — 0o. So we conclude that the piecewise pseudo almost periodic
mild solution of (1)-(2) is globally exponentially stable. The proof is completed.

5 An example

Consider following partial stochastic differential equations of the form

2

d[z(t,z) — w1 (t, 2(t — q,x))] = @z(t, x)dt + wa(t, 2(t — q,x))dt
+ws(t, 2(t — q,x))dW (t),t € R, t # t;,i € Z,x € [0,7], 9)
Az(t;, x) = Biz(ti, x),i € Z,x € [0, 7], (10)
z(t,0) = 2(t,m) =0, t€R, (11)

where W(t) is a two-sided standard one-dimensional Brownian motion defined
on the filtered probability space (€2, F, P, F;). In this system, 3; € PAP(Z, R),
ti=1+ %| sini +sinv/2i|, {t},i € Z,j € Z are equipotentially almost periodic
and v = inf;ez(t;i+1 — t;) > 0, one can see [22] for more details.

Let H = L?([0,1]) with the norm | - || and define the operators A : H — H
by Aw = w” with the domain

D(A) :={w € H : w,w are absolutely continuous, w” € H,w(0) = w(m) = 0}.
Then -
Aw = — Zn2<w,zn)zn, w € D(A),

n=1
where z,(x) = \/gsin(mc)7 n=1,2,3,..., is an orthogonal set of eigenvector of
A.
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The bounded linear operator (—A)% is given by

n2{w,z,)z

»Mw
I MS

on the space

D((—A)%) = { )EH : Zn% (W, 2n zneH}

3

and (—A)"iw = 3% L (w, z,)z, for every w € H and || (—A)"1 || is

n=1
bounded. It is well known that A is the infinitesimal generator of an analytic
semigroup T'(t)(¢t > 0) in H, and is given (See [40]) by

(o)
T(t)w = Z exp(—n?t){w, wy)wn, w € H,

n=1

that satisfies || T'(t) || < ex ( ) t > 0 and satisfies (H1).
Let Let y(t) = z(t,z),t € [—¢,0),z € [0, 7]. Taking

A%h(t7yt)($) = wl(t7 Z(t - g CL‘))7

g(tvyt)(x) = w2(t7 Z(t -4, fE))7

f(t7yt)(x) = w3(t>z(t - q,x)),
and

Ii(y)(x) = Biz(t;,x), i€ Z.

Then, the above equation (9)-(11) can be written in the abstract form as the
system (1)-(2).

From Theorem 3.1, it follows that the following proposition holds.
Proposition 5.1. Let w;, ws, w3 satisfy (H2)-(H6), then system (9)-(11) has
an p-mean piecewise pseudo almost periodic mild solution on R.

In the above example, we can take

wi(t, 2(t — q,-)) = ki[sint + sin V2t + I(t)] sin z(t — g, -),
wa(t, 2(t — q,-)) = ka[sint + sin V2t + ()] sin (¢ — g, -),

ws(t, z(t — q,-)) = ks[sint + sin V2t + I(t)] sin z(t — g, -),

and
Biz(ti,-) = &lsini + sin v2i 4 ()] sin 2(t;, ), 7 € Z,
where kj > 0,7 =1,2,3 and & > 0,i € Z, | € UPC(R, R) defined by
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From [3], sint 4 sin /2t is almost periodic. On the other hand,

1 T
— I(t)|Pdt
5 [ e
1 [ 1 [ 11—e7P
=— [ |l@®)|Pdt = — P = ————.
27"/0 1) 27"/0 ¢ 2r D
Consequently
1 ("
lim — I(t)[Pdt = 0.
Jim o /_TI @) 0
Taking , R
ATh(t, y,)(x) = ki[sint 4 sin V2t + [(¢)] sin z(t — ¢, z),
g(t, ye)(x) = kalsint + sin V2t + 1(t)] sin z(t — ¢, z),
F(t,ye)(z) = ks[sint + sin V2t + 1(t)] sin 2(t — ¢, ),
and

Ii(y)(z) = &[sini 4 sin v/2i + 1(i)] sin z(t;, ), i € Z.
Thus, one has
E || ASh(t, ) — AT h(tr, ) ||P
<2+ V2)R)PIE = tal+ | ¥ — 1 5],
E | g(t,v) = g(t, ) [IP< (Bka)” | ¢ — 1 |1,
E || f(t,9) = f(t, 1) |P< (Bka)? || ¥ — ¥ ||,
and E || A%hgt,w) [P< BE)P || ¥ |5, E || g(t,v) IP< (3k2)? || ¢ [I5.E ||
F(t,) |[P< (k)P || @ ||y, for all (£,4), (t1, 1) € R x D. Further,
EI(y) = 1(y1) [IP< B&)” |y — w1 |17,

and E || I(y) [P< (36)? || y I, for all (t,y), (t,1) € LP(P, H)). Then, all con-
ditions in Theorem 4.1 are satisfied. Hence, the system (9)-(11) has an p-mean
piecewise globally exponentially stable pseudo almost periodic mild solution.
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FOURIER SERIES OF FUNCTIONS ASSOCIATED WITH
POLY-GENOCCHI POLYNOMIALS

TAEKYUN KIM!»2, DAE SAN KIM3, DMITRY V. DOLGY%, AND JIN-WOO PARK5-*

ABSTRACT. In this paper, we will consider three types functions associated
with poly-Genocchi polynomials and find their Fourier series expansions. In
addition, we will express each of them in terms of Bernoulli functions.

1. INTRODUCTION

Let r be any integer. Then we recall that

O m

x
L"l‘ = ) 176 )
i) = 32 T (e 1)
is the rth polylogarithm function for » > 1, and a rational function for » < 0. Here
we note
2 Lipa(@) = < Lin2)
gy Lir+1(@) = —Lir(2).
The poly-Bernoulli polynomials B%)(:p) of index r are given by
LZT<1 — 6_t) t > (r) tm
m=0

For x = 0, ]B%ffl) = IB%%)(O) are called poly-Bernoulli numbers of index r. Note here
that ]B%%)(x) = By, (x) are the Bernoulli polynomials given by

t oo tm
e“:E By —.

t _ |
e 1 = m!

Here we mention in passing that our definition in (1.1) of poly-Bernoulli poly-
nomials was introduced in [4]. Analogously to the construction of poly-Bernoulli

polynomials, the poly-Genocchi polynomials G%) (x) of index r are defined by

2Lir(1—e™) 1 = () "
e :%Gm () - (1.2)

When z = 0, G%) = Gg,f)(O) are called poly-Genocchi numbers of index r. Observe
here that G () = Gy (x) are the Genocchi polynomials given by

2t . tm
L 7ZG’”(I)M'

m=0

2010 Mathematics Subject Classification. 11B68, 11B83, 42A16.

Key words and phrases. Fourier series, Bernoulli functions, poly-Genocchi polynomials, poly-
Bernoulli polynomials.
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2 Fourier series of functions associated with poly-Genocchi polynomials

The poly-Genocchi polynomials (el (z) were first introduced in [3], where they

were called poly-Euler polynomials and denoted by E%)(m) However, for the ob-
vious reason it seems more appropriate to call them poly-Genocchi polynomials
rather than poly-Euler polynomials. For the definitions of Genocch numbers and
polynomials, the reader refers to [2, 7, 8] and [3], respectively.

For poly-Bernoulli polynomials and poly-Genocchi polynomials, we will need the
following facts.

d T r T
B0 (@) = mB,) (0), (m>1), By (¢) =1

B'E’g) (.CC) = zm’ ng) = 5m,0a

L6 (@) =mBlL (@), (m 1)
GLI (1) + GGt =280 |, (m > 1), (1.3)
G (@) =0, G (z) =1, degGW(2) =m —1, (m > 1). (1.4)

Here we obtain (1.3) by differentiating with respect to ¢ both sides of the identity

S (0D ) : —t
> (U@ +GG) = = 2Ly (1 -7,
m=0
which follows immediately from (1.2).
Let E,,(z) be the Euler polynomials defined by

2 = tm
xt __ e
L —n;Em(x)mV

and let
. 7t _ _
Li,(1—¢e7") = Elan—n! =t+ Ezan—n!.

Then in view of (1.2) we have

[eS) m 00 m—1 m m
> S =3 (Z (l)aszmx)) %

m=1 =0
from which (1.4) follows.

In [5], G%H)(x) are expressed as linear combinations of Euler polynomials and
of Genocchi polynomials as follows.

m—1
m r
GU @) =Y ( .)Bﬁnlj_lEm)

Jj=0

We will need the following facts about Bernoulli functions B,,({x)), where for
any real number z, (x) =z — || € [0, 1) denotes the fractional part of x :

(a) for m > 2,
> 2minT
e
B = —m) —_
i) = -t 3 G
n#0
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(b) for m =1,
7 =, e2mine | Bi({z)), forz ¢ Z,
omin 0, for x € Z.
n=-—oo
n#0

In this paper, we will consider the following three types of functions a,,({z)),
Bm((z)), and 7, ({x)) associated with poly-Genocchi polynomials and find their
Fourier series expansions. In addition, we will express each of them in terms of
Bernoulli functions.

(2) am((@) =i, G T“() S m =)
(b) Bm((z)) = Sie w(m Gy @)z ok, (m > 2);
(0) (@) = THS 5y G (@2, (m > 2).

2. FOURIER SERIES OF FUNCTIONS OF THE FIRST TYPE

Let
r) =Y Gy (@)™, (m > 2).
k=1
Then we will consider the function

=36 () (@), (m > 2),

defined on R, which is periodic with period 1. The Fourier series of o, ({z)) is

Z A 27r1n:v

n=—oo

where ) )
Alm) :/ am(<x>)e_2”imdx:/ o, (z)e 2™ g,
0 0

Before proceeding further, we need to observe the following.

o (@) = Y (RGID @)™ F 4 (m =BG (@)am )

k=1
m m—1
=Y kG (@)™ + 3 (m - k)G (2)am R
k=2 k=1
m—1 m—1
k+1 G(T’-i-l) k= 1 G(T-i-l)( ) m—k—1
k=1 k:1

—(m + D1 (2).

From this, we obtain

and
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4 Fourier series of functions associated with poly-Genocchi polynomials

For each integer m > 2, we let

A'm :am(l) - Olm(o)

zm: (Ggﬂ)(l) _ chrﬂ)émk)

1

b
Il

M-

(_Gl(cr+l) + 2B1(21 _ G](CTJrl)(sm,k)

b
Il
—

r r4+1 r
B, - 36 -6,
=1 k=1

[
I

b

Then
am(0) = ap (1) <= A,
—2 ZIB%(T) =Y "GV + Gy,
k=1

and

1
1
/0 Oém(l')dx = mAerl.

We are now going to determine the Fourier coefficients A%m).

Case 1: n#0.

1
Aglm) :/O ozm(x)ef%mzdx

1 —27inz]! 1 /1 / —2minx

= — m ™ - TN d
2 L0 ()¢ o+ 5 ) om(@)e !

1 m+1 ! —2minx
i (m (1) — am(0)) + i -/0 U1 (z)e 2™ gy
:m + 1A(m71) . 1 .

2mwin - " 2win

from which by induction on m we can deduce tat

ml

+2
Alm) — _ (m Apii1.
" m—|—2]§1 2min)J i+l

Case 2: n=0.

o _ [ 1
A — [ (@) de = ———Apyiy.
R R T

am({z)), (m > 2) is piecewise C*°. Moreover, a,,({(z)) is continuous for those
integers m > 2 with A, = 0, and discontinuous with jump discontinuities for those
integers m > 2 with A, # 0.

Assume first that m is an integer > 2 with A,, = 0. Then «,,(0) = a,,(1).
Hence ayy, ((z)) is piecewise C*°, and continuous. Thus the Fourier series of o, ((x))
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converges uniformly to ., ((z)), and

o] m—1
1 1 (m+2);
m o Am J e 2mwinx

am((z) = Lo lomit Tt n;@@ m+2 & (2min)l e

n#0 =

m—1 0o i
1 1 m+2 e2mine
my2omt T T ot ( j ) S I n;m (2min)i
n#0

m+ 2 +2 J
Bi({z)), forx¢?Z,
—|—Am><{ 0, for v € Z.

Now, we can state our first theorem.

Theorem 2.1. For each integer I > 2, we let

l l
A=23"B - S 6l — Gt
k=1 k=1

Assume that A, =0, for an integer m > 2. Then we have the following.
(a) >, GSJH)((J;)) ()™ has the Fourier series expansion

STGrtT () ()t
k=1

1 > m+2 .
:mAm+1+ Z - m j+1 627”7”’

n=-—oo j=1

n#0
for all x € R, where the convergence is uniform.
(b)
m—1

S G () @) = LI\ %4_2 > (m N 2) Am—jr1B;((z)),
=2

m + 2 J

for all x € R.

Assume next that A, # 0, for an integer m > 2. Then a;,(0) # a,,(1). Hence
am ({x)) is piecewise C*°, and discontinuous with jump discontinuities at integers.
Then the Fourier series of ., ((z)) converges pointwise to a,,({x)), for ¢ Z, and
converges to

1 1
i(am(o) + am(1)) = am(0) + §Am~
‘We can now state our second theorem.
Theorem 2.2. For each integer | > 2, we let
l l
A =2 B - 6 -6,
k= k=1
Assume that A, # 0, for an integer m > 2. Then we have the following.
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6 Fourier series of functions associated with poly-Genocchi polynomials
(a)
o0 m—1
1 L+ Z 1 (m + 2)j - e2minT
m+2- " m+2 (2min)i — ™ TIT
n=—oo Jj=1
n#0
+1 —k
_ ST (@) @), forad z,
G%—H) + %Am, for x € Z.

(b)
L Z <m + 2> Am_j+1Bj(<:C>) = Z G](€T+1)(<x>) <x>mfk’ for ¢ Z:
k=1

m+2 = J

<

1 m—1 <m+2
m+ 2 = 7
#1

>Am—j+13j(<l’>) =GotY + %Am, for x € Z.

3. FOURIER SERIES OF FUNCTIONS OF THE SECOND TYPE

Let
m 1 ., .
Brn(z) = m@i @)™k (m > 2).
k! !
Then we will consider the function
i 1 - e
Bnl(@)) = > g ) @ (m 2 2),
= k! !

defined on R, which is periodic with period 1.
The Fourier series of 3,,((z)) is

o0

Z B’Elm) e2mine ,

n=—oo

where . )
BT(Lm) :/ Bm(<x>)672m’nxdx _ / 6m(x)672ﬂinmd‘r.
0 0

To continue further, we need to observe the following.

o k . _ —k r ek
B;H(LE) = Z (MG;ﬁl)(m)xm k + m(g](c -‘1-1)(x)1j k 1)

k=1
_ i 1 G(T+1)<x)xm—k + =y 1 G(er)(x)xm—k—l
Tl (k= 1)!(m — k)Rt Kl(m —k—1)1 "k
k= k=1
L L e S L gl gmei
= R(m—1—k) S kl(m—1—k) "
=1 =1
ZQﬂmfl(fE)

From this, we have
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and .
[ 8@ = 5 (Bua (1) = Bns (0).
0

For each integer m > 2, we put

_ Z k!(ml_ ol (G/(:H)(l) _ Gg—i_l)(sm,k)

k=1
_ i 1 (7@(7“"1) + QB(T') _ G(7'+1)5 )
T Lkl (m — k) b k=17 Vk Omik
k=1
) r r
:2§: Bi(f—l B - Gl(c v _ GtV
kl(m — k)! kl(m — k)! m!
k=1 k=1
Then
Bm(0) = Bn(1) <= Q,, =0
— kl(m — k)t = kl(m — k)! m!
and

! 1
/ B (x)dx = §Qm+1.
0

Now, we would like to determine the Fourier coefficients B,(Lm).

Case 1: n#0.

1
Bgm):/ ﬁm(x)e—%rinwdx
0

1

—2mina] ! 1 ! —2minx
== g @ o [ @

(8 (1) = Bu0) + —

2min

1
/ Bmfl (x)e—Zﬂ'in;cdx
0

2min

2 1
_ B(m7 1) m
2min~ " 2min

from which by induction on m we can deduce that

m—1

Bm — _ 291

il IV IEE
(2min)J A

J=1
Case 2: n=0.

1
" 1
B >=/0 B (@) = 3 Q1.

Bm({x)), (m > 2) is piecewise C*°. Moreover, S,,({x)) is continuous for those
integers m > 2 with Q,, = 0, and discontinuous with jump discontinuities at
integers for those integers m > 2 with €, # 0.

Assume first that m is an integer > 2 with Q,, = 0. Then £,,(0) = B, (1).
Bm({x)) is piecewise C*°, and continuous. Hence the Fourier series of S,,((x))

1393 T.KIM ET AL 1387-1400



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

8 Fourier series of functions associated with poly-Genocchi polynomials

converges uniformly to 3,,({x)), and

m—1

1 > 2j_1 TIinT
Bnlla)) = gmit 2. | = 2 gy s | €
e .
m—1 2] 1 0 627rin:t
_ . — 4l
Qm-‘rl + Z Qim—jt1 J: HZOO (2min)J
n#£0
m—1 4.
1 9i—1 Bi({(z)), forzx ¢Z,
:§Qm+1 + z; TQ77L—j+1Bj(<:C>) + Ly % { 0, for z € Z.
i=

Now, we are ready to state our first theorem.
Theorem 3.1. For each integer | > 2, we let
l (r) l r+1 r—+1
Q = 22 By —1 _ Gé : _ (G’z( :
— kNl — E)! — kIl — k)! I

Assume that Q,, = 0, for an integer m > 2. Then we have the following

(a) Yoy k,(m ol G(H_l ((z)) (2)™ " has the Fourier series expansion

m—1

< 1 T m— 1 - 2j_1 TiNT
D I AR COL R D D ) D <o L R L
k=1 : 1

2min)J
n=-—00 j=
n#0

for all x € R, where the convergence is uniform.

(b)

m m—1 .
(r m-— 1 2J71
Z k' +1)(<[E>) (x) b 59m+1 + Z TQm—j-‘rlBj«x»v
Jj=2

k=1 ’
for all x € R.

Next, we assume that m is an integer > 2 with €, # 0. Then 3,,(0) # B (1).
Hence S,,({x)) is piecewise C'*°, and discontinuous with jump discontinuities at
integers. Thus the Fourier series of §,,({x)) converges pointwise to S, ({x)), for
x ¢ Z, and converges to

3 Bmn(0)+ B (1)) = Fn(0) + 5,
for z € Z.
We are now ready to state our second theorem.
Theorem 3.2. For each integer | > 2, we let
l (r) l G(r+1) G(r+1)

—9 k 1 k Y
Zk' ) &R — ) Il

Assume that Q,, # 0, for an integer m > 2. Then we have the following.
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(a)
1Q — = 2j_1 QO 2mwinx
97 imt + Z - (2min)J m—j+1 | €
n=-—oo j=1
n#0
r4+1 m—k
{ Sy G T (@) (@), forz ¢ 2,
(r+1)
1 G %Q,m forx € Z.
(b)
m—1 2j—1 (r41) K
o j' Qm j+1B Z k' G (< >) <CE> ’ fO?":L‘ ¢ Z5
j=
it 1 o1
> Qi B((2) = =GO + 2Q,, forz € Z.
= 7 m! 2
J#1
4. FOURIER SERIES OF FUNCTIONS OF THE THIRD TYPE
Let
= (r+1) k
Gy m-= > 2).
T ka HE @ (2 2)
Then we will consider the functlon
m—1
m G(rJrl) m—k >9
. Z—km HE @) @ (= 2),

defined on R, which is periodic with period 1.
The Fourier series of v, ({x)) is

oo

Z C«T(Lm)e27rina:’

n—=—oo

where ) )
Cr(Lm) _ / Wm(<m>)ef2m'mdx _ / Vm($)€72ﬂinzd$.
0 0

To proceed further, we need to observe the following.

m—1

1

Von () = W= k) (’f@z(f—il)(x)fm_k +(m - k)G,(f“)(:v)xm—’f—l)

m—1
r _ 1 r m—k—
7@]({0;*‘11)(33)1,m ko 2 : %Gl(c +1)($)1‘ k—1
k=2 k=1

m—1

r , L m—1—

_ — kGEC +1)(m)xm—1—k + Z %G; +1)($)mm 1—k
k=1 k=1

(r+1) m—1—k r+1

=(m — 1 (2) + — 1@5;;*1)( z).
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From this, we have

(51 (7m+1(x) - MG,‘QI?(@))/ = Ym (),

and
1

m+1) 0

(1) = a0 = L (6510 - 651 O)

[ it = L o) - L elrih)]
% m+1)
1

B B 2 (r+1) _ m(r)
=m (7m+1(1) Ymt1(0) + m(m+ 1) (Gerl B,y ) :

For each integer m > 2, we let
Ay =¥ (1) — 1m (0)

- 1 (r+1) (r-+1)
r+1 r+1
= 1 -
k(m — k) (Gk (1)-G ‘57"7’“)
k=1
m—1
1 (r+1) () (r+1)
— k(m —k) ( ¢ +2By0 — Gy )
:2 m—1 B](J_)l - m—1 G}(CrJrl)
— k(m — k) — k(m — k)
Then
Ym(0) = ym(1) <A, =0
m—1 (r) m—1 (r+1)
B G
9 k=1 _ k
A kz_l Rm—k) 2= km— k)’

Now, we are going to determine the Fourier coefficients C,(Lm).
Case 1: n#0.
Observe first that

Qmel (m)r—1 (Gs;ti)ﬁ-l _ B'E;)—k) Jfor n #£ 0,

1
G(mr-‘rl) (l,)e—Q'rrinzdx _ k=1 (2min)k
/0 = (B%) - G(mrﬁ)) ) for n=0.
Then we have
1 1

1
/ ,Y;n(z)ef%rinmdx
0

= ) =)+ g [ (= D)+ s )

2min 2min m—1 ™1
1 m—1 1 ! 1 ,
=— —A, 70(7”—1) / G("JF ) —2minz g
2rin ™ 2w O amim(m ) |, Cmr @ v
m—1 1 2
:70(’”—1) _ Am D,
2win " 2min 2min(m —1) "’

1396 T.KIM ET AL 1387-1400



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

T. Kim, D. S. Kim, D. V. Dolgy, J.-W. Park 11
where
m— 2 1
. - k 1 (r+1) (r)
- 27TZ7’Z (Gm—k, - IBm—k—l ) (41)

From (4.1), by inductlon on m we can show that

m—1 m—2
cm — _ 1§~ _(m) ek 2(m); |
T mg e T m  Crin) ()
We now observe that
m—2
Z 2(m)j By i1
2 Grimi(m =) "
~ " = ikt (i) )
- 1 r+1
=5 =i GUtY . B )
= (27rm 1; (2min)k ( moj=ktl o Tmej—k
m—2m—j—1
_ 2]: 2(m)j k-1 (G(rﬂ) g )
S Qmin)ith(m — ) \ T meak
m—2 1 m—1 (m) ( ) ()
-9 s—1 (G r+1 _B T )
jz:; m _j 5:2];_1 (271””1)5 m—s+1 m—s
m—1 (m) ( ) ) s—1 1
23 Mt (o, om0 )Y L
= (2min) mme
:2m—1 (m)sfl (G(rJrl) _B(T) )(H - H )
pat (27rin)5 m—s+1 m—s m—1 m—s
= (m) (r+1) (r)
s—1 r+1 r
-9 (G —B 7) Hy 1 —H, o
pa (27rin)5 m—s+1 m—s ( 1 )
-9 ey (m)s G(mri_ill Bgri) S (H _ H )
2min)s m—s+1 m=1 m=s
=1
Putting everything altogether,
m—1 (r+1) (r)
2(G,, = -8B, )
(m) - _ m—s—+1 m—s o = )
Z 27rm < mestl m—s+1 (Hm m_5)>

Case 2: n=0.

1
c§ = [ m(a)ds
0

1 2 (r+1) r)
=— (A _ - B\ .
m ( 1) (64 - 17)

Ym({x)), (m > 2) is piecewise C*°. In addition, 7,,({x)) is continuous for those
integers m > 2 with A,, = 0, and discontinuous with jump discontinuities at
integers for those integers m > 2 with A,, # 0.

1397 T.KIM ET AL 1387-1400



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

12 Fourier series of functions associated with poly-Genocchi polynomials

Assume first that A,,, = 0. Then 7,,(0) = v,,(1). Hence ~,,({x)) is piecewise C*°,
and continuous. Thus Fourier series of 7,, ({x)) converges uniformly to ~,,({x)), and

ym((z)) = % (Am+1 + 7”(%4‘1) (s Bﬁ,ﬁ‘)))

r+1 r
2 (ng—sz&-l - IB'(m)—a) o
(HnL—l - Hm—s) (& mne

-1
1 — < (m)s A
- E E s m—s+1 —

| = @2min)® m—s+1
n#0
1 2 (r+1)
=— (A, — (G — B
m( +1+m(m+1)( mtl m))
m—1 2 G(T+1) _ B(T) )
1 m ( m—s+1 m—s
_ Am—s — Hm— _Hm—s
+mS:1 (s) i m—s+1 ( ! )
e 2minT
e
|
n0
1 2 1
—— (A (G(” ) _ ]B(r))
m < m+41 + m( + 1) m+1 m
m—1 92 G(T-H) B(T) )
1 m ( m—s—+1 m—s
- Am—e - Hm— *Hm—s* BG
+Tns:g (s) —s+1 m—s4+1 ( 1 s) ((z))
Bi({x)), foraz¢Z,
+Am><{ 0, for x € Z.

Now, we can state our first theorem.

Theorem 4.1. For each integer | > 2, we let

-1 g(r) =1 G+

R T R S )

k=1
Assume that Q,, = 0, for an integer m > 2. Then we have the following.

(a) S m(}gﬂ)((x)) (2)™ " has the Fourier series expansion

m—1

> w O ) @

k=1
1 2 (r+1) (r))
77’71 (Am+1 + m(m + 1) (Gerl ]Bm
oo m—1 ) G(”‘H) _B(T)
1 (m)s ( m—s+1 m—s omi
- Am—s - Hm— *Hm—s ‘mnz,
mn;oo s;(%in)s o TEFES I e
n#0

for all x € R, where the convergence is uniform.

1398 T.KIM ET AL 1387-1400



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

T. Kim, D. S. Kim, D. V. Dolgy, J.-W. Park 13
(b)
m—1 1
r+1 m—k
m(@; ((2)) ()
k=1
m—1 ) (G(T+1) _ B(T) )
1 m m—s+1 m—s
= A - Hp1 — Hps B )
5 2 () (Ao = S s~ Ha) | Bt
s;_él
for all x € R.

Assume next that m is an integer > 2 with A,, # 0. Then ~,,(0) # v (1). Hence
Ym ({x)) is piecewise C*°, and discontinuous with jump discontinuities at integers.
Thus the Fourier series of ~,,({x)) converges pointwise to ., ({z)), for x ¢ Z, and
converges to

1 1
5 (’Ym(()) + ’Ym(l)> = §Am7
for z € Z.
We can now state our second theorem.

Theorem 4.2. For each integer | > 2, we let

-1 Bg)l =1 g+
_ - _ k
Al_2kzzlk(l—k) ;k(l—k)'

Assume that A, # 0, for an integer m > 2. Then we have the following.

1 2 (r+1)
— (A, - — B™
m ( 1t m(m+ 1) (GmH m ))

[e%e] m— (r+1) _ (T)
REL ) (m)s A - ’ (Gmfsﬂ Bm*s) (H — Hp—s) p2min
m | = (Qm-n)s m—s+1 N | 1 s
n#0 -
I s G () (@), fora gz,
%Am, for x € Z.
(b)
m—1 9 (G(r+1) B IB%(T) )
1 m m—s+1 m—s
m Am_g B Hm— *Hm—s BS
ms=o<s> ‘“ m_sgr1 (Hmm ) | Bs({z))
S (r+1)
= [ — r+1 m—k 7.
> i N @ ora g

_ (r+1) (r)
1 iy m 2 Gm—s+l - IBm—s
E Z ( ) Am_s+1 - ( (Hm—l - Hm—s) Bs(<x>)

m—s—+1
s=0
s#£1

1
ziAm7 for x € Z.
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Abstract

We investigate relationship between Tracy-Singh products and certain
classes of Hilbert space operators. We show that the normality, hyponor-
mality, paranormality of operators are preserved by Tracy-Singh products.
Operators of class-A type are also preserved under Tracy-Singh products.
Moreover, we obtain necessary and sufficient conditions for the Tracy-
Singh product of two operators to be normal, quasinormal, (co)isometry,
and unitary.

Keywords: Tracy-Singh product, tensor product, normality, class A operator
Mathematics Subject Classifications 2010: 47A05, 47A80, 47B20, 47B47.

1 Introduction

Tensor product of bounded linear operators plays a crucial role in functional
analysis and operator theory. Many algebraic-order-analytic properties of oper-
ators are preserved under taking tensor products, but by no means all of them.
Importance results on tensor product involving certain classes of operators (e.g.
positive, unitary, normal, compact) have been noticed by many mathematicians
from the beginning of the theory to nowadays (e.g. [22]). In the last two decades,
the concepts of normality, hyponormality, and paranormality have been intro-
duced and investigated by many authors, see e.g., [5, 13, 21]. Relations between
tensor products and class-A type operators also have received much attention,
e.g., [10, 11, 12, 19, 20]. See more information about classes of operators in the
monograph [7].

Recently, the notion of tensor product was extended to the Tracy-Singh
product for Hilbert space operators in [15]. It was shown that compactness,

*Corresponding author. Email: pattrawut.ch@kmitl.ac.th
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positivity and strict-positivity of operators are preserved under Tracy-Singh
products [15, 16].

In this paper, we investigate relationship between Tracy-Singh products and
certain classes of operators. We divide such classes into three categories. The
first category consists of nilpotent, (skew)-Hermitian, (co)isometry, and unitary
operators. The second one contains operator normality, hyponormality, and
paranormality. The last one is the class-A type operators, which includes class
A(k), class A, quasi-class (A, k), quasi-class A, x-class A, quasi-*-class A, and
quasi-#-class (A, k) operators. We will show that the mentioned properties
of operators are preserved under taking Tracy-Singh products. Moreover, we
obtain necessary and sufficient conditions for the Tracy-Singh product of two
operators to be normal, quasinormal, (co)isometry, and unitary operators.

The paper is structured as follows. The next section supplies some pre-
requisites about the tensor product and the Tracy-Singh product of operators.
Next, we discuss relationship between Tracy-Singh products and the normality,
hyponormality, and paranormality of operators. Then we consider Tracy-Singh
products and certain properties of operators—being nilpotent, (skew)-Hermitian,
(co)isometry, and unitary. The last section deals with class A type operators.

2 Preliminaries

In what follows, H and K denote complex separable Hilbert spaces. When X
and Y are Hilbert spaces, denote by B(X,Y") the Banach space of bounded linear
operators from X into Y, equipped with the operator norm ||-|| and abbreviate
B(X,X) to B(X). For Hermitian operators A and B on the same Hilbert space,
we use the notation A > B to mean that A — B is a positive operator.

In order to define the Tracy-Singh product, we have to fix the orthogonal
decompositions of Hilbert spaces, namely,

m n

H=@H, K=K
=1

i=1

where all H;’s and Ky’s are Hilbert spaces. Any operator A € B(H) and B €
B(K) thus can be expressed uniquely as operator matrices

A = [Ayl77L and B = [Bulgi,

where A;; € B(H;,H;) and By € B(K;,Ky) for each ¢, j, k,I. Then the Tracy-
Singh product of A and B is defined to be

AR B = [[Ay ® Buly,],; (1)
which is a bounded linear operator from @Tkzl H; ® K, into itself. Note that

when m = n = 1, the Tracy-Singh product AX B reduces to the tensor product
A® B.
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Lemma 1 ([15]). Algebraic and order properties of the Tracy-Singh product for
operators are listed here (provided that every operation is well-defined):

1. The map (A,B) — AKX B is bilinear.

2. Compatibility with adjoints: (AX B)* = A* K B*.

3. Compatibility with ordinary products: (AXK B)(C X D) = ACX BD.
4. Compatibility with powers: (AKX B)" = A" X B" for any r € N.
)

. Compatibility with inverses: if A and B are invertible, then AX B is
invertible with (AR B)™! = A=l X B~1L.

6. Positivity: if A>0 and B >0, then AKX B > 0.
7. Monotonicity: if A1 > By and Ay > By, then A1 X Ay > B1 K Bs.

Lemma 2 ([15]). Let A = [A;;] € B(H) and B € B(K) be operator matrices.
Then each (4, j)-block of AR B is A;; X B.

Analytic properties of the Tracy-Singh product for operators are listed below.
Lemma 3 ([16]). Let A = [Ay]]%") € B(H) and B = [Bu]y", € B(K). Then

1,j=1
we have

1
) —|AllIB|l < |[ARB| < mn|Al||B].
() —IAllIBI < | I < mn|AlllB]

(ii) |ARB| = |A|R|B|, here the absolute value of A is defined by |A| = (A*A)=.

(iii) If A and B are positive operators, then (AKX B)* = A* X B for any
nonnegative real c.

Lemma 4. Let A € B(H) and B € B(K).
(i) The condition AR B =0 holds if and only if A=0 or B=0.
(i) f ARB=AKC and A#0, then B=C.

(i) f BRA=CXA and A#0, then B=C.

Proof. From the norm estimation in Lemma 3(i), one can deduce property (i).
Properties (ii) and (iii) follow from (i) and the bilinearity of Tracy-Singh product
in Lemma 1. O

Lemma 5 ([21]). Let A,C € B(H) and B,D € B(K) be nonzero operators.
Then A® B =C ® D if and only if there exists o € C\ {0} such that C = oA
and D = o~ ! B.

Proposition 6. Let A = [A;][",,C = [Cyli", € B(H) and B = [Buli)L,, D =
(D, € B(K) be operator matrices such that A;j, By, Ci; and Dy are
nonzero operators for alli,j=1,...,mandk,l=1,...,n. Then AKB = CXD

if and only if there exists o € C \ {0} such that C = aA and D = o ' B.
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Proof. If C = aA and D = a1 B for some « € C\ {0}, then by Lemma 1,
CXRD=(aA)®(a'B)=aa (AR B) = AKX B.

Assume that AKNB = CXD. By using Lemma 2, we get 4;;iXB = C;; XD for all
i,j =1,...,m. For any fixed ¢,j € {1,...,m}, we have A;; ® By = Ci; ® Dy,
for all k,1 = 1,...,n. For each i,5 € {1,...,m} and k,l € {1,...,n}, by
applying Lemma 5, there exists a;j 1 € C\ {0} such that Cj; = a4 A;; and

Dy = a;j}lekl. For any fixed 4,5 € {1,...,m}, we have Cj; = ayj; uA;; for
all k,l = 1,...,n. This implies that o;;11 = -+ = ayjnn = ;. For any
fixed k,1 € {1,...,n}, we have Dy = a;; By for all i,j = 1,...,m. It follows
that a7 = -+ = aupm = a@. Thus C,‘j = O(Aij and Dy = Oé_lBkl for all
i,j=1,...,mand k,l =1,...,n. Therefore C = oA and D = o~ 'B. O

Recall that the commutator of A and B in B(H) is defined by
[A,B] = AB — BA.
Proposition 7. Let A,C € B(H) and B,D € B(K).
(i) If [A,C] >0 and [B,D] >0, then [AR B,CX D] >0
(ii) If [A,C] <0 and [B,D] <0, then [AK B,C® D] < 0.
(iii) If [A,C] =0 and [B,D] =0, then [AK B,C K D] =0.

Proof. (i) Since AC > CA and BD > DB, we have ACX BD > CAX DB by
Lemma 1. Then

[AXKB,CX D] = ACKBD -CAXDB > 0.

The assertion (ii) follows from (i) and the fact that —[X,Y] = [Y, X] for any
operators X and Y. The assertion (iii) follows from (i) and (ii). O

3 Tracy-Singh products and operator normality

In this section, we discuss normality of Tracy-Singh products of operators. The
contents can be divided into three parts. The first part deals with general
properties of normality, the second one concerns hyponormality, and the last
one consists of paranormality.

3.1 Normality

Recall the following types of operator normality; see e.g. [7, Chapter 2] and [17]
for more details.

