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Stability of a within-host Chikungunya virus dynamics model with

latency

Ahmed. M. Elaiw, Taofeek O. Alade and Saud M. Alsulami
Department of Mathematics, Faculty of Science, King Abdulaziz University,
P.O. Box 80203, Jeddah 21589, Saudi Arabia.

Email: a_m_elaiw@yahoo.com (A. Elaiw)

Abstract

This paper studies the stability of a mathematical model for within-host Chikungunya virus (CHIKV)
infection. The model incorporates (i) two types of infected monocytes, latently infected monocytes which do
not generate CHIKV until they have been activated and actively infected monocytes, (ii) antibody immune
response, and (iii) saturated incidence rate. We derive a biological threshold number Ro. Using the method
of Lyapunov function, we established the global stability of the steady states of the model. We have proven
that, when Ry < 1, then Qo is globally asymptotically stable and when Ro > 1, the endemic equilibrium
Q1 is globally asymptotically stable. The theoretical results have been supported by numerical simulations.

Keywords: Chikungunya virus infection; Latency; Lyapunov function; Global stability.

1 Introduction

In recent past, many mathematicians have been presented and developed mathematical models in order to
describe the interaction between viruses (such as HIV, HCV, HBV, HTLV and Chikungunya virus) and human
cells (see e.g. [1]-[22]) Mathematical models of human viruses can lead to develop antiviral drugs and to
understand the virus-host interaction. Moreover it can help to predict the disease progression. Studying the
stability analysis of the models is also important to understand the behavior of the virus.

Chikungunya virus (CHIKV) is an alphavirus and is transmitted to humans by Aedes aegypti and Aedes
albopictus mosquitos. In the CHIKYV literature, most of the mathematical models have been presented to
describe the disease transmission in mosquito and human populations (see e.g. [23]-[30]). However, only few
works have devoted for mathematical modeling of the dynamics of the CHIKV within host. In 2017, Wang and

Liu [22] have presented a mathematical model for in host CHIKV infection model as:

S =p—dS—0bSV, (1)
I =0bSV —el, (2)
V =mlI —rV —qBYV, (3)
B =n+cBV - 4B, (4)

where S, I, V, and B are the concentrations of uninfected monocytes, infected monocytes, CHIKV particles and
B cells, respectively. Parameters d and p represent the death rate and birth rate constants of the uninfected
monocytes, respectively. The uninfected monocytes become infected at rate bSV, where b is rate constant
of the CHIKV-target incidence. The infected monocytes and free CHIKV particles die are rates el and rV/,
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respectively. An actively infected monocytes produces an average number m of CHIKV particles. The CHIKV
particles are attacked by the B cells at rate ¢V B. The B cells are produced at constant rate n, proliferated at
rate ¢cBV and die at rate dB.

In system (1)-(4) it is assumed that when the CHIKV contacts the uninfected monocytes it becomes infected
and viral producer in the same time. However, this is unrealistic assumption. Therefore our objective in the
present paper is to incorporate such delay by adding latently infected monocytes as another compartment to
model (1)-(4). Moreover, we replace the bilinear incidence by saturated incidence which is suitable to model the
nonlinear dynamics of the CHIKV especially when its concentration is high. We investigate the nonnegativity
and boundedness of the solutions of the CHIKV dynamics model. We show that the CHIKV dynamics is
governed by one bifurcation parameter (the basic reproduction numbers Rg).We use Lyapunov direct method
to establish the global stability of the model’s steady states.

2 The CHIKYV dynamics model

We cosider the following within-host CHIKV dynamics model with latently infected monocytes and saturated
incidence rate:

: bSV
S=n—dS = ®)
: bSV
L—(l—p)1+wv—(9+A)L7 (6)
bSV

—pl_’_ﬂVJr/\LfeI, (7)
V =mI—rV —qBV, (8)
B =n+¢BV - 4B, (9)

where L is the concentration of latently infected monocytes, while I is the concentration of the actively infected
monocytes. A fraction (1 — p) of infected monocytes is assumed to be latently infected monocytes and the
remaining p becomes actively infected monocytes, where 0 < p < 1. The latently infected monocytes are

transmitted to actively infected monocytes at rate AL and die at rate 6L.

3 Properties of solutions

The nonnegativity and boundedness of the solutions of model (5)-(9) are established in the following lemma:
Lemma 1.

There exist My, My, M3 > 0, such that the following compact set is positively invariant for system (5)-(9)
®={(S,L,I,V,.B)eR%;:0< S L I<M,0<V<M,0<B< Ms}

Proof. Since

' : bSV
- L‘ =(1- >0 forall S,V >0,
S‘szo w>0, - ( p)l—l—ﬂV*O orall S,V >0
bSV .

