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Shift and invert weighted Golub-Kahan-Lanczos
bidiagonalization algorithm for linear response eigenproblem

Hong-xiu Zhong', Guo-liang Chen?, Wan-qiang Shen?.

Abstract: Weighted Golub-Kahan-Lanczos bidiagonalization algorithm(wGKL,) is used
to solving the linear response eigenproblem. In this paper, we present an improvement to wGKL,,
based on the shift-and-invert strategy. Due to the interior eigenproblem being transformed to the
exterior eigenproblem, our new algorithm saves lots of calculus. Numerical examples illustrates
the behaviors.

Keywords: Linear response eigenproblem, Golub-Kahan-Lanczos, Shift and invert.

AMS classifications: 65F15, 15A18, 81Q15.

1 Introduction

In this paper, we consider the eigenvalue problem of the form

N IRE e 0

where K, M € C™*™, are hermitian positive definite.

Such a problem is referred as the linear response eigenvalue problem(LREP)[1, 14, 20]. It
arises from linear response problem that computes excitation states (energies) of physical systems
in the study of collective motion of many particle systems [3, 9, 11, 14, 8]. In the linear response
problem, although there are cases that one of K and M may be indefinite [12], however, usually
both of them are positive definite [14]. So in this paper, we consider the case that both of K
and M are positive definite. There are a great deal of excellent work in developing efficient
numerical algorithms for linear response problem [1, 2, 10, 15, 16, 18, 20].

As we all known, the classical Lanczos method is efficient and easy to execute for symmetric
eigenvalue problem [13]. In order to take advantage of the classical Lanczos method, in [20],
Tsiper proposed a Lanczos-type method for the linear response problem, and based on reducing
both K and M to tridiagonal matrices. While in [18], Teng and Li presented another Lanczos-
type method which can be viewed as a natural and elegant extension of the classical Lanczos
method. It is based on reducing one of K and M to a tridiagonal matrix and the other to a
diagonal matrix. We can see, both the above two methods reduce the original H to a unsymmet-
ric matrix. Thus the calculation of its eigenpairs can not use any advantages from symmetric
matrix eigenvalue calculation, consequently, it may generate extra computation and storage.

Recently, to avoid this problem, the weighted Golub-Kahan-Lanczos(wGKL) [21] was pro-
posed for solving LREP, denoted by wGKL-LREP. It aims to generate a projection matrix

B = [ BOT B;)k ] of H at kth iteration, where By is an upper or lower bidiagonal matrix. Due
k

!Corresponding author. School of Science, Jiangnan University, Wuxi, Jiangsu, 214122, P.R. China. E-mail:
zhonghongxiu@126. com.

2Department of Mathematics, Shanghai Key Laboratory of PMMP, East China Normal University, Shanghai,
200241, P.R. China. E-mail: glchen@math.ecnu.edu.cn.

3School of Science, Jiangnan University, Wuxi, Jiangsu, 214122, P.R. China. E-mail: wq_shen@163.com.

1169 ZHONG ET AL 1169-1178



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.7, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

to the symmetry of By, the eigenpairs of H can be constructed just from Bj, not the whole By.
In the following discussion, we focus on By is an upper bidiagonal matrix, the corresponding
algorithm of which is wGKL,-LREP, the lower case can be similarly discussed.

Since often in linear response eigenvalue problem, the first [ smallest positive eigenvalues \;
for:=1,2,---,1 are of interest. They lie in the middle of the spectrum of H, and often crowd
together, thus it is not easy to get them with the above algorithms. Fortunately, we can apply
the preconditioning technique, the notion of which is better known for linear systems than for
eigenvalue problems. A typical preconditioned iterative method for linear systems amounts to
replacing the original linear system Az = b by the equivalent system P~!Ax = P~'b, where P
is a matrix close to A in some sense. For eigenvalue problems, the best known preconditioning is
the so-called shift-and-invert technique. If the shift o is suitably chosen, the shifted and inverted
matrix P = (A — oI)~! will have a spectrum with much better separation properties than that
of the original matrix A, and this will result in faster convergence. In this paper, we consider
the shift-and-invert technique of weighted Golub-Kahan-Lanczos bidiagonalization algorithms.
Since we are particularly interested in the smallest eigenvalues with the positive sign of H, thus
o = 0 is often an obvious choice.

The paper is organized as follows. In section 2, we will give an outline of wGKL,-LREP.
The shift-and-invert version of wGKL,-LREP will be described in section 3. In section 4, some
numerical examples are illustrated the numerical behavior of our new algorithm. In the end, the
conclusion will be given in section 5.

2 Preliminary

In this section, we will give some preliminary of the weighted Golub-Kahan-Lanczos upper
bidiagonalization algorithm (wGKL, ) and its application algorithm (wGKL,-LREP) for Linear
response eigenvalue problem. Lemma 2.1 [21] is the basic theory of the above algorithms.

Lemma 2.1. Suppose 0 < K, M € C™*™. Then there exist an M -orthogonal matriz X € C**™
and a K-orthogonal matriz Y € C™*"™ such that

MX =YB, KY =XBT, (2.1)
where B is upper bidiagonal.
Let X = [331"" al‘n}v Y = [ylf o 7yn]7 and

ar B
o
ﬁnfl
Oln,

then from Lemma 2.1, wGKL, can be described as follows.

Algorithm 1 (wGKL,).
Choose x1 satisfying ||x1]pr = 1, and set Bo =1, yo = 0. Compute g1 = Mz .
Forj=1,2,---
sj = 9j/Bj—1 — Bj—1yj—1
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fi=Ksj
aj = (s] fj)2
yj = sj/oy
tiv1 = fj/o5 — ajz;
git1 = Mtj
B = (t?ﬂ.|.19j—i-1>E
Tjp1 =tj+1/B;
End

Suppose Algorithm 1 runs k iterations, we have the following relation
T
MXy, =YBy, KYy=XiBl + Bpzpre; = Xes1 | Br Brer | (2.2)

and
XHEMX, =1, = VEKY;. (2.3)
Define -
x5 0 [ o B
=[] mels B

Then from (2.2) and (2.3), we obtain

T
HXk = XkBk + Bk [ k0+1 ] egk (2.4)
with XFMX, = I, here M = ]‘04 IO( }

Consequently, the first [ smallest positive eigenvalues of H together with their corresponding
eigenvectors can be approximately constructed from By, which is obviously symmetric.

Since K and M are hermitian positive definite, all eigenvalues of KM (and M K) are real
and positive. Denote these eigenvalues by A? (1 <i < n) in descending order, i.e.,

A=A > >N >0,

where all \; > 0 and thus A\; > Ag > --- > A\, > 0. From Theorem 2.1 [1], we know the
eigenvalues of H are +X;, 1 <1 < n.

Suppose By has an SVD
By = 4%, VT, (2.5)

where @ = [¢1,---,¢r] € Rk Wy = [opy,--- 4] € RF** ¥ = diag(oy,--- ,01), with
o1 >->0 >0, @%CI);C = I}, and \Ilglllk = I, then from (2.4), by using an orthogonal matrix

I, 1
1| 1k k . .
J = 73 [ I, —I } , the following equation is hold

Hl[Xk\Ilk Xk\pk] 1 [qufk quijzk 0 }

V2| Ye®r Vi@ | V2| Ve —Yi®y 0 X
_’_Blf[xk+1:|eT[\I/k \I/k]
V2| o k1 @ By |-
3
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Thus we may take +o1,- - ,+o0} as Ritz values of H and
1 Xit; .
N kY5 _
72T = — , j=1,...,k
TV2 [ +Yid; ] ’

as corresponding M-orthonormal right Ritz vectors. Meanwhile, using the residual norm

_ Bel9in]
V2

as the stopping criterion, here ¢;;, is the kth component of ¢;.

ot ~t
||sz + 0,2 lIve

Algorithm 2 (wGKL,-LREP).
1. Run k steps of Algorithm 1 with an initial x1 satisfying ||z1||ar = 1 and an appropriate
integer k to generate By, X, and Yi;
2. Compute an SVD of By, as in (2.5), select [(< k) smallest singular value o, and the
associated left and right singular vector ¢; and ;, j =1,---,1;
3. Form o}, z; = % [ ii:ij ],j:l’... e
4. If B, = 0, break.

3 Shift and invert weighted Golub-Kahan-Lanczos bidiagonal-
ization algorithm

Usually, the first [ smallest positive eigenvalues A\; of H for ¢ = 1,2, .-- [ are of interest. They
lie in the middle of the spectrum of H, and often crowd together. Thus it is necessary to present
an accelerating strategy for wGKL, when applying it for linear response eigenvalue problem. In
this section, we will propose a shift-and-invert version of wGKL,, for solving the eigenproblems
of H.

Choosing a shift o, the shift-and-invert strategy is simply transformed the original problem
Az = Az into (A—oI)~'z = az. The simplest possible scheme is to run Arnoldi’s method on the
matrix (A — oI)~!. Thus, the eigenvalue of the original problem is A\ = é + o, the eigenvectors
of A and (A — oI)~! are identical.

For linear response eigenvalue problem Hz = Az, where H is from (1.1). As the above
discussion, using the shift-and-invert strategy, is running the weighted Golub-Kahan-Lanczos
upper bidiagonalization algorithm(wGKL,) on matrix (H — oI)~!. Since we are interested in
the smallest eigenvalues with the positive sign of H, thus ¢ = 0 is often an obvious choice. It

-1
[ Ko,l MO ] Because K~ and M~! are

also both hermitian definite, thus we can directly apply wGKL, to H™!. Theorem 3.1 gives
the theoretical relations of our new algorithm. Here, we still use the same denotation without
misunderstanding.

is clear that the inverse matrix of H is H™1 =

Theorem 3.1. Suppose 0 < K, M € C"". Then there exist an M~ '-orthogonal matrix
X € C™" and a K~ -orthogonal matriz Y € C™" such that

M'X=YB, K'vY=XBT (3.1)

where B is upper bidiagonal.
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Proof. Since K, M > 0, then K~', M~' > 0. Suppose K~! = LL” M~—' = RRH are the
Cholesky decomposition of K~ and M~!. From [7], we can assume

LR =UBVH, (3.2)
where U,V € C™" are unitary matrices, B is upper bidiagonal. Thus let X = R~HV Y =
L=HU | from (3.2), we have

L"RREX = L¥YB, RYLL"Y = R XBT.
By multiplying L= and R~ respectively, and (3.1) holds obviously. Clearly, X#M~1X =T,
YEK-lYy =1. O
From Theorem 3.1, we can get the following algorithm.

Algorithm 3 (wGKL, on H™1).
Choose 1 satisfying ||x1||y—1 = 1, and set o =1, yo = 0. Compute g1 = M z;.
Forj=1,2,---
Sj = gj//?jfl — Bj-1Yj—1

fj = K Sj )
aj = (s] f;)?
yj = sj/a;

tiv1 = fi/aj — ajx;

gj+1 = M_ltjﬂ1

Bj = (t]195+1)2

Tjt1 = tj+1/B;

End

Remark 1. In Algorithm 3, we need to solve linear system Kf = s and Mg = t. Here we
use LU decomposition to solve it. After lots of experiments, we found it is not suitable to
use iterative methods to solve these linear system, because iterative methods are not the exact
methods generally. Fven LU decomposition is an accurate method for linear system problems,
but it will encounter some problems, such as more time and more memory, especially for large
scale problems. Fortunately, because we transform the interior eigenproblem to the exterior
etgenproblem, thus compared to the methods in the numerical examples, our algorithm still shows
1ts superiority.

Let X, Y, Br be generated by Algorithm 3 after k iterations, we have

_ _ T
M™'Xy =YiBy, K 'Y= XyB{ + Broprief = Xp1 [ Br Brew | (3-3)
and
XEM1X, =1, = VK Y. (3.4)
Define
_| Y 0 _ | 0 B
L9 ] el T
Then from (3.3) and (3.4), one has
H 'Y} = YiBy + 6 [ ! ] ks (3.5)
Tk+1
)
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Kt 0
0 M
Similar as the discussion in section 2, suppose By has an SVD

with YZKY), = Lo, where e = Ini(:, k), K =

By = ®;,5, 97, (3.6)

where (bk = [¢17"' 7¢k]a \I]k = le'“ 7wk}7 Ek = diag{al,-‘- )Gk}7 with 012 20 > 05
®I'e, = Iy, VIU, = I,. From (3.5), we may take +o1,..., 40y as Ritz values of H™1, i.e.,
approximate eigenvalues of H™1,

) 1 [ Yo, .
T= kP =1,...,k
Z] \/§|::|:ka]:| J ) s vy

as corresponding K-orthonormal Ritz vectors. Meanwhile, using the residual norm

a4ty _ BelYkl
IH™"2; £ 0,25 |k = 2 (3.7)
as the stopping criterion, here v, is the kth component of ;. Consequently, j:a%’ ey :l:o—lk are
approximate eigenvalues of H, i;-t, j=1,...,k, are the corresponding approximate eigenvectors.

The following is the shift-and-invert version of wGKL,, for solving LREP of H.

Algorithm 4 (Shift-and-invert-wGKL,-LREP).
1. Run k steps of Algorithm 3 with an initial x1 satisfying ||x1||p-1 = 1 and an appropriate
integer k to generate By, Xy, and Yi;
2. Compute an SVD of By, as in (3.6), select [(< k) largest singular value o, and the
associated left and right singular vector ¢; and ;, j =1,---,1;
3. Form Uij, ij = % |: )}?::ZJJ :|;j:1a"' oL
4. If B = 0, break.

Remark 2. Generally, (3.7) is hold for the approzimate eigenpairs (c;,2;) of H™, but not H.
While, we need to solve the approximate eigenpairs of H. Thus for fairness and accuracy, we
don’t use (3.7) as the stopping criterion in actual algorithm, instead, we take normalized 1-norm
of the residual. It will be elaborated in numerical examples.

4 Convergence analysis

5 Numerical examples and results

In this section, we test Algorithm 2 (wGKL,-LREP) and Algorithm 4 (Shift-and-invert-wGKL,,-
LREP) with several numerical examples for solving the eigenvalue problem of H, where the
initial vector are x1/||x1||ar and x1/||x1][a7-1, respectively, here, x; is randomly selected. The
numerical results are labeled with Alg-3 and Alg-4 respectively. In fact, Alg-4 is Alg-3 added
with the precondition strategy, it’s the accelerated version of Alg-3. For comparison we tested
the first algorithm presented in [18] with the initial vector x1/||z1||2. The numerical results are
labeled with Alg-TL. We also tested the block Chebyshev-Davidson method (BChevbyDLR)
presented in [19], and the locally optimal block preconditioned 4-D CG method (LOBP4DCG)
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in [2]. The experiments have been carried out in double precision (Digits=64) floating point
arithmetic in Matlab R2014a with a PC-Intel(R)Core(TM)i5-6200U CPU 2.4GHz, 8GB RAM.
The same as in [19], for the LOBP4DCG method, we use the generic preconditioner

I 0 K1
d=H _<M1 0 )

The preconditioned search vectors ¢; and p; in [2] are computed by using the linear CG method

[5] with maximal 5 iterations. The initial block size in BChevbyDLR and LOBP4DCG are

chosen to be [, the methods are denoted by BChevbyDLR(/), and LOBP4DCG(l), respectively.
We only compute the approximate eigenvalues with positive sign. For illustrating the quality

of computed approximations, we report the normalized residual 1-norms for the jth approximate

eigenpair (Uj,i;'):

|IH2z — o527 |h

(I + o)1z 1"

rloy) =

if 7(0;) < tol = 1078, the eigenpair (o}, ij) is considered as converged. The “exact” eigenvalues
Aj are computed with MATLAB code eig.

In this example, we tested the above algorithms with five problems. Table 1 lists the com-
posed 5 problems. The matrices K and M of Test 1 come from the linear response analysis for
Na2, which is generated by the turboTDDFT code in QUANTUM ESPRESSO-an electronic
structure calculation code that implements density functional theory (DFT) using plane-waves
as the basis set and pseudopotentials [6, 18]. The matrices K and M of the other test, are ex-
tracted from the University of Florida sparse matrix collection [4]. All K and M are symmetric
positive definite.

We compute the first 10 smallest approximate eigenvalues with positive sign. For block size [
of BChebyDLR(!), we choose [ as 5 and 10. For LOBP4DCG, we set 10 as the initial block size.
The two algorithms are both applied with a deflation procedure. We report the total number
of matrix-vetor products (denoted by “MV?”), iteration number (denoted by “iter”), and CPU
time in seconds. And we count the K 'y or M 'z in Alg.4 as one matrix-vector products. The
numerical results are listed in Table 1 and 2. “-” denotes the algorithm didn’t converged in
1000 iterations.

From Table 2, we can see, since Alg-3 and Alg-TL didn’t use any acceleration strategy, thus
they can’t converge within 1000 iterations. Alg-4 converged faster than the other algorithms,
because of the least number of matrix-vector products, and this phenomenon also happens in
some other tests not reported here, where the matrices K and M have a relatively large condition
number. However, we also observe that for some other problems not reported here, where most
of the K and M are both well-conditioned, even though Alg-4 used the least number of matrix-
vector products, much lower than BChebyDLR and LOBP4DCG, it still converged slower than
BChebyDLR and LOBP4DCG.

There are three main reasons for this phenomenon. The first is that BChebyDLR and
LOBP4DCG are both block type methods, while Alg-4 is not. Usually block type methods with
relatively small block sizes are more competitive than non-block versions, especially when the
desired eigenvalues have clusters or even multiples. The second reason is that we use Cholesky
decomposition of K and M to solve K 'y and M 'z, while K and M are very sparse, their
Cholesky factor may be a full lower triangular matrix, which will cost much time to solve.
Thus in Alg-4, the CPU time used for one matrix-vector products must be more than the time
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used in BChebyDLR and LOBP4DCG. Consequently, it is necessary to consider a inverse free
precondition strategy to accelerate Alg-3. The third reason is that BChebyDLR method refined
the basis matrices at every step, which can make eigenvectors converge in fewer iterations [13, 17],
since the refined basis matrices contains the information of the wanted eigenvectors. While in
Alg-4, we don’t use any refined restart. Above all, Further reseach is required to make Alg-4
more effective.

Table 1  Test problems

Problem Test 1 Test 2 Test 3 Test 4 Test 5
n 1862 8032 9801 23052 73752
K Na2 besstk38 fv2 besstk36 oilpan
M Na2 msc23052 fv3 besstk36 oilpan
Table 2

Alg-4  BChebyshev(5) BChebyshev(10) LOBP4DCG(10) Alg-3 Alg-TL

MV 240 4680 6760 4592 -
Test 1 iter 19 18 13 47 -
CPU 0.905 3.3906 2.3696 8.7745 -
MV 42 - - 6824 -
Test 2 iter 10 — - 40 —
CPU 0.6080 - - 3.5316 -
MV 42 10920 24440 5114 -
Test 3 iter 10 42 41 50 -
CPU 0.5531 1.5495 2.8754 2.2148 -
MV 214 - — - —
Test 4 iter 18 - - - -
CPU  14.3342 - - - -
MV 42 - - - -
Test 5 iter 10 - - - -
CPU  45.4148 - — - —

Example 2: The number of matrix-vector products (MV), number of iterations (iter), and CPU time in
seconds for computing 10 smallest positive eigenpairs. For BChebyDLR(!) the filter degree used is 25,
and the block size is | = 5,10. For LOBP4DCG({) the initial block size [ = 10. Here “~” stands for the
algorithm does not converge within 1000 iterations.

6 Conclusion

We propose a shift-and-invert weighted Golub-Kahan-Lanczos bidiagonal algorithm for solving
the linear response eigenproblem(LREP). This algorithm can effectively calculate the smallest
positive eigenvalues and associated eigenvectors of LREP. Numerical examples show that our
new algorithm can appears faster than Alg. TL, BChebyDLR and LOBP4DCG, especially for
the case of K and M have a relatively large condition number.
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ABSTRACT
This paper is mindful with the solution of the nonlinear difference equation

Tpn—1Tn—6
)
xn—4(:l:1 =+ xn—lxn—(i)

Tp+1 = 77,:0,1,..

el

where the initial conditions x_¢, x_5, T_4, T_3, T_2, x_1, X are arbitrary non zero real numbers and we
study the behaviors of the solutions. Also, we gained the equilibrium points of the previous equations.

Keywords: stability, periodicity, solution of difference equation.
Mathematics Subject Classification: 39A10.

1. INTRODUCTION
In this paper we deal with the behavior of the solution of the following difference equations

Tn—1Tn—6
xn—4(:l:1 =+ xn—lxn—(i)

Tpy1 = , n=0,1,..., (1.1)

where the initial conditions x_g, ©_5, x_4, *_3, T_2, T_1, Tg are arbitrary non zero real numbers.
Here, we display some basic definitions and some theorems which will be beneficial in our research.

Let I be some interval of real numbers and let f : I**1 — I, be a continuously differentiable function. Then
for every set of initial conditions x_g, _g+1,..., g € I, the difference equation
Tot1 = f(Tny o150y Tn—k), n=0,1,.., (1.2)
has a unique solution {z,}° , [39].
Definition 1.1. (Equilibrium Point)
A point T € I is called an equilibrium point of Eq.(1.2) if

z = f(z,z,...,T).

That is, x,, =% for n > 0, is a solution of Eq.(1.2), or equivalently, T is a fixed point of f.
Definition 1.2. (Stability)

(i) The equilibrium point Z of Eq.(1.2) is locally stable if for every e > 0, there exists § > 0 such that for all
T ky T—ktls--s T1, Tg € I with
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Tk — |+ |2—ps1 —T[+ .. + |20 — T[] <6,

we have
|z, — | <e forall n>—k.

(ii) The equilibrium point T of Eq.(1.2) is locally asymptotically stable if Z is locally stable solution of Eq.(1.2)
and there exists v > 0, such that for all z_g,x_gy1,...,2_1,29 € I with

|[T_p —Z| + |2_gy1 — Z| + ... + 2o —T| <,
we have

lim =z, ==.

n— oo

(iii) The equilibrium point z of Eq.(1.2) is global attractor if for all z_g,x_g11,...,2_1, 20 € I, we have

lim =z, ==.

n— oo

(iv) The equilibrium point z of Eq.(1.2) is globally asymptotically stable if z is locally stable, and = is also a
global attractor of Eq.(1.2).

(v) The equilibrium point Z of Eq.(1.2) is unstable if Z is not locally stable.

The linearized equation of Eq.(1.2) about the equilibrium 7 is the linear difference equation

Theorem A [38]: Assume that p,¢g € Rand k € {0,1,2,...}. Then
pl+ lal <1,
is a sufficient condition for the asymptotic stability of the difference equation

Tpt1 +DPTn +qTn—r =0, n=0,1,...

Remark: Theorem A can be easily extended to a general linear equations of the form
Tn+k +plxn+k—l+"'+pkxn :07 n:0717"'7 (13)

where p1,pa,...,pr € Rand k € {1,2,...}. Then Eq.(1.3) is asymptotically stable provided that

k
Z |p1| < 1.
1=1

Definition 1.3. (Periodicity)
A sequence {z,,}2° _, is said to be periodic with period p if 2,4, = x, for all n > —k.

In recent years, the study of difference equations has acquired a new significance, due in large part to their
use in the formulation and analysis of discrete-time systems and the study of deterministic chaos.

However, there have not been any effective general methods to deal with the global behavior of rational
difference equations of order greater than one so far. From the known work, one can see that it is so complicated
to understand thoroughly the global behaviors of solutions of rational difference equations although they have
simple forms (or expressions). One can refer to [1], [5-14] for examples to illustrate this. Therefore, the study of
rational difference equations of order greater than one is worth further consideration. The behavior of solutions
differential equations has been studied by many researchers for example:
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El-Metwally and Elsayed [9] has obtained the solutions of the difference equation

Tpdn—3
Tp_o(£l + 220 _3)

Tn+1 =

Elsayed [13] studied the behavior of the solutions of the difference equation

Tp—7
+14 azy 1Tn—3Tn—5Tn—7

Tp+1 =

Cinar [2]-[3] has got the solutions of the following difference equation

Tn—1

Tyl = ————— .
e 1+ az, 2,1

In [4], Cinar and Yalcinkaya studied the behavior of the following difference equation

Tn—3

Tpyl = —" .
e 1+xn—1

Elabbasy et al. [6] investigated the global stability, boundedness, periodicity character and gave the solution of
some special cases of the difference equation
T ALy
ntl =k ¢
B+71lio Tn—i

In [29] Erdogan and Uslu investigated the global behavior of the following recursive sequence
1—=x,

: .
A+ an—i

1=1

Tp+1 =

Karatas et al. [35] gave that the solution of the difference equation

Tn—5

T+l — 77— .
" 1 + Tp—2Tn—5

See also [15]-[37]. Other related results on rational difference equations can be found in refs. [40]-[51].

2. ON THE EQUATION Xy, = XN_lXN_ﬁ/(XN_4(1 + XN_lXN_ﬁ))
In this section we realize a form of the solutions of the equation

Tn—1Tn—6
xn—4(1 + xn—lxn—ﬁ)

Tpa1 = , n=0,1,..., (2.1)

where the initial values are arbitrary positive real numbers.
Theorem 2.1. Let {z,}32 _4 be a solution of Eq.(2.1). Then for n =0,1,2, ...

o ([T [(5)bg + 1) g (T [(50)af + 1)
Tion—6 = ;:1 ) L10n—5 = 77:LT$ )
brgn =t (I11(5¢ = 3)af + 1)) an fr=2(T] [(56 + 3)bg + 1])
1=1 =0
o fre TT (50 + Dby + 1) brgd( 1 (51 + Daf +1))
Tion—4 = ni_:lo ) L10n—-3 = ;i? ]
v (T1 (51 + 3af +1) 5T 51+ b+ 1)
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e (11151 — 90+ 1)) g (11161 = )af +1))
Tion—2 = nl_:1 ) Tion—-1 = 1:}1 )
( IT1(57+4)af + 1]> amfr (_Hl[(5z)bg + 1])
1=0 i=
antlfn "f[ll[(m +3)bg + 1]) prtlgnt ( f{o (51 + 3)af + 1])
Tion = 1_11 , T10n+1 = ;_ )
brgn ( 1;[ [(58)af + 1] ) a™fre (Eo[(5i + 1)bg + 1]>
g+l p+d ( T ((51 + 4)hg + 1]) prign+l (’ﬁ;[(m +4)af + 1])
Tion+2 — ) L10n+3 = — )

s

[(5+ 1Daf + 1]>

bn "d(

a™frc (if_llo[(m +2)bg + 1])

wherex_g=g, r_5=f, x_4=e, x_3=d, x_o=c¢, x_1=b, g =a.
Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. That is;

- n—2
an—tfn-t (H [(51) bg+1> pr—tgn-t (H[(5z)af+1]>
Tion—-16 = n_l_ ZT10n—15 = ’
pn—1 gn—2 (H[ af+1> a"lf"2< 5z+3()g+1]>
n—2 _
a”—lf”—1e<r[[5z+1bg+1> b"1"1d<1'[ 5z+1af+1]>
Tion-14 = ni ZTi0n—-13 = — ’
pn—1 fn—1 (H[5z+3af+1> an—1 fn=1 (H 5z+4bg+1]>
an~tfnle (nﬁ [(57 — 3)bg + 1] > brgn—t ( I [(5i — 3)af + 1]>
Tion—12 = n: T10n—11 = n )
pn—1 gn—1 ( 1:[ (5 + 4)af +1] > an—1fn-1 ( [(54)bg + 1])
a fr- 1(1‘[ [(5z+3)bg+1]> b ”( O[(5z+3)af+1]>
Tion—-10 = — Tion—-9 = _ ’
prn—lgn (H [(57) af+1]> an—1f n- 1e<H 5z+1)bg+1]>
an fr ( 0 [(5i + 4)bg + 1]> brgh ( f{ (56 + 4)af + 1]>
T10n—8 y  L1on—-7 =

br—lgn- 1d< O[(5z+1)af+1]>

Now, it follows from Eq.(2.1) that
L10n—-8T10n—13
Zion—11(1 + Z10n-8Z10n—13)

al fm (:_Lljj[(5i+4)bg+1])

T10n—6

an—1fr-lc _1::[0 [(5i +2)bg + 1]> |

/\

b"ilgnf1 d< [(5i+1)af+1] )

o=t gn-ta (U (i 1ar+1))

gn—1 fn-1 ( [(5i+4)bg+1]

an fn (j:ﬁj[(5i+4)bg+l]>

[(5i+1)af+1]>

bn1n1d<

prgn-1 (:_L:ﬁll[(5i—3)af+1]>

an—1 fn-1 (:_L:ﬁll[(&)bg—&-l]) H

1182

n—1
bn—1 gn—1d <_g0 [(5i+1)af+1]> an—1 fn-1

[(51+4)bg+1])
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n—22
of ("Il Dar+1]
(5 ) ( f( [(5z>bg+u))
(igo[({ii—&-l)af—&-l]) =1
(0, (Gi+as+1)

n—1
(bngn—l (.H[ 3)af + 1] )
i=1 (i s+ as+1))

af <7::Ij[ 51+1)aj+1 L L n—1 )
v ot (it +1)) )
(1 ) (51+1)aj+1 i=1
(51+1)aj+1]>+af (:_L:ﬁj[(t’)i—&-l)af—&-l])

(b"g”—1 (1:[[51 af +1] >
=1 (_H [(5i+1)af+1])

o (lsi+ o +11) (T 50+ 1))

)af+1]> Cf[o[(5z'+1)af+1]> (5(n—1) +1af + 1 +af )

pn gn—1 ("H (56 —

7=1

s ()| (s (1)

(t:ﬁ:[({")i—&-l)af—&-l])
of ("I (Gi+nas+1)
(b"g”—1 ( IT [(5¢ — 3)af + 1]>> 1+ —5
i=1 (' s+ as+11)
o (6o + 1)) o (' Ging + 1))
[(5z 3)af + 1]) (Gn—3)af+1) brgn (f{l[(m ~3)af + 1]>'

Similarly
L10—7L10n—12

Lion—5 =
" T10n—10(1 + T10-7T10n—12)
o (U0 (Gi+aas+1) a1t o (im3)bat))
an—1 fn—lc <7_L:ﬁ:[(5i+2)bg+l])
an fr—1 (T_L:ﬁj[(sws)bgﬂ])

vt gt (U, (G0ar+

br=1 gn-1 (fgf[<5z+4)af+u)
n—1
- bg(ngl[(& B)bg—‘rl])
( E [(Bi— 3)bg+1])
n—1
v (T l(iaf +1))

brgn ("71[(5i)af+1]>
an fn— 1( [(51+3)bg+1])((5n—2)bg+1) a”f”—l < ﬁ [(52 N 2)bg + 1]) ((5n . )bg + 1)

-y C{_I;[(&)afﬂ]) I C{_IO[(&)CLJ‘H])
e (f{l[(mmbgﬂ]) o Cl:[l[(5z+3)bg+1]>

The other relations can be proved similarly. Hence, the proof is completed
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Theorem 2.2. Eq.(2.1) has a unique equilibrium point which is the number zero and this equilibrium point is
not locally asymptotically stable.
Proof: For the equilibrium points on Eq.(2.1), we can say

§2

Z(1+7%)’
then, we get ¢ = 0. Therefore, the equilibrium point of Eq.(2.1) is T = 0. Let f : (0,00)> — (0,00) be a
function defined by f(u,v,w) = Tlirwmy We see that

T =

w uw u

fv(u,v,w) = 7m, fw(u,v,w) = 'U(

T o

14 uww)?’

Consequently,
fu(fﬂfai) =1, fv(f,:f,:f) =1, fw(u,v,w) =1

The proof follows by using Theorem A.
Numerical Examples:

For confirming the results of this section, we consider numerical examples which represent different type of
solutions to Eq. (2.1).
Example 2.3. We take z_g = —7, x_5 =15, x_4 = -3, z_3 =2, x_o =12, x_1 =2/7, 20 = 9. (See figure
1).
Example 2.4. See figure 2, since x_g =2.1, v_5=4, v_4, =3, z_3=8, z_,=12, x_1 =7, xg =4

plot of x(n+1)=x(n-1)x(n-6)/(x(n-4)(1+x(n-1)x(n-6))
15 T T T T T

10

x(n)

10 \ \ \ \ \ \ \ \
0 10 20 30 40 50 60 70 80 90

n

Figure 1.

plot of x(n+1)=x(n-1)x(n-6)/(x(n-4)(1+x(n-1)x(n-6))
8 T T T T T

0 10 20 30 40 50 60 70 80 90
n

Figure 2.
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3. ON THE EQUATION Xy1 = Xy 1Xn_6/(Xn-a(1 — Xn_1XN_¢))
In this section we obtain a specific form of the solution of the second equation in the following form :

Tn—1Tn—6
Tnt1 = y = 07 17
xn—4(1 - xn—lxn—(i)

ceey

where the initial values are arbitrary nonzero real numbers with x_;z_g # 1.
Theorem 3.1. Let {z,}72 _4 be a solution of Eq.(3.1). Then for n =0,1,2, ...

n—1 n—1
a (1" 11 (50)bg) bg (1~ T (50)af)
Tion-6 = " ; Tion-5 = p—) ;
b gn=t (1 - 1_1;[1(52' —3)af) an fr=1(1— s (53 + 3)bg)
n—1 n 1
a™fre (1 — II (5i 4 1)bg) brg"d (1 — II (5i 4+ 1)af)
Tion—4 = nl__lo ; T10n—3 = 1_1 ;
b ogn (1 — _1:[0(52' +3)af) arf (1 — (52 + 4)bg)
anfr e (1 - _f{l(m — 3)bg> grpnt (1 _ _1:[1(52' — 3)af>
Tion—2 = - ) T10n—1 = -

b gn (1 - 7_11_:[1(5i+4)af> an fr (1 . _f{l(5z‘)bg> ’

antlfn (1 - 1ﬁ1 (5i + 3)bg> prtlgntl ([1 - E[Ol(m +3)]a f>
Tion = " ) Tion+1 = " )
br g ( 1;[ (5z)af> an fre ([1 - 1_1;[0(52' + 1)]bg>
antl oot ( 1;_[O [(5i+ 4)]bg> prtigntt ([1 - jl;_lol[(& + 4)]af>
L10n+2 ) L10n+3 = .

b gnd ([1 f[ [(57 + 1)]af> a™ fre ([1 - f[o[(5i + 2)]bg>
Proof: The proof as in the previous section so it will be left to the readers.

Theorem 3.2. Eq. (3.1) has a unique equilibrium point which is the number zero and this equilibrium point is
not locally asymptotically stable.

Example 3.3. Wepuwtz_¢ =17, z_5=8, x_4 =3, _.3=98, x_5 =12, x_1 =72, zg = 3.5. (See figure
3).

Example 3.4. See figure 4, since ©_¢=7, t_5=—-2, x_4 =3, x_3=25, z_o=12, x_1 =5, xg = —T.

plot of x(n+1)=x(n-1)x(n-6)/(x(n-4)(1-x(n-1)x(n-6))
10 T T T T T

x(n)

0 10 20 30 40 50 60 70 80 90

n
Figure 3.
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plot of x(n+1)=x(n-1)x(n-6)/(x(n-4)(1-x(n-1)x(n-6))
15 T T T T T

10 \ \ \ \ \ \ \ \
0 10 20 30 40 50 60 70 80 90

n
Figure 4.

4. ON THE EQUATION Xy, = XN_lXN_6/(XN_4(71 + XN_lXN_ﬁ))

In this section we realize a form of the solutions of the equation

Tn—1Tn—6
bl
Tpg(—=1+ Ty 1206)

Tpy1 = n=0,1,.., (4.1)

where the initial values are arbitrary positive real numbers with z_1z_¢ # 1.
Theorem 4.1. Let {z,}72 _4 be a solution of Eq.(4.1). Then for n =0,1,2, ...

T20n—9

T20n—6

T20n—3

T20n

T20n+3

Z20n+6

T20n+9

b (af — 1) a1 () — 1)
@Iy — 1 S T g Ty T e i — 1y
@by @ ef )t @by~ 1)
prgretaf 1) TR i — 1)t T pngan(af —1)n
Y O /Rt VGO (Y V
@ (b — 1) g (of 1) @ F (g — 1)
@by ) e g2 (g )
Prg?i(af — 1) T an fie(bg — LrdlT TR g gang (af — 1)nH1
PRt (g f — 1) i B i | gpti(gf —q)n
@ fre(bg — 1y T T T g (af — 1yt T T g2 pan(pg — 1)
a2n+1f2n+le(bg _ 1)n+1 g2n+1b2n+1d (af _ 1)n+1 a2n+1f2n+1c(bg _ 1)n
p2ntlg2ntl(gf — [)n+l’ L20n+7 = a2 fantl(hg — 1) L20n+8 = p2rtlgenti(qf — 1)’
G2 (o f — 1) 22 2t (pg — 1ynt

a2n 1 f2nt1 (pg — 1)n+1’ L20n+10 = p2ntlg2ntl(qf — 1)ntl’

Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. That is;

T20n—17

T20n—14

T20n—11

92n—1b2n—1(af _ 1)11—1 a2n—1f2n—1(bg _ 1)11—1 92n—1b2n—1(af _ 1)11—1
2n—2 f2n—2 n_1> T20n—16 = 15,77 5, n_1> T20n—15 = T 5 T o0 o n
a?*=2 f2r=2c(bg — 1) bt 2(af — 1) a?*= 1 f2r=2(bg — 1)
a2n—1f2n—le(bg _ 1)n g2n—1b2n—1d(af _ 1)n a2n—1f2n—lc(bg _ 1)11—1
on—1,2n—1 no T20n-13 = “or T mon 1 n—1° T20n-12 = Zo T o n—1°
b*rtg*—taf - 1) a?*= 1 f2rl(bg — 1) b*rtg*r—t(af —1)
g2n—1b2n(af _ 1)11—1 a2nf2n—1(bg _ 1)n

a2n—1 fan—1(pg — 1)n’ Z20n-10 = p2n—Lg2n—1(qf — 1)’

Now, it follows from Eq. (4.1), we get:

L20n—11T20n—16

T20n—-9 =
Zoon—14(—1 + T20n—11T20n—16)
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( g2"*1b2"(af—1)"*1 > ( a2nflf 2n71(bg_1)n71 >

a2n—1 f 2n—1(bg_1)n b2n—1 g 2n—2(af_1)n—1
a2n—1f 2n—1g (bg—l)" 1 2n lbzn(aj 1)71. 1 a2n—1f 2n—1(bg_1)n—1
p2n—1 g 2n—1 (gf_1)n ( + a2'n. T fon—T(pg—1)n» p2n—1 g2n—2(qf_1)n—1 )

2n—1p2n g p_qynt Q2 f 2 (hg—1)"
( 5271.71 7 2n71(bg_1)n> ( p2n—1 gan—1 (gaf_l)'n.> _ p2n g 2n (af —1)"

a?n—1f 2n-l¢ (hg—1)n b 2n—1f 2n-—1 bg — 1)
( g )(71+m%)) a?n=1f 2n=le (bg — 1)

p2n—1 g 2n—1 (af—l)"

Also, we obtain

a2"f2"*1(bg71)" gzn*lbznfl(af—l)"fl
L20n—102L20n—15 _ p2n—lg2n—T(af—1)n a2n—1f2n—2(pg_1)n

To20n—8 =

x20n—13(*1+x20n—10x20n—15) ( Tn—1y2n T (pg_1)n—1

(apb) @ F 2 g =" en pangg e

g2n=1p2n=1d (af — 1)n(—1 + af 1) - g2nmip2n-ld (af — 1)n

p2n—1lg2n—1(gfr_1)n

Thus, the proof of the other relations is similar.

g2n—1p2n—1lgaf—1)n a2n f2n—1pg—1)n g2n—1p2n—1l(gr_1)n—1
) (=1+( ' ) (=t

)

Theorem 4.2. Eq.(4.1) has a periodic solution of period ten iff af = bg = 2 and will be taken the form

2 2 2
e,d,c,gfedcba,e,a,...}.