Definition 8. An operator T € B(H) is said to be

e normal if [T*,T] =0 ;
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e binormal if [T*T,TT*| =0 ;
e quasinormal if [T, T*T] =0 ;
e posinormal if TT* = T*PT for some positive operator P.

Stochel [21] showed that for non-zero A € B(H) and B € B(K), the tensor
product A® B is normal (resp. quasinormal) if and only if A and B are normal
(resp. quasinormal). Now, we will extend this result to the case of Tracy-Singh

products.
Theorem 9. Let A = [A;]]%") € B(H) and B = By, € B(K) be operator
matrices such that A;; and By are nonzero operators for alli,j =1,...,m and

k,l=1,...,n. Then AKX B is normal if and only if so are A and B.

Proof. If A and B are normal, then by Lemma 1 and Proposition 7 we have
(AKX B)",AXB] = [A*"KB*, AKX B] = [A*, A]X[B*,B] = 0,
i.e., AKX B is also normal. Conversely, suppose that AX B is normal. Note that
A*AX B*B = (ARB)"(AXB) = (AXKB)(AKB)* = AA*X BB*.

By Proposition 6, there exists o € C\ {0} such that AA* = aA*A and BB* =
a !B*B. Since AA* and A*A are positive, we have o > 0. Then

IA]* = A4 = [laA™A] = ol A]?,
IBII* = |BB*|| = |la™'B*B| = a7||B|.
We arrive at a = 1, meaning that both A and B are normal. O

Theorem 10. Let A = [A;;];";") € B(H) and B = [By;,~, € B(K) be operator

ij=1
matrices such that A;; and By, are nonzero operators for alli,j =1,...,m and
k,l=1,...,n. Then AX B is quasinormal if and only if so are A and B.

Proof. Assume that A and B are quasinormal. Since [4, A*A] = 0and [B, B*B] =
0, we have

[AXB,(AKB)* (AR B)] = [AKB,A*AK B*B] = 0.
Hence, A X B is quasinormal. Suppose that A X B is quasinormal. Note that
AA*AX BB*B = (AR B)(AK B)*(AK B)
= (AN B)*(AX B)?
= A*A’X B*B*.

Then there exists o € C\{0} such that A*A? = «AA*Aand B*B? = o ' BB*B.
This in turn implies that

=
=
I

A*(A*A?) = a(A*A)
(B*)*B? = B*(B*B?*) = o '(B*B)>.
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Since (A?)*A? and a(A*A)? are positive, we conclude a > 0. We have
alAI* = al(A"AP|]P = (4% A% = 4% < [A]*

and, similarly, a~!||B||* < ||B||*. This forces a = 1 and, thus, both A and B
are quasinormal. O

Proposition 11. Let A € B(H) and B € B(K). If both A and B satisfy one
of the following properties, then the same property holds for AR B: binormal,
posinormal.

Proof. The assertion for binormality follows from Lemma 1 and Proposition 7.
Now, suppose that AA* = A*PA and BB* = B*@Q B for some positive operators
P and . By Lemma 1, we get

(AR B)(AR B)* = AA*X BB* = A*PAX B*QB

— (AR B)*(PRQ)(AR B).

According to Lemma 1, P X @ is positive. Therefore A X B is posinormal. [

3.2 Hyponormality

Recall the following hyponormal structures of operators; see e.g. [1, 4, 13] and
[7, Chapter 2] for more information.

Definition 12. Let p > 0 be a constant. An operator T € B(H) is said to be
e hyponormal if [T*,T] is positive ;
e p-hyponormal if (T*T)? > (TT*)?P ;
e quasihyponormal if T*[T*, T|T is positive ;
e p-quasihyponormal if T*(T*T)PT > T*(TT*)PT ;
e cohyponormal if T* is hyponormal ;
e log-hyponormal if T' is invertible and log(T*T') > log(TT™).

Definition 13. Let T € B(H) have the polar decomposition T = U|T| where U
s a unitary operator. The Aluthge transformation of T' is defined by

T = |T|>U|T|>.
Then T s said to be

e w-hyponormal if |T| > |T| > |T*| ;

1
e jw-hyponormal if T is invertible and |T| > (|T|%U|T|%U*\T|é> °
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Theorem 14. Let A € B(H), B € B(K), and let p > 0 be a constant. If
both A and B satisfy one of the following properties, then the same property
holds for AR B: hyponormal, p-hyponormal, cohyponormal, quasihyponormal,
p-quasthyponormal.

Proof. The assertions for hyponormality and cohyponormality follow from Lemma
1 and Proposition 7. The assertion for p-hyponormality is done by applying
Lemmas 1 and 3. Now, suppose that A and B are quasihyponormal. By Lemma
1, we obtain

(AXB)"[([AXK B)*,AK B] (AKX B)
= (A*XB*)((A*XB")(AXB) - (AX B)(A*X B*))(AX B)
= (A*XB*)(A* K B*)(AX B)(AKB) — (A* K B*)(AK B)(A* K B*)(AK B)
= A*A*YAAX B*B*BB — A*AA*AX B*BB*B.
Since A*A*AA — A*AA*A = A*[A*  A]A > 0 and B*B*BB — B*BB*B =
B*[B*, B]|B > 0, we have by Lemma 1 that

A*A*AAX B*B*BB — A*AA*AX B*BB*B > 0.

Hence, (AKX B)* (AR B)*, AKX B] (AKX B) > 0. This means that AX B is
quasihyponormal.

Assume that A and B are p-quasihyponormal. Lemmas 1 and 3 together
imply that

(AX B)* (AR B)*(AX B))” (AR B)
= (A*®B*)(A*AR B*B)’ (AR B)
= A*(A*AY AR B*(B*B)"B
A*(AA* AR B*(BB*)*B
= (ANB)* (AA* R BB*)’ (AR B)
= (AN B)* (AR B)(AR B)*)? (AR B).

WV

This show that A X B is p-quasihyponormal. O

Kim [13] investigated the tensor product of log-hyponormal (reps. w-hyponormal,
iw-hyponormal) operators. Now, we consider the case of Tracy-Singh products.

Lemma 15 ([6]). Let S and T be positive invertible operators. Then logT >
1
log S if and only if TP > (Tg SI’T%) * for allp > 0.

Theorem 16. Let A € B(H) and B € B(K) be positive invertible operators. If
A and B are log-hyponormal, then AX B is also log-hyponormal.

Proof. Assume that A and B are log-hyponormal operators. Since A and B are
invertible, Lemma 1 implies that A X B is invertible. Using Lemmas 1 and 3,
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we obtain that for any p > 0,
[(AXB)*(AK B)J
= (A*ARX B*B)?

A*A)P R (B*B)”

(A*A)B(AA")P(A"A)%)2 R ((B*B)8(BB*)"(B*B)*]?
(A*A)B(AA*)P(A*A)% ¥ (B*B)8(BB*)"(B*B)%]*
(A*AX B*B)® (AA* K BB*)” (A*AR B*B)*%|2
(ARB)*(AR B))? (AR B)(AR B)*)* (AR B)*(AR B))*]2.

WV

(
(
[
[
[
[

By Lemma 15, we have log(AX B)*(AX B) > log(AX B)(AX B)*. This means
that AKX B is log-hyponormal. O

Lemma 17 ([1]). An operator T € B(H) is w-hyponormal if and only if |T| >
1 1

(I B reT)})* and (17| < (jr (777 )

Theorem 18. Let A € B(H) and B € B(K). If A and B are w-hyponormal,

then AX B is also w-hyponormal.

Proof. Assume that A and B are w-hyponormal. By applying Lemmas 1 and
3, we have

|AX B| |A| X |B]

OAWAWMQ%&OBEBWBﬁf

WV

MIMW&2®WIWHB\)

1
2

(
(141 ®1BIF) (4% 1B*)) (141} =B}
QAxm|A®BHM&B|f

Similarly, we get

(AR B)*

= || B

< (lalaan )" m (1B BB )
1

= (1413141471 =B BIB" 1)

1
2

= [(ar =B 1}) (41w B) (1471 m1B*)F)]

=

= (Iam By lAR BI(AR BY'|})

By Lemma 17, the operator A X B is w-hyponormal. U
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Corollary 19. Let A € B(H) and B € B(K) be invertible operators. If A and
B are iw-hyponormal, then AX B is also iw-hyponormal.

Proof. 1t follows from Lemma 1, Proposition 18 and the fact that every iw-
hyponormal operator is w-hyponormal and every invertible w-hyponormal op-
erator is sw-hyponormal ([13]). O

3.3 Paranormality
Consider the following paranormality of operators; see [2, 3, 14, 18].
Definition 20. Let M > 1 be a constant. An operator T € B(H) is said to be
e M-paranormal if M2T*2T? — 2aT*T + oI > 0 for all « >0 ;
e paranormal if T*2T? — 2aT*T 4+ a2l > 0 foralla >0 ;
o M*-paranormal if M2T*2T? —2aTT* 4+ oI > 0 foralla >0 ;
e s-paranormal if T*2T? — 2oTT* 4+ o?I > 0 for all a > 0.

Recall that an operator T' € B(H) is an isometry if T*T = I; it is called an
involution if 72 = I.

Proposition 21. Let A € B(H), X € B(K) and let M > 1 be a constant. If
X is an isometry and A is M-paranormal (resp. paranormal), then AR X and
X X A are M-paranormal (resp. paranormal).

Proof. Assume that A is M-paranormal and X is an isometry. It follows that
for any a > 0 we have

M?* (AR X)?(AR X)? = 20(AR X)) (AR X) + *(IR )
= M?APA’RX*?X? - 204" AR X*X + o’ IR T
= M?A®A*RT - 20A*ART +a’IR ]
= (M?AA? - 20A* A+’ K]
= 0.
Thus AK X is M-paranormal. Similarly, the operator X X A is M-paranormal.

The case of paranormality is just the case of M-paranormality when M = 1. [

Proposition 22. Let A € B(H), X € B(K) and let M > 1 be a constant. If X
is a self-adjoint involution and A is an M*-paranormal (resp. *-paranormal)
operator, then AR X and X K A are M -paranormal (resp. x-paranormal).

Proof. The proof is similar to that of Proposition 21. O
Ando [2] showed that for any paranormal operator A, the tensor products

A® I and I ® A are paranormal. The next result is an extension of this fact to
the case of Tracy-Singh products.

Corollary 23. Let A € B(H) and let M > 1 be a constant. If A satisfies one
of the following properties, then the same property hold for AR I and I X A:
paranormal, M -paranormal, *-paranormal, M™*-paranormal.
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4 Tracy-Singh products and operators of type
nilpotent, Hermitian, and isometry

In this section, we discuss relationship between Tracy-Singh products and cer-
tain classes of operators, namely, nilpotent operators, (skew)-Hermitian oper-
ators, (co)isometry operators, and unitary operators. Recall that an operator
T € B(H) is said to be nilpotent if 7% = 0 for some natural number .

Proposition 24. Let A € B(H) and B € B(K). Then AR B is nilpotent if and
only if A or B is nilpotent.

Proof. 1t follows directly from Lemmas 1 and 4. O

Recall that an operator T € B(H) is Hermitian if 7* = T, and T is skew-
Hermitian if T* = —T. It follows from Lemma 1 that the Tracy-Singh product
of Hermitian operators is also Hermitian. The Tracy-Singh product of two
skew-Hermitian operators is Hermitian. The Tracy-Singh product between a
Hermitian operator and a skew-Hermitian operator is skew-Hermitian.

Proposition 25. Let A € B(H) and B € B(K) be nonzero operators.

1. Assume AR B is Hermitian. Then A is Hermitian (resp. skew-Hermitian)
if and only if B is Hermitian (resp. skew-Hermitian).

2. Assume AR B is skew-Hermitian. Then A is Hermitian (resp. skew-
Hermitian) if and only if B is skew-Hermitian (resp. Hermitian).

Proof. It follows directly from Lemmas 1 and 4. O

Recall that an operator T € B(H) is a coisometry if T7* = I. A unitary
operator is an operator which is both an isometry and a coisometry. Stochel [21]
gave a necessary and sufficient condition for A ® B to be an isometry (resp. a
coisometry, unitary). Now, we will extend this result to the case of Tracy-Singh
products.

Proposition 26. Let A = [A;]]%" € B(H) and B = [BrlyL, € B(K) be
operator matrices such that A;; and By are nonzero operators for all i,j =
1,....mand k, 1 =1,...,n. Then AR B is an isometry (resp. a coisometry) if

and only if so are aA and o= B for some a € C\ {0}.
Proof. If aA and o' B are isometries, then by Lemma 1,
(AXB) (AN B) = A*"AR B*B
= (aA)*(aA) X (e 'B)*(a"'B)
=IKXI.

Suppose that A X B is an isometry. Then A*AX B*B = I X I. Thus, by
Proposition 6, there exists 3 € C\ {0} such that BA*A =T and 3~'B*B = I.
Setting a = /B, we obtain (aA)*(aA) = I and (o 'B)*(a~!B) = I. Hence
aA and a1 B are isometries. The proof for the case of coisometry is similar to
that of isometry. O
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Theorem 27. Let A = [A;;];";") € B(H) and B = [By;,~, € B(K) be operator
matrices such that A;; and By are nonzero operators for alli,j =1,...,m and
k,l=1,...,n. Then AR B is unitary if and only if so are «A and a ' B for
some o € C\ {0}.

Proof. If aA and o~ !B are unitary, then Lemma 1 implies
(AR B)* (AR B) = A*YARB*B = (aA)* (@A) R (o 'B)*(a™'B) = I.

Similarly, we have (A X B)(A X B)* = I. Conversely, suppose that A X B
is unitary. We know that A X B is both an isometry and a coisometry. By
Proposition 26, there exist a, 3 € C\ {0} such that A and a~! B are isometries,
and BA and 37! B are coisometries. We have (aA)*(ad) =1 = (BA)(BA)* and

(@7'B)*(a™'B) = I = (7'B)(67'B)".

Since AKX B is normal, so are A and B (Theorem 9). Then a?AA* = o?A*A =
B2AA* and o 2BB* = o 2B*B = ~2BB*. Since a, 8 > 0, it comes to the
conclusion that o = 3. Hence aA and o' B are unitary. O

5 Tracy-Singh products and class-A type oper-
ators

The following classes of operators bring attention to operator theorists; see more
information in [8, 9, 11, 12, 20].

Definition 28. Let k € N. An operator T € B(H) is said to be
e class A if |T?| > |T|? ;
o class A(k) if (T*|T]2*T) ™7 > |T)? ;
e quasi-class A if T*|T?|T > T*|T|*T ;
e quasi-class (A, k) if T**|T?|T% > T**|T|°T* ;
o s-class A if [T? > |T*|? ;
e quasi-+-class A if T*|T?|T > T*|T*|*T ;
e quasi-x-class (A, k) if T*F|T?|Tk > T**|T*]2T*.

The next theorem shows that such classes of operators are preserved under
Tracy-Singh products.

Theorem 29. Let A € B(H), B € B(K), and let k € N. If both A and B
satisfy one of the following properties, then the same property holds for AKX B:
class A(k), class A, quasi-class (A, k), quasi-class A, x-class A, quasi-x-class

A, quasi-x-class (A, k).

1411 Arnon Ploymukda ET AL 1401-1413



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Tracy-Singh Products and Classes of Operators

Proof. Assume that A and B are class A(k). By Lemmas 1 and 3, we get

(ARB) AR B AR BT = [(A4BB") (AR [B*) (AR B)] ™
= (A*|AP* AR B*| B[ B) ™

(4| AP A) 7T & (B | B B)

A= )| B

= |[AXR B]%.

WV

Hence AK B is a class A(k) operator. Now, assume that A and B are quasi-class
A(k). Applying Lemmas 1 and 3, we get

(AX B)*|(AR B)?|(AR Bk = (A" K B*)(]A% X |B?|)(A* K B*)
Ak*|A2‘Ak IXBk*|BZ|Bk

AM*| A2 AF ) B¥*|B|2B*

(A" ® BM)(|A? ) |B*)(A* ® BY)
= (AN B)*|AX B|?(AR B)*.

Vol

Hence, AX B is a quasi-class A(k) operator. The proof for class A (resp. quasi-
class A) is done by replacing k = 1 in the case of class A(k) (resp. quasi-class
(A, k)). The proof for the case of quasi *-class (A, k) is similar to that of quasi-
class (A, k). Similarly, the proof for #-class A (resp. quasi-*-class A) is done by
replacing k = 0 (resp. k = 1) in the case of quasi-*-class (A, k). O

Acknowledgement. This research was supported by Thailand Research Fund
grant no. MRG6080102.

References

[1] A. Aluthge, D. Wang, w-hyponormal operators II. Integral Equations Op-
erator Theory, 37, 324-331 (2000).

[2] T. Ando, Operators with a norm condition. Acta Sci. Math. (Szeged), 33,
169-178 (1972).

[3] S. C. Arora, J. K. Thukral, On a class of operators. Glasnik Math., 41,
381-386 (1986).

[4] A. Bucar, Posinormality versus hyponormality for Ceséro operators. Gen.
Math., 11, 33-46 (2003).

[5] B. P. Duggal, Tensor products of operators-strong stability and p-
hyponormality. Glasg. Math. J., 42, 371-381 (2000).

[6] M. Fujii, J. F. Jiang, E. Kamei, K. Tanahashi, A Characterization of
Chaotic Order and a Problem. J. Inequal. Appl., 2, 149-156 (1998).

1412 Arnon Ploymukda ET AL 1401-1413



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

A. Ploymukda, P. Chansangiam, W. Lewkeeratiyutkul

[7] T. Furuta, Invitation to Linear Operators: From Matrices to Bounded Lin-
ear Operators on a Hilbert Space, Taylor & Francis, New York, 2001.

[8] T. Furuta, M. Ito, T. Yamazaki, A subclass of paranormal operators in-
cluding class of log-hyponormal and several related classes. Sci. Math., 1,
389-403 (1998).

[9] A. Gupta, N. Bhatia, On (n, k)-quasiparanormal weighted composition op-
erators. Int. J. Pure Appl. Math., 91, 23-32 (2014).

[10] I. H. Jeon, B. P. Duggal, On operators with an absolute value condition.
J. Korean Math. Soc., 41, 617-627 (2004).

[11] L. H. Jeon, I. H. Kim, On operators satisfying T*|T?|T > T*|T|*T, Linear
Algebra Appl., 418, 854-862 (2006).

[12] G. H. Kim, J. H. Jeon, A study on generalized quasi-class A operators.
Korean J. Math., 17, 155-159 (2009).

[13] I. H. Kim, Tensor products of log-hyponormal operators. Bull. Korean
Math. Soc., 42, 269-277 (2005).

[14] M. M. Kutkut, B. Kashkari, On the class of class M-paranormal (M *-
paranormal) operators. M. Sci. Bull. (Nat. Sci), 20, 129-144 (1993).

[15] A.Ploymukda, P. Chansangaim, W. Lewkeeratiyutkyl, Algebraic and order
properties of Tracy-Singh product for operator matrices. J. Comput. Anal.
Appl., 24, 656-664 (2018).

[16] A. Ploymukda, P. Chansangaim, W. Lewkeeratiyutkyl, Analytic properties
of Tracy-Singh product for operator matrices. J. Comput. Anal. Appl., 24,
665-674 (2018).

[17] H. C. Rhaly, B. E. Rhoades, Posinormal factorable matrices with a constant
main diagonal. Rev. Un. Mat. Argentina, 55, 19-24 (2014).

[18] D. Senthilkumar, T. Prasad, M class @) composition operators. Sci. Magna,
6, 25-30 (2010).

[19] A. Sekar, C. V. Seshaiah, D. Senthil Kumar, P. Maheswari Naik, Isolated
points of spectrum for quasi-*-class A operators. Appl. Math. Sci., 6, 6777-
6786 (2012).

[20] J. L. Shen, F. Zuo, C. S. Yang, On operators satisfying T*|T?|T >
T*|T*|?T. Acta Math. Sinica (Eng. Ser.), 26, 2109-2116 (2010).

[21] J. Stochel, Seminormality of operators from their tensor product. Proc.
Amer. Math. Soc., 124, 135-140 (1996).

[22] J. Zanni, C. S. Kubrsly, A note on compactness of tensor products. Acta
Math. Univ. Comenian. (N.S.), 84, 59-62 (2015).

1413 Arnon Ploymukda ET AL 1401-1413



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

On unicity theorems of difference of entire or meromorphic
functions

YONG LIU

ABSTRACT. In this article, we investigate the uniqueness problems of differences of
meromorphic functions and obtain some results which can be viewed as discrete analogues
of the results given by Yi. An example is given to show the results in this paper are best
possible.

1 INTRODUCTION

In this paper, we assume that the reader is familiar with the fundamental results and the
standard notations of the Nevanlinna theory (see, e.g., [7, 18]). Let f(z) and g(z) be
two non-constant meromorphic functions in the complex plane. By S(r, f), we denote any
quantity satisfying S(r, f) = o(T(r, f)) as r — oo, possibly outside a set of r with finite
linear measure. Then the meromorphic function « is called a small function of f(z), if
T(r,a) = S(r, f). If f(z) — a and g(z) — « have same zeros, counting multiplicity (ingoring
multiplicity), then we say f(z) and g(z) share the small function « CM (IM). For a small
function « related to f(z), we define

0(ar, f) = lim inf mj(j;;’};‘)

In 1976, Yang [17] proposed the following problem:

Suppose that f(z) and g(z) are two entire functions such that f(z) and g(z) share 0 CM
and f'(z) and ¢'(z) share 1 CM. What can be said about the relationship between f(z)
and g(z)?

2010 Mathematics Subject Classification. Primary 30D35, 39B12.
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In [13], Yi answered the question posed by C. C. Y. These results may be stated as follows:

Theorem A. Let f(z) and g(z) be two nonconstant entire functions. Assume that f(z)
and g(z) share 0 CM, f'(z) and ¢'(z) share 1 CM and 6(0, f) > 3. Then f/(2)¢'(z) =1
unless f(z) = g(2).

Currently, there has been an increasing interest in studying difference equations in the
complex plane. For example, Halburd and Korhonen [3, 4] established a version of Nevan-
linna theory based on difference operators. Ishizaki and Yanagihara [7] deveploped a version
of Wiman-Valiron theory for difference equations of entire functions of small growth. Also
Chiang and Feng [1] has a difference version of Wiman-Valiron.

The main purpose of this paper is to establish partial difference counterparts of Theo-
rem A. Our results can be stated as follows:

Theorem 1.1. Let ¢j,aj,b;(j = 1,2,--- k) be complex constants, and let f(z) and
g(z) be two nonconstant entire functions of finite order. Assume that f(z) and g(z) share
0CM, L(f) = Zle a;if(z +¢i) and L(g) = Z;C:l big(z + ¢;) share 1 CM and §(0, f) > 2.
Then L(f)L(g) =1 or L(f) = L(g).

Theorem 1.2. Let ¢ € C\ {0}, and let f(z) and g(z) be two nonconstant meromor-

phic functions of finite order satisfying f(z + ¢) and g(z + ¢) share 1 CM, f(z) and g(z)
share oo CM. If

1 1 —
N<r,?) —|—N(r,§> +2N(r, f) < (A + o(1))T(r), (L.1)
where A < 1 and T'(r) = max{T(r, f),T(r,g)}, then f(z)g(z) =1 or f(z) = g(z).
The following example shows that Theorem 1.2 is exact.

Example 1.1. Let f(z) = €?* +¢*,g(z) = e 2* — e~*. We have that f(z +¢) and g(z + ¢)
share 1 CM, f(z) and g(z) share co CM and

N(ro5) + N (r2) + 2N 1) = O+ o()T (),

but f(z) # g(2) and f(2)g(2) £ 1.

2 Proof of Theorem 1.1

In order to prove Theorem 1.1, we need the following lemmas.
The following lemma is a difference analogue of the logarithmic derivative lemma.
Lemma 2.1 [3] Let f(z) be a meromorphic function of finite order and let ¢ be a non-zero

1415 YONG LIU 1414-1427



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

complex number. Then we have

m(r, f(;(—:)c)) =S(r, f).

Lemma 2.2 Let f(z) be a nonconstant entire function of finite order, and let ¢;,a;(i =
1,2,--- k) be complex constants. Then

k
(Y aif(z+e)) T £(2) + S(r f),
=1

1
N(r SF aif(z+ ci)>

Proof of Lemma 2.2. By Lemma 2.1, we have

< N(r, f(lz)) + S(r, f).

T(“g“if (:+e) = m(réaiﬂz +a)) =m(r, ()2 ‘}{Z <)Z + cz->>
< :1 m(r, f(;(—l;)ci)) +m(r, f(2))+OQ) =T(r, f(2)) + S(r, f). (2.1)

m( ,L> —m<r, > 1 S Laif(z+ ) 1

' fz)) le a;f(z+ ¢) f(z) ) - m(r, 2121 aif(2+ci)>+5(r7 f)-

(2.2)

From the first main theory and (2.2), we obtain

1
k
i=1 alf(z + Ci)

T(r, f(2)) —N(r, f(lz)> < T(r,iaif(z—i—ci)) —N(r, S ) +S(r, f). (2.3)

By (2.1) and (2.3), we deduce

1 1
N(r, Zle il Gt CZ)) < N(r, m) + S(r, ). (2.4)

Lemma 2.3 Assume that the conditions of Theorem 1.1 are satisfied. Then

k
T(r, f(2)) = O(T(r, Y aif (s + 1)) for r&F,
=1

k
T(r,g(2) = O(T(r, Y aif(z + ) for r & F,
=1

T(r, ibig(z + cz)) = O(T(r, zk:aif(z + cz))) for r ¢ E,
i=1 i=1
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where E is a set of finite linear measure.
Proof of Lemma 2.3. By the first main theory and (2.2), we have

(30, 1) + o(D)T(r. (=) < m(r.5) + S(r. )

1 >>+s(r,f>ST(T”Zk:aif(HCi))*S(“f)'
i=1

Z§:1 az‘f(z +c

<m(r,

And so

50.7) + 0(1))T<r, ZZ: aif(z+ ci)) +S(r, f). (2.5)

Hence, we have
k
T(r, f(2)) = O(T(n > aif(z+ ) r¢E.
i=1

By the second main theorem, the first main theory, Lemma 2.2 and (2.5), we have

T(r, Zk: big(z + cz))
=1

1 1 k
- N(T’ Zf:l big(z + C'L)) * N(h Zle big(z +¢i) — 1) + S<T’ ; big(z + CZ))

< N(r, g(lz)> + N(r, 2?21 big(i o) 1) + S(r, 9)
= N(r, f(lz)) + N(r, Zle aif(lz o) 1) + S(r,9)

k
< (1=6(0, f) + o(W)T(r, f(2)) + T(r, Y aif (2 + i) ) + S(r,9)

i=1
1 k
< (50,77 +em)7( >l (et ¢)) +S(r, f) + 5(r,9). (2.6)
Using the method similar to the proof of (2.3), we have
1 k
T(r.g(2)) - N(r, @> <7(r, Z; big(= + i) ) + S(r,g). (2.7)
4
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From (2.5)-(2.7), we obtain

T(r.9(2) < N (r. ) +T(r,ibig<z +ci)) +5(r,9)

=1
k
< N<r, f(lz)> + (5(017 7 + 0(1)>T<r,;aif(z + C@)> + S(r,g)

< (1-68(0, /) + o()T(r, £(2)) + ((S(Jf) +o()T(r,

s.
I M =
I

S

a f(z—i—ci)) + S(r, 9)

< (5(02, 71 —i—O(l))T(T,zk:aif(Z‘Fci)) +S(r,g) + S(r, f),

i=1
that is

T(r,g(z ( Zazf z4¢) ) ré¢E. (2.8)

From Lemma 2.2 and (2.8), we get

T(r, i big(z + cl)) = O(T(r, i a; f(z + cl))) ré¢E.
i=1 =1

Lemma 2.3 thus is be proved.
Lemma 2.4 [10] Let f1, fo and f3 be three entire functions satisfying

Zfizl.

1=1

If f1 # constant, and

ZN( 7)< (A o)T0) (¢ B,

where T'(r) = max{T'(r, fi)|i = 1,2,3)}, and A < 1, then fo =1 or f3 =1.

Proof of Theorem 1.1.
Since L(f) = 2?21 aif(z+¢) and L(g) = Zle big(z + ¢;) share 1 CM, we have

L(f) —1 _ ep(z)
L(g) -1 ’

where p(z) is polynomlal
Let f1 = L(f), f2 = e?®) | f3 = —eP(I) L(g), by (2.9) and Lemma 2.2, we have

i+ o+ =1,
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N(T, ;1> < N(r, }) +S(r, f), (2.10)
N(r, f2) = N(r, ep—l(z)> =0, (2.11)

,1) +5(r,g). (2.12)

> SN(T,;)—FS(T,Q)—N(T 7

0, f) > %, we have

1
N(r, f3) = N(r, TPL(g)) = N( e
By Lemma 2.3, (2.5), (2.10)-(2.12) and

ZN( ) <2N(r5) + S0 )+ 509)

<20 50, )+ o) )+ 505 ) + 5610
< 2( 5 — L+ o) 70 L) + S(r L)
= A+ ()T L() 7 ¢ E,

where \ = 2(@ — 1) < 1. From Lemma 2.4, we have

fo=1 or f3=1.

If fo =1, by (2.9), we obtain ig?j — ¢P(?) = 1. Hence, we have L(f) = L(g).
If f3 = 1, that is —e?*)L(g) = 1. So L(g) = —e?®). By L(f) + 1+ e?(*) = 1, we have

L(f) = —eP(2) | So L(f)L(g) = 1. Theorem 1.1 thus is proved.

3 Proof of Theorem 1.2

In order to prove Theorem 1.2, we need the following lemmas.
Lemma 3.1 [14] Let f1 and fa be two nonconstant meromorphic functions, and let c1,ca
and c3 be three nonzero constants. If c1 fi + cafo = c3, then

T(r, f1) < N(r E) + N(r, }2> + N(r, f1) + S(r, f1).

Lemma 3.2 [12] Let fi, fo, -+, fn be linearly independent meromorphic functions satisfying
Sy fi=1. Then for j =1,2,--- ,n, we have

rf]<ZN< )+N(rf] ) + N(r, D) — ZNrfz— r, o)
O(logr—i—long( )) for ré&E,

where D denotes the Wronskian

fl) f27 Ty fn
D= f{? fé> Ty TIL
fl(n_l)7 fQ(n_l)a R f?sn_l)

6
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and T, (r) denotes the mazimum of T(r, f;),i =1,2,--- ,n.

Lemma 3.3 [14] Let f1, fa and f3 be three nonconstant meromorphic functions satisfying
2:3:1 fi=1, and let g = —%,gg = %,gg = —%. If f1, fo and f3 are linearly independent,
then g1, g2 and g3 are linearly independent.

Lemma 3.4 [8] Let f(z) be a meromorphic function of finite order, ¢ # 0 be fized. Then
N(r, f(z+¢)) < N(r, f(2)) + S(r, f),
N(r,

f(zl—i—c)> < N(r, f(lz)) +S(r, f).

Remark. 1 Using the same method of Lemma 3.4, we obtain

N(T’f(zl—i—c)> > N(r, f(lz)) + S(r, f).

From this and Lemma 3.4, we deduce

N(T’f(zl—kc)> = N(r, f(lz)> + S(r, f).

Lemma 3.5 [5, 6] Let f(z) be a nonconstant finite order meromorphic function and let
c # 0 be an arbitrary complex number. Then

T(r, f(z+|cl)) = T(r, f(2)) + S(r, f).
Remark. 2 It is shown in [2, p. 66], that for ¢ € C\ {0}, we have
(L+o)T(r—lel, f(2)) < T(r, f(z +¢)) < (L+0o(1))T(r + c], f(2))
hold as r — oo, for a general meromorphic. By this and Lemma 3.5, we obtain
T(r, f(z+c)) =T(r, f(2)) + S(r. f)

Lemma 3.6 [7] Let P(z) be a polynomial of degree m, and let F(z) = 522, where Q(z) is

a polynomial of degree n > 1 and R(z) is a polynomial of degree less than n which has no
common factor with Q(z). Then

T(r,P) = N(r, %) +O(1) =mlogr + O(1),

T(r,F)=nlogr+ O(1),

N(r, %) < (n—1)logr + O(1),

L]
"F+P

T(r,F'+ P) = N( ) +O(1) = (n+m)logr + O(1).

Lemma 3.7 Let f(z) be an nonconstant finite order meromorphic function, and let g(z) be
a rational function such that f(z+c) and g(z+c) share 1 CM, f(z) and g(z) share oo CM.

If
N(r) < (A +o(1)T(r), (3.1)
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where N(r) = max{N(r, %), N(r, %)} , and A\(< 1) is a positive constant, then f(z) = g(z).
Proof of Lemma 3.7. If f(z) is a transcendental function, then

T(r,g) = S(r, f).
By this, f(z+ ¢) and g(z + ¢) share 1 CM, f(z) and g(z) share oo C'M, we obtain
1 1
N(T7 f(z+c)—1> :N(T7g(z+c)—1
N(r, f) = N(r,g) <T(r,g) = S(r, f)-

By the second main theorem and Remark 1, we deduce that

) <T(r,g(z+¢))+0(1) =8S(r, f),

T(r, f(2)) < N(T‘, f(lz)> + N(r, f(2)) + N(T‘, f(z)ll) + S(r, f)
:N(r,f(lz)> +N<T’f(z—|—16)—l) + S(r, f)
= N(r, f(lz)> + S(r, f). (3.2)

(3.1) and (3.2) imply that
T(r) < (A+o(1))T(r),
a contradiction.
If f(2) is a polynomial, by f(z) and g(z) share co CM, we see that g(z) is a polynomial.
By Lemma 3.6, we obtain that

T(r, f) = N(r, }) +O(1),

1
T(r.g)=N(r ) +00),
and hence T'(r) = N(r) + O(1). From this and (3.1), we get
T(r) < (A +o(1)T(r),

a contradiction.
If f(2) is a rational function which is not a polynomial, then f(z 4 ¢) is not a constant.
Since f(z + ¢) and g(z + ¢) share 1 CM, f(z) and g(z) share co CM, we deduce

flz4+c)—1 _ N
glz+c)—1 7
where « is a constant. And so
fz+c¢)—ag(z+c)=1—a. (3.3)

Let g(z) = TZ((ZZ)) + Pi(z), where P;(z) is a polynomial, n(z) is a polynomial of degree n > 1
and m(z) is a polynomial of degree less than n which has no common factor with n(z). By

(3.3), we have
am(z)

8

f(z) =

+ PQ(Z),
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where Py(z) =1 —a+ aPi(z). By Lemma 3.6 and (3.1), we have Pi(z) =0 and P(z) = 0.
Hence a = 1. So f(z) = g(z). Lemma 3.7 is thus be proved.