‘ =p L AL >0 forall S,V.L >0, V‘ —mI>0 foral >0,

I1=0 147V V=0
B’ =n>0.

B=0

Then, R;O ={(z1,22,...,25,) € Ryz; >0,i=1,2,...,5} is positively invariant for system (5)-(9).
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We consider

Tl(t) = S(t) + L(t) + I(t)7
To(t) = V() + 1B, (10)

then from Eqs. (5)-(9) we get
Tl(t) =pu—dS—0L—el <p—o1Ty

where o1 = min{d, 0, e}. Hence T1(t) < My, if T1(0) < My, where M; = % The non-negativity of S(t), L(t)
and I(t) implies that 0 < S(t), L(t), I(t) < M; if 0 < S(0) + L(0) + I(0) < M;. Moreover, we have

. 5
Tot)=ml —rV + Ly = 2B <mhMy + Ly — ooV + LB) = m, + Ly — 00T,
C C C C C

where o9 = min{r,d}. Hence T5(t) < My, if T5(0) < Mj, where My = %j%" We have V(t) > 0 and B(t) > 0,
therefore, 0 < V/(t) < My and 0 < B(t) < M3 if 0 < V(0) + £B(0) < M, where Mz = %.D

3.1 Steady States

System (5)-(9) always admits a virus-free steady state Qo = (So, Lo, lo, Vo, Bo) = (4,0,0,0, %). To calculate the

other steady states we let the R.H.S of system (5)-(9) be equal zero
bSV

—py—ds — =" 11
0=p—dS—1— )
bSV
=(1- - L 12
0=(1—p)y v ~ (64 VL. (12)
_ pbSV -
0= o T AL —el. (13)
0=mI—rV —qVB, (14)
0=n+cBV - §B. (15)
From Eq. (11)-(15) we obtain
 p(l4+aV) I (1 —-p)bSV I bSV (A + Op) o 1 (16)
W AHdA+7V) T A +TV) (04N e(l+TV)(O+N) T §—cV]
Substituting Eq. (16) into Eq. (14) we have
mpbp mA(1 — p)bu I U/ IV
eV +d(1+aV)) eV +d1+7V))(0+N) §—cV '
If V #£0, then
PV? - PV +P;=0,
where

Py =rec(f 4+ \)(b+ 7d),
Py = —ercd(0 + \) + mbuc(X + 0p) + (red) (0 + N) (b + 7d) + (gen) (0 + X)(b + 7d),
Py = mbud (X + 0p) — ed (rd + qn) (6 + X).
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Pi, P, and P3 can be re-written as:

P, = (rec) (0 + \)(b+ 7wd),

p, — ced(rd+ gm OF N (R — 1) + (re8) (0 + A (b -+ 1) + (gen)(6 + A)(b + 7d)
a0
Py =ed(rd +qn) (0 + A)(Ro — 1),

where
bmdu(A\ + 6p)

Ro = .
07 ed(ré + qn)(0 + N

Let
F(V)=PV? - PV +P;=0. (17)

If Ry > 1, then we have

F(0) = ed(ré +qn) (0 + A\)(Ro — 1) >0,
F (i) = —(qen)(0 + A) (W +d> <0,

c

d (rd 0+ X\ d 0+ X\
Fl(0) = Ao+ gm( TN (12 Rg) — (red) 0+ A)(b+ md) — (qen)(0+ N)(b + wd) — (W) <.
Then, Eq. (17) has two positive roots
P —/PI—4P,P; _§ P+ /PI—4PP; _§
Vi= ) < B and V= ) >

If V.= Vb, then from Eq. (16) we get By = 5—L~ < 0. Thus, if Ry > 1, then system (5)-(9) has a unique
endemic steady state Q1 = (S1, L1, I1, Vi, By), where

s, p(l+7Vy) (1—p)buWy (A + p)bpVy

= = 7-[: )
Witd(l+a) LT @+ NGV rdA+ ) T 0+ OV +d(1+avy))

Py, — /P2 — AP, P:
vy = 2 2 1473 B, = n

2P1 ’ 6 — CVl '

Therefore, R represents the basic reproduction number of system (5)-(9).
Clearly Qo € ®. From Eqs. (11)-(13) we have

dSl + 9L1 + 6[1 = U.
s> Si<bem, L<b<m n<b<m
Moreover, from Eqgs. (14)-(15) we have

ml =1V = qViBi + % (54 cBiVi = B1) = 0

)
éTV1+?quszl+%n<li+%n

emMy+ 1y cM,

mM; + 4
M < pyy, B < <2 .