Proof: First suppose that there exists a prime period twenty solution

2 2 2 2 2
pei ,gfedcbaed "
of Eq.(4.1), we see from the form of the solution of Eq.(4.1) that
92nb2n(af _ 1)n B 2 a2nf2n(bg _ 1)11—1 B 2 92nb2n(af _ 1)11—1 B 2
a2n—1f2n—le(bg _ 1)n - e’ b2n—lg2n—ld(af _ 1)n - d’ a2n—1f2n—lc(bg _ 1)n - c’
a2nf2n(bg _ 1)n B a2n+2f2n+l(bg _ 1)n+1 W
b2ng2n—1(af _ 1)n = 9, s b2n+192n+1(af _ 1)n+1 -

Then
af =bg=2.

Second assume that af = bg = 2. Then we see from the form of the solution of Eq.(4.1) that

2 2 2
T20n—9 = g, T20n—8 = El’ T20n—7 = E’ T20n—6 = g5 T20n—5 = f Toon—a =€, Taon—3 =d,
2 2
Toon—2 = €, Taon—1 = b, Toon =, Toon41 = =, T20n4+2 = 5, - L2049 =0, Taont10 = G-
e d

Thus we have a periodic solution of period ten and the proof is complete.

Theorem 4.3. Eq.(4.1) has a per10d1c solution of perlod twenty iff af = bg = —2 and will be taken the form

2 =2 2 f -2 -2
{37 d73c7gf6d6ba53573d7 c7g7—37 ) 3dC,_3, Y e ) d}

Proof: The proof as the proof of the previous theorem and so it will be omitted.

Theorem 4.4. Eq. (4.1) has three equilibrium points which are 0, +1/2 and there equilibrium points are not

locally asymptotically stable.

Example 4.5. See Figure 5if weput x_¢ =5, x5 = —4, x_4 = -3, x_3=4.6, z_o = —6, x_1 = —2/5, x¢g =

5. (See figure 5).

Example 4.6. Figure 6 shows the solutions where x_¢ = 2.1, z_5 = 4, z_4 = =3, x_3 = 4.6, x_o

1.2, 2_1 = .6, 2o = 9.
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plot of x(n+1)=x(n-1)x(n-6)/(x(n-4)(-1+x(n-1)x(n-6))
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n
Figure 5.
plot of x(n+1)=x(n-1)x(n-6)/(x(n-4)(-1+x(n-1)x(n-6))
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n
Figure 6.
The proof of the theorems in the following section as in this section so it will be left to the readers.
5. ON THE EQUATION Xy,1 = Xn_1Xnv_6/(Xn-a(—1—Xn_1XN_6))
In this section we realize a form of the solutions of the equation

Tn—1Tn—6
xn—4(*1 - xn—lxn—ﬁ)

Tpy1 = , n=0,1,..., (5.1)

where the initial values are arbitrary positive real numbers.
Theorem 5.1. Let {z,}72 _4 be a solution of Eq.(5.1). Then for n =0,1,2, ...

B g2nb2n(71 _ af)n B a2nf2n(71 _ bg)n—l B 92nb2n(71 _ af)n—l
T20n—9 = m—1Fon—1 y L20n—8 = y L20n—7 = )
an— f n— 6(*1 _ bg)n b2n—1g2n—1d(7af _ 1)n a2n—1f2n—lc(71 _ bg)n
2n 2”*1*() n 2nb2n717 n 2n £ 2n —1 —bg)"
T20n—6 = 2an f2n—(1 g) 7o L20n—5 = gn 2n(—1 af) no T20n—4 = a2nf 2ne( g) n’
b g2r-i(-1—af) a?" f 21 (=1 —bg) b g2 (-1 —af)
a0 , - 92nb2nd (71 _ af)n ooy — a2nf 2”6(*1 _ bg)n o g2nb2n+1(71 _ af)n
a2n f2n(717bg)n’ b2n g2n(717af)n’ a2n f2n(7libg)n’
. B a2n+1f 2n(71 _ bg)n . B 92n+1b2n+1(7af _ 1)n . B a2n+1f 2n+1(7bg _ 1)n
20m = Tpon g2 (=1 —af)"’ 20m+1 = " on f2ne(—bg — 1)nt1’ 20n+2 = Tpon g2nd (—af — 1)nt1’
. _ 92n+1b2n+1(71 _ af)n . = a2n+1f 2n+1(71 _ bg)n . _ 92n+1b2n+1(71 _ af)n
20n+3 a?n f 2n¢(—1 — bg)™ 20n+ p2ntl g 2n(—1 — qf)n’ 20n+5 a2+l f2n(—1 — pg)ntl’
B a2n+1f2n+1e(71 _ bg)n+1 B 92n+1b2n+1d(71 _ af)n+1 B a2n+1f2n+lc(71 _ bg)n
T20n+6 p2rtlg2ntl(—1 — qf)ntl’ T20n+7 = a2n 1 fantl (=] — pg)n T20n+8 = p2ntlg2ntl(—] — qf)n’
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92n+1b2n+2(71 _ af)n a2n+2f 2n+1(71 _ bg)n+1
L20n+9 = a1 f2ntl(—] — pg)ntl’ L20n+10 = p2ntl g 2ntl (] — g f)ntl’

Theorem 5.2. Eq.(5.1) has a periodic solution of period ten iff af = bg = —2 and will be taken the form

{=2,=2,=2 g, f,e.d,c,b,a,=2,=2,..}.

Theorem 5.3. Eq.(5.1) has a periodic solution of period twenty iff af = bg = 2 and will be taken the form
22 _%C,g,f,e,d,c,b,a,5—3,5—3,%,9,1%,6,73&0,%3,%%,5... )

Theorem 5.4. Eq. (5.1) has a unique equilibrium point which is the number zero, and this equilibrium point is

not locally asymptotically stable.

Example 5.5. Wetake x_g =3, x_5 =74, x4 =-2.3, x_3=-13, z_5 =6, z_1 = —2, g = 2. (See figure
7).

plot of x(n+1)=x(n-1)x(n-6)/(x(n-4)(-1-x(n-1)x(n-6))
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Figure 7.
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Abstract
In this paper, we, motivated by Mihet [2], give the concept of two nonlinear contractions
((¢,e—\)-contraction and (¢, by, )-contraction) in KM-fuzzy metric spaces, and obtained some
fixed point theorems. We answer the open question posed by Mihet in [2, open question 2.
Finally, an example can be used to be exemplify our results.

Keywords: Fuzzy metric space; fixed point; fuzzy contraction

1 Introduction and preliminaries

In 1975, Kramosil and Michalek [6] gave a notion of fuzzy metric space (KM-fuzzy metric space),
which was modified later by George and Veeramani [4]. Since then, many authors have contributed to
the study of these concepts of fuzzy metric, fixed point theory is one of the most important topics of
research. The first attempt to extend the well-known Banach contraction theorem to KM-fuzzy metrics
was done by Grabiec in [8]. Later, Gregori and Sapena [5] gave another notion of fuzzy contractive
mapping and studied its applicability to fixed point theory in both contexts of fuzzy metrics above
mentioned. In their study, the authors needed to demand additional conditions to the completeness
of the fuzzy metric in order to obtain a fixed point theorem, which constitutes a significant difference
with the classical theory. Later, this notion of fuzzy contractive mapping and others that appeared
in the literature were generalized by D. Mihet in [7] introducing the concept of fuzzy i-contractive
mapping and he obtained a fixed point theorem for the class of complete non-Archimedean KM-fuzzy

metrics.
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Recently, D. Wardowski [9] has provided a new contribution to the study of fixed point theory in
fuzzy metric spaces. In [9], the author introduced the concept of fuzzy H-contractive mappings, which
constitutes a generalization of the concept given by V. Gregori and A. Sapena, and he obtained the

next fixed point theorem for complete fuzzy metric spaces in the sense of George and Veeramani.

In this paper, we, motivated by Mihet [2], give the definition of three nonlinear contractions ((¢,e—
A)-contraction and (¢, by)-contraction) in Km-fuzzy metric spaces, and obtained some fixed point

theorems. Finally, an example can be used to be exemplify our main results.

Throughout this paper, let Z* := [0, +00), .4 be the set of all positive integers, ®,,:={for each
t > 0, there exists r > t such that lim,,_,. ¢"(t) = 0}.

A mapping F : Z — #7 is said to be a distribution function if it is non-decreasing and left

continuous with inf,cpF'(t) = 0, sup;cpF(t) = 1.

Let 27 the set of all distribution functions, while H € 27 will always denote the specific distri-

bution function defined by

0, if £ <0,
H(t) =

1, if t > 0.

A mapping A : [0, 1] x [0, 1] — [0, 1] is called a triangular norm (for short, a t-norm) if the following
conditions are satisfied: (a,1) = a; (a,b) = (b,a); a > b,c > d = (a,c) > (b,d); (a, (b,c)) = ((a,b),c).

Definition 1.1 [11] A t-norm is said to be of H-type if the family of functions {A"™(¢)} e s is e-
quicontinuous at t = 1, where Al(t) = A(t, 1), A™(t) = A(t, A" L(t).m =1,2,--- ,t € [0, 1](A%%(t) =
t).

Definition 1.2 [12] A fuzzy metric space in the sense of Kramosil and Michlek (briefly, a KM-fuzzy

metric space) is a triple (X, M, A) where X is a nonempty set, A is a t-norm and M is a fuzzy set on

X2 x [0,00) satisfying the following conditions for all x,y,z € X ands,t > 0:
(FM-1) M (z,y,0) = 0;
(FM-2) M (z,y,t) =1, for t > 0 if and only if x = y;
(FM-3) M(z,y,t) = M(y,z,1);
(FM-4) M (z,z,t + s) > A(M(x,y,t), M(y, z,5));
(FM-5) M(z,y,) : Z7 — [0,1] is left continuous.
Lemma 1.1 [1] If (X, M, A) is a KM-fuzzy metric space satisfying the condition:

(FM-6) limy oo M(x,y,t) =1 for all z,y € X,
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then (X, F,A) is a Menger space, where F' is defined by

M(x,y,t), if t >0,
Fpy(t) = (1.1)
0, if ¢ <0.

On the other hand, if (X, M, A) is a Menger space, then (X, M,A) is a KM-fuzzy metric space
with (FM-6), where M is defined by M (x,y,t) = F,,(t) for t > 0.

Definition 1.3 [1] Let (X, M, A) be a complete KM-fuzzy metric space with a t-norm A of H-type,
T : X — X be a mapping satisfied

M(Tx, Ty, ¢(t)) > M(x,y,t) Va,y€ X and t >0 (1.2)
where ¢ € ®,,. Then T is said to be a fuzzy (p-contraction.

Lemma 1.2 [1] Let (X, M,A) be a complete KM-fuzzy metric space with a t-norm A of H-
type, T : X — X be a mapping satisfied (1.2). Suppose that there exists some zy € X such that
lim¢ oo M (20, Txo,t) = 1. Then T has a unique fixed point z, in Yy = {y € X|limy_,0o M (z0,y,t) =

1.

In Fang [1] has given the definition of fuzzy ¢-contraction and obtained some fixed point theorems
in KM-fuzzy metric spaces. In this paper, we also obtain some fixed point results in KM-fuzzy metric

spaces by cocerning nonliner contractions.

2 Fuzzy (p,c — \)-contractions

In this section, we give the definition of fuzzy (¢, e — A)-contraction in KM-fuzzy metric spaces and

obtain some fixed point theorems.

Definition 2.1 Let (X, M, A) be a KM-fuzzy metric spaces. A mapping T : X — X is called a
fuzzy contraction of (¢ — A)-type, if for some k € (0,1),

M(z,y,e) >1— A= M(Tx,Ty,ke) >1—k\, Ve>0,Y\ e (0,1).
More generally one defines the concept of fuzzy (p,e — A)-contraction.

Definition 2.2 Let (X, M, A) be a KM-fuzzy metric spaces and ¢ € ®,,. A mapping T : X — X

is said to be a fuzzy (¢, — A)-contraction if the following implication holds:

M(z,y,e) >1 =A== M(Txz,Ty,p(c)) >1—p(A), Ve >0,VX € (0,1). (2.1)

Theorem 2.1 Let (X, M, A) be a KM-fuzzy metric space with A of H-type and ¢ : [0, 00) — [0, c0)

be a function with the properties:
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1) ¢((0,1)) € (0,1);
i) limy, 00 ¢"(t) =0,V ¢ > 0.
Then every fuzzy (p,e — A)-contraction on X have a unique fixed point.

Proof We show that every fuzzy (¢, — A)-contraction T : X — X with ¢ satisfying i) and ii)is a

fuzzy @-contraction.

Indeed, let us assume by contradiction that 7' is a fuzzy (¢,e — A)-contraction, but it is not a
fuzzy @-contraction. Then M (Tx,Ty,¢(t)) < M(z,y,t), for some z,y € X,t > 0, and ¢(\) >
1—-M(Tx,Ty,¢(t)), for every A € (1 — M(x,y,t),1). In particular

©(N) >1—M(Tz, Ty, ¢(t)), YA€ (1 — M(Tz, Ty, p(t)),1).

Let « =1 — M(Tx, Ty, ¢(t)). From M (Tx, Ty, p(t)) < M(x,y,t), it follows that o > 0 and from
i) we obtain 0 < o < 1. Hence ¢((0,1)) C (0,1), which contradicts ii).

By Lemma 1.2, it follows that 7" have a unique fixed point.

If the assumption ¢((0,1)) C (0,1) in Theorem 2.1 is replaced by the stronger condition ¢(t) <
t,vt € (0,1), we can consider ¢ € ®,,.

Theorem 2.2 Let (X, M, A) be a KM-fuzzy metric space with A of H-type and ¢ : [0, 00) — [0, 00)

be a function with the properties:
i) ¢ :]0,00) = [0,00) ;
i) o € @, .
Then every fuzzy (p,e — A)-contraction on X have a unique fixed point.

For the proof it suffices to see that any fuzzy (p,e — \)-contraction T' satisfying i) is a fuzzy ¢-
contraction: if we suppose that M(Tz, Ty, ¢(¢)) < M(x,y,¢€) for some z,y € X, € > 0, then we reach
a contradiction by choosing A € (0, 1) such that M (Tx, Ty, p(e)) <1 — X < M(x,y,¢).

3 Fuzzy (p,b,)-contractions

Definition 3.1 Let (X, M,A) be a KM-fuzzy metric space and b, be an increasing sequence in
(0,1) converging to 1. A mapping T': X — X is called a fuzzy b,-contraction if

(Yne AN, 3k, € (0,1),Vz,y € X,t >0) M(z,y,t) > b, = M(Tz, Ty, knt) > by,.

As a natural extension, we introduce the notion of fuzzy (¢, b, )-contraction.
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Definition 3.2 Let (X, M,A) be a KM-fuzzy metric space and b, be an increasing sequence in
(0,1) converging to 1, ¢ : [0,00) — [0,00) be a given function. A mapping 7': X — X is said to be a

fuzzy (¢, by)-contraction if

(VYne N Vr,ye X, t>0) M(x,y,t) > b, = M(Tx, Ty, p(t)) > by. (3.1)

Lemma 3.1 Let (X, M,A) be a KM-fuzzy metric space and T be a fuzzy (¢, b,)-contraction
on X with ¢ € ®,. Let 29 € X and (x,), C X be defined by x,,41 = Tz, for n € 4. Then

limy, 00 M (Zp, Tpt1,t) = 1 for all ¢t > 0.
Proof Let t > 0 and ¢ € (0,1) be given, m € .4 be such that b,, > 1 —¢.

By the definition of fuzzy metric spaces, there exists s > 0 such that M (xg, x1,8) > by,. As p € D,
there exists r > s with lim,_, ¢©"(r) = 0. By the monotonicity of M (x,y,-), we get M (zg, x1,7) > by,

and, inductively,

M(xp, Tpy1, 0" (1)) > by, YR € N .

Let ng € A4 such that ¢"(r) < t for n > ng. Then

M (xp, Tpy1,t) > M(Tp, Tpg1, 0" (1) > by > 1 — ¢, Vn > ny.
So limy, oo M (2, Tpt1,t) = 1, concluding our proof.

In Theorem 3.3 of Mihet [2], the t-norm is releated to the sequence (by,),. Now, we consider A is
an arbitrary t-norm of H-type, whether the conclusion of Theorem 3.3 in [2] remain holds? we can see

the following consequence.

Lemma 3.2 [2] Let (X, F,A) be a probabilistic metric space and T be a probabilistic (g, by,)-
contraction on X with ¢ € ®,. Let 9 € X and (z,,), C X be defined by z,41 = Tz, for n € A
Then lim,, o0 Fr, 2,1 (t) = 1 for all £ > 0.

Lemma 3.3 [1] Let (X, M, A) be a KM-fuzzy metric space, where the t-norm A is continuous at
(1,1). Suppose that there exists zg,z1 € X such that lim;_,oo M (xo,x1,t) = 1. Define Yy = {y €
X|limy oo M (x0,y,t) = 1}. Then (Yp, F, A\) is a Menger space, where F' defined by (1.1). If (X, M, A)
is complete, then (Yp, F, A\) is a Menger space.

Theorem 3.1 Let (X, F,A) be a complete Menger PM space with a t-norm of H-type, and
T : X — X be a probabilistic (¢, by,)-contraction, where b,, € (0,1) and lim,_,- b, = l,and ¢ € .
Then T is a Picard mapping.

Proof Because of in whole proof of Theorem 3.3 in [2], t-norm only be used to show that x,, is a
Cauchy sequence, so we only need to prove z, is a Cauchy sequence under the condition of Theorem

3.1.
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For given € > 0, by (PM-4) we get

[©)

g
n+1,mn+2(;0)a Ty

F,

$n7$n+p(t) Z A(FCE F

nsTn+1 ( Tptp—1,Tn+tp

Z;)A(Fx (I;))),for r e X.

By Lemma 3.2, we know limy, o0 Fi, 2,4, (t) = 1, for t > 0,n € A", Therefore, Fy, z,,,(t) —

1,n — oo, for n,p € A", t > 0, so the sequence (), is a Cauchy sequence.

In fact, above Theorem improve the Theorem 3.3 in Mihet [2], at the same time, the reader could

find in this Theorem a way of addressing the recent open question posed by Mihet in [2. open question

9.

Theorem 3.2 Let (X, M, A) be a complete KM-fuzzy metric space with a t-norm A of H-type,
T:X — X be a fuzzy (¢, by,)-contraction, where (b,,), C (0,1) and lim,, o b, = 1, ¢ € ®,,. Suppose
that there exists some zg € X such that lim;_,, M (xg, Txo,t) = 1. Then T has a unique fixed point
ze in Yy = {y € X|limy_y0o M(x0,y,t) = 1}, and {T"(yo)} converges to xz, for each yy € Yy. In

particular, {T"xo} converges to .

Proof We define a mapping F : Yy x Yy — 2% by (1.1). Since (X, M, A) be a complete KM-fuzzy
metric space and there exists some xg € X such that lim;_,oo M(xo,Tx0,t) = 1, by Lemma 3.3 we

know that (Yp, M, /A) is a complete Menger space.
We can prove that (3.1) implies that
M(Tx,Ty,t) > by,. (3.2)

In fact, since p € ®,,, for each t > 0, there exists r > t such that ¢(r) < t and M (z,y,r) > b,. By

definition of fuzzy (¢, b, )-contraction, we get

It is not difficult to prove that T is a self-mapping on Y. In fact, if y € Yp, then limy_, oo M (20, y, %) =
1. By the hypothesis lim;_, o M (xo, Tz, %) = 1. In addition, using (FM-4), we get

t t t
M (o, Ty, t) > A(M(xg, Txo, 5),M(T:U0,Ty, 5)) > A(M(xg, Txo, 5),[)”).

Let n — oo, t — oo in the above inequality. From the continuity of A at (1,1), we obtain

limy_y00 M (29, Ty,t) = 1. i.e.,Ty € Yy. This show that T is a mapping of Yj into itself.

Clearly (3.1) implies that

Fpy(t) > by = Frary(e(t)) > by, for z,y € Yo,t >0 and n € A,

where F' is defined by (1.1). This show that T is a probabilistic (g, b, )-contraction in (Yy, F, A). Thus,
by Theorem 3.1, we conclude that 7" has a unique fixed point z, in Yy, and {T"(yo)} converges to z.

for each yo € Yp. In particular, {T"x¢} converges to x.. This complete the proof.
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4 An example

Example 4.1 Let X = [0,00) and M (z,y,t) = L V) N || z,y € X and ¢ > 0. Then

max{z,y}

(X, M, Ap) is a complete KM-fuzzy metric space. Let Tx = § for 2 € X, o(t) = % for ¢t > 0. Define

function b,, = ”Tfl, neN.

It is easy to see that (b,), C (0,1), lim, oo by, = 1, p € ®,. T is a fuzzy (v, by)-contraction on X.
In fact, since M (z,y,t) > by, so

M(Tx, Ty, ¢(t)) = M(f Y E) _ min{F, §}  min{z, y}

= > by.
max{%,% max{z,y} =

By the Theorem 3.2, we know T has a unique fixed point. And 0 is the unique fixed point of T.
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ON SUBCLASSES OF ANALYTIC FUNCTIONS
WITH FIXED SECOND COEFFICIENTS

A. Y. LASHIN! AND F.Z. EL-EMAM?

ABSTRACT. Let A be the class of analytic functions in the open unit disc U
with normalization f(0) = f/(O) — 1 =0. The purpose of the present paper is
to obtain several sufficient conditions of starlikeness and strongly starlikeness
for some subclasses of A with fixed second coefficients that satisfy certain
conditions for the quotient of the representations of convexity and starlikeness.

AMS (2010) Subject Classification. 30 C45.
Key Words. Univalent functions, Starlike functions, Convex functions, Strongly
starlike functions, Fixed second coefficients.

1. INTRODUCTION

Let A denote the class of all functions f which are analytic in the open unit disc
U = {z: |z| < 1} and normalized by the conditions f(0) = f (0) — 1 = 0. Further

let
S*(a):z{f&A:?R(Zf(Z>>>a, O§a<1,z€U},

f(z)
2 (2) m
Sla):=< feA: |arg <a—-, 0<a<l, zeU,,
o] () <3 |
be the subspaces of A consisting of starlike functions of order v and strongly starlike
functions of order «, respectively. Note that S*(0) = S(1) = S* is the well-known
space of normalized functions starlike (univalent) with respect to the origin. we
denote by K, the family of all convex functions in U defined as:

2f (2)
f(z)
In [I1] Silverman investigated an expression involving the quotient of the analytic
representations of convex and starlike functions. Precisely, for 0 < b < 1 he consid-

L+z2f"(2)/f (2)

ered the class
SIETO I U}

Gy = { feA:
and proved that G, C S*(2/(1++/1 + 8b). Obradovic” and Tuneski in [10] improved
this result by showing Gy, C S*(h(2)) € S*(2/(1++/1 + 8b), where h(z) = 1/(1+bz).
Tuneski in [I4] gave a sufficient conditions for a function f € Gy to be in the
class S*(ng) and its subclasses, where —1 < B < A < 1. Sokol in [12] gave a
generalization of main theorem contained in [14] . Further Obradovic and Owa [9],

1

and

K::{fEA:fI(O)#O,%(l—i— ) >0, ZEU}

-1
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Nunokawa [6l, [7] and Kamali [3] obtained a sufficient conditions for starlikeness of
functions which satisfies a certain conditions for the modulus of

1+ 2f"(2)/f (2)
2f'(2)/f(2)
Let A(B) consists of analytic functions f € A of the form

(1.1) f(2) =2+ B2* +az2® + ...,

where the second coefficient 5 € C (C the complex plane) is fixed constant. Several
authors have investigated functions with fixed second coefficient and these include,
for example, by Ali et al. [Il 2] and Nagpal and Ravichandran [5]. In this paper,
we prove several sufficient conditions for starlikeness and strongly starlikeness of
some subclasses of A with fixed second coefficients that satisfy certain conditions
for the quotient of the representations of convexity and starlikeness .

To derive our main theorem, we need the following lemma due to Kwon [4],
which is an extension of a very popular lemma of Nunokawa [g].

Lemma 1. Let p(z) =1+ Bz + p222 + ... be analytic in U, and p(z) # 0 (z € U).
If there exists a point zg € U, such that

0
larg (p(2))| < o for |z] <z

and
jarg (p(:0))| = o (o> 0),

then we have

zop (20) _
0oy ikay,
where
S 1) un =2
_2+WG+JWWmew—ﬁ,

(1.2) E < —%w (a—i— i) when arg (p(zp)) = —ga
with {p(zo)}é = tia.

2. MAIN RESULTS
Theorem 1. If f € A(B) defined by satisfies

L+ 21" (2)/f (2) ™

m<zﬂwm>)<f’
where
0= 2 arctan ( T A sin (ﬂq —)/2) >
m 2+ 1) (1 =m0 (1 +9)204 + dpcos (n(1—1n)/2)

then we have

2f (2) m
() <5
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’

Proof. Let p(z) = 2L — 1 4 B2 4 pyz? + ..., then we have

f(2)
() _1+2/(2)/f ()
PG G

If there exists a point zg € U, such that

1+

7 m
larg (p(2))| < 5n for [z] <|zo] and arg (p(20))] = 51 (0 >0),

s

then from Lemma for the case arg (p(z0)) = 51,

L+ 20/ (20)/f (20) ) _ 20p (20) | . ink
arg( 20/ (20)/f(z0) ) - (“ p2<zO>)‘ag(1+(m>n)
2 gin (777(12_”))

k w(1—
1+ 2 cos (%)

arctan

an

Since Z—’j > 2_?_]’5' (a'="4a~'7") . Now, we define a function g : (0,00) — R by

g(a) = a4+ a1, then ¢'(a) = . (a2 - }f—n) . Hence g(a) takes the mini-
3 3(1-m) 3(14n)
mum value at ¢ = (%) * . Therefore Z—f > 2?\7[3\ {(m) ’ + (%) ’ } .Thus
we have
arg 1+ 20/ (20)/f (20)
z0f"(20)/ f(20)
3(1-m) 5 (14n)
2 1472 1-7n)? : m(1-n)
271 {(12) + (ﬁ) } Sm( T")
> arctan

3(1-n) 3(1+n)
2 147 ) 2 1-n) 2 m(1—n)
1+ 2+?B| [(1:]7> + (ﬁ) } €os ( 2 = )

— arctan ( dnsin (7(1 —n)/2) ) _
(2+18) (1 =) 2= (1 4 920+ 4 dpcos (w(1 - 1n)/2)

This contradicts our condition in the theorem. For the case p(z9) = (—ia)"(a > 0),
using the same method, we can obtain a contradiction to the assumption. O

Theorem 2. If f € A(B) defined by satisfies

s
2

128 (/1 () 2
21) TEHE ST
then we have
(2.2) ‘f(z)/zf/(z) - 1‘ <1 or R (i{é?) > 0.
Proof. Letting
f(z) _1—p(2)
23) T T T )
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we know that p(z) = 1+28z+p222+..., analyticin U, P(0) =1, P(z2) #0 (2 € U)

and
[ 2
zf'(z)  1+p(2)

ze U

Furthermore, we have

L GG L w w )
2f'(2)/ f(2) (1+p(z)? p(2)
Suppose that there exists a point zy € U, such that
R(p(z)) >0 for |z| <|zo] and R (p(z0)) = 0.

Then applying Lemma [T} we have,

where k is real number and

k> 1+1|5| (a—l—i), when p(z) =ia (a > 0),
(2.4) E < —%w (a—i— i) when p(zp) = —ia (a > 0).

It follows that

5 (1 +20f " (20)/ (20) 1) o (( F2ak ) _ F2ak(1 —a?)

20f"(20)/ f(20) 1 +ia)? (1+a?)?

Moreover, we have

S Zof”(ZO)/J“/(ZO)_1 _ 4a”k
20.f (20)/ f(20)

T (14a2)?°
Therefore by (2.4) we have,

w0f eo)lf o) [ (g (208 ) o) )Y
z0f"(20)/ f(20) z0f"(20)/ f(20)

" , 2
. 20 f (Zo)/f (Zo)
’ (“ ( w0F (o) Flz0) 1))
4a’k? 4
T+a®? ~ (T+B)%
This contradicts the hypothesis and therefore, we have R {p(z)} > 0 for|z| <

1. or
‘1 —p(2)

<1 for |z| < 1.
1+ p(z) 2

Therefore, by (2.3) so we obtain (2.2)). It completes the proof of Theorem O
Theorem 3. If f € A(B) defined by satisfies

()1 (2) 1
FEfE 1| (” T+ Iﬂl) ’

(2.5)
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then we have
(2.6) )/ -1] <1

Proof. The following equation

&) 1+p(e)
Defines the function p(z) = 1 — 282z + p22% + ..., analytic in U, P(0) =1, P(z) #
0 (z € U). Then it follows that

2f (2) 2

i) ~itp) €Y

@7) df(2) | _1-p()

Furthermore, we have

/

2f (2)/f (2) PR A C)
2f'(2)/f(z) =1 1—-p(z) p(z)

If there exists a point zg € U, such that
R(p(z)) >0 for |z] <|zo] and R (p(z0)) =0,
then Lemma [I], gives that,

Zop’ (20)
p(20)
where the real number k is given by (2.4)) and p(z9) = +ia (a > 0). It follows that

20f (20)/f (20) '\ _ ak '\ _ ak
" (zof’<zo>/f<zo> m 1) w1 ) = (1 1)

3 Zof” (20)/f/ (20) _ a’k
z0f"(20)/ f(20) — 1 1+a%

= ik,

and

Therefore,

20" (20)/f (20)
20" (20)/ f(20) =1

By (24) we get

Zof” (Zo)/fl (20)
z0f'(20)/ f(20) — 1

2ak ak 2
+ 1+a? .
1+a? * +a)<1+a2)

> 1+

2 ) 1\
1+|ﬁ|+<1+“)(1+|ﬂ|)

1 2
g (HHBI)

This contradicts the hypothesis (2.5). And the proof completed as in Theorem

2 O
Theorem 4. If f € A(B) defined by satisfies

21" () 2 (2)
(2.8) R <1+ e ) > 2(1+|6)) 7o) |
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then we have
(2.9) R ( f’(z)) >0
Proof. We define the function p(z) by

/ 2p(2)
2.10 = —.
(2.10) fo)= 2
Then we see that p(z) = 1 + 482 + pe2? + ..., is analytic in U, P(0) = 1, P(z) #
0 (z € U). If there exists a point zy € U, such that
R(p(z)) >0 for |z| < |z and R (p(z0)) =0.

Then applying Lemma for the case p(zp) = ia and a > 0, we have

(2.11) 20 (20) _

p(20)
where k is real number and

1 1
(2.12) k> T <a+ a) :

The calculations give

1+ 20" (20) 1+ 201 (20) (1 _ _p(20) )

1 (z0) p(20) 1+p(20)
z0f" (20) zop’ (20) (1 _ _p(20) )‘
£’ (20) p(20) 1+p(z0)
Therefore, by (2.11) and (2.12)), we have
Zof”(zo) . ia
1+ f,(ZO) . 1+Zk(1_ 1+ia)
zof" (20) ; ia
e k(1 - £2)
1 2 1 2 k
_ V14e? ((1+a’)+a (k> 0)
|| 1+ a?
- V1+a? 4+ :2(1+|5\)a<2(1+|6|)
H%m(a‘i‘%) \/1—|—a2 \/1—|—a2
This contradicts the hypothesis ([2.8]) and therefore, we have
(2.13) R(p(z)) >0 for|z] <1.
Applying the same method as above, for the case p(z9) = —ia and a > 0, we can
obtain,
20/ (20) —
1+ f’(zg) _ 1+a’2 (1+a2)_a‘k (k<0)
zof" (20) |kj| 1+ a2
f'(20)
V1+a? a
= + <2(1+18]).
k| V1+a?

This contradicts the hypothesis (2.8)) , So we have (2.13]). Furthermore,

S\ ol 20) .
%<ﬂd>_%(Hp@)>o (see [13))
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It completes the proof . O
Theorem 5. If f € A(B) defined by satisfies

2f'(2) (2+,8|> 2f ()
2.14 R > -1},
21 ( 1) ) 1 )7
then we have
(2.15) R (f(z)) >0
z
Proof. The following equation
z

(2.16) @ = p(2).

Defines the function p(z) = 1 + Bz + pe2% + ..., is analytic in U, P(0) = 1, P(z) #
0 (z € U) . If there exists a point zg € U, such that

R(p(z)) >0 for |z|] <|zo] and R (p(z0)) =0.
Then applying Lemma for p(z9) = +ia and a > 0, we have

(2.17) M =1k,
p(20)
where the real number k is given by (1.2). The calculations give
z fl 2z z ' E1 .
Df(z(T)O) _ 1+ 7(;1)(,2(0)0) _ 1+ik
z0f'(20) _ 1’ zop’ (20) K|
J(z0) p(20)
Therefore, by (2.17) and (L.2)), we have
z0f (20)
jien) _ 1 a _2+1A
] = 2
evze§ TN IR R

This contradicts the hypothesis (2.14]) and therefore, we have
R(p(2)) >0 for|z| <1.
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Abstract

The purpose of this article is to establish a kind of non-convex hybrid iteration
algorithms and to prove relevant strong convergence theorems of common fixed points
for a uniformly closed asymptotically family of countable quasi-Lipschitz mappings
in Hilbert spaces. We establish a new non-convex hybrid algorithm and prove strong
convergence theorem of common fixed points for a uniformly closed asymptotically
family of countable quasi-Lipschitz mappings in the domains of Hilbert spaces.

2010 Mathematics Subject Classification: 47TH05, 47TH09, 47H10
Key words and phrases: hybrid algorithm, nonexpansive mapping, quasi-Lipschitz
mapping, quasi-nonexpansive mapping

1 Introduction

In mathematics, a fixed point theorem is a result saying that a function f will have at
least one fixed point (a point x for which f(x) = ), under some conditions on f that can
be stated in general terms [3]. Results of this kind are amongst the most generally useful

in mathematics [7].

* Corresponding author
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The Banach fixed point theorem gives a general criterion guaranteeing that, if it is
satisfied, the procedure of iterating a function yields a fixed point [6]. By contrast, the
Brouwer fixed point theorem is a non-constructive result: it says that any continuous
function from the closed unit ball in n-dimensional Euclidean space to itself must have
a fixed point [24] but it doesn’t describe how to find the fixed point (See also Sperner’s
lemma). For example, the cosine function is continuous in [—1, 1] and maps it into [—1, 1],
and thus must have a fixed point. This is clear when examining a sketched graph of the
cosine function; the fixed point occurs where the cosine curve y = cos(x) intersects the
line y = x. Numerically, the fixed point is approximately x = 0.73908513321516 (thus
x = cos(x) for this value of x). The Lefschetz fixed point theorem [11] (and the Fenchel-
Nielsen fixed point theorem) [4] from algebraic topology is notable because it gives, in
some sense, a way to count fixed points. There are a number of generalisations to Banach
fixed point theorem and further; these are applied in partial differential equation theory.
See fixed point theorems in infinite-dimensional spaces. The collage theorem in fractal
compression proves that, for many images, there exists a relatively small description of
a function that, when iteratively applied to any starting image, rapidly converges on the
desired image [1].

Fixed point theory of special mappings like nonexpansive, asymptotically nonexpan-
sive, contractive and other mappings is an active area of interest and finds applications
in many related fields like image recovery, signal processing and geometry of objects [23].
From time to time, some versions of theorems relating to fixed points of functions of spe-
cial nature keep on appearing in almost in all branches of mathematics. Consequently, we
apply them in industry, toy making, finance, aircrafts and manufacturing of new model
cars. For example, a fixed point iteration scheme has been applied in intensity modu-
lated radiation therapy optimization to pre-compute dose-deposition coefficient matrix,
see [22]. Because of its vast range of applications almost in all directions, the research in
it is moving rapidly and an immense literature is present currently.

The Construction of fixed point theorems (e.g., Banach fixed point theorem) which
not only claim the existence of a fixed point but yield an algorithm, too (in the Banach
case fixed point iteration x,11 = f(z,)). Any equation that can be written as x = f(x)
for some map f that is contracting with respect to some (complete) metric on X will
provide such a fixed point iteration. Mann’s iteration method was the stepping stone in
this regard and is invariably used in most of the occasions see [?]. But it only ensures
weak convergence, see [5] but more often then not, we require strong convergence in many
real world problems relating to Hilbert spaces, see [2]. So mathematician are in search
for the modifications of the Mann’s process to control and ensure the strong convergence,
(see [10,15,17-20], and references therein).

First noticeable modification of Mann’s Iteration process was suggested by Nakajo
and Takahashi [16] in 2003. They introduced this modification for only one nonexpansive
mapping in the context of Hilbert spaces where as Kim and Xu [9] introduced a vari-
ant for asymptotically nonexpansive mapping in the same context in 2006. In the same
year Martinez-Yanes and Xu [14] introduced a variant of the Ishikawa Iteration process
for a nonexpansive mapping. They also gave variant of Halpern iteration method. Su
and Qin [21] proposed a monotone hybrid iteration process for nonexpansive mapping
in a Hilbert space. Liu et al. [12] proposed a novel iteration method for finite family of
quasi-asymptotically pseudo-contractive mapping in the realm of Hilbert spaces. Guan et
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al. [8] established the first non-convex hybrid algorithm and proved some strong conver-
gence results relating to common fixed points for a uniformly closed asymptotic family of
countable quasi-Lipschitz mappings in H.