Proof of Theorem 1.2.
By Lemma 3.7, it may be assumed that f(z) and g(z) are two transcendental meromorphic
functions. By f(z + ¢) and g(z + ¢) share 1 CM, f(z) and g(z) share co CM, we obtain

flz+c)—1=e"D(g(z+¢) - 1),
where h(z) is a polynomial, and so
flz+c)+ e —er@g(z 4 ¢) = 1. (3.4)

Let fi = f(z+c¢), fo = M) fa = —eh(z)g(z + ¢) and let Ty (r) = max{T'(r, f;)|i = 1,2, 3}.
By (3.4), we have

Z fi =1, (3.5)

=1
3 1 ) X
;N<r,ﬁ):N(T,W)+N(r,g(2+c)>, (3.6)
Ti(r) = O(T(r)). (3.7)

We divide the proof in two parts:
Case 1. Suppose that fi, fo and f3 are linearly independent. From Lemma 3.2 and (3.7),
we deduce

3

T(r, f(z+0) < SN (1) + N D) = NG, f2) = N(r. o) +o(T(), (38)

i=1 hi
for r ¢ E, where
flu f?) f3
D = f{v fé? fé
4 1! 4
1> 2> 3

By the above and (3.5), we obtain

fo. 13
D = //’ /3/
29 3

Now combining this and Lemma 3.4, we deduce

N(T>D) - N(T, f2) - N(Tv f3) < N(Tag//(z + C)) - N(Tag(z + C))
=2N(r,g(z +¢)) <2N(r,g(2)) + S(r,g) = 2N(r, f(2)) + S(r, 9). (3.9)

By Remark 1, we have

1
—N(T,m

>+S(r,f), N(r, ! ):N<r,g(12))+5(r,g). (3.10)

1
N(r, m)
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By (3.6), (3.10), we have

3
;N(ﬁ ;) - N<T’f(zl—|—c)) —|—N<r, g(z1+c)> = N(r, f(lz)> +N(r, g(lz)> + o(T(r)),

for r ¢ E. By (3.8), (3.9), (3.11) and Remark 2, we have

T(r, f(2)) = T(r, f(z + ) + S0 £) < N (1, ) + N(r ) + 2N (r, 7(2)) + O(T(r)),

f(z) 9(2)
(3.12)
forr ¢ E.
Let g1 = —% =g(z+c¢c),02 = % = e h2) gy = }—fl = —e "3 f(z +¢). By (3.4), we have
3
Zgi =1
i=1

From Lemma 3.3, we see that ¢1,¢o and g3 are linearly independent. Using the similar
method as above, we obtain that

Tr.9()) < N 575) + N (ro5) #2000 (2) +oT0). (313)

1
)
for r ¢ E. From (3.12) and (3.13), we know that

T(r) < N(r, ]10) + N(r, ;) +2N(r, f) + o(T(r)),
for r ¢ E. From (1.1) and (3.13), we have

T(r) < (A4+o0(1)T(r), (3.14)

(3.14) is impossible.
Case 2. Suppose that fi, fo, f3 are linearly dependent. Then there exist three constants

(c1,¢2,c3) # (0,0,0) satisfying
3

> afi=0. (3.15)

i=1
If ¢y = 0, (3.15) yields co # 0,¢3 # 0 and f3 = —z—;fg. So g(z+¢) = i—i, a contradiction.
Hence we have, ¢; # 0 and

fi= —%ﬁ - §f3- (3.16)
(3.5) and (3.16) imply that
C c3
(1_E>f2+ (1—a)f3:1. (3.17)

Next we deal with the following three subcases.
Subcase 2.1. Assume that ¢; = ¢3. Then by (3.17), we have ¢; # c3 and

fs =

1

C1 —63.

10
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And so c
g(z+c) = ——— ¢ h2), (3.18)
Cl1 —C3
Hence ¢(z) is an entire function, and N(r, g(%ﬂ)) = 0. By (3.4) and (3.18), we obtain that
fetog-—2 L @ (3.19)
c1—c3g(z+c) c1—c3 ’

If c3 # 0, by (3.18), (3.19), Lemma 3.1 and the first main theory, we deduce that

T(r, f(z +¢)) < N(r ) +S(r, f), (3.20)

1
"flz+0¢)

T(r.g(z+¢)) < N(r +5(r, f)- (3.21)

1
"fz+ c))
From (3.20), (3.21), Remark 1 and Remark 2, we have

T(r, f(2)) = T(r, f(z + ) + S(r. f) < N r, f(zlm) +5(r. )= N(r f(lz)) S f),

and

T(r,g(2)) = T(r,g(z + )+ S(r, f) < N(r,
By the above, we deduce that

’ch) +o(T(r)) for r¢FE,

which contradicts our assumption (1.1). Thus ¢s = 0. Hence from (3.19), we have f(z +
gz +¢) = 1, 50, f(2)g(2) = 1.

Subcase 2.2. Assume that ¢; = ¢3. From (3.17), we have ¢; # ¢p and fo = 01‘202.

And so

T(r) < N(r

ehl®) = 1 (3.22)

By (3.4) and (3.22), we obtain that

fa+e) = gz +0) :—610_262. (3.23)
If 3 # 0, from (3.23), Lemma 3.1, Remark 1 and Remark 2, we obtain that
T(r,f(z) =T(r, f(z+¢) + S(T )
<N(r i) + N (r o) + NS @) +50.0)
=~ (r, f(lz)) +N(r, g(lz)) + W(r, £(2)) + 8(r, ). (3.24)
11
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Using the similar method as above, we can get

T(r,g) < N(r, }) n N(r, ;) LN f) + S(r, f). (3.25)

By (3.24) and (3.25), we obtain that

T(r) < N(r, }) + N(r, ;) + N(r,f)+o(T(r)) for r¢FE,

a contradiction. Thus c2 = 0, and by (3.23), we obtain that f(z + ¢) = g(z + ¢). Hence

f(z) = g(2).
Case 2.3. Assume that ¢; # ¢o and ¢; # ¢3. From (3.17), we obtain

(c1 —e3)g(z +¢) +cre” ™M) = ¢ — . (3.26)
By (3.26), Lemma 3.1, Remark 1 and Remark 2, we obtain that

) +S(r,g) = N(r, L) + S(r, g).

T(r,9(2)) = T(r.g(z + ) + S(r.g) < N(r, 9(2)
(3.27)

g(z+c)

By (3.4) and (3.26), we have
(c3— 1) f(z4¢) + (c3 — c2)e®) = ¢3. (3.28)

If c3 # 0, by (3.28), Lemma 3.1, Remark 1 and Remark 2, we obtain that

1 1
T =T N(r,—— = N(r,—— ,
(@) =T Sz + ) + 80 0) < N(r 55 ) +500) = N1 55) + 50 )
(3.29)
By (3.27) and (3.29), we see
T(r) < N(r l) + N(r 1) +o(T(r)) for r¢FE
) f ) g )
which contradicts the assumption (1.1).
If ¢c5 = 0, by (3.28), we obtain
— _2.h2)
flz4+¢) = e (3.30)
1
Hence f(z) is an entire function, and N(r, %) = 0. From (3.26) and (3.30), we have
CQf(Zl_i_c) —cg(z+¢)=ca—cq. (3.31)

By (3.31), Lemma 3.1, Remark 1 and Remark 2, we have

T(r, £(2)) = T(r. f(= + ©)) + S(r. f) < N +500) = N(r ) +501).

g9(z
(3.32)

1
pE)
By (3.27) and (3.32), we have

T(r) < N(r, ;) +o(T(r)) for r¢E,

which contradicts the assumption (1.1).
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ABSTRACT

The main goal of this paper, is to study the existence of solutions for a class of nonlinear systems of difference
equations of order four, in four-dimensional with the initial conditions are real numbers. Moreover, we study
some behavior such as the periodicity and boundedness of solutions for such systems. Finally, some numerical
examples are presented and graphed by Matlab.

Keywords: Difference equations, Recursive sequences, Periodic solutions, System of difference equations.

Mathematics Subject Classification: 39A10, 39A11, 39A99, 34C99.

1. INTRODUCTION

In this paper, we are concerned with the existence of solutions for the rational systems of difference equations of
order four in four-dimensional case

Tn—3 Yn—3

Intl = Fifa, syn—semitn’ IH1 = ity 52, otp 120’
2 — Zn—3 t — tn—3
n+l Fltzn_stnotn_1yn’ '+l Tltt, 3Tn_2Yn—12n’

with the initial conditions are real numbers. Although we study the dynamics of these solutions such as the
periodicity and boundedness and give some numerical examples for the systems.

The study of nonlinear difference equations systems of order greater than one is quite challenging and re-
warding because some prototypes for the development of the basic theory of the global behavior of nonlinear
difference equations systems of order greater than one come from the results for rational difference equations
[1-45]. Therefore, the study of rational difference equations systems of order greater than one is worth further
consideration.

Recently, Din et al. [3] studied the local asymptotic stability of an equilibrium point, periodicity behavior
of positive solutions, and global character of an equilibrium point of a fourth-order system of rational difference

equations
ATy —3 Y — X1Yn—3
BFYYn—3Yn—2Yn—1yn’ It T Bl zn _stn_2an_12n

Tnt+1 =

El-Dessoky [4] has investigated the solutions of the rational equation systems

T — Yn—1Yn—2 — Ln—1Tn—2
n+1 xn(iliynflyn72) ? yn+1 yn(ilixnflwnf2) !

Yalcinkaya [5] got the sufficient conditions for the global asymptotic stability of the system of nonlinear
difference equations

_ Xntyn—1 _ YntTn-_1
Tn1 = Tnln_1—1° Yn+1 = YnTp—1—1"
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In [6] Yang et al. studied the system of high order rational difference equations

— a — bynfg
In Yn—p’ Yn Tn—qYn—gq

In [7], Kulenovic et al. obtained the global asymptotic behavior of solutions of the system of difference

equations
Yntc zZnte
Tn+l = y +b7 Yn+1 = Zn +d7 Zn41 = m:+f

In [8] El-Dessoky obtained the form of the solutions and periodicity of some systems of rational difference
equations

T Zn—3 y Tn—3 P — Yn—3
N+l = G b Znyn—1@n—22n—3> Il T watbaznzn-1yn—2tn—3’ ‘"1 T a3tbsynan_12n—_2yn—3"

2. SYSTEMS AND THE FORMULATION OF THEIR SOLUTIONS

Here we interest to investigate the following system of some rational difference equations

T — Tn—3 Yn—3
n+1 14+Zn_3Yn—22n—1tn’ Ynt+1 = 1+yn—_32n_2tn_12n’
Zn—3 _ tn_3
Zn+1 14+2p_3lpn_2Tpn—1Yn’ tn+1 T I4+tn-_3Tpn—2Yn—12n" (1)

where n € Ny and the initial conditions are arbitrary real numbers.

THEOREM 2.1. Suppose that {x,, Yn, zn, tn} are solutions of system (1). Then forn =0, 1, 2, ..., we see that

iy = @ [ Gy T2 = 7o H (iR B ey
Tin1 = (raetetl a4y, = g [1 (e CE ey !
Yan—3 = Y-3 jlj: (1(iTsz+i)1ﬁiilii2iZ;i)3)’ Yan—2 =Y—2 H Siﬁiﬁié)iﬁi e 23
Yin1 = y_ljlj: RIS =27, Yin = Yo f[ (EZee
Z4n-3 = 2-3 H 141:(r4;i1y)(;woxlt1t2zgz3)3) Pan—2 = -2 H gigzigigi e 3’
Zno1 = 2.1 H }igiiﬁ zgz iz = 3 Zan = 20 H iﬁii iﬁz e Zi §§=
tins = t-3 [1 Attt oa) gy p =ty H (ERC et B
s = o0 ] e o, =0 ] ey

-1
where [ B; = 1.
i=0
Proof: For n = 0 the result holds. Now suppose that n > 1 and that our assumption holds for n — 1, that is,

— . (1+4i)toz—1y—22_3) (14+(4i4+1)zoy—_1x_2t_3)
Tan—7 = T-3 ‘Ho A+ (@it Dioz_1y_sz_3) T4n—6 = T2 H (I+(4i+2)zoy_12—_2t_3)’
i=
—2
— (1+(4i42)yoz—1t_22_3) (14(4i+3)xot_12_2y_3)
Tan—5 = T-1 'Ho (I+ (3 +3)yoz—_1t_22_3)7 T4n—4 = 20 H (I+(@itd)zot_12—2y_3)°
1=
n—2
— (1+(4i)zot_12—2y—3) (14-(4i+1)toz_1y—_2x_3)
Yan—7 = Y-3 ‘Ho (@it Drot_12-2y_5) J4n—6 = Y-2 'Ho (1+(4i+2)t0z—1y_2w_3)’
i= =
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Yan—5

Zan—7

Z4n—5

tan—7

We deduce from

T4n—3

tan—s

n—2 n—2
(14 (4i4+2)z0y 122t _3) (14(4i+3)yor_1t_22_3)
Y-1 H (I+(@i43)z0y_17_st_3) JAn—4 = Y0 ‘Ho (I (4i+2)yor_1ft_22_3)’
= i
n—2
(1+(49)yox_1t_22_3) _ (14+(4i+1)zot_12_2y_3)
Z=3 H (1+(4z+1)y0x 1t—2z-3)’ “dn—6 = 22 H (1+(4z+2 xot_12_2y_3)’
n—2
+(4i4-2)toz_1y_22_3) _ (1+(4i+3)zoy_12_ot_3)
#-1 H F(@i+3)toz_1y_sa_g)® “An—4 =20 'Ho (I+(4i+4)zoy—12—2t_3)°
7=
—2 , —2 ,
¢ nH (1+(4é)zoy—12_2t_3) ¢ —¢ nl—[ (14+(4i+1)yox_1t_22_3)
-3 Ly OF@FDz0y—12—2t—5)° dn—6 = -2 M a2y 1oz s)
n—2
(1+(4i+2)z0t—12-2Yy-3) (14+(4i43)toz_1y_22_3)
b 'HO (1+(4i+3)z0t—12-2Yy—3)’ tan—s = to H (1+(4i+4)toz_1y—2x_3) "
1=

system (1) that

Tadn -7

1+tan—a24n—5Y4n—6Tan—7

H

(1+(49)toz_1y—2w_3)
1+ 4’L+1 toZ 1Y—2T— 3)

1+

(1+(4i+3)t0271y721‘ 3

2’11_[

1+ 4Z+2 toZ 1Y—2T 3)

(1+(4i+4)t0z71y,2x 3

(I+(4i+3)toz_1y—22_3)

(14+(49)toz_1y_2x_3)

n—2
to I1
=0
n—2 (1+(4i+1)t0271y72w73)
Y-2 1:[ (14+(4i4+2)toz—1y—22_3) -3 H

1

1+ 41+1

xgH

(14+(4d)toz_1y_2x_3)
+4Z+1 Ytoz—1y—2x_3)

Ytoz—1y—22_3)

(1+(4i)toz—1y—2x_3)
1+ 4z+1)t0z 1Y—2T 3)

toz—1Y—2%_3

(1+(4i)toz,1y,2:v,3)

I+ | toz—1y—22-3 130 (AT (ditd)toz_19 273
—2 ) .
_ z nH (1+(4l)t0271y72$73) (1+(4Z—4)t0271y72£E73)
-3 L1 A+ @i+ D)toz—_1y—22_3) (1+(4i—3)toz_1y_22_3)
— Yan—7
Yan—-3 = -

14z4n—atan—524an—6Yan—17

Y T @i—2toz—1y-z2_3)

(1+(4i)t0271y72$73)
1+(4i+1)t0z71y,2w,3) ?

n—1
:$_3 H (
=0

(A+4d)xot_12_2y—_3)

y3H1

1+ 4Z+1)Iot 12-2Y-3)

1+ 4’L+2 l’ot 12_2Y— 3)

r n—2
(1+(4it+3)zot_12_2y_3),
Zo H (1+(4i+4)w0t71272y73) -1 H
1+ =0,
5 (14-(4i+1)zot _12_2Yy—_3) H
-2 L 03 @i2)zet 1z 2y 593 =0
" (14+(di)zot_1z-0y_3)
Y-3 Ly A+ (@it zot—12—2y—3)
- M n—2 .
(14-(42)xot—12_2Y—3)
1+ xot—lzfﬂ/f?’, L+ (it Dzot—12—2y_3)

H

=0

(A+(4d)zot—12-2y_3)
1+ 4’L+1 Iot 12—2Y— 3)

1+ 4Z+3 :Eot 12—2Y— 3)

(1+(48)z0t_12_2y—_3)
1+(4i+1)1‘0t71272y73)

(

(I+4i)zot_12_2y_3)

1t Tol_1Z2_2y_3
(1+(4i—4)$0t71Z72y73)

n—1
=Y-3 H (
1=0
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Zan—17
1+Yan—aTan—s5tan—62an—7

Z4n—3

s ] (A+@d)yor_1t_22_3)
-3 L4 A+ @i+ 1)yor—1t—22_3)

le
_31_[

1+ 47,+2 y()CE 1t_oz_ 3)
(14 (42+3)yor—1t_22_3)

(1+(4i+3)y0w,1t,2z,g)
(1+(4i+4)y0w,1t,2z,3)

n—2
Yo H
1+ e

¢ H (A+@i+Dyor—_1t_s2_3)
—2 0 I+ (4i+2)yor_1t_22_3)

~

1+ 4’L yoCE 1t_oz_ 3)
1+ 47,+1 Yyoxr—1t_2z_3)

1+ 4’L y()I 1t_oz_ 3)
1+ 47,+1 y()CE 1t_oz_ 3)

_ (14+(48)yoz_1t_22_3)
=Z-3 21:[() (1+(4i+1)y(]$71t72273) :

(1+(4i)y0:l?71t72273)
IHyor—1t-22-3 iljo (1+(4i+4)yor—1t—22—3)

Finally from Eq.(1), we see that

tan—7
1+24n—aYan—5Tan—6tan—7
(14-(4%)zoy—1@_2t_3)

] H 1+ 4z+1 )zoY—1@_2t_3)

r n—2 n—2

tan—3

(1+(4i+3)20y_113_2t_3)
%0 H (I+(dit4)z0y_12_at_3) I—1 .
1+ ’L:OQ 1=
(1+(4i+1)20y_113_2t_3)

(1+(4i+2)z0y_1x_2t_3)

0 (1+(4’L‘+3)Zoy71I72t73)

(1+(4i)20y_11_2t_3)

n
L2 ZI:[O (1+(4i+2)20y711}72t73)t73 ZI:[O (1+(4i+1)20y71172t73)

n—2

‘ H (14(41)zoy—17_2t_3)
-3 (1+(4i+1)20y71172t73)

_ (1+(49)z0y—12_2t_3)
=1_3 iI;IO (14+(4i+1)zoy—1x—2t_3) "

H (14-(4d)zoy—1x_2t_3)
%0 1+ 47,+4 Zoy 1x_ot_ 3)

1+

Similarly we can prove the other relations. This completes the proof.

Lemma 1. Let {x,, yn, zn, tn} be a positive solution of system (1), then every solution of system (1) is

bounded and converges to zero.

Proof: It follows from System (1) that

Tn—3 Yn—3

Tt TFan sun 21t~ In=3 Yndl = T s ST, S Un-s)
Zn—3 — tn—3
Zn+1 TT 2n—5tn_20n_10n <ZzZpn-3, tpny1= T tn_3@n_29n_12n <tp-3,
we see that
Tn+1 < Tp-—3, Yn+1 < Yn—3, Zn+1 < Zp-—3, tn-i—l < tn—Sa

Then the subsequences {Z4n—3}22 ¢, {Tan—2}52 0, {Tan—1}220, {Tan }22, are decreasing and so are bounded from
above by M = max{z_3, ©_2, ©_1, xo}. Also, for the other subsequences of the main sequences {y,}, {zn},
and {t,}22,.

Lemma 2. If ;, y;, 2, t;, i =—3, —2, —1, 0 arbitrary real numbers and let {x,,, ¥n, zn, t,} are solutions
of system (1) then the following statements are true:-
(i) If z_3 = 0, then we have z4,—3 = 0 and ysp—2 = Y—2, Zan—1 = 2-1, tan = to.
(ii) If z_o = 0, then we have 24,2 = 0 and tg,—3 =t_3, Zan = 20, Yan—1 = Y—1-
(iii) If x_1 = 0, then we have z4,—1 = 0 and 24,,—3 = 2_3, tan—2 =t_2, Yan = Yo-
(iv) If g = 0, then we have x4, = 0 and Yapn—3 = Y—3, Zan—2 = 2—2, tagn_1 =1t_1.
(

v) If y_3 = 0, then we have ys,—3 =0 and 24,2 = 2_9, tan—1 =t_1, Tan = Tg .
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vi) If y_o = 0, then we have y4,—2 = 0 and x4,,—3 = _3, Zan—1 = 2—1, tan = to.
vii) If y_1 = 0, then we have y4,,—1 = 0 and t4,—3 = t_3, 24n = 20, Tan—2 = T_2.
viii) If yo = 0, then we have ys, = 0 and z4n,—3 = 23, tan—2 =t_92, Tan_1 = T_1.

ix) If z_3 =0, then we have z4,—3 =0 and t4,—2 = t_2, Yan = Yo, Tan—1 = T_1.

(

(

(

(

(x) If z_9 =0, then we have z4,_2 = 0 and ygn—3 = Y—3, tan—1 = t_1, Tan = To.

(xi) If z_1 =0, then we have z4,—1 = 0 and 24,3 = T_3, Yan—2 = Y—2, tan = to.

(xii) If 29 = 0, then we have z4, = 0 and t4y,—3 = t_3, Yan—1 = Y—1, Tan—2 = T_2.

(xiii) If t_3 = 0, then we have t4,—3 = 0 and 245, = 20, Yan—1 = Y—1, Tan—2 = T_2.

(ivx) If t_o = 0, then we have t4,—2 = 0 and 24,,—3 = 2_3, Yan = Yo, Tan—1 = T_1.

(vx) If t_; = 0, then we have t4,—1 = 0 and Yan—3 = Y—3, Zan—2 = Z_2, T4p = Zo.

(vxi) If tg = 0, then we have t4,, =0 and x4y,—3 = T_3, Yan—2 = Y—2, Zan—1 = 2—1.
Proof: The proof follows directly from the expressions of the solutions of system (1).

THEOREM 2.2. Let {xyn, Yn, zn, tn} are solutions of the system

€T = Tn—3 — Yn—3
n+l T4 @n_3Yn—22n_1tn’ Intl —1+yn—32n—2tn_1Tn’
_ Zn—3 — tn—3
Zn+1 - 14+2zp—3tn—2Tn—1Yn’ tn+1 - 1=ty 3Tn—2Yn—12n’ (2)

with the initial values are arbitrary real numbers satisfies toz_1y_ox_3 = Yox_1t_22_3 # £1, 2gy_1x_ot_3 =
Tot_12_2y_3 # 1, 2oy_10_ot_3 = Tot_12_2Y_3 #* % Then the solution are given by the following formulae for
n=0,1, 2, ..,

T_3 _ (=D)"z_o(=14z0y_1x_2t_3)"

Lan-3 (—1+t0z71y,2w,3)"’ Lan—2 = (—1+2Z0y71$72t73)n ?

_ r_1 _ n
Tin-1 = [Tiger s Tan = To(—1+zot_12-2y-3)",

— Y-_3 _ n
Yin-3 = Tiraotaz oy Y4n—2 =Y-2 (=1 +toz_1y—22_3)",

o (=D)"y_1(=142zy_1z_2t_3)" _ n
Yan—1 = (—1+zoy_17_2t_3)" y Yan = Yo (_1 + y0$—1t72273) )
2 L zZ_3 2 _ z—2(—1twot_1z_2y_3)"

4n—3 (1+y01_1t_22_3)n’ dn—2 (71+2I0t_12_2y_3)n ?

_ Z_1 _ n n
Zin-1 = i %n = (=1)" 20 (-1 + 209172t _3)"

_ (=1)"t_3 _ n
tin-3 = Tireorar o tn-2 =t (1+yor_1t_2z-3)",

_ t,1(71+2m0t,1z72y,3)" _ n
tin1 = s tan = to (1 +toz1y—27_3)" .

Proof: As the proof of Theorem 1.

THEOREM 2.3. Suppose that {x,, Yn, zn, tn} are solutions of the system

Tn—3 Yn—3

Tn+1 = —14+xp_3Yn—22n—1tn’ Ynt+1 = —14yn—3zn—2tn_1Tn’
. Zn—3 _ tn73
Zn+l - —1+2zp_3tp_2Tpn_1Yn’ tn+1 T —I4+tn-3Tn—2Yn—12n’ (3)

with toz_1y_oT_3 = 2oYy_1T_ot_3 = Yox_1t 22 3 = xot_12_2y_3 # 1,then all solutions of the system are
unbounded if toz_1Y_o2T_3 = zoYy_1T_ot_3 = Yox_1t_22_3 = xot_12_2y_3 #* 2, and takes the form

Tan-3 = (—1+tozfzz,2x73)"’ Tan—o =T o (—1+ 20y_12_ot_3)",
Tap—1 = (_1+y0;;1mz73)n, Tan = o (=1 4+ 2ot_12_2y_3)"
Yan-3 = (_1+x0t‘7i:272y73)n, Yan—2 = Y2 (—1 +toz-1y-27-3)",
Yin-1 = s Yin = Yo (-1 +yoz_1t_22-3)",
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and

tan—3

tan—1

Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. That is

Tan—7
Tan—5
Yan—17
Yan-5 =
Z4n—7
Rin—-5 =

tan—7

tan—s

zZ_3

(—14+yox_1t_22z_3

z_1

T ZAn-2 = Z-2 (—1+zot_12_2y_3)",

(71+t0271y729373

t_3

Y Z4n = 20 (=14 zoy_12_2t_3)",

(—14+zoy—1x_2t_3

t_1

7o tan—2 =t_2 (=14 yozr_1t_2z_3)",

(—14x0t_12_2y_3

z_3

y7s tan = to (=14 toz_1y—sz_3)".

)nfl

(—1+toz_1y—2z_3)" 1’

z_1

Tan—6 = T_o (—1 4+ 20y—_17_2t_3

b

(—14yoz_1t_22_3)" "’

Y-3

Tan—a = To (—1 + zot_12_2y_3)" "

)

(—14zot_12_2y—_3)" 1’

Y—1

Yan6=Y_o (—1+toz_1y_oz_3)" ",
)nfl

(71+zoy_1:c_2t
Z-3

-3

=T Yan—a = Yo (=14 yox_1t_2z_3

)

(—1+yom_1t_oz_z)" "1’

zZ1

Zan—6 = Z—2 (—1 + zot_12_0y_3)" "

b

(=14+toz—1y—2z_3)" 1’

t_s

Zan—a = 20 (14 zoy_12_ot_3)" "

)

)n—l

(71+20y71172t
t_1

-3

7Ty tan—6 =12 (=1 +yox_1t_22_3

i

1
tan—a = to (=1 + toz_1y—sx_3)"

(=14wot_12_2y—_3)" 1’

It follows from System (3) that

z_3

)77,71

_ Tan_7 _ (=14tpz_1y_sx_3
Tan—3 = T, azan-—svan—o@an—r [_1+tozf1y72173(*1+f0271y72173)”71(*1+t0271y—2z—3)n71]
(—1+toz_1y_2m_3)"71(71+t0z_1y_21_3)n71
z_3
_ (S1ttor_qy_om_g)" Tt T_3
- [=1+toz—1y—2xz—3] = (—1l+toz—1y—2x_3)"’
_ Yan—6 _ y_o(—l+toz_1y_sz_5)" "
Yan—2 = —14T4an—3tan—4a2an—5Yan—6 |:_1+t0271y72m73(71+t0271y72173)n—1(—1+t0271y,21~73)n—1i|
(—1+toz_1y_23_3)" (~1+toz_1y_go_3)"
_o(=1+tpz_1y_ox_3)" "t n
- T—21(+ +t3ziZ?§zf§) ]29—2 (—1+toz—1y—2z-3)",
(—14+toz—1y—2x_3)
z_1
Z4n-1 = TIF S = L el —
Yan—2Tan—3tan—424n—5 1 t0271y72x73(71+t0271y,2:l?,3)"(71+t0271y721’73)n
—it (—14toz—1y—22—3)" (—1+toz_1y—2z_3)" "
Z—1 ) i
_ (71+t0271y72173)n_1 _ Z_1
- [—1+t0z71y,2z,3] - (—1+t0Z71y72I73)n’
- tan—1 _ to(I4toz 1y px_3)"""
—142z4n—1Yan—2Tan—3tan—a toz_1y_ox_3(—1+toz_1y_ox_3)"(—14+toz_1y_ox_3)" !
[_H' (—1+toz—1y—22-3)" (—1+toz_1y—22_3)"

t0(71+t0271y72:l?73

)n—l

toz—1Yy—2%_3
[_H_ (—1+toz—1y—2x_3)

] =to (=1 +toz_1y—2z_3)".

Also, we can prove the other relations similarly. The proof is complete.

THEOREM 2.4. If the sequences {xn, Yn, zn, tn} are solutions of difference equation system (3) such that
t07_1Y—2%_3 = 20Y—1T—2t_3 = YoX_1t_22_3 = Tot_12_2y—_3 = 2.Then all solutions of system (3) are periodic
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with period four and takes the form

T4n—3
Yan—3
Z4n—3

t4n—3
Or

{xn
{yn
{Zn

{tn

}
}
}
}

T_3, Tan—2 = T—-2, Tin—1 = T—1, T4n = ZT0-
Y-3, Yan—2 = Y-2, Yan—-1 = Y-1, Y4n = Yo-
23, Z4n—-2 = Z-2, Z4n—1 = Z—1, Z4n = 20-

t_3, tan—2 =t_2, tan—1 =1t_1, tan = to.

{x_g, r—92, -1, o, -3, x_g,...}.
{y-3, y—2, ¥-1, Yo, Y-3, Y-2,---}-
{273, 292y, Z_1y 20y, 2—-3, Z,Q,...}.
{t_s, t_o, t_q, to, t_g, t_o,...}.

Proof: The proof follows from the previous Theorem and will be omitted.

The following theorems can be proved similarly.

3. OTHER SYSTEMS:

In this section, we get the solutions of the following systems of the difference equations

Tn41

Zn41

xn+1

Zn+1

Tn41

Zn+1

Tn41

Zn41

Tn—3 Yn—3
14+Zn_3Yn—22n—1tn’ Ynt+1 = 14+yn—32zn—2tn_1Tn’

Zn—3 _ tn—3 4
14+zn—3tn—2Tn—1Yn’ tn+1 T 1-tp_3Tp-—2Yn—12n" ( )
_ Tn=3 y - Yn-3
I+ @n_syn—22n—1tn’ I = THy, 5z atn_12n

Zn—3 _ tn—3
1=zn—3tn—2Tn—1Yyn’ b1 = 1—tn_3Tn_2Yn—12n" (5)

Tn—3 Y — Yn—3
T—@n_syn_2zn_1tn’ I = Ty oz otp_1an’

Zn—3 _ tn_3
1+zn_3tn—2Tn—1Yn’ bng1 = 1+tn_3Tn—2yn—12n" (6)

Tn=3 I O
T @n_3yn—22n1tn’ I T Thy, sznatn_1an’

Zn—3 —_ tn—3
1—zp_3tpn_2Tn—1Yn’ tn+1 T =14t -3Tn—2Yn—12n " (7)

where n € Ny and the initial conditions are arbitrary real numbers.

THEOREM 3.1. If {&n,Yn, 2n, tn} are solutions of difference equation system (4). Then form =0, 1, 2, ...,

Tin-3 = T3 H
Tan_1 = T H
n—1
Yan—-3 = Y-3 H
i=0
n—1
Yan-1 = Y-1 H
i=0
n—1
Zan—3 = Z—3H
i=0

(1+(20)toz_1y—22_3)

1+ 2’L+1 toZ 1Y—2T— 3)’

n—1
_ (14(2i—1)z0y—17_2t_3)
Lan—2 = T2 1:[ (1+(29)z0y—17—2t—3)

1+ 2’L yoCE 1t_oz_ 3) 21,+1 ZE(]t 12_2Y— 3)

—$OH

1+ 27,+1 yox 1t 22 3)’ x4n

(1+(2d)xot_12_2y_3)

+(2i4+2)wot_12_2y—3)’

(1+(2+1)t02 1Y—2T — 3)

—y2H

(

1+(27,—|—1)$0t 12-2Y— 3)7 Yan—2

(1+(2i42)toz_1y—22_3)’

(1+(2i)20y_113_2t_3) _ nﬁl (1+(2i+1)y013_1t_22_3)
(it Dzoy—1zt—3) Y4n = 0 1L Tr@e2)yoe 1i-2275)
(14(28)yox—1t_22_3) Py =5 nl:ll (14(2i4+1)zot_12_2Yy_3)
A+ 2it)yor _1t_2z_3)° “4n—2 = <=2 AL FEF2)zot-122y-3)
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n—1 n—1
_ (1+(2i+2)t0271y729373) _ (1+(2i+1)20y719372t73)
Z4n—1 - Z-1 HO (1+(2i+3)t0271y729373)7 Z4n = 20 HO (1+(2i+4)20y719372t73)’
i= i=
"l 1200y at_s) " @it D) yor_1t_az_s)
— 0Yy—1xr—-2t—-3 — or—1t—22-3
tan-3 = t-3 'Ho (1+(2i—D)zoy—_17—2t_3)’ tan—2 =12 ‘Ho (1+@2)yoz—1t—22-3) ’
1= 1=
t _ t nﬁl (1+(2i+2)1}0t_12_2y_3) t _t nl:Il (1+(2i+3)t02_1y_21_3)
4n—1 - -1 =0 (14+(2i+1)zot—12-2y—3)°’ 4n = 00 0 (14(2t+2)toz—1y—22_3)°
1= 1=

-1
where [ B; = 1.
i=0

THEOREM 3.2. The form of the solutions of system (5) are given by the following formulae:

r_3 n n
T4n—3 (T tor_1y sz 3" Tin—2 = (*1) T_2 (*1 + Zoy—1$—2t—3) >
oz (—14+2yox_1t_oz_3)" o n n
Tan—1 — (£1+y0x71t72273)") sy Ton = (71) Zo (71 + $Ot—lz—2y—3) 5
o Y-3 _ y—2(1+toz_1y_sw_3)"
Yin—-3 = (Idxot—12_2y—3)""’ Yan—2 = (14+2tgz_1y—2x_3)"
— Y—1 _ n n
Yin-1 =  ([Fzgy e ot g™ Yan = (=1)"yo (=1 +yox_1t_22-3)",
—1)"z_3 n
Zan—3 = (71+z,(mzzlt72z73)"’ Zan—2 = Z_o (1 4+ ol 122y _3)",
_ z_1(142tgz_1y_2x_3 " _ n
Zin-1 = (1(+t0271y72w73)") , Zan = 20 (1 + 20y—122t—3)" ,
n _ (=1)"t_3 ¢ _ ta(=1+4yoxr_st_oz_3)"
dn=3 T  (Cifzoy_1z_ot_3)" “N=2 = "(C1f2yox_1t_22-3)"
_ (=D"t_1 _ n
tan—1 =  TiFwetiz ey )™ tn = to (1+toz—1y—2w_3)",

where toz_1y—om_3 # —1, toz_1y—2T_3 # — %, YoT_1t—22_3 # 1, yor_1t_22_3 # 5, 20y—10_2t_3 = Tot_12_2Y_3 #
+1.

THEOREM 3.3. Let {&n, Yn, 2n, tn} are solutions of difference equation system (6) with toz_1y_o2x_3 #
1, toz_1y—2®_3 # 3, Tot—12_2y—3 = Z0Y—1T—at_3 # £1, Yowr_1t_2z_3 # —1, Yow_1t_22_3 # —3,then for
n=20,1, 2, ..,

— (=D"z_3 _ 1 t n
Tan—3 = (Titterqyse s Tan—2 = T (1 + zoy—17_2t_3)",
_ 1‘71(1+2y01‘71t72273)n _ n
Tin-1 = “iyoriar o Tan =To (1 +zot12-2y-3)",
_ (=D"y-3 _ y—2(=14toz_1y_2x_3)"
Yan—3 = Tofwol-izay_s) Y4n—2 = "[Ciidtoz_1ysz_5)"
— (=1)"y—1 _ n
Yan—1 = gy ar iy Yan = Yo (L+yoz_1l_22-3)",
_ Z—3 _ n n
Zin-3 T  (Tigor it ar ) An—2 = (=1)"z_2 (=1 +x0t_12_2y-3)",
_ 2_1(71+2t02_1y_2x_3)n _ (_1\n _ n
Zon—1 = (Tt toz_1y_sm_3) » P4n = (=1)"20 (=1 + zoy—17 2t _3)",
t _ t_s t _ t—2(ltyoz_1t_2z-3)"
An=3 = TTFzoy 1z 2t a)™ 412 = (I42yoz 1t 22 3)"

t_1

tan—1 Ty tan = (=1)"t0 (=1 +toz—1y—22-3)" .