r q d q

=V <

It follows that @ € &’, where ® is the interior of the set ®.
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3.2 Global stability

In the following theorems we establish the global stability of the two steady states of system (5)-(9) by con-
structing suitable Lyapunov functions. Let us define

Hiz)=z—Inz - 1.
Clearly, H(z) > 0 for z > 0 and H(1) = 0.
Theorem 1. Suppose that Ry < 1, then Qg is globally asymptotically stable (GAS) in ®.
Proof. Construct a Lyapunov function Wy as:

S A 0+ A e(@+N) eq(0+ N) B
Wo(S,L,I,V,B) = SoH <So>+)\—|—9pL+/\—|—0pl+m()\+9p)v+mc()\+9p)BOH B ) (18)

dWw,
Note that, Wy (S, L,I,V,B) > 0 for all S,L,I,V, B > 0 and Wy(5y,0,0,0, By) = 0. Calculating WO along the
trajectories of (5)-(9) we get

e [ S bSV A bSV
di _(1 S)(” d5 1+7TV>+)\+9p((1 P (H‘LA)L)

0+ X [ pbSV e(0+N)
3T 0p <1—|—7TV +>\L—el> +7m(/\+9p) (mI —rV —qVB)
g0+ B
e T ep) <1 B°> (n+ cBV — 6B)
B ( So)? bSoV €@+ N1V (04 N)gBoV eq(6+ N) B
= S N TraV  mOity  mOton) T met o) <1 - BO) (0B — 90B)
I S0)?  eq(f+N\)d (B — By)? N €(rd +qn)(0 + ) ( bmd (A + 6p) B 1) v
N S me(X + 0p) B mdé (A + 6p) ed(rd +qn)(0 + (1 +7V)
_ 8= 50 @+ N6 (B-Bo)?  (red +gen)(0 + NRorV2 | erd £ a)O+2) o
- S me(A+6p) B mé(A + Op)(1 + V) mé(\ + p) 0 '

(19)

Wo dWy
Therefore, < 0 holds if Ry < 1. Furthermore, 7k = 0ifand only if S = Sy, B = By, V = 0. The solutions
d
of system (5)-(9) converge to I', the largest invariant set of {(S,L,I,V,B) : %
satisfies V(t) = V(t) = 0. Then from Eq. (8) we have I(t) = 0, and from Eq. (7) we get L(t) = 0. By the
LaSalle’s invariance principle, Qg is GAS. [
Theorem 2. Suppose that Ry > 1, then @) is GAS in ®.

Proof. Construct a Lyapunov function

S A L 0+ A I
L,1,V.B — L 1H| — IL1H(|—
WI(S7 ) aVa ) Sl <S1>+)\+9p 1 <L1)+)\+9p 1 <Il)

e (1) o™ ()

= 0}. For any element in T’

d
We have W1(S,L,I,V,B) > 0 for all S,L,I,V,B > 0 and W1(S1, L1, I1,V1,B1) = 0. Calculating Wy
the trajectories of (5)-(9) we get

aw, (S bSV A L bSV
i (1_ S) (“_ds_ 1+7rv) Xt op (1_ L) ((1_p)1+wv_<e“)L)

A (1—11)(27()5‘/ +AL—61>+6(9+A) (1 Vl)(mI—TV—qVB)

along

A+6p I 1+7V m(\ + 6p) 14
e+ 0p) 1- 5 (n+cBV —0B). (20)
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1&pp1y ing
Sl ! == (SB — CB [/
1 11,

we obtain
dW1 b51V1 51 b51V )\(1 —p)bSVLl
1-—)(d d 1-— -
di ( ) S1—dS) + ( S> 117V O\t 0p)(ltaV)L
/\ 0+ N Ly (0 + \)pbSV 1, MO+ ML e(0+ N B e(0+ NIy

O+ Do+l Ol | 00y | )V
re(@ + NV re(@+MNVi eq(6+ N\)BV; eq(0 + N) B
 m(A+0p) | m(\+6p) m(A + 6p) me(A + 0p) <1 B B) (0B, —0B)
L@@+ NBY @+ NBY: | e+ N)Biva <31>
m(A + 6p) m(X + 6p) m(\ + 6p) B )’

14+7W1

Using the steady state conditions for Q:

bS1V; bS1V;
(1 —P)lJrlﬂl/l =(0+ )Ly, f+ ;Vl + ALy = eIy, mIy =rVy +qB1Vi,

we get
bS1 V1 @+ X)) pbSiW;

@+ NI bSiVi  A1-—p)
(A+6p) (1 +7Vq)’