In this article, we establish a non-convex hybrid algorithms corresponding to Picard
iteration scheme. Then we also establish strong convergence theorem of common fixed
points for uniformly closed asymptotically family of countable quasi-Lipschitz mappings
in Hilbert spaces. Applications of this algorithm is also given.

2 Preliminaries

Let H be the fixed notation for a Hilbert space and C' be a nonempty closed convex subset
of H. First we recall some basic definitions that will accompany us throughout this paper.

Let P.(-) be the metric projection onto C. A mapping 7' : C — C is said to be
nonezpensive if || Tax — Ty|| < |Jx —y|| for all z,y € C. And T : C — C is said to be
quasi-Lipschitz if Fix(T) # ¢ and For all p € Fiz(T), |Tz — p|| < L||z — p||, where L is a
constant 1 < L < oo.

If L =1, then T is known as quasi-nonexpansive. It is well-known that 7' is said to be
closed if for n — oo, x,, — = and ||T'z,, — x,|| — 0 implies Tz = x. T is said to be weak
closed if x,, — x and | Tz, — z,|| — 0 implies Tz = x as n — oo. It is admitted fact that
a mapping which is weak closed should be closed but converse is no longer true.

Let {T},} be a sequence of mappings having the nonempty fixed points set F. Then
{T,} is defined to be uniformly closed if for all convergent sequences {z,} C C with
conditions ||Tnz, — z,|| — 0, n — oo implies the limit of {z,} belongs to F.

Definition 2.1. Let C be a closed convex subset of a Hilbert space H and let {T},} be a
family of countable quasi-L,-Lipschitz mapping from C into itself. Then {T},} is said to
be asymptotic if lim,, . L, = 1.

Lemma 2.2. Let C be a non-empty closed subset of a Hilbert space H. For x € H and
z € C, z = Pox if and only if we have (x — z,z —y) > 0 for all y € C.

Lemma 2.3. ([8]) Let C be a closed convex subset of a Hibbert space H and let {T,} be
a uniformly closed asymptotically family of countable quasi-Ly,-Lipschitz mapping from C
into itself. Then the common fized point set F is closed and convex.

Lemma 2.4. Let C be a closed convex subset of a Hilbert space H, for any given x € H.
Then we have p = Poxg if and only if (p — z,29 — p) > 0 for all z € C.

3 Main Results

This section contains main results.

Theorem 3.1. Let C be a closed convex subset of a Hilbert space H and let {T,} be
uniformly closed asymptotically family of countable quasi-Ly-Lipschitz mappings from C'
into itself. Suppose that oy, € (0,1], and B, € [0,1] for alln € N. Then {x,} generated
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by

xg € C =Qq, choosen arbitrarily,

Yn = Thzn, n >0,

zn = (1 — ap)Thxn + apTht,, n >0,

tn = (1= 06n) + 6 Tnxn, n>0,

Con={2€C:|lyn — 2l £ LF(1 + (Ln — Do fn)llzn — 2} N A, n >0,
Qn={2€Qn1:(Tn—2,70—7p) 20}, n>1,

Tn+1 = Peo,n, o

converges strongly to Prxg, where coC,, denotes the closed convex closure of C, for all
n>1and A={z€ H :|z— Prxg| <1}.

Proof. We give our proof in following steps.
STEP 1. We know that ¢oC,, and @),, are closed and convex for all n > 0. Next, we
show that F'N A C eoC), for all n > 0. Indeed, for each p € F'N A, we have

1yn = pll = 1 Tnzn — P
= [|T5[(1 = an)Thzn + anTytn] — pl|
= [|T5[(1 = an)Tozn + anTh((1 = By) + BpTnzy)] — pll
= [[(1 = anfBu)(Tran — p) + (an o) (Trzs) |
< (1= anfBu) | Taan — pll + (anBu) | Trwnll
= Ly(1+ (Ln — Danfy) 2n —pl|

and p € A, so p € C,, which implies that FNA C C, for all n > 0. therefore, FNA C ¢coC,
for all n > 0.

STEP 2. We show that F N A C ¢coC, N @, for all n > 0. it suffices to show that
FNACQ, for all n > 0. We prove this by mathematical induction. For n = 0 we have
FNACC =g Assume that FNA C Q,. Since x,.1 is the projection of xy onto
coCp, N @y, from Lemma 2.2, we have

(Tnt1 — 2, Tpt1 —x0) <0, VzewlC,NQ,

as FN A C coC,, N Q,, the last inequality holds, in particular, for all z € F N A. This
together with the definition of Q1 implies that F N A C @Q,1+1. Hence the FN A C
coCy, N @y, holds for all n > 0.
STEP 3. We prove {z,} is bounded. Since F' is a nonempty, closed, and convex subset
of C, there exists a unique element zg € F' such that 2o = Prxo. From z,41 = Pee,nQ. %0,
we have
[Znt1 — 2ol < ||z — @ol|

for every z € coCy, N Q. As 29 € FN A C coCp N Qy, we get
[Zn+1 — ol < [lz0 — 2ol

for each n > 0. This implies that {x, } is bounded.

1211 Ahmad ET AL 1208-1216



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.7, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

STEP 4. We show that {z,,} converges strongly to a point of C' (we show that {x,} is
a cauchy sequence). As z,41 = Pec,nQ,20 C Qpn and z, = Py, zo (Lemma 2.4), we have

[€nt1 = zoll = [|#n — 2ol

for every n > 0, which together with the boundedness of ||x,, —z¢|| implies that there exsists
the limit of ||z, —z||. On the other hand, from x4, € Q,, we have (z,—Tp1m, Tn—x0) <
0 and hence

| Trtm — 5En||2 = (zntm — w0) — (zn — $0)||2

< H‘/En—l—m - $0||2 - H‘/En - $0||2 - 2<$n+m — Tn, Tp — $0>
< [[Zpgm — 2ol = ll2n — 20lI* = 0, n— o0
for any m > 1. Therefore {x,} is a cauchy sequence in C, then there exists a point ¢ € C'
such that lim,, .. z, = q.
STEP5. We show that y, — ¢, as n — oco. Let
Dy ={2€C:lyn—2)* < llzn — 2> + Lyy(Ln — 1)(Ln + 1)}
From the definition of D,,, we have
Dp={2€C:{yp—2,yn — 2) <{xp — 2,2 — 2) + L2 (L, — 1)(L, + 1)}
= {2 € O yall® = 2{yn, 2) + [12[” < ll2nll® = 2{zp, 2) + [|2]1?
+ Ly (L — 1)(Ln + 1)}
={2€C: 2(xp —yn, 2) < llwall® = llyall® + Ly (L — 1) (Lo + 1)}
This shows that D,, is convex and closed, n € Z* U {0}.

Next, we want to prove that C,, C D,, n > 0.
In fact, for any z € C},, we have

lyn — 201 < [L3(1+ (Ln — Vo) [lon — 2
= llan — 212 Ly + Ly[2(Ln — VB + (L — 1)%0q 53] |25 — 2|
< lwn = 2012 Ly + Ly[2(Ln = 1) + (Ln = 1?2 — 2|
= |lzn = 2Ly, + Ly (Ln — 1)(Ln + 1)[lan — 2.

From
Crn={2€C:|lyn — 2| < [Lo(1+ (Ln — DanBu)lllzn — 2|} N A, n >0,

we have C,, C A, n > 0. Since A is convex, we also have ¢coC,, C A, n > 0. Consider
T, € coC,_1, we know that

lyn — 2| < [lzn — 2P Ly + Ly (Ln — 1) (Ly + 1) |2 — 2|
< lan — 2| + LA, — 1)(Ln + 1).

This implies that z € D,, and hence C,, C D,, n > 0. Since D, is convex, we have
co(Cy) C Dy, n > 0. Therefore

lyn = zns1ll® < llzn — @nstl|? + Ly (Ly — 1) (Lo = 1) — 0
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as n — oo. That is, y, — q as n — oo.
STEP 6. We show that ¢ € F. From the definition of y,, we have
(1 + anBnTn) | Than — znll = [lyn — znl — 0
as n — oo. Since oy, € (a, 1] C [0, 1], from the above limit we have

lim — oo|| Tz, — zp|| = 0.
n

Since {7} is uniformly closed and z,, — ¢, we have q € F..
Step 7. We claim that ¢ = zgp = Ppxo, if not, we have that ||zo—pl|| > ||zo —20]|. There
must exist a positive integer N, if n > N then ||zg — || > ||xo — 20|, which leads to
120 — z4l1® = [l20 — &5 + 25 — 20]?
= |lz0 = zall® + ||z — zoll* + 2{z0 — Tn, T — x0).
It follows that (29 — =, , — o) < 0 which implies that zg€Q,, so that zg€F, this is

a contradiction. This completes the proof. O

Now, we present an example of C,, which does not involve a convex subset.

Corollary 3.2. Let C be a closed convex subset of a Hilbert space H, and let T be a closed
quasi-nonezpansive mapping from C into itself. Assume that o, € (0,1], and 3, € [0,1]
for alln € N. Then {x,} generated by

xg € C =Qo, choosen arbitrarily,

Yn =Tz, n >0,

zn=1—ap)Tx, + a,Tt,, n >0,

tn= 01— 0y) + BnTxy, n>0,

Co={2€C:|lyn—2|| < |lxnn—2z||} N A, n>0,
Qn={2€Qu1:(Tn—2,20—1,) 20}, n>1,

Tn+1 = Pe,ng.T0

converges strongly to Prxg.

Proof. Take T, =T, L, = 1 in Theorem 3.1, in this case, C,, is convex and closed and ,
for all n > 0, by using Theorem 3.1, we obtain Corollary 3.2. O

Corollary 3.3. Let C' be a closed conver subset of a Hilbert space H, and let T be a
nonexpansive mapping from C into itself. Assume that oy, € (0,1], and 3, € [0, 1] for all
n € N. Then {x,} generated by

xg € C =Qo, choosen arbitrarily,

Yn =Tz, n >0,

zn=1—ap)Tx, + a,Tt,, n >0,

tn =1 -0, + BnTxy, n>0,

Co={2€C:|lyn—2|| < ||lxnn—2z||} N A, n>0,
Qn={2€Qu1:(Tn—2,20—1,) 20}, n>1,

ZTnt1 = Po,n@.%o

converges strongly to Prxg.
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4 Applications

Here, we give an application of our result for the following case of finite family of asymp-
totically quasi-nonexpansive mappings {7, n}g:_ol. Let

1Tz —pl| < kijllz—pll, VzeC peF,
where F' is common fixed point set of {Tn}N_1 limj oo k;j = 1forall0 <i < N —1.

n=0"
The finite family of asymptotically quasi-nonexpansive mappings {7, 2[:_01 is uniformly

L-Lipschitz if ' '
1T}z — T{yll < Lijllz —yll, Vx,yeC

foralli € {0,1,2,...., N —1}, 7 > 1, where L > 1.
Theorem 4.1. Let C be a closed convex subset of a Hilbert space H, and {Tn}g:_o1 :C—=C
be finite uniformly L-Lipschitz family of asymptotically quasi-nonexpansive mappings with
the nonempty common fized point set F'. Assume that oy, € (0,1], and 3, € [0, 1] for all
n € N. Then {x,} generated by
xg € C =Qq, choosen arbitrarily,
Yp = Tij((;;)zn, n > 0,
zn = (1— an)Tg((;;):En + oznTZ.j((;;)tn, n >0,
ty = (1= B) + BuTi)wn, 1> 0,
Cn=1{2€C : |lyn — 2|l < kitn),j(n)

(1 + (Kitn),jn) — DamB)|lan — 2I} N A, n =0,
Qn={2€Qn-1:{(rn—2z,20—1y) >0}, n>1,

Tn+1 = Peongn o

converges strongly to Prxg, where coC, denotes the closed convex closure of C, for all
n>1,n=jn)—1)N+i(n) foralln >0 and A={z € H : ||z — Ppxo|| < 1}.
Proof. We can drive the prove from the following two conclusions.

Conclusion 1 {T, fLV:Bl oo is a uniformly closed asymptotically family of countable
quasi- L,-Lipschitz mappings from C' into itself.

Conclusion 2

F = ﬂgzo F(T,) =2 F(Ti%)), where F(T),) denotes the fixed point set of the map-

pings T,,. ]

Corollary 4.2. Let C be a closed conver subset of a Hilbert space H, and T : C — C be a
L-Lipschitz asymptotically quasi-nonexrpansive mapping with the nonempty common fized
point set F'. Assume that o, € (0,1], and By, € [0,1] for alln € N. Then {z,} generated

by
xg € C =Qq, choosen arbitrarily,

Yn =T"2y, n >0,

zn =1 —an)T"xy +a,T"z,, n >0,

tn =1 =06n) + 6, 1"x,, n>0,

Cp=1{2€C:|lyn — 2|l < kn(1+ (kp — DanB)|zn — 2|} NA, n>0,
Qn={2€Qn1:(Tn—2,20—1,) 20}, n>1,

Tn+1 = Peonngn o
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converges strongly to Prxg, where coC,, denotes the closed convex closure of C, for all
n>1, A={z€ H : |z — Prxo|| < 1}.

Proof. Take T,, =T in Theorem 4.1, we get the desired result. O
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SOME COMMON FIXED POINT THEOREMS IN
w-ORBITALLY COMPLETE MODULAR METRIC SPACES
VIA C-CLASS FUNCTIONS AND APPLICATION

BAHMAN MOEINI!, ARSLAN HOJAT ANSARI?, CHOONKIL PARK>*

ABSTRACT. In this paper, some notions are introduced in modular metric spaces. Next
some common fixed points are established in w-orbitally complete modular metric spaces
by employing C-class functions that extend and generalize the results of [10, 18]. Finally,
for usibility of our results an application is provided to show the existence of solutions for
certain system of integral equations.

1. Introduction

In 1976, Jungck [8] initiated a study of common fixed points of commuting mappings. On
the other hand, in 1982, Sessa [17] initiated the tradition of improving commutativity in fixed
point theorems by introducing the notion of weakly commuting maps in metric spaces. After
this, Jungck [7] gave the concept of weakly compatible mappings.

In 2008, Chistyakov [5] introduced the notion of modular metric spaces generated by F-
modular and developed the theory of this space. In 2010, Chistyakov [6] defined the notion of
modular on an arbitrary set and developed the theory of metric spaces generated by modular,
which are called the modular metric spaces. Recently, Mongkolkeha et al. [11,12] and Parya
et al. [14] have introduced some notions and established some fixed point results in modular
metric spaces. See [2,4] for more information on fixed point results.

In this paper, some notions such as “w-orbit, w-orbitally complete modular metris space,
w-asymptotically regular mapping” are introduced. Continuation, existence and uniqueness
results are proved for common fixed points of three self-mappings in w-orbitally complete
modular metric spaces via C-class functions. Also, suitable examples are provided to demon-
strate the usability of the hypotheses of our results. Finally, these results are applied to prove
the existence of solutions of a system of integral equations.

2. BASIC NOTIONS

Definition 2.1. [14] Let X be a vector space over R (or C). A functional p : X — [0, 00)
is called a modular if it satisfies the following three conditions:
(i) p(x) =0 if and only if z = 0;
(i) p(ax) = p(x) for all scalar a with |a] =1 and z,y € X;
(i7i) p(ax + By) < p(x) + p(y), whenever o, 5 > 0 and o + § = 1.
If we replace (iii) by
() plaz + By) < a®p(x) + B°p(y) whenever a, 8 > 0 and o® + 3° = 1 with an s € (0, 1],
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then the modular p is called an s-convex modular and if s = 1, then p is called a convex
modular.
If p is modular in X, then the set, defined by

X,={reX:p(Ax) >0asX— 0"}

is called a modular space. X, is a vector subspace of X and it can be equipped with an
F-norm defined by setting

2], = inf{A > 0 : p(;) <A}, zeX.

In addition, if p is convex, then the modular space X, coincides with
X, ={r € X :3X= A(z) > 0 such that p(A\z) < oo} (2.1)

and the functional [z[|5 = inf{A > 0 : p(%) < 1} is an ordinary norm on X, which is

equivalent to |lz||, (see [13]).
Let X be a nonempty set and A € (0,00). A function w : (0,00) x X x X — [0, 00] will be
written as wy(z,y) = w(A, z,y) for all A > 0 and z,y € X.

Definition 2.2. [5] Let X be a nonempty set. A function w : (0,00) x X x X — [0, 00] is
said to be a modular metric on X if it satisfies the following three axioms:
(i) given z,y € X, wy(x,y) =0 for all A > 0 if and only if x = y;
(7)) wa(z,y) =wr(y,x) for all A > 0 and z,y € X;
(i17) wagp(z,y) <wa(z,2) +wu(z,y) for all A > 0 and z,y, 2z € X.

If, instead of (7), we have the condition
(7)) wx(z,z) =0 for all A > 0 and = € X, then w is said to be a (metric) pseudo modular on
X. Assume that w satisfies (i), (#ii) and
i) given z,y € X, if there exists a number A > 0, possibly depending on z and y, such that
wi(z,y) =0, then z = y. Then w is called a strict modular metric on X.

A modular (pseudo modular, strict modular) on X is said to be convex if, instead of (ii7),

we replace the following condition:

(1) wWrgp(z,y) = ﬁwx(a:,z) + ﬁ“uwu(z,y) for all A\, >0 and z,y,z € X.

Clearly, if w is a strict modular metric, then w is a modular metric, which in turn implies
that w is a pseudo modular metric on X, and similar implications hold for convex w. The
essential property of a (pseudo) modular metric w on a set X is as follows: given z,y € X,
the function 0 < A — wy(z,y) € [0, 00] is nonincreasing on (0,00). In fact, if 0 < g < A, then
we have

wx (2, y) < wa—p(, 2) + wule, y) = wu(x, y).
It follows that at each point A > 0 the right limit wyio(z,y) := lim.,yowrte(z,y) and the
left limit wy_o(x,y) := lim.,yowr—c(z,y) exist in [0, 00] and the following two inequalities
hold:
W)\+0(:L’,y) < W)\({L’,y) < W)\_Q(Ilf,y).
It can be checked that if zg € X, then the set

X ={r € X lim wy(z,z9) =0}
A—00
is a metric space, called a modular space, whose metric is given by
d® =inf{\ > 0:wy(z,y) <A} forall z,y € X,,.
Moreover, if w is convex, then the modular set X, is equal to
X, ={z € X :3 A= A(z) > 0 such that wy(x,zg) < oo}
and metrizable by
d, =inf{\ > 0: wy(z,y) < 1} for all z,y € X.
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FIXED POINT THEOREMS IN w-ORBITALLY MODULAR METRIC SPACES
We know that if X is a real linear space, p: X — [0, 00) and
x p—
wi(z,y) = p(Ty) forall A >0 and z,y € X,

then p is modular (convex modular) on X if and only if w is modular metric (convex modular
metric, respectively) on X.
On the other hand, assume that w satisfies the following two conditions:

(1) wa(pz,0) =wa(x,0) for all \,p > 0 and = € X;
(i) wx(z+ z,y+g) =wy(x,y) for all A > 0 and z,y,z € X.

If we set p(x) = wq(x,0) with (2.1), x € X, then X, = X, is a linear subspace of X and the
functional |z]|, = df,(x,0), = € X,, is an F-norm on X,. If w is convex, then X} = X = X,
is a linear subspace of X and the functional ||z||, = d;,(z,0), = € X7, is a norm on X.

Similar assertions hold if we replace the word modular by pseudo modular. If w is modular

metric in X, then the set X,, is called a modular metric space.
By the idea of property in metric spaces and modular spaces, we define the following:

Definition 2.3. Let X, be a modular metric space.

(1) The sequence (xy)nen in X, is said to be w-convergent to = € X, if
wx(Tn,x) = 0 as n — oo for all A > 0.
(2) The sequence (x,)nen in X, is said to be w-Cauchy if
wx(Tm, Tn) — 0 as m,n — oo for all A > 0.
(3) A subset C of X, is said to be w-closed with if the limit of a convergent sequence of
C always belongs to C.
(4) A subset C' of X, is said to be w-complete if any w-Cauchy sequence in C is a
convergent sequence and its limit is in C.
(5) A subset C of X,, is said to be w-bounded if for all A > 0
0w (C) = sup{wx(z,y);z,y € C} < 0.

Example 2.4. Let (X, ||.||) be a norm space. Then a function w : (0,00) x X x X — [0, 00],
defined by

wi(z,y) =[x —yl|, forallz,y € X and X\ >0,
is a modular metric.

Example 2.5. Let (X, ||.||) be a norm space. Then a function w : (0,00) x X x X — [0, o0]
defined by
r—y

: |¥, forall z,y € X, k>1and A >0,

O.})\(l',y) = ||
is a modular metric.

Example 2.6. Let
o(f) = /Q o, | (0))du(v),

where p is a o-finite measure on  and ¢ : Q x [0,00) — [0,00) satisfies the following
conditions:

(1) ¢(v,u) is a continuous even function of u which is nondecreasing for u > 0, such that
©(v,0) =0, p(v,u) >0 for u# 0 and ¢(v,u) — 0o as u — oo.

(74) ¢(v,u) is a measurable function of v for each u € R. The corresponding modular
space is called a Musielak-Orlicz (or a generalized Orlicz) modular function space
and is denoted by L¥. If ¢ does not depend on the first variable, then L¥ is called
an Orlicz space. Then L is isomorphic to L¥.

An example of functions which satisfy the above conditions is given by

o(u) = |ulP, for p > 0.
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Now, if we define w : (0,00) x X x X — [0, 00] by

wﬂﬂw=ié¢@JKWg@mew,

where p and ¢ satisfy the above coditions, then w is a modular metric. Also, if
w: (0,00) x X x X — [0, 00] is defined by

artf.o) = [ oo 2 ),

then w is a modular metric.

In the following, we give some useful notions in modular metric space that will be needed
to prove our results.

Definition 2.7. Let X, be a modular metric space. Let f,g be self-mappings of X,. A
point x in X, is called a coincidence point of f and ¢ if and only if fr = gz. We shall call
w = fx = gx a point of coincidence of f and g.

Let C(f,S) and PC(f,S) denote the set of coincidence points and points of coincidence,
respectively, of the pair (f,.5).

Definition 2.8. Let X, be a modular metric space. Two self-mappings f and g of X, are
said to be compatible if and only if lim, oo wx(fSxp, Sfx,) = 0, whenever {x,} is a sequence
in X, such that lim,, . fo, = lim,_, Sz, = z for some z € X,,.

Definition 2.9. Let X, be a modular metric space. Two self-mappings f and g of X, are
said to be weakly compatible if they commute at coincidence points.

Lemma 2.10. Let X, be a modular metric space and {y,} be a sequence in X, such that
limy, 00 WA (Yns Ynt1) = 0 for each X > 0. If {yn} is not an w-Cauchy sequence in X, then
there exist €9 > 0, Ao > 0 and two sequences {m;} and {n;} of positive integers such that

(i) mj >n; +1 and n; — o0 as i — oo,
(”’) WQAO(Z/m“Z/ni) > € and w2)\0(ymi—layni) S €0, 1= 172737 .

Proof. If {y,} is not an w-Cauchy sequence in X,,, then there exist ¢y > 0, A\g > 0 such that
for each positive integers 7, there exist positive integers m;,n; with m; > n; such that

W2Xg (ymwym,) > €0- (22)

For i = 1,2, ..., let m; be the least positive integer exceeding n; satisfying (2.2), that is,
for:=1,2,...,

wQ)\O (ym“ym) > €0, w2)\0 (ymi—la ynz) S €0-
Since lim; o0 W (Yn,;, Yn,;+1) = 0 for all A > 0, war, (Yn,, Yn,+1) < €o and thus
m; > n; +1 and n; — 0o as ¢ — oo. O

In the following, we present C-class functions and some examples of them.

Definition 2.11. [3] A mapping F : [0,00)? — R is called a C-class function if it is
continuous and satisfies the following axioms:

(1) F(s,t) < s

(2) F(s,t) = s implies that either s = 0 or ¢t = 0 for all s,¢ € [0, 00).

Note for some F' we have that F(0,0) = 0.
We denote the set of C-class functions by C.
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Example 2.12. [3] The following functions F : [0,00)?> — R are elements of C, for all

s,t € ]0,00):

(1) F(s,t) =s—t, F(s,t) =s=1t=0;

(2) F(s,t) =ms, 0<m<1, F(s,t) =5 = s =0;

(3)F(s,t):(1+t)” r € (0,00), F(s,t) =s=s=0ort=0;

(4) F(s,t) =log(t+a*)/(1+1t),a>1, F(s,t)=s=>s=0o0rt=0;

(5) F(s,t) =In(l +a*)/2, a > e, F(s, t)—s:>8—0

(6) F(s,t) = (s + )M/ — 1 1> 1,7 € (0,00), F(s,t) =5 =t =0;

(7) F(s,t) = slogy,,a, a>1, F(s t)—s:>s—00rt—0

(8) F(s,t):s—(éiz)(lit) F(s,t)=s=1t=0;

(9) F(s,t) =sB(s), B:[0,00) — [0,1), and is continuous, F(s,t) =s = s =0;

(10)Fs,t):s—kit,F(s,t):s:t:();

(11) F(s,t) = s — ¢(s), F(s,t) = s = s = 0, here ¢ : [0,00) — [0,00) is a continuous
function such that ¢(t) =0 <t = 0;

(12) F(s,t) = sh(s,t), F(s,t) = s = s =0, here h : [0,00) x[0,00) — [0, 00) is a continuous
function such that h(t,s) <1 for all t,s > 0;

(13) F(s,t) = s — (30)t, F(s,t) = s = t = 0;

(14) F(s,t) = /In(1 + s7), F(s,t) = s = s =0;
(15) F(s,t) = ¢(s), F(s,t) =s = s =0, here ¢ : [0,00) — [0,00) is a continuous function
such that ¢(0) =0, and QS( ) <t fort>0;
s

(16) F(s,t) = 573 7 € (0,00), F(5,8) =5 = 5 = 0.

Definition 2.13. [9] A function v : [0,00) — [0,00) is called an altering distance function
if the following properties are satisfied:
(i) 1 is nondecreasing and continuous,

(73) ¢ (t) = 0 if and only if ¢t = 0.
Remark 2.14. We denote by ¥ the set of altering distance functions.

Definition 2.15. [3] An ultra altering distance function is a continuous, nondecreasing
mapping ¢ : [0,00) — [0, 00) such that ¢(t) >0, ¢ > 0 and ¢(0) > 0.

Remark 2.16. We denote by @, the set of ultra altering distance functions.

Definition 2.17. A tripled (¢, ¢, F') where ¢ € ¥, p € &, and F € C, is said to be monotone
if for all z,y, z,t € [0, 00)

Example 2.18. Let F(s,t) = s —t,¢o(x) = y/z and

Then (1, ¢, F') is monotone.
Example 2.19. Let F(s,t) = s —t,p(x) = 22 and

{\/5 ifo<a<l,

22 ifx> 1.

P(z) =

Then (1, ¢, F') is not monotone.
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3. MAIN RESULTS

In this section, we present and introduce some notions in modular metric spaces which
extend the same notions of Phaneendra [15], Sastry et al. [16], Aamri and Mountawaki [1].
Next by idea of Liu et al. [10] and Swatmaram et al. [18] and using C-class functions, some
common fixed point theorems will be established in w

Definition 3.1. Let X, be a modular metric space. For given zg € X, and self-mappings
f,S and T on X, if there exists a sequence {x,}2, in X, such that

Son = front1, TTont1 = fTany2,

then O(S, T, f,x9) = {fxn :n=20,1,2,--- } is called an (S, T)-w-orbit at z¢ with respect to
I

Definition 3.2. The space X, is called w-orbitally complete at xg if and only if every w-
Cauchy sequence in O(S, T, f,xy) converges in X,,.

Definition 3.3. The pair (S,7T) is w-asymptotically regular at xo with respect to f if
there exists a sequence {z,}7°, in X, such that Szo, = front1, Tronr1 = froni2 and
wx(fTn, frns1) — 0 as n — oo for all A > 0.

Definition 3.4. Self-mappings f and S satisfy property (E.A) if there exists a sequence
{zn}22, in X, such that lim, e wr(fZn, 2) = limp 00 wr(STy, 2) = 0 for some z € X, and
all A > 0.

Theorem 3.5. Let f,S and T be self-mappings on a modular metric space X, satisfying the
inequality

b(w(S2,Ty) < F(6(M(2,)), (W (M(,1))), ¥A>0, (3.1)
for all x,y € X, where y e ¥V, p € &, F €C,

M(x7y) = max{wA(fx, fy)a(*))\(fx7 Sx),wA(fy,Ty),w,\(fx,Ty),w)\(fy, Sl’)}

and W : [0,00) — [0,00) is a continuous mapping such that W(t) <t fort > 0.
Suppose that

(a) either (f,S) or (f,T) satisfies the property (E.A);
(b) f(Xy) is an w-orbitally complete subspace of X,,;
(c) (f,S) or (f,T) is weakly compatible.

Then f,S and T have a unique common fized point.
Proof. By the property (E.A) for the pair (f,S), we have

li_>m wr(frn,z) = li_>m wr(Szy, z) =0, for some z € X, and all A > 0. (3.2)

Let limy, o0 wr(T2p,p) = 0 for all A > 0. Now we prove that p = z. By using (3.1) for
T = x, and y = z,, we have

w(wx(s%, TJUn) < F(w(max{"‘))\(fxm f!Tn)7 W)x(fxna an)a

WA(fTn, Txn), WA(fTn, TTn), A(fTn, STn)}),
(p(W(maX{w)\(fxn, fxn)a w)\(fx’na an)a

WA(fon, Tzn), wA(fTn, Ton), x(f2n, an)})))a VA > 0.
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Applying the limit as n — oo and then using (3.2), we get
$(r(zp) < F(9(max{0,0,wx(2, ), 03(2,p), 0)), (W (max{0, 0,05 (2,p), (,), 0)}))

= F((@x(2.). (W (@x(z.p)))
S ¢(w>\(z7p))7 VA>0
and so, for all A > 0, ¥ (wa(z,p)) =0 or (W (wx(z,p))) = 0. Thus z = p and hence

lim wy(fan,2z) = lim wy(Szy,2) = lim wy(Tx,,z) =0, VA >0. (3.3)
n—oo n—o0 n—0o0

(3.3) can also be obtained in similar lines whenever (f,T') satisfies the property (E.A). From
the w-orbital completeness f(X,), we see that z € f(X,) so that z = fu for some u € X,,.
Now, taking x = u and y = x,, in (3.1), we get

Y(wx(Su, Tzy) < F(w(max{w,\(fu, fxn),wa(fu, Su),
WA(fan, Tan), wr(fu, Tzn), wr(fan, Su)}),
(W (max{wy(fu, frn), wxr(fu, Su),
Wx(fxn, Tay),wr(fu, Tzy), wx(fan, Su)}))), YA > 0.
Applying the limit as n — oo and then using (3.3) and fu = z, we get

P(wx(Su, fu) < F(zﬁ(max{O,wA(fu, Su),0,0,wx(fu, Su)}),
(W (max{0,wy(fu, Su),0,0,wx(fu, Su)}))
= F((wa(fu, Su)), oW (r(fu, Su)))

< plwa(fu, Su)), YA>0

and so, for all A > 0, ¥ (wy(fu, Su)) =0 or (W (wx(fu,Su))) = 0. Therefore, fu = Su = z.
Then from the weak compatibility of (f,S), we see that fSu = Sfuor fz=Sz.
Again letting z = y = z in (3.1) and using fz = Sz, we obtain

PY(wr(Sz,Tz) < F(@b(w)\(Sz,Tz)), (p(W(wA(Sz,Tz)))
< Y(wx(Sz,Tz)), YA>0.
That is,
fz=8z="T-x. (3.4)
Again, taking z = x,,y = z in (3.1), we get
Y(wr(Szp, Tz) < F<1/J(max{w)\(f:1;n,fz),wA(fmn, Sxp),
wx(fz,Tz),d(fxn, Tz),wr(fz,Sxn)}),
(W (max{w(fzn, f2),wr(fTn, Sn),
wx(fz,Tz),wr(frn, Tz),wr(fz, Smn)}))), VA > 0.
As n — oo, this along with (3.3) and (3.4) implies that
$(wa(z, T2) < F((wn(z.T2)), oW (@r(=,T2)) )
< Y(wr(2,Tz)), YA>0.
That is, z = T'z. Thus z is a common fixed point of self-mappings f,S and T
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On the other hand, with minor changes in the above proof, we can prove that fu = Tu = z.
Suppose that the pair (f,T) is weakly compatible. Then fTu =T fu or fz = Tz. Proceeding
as in the previous steps, we get that fz =Tz = 5z = z.

Let z, 2’ be two common fixed points of f, S and T. Then from (3.1) with z = z and y = z,
we get

lwn(z,2) = V(r(S2,T2) < F(d(maxfur(fz £2),0x(f 52),
wx(f2, T2),wA(f2,T2),wA(f2', S2)}),
@(W (max{wy(fz, f2'),wr(fz, Sz),
wr(f2,TZ),wr(fz, T2, wx(f7, Sz)}))), VA >0,

and thus
lun(z2) < F(bwnlz2)), oW (wr(2,2))
< Plwa(z,2), VA >0,
which implies that z = 2’. Hence the fixed point is unique. O

With the same proof of Theorem 3.5, we have the following corollaries.
Corollary 3.6. If in Theorem 3.5, we replace (3.1) with

blwn(S2,Ty)) < F(6(M(2,y) = W(M(2,9))), o(M(w,y) = W(M(z,)))), YA >0,
then f,S and T have a unique common fized point.
Corollary 3.7. If in Theorem 3.5, we replace (3.1) with

$(w(S2,Ty)) < F(w(M(@,9), o(M(x,9))), YA >0,
then f,S and T have a unique common fized point.
Theorem 3.8. Let f,S and T be self-mappings on a modular metric space X, satisfying the
inequality

Plwn(S2,Ty) < F(v(N(2,9)), (N (w,9))), YA >0, (3.5)
for all z,y € X,,, where » € ¥, € &, F € C, such that (¢, ¢, F) is monotone and

N({E, y) - maX{WQ)\(fxa fy)a WQA(fxa S.%'), w?)\(fya Ty),ww\(f:r, Ty),CUQ)\(fy, S$)}
Suppose that at some xg € X,
(a) the pair (S,T) is w-asymptotically reqular with respect to f;
(b) the space X, is w-orbitally complete;
(c) (f,S) or (f,T) is a commuting pair.
Then f,S and T have a unique common fized point.

Proof. Since (S,T) is w-asymptotically regular with respect to f at xg, there exists a sequence
{z,,} in X, such that

Ston = front1, Toons1 = fronye forn=0,1,2,.--
and
wy, = wA(fon, frnt1) >0 as n— 0o, YA > 0. (3.6)

We will show that {fz,} is an w-Cauchy sequence. Suppose that the result is not true.
Then there exist ¢ > 0,\¢p > 0 and two sequences {m;} and {n;} of positive integers such
that
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(A) m; >n; + 1 and n; — o0 as i — o0,
(B) w2)\0(fxmi7fmni) > €0 and WZAQ(fxmi—lafxni) S €0, 1= 172737 Tt
We have

g0 < Wang (fTmy, fon;) < wrg(fTmys fTni+1) + wrg(fTni1, fan,)- (3.7)
Then
g0 < wx(fTm,, fan,+1), asi— oo. (3.8)

Now consider wy,(fZm,, fTn,+1) in (3.7) and assume that both m; and n; are even. Then by
(3.5), we get

¢(w>\0 (fxni+17 fxmz)) = w(w/\o (S$n17 Txmi_l))
S F(w(ma’X{WZ)\o(fxn,‘a fxmi—1)7 W2 (fxnia Sﬂ:’nl), Waxg (fxmi—h Tx’rru—l)v

Waxo (f‘rnz) Txmi—l)v Wa)g (fxmi—la anz)})7
W(maX{WQ/\O (fxnza fxmi—l)v Wa)g (fInN an-b)) W2 (fxmi—lv Tmmi—l)a

Waxg (fxnm Txmz‘*l)v Waxg (fxmifla Sxm)}))

= F(w(ma‘X{WQ)\o(fxniv fxmi—1)7 w2)\0(fxni7 fxni-f—l)v W2\ (f‘jcmi—l? fxm1)>
Waxo (fxnz) f‘rmz)a W2axo (fxmi—h fxni+1)})7

@(max{w?ko (fxnza fzmi—l)v W2g (fl’n“ fxni-i—l)a Wa)g (fxmi—h fxmz-)a
w?)\(} (fll?nz, fxmz)a w2>\0 (fxmi—l’ fxnz'f‘l)}))

S F(@/}(ma‘X{wQ)\o(fwnia fwmi—l)a W2 (fxnia fxnri-l)v Wa)g (fxmi—h fxmz)a
Wio (fxmv fxnﬁ-l) Wi (fxnﬁ-lv fx'”%)’ Wio (fxmi_h fmmz) + w)\o(fxnﬁ-la fmmz)})v

QO(H]&X{UJQ)\O (fxnla fmmi—l)a O~)2/\0 (fxn,7 fxn,-—f—l)a w2)\0 (fxmi—h fxm,)a

Wxo (fx’nlv fxni—&-l) + Wxo (fxni—‘,—lu fxmi))wko (fxmi—la fﬁml) + w)\o(fxni—&-la fxml)})> .

By (3.6), (B), (3.8) and taking limit as ¢ — oo, we get

Zliglo ¢(W>\0 (fmnﬂrlv fxmz))

S lim F(T/)(max{&)a 07 07 WHo (fxni+17 fxmz)a w)\o(fxni+la fxml)})a

@(maX{&)a 07 07 w)\@ (fxnri»lv fxmz)a w)\o (fxni+la fxml)})>
< ’LILI& F(Qb(w/\o (fxni—i-l, fxmz))7 Sp(w)\o (fxnr‘rlv fxmz))>
S zl—l)ngo w(wAO (f$n¢+17 fwml))
Thus
zliglo 1/)(("))\0 (fxni-f-l? fxmz)) =0 or Zliglo SD(WAO (fgcnﬁ-lv fxmz)) =0

and so lim; oo wx, (fZn,4+1, fTm,;) = 0 and then by (3.8) we conclude that 9 = 0, which is
a contradiction. Hence {fz,} is an w-Cauchy sequence. Thus by the w-orbital complete-
ness of X, at zp, we can find some z € X, such that lim,— frop+1 = limy,—oo Sxo, =
limy, o0 fTon+2 = limy o0 Tx2n4+1 = 2z, which immediately implies that the pairs (f,7T") and
(S,T) satisfy the property (E.A). Also every commuting pair is weakly compatible. Since
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the function 0 < A — wy(z,y) € [0, 00| is nonincreasing on (0, 00), N(z,y) < M(z,y) for all
xz,y € X, and hence

Y8z, Ty) < F(¢(N(@,9), (N (@,1)))

< F($(M(@.)), p(M(z,y) ), ¥A>0,
for all z,y € X,. Therefore, by Corollary 3.7, f,S and T have a unique common fixed
point. [l

Example 3.9. Let X =[0,1) U {2} and w: (0,00) x X x X — [0, 00| be defined by

wi(z,y) = L;y\ for all A > 0.