THEOREM 3.4. Suppose that the initial conditions of the system (7) are arbitrary real numbers satisfies toz_1y_ox_3 #
1, toz_1y—22-3 # 3, Tot—12_2y_3 = z20y—1T_ot_3 # *1, yox_1t_2z_3 # 1, yor_1t_22_3 # 3, and if
{Zn, Yn, 2n, tn} are solutions of system (7). Then forn =0, 1, 2,

ceey

_ T _3 _ n
Tan-3 = (—1+toz—1y—am_3)"’ Tyn—2 = T-2 (71 + Zoy—lx—Qt—S) )

_ =Dz i (—142y0z_1t_22-_3)" _ n
Ton—1 = (—1+yoz_1t_22_3)" ; L4an = To (_1 + Iot—12—2y73) )
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_ Yy—3 _ y—2(=14toz_1y_22_3)"
Yan-3 - (1+z0t,1z72y,3)"’ Yan—2 = (—1+2t0271y—2w73)" ’
— Y—1 _ n n
Yan—1 = TFzoy_izatg)™ Yan = (=D)"y—2 (=1 +toz—1y—27-3)",
o (=1)"z_3 o n
Zn-3 = [Tipyeraias o “n-2 = 2-2(l+2ot12-2y-3)",
_ z—1(—142t0z_1y—2x_3)" _ n
Zop—1 = (—ittoz_1y_oz_g)" * %4n = 20 (14 20y—12_2t_3)",
t — t_3 t _ (71)nt_2(71+y01}_1t_gz_3)n
dn—3 (— 1t zoy_1a_at_3)" > “4n—2 (—1+2yow_1t_22_3)" )
t_1 n
tan—1 =  Tijegis oy tan =to (—1+toz_1y2w_3)" .

4. NUMERICAL EXAMPLES

Here we consider some numerical examples for the previous systems to illustrate the results.

Example 1. We consider the system (1) with the initial conditions z_3 = .16, z_o = —.3, z_1 = 7, kg =
—1.3, Yy—3 = .27 Y—o2 = —.4, Yy-1 = .517 Yo = 1, Z_3 = —.87 Z_9 = .4, Z_1 = 5, Z0 = 74, t,3 = .18, t,Q =
.64, t_1 = —.5 and tg = 1.9. (See Fig. 1). Also, see Figure 2 to see the behavior of the solutions of System

(1) with initials conditions x_3 = .16, x—9 = .3, 1 = 0, 29 = 1.3, y_3 = .2, y_2 = .4, y_1 = .51,
Yo = 1, Z-_3 = .8, Z_o2 = .4, Z_1= .5, 20 = .74, t_3 = .8, t_og = .64, t_y =.5and to = 1.9.

)20 T

o 10 20 30 a0 50 60 70 80

Figure 1. Plot of the system (1).

Figure 2. Draw the behavior of the solution of the system (1).
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Example 2. See Figure (3) for an example for the system (2) with the initial values ©_5 = .6, x_3=.3, x_1 =
.19, o — —.3, Yy—-3 = .2, Y—o2 = .4, Yy-1 = 56, Yo = .91, Z-3 = .28, Z_92 = .4, Z_1 = 65, 20 = 37,
t_3 = .8, t_o = .64, t_1 = .5 and to =.7.

Xyl

Figure 3. Sketch the behavior of the solution of the system (2).

Example 3. If we take the initial conditions as follows x_3 = .6, x_9 = .3, z_1 = —.19, 9 = —.3, y_3
.2, Y_o2 = 04, Y1 = 56, Yo = 91, Z_3 = 28, Z_9 = —.4, Z_1 = 49, zZo — 37, t,3 = —.8, t,Q = —.64, t,1 =
.5 and ty = .7, for the difference system (3), see Fig. 4.

210

Ay

Figure 4. Plot of system (3).
Example 4. Figure (5) shows the periodicity behavior of the solution of the difference system (3) with the

initial conditions z_3 = 6, x_9 = =3, 1 =9, g = =8, y_3 =1/9, y_2 = =9, y_1 =5, yo = .1, z2_3 =
20, Z_92 = 6, Z_1 = *.7, 20 = .2, t_3= *20/3, t_og = 1/9, t_1 = *3/8 and to = 10/189

20

1s -

10

Ay
)

Figure 5. Plot the behavior of the solution of the difference system (3).
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Applications of soft sets to BC'C-ideals in BCC-algebras
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Abstract. The notions of a union soft ideal and a union soft BC'C-ideal of a BC'C-algebra are introduced and
some related properties of them are investigated. A quotient structure of BC'C-algebra using a uni-soft BC'C-ideal

is constructed and some related properties are studied.

1. INTRODUCTION

Y. Kormori [10] introduced a notion of a BC'C-algebras, and W. A. Dudek [3] redefined the
notion of BC'C-algebras by using a dual from of the ordinary definition of Y. Kormori. In [6], J.
Hao introduced the notion of ideals in a BC'C-algebra and studied some related properties. W.
A. Dudek and X. Zhang [4] introdued a BC'C-ideals in a BC'C-algebra and described connections
between such BC'C-ideals and congruences. S. S. Ahn and S. H. Kwon [1] defined a topological
BC(C-algebra and investigated some properties of it.

Various problems in system identification involve characteristics which are essentially non-
probabilistic in nature [15]. In response to this situation Zadeh [16] introduced fuzzy set theory
as an alternative to probability theory. Uncertainty is an attribute of information. In order to
suggest a more general framework, the approach to uncertainty is outlined by Zadeh [17]. To
solve complicated problem in economics, engineering, and environment, we can’t successfully use
classical methods because of various uncertainties typical for those problems. There are three
theories: theory of probability, theory of fuzzy sets, and the interval mathematics which we
can consider as mathematical tools for dealing with uncertainties. But all these theories have
their own difficulties. Uncertainties can’t be handled using traditional mathematical tools but
may be dealt with using a wide range of existing theories such as probability theory, theory of
(intuitionistic) fuzzy sets, theory of vague sets, theory of interval mathematics, and theory of
rough sets. However, all of these theories have their own difficulties which are pointed out in
[13]. Maji et al. [12] and Molodtsov [13] suggested that one reason for these difficulties may be
due to the inadequacy of the parametrization tool of the theory. To overcome these difficulties,
Molodtsov [13] introduced the concept of soft set as a new mathematical tool for dealing with
uncertainties that is free from the difficulties that have troubled the usual theoretical approaches.
Molodtsov pointed out several directions for the applications of soft sets. Maji et al. [12] described
the application of soft set theory to a decision making problem. Maji et al. [11] also studied

92010 Mathematics Subject Classification: 06F35; 03G25; 06D72.
YKeywords: ~v-exclusive set, Union soft ideal, Union soft BC'C-ideal.
YE-mail: sunshine@dongguk.edu
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several operations on the theory of soft sets. Jun [8] discussed the union soft sets with applications
in BCK/BCI-algebras. We refer the reader to the papers [2, 5, 7, 9, 14] for further information
regarding algebraic structures/properties of soft set theory.

In this paper, we introduce the notions of a union soft ideal and a union soft BC'C-ideal
of a BC(C-algebra and investigated some related properties of them. A quotient structure of
BC(C-algebra using a uni-soft BC'C-ideal is constructed and some related properties are studied.

2. PRELIMINARIES

By a BCC-algebra [3] we mean an algebra (X, ,0) of type (2,0) satisfying the following con-
ditions: for all z,y,z € X,

(al) ((z*y)* (zxy)) * (xx2) =0,

(a2) 0%z =0,

(a3) x %0 =z,

(ad) zxy =0 and y*z =0 imply = = y.

For brevity, we also call X a BCC-algebra. In X, we can define a partial order “<” by putting
x <y if and only if x x y = 0. Then < is a partial order on X.

A BC(-algebra X has the following properties: for any =,y € X,
(bl) xx 2z =0,

(b2) (z*y)*xz =0,

b3) z<y= xxz<yxzand zxy < zxz.

Any BC K-algebra is a BC'C-algebra, but there are BC'C-algebras which are not BC K-algebra
(see [3]). Note that a BC'C-algebra is a BC' K-algebra if and only if it satisfies:

(bd) (zxy)xz=(z*xz)xy, forall x,y,2 € X.

Let (X, *,0x) and (Y, *,0y) be BCC-algebras. A mapping ¢ : X — Y is called a homomorphism
if p(xxxy) = p(x)*y p(y) for all z,y € X. A non-empty subset S of a BCC-algebra X is called
a subalgebra of X if x xy € S whenever z,y € S. A non-empty subset I of a BCI-algebra X is
called an ideal [6] of X if it satisfies:

(cl) 0 €1,
(c2) zxy,ye ]l =axelforall x,yec X.

I is called an BCC'-ideal [4] of X if it satisfies (c1) and
(c3) (zxy)xz,yel = xxzel, forall x,y,z € X.

Theorem 2.1. [6] In a BC'C-algebra, an ideal is a subalgebra.
Theorem 2.2. [4] In a BCC-algebra, a BCC-ideal is an ideal.
Corollary 2.3. [4] Any BCC-ideal of a BCC-algebra is a subalgebra.
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Let X be a BCC-algebra and let I be a BOC-ideal of X. Define a relation ~/ on X by z ~ y if
and only if zxy,yxx € I for any x,y € X. Then it is a congruence relation on X [4]. Denote by
[z]7 the equivalence class containing z, i.e., [z]; := {y € X|z ~T y} and let X/I := {[z][|lz € X}.

Theorem 2.4. If [ is a BCC-algebra X, then the quotient algebra X/I is a BCC-algebra.

A soft set theory is introduced by Molodtsov [13].
In what follows, let U be an initial universe set and E be a set of parameters. We say that the
pair (U, E) is a soft universe. Let Z(U) denotes the power set of U and A, B,C,--- C E.

Definition 2.5. [13] A soft set (f, A) over U is defined to be the set of ordered pairs (f, A) :=
{(z, f(z)):x € E, f(x) € Z(U)}, where f: E— Z(U) such that f(zx) =0if z ¢ A.

For e € A, f(e) may be considered as the set of e-approximate elements of the soft set (f, A).
Clearly, a soft set is not a set. For a soft set (f, A) of X and a subset v of U, the ~y-exclusive set
of (f, A), defined to be the set e4(f;7) := {x € A|f(x) C ~}.

For any soft sets (f,X) and (g, X) of X, we call (f, X) a soft subset of (g, X), denoted by

(f,X) C(g9,X),if f(z) C g(zx) for all x € X. The soft union of (f, X) and (g, X), denoted by
(f,X) U (g,X), is defined to be the soft set (f Ug, X) of X over U in which fU g is defined by
(fUg) (x) := f(x)Ug(x) for all x € X. The soft intersection of (f,X) and (g, X), denoted by
(f,X) N (g,X), is defined to be the soft set (f Ng, M) of X over U in which f Mg is defined by
(fNg)(z):= f(z)Ng(z) for all z € M.

3. UNI-SOFT BCC-IDEALS

In what follows, let X be a BC'C-algebra unless otherwise specified.

Definition 3.1. A soft set (f, X) over U is called a union soft subalgebra (briefly, uni-soft
subalgebra) of a BC'C-algebra X over U if it satisfies:

(3.0) f(x*xy) C f(z)U f(y) for all z,y € X.

Proposition 3.2. Every uni-soft subalgebra (f, X) of a BCC-algebra X over U satisfies the
following inclusion:

(3.1) f(0) C f(x) forallz € X.
Proof. Using (3.0) and (bl), we have f(0) = f(zxz) C f(z)U f(x) = f(x) for all x € X. O

Example 3.3. Let (U := Z, X) where X = {0,1,2,3} is a BCC-algebra [6] with the following
table:

W N = O %
W N = OO
W = O O
w O O O
O = = OoOlWw
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Let (f, X) be a soft set over U defined as follows:

47, if x =0,
[: X —=>20U), x—< 2Z ifxe{l,2},
7 if x = 3.

It is easy to check that (f, X)) is a uni-soft subalgebra of X over U.

Theorem 3.4. A soft set (f,X) of a BCC-algebra X over U is a uni-soft subalgebra of X
over U if and only if the vy-exclusive set ex(f;~y) is a subalgebra of X for all v € Z(U) with

ex(f;7) # 0.

Proof. Assume that (f, X) is a uni-soft subalgebra of X over U. Let z,y € X and let v € Z(U)
be such that z,y € ex(f;7). Then f(x) C v and f(y) C ~v. It follows from (3.0) that f(z*xy) C
f(x)U f(y) €~ Hence x xy € ex(f;7). Thus ex(f;~) is a subalgebra of X.

Conversely, suppose that ex(f;7) is a subalgebra X for all v € Z(U) with ex(f;~) # 0. Let
x,y € X, be such that f(x) =, and f(y) = v,. Take v = v, U~,. Then z,y € ex(f;v) and so
zxy € ex(f;7) by assumption. Hence f(zxy) C v =7,Uv, = f(z)U f(y). Thus (f,X) is a
uni-soft subalgebra of X over U. O

Theorem 3.5. Every subalgebra of a BC'C-algebra X can be represented as a ~y-exclusive set of
a uni-soft subalgebra of X over U.

Proof. Let A be a subalgebra of a BC'C-algebra X. For a subset v of U, define a soft set (f, X)
over U by

v ifx e A,
f: X —-20), x»—>{ U ifré A
Obviously, A = ex(f;v). We now prove that (f, X) is a uni-soft subalgebra of X over U. Let
z,y € X. If z,y € A, then x xy € A because A is a subalgebra of X. Hence f(z) = f(y) =
fx*xy) =~,and so f(xxy) C f(z)U f(y). f x € Aand y ¢ A, then f(x) =~ and f(y) =U
which imply that f(z xy) C f(z)U f(y) = yUU = U. Similarly, if z ¢ A and y € A, then
flx*xy) C f(x)U f(y). Obviously, if x ¢ A and y ¢ A, then f(x *y) C f(x)U f(y). Therefore
(f,X) is a uni-soft subalgebra of X over U. O

Any subalgebra of a BC'C-algebra X may not be represented as a y-exclusive set of a uni-soft
subalgebra (f, X) of X over U in general (see Example 3.6).

Example 3.6. Let £ = X be the set of parameters, and let U = X be the initial universe set
where X = {0,1,2,3} is a BCC-algebra as in Example 3.3. Consider a soft set (f, X') which is
given by
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| {0} if x =0,
f:X = 20), U”CH{ {0,3} if v € {1,2,3}.

It is easy to check that (f, X) is a uni-soft subalgebra of X over U. The vy-exclusive set of (f, X)
are described as follows:

{0} if y={0},
eX(f;’y): X ifVG{{073}7{07273}7X},
0 otherwise.

The subalgebra {0,2} cannot be a y-exclusive set ex(f;7) since there is no v C U such that
ex(f;v) ={0,2}

Definition 3.7. A soft set (f, X) over U is called a union soft ideal (briefly, uni-soft ideal) of a
BCC-algebra X over U if it satisfies (3.1) and

(3.2) f(x) C f(zxy)U f(y) for all z,y € X.

Proposition 3.8. Every uni-soft ideal of a BCC-algebra X over U is a uni-soft subalgebra of
X over U.

Proof. Put z := xxy and y := x in (3.2). Then we have f(zxy) C f((z *xy) *x) U f(z). Using
(b2) and (3.1), we obtain f(z*y) C f((zxy)xx)U [f(z) = fO)Uf(z) € fly)U[f(z) = f(2)Uf(y)
for all x,y € X. Hence (f, X) is a uni-soft subalgebra of X over U. U

Theorem 3.9. A soft set (f, X) of a BCC-algebra X over U is a uni-soft ideal of X over U if
and only if the y-exclusive set ex(f;v) is a ideal of X for all v € 2(U) with ex(f;~) # 0.

Proof. Similar to Theorem 3.4. U

Proposition 3.10 Every uni-soft ideal (f, X) of a BCC-algebra over U satisfies the following
properties:

(i) (Ve € X)(z <y = f(z) C f(y)),
(ii) (Vz,y,z € X)(zxy <z = f(z) € f(y) U f(2)).

Proof. (i) Let z,y € X be such that « Then z xy = 0. It follows from (3.2) and (3.1) that

<uy.
flx) C flaxy) U fly) = fFO)U f(y) = f(y)-
(ii) Let z,y,z € X be such that z *y < z. By (3.2) and (3.1), we have f(xxy) C f((z*y)*z)U
U

f(2) = f(0)U f(2) = f(z). Hence f(z) C flzxy) U f(y) C f(z)U fly) = fly) U f(2). 0
The following corollary is easily proved by induction.

Corollary 3.11. Every uni-soft ideal of a BC'C-algebra X over U satisfies the following condition:
(33) (- (zxxa))*x-)xa,=0= f(x) CU,_, flag) for all x,ay,--- ,a, € X.

1444 Sun Shin Ahn 1440-1450



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Sun Shin Ahn

Theorem 3.12. If (f,X) and (g, X) are uni-soft ideals of a BCC-algebra X over U, then the
union (f, X)U(g, X) of (f,X) and (g, X) is a uni-soft ideal of X over U.

9)(0) = f(0) U g(0) C f(z) Ug(z) = (fUg)(z). Let
z,y € X. Then we have (fUg)(x) ]j(:c) g(z) C (fx*xy)U f(y) U (g(x *y) Ugly)) =
U

- )
(flz*xy)Uglz*xy)) U (f(y)Ug(y)) = (fUg)(x *y) U (fUg)(y). Hence (f, X)U(g, X) is a uni-soft
ideal of X over U. O

Proof. For any x € X, we have (fU

The soft intersection of uni-soft ideals of a BC'C-algebra X may not be a uni-soft ideal of X
over U (see Example 3.13).

Example 3.13. Let £ = X be the set of parameters, and let U := Z be the initial universe set
where X = {0, 1,2, 3} is a BC'C-algebra with the following table:

2 3

W N~ O %
—

W o o
o o

0
1
2
0

w

Let (f, X) and (g, X) be soft sets over U = Z defined as follows:

f:X—>20U), v~

97 if z € {0,1,2},
37 ifz € {2,3},

and
127 it x =0,
g: X —>2U), v— ¢ 32 ifx=3,
Z  ifze{l,2).

Then (f,X) and (g, X) are uni-soft ideals of X over U. But (f, X)N(g, X) is not a uni-soft

ideal of X over U, since (fNg)(2) = f(2)Ng(2) =3ZNZ =3Z € (fNg)(2* 1)U (fNg)(1) =
(M) ngM) U (FM)ng) = fF1)Ng(l) =9ZNZ = 9Z.

Definition 3.14. A soft set (f, X) over U is called a union soft BCC-ideal (briefly, uni-soft
BCC'-ideal) of a BCC-algebra X over U if it satisfies (3.1) and

(34) f(x*x2) C f((x*xy)*2)U f(y) for all z,y,z € X.

Lemma 3.15. Every uni-soft BC'C-ideal of a BC'C-algebra X over U is a uni-soft ideal of X
over U.

Proof. Put z :== 01in (3.4). Using (a3), we have f(z*0) = f(z) C f((xxy)+x0)Uf(y) = f(z*xy)Uf(y)
for all z,y € X. Hence (f, X) is a uni-soft ideal of X over U. O
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Corollary 3.16. Every uni-soft BCC-ideal of a BC'C-algebra X over U is a uni-soft subalgebra
of X over U.

The converse of Proposition 3.8 and Lemma 3.15 need not be a true, in general (see Example
3.17).

Example 3.17. Let (U := Z, X)) where X = {0, 1,2, 3,4} is a BCC-algebra [4] with the following
table:

*x0 1 2 3 4
0/0 00 0O
11 01 0 0
212 2 000
313 3100
414 3 4 30

Let (f, X) be a soft set over U defined as follows:

3Z ifz € {0,1,2,3},

[ X —=20), :cr—>{Z F—

It is easy to check that (f, X) is a uni-soft subalgebra of X over U, but not a uni-soft ideal of
X over U, since f(4) =Z ¢ f(4x3)U f(3) = f(3) U f(3) = 3Z. Consider a uni-soft set (g, X)
which is given by

27 if z € {0, 1},

g: X = 2(U), @"H{ Z ifxe{2,3,4}.

It is easy to show that (g, X) is a uni-soft ideal of X over U. But it is not a uni-soft BC'C-ideal
of X over U, since g(4%3) =¢(3) =Z € g((4%1)x3) U g(1) = g(0) Ug(1l) = 2Z.

Example 3.18. Let (U := Z,X) where X = {0,1,2,3,4,5} is a BCC-algebra [4] with the
following table:

*x0 1 2 3 45
0/j0 00000
11 0 0 0 01
212 20011
31321011
414 4 4 401
215 5 5 5 5 0

Let (f, X) be a soft set over U defined as follows:

57 if x € {0,1,2,3,4},
7 if x =5.

It is easy to check that (f, X) is a uni-soft BC'C-ideal of X over U .

f:X—=20), :El—>{
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Theorem 3.19. A soft set (f, X) of a BCC-algebra X over U is a uni-soft BCC-ideal of X
over U if and only if the y-exclusive set ex(f;~) is a BCC-ideal of X for all v € & (U) with

ex(f;7) # 0.

Proof. Suppose that (f, X) is a uni-soft BC'C-ideal of X over U . Let z,y,z € X and v € £(]0, 1])
be such that (z xy) * 2z € ex(f;7) and y € ex(f;7). Then f((x *xy)*2) C v and f(y) C~v. It
follows from (3.1) and (3.4) that f(0) C f(z*2) C f((z*y)*2)U f(y) €. Hence 0 € ex(f;7)
and z * 2z € ex(f;7), and therefore ex(f;v) is a BCC-ideal of X.

Conversely, assume that ex(f;~) is a BCC-ideal of X for all v € £([0, 1]) with ex(f;v) # 0.
For any € X, let f(x) =~. Then z € ex(f;7). Since ex(f;~) is a BCC-ideal of X, we have
0 € ex(f;v) and so f(0) C f(x) = . For any z,y,2 € X, let f((x *y) * 2) = V(guy)+> and
f(y) =7y Let v := Yguypez Uy. Then (zxy) x 2z € ex(f;7) and y € ex(f;7) which imply that
rxz € ex(f;y). Hence f(z%2) €7 = Vo) Uy = f((xxy) *x2) U f(y). Thus (f,X) is a
uni-soft BC'C-ideal of X over U. O

Proposition 3.20. Let (f,X) be a uni-soft BCC-ideal of a BC'C-algebra X over U. Then
Xp:={zr € X|f(z) = f(0)} is a BCC-ideal of X.

Proof. Clearly, 0 € Xy. Let (z xy) * 2,y € X;. Then f((x *y)*2) = f(0) and f(y) = f(0). It
follows from (3.4) that f(x x z) C f((z*xy) *2) U f(y) = f(0). By (3.1), we get f(z*z) = f(0).
Hence z * z € Xy. Therefore Xy is a BCC-ideal of X. O

4. QUOTIENT BCC-IDEALS INDUCED BY UNI-SOFT BCC-IDEALS

Let (f, X) be a uni-soft BC'C-ideal of a BC'C-algebra X over U. For any x,y € X, we define

(13

a binary operation “ ~/ " on X as follows:

z~ly s flaxy)=flyxz)=0.

113

Lemma 4.1. The operation “ ~' 7 is an equivalence relation on a BCC-algebra X.

Proof. Obviously, ~7 is both reflexive and symmetric. Let z,y, 2z € X be such that = ~/ y and
y ~f 2. Then f(zxy) = f(0) = f(y*x) and f(y*z) = f(0) = f(zxy). Since (v*2)*(y*z) < xxy
and (zxx)*(y*xx) < zxy, it follows from Proposition 3.10(ii) that f(z*z) C f(y*z)Uf(z*y) = f(0)
and f(zxz) C f(y*xx)U f(zxy) = f(0). By (3.1), we have f(z x2) = f(0) = f(z *xx) and so

14

x ~f z. Therefore “ ~f 7 is an equivalence relation on X. U

Lemma 4.2. For any z,y in a BCC-algebra X, if v ~' y, then x % z ~f y* z and zx x ~/ zxy
for all z € X.

Proof. Let z,y, 2 € X be such that x ~7 3. Then f(z*y) = f(0) = f(y*x). Since (rx2)*(yxz) <
xxy and (y*2)*(x*xz) < yxz, it follows from Proposition 3.10(i) that f((x*2)*(y*z)) C f(zxy) =
),

f(0)and f((y*2)*(x*x2)) C f(y*x) = f(0). Thus f((x*2)x(yxz)) = f(0) = f((y*2)*(x*2)
and so %z ~/ yxz. Since ((z*x)*(y*x))*(2xy) = 0, we have f((zxz)*(2*y)) C f(((z*xz)* (y*
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2))* (zxy))U fy*x) = FO)Uf(y*x) = f(y*x) = f0). Since ((zxy) * (zxy))* (zxx) = 0, we
have f((zxy)* (zx2)) C [(((zxy)* (zxy)) x (zx2))U f(xxy) = FO)Uf(wxy) = f(zxy) = f(0).
By (3.1), Wefhave fl(zx2)*(2%y)) = f(0) and f((z*y)*(2xx)) = f(0). Therefore zxz ~f yx*z
and z xx ~7 zxy. O

Using Lemma 4.2 and the transitivity of ~/, we have the following Lemma.

Lemma 4.3. For any z,y,u,v in a BCC-algebra X, if v ~' y and u ~/ v, then x x u ~f y * v.

[13

By Lemmas 4.1, 4.2 and 4.3, the operation “ ~/ 7 is a congruence relation on a BC'C-algebra
X. Denote by f, the equivalence class containing x € X, and by X/ f the set of all equivalence
classes of X, i.e., f. == {y € X|y ~' 2} and X/f := {f.|]z € X}. Define a binary operation e
on X/f as follows: for all f,, f, € X/f, fo ® f, := fusy- Then this operation is well-defined by

Lemma 4.3.

Theorem 4.4. If (f, X) is a uni-soft BCC-ideal of a BCC-algebra X over U, then the quotient
X/f:=(X/f,e, fo) is a BCC-algebra.

Proof. Straightforward. O

Proposition 4.5. Let p: (X, *,0x) — (Y, *,0y) be an epimorphism of BC'C-algebras. If (g,Y’)
is a uni-soft BC'C-ideal of Y over U, then (g o u, X) is a uni-soft BCC-ideal of X over U.

Proof. For any z € X, we have (g0 1)(0) = g(u(0x)) = 9(Oy) € g(u(x)) = (g o p)(x). For any
z,y € X, we have (gou)(z*z) = g(u(x2)) = g(u(x) xpu(z)) S g((u(x)*y a)*pu(z))Ug(a) for any
a €Y. Let y be any preimage of @ under p. Then (go u)(z*2) C g((pu(x) *y a) * p(2)) Ugla) =

g((u(@)*y p(y))*p(2))Ug(u(y) = g(p((zxxy)xx 2)) Ug(u(y)) = (gou)((zxxy)*x 2)U(gou)(y).
Hence g o i is a uni-soft BC'C-ideal of X over U. U

Theorem 4.6. Let p: (X, *,0x) — (Y, *,0y) be an epimorphism of BCC-algebras. If (¢,Y) is a

uni-soft BCC-ideal of Y over U, then the quotient algebra X/(gop) := (X/(gopn),ex, (g0 i)oy)
is isomorphic to the quotient algebra Y/g := (Y/g, ey, go, ).

Proof. By Theorem 4.4 and Proposition 4.5, X/(g o ) := (X/(g o u),ex,(g o f1)o,) and and
Y/g:=(Y/g, ey, go,) are BCC-algebras. Define a map

n:X/(gon) =Y/g, (g0 1)s = Gu)
for all z € X. Then the function 7 is well-defined. In fact, assume that (go ), = (g o p), for all
z,y € X. Then we have g(uu(x)*y 1u(y)) = g(u(r*xy)) = (gop)(z*+xy) = (9op)(0x) = g(u(0x)) =
9(0y) and g(u(y) *v p(z)) = g(pu(y *x x)) = (g o p)(y *x x) = (g o p)(0x) = g(u(0x)) = g(0y).
Hence gu() = gu(y)-

For any (g o pt)s, (g0 p)y € X/(g o p), we have n((g o 11). ex (g0 pn)y) = n((g © 1t)asy) =
Guwixy) = Ju(@)ynly) = Iu) ®Y Iu) = N((go1)z) @y n((gop)y)). Therefore n is a homomorphism.
Let g € Y/g. Then there exists xyp € X such that p(zg) = a since u is surjective. Hence
N((g° 1)ay) = Ju(we) = Ya and so 7 is surjective.
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Let z,y € X be such that g,.) = guy)- Then we have (g o p)(z *x y) = g(p(z *x y)) =
g(pu(@) *y u(y)) = g(0y) = g(u(0 )) (9 0 n)(0x) It follows that (g o p), = (g o p)y. Thus n is
injective. This completes the proof. 0

The homomorphism 7 : X — X/g, © — g,, is called the natural homomorphism of X onto
X/g. In Theorem 4.6, if we define natural homomorphisms 7x : X — X/gopand wy : Y — Y/g
then it is easy to show that 7o wx = my o pu, i.e., the following diagram commutes.

X Aty

ﬂxl wl

X/(gop) —— Y/qg.

Proposition 4.7. Let (f, X) be a uni-soft BCC-ideal of a BCC-algebra X over U. The mapping
v: X — X/f, given by v(z) := f,, is a surjective homomorphism, and Kery = {x € X|y(z) =

Proof. Let f, € X/f. Then there exists an element = € X such that v(x) = f,. Hence 7 is
surjective. For any z,y € X, we have y(x * y) = fouy = fo ® f, = v(x) @ y(y). Thus 7 is a
homomorphism. Moreover, Ker v = {x € X|y(z) = fo} = {x € X|z ~/ 0} = {z € X|f(z) =
f(0)} = Xy O
Proposition 4.8. Let (f, X) be a uni-soft BCC-ideal of a BCC-algebra X over U. If J is a
BCC-ideal of X, then J/f is a BCC-ideal of X/ f.

Proof. Let (f,X) be a uni-soft BC'C-ideal of X over U and let J be a BC'C-ideal of X. Since
0 € J, we have fy € J/f. For any z,y,z € J, (rxy)*xz € Jandy € J, we get x *x z € J. Let

(oo fy) o forfy € J/f. Then (o o f,) @ f. = fiampes € J/f and f, € J/f imply fo o f. € J/.
Thus J/f is a BCC-ideal of X/ f. O

Theorem 4.9. Let (f,X) be a uni-soft BCC-ideal of a BCC-algebra X over U. If J* is a
BCC-ideal of a BCC-algebra X/ f, then there exists a BCC-ideal J = {z € X|f, € J*} in X
such that J/f = J*.

Proof. Since J* is a BCC-ideal of X/f, (fz ® fy) ® . = fasy)ez, [y € J* imply fr o f. = fr. € J*
for any fo, fy, f. € X/f. Thus (x*y)*z,y € J imply xxz € J for any x,y, z € X. Therefore J is
a BCC-ideal of X. By Proposition 4.8, we have J/f = {f;|j € J} = {f;|3f. € J* such that j ~7
x} = {fj|3f. € J* such that f, = f;} = {f;|f; € J*} = J*. O

Theorem 4.10. Let (f,X) be a uni-soft BCC-ideal of a BCC-algebra X over U. If J is a

X/f
BCC-ideal of X, then —— = X/J.
ar s
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X X
Proof. Note that T/(Jf = {falyslf € X/f}. If we define ¢ : T/J{ — X/J by o(fa)sf) =

[z]; = {y € X|z ~7 y}, then it is well defined. In fact, suppose that [f,];/; = [f,]s/s- Then
fy ~A1T fy and 5O fruy = fo o fy € J/f and fy = fy® fo € J/f. Hence xxy € Jand y*x € J.

Therefore © ~7 y, ie., [z]; = [y];. Given [f.]ys, [fyli/s € )J(T/‘;, we have ©([fulsr ® [fylif) =

e[Sz @ foluys) = [z xyls = [2ls + [yls = ([ felye) * @([fylay5)- Hence @ is a homomorphism.
Obviously, ¢ is onto. Finally, we show that ¢ is one-to-one. If o([fz];/r) = ©([fy]s/f), then

2]y = [yls, ie, x ~7 y. If fo € [fulss, then fo ~7/7 f, and hence fous, fosa € J/f. 1t follows
that a x z,x xa € J, i.e.,, a ~’ z. Since ~7 is an equivalence relation, a ~/ y and so J, = J,,.
Hence a * y,y * a € J and S0 fuuy, fysa € J/f. Therefore f, ~77 f,. Hence f, € [f,]s/

Thus [f2]s/r € [fyls/p. Similarly, we obtain [f,];/; C [fz]s/r. Therefore [f,];/p = [fyls/y. This
completes the proof. O
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FIXED POINT THEOREMS FOR VARIOUS CONTRACTION CONDITIONS
IN DIGITAL METRIC SPACES

CHOONKIL PARK', OZGUR EGE?**, SANJAY KUMAR?, DEEPAK JAIN*, JUNG RYE LEE®*

ABSTRACT. In this paper, we prove the existence of fixed points for Kannan contraction, Chat-
terjea contraction and Reich contraction in setting of digital metric spaces. These digital con-
tractions are the applications of metric fixed point theory contractions.

1. INTRODUCTION

The basic tool of metric fixed point theory is the Banach contraction principle, which states
that “Let T' be a mapping from a complete metric space (X, d) into itself satisfying

d(Tz,Ty) < od(z,y)

for all z,y € X, where 0 < o < 1. Then T has a unique fixed point.”

This principle gives existence and uniqueness of fixed points and methods for obtaining ap-
proximate fixed points. This principle was generalized by several authors by using different
types of minimal commutative along with continuity one of the mappings. In finding common
fixed point generally we include the following steps:

(i) A commutative type condition,
(ii) Completeness of the space or completeness of the range space of one or more mappings,
(iii) A relation between the ranges of mappings,
(iv) Continuity of one or more mappings,
(v) A contractive type condition.

This principle was further generalized by using different types of properties such as E.A.
property, Common Limit Range property along with containment of range spaces instead of
continuity of mappings.

The topological fixed point theory involves the study of spaces with the fixed point property.
Moreover, topology is the study of geometric problems that does not depend only on the exact
shape of the objects, but rather it acts on a space. In topology, generally we consider infinitely
many points in arbitrary small neighborhood of a point. To consider finite number of points in
a neighborhood, the concept of digital topology was introduced by Rosenfeld [13].

In fact, digital topology is the study of geometric and topological properties of digital image
using geometric and algebraic topology. The digital images have been used in computer sciences
such as image processing, computer graphics. For detail one can refer to [1, 8, 11]. Digital
topology also provides a mathematical basis for image processing operations. Further, digital
topology is a developing area in 2D and 3D digital images. For a difference in general topology
and digital topology, see Figure 1.

2010 Mathematics Subject Classification. Primary 47H10; Secondary 5435, 68U10.
Key words and phrases. digital image, fixed point, digital contraction, digital continuity.
*Corresponding authors.
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General topology Digital topology
#N(p) =<
£ =0
|
#N(p) =4

FiGUurE 1. Neighboorhood in general and digital topology

The elements of 2D image array are called pixels and the elements of 3D image array are called
voxels. Each pixel or voxel is associated with lattice points (A point with integer coordinate)
in the plane or in 3D-space. A lattice point associated with a pixel or voxel has values 0 and 1.
The pixel or voxel that has value 0 is called a black point and the pixel or voxel that has value
1 is called a white point.

2. TOPOLOGICAL STRUCTURE OF DIGITAL METRIC SPACES

Let Z™, n € N, be the set of points in the Euclidean n-dimensional space with integer coordi-
nates.

Definition 2.1. [4]. Let [, n be positive integers with 1 <[ < n. Consider two distinct points

b= (p17p27 "'7pn)7 q= (Q17Q2a 7Qn) ez".

The points p and ¢ are k;-adjacent if there are at most [ indices i such that |p; — ¢;| = 1, and
for all other indices j, |p; — ¢;| # 1, pj = ¢;.

(i) Two points p and ¢ in Z are 2-adjacent if [p — q| = 1 (see Figure 2).

. 9 .
FIGURE 2. 2-adjacency

(i) Two points p and ¢ in Z? are 8-adjacent if the points are distinct and differ by at most
1 in each coordinate.

(iii) Two points p and ¢ in Z? are 4-adjacent if the points are 8-adjacent and differ in exactly
one coordinate (see Figure 3).

(iv) Two points p and g in Z? are 26-adjacent if the points are distinct and differ by at most
1 in each coordinate.

(v) Two points p and ¢ in Z3 are 18-adjacent if the points are 26-adjacent and differ by at
most 2 coordinates.
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-
- L] .
L] - L] L]
L] L] L]

-

FiGURE 3. 4-adjacency and 8-adjacency

(vi) Two points p and ¢ in Z3 are 26-adjacent if the points are 18-adjacent and differ in
exactly one coordinate (see Figure 4).

. =) . . .
- - _0. ' - [ 3 L 4 -
e | o . .
. - Wt . - - -
- - - - - - i [ - -
P /P p
- > L 1 - - - .
1 . = -
P! . . g [ -
i e L J L . L ]
6-adjacency 18-adjacency 26-adjacency

FIGURE 4. Adjacencies in Z3

One can easily note that the coordination number of Na in the crystal structure of NaCl is 6
which is equal to adjacency relation in digital images of Figure 5.