(A+0p)  1+aVi  (A+0p) (1+x1)
7’6(9+)\)V1 o bS1V1 . eq(9+)\)31V1

mA+0p)  1+7V; m(A + 6p)

and

dW1 7id(5—51)2 A(l—p) b51V1 <1S1)+ (9+>\) pb51V1 <151>
dt S (A +6p) (1 + V1) S (A+0p) (1 +7V4) S

bSIVi ((1+7V)V V' A1—p) bSiVi SVL,(1+ Vi)
1+7V; ((1+7TV) _V1>_()\+9p)1+7TV151V1 L(1+7V)
+ ( ) bSlVl
(A+0p) (1+7V1)

)

)

bSivi LL

(9+/\) pbS1 V4 SVI1(1+7T‘/1) ( Il
1 + ’/TVl Ll.[

p)
A+ 0p)1+aVy SiViI(14+aV) (A +0p)
L AML-p) bSiVh (0+N) pbSiVi  A1-p) bSiVi Vi
A+0p) (1+7V1)  (A+0p) (1+7V1) (A+0p)1+7Vi LV
(O+X) pbSiVi IVi  A1—p) bSiV; 0+ pbSiVi
T O I+ LV T A+ 0p) L+ 7Vh) | (At 0p) (1 + VA
~ 2eq(0+N)B1Vi | eq(0+ N)BVi | eq(0 +A)BiV; (Bl) (0 +A)d (B — By)? (21)
m(A + 0p) m(A + 0p) m(A + 0p) B me(A + 6p) B '

Eq. Eq.(21) can be simplified as

Wi S=S)P bSIVi (| (LkmAV Y LerV
dt S 1+ 7V; (1+7TV)V1 % 1+7V;

)\(1—])) bS1 V4 5_&_(1+7TV1)SVL1_£_&_ 1+7V
(A+0p) (1+’/TV1) S 1+’/TV)51V1L L1I Ilv 1+7TV1

(042 pbSiV; {_51_ 1+7rV1)SVIl_IV1_1+7rV}

(A +6p) (1+7V7) S (A+#aV)SiWI LV 147N
€q(0 + )5 (B—B1)>  eq(0+N)Bi1V; [2 B ]

me(X + 0p) B m(\ + 6p)

—_—~
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and then

awy —d(S -51)* wSi(V-Vi)?  e«q@+XNn (B-B)?

dt S 1+7aV)(1+7V1)2  me(A+0p)B;y B
Ml—p) bSiVi [5_31_(1+7rv1)5VL1_L11_IV1_ 1+7rV]
O+ 0p) (L + 7V1) S T Q+aV)SVML L LV 1+av

@+ pbSiVi [4 S (A+7V)SVL IV 1+wv}

A+0p)(1+a) | S (A+aV)SVil LV 1+7W

+

—~

The relation between the geometrical mean and the arithmetical mean implies that

5 < 51 (14+7V1)SVL, L,  Ivi 147V

- S (1+7TV)51V1L Llj [1V 1+7T‘/17
S A+7V)SVL IV | 1+aV

=g (

4 < — —_—.
1+7TV)51V1] 11V 1+7TV1

AW AW
Then Wl < 0 and Wl =0Oifandonlyif S=S;, L =1Ly, I =15,V =V, and B = By. It follows from

LaSalle’s invariance principle, @1 is GAS in $. 0

4 Numerical simulations

In order to illustrate our theoretical results, we perform numerical simulations for system (5)-(9) with parameters
values given in Table 1. In the figures we show the evolution of the five states of the system S, L, I, V and B.
We have used MATLAB for all computations.

e Effect of b on the stability of steady states: To show the global stability results we consider three
different initial conditions as:

IC1: S(0) =2.0,L(0) =0.2,1(0) = 0.4,V (0) = 0.4 and B(0) = 1.0,

IC2: S(0) =1.7,L(0) =0.4,1(0) = 0.6,V (0) = 0.6 and B(0) = 1.6,

IC3: S(0) =1.4,L(0) =0.6,1(0) =0.8,V(0) =0.8 and B(0) = 2.4.

We fix the value p = 0.5 and consider two sets of the values of parameter b as follows:

Set (I): We choose b = 0.1. Using these data, we compute Ry = 0.5469 < 1, then the system has one steady
state QQg. From Figures 1-5 we can see that, the concentrations of the uninfected monocytes and B cells return
to their values So = 4 = 2.2885 and By = 1 = 1.1207, respectively. On the other hand, the concentrations of
latently infected monocytes, actively infected monocytes and CHIKV particles are decaying and approaching
zero for all the three initial conditions IC1-IC3. It means that, Qg is GAS and the CHIKV will be removed.
This result support the result of Theorem 1.