Then X, is an w-complete modular metric space.

Define f,5,T : X, —» X, by Sx =Tx = %az, fr=xforx e X, F(s,t)=s—1t,9(t) =2t
and ¢(t) = t. Take zp = 2 and w(t) = 1t for t > 0. Then O(z,S,T,f) = {& 1 n =
0,1,2,---}, f(Xw) = X, is w-orbitally complete at xg, (f,S) or (f,T) satisfy the property
(E.A), (f,S) or (f,T) is weakly compatible and for all z,y € X,,, we have

2 3 2 2 1 1
Vw52, Ty)) = o1 le =yl < gy max{le —yl, gz, 2y, |z — Syl y — gof}

= F(6(M(,9)), oW (M(z,)))).

Therefore, all the conditions of Theorem 3.5 are satisfied and x = 0 is the unique common
fixed point of f,S and T

4. APPLICATION TO SYSTEMS OF INTEGRAL EQUATIONS

Consider the following system of integral equations:

u(a) = fA k1(a,b,u(b))db+ q(a),
{ ufa) = fEA ka(a,b,u(b))db + q(a), (4.1)

a € J=[0,A], where A > 0. The purpose of this section is to give an existence theorem for
a solution of the system (4.1) by using Theorem 3.5.

Let X := C(J, R"™) with the usual supremum norm, i.e., ||z||x = max,cs||z(a)| for z €
C(J,R™). Define w : (0,00) x X x X — [0, 00| by wy(z,y) = maxges M Then it can
be checked that A, is an w-complete modular metric space.

Define f, S5, T : &, — X, by

A
fz(a) = x(a), Sxz(a) 2/ ki(a, b, z(b))db + q(a), a € [0, A],
0
and
A
Tafa) = [ kala,ba®)db+ ala), a€ (0.4
0
Theorem 4.1. Consider the integral equations (4.1). Assume the following hypotheses:

(i) K1,K2:[0,A4] x[0,A] x R* — R"™ and q : [0, A] — R™ are continuous;
(ii) There exists x € X such that

A
z(a) :/0 ki(a,b,z(b))db+ q(a), a,be[0,A]

or

A
z(a) :/0 ka(a,b,xz(b))db+ q(a), a,be[0,A];
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(iii) There exists a sequence {x,} in X such that

A
ILm xp(a) = ILm ki(a,b,z,(b))db+ q(a) = z, a,be[0,A], z € X,
n—oo n—oo 0
or

A
1i_>m xp(a) = li_>m ki(a,b, x,(b))db + q(a) = z, a,be[0,4], z € X;
n—oo n—oo 0

(iv) For each a,b € J and u,v € X,,,
A
| (b a(®) = o b, o))
0

3
<  max{[lu(a) —v(a)ll, [lu(a) = Su(a)l}, [v(a) = Tv(a)ll, [lu(a) — Tv(a)l,
lv(a) = Su(a)l}-
Then the system of integral equations (4.1) has a unique solution u* in C(J, R™),,.

Proof. By (i), f, S and T are self-mappings on Aj,.
By (ii), (f,S) or (f,T) is weakly compatible, since f is the identity mapping on X,,.
By (iii), either (f,S) or (f,T) satisfies the property (E.A).
Also for each u,v € X,,, a,b € J, by (iv), we have

A
|Su(a) = T(a)| S/O 1k1(a; b, u(b)) — ka(a, b, v(b))[|db

< %maX{HU(a) —v(a)]; [lu(a) = Su(a)];[Jv(a) = Tw(a)], [lu(a) = Tv(a)]l;
[v(a) = Su(a)l[}

and so
[Su(a) — Tv(a)|

A
< §max{ u(a) —v(a)|| |lu(a) = Su(a)]l |lv(a) —Tv(a)|l |lu(a) —Tv(a)|
4 A ’ Y ’ \ ) \ )

On routine calculations, we get

$(wn(Su, Tv)) < F (w(M (u,0), (W (M(u,0))), ¥A>0,

where 1(t) = 2t,(t) = t, F(s,t) = s — t and W(t) = 3t.

Since X, is an w-complete modular metric space, every w-Cauchy sequence in O(S, T, f, xo) =
{p, :n=0,1,2,---} (for some zy € X,,) converges in X,,. Hence f(X,) = &, is w-orbitaly
complete at xg. Then Theorem 3.5 is applicable, where f is the identity mapping. So S and
T have a common fixed point. Thus there exists a v* € C(J, R"),, a common fixed point of
S and T, that is, u* is a unique solution to (4.1). O
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Trapezoidal interval type-2 hesitant fuzzy sets
associated with new operations

N. O. Alshehri and H. A. Alshehri
Departement of Mathematics, Faculty of Science, King Abdulaziz University,
Jeddah, Saudi Arabia

Abstract

This paper proposes the concept of trapezoidal interval type-2 hesitant fuzzy
set (TIT2HFS), which is a generalization of trapezoidal interval type-2 and
hesitant fuzzy set. Also, we study some of its operation laws and corresponding
proprties are discussed.

Key words: Trapezoidal interval type-2 hesitant fuzzy set, Operation laws.

1 Introduction

Type-2 fuzzy set was proposed by Zadeh (1975) [19] which is an extension of
Type-1 fuzzy set [18]. The principal difference between the two kinds of fuzzy
sets is that the memberships of a type-1 fuzzy set are crisp numbers while the
memberships of a type-2 fuzzy set are type-1 fuzzy sets [14]; hence, type-2 fuzzy
sets include more vulnerabilities than type-1 fuzzy sets. Since its presentation,
type-2 fuzzy sets are getting increasingly consideration. Since the computational
multifaceted nature of using general type-2 fuzzy sets is very high, to date ,
interval type-2 fuzzy sets [8] are the most widely used type-2 fuzzy sets and have
been effectively connected to numerous useful fields [1, 3, 6, 7, 9, 10, 15, 16].
IT2FS [6] can be viewed as a special case of general T2FS where all the values of
secondary membership are equal to 1. In particular, interval type-2 trapezoidal
fuzzy numbers, as a special case of interval type-2 fuzzy sets, can proficiently
express subjective assessments or evaluations. The concept of Hesitant fuzzy set
was proposed by Torra (2010) [12] and Torra and Narukawa (2009) [13] to deal
with the problems where membership of element to a give set includes several
different values. In this paper, by proposing the concept of TIT2HFS based on
HFS and IT2TFS. Furthermore, we introduce some operation laws and their
properties are investigated.

2 Preliminaries

In this subsection, we briefly describe some fundamental ideas and essential
operation laws identified with HFSs that we need in our work.
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2.1 Hesitant fuzzy set

Definition 1: [12, 13]

Let X be a reference set. A hesitant fuzzy set on X is defined in terms of a
funcation h that returns a subset of [0, 1]. To make it understood easily, a HF'S
can be represented by a mathematical symbol :

M :={<z,hy(z)>ze X}

where hjps(x) is a set of some valiues in [0, 1], denoting the possible mem-
bership degrees of the element x € X to the set M. For convenience, [17]call
h = har(x) a hesitant fuzzy element (HFE) and H the set of all HFEs.

Definition 2: [12, 13]
Let h, h; and ho be three HFEs then:
(Hhe= U {1—~}.

yEh

2)hi1 U hy = U , .
( ) ! 2 Y1€h1,v2€h2 maX{'Yl 72}
(3) hi1Nhy = U min {71772} .

Y1€h1,v2€h2

Definition 3: [17]
Let h, h; and hs be three HFEs, and A > 0 then:

= u {2}

NDNI= U {1—(1=7).

@M= U {1-(1-7"}

3)h1 @ hy = U + v2 — .
() 1 2 7lehlmehz{’h V2 7172}
(4) h1 X hg = U {’yl’}/Q}.

Y1€h1,v2€R2

2.2 Interval type-2 fuzzy set

The theory of type-1 fuzzy set interdused by Zadeh [18] where the membership
value of an element is a real value between 0 and 1. A trapezoidal type-1 fuzzy
number A = (a1, az, a3, aq; Hi(A), Ho(A)) in the universe of discourse, where
0 < H1(A) < Hy(A) <1 is shown in Fig.1

!

Hy (A

Hy (A

a; & ag ay

Fig.1 Atrapezoidal type-1 fuzzy number.
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Type-2 fuzzy set were introduced as the extension of type-1 fuzzy set which
is defined as follows.

Definition 4:[5, 7, 8]

A type-2 fuzzy set A in the universe of discourse X can be represented by a
type-2 membership function y z, shown as follows:

A={((z,u),pi(z,uw)|Ve e X,YVu e J, C[0,1]},

where 0 < p5(z,u) < 1. The type-2 fuzzy set A also can be represented as
follows:

A= f f ug(x,u)/(x,u): f [f Mj(xau)/u‘| /),

reEXUEJS, z€X €Jy

where z is the primary variable, J, C [0,1] is the primary membership of
z, u is the secondary variable and [ pjz(z,u)/u is the secondary membership
u€eJy
function (MF) at z. [ denotes union among all admissible z and u. For discrete
universe of discourse, [ is replaced by > _.

Definition 5:[5, §]

Let A be a type-2 fuzzy set A in the universe of discourse X represented by
the type-2 membership function pz(x,w). If all pz(x,u) = 1, then A is called
an interval type-2 fuzzy set. An interval type-2 fuzzy set A can be regarded as
a special case of a type-2 fuzzy set, shown as follows:

A= [ [ Y@= ] [f 1/4 /),

reEXuEJ, z€X |u€d,

where z is the primary variable, J, C [0,1] is the primary membership of z,
u is the secondary variable and [ 1/u is the secondary membership function
ueJy
(MF) at .
If X is a set of real numbers, then a type-2 fuzzy set and an interval type-2
fuzzy set in X are called a type-2 fuzzy number and an interval type-2 fuzzy
number, respectively.

Definition 6:[5]
Let A; be a trapezoidal interval type-2 fuzzy number in the universe of
discourse X. It can represented by

i _ (iU AL\ _ ((,U U U U. U U L L L L. L L
Ai = (Ai 7A¢> = ((ailvai27ai37ai47H1(Ai ), Ha(A; )) ) (ailuai27ai37ai4’H1(Ai ), Ha(A; )))
where AY and AF are T1FSs, af,a%,a,al), ali, ak, a4 and ok are the ref-

erence points of the IT2FSs A;, H ;(AY) denotes the membership value of the

element agj(j +1) in the upper trapezoidal membership function AY,1 < j <
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2, H;(AF) denotes the membership value of the element aiL(jH)in the lower
trapezoidal membership function AF 1 < j <2, H,(AY), Hy(AY), Hy(AL) and

Hy(AF) €10,1],1 <i < n as shown in Fig.2

Ny

|

Hy (AN

H, (A"

H, (AY

Hy (A%

Fig.2 A trapezoidal interval type-2 fuzzy number.

3 Trapezoidal interval type-2 hesitant fuzzy set

3.1 The concept and operation laws of TIT2HFS

Definition 7:

Let X be a fixed set. A trapezoidal interval type-2 hesitant fuzzy set
(TIT2HFS) on X is in terms of function that return of some trapezoidal in-
terval type-2 fuzzy numbers (TTT2FNs) when applied to each z in X.

To make it easily understood, we express the TIT2HFS by a mathematical
symbol:

E = {< z, hp(z) > |z € X}

where h e(z) is a set of some TIT2FNs denoting the possible membership
degrees of the element x € X to the set E. for convenience, we call hg(z) = h =
{Ai € hlA; = (o, a%, al, alls Hi (AV) , Hy(AY)), (ak, aly, aly, abys Hi (AF)  Ha(AF)) }
an trapezoidal interval type-2 hesitant fuzzy element (TIT2HFE).

Example 8:

A hesitant among different TIT2FNs for a decision making, he / she proviedes

= { (0.35,0.45,0.55,0.65; 1,1), (0.4,0.5,0.6,0.7;0.8,0.8),
a TIT2HES hi; = { (0,0,0.2,0.3;0.8,0.8) , (0.72,0.77,0.78,0.89; 1, 1)
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Definition 9:

Let hy = {A € m|A=((aY,aY,ay,a; Hi(AY) , H3(A"Y)), (al,af, ok, af; H1 (AF) 7Hg(AL)))}
and hy = {B € ho|B = (Y, 05,65, b7 Hi(BY) , Ho(BY)), (bF, bk, bk, bl; Hy (BY) ,HQ(BL)))}
are two TIT2HFEs. Then, we introduce the follow operations:

(1) The union of hy and howhich is denoted by hiU hs can be defined as:
max {a[{,by} , max {aQU, bQU} , max {ag, b3U} , max {af{, bf{} ;

il UiL o U min {Hl(AU),Hl(BU) 7Hlin{H2(AU)7H2(BU)} ’
1= _Aeﬁl,éefzz max{al,bl} max{aQ,bQ , max a3,b3},max{af,bf};
mln{H1 ), Hy(B® } min { Hy(A"), Hy(B*)}

(2) The intersection of hy and hewhich is denoted by hiN hs can be defined
as:
min {a?,bU} min {a2 ,bU} min {a3 7bU} ,min {aff,bg} ;
= = min {H1 ), Hi(BY)} ,min { Hy(AY), Hy(BY)} ’
hlth = U . L
min {a1 , bl } mln {a2,62 } mln{a3,b3 } min {a4,b4 } ;
min {Hl ), Hy(B¥) } mln{H2 (AD) HQ(BL)}
(3) The complement of hy denoted by kS can be defined as:
e _ AehflA=((1-dV,1-a¥,1—af,1—al;H(AY),Hy(AY)), '
! (1—af,1—ak,1—af,1—af; Hi(AY), Hy(A")))
we note that can be replaced max and min by V and A respectively.

Example 10:
Let h; = {(0.2,0.3,0.4,0.5;1,1)
{(0.5,0.6,0.7,0.8; 1, 0.55,0.65,

,(0.25,0.35,0.35,0.45;0.8,0.8)} and hy =
.65,0.75;0.8,0.8)} are two TIT2HFEs, then:

1), ( 0
(1) by U g = {(0.5,0.6,0.7,0.8; 1, 1), (0.55, 0.65,0.65,0.75;0.8,0.8) } .
(2) hn N by = {( 0.2,0.3,0.4,0.5;1,1), (0.25,0.35,0.35,0.45; 0.8,0.8)} .
(3) k¢ = {(0.8,0.7,0.6,0.5; 1, 1), (0.75,0.65, 0.65, 0.55; 0.8, 0.8)}

Proposition 11: (De Morgan’s laws in TIT2HFS )
Let h1 and h2 be two TIT2HFNs, then we have :

(1 )(hluhg) = RS N RS,
~ ~ c ~ ~
2) (h1 N h2> = RS U RS,

Proof: c

max {a?, by} , max {ag, bg} ,max {a¥, bg} , max {a4U, bf{} ;

1 (iL UiL )C_ U min{H1<AU),H1(BU) ,min HQ(AU),HQ(BU)} ’
(1) (1 U R " Ach, . Behs max {af,bl'} ,max {af, b5} max{af, bf} max{af, bf};

min{Hl(AL),Hl(BL)}7min HQ(AL),HQ(BL)}

1 — max {a[{,b[{} ,1 — max {ag,bg} ,1 — max {ag,bg} ,1 — max {af{,bff} ;

min {Hl(AU),H]_(BU) ,min {HQ(AU),H2<BU>} ’
Achy . Behs 1 — max {aﬂbf} ,1 —max {aé,bé ,1 — max {aé,b%} ,1 —max {af,bf} ;

min {Hl(AL),Hl(BL)} ,min{HQ(AL),HQ(BL)}
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( min{l—al,l—bl} min{l—az,l—bg} min{l—ag,l by

min {1 — a¥,1 — Y} ;min { H,(AY), H1(BY)}, mln{Hg(AU),Hg(BU)}

Achy,BEhs mm{l—al, bL} mm{l—aQ, bQL} m1n{1—a§j,1 bL}
min {1 — af,1 — bf'} ;min {H,(A"), Hi(B*)} ,min { Hy(AY), Hy(BY)}
= h$ N RS,
Similarly, we can prove that (711 N l~12) = B{ U ﬁgl

Hu et al.(2015) [2] proposed the concept of interval type-2 hesitant fuzzy
set (IT2HFS). Also, defined operation laws and corresponding properties are
discussed. In this subsection, we briefly review some definitions of t-norm and
t-conorm. Moreover, some other relationships can be established.

3.2 Operation laws of TIT2HFEs based on Archimedean
t-norm and Archimedean t-conorm can be defined as
follows:

Definition 12:[4, 11]

A function T : [0,1] x [0,1] — [0,1] is called a t-norm if it satisfies the
following four conditions:

()T (1,z) ==z, for all z € [0,1].

(z,

fgc<

() y) = T( ),V a,y€[0,1].
<> dandy <0 then T (@.9) < T (2,3)

Definition 13:[4, 11]
A function S : [0,1] x [0,1] — [0,1] is called a t-conorm if it satisfies the
following four conditions:

(1)S(0,z
(z,

If z <

)=z, for all z € [0,1].
(2) S (z,y) =T (y, %V%yemﬂﬁ
(3)5 (2,5 (y.2) = S (S (@,9), 2)¥ 2,1, 2 € [0,1]
(4) randy <9, thenS(,y <S(x,9)

Definition 14:[4, 11]

A t-norm
and T (x,x)
Archimedean

function T (x,y) is called Archimedean t-norm if it is continuous
< z for all z € (0,1). An Archimedean t-norm is called strictly
t-norm if it is strictly increasing in each variable for z,y € (0,1).

Definition 15:[4, 11]

A t-conorm function S (z,y) is called Archimedean t-conorm if it is contin-
uous and S (z,z) > x for all z € (0,1). An Archimedean t-conorm is called
strictly Archimedean t-conorm if it is strictly increasing in each variable for

z,y € (0,1).
It is well

known [11]that a strict Archimedean t-norm is expressed via its

additive generator k as T (z,y) = k~'(k(x) + k(y)), and similarly applied to

the t-conorm

S (z,y) =17 (U(x) + I(y)) with [(t) = k(1 —t). It is noted that an
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additive generator of a continuous Archimedean t-norm is a strictly decreasing
function & : [0,1] — [0, o] such that k(1) =

Definition 16:[2]
Suppose
= {1 € | Ay = (o, ol alh, alls Hi (AY) , Ha(AY)), (aby, aby, by, abys Hr(AF) , Ha(AD)) ]

and by = { Ay € ha| Ay = ((a5), a8, b, ¥ Hi(AY) , Ha(AY), (ahy, aby, ok, ay; Hi(A)  Hao(AD))) }
are two IT2HFEs and A > 0. On the basis of Definition 15, we define the op-

eration laws of IT2HFEs as follows :
(( (Ak(afh), k™ (Ak(aly), k= (Mk(afs), k™ (MK (af)); H1(AU) , Hy(AY)), }

() hy = U { ~1 Ly 1.1 LY -1 L kf1 L. L )
Ai€hy (k (Ak(aty), k= (Ak(aty), b~ (Mk(ats), k ()\k(a14),H1(A )aH2(A1 )
((lfl(/\l(a%) - 1(”(“12) - 1(”(“13) - 1()\1(‘114) Hl(AU) 7H2(AU ;7 }

= 1)
()M A}éal{ (1= (l(aky ), 1= (N (aby ), 1= (M(ad), 1 (N(ady); Hy (AF) , Ho(AD))
(I (Uaf)) + Uaf))), 17 (Uafy) + U(asy)), 17 (I(afs) + 1(a5y)),
(3) @y = U =M (Uafy) + 1(ady)); min(H (AY), Hi(AY)), min(Hz(AY'), Ha(AY)))
Avehy,Aschs (7 (Uafy) + Uaky)), 17 (Ualy) + U(ady)), 17 (I(afs) + I(ads)),
1= (Uafy) + 1(aky)); min(H, (AT), Hi(AF)), min(Ha(Af), Ha(A%)))
(k=1 (k(afh) + K(a5))), k= (k(afs) + k(adh)), k™" (k(af3) + k(ady)),
(4)%, ®B — U k_l k<a’ill]4) +k(a'g4))am1n(Hl(A ) Hl(Ag))vmln(H2(A(1]>7HQ(Ag)))
ren Av€hn,Asehs k=Y (k(afy) + k(aky)), k=1 (k(aly) + k(ady)), k1 (k(afs) + k(ads)),
k™ (k(aty) + k(agy)); min(Hy (A7), Hi(Ag)), min(Ha (A7), Ha(A5)))

Theorem 17:
Let by = { A1 € ha|Ar = ((af}, abh, abh, afls i (AY) , Ha(AY), (aby, aby, by, abys Ha(AY) Hao(AD))) },
hy = {1212 € ﬁ2|1412 = ((a%,a%,a%,am,lfl AU) Hy AU) , (a21,a22,a23,a24,H1(AL) Hg(AzL)))}
and B3 = {1213 € }~7‘3|A3 = ((a?[{lvag%a'?l)]?ﬂaSmHl( ) (Ag)) (a§17@§27a§3aa347H1(A§)vH2(A?€)))}
are three TIT2HFEs, then the associative for operations @ and ® are vaild as
follows:

(1) @ (he @) = (@ ha) @y

(2) h1 ® (ﬁz ® iLs) = (ih ® il2) ® hs.

Proof:

we prove part (1), similarly we can be proven (2).

(1) hy @ (ﬁz ® ﬁg) =h®

(lil(l(a% + l(a3U1)) 171 (a5 + 1(af)),
171 (I(aks + U(a3s)), I (I(ady + 1(034))7

U min (Hy(AY) , Hi(AY)), min (Hy(AY) , Ha(AY))),
Ao€ha,Aschs (lil(l(aél + l(aLl))v 171(1(022 + l(a32)),

(Af)), min (Ha(Af) , H. (AD)))
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min { H1(AY), Hy(AY)} , min { H(AY )H2(AU)}
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) |




max{k~"' (k(af) + k(a5))), k™" (k(a5)) + k(a§)))},
max{k~" (k(afs) + k(ags)), k™" (k(a5y) + k(aj))},
max{k~" (k(af3) + k(ag3)), k=" (k(a5y) + k(aj3))},
max{k~" (k(afy) + k(afy)), k=" (k(a5y) + k(a5y))};
min(min{ H (AY), Hi(Af)}, min{ H, (AS), H1(A§)}),
_ U min(min{Hz( ), Ha(AY)}, min{ Hy(AY), Hy(AY)})
Ar€hy, Az, Aschs max{k~ ! (k(afy) + k(af)), k" (k(ag;) + k(az;))},
max{k~ ! (k(afy) + k(a)), k" (k(ag) + k(ag))},
max{k~ ! (k(af3) + k(aks)), k" (k(ags) + k(ags))},
max{k~ (k(afy) + k(aky)), k" (k(a5y) + k(afy))};
min(min{ H, (A7), H1(A%)}, min{ H, (A%), H1(A%)}),
min(min{ Hz(A}), H2(A5)}, min{Ha(A%), Ha(A%)})
k= (k(af)) + k(a$))), k=1 (k(afh) + k(adh)),
k_l(k(am) + k(ady)), k= (k(afy) + k(afh)); ;
_ U min{ H, (AY), H,(AY)}, min{ Hy(AY), Ho(AY)}
Arehy,Aschs kfl(k(au) + k(a%)), k™ (k(afy) + k(ag)),
k= (k(afs) + k(a33)), k= (k(afy) + k(ady));
min{ H, (AL), H(AL)}, min{ Hy(A¥), Ho(AL)}
171 (1(a5)) + 1(a5))), 17 (I(a5y) + 1(ad)),
k' (k(aby) + k(afs)), k" (k(ady) + E(ay)); )
s\ i (), m A Ymin{ (A, Ha(40))
Ag€ho,Aschs kY (k(ady) + k(a%y)), k™1 (k(aky) + k(ady)),
k1 (k(ady) +k( 53)), k~ (k(agy) + k(agy));
min{ Hy (A%), Hi(A)}, min{ H2(A5), H2(A§)}

- (711 ® ?Lg) u (E2 ® iL3> a

Theorem 19:

Let hiand hgy be two TIT2HFEs, then:
(1) (hl U h2> D (hl N hg) = h1 @ hs.
(2) (?ll U iLQ) X (ill n ;Lg) = ill X ilg.

Proof:
(1) We know that for any two real numbers a and b, it follows that:

max {a,b} + min {a,b} =a+b
max {a,b} . min {a, b} = a.b
Then~we h~ave: ~ B
(1) (h1 U hg) D (hl N h2) =
U

max{alUl,agl} , Imax {a12,a22} max {alg,a%} max{a14,a§]4};

min { Hy (AV), Hy(AY)}, min { Hy(AV), Hy(AY)}

U
A1€;L1,Azef~12 (max{afl,agl},max{alg,agg} max%al%,a%} max{al4,a§4};

min {Hl(A%)7H1<A§)} , in HQ(A%)7H2(A§)}
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Ai€hy,Az€hs

A1Eh1,A2€h2

~ U
Ai1€hi,As€hs

~ ~ U,. ~
A1€h1,A2€h2

:?74@];2.

(

|
I
(

|

min{all,a21} min{a12,a22} min{a13,a23} min{a14,ag4};

).

mln{H1 ), H (AY)} , min { Hy(AY )HQ(AU)}
{aF {L L L L {L L)
min a117a21 ;N a1y, Ay ; , Min a13a023 , I @y, Ay § 5
min Hl(A ), Hy ( AL)} mln[{]Hgl(] b, HQ(A )} >
ol o D)
(maX{G’l:}an ) +U(min {afs, a3 })), ;
H(l(m ax{a14,a24 )—|—l(m1n{a14,a2U4 ));
min {Hl( ), Hy (AU)} ,min { Hy(AY), Hy(AY)}
max au, %%;—i—égm%n ail,ai %337
(max au,a22 + l(min {ays, as5¢)),
! 1(l(max{af3, ags }) + {(min {afs, ags }))
1 (ol oy ¢ i ol o))
mln{Hl(Af),Hl( ) },mln{Hg( Hg(A%)}
lil(max{l(alUl),l(agl)}+m1n{l(a11),l(a2Ul)}),
I (max {l(a},),1(a8;) } + min {I(a},),1(ad)) }),
I~ (max {I(afs), (a33) } +min {1(afs), l(aZ) }), |
l‘l(maxgl a1U4)7l(a2U4)% —|—min§l(a1U4),l(a2U4) )i
mm{Hl(A ,Hl(AQU)},mm HQ(AlU),HZ(AQU)}
I (max {l(afy),! (a%;)} + min {l (afy) 1 (ad)) }),
7 (max {l (afy) ,1 (a%y) } + min {I (aly) .1 (ady) }),
I~ (max {1 alLS ;1 (a%s) } +min {1 af3 J(ak) ),
I~ (max {1 a14 J(ady) 4+ min{i (aly) 1 (ady) });
m1n{H1 Hl(A%)},mln{HQ(A%),HQ(A%)}
g (all) I(a3)) ,l_lgl(a?2)+l(ag2)%
I(afy) +Uags) 1 {i(aty) + Uaf) } 5 ;
mm{Hl(AlU) Hi(AY)},min { Ho(AY), Ho(AY)}
) flahy el G 46 )
! ts) +1(ags) } 07" {L(afy) +1(aky) }s
mln{Hl A7), Hyi( AQL))} ,mln{Hg(A%),HQ(Ag)}

Similarly, we can proven (2).H

Theorem 20:

Let hland h2 be two TIT2HFEs and A > 0, then:
(1) A (hl uhg) = Aoy U M.

(2) A
(3)
(4)

Proof:

2 (ﬁlmfzz)z/\l}lm\i}z.
(hluh2> =h)UR).

A - ~
4 (h1 th) =R NR.

In the following, we prove (1) and (3), the rest can be proven analogously:
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(1) A (131 u h2

max{all,am} max{alg,am} max a%,a23} maxéaﬂ,a%}
A\ U mln{H1 AY), Hl(AU)% min { Hy(AY), Ha(AS )} ’
Ay €hy,Asehs max{all,am} max{alLQ,aQLQ max{alL:aaazB} max{a14,a§4};
IIllIl{Hl H1 AL } HllIl{HQ HQ(AL)}
max{all,a21} max{alz,agz} max a%,a23},max{a¥4,ag4};
_1ly U mln{H1 Hl(Az)%,min H,(AY), Hy(AY)} ’
Ay €hy,Asehs max{all,aé’l} max{af27a2LQ max{ang,a2L3} max{aﬂ,aél};
min{H1 ), Hy (AL) } IHIH{HQ HQ(AL)}
=Y\l max all,a21 ), 1~ ()\l(max a%y, a5 1),
- ( max amvazs ), 1= ()\l(max a14,a§]4 ); )
mm{ Hi(AY)} ,min { Ho(AY), Ho(AY)}
max{alhazl})a 1(/\l(max{a12,a2}
max{a13,a23}),
in H1 A1 H1 AL)} ,mln{Hg HQ AL
17 (N(aYy), (M (a8y) b max {171 (A( a12

( -
I~
( m
max {
( max {1~ 1 )\l (a%3),1~ 1()\1 (af3)},max {I~ 1 (Al( a14
_ min { H (A

Ay Ehl,AQEhQ

H

il
(M (max {a14,a24})):
501

);
), 50}

I~
I~
Hy(

1), Hi(AF) }, min { Hy( A1 AEJ)}
N A1€h1,A2€h2 l ! )‘l a11)7l 1( (a‘%l) ma'xgl 1(>‘l(a12 7l 1()‘ % )
max l 1 (M(aky), 171 (A (a2L3) max {[~ 1()\l(a14 ), 17 (M (a
mln{Hl( 1), Hi(A%)} ,min { Ho(A}), Ho(A)}
= Ahy U Aho.
~ ~ \ A
(3) (h1Uh2> -

max{an,a21} max{am,a22} max agj3va23} max a14,a24}
mln{Hl )HI(AU)% min { Hy(AY), H.

.|
(

Ay €hy,AsEhy max{au,am} max{alLQ,a:% , max a1L37a2L3} max a14va24}
min { Hy(A}), Hi(A%)} ,min { Hy(A}), Ho(A%)}
max{all,am},max{a%,agg} max a¥3,a23} maxéaﬂ a24}'
Y B g min{Hl(A({),Hl(Ag)% min { Hy(AY AT}
Ay €hy,AsEhs max{%p%Ll} max{aﬂ,a% 7

max{a137a23} max{a14,a24}
mln{Hl ), Hy (AL) } min {H2 ), Hao( AL)}

k=Y (\k( max a%,a%%) k~ ()\k;(max a12,a22
I OV max aty,a% b)),k ()\k(max aty,a¥,});
_ ( mm{H1 ), Hy(AY },mm{H2 ), Ho(AY } )
B A1Eh1,A2€h2 ( k= (\k( Inax{an,a2 }),k LONK( max{alz,aQZ}), )
k=Y (A\k( max{a13, 53 1), k7 (Ak(max {al4,a24}),
mln{H1 AR Hy( %)},mm{Hg ), Ha AL)}
max { k=1 (A\k(a}}), k=1 (Ak(a8))}, max{k Me(aly), k= (Ak(aby) }
( ax{k /\k’ (a%s), k=1 (Ak(aly) } , max {k~ ( k(a%), k= (Ak(aS) }s |,
_ mln{Hl( Uy, Hy (AY) mln{H2 AU) Ho(AY )}
B A1€h1,A2€h2 ( Y(Me(afy), k(A k(%ﬂ)i maxg A k(afz),k_l()\k(aéz)},>
e (k= (Ve(ady), k! ((ak) § ma {E= (Ve(ady), k! (Vb(aky) |
min { Hy(A}), Hi(A%)} ,min { Ho(A}), Ho(A%)}
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4 Conclusions

We introduced the notions of Trapezoidal interval type-2 hesitant fuzzy set. At
the same time, some operation laws of TIT2HFS were provided to complete its
theory.
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MENGER PROBABILISTIC NORMED RIESZ SPACES AND STABILITY OF
LATTICE PRESERVING FUNCTIONAL EQUATION

SEYED MOHAMMAD SADEGH MODARRES MOSADEGH, EHSAN MOVAHEDNIA, JUNG RYE LEE",
AND CHOONKIL PARK

ABSTRACT. The purpose of this paper is to introduce the concept of a Menger probabilistic
normed Riesz space. We study some properties of these spaces and compare normed Riesz spaces
with Menger probabilistic normed Riesz spaces. Next, we investigate the Hyers-Ulam stability of
lattice homomorphisms in Menger probabilistic normed Riesz spaces.

1. INTRODUCTION

Riesz spaces are named after Frigyes Riesz who first defined them in 1930 [20]. Riesz spaces
are real vector spaces equipped with a partial order. Under this partial order the Riesz space
must satisfy some axioms, including the axiom that it is a lattice.

The theory of probabilistic normed spaces (briefly, PN spaces) was born as a “natural conse-
quence of the theory of probabilistic metric spaces. For the basic theory of vector lattices (Riesz
spaces) and Banach lattices and for unexplained terminology we refer to [2, 17, 27].

The theory of probabilistic metric spaces was introduced in 1951 by Menger [11]. He replaced
the number d(p, q), which gives the distance between two points p and ¢ in a nonempty set .S,
by a distribution function Fj, whose value F, ,(t) at t € [0,400) is interpreted as the probability
that the distance between the points p and ¢ is smaller than ¢. Menger’s idea was developed by
the authors in [6, 7, 10].

The theory of PN spaces was introduced by Serstnev [23]. It were redefined by Alsina, Schweizer
and Sklar [3, 4].

A classical question in the theory of functional equations is the following: When is it true
that a function which approximately satisfies a functional equation D must be close to an exact
solution of D7 If the problem accepts a solution, we say that the equation D is stable. The first
stability problem concerning group homomorphisms was raised by Ulam [26] in 1940. In 1941,
Hyers [8] solved this stability problem for additive mappings subject to the Hyers condition on
approximately additive mappings. The result of Hyers was generalized by Rassias [18] for linear
mapping by considering an unbounded Cauchy difference. The stability problems of several
functional equations have been extensively investigated by a number of authors, and there are
many interesting results concerning this problem ([1, 9]). Recently, considerable attention has
been increasing to the problem of fuzzy stability of functional equations. Several fuzzy stability
results concerning Cauchy, Jensen, simple quadratic, and cubic functional equations have been
investigated in [12, 13, 14, 15, 16, 19, 24, 25].

In this paper, Riesz fuzzy normed spaces are defined and the stability conditions are verified.

2010 Mathematics Subject Classification. 54A40, 46540, 39B62, 39B52.

Key words and phrases. Menger probabilistic normed Riesz space; Hyers-Ulam stability; lattice preserving func-
tional equation; lattice homomorphism.
*Corresponding author.
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S.M.S.M. MOSADEGH, E. MOVAHEDNIA, J. LEE, AND C. PARK

A nonempty set V with a relation “<” is said to be an ordered set whenever the following
conditions are satisfied:

l.x<axzforallzeV.

2.z <yandy <z imply that z = y.

3.2 <yandy < zimply that < z.

If, in addition, for all z,y € V either x < y or y < x, then V is called a totally ordered set.
Let A be subset of an ordered set V. x € V is called an upper bound of A if y < x for all y € A.
z € V is called a lower bound of A if y > z for all y € A. Moreover, if there is an upper bound of
A, then A is said to be bounded from above. If there is a lower bound of A, then A is said to be
bounded from below. If A is bounded from above and from below, then we will briefly say that
A is order bounded.

An order set (V, <) is called a lattice if any two elements x,y € V have a least upper bound
denoted by x V y = sup{x, y} and a greatest lower bound denoted by = A y = inf{z, y}.

A real vector space V which is also an order set is an order vector space if the order and the
vector space structure are compatible in the following sense:

1.If z,y € Vsuch that t <y then x4+ 2 <y+ zforall z€ V.

2. If z,y € V such that x <y, then ax < ay for all o > 0.

(V, <) is called a Riesz space if (V, <) is a lattice and an order vector space.

A norm || - || on a Riesz space V is called a lattice norm if ||z|| < ||y|| whenever |z| < |y|. In
the latter case, (V.|| - ||) is called a normed Riesz space.

(V.| - |l) is called a Banach lattice if for all z,y € V

1. (V,|| - ||) is a Banach space;

2.V is a Riesz space;

3. || - || is a lattice norm.

Let V be a Riesz space and the positive cone VT of V consist of all z € V such that x > 0.
For every z € V, let

zt=xVv0, 7 =-2V0, |z|=2V -z
Let V be a Riesz space. For all x,y,z € V, the following assertions hold:
lL.e+y=zVy+azAy, —(zVy) =—xA—y;
220+ yVz)=(@+y)Vz+z), z+yAz)=(@+y A(z+2);
3. Jzl =2 +a7, [z +yl <o)+ |yl
4. x < y is equivalent to 7 <yt and y~ < z7;
S.(xVy)ANz=(xAy)V(yAz), @Ay)Vz=(xVy A(yV z).
A Riesz space V' is Archimedean if < 0 holds whenever the set {nz : n € N} is bounded
from above.

Definition 1.1. [17] Let V be a Riesz space. The sequence {x,} is called uniformly bounded if
there exist e € VT and {a,} € 1! such that z, < ay, - e.

Definition 1.2. [17] A Riesz space V is called uniformly complete if sup{d -, z; : n € N}
exists for every uniformly bounded sequence {x,}, where x,, € V.

Definition 1.3. [17] Let V,W be Archimedean Riesz spaces. The function P :V — W is called
positive if P(VT) ={P(|z|) :z € V} CWT.

Theorem 1.1. [2] For a function P : V — W between two Riesz spaces, the following statements
are equivalent:
1. P is a lattice homomorphism;
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2. P(z7) = P(x)" forallz € V;

3. P(x Ny) = P(x) AN P(y);

4. if x Ay=0inV, then P(x) A P(y) =0 holds in W;
5. P(lz|) = |P(x)].