+

* Na

Oecr

Fi1GURE 5. Crystal structure of NaCI

Definition 2.2. A digital image is a pair (X, k), where () # X C Z" for some positive integer n
and  is an adjacency relation on X. Technically, a digital image (X, ) is an undirected graph
whose vertex set is the set of members of X and whose edge set is the set of unordered pairs
{zo,x1} C X such that xy # z1 and z¢ and x; are k-adjacent.
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The notion of digital continuity in digital topology was developed by Rosenfeld [14] for study-
ing 2D and 3D digital images. Boxer [2] gave the digital version of several notions of topology
and Ege and Karaca [6] studied various digital continuous functions.

Let N and R denote the sets of natural numbers and real numbers, respectively. Boxer [3]
defined a k-neighbor of p € Z"™ which is a point of Z" that is k-adjacent to p where k €
{2,4,6,8,18,26} and n € {1,2,3}. The set

N.(p) ={q| ¢ is k — adjacent to p}
is called the x-neighborhood of p. Boxer [2] defined a digital interval as
[a,blz ={2 €Z | a<z<b},

where a,b € Z and a < b. A digital image X C Z" is k-connected [9] if and only if for every pair
of different points x,y € X, there is a set {xg,z1,...,x,} of points of a digital image X such
that * = zg, y = x, and x; and x;41 are x-neighbors where ¢ =0,1,...,r — 1.
Definition 2.3. Let (X, ko) C Z™ and (Y,k1) C Z™ be digital images and f : X — Y be a
function.
(i) If for every ro-connected subset U of X, f(U) is a kj-connected subset of Y, then f is
said to be (Ko, k1)-continuous [3].
(ii) f is (ko, k1)-continuous if for every kp-adjacent points {xg, x1} of X, either f(xo) = f(x1)
or f(zo) and f(x1) are k1-adjacent in Y [3].
(iii) If f is (o, k1)-continuous, bijective and f~! is (k1,kg)-continuous, then f is called
(ko, #1)-isomorphism and denoted by X =, . Y.
Now we start with digital metric space (X, d, k) with k-adjacency where d is usual Euclidean
metric for Z" as follows.

Definition 2.4. [6] Let (X, k) be a digital image set. Let d be a function from (X, k) x (X, k) —
7" satisfying all the properties of metric space. The triplet (X,d, ) is called a digital metric
space.

Proposition 2.5. [8] A sequence {x,} of points of a digital metric space (X,d, k) is a Cauchy
sequence if and only if there is a € N such that d(zy, ) < 1 for all n,m > a.

Theorem 2.6. [8] For a digital metric space (X, d, k), if a sequence {x,} C X C Z" is a Cauchy
sequence then there is o € N such that we have x,, = x,, for all n,m > a.

Proposition 2.7. [8] A sequence {x,} of points of a digital metric space (X,d, k) converges to
a limitl € X if for all € > 0, there is a € N such that d(zp,1) < € for alln > a.

Proposition 2.8. [8] A sequence {x,} of points of a digital metric space (X,d, k) converges to
a limit | € X if there is a € N such that x, =1 for alln > a.

Theorem 2.9. [8] A digital metric space (X,d, k) is complete.

Definition 2.10. [6] Let (X, d, k) be any digital metric space. A self map f on a digital metric
space is said to be a digital contraction if there exists a A € [0,1) such that for all z,y € X,

d(f(x), f(y)) < Ad(z,y).

Proposition 2.11. [6] Every digital contraction map f : (X,d, k) — (X, d, k) is digitally con-
tinuous.

Proposition 2.12. [8] In a digital metric space (X, d, ), consider two points x;, x; in a sequence
{zn} C X such that they are k-adjacent. Then they have the Euclidean distance d(x;,x;) which
is greater than or equal to 1 and at most \/t depending on the position of the two points.
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3. MAIN RESULTS

In 2015, Ege and Karaca [6] proved Banach contraction principle in the setting of digital
metric spaces. With the motivation of Banach contraction principle in digital metric spaces, we
prove Kannan, Chatterjea and Reich contraction fixed point theorems in the setting of digital
metric spaces.

The following theorem is the digital version of Kannan contraction fixed point theorem [10].

Theorem 3.1. Let (X, k) be a digital image where X C Z™ and k is an adjacency relation
between the objects of X. Let (X,d,k) be a digital metric space and S be a self map on X
satisfying the following:

d(Sz,Sy) < a{d(z, Sz) + d(y, Sy)} (3.1)

forallz,y € X and 0 < a < % Then S has a unique fixed point in X.
Proof. Let x¢g € X and consider the iterate of sequence x,4+1 = Sx,. Now
d(z1,22) = d(Szg, Sz1) < af{d(xg, S0) + d(21,S71)},

ie.,

«
d(l‘l,CEQ) S 17(1(560,1‘1).
Similarly, we have
(%
d(l’Q,l’g) S ﬁd(l’l,l‘g)

(

o
1l -«

IN

)?d(xo, 1)
and so on

«
d(@n, Tny1) < (E)nd(xowl),

e
E)nﬂd(xo»ﬂm)
Let B = 1%;. Then we can rewrite the above statement as follows:
d(x’na -Tn+1) S ﬁnd(x(h CCl),
d(Tnt1, Tpg2) < B d(z0, 21).
If we use the triangle inequality repeatedly, then we obtain the following;:

d(xnv wnJrk) S d(l’n, xn+l) + d(xn—i-la xn—&—?) +...+ d(anrkfl? xn+k)
<(B"+ 8"+ 4+ BN d(wo, 1)

d(Tn41, Tnt2) < (

mn
< ——d(xg,x1).
<13 (0, x1)
Since 0 < 8 < 1, lﬁ_—nﬁd(xo, x1) — 0 as n — oo. This implies that the sequence {z,} is a Cauchy
sequence in (X, d, k). By Theorem 2.9, there exists a limit point v and due to (k, k)-continuity
of S, we have

S(v) = nh_)ngoS(a:n) = nh_{gloanrl = .

Therefore, S has a fixed point.
Now we show that S has a unique fixed point. If a and b are fixed points of S, then

d(a,b) = d(Sa, Sb) < a{d(a,Sa) + d(b, Sb)}
— {d(a, a) + d(b,b)} = 0.
As a result, d(a,b) =0 and so a = b. O
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Now we prove the digital version of Chatterjea fixed point theorem [5] as follows:

Theorem 3.2. Let (X, k) be a digital image where X C Z™ and k is an adjacency relation in
X. Let (X,d, k) be a digital metric space and S be a self map on X satisfying the following:

d(Swz,Sy) < o{d(w, Sy) + d(y, Sx)}
forallz,ye X and 0 < a < % Then S has a unique fized point in X.
Proof. Let ¢y € X and consider the iterate sequence x,, = Sx,,—1. Now
d(z1,x2) = d(Sxg, Sz1) < af{d(xo, Sz1) + d(1, S20)}
< a{d(zo, x2) + d(z1,21)}
< a{d(wo, 1) + d(x1,22)},

i.e.,
(1 —a)d(x1,22) < ad(xg,x1),

d(.%'l, .%'2) S %d(xo, 331).

In a similar way, we get the following:
a

[0
d(x27m3) S Ed(xth) S ( )Zd(.’IJ(),.fl),

11—«
&
d(@n, Tny1) < (m)nd(ﬂco,xl)a

o

E)nﬂd(iﬁo,m)'

d(Tny1, Tnaz2) < (
If we take 8 = 12, then we obtain

d(xn, Tnt1) < B"d(z0, 1),
d(Tpt1, Tnt2) < B"Hd(xg,a:l).
From the triangle inequality, we conclude
d(xn, Tpak) < d(@n, Tnt1) + d(@ns1, Tngo) + - oo+ d(@pak—1, Tnak)
(B" + B 4 RN d (g, 1)
gn
1-p

Since 0 < 8 < 1, ﬁ—nﬁd(xo, x1) — 0 as n — oo. This implies that the sequence {z,} is a Cauchy

A

<

d(zg,x1).

sequence in (X, d, k) and (X, d, k) is a digital complete metric space. So there is a limit point u
and by the (k, k)-continuity of S, we have
S(u) = nh_)rgo (xn) = nlggloxnﬂ = u.

Therefore, S has a fixed point.
To show the uniqueness, let ¢ and b be fixed points of S. Then from the hypothesis, we get

d(a,b) = d(Sa, Sb) < a{d(a,Sa) + d(b, Sb)}
= {d(a,a) +d(b,b)} = 0.
As a result, d(a,b) =0 and so a = b. O

Reich fixed point theorem [12] can be given as follows in digital images.
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Theorem 3.3. If S is a mapping on a digital metric space (X,d, k) into itself satisfying the
following

d(Sx, Sy) < ad(x, Sx) + bd(y, Sy) + cd(z,y)
for all x,y € X and all nonnegative real numbers a,b,c with a+b+c < 1. Then S has a unique
fized point in X.
Proof. Let x¢g € X. Defining the sequence x,4+1 = Sx,, we get the following:
d(x1,x2) = d(Sxo, Sz1) < ad(zg, Sxo) + bd(x1, Sz1) + cd(z0, 21)
< ad(zo, 1) + bd(x1,x2) + cd(z0, 1)

a—+c
1_ bd(.To, l‘l).

<

Similarly, we have
d(mnvxn + 1) < /Bnd(waxl)a

where § = ‘f—fg and # < 1. The triangle inequality gives the following:

d(xnv anrk) < d(w’m xn—&—l) + d(xn—f—la xn+2) +...+ d(anrkfl? xn+k)
< (B + B L A d (g, an)

mn

<
1.3
Since 0 < 8 < 1, ff"d(:zo, x1) as n — oo. Then we can say that {z,} is a Cauchy sequence in

(X,d, k). There exists a limit point w such that

d(zg,x1).

S(w) = nILIEOS(mn) = Jln;oxn+1 =w
by the completeness of (X,d, ). Hence S has a fixed point. It can be easily shown that this
fixed point is unique. U
We give an example about Theorem 3.1.

Example 3.4. Consider the minimal simple closed 18-surface MSS;q = {c; : i € [0,5]z} (see

(\4 . -

C
L G (1}0,0)
. o/ ol N
~~(0,0,-1)

FIGURE 6. MSS)g [7]

Let S : MSS;8 — MSS/18 be any digital map satisfying the inequality (3.1). Consider a point
such as ¢g in MSSIIS and take S(cp) = € MSS;S. For the point ¢; € Nyg(co, 1), 7 € {1, 3,4, 5},
we have

d(S(c;), S(co)) < afd(ci, S(c;)) + d(co, S(co))} < af{V2+V2} = 2v2a
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since the maximum distance between different 18-adjacent points in M .S 5’18 is /2 by Proposition
2.12. Since 0 < o < %, we get d(S(c;),S(co)) £ V2. As a result, d(S(c;), S(cp)) = 0 implies
that S(¢;) = S(¢p) = ¢ from the property of MS S;S. This procedure can be applied all points

in

MS 518 since ¢q is an arbitrary point. Therefore, S is a constant map. By Theorem 3.1, we

can say that S has a fixed point.

S o =

~

10.
11.

12
13
14

REFERENCES

G. Bertrand, Simple points, topological numbers and geodesic neighborhoods in cubic grids, Pattern Recognition
Letters, 15 (1994), 1003-1011.

L. Boxer, Digitally continuous functions, Pattern Recognition Letters, 15 (1994), 833-839.

L. Boxer, A classical construction for the digital fundamental group, J. Math. Imaging Vis., 10 (1999), 51-62.
L. Boxer, Digital products, wedges and covering spaces, J. Math. Imaging Vis., 25 (2006), 159-171.

S.K. Chatterjea, Fized point theorems, C.R. Acad. Bulgare Sci., 25 (1972), 727-730.

O. Ege and 1. Karaca, Banach fized point theorem for digital images, J. Nonlinear Sci. Appl., 8 (2015),
237-245.

S.E. Han, Connected sum of digital closed surfaces, Inform. Sci., 176 (2006), 332-348.

S.E. Han, Banach fized point theorem from the viewpoint of digital topology, J. Nonlinear Sci. Appl., 9 (2015),
895-905.

G.T. Herman, Oriented surfaces in digital spaces, CVGIP: Graphical Models and Image Processing, 55 (1993),
381-396.

R. Kannan, Some results on fized points, Bull. Calcutta Math. Soc., 60 (1968), 71-76.

T. Y. Kong, A. Rosenfeld, Topological Algorithms for the Digital Image Processing, Elsevier Sci., Amsterdam,
1996.

. S. Reich, Some remarks concerning contraction mappings, Canad. Math. Bull., 14 (1971), 121-124.

. A. Rosenfeld, Digital topology, Amer. Math. Monthly, 86 (1979), 76-87.

. A. Rosenfeld, Continuous functions on digital pictures, Pattern Recognition Letters, 4 (1986), 177-184.

'RESEARCH INSTITUTE FOR NATURAL SCIENCES, HANYANG UNIVERSITY, SEOUL 04763, KOREA
E-mail address: baak@hanyang.ac.kr

2DEPARTMENT OF MATHEMATICS, CELAL BAYAR UNIVERSITY, MURADIYE CAMPUS, YUNUSEMRE, 45140,

MANIsA, TURKEY

E-mail address: ozgur.ege@cbu.edu.tr

3SDEPARTMENT OF MATHEMATICS, DEENBANDHU CHHOTU RAM UNIVERSITY OF SCIENCE AND TECHNOLOGY,

MURTHAL, SONEPAT, HARYANA, INDIA

E-mail address: sanjaymudgal2004@yahoo.com

4DEPARTMENT OF MATHEMATICS, DEENBANDHU CHHOTU RAM UNIVERSITY OF SCIENCE AND TECHNOLOGY,

MURTHAL, SONEPAT, HARYANA, INDIA

E-mail address: deepakjain.jain6@gmail.com

SDEPARTMENT OF MATHEMATICS, DAEJIN UNIVERSITY, KYUNGGI 11159, KOREA
E-mail address: jrlee@daejin.ac.kr

1458 CHOONKIL PARK ET AL 1451-1458



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Fixed points of Ciric type ordered F-contractions on partial metric spaces
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Abstract. In this paper, by considering both F-contraction and fixed point results on ordered partial metric
spaces, we introduce a pair of Ciric type ordered F-contractions on an ordered partial metric space. Then we
give a common fixed point theorem for such contractions. We give an example showing that our main theorem
is applicable, but both results of Durmaz et al. [11] and Wardowski [18] are not. We also discuss that this fixed

point result can be applied to show the existence of solution of an integral equation.

1. INTRODUCTION

Matthews [12] introduced the concept of partial metric spaces and proved an analogue of
Banach fixed point theorem in partial metric spaces. In fact, a partial metric space is a gener-
alization of metric space in which the self distances p(ry,71) of elements of a space may not be
zero and follows the inequality p(r1,71) < p(ri,72). After this remarkable contribution, many
authors took interest in partial metric spaces and its topological properties and presented several
well known fixed point results in the framework of partial metric spaces (see [1, 2, 5, 6, 7, 8, 14]
and references therein).

Banach presented a landmark fixed point result (Banach Contraction Principle). This result
proved a gateway for the fixed point researchers and opened a new door in metric fixed point
theory. A number of efforts have been made to enrich and generalize Banach Contraction Prin-
ciple (see [9, 10] and references therein). Following Banach, in 2012, Wardowski [18] presented
a new contraction (known as F-contraction). Since 2012, a number of fixed point results have
been established by using F-contraction or ordered F-contraction (see [3, 11, 13, 15, 17]).

Wardowski [18] presented the concept of F-contraction. Then some generalizations of F-
contractions including multivalued case are obtained in [4, 3]. In this article, we prove a common
fixed point theorem for a pair ordered F-contractions in complete partial metric spaces. An
example is constructed to illustrate this result and to show that our result generalizes the result
established by Durmaz et al. [11]. We apply the mentioned theorem to show the existence of
solution of implicit type integral equations.

92010 Mathematics Subject Classification: 47H09; 47H10; 54H25.
9Keywords: common fixed point; Ciric type ordered F-contraction, partial metric space.
*Corresponding authors.
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2. PRELIMINARIES

Throughout this paper, we denote (0,00) by R*, [0,00) by R, (—00, +00) by R and the set of
natural numbers by N. Following concepts and results will be required for the proofs of main
results.

Definition 1. [18] A mapping 7' : M — M is said to be an F-contraction if it satisfies the
following condition

(d(T(r1), T(r2)) >0= 7+ F(d(T(r1),T(rz2)) < F(d(r1,72))) (2.1)
for all ri,79 € M and some 7 > 0. Here F' : R™ — R is a function satisfying the following
properties.

(Fy) : F is strictly increasing.
(Fy) : For each sequence {7y} of positive numbers lim,,_,~, 7, = 0 if and only if lim,,_,c F'(r,) =

—0OQ.

(F3) : There exists 6 € (0,1) such that lim,_,o+ (a)? F(a) = 0.
Wardowski [18] established the following result using F-contraction.

Theorem 1. [18] Let (M,d) be a complete metric space and T : M — M be an F-contraction.
Then T has a unique fixed point v € M and for every rg € M the sequence {T™(ro)} for all
n € N is convergent to v.

Recently, Durmaz et al. [11] presented an ordered version of Theorem 1.

Theorem 2. Let (M, =<,d) be an ordered complete metric space and T : M — M be an ordered
F-contraction. Let T be a nondecreasing mapping and there exists ro € M such that ro < T(ro).
If T is continuous or M is regqular, then T has a fixed point.

We denote by Ap the set of all functions satisfying the conditions (F7) — (F3).

Example 1. [18] Let F': RT™ — R be given by the formula F(a) = Ina. It is clear that F' satisfies
(F1) — (F3) for any k € (0,1). Each mapping T' : M — M satisfying (2.1) is an F-contraction
such that
d(T(r),T(r2)) < e 7d(ri,r2), for all r,ro € M, T(r1) # T(r2).
Obviously, for all r1,79 € M such that T'(r1) = T'(r2), the inequality
d(T(r1),T(re)) < e Td(ri,r2)

holds, that is, T is a Banach contraction.

Remark 1. From (F}) and (2.1) it is easy to conclude that every F-contraction is necessarily
continuous.

Definition 2. [12] Let M be a nonempty set and assume that the function p : M x M — R}
satisfies the following properties:

(p1) =712 & p(r1,m1) =p(r,r2) =p(r2,ra),
(p2) p(r1,m1) <p(r1,72),
(p3) p(ri,me) =p(ra,71),
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(pa) p(r1,7m3) <p(ri,r2) +p(re,r3) — p(re,m2)

for all 71,79,73 € M. Then p is called a partial metric on M and the pair (M, p) is known as
partial metric space.

In [12], Matthews proved that every partial metric p on M induces a metric d,, : M x M — ]Rar
defined by

dp (r1,72) = 2p (r1,72) — p(r1,71) — P (12, 72)

for all rq,r9 € M.

Notice that a metric on a set M is a partial metric p such that p(r,r) = 0 for all » € M and
p(r1,7m2) = 0 implies r1 = ry (using (p1) and (p2)).

Matthews [12] established that each partial metric p on M generates a Ty topology 7(p) on
M. The base of topology 7(p) is the family of open p-balls {B, (r,€) :r € M, € > 0}, where
By(rie) = {rmeM:p(r,m)<p(r,r)+e} for all r € M and € > 0. A sequence {ry,}nen in
(M, p) converges to a point r € M if and only if p(r,r) = limy, 00 p(r, 7).

Definition 3. [12] Let (M, p) be a partial metric space.

(1) A sequence {ry,}nen in (M, p) is called a Cauchy sequence if limy, ;o0 P(7n, ) exists
and is finite.

(2) A partial metric space (M, p) is said to be complete if every Cauchy sequence {r, },cn in
M converges, with respect to 7(p), to a point r € X such that p(r, r) = limy, 00 D(Tn, Tm)-

The following lemma will be helpful in the sequel.

Lemma 1. [12]

(1) A sequence 1, is a Cauchy sequence in a partial metric space (M, p) if and only if it is
a Cauchy sequence in metric space (M, d,)

(2) A partial metric space (M,p) is complete if and only if the metric space (M,d,) is
complete.

(3) A sequence {ry}nen in M converges to a point r € M, with respect to 7(d,) if and only
if limy, o0 P(ﬂ Tn) = p(ﬂ T) = hmn,m—>oo p(rn) Tm)'

(4) If limy, o0 7, = v such that p(v,v) = 0 then lim, o p(ry, ) = p(v,r) for every r € M.

In the following example, we shall show that there are mappings which are not F-contractions
in metric spaces, nevertheless, such mappings follow the conditions of F-contraction in partial
metric spaces.

Ezample 2. Let M = [0, 1] and define partial metric by p(ri,r2) = max {ry,r2} for all ri,ry € M.
The metric d induced by partial metric p is given by d(r1,r2) = |r1 — 72| for all r1, 79 € M. Define
F:R" - R by F(r) =In(r) and T by

g if r €10,1);
T(r)=
0 ifr=1.
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Then T is not an F-contraction in a metric space (M,d). Indeed, for r1 = 1 and ry = %,
d(T(r1),T(r2)) > 0 and we have

T+ F(d(T(r1),T(r2))) < F(d(ri,r2)),
T+F<d(T(1),T(2))> < F<d(172)>7
T+F(d(0,é)) < F(é)

1

which is a contradiction for all possible values of 7. Now if we work in partial metric space
(M, p), we get a positive answer, that is,

T+ F(p(T(r1),T(r2))) < F(p(ri,r2)) implies
T+F<é) < F(1),

which is true.
Similarly, for all other points in M our claim proves true.

Definition 4. Let (M <) be a partially ordered set. Two mappings S,T": M — M are said to
be weakly increasing mappings if S(m) <X T'S(m) and T (m) < ST (m) hold for all m € M.

Ezample 3. Let M = RT be endowed with usual order and usual topology. Let S,T: M — M
be given by
1 .
_J m2 ifmel0,1] [ m iftmel0,]1]
Sm) = { m? if m € (1,00) and T(m) = { 2m  if m € (1, 00).

Then the pair (S,T) is weakly increasing mappings, where 7" is a discontinuous mapping.

3. MAIN RESULTS
We begin with the following definitions.

Definition 5. Let (M, <) be an ordered set and p be a metric on M. Then the triplet (M, <, p)
is known as an ordered partial metric space. If (M,p) is complete, then (M, <,p) is called an
ordered complete partial metric space. Moreover, M is regular if the ordered partial metric space
(M, <, p) provides the following condition:

If {r,} C M is a nondecreasing (nonincreasing) sequence with r, — r,
then r, <r (r < ry,) for all n.

Definition 6. Let (M, =<,p) be an ordered partial metric space and S, T : M — M be two
mappings. Let

v=A{(h,k) e M x M : h <k,p(S(h),T(k)) > 0}.
We say the mappings S and T are a pair of Ciric type ordered F-contractions if there exist
F € Ap and 7 > 0 such that for all (h,k) € 7,

T+ F(p(S(h), T(k))) < F(M(h, k), (3.1)
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where

M(h, k) = max {p(h, k),p(h, S(h)), p(k, T(k)), p(k,S(h)) + p(h, T(k)) } .

2

The following lemma will be useful in the sequel.

Lemma 2. Let (M,=,p) be an ordered complete partial metric space and S, T be a pair of
Ciric type ordered F-contractions. Then for each i = 0,1,2,3,... p(ro;,reiv1) = 0 implies
p(r2iy1,72i42) = 0.

Proof. Let rg € M be an initial point and take = S(rg) and r9 = T'(r1). Then by induction
we can construct an iterative sequence r, of points in M such a way that re;4+1 = S(r2;) and

roit+2 = T(roi+1), where i = 0,1,2,.... We argue by contradiction that p(rejt+1,72i+2) > 0. We
note that
r2i+1,9(72:)) + p(rag, T'(ra;
M(ri,rei11) = max {P(Tzi,T2i+1),P(T2i,S(Tzi)),P(TziH,T(T2i+1)),p( 2i+1, 5(r2i)) 5 Pr2i, T(rsivn))
Tos 7/,« . _|_ r .’/rn .
= max {p(r% 72i+1), P(T2i, T2i4+1), P(T2i4+1, T2i42), Praiv 2l+1)2 P(rai 21+2)}
= max {0, p(r2i4+1, r2i+2)} = P(T2i41, 2i42)-
Consider 7+ F(p(roi+1,72i+2)) = 7+ F(p(S(r2:), T (r2i4+1))). From (3.1), we have
T+ F (p(rait1,r2i42)) = 7+ F (p(S(rai), T (r2i+1)))
< F(M(rgi,r2i11))
< F(p(r2it1,72i+2))
for all : € NU {0}, which gives a contradiction. Hence p(r2;+1,7r2i+2)) = 0. O

The following theorem is one of the main results.

Theorem 3. Let (M, =<,p) be an ordered complete partial metric space and S, T : M — M be a
pair of Cliric type ordered F-contractions. If S,T are two weakly increasing mappings and there
exists ro € M such that ro < S(r0), then there exists a point v such that p(v,v) = 0. Assume
that either one of S, T is continuous or M is regular. Then S, T have a common fized point.

Proof. We begin with the following observation:
M(h,k) =0 if and only if h = k is a common fixed point of (S, T).

Indeed, if h = k is a common fixed point of (S,T), then T'(k) = T'(h) = h =k = S(k) = S(h)
and

M8 = ma {pth, ). pln S(8). (70, PSS
= p(h, h)

If p(h,h) > 0, then from the contractive condition (3.1), we get
T+ F(p(h,h)) = 7+ F(p(S(h), T(k))) < F (p(h, h)),

which is a contradiction. Thus p(h, h) = 0 entails M(h,h) = 0.

(k, S(h)) +p(h,T(k))}
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Conversely, if M(h,k) = 0, then it is easy to check that h = k is a common fixed point of S
and T.

If M(r1,r2) > 0 for all r1,7y € M, then by the given assumptions there exists rog € M such
that rg < S(rg). Take r;1 = S(rg) and ro = T'(r1). Then by induction we can construct an
iterative sequence r, of points in M such a way that re; 11 = S(r9;) and ro;49 = T(r2;41), where
i=0,1,2,.... Since 9 < S(rg) and S, T" are weakly increasing mappings, we obtain

r1=S(ro) X TS(ro) =T(r1) =re =T(r1) 2 ST(r1) = S(rz) =rs.
Iteratively, we obtain
o XT1 T2 R X1 Xy X D

Now if p(S(re;),T(rei+1)) = 0, then using Lemma 2, we can conclude that rg; is a common
fixed point of S,T. If p(S(T‘Qi),T(TQiJrl)) > 0, then (7’21', T2i+1) € 7, since ry; =< T2i4+1- From the
contractive condition (3.1), we get

T+ F(p(rait1,r2i42)) = 7+ F(p(S(r2i), T(r2i41)))

< F(M(rgi,r2i41)) (3.2)
for all i € NU {0}, where
r2i+1,9(12:)) + p(ra;, T'(ro;
M(T2i,7“2i+1) = max {P(Tzz',r2i+1)»P(T2u5(7“21'))71)(7“2¢+1,T(T2i+1))ap( Zas ( 21)) 2p( 2 ( QZH))
To; ,’r . + r ',T .
= max {P(Tzz‘,T2i+1),p(?“2i,T2i+1)7p(7’2¢+1,7“2i+2)7p( 2l 21+1)2 p(rai 2Z+2)}

= max {p(r2i, 2i+1), P(r2i+1,T2i+2) } -
If M(rei,72i+1) = p(r2i4+1,72i+2), then due to (F}) and (3.2), we get a contradiction. Thus,
for M(r2i,72i4+1) = p(r2i, 72i+1), we have
F (p(r2it1,m2i42)) < F (p(rai, r2iv1)) — 7 (3.3)

for all i € NU{0}. Also since 79;+1 < 72i4+2, p(S(r2it2), T(r2i41)) > 0. Otherwise, by Lemma 2,
r9i+1 is a common fixed point of S, T. Thus (rej+1,72i+2) € v and note that

p(roiv1, S(r2it2)) + p(raive, T(r2it1))
2

M(12i42,72i41) =

{ p(r2i12,72i41), P(r2iye, S(r2it2)), p(r2it1, T(raiv1)), }
max

D(T2i42, T2i4+1), P(T2i4+2, T2i+3), P(T2i4+1, T2i+2),

= maxq p(reit1,72i43) + (1242, r2it2)
2

= max {p(rei+2, r2i+1), P(r2i+2, r2i+3)} -

Again the case M(rgi12,72i4+1) < p(r2it2,72i+3) is not possible. So, for the other case, the
contractive condition (3.1) implies

F(p(r2it2,m2i+3)) < F (p(rait1,72i42)) — 7 (3.4)
for all : € NU {0}. By (3.3) and (3.4), we have
F (p('rnJrla Tn+2)) <F (P(Tm?"n+l)) - T (35)
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for all n € NU {0}. By (3.5), we obtain

F (p(?“n,rn+1)) <F (p(rn—Z,Tn—l)) — 27,

Repeating these steps, we get

F (p(rnyrnJrl)) < F(p(’l“o,?“l)) —nr. (3'6)

By (3.6), we obtain lim, o F (p(ry, rnt1)) = —00. Since F' € Ap,
Jim p(rn, rng) = 0. (3.7)

From the property (F3) of F-contraction, there exists £ € (0, 1) such that

T (p(r,701)" F (p(ra. 7as1)) = 0. (38)
By (3.6), for all n € N, we obtain
(P(rn, Tn41))" (F (p(rn, 1)) — F (p(ro, 1)) < = (p(rn, mnt1))" nT < 0. (3.9)
Considering (3.7), (3.8) and letting n — oo in (3.9), we have
Tim (1 (p(r, 1)) = 0. (3.10)
Since (3.10) holds, there exists ny € N such that n (p(ry, 7m4+1))" < 1 for all n > ny or
P(Tny Tnt1) < % for all n > n;. (3.11)
nw

Using (3.11), we get, for m > n > ny,

p(?"n, Tm) < p(Tn, Tn+1) +p(rn+1, Tn+2) +p(7"n+2a 7”nJrE‘») + ...+ p(rmfl, Tm)

m—1

- Z p(Tj7Tj)

j=n+1
(T, Tng1) + P(Pngts Tna2) + p(Tag2, Tngs) + oo+ P(Tm—1,7m)

IN

m—1

= Z p(ri,Tiv1)

i=n

o
ZP(% Tit1)
1="n
o)

‘%

i=n

IN

1
1
1%

. o0 ]- . . .
The convergence of the series ) ;°  —- entails limy, ;00 P(71; 7m) = 0. Hence {r;, } is a Cauchy

1k
sequence in (M, p). Due to Lemma 1, {r,} is a Cauchy sequence in (M,d,). Since (M,p) is a
complete partial metric space, (M,d,) is a complete metric space and as a result there exists
v € M such that lim,_ dp(rp,v) = 0. Moreover, by Lemma 1

lim p(v,r,) =p(v,v) = lm  p(ry,ry). (3.12)
n—00 n,m—00
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Since limy, y—so0 P(7n, m) = 0, from (3.12), we deduce that
p(v,v) =0= lim p(v,ry,). (3.13)
n—oo
Now from (3.13) it follows that 79,41 — v and 72,42 — v as n — oo with respect to 7(p).

Suppose that T is continuous. Then

v= lim r, = lim r = lim r = lim T(r =T(lim r =T(v).
n=soo n—o00 n+1 n—o00 n+2 n— 00 (2n+1) (n—>oo 2n+1) ( )

Now we show that v = S(v). Suppose on contrary that p(v, S(v)) > 0. Regarding v < v
together with the contractive condition (3.1), we obtain
T+ F(p(v,5(v))) = 7+ F(p(S(v),T(v)))
< FM(v,v)),
F(p(v, S(v))) F(p(v,v)),
which is a contradiction. Thus p(v, S(v)) = 0 and due to (p1), (p2) we conclude that v = S(v).
Consequently, we have S(v) = T'(v) = v, that is, (S,7T) have a common fixed point v.

In the other case, using the assumption that M is regular, we have that r, < v for all n € N.
To show that v is a common fixed point of S, T, we split the proof into two cases.

A

(1) 7, = v for some n. Then there exists ip € N such that ry;, = v. Consider S(v) =
S(r2ig) = T2ip+1 = v and also v = rg;, < r2y+1 = S(v). Thus v = S(v) and from (3.1),
we have v = T'(v).

(2) rp, # v for all n. Suppose that p(v, S(v)) > 0. Since lim,,_,o 72; = v, there exists N’ € N
such that

p(v, 5(v))

p(reit1,S(v)) > 0 and p(ry;, v) < for all 1 > .

Moreover,

M(rg;,v) = InaX{p(’l“%,U),p(’f’%,S(Tgi)),p(U,T(U)),

p(U, S(TQI)) + p(?‘zi, T(U)> }

2
M(ry,v) < M for all i > N.
So (r9i,v) € v and S and T satisfy the generalized rational type ordered F-contraction.
Thus
T+ F(p(rait1, S(v)) = 7+ F(p(S(r2i), T (v)))
< F(M(rzi,v)),

Fw.5w) < FEUID) aci o0
which is a contradiction. Therefore, p(v, S(v)) = 0 and due to (p1), (p2) we conclude that
v = S(v) and from (3.1) we have v = T'(v). Thus (5,7") have a common fixed point v. O

We denote the set of common fixed points of S, T by Fix(S,T).

Remark 2. If we assume that Fix(S,T') in Theorem 3 is a chain along with existing conditions,
then it is a singleton set (common fixed point is unique). Indeed, if w is another common fixed
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point of S, T, then w < v. Also p(S(v),T(w)) > 0 (otherwise v = w) and so (v,w) € 7. From
the contractive condition (3.1), we have

T+ F(plv,w)) = 7+ Fp(S(v), T(w)))
< F(M(v,w)), (3.14)

where

Mv.w) = max{pw,w),p(v,s<v>>,p<w,T<w>>,

= p(U7w)'
From (3.14), we have

p(w, S(v)) +p(v,T(W))}
2

F(p(v,w)) < F(p(v,w)),
which leads to a contradiction. Hence v = w and v is a unique common fixed point of a pair

(S, T).

Remark 3. If Fix(S,T) is not a chain and there exists z in M such that every element in the
orbit Or(z) = {2,T(2),T%(z), ...} is comparable to v,w, then v = w (v is unique) provided that
S and T are Ciric type ordered F-contractions.

Proof. Assume that v,w are in Fix(S,T) and there exists an element z € M such that every
element of O7(2) = {2,T(2),T?(z), ...} is comparable to v, w and hence (T 1(z), S" !(v)) and
(T"1(z), 8" }(w)) are elements of v for each n > 1. Due to (3.1), we have
T+ F(p(v,T"(2))) = 7+ F(p(5"(v),T"(2))
< FM(S" (), T" (2))), (3.15)

where

M (S" Hv), T" (2)) = max{ p (T"1(2),S™(v)) + p (5" (v), T"(2))
2

= p (S"_l(v), T”_l(z)) =p (v, T”_l(z)) .
Thus, from (3.15), we deduce that {p(v,T"(z))} is a nonnegative decreasing sequence which
in turn converges to 0.
Similarly, we can show that {p(w,T™(2))} is a nonnegative decreasing sequence, which con-
verges to 0. Consequently, v = w. ]

The following example illustrates Theorem 3 and shows that the condition (3.1) is more
general than contractivity condition given by Durmaz et al. ([11]).

Ezample 4. Let M = [0,1] and define p(ry,r2) = max {ri,r2}. Let <1 be defined by 1 <1 ro if
and only if 7o < rq for all 1,79 € M. Then 1 <1 r2 is a partial order on M and (M, <1,p) is a
complete ordered partial metric space. Moreover, define d (r1,r2) = |r1 — r2|. Then (M, <1,d)
is a complete ordered metric space. Define the mappings S, T : M — M as follows:

g if r €10,1); 3
T(r)= and S(r):7f0r all e M.
0 ifr=1
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Clearly, S, T are weakly increasing self mappings with respect to <j. Define the function F' :
R™ — R by F(r) =In(r) for all r € RT > 0. Let 71,72 € M such that p(S(r1),T(r2)) > 0 and
suppose that ro <1 1. Then

179 1T
M(ry,r2) = max {'rg, T }

147" 14 max =2

. -
Since T < 1 and

1 _
— " - <1, we have that M(r1,r9) = re.
1+max{ L;l 7Lr2 ’ ( b 2) 2

5}

In a similar way, if r1 <1 72, then we obtain that M(ri,r2) = r1, i.e., M(ry,72) = p(r1,72).
Let 7 <1In(). Since (r1,r2) € ¥

3T1 9

T+ (p(S(r1),T(r2))) = 7+1In <max{7’5}>

(e 2072 21

= ln(g) +In <W> =In (p(ry,72))
= F(M(ri,m2)).