Set (II): We take b = 0.5. Then, we calculate Ry = 2.7347 > 1. Then the system has two positive steady
states Qo and Q. It is clear from Figures 1-5 that, both the numerical results and the theoretical results
given in Theorem 2 are consistent. It is seen that, the solutions of the system converge to the steady state
@1 = (1.67881,0.405396,0.638994, 0.6152,2.77721) for all the three initial conditions IC1-IC3.
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Table 1: The value of the parameters of model (5)-(9).

H Parameter H Value H Parameter H Parameter H
[ [ow | o [ oo |
H T H varied H q H 0.5964 H
[ c | 12129 | r | 04418 |
| d | 0.79791 || n | 1402 |
I T R T
x| o1 | b | vened |
[ € | 04441 | p | varied |

Figure 1: The Evolution of uninfected monocytes.

e Effect of the saturation infection on the CHIKYV dynamics

In this case, we fix the values p = 0.5 and b = 0.5. We note that, the value of Ry does not depend on the
value of the saturation parameter w. This means that, saturation can play a significant role in reducing the
infection progress but do not play a role in clearing the CHIKV from the body. The simulation were performed
using the initial condition IC2. Figures 6-10 show the effect of saturation infection. We observe that, as 7 is
increased, the incidence rate of infection is decreased, and then the concentration of the uninfected monocytes
are increased, while the concentrations of latently infected monocytes, actively infected monocytes, free CHIKV
particles and B cells are decreased.

e Effect of p on the basic reproduction number:

In this case we take 7 = 0.1 and b = 0.3. From Figure 11, we can observed that as p is increased then Ry is

increased. Let p° be the critical value of the parameter p, such that

bmdpu(0p° + \)

O ed(ré+ a0+ N)

Using the data given in Table 1 we obtain p" = 0.226612, and we get the following:
(i) 0 < p < 0.226612. Then the trajectory of the system will converge to @y and this will suppress the
CHIKYV replication and clear the CHIKV from the body.
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Figure 2: The Evolution of latently infected monocytes.
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Figure 4: The Evolution of free CHIKV particles.
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Set (1)

B cells

Set (I

Time

Figure 5: The Evolution of B cells.
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Figure 6: The concentration of uninfected monocytes.
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Figure 7: The concentration of latently infected monocytes.
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Figure 8: The concentration of actively infected monocytes.
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Figure 9: The concentration of free CHIKV particles.
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Figure 10: The concentration of B cells.
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Figure 11: Effect of p on the basic reproduction number.

(ii) 0.226612 < p < 1. Then the trajectory will converge to Q1 and then the infection will be chronic. It
means that, the factor 1 — p plays the role of a controller which can be applied to stabilize the system around
Q- From a biological point of view, the factor 1 — p plays a similar role as the drug dose of antiviral treatment
which can be used to eliminate the CHIKV. We observe that, sufficiently small p will suppress the CHIKV

replication and clear the CHIKV. This gives us some suggestions on new drugs to decrease the fraction p.
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Abstract. The notions of an intersectional soft subalgebra and an intersectional soft normal subalgebra of a
B-algebra are introduced, and related properties are investigated. A quotient structure of a B-algebra using an
intersectional soft normal subalgebra is constructed. The fundamental homomorphism of a quotient B-algebra is
established.

1. INTRODUCTION

Molodtsov [11] introduced the concept of soft set as a new mathematical tool for dealing with
uncertainties that is free from the difficulties that have troubled the usual theoretical approaches.
Molodtsov pointed out several directions for the applications of soft sets. Worldwide, there has
been a rapid growth in interest in soft set theory and its applications in recent years. Evidence
of this can be found in the increasing number of high-quality articles on soft sets and related
topics that have been published in a variety of international journals, symposia, workshops, and
international conferences in recent years. Maji et al. [10] described the application of soft set
theory to a decision making problem. Jun [5] discussed the union soft sets with applications
in BCK/BCI-algebras. We refer the reader to the papers [3, 4, 14] for further information
regarding algebraic structures/properties of soft set theory. On the while, Y. B. Jun, E. H. Roh
and H. S. Kim [6] introduced a new notion, called a BH-algebra. J. Neggers and H. S. Kim [12]
introduced a new notion, called a B-algebra. C. B. Kim and H. S. Kim [8] introduced the notion
of a BG-algebra which is a generalization of B-algebras. S. S. Ahn and H. D. Lee [1] classified
the subalgebras by their family of level subalgebras in BG-algebras.

In this paper, we discuss applications of the an intersectional soft set in a (normal) subalgebra of
a B-algebra. We introduce the notion of an intersectional (normal) soft subalgebra of a B-algebra,
and investigated related properties. We consider a new construction of a quotient B-algebra
induced by an int-soft normal subalgebra. Also we establish the fundamental homomorphism of
a quotient B-algebra.