Definition 1.4. [1] Let V and W be Banach lattices and P : V. — W a positive mapping. We
define
(P1) a lattice homomorphism functional equation:

P (x| v |y[) = P(lz]) v P(lyl);
(P,) a semi-homogeneity: for all x € V and every number o € RT
Plalz]) = aP(|z)).

Remark 1.1. [1] Given two Banach lattices V- and W and P : V. — W be a positive function
satisfying the property (P1). Then the following statements are valid.

1. P(lzVy|) < P(lz|) v P(ly|) for all x,y € V.

2. The semi-homogeneity implies that P(0) = 0.

3. P is an increasing operator, in the sense that if x,y € V are such that |z| < |y|, then
P(le) < P(ly).

A distance distribution function (briefly, d.d.f.) is a non-decreasing function F defined on R™
that satisfies F'(0) = 0 and F(+o00) = 1, and is left continuous on (0,00). The set of all d.d.f’s
will be denoted by A™; and the set of all F' in A% for which lim, , .- F(z) =1 by D*. The
elements of AT are partially ordered via F' < G if and only if F(z) < G(z) for all z € RT.

The space AT has both maximal element ¢y and a minimal element €, defined by

0 ifz<o0 0 ifz<+4+oo
eo(z) = €oo() =
1 ifz >0, 1 ifz=o00.
Let [F, G} h] denote the condition

G(z) < F(z+h)+h Vae <o]11)

For any F,G € A" and h in (0, 1], the function dj, defined on A*T x AT by
drp(F,G) = inf {h | both [F,G;h] and [G, F'; h] hold }

is called the modified levy metric on AT. Convergence with respect to this metric is to week
convergence of distribution function, i.e., for any sequence {F,,} in AT and any F in AT, we have
dr(F,, F) — 0 if and only if the sequence {F,(z)} converges to F(z) at each continuity point x
of F. Moreover, the metric space (AT, dr) is compact. If F and G are in AT and F < G, then
dr(G,e0) < dp(F,€). The supremum of any set of d.d.f.’s in AT is in AT (see [5]).

Definition 1.5. [5] A triangle norm (t-norm, for short) is a binary operation on the unit interval
[0,1], i.e., a function T : [0,1] x [0,1] — [0,1] such that for all x,y,z € [0,1] the following four
axrioms are satisﬁed

T1) T(x,y) = T(y, );

72) T(x,T(y, )) =T(T(z,y),2);

T3) T(z,y) < (x,z) whenevery <z
T4) T(x,1) =
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A t-norm T is continuous if and only if it is continuous in the first component, i.e., if for each
y € [0,1] the one place function

T(-,y):[0,1] — [0, 1], z+— T(z,y),

is continuous. A continuous t-conorm 7™ is a continuous binary operation on [0, 1] which is related
to the continuous t-norm 7' through 7*(z,y) = 1 — T(1 — 2,1 — y). A continuous ¢t-norm 7' is
Archimedean if T'(xz,x) < x for all x € (0,1) (see [21]).

Definition 1.6. A triangle function is a binary operation on A™Y, namely, a function 7 : AT x
AT — AT that is associative, commutative, nondecreasing in each argument and which has g as
unit, viz, for all F,G,H € AT,

L 7(r(F,G), H) = 7(F,7(G, H));

2. 7(F,G) =7(G,F);

3. F<G=r1(F,H) <7(G,H);

4. 7(F,e9) = F.

A triangle function 7 is Archimedean on AT if 7(F,G) < F for all F,G € AT and F # e,
G # €. Moreover, a triangle function is continuous if it is continuous in the metric space (A™, dy).
Typical continuous triangle functions are

7 (F,G)(z) = ilzp T(F(s),G(t)) 7r«(F,G)(x) = infgyi—p T*(F(s),G(t)),
S =T
where T" and T™ are t-norm and t-conorm respectively. If T' and T™ are continuous t-norm and
t-conorm, respectively, then 77 and 7p« are uinformly continuous on (A™,dy) (see [21]).

Theorem 1.2. [21] Let T be an Archmidean continuous t-norm. Then Tr is a triangle function
having no nontrivial idempotent in A, that is, Tr is Archimedean triangle function (there is a
similar theorem for Tp).

Definition 1.7. [5] A probabilistic normed space, which will henceforth be called briefly a PN
space, is a quadruple (V,v,7,7%), where V is a linear space, 7 and 7* are continuous triangle
functions with < 7*, and the mapping v : V — AT satisfies, for all p and q in 'V, the conditions
(N1) vy = €g if and only if p=0 (8 is the null vector in X );

(N2) v_p = vp;

(N3) Vpyq = 7(Vp, vg);

(N4) vp < 7*(Vap, V(1—a)p) for every a € [0,1].

The function v is called the probabilistic norm, a PN space is called a Serstnev space if it
satisfies (N1), (N3) and the following condition:

verle) =y ()

holds for all & € R\ {0} and = > 0. If 7 = 77 and 7* = 77« for some continuous ¢-norm 7" and its
t-conorm 7™ then (V,v,7,7*) is denoted by (V,v,T) and is a Menger PN space. For p € V and
t > 0, the strong t-neighbourhood of p is defined by the set

Np(t) ={q eV :dr(vp—q.€0) <t} = {qgeV : vp_4(t)>1—t}.

Since 7 is continuous, the system of neighbourhood {N,(t) : p € V and t > 0} determines a
Hausdorff and first countable topology on V, called a strong topology.
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A sequence {p,} in (V,v,7,7) is said to be strongly convergent (convergent with respect to
the probabilistic norm) to a point p in V, and we will write p, PN, p, if for any t > 0, there

is a positive integer N such that p, is in N,(t) whenever n > N. Thus p, PN, p if and only if
limy, 00 dr,(Vp,,—p, €0) = 0. We will call p the strong limit of {p,}.

A sequence {p,} in (V,v,7,7*) is said to be strong Cauchy if for any ¢ > 0, there is an integer
N such that p, is in N, (t) whenever n,m > N. If every strong Cauchy sequence is strongly
convergent to a point p in V, then we say that (V, v, 7,7*) is complete in the strong topology.

Theorem 1.3. [5] Let (V,v,7,7*) be a PN space in which 7 is Archimedean and v, # e for
all p € V.. Then for every p € V, the mapping R > a —— ap is uniformly continuous.

Theorem 1.4. [5] Let (V,v,7,7*) be a PN space with T continuous. If V is endowed with
the strong topology and AV with the topology of levy metric dy,, then the probabilistic norm
v:V — AT is uniformly continuous.

Note that if T" is an Archmidean continuous ¢-norm, we use the above theorems in Menger PN
space (V,v,T).

Definition 1.8. [22] Let (V,<) be a (real) Riesz space equipped with a probabilistic norm v,
and continuous triangle functions T and ™ such that = < 7*. The probabilistic norm on V is a
probabilistic Riesz norm provided that |x| < |y| in V implies v, > v,,. Any Riesz space, equipped
with probabilistic Riesz norm is a probabilistic normed Riesz space (PNR space, briefly). If a
PNR space V' is complete with respect to the strong topology, then V is a probabilistic Banach
lattice (PBL, in short).

Remark 1.2. In classical Riesz space theory, it is known that every mormed Riesz space is
Archimedean. In general, a PNR space V' need not be Archimedean (see [22]). Nevertheless, if
the condition that the triangle function 7 of the PNR space V' is Archimedean and v, # €5 for
all p € V is satisfied, then V is also Archimedean (see [5]).

2. MAIN RESULTS

Definition 2.1. A Menger probabilistic normed Riesz space (MPNR- space, for short) is a qua-
ternary (V,v, T, <) where (V,<) is a real Riesz space, T is a continuous t-norm and v : V — DT
(for x € V' the distribution function v(x) is denoted by v, and vy(t) is the value of vy at t € R)
satisfies the following conditions:

(M1) v5(0) =0 forallz € V;

( vy = €o if and only if x = 6 (0 is the null vector in V');

(M3) vaq(t) = Z/x(ﬁ) forallxz € V and a € R\ {0};
(

(

S

M4) vppy(ts +t2) > T (vp(t1), vy(t2)), for all z,y € V and t1,ty € RT;
M5) norm Riesz Menger property: vy (t) > vy(t) whenever |z| < |y| for all z,y € V and t € RT.

Example 2.1. Let (V,]|.||, <) be a normed Riesz space. Definev:V — DT by

— ift >0,
ve(t) = t+ ||zl
0 ift<o.
Then (V,v,T,<) is a Menger PN space. It is clear that (M1)— (M4) hold. Suppose that |x| < |y|
for all x,y € V. Then ||z|| < ||y| since (V] - |, <) is a normed Riesz space. Therefore,
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t t
>
t+ =l — e+ lyl

and so vy(t) > vy(t) for allt > 0.

Lemma 2.1. If (R, v, T) is a Menger PN-space, then (R,v, T, <) is a Menger probabilistic normed
Riesz space.

We show that norm Riesz Menger property is satisfied in (R, v, T, <). Let |z| < |y| for z,y €
R\ {0}. Then

t
olt) = v (0) = 1, (H) > vyt
Yy
for all t € R™.

Definition 2.2. Let (V,v,T,<) be an Menger probabilistic normed Riesz space. Let {x,} be a
sequence in V. Then {x,} is said to be convergent if there exists x € V' such that

lim v, _.(t) =1.
n—oo
In this case, x is called the limit of {x,}.

Definition 2.3. The sequence {x,} in a Menger probabilistic normed Riesz space (V,v,T, <) is
called Cauchy if for each € >0 and § > 0, there exists some ng such that

Vg —am(0) >1—€
for all m,n > nyg.

Clearly, every convergent sequence in a Menger probabilistic normed Riesz space is Cauchy.
If each Cauchy sequence is convergent in a Menger probabilistic normed Riesz space (V, v, T, <),
then (V,v,T, <) is called a Menger probabilistic Banach Riesz space (brieflyy, MPBR- space).

Definition 2.4. A sequence {x,} in a Menger probabilistic normed Riesz space (V,v,T,<) is
called order Menger convergent to x as n — oo if there exists a sequence {yn,} | 0 as n — oo and
Vgn—z(t) > 1y, (t) for alln € N and t > 0. We write x = OM — limy,_oc T,

Theorem 2.1. Let (V,v,T,<) be a Menger probabilistic normed Riesz space. Then each lattice
operator is continuous.

Proof. Assume that

lim vy, .(t) =1 & lim vy, _4(s)=1

n—o0 n—oo
for all ¢, s > 0. Then
VenAyn—any(E+8) = Vepnyn—znry+aary—any(t + )
> T (Vaunya—aany(t), Vo ng—any(s))
> T (vy,—y(t), Va,—a(5)) -

As n — oo, we have
im vp, Ay, —any(t +5) = 1.

n—oo
So
nh_)rroloxn/\yn =z Ay.
It is easy to see that the other lattice operations are continuous. (I
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Theorem 2.2. Let (V,v,T,<) be a Menger PNR space and T be an Archimedean continuous
t-norm and vy # € for all x € V. Then V is Archimedean Menger PNR space.

Proof. Let (V,v,T,<) be a Menger probabilistic normed Riesz space. Consider z,y € V1 such
that nx <y for all n € N. Then

Una(t) > 1vy(t), V>0

and so

Vy <t> > vy(t), Vt>0.

n
Replacing t by nt, we get
vz(t) > vy(nt) =vu(t) VE>0.

Since T is an Archimedean continuous t-norm and v, # €, the probabilistic norm v is continuous
(see Theorem 1.3) and we have z = 0. Hence V has Archimedean property (see Theorems 1.4
and 1.2). O

Throughout this article we will assume that Menger PN space (V, v, T, <) has an Archimedean
continuous t-norm 7T and v, # €.

Proposition 2.1. Assume that {x,} and {y,} are sequences in Menger probabilistic normed
Riesz space (V,v, T, <) such that x,, — x and y, — y in order Menger as n — oco. Then

n—oo
OM — lim (z, Vyn) =2 Vy,
n—oo
OM — lim (z, Ayn) =2 A y.
n—oo
Theorem 2.3. Let (V,v, T, <) be a Menger probabilistic normed Riesz space. If x,, — x (in order

Menger or in norm) and x, >y for all n, then x > y. If x,, = x and x, >0 for all n € N, then
x > 0. This shows that the positive cone V' is closed.

Proof. It may be assumed that y = 0. Since |2~ — z, | < |z — zy,],
Vx*—z,; (t) Z VI—CCn (t)

and so the sequence {z,} converges to x as n — oo. Thus v __ () > 1, which means that
z~ = 0 and hence z > 0. O

Theorem 2.4. Let (V,v,T,<) be a Menger probabilistic normed Riesz space. Every increasing
convergent sequence {x,} C V is convergent to u = sup{z, : n € N}.

Proof. Suppose that {z,} is an increasing convergent sequence and
lim v;,_,(t) =1 forallt>0 forall neN.
n—oo
Since for every m > n, we have z,, — , € V7T, it follows from Theorem 2.3 that z > x, and
xn <u <z foralln e N. So by (M4)
Vi—a, (t) > Vg_g, (t) for all t > 0.

Therefore, we have
lim v, _(t) =1 for all ¢t > 0.

n—oo
Hence u = z. O
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Theorem 2.5. Fvery Menger probabilistic Banach Riesz space is uniformly complete.

Proof. Let (V,v,T,<) be a Menger probabilistic Banach Riesz space and {x,} C VT be a se-
quence such that z,, < aye for a suitable sequence {a,} € I and some e € V. We show that
sup{> . x; : n € N} exists. Let

o0
Yp =21+ 22+ ..+, and b, = Z aj.
j=n+1

By Theorem 2.1 and (PN4), we have

Vyn+p*yn (t) = V$n+1+--~+xn+p(t) 2 VZ;il an+j.e(t) = Z/bn‘e(t)
for all t > 0. As n — oo, we get

nh—>Holo Vynip—yn (1) = 1.

So {yn} is a Cauchy sequence in Menger probabilistic Banach Riesz space and therefore there
exists y € V such that y, — y. Since y, is increasing and convergence sequence, by Theorem 2.4,
we have

Jim vy, vy, (1) =1,

that is, y, = sup{d>_;o; ; : n € N}. Using a unique limit, we have
o)
Y= sup{Zmi : ne N}
i=1

Thus the proof is complete. [l

Definition 2.5. (i) Let (V,v,T,<) be a Menger probabilistic normed Riesz space. The subset A
of V is said to be solid if the following conditions hold:
(1) =z € A if and only if |x| € A;
(2) 0<zeAandy e V" imply that z Ny € A.

(ii) The subset A of V is called an ideal in V if A is a solid linear subspace of V' .

(i1i) An order Menger closed ideal A of V' is called a band.

Theorem 2.6. Let (V,v,T,<) be a Menger probabilistic normed Riesz space. The closure solid
subset of V' is solid.

Proof. Suppose that A C V is a solid and z € A. Assume that {x,} C A is a sequence such that
Ty, — x as n — oo. It follows from (M5) that

Vigy|—[2)(t) = Vg, —2|(t) = Vo, —a(t).

Therefore |x,| — |z| as n — oo and so |z| € A, since A is a solid.
On the other hand, suppose that |x| € A. Then there exists z,, C AT such that z,, — |z|. It
follows from Theorem 2.1 that
T AT — x|z =2,

as n — oo and hence = € A. -
Finally, suppose that 0 <z € A and y € V. Then there exists x,, C AT such that z,, — x as
n — oo. It follows from Theorem 2.1 that

I Ny = TANY.
Therefore, z Ay € A. Thus the proof is complete. [l
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Theorem 2.7. Let (V,v,T,<) be a Menger probabilistic normed Riesz space. Then every band
in V is closed.

Proof. Suppose that B is a band and assume that {z,,} C B is a sequence such that x,, — x for
some x € V. It follows from Theorem 2.1 that

|Zn| A ] — [z
as n — oo. For every n € N, let
Yn = (|xn| V... V]z1]) A |2
Then {y,} is an increasing sequence and
Yn = (|zn| Az VooV (Jo | Az))
and so |zp| A |z| <y, < |z|. By (M4), we have
Via|—yn (£) 2 Vig|—|z,|aJ2| (T)

for all ¢ > 0. Hence y, — |z| as n — oo. Theorem 2.4 implies that || = sup{y, : n € N} € B.
Hence x € B. 0

Theorem 2.8. Let (V,v,T,<) be a Menger probabilistic normed Riesz space. We define the
function || - || by

l|z|| = inf{t > 0,v,(t) =1} forallxz € V.
Then || - || is a lattice norm on V and (E, || - ||, <) is a normed Riesz space.

Proof. 1t suffices to show that || - || satisfies the lattice norm conditions.
(1) From (M1) and (M?2) it is easy to see that ||z|| > 0 and ||z|| = 0 if and only if z = 0.
(2) From (M3), for any o € R\ {0},
t
lax|| = inf{t > 0,v0(t) =1} = inf {t >0,vy <> = 1}
o'
= Jo|inf{t > 0,v,(t) = 1}
= laf- =l

and if & = 0, then the above equality still holds.
(3) By definition of || - ||, for any € > 0, we have

3 t; € A such that t; < ||z] + %7
where A = {t > 0; v,(t) = 1}. Therefore

€ €
vo (Il +5) =1 vy (il +5) = 1.
Hence from (M4) it follows that
Veyy (2l + llyll +€) = 1= [zl +lyll + e A
for all z,y € V. By definition of A,
[l +yll < =l + lyll + e

Letting € — 0, we have
[l +yll < =]l + [lyll-
So || - || is a norm on V.
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(4) Finally, assume that |z| < |y| for all 2,y € V. Then v,(t) > v,(t). We define
|z|| = inf A2 = inf{t > 0;v(t) = 1};
lly|| = inf Ay = inf{t > 0;1,(¢) = 1}.
If t; € Ay, then v, (1) = 1 and so A; C As. Therefore ||y|| > ||z||. Thus the proof is complete. [

Theorem 2.9. Let (V,v,T,<) be a Menger probabilistic normed Riesz space. We define the
function || - ||o by

|z|lo = inf{t >0, v, (t) >1 —a} forallzeV , ae(0,1).
Then || - ||o s a lattice semi-norm.
Proof. The proof is the same as in the proof of the above theorem. O
Theorem 2.10. Let (E, | - ||a, <) be a normed Riesz space. We define the function v,(t) by
va(t) = supfa € (0,1) ¢ [alla < 1}.
Then (V,v,T, <) is a Menger probabilistic normed Riesz space, where T is a t-norm.
Proof. The proof is the same as in the prrof of Theorem 2.8. U

Corollary 2.1. Let (V,v,T, <) be a Menger probabilistic Banach Riesz space, and || - || be defined
in Theorem 2.8. If P: E — E is a positive linear operator then P is continuous.

Proof. Assume that P fails to be continuous. Hence for every n € N there exists x,, € V such
that ||z,| < 27" and n < |[|Pz,|, i.e., z, — 0 but Px,, - 6, where 6 is a null vector in V. Since
P is a positive linear operator, Pz < P|z| then vp,(t) > vpj4((t). So

IPlall = inf{t >0, vp(t) = 1} > inf{t > 0, vp,(t) = 1} = | Pa
for all x € V. We may assume that x,, > 0. Let

x:anEV+.
n

Then x > z,, and so ||Px| > ||Pxy|| > n for all n € N. This is a contradiction. O

3. HYERS-ULAM STABILITY OF LATTICE HOMOMORPHISMS IN MENGER PNR SPACES

Using the direct method, we investigate the Hyers-Ulam stability of lattice homomorphisms in
Menger probabilistic normed Riesz spaces.

Theorem 3.1. Let f be a positive function from a Menger probabilistic normed Riesz space
(V,v, T, <) to a Menger probabilistic Banach Riesz space (W, u,T, <), where T is an Archimedean
continuous t-norm and vy, llg 7 €0, for allp € V and g € W. Let

(3.1) 1 (ravmy) —rf @t ) (E) 2 V(revnyronny) (£)
forallz,y eV andt > 0. Here o : V XV =V s a mapping such that
(3-2) oz, y) < (mn)20(F,F)

for all 7,n > 1 and for some o € [0,1). Then there exists a unique positive function T : V — W
which satisfies the properties (P1),(P2) and inequality

T—7¢
Hr(z)—f(2) (1) = V() t

7-Oé

forallz e V*.
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Proof. Putting y = z and 7 = 7 in (3.1), we have

Bf(ra)—7f(z) (t) > Vap(mm—z)(t)'
By (M5) and (3.2), we obtain

(33) Ta_lt) > Vo(x,x) (t)

ML ) g

Replacing = by 7z in (3.3) and using (3.2) and (M5), we have

t

I°51 (Tailt) > Vo(rz,rx) (t) > Vrap(z,z) (t) = VSO(I@)(TT‘)‘

S f(r2z)—f(T2)
Hence

(34) 7_204—2t) > Vo (z,x) (t)

i, proy-L g
By comparing (3.3) and (3.4) and using (M4), we have

a—1 2(a—1
(35) MT%JC(T2$)7‘]C($) ((T +T ( ))t> > Vgo(:c7x)(t)'
Again, replacing = by 7z in (3.5), we get

F L b3y~ f(ra) ((Ta_l + Tz(a_l))t) 2 Vip(rara)(t) 2 Vrog(aa)(t) 2 Vi) ()

T2

and so

(3.6) B

T3

J(r32)~L f(ra) ((72(%1)4”3(&71)”) Z Vo) (t):

By comparing (3.3) and (3.6), we obtain

3 pra) - f(a) (e 720 50D > ().

With this process, we have

k(a—1
(37) P2 prna)—f (@) (ZT ( )t> 2 Vp(aa)(t)
T k=1
for all n € N. If m € N and n > m, then n — m € N. Replacing n by n —m in (3.7), we get
— k(a—1
(3.8) B amma)—f(a) <Z ™ )t> = Votaa) (1)
T k=1

Replacing z by 7™z in (3.8) and using (M5), we obtain

k(a—1
(3.9) W f )~ g () ( >, ™ )t> Z Vo(wa)(t):

T T k=m-+1

Let ¢ > 0 and € > 0 be given. Since vy, 4)(t) € DT, limy o0 Vy(z0)(t) = 1. Therefore, there is
some tg > 0 such that

Vo(z,z)(to) = 1 — €.
Fix some ¢t > to. The convergence of Y 72 ; rk@=Dt guarantees that there exists some ng > 0 such
that for each n > m > ng, the inequality

n

S ey <

k=m-+1
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holds. It follows that

n
T ”;Lfm;nfw( 2, M
k=m+1

Vo(z,x) (t())
1—e

AVANAY]

So {T% f (T”x)} is a Cauchy sequence in the Menger probabilistic Banach Riesz space (W, u, T, <)
and thus this sequence converges to T(z) € W. It means that

lim g1 =1.

t
n— 00 Tnf(T"x)—T(x)()

Furthermore, by putting m = 0 in (3.9), we obtain

P L fena)—s(a) (;T t) = Votaa) (1)
So

t
ML pnaypia) (1) 2 Votea) (2;;1 Tk(a—1)> '
Since vy, [tg # €x and T is an Archimedean continuous ¢-norm, norm probabilistic is continuous
(see Theorems 1.3 and 1.4 ). Thus we have

T—T7%
MT(I)—f(x)(t) 2 Vo(z,x) t).

7-04

Next, we show that T satisfies (P1). Putting 7 =n = 7" in (3.1), we get
t
Hfmavrny) = f@vrn f(y) (8) 2 Vormaveny,mmanrmy) (8) 2 Vo@vy,ery) | e | -
Replacing « by 7”2 and y by 7™y in the last inequality, one can get

t
ff(rn (rraveny))—re f(rra)ven f(eg) ()2 Vo(enaveny rmenrny) <Tm>

t
2 Vp(avy,eiy) <7-2na> )

which implies

Hia@vy) [ 1) (B) 2 Ve ngavyeny) (1)-

T2n T ™

Since norm probabilistic is continuous, the term on the right-hand side of the above inequality
tends to 1 as n — co. By Theorem 2.1, we obtain

HT(xvy)—T(2)VT(y) (t) >1
for all z,y € V. This means that
T(zVy) =T(x)VT(y).

Consequently, the property (P1) holds. We show that T(7z) = 7T(z) for all x € VT and 7 > 1.
In fact, in the inequality (3.1), we choose n = 7 and y = 0 and substitute 2"7 for 7 and consider
Remark 1.1. Then

(3.10) H(f(@nrz)—2n7f(2)) (1) = Vo(anra,0)(t)
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for all z € V*. Now, replacing z by 2"z in (3.10), we obtain
M(f(4"7':r) ‘rf(2”:):)> (4%) > Vp(4nr2,0) (t) > Vynarap(z,0) (t)
R

47’L
Therefore,
'uf(4n7x) Tf(2"x) (t) > V4"(°‘—1)To‘<p(z,0) (t)
4n T T aom

Since norm probabilistic is continuous, the term on the right-hand side of the above inequality
tends to 1 as n — oco. Thus

T(rz) = 7T(x),
as desired. 0

Corollary 3.1. Let f be a positive function from a Menger probabilistic normed Riesz space
(V,v, T, <) to a Menger probabilistic Banach Riesz space (W, u, T, <), where T is an Archimedean
continuous t-norm and vy, iy # €, for allp € V and g € W. Let p : [0,00) — [0,00) be a
continuous function, for which there are numbers n € R and 0 <r < 1 such that

(3.11)

ap(a) f(|z t) 2 Vipzrvyrn (T
¥ (satapvony - 22 agﬁ(pﬁ@ﬂwn)() (n(wrvyr) (1)

for all xz,y € V and o, 3 € RT. Then there exists an unique positive mapping T : V — W which
satisfies the properties (P1), (P2) and the inequality

H(F(2)—T(lz) (E) = V<22n§)(t)

for allz € VT,

Proof. Putting « = =2 and x = y in (3.11), we get

2 20(2) f(|z))V2p(2) f (| (t)ZV(mT')(t)
(f(2\:v|)— p(2) 5;'(2'%\/,0?;)) d I)) n

for all z € X and r € [0,1). Therefore,
m(r@la—2£(12D) () = Vigar) (),

t) = (21).
g (%f<2|x|>—f<|x\>)(> > Vi) (2t)

The rest of the proof is similar to the previous one. O
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FOURIER SERIES OF SUMS OF PRODUCTS OF
POLY-GENOCCHI AND POLY-BERNOULLI FUNCTIONS

TAEKYUN KIM!, DAE SAN KIM2, DMITRY V. DOLGY?, AND JONGKYUM KWON#*

ABSTRACT. In this paper, we consider three types of functions given by the
sums of products of poly-Genocchi and poly-Bernoulli functions and derive
their Fourier series expansions. Moreover, we will express each of them in
terms of Bernoulli functions.

1. INTRODUCTION

Let r be any integer. The following series

Liy(z) = = (1.1)
m=1 m

is the rth polylogarithm function for » > 1, and a rational function for » < 0. Then
it is easy to see that

d . 1.
%(L’L7-+1(Z‘)) = ;L’LT(J}) (12)
The poly-Bernoulli polynomials Bg)(ac) of index r are given by (see [5-7])
Lir<1 _ e—t) 0 ] m
m=0

When z = 0, Bg) = B%)(O) are called poly-Bernoulli numbers of index r. In

particular, if r =1, By, () = B%)(x) are the Bernoulli polynomials defined by

U tm
¢ :ZBm(m)m (1.4)

m=0

We note here, in passing, that this definition of poly-Bernoulli polynomials are
slightly different from the original definition (see [4-6]). As to poly-Bernoulli poly-
nomials, we need to note the following:

B(()T)(x) =1, BO(z) =a™, B,(,?) = Om.0,

d r r
B (@) =mB) (@), BET (1) = BETY = By (m > 1),

(1.5)

2010 Mathematics Subject Classification. 11B83, 42A16.
Key words and phrases. Fourier series, poly-Genocchi polynomial, poly-Bernoulli polynomial.
* corresponding author.
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The poly-Genocchi polynomials G%)(m) of index r were introduced in [3] as an
analogy to poly-Bernoulli polynomials and defined by (see [8-11])
2Li (1 —e™) ., = i, 1T
When z = 0, Gg,? = G(mr)(O) are called poly-Genocchi numbers of index r. In the
special case of r = 1, G, (z) = Gg,ll)(ac) are the Genocchi polynomials given by

2t . o a it =
me = Z 7n($)m. ( . )
m=0
We would like to mention here that the poly-Genocchi polynomials were named
as poly-Euler polynomials in [3] and denoted by E%). However, for the obvious
reason it seems more appropriate to call them poly-Genocchi polynomials rather
than poly-Euler polynomials. In fact, there are other definitions for poly-Euler
numbers and polynomials. For these, the interested reader may refer to the papers
[1,16,17].
As to poly-Genocchi polynomials, we need to note the following properties.

d T [
GO @) = mGL (@), G (1) + G = 2B, (m > 1),
Gér)(x) =0, Ggr)(x) =1, degG"(z) =m —1, (m>1).

The properties in (1.8) immediately follow from the identity

NIEEES of o) () IANETE) R
m=0 ’ .

m=1 =0

(1.8)

where Li,(1 —e™t) = > 7, an% =t+>, an%, and E,,(z) are the Euler
polynomials given by
2 a4 tm
m=0
For any real number z, we let
<z>=uxz—z] €[0,1) (1.11)

denote the fractional part of x.
We also need the following facts about Bernoulli functions B,, (< z >):

(a) for m > 2,
e 2mwinT
e
B = —m! —_— 1.12
n=—o00,n#0
(b) for m =1,
&0 2minx B f 7
-y o <e>), forzgz, (1.13)
ey 2min 0, for z € Z.

Here we will consider the following three types of sums of products of poly-
Genocchi and poly-Bernoulli functions a,,(< & >), B (< z >), and v, (< z >),
and derive their Fourier series expansions. In addition, we will express each of them
in terms of Bernoulli functions.
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(1) am(< 2 >) =0 B (<o >)60 ) (< 2>), (m > 2),
(2) Bm(< 2 >) = 20 o BY T (<2 >)G0T) (< 2 >), (m>2),
(3) (<2 >) = L1 my BY T (< 2 >)GS T (<2 >), (m>2).
For related recent works, one may refer to the papers (see [2,12-15]).
2. THE FUNCTION (< z >)
Let am(z) = ) BV (0)GE T (), (m > 2).
Then we now consider the function
am(<z>) =Y BT (< 2 >)GU T (< 2 >), (m>2),
defined on R, which is periodic with period 1.
The Fourier series of ay, (< x >) is
Z Aglm)627rinz7 (21)
where
A :/ am(< x >)e_2mm’daj:/ () e ™2 g, (2.2)
0 0
Before proceeding further, we need to observe the following.
m—1
oy @) = Y (kB @GS @) + m = kB @)GET) ()
k=0
m—1 m—2
= Y kB @G @) + Y (m - kBT @6 (@)
k=1 k=0
m—2 m—2
r+1 s+1 r+1 s+1
= > (kDB @G @) + Y m = kBT @6 (@)
k=0 k=0
m—2
r+1 s+1
=(m+1) Y B @6 (@)
k=0
=(m+ Day,—1(x).
(2.3)
From this, we obtain
O‘m+1(93) '
= 2.4
(2228 —an). (24)
and
! 1
| an@)de = s (@) = 0 (0). (2.5)
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For m > 2, we put
A = am (1) — ay(0)

- (B et ) - BTG

Il
3? 3
»I—AO ,_.

(B e W - BTG ) 6l ) - 6l

k=1
m—1 (26)
= 3 (B 4 BO )G 2Bl ) - BITIGLTY)
k=1
—GEtD 1 2Bl gt
m—1 m—1
r+1 s+1 T s+1 s
:Z Bl(€+)(_G(+)+Bm k1) "’ZB() (+k)+2B7(n)fk71)'
k=0
Clearly, we have
am (1) = an(0) <= A,, =0, (2.7)
and
! 1
/Oa (x)dz g Bt (2.8)
We are now going to determine the Fourier coefficients A%m)
Casel:n #0.
1
A;m) = / ()27
0
1 —2minx ! 1 ! / —2minx
=—— [am(w)e ] +— ar,(z)e dx
2min 0o 2min Jy (2.9)
1 m+ 1 ! —2minx
=5 (am (1) — e (0)) + ain /0 Q1 (x)e 2™ g
_ m—i—lA(m 1 EEEN
2min " 2min
from which by induction on m we can show that
— (m +2);
Am) — _ (m o
" m+2 z:: (2min)J Am—j+1
Case2:n=0.
1
1
A = / m(2)dr = ——— A1 2.10
iV = [ anl@)ds = s A (2:10)

am (< x >),(m > 2) is piecewise C*°. Moreover, o, (< z >) is continuous for
those integers m > 2 with A,,, = 0, and discontinuous with jump discontinuities at
integers for those integers m > 2 with A,,, # 0.
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Assume first that A,, = 0, for an integer m > 2. Then «,,(0) = @, (1). So
am (< >) is piecewise C*°, and continuous. Thus the Fourier series of o, (< z >)
converges uniformly to ., (< = >), and

1
am(< T >) = mAm+1
e’} m— 1
m + 2 2minx
* Z m—|—2z 27rm' R
n=-—00,n#0 j=1
m—1
1 m+ 2
m+2° " R < ) AR
j:l
27r'm3: (2'11)
x | —j!
J (2mwin)J
n=—oo, n;«éO
m—1
1 m+ 2
= mAerl + — ( ) m— j+1Bj(< x >)
j=2
LA x Bi(<z>), forx¢Z,
0, for x € Z.

We can now state our first result.

Theorem 2.1. For each integerl > 2, let

=2 Z B G + B )
(2.12)
Z B (-G +2B(7, ).

Assume that A,, =0, fov" an integer m > 2. Then we have the following.

(a) >ope 01 B(T+1)(< x >)G( sH )(< x >) has the Fourier series expansion
m—1
B (<2 >)GU T (<2 >)
k=0
_ 1 A 1+ i _ 1 ’mz_l (m + 2)]A 1 eQTrinaf
m+2- " m+2 & (2min)i T ’
n=—o0,n#0 7j=1
for all x € R, where the convergence is uniform.
(b)
m—1
B (<2 >)G0 T (<2 >)
k=0
1 1 & (m2
=—A, — . Apm—j1Bj(<x > ’
mr2 +1+m+2j_2< j ) irBj(<z>)
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for all x € R.

Assume next that A,, # 0, for an integer m > 2. Then ,,(0) # an,(1).
Hence o, (< x >) is piecewise C*°, and discontinuous with jump discontinuities at
integers. The Fourier series of a,,(< = >) converges pointwise to o, (< x >) , for
x ¢ Z, and converges to

% (o (0) + (1)) = am (0) + %Am, (2.13)

for x € Z.

Now, we can state our second result.

Theorem 2.2. For each integer 1 > 2, let

-1
A =2 BTG + B
h=0 (2.14)
+ZB(” G 1285 ).

Assume that A,, # 0, for an integers m > 2. Then we have the following.

1
7Am
(&) m+2- "
0 m—1
1 (m + Q)J o
+ Z - . Am—j+1 e2mina
e om0 m+ 2 = (2mwin)J

)G(S+1)(< x>), forxz &7,

x >
m-l kTH)G i) + 3 A, for € Z.

m—1 r+1
:{ wo By (<
k=0

m—1

m—+ 2
— ( > Apm—jr1Bj(<z>)
7=0

3
_,'_,_.

—1
= B(T+1)(< x >)G£,ii)(< x>), forxé&Z,
0

3

=~
I

1 & fm2
p— > ( : )Am—j+13j(<33>)
= J
Jj=0,j#1

3

-1
= Z (TH)G(S+1 + Am, for x € Z.
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3. THE FUNCTION S, (< z >)

Let Bn(7) = Sy mommm BY T (@)Gat ) (@), (m > 2).

Then we consider the function

Bn(<a>) = S0y s BY (<@ >)G T (<@ >), (m > 2),

m—k
defined on R, which is periodic with period 1.
The Fourier series of S, (< x >) is

S
Z B7(1m) 6271'1'1117

n=—oo

where

1 1
B™ = / B (< & >)e 2™t dy = / B (z)e™ 2T g,
0 0

Before continuing our discussion, we need to note the following.

el k m—k

D)= NS (R gy o) m—k
P () Z Gagm = Pt @G () + 50—
m—1 1
r+1 s+1
= G @6 @)
£ ! .
S 1 ( (s+1)
r+1 s+1
3 B e @)
k=0 .
m—2 1
r—+1 s+1
= o @ELLGE)
k=0 " ’
m—2 1
r4+1 s+1
* Z mBl(c D)t @)
k=0 :
= 2ﬁm71<x)

From this, we have

(Pmtt @)Y ),

and

/01 B (z)dz = %(Bmﬂ(l) - 5m+1(0)).

1264

r+1
B (@)

(3.2)

Gt (@)

(3.5)
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8 Fourier series of sums of products of poly-Genocchi and poly-Bernoulli functions

For m > 2, we set

Qm = 67n(1) - /B'rn(o)

3

! r+1 s+1 r+1) ~(s+1
- W(B’(“ (MG (1) - B )Gin_k))
k=0 :
m—1
1 (r+1 (s+1) (r4+1) ~(s+1)
= 2 Kl(m — k) (BUY MG ) - BUIGhEY)
k=1

+ Latmay - Lae

33

1 r+1 r s+1 s r41 s+1
T (B + B (-GS +2B5) ) - BUTGGH)

I
™

+ i(—G(erl) + 2B(S) ) _ iG(erl)
m' m m—1 m| m
- 2 (r+1) (51, ()
r+1 s+1 s
- kv(m_k)gBk (=G % + B )
k=0
m—1 1
r s+1 s
+ k!(m_k)!Bl(cjl(_Gsn—k) +2Bv(n)7k—1)'
k=1
(3.6)
Now,
Bm(0) = B (1) & Q,,, =0, (3.7)
and
! 1
/ B (x)dx = §Qm+1. (3.8)
0
We are now ready to determine the Fourier coefficients B,(Lm).
Case 1: n # 0.
1 .
B7(1m) :/ Bm(x)ef%mnwdx
0
1 —2minx 1 1 ! / —2minx
=5 [ﬂm(x)e } + o B, (x)e dx
Tn 0 mwn 0 ) (3.9)
1 2 )
= — . 1) — ' 0 S —2mnwd
2m'n<6 ( )-8 ( )) + 27Tin/0 Z 1(96)6 v
_ 2 gm-y_ 1 o
2min~ " 2win
from which by induction on m we can easily deduce that
m N~ P
B = — it 1
n Jz:; (27_‘_2'”)] —j+1 (3 0)

Case 2: n=0.
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B{™ = /ﬁm = Q. (3.11)

Bm(< x >), (m > 2) is piecewise C*°. Moreover, 3,,(< x >) is continuous
for those integers m > 2 with A,, = 0, and discontinuous at integers with jump
discontinuities for those integers m > 2 with A,, # 0.