Thus the contractive condition (3.1) is satisfied for all r1,79 € M with L = 0. Hence all the
hypotheses of Theorem 3 are satisfied. Note that (S,7") have a unique common fixed point
r = 0. As we have seen in Example 2, T is not an F-contraction in (M, <1, d). Thus we cannot
apply Theorem 1 and hence Theorem 2. The following corollary generalizes Theorem 2.

The following corollary generalizes the results in [13].

Corollary 1. Let (M, =,p) be a complete ordered partial metric space and T : M — M be a
mapping such that ro < T'(rg). Assume that

(1) either T is a continuous mapping or M is regular,
(2) T is a Ciric type ordered F-contraction.

Then T has a unique fized point v in M such that p(v,v) = 0.

Proof. Setting S =T in Theorem 3, we obtain the required result. O

4. APPLICATION OF THEOREM 3

This section contains an existence result which shows the usefulness of Theorem 3 in estab-
lishing existence of solution of implicit type integral equation:

At utri) = [ [ H(8.0.6,u(0,0)) avdo, (@)

o Jo
where u € U = L[C([0, a]) x [0, a]]=Lebesgue measurable space, t,0,¢ € I, = [0,a]. For u € U,
define norm as: ||u|| = max {|u(t)|}. Let U be endowed with the partial metric p : U x U — Ry

te(0,a]
defined by

p(u,v) =d(u,v) +c= m[gx} lu(r,t) —v(r, t)| + ¢ for all u,v € Y.
t€(0,a
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Also, U can be equipped with order <o defined by u <3 v if and only if v(r,t) < wu(r,t).
Obviously, (U, || - ||) is a Banach space and (U, <2, p) is a complete ordered partial metric space.

Theorem 4. Assume that
(a) for allu,v €U and k = |u(r1,t) —v(r,t)| + ¢
|A(t, u(ry,t)) — A(t,v(ri,t))| + ¢ < (k)e™ " for each t € I,
(b) H(t,0,d,u(8,0)) < %u(rl, t) for allt € I,
(c) for allt,0,¢ € I,

/ / H(t,0, 6, u(0, 6)) d0do) < /0 /:Mt,e,@u(e,cﬁ))dedgﬁ,

(d) H(t,0,9, A0, u(0,¢))) = A(t u(ry,t)).

Then implicit integral equation (4.1) has a solution in U.

Proof. Firstly, define S(u(r1,t)) = A(t,u(r1,t)) and T(u(ry,t fo fo (t,0,p,u(f,))dido.
We show that S, T are weakly increasing mappings. Con81der
S(T(u(ri,t)) = A, T(u(r,t

= (//Hteqs, ,¢))d9d¢>

< /0 /0 H(t,0,p,u(0,p)) dddp = T (u(r1,t)) using (c)
and

T(S(u(ri,t) = /Oa OaH(t,H,qﬁ,S(u(H,qﬁ)))deqb
= /Oa OaH(t,H,qﬁ,A(H,u(H,(Z))))d0d¢

1 a a
=< ‘12/0 /0 A(t,u(r,t)) dide = A(t, u(r1,t)) due to (b).

Thus S(T(u(r1,t))) < T(u(ri,t)) and T(S(u(r1,t))) < S(u(ri,t)) for all t € I, imply that S,T
are weakly increasing mappings with respect to <.
Secondly, consider

p(S(u),T(v)) = max|S(u(ry,t)) —T(v(ry, 1)) +c

tel,

= mnax
tel,

A(t,u(ry, t) / / H(t,0,p,v( ,¢))d9d¢‘+c

< max [A(t, u(r,t)) /0 /0 A(t,v(rl,t))deqb‘ + ¢ using (d)

tel, a?

= max|A(t,u(ry, 1)) — A(t,v(ry, 1))] + ¢

< ~T usi
< ?éf}f(ﬁ)e using (a)

< e p(u,v).
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So
I (S@), W) < W(p(u,v)) < m(M(u,0)).
Thus by taking F(r) = In(r), we have
T+ F(p(S(w),T(v)) < F(M(u,v)).
Hence by Theorem 3 the integral equation (4.1) has a solution in £ [C ([0, a]) x [0, a]]. O
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Abstract

One of the main tasks in MRI image reconstruction is to catch the picture characteristics
such as interfaces and textures from incomplete frequency data, and the iteration methods
are the most useful methods to the minimization problem. A new viewpoint of choosing the
iteration stopping rules in image reconstruction problem is proposed. The reconstruction model
based on compressive sensing theory consists of a data matching term and two penalty terms,
wavelet sparse and total variation regularization term. Then the Bregman iteration with lagged
diffusivity fixed point iteration is used to solve the corresponding nonlinear Euler-Lagrange
equation of image reconstruction model with incomplete frequency data. A real MRI image is
used to test the proposed method in numerical experiments with different stopping rules. The
theoretical analysis illustrate that although the norm of objective functional decreases with
respect to the number of iteration, it cannot ensure the reconstructed image is the desired
optimization image.

MSC(2010): 65M32, 65T50, 65T60, 65K10
Keywords: image reconstruction; MRI image; total variation; wavelet transform; regularization

1 Introduction

Image processing can be roughly divided into three kinds of problems, namely, image deblurring,
image enhancement and image restoration, and the main purpose is to obtain the clear image with
interfaces and textures from its noisy measurement. For a bounded connected domain Q C R? (a
rectangle in general [1]), let u(x),x = (x1,x2) be the grey function of an image defined in Q. In
general, we can get the degradation data b7 (x) with blurring noisy process, such as moving blurry,
Gaussian blurry, white Gaussian noise, impulse noise (salt and pepper noise) as well as Poisson
noise [2, 3]. The optimization scheme is one of the classical way to reconstruct u from b7, i.e.,
minimizes the Tikhonov cost functional

1 (oa
J(w) = 51K ou— b3y +aLou (1)
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with some penalty term L o u and the regularization parameter o > 0, where the operator L
represents the a-priori regularity image u. Obviously, all of terms in (1) are continuous version,
i.e., u(z) is defined in Q everywhere, to unify the basic idea of this scheme with our numerical
implementations, we describe all these terms by the finite dimensional approximation of u(x) €
RN*N with components u; ;(i,j = 1,-++,N).

In many engineering configurations, instead of the spatial noisy data b7 ; for each pixel €2; ;, the
practical measurement data may be the incomplete frequency data, or the finite number of discrete
frequencies at the band-limited interval. For example, in the application of magnetic resonance
imaging (MRI) image reconstruction, data collected by an MR scanner are, roughly speaking, in
the frequency domain (called k-space) rather than the spatial domain. One of the main stage for
MRI is the k-space data acquisition. In this stage, energy from a radio frequency pulse is directed
to a small section of the targeted anatomy at a time. As a result, the protons within that area are
forced to spin in a certain frequency and get aligned to the direction of the magnet. Upon stopping
the radio frequency, the physical system gets back to its normal state and releases energy that is
then recorded for analysis. This process is repeated until enough data is collected for reconstructing
a high quality image in the second stage. This process is based on the compressive sensing (CS), and
this kind of MRI image reconstruction problem is called CS-MRI image reconstruction. For more
details about these contents see [4, 5, 6] and references therein. In this case, the data-matching
term in (1) should be replaced by |P o Flu] — P o b°||3, where F is the two-dimensional discrete
Fourier transform converting the spatial matrix « € RV*¥ into frequency matrix Flu] € CV*N
while P is a linear operator specifying the incomplete frequency data from CN*¥, b e CVXN s
the noisy frequency data, || - || denotes the Euclidean norm.

In the case of CS-MRI, the recovery of u from b is equivalent to solving the [y problem:

min{||¥ o ullo : ||P o Flu] — P ob’|3 < 6%}, (2)

where || - ||o is the number of nonzero components of the objective, and orthogonal wavelet operator
¥ : RVXN 5 RN’ ig based on the orthogonal wavelet basis ¢; (4,7 = 1,--- ,N) [7]. However,
it is well-known that (2) is a NP-hard problem, and as usually, we replace it by the [;-minimizing

problem: .
min{|| ¥ o ul|y, [P o Flu] = Pod’|3 < 67}, (3)

which yields sparse solutions under some conditions [8], || - || denotes the {3 norm.

2 A theoretical analysis for /;-TV optimization model

As usual, the image u has the obvious edges such as the interfaces in MRI images. So it is natural
to also cooperate this a-priori information into the reconstruction model by considering the total
variation (TV) penalty. So it is natural to consider the following unconstraint cost functional:

1 A
J() = S|P o Flu] =Po bI13 + e[| o ully + afulry, (4)

where a1, ag are positive regularization parameters that determine the penalty terms. Therefore,
the image reconstruction problem is the following /1-TV optimization model
1

arg min  J(u) = =||P o Flu] — P o b®||2 + c || ¥ o ully + vz |ulrv. (5)
WERN XN 2
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Suppose u € RV *x1 is a vector formed by stacking the columns of a two-dimensional MRI image
array u := (u; ), 4,5 = 1,---, N. Since (5) is not a differential, we added a small positive parameter
B [9, 10] and presented the optimization model as the following minimizing convex perturbed form

1 N
arg min J(u):§\|PFu—Pb6||§+a1||\Ilu

ueRN?x1

1,8 + azlulrv,g, (6)
in which two regularization terms are defined as
N2 N
1Wuflis =\ (@ow)+8, [ulrvs = > /IVijul?+ 8,
i=1 ij=1
where V; ju = (Vf U szu) is defined under periodic boundary condition

VZ oy = Uit1,5 — Uijs if i<m, VY oy = Ui, j+1 — U4 5, if j<n,
©J U1,5 — Um,j, if i=m. bJ Ui, 1 — Uin, if ] =n.

fori,j=1,--- ,N,|V;u|l = \/(iju)2 + (VY u)?. Pis an N? x N? matrix consisting of sampling
matrix P (an N x N matrix generating from the identity matrix I by setting its some rows as null
vectors), and F € CV* XN ig the two-dimensional discrete Fourier matrix defined in Fourier matrix
F € CV*N with the components F, ,, = e~ 27mn/N,

The objective function in the problem (6) is strictly convex and differentiable with respect to
variable u and its global minimizer is unique [11] when ay = 0. The solution of (6) with small
enough S can better approximate to the solution of the minimizing (4). Because the solution of the
minimization problem for (4) can be regarded as the limit of the solution of (6) when 8 — 0.

There are a number of numerical methods for solving the image reconstruction model (6), like
fixed-point continuation method [12], split Bregman method [13], gradient project method [14],
fast alternating minimization method [15], the variable splitting method [16], the operator-splitting
algorithm [17] and fast iterative shrinkage-thresholding algorithm [18]. Meanwhile the conjugate
gradient method (CGM) [19] is also very efficient approach to solve (6) in CS-MRI, and the former
work [10] is better than CGM. In this paper, a fast scheme with different iteration stopping rules
is proposed to solve the objective problem (6), which is based on Bregman method [20] and lagged
diffusivity fixed point iteration [21]. The numerical experiments are shown to compare proposed
method with the one in former work [10]. The fast iterative scheme for proposed model (6) is as
follows Algorithm 1.

Now we give the theoretical analysis based on regularization for the CS-MRI image reconstruc-
tion problem. The objective optimization problem (6) can be rewritten as

. 1 A
arg min J(U)Z§||Pof[u]—Pob5\|§+a1II‘POUII1ﬁ+a2IUITv,5- (7)

ueRNxN

Assume L, o u = a1||¥ o ulj1,58 + asju|rv,g. In order to get the approximate solution u* to the
above problem, we change the optimization problem (7) to the equation below

(PF)*PF + Ly) ou* = (PF)*Pol’, (8)

or

u* = ((PF)*PF + L) {(PF)*Polb?, (9)
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Algorithm 1 The fast iterative scheme based on Bregman iteration for minimizing J(u)
RN?xN?

Input: frequency input {ZA)‘,ij|i,j = 1,---, N}, sampling matrix P €
1,09, ﬁ R

Do iteration from k = 0 with b® = 0,u® = ©.

While (the stopping rule is not satisfied)

{ Compute:

B0 = B + (B — PFu),
(k+1) ; 1 ~ (k+1), o
u = arg min {a1||\Ilu\|1,ﬁ+a2\u\TVﬁ+§HPFu—Pb ||2},
ueRN?x1
E—k+1. }
End do

u* ;= ul.
End

, and parameters

where * means the conjugate transpose. Let operator R, = ((PF)*PF + Lo)~ Y (PF)*P. When
R,, is the regularization strategy [22], we have

lw —wul, < HR(, ob? — R, ol;“ + HRQ ob— UH
2 2
< Rally- [0 =8|, + 1Ra o (Kr o w) = ull,
< 0[|Rally + [RaKF o u—wully, (10)

where K is an operator with Fourier transform in the classical way to reconstruct u from frequency
data b based on (1), i.e., Kpou=b.

The iteration scheme can be based on Bregman iteration method [20], so the regularization
parameter is seen as discrete regularization parameter, like a1, ag, 8 and iteration number k. With
the inequations above, the regularization error ||u* — u||2 can be seen as two parts: the ill-posed of
model, and the error when R, tends to K'. In [23], the error |[u* — ul|s is of the optimal value at
some iteration step. When iteration number £ — oo which beyonds that iteration step, objective
function J (u*) — 0 but the error ||u* — u||2 - 0.

Now, we provide the similar conclusion in finite dimension. As we all know, the penalty terms
in (7) are the important functions to the objective problem. However, the ill-posed problem (6)

~5
requires only the incomplete frequency data Pb . Therefore, we should optimize the objective
function |[PFu — Pb"||2. In the other words, there also exists a uf (i.e. the exact solution) such

that s
HPFuT—Pb H —  inf
2

ueRN?x1

~5
PFu — Pb H = 0. (11)
2
Noticing that the minimizing sequence {uy o : ¥ =1,2,--- } only has the convergence

lim J(ug,q) = J(u*), (12)

k—o0

there is no convergence for the norm |Jug,, — u*|| in general. So we need to identify the behavior
of upq as k — oo and a; — 0(i = 1,2).
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Theorem 2.1. There exists a subsequence {ukj,a g =1,2,--- } C
{uge:k=1,2,---} such that

i [~ o, = 0. 13

Proof. Since (12), we easily know that

lim J(uge) =J(u*)= inf J(u).

k—o0 ucRN2x1

According to the finite dimension domain, there exists a subsequence of uy o denoted by {ug;  :
j=1,2,---} such that uy, o — u, as j — oo. Hence the limit of the norm ||ukj,a — ua”2 equals
to 0. The proof is complete.

From Theorem 2.1, we have some sequence «,,, — 0 as m — oo, that means

lim lim ug; o, = lim u,,, =1, (14)
m—00 j—00 m—oo
lim lim J (uy,.q,,) =0. (15)

m—00 j—00

Noticing (11) above, (15) is equal to HPFuT—PB(S ||l2. It reveals the exact meaning of the approximate
solution to our problem by {ug; o : j =1,2,---}, while {ug, o : j = 1,2,--- } can converge to some
@. But it is worth noting that @ cannot be ensured theoretically to be the exact solution uf.
Therefore the iteration number could not be too big. Even though the approximate solution u* is
the minimization for optimization model, it could not be the best solution for image reconstruction
problem, i.e., u* - ul.

3 Numerical Experiments

In this section, the proposed fast algorithm with different iteration stopping rules is shown to solve
the objective problem (6), which is compared with the method in [10]. All tests are performed in
MATLAB 7.10 on a laptop with an Intel Core i5 CPU M460 processor and 2 GB of memory.

The signal to noise ratio (SNR) and relative error (ReErr) are used to measure the quality of
the reconstructed images. The definitions of SNR and relative error are given as follows

_ flul|2
SNR = 201g <Hu_u(k)’|2> , (16)

u® — ull,

ReErr =
[[ull3

; (17)

where u*) and u are the reconstructed and original images, respectively. The CPU time is used to
evaluate the speed of MRI image reconstruction.
As usual, the iteration stopping rule is one of the following three conditions:

[ — D],

J(u™) <,
[[u®],

<6, k=Ko, (18)
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which mean the norm of objective function in (6), the relative difference between successive iteration
for the reconstructed image, and maximum number of iterations Ky. In order to illustrate the
efficient of the theoretical analysis in Section 2, we use the maximum iterations as the stopping
rule.

Firstly, the performance of Algorithm 1 in solving model (6) for a real MRI brain image is shown
in Figure 1, which is compared with the efficient method in [10]. Let additive Gaussian noise level
in frequency domain is § = 0.01, i.e., adding 1% additive noise on the frequency of original image.
The parameters vy = 0.01, a3 = 8 = 0.0001 which are the same as the comparison algorithm. To
the sampling matrix P, we choose the radial sampling method with 22 x 8 views on frequency data.
The tests results are shown in Figure 1(c)(d) which are based on stopping rule Ky = 60 in Algorithm
1 and Ky = 100 in the comparison algorithm, respectively. The SNR in (c) and (d) is 38.2321dB,
37.7443dB respectively, and the relative error is 4.0866 x 107°,1.8770 x 10~* respectively. From
these data, the reconstruction is efficient with these parameters in the fast iteration scheme based
on the iterations K as stopping rule. However, ever though the iterations number in (d) is bigger
than the one in (c), the reconstructed image (d) is not clearer than (c).

Next our numerical experiment is to illustrate the relationship between reconstruction error
(Err) and objective function J (u(’“)). The reconstruction error between reconstructed image and
original image is used to evaluate the exactitude of ill-posed problem, which defined as follows

Err = [|[u® — us. (19)

We take different iteration step by step, i.e., 10,20,30, --. The sampling mask in the frequency
space separately take 22 x 8,22 x 10,22 x 12 views in radial sampling method. We still assume
the above mentioned parameters in the tests. The fitting curve of error ||u®) —ul|5 and J (u®) in
different iteration numbers are shown in Figure 2.

From Figure 2, we find that although the stopping criterion is satisfied, the reconstruction error
|u®) —ul|5 is of the optimal value at some iteration step. It means that the more iteration is better
for reconstruction is not true. Meanwhile, the convergence and error analysis are the same with
theoretical analysis in the above section. Therefore, the choice of iteration stopping rule, especially
the iteration number Ky, is one of the most important factor of MRI image reconstruction.

Figure 1: (a) Original image; (b) Sampling mask: 22 x 8 views; (c¢) Reconstructed image with
K,y = 60; (d) Reconstructed image with Ky = 100.
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Figure 2: Fitting curve of error and J(u(¥)) in different iteration numbers.

4 Conclusion

The [3-TV optimization model based on compressive sensing was established to reconstruct MRI
images. Bregman method and lagged diffusivity fixed point iteration are used to solve the modified
reconstruction model, and a fast iteration scheme with error estimate analysis is proposed. Based
on Tikhonov regularization theory, a theoretical analysis on iteration stopping rules is proposed. A
real MRI brain image is employed to test in the numerical experiments and the results demonstrate
that proposed method and theoretical analysis is very efficient in CS-MRI image reconstruction.
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Abstract. In this paper we discuss the concept of a Z-sequence and use it to define the Fibonacci Z-sequence.
Based on Z-sequences one may define analogs of logarithm functions. The special case of the logarithm function
associated with the Fibonacci Z-sequence is of interest, since the recursive property of this sequence permits a
more detailed study of these functions. They are similar to ordinary logarithm functions which may be based on
Z-sequences {a" }nez, where a > 1.

1. Introduction and Preliminaries

Fibonacci-numbers have been studied in many different forms for centuries and the literature on the subject is
consequently incredibly vast. One of the amazing qualities of these numbers is the variety of mathematical models
where they play some sort of role and where their properties are of importance in elucidating the ability of the
model under discussion to explain whatever implications are inherent in it. The fact that the ratio of successive
Fibonacci numbers approaches the Golden ratio (section) rather quickly as they go to infinity probably has a
good deal to do with the observation made in the previous sentence. Surveys and connections of the type just
mentioned are provided in [I] and [2] for a very minimal set of examples of such texts, while in [3] an application
(observation) concerns itself with a theory of a particular class of means which has apparently not been studied in
the fashion done there by two of the authors the present paper. Surprisingly novel perspectives are still available.

Kim and Neggers [6] showed that there is a mapping D : M — DM on means such that if M is a Fibonacci
mean so is DM, that if M is the harmonic mean, then DM is the arithmetic mean, and if M is a Fibonacci
mean, then lim, _,,, D" M is the golden section mean. Surprisingly novel perspectives are still available and will
presumably continue to be so for the future as long as mathematical investigations continue to be made.

Han et al. [4] considered several properties of Fibonacci sequences in arbitrary groupoids. They discussed
Fibonacci sequences in both several groupoids and groups. The present authors [7] introduced the notion of
generalized Fibonacci sequences over a groupoid and discussed these in particular for the case where the groupoid
contains idempotents and pre-idempotents. Using the notion of Smarandache-type P-algebras they obtained
several relations on groupoids which are derived from generalized Fibonacci sequences.

In [5] Han et al. discussed Fibonacci functions on the real numbers R, i.e., functions f : R — R such that for all
z €R, f(z+2) = f(x+1)+ f(x), and developed the notion of Fibonacci functions using the concept of f-even and

f-odd functions. Moreover, they showed that if f is a Fibonacci function then lim,_, o, ! (f””(if)l) = HT‘@

. The present

authors [8] discussed Fibonacci functions using the (ultimately) periodicity and we also discuss the exponential

9% Correspondence: Tel.: +82 33 248 2011, Fax: +82 33 256 2011 (K. S. So).
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Fibonacci functions. Especially, given a non-negative real-valued function, we obtain several exponential Fibonacci
functions.

The present authors [9] introduced the notions of Fibonacci (co-)derivative of real-valued functions, and found
general solutions of the equations A(f(x)) = g(z) and (A + I)(f(z)) = g(z). Moreover, they [10] defined and
studied a function F' : [0,00) — R and extensions F' : R — C, F : C — C which are continuous and such
that if n € Z, the set of all integers, then F(n) = F),, the n'® Fibonacci number based on Fy = F; = 1. If
x is not an integer and x < 0, then F'(z) may be a complex number, e.g., F'(—1.5) = % +i Ifz=a+b,
then F(z) = F(a) + iF(b — 1) defines complex Fibonacci numbers. In connection with this function (and in
general) they defined a Fibonacci derivative of f : R — R as (Af)(z) = f(z +2) — f(z + 1) — f(x) so that if
(Af)(z) = 0 for all z € R, then f is a (real) Fibonacci function. A complex Fibonacci derivative A is given as

Af(a+bi)=Af(a)+iA f(b—1) and its properties are discussed in same detail.

2. Fibonacci logarithm

Let F={Fy=1,F =1,F, =2, F3 =3,F; =5,---,} be the Fibonacci sequence where F}, denotes the k'
Fibonacci number. Let F* = {F§ = 1,Ff = 2,F; = 3,F; =5,--- } denote the short Fibonacci sequence and let
E(F*)={F; =1,F} =2,F* = 1 F; =3,F*, = é,} denote the extended short Fibonacci sequence or the
Fibonacci Z-sequence. In general, by a Z-sequence S = {ag,a1,a_1,a2,a_2,---} we mean a sequence of positive

real numbers satisfying a; < a;41 for all ¢ € Z where limy_, o, ar = 0o and limg_, o, ax = 0.

In general, for a Z-sequence S, we say that a positive real number x has S-characteristic k if k is the unique
integer such that ax <z < apy1. Thus, if S = E(F*), then Ff < < F’, | means that x has E(F*)-characteristic

k. Given the context, we shall refer to this number as the Fibonacci characteristic of x.

For example, if x = 1.2, then Fj = 1 < 1.2 < 2 = F}, and hence its Fibonacci characteristic is 0. Again,
if # = {5, then Ff = F5 =8 < 1 =10 < 13 = F; whence F*; < # < F*,, i.e, # = {5 has Fibonacci
characteristic —5, while 10 has Fibonacci characteristic 4. In discussing characteristics we keep in mind that for

k>1, Ff = Frp, eg, Ff =F, =2

We have a rule for computing Fibonacci characteristics of numbers 0 < z < 1. Indeed, compute the Fibonacci
characteristic of % If it is n > 0, then the Fibonacci characteristic of x is —(n+1). Computing or estimating the

Fibonacci characteristics of numbers x > 1 will be a topic of interest to be discussed below.

Suppose now that Fj <z < Fj7, ;. Then the Fibonacci mantissa of x is defined as the number « such that

(Fry)®
(Fp)e=t
We note that if = Fj, then (F,,/F;)* =1, and hence v = 0. Also, if = F}, |, then (Fj,/F;)* ' =1, and
hence o = 1. Hence, 0 < a < 1 for numbers x such that Fy <z < F}, .
Finally, we define the Fibonacci logarithm logr(z) = k + «, where k is the Fibonacci characteristic of = and
where « is the Fibonacci mantissa of z. F is called the pseudo base of the logarithm. We simply denote log »(x)
by log (). It is our purpose in this paper to discuss the Fibonacci logarithm function of the positive real variable

z and to make several observations as a consequence.
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3. Fibonacci logarithm log(x)

We begin by noting that logp(x) is continuous everywhere. If Fj} < x < Fj ,, then logp(r) = k +a =
logr (Fy;) + . We will show that logx(x) is differentiable at . As we have seen above, if a for F}, | is computed
relative to Fy, then it equals 1 and hence log - (F})+1 = k+1 = logp(F};, ;) as well. Hence lmg - pe logp(z) =

limg+_, F, logp(x) = k + 1, establishing continuity at that point.
Theorem 3.1. Iflog(x) is the Fibonacci logarithm function, then its derivative is

(logr(z))' = ~——"

= In(FL L JFD) 3.1)

when Iy < x < F}', | (where In means the natural logarithm function.)

Proof. We compute logx(r) and logg(x + h), where z and x + h are both in the open interval (F}, 7, ).
Accordingly both have the same Fibonacci characteristic k. Assume a and 8 are Fibonacci mantissas of x and
x + h respectively. Then logp(z + h) — logp(x) = f — «, the difference of the Fibonacci mantissas. Consider the
following.

eth  (Fy)/ ()P
v () () (3:2)
= (Fi/FR)°°

It follows that
h * *
In(1+—) = (8 — a)ln(Fiy./Fy) (3.3)
Hence, we obtain

logp(z +h) —logp(r) = —«a

(14 Y (34)
In(Eiyy /F)
It follows that
L dogp(e+h) —logp(e) | Hn(1+4)
h—0 h =0 In(F JFY)
(3.5)
_L v
z (ki /FY)
proving the theorem. O

If b := Fy |/ F), then the usual logarithm function log;, () with the base b has the derivative (logy(z))" = %ﬁ7

/

and hence in Theorem 3.1, (logx(x))" = (log,(x))" on the open interval (Fj, Fy' ), i.e., the functions logp ()
and log,(z) differ by a constant. Let Cj := logp(F}) — log,(Fy). We need to find an upper bound for Cj.
Given any particular value of k, one can of course immediately determine C} precisely. For example, if k = 5,
then F = 13, Ff = 21 and b = 21/13, so that C5 = logp(13) — log21 (13) = 5 — logz1 (13) = —0.34840144.
However, in order to obtain an improved sense of the behavior of Cj as a function of k, it may be better to
determine a fairly simple bound for Cj which is a function of k itself. If we let logp(z) := log,(z) + C and
ty = log, (FY), then b = Fy* and t), = In(F})/In(b) = In(F}) /In(F} ., /F}). Since 1 < F,,/F} < 2, it follows
that ln(FI’;—:l) <In2 <In(e) =1, so that tx > In(F}), and hence

C}C:k—tk<k—ln(F[:) (36)
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If =k <0, then ") =1/F," and F*, | = 1/F;_,, so that if we let b* := F*, | /F*, = F;'/F;_,, so that we
may determine (logp(x)) = %% for F*) <ax < F*  or 1/Ff <x <1/F*, . If welet logg(z) := log,(z) +

C_y for some C_j where ¥, < 2 < F*, | and if we let ¢, := log,.(F*), then t_; = % < —In(F}).

Hence we obtain:
C_ =logp(FZy) — logy- (FZ})
=—k—t_p (3.7
< =k +in(Fy)
From this we have k — In(F}) < —C_j. We summarize:

Proposition 3.2. If Cy :=log (F}) — log, (Fy) then it has a bound Cy, < k — In(F}}) < —C_j.

Note that log F'(z) is not differentiable at the F}’s. There is both a left-derivative and right-derivative at that
point. Indeed, for the left derivative we get

1 1 1 1
im —— = — 3.8
o Fr 7 ln(0Y)  Fp In(br)’ (3:8)
while for the right derivative it is:
1 1 1 1
(3.9)

lim - =
vtk 2 in(b)  Fy in(b)’
Hence, we define the saltus (jump) at F} to be

1 1 1
AF))==]— - ——
(F%) F,:[zn(b) ln(b*)]
B i[ ln(%) ]
— Fyin(b)in(b*)
where b* /b = (F; /Fy_ )/ (F JFr) = (Fp)? [ Fyp_ Fy . We recall that (Fj7)? = Fy_ Fyr, + (—1)*, and thus

we have

b* <1 ifkiseven,
v (3.10)
b > 1 otherwise
It follows that
b* <0 ifki ,
(L = if k is even (3.11)
b >0 otherwise

Since Fyiin(b)in(b*) > 0, A(F})’s sign is determined by the sign of ln(%). Hence we obtain:
Proposition 3.3. If A(F}) is the saltus at F}, then

<0 if k is even,

A(FY) = { (3.12)

> (0 otherwise

When & = 0, % = (F3)?/F* Fy = 1 and so In(b*/b) = 0. Thus A(Fg) = 0, i.e., logp(z) is differentiable at
Fp=1.
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For negative integers, replacing F*, by F%:, the saltus formula A(F*,) is transformed to
1 In(b*/b)
F* . In(b)in(b*)
Al F /(7)) (3.13)

Tk Fy Fr
In( }El)ln(F;’il)

A(FZy) =

For example, for k = 3, we obtain fljilj"; =533 =21 <1 Of course, éi}i =(1/5)2/(1)(%) = (5)/(5;) when

computed directly.

The Fibonacci number Fjf is said to be elliptical if (Fy)?/Fp Fi_y > 1; parabolic if (Fy)?/Ff  Fy_ | = 1;
hyperbolic if (Fy)?/Fy  Fr_y < 1.

For k > 1, F}; is elliptical if k is odd; hyperbolic if %k is even. The only parabolic Fibonacci number is Fjy = 1.
If —k <0, then F*, is elliptical if k is even and F*, is hyperbolic if &k is odd.

Proposition 3.4. log,(z) + logp(L) = Cf, + C_y.

Proof. If x # F for all k € Z, then F}} < x < Fj , yields logp(z) = k + a = logy(z) + C. Now,
F* 1) < 2 < F*pand F*, /F* = b, so that logp(2) = logy(L) + C_j = —log,(x) + Cy, proving the

proposition. ([

4. Determining the Fibonacci Mantissa of =

Suppose that 7 <z < Fj,, i.e., v has Fibonacci characteristic k. If f(z) := logp(x), then we may determine
f(x) from its Taylor series around F}¥ provided we consider the derivatives at F}* to be the right-hand derivatives.

Thus, we will write f(z) =  + a, with f(F}) = k and hence also

- o (&= F)"
a= Zf(")(Fk)Tk (4.1)
On the interval (F}, F}/, ), the derivative (logg(z)) = f'(z) = iln(b), b= Fy ,/F;. Hence the n'" derivative

f(z) is Mln(b) Thus, f(”)(F*)(w F)” (;117121;) (wFF )", whence the fact that x — Fyf < Fjf | —F}} =

:E”L
Fj | guarantees that |(x — F})/F}| < |Fi_,/ F,j| < 1, so that the series for a converges by the ratio-test. We

summarize:

Theorem 4.1. If f(x) = logp(z) with Fjf <x < F}\,,, then f(x) = k + «, where

nlx_F*n
“_mewo[ﬁﬂ

In particular, if z = F}, |, then o =1, and we obtain an expression

= g [
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so that we obtain an expression for In(b) as follows:

S D) R - B
=2, 7 (43)

From the expression for a as an infinite series, if we consider only the first term oy, where

alzf(l)(Fk)(x*Fk)_ (x—Fk)iF* )
k+1

R
we may rewrite In(Fy, /Fy) = In(1 + Fy_,/Fy). If we approximate this expression by Fy_,/Fy, i.e., In(1 +

Fr | JF}¥) ~ Ff_|/F}, then we obtain a further approximation:

* *
1 x—Fp _m—Fk
* [* - *

By e By

a1 =

*

k

Now Fj;_| = Fji,, — F} is the length of the interval (Fy/, F};, ;) and thus o represents the mantissa corresponding

to the straight line connecting (Fy, k) with (F}, ,k + 1). See the following figure:

k+1

We may thus use the a} estimate to construct a piecewise-linear average Fibonacci logarithm logr(c) = k + of

for Fy <z < Fk*-«—l' We summarize:

Proposition 4.2. If we define log () = k + af for Fy; <x < Fj_,, then
(i) logp(Fy) =logp(F}) for all integers k,
(ii) logw(Fy) is continuous and differentiable on non-Fibonacci numbers,

(iii) if = has Fibonacci characteristic k, then (logi(z))' = 7—.
k—1
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Thus, for logy(x) we have the saltus A*(F}) as follow:

P 1 1
R
L, o
FiFi '
_ T
FiFi
Hence, e.g., A*(Fy) = —1{7%4 = —351-

Returning to Theorem 4.1, a second level approximation for « is o + ag, where ap = f(?) (Ff)(z — Fg)z% =
2
ﬁ(lb) iFf’“} . Now In(b) = in(1 + F}'/F}), where in the first order approximation we approximate In(b) =

In(14 A) by A itself. In order to be fair to the second order approximation we should be fair to In(b) as well and
use In(b) = A — A?/2 from its MacLaurin expansion. This affects the a; estimate as well. Indeed, we obtain a

new estimate for a; as:

1 x— Fy 2F} (z — FY)
TR I iy T RLeR - FL)
and for ag we find that
I ey ) R 9

S FRLQ-FL) FR(F -2

In general, if we wish to make an n * order approximation for a, we write & = oy + as + - -+ + «,,, where

n * *\n - a—FF "
o, = f )(Fk)(l"—Fk) /nl = (nllr)L(b) { ng] :

At the same time we use an n*® order approximation for in(b) = In(1+F}_,/F}) = In(1+ A) by setting it equal
to In(b) = A— A%/2+. .-+ (=1)""L A" /n, and recomputing ay, - ,a,_1 in terms of the n'" order approximation
of In(b) as well.

5. Concluding remark and future works

In this paper we discussed Fibonacci Z-sequences and obtained some interesting results on Fibonacci logarithm
functions. Based on Fibonacci logarithm functions, we shall discuss on Fibonacci exponential functions and obtain

several properties on it.
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HERMITE-HADAMARD TYPE FRACTIONAL INTEGRAL
INEQUALITIES FOR MT,;  ,-PREINVEX FUNCTIONS

MUHAMMAD ADIL KHAN, YU-MING CHU*, ARTION KASHURI, ROZANA LIKO

ABSTRACT. In the present paper, the notion of MT (r,g,m,)-Preinvex func-
tion is introduced and some new integral inequalities for the left-hand side of
Gauss-Jacobi type quadrature formula involving MT\(,.4 m,,)-preinvex func-
tions are given. Moreover, some generalizations of Hermite-Hadamard type
inequalities for MT (..o ., ,)-preinvex functions that are twice differentiable
via Riemann-Liouville fractional integrals are established. Some applications
to special means are also given. These general inequalities give us some new
estimates for Hermite-Hadamard type fractional integral inequalities.

1. INTRODUCTION AND PRELIMINARIES

The following notations are used throughout this paper. We use I to denote an
interval on the real line R = (—o00,400) and I° to denote the interior of I. For
any subset K C R™, K° is used to denote the interior of K. R™ is used to denote a
n-dimensional vector space. The set of integrable functions on the interval [a, ] is
denoted by L1][a, b].