2. PRELIMINARIES

92010 Mathematics Subject Classification: 06F35; 03G25; 06D72.
YKeywords: ~-inclusive set, int-soft (normal) subalgebra, B-algebra.
* The corresponding author. Tel: +82 2 2260 3410, Fax: +82 2 2266 3409
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A B-algebra ([12]) is a non-empty set X with a constant 0 and a binary operation “x” satisfying

axioms:
(B1) zxx =0,
(B2) 20 ==z,

(B) (x*xy)xz=xx*(z*(0xy))
for any x,y, 2z in X. For brevity we call X a B-algebra. In X we can define a binary relation
“<7” by x <yif and only if z xy = 0.
An algebra (X;*,0) of type (2,0) is called a BH-algebra if it satisfies (B1), (B2) and
(BH) zxy=y*x =0 imply x =y for any =,y € X.
An algebra (X;*,0) of type (2,0) is called a BG-algebra if it satisfies (B1), (B2) and
(BG) (x*y)* (0xy) ==z for any =,y € X.

Proposition 2.1.([2, 12]) Let (X;*,0) be a B-algebra. Then

(i) the left cancellation law holds in X, i.e., x xy = x % z implies y = z,
(ii) if xxy = 0, then x = y for any x,y € X,

(iii) if 0%z = 0%y, then x =y for any z,y € X,

(iv) 0% (0% x) =z, for all z € X,

(V) zx(yxz)=(rx(0%2))xy forall z,y,z € X.

Theorem 2.2.([8]) If (X;*,0) is a B-algebra, then it is a BG-algebra.
Proposition 2.3.([8]) Every BG-algebra is a BH-algebra.

Let (X;*x,0x) and (Y;*y,0y) be B-algebras. A mapping ¢ : X — Y is called a homomor-
phism if p(z xx y) = p(z) *y (y) for any x,y € X. A homomorphism ¢ : X — Y is called an
isomorphism if ¢ is a bijection, and denote it by X = Y. Let ¢ : X — Y be a homomorphism.
Then the subset {z € X|p(xz) = 0y} of X is called the kernel of the homomorphism ¢, and
denote it by Ker ¢. A non-empty subset S of X is called a subalgebra of X if z xy € S for any
z,y € X.

A non-empty subset N of X is said to be normal if (xxa) * (y+b) € N for any x*y,a+xb € N.
Then any normal subset N of a B-algebra X is a subalgebra of X, but the converse need not be
true ([13]). A non-empty subset X of a B-algebra X is a called a normal subalgebra of X if it is
both a subalgebra and normal.

Let X be a B-algebra and let N be a normal subalgebra of X. Define a relation ~y on X
by x ~xy y if and only if x xy € N, where x,y € X. Then it is a congruence relation on X
([13]). Denote the equivalence class containing = by [z]n, i.e., [z]y = {y € X|z ~x y} and let
X/N = {[z]y|z € X}.
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Theorem 2.4.([13]) Let N be a normal subalgebra of a B-algebra X. Then X/N is a B-algebra.
The B-algebra X/N is discussed in Theorem 2.4 is called the quotient B-algebra of X by N.

Theorem 2.5.([13]) Let N be a normal subalgebra of a B-algebra X. Then the mapping vy :
X — X/N given by v(z) := [z]y is a surjective homomorphism, and Kery = N.

Theorem 2.6.([13]) Let ¢ : X — Y be a homomorphism of B-algebras. Then Kery is a normal
subalgebra of X.

Theorem 2.7.([13]) Let ¢ : X — Y be a homomorphism of B-algebras. Then X/Kerp = Imep.
In particular, if ¢ is surjective, then X/Kerp =Y.

Molodtsov [12] defined the soft set in the following way: Let U be an initial universe set and
let E be a set of parameters. We say that the pair (U, F) is a soft universe. Let Z(U) denotes
the power set of U and A, B,C,--- C E.

A fair (f, A) is called a soft set over U, where f is a mapping given by f : X — 2(U). In
other words, a soft set over U is parameterized family of subsets of the universe U. For € € A,
f(e) may be considered as the set of e-approximate elements of the set (f, A). A soft set over U
can be represented by the set of ordered pairs:

(f, 4) = {(z, f(x))lz € A, f(x) € 2(U)},

where f: X — 2(U) such that f(z) =0 if # ¢ A. Clearly, a soft set is not a set.
For a soft set (f, A) of X and a subset y of U, the y-inclusive set of (f, A), defined to be the
set

ia(fi7) :={z € Aly C f(z)}.