Assume first that A,, = 0, for an integer m > 2. Then £,,(0) = Bn(1). So
Bm (< x >) is piecewise C*°, and continuous. Thus the Fourier series of 8,,(< = >)
converges uniformly to 5, (< z >), and

1 o) m—1 2j*1

Bn(<o>)=g0mnt 3 i i)

627rinz

n=—o0,n#0 j=1

o eZﬂ'inm
— . —ql
- Qm+1 + Z _7' m J+1 X ( J: Z (27Tln)j>
=1 0

n=eon# (3.12)
1 it
= *Qm_t,_l + — Qm—j—i—lBj(< T >)
2 - 4!
Jj=2
Bi(<x>), forx¢Z,
+ QX
" {O, for x € Z.

Now, we can state our first theorem.

Theorem 3.1. For each integer 1 > 2, let

Z k' B(r—l—l)( G(s+1) +Bl(3)k_1)
(3.13)
+Z B (-GP4Y 4 2BY)
Al B2y (= k1)

Assume that Q.,,, =0, for an integer m > 2. Then we have the following.

(a) >y WB(T+1)(< x >)G£‘Z+i)(< x >) has the Fourier series expansion

m—1
Z o ,§T+1>(< z>)GUT) (< 1z >)
=0
. - S (3.14)
- 2minx
ZQerl + Z ( (2mwin)d Qi ]Jrl) ’

n=—o00,n#0 j=1

for all x € R, where the convergence is uniform.
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10 Fourier series of sums of products of poly-Genocchi and poly-Bernoulli functions

H

m—

(r+1) (s+1)
k: F(m = k)'B (<x>)G, (< >)

- (3.15)

0
_1,
= 58m + Z g Qn—jr1Bj(< z>),

for all x € R.

Assume next that Q,, # 0, for all integer m > 2. Then £3,,(0) # B (1). Thus
Bm (< 2 >) is piecewise C*°, and discontinuous with jump discontinuities at inte-
gers. The Fourier series of 8,,(<  >) converges pointwise to f,,(< = >), for z ¢ Z,
and converges to

1 1
5 (3n(0) & Bn(1) = Bn(0) + 50, (3.16)
for x € Z.
We can now state our second theorem.

Theorem 3.2. For each integer | > 2, let

r+1 s+1
= Zk'l— B (-G + B L)
(3.17)
( (é+1)
+Z M Bkr)l( G— +2Bl )k 1)

Assume that Q,, 7£ 0, for an integer m > 2. Then we have the following.

1 m—1

(a)§Qm+1+ Z ( Z

n=—o00,n#0

27—1

(2min)J

2minx

m j+1)e

oy mB““)k z>)Ge ) (<a>) fora ¢ 2,
km:—ol WB T+1)G S+1) 4 1Qm,fo7“ T € Z.

Q—j11Bj(< z >)

=Y B (e )G (< e ), oradZ,

T S 1
= Tyl B,(C H)anf}c) + §Qm, forx e Z.
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4. THE FUNCTION 7, (< o >)

r+1 s+1
Let ym(z) = Zk 1 k(m— k)B( )( )G5n+k)( ), (m > 2).
Then we are going to consider the function

m—1
(< >) =3 s B (< >)G (<2 ), (m22), @)
k=1
defined on R, which is periodic with period 1.
The Fourier series of vy, (< x >) is
Z Oflm)627rina:, (42)
where
1 _ 1 _
O’r(Lm) — / ’Ym(< T >)e—27mnacdx — / ,Ym(x)e—%rznmdx. (43)
0 0

Before going further, we need to observe the following.

3
L

1 T S T S
(@) = 3 1y (B @G @) + (m = DBV @G (@)
k=1
m—2 1 ( (
r+1 s+1
=2 1 55 N(@)GWH (@)
k=0
m—1 1
+3 BT @E @)
k=1
- GG )+ 3 B @ @)
—1 m 1 —~ m—l— k m—1—k

(T+1 (s+1)

m—2

1 s . .
- *16’55? 1 op B @OhLE
k:l
1 S
= m%ﬂ’(z) + (m = 1) Y1 (2).
(4.4)
From this, we immediately see that
L (@) = ——— @) Z (@) (4.5)
m m Y 1) = TYm\Z), .
m TYm+1 m(m+1) m—+1 Y
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12 Fourier series of sums of products of poly-Genocchi and poly-Bernoulli functions
1
/ Ym (x)dx
0
1 1 (s+1), \11
= E[Vm—i—l(x) - me-H (@)lo "
1 1 (s+1) (s+1) .
= — | Ymt+1(1) — vm - 1) -
(a0 = 3 0) = G W) - G )
1 2 (s+1)
= — 1) — 0)+ — (G — BB .
m <'7m+1( ) ’Ym-&-l( )+ m(m+ 1)( m+1 m )
For m > 2, we let
Ay = 'Ym(l) - ’YTn(O)
m—1
1 r41 s+1 r4+1) ~(s+1
= W(Bl(f ‘meSH) ) - BI6hT))
k=1
m—1
1 41 ) s+1 (s) (r+1) ~(s+1
=2 wm—h (BIY + B (-GUH) +2BY ) - BTVGET))
k=1
2 e, At )
r+1 s+1 s
= mBk (=G iy + By k1)
k=1
m—1 1
r s+1 s
+ mBz(g-)l(*GEn_k) +2B% )
k=1
(4.7)
Now,
Ym(0) = Ym(1) & Ay =0, (4.8)
and
/1 (@)dz = ~ (A1 + ————(GHD _ Bl (4.9)
m\L)axr = — m —_— — m . .
0 7 m T m(m 1)

Now, we want to determine the Fourier coefficients C’,(Lm).
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Case 1: n # 0.

1
Cr(zm):/ ,ym(x)e—%rinxdm
0

- 72732'71 [ (“””)eizmw}; 2rin
= o (1) 7 )

~ 2min
1 ! 1 (s+1) —2mint
e Jy Lo Gy @)+ (= (o) Je 2
1 m—1 1 ! ,
- _ A C(nL—I) / G(S+1) —27rzna:d
2min + 2win " + 2min(m — 1) J, ™! (z)e “
m—1 1 2
= —olm-1) A,
2min * 2min(m — 1)

1
/ ,_y?/n (:L,)ef%rinmdz,
0

(4.10)

n mo

2min
where

o, =Y L JElglet) gl ) (4.11)

m—k
Here we can show that

1
/ Gl(5+1) (x)e—QTrina:dx
0

[— D s+1 s
- [P et s

;Z(Gl(fl'l) - Bl(s)), for n =0.

+1

From this, by induction on m we can show that

=t (4.12)

Further, we can easily show that C,(L2) =—_L A,

T 2min
Thus we deduce that

(4.13)
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14 Fourier series of sums of products of poly-Genocchi and poly-Bernoulli functions

Here we note that

%—:2 2(m); B,
L (2min)i(m—j) 0T
j=1

(m —J)

S R ) [ ey (#)
o - k—1 s+1 s
B (27rm Z (2min)k — Gkt = Bnji)

j=1 k=1

2 ) j+k—1 (s+1) (s)
o 21 2mn)ﬂ+k —7) (Gnm J—k+1 — B, Jj— k)
m—2 1 m—1 ( ) )
s+1 S
=2 m—j Z 27rm G =~ Bn=a) (4.14)
j=1 a:j—i—l
m—1 (m) ( ) ) a—1 1
_ 2 s+1 B s
(27_””) (Gm a+1 m—a) Z m _j
a=2 Jj=1
m—1
—2 (m”*@W” — B \(Hp1 — Hypa)
- (27_”-”)@ m—a+1 m—a m—1 m—a
a=2
m—1 (s+1) (s)
G - B
_ 2 (m)a m—a+1 m—a (H7n_1 . Hm_a)-
(2min)e —a+1

Il
_

a

Putting everything altogether, we obtain

1 m—1 (m)
CT(,m) = *E Z s = Am—a+1

p (2min)®
2 i (m)a GS+2+1 - BS)—Q
+ — 3 (Hm—l - Hm—a)-
m 4= (2min) —a+1
o (4.15)
o 7& (m)a
om p (2min)®
FelSany B®
Am—a —9 m—a+1 m—a Hm— Hm—a
X ( +1 a1 Hmo )
Case 2: n = 0.
1
C(()m) :/ Vm () dx
. 0 ) (4.16)
=— (A, = G(3+1) _ B(s) )
m< +1+m(m+1)( m-+1 m)

Ym (< x >), (m > 2) is piecewise C*°. Moreover, v, (< x >) is continuous for
those integers m > 2 with A,,, = 0, and discontinuous with jump discontinuities at
integers m > 2 with A,, # 0.

Assume first that A, = 0. Then 7,,(0) = v (1). So Y, (< x >) is piecewise
C*°, and continuous. Thus the Fourier series of 7,,(< z >) converges uniformly to
m (< x >), and
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Tm(< z>)
1 1 00 m—1

2 s+1 s M)a
. (Am+1 + W(Ggﬁl) - Bgn))) T m Z (Z (Q(Tl"tzl)a

n=—o0,n#0 a=1

Gg;jtl) B Br(rf)fa i
X <Am—a+1 -2 ﬂ’jila 1 (Hm—l - Hm—a) e2mine
m—1
1 2 (s+1) 1 m
=— (A, — (G — B — E
m( +1+m(m+1)( m+l m) —’—ma:1 a

X

G(3+1) o B(S) 0 e2ming
Am,a —9 m—a+1 m—a Hm7 _ Hm,a —al
< i m—a+1 ( ! ) “ Z (2min)e

n=—o00,n#0

m—1
1 2 (s+1) (s) m
= (Apyr + ————(GBTY _ B —
m( +1+m(m+1)( mtl m) +ma < \a

v+1 3
Gon'dy1 = Bi

X <Ama+1 -2 (Hm,1 — Hmfa) Ba(< x >)

m—a-+1
AL x Bi(<z>), forz¢Z,
0, for x € Z.
(4.17)
Now, we can state our first result.
Theorem 4.1. For each integer | > 2, let
2 b (D) (o)
r+1 s+1 S
A=) k(1 — k) By (=Gl + B
h=1 (4.18)

l
1 r s+1 s
3 s LG 2B ).

—1
k=1

Assume that A, = 0, for an integers m > 2. Then we have the following.

(a) Z:ll mB,&T+1)(< x >)GS'~__?(< x >) has the Fourier series expansion

m—1

1 (r+1) (s+1)
— B (<z>)G ) (< >)
kz::l k(m—k)k k

1 2 o1 . 1 & E ()
(At SO B ) - Y (X s (419)

n=—o0,n#0 a=1

Gonlan = Bula

X(Am_aH_Q m—a-+1

(Hm—l - Hm—a)))e%rinm

for all x € R, where the convergence is uniform.
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16 Fourier series of sums of products of poly-Genocchi and poly-Bernoulli functions
m—1 1
b)Y — B (<2 >)GU T (<2 >
)3 o e HIG <)
m—1 (s+1) (s)
1 m G - By (4.20)
— Am—a —9 m—a+1 m—a Hm— _ Hm—a
m Z (a)( i m—a+1 ( ! )>
a=0,a#1
X By(< z >),
for all x € R.

Assume next that A,, # 0, for an integers m > 2. Then ~,,(0) # v (1).
So ym(< z >) is piecewise C*°, and discontinuous with jump discontinuities at

integers. Hence the Fourier series of 7, (< x >) converges pointwise to v,,(< x >),
for x ¢ Z, and converges to

1 1
5(7771(0) + 7m(1>) = 7m(0) + §Am7 (4'21)
for x € Z.
Next, we can state our second result.
Theorem 4.2. For each integer | > 2, let

-1

— 2 T S S
A= Z k(I —k) Bl(c Jr1)(_611(:}::1) + Bl(f)szl)
o (4.22)
— 1 (r s+1) s
+ Z k(l _ k) Bk—)l(_Gl(fk + 2Bl(—)k71)-

k=1

Assume that A, # 0, for an integers m > 2. Then we have the following.

O e )) B DI

(s+1) _ B(S) )
% (Am—a+1 o 2Gm—a+1 m—a (Hm—l o Hm_a)))627rznz

iy mBér+l)(< x >)G£:J_r}€)(< x>), forxz ¢ Z,
= m—1 1 B](Cr—i_l)Gthl)

k=1 R(m—F) w + 2A,, for z € Z.
(b)
m—1 (s+1) (s)
1 G B
- (m> AmfaJrl _9 m—a—+1 m—a (Hmfl . Hm,a)
mo—= \a m—a-+1
X Ba(<a>)
m—1 1
=X g B e < e ), Jorag
k=1
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1 = m G;:J:Z) B B'Erf)fa
E ( > A7rL—a+1 -2 +1 (Hm—l - H’m—a)

i a m—a-+1

X Bo(< z>)
1 1

= apr—n k)BI(CT'H)G?(it? + §Am, forxz € Z.
k=1
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ADDITIVE-QUADRATIC p-FUNCTIONAL EQUATIONS IN
S-HOMOGENEOUS F-SPACES

SUNGSIK YUN

ABSTRACT. Let

Mif@y): = Ff@+y)-1f(-z—y)

+if(x_y)+if(y—x)—f(m)—f(yL

Maf(a,y)i=2f (52) + 1 (F52) + 1 (Y5) - F@ - @)

2
We solve the additive-quadratic p-functional equations
M f(z,y) = pMaf(z,y) (0.1)
and
sz(l’,y) = lef(ac,y), (02)

where p is a fixed nonzero number with p # 1.
Using the direct method, we prove the Hyers-Ulam stability of the additive-quadratic
p-functional equations (0.1) and (0.2) in S-homogeneous F-spaces.

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originated from a question of Ulam [23]
concerning the stability of group homomorphisms.

The functional equation f(z+y) = f(z)+ f(y) is called the Cauchy equation. In particular,
every solution of the Cauchy equation is said to be an additive mapping. Hyers [8] gave a
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem
was generalized by Aoki [2] for additive mappings and by Rassias [14] for linear mappings by
considering an unbounded Cauchy difference. A generalization of the Rassias theorem was
obtained by Gavruta [7] by replacing the unbounded Cauchy difference by a general control
function in the spirit of Rassias’ approach.

The functional equation f(z+y)+ f(x—y) = 2f(x)+2f(y) is called the quadratic functional
equation. In particular, every solution of the quadratic functional equation is said to be a
quadratic mapping. The stability of quadratic functional equation was proved by Skof [22]
for mappings f : E1 — FEs, where FE; is a normed space and FEs is a Banach space. Cholewa
[5] noticed that the theorem of Skof is still true if the relevant domain Ej is replaced by an
Abelian group. The stability problems of various functional equations have been extensively
investigated by a number of authors (see [1, 3, 4, 6, 9, 10, 11, 12, 13, 15, 17, 18, 19, 20, 21,
24, 25)).

Definition 1.1. Let X be a linear space. A nonnegative valued function || - || is an F-norm

if it satisfies the following conditions:
(FNy) ||z|| = 0 if and only if x = 0;

2010 Mathematics Subject Classification. Primary 39B62, 39B72, 39B52, 39B&2.

Key words and phrases. Hyers-Ulam stability; additive-quadratic p-functional equation; [-homogeneous
F-space.
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(FNg) || Az|| = [|z]| for all x € X and all A with || = 1;
(EN3) [z +yll < [[z]| + [[y] for all 2,y € X;
(FNy) ||Anz|| — 0 provided A,, — 0;
(FN5) || Azy|| — 0 provided x,, — 0.
Then (X, || -]]) is called an F*-space. An F-space is a complete F*-space.

An F-norm is called B-homogeneous (3 > 0) if ||[tz|| = [t|®||z|| for all z € X and all t € C
(see [16]).

In Section 2, we solve the additive-quadratic p-functional equation (0.1) and prove the
Hyers-Ulam stability of the additive-quadratic p-functional equation (0.1) in -homogeneous
F-spaces.

In Section 3, we solve the additive-quadratic p-functional equation (0.2) and prove the
Hyers-Ulam stability of the additive-quadratic p-functional equation (0.2) in S-homogeneous
F'-spaces.

Throughout this paper, let 81, 82 be positive real numbers with 81 < 1 and 2 < 1. Assume
that X is a f1-homogeneous real or complex F*-space with norm || - || and that Y is a fo-
homogeneous complex F-space with norm || - ||.

Let p be a nonzero number with p # 1.

2. ADDITIVE-QUADRATIC p-FUNCTIONAL EQUATION (0.1) IN S~-HOMOGENEOUS F'-SPACES

We solve and investigate the additive-quadratic p-functional equation (0.1) in S-homogeneous
F*-spaces.

Lemma 2.1.
(i) If a mapping f : X — Y satisfies M1 f(x,y) =0, then f = fo+fe, where fo(z) := w
is the Cauchy additive mapping and fe(x) := W 1s the quadratic mapping.

(ii) If a mapping f : X — Y satisfies Maf(z,y) = 0, then f = fo + fe, where fo(x) :=
7f(m)_2f(_$) is the Cauchy additive mapping and fe(z) := w 1s the quadratic mapping.
Proof. (i)

My fo(z,y) = folz +y) — folz) = foly) =0

for all x,y € X. So f, is the Cauchy additive mapping.
1 1
M fe(z,y) = ife(x +y) + §fe($ —y) = fe(x) = fe(y) =0
for all x,y € X. So f, is the quadratic mapping.
(ii)
rT+y
M2f0<37,y) =2f ( 9 ) - fo(x) - fo(y) =0

for all z,y € X. Since My f(0,0) =0, f(0) =0 and f, is the Cauchy additive mapping.

T+y r—y
MQfe(xay):zfe <2> +2fe< 9 ) _fe(x)_fe(y):()
for all x,y € X. Since My f(0,0) =0, f(0) =0 and f. is the quadratic mapping.
Therefore, the mapping f : X — Y is the sum of the Cauchy additive mapping and the
quadratic mapping. ]

From now on, for a given mapping f : X — Y, define f,(z) := w and fe(x) =

W for all x € X. Then f, is an odd mapping and f, is an even mapping.
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Lemma 2.2. If a mapping f : X — Y satisfies f(0) =0 and

le(x7y) - psz($7y) (21)

for all x,y € X, then f : X = Y is the sum of the Cauchy additive mapping f, and the
quadratic mapping fe.

Proof. Letting y = x in (2.1) for f,, we get f,(2z) —2f,(x) = 0 and so f,(2x) = 2f,(x) for all
x € X. Thus
fo (2) = ifo(x) (2.2)

for all z € X.
It follows from (2.1) and (2.2) that

fola ) = 1) = £ov) = o (26 (52) = fola) = 1))

= p(fo(a} + 3/) - fo(x) - fo(y))

and so
folw +y) = folz) + foly)
for all z,y € X.
Letting y = z in (2.1) for fe, we get 3 fe(22) — 2f.(z) = 0 and so fe(2z) = 4f.(z) for all
x € X. Thus

fe (2) = pfe(@) (2.3)

for all x € X.
It follows from (2.1) and (2.3) that

S+ ) + 35— y) — ) — foly)
=0 (20 () +2r () - ntw) - 1)

—p (Ghle )+ 5hie =) - £lo) - 1)

and so

fe(w + y) + fe(w - y) = 2fe(x) + 2fe(y)
for all x,y € X.
Therefore, the mapping f : X — Y is the sum of the Cauchy additive mapping f, and the
quadratic mapping fe. O

We prove the Hyers-Ulam stability of the additive-quadratic p-functional equation (2.1) in
B-homogeneous F-spaces.

Theorem 2.3. Let r > QBif and 6 be nonnegative real numbers and let f : X — Y be a
mapping satisfying f(0) =0 and

1My f(z,y) — pMaf(z,y)|| < O] + llyl]") (2.4)

for all z,y € X. Then there exist a unique additive mapping A : X — Y and a unique
quadratic mapping QQ : X — Y such that

1) =A@ < Zrz5mr gl (25)
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40 ,
[fe(z) — Q)] < m\\x\l (2.6)
forallz e X.
Proof. Letting y = x in (2.4) for f,, we get
46
1£o(22) = 2fo(2)ll < 55, Il (2.7)

for all x € X. So

x 40 ,
fola) =260 (3 )| < gmeaes ol

for all x € X. Hence

m—1
2 (5) -2 ()] = Z e () -2mn (5w
J:
49 L 9fd
< 2B2+p1r Z 2517“JH || (2.8)

Ja
for all nonnegative integers m and [ with m > [ and all x € X. It follows from (2.8) that the
sequence {2 f,( fo(5%)} is Cauchy for all z € X. Since Y is complete, the sequence {2F fol(5%)}
converges. S0 One can define the mapping A: X — Y by

— Tim OF v
Az) :== k]g&Z fo (2k>
for all z € X. Since f, is an odd mapping, A is an odd mapping. Moreover, letting [ = 0 and

passing the limit m — oo in (2.8), we get (2.5).
It follows from (2.4) that
z+y
(24(57) - - aw)|

el (2122 (2)
D) to(m) 10 ()] = ot ety =0

oo (5
Alw ) = A) ~ Aly) = p (24 (T5) - 4) - ) )

for all z,y € X. So
for all x,y € X. By Lemma 2.2, the mapping A : X — Y is additive.
Now, let T': X — Y be another additive mapping satisfying (2.5). Then we have

|Az) - T(@)| = |24 (;q)_m(;q)
QORZC)

ag (2 _oup (2

24 () 26 ()| +
86 98249

which tends to zero as ¢ — oo for all x € X. So we can conclude that A(z) = T'(z) for all

x € X. This proves the uniqueness of A.

y) —
+

n—oo

IN

T
< 2ﬁ2(251T — 2[32) 26179 l=[I",
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Letting y = x in (2.4) for f., we get

1
' §fe(2x) —2fe(x)

fo) — 1. (3)| < g el

49
< s lal (2.9)

for all x € X. So

for all x € X. Hence

m—1
(2 me (2L ir (* j+1 z
[ (a) - ()l = Zlon () -om(55)]
]:
49 " 4P
< i L gl (2.10)

=
for all nonnegative integers m and [ with m > [ and all z € X. It follows from (2.10) that the
sequence {4* fe(57)} is Cauchy for all z € X. Since Y is complete, the sequence {4* fe(57)}
converges. So one can define the mapping @ : X — Y by

x
= lim 4F —
Q(z) := lim 4%f <2k)
for all x € X. Since f. is an even mapping, ) is an even mapping. Moreover, letting [ = 0

and passing the limit m — oo in (2.10), we get (2.6).
It follows from (2.4) that

32 ("3") +30("3%) -ow - ew
—o(e(5Y) +2e(5Y) - -ow)|
(3 (5) 5 () -5 (5) -5 (30))

i (o (S50) 2r (5 - 5 (2) - 1 (L))

40 . 4P

,
< 58 Al 2 171

for all z,y € X. So
50 (55) +50(5Y) - @@ - Qw)
= (20(5Y) +20(55Y) - Q) - QW)

for all x,y € X. By Lemma 2.2, the mapping @) : X — Y is quadratic.
Now, let T': X — Y be another quadratic mapping satisfying (2.6). Then we have

@ -T@l = |10 (5;) -4 (5 )]
ot () - (57)]

() 3)]

- 86 4524 .
— 9B _ 4B2 9Birg =]

n—o0

=0

IA
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which tends to zero as ¢ — oo for all x € X. So we can conclude that Q(z) = T'(z) for all

x € X. This proves the uniqueness of (), as desired. O

Theorem 2.4. Letr < % and 0 be nonnegative real numbers and let f : X — Y be a mapping

satisfying f(0) = 0 and (2.4). Then there exist a unique additive mapping A: X — Y and a
unique quadratic mapping Q : X — Y such that

46

[fo(z) — Az)]| < m”xﬂn (2.11)
46 .
Ife(z) = Q)| = 1557 2l (2.12)
forallx € X.
Proof. 1t follows from (2.7) that
1 40
fol2) = 5 fo(22) || < 5. 12

for all x € X. Hence

1 1 m—1 1 A 1 A
550 - gz < 2 gt (2/2) = g o (2710)
J:
49 M=l 9birj
< 152 Z WHIUHT (2.13)

j=l
for all nonnegative integers m and [ with m > [ and all z € X. It follows from (2.13) that the
sequence {2% fo(2™z)} is a Cauchy sequence for all z € X. Since Y is complete, the sequence
{2%f0(2”1:)} converges. So one can define the mapping A : X — Y by

o1 n
A(z) := nh_)ngo 2—nf0(2 x)

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (2.13), we get (2.11).
It follows from (2.9) that

1 40
folw) = 7£.09)| < ;I

for all x € X. Hence

1 1 RIS | : 1 4
|- gaera)| < % |G () - g ()]
j:
49 ™1 9ofirj
S 1B > @HfUHT (2.14)
j=l

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (2.14) that the
sequence {4% fe(2™x)} is a Cauchy sequence for all x € X. Since Y is complete, the sequence
{4 fo(2"2)} converges. So one can define the mapping @ : X — Y by

Q) = lim = 1.(2"0)

for all z € X. Moreover, letting | = 0 and passing the limit m — oo in (2.14), we get (2.12).
The rest of the proof is similar to the proof of Theorem 2.3. O
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3. ADDITIVE-QUADRATIC p-FUNCTIONAL EQUATION (0.2) IN S-HOMOGENEOUS F-SPACES

We solve and investigate the additive-quadratic p-functional equation (0.2) in S-homogeneous
F*-spaces.

Lemma 3.1. If a mapping f : X — Y satisfies f(0) =0 and

MQf(x7y) - pM1f<$7y) (31>

for all x,y € X, then f : X — Y is the sum of the Cauchy additive mapping f, and the
quadratic mapping fe.

Proof. Letting y = 0 in (3.1) for f,, we get

fo(3) = 30 (3.2)

for all x € X.
It follows from (3.1) and (3.2) that

fola ) = £u@) = £oly) = 26 (5 Y) = fola) ~ folw)

= p(folx+y)— folz) — foly))

and so

fo(m =+ y) = fo(x) + fo(y)
for all z,y € X.
Letting y = 0 in (3.1) for f., we get

£ (2) =Lt o3

for all z € X.
It follows from (3.1) and (3.3) that

éfe(x +y)+ %fe(w —y) = felz) = fe(y)

= 2f. <$;y> +2f, (m 3 y) — fel@) = fe(y)

— o (Shle+ )+ 3he =)~ fle) - 1.0)

and so

fe(x +y) + fe(z —y) = 2fe(z) + 2fe(y)
for all z,y € X. O

We prove the Hyers-Ulam stability of the additive-quadratic p-functional equation (3.1) in
B-homogeneous F-spaces.
Theorem 3.2. Let r > 25%2 and 6 be nonnegative real numbers and let f : X — Y be a
mapping satisfying f(0) =0 and
[Maf(z,y) — pMif(z, y)ll < Oz + [ly]") (3.4)

for all x,y € X. Then there exist a unique additive mapping A : X — Y and a unique
quadratic mapping Q@ : X —'Y such that

2. 20179
[fo(z) — A(z)]| < m”fﬂwa (3.5)
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1£() - Q@) < Muxw (3.6)
forallx € X.
Proof. Letting y = 0 in (3.4) for f,, we get
o) =210 (3)] =280 (3) - 21| < 2 (37
for all z € X. So
n(5) -0 ()] < S (5) a0

< 20 (3.8)

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (3.8) that the
sequence {2* fo(5%)} is Cauchy for all z € X. Since Y is complete, the sequence {2k fo(5%)}
converges. So one can define the mapping A: X — Y by

— lim 9F X
A(z) := klggo2 fo (2k>
for all z € X. Since f, is an odd mapping, A is an odd mapping. Moreover, letting [ = 0 and

passing the limit m — oo in (3.8), we get (3.5).
Letting y = 0 in (3.4) for f., we get

e =45 (3)] = Jas. (5 ) - 2@
for all z € X. So

() s (35)

20

< o l=ll" (3.9)

= or (5) - #rs (55)]

m—

< By (3.10)

7=l

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (3.10) that the
sequence {4* fe(57)} is Cauchy for all z € X. Since Y is complete, the sequence {4* fe(57)}
converges. S0 one can define the mapping @ : X — Y by

Q) i= lim ¢, (5 )

for all x € X. Since f. is an even mapping, ) is an even mapping. Moreover, letting [ = 0
and passing the limit m — oo in (3.10), we get (3.6).
The rest of the proof is similar to the proof of Theorem 2.3. O

Theorem 3.3. Letr < % and 0 be nonnegative real numbers and let f : X — Y be a mapping
satisfying f(0) = 0 and (3.4). Then there exist a unique additive mapping A : X —Y and a
unique quadratic mapping @ : X =Y such that

2619

1£5(2) = A@)] < 5555 —gs ol (3.11)
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2.201m9 .
[fe(z) — Q)] < m” x| (3.12)
forallz e X.
Proof. Tt follows from (3.7) that
1 2. 2517“0 .,
fo(x) - 5fo(2m) = ” H
for all z € X. Hence
L L em 3 ! 2/+1
?fo( x)_27mfo( T)| < Z 2]fo< ) 2j+1fo< 1’)
j=
9.2y L 9bri
< S X gl (3.13)
J:

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (3.13) that the
sequence {2% fo(2"x)} is a Cauchy sequence for all x € X. Since Y is complete, the sequence
{5 fo(2"x)} converges. So one can define the mapping A: X — Y by

1 n
A(z) := nlbrgo 2—nf0(2 x)

for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.13), we get (3.11).
It follows from (3.9) that

1 2. 251T9
Jfe(x) — 4fe(2a:)H < Sz
for all x € X. Hence
1 1 m—1 1 ' 1 '
)~ s < 2 |l (o) — gt (27) |
9. 9birg M1 9pirj
S % Rl (3.14)

Jj=l

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (3.14) that the
sequence {4 fe(2"z)} is a Cauchy sequence for all z € X. Since Y is complete, the sequence
{Z fe(2"2)} converges. So one can define the mapping @ : X — Y by

Q(x) := lim *fe(Q" )

’FL‘)OO

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.14), we get (3.12).
The rest of the proof is similar to the proof of Theorem 2.3. g
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Abstract

In our present investigation, we obtain several differential subordination results in-
volving leaf-like domains. Moreover, certain sharp coefficient estimates are investi-
gated when the class of functions lies in leaf-like domains.
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1. Introduction and Definitions

Let A denote the class of all analytic functions f of the form
f(2) :z—i—Zanz" (1.1)
n=2
in the open disk U = {z : |z| < 1} normalized by f(0) = 0 and f/(0) = 1. A function f is
subordinate to the function g, written as f < g or f(2) < g(z), provided that there is an analytic
function w(z) defined on U with w(0) = 0 and |w(z)| < 1 such that f(z) = glw(z)] for z € U.

In particular, if the function g is univalent in U, then f < ¢ is equivalent to f(0) = ¢(0) and
f(U) C ¢g(U). For two functions f,g € A, the Hadamard product is defined by

f2)xg(z) =2+ anbpz” (2 €D),
n=2

where a, and b, are the coefficients of f and g, respectively.
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Let P denote the class of analytic functions of the form p(z) = 1 + p1z + p22% + - -+ such that
R(p(z)) >0in U.

Let S denote the subclass of A consisting of univalent functions. Let S*(y) and K(y) be the
class of all starlike functions of order v and convex functions of order (0 < v < 1), respectively.
A function f € A is in the class R(7), if it satisfies the inequality:

R(f(z) >y (€U, 0<y<1).

We write R(0) = R, the familiar class of functions in A which are of bounded turning in U. It is
well known that S* ¢ R and R ¢ S* (see [13]).

The class of k-starlike functions is introduced and studied by Kanas and Wisniowska ([6], [7])(For
more details, see [5],[8],[9],[10]) as defined by f € k — ST, if and only if

R(L0) 5|20
f(2) f(z)
One may be easily see that the conditions (1.2) may be rewritten into the form
R(p(2)) > klp(2) = 1| (2 € D).
Also, it is easy to see that p(U) is a conical domain

Qp ={weC: Rw) > klw—1|},

—1' (0<k<o0,z€l). (1.2)

or
Qp = {w:u+iv:u> k\/(u71)2+v2},
where 0 < k < oco. For k > 1, the curve 0§ is the ellipse defined by
oy, = {w:u+iv:u2 :kQ(u—1)2+k21)2}.
For k > 2 + /2, this ellipse lies entirely inside £, where £ = {w eC: ‘wz — 1‘ < 1} is the interior

of the right half of the lemniscate of Bernoulli (u? 4+ v?)? = 2(u? — v?). Therefore k — ST C SL*
for k > 2+ 2.

Recently, Sokdt and Stankiewicz [18] defined the class SL* given by

sz:*_{fe& <Zf/(z)>2—1 <1 zeU} (1.3)
I\ f(=) ’ ' '
It is easy to see that
fesc e Z}f(S) <q(z) =vI+z (g(0)=1)

and £ C {w: ‘w —V2/2| < v2/2}.
Analogous to the class SL*, recently Patel and Sahoo [16] defined a class R. A function f € S
is said to be in the class R, if it satisfies the condition

ﬁ:{feS:’(f'(z))2—1’<1 (zGU)}. (1.4)

It follows from (1.4) and the definition of subordination that a function f € R satisfies the subor-
dinate relation

() <V1+z (z€D). (1.5)
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Sokét and Paprocki [14] studied the class of analytic and univalent functions defined by

sian={res | () e (), vew). on

where o > 1,b > 2. For the choice of a = 1, the class of S*(1,b) investigated by Janowski [3].
For the choice of o = 2,b = 1, the class §*(2,1) investigated by Sokét [14]. It is easy to see that
f € 8*(a,b) if and only if

2 (2) ez _
02) =< q(z) = (1 T (&) z) (q0(0) = 1). (1.7)

Q=

Note that the set,
1
Qa, b) = {w €C:|w*—b| <b,|arg(w)| < %,a >1,b> 2} (1.8)

is connected with the class S*(a,b) and is a leaf-like set. The concept of leaf-like domain was
investigated by Sokdl and Paprocki [14]. For more details related to the leaf-like domain, one may
refer to the recent papers (see [1, 4, 17, 18, 19, 20, 21, 22, 23]).

Motivated essentially by the work of Sokél and Paprocki [14] and Sahoo and Patel [16], we
introduce the class 7~2(a, b) related to the concept of leaf-like domain as given below.

A function f € S is said to be in the class R(a, b), if it satisfies the condition

‘(f'(z))a — b‘ <b (ze€l). (1.9)
Let
1
Q= {wG(C:O<%(w),|wa—b| <bf0rz€[U,oz21,b22}.
It is easy to see that, the set Q represents all points on the right half plane such that the product

of the distances from each point to the end points —b and b is less than b. It follows from (1.9) and
the definition of subordination that a function f € R(«,b) satisfies the subordinate relation

, 1+ =2 . 1
f(z) < (H—(lgb)?«) (a >1,b> 2) . (1.10)

All powers are principle one. In the present investigation, the authors obtain several differential
subordination results involving in the classes R(«,b) and S*(«,b). Apart from the differential
subordination results, certain sharp coefficient estimates are obtained for the class of functions

R(a,b) and S*(a, b).

2. Main Results

To prove main results, we need the following lemmas.

Lemma 2.1. [12] Let q be univalent in U and let ¢ be analytic in a domain containing q(U). Let
2q'(2)p(q(2)) be starlike. If p is analytic in U, p(0) = q(0) and satisfies

2p'(2)e(p(2)) < 24 (2)¢(a(2)), (2.1)
then p(z) < q(z) and q is the best dominant.
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Lemma 2.2. [2] If a function w is analytic for |z| < |z0] < 1, w(0) =0, and |w(20)| = max {|w(2)]| : |2] < |20]},
then
zow'(20)
w(zo)

> 1. (2.2)

Theorem 2.1. Let function f € A. Then
1 2

5 <2f/ (Z)> RN Zf/ (2)

f'(2) 4 f(2)

Proof. Let us denote Q(f,z) = f'(z). Suppose that Q(f,z) £ qo(z). The function g is univalent in

U so there exist zp, (o such that |z9] =79 < 1, [(o| =1, Q(f,2) (|z| <10) C qo(U) and Q(f,z0) <

q0(¢o)- Then the function w(z) = g5 (Q(f,2)) is analytic in |z| < 79 and w(0) = 0,w(20) = Co.

Thus |w(z)| assumes at zq its maximum in |z| < |z0| and by Lemma 2.2, zow'(z0) = mw(zo), m > 1.
Differentiating go(w(z)) = Q(f, z) we obtain

2'(2)  w(z) _z2f"(2)

< qo(z) = V1+ 2. (2.3)

o) A H@) | F@) 24
Then we have
201" (20) _ zow'(z0)  w(20) _m 1 (2.5)
f'(20) w(z0) 2(1+w(z)) 4 4
which contradicts the hypothesis of the theorem. Hence Z]{,/Eg) < qo(z) =V1+ z. O

Theorem 2.2. A function f € R(a,b) if and only if there exist an analytic function q with q(0) = 1
and q(U) C Q(a,b) such that

f(z) = /OZ q(t)dt (=€ U). (2.6)

Proof. Let f € R(a,b) and let q(z) = f'(z). If f is given by (2.6) with an analytic ¢ satisfying
q(0) =1 and ¢(U) C Q(a,b), then

1
1+2 “
2) < qoz) = | ————| .
q(z) < qo(2) <1+(13b)2>
Now differentiating (2.6), we obtain f’(z) = g(z). Therefore
1+2
/ ~ _
f (Z> QO(Z) (1+ (T)Z>
and hence f € R(a,b). O

Q-

Next we determine the lower bound for 5 so that

implies that
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Lemma 2.3. Let

If

then

The lower bound [y is the best possible.
Proof. Define the function ¢ : U — C by

+z a
7= <1+<1bb> )

Q(U):{wEC:|wa—b|<b, | arg(w )‘<27}

is the right half of leaf-like set, ¢(U) is a convex set and hence ¢ is a convex. Let us take the
subordination,

with ¢(0) = 1. Since

/ /
paps)  , Badl ()
p(2) q(2)

Performing a calculation, one can find that
Bzp/ () _ Bz(2b—1) [ 1 ] (2.10)
p(2) « (1+2)(b+ (1 =b)z2) '
is convex in U (and hence starlike). Thus, in view of Lemma 2.1, it follows that p(z) < ¢(z). To
conclude the proof, it is left to show that,

1+

(2.9)

1

_ 142 Bzq'(2) Bz(2b—1) 1 (s
q(z)_(H(l ”)) <14 P = P ) = ek 2
Since

h(U)z{w:?R(w)<1+ﬁ(2[2)a_l)}
and

a(U) = {w: |w* = b < b} € {w: Rw) < (20)7 ],
it follows that ¢(U) C h(U) if

1 B(2b—1)
20)e <1+ —r—2.
(2b)= <1+ 2c
Thus ¢(z) < p(z) for
2c 1
> 2b)% — 1}
= 2b—-1 {( )
and this completes the proof of Lemma 2.3. O
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Theorem 2.3. Let By be given in Lemma 2.3 and f € A. If f satisfies

zf"(z)  2f'(2) 142 °
1+ 8 (1 T T ) ) =< (b) Z) (B = o), (2.12)

then f € S*(a,b).
Proof. Define the function p: U — C by

2f'(2)
p(z) = z € U). 2.13
@) =5 zeD) (213)
Then the analytic function p satisfies p(0)= 1. A simple calculation yields,
/ 1 /
p(z) 'z f(?)
Therefore an application of Lemma 2.3 gives Theorem 3. 0

Similarly by taking p(z) = 22 f'(2)/f%(z) and p(z) = f'(z) in Lemma 2.3, we have the following
results, respectively.