The following inequality, named Hermite-Hadamard inequality, is one of the most
famous inequalities in the literature for convex functions.

Theorem 1.1. Let f : I C R — R be a convex function on I and a,b € I with
a < b. Then the following inequality holds:

P(5) < it [ o < LA, -y

In (see [12],[22]), Tung and Yildirim defined the following so-called MT-convex
function:

Definition 1.2. A function f : I € R — R is said to belong to the class of
MT(I), if it is nonnegative and for all z,y € I and t € (0, 1) satisfies the following

inequality:
NG V1=t
Stz (1= 1)) < 5o @) + Y5

12010 Mathematics Subject Classification: Primary: 26A51; Secondary: 26A33, 26D07, 26D10,
26D15.

Key words and phrases. Hermite-Hadamard type inequality, MT-convex function, Hélder’s
inequality, power mean inequality, Minkowski inequality, Riemann-Liouville fractional integral,
m-invex, P-function.
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In recent years, various generalizations, extensions and variants of such inequal-
ities have been obtained. For other recent results concerning Hermite-Hadamard
type inequalities through various classes of convex functions, (please see [3],[4],[9]-
17, 24], 25]).

Fractional calculus (see [2I]), was introduced at the end of the nineteenth cen-
tury by Liouville and Riemann, the subject of which has become a rapidly growing
area and has found applications in diverse fields ranging from physical sciences and
engineering to biological sciences and economics.

Definition 1.3. Let f € Li[a,b]. The Riemann-Liouville integrals J¢, f and Jg* f
of order o > 0 with a > 0 are defined by

Jife) = s [ @ 0r 0 2> a

and

b
Jé‘_f(x):%a) / (t— o) f(0)dt, b> e,
+oo

where I'(a) = / e "u® tdu is the classical gamma function (see [26]-[31], [32]

0
133]-[35]). Here J2, f(z) = JP_f(z) = f(x).
In the case of a = 1, the fractional integral reduces to the classical integral.

Due to the wide application of fractional integrals, some authors extended to s-
tudy fractional Hermite-Hadamard type inequalities for functions of different classes
(please see [6]-[21]).

Definition 1.4. (see [2]) A nonnegative function f: I CR — [0, 400) is said to
be P-function or P-convex, if

fltz+ (1 =1t)y) < f(2) + f(y), Ye,yel, te]01]
Definition 1.5. (see [5]) A set K C R” is said to be invex with respect to the
mapping n: K x K — R", if © + tn(y,z) € K for every z,y € K and t € [0, 1].

Notice that every convex set is invex with respect to the mapping n(y, ) = y—=,
but the converse is not necessarily true. For more details (see [5],[7]).

Definition 1.6. (see [8]) The function f defined on the invex set K C R™ is said
to be preinvex with respect 7, if for every z,y € K and ¢ € [0, 1], we have that

fx+tn(y,z) < (1 —1t)f(x) +tf(y).

The concept of preinvexity is more general than convexity since every convex
function is preinvex with respect to the mapping n(y,z) = y — x, but the converse
is not true.

The Gauss-Jacobi type quadrature formula has the following
—+o0

b
/ (2= aP(b— ) f(2)de = 3 Busf () + Rl 1, (1.3)

k=0
for certain By, i,k and rest R, |f| (see [18]).
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Recently, Liu (see [19]) obtained several integral inequalities for the left-hand side
of under the Definition of P-function.

Also in (see [20]), Ozdemir et al. established several integral inequalities concerning
the left-hand side of via some kinds of convexity.

Motivated by these results, in Section |Z|7 the notion of MT ;g , ,)-preinvex func-
tion is introduced and some new integral inequalities for the left-hand side of
involving MT ;.4 m,,)-Preinvex functions are given. In Section @ some generaliza-
tions of Hermite-Hadamard type inequalities for nonnegative MT .4 1, ,)-preinvex
functions that are twice differentiable via fractional integrals are given. In Section
[4 some applications to special means are given. In Section [5] some conclusions and
future research are given. These general inequalities give us some new estimates
for Hermite-Hadamard type fractional integral inequalities.

2. NEW INTEGRAL INEQUALITIES FOR MT ;.4 i )-PREINVEX FUNCTIONS

Definition 2.1. (see [I]) A set K C R™ is said to be m-invex with respect to the
mapping 1 : K x K x (0,1] — R"™ for some fixed m € (0, 1], if maz+tn(y,z,m) € K
holds for each z,y € K and any t € [0, 1].

Remark 2.2. In Definition under certain conditions, the mapping n(y,z, m)
could reduce to 7(y, x). For example when m = 1, then the m-invex set degenerates
an invex set on K.

We next give new definition, to be referred as MT(,.q 1 ,)-preinvex function.

Definition 2.3. Let K C R” be an open m-invex set with respect to 7 : K x K x
(0,1] — R™, g : [0,1] — (0,1) be a differentiable function and ¢ : I — K is
a continuous function. The function f : K — (0,+400) is said to be MT(;.g m,4)-
preinvex function with respect to 7, if

fme(y) + g(t)n(e(@), v(y), m)) < My (f(e(@)), f(o(y)), m; g(t)) (2.1)
holds for any fixed m € (0, 1] and for all z,y € I, ¢ € [0, 1], where

M, (f(p(x)), fe(y)), m; g(t))

- ﬁf (o(x)) + Wf (o(y)| , ifr#0;
my/g(t) my/1—g(t)
[Fp(a))] >V =50 [f(e(y))] >Ve® if 7 =0,

is the weighted power mean of order r for positive numbers f(p(z)) and f(¢(y)).

Remark 2.4. In Deﬁnition it is worthwhile to note that the class MT (g m ) (1)
is a generalization of the class MT(I) given in Definition for r = m =1 with

Eespt)%ct to n(p(z), p(y),m) = () — mp(y), p(z) =z, Y,y € I, g(t) = t, Vt €
0,1).

Let give below a nontrivial example for motivation of this new interesting class
of MT(;.q.m ) -Preinvex functions.
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Example 2.5. f17f2 : (17+OO) — (O,+OO), fl(x) = mpy fQ(l') = (1 _|_x)p’ pE
(O, 101%) i ho:[1,3/2] — (0,+00), h(z) = (1 + 22, k € (0, ﬁ) , are sim-
ple examples of the new class of M7y, ,)-preinvex functions with respect to
n(e(x), e(y), m) = o(z)—mep(y), ¢(z) =z, g(t) =t, r = 1, for any fixed m € (0, 1],
but they are not convex.

In this section, in order to prove our main results regarding some new integral

inequalities involving MT(,.q m o)-preinvex functions, we need the following new
interesting lemma:

Lemma 2.6. Let ¢ : I — K be a continuous function and g : [0,1] — [0,1] is a
differentiable function. Assume that f : K = [mp(a), mp(a)+n(e(b), p(a), m)] —
R is a continuous function on K° with respect to n : K x K x (0,1] — R, for
me(a) < me(a) +n(e(d), p(a),m). Then for any fized m € (0,1] and p,q > 0, we
have

me(a)+n(e(d),¢(a),m)
/ (z — mp(a))”(me(a) +n(e(b), ¢(a), m) — x)? f(z)dz

me(a)

= n(@(b% <p(a), m)p+q+1

1
X/o g" () (1 = g(1)) f(me(a) + g(t)n(e(b), p(a),m))d]g(t)].

Proof. Tt is easy to observe that

me(a)+n(e(b),¢(a),m)
/ (z — mp(a))”(me(a) +n(e(b), ¢(a), m) — x)? f(z)dz

me(a)

=n(p(b), so(a)7m)/0 (mep(a) + g(t)n(e(b), p(a),m) — mep(a))”
x(mp(a) +n(p(b), p(a),m) —mep(a) — g(t)n(e(b), p(a),m))?
x f(mp(a) + g(t)n(e(b), p(a), m))d[g(t)]
=n(p(b), p(a), m)PHott

1
X /0 g" () (1 = g(1)) f(me(a) + g(t)n(p(b), p(a),m))d]g(t)].

The following definition will be used in the sequel.

Definition 2.7. The Euler beta function is defined for z,y > 0 as

o - I'(z)C(y)
o x—1 _ p\y—1 _
Bz, y) /0 Tl =)V dt T ty)
Theorem 2.8. Let ¢ : [ — K be a continuous function and g : [0,1] — (0,1) is a
differentiable function. Assume that f : K = [me(a), me(a)+n(e(d), o(a),m)] —
(0,400) is a continuous function on K° with respect ton: K x K x (0,1] — R,
for mep(a) < me(a) + n(e(d),p(a),m). Let k > 1 and 0 < r < 1. If FET s
MT{(;g,m.p)-preinver function on an open m-invex set K for any fived m € (0,1],
then for any fized p,q > 0, we have

mep(a)+n(e(b),e(a),m)
/ (& — mp(a))?(mep(a) + n(p(b), o(a), m) — z)f(z)dz

mep(a)
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= (@) N n(0(b), p(a), m) P BE (g(1); k. p, q)

<[5 (9(8):m) 17 (@) + AT (g8 ) F 75 (0(0))]
where

Blg(t); k.p. q) = / g (6)(1 — g(1))Md[g(1));
1-9(0) —\ "
At = [ ( 1tt> dt;
g(1) 1—¢ v
Aa(g(t);r) = /(o) ( t> dt.

Proof. Let k > 1 and 0 < r < 1. Since f% is MT(;.g,m,p)-preinvex function on
K, combining with Lemma Holder inequality and Minkowski inequality for all
t € [0,1] and for any fixed m € (0, 1], we get

mep(a)+n(e(b),e(a),m)
/ (x — mip(a) (mep(a) + n((b), o(a), m) — )1 f (z)da

mep(a)

< (e (0), ¢(a),m)[Prot [/0 g () —g(t))'“’d[g(t)]] |

k—

k

1
x [ / 75 (mep(a) +g<t>n<so<b>,so(a%m))d[g(tn]

< (g (b), ¢(a), m)[PFTLBE (g(t): k, p, q)

[ / (m VIO o)) - mVlg(t)ﬂ(@(@)Wl) d[g(t)]]

b))FT 4

20/ —gt) 2/4(0)

k—1

< (5Y7 pn(o(t). e mlHHH B (g(0): )

! g9(t) ' - T
x{ </0 <l—g(t)> f* (gp(b))d[g(t)})
X 1_g(t) % % T k‘;cl
+( / (g(t)> / (¢<a>)d[g(t)]) }

= ()77 In(el0). pa), mP o BE (g(0): k. p.)

k—1
rk

X[ A (a(0): 1) 175 (pla) + AT (g0 1) 75 (0(0)]
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Corollary 2.9. Under the same conditions as in Theorem [2.§ for r = 1 and
g(t) =t, we get

mep(a)+n(p(b),p(a),m)

/ (& = mip(a)" (i a) + (). 9(@),m) — 2)1 (a)do

mep(a)

<(7) T In(e8), pla), m) P BE (hp 1, £ 1)

k—1

<[ 17 (@) + 7T (o0)] T

Theorem 2.10. Let p : I — K be a continuous function and g : [0,1] — (0, 1) is
a differentiable function. Assume that f : K = [mp(a), me(a)+n(p(d), p(a),m)] —
(0, +00) is a continuous function on K° with respect ton : K x K x (0,1] — R, for
mep(a) < me(a) +n(p(b), p(a),m). Let 1 > 1 and 0 < v < 1. If f'is MT(y.q.m.0)-
preinvex function on an open m-invex set K for any fized m € (0,1], then for any
fized p,q > 0, we have

mep(a)+n(p(d),¢(a),m)
/ (x —mep(a))”(me(a) +n(e(b), p(a), m) — x)? f(z)dz

me(a)
1

< (57 1e(®), el@), m)PH BT (g(0): 1,p,9)

x |B" (g(t); % 2pr — 1,2qr + 1> F(e(a))

1
vl

+B" (g(t); % 2pr +1,2qr — 1) f”(so(b))l

Proof. Let I > 1 and 0 < r < 1. Since f!is MT.g.m,p)-preinvex function on K,
combining with Lemma [2.6] the well-known power mean inequality and Minkowski
inequality for all ¢ € [0, 1] and for any fixed m € (0, 1], we get

mep(a)+n(e(b),e(a),m)
/ (& — mp(a))?(mp(a) + n(p(b), o(a),m) — z)f(z)dz

mep(a)
= e )o@ m et [ [0 - g0y
0
< F(me(@) + g(1)n(o(b). o(a). m))dlg(1)]

1
< [n(p(b), p(a),m)[Proet l/o g" ()1 g(t))qd[g(t)]]

1
T

x [ / g (E)(1 — g(1)2f (mp(a) + g(t)n(p(b), so(a),m))d[g(t)]]
< (), p(a), m)[PFH BT (g(t);: 1,p, q)

[ [ rwa-gor (Mf"@(b»wm“‘g(”f’"(@(a»l) d[g(tn]

1—g(t) 2¢/g(t)
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{ ( / grE(t)(1 - g<t>>q—%fl<so(b>>d[g<t>])

1

+ ([ 00 - g0y e@ps]) }

-(2)’

I (), p(a), m) [P BT (g(t): 1,p, q)
5 (9(0): o020 = 120 +1) 1" (p(a)

X

Tl

+B" (g(t); % 2pr +1,2qr — 1) f”(s@(b))}

(]

Corollary 2.11. Under the same conditions as in Theorem [2.10 for r = 1 and
g(t) =t, we get

mep(a)+n(e(b),p(a),m)
/ (z — mep(a))?(mp(a) + n((b), ¢(a), m) — )7 (z)dx

my(a)

~l=

< () ). pla).m) P+ 1+ 1)

><[B(p+27q+ 2) 7o) 48 (p+ Jua+ ) £ <>>]

3. HERMITE-HADAMARD TYPE FRACTIONAL INTEGRAL INEQUALITIES FOR
MTr.g,m,,)-PREINVEX FUNCTIONS

In this section, in order to prove our main results regarding some generaliza-
tions of Hermite-Hadamard type inequalities for M T4 ,,, ,)-preinvex functions via
fractional integrals, we need the following new fractional integral identity:

Lemma 3.1. Let ¢ : I — K be a continuous function and g : [0,1] — [0, 1] is
a differentiable function. Suppose K C R be an open m-invexr subset with respect
ton: K x K x (0,1 — R for any fized m € (0,1] and let mp(a) < me(a) +
n(p(d), p(a),m). Assume that f : K — R be a twice differentiable function on K°
and f" is integrable on [me(a), mp(a)+n(p(b), p(a),m)]. Then for a > 0, we have

1" (p(x), p(a), m)
(4 1)n(p(b), p(a),m)

x [(1 = g" T ) f (me(a) + g(V)n(e(x), o(a),m))
—(1 = g°7(0)) f'(mep(a)

+
/\
(=}
~
3

—~~
S

/—\
\/
/\
\_/
2
—

[

~(1- go‘“(O))f’(mw(b) +9(On(e(@), o(6).m))]
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n“(p(x), p(a), m)
n((b), (a), m)

x| g*(1) f(me(a) + g(1)n(e(x), ¢(a), m))

0)n(p(x), (a),m))]

(
L0 @(x), p(b),m)
n(e(b), ¢(a),m)

x| g% (1) f (me(b) + g()n(e(x), ¢(b), m))

—9%(0) f(me(a) +g
“(

g% (0)f(mep(b) + g(O)n(p(x), (), m))]
.«
n(e(d), p(a),m)
mep(a)+g(1)n(e(z),e(a),m)
x[/' (t —mep(a)* 1 f(t)dt
mep(a)+g(0)n(p(z),p(a),m)
mp(b)+g(1)n(e(x),e(b),m)
+/’ (t — mp(8)* " £ (1)t

me(b)+g(0)n(p(z),p(b),m)

n°*2(o(x), p(a), m)
(a+ 1)n(p(b), p(a),m)

x /0 (1= g*F )" (mep(a) + g(t)n(p (), ¢(a), m))d[g()]

1“2 (p(x), p(b), m)
(a+ 1)n(p(b), p(a),m)

+

X /O (1= g™ ()1 (mep(b) + g(t)n(p(2), ¢(b),m))dlg(t)]. (3.1)

Proof. A simple proof of the equality can be done by performing two integration
by parts in the integrals from the right side and changing the variable. The details

are left to the interested reader. O

Let denote
12 (p(x)

(a+ Dn(ep(

It g (T30,m,a,b) =

ik
5
S
:_/
3
~—"

1
x /0 (1= g™ ()1 (mep(a) + g(t)n(p(2), ¢(a),m))dlg(t)]

7" (p(x), o(b), m)
(a+1)n(e(b), p(a), m)

+

x /O (L= g" " (@) f" (me(b) + g(t)n(p(x), 0(b),m))d[g(1)]. (3.2)

Using relation (3.2), the following results can be obtained for the corresponding
version for power of the absolute value of the second derivative.
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Theorem 3.2. Let ¢ : I — A be a continuous function and g : [0,1] — (0,1)
is a differentiable function. Suppose A C R be an open m-invex subset with respect
ton: Ax Ax (0,1 — R for any fited m € (0,1] and let mp(a) < me(a) +
n(p((d), p(a),m). Assume that f : A — (0,400) be a twice differentiable function
on A°. If f"9 is nonnegative MT(,.g m ) -preinvex function, ¢ > 1, p~' + ¢~ =1,
then for a > 0 and 0 < r < 1, we have

_ m\ 7 C7 (g(t);p, @)
[ f,9.m.0(7; 0, m, 0,b)] < ( 2 ) (a+1)[n(p(b), p(a),m)|

1
q

x { n(p(a), pla), m)|* 2| A3(g(0); )" ((a)" + AL (g(); ) £ (plw))" ]
+ (@), 9(B), |2 [ A3 (g(6);7) £ (9(6)" + AT (g(2); )" ()] ™ } (3.3)

where C(g(t);p, o) = /0 (1— gt (t))Pd[g(t)].

Proof. Suppose that ¢ > 1 and 0 < r < 1. Using relation (3.2]), nonnegative
MT{(;g,m,)-Preinvexity of f”¢, Holder inequality, Minkowski inequality and tak-
ing the modulus, we have

In(e(x), p(a), m)|*+?
(a+ 1)[n(e(b), p(a), m)]

x /U 1= g OIS (mep(a) + g(t)n(e(x), p(a),m))|d[g(t)]

(), o(b), m)|*+2
(a+ 1)[n(p(b), p(a), m)|

></0 1= g OIS (mep(b) + g(t)n(e(x), 9 (b),m))|dlg(t)]

z a).m)le 2 1 %
In(p(@), pla), m)|+ : ( [ (1ga+l<t>)pd[g<t>])

1190 (x50,m, a,b)| <

~ (a+ 1)), pla),m

‘ ( [ 17 meta) + g(0nota) o) m))%l[g(t)])

In(e(x), o(b), m)|*+2 1 .
Tt Dine®), pla),m)] (/0 (1-g""(®) d[g(t)]>

S

1

q

‘ ( [ 17 mett) + g0ntoto), w<b>,m>>w{g<t>l)

In(e(x), p(a), m)[*? 1 § ) 1
= (a+ Dnle®), pla), m)] ( / (1=g™" () d[g(t)])

(VIO ™YTID ) ]
x[/o (M_g(t)f (())™ + 2 /5] F(p(a)) ) d[g(t)]]

x m)|e 2 1 v
L In(e(@), ¢ (b),m)|** ; (/O (1ga+1(t))”d[g(t)]>

1495 KHAN ET AL 1487-1503



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

10 MUHAMMAD ADIL KHAN7 YU-MING CHU*7 ARTION KASHURI7 ROZANA LIKO
NN R N = A L &
X[/o <21—g(t)f (90(95)) +72\/@ f (S"(b)) ) d[g(t)]]
my7_n(e(@), e(a),m)[* 2 1 N
<(3)" @O e e o)

Corollary 3.3. Under the same conditions as in Theoremfor r=1,¢g() =
and " < K, we get

—n(p(@), p(a), m)*F1f'(me(a)) — n(e(x), ¢(b), m)** f'(mp(b))
(@ + )n(p(b), p(a), m

_|_

)
n(e(x), p(a), m)* f(mep(a) + n(e(x), (a), m)) + n(e(x), 9(b), m)* f(me(d) + n(e(z), ¢(b),m))
n(p(b), (a), m)
~ Tla+1)
n(p(b), (a), m)

X | JGnep(@)+n(e(@) 0(a),m)—F (M(@)) + TG ) +n(o(@) o (0)m) T (’”‘P(b))} ‘

. K 1 (M)% (F(p+1)l“(a+1)>;

(1+a) e b 2 Fp+1+ )
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[n(e(x), p(a), m)|*** + In(p(@), ¢(b), m)|*+?
n((b), p(a),m)] '

Theorem 3.4. Let ¢ : I — A be a continuous function and g : [0,1] — (0,1)
is a differentiable function. Suppose A C R be an open m-invexr subset with respect
ton: Ax Ax (0,1 — R for any firxed m € (0,1] and let mp(a) < mp(a) +
n(e(b), p(a),m). Assume that f: A — (0,400) be a twice differentiable function
on A°. If f"9 is nonnegative M T ,.q 1, »)-preinvex function, ¢ > 1, then for a > 0
and 0 < r <1, we have

‘Ifg n, @(x;O‘?mﬂavb)‘

m\E Ine(e), pla),m)|*+2 L goTR(1) — got(0))
<(3) <a+1>|n<sa<b>,sa<a> ) (g“) 9(0) at2 )
< [ (A5(g(t);r) — AL(g(t);r,0)) " (p(a))"®

1

(5 (g(0):7) - A3(a0)ir.0) (@]

m\E  [n(p(x), o(b), m)[o+? 9o (1) — go+2(0)\
+(2)” et Die® o, m>| (g(”‘g(‘”‘ at? )
Jir

n
x{(A (g(t

Ai(g(t);r @) £ (0(b))"

1

+ (AT (g(e)s) — Ay(g ), 0)) (o)) (3.4

where

1—-9(0) )

t2 (1 — )z totigy,

Alg(0iri) = [

1-g(1)

9(1) 1 1
Ay(g(t);r, ) :/ tTe et ) * e,
9(0)

Proof. Suppose that ¢ > 1 and 0 < r < 1. Using relation (3.2)), nonnegative
MT{(;g,m.)-preinvexity of ¢, the well-known power mean inequality, Minkowski
inequality and taking the modulus, we have

In(e(x), p(a), m)|*+?

(a+1)[n(e(b), ¢(a), m)]

></ 11— gt O] " (mep(a) + g(t)n(e(x), p(a),m))|d]g(t)]
0

n(e(x), p(b), m)|*+?
(a+ 1)[n(p(b), (a), m)|

x / 11— gL DI £ (mep(B) + g(t)n(o (), o(b),m)) | dlg(0)]

1—1

In(e (@), p(a), m)|* > L e ’
< Tt Do), gla)m)] (/ -y “”d[g“”)

|If.g.m0(T;,m,a,b)| <

1
q

1
/O (L= g* 1 (@0)) " (mep(a) + g(t)n(e(2), ¢(a), m))qd[g(t)]>
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1—1

x m)| 2 1 ¢
) ey ey

(a+ 1)|n(e(d), p(a),m

1
x ( =g s ome) + a0ntieta), so<b>,m>>qd[g<t>1>

In(e(x), p(a), m)|>+2 1 X 11
= T+ Dn(p(b). pla), m)] (/0 (1-yg “(t))d[g(t)])

' a+1 m r m 1_g(t) 1 rq '
[ [a-g <t>><2 S ol B o) ) d[g(tn]

n(p (@), p(b),m)|**+ Y ar ;
"o+ Dlnle(b ) o(a),m)] (A (1-g (t))d[g(t)]>

! « m " m 1*g(t) " rq ' %
[/ (-9 +1<t>><2 = ()w Pl + =S () ) d[g(tn]

mA 7 |n(e(), p(a), m)]*+? L gt — gt 0))
<(5)" @S s (0 0 )

' g(t) ’ a+l " q T
{ / ( 1—g(t)> (1= g™ () F " (el)) d[g(t)])

1

VTTIOY  eer a Y
+(/ ( - ) (1 - g™ (1) f"(pla)) d[g(t)}) }

1—1
ot 9ot (1) —g* 2 (0))
a+2

Q=

- <g<1> —g(0)—

,p(a),m

1 g(t) . § ) r
{ / (m) (1= g™ (1) (o)) d[g(tn)

! 1_g(t) ’ a+1 " q ' ﬁ
+( / ( - ) (1= 4" 1O (o(0) d[g(tﬂ) }

¢(a) L goTR(1) — got(0))
pt ] CORIO )
)

+ (AL (g(t); ) — AR(g(8)s, ) f(p(w))] ™
myFE n(e(x), e(b),m)|+? - g°2(1) — g**2(0)\ ' ¥
()" ot Do), s@. <g“) 9(0) ot >
x| (A5(g(0:) = As(g(t)im.0)) £ ((B)"

1498 KHAN ET AL 1487-1503



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

HERMITE-HADAMARD TYPE FRACTIONAL INTEGRAL INEQUALITIES... 13

Corollary 3.5. Under the same conditions as in Theoremfor r=1,90) =t

and " < K, we get

—n(p(2), p(a),m)* 1 f'(me(a)) — ne(z), o(b), M) £ (me(b))
(a+1)n(p(b), p(a),m

_|_

% {J(am@(a)Jrn(w(w)wp(a),m))*f (Mm@(a)) + TG (b) +n(o(@) o (0)m) (m‘P(b»} ‘

a+1\a+2 2 T(a+3)

2
y lm(@(x), (@), m)|* 2 + [n(p(x), w(b%m)la“]
| .

< () @) (- ey

In(e(d), ¢(a), m)
Remark 3.6. For different choices of positive values 0 < r < 1, for any fixed m €
(0,1], for a particular choices of a differentiable function ¢ : [0,1] — (0,1), for
example: e~ (+1) gin (w) , COS (@) , etc, and a particular choices of a
continuous function ¢(z) = €® for all x € R, 2™ for all x > 0 and for all n € N,
etc, by Theorem [3.2] and Theorem [3.4] we can get some special kinds of Hermite-
Hadamard type fractional integral inequalities.

4. APPLICATIONS TO SPECIAL MEANS

Definition 4.1. (see [23]) A function M : RZ — R, is called a Mean function if
it has the following internality property:

min{z,y} < M(z,y) < max{z,y}.
For a Mean function the following holds, M (z,z) = z, Vz € R,.

We consider some means for arbitrary positive real numbers «a, 8 (a # B).

(1) The arithmetic mean:

(2) The geometric mean:

(3) The harmonic mean:

(4) The power mean:
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(5) The identric mean:

I:=I(a,ﬁ):{

(6) The logarithmic mean:
o B 8—a
L:=Lla,p) = () —In(a)’

(7) The generalized log-mean:

pr+l — qptl
(p+1)(B—a)
(8) The weighted p-power mean:

1
n P
a1, Q2, -, Qp _ P
Mp( w1, U, 0, Up ) - <;azul>
where 0 < o; <1, u; >0(i=1,2,...,n) with Y | a; = 1.

It is well known that L, is monotonic nondecreasing over p € R with L_; := L and
Lo := I. In particular, we have the following inequality H < G < L < I < A. Re-
cently, the bivariate means have attracted the attention of many researchers, many
remarkable inequalities can be found in the literature [36]-[46]. Now, let a and b be
positive real numbers such that a < b. Consider the function M := M (¢(z), p(y))
[p(x), o(z) + 1Y), ¢(2))] x [o(z), p(x) + n(e(y), p(x))] — Ry, which is one of
the above mentioned means, ¢ : I — A be a continuous function and g : [0,1] —
(0,1) is a differentiable function. Therefore one can obtain various inequalities us-
ing the results of Section [3| for these means as follows: Replace n(¢(x), p(y), m)
with n(¢(z), p(y)) and setting n(p(z), ¢(y)) = M(p(z), o(y)), Yo,y € I, for val-
ue m =1 1in and , one can obtain the following interesting inequalities

involving means:

L,:=Ly(a,B) = ‘|p; p € R\ {-1,0}.

1

’ T O (g(t)ip,a)
g.01(0,0(@ 00 1, a,)] < (2> (a+ )M (g(a), ()

x{M““@(aMx» |A5(a(0:) 7" (9(a)" + A (9(1): 1) " (o)) ™

+ MO (p(0), (@) | A5 (9(0; ) (9(8)" + AT (g(0); ) £ (plw))" ] ™ } (4.1)

g0, (x50, 1, 0,0)

1N MO+ (p(a), o)) g1 — gr20)\
§<2> (@ 1 DM{p(a), o0)) <9(” 9(0) T2 )
x| (A5(g(0):m) = A5(g(t); . 0)) 1 (2(0))™

1

(AL (g(0)57) = A5(g(0)s,0)) £ ()]

1\ 77 MO2(p(0), ()
+<) (@ + DM(p(a), 9(b)

2

1500 KHAN ET AL 1487-1503



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

HERMITE-HADAMARD TYPE FRACTIONAL INTEGRAL INEQUALITIES... 15

<[ (A5(9(0):7) — A5(g(); 7, 0)) £ (0(0))"
+ (A5 (g0)s7) = A5(g(0) 7, 00) S (o)) (42)

Letting M(@(x), Sﬁ(y)) - A, G7 H7 PTa Ia Lv LP7 MP? VI', Yy e I'in " and " we
get the inequalities involving means for a particular choices of nonnegative twice
differentiable MT|,., 1 ,)-preinvex function f. The details are left to the interested
reader.

5. CONCLUSIONS

In this paper, we proved some new integral inequalities for the left-hand side
of Gauss-Jacobi type quadrature formula involving MT{,.g m,,)-preinvex function-
s. Also, we established some new Hermite-Hadamard type integral inequalities for
nonnegative M7 ;.4 ., ,)-preinvex functions via Riemann-Liouville fractional inte-
grals. These results provide new estimates on these types.

Motivated by this new interesting class of MT{;.g n, ,)-preinvex functions we can in-
deed see to be vital for fellow researchers and scientists working in the same domain.

We conclude that our methods considered here may be a stimulant for further
investigations concerning Hermite-Hadamard type integral inequalities for various
kinds of preinvex functions involving classical integrals, Riemann-Liouville frac-
tional integrals, k-fractional integrals, local fractional integrals, fractional integral
operators, g-calculus, (p, ¢)-calculus, time scale calculus and conformable fractional
integrals.
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UMBRAL CALCULUS APPROACH TO DEGENERATE POLY-GENOCCHI
POLYNOMIALS

TAEKYUN KIM, DAE SAN KIM, LEE CHAE JANG, AND GWAN-WOO JANG

ABSTRACT. In this paper, we apply umbral calculus techniques in order to derive explicit exprissions,
some properties, recurrence relations and identities for degenerate poly-Genocchi polynomials. Further-
more, we derive several explicit expressions of degenerate poly-Genocchi polynomials as linear combina-
tions of some of the well-known families of special polynomials.

1. Review on umbral calculus

The purpose of this paper is to use umbral calculus in order to derive some new and interesting
expressions, recurrence relations and identities for degenerate poly-Genocchi polynomials. To do that we
first recall the umbral calculus very briefly. For a complete treatment, the reader may refer to [10].

Let F be the algebra of all formal power series in the single variable ¢ with the coefficients in the field C
of complex numbers:

o0 tk
F= {f(t) = Zaky
k=0 ’

Let P = C[z] denote the ring of polynomials in = with the coefficients in C, and let P* be the vector
space of all linear functionals on P. For L € P*, p(z) € P, < L|p(z) > denotes the action of the linear

functional L on p(z). For f(t) = > ,—, ak% € F, the linear functional < f(¢)|- > on P is defined by

ag E(C}. (1.1)

< ft)|z" >=an, (n>0). (1.2)

For L € P*, let fL(t) = > pep <L\xk>tk—k, € F. Then we evidently have <fL(t)\x"> = <L|x”>, and the
map L — f1(¢) is a vector space isomorphism from P* to F. Thus F may be viewed as the vector space
of all linear functionals on P as well as the algebra of formal power series in ¢. So an element f(t) € F
will be thought of as both a formal power series and a linear functional on P. F is called the umbral
algebra, the study of which is the umbral calculus.

The order o f(t)) of 0 # f(t) € F is the smallest integer k such that the coefficients of t* does not
vanish. In particular, for 0 # f(t) € F, it is called an invertible series if o(f(¢)) = 0 and a delta series if
o(f(t)) = 1.

Let f(t),g(t) € F, with o(g(t)) =0, o(f(t)) = 1. Then there exists a unique sequence of polynomials
Sp(x) (deg Sp(x) = n) such that <g(t)f(t)k|,9n(m)> = nld, i, for n,k > 0. Such a sequence is called the
Sheffer sequence for the Sheffer pair (g(t), f(¢)), which is concisely denoted by Sy, (z) ~ (g(t), f(t)).

2010 Mathematics Subject Classification. 05A19, 05A40, 11B83.

Key words and phrases. degenerate poly-Genocchi polynomials, umbral calculus.
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2 Umbral calculus approach to degenerate poly-Genocchi polynomials

It is known that S, (z) ~ (g(t), f(t)) if and only if
1 o0

_ L eF _ 'l
a2 o

where f(t) is the compositional inverse of f(t) satisfying f(f(t)) = f(f(t)) = t.
Let p,(2) ~ (1, f(t)), gu(z) ~ (1,1(t)). Then the transfer formula says that

an(z) =z (ch((tt))> (), (n>1). (1.4)
Let S, (x) ~ (g(t)), f(¢)). Then we have the Sheffer identity:
Su+9) =3 () Sk@ar(v), (15)
k=0
where pa(z) = g(t)S(2) ~ (1, ().
For Sy, (x) ~ (9(t), f()),
f(@®)Sn(z) = nSp_1(x). (1.6)
Also, we have the recurrence formula:
(@)= (2 55 ) 7750 )
Assume that S, (x) ~ (g(¢), f(t)), mn(z) ~ (h(t),1(t)). Then
Z Cr k(T (1.8)
k=0
where
_ L), - n
w = i ") (1.9)
Finally, we also need the following: for any h(t) € F, p(z) € P,
(h(®)|zp(z)) = (h(B)lp(z) ). (1.10)
For s, (z) ~ (9(t), £ (1)), »
-y (7) < f)a" " > Si(x). (1.11)
l

2. Introduction

Let r be any integer, and let 0 #£ A € C. The series Li,.(z) defined by

Li,(z Z i— see [3HI)), (2.1)

is the r-th polylogarithmic function for r» > 1, and a rational function for » < 0. One immediate property
of this is
1

% (Lirs1()) = = Lio (x). (2.2)
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The degenerate poly-Genocchi polynomials fyff)()\ z) of index r are given by
2Li (1 — e*t)

- L4+ )X = ,”Ax 2.3
ESVLIN ZV (2:3)

For x = 0, W(T)()\) W(T)()\ 0) are called degenerate poly-Genocchi numbers of index r. In particular for
W

r=1, v\ )= A, z) may be called degenerate Genocchi polynomials and are given by
2t

— 1+ M) = n)\ac 2.4
(1+/\t)%+1 ZW 24)

They are a degenerate version of the poly-Genocchi polynomials Gnr (z) of index r given by

2Lir(1—e™) 1 = )y "
L S AP = r _— 2_
o r1 nEZOGn (@) (2.5)

These poly-Genocchi polynomials were first introduced in [3] under the name of poly-Euler polynomials
and with the notation IESIT) (z). However, it seems more appropriate to call them poly-Genocchi polyno-
mials, as Gp(z) = Gsll)(x) are the ’classical’ Genocchi polynomials defined by

2t . "
- f;Gn(x)n!. (2.6)

Clearly, limy_,o 'yn ()\ x) = G (x). Also, we recall that the degenerate Euler polynomials &, (A, z) were
introduced in [1] by Carlitz and are given by

#
(1+ )% —

(1+ )% = Zs )\:z:—. (2.7)

The degenerate poly-Bernoulli polynomials B (A, z) of index r are defined in [6}/7] as
Li.(1— e_t)

by (r)
(1+At)%— 1+ M) = ZB )\w (2.8)

When z = 0, 67(:“)()\) = ,(f)()\, 0) are called degenerate poly-Bernoulli numbers of index r. For r = 1,
Bn(X ) = BT(LD()\, x) are called degenerate Bernoulli polynomials and given by

t

which were introduced again by Carlitz in [1]. They are a degenerate version of the poly-Bernoulli
polynomials Bff) (z) of index r given by

L’Lri - ZB nl’ (210)

n=0

We note here that this definition of poly-Bernoulli polynomials is slightly different from its original
definition(cf. [4,/5]). Obviously, limy_0 Y (A, 2) = BY(z), and B,(z) = BW(z) are the 'classical’
Bernoulli polynomials defined by

oo

t . "
e "= Bu(z)=, (2.11)

n!
n=0
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4 Umbral calculus approach to degenerate poly-Genocchi polynomials

Write Li, (1 — ™) = 30° Jant; =t + 307, a, k. Then from (2:3) and (2:7)), we see that

n

e 00 n—1
St =3 (X (’;) aniEi(h )
n=0

In turn, (2.12)) implies that

W) = 0,47 (A 2) = 1,degy (N x) =n —1,(n > 1),

(2.12)

(2.13)

In this paper, we would like to apply umbral calculus techniques( [2(7,|9,|10]) in order to derive
explicit exprissions, some properties, recurrence relations and identities for degenerate poly-Genocchi

polynomials. However, sometimes we can not apply the umbral calculus techniques directly to ’y,(f) (\ ),

. 2Li.(1—e™ %)
since —————

1HAE) > +1
and (2.13)), we note that

] —et x > (T) )\ n
2LZT(1 le ) (1+)\t)X :Zryn—ipl( 7$)L
t((14+ M)x +1) n+1 nl

n=0

is not invertible and hence 'y,(f)()\, x) is not a Sheffer sequence. Nevertheless, from (2.3))

(2.14)

n+1

Thus we see from (2.14)) that ity (o) is the Sheffer sequence for the pair ( (X' =1)(e'+1) LM — 1))
- q p 4 :

namely

n+1 A

WhOE) (M)
L, (1 — e X1y X '

1 E
2ALi, (1—e~ x M1

(2.15)

Furthermore, we give some explicit expressions of degenerate poly-Genocchi polynomials as linear com-

binations of some of the well-known families of special polynomials.