3. INT-SOFT SUBALGEBRA

In what follows let X denote a B-algebra X unless otherwise specified.

Definition 3.1. A soft set (f, X) over U is called an intersectional soft subalgebra (briefly,
int-soft subalgebra) of a B-algebra X if it satisfies:
(3.1) f(x)N f(y) C f(x*y) for all z,y € X.

Proposition 3.2. Every int-soft subalgebra ( f,x ) of a B-algebra X satisfies the following
inclusion:

(3.2) f(x) C f(0) for all z € X.

Proof. Using (3.1) and (B1), we have f(z) = f(z) N f(z) C f(z*x) = f(0) for all z € X. O
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Example 3.3. Let (U = Z, X) where X = {0,1,2,3} is a B-algebra ([9]) with the following
table:

*x0 1 2 3
0(0 2 1 3
111 0 3 2
212 3 01
3131 20

Let ( f.X ) be a soft set over U defined as follows:

) 7Z ifx=0,
f: X —=>2U), x—< 3Z if x=3,
9Z if z € {1,2}.

It is easy to check that (f, X) is an int-soft subalgebra over U.

Theorem 3.4. A soft set ( f X) of a B-algebra X over U is an int-soft subalgebra of X over U if
and only if the ~-inclusive set ix(f;~) is a subalgebra of X for all v € 2 (U) with ix(f;~) # 0.

Proof. Assume that (f, X) is an int-soft subalgebra over U. Let z,y € X and v € 2 (U) be such
that z,y € ix(f;7). Then v C f(z) and v C f(y). It follows from (3.1) that v C f(z) N f(y) C
f(xz+y) Hence z y € ix(f;~). Thus Z'X(f; 7) is a subalgebra of X.

Conversely, suppose that ix(f;~) is a subalgebra X for all v € 2(U) with ix(;7) # 0. Let
z,y € X, be such that f(z) = 7, and f( ) =y, Take v =, N~,. Then z,y € ix(f;7) and so
z %y € ix(f;7) by assumption. Hence f(z) N f(y) = 7, Ny, =7C f(xz+y). Thus (f, X) is an
int-soft subalgebra over U. U

Theorem 3.5. Every subalgebra of a B-algebra can be represented as a ~y-inclusive set of an
int-soft subalgebra.

Proof. Let A be a subalgebra of a B-algebra X. For a subset vy of U, define a soft set ( f. X ) over
U by

ifx e A,

£ v
[: X —=2U), x»—>{® ifod A

Obviously, A = ix(f;~). We now prove that (f;~) is an int-soft subalgebra over U. Let z,y € X.
If z,y € A, then x xy € A because A is a subalgebra of X. Hence f( ) = f(y) f(a: xy) =,
and so f( YN f(y) C flexy). Ifz € Aand y ¢ A, then f(x) =~ and f(y) = @ which imply that
f@)Nfy)=yN0=0C f(z+y). Similarly, if 2 ¢ A and y € A, then f(z) N f(y) C f(z *y).
Obviously, if # ¢ A and y ¢ A, then f(z) N f(y) C f(z *y). Therefore (f,X) is an int-soft
subalgebra over U. U
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Any subalgebra of a B-algebra X may not be represented as a v-inclusive set of an int-soft
subalgebra (f, X) over U in general (see Example 3.6).

Example 3.6. Let £ = X be the set of parameters, and let U = X be the initial universe set
where X = {0, 1,2,3} is a B-algebra with the following table:

*x10 1 2 3
0j0 1 2 3
111 0 3 2
212 3 01
313 2 10
Consider a soft set (f, X) which is given by
{0,2} ifx =0,

f:X = 2(0), JfH{ {2}y  ifxe{1,2,3}).

It is easy to show that (f, X) is an int-soft subalgebra over U. The v-inclusive set of (f, X) are
described as follows:

X ify e {0,{2}},
ix(fiv) = {0} ifvye {{0},{0,2}},

0 otherwise.

The subalgebra {0,1} cannot be a ~-inclusive set ix(f;7) since there is no v C U such that
ix(f;7) = {0, 1}

Definition 3.7. A soft set (f, X) over U is said to be intersectional soft normal (briefly, int-soft
normal) of a B-algebra X if it satisfies:

(3.3) f(z*y)N flaxb) C f((z*a)* (yxb)) for all z,y,a,b € X.

A soft set (f, X) over U is called an intersectional soft normal subalgebra (briefly, int-soft normal
subalgebra) of a B-algebra X if it satisfies (3.1) and (3.3).