Theorem 2.4. Let By be given in Lemma 2.3 and f € A. If f satisfies

(f(2)" 220'(2) 14z
GRS )< <1+(1gb)z

22f(2) 1+ 2
72 " <1+ (I;b)z>

Theorem 2.5. Let By be given in Lemma 2.3 and f € A. If f satisfies

1

) RN (2.15)

1+B<1+

then

Q=

1

2(2) 1+: )"

then

Lemma 2.4. Let

(26— 1) )
If
Bzp'(2) 1+z2 °
1 S (1 e ) (5> o). )
then )
142 B
p(z) < (H(W) . (2.18)

The lower bound [y is the best possible.
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Proof. Let q be a convex function given by

Then we obtain

Bzp/(2) Bzq (2)
! 1 : 2.19
e T ) (2.19)
A simple computation implies that
Bzp/(z)  Bz(2b—1) 1
pl=a(z) ab 1+ ((1%11) 2)2] (2.20)

is convex in U(and hence starlike). Thus, in view of Lemma 2.1, it follows that p(z) < ¢(z). To
conclude the proof, it is left to show that,

_ itz 0 Bzq'(2) Bz(2b— 1) 1 s
1= (1 + (%b) z) R q'=(2) =i ab 1+ ((1T_b) Z)Q] =t h(2). (2:21)
Since
. B(2b—1)
h(U):{w.%(w)<1+a(3_2b)},
and

Q=

g(U) = {w: [ —b| < b} C {w L R(w) < (20)
it follows that ¢(U) C h(U) if

b

1 B(2b—1)
20)a <1+ ——-—=.
@) =1+ 5o
Thus ¢(z) < p(z) for
a(3 — 2b) 1
> — - o —
b=z 2b—1 [(%) 1}
and this completes the proof of Lemma 2.4. O

By taking p(z) = 2f/(2)/f(2) and p(z) = f’(z) in Lemma 2.4, we state the following Theorems
2.6 and 2.7, respectively as below.

Theorem 2.6. Let By be given in Lemma 2.4 and f € A. If

2P | =) e ()
B( e (f(Z)))<< 1+2
b

()7
( f2) )
then f € S*(a,b)
Theorem 2.7. Let By be given in Lemma 2.4 and [ € A. If

Baf'(z) (142
e T+ (50

1+

) ) R (2.22)

1+

) C 8= ), (2.23)

then
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For the function

1
1+2) “ 20 —1 2b—-1/2b—1 1Y\ ,
= —2 ) =1 - 2.24
a(z) (1—1—(11)&’)2) + ab et 2ab ( ab b)z + ’ ( )
we have ¢(U) = Q(a, b) and from (2.6) we can obtain a function fy, related to ¢ of the form
fole) = [ atwie (=€) (225)
0
W—1, 2—1/26-1 1\ ,

_ L . 2.2

Z+abz+2ab<ab b)z+ ’ (2.26)

It is easy to see that

Pla,b) ={peP:pz) <q(2)} (2.27)
>

Corollary 2.1. A function f belongs to the class R(c,b) (a 1,b> %) if and only if
f'(z) < a(2). (2.28)

Theorem 2.8. A function f € 7@(&, b) (a >1,b> %) if and only if there exist an analytic function
p satisfying

) 1+2 @
p(2) < Pap (5
such that ;
£(z) = / p®dt (p(0) =1, = € V). (2.29)
0

Moreover, if for the function fup € 7%(04, b), it takes the form

24«

VB+ (VIFh-1)2] * - (Vo)

fap(z) = Viso-1) () (z € U), (2.30)
then
1) Jailz) (2.31)

z z

Proof. Let f € R(a,b) and let p(z) = f'(z). Integration of this equation yields (2.29). If f is
given by (2.29) with an analytic function then p(z) < pq(2). Now differentiating (2.29), we obtain

f'(2) = p(2). Therefore 1
/ 142 o
o ()

Now we proceed to prove that f,; € 7~2(a, b). For this purpose we will show that the inclusion
relation

and consequently f € R(a,b).

@ 1
w? — b2

)

QabZ{wGC:O<3i‘,(w),

1
<\/1+b—1,a21,b22}cQ. (2.32)
Let w € Qup. Then

o 1
w?2 — b2

<VI+b+1. (2.33)

< 1+b—1:>‘w%+b%
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By multiplying these inequalities, we obtain
w* —b <b=we Q. (2.34)
Denoting ,
dap(2) = [\/l;—i- (\/m — 1) }E
we pose that
w? = [qap(2)] = Vb + <\/m — 1) z (2.35)
Then
Gap(U) = {w cC:0< RWw), (w% b <vVITb-1l,a>1,0> ;} co. (2.36)

Hence qq5(2) < pap(2), by putting g p(2) in (2.29) implies (2.30).

To prove the subordination

relation (2.31), firstly we show that f, ;(2)/z is convex univalent function. We observe that

[Vo+ (VIFD- )z} — (V)%
fa,b(z) = 24«
(VI+b-1) (%5%)
[1+(+ Ll’bl)q(%)(\/ﬁbl) (V)
) (VTF5-1) (22) (VB
= 24 (Vl+b—1)zz
= T
= z—l—Z)\(a,b)z" e A
n=2
Let us consider the function
_ O(\/B fa,b(z)
Fop(z) = TTI 1 [ i 1] eA (2.37)
A simple computation gives,
/ . O‘\/B (/)c,b(z) fa,b(z)
o) = [ — - ] (2.38)
and
" _ 05\/5 Z (/):b( )* (lx,b(z) 22 é,b(z) *2Zfa,b(z)
ab(2) = N [ = - ] : (2.39)
Then we obtain
Vo (VITh-1)2] © - (VB
fa b( ) = ( T+0— )( )
flp(z) = |Vb+ ( T+b- ) ]E (2.40)

«

1294

fap(z) = 2(\/@ Y [\[—F(m—l) z}

2_
e

1
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The aim of our calculation is to show that 1+ zF, (z)/F}, () has a positive real part in the unit
disk. Let z € Qqp, that is, R(z) > 0. Since 0 < v/1+b—1 < 1, then by using (2.40), we have

R (1 + W) =R ( ) 1) > 0. (2.41)
Fou(2) 2fop(2) = fap(2)
Hence for choosing suitable parameter o, f(a > 1,b > %), we have
R (1 + Zng(Z)) > 0. (2.42)
F(;b(z)

Consequently, we obtain that F,, ; € IC, where K is the class of convex functions. Therefore f,4(2)/z
is a convex function. Now by using the fact that if for F,G € I, satisfy f < F and g < G, then
f*g <= F+G and k(z) = z/(1 — z) is a convex function, then we immediately establish (2.31). This
completes proof of the theorem. O

As a consequence of the subordination (2.31), we obtain the following result.

Theorem 2.9. If f € R(a,b) and |z| =7, then

[fap (=) < [f(2)] < [fap(r)] (2.43)
and
[fap(=) < 1F' ()] < Ifop(r)l- (2.44)
Let f € R(a,b). Then
1 « b—1
fl(z) = <1:B°;(2)> B=--c[-L1]) (zeD), (2.45)
where w satisfies Schwarz’s Lemma, so w(0) = 0 and |w(z)| < |z| (¢ € U) and
/ 11— 2
|w'(2)| < 1}7(’;’2)‘ (z € ). (2.46)

Then from (2.45) and (2.46), we get
o (1+B)aw'(2)
QR{” 28 } - ”%{auwz))(l —Bw(z»}
(14 B)J|(1 - [w(z)])

= 1 AT = WD = |Bw)])
o 4B+ |w(2)
= a(l — |2[*)(1 — |Bllw(2)])
B (1+ B)|z|
> U S 0 B
- (1+B)r

a(l—7)(1—|B|r)

Therefore we can easily obtain the following result.
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Theorem 2.10. Let rg denotes the smallest positive root of the equation
(1+B)r

L sa—na-sm

= 0. (2.47)

If the function belongs to the class R(a, b), then it maps disc Uy, = {z € C : |2| < 1o} onto a convex
set. For B =0, this result is sharp.

Proof. The function
(1+B)r
a(l—r)(1—|Bjr)
with h(0) = 1 and h(r) — oo as 7 — 1 is an decreasing function in [0,1). Therefore (2.47) has
positive solution in [0,1). If B = 0, then (2.47) has form
T

Ca(l—7)

h(r)y=1-

1 = 0. (2.48)

and for the function

f(z) = /Oz(l +t)adt (z€U),

RO e I el

we have

A
- a(l+2)
kd
> 1 — =
a(l—|z[)
O
3. COEFFICIENT INEQUALITIES
Lemma 3.1. [11] Let the function w € By be given by
w(z) =diz+dez® +--- (2 €U), (3.1)
where
By={we A:w(0)=0, lw(z)|]<1 (z€U)} (3.2)
Then for every complex number s,
|do — sdi| <1+ (|s| — 1)|d1|*. (3.3)

Now we determine an sharp upper bound for the class 7@(04, b).

Theorem 3.1. If the function f given by (1.1) belong to the class R(a, b), then for —oco < p < 00

() ) i) vt

2b—1
3ab o1(a,b) < p < oa(a, b) (3.4)

G () (55) i) v

a3 — pa3] <
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where o1(a,b) and oa(a,b) is given by

o1(a;b) = 3(2?—b 1) [(22;191) - 2ib - 1} (3:5)

o2(a;b) = 3(2ta—b 1) [(22;191) - % + 1} (36)

The estimates in (3.4) are sharp.

and

Proof. By the definition of subordination, there exists a function w € By such that
1

oy (LW T
f(z)_<1+(1b)w(z)> (z € D),

Suppose that w(z) is given by the series (3.1). A simple calculation shows that

<2b - 1) (37)
ag = <2g;b1> K% — > d? + d2:| (3.8)

Then, by using (3.7) and (3.8), easily we get

2% — 1 %—1 1 3u2-—
—uad= (=) |4 S d2| . :
45 1 ( 3ab ) [ 2+< 20b 26 4 ab ) L (39)

Suppose that 1 < o1(a, b), then (3.9) gives

2% — 1 %—1 1 3u2—
—uad < [ =—= -2 2|,
las = paz] < < 3ab ) {’dwr( 2ab 26 4 ab >’d1’ }

| 2

and

Applying the estimates |d2| < 1 — |d;|* of Lemma 3.1 and the well known estimate |d;| < 1 of the

Schwarz lemma, we have

20 -1 20 -1 1 3u2b—1
—pd < | =—) |14+ ([=——-=-=Z _—~ 1
a3 = pay| —< 3ab > [ +< 2ab 26 4 ab
2b—1 2b—1 1 3u2b—1
< - .
- ( 3ab > ( 2ab 26 4 ab > (3:10)
which proves the first inequality in (3.4).

From (3.9) we have,
2b—-1 2b — 1 3 2b —
2 2 2
az —pay| = ——— | |de—di+ ——F — 57 — — di|.
‘ 3 2‘ < 3ab ) 2 ! { 2ab 2b 4 ab } !

On the other hand if u > o2(a, b); then using the estimates |d2 — d?| < 1 from Lemma 3.1 and

p1| < 1, we get
2 — 1 3u26—1 1 261
pdd < (222 ) 2 - 1
a3 Ma2’<3ab>[+{4 ob 2% 2ab

:<2b—1) [&LQb—lJrlQb—l} (3.11)

4 ab 2b 2ab
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which is precisely the last inequality in (3.4).
Finally , if o1(c,b) < p < o2(a, b), then

’2{;—1 1 3u2b—1‘ .

2ab 2b 4 ab

Therefore we obtain

26— 1
lag — pad] < (?)ab) | (3.12)

which proves the middle inequality in (3.4).

Next, we discuss sharpness of the inequality (3.4). Suppose u < o1(«,b). Then equality holds in
(3.4), that is, in (3.10) if |d;| = 1 (and hence dy = 0). Thus w(z) is a rotation of z and the extremal
function is a rotation of gu 4 (2). Next, if u > o2(a,b), equality holds in (3.4), that is, in (3.11) if

d? = —1 and hence |d2 — d?| = 1. Therefore w(z) = iz and the extremal function is g, (iz). Lastly,
if o1(a,b) < pu < 02(a, b), then equality holds in (3.4) if d; = 0 and |d2| = 1. Therefore w(z) is a
rotation of 22 and f/(z) = dab (6“9,22). This completes proof of Theorem 3.1. U

Letting n = 0 (or p = 1, respectively) in Theorem 3.1, we get the following result.
Corollary 3.1. If the function f given by (1.1) belong to the class R(c,b), then

2 — 1 5 (2b—1 1
< | — — < > > — .
las| < < 300 ) and |ag — a3| < < 30l > (a>1,b> 2) (3.13)
The estimates in (3.13) are sharp for the function fy € A defined by

) 1
1+2 “

(2)= | ————— e U). 3.14

e (1 =) ZZ) (=€) (3.1)

For the choice of & =2, b =1 in Theorem 3.1, we have the following corollary.

Corollary 3.2. If the function f given by (1.1) belong to the class R(2,1), then

( 3p+2 —10
48 7 3
1 _
jas —pa3| <{ 5 F S K2 (3.15)
3u+ 2
s k2

If we take a =2, b=1and 4t =0, and o« = 1,0 =1 and g = 1 in Theorem 3.1, then we have
the following corollaries, respectively.

Corollary 3.3. If the function f given by (1.1) belong to the class R(2,1), then

1
jas] < ¢ (3.16)

Corollary 3.4. If the function f given by (1.1) belong to the class R(1,1), then

1
laz — a3| < G (3.17)

Next we prove a sharp coefficient inequalities for the class S*(«a, b).
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Theorem 3.2. If the function f given by (1.1) belong to the class S*(a,b) (a > 1, b> %), then

for —oo < pu < o0,
2b—1 3. /2b—1 1
— 2 — = — b
(%) |29 () + 5]« w<ontat

2b—1
lag — pal| < oub o3(a,b) < p < o4(a,b) (3.18)

() bR 2] e

where o3(a, b) and o4(a, b) is given by

o3(eb) = 2(2:li 1) B <2bo;; 1> N 2ib - 1} (3:.19)
SRR U (TCET R om

The estimates in (3.18) are sharp.

Proof. From (1.7), it follows that,

@[ 1rwEm
flz) <1+(1gb)w(z)> (€ 0), (3.21)

where w(z) is given by (3.1). From (3.21), we have

1 (o () (5) Gt} o

Since ,
Zf(z)—l+az+(2a —a3)2® + (3as + a3 — 3azaz)2” + (3.23)
f(Z) = 2 3 2 4 2 302)% ey .
comparing the coefficients of z and 22 in (3.22) and (3.23), we reduce that
20 —1
=(——|d 3.24
= (251 a (3:24)
and 2b—1 32b—1 1
. — 020 —1 1y
a3 = (M ) [dQ n (QQb 2b> dl] (3.25)
Following a similar method adopted for Theorem 3.1, one can easily show that inequality (3.18) is
satisfied and is sharp for the functions as in similar lines mentioned in Theorem 3.1. O

Letting 1 = 0 (or p = 1, respectively) in Theorem 3.2, we get the following result.
Corollary 3.5. If the function f given by (1.1) belong to the class S*(a,b), then

2 — 1 S (2b—1 1
< — < > > —). .
las| < ( ) ) and |ag — a3| < < b ) (a>1,b> 2) (3.26)
The estimates in (3.26) are sharp for the function fy € A defined by
1
1+ 22 “
()= | ———— z € U). 3.27

1299 Sivasubramanian ET AL 1286-1301



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.7, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Differential subordination 15

For the choice of &« =2, b =1 in Theorem 3.2, we have the following result.

Corollary 3.6. If the function f given by (1.1) belong to the class S*(2,1), then

(1—4p _
o P<T
1
lag —paz| <4 2. <p<d (3.28)
du—1
TR

If we takea =2,b=1and py=0,and a =2,b =1 and x = 1 in Theorem 3.2, then we have the
following corollaries, respectively.

Corollary 3.7. If the function f given by (1.1) belong to the class S*(2,1), then

1
< -, 2
sl <+ (3.29)
Corollary 3.8. If the function f given by (1.1) belong to the class S*(2,1), then
1
y%—@gz. (3.30)
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Abstract

In this paper, we introduce a viscosity rule for common fixed points of two non-
expansive mappings in Hilbert spaces. The strong convergence of this technique is
proved under certain assumptions imposed on the sequence of parameters.
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1 Introduction

Fixed points of special mappings like nonexpansive, asymptotically nonexpansive, contrac-
tive and other mappings has become a field of interest and has a variety of applications
in related fields like image recovery, signal processing and geometry of objects. Almost
in all branches of mathematics we see some versions of theorems relating to fixed points
of functions of special nature. As a result we apply them in industry, toy making, fi-
nance, aircrafts and manufacturing of new model cars. A fixed-point iteration scheme has
been applied in intensity modulated radiation therapy optimization to pre-compute dose-
deposition coefficient matrix, see [15]. Because of its vast range of applications almost in
all directions, the research in it is moving rapidly and an immense literature is present
now. Constructive fixed point theorems (e.g., Banach fixed point theorem) which not only
claim the existence of a fixed point but yield an algorithm, too (in the Banach case fixed
point iteration x, 1 = f(x,)). Any equation that can be written as x = f(z) for some
map f that is contracting with respect to some (complete) metric on X will provide such a
fixed point iteration. Mann’s iteration method was the stepping stone in this regard and

* Corresponding author
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is invariably used in most of the occasions see [6]. But it only ensures weak convergence,
see [2] but more often then not, we require strong convergence in many real world problems
relating to Hilbert spaces, see [1]. So mathematician are in search for the modifications
of the Mann’s process to control and ensure the strong convergence. For literature review
we refer to the readers (see [3,4,8-12], and references therein).

In this paper, we shall take H as a real Hilbert space, (-, ) as inner product, ||- || as
the induced norm, and C as a nonempty closed subset of H.

Definition 1.1. Let T': H — H be a mapping. Then T is called nonexpansive if
[T(z) =Tl <llz—yl, Vo,yeH.

Definition 1.2. A mapping f : H — H is called a contraction if for all z,y € H and

6 €[0,1)
1f (@) = fW)ll < bllz —yl|.

Definition 1.3. P.: H — C is called a metric projection if for every x € H there exists
a unique nearest point in C, denoted by P.z, such that

l = Pex|| < lz—yl,Vy € C.

In order to verify the weak convergence of an algorithm to a fixed point of a non-
expansive mapping we need the demiclosedness principle:

Theorem 1.4. ([5]) (The demiclosedness principle) Let C' be a nonempty closed convex
subset of the real Hilbert space H and T : C — C' such that

xp,—2"€C and (I—-T)x,— 0.
Then x* = Tx*. Here — and —) denotes strong and weak convergence, respectively.

Moreover, the following result gives the conditions for the convergence of a nonnegative
real sequence.

Theorem 1.5. Assume that {a,} is a sequence of nonnegative real numbers such that
an+1 < (1 —=9n)an + 0n, V0 > 0, where {v,} is a sequence in (0,1) and {6,} is a sequence
with

(1) Z;O:O Yn = OC.

(2) limy,—, o0 SUpP f{—: <0 or Y7 |0n] < oc.

Then a,, — 0.

The following strong convergence theorem, which is also called the viscosity approxi-
mation method, for non-expansive mappings in real Hilbert spaces is given by Moudafi [7]
in 2000.

Theorem 1.6. ([7]) Let C be a non-empty closed convex subset of the real Hilbert space
H. LetT be a non-expansive mapping of C into itself such that F(T) is nonempty. Let f
be a contraction of C into itself. Consider the sequence

€n
1+e¢,

flzyn) +

LTn4+1 = T(:En)v n >0,

1+e¢,

where the sequence {e,} in (0,1) satisfies
(1) limy, o0 €, = 0,
(2) Y02y €en = 00, and
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(3) limy—oo | - i| = 0.
Then {x,} converges strongly to a fized point x* of the non-expansive mapping T,
which is also the unique solution of the variational inequality

(I-flz,y—=x) >0, VeFT).

In 2015, Xu et al. [13] applied viscosity method on the midpoint rule for nonexpansive
mappings and give the generalized viscosity implicit rule:

Ty + Tntl

Tptl = anf($n) + (1 - an)T ( 2

>, Vn > 0.

They also proved that the sequence generated by the generalized viscosity implicit rule
converges strongly to a fixed point of T'. Ke et al. [14], motivated and inspired by the idea
of Xu et al. [13], proposed two generalized viscosity implicit rules:

Tpt1 = an f(zn) + (1 — an)T (sp2n + (1 = 80)Tny1)

Tnt1 = nZpn + Bf(2n) + T ($nzn + (1 — 8p)xny1)-

In this paper, we give a viscosity approximation method for common fixed point of
two nonexpansive mappings in Hilbert spaces. Our contribution in this direction is the
following viscosity rule

€Ent+1 = anf(en) + ﬁns(en) + 'VnT(En) (11)

We prove strong convergence of (1.1) under certain assumptions. We also solve some
examples to check the validity of (1.1).

2 Main result
Following Theorem 2.1 is about convergence of our proposed viscosity technic.

Theorem 2.1. Let S and T be two non-expansive mappings from a closed convex subset
X of real Hilbert space H into X with U := F(T)NF(S) # 0. Also let that f : X — X be
a contraction with coefficient 6 € [0,1). Assume that the sequence {€,} in X is generated
by (1.1), where {ay}, {Bn} and {v,} are sequences in (0,1) satisfying

( ) O‘n‘i'ﬁn‘i"yn = 17
(2) limy, 00 p, = 0,
(3) Zn 0 |an+1 an| <00 and Z;.LOIO |ﬁn+1 - ﬁn| < 00,
(4) Zn 0 Qn = 00,
(5) limy, oo |7'(€n) — S(en)|| = 0.
Then {e,} converges strongly to €* € U, which satisfy the variational inequality

(€= f(e"),y—€) >0, VyeUl.

Proof. We will prove this theorem into the following five steps.
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STEP 1. In this step, we show ¢, is bounded. Take { € U arbitrarily, we have

S (€n) + YT (€n) — |

lent1 = Cll = llanf(en) + 8
= |lanf(en) + BnS(en) + 1T (en) — (an + Bn + 1n)C|l
< an||fen) = ¢l + BnllS(en) = Il + 1l T (en) — <]
= | f(en) — F(C) + F(Q) = <l + BnllS(en) — Il + 7l T(€r) — (]|

< o[ f(en) = F(ONl + anl[£(C) = Cll + Bullen = Cll +ullen = <l
< Oom [len = (Il 4+ anl| F(C) = €Il 4 (Bn +va) llen — <]l

= Oanlen — Cl[ + anll F(Q) = ¢l + (1 — an)len = |

= (1= an+ anb)l[en = (I + o F(¢) = (]|

~ (1= au(1 = Ol ~ ¢l + an1 = ) [ (0 ]

Thus,
||en+1—<||3max{||en Cll 5 1£(0) - <||}.
Similarly
||en—<||3max{||en1 cll (—Hf() cn)}.
From this
||en+1—<||3max{||en cll (—Hf() <||>}
Smax{nem cll (—nf() cn)}
SmaX{Hﬁo cn( SIF(0) - <||>}.
We obtain

||en+1—<||3max{||eo Cll 5 1£(0) - <||}.

Hence, we concluded that {¢,} is a bounded sequence. Consequently, {f(e,)}, {S(€n)}
and {T'(e,)} are bounded.
STEP 2. Now, we prove that |[e,41 — €,|| — 0 as n — oo

lent1 — enl|
= ||anf(€n) + ﬁns(en) + 'YnT(En) - {an—lf(en—l) + ﬁn—ls(en—l) + 'Yn—lT(en—l)} ||
= [lan {f(en) — flen—1)} + (n — an—1) f(€n—1) + Bn(S(€n) — S(en-1))

+ (ﬁn - ﬁn—l)s(en—l) + 'Vn{T(En) - T(En—l)} + ('Vn - 'Vn—l)T(En—l)H
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= llan{f(en) = f(en—1)} + (@ — an-1) f(en—1) + Bu{S(€n) — S(en-1)}
+ (Bn — Bn-1)S(en—1) + ¥l T (en) — T(€n-1)} + (@n — an—1 + Bn — Bu-1)T (en—1)||

= lon{f(en) — f(en—1)} + (o — an—1){f(en—1) = T(€n—1)} + Buf{S(€n) — S(en-1)}
+ (Bn = Bn—1){S(en—1) = T(en—1)} + 1{T(en) = T(en—1)}|l

< an||fen) = flen—1) | + |an — || f(en—1) = T(en—1)|| + Bnl|S(en) = S(€n—1)l
+18n = Ba-1llS(en—1) = T(en—1) || + 7l T(€n) — T(en—1)|

< anflllen — en—1l + Bullen — en—1ll + nllen — en—1ll
+ (|an - an—1| + |ﬁn - ﬁn—1|)M2

= (b + Br + V) llen — en—1l + (| — an—1] + |Bn — Bn-1]) M2

= (anf + 1 —ap)llen — en—1|l + (o — an—1] + |Bn — Bn-1]) M.

=1 —an(l =0))llen — en—1ll + (lan — an—1] + [Bn — Bn-1]) Mz,

where

My > masx {sup 1£(en) = T(en)]|, sup 1S (en) — T(en>||} -
n>0 n>0

Note that > 07 [ang1 — | < 00, D02 |Bng1 — Bn| < 0o and Y 07 oy, = 0.

Using Theorem 1.5, we have lim,,_, ||€n+1 — €| = 0.
STEP 3. Now, we will show that lim,, .« ||€,—S(€,)]| = 0 and lim,,_, |6, —T'(€,,)]| = 0.
Consider

len — S(en)ll = llen — €nt1 + €nt1 — S(e)||

< llen — ent1ll + [[ent1 — S(en)||
= |len — ent1ll + llanf(en) + BrS(en) + 10T (en) — S(en)ll
= llen — ent1ll + [lanf(en) + 1T (en) = (1 = Bn)S(en)|l
= |len — ent1ll + llanf (en) + 1T (en) — (an + ¥n)S(€n)]|
< |len+1 — enll + anll f(en) — S(en) | + 70l T (en) — S(en)|l-
Then by limy, 00 o, = limy, o0 ||T'(€n) — S(€n)|| = 0, and limy,, 0 [[€n+1 — €] — 0, we get
llen, — S(€n)|| — 0 as n — oc.
Now, consider
len —T(en)|l = llen — €nt1 + €ny1 — T(€n)]|
<llen — ent1ll + llent1 — T(en)|
= |len — €nt1ll + lanf(€n) + BnS(en) + T (en) — T'(en)||
= |len — €nt1ll + llanf(en) + BnS(en) — (1 — )T (€n) ||
= [len — ens1ll + [lanf(en) + BnS(en) — (an + Bn)T (&)
< |len+1 — enll + anll f(en) — T(en)ll + Bnll T (en) — S(en)|l-
S(en)

Then by lim,, o oy = limy, oo ||T(€,) — S(€r)]| = 0, and lim,, o ||€nt1 — €| — O,
we get ||e, — Ten|| — 0 as n — oc.

STEP 4. In this step, we will show that limsup,,_,. (¢ — f(€*),€" — €,) < 0, where
€ = Pyf(e").

Indeed, we take a subsequence {ey,} of {€,} which converges weakly to a fixed point
CeU=FT)NF(S). From lim, . ||6n, — S(€n)|| = 0, limy o0 ||€n — T'(€,)|| = 0 and
Theorem 1.4 we have ( = S and ( = T'(. This together with the property of the metric
projection implies that

* *

limsup(e® — f(€*), €* — €,) = limsup(e* — f(€*), " — €p;)

n—oQ n—oQ

= (€ = f(e"),e" = ¢) <0.
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STEP 5. Finally, we show that lim,, . €, = ¢ as. Now we again take ¢* € U is the
unique fixed point of the contraction Py f.
Consider

[én+1 — €n||2

= |lanf(€n) + BrS(€en) + T (en) — E*H2

= [lanf(en) + BrS(€n) + T (€n) — (o + B + 'Vn)E*Hz
= [lan{f(en) — €} + Bn{S(en) — €} + 1{T(en) — 6*}”2
= azllf(en) — €17 + BrlS(en) — €[> + 72l T (en) — )|

+ 20080 (f(€n) — €, S(en) — €) + 2anvn(f(€n) — €, T(en) — €7)
+ 28,7 (S(en) — €, T(€n) — €7)

< apllf(en) — € 1? + Billen — €117 + vallen — €)1
+ 20,80 (f(€n) — f(€7), S(€n) — €) + 20,8 (f (") — €*, S(€,) — €")
+ 200 (f(en) — f(€7), T(€n) — €7) + 2anyn(f(€7) — €, T(en) — €)
+ 2800 (S (€n) — €, T(en) — €7)

< (B +v)llen — €I + 208l f(en) = F(€)] - 1S (en) — €|
+ 2anVnl[ f(en) = F(E) - 1T (en) — €[] + 2Bnvnl[S(en) — €[ - |T(en) — €"|| + Lnn
< (B +)llen — €11 + 20n8,0]len — €| - [len — €7
+ 2anynlllen — €| - llen — €| + 2Bpvnllen — €| - llen — €| + Lin
= (ﬁfzz + 75 + 2600 + 200708 + 20,8,0) ||€n — € ||2 + Ly,
= [(Bn+ )? + 2008(7n + Ba)lllen — €1 + L
= (Bn + ) [Bn + o + 2000]||€n — E*H2 + Ln
= (1 —a,)[1 — o + 200)|| €, — €*||* + Ly,

where

Ly = ap || f(en) = €1 + 20mBa(f (") — €, S(en) — €°) + 2007 (f (") — €, T(en) — €).

Note that since a0 < 1 (20,0 < 2), 1 — oy, + 20,0 < 2+ 1 — o, < 3, using this in
(1.1) we have

lenst — € ||* < 3(1 — an)|len — €||* + L. (2.1)
Also we get
hmsupi— = hmsup—[ n||f(en) e*||2 + 20,8 (f(€7) — €, S(€) — €7)
F2a70 (f(€7) — €, T(en) — €]
= limsup [ fen) = € |2 + 26, ( (") = €, S(en) — €°) (22)

+ 29, (f(€") — €, T (€,,) — €*>]
<0.

From (2.1), (2.2) and Theorem 1.5 we have
lim |lepq1 — €*]]% =0,
n—oo

which implies that ¢, — €¢* as n — oo. This completes the proof. O
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BEST PROXIMITY POINTS INVOLVING F-CONTRACTION ON A
CLOSED BALL

AFTAB HUSSAIN AND CHOONKIL PARK*

ABSTRACT. In this paper, we introduce a new idea of best proximity point of F-contraction on
a closed ball and obtain new theorems in a complete metric space. That is why this outcome
becomes useful for contraction of a mapping on a closed ball instead of the whole space. At the
same time, some comparative examples are constructed which establish the superiority of our
results. Our results that have come into being give a proof of extension as well as substantial
generalizations and improvements of several well known results in the existing comparable
literature.

1. INTRODUCTION AND PRELIMINARIES

Let A and B be two nonempty subsets of a metric space (X,d) and T': A — B. A point
x € A is said to be a fixed point of T provided that Tz = x. A point z* € A, where
inf{d(xz,Tx*) : x € A} is attained, is a best approximation to Tz* € B in A. Such a point is
called an approximate fixed point of T

Clearly, T(A) N A # () is a necessary but not sufficient condition for the existence of a fixed
point of T. If T(A) N A = (), then d(z,Tx) > 0 for all z € A and hence an operator equation
Tzr = x does not admit a solution. In such situations, it is a reasonable demand to settle down
with a point z* in A which is closest to Tx* in B. Thus instead of having d(z*,Tx*) = 0, one
finds a point z* in A such that d(z*, Tz*) < d(x, Tx*) holds for all z in A. Such point is called
a best approximate point of 1" or approximate fixed point of 7. The study of conditions that
assure existence and uniqueness of approximate fixed point of a mapping 7T is an active area of
research.

Suppose that d(A, B) = inf({d(a,b) : a € A,b € B}) is the measure of a distance between
two sets A and B. A point x* is called a best proximity point of T if d(z*,Tx*) = d(A, B).
Thus a best proximity point problem defined by a mapping 7" and a pair of sets (A4, B) is to
find a point z* in A such that d(z*,Tz*) = d(A, B). As d(x,Tz) > d(A, B) holds for all z € A,
so the global minimum of the mapping x — d(z, T'z) is attained at a best proximity point. If
we take A = B, then a best proximity point problem reduces to fixed point problem. From
this perspective, best proximity point problem can be viewed as a natural generalization of
fixed point problem. The aim of best proximity point theory is to study sufficient conditions
that assure the existence of best proximity points of mappings satisfying certain contractive
conditions on its domain equipped with some distance structure. For more results in this
direction, we refer to [1, 2, 4, 5, 6, 7, 9, 20] and references therein.

Fixed point results of mappings satisfying certain contractive conditions on the entire domain
have been at the centre of rigorous research activity and it has a wide range of applications in

2010 Mathematics Subject Classification. Primary 46540; 47TH10; 54H25.
Key words and phrases. best proximity point; non-self-mapping; a-proximal F-contraction; closed ball.
*Corresponding author.
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different areas such as nonlinear and adaptive control systems, and parameterized estimation
problems, fractal image decoding, computing magnetostatic fields in a nonlinear medium and
convergence of recurrent networks. From the application point of view, the situation is not yet
completely satisfactory because it frequently happens that a mapping T is a contraction not
on the entire space X. Arshad et al. [3] established fixed point results of a pair of contractive
dominated mappings on a closed ball in an ordered complete dislocated metric space. Hussain
et al. [10] introduced the concept of an a-admissible mappings with respect to 7 and modified
(c, 1)-contractive condition for a pair of mappings and established common fixed point results
of four mappings on a closed ball in complete dislocated metric space.

Jleli et al. [12] obtained best proximity point results of («,)-proximal contractive type
mappings in complete metric space. For more work in this direction, we refer to [11, 14, 16, 17,
18, 19].

In this paper, we obtain best proximity point results of a-n-proximal F-contractive mappings
on a closed ball in complete metric spaces. Our results extend, unify and generalize various
comparable results in [5, 6, 12].

In the sequel, the letter N will denote the set of all natural numbers. The following definitions,
notations and results will also be needed in the sequel.

Let (X, d) be a metric space and A and B be nonempty subsets of X. For g € X and ¢ > 0,
the set B(zg,e) = {y € X : d(zo,y) < e} is a closed ball in X.

In 2012, Wardowski [21] introduced a concept of F-contraction as follows:

Definition 1. [21] Let (X, d) be a metric space. A self mapping T is said to be an F'-contraction
if there exists T > 0 such that

Vo,y € X, d(Tx,Ty) > 0= 7+ F(d(Tz,Ty)) < F (d(x,y)),

where F': Ry — R is a mapping satisfying the following conditions:

(F1) F is strictly increasing, i.e., for all x,y € Ry such that x <y, F(z) < F(y);

(F2) For each sequence {an, }22 1 of positive numbers, lim,,_,oc o, = 0 if and only if limy, o F(a) =
_OO;

(F3) There exists € (0,1) such that lima — 0Ta*F(a) = 0.

We denote by Ap the set of all functions satisfying the conditions (F1)-(F3).
Suppose that
Ay : ={a€ A:d(a,b) =d(A,B) for some b € B},
By : ={be B:d(a,b)=d(A,B) for some a € A},
and C'B(B) is the set of all nonempty closed and bounded subsets of B. A point z € X is said
to be a best proximity point of T': A — CB(B) if d(z, Tz) = dist(A, B). The set B is said to

be approximatively compact with respect to the set A if each {v,} in B with d(z,v,) — d(z, B)
for some x in A has a convergent subsequence [8].

Definition 2. Let a,n: Ax A — [0,00). A mapping T : A — B is (a-n)-prozimal admissible
’iffO’f’ any i, T2, U1, u2 € A7
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Note that if A = B and T' is (a-n)-proximal admissible then T is a-admissible with respect
to n.

Definition 3. [13] A mapping T : A — CB(B) is said to be an ap- prozimal contraction of
Ciric type if there exist two functions o : A x A — [0,00), F € Ap and 7 > 0 such that for
each x1,x2,u1,uz € A and v1 € Txy,ve € Txy with a(xy,22) > 1 and d(ui,v1) = dist(A, B) =
d(ug,ve) we have

a(ur,uz) > 1 and 7+ F (d(uy,u2)) < F (M (x1,22)),

whenever min {d(u1,uz), M(x1,22)} > 0, where

d(z1,us) + d(z2,u
M(xhwz):max{d(fm,x2)7d(fc1,u1),d(a:2,u2), (1, up) + d(w 1)}'

2

Definition 4. A mappingT : A — CB(B) is said to be an a-n-prozimal F'-contraction of Ciric
type on a closed ball if there exist two functions a: A x A — [0,00), FF € Ap andr > 0,7 >0
such that for each x1,xo,ui,us € A and v1 € Tx1,v9 € Txo with a(xy,x2) > n(r1,x2) and
d(uy,v1) = dist(A, B) = d(ug,v2) we have

a(ui,uz) > n(ur,u2) and 7+ F (d(u1,u2)) < F (kM (z1,22)) (1.1)
for all x1,x9 € Y = B(x1,7) and
d(xy,Tzy) < (1 —k)r, where 0 <k < 1, (1.2)

whenever min {d(uy,u2), M (x1,x2)} > 0, where

d d
M(fﬁlam)—maX{d(ﬂchw2)7d($17u1)7d($2yuz), (o1, tp) & (1’27“1)}.