3. Main results

The following Theorems 2.1 and 2.2 are mentioned in [9] and obtained in [7,[9], and will be useful in
deriving several explicit expressions of degenerate poly-Genocchi polynomials as linear combinations of

degenerate FEuler or degenerate Genocchi polynomials.

Theorem 3.1. For all integers r > 2, and n > 0, we have the following identities.

Li,(1—eY) 1w magn—1 M
(B2 oy = S ey st )

n—i—lmz1

=3 ()=
= \m ™ n—m+4+1

1
— Br—1
n + 1 n

r—1

B;,
- 2 Hji!(j1+"?+ji+1).

Jiy 5 dr—120,014 4 jr—1=n i=1
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Theorem 3.2. For all integers r > 2, and n > 0, we have the following identities.

n+1 '
<Lir(1 —e x"+1> = (— 1)m+"+1 Sa(n+1,m)
mr
m=1
m=0 m
— BT(L’I"fl)
r—1 B.
=(n+1)! — Ji .
( ) Z HJi!(31+"'+]i+1)

Jiy s Jr—120,014 4 jr—1=n i=1

The following can be seen also from ([2.3)), but here we will deduce it by using umbral calculus.

o0 tm
'\y) = <Z 1Y) — |~’C">

QLZT( — _t) ¥ n
Crai M |x>

?Lzrl—e IZ()M””">

14+ M)% +1

(x) <?f:;; i)

0
< )*“51 <?fi&1> )

y — (1 m )

I
/\/\

l

I Il
s Mz
o

L\.

0

Here (z|A)p, = z(z — A)---(z — (n — 1)A), for n > 1, and (z|\)g = 1. Recalling that (z|A\), =
o o AT S (n, m)z™, we have the following result.

Theorem 3.3. For all integers n > 0, we have the following expressions.

(r)()\ z) =

M:

(;) (ZAW 1Sy (m, ) >% oY

m=0 =0

Il
M=

(”)wﬁﬂmm(zwm.

m

3
Il
=)
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6 Umbral calculus approach to degenerate poly-Genocchi polynomials

Now, we would like to express the degenerate poly-Genocchi polynomials in terms of degenerate Euler
polynomials, for this we need to observe the following.

2Li (1 —e™t) M
M\ y) = == 21+ AR ”>
T (A y) <(1+M)A+l( JREs

_ <ur<1 O —

(14 Xt)> +

<Lzrle |Z&)\y >
= Z( )55 A\ y) (Liy(1—e") | x"*l>.

(1 + At)ix”>
(3.2)

From (3.2]) and Theorem 2.2, we obtain the following explicit expressions for 7,@(& x) , as linear combi-
nations of the degenerate Euler polynomials.

Theorem 3.4. For all integers n > 0, we have the following identities.

l
) =33 (7;) (—1)l+mfnii52(z, m)En_i(\, )

S5 (1) (s

n r—1 B
=> Y () [ L&\ 2).
| ;
=1 j1,-+ ,jr—120,j1++jr—1=1—1 i=1 J"(Jl + i+ 1)

Next, in order to express the degenerate poly-Genocchi polynomials in terms of degenerate Genocchi
polynomials, we first observe the following.

2Li, (1 —e~t) v
(r) A\ y) = <’” . 14+ M) m">
W0 = (a0t

Li (1 —e™) 2t

t |(1+>\t)% (1+2)%a >

-
:<Lz,1—e t) IZwAy > (3-3)
W <L“( ;e_t) o),

From (3.3) and Theorem 2.1, we obtain the following explicit expression for fy,(f)(/\, x) as linear com-
binations of degenerate Genocchi polynomials.
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Theorem 3.5. For all integers n > 0, we have the following identities.

n—1 I+1

A () ZZ l+1< ) 1y 1752(”1 )1 ()
_nzjlzl—m—Fl( ><Z>B(T% {*2)

=0 m=0
(r—1
-5 ()
r—1
B,

= Z Z (n)i H = LA Yn_1(\, x).

1=0 ji,oe jr—1 20,514 +jro1=l  i=1 JilGr+---+Ji+1)

Here we apply the transfer formula (L.4]) to
~ (1,1),
F(eM=1)(e'+1) ’yn+1(/\ x) N <1 1(6)\t1)) (3.4)
20Li, (1—67%@“71)) n+1 D)

Then, for n > 1 we have

T (eM—=1)(e'+1) ’y,(Ql()\,x)x< At >nxn1
2Li (1 - e~ X(-) N1

:“ 1 (n)

- I npn) n—I

= <l))\Bl AL
1=0

n-1 2Li (1 — e <e“*1>)
_ 1 r
- E (n ; ))\lBl(n) 2"

T =D +1)

D g f: T (V) (5 (X =1)"

m-+1 m! v

(nz )Al "B n”m“ §;sz jym ftf "
n n—Il n—l (r)
n—=1\ =10\ 1_ni, (n)7m+1<)‘) B
_ m B n J
Y3 () s e

n n—jn—j—lI )
n—1\/n-1 (n) ’Ym+1(/\) i
_ n—m-—j _ J > .
= ( E ( l )( i ))\ Sa(n—j—1,m)B, el z?, (n>1)

~ 3
HQM‘
7N

3
v

(3.6)

1510 T.KIM ET AL 1504-1520



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.8, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

8 Umbral calculus approach to degenerate poly-Genocchi polynomials

Observing that

- n— _ 1 t
;Sl(n,l))\ Ll = (z|\), ~ (1,A (e* —1)),

3.7
(M —1) (et +1) 77(121()\,95) N <1 1 (- 1)) (3.7)
2Li, (1—67%@“71)) n+1 ) ’
we have
T (A @)
n+1
n 2Liy (1 _ e—%@“—l)) l
= S1(n, A"~ T
l; 1(eM—1) (et +1)
n 1 (At m
7 1(N) ( ( 1)) l
S l)\n l m+
lz:(:) i, Z m+1 m)! o
=3 Si(n, At m“ ZSQ j,m
=0 m=0
n l (r) A '
=33y )sm DSa(i. )LHW_]
1=0 m=0 j= J +
n n l=j (r)
l , A)
-2 Y (e sinnsa - 2
=0 1=; m=0 m+
Hence, from (3.6) and (3.8), we get the following theorem.
Theorem 3.6. We have the following expressions.
’77(121()‘755)
n+1
CEE (-1 (-1 ; (nﬂ( 11()\) ;
- Z Z < I )( . )Anmjk%(”—j—l,m)Bl et 1 ), (n>1)
7=0 \1=0 m=0 J m+
n n l—j (r)
l , A)
— ¢ —\ m+1
§=0 I=j m=0
The following Sheffer identity follows immediately from (|1.5)).
T - n T
W0+ =3 (7)o (39)
j=0
Applying (T.6) to v (A, z), here we get
1
)\(e” Dy z) = nv ()\ x). (3.10)
Thus
ANz 4+ A) =y (A z) = n)\%(1 )1()\ x). (3.11)
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9
By using (1.7]), we obtain

Wh() (x . g’(t)) a7 ()
n+1 g(t)

) ) / (3.12)
t
— 71,%(17")()\71,_ )\) _ 7e—>\tg ( )V(r)
n n

gt) " *-2),

n

A1) (et 41
where g(t) = 2/\Li(,.e(1fe)*(§(e”)fl)) - Here,

o = (logg(t))’

1| Mer tet

et Liy_ (1 - e—;<e“—1>) (3.13)
et — 1 et +1 N Li, (1 . 6_%(6)\t_1)) e%(e)\tfl) 1

Note that g(t)'yr(f)()\,ﬂf) = (z|N)n =0

meo A" S1(n,m)x™, and that the expression in the curly bracket
has order > 1.

IO oy
g(t) Tn ()‘7 )

; -1 EAt_ 1 t
3 At 2ALiy (1 — el ”) te1=NE 2\ Li, (1 — e X (<7 -D)
- eM—1  (eM—1)(et+1) et+1 (eM —1)(et +1)

o at Lira (1 - 6_%@”_1))

et leM—1 ex(eM=1) _ 1

S

eM —1)(ef +1 ,
( I - M) AN, )
INLi, (1 ekl —1>)

. 1 .
Syt AP (1=e 3 D) e ang, (1 — e 3D
= 17, "

=0 tleM—1 (M-I +1) 1 (M—_1)(et+1) (3.14)
> a Liea (1- e
et leM—1 ex(er-1) _q *
. _l(eM_ .
_ z": Ny 2ALiy (1= e 3 D) L teCTVEAL (1 — R (ETTD)
7m_0m—|—1 e eM—1  (eM—1)(et+1) et+1  (eM—1)(et+1)
2 At Lir—a (1 B 6_%@“_1)) +1
CetrleM—1 i@ 1) _q T

The next theorem follows from (3.12)), (3.14)), (3.15)), (3.16), and (3.17).
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Theorem 3.7. For all integers n > 0, the following holds true.

%(121()& z) z () (

- A — A
n+1 — (A= A)
n m+lm+1
1 1 m+ r T
= o Z M( j )An ™81 (n, m)S2 (4, ){lJrl)\m—H l’Yl(Jr)l()\)Berl—j (X)
m=0 1=0 j=I

Im+1—j "l m1 -

— . r r—1

to——N l71(+)1(>‘)E7n—j(:C +1- )‘) + Z ( k ))‘J+k lB( )Em-‘rl —Jj— & Br ()\)}
k=0

For the sake of completeness, we compute the three terms in (3.14]) as follows:

A 2ALip (1= e dED)
At ] (eM —1)(et +1)
0~ (1) 1/ Mt l
At A (5 -1
_ Z ’Yz+1( ) (A(e )) pmtl

m—+1

X

At |
& 1+1 1!
A Ml 7l(-T-)1 AL it
=1 o ZSQJa Tt (3.15)
=0
/\t ang/any| <m+1)
= )NS5 Dy (V2
e = = I+1 j
m+1m+1
1 m+1\,,, T
-y 11< TG B (F)
1=0 j=I

te(1=Nt 2ALi, (1 —e” ;@“-1)) -
dr1 (eM_1)(etr1)

te(l—A)t m+1m+1 1 m4+ 1 - . s
T L S s

=0 j=l
(1,)\)25 m+1m+1
e m+1— (m + 1) i (r) .
_& A I T I N LS, (5, DA, (V)™ (3.16)
t +1
er+1 = I+1 J
1 m+1m+1m+1 m+1 9 )
(1 At Z Z l (r) m—
ped ( J )A] 20 0un Mg S

jang i m+1—j(m+1 .,
:522 T ( ; )AJ LSa (5. Dy W) B +1 = V),
j=0 j=I

and
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2 At Lir—a (1 B 6_%(”_1)) +1
m
et rler —1 oi(e—1) _q t

_ 2 At iBl(rfl)Mxm—H
1

t N _ ]
et+1le — I
2 AR el )\j Ll
:et+1ext_1z)‘ By ZSQJ’ j_
g=l
m—+1m-+1 (317)
=S S (" sl e
=0 =i 7 —let+1
m+1m+1 m+1—j .
m—+1 e m-+1-— x
- S (" ) sosr S (")) B (§)
=0 j=I k=0
m+1m+1m+1—j
1 1-— r—
SN () (s 0m B (5).
=0 j=l =

We note that

< f®)|z" > = <§\log(1 + At) | x"_l>
— )\—1 <§: (_1)m—1)\m( 1);% ‘ > (318)

m=1

=(=N""n-1-1)

Thus, from ([1.11)), we get

(r) n -1 (r)
d ’Yn-s-l()‘ ) | 71+1()‘ )
— | —> ] = . 3.19
( - Z I n—l I+ 1 (3.19)

Here we use (|1.10)) in order to get an expression of %(f)()\7 x). For this, assume that n > 1.

: 2Li (1 —e?) M
M y) = = ——2(14 X)* x">
T (A y) <(1+/\t)*+1( )|

- et a0

(B ot 1)
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12 Umbral calculus approach to degenerate poly-Genocchi polynomials

The second term of is easily seen to be equal to y’y( )1()\ y — A). For the first term of (3.20]),
we observe that

ey

pLlir10=e™ D omt((1 4 M)Y 1) — 2Li (1 — e t)(1+ At)3~
1
7

2 (3.21)
((1 + M) )
_ 2 LiT_l(l — e_t) 1 2Lir(1 — e_t) 1 2 2Lir(1 — e_t)
(1+)\t)%+1 et — 1 1+)\t(1+)\t)%—|—1 2(14’)\15)(]_.‘,_)\1})%+1(1+>\t)§+1

So, the first term can be written as three sums:

<Lir‘1(1 —c) 2 (14 X% | 9:”1>
ee—1  (1+A)x +1

1 2Li(1—e?) Y a1
- 1+ A% | a2n 22
<1+)\t(1+)\t)x+1( T | (3.22)

1 2 2Li. (1 —e7t) u 1>
+ . - 14+ M) | 2 .
<2(1+/\t)(1+At)»+1(1+>\t)x+1( >

Now, we compute the three terms in (3.22)) as follows

<Lz'r_1(1—e_t) 2 4k |xn_1>
el—=1  (1+A)>+1

. - )
— <LZ’“1§1 <) | 2 (1+)\t)x:c”1>
et —1 ( + X)X +

LZT 1
| Z& (A y > (3.23)

( ) ><H'>

I
M:

1=0
n—1 n 1
- r—1
= < l >El()‘ay)B£L 1)17
=0
C(1— et .
(T )< RSUMES
L4+ Xt (14 At)* +1

2LZ —e™?) y
at + At Mc”_1>
<1 I VAN )\t) PR
1 () 3 n—1
l (3.24)

1+ Mt
_ n-— (T) 1 n—1-1
-> (% ) vy><1m'x )

(n ) () (=N — 1),

|
/\

3 N

=0
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and
1 2 2Li, (1 — et
< i 1 ( 16 )(1+>\t)% |xn1>
21+ M) (14 M)X +1(1+M)F +1

1 2 2Li(1—e

1+ Mt m:"—1>
214+ Xt) (1+ M) +1 (1+>\t)%+1( )

_ 1 My
_<2(1+At)(1+Am+1 Z” >

n—1
n—1 (r) < 1 2 1l>
= A, - "
l_0< I >% A\ | Tt

n—1 e’}
n—1 r 1 i
=0 m=0 '
=1\ "2 -1 11
- r -t n—1—-l—-m
p— m - .2
l_o( e <A7y>mz_0< I Y T ) (3.25)
l

Putting (3.20)), (3.22), (3.23)), (3.24), (3.25) altogether, we obtain the following result.

Theorem 3.8. For all integers n > 0, the following holds true.

n—1
- n—1)! 1 —
R N D e e L T
o !
1 n—1-1 1
(=N ) + g Wem(x)(—x)"“my;”@,x)} .
m=0 ’

From now on, we will exploit (1.9)) in order to express degenerate poly-Genocchi polynomials as linear
combinations of well known families of polynomials. For this, we remind the reader that

) M_1)et+1) 1
I Aa) (e et Loy, (3.26)
n+1 2ALi (1 — e~ x(EM=1)) " A
We let W"J;Llfl\ o) = > 1—0Cnk&k(A, x), with noting that
t41 1
En(\ ) ~ (‘32* NG 1)> . (3.27)
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Then
1 /(A+X)% +1 2\Lip (1 —e
Cop= L (AHAE 41 DI
k! 2 M((14Xt)x +1)
1 /Lip(1—et
— 7| < ¢ ( € ) ‘ thn>
: t (3.28)

k
-() ()

Thus we have shown
. S (n+ 1\
W =3 ("B a0 (3.29
k=0

To express degenerate poly-Genocchi polynomials as linear combinations of Euler polynomials, write

%ﬁl\l => 0 CniEr(x), with noting that
t41
E,(\ ) ~ (e ; ,t> . (3.30)
Then

k
. 1/ +)\t 3 4+1 2X\Li(1—e) (llog(l + At)) | 2™
! >\1t((1+>\1t)A +1) \A

<L’T (1—e | - L log(1 + xt))Fa >
Lir(1—e™") \251 1k > (3.31)

=\ k;( ))\lSl (1, k) <LZ’“( t_e_t) | x"—l>

>/

—k

3 /\

n

_\—k l (r=1)
=\ Zn_l+1<l>>\51(l,k)Bn_l‘

Thus we have derived the following theorem.

Theorem 3.9. For all n > 0, we have the following.

r N n+1 _ e
%(Lll(%ﬁv) = ZZ ( ! )Al Fsa, k)qu_ll)Ek(w)-
k=0 I=k

(r) Az .
Let 220188 _son o B (A, @), with
t
(r) - e -1 Lo _
B0 ~ (g 3 D) (3.32)
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Then

(14+X)x —1 2X\Lin(1 — —t) | thgn
ir(1—e™t) At((1+ X)X +1)

L
2 |(1+At)% Lok
(1+At)%+1 t

o0

1|)‘ l+17f a2k
+1|l§ R (3.33)

_: (” ; k) (1l|/}r)ll+1 <(1 + )j)i +1 | xn_k_l>
OEC e

Thus we have shown the following result.

M

Theorem 3.10. For n > 0, we have the following.

e =35 () (") g 08 021

k=0 1=0

(r) by
Write V"*ﬂliilm) = > 1—0CniBr(\, ), with noting that

Bu(A ) ~ <Ae(ft:i) (M - 1)> . (3.34)
Then
o 1/ M0+ M)x —1) 2ALip (1 —e™) |
"R At M((1+ A3 +1)
B (n) 2Li (1 —e™t) | (14 At)> — Lok
C\E \H(L+ A% +1) t 5.35)
- (2) ("7 ) Wl 2L i) |
k) =\ 1 I+1 \t((1+M)F +1)

_ (" ni:k n—k\ (1)1 ’Yr(:—)k—l—i-l()‘)
k prd l I+1 n—k—-1+1

Thus we obtain the following theorem.

Theorem 3.11. For all n > 0, the following holds true.

O =35 "“ DY U VB
7n+1 .1' ZZ l+1 k ( ‘ )l+1fyn7k;7l+1( )Bk( 733)'

k=0 =0
Lastly, we would like to express the degenerate poly-Genocchi polynomials in terms of Bernoulli poly-
nomials, with noting that

By (z) ~ <et - L t) : (3.36)
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(r) by
we lot 226100 _ 5™ ' By(z). Then

1L /MAHAR -1 22Li(1-e) (1 . kxn
G = k! < log(T+At)  X((14X)> +1) | <)\l 9(1+ /\t)) >

2Lin(1 — e ") A (T M)x —1
t((1+ At)x 4 1) log(1 + At) t

Co 1
2Li (1 — e t) At (1+)\t X IZSl K 7# n>

—k

| 7 (log(l + At))kz >

—k

t((1+ At)x + 1) log(1 + At)

e () 2Li (1 —e ") At (1+At)%—1xn_l
=2 Z(l>/\sl(l’k)<t((1+/\t)i+1)log(1+)\t)| t >

I
T T~

1=0
n . o (3.37)
_ 2Li (1 — e ) (YN g t™
— )k ”)Als Ik kSl mill -t
;(z 1 k) t((1+)\t)x+1)logl—|—/\t |§::0 m+1 ml
n n—I
_ =1\ (YN)pmy1 / 2Li(1—e7t) At e
= k n))\ls l,k ( + < " l—m
; (l i — m m+1 ((1+>\t)x +1) | log(1+ At)

> (1N)mr1 / 2Li (1 —e7t) i J e
- m+1 ((1+)\t/\+1 0 !
—1 nlm (r)
—1\ (1[N - . N
()ASl(Zk ( > N1 (” , m)xﬂbj Tnctomojtr
l = m+1 ‘ J n—l—-m-j+1

Jj=

m=0
n n n—l I
— )k !
= Z(l>)\Sl(l,k (m
=k m=0

Here b; are the Bernoulli numbers of the second kind given by m = > 0b; tj; Thus we have

derived the following result.

Theorem 3.12. For all integers n > 0, the following holds true.

T (A )
n n n—ln-Il-m
k=0 l=k m=0 0 m+ J

J=
X (1|>\)m+1bj%(1—)z—m—j+1Bk(x)-
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QUADRATIC (p1,p2)-FUNCTIONAL INEQUALITY IN FUZZY NORMED
SPACES

YOUNGHUN JO, JUNHA PARK, TAEKSEUNG KIM, JAEMIN KIM* AND CHOONKIL PARK*

ABSTRACT. In this paper, we introduce and solve the following quadratic (p1, p2)-functional
inequality

N(f(e+9) + fa—9) —2f(@) ~ 26(1), 1) 0.1)
<min(¥ (o (21 (552) 21 (£52) = 1) - 1)) ).

N (pn (1 (H2) + o =) — 260~ 26)) 1) )

in fuzzy normed spaces, where p; and ps are fixed nonzero real numbers with \pll +
and £(0) =

Using the ﬁxed point method, we prove the Hyers-Ulam stability of the quadratic (p1, p2)-
functional inequality (0.1) in fuzzy Banach spaces.

Q\le <1,

1. INTRODUCTION AND PRELIMINARIES

Katsaras [16] defined a fuzzy norm on a vector space to construct a fuzzy vector topological
structure on the space. Some mathematicians have defined fuzzy norms on a vector space from
various points of view [10, 20, 43]. In particular, Bag and Samanta [2], following Cheng and
Mordeson [8], gave an idea of fuzzy norm in such a manner that the corresponding fuzzy metric
is of Kramosil and Michalek type [19]. They established a decomposition theorem of a fuzzy
norm into a family of crisp norms and investigated some properties of fuzzy normed spaces [3].

We use the definition of fuzzy normed spaces given in [2, 24, 25] to investigate the Hyers-Ulam

stability of quadratic (p1, p2)-functional inequality in fuzzy Banach spaces.

Definition 1.1. [2, 24, 25, 26] Let X be a real vector space. A function N : X x R — [0, 1] is
called a fuzzy norm on X if for all z,y € X and all s,t € R,

(N1) N(z,t) =0 for t < 0;

(N2) x =0 if and only if N(x,t) =1 for all t > 0;

(N3) N(cx,t) = N(zx 5 7 |) if ¢ # 0;

(Ng) N(z+y,s+t) > min{N(x,s), N(y,t)};

(Ns)

(Ng) for  # 0, N(z,-) is continuous on R.

N(z,-) is a non-decreasing function of R and limy_, o N(z,t) = 1.

2010 Mathematics Subject Classification. Primary 46540, 39B52, 47H10, 39B62, 26E50, 47540.

Key words and phrases. fuzzy Banach space; quadratic (p1, p2)-functional inequality; fixed point method;
Hyers-Ulam stability.
*Corresponding author.
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The pair (X, N) is called a fuzzy normed vector space.

The properties of fuzzy normed vector spaces and examples of fuzzy norms are given in [23, 24].

Definition 1.2. [2, 24, 25, 26] Let (X, N) be a fuzzy normed vector space. A sequence {z,} in X
is said to be convergent or converge if there exists an = € X such that lim, oo N(x, —z,t) =1
for all ¢ > 0. In this case, = is called the limit of the sequence {x,} and we denote it by

N-lim,, oo 5, = .

Definition 1.3. [2, 24, 25, 26] Let (X, N) be a fuzzy normed vector space. A sequence {z}
in X is called Cauchy if for each ¢ > 0 and each ¢t > 0 there exists an ng € N such that for all
n > ng and all p > 0, we have N (2 4p — xp,t) > 1 —¢.

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy
normed vector space is called a fuzzy Banach space.

We say that a mapping f : X — Y between fuzzy normed vector spaces X and Y is continuous
at a point z¢ € X if for each sequence {x,} converging to xy in X, then the sequence {f(z,)}
converges to f(xg). If f: X — Y is continuous at each z € X, then f: X — Y is said to be
continuous on X (see [3]).

The stability problem of functional equations originated from a question of Ulam [42] con-
cerning the stability of group homomorphisms. Hyers [12] gave a first affirmative partial answer
to the question of Ulam for Banach spaces. Hyers’” Theorem was generalized by Aoki [1] for
additive mappings and by Th.M. Rassias [35] for linear mappings by considering an unbounded
Cauchy difference. A generalization of the Th.M. Rassias theorem was obtained by Géavruta
[11] by replacing the unbounded Cauchy difference by a general control function in the spirit of
Th.M. Rassias’ approach. The stability problems of several functional equations have been ex-
tensively investigated by a number of authors and there are many interesting results concerning
this problem (see [7, 13, 15, 17, 18, 21, 31, 32, 33, 36, 37, 38, 39, 40, 41)).

Park [29, 30] defined additive p-functional inequalities and proved the Hyers-Ulam stability
of the additive p-functional inequalities in Banach spaces and non-Archimedean Banach spaces.

We recall a fundamental result in fixed point theory.

Let X be a set. A function d : X x X — [0,00] is called a generalized metric on X if d
satisfies

(1) d(z,y) = 0 if and only if x = y;

(2) d(z,y) = d(y,x) for all x,y € X;

(3) d(z,2) < d(z,y) + d(y, z) for all z,y,z € X.

Theorem 1.4. [4, 9] Let (X,d) be a complete generalized metric space and let J : X — X
be a strictly contractive mapping with Lipschitz constant L < 1. Then for each given element
x € X, either

d(J"z, J" ) = oo
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for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J "z, J"2) < oo, Vn = mnp;

(2) the sequence {J"z} converges to a fixed point y* of J;

(3) y* is the unique fixed point of J in the set Y = {y € X | d(J™z,y) < oo};

(4) d(y,y*) < 27d(y, Jy) for all y € Y.

In 1996, G. Isac and Th.M. Rassias [14] were the first to provide applications of stability theory
of functional equations for the proof of new fixed point theorems with applications. By using
fixed point methods, the stability problems of several functional equations have been extensively
investigated by a number of authors (see [5, 6, 23, 27, 28, 33, 34]).

In Section 2, we solve the quadratic (p1, p2)-functional inequality (0.1) and prove the Hyers-
Ulam stability of the quadratic (pi, p2)-functional inequality (0.1) in fuzzy Banach spaces by
using the fixed point method.

Throughout this paper, assume that p; and p are fixed nonzero real numbers with ﬁﬁ—ﬁ <
1.

2. QUADRATIC (p1, p2)-FUNCTIONAL INEQUALITY (0.1)

In this section, we solve and investigate the quadratic (pi, p2)-functional inequality in fuzzy

normed spaces.

Lemma 2.1. Let X be a real vector space and (Y,N) be a fuzzy normed vector space. If a
mapping f: X — Y satisfies f(0) =0 and

N(f(x+y)+ flz —y) —2f(x) = 2f(y), 1) (2.1)

<min (& (o (27 (252 ) +2r (52) - @) - 50 ) 1),
N (o (41 (552) + £ - ) - 26(0) - 26 )) ) )

forallxz,y € X and allt > 0. Then f is quadratic.

Proof. Assume that f: X — Y satisfies (2.1).
Letting y = 0 in (2.1), we get

i (3 (o (00 (3) = 10) 1) (7 (5) - 00) )
< N((or+p) (41 (5) — 1 @) ,20)
. 1(3)=3/@ (2:2)

for all z € X.
Now we consider P : X — Y that

P(z,y) = flx +y) + f(z —y) = 2f(x) — 2f(y)
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and we consider
1 1

= 4+
o1l 2|p2]
It follows from (2.1) and (2.2) that

N(P@,y).t) < min(N (5P ) N (p2P(2,9),1))

- mm(( ) ¥ (57035

v (P <|p1| § 2|p2|> t) = (Pt
for all ¢ > 0. By (N5) and (Ng),

P(z,y) = flz+y) + flx —y) = 2f(x) = 2f(y) =
for all x,y € X, since o < 1. So f: X — Y is quadratic. ([l

IN

We prove the Hyers-Ulam stability of the quadratic (p1, p2)-functional inequality (2.1) in fuzzy

Banach spaces.

Theorem 2.2. Let X be a real vector space and (Y,N) be a fuzzy normed vector space. Let
¢ : X% —[0,00) be a function such that there exists an L < 1 with

L
o(z,y) < Z¢(2x,2y)

forallz,y € X. Let f : X =Y be a mapping satisfying f(0) =0 and

min (NG 4)+ £l =) = 26(0) = 2600, 7o) (2.3

<min (5 (or (26 (T3 ) v2r (P52) - 1) - 1)) ).
N (o (17 (552) + fla =) - 210 21 ) ) o) )

for all z,y € X and allt > 0. Then Q(z) := N — lim,,_,oo 4" f (2%) exists for each x € X and
defines a quadratic mapping C : X —'Y such that

N(f(z) - Qz),t) =

for allx € X and all t > 0 while § =

(2 —2L)t
(2 —2L)t + Bp(x,0)

il + Tl
Proof. Letting y = 0 in (2.3), we get

oo < min (N (o (a7 (5) - 1@) 1) N (o2 (47 (5) - 1@) 1)) 23)

A
N
o
—
—
~——
kﬁ.
—
8
:_/
N
= |-
+
B;\~
~_
N |
~
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Consider the set
S={g9: X—->Y}

and introduce the generalized metric on S

d(g,h) = inf {,u, € Ry : N(g(z) — h(x), ut) , Ve e X,Vt > 0} ,

t
>
T t+o(x,0)
where, as usual, inf ¢ = +o00. It is easy to show that (5, d) is complete (see [22, Lemma 2.1]).

Now we consider the linear mapping J : .S — S such that

Jg(z) :=4g (g)

for all x € X.
Let g,h € S be given such that d(g,h) =e. Then
N(g(x) — h(x),et) > ———
(9(0) ~ hia)oet) = s
for all x € X and all t > 0. Hence

N(Jg(z) — Jh(z),Let) = N <4g (g) —4h (g) ,Let) - N <g (g) —h (g) , Lf)

Lt Lt
4 4 l

> > =
T HHe(5.0) T+ fe(0)  t+e(0)
for all x € X and all t > 0. So d(g, h) = € implies that d(Jg, Jh) < Le. This means that

d(Jg,Jh) < Ld(g,h)

for all g,h € S.
It follows from (2.5) that

V(1041 (3)-50) > o)

for all z € X and all ¢ > 0. So d(f, Jf) < 5.
By Theorem 1.4, there exists a mapping @) : X — Y satisfying the following:
(1) @ is a fixed point of J, i.e.,

Q (%) =jew (20)

for all x € X. The mapping @ is a unique fixed point of J in the set
M={geS:d(f g) <o}

This implies that @ is a unique mapping satisfying (2.6) such that there exists a p € (0,00)

satisfying
t
N — ) > ——
(@) = Q@)nt) >

for all z € X;

(2) d(J™f,Q) — 0 as n — oo. This implies the equality
x

vt s (£) a0
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for all z € X;
(3) d(f,Q) < 12£d(f, Jf), which implies the inequality

B
d(f.Q) < 57

This implies that the inequality (2.4) holds.
By (2.3),

. n r+y r—y x Y n t
< min(N (4",)1 <2f (2:;;”) +of (‘z;?) —f (;n) _f (2‘2)) ,4”t> :
o (o () =1 (¢ ;
for all x,y € X, allt > 0 and all n € N. So

o (0 (1 (552 1 (552) 12 () )
|
f

(s (om o (550) 0 (52) 1)
(onor(52) 1 (552) ()0 (2)-)

t
4”

Since limy 00 +—Fh——

N(@Q(z +y) + Q(z —y) —2Q(z) — 2Q(y), 1)

< min <N<p1 (2@ <x;y> +2Q <x ; y) —Q(x) — Q(y)> ,t> :

N (pz <4Q (x;ry) +Qx —y) —2Q(z) - 262(1/)) 775) >

for all z,y € X and all ¢t > 0. By Lemma 2.1, the mapping @ : X — Y is quadratic, as
desired. O

=1 for all z,y € X and all £ > 0,

Corollary 2.3. Let 0 > 0 and let p be a real number with p > 2. Let X be a normed vector
space with norm || - || and (Y, N) be a fuzzy normed vector space. Let f : X — Y be a mapping
satisfying f(0) =0 and

min (N 49)+ 2 =) = 26@) 260000, gy o) 0

< mm<N <p1 <2f (“’”2“’) of (x . y) ~ () - f(y)> ,t) ,
N (o2 (17 (552) + o= ) =260~ 26) ) ) )
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for all z,y € X and all t > 0. Then Q(x) := N-lim, ,c 4" f(5%) exists for each x € X and
defines a quadratic mapping QQ : X — 'Y such that

2(2 — 4)t
N (f(z) — Q(z),t) > 2(20 — 4)t + 0|2z

forallz € X andallt>0whileﬂ=ﬁ+‘712|-

Proof. The proof follows from Theorem 2.2 by taking ¢(z,y) := 0(||z||P + ||y||?) for all z,y € X.

Then we can choose L = 227P, and we get the desired result. (I

Theorem 2.4. Let X be a real vector space and (Y,N) be a fuzzy normed vector space. Let
¢ : X% —[0,00) be a function such that there exists an L < 1 with

Ty
) < 4L <7,7>
o(z,y) <4Lyp 55

forallz,y € X. Let f : X — Y be a mapping satisfying (2.3). Then Q(x) := N-lim, 4%]‘ (2™x)
exists for each x € X and defines a quadratic mapping Q : X — 'Y such that

N (f(@) - Qa),t) > 58D

(8 — 8L)t + By(x,0)
forallx € X and allt > 0.

(2.8)

Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2.
It follows from (2.5) that
B

N (f(x) - if(2$)78t> 2 t T o(@.0)

for all z € X and all £ > 0. Now we consider the linear mapping J : S — S such that

To(a) = 1o (20)

for all z € X. Then d(f, Jf) < 2. Hence

8
A(f.Q) < g

which implies that the inequality (2.8) holds.
The rest of the proof is similar to the proof of Theorem 2.2. (Il

Corollary 2.5. Let 8 > 0 and let p be a real number with 0 < p < 2. Let X be a normed
vector space with norm || - || and (Y, N) be a fuzzy normed vector space. Let f: X — Y be a
mapping satisfying (2.7). Then Q(x) := N-lim;, 4%f(2"x) exists for each x € X and defines
a quadratic mapping Q : X — 'Y such that
2(4 — 2P)t
N (@) = Qo)) > g
forallz € X and all t > 0 whileB:ﬁJr‘p—lQ'.

Proof. The proof follows from Theorem 2.4 by taking ¢(z,y) := 0(||z||P + ||y||?) for all z,y € X.

Then we can choose L = 2P~2, and we get the desired result. O
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