2

2. MAIN RESULTS
We start with the following result.

Theorem 5. Let A and B be nonempty closed subsets of a complete metric space (X,d).
Assume that Agy is nonempty and T : A — CB(B) is an a-n-proximal F-contraction of Ciric
type mapping on a closed ball satisfying the following assertion:

(i) for each x € Ay, we have Tx C By;

(i) there exist x1,x2 € Ao and vi € Txy such that a(x1,x2) > n(x1,x2) and d(xe,v1) =
dist(A, B);

(iii) T is continuous;

(iv) B is approrimatively compact with respect to A.

Then there exists an element z* € B(xo,r) such that d (z*,Tz*) = dist(A, B).

Proof. From (ii), there exist x1,x9 in Ay and vy € Tx; such that a(xi,z2) > n(z1,z2) and
d(xzq,v1) = dist(A, B). Since vy € Txy C By, there exists x3 € Ay satisfying d(z3,v2) =
dist(A, B). From (1.1), we have a(z2,x3) > n(x2,z3) and

d(z1,x3) + d(z2,22) })

T+ F (d(z2,23)) < F(kmax{d(xl,xg),d(xl,wg),d(xg,mg), 5

F (kmax {d(z1,x2),d(z2,23)})
= F(kd(l‘l,%g)) . (2.1)

IN
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Otherwise we have a contradiction. From above we get x9,23 € Ap and vy € Txo satisfying
a(xe, z3) > n(xe, x3) and d(x3,ve) = dist(A, B).

Since vs € Txs C By, there exists x4 € Ag satisfying d(x4,v3) = dist(A, B).

From (1.1), we can obtain a(z3,x4) > n(x3,z4) and

T+ F (d(z3,24)) < F (k max {d(acg, x3),d(x2,x3),d(x3,24),
< F(kmax{d(x2,x3),d(z3,24)})

= F (k‘d(ZCQ,l‘g)) . (2.2)
Otherwise we have a contradiction. From (2.1) and (2.2), we have

T+ F(d(acg,m)) S F (k‘Qd(l'l,l'Q)) — 27T.

d(xg,x4) —;—d(3337373) })

A

Continuing this way, we can obtain a sequence {z,} in Ay and vz in By such that v, €
Ty, (Tn, Tnt1) = N(Tny Tpt1), d(Tny1,vn) = dist(A, B) and it satisfies

F(d(zp,xnt1)) < F(K"d(z1,22)) — n7 for each n € N\ {1},
which implies
F(d(zn,nt1)) < F(d(z1,22)) — n7 for each n € N\ {1}. (2.3)
Now we show that 2, € B(x1,r) for all n € N. By (1.2), we have d(x1,Tz1)) < 7 and hence
x1 € B(xo,r). Let xo,--- ,x; € B(xg,r) for some j € N. Note that a(z;—1, ;) > n(xi—1,i—1)

and T is an a-n-proximal F-contraction of Ciric type mapping on a closed ball. Since F' is
strictly increasing,

d(z1,zj41) = d(z1,22) + d(we, x3) + d(x3,24) + ... + d(xj, Tj11)
< (L—kyr+0—kkr+0—k)Er+..+ 01—k r
= (1-k)r [1+/~c+k2 k]
(1—K)
= (1-k)r-—=<
(- mrl = <
which implies that ;11 € B(z1,7) and hence x,, € B(z1,7) for all n € N\ {1}. From (2.3), we
obtain lim,, o F' (d(zp, Xn41)) = —00. Since F' € Ap, we have
Jim d(xp, Tny1) = 0. (2.4)
From (F'3), there exists K € (0,1) such that
Tim ((d(@n, 2041)) " F (d(@n, 2011)) ) = 0. (2.5)

From (2.3), for all n € N, we obtain

(A 501)) (F (A, 5051)) — P (d(0,21))) < — (d(n, 2001) 0 <0, (2.6)
Using (2.4), (2.5) and letting n — oo in (2.6), we have

Jim (n (d(a:n,:vn+1))K) =0. (2.7)
By (2.7), there exists n; € N such that n (d(zn, 2n41))™ <1 for all n > ny. So we get

d(xp, Tp1) < — for all n > ny. (2.8)

1
nkK
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Now, m,n € N such that m > n > n;. Then by the triangle inequality and from (2.8) we have

d(Zn, Tm) < d(Tn, Tpy1) + d(@ng1, Tog2) + d(@Zng2, Togs) + o+ d(Tme1, Tm)

m—1 o)

= > d(zi,wip1) <Y d(xi, mig1) (2.9)
=1

< 2T
i=n Lk

The series Y 52, - is convergent. By taking limit as n — oo in (2.9), we have limy, ;o0 d(Zp, Tm) =
iK

0. Hence {x,} is a Cauchy sequence in A. Since A is closed subset of a complete metric space,
there exists * in A and z* € B(x1, ) such that x,, — 2* asn — c0. As d(xy41,v,) = dist(A, B)
we have lim,_,~ d(x*,v,) = dist(A, B). Since B is approximatively compact with respect to
A, we get a subsequence {vy, } of {v,} with v,, € T'v,, that converges to v*.

Thus

d(z*,v*) = Jim d(zp,, vy, ) = dist(A, B).

By (iii), when T is continuous, we get v* € Tz* and hence dist(A, B) < d(z*,Tz*) < d(z*,v*) =
dist(A, B). Therefore, d(x*, Tz*) = dist(A, B). O

In the following theorem, the assumption of continuity is replaced with the following suitable
condition:

(H) If {x,} is a sequence in A such that x,, — z* € Ay as n — oo, and a(xy,, Tpi1) >
N(Zp, Tns1) for all n, then we have a(z,,x*) > n(z,,z*) for all n.

Theorem 6. Let A and B be nonempty closed subsets of a complete metric space (X,d).
Assume that Ag is nonempty and T : A — CB(B) is an a-n-prozimal F-contraction of Ciric
type mapping on a closed ball satisfying the following assertion:

(i) for each z € Ag, we have Tx C By;

(ii) there exist x1,z9 € Ap and vy € Ty such that a(x1,x2) > n(r1,z2) and d(xg,v1) =
dist(A, B);

(iii) (H) holds;

(iv) B is approximatively compact with respect to A.

Then there exists an element x* € B(xg, r) such that d (z*, Tx*) = dist(A, B).

Proof. The proof follows from similar lines of Theorem 5. From the condition (H), assume that
we have

a(xpn, x%) > n(z,, ")

for all n € NU {1} and z,, — z* € B(x,7) as n — oo. For each z* € Ay, we have Tz* C By.
This implies that for z* € Tz*, we have w* € Ag such that d(w*, z*) = dist(A, B). Further
note that d(zp41,v,) = dist(A4, B). We claim that d(w*,z*) = 0. On contrary assume that
d(w*, z*) # 0. Now from (1.1), we get

d >y * d n Y *
T+ F(dzpsr,w)) < F (k:max{d(xn,x*),d(wn,xn+1),d(x*,w*), (@, w )+2 (@1, )})

Letting n — oo, we obtain

T+ F(d(z*,w")) < F (kd(z*,w")) < F (d(z*,w")).
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This implies
4 P (d(",0") < F (dat,w"),
which is not possible. Hence d(z*, w*) = 0. Thus we get
dist(A, B) < d(z*,Tz*) < d(z*,2") = dist(A, B)
and hence d(z*,Tz*) = d(A, B). O

If we take n(z,y) = 1 for all z,y € X in Theorems 5 and 6, then we obtain the following
results.

Corollary 7. Let A and B be nonempty closed subsets of a complete metric space (X,d).
Assume that Ay is nonempty and T : A — CB(B) is an ap-proximal F-contraction of Ciric
type mapping on a closed ball satisfying the following assertion:

(i) for each x € Ay, we have Tz C By;

(ii) there exist x1,x2 € Ag and vi € Tz such that a(z1,x2) > 1 and d(x2,v1) = dist(A, B);

(iii) T is continuous;

(iv) B is approrimatively compact with respect to A.

Then there exists an element z* € B(xo,r) such that d (z*,Tz*) = dist(A, B).

Corollary 8. Let A and B be nonempty closed subsets of a complete metric space (X,d).
Assume that Ag is nonempty and T : A — CB(B) is an ap-prozimal F-contraction of Ciric
type mapping on a closed ball satisfying the following assertion:

(i) for each x € Ay, we have Tx C By;

(i) there exist x1,xo € Ao and vi € Txy such that a(x1,x2) > n(x1,x2) and d(xe,v1) =
dist(A, B);

(iii) (H) holds;

(iv) B is approrimatively compact with respect to A.

Then there exists an element z* € B(xo,r) such that d (z*,Tz*) = dist(A, B).

Example 9. Let X = RXR be endowed with a metric d ((x1,22), (y1,92)) = |21 — 11| +]22 — 92|
for each x,y € B(x1,7) C X. Define the mapping T : A — CB(B) by

1,z),(1,2%) otherwise,
where A={(0,z) : =1 <x <1} and B={(1,z) : =1 <x <1}, and a,n: Ax A - R"

Lifz,y€0,1]
0 otherwise.

5 if z,y €[0,1]
0 otherwise.

@ ((0.2). 0.)) = { and 1((0.2), 0.)) = {
Take F(x) = Inx for each v € RY and 7 = % It is easy to see that T is an a-n-proximal
F-contraction of Ciric type mapping on a closed ball. For each x € Agy, we have Tx C By. Also
for z1 = (0, %) € Ay and v1 = (1, %) € Tz, we have xo = (0, %) such that a(x1,x2) > n(x1, z2)
and d(xg,v1) = dist(A, B).Moreover {x,} is a sequence in A such that x, — x € Ay asn — oo,
and a(xn, Tpi1) = N(xn, Tpy1) for all n, we have a(xp, x*) > n(x,, x*) for all n. Further note
that B is approximatively compact with respect to A. Therefore, all the conditions of Theorems
5 and 6 hold. Hence T has a best proximity point.
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Abstract

The Euler difference scheme for a two-dimensional Lotka-Volterra competition model is
considered. Recently, we have shown that the difference scheme has positive and bounded
solutions, and that the solutions of the scheme converge to the equilibrium points under
some sufficient conditions. In this paper, we find asymptotic lines of the solutions of the
Euler discrete scheme in two categories of partitions of domain. We present sufficient
conditions under which the line between the two equilibrium points of the scheme is the
asymptotic line of the solutions of the scheme in each category. Numerical examples are
given to verify the results.

Keywords: FEuler difference scheme, competition model, asymptotic line

1. Introduction
The two-dimensional Lokta-Volterra competition model is given by

B 2y — ane(t) — aray(®), L = y1)ra — ar(t) —amy(®)), ()
where r; > 0 and a;; > 0. Here x(t) and y(¢) denote the population sizes or population
density in two species x and y at time ¢, which are competing for a common resource.
The parameters r; are the intrinsic growth rates and a;; (¢ = 1,2) measure the inhibiting
effect on the two species x and y, respectively, where a5 and ag; are the interspecific
acting coefficients.

The dynamics of the model (1) is well-known [1-4]. Many reseachers have studied the
Lokta-Volterra models; the solutions of (1) are positive and bounded, and the system (1)
is stable. There are a number of works on investigating continuous time models [5-10].
But relatively few theoretical papers are published on their discretized models [11-14].

Recently, we have studied the global stability of the discrete-time Lokta-Volterra
model. In [15], Choo has introduced a method to present global stability in the dis-
crete Lokta-Volterra predator-prey model for the case that all species coexist at a unique
equilibrium. In [16], we have shown the global stability of the Euler difference scheme for
a three-dimensional predator-prey model using a new approach.

*Corresponding author
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In this paper, we consider the Euler difference scheme for the two-dimensional Lokta-
Volterra competition model given by

Tn1 = Tl + f(@n, Yn) ALY, Yni1 = Yu{l + g(2n, yn) At} (2)
where

f(x,y) =m —anz —any, g9(z,y) =r — anx — axny, (3)
and At is a time step size, x, = xo + nAt and y, = yo + nAt with (zo, o) = (2(0), y(0)).
In [17], we have shown the Euler difference scheme has positive and bounded solutions,
and have presented sufficient conditions for the global stability of the fixed points of the
discrete competition model with two species. The main idea of our approach has been
to divide the domain used for the boundedness of solutions of the discrete model and to
describe how to trace the trajectories with respect to each partition. We have obtained
the following global convergences to (0,79a5 ) in Figure 1-(a) and (rja;;’,0) in Figure
1-(b). In the numerical results the line between the two points (0,75a5 ) and (ria;;, 0)
looks like the asymptotic line in the two cases: one is ria;}' < rasy, and riay, < radyy

as in Figure 1-(a), and the other is r1a;}' > rpay; and riay, > a5, as in Figure 1-(b).

(a) (b)
. - f =0
g =0

£ =0
g =0

Figure 1: Trajectories for different initial points. (a) 1 = 1,a11 = 1,a12 = 2,79 = 3.5,a21 = 3, a22 = 2.
(b) 11 = 1,a11 = 1,a12 = 1,79 = 1.5,a21 = 3,a22 = 5. The box and circle symbols denote initial and
equilibrium points, respectively.

Therefore the goal of this paper is to find some conditions under which the line between
the two points plays a role as the boundary dividing the convergence region surrounded
by the four lines f(z,y) =0, g(z,y) =0, x =0 and y = 0.

The paper is organized as follows. In Section 2, we give some conditions under which
the solutions of (2) are positive and bounded, and converge to equilibrium points of
(2) starting in the partitioned regions of the domain. In Section 3, we have sufficient
conditions under which the line between the two equilibrium points of the scheme (2) is
the asymptotic line of the solutions of the scheme. In Section 4, some numerical examples
are presented to verify our results.

2. Positivity, boundedness and stability of the discrete solutions

For the positivity and boundedness of the solutions (x,,y,) of (2), we assume

At < 1/ max{ry,re} (4)
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and consider constants z* and y* such that
7“1611_11 < z”* < U1<y*)7 7”2(12_21 < y* < U2($*), (5)

where
1+ TlAt — alngAt 1+ TQAt - a217—1At

6
2(111At 2(122At ( )

Then we have the positivity and boundedness of (z,,y,) using z* and y* in (5) as follows
(see [17]).

Theorem 1. Let (x,,y,) be the solution of (2). Assume that (4) and (5) hold.
If (z0,90) € (0,2%) x (0,y*), then (xn,yn) € (0,2*) x (0,y*) for all n.

Ul(Tg) =

, Us(m) =

Let D = (0,2*) x (0,y*) for z* and y* defined in (5). To discuss the stability of the
Euler difference scheme (2) for each initial position (z¢,yo) contained in D, we partition
D by two lines f(z,y) = 0 and g(x,y) = 0 into the four regions

[={xeD]| f(x) >0, g(x) >0}, I={xeD| f(x) <0, gx) >0},

>
MI={xeD]| f(x) <0, g(x) <0}, IV={xeD| f(x) >0, g(x) <0}, (7

where x = (z,y), and f(x,y) and g(z,y) are given in (3).

Since the location of the regions depends on the x and y-intercepts of the two lines,
there are four categories C;(1 < ¢ < 4) of partition in D as in Figure 2; we use the
symbol C; for the two conditions 7a;}' < reay) and ray, < reas,, the symbol Cy for
riay) > raayt and riajy; > Teag,, the symbol Cs for riay! > reay and rial; < reas,,
and finally the symbol C, for ria;! < ra5' and riajy > raa5. The magenta circles in
Figure 2 denote the stable points of the difference model (2) in the categories.

(b)

F=0
g =0
|
Yy
11
0.5
v
0] I O
1.5 o 0.5 1 1.5
xX
(© (d)
r f:(()) f:8
1.5 g — g —
|
Yy 1] Yy
1 m ! 11
0.5
0.5
' IV | i
(o] @ o]
(o] 0.5 1 1.5 o 0.5 1 1.5
x ax

Figure 2: Two lines f = 0 and g = 0 and regions with stable points. The values of the parameters are
(a) 79 = 3.5,a21 = 3.0,a22 = 2 in the category C;. (b) ro = 1.5,a21 = 3,a22 = 5 in the category Cs. (c)
ro = 1.7,a91 = 3,a90 = 1 in the category C3. (d) ro = 3.5, a21 = 2.5, a22 = 5 in the category Cy.
For the stability we assume
1> At (anx* + a22y* + x*y*|a12a21 — CLHCnglAt) . (8)

Then we have the following lemma (see [17]).
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Lemma 1. Let (x,,y,) be the solution of (2). Assume that (4), (5) and (8) hold. Then
we have

(1) If (zg,yx) € I for some k, then (41, Yr+1) s not contained in 111,
(i) If (xg,yx) € 11 for some k, then (xgi1,Yrs+1) is not contained in 1.
(ili) If (xg,yx) € 1L for some k, then (x,,y,) € 11 for all n > k.
(iv) If (zx,yx) € IV for some k, then (x,,y,) € IV for alln > k.

In the following theorem, we have the global stability of the solutions of (2) for the
category C; and Cy as in Figure 2-(a) and Figure 2-(b), respectively (see [17]).

Theorem 2. Let (z,,y,) be the solution of (2). Assume that (4), (5) and (8) hold. Then
we have

(i) If riayy < reay’ and riajy < reay,, then (0,rsa3, ) is globally stable.

(i) If ray > roag) and riay; > roagy , then (riayy,0) is globally stable.

Remark 1. Under the same conditions as in Theorem 2, we have the convergence of
the solutions (w,,,) of (2) for the category Cs as in Figure 2-(c). If ria;) > roas)
and 71a;, < ToGy, then the solutions converge with the limit (rja;!,0) or (0,79a5, ).
We have the global stability of the solutions for the category C; as in Figure 2-(d)
where each component of the equilibrium point is positive. If ajjass — ajpas; # 0,
riayl < reay and rial; > Teasy, then (61,6;) is globally stable, where (6,6;) =
(a11a22 — a12a21)_1 (7“1(122 — ToQ12, —T10G21 + 7’2@11) with f(91,92) = 9(91,92) = 0. See [17]
in detail.

Remark 2. Using the results in this section, we present the asymptotic lines of the dis-
crete solutions in C; and Cy in the next section. In the case of C3 and Cy4, the corresponding
asymptotic lines will be treated in the future work.

3. Asymptotic lines of the discrete solutions in C; and C,

In this section, we give sufficient conditions under which the line between the two
equilibrium points of the scheme (2) is the asymptotic line of the solutions of the scheme
in the two categories C; and C,.

First, we consider the category C; as in Figure 1-(a), which is the case

riag) < reay), riapy < radsy. (9)

By Theorem 2, (0, 75a5 ) is the unique equibrium point in this case.
Denote the line between the two points (riaj;,0) and (0,72a5, ) as h(x,y) = 0, where
h(z,y) = rire — raan T — riay. (10)

The condition that (z,yx) is located between two lines h(z,y) = 0 and g(z,y) = 0 is
equivalent that
1T — o111 — T1a22Yk <0 (11)

and
r9 — A1k — Aoy > 0. (12)

The equation (12) implies (2, yx) € 11, which gives (zg11, yxt1) € II due to Lemma 1-(iii).
Therefore ry — as1xpi1 — aoyr1 > 0. In this case, we have the following lemma.
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Lemma 2. Assume that for some o > 0
2
Tiry — Q11T — a2y, = —ag, < 0.
Then we have

1
TiTy — To@y1Tpiy — T1AoYkr1 = ap{—1+ At [Oéir— —HU(%)}}
1

T2

+ $kAt(?”1a22

where 5
20110712 Ta2a11
plz) = ( - + an )T + 1.
r1G22 1

Proof. We have from (2) and (3) that

T2 — 72011 Tk+1 — T1G22Yk+1 = T1T2 — T2011Tk — T1022Yk
— roan T AL(ry — a11x, — a12Yk) — T1022YR At (T2 — a1 Tk — a22yk).

Then, by (13) and (15), we have from (16) that

Ty — T2011Tk+1 — T1022Yk+1
179 — 211Xk + O{z)
1022
—To11 Xk + ai)
™

2
= —aj — roanzpAt(r) — anzy — ar

— (Tl’l“g — o111k + Oéz)At( — 21T —

Q12

1 1
= o (At—=) + ai{—1 — reanzp At — ) = (rira — raanxy) - (— At—)

1 T2Q22 1
roQ11T
— At(—ao 7k + 201k

" )} + ap{—roanziAt (r1 — anzy — ars ——

ToQ11X
— (ryre — roay ) At(—ag Ty + 27 k)}

=ai{—1+ At [aﬁr—ll + p(z)]} + Gla).

Here the last term in (17) is

rmre — 7“2(11151%)
Tr1G22
7’2a11$k)
1

— (—roa1n) At(—ag +
7“16L22) (=roa1r) At(—an "

7“26112) _ (rlrg)At( — as + 7’2@11)}
a2 ™

a 1
::L’i{(—’f‘gall)At( 1 ) +r2a11At—(—r1a21 —|—CL11’I“2)}
1G22 1

G(ar) = — roan@pAt(ry — aneg — ar

— (?"17’2 — Tgall.Tk)At( — 21Tk +

TroG110A12 Traot11

= l’i{(—TQCLH)At( — al +

)}

+ l’k{—TganAt(’rl —

raot11

- l’kAt( ){CL11(7“1G22 — T2012) + Ag(—7T1a21 + T2011)}

22

= l‘kAt( "2

){T1a22(a11 - a21) - 7”2@11(6112 - a22)}(1'ka11 - 7’1)-
1G22

Hence we obtain the result.

){7“1CL22(G11 — ag1) — a1 (a1 — ag) H(xran — 1),

179 — T2G11Tk

(13)

(14)

(15)

(16)

(18)
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In the following lemma, we consider the case that the point (xy, yx) is located between
two lines h(z,y) = 0 and f(x,y) = 0. It is equivalent to the case that (xy,yy) satisfies

T1Ty — T'2011Tk — T1G22Yx > 0 (19)

and
71— anTy — aayy < 0. (20)

The equation (19) and (20) implie (xy,yx) € II, which gives (Tj41,yx+1) € II due to
Lemma 1-(iii). Therefore r; — aj12x11 — a12yrr1 < 0. We have the following result in this
case.

Lemma 3. Assume that for some oy > 0
T1Tg — T2G11T — T A2Yr = ai > 0. (21)

Then we have

1
P17y — TA11 Tk — T1020Yki1 = p{l + At[air— + q(zx)]}
1

(22)
r
+ $kAt( 2 ){7“1&22(a11 - 021) - 7“26111(&12 - a22)}($ka11 - 7‘1),
T1a922
where o
q(z) = (- S + ap)x — 7. (23)
1022

Proof. By a similar way in the proof of Lemma 2, we have from (16), (21), (23) and (18)
that

Ty — T2011Tk+1 — T1022Yk+1

2
T1To — 1211 — X
2 172 20114k k

= Oék — T‘QCLH[EkAt (Tl — Q11T — A12 )

1022
2
ToG11Lk + &
2 2011 b
— (7’17’2 — 72011k — CYk)At( — 21Tk + —T )
1
12

2022

1 1
=" (Atz) — o {—1 — raanz At — ) = (rira — raanay) - (- At,,,_l) (24)

— At( — 21Tk + 7‘2G11$k)} + &2{—T2G11$kAt(7“1 — Q11T — alz—Tﬂ”Q — 2011 Tk
1 1022
T9Q11 L
— (rry — Tzanxk)At( — a1 + 2 ;1 k)}
1
1
= o {l + At [air— + q(zi)]} + Glax).
1
Hence we obtain the result. O

Since the solution (z, yx) of (2) and a3 = |r1ry —roa1 Ty —r1a22yk| in (13) and (21) are
bounded by Theorem 1, it is possible to take At so small, which satisfies the inequalities

1 1
At{azr— +plze)} <1, 1+ At{air— + q(xg)} > 0. (25)
1 1
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We divide the region II based on the two lines h(z,y) = 0 and = = rya};', and then
the region is partitioned into three parts II°, IT* and 114 (see Figure 3).

I1° is the region with the three boundaries g(z,y) = 0, y = 0 and = = ria;".

IT" is the region with the three boundaries g(x,y) =0, h(z,y) = 0 and x = ria;;.

14 is the region with the three boundaries f(z,y) =0, h(z,y) =0 and x = 0.

In the following theorems, we have the results that if the solution (x,,y,) of (2) starts
at II" or 114, it remains in the same region.

Theorem 3. Let the conditions (4), (5), (8) and (25) hold. Let (x,,y,) be the solution
of (2) with riay! < reay, riay < reas, and

riaga(a1; — ag1) — reaqr(aiz — ag) > 0. (26)

If for some k
(ajk?yk) S IIu7

then for all i > k
(xz)yz) S IIu7

where 11" is the the region with the three boundaries
g(x,y) =0, h(z,y) =0 and = ria;".

Proof. Since x,, > 0 and y, > 0 for all n in Theorem 1, g(x,y) = ro — as;x — any and
h(z,y) = rire — raa® — riasy, the inclusion (zy, yx) € 11" is equivalent to

To — A21T) — A2y > 0, T2 — roaxy — T1a22y; < 0.

Then it is enough to show that for all i > k

Ty — A1T; — agaYy; > 0, (27)
T2 — ToQ11T; — T1G22Y; < 0. (28)

Note that due to Lemma 1-(iii)
if (zx,yx) € I, then (x;,y;) € II for all i > k. (29)

Since (xg, yx) € I and II" C 11, we have (x;,y;) € Il for all i > k due to (29), so that the
definition of II yields the inequality (27).

Now it remains to show the inequality (28), which can be proved using the equality
(14) in Lemma 2:

1
T1Te — 2011 Tk+1 — T1Q22Yk+1 = Oéi{—l + At[ai— + p(op)]}
& (30)
T2
—|— ZEkAt(

){T’1a22(a11 - azl) - 7“2(111(CL12 - Cl22)}($ka11 - 7“1),
1G22

where 9
T2a7110712 2011
p(x) = ( - +CL21)IE+T2
1022 (&1
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and
2
aj, = —(rire — r2a11%K — T1a2Yk) > 0

due to 717y —r9a11 7 — 1a2y, < 0. Applying both (25) and (26) into (30) with z; < r1a;;
for all ¢ > k obtained from (29), we have that
T2 — 2011 k11 — T1a22Yk+1 < 0.

Using mathematical induction, we can obtain the desired result. O
Theorem 4. Let the conditions (4), (5), (8) and (25) hold. Let (xy,yn) be the solution
of (2) with riay! < reay), riayy < reas, and

riag(ai — az) — r2a11(aig — az) < 0. (31)
If for some k

(xlﬁyk) S IId7

then for all i > k
('r”wyz) € IId7

where 11 is the the region with the three boundaries
f(z,y) =0, h(z,y) =0 and z = 0.

Proof. Since x, > 0 and y, > 0 for all n in Theorem 1, f(x,y) = r1 — a;1x — apy and
h(z,y) = rire — roay1 @ — T1asy, the inclusion (xy,y,) € 114 is equivalent to

T — a1 Tk — Yk < 0, T2 — roa Ty — riany; > 0.
Then it is enough to show that for all i > k
r— anz; — ay; <0, (32)
riry — o112 — T1a92Y; > 0. (33)

Since (g, yx) € 11 and 114 C 11, we have (z;,;) € II for all i > k due to (29), so that the
definition of II yields the inequality (32).

Now it remains to show the inequality (33), which can be proved using the equality
(22) in Lemma 3:

1
T2 — T2011Tk41 — T1A22Yk+1 = 042{1 + At[air— + Q(l‘k)]}
1

(34)
,
+ 2 AH(—2=){r1ags (a1 — ag) — roa11(ary — age) Hapary — 1),

1G22
where i

2011012
Qr)=(————+ag)xr—7r
(z) = ( o 21) 5

and

2
Q= T1Ty — T'2011T — T1G22Yk > 0

due to ryry —roa11 2, — a0y > 0. Applying both (25) and (31) into (34) with z; < riay}
for all i > k obtained from (29), we have that

T1iT — T2011Tk41 — T1022Yk4+1 > 0.

Using mathematical induction, we can obtain the desired result. O]
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Remark 3. In C;, we have from Theorem 3 that if r1aga(a11 — ag1) — reaii(ajs — age) > 0
in (3), then the sequence (zy,yx) in II* defined by (2) remains in II* as follows:

(i) If (z,yx) € TUIII for some k, then there exists a positive integer ! such that
(Th+1, Yut) € 1L
(i) If (zk,yx) € 11 for some k, then (g i, ypri) € I for all @ > 1 and limy_ o0 (2k, yr) =
(0, 79055 ) by Lemma 1-(iii) and Theorem 2-(i).
(iii) By (ii), if (zx, yx) € 11, then there exists a nonnegative integer [ such that (x4, ye11) €
IT* U IT9. If there exists m such that (Tpiirm, Yrrirm) € 1I%, then (g1, Yryiri) MY
(i > m) by Theorem 3. Otherwise, (T4 144, Yrsi1i) € 114 for all i > 1.

Also we have from Theorem 4 that if ras(a; — ao1) — rea11(aa — ass) < 0 in (3), then
the sequence (x,y;) in 11? defined by (2) remains in I1I¢.

In the case of Cy, we divide the region IV into two parts IV" and IV¢ by the line
h(z,y) = 0 (see Figure 4).

IV" is the region with the three boundaries f(z,y) =0, h(z,y) =0 and x = 0.

IVY is the region with the three boundaries g(x,y) = 0, h(x,y) = 0 and y = 0.

In the following theorems, we have the result that if the solution (z,,y,) of (2) starts
at any part of IV, it remains in the same part.

Theorem 5. Let the conditions (4), (5), (8) and (25) hold. Let (x,,y,) be the solution
of (2) with riay! > reasy), riay > reay and

7“1@22(@11 - CL21) - T2a11(a12 - a22) > 0. (35)

If for some k
(mka yk) € Ivu7

then for all i > k
(xia yz) € Ivu7

where IV is the the region with the three boundaries
flx,y) =0, h(z,y) =0 and x = 0.

Proof. Since x, > 0 and y, > 0 for all n in Theorem 1, f(z,y) = r; — a;1& — a2y and
h(z,y) = rire — rea; @ — riagy, the inclusion (zy, yx) € IV" is equivalent to

1 — anTr — a1y > 0, mre — reanxy — riagyr < 0.

Then it is enough to show that for all : > k

r1— anx; — apy; >0, (36)
T2 — T9Q11T; — T1G22Y; < 0. (37)

Note that due to Lemma 1-(iv)
if (g, yr) € IV, then (z;,y;) € IV for all ¢ > k. (38)

Since (zg, yx) € IV* and IV" C IV, we have (z;,y;) € IV for all i > k due to (38), so that
the definition of IV yields the inequality (36).
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As in the proof of Theorem 3, we use the equality (14) in Lemma 2 with a2 > 0 to
show the inequality (37). Applying both (25) and (35) into (14) with x; < rjay; for all
i > k obtained from (38), we have that

T1re — T2011Tk+1 — T1022Yk+1 < 0.
Using mathematical induction, we can obtain the desired result. O
Theorem 6. Let the conditions (4), (5), (8) and (25) hold. Let (xy,yn) be the solution
of (2) with riay! > reay), riayy > reas, and
7“1G22(Gl1 - CL21) - T2<l11(a12 - a22) <0. (39)

If for some k

(xka yk:) S Ivdv
then for all i > k

('ria yz) € Ivdv
where IV is the the region with the three boundaries

9(z,y) =0, h(z,y) =0 and y = 0.

Proof. Since x, > 0 and y, > 0 for all n in Theorem 1, g(x,y) = ro — ag;x — axy and
h(z,y) = riry — reap @ — r1a20y, the inclusion (zy,yx) € IVY is equivalent to

e — A1k — Aoy < 0, 7172 — rean Ty — riaxnyy > 0.
Then it is enough to show that for all i > k

1 — anT; — ay; <0, (40)

7179 — T9Q11T; — T1G22Y; > 0. (41)

Since (2, yx) € IV? and IVY C 1V, we have (5, ;) € IV for all i > k due to (38), so that
the definition of IV yields the inequality (40).

As in the proof of Theorem 4, we use the equality (22) in Lemma 3 with a2 > 0 to
show the inequality (41). Applying both (25) and (39) into (22) with x; < rya;;" for all
i > k obtained from (38), we have that

71Ty — T2011Tk41 — T1022Yk+1 > 0.

Using mathematical induction, we can obtain the desired result. O

Remark 4. We have similar results as Remark 3. In the case of Cy, we have from Theorem
5 that if riagse(a;; — ag) — reaji(ajs — as) > 0 in (3), then the sequence (xy, yx) defined
by (2) remains in IV* as follows:
(1) If (zg,yx) € T U III for some k, then there exists [ such that(zyi,, yryi) € IV.
(ii) If (zg, yx) € IV for some k, then (zx1s, yrts) € IV for all i > 1 and limg o0 (T, yr) =
(r1ay,0) by Lemma 1-(iv) and Theorem 2-(ii).
(iii) By (i), if (zg,yx) € IV, then (xy,yx) € IV* U IVL If there exists m such that
(Tham, Ykam) € IVY, then (xpii, yrss) €IV (¢ > m) by Theorem 5. Otherwise,
(Thri, Ynrs) € IV for all 4 > 1.

As a similar way, we have from Theorem 6 that if 7ass(a1; — ag1) — reaqi(aiz — agn) <0
in (3), then the sequence (x,y,) in IV¢ defined by (2) remains in IV
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4. Numerical examples

In this section, we provide simulations that illustrate our results in Theorem 3-
Theorem 6 for the difference scheme (2) with At = 0.001 and (z*, y*) = (ria; +50, roag, +
50). The values of parameters used in the following examples satisfy the conditions in
(4), (5), (8) and (25). From the following examples, we verify the result that the line
h(z,y) = rire — raa11x — r1asy = 0 is the asymptotic line of the solutions (z,,y,) of (2).

Example 1. Let (ry, a1, a12, 2, as1, a92) = (1,0.5,1,4,1,2), which satisfies the three
conditions ryaj] < roay, riaj; < raasy and

7"16!22(011 - a21) - 7”2a11((l12 - a22) =1>0

in Theorem 3. Then the solutions (z,,y,) of (2) converge to (0,7ya5, = 2) as displayed
in Figure 3-(a). The sequence of the solutions in II* remains in II*.

Example 2. Let (71, a1, 12,72, a21,a20) = (1,1,1,5,4,2), which satisfies the condi-
tions rlal_ll < 7“2@2_11, r1a1_21 < r2a2_21 and

in Theorem 4. Then the solutions (z,,y,) of (2) converge to (0, rya,, = 2.5) as displayed
in Figure 3-(b). The sequence of the solutions in I1¢ remains in 1%,

(a)

Figure 3: Trajectories for different initial points in the regions I, II, III in the category C; with (a)
r1 =1,a11 =0.5,a12 = 1,ra =4,a91 = l,a22=2. (b) 11 =1,a11 = 1,a12 = 1,79 = 5,a21 = 4,a00 = 2.
The box and circle symbols denote initial and equilibrium points, respectively. The green line segment is
T = rlafll in the region II.

Example 3. Let (r1, a1, a2, r2, as, az) = (3,1,1.5,1,0.5, 1), which satisfies the three
conditions ryaj] < roay, riaj, < raas, and

T1a22(a11 - CL21) - 7’26111(6112 - a22) =1>0

in Theorem 5. Then the solutions (z,,y,) of (2) converge to (riay! = 3,0) as displayed
in Figure 4-(a). The sequence of the solutions in IV* remains in IV*.
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Example 4. Let (r,a11,a12,72, a1, a22) = (4,1,2,1,1,1), which satisfies the condi-
tions rlaﬂl < 7’2(12’11, Tlaf21 < r2a521 and

7’1@22(&11 - @21) - T2a11(a12 — CL22) =—1<0

in Theorem 6. Then the solutions (x,,%,) of (2) converge to (ria;;" = 4,0) as displayed
in Figure 4-(b). The sequence of the solutions in IV? remains in TV

(=)

£y

Figure 4: Trajectories for different initial points in the regions I, III, IV in the category Co with (a)
r1=3,a11 = l,a12 = 1.5,72 = La91 = 0.5,a22 = 1, (b) r1 =4,a11 = L,a12 = 2,72 = 1,021 = l,a02 = 1.
The box and circle symbols denote initial and equilibrium points, respectively.

Example 5. Let (ry, a1, a12, 72, as1,a9) = (1,1,1,2.5,1,1), which satisfies the three
conditions ryaj] < reay’, riaj; < raasy and

7"16!22(011 - a21) - 7“2a11((l12 - a22) =0

in Theorem 3 and Theorem 4. Then the solutions (x,,%,) of (2) converge to (0,7ya55 =
2.5) as displayed in Figure 5-(a). For the trajectory of the solutions from III to II, if
(g, y) in 1% then (zj44, Yrsi) € for all @ > 0 remains in II*. Also for the trajectory of
the solutions (zy, yx) from I to I1, if (x, yx) in 119, then (244, Yris) € for all i > 0 remains
in I1¢. Therefore the line h(z,y) = 0 is the asymptotic line of the solutions.

Example 6. Let (r1, a1, 12,72, a21, asn) = (2.5,1,1,1,1, 1), which satisfies the condi-
tions rlal_ll > T2a2_11, T1a1_21 > r2a2_21 and

7”16!22(6111 - a21) - 7”20l11(0l12 - a22) =0

in Theorem 5 and Theorem 6. Then the solutions (z,,y,) of (2) converge to (ria; =

2.5,0) as displayed in Figure 5-(b). For the trajectory of the solutions from III to IV,
the sequence of the solutions in IV* does not cross the line h(z,y) = 0, which is the
asymptotic line of the solutions. Also for the trajectory of the solutions (z,,y,) from I to
IV, the sequence of the solutions in IV¢ remains in IV<,
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{a)

()

Figure 5: (a) Trajectories for different initial points in the regions I, II, IIT with 1 = 1,a1; = 1,a12 =
1,79 = 2.5,a21 = 1,a22 = 1 in the category C;. The green line segment is x = rlal_ll in the region II.
(b) Trajectories for different initial points in the regions I, III, IV with r; = 2.5,a11 = 1,a12 = 1,79 =
1,a21 = 1,a22 = 1 in the category C2. The box and circle symbols denote initial and equilibrium points,
respectively.

5. Conclusions

In this paper, we have found sufficient conditions under which the line h(z,y) = 0
between the two equilibrium points of the scheme (2) is the asymptotic line of the solutions
of the scheme in C; and Cy, respectively. In these conditions, the line h(z,y) = 0 plays
a role as the boundary dividing the convergence region surrounded by the four lines
f(z,y) =0, g(z,y) =0, 2 = 0 and y = 0, and the sequence of the solutions of (2) starting
in the partitioned regions of the domain does not cross the line h(x,y) = 0. Some
numerical examples are presented to verify our results. We have obtained the results in
the two categories C; and Csy, but the methods used in this paper can be applied to find
the asymptotic lines of the solutions of (2) in the other categories C3 and Cy, which will
be shown in the future work.
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