Example 3.8. Let (U = Z,X) where X = {0,1,2,3} is a B-algebra as in Example 3.3. Let
(f,X) be a soft set over U defined as follows:

7 ifz € {0,3},

f:X—%@(U%x'_){ 77 if x e {1,2}.

It is easy to check that ( f,X) is int-soft normal over U.

Proposition 3.9. Every int-soft normal ( f, X ) of a B-algebra X is an int-soft subalgebra of X .
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Proof. Put y :=0,b:=0 and a := y in (3.3). Then f( %0) N f(y*0) C ((m y) * (0% 0)) for
any z,y € X. Using (B2) and (B1), we have f(z) N f(y) C f(z *y). Hence (f, X) is an int-soft
subalgebra of X. O

The converse of Proposition 3.9 may not be true in general (see Example 3.10).

Example 3.10. Let = X be the set of parameters, and let U = X be the initial universe set,
where X = {0,1,2,3,4,5} is a B-algebra ([13]) with the following table:

*10 1 2 3 4 5
0(0 2 1 3 4 5
111 0 2 4 5 3
212 1 0 5 3 4
313450 21
414 5 3 1 0 2
519 3 4 2 10
Let (f, X ) be a soft set over U defined as follows:
v3 if x =0,

[ X > 20U), 2= 7 ifz=05,
7 ifx e {l1,2,3,4}.

where 71,72 and ~y3 are subsets of U with 7, C 79 C 73. It is easy to check that (f, X) is an int-soft
subalgebra over U. But it is not int-soft normal over U since f(1x4)N f(3x2) = f(5) N f(5) =

Y2 En=f(1) = F((1#3) % (4%2)).

Theorem 3.11. A soft set ( f,x ) of a B-algebra X over U is an int-soft normal subalgebra of
X over U if and only if the y-inclusive set ix(f;~y) is a normal subalgebra of X for all v € 2(U)

with ix (f;v) # 0.
Proof. Similar to Theorem 3.4. O

Proposition 3.12. Let a soft set (f,X) over U of a B-algebra X be int-soft normal. Then
flxxy) = f(y*xx) for any z,y € X.

Proof. Let 2,y € X. By (B1) and (B2), we have f(zxy) = f((z*y)*(z*z)) D f(zxx)Nflyxz) =
f(O) N f(y = x) = f(y x x). Interchanging x with y, we obtain f(y * ) D D flx* y), which proves
the proposition. O

Theorem 3.13. Let (f, X) be an int-soft normal subalgebra of a B-algebra X. Then the set
P = {r € X|f(x) = £(0)}

is a normal subalgebra of X.
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Proof. 1t is sufficient to show that X; is normal. Let a,b,2,y € X be such that z xy € X;
and a xb € X;. Then f(z xy) = f(0) = f(a*b). Since (f,X) is an int-soft normal subalgebra
of X, we have f((z * a) % (y b)) 2 f(xz*y) N fla*b) = f(0). Using (3.2), we conclude that
f((z*a)* (y*b)) = f(0). Hence (x % a) * (y xb) € X 7. This completes the proof. O

Theorem 3.14. The intersection of any set of an int-soft normal subalgebra of a B-algebra X
is also an int-soft normal subalgebra.

Proof. Let {fyJo € A} be a family of int-soft normal subalgebras of a B-algebra X and let
a,b,x,y € X. Then

Cenfal(z* @) () = inf ful(wx a) * (y* 1)
> inf {fula + ) 0 fula s b))
=[inf fu(z+y)] O [inf fo(a*b)
=((Naeafa) (@ * ) N ((Naeafa) (@ % b))

which shows that Naen fa is int-soft normal. By Proposition 3.9, Naea fa is an int-soft normal
subalgebra of X. O

The union of any set of int-soft normal subalgebra of a B-algebra X need not be an int-soft
normal subalgebra of X.

Example 3.15. Let X := {0,1,2,3,4,5} be a B-algebra as in Example 3.10. Let (f, X) and
(g, X)) be soft sets over U := Z defined as follows:

- 7, lfIG{074}7
f: X - 2(U), va{ 77 ifr € {1,2,3,5},

and

N 7 1fl‘€{075}7
g: X = 2(), xH{ 27 if v € {1,2,3,4}.

It is easy to check that (f, X) and (g, X) are int-soft subalgebras over U. But f U § is not an
int-soft subalgebra of X because

(FUDABN(fUg)B) =(f4)ug)
)

797 Jeong Soon Han ET AL 791-802



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.5, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Jeong Soon Han and Sun Shin Ahn

Since every int-soft normal of a B-algebra X is an int-soft subalgebra of X, the union of int-soft
normal subalgebra need not be an int-soft normal subalgebra of a B-algebra.

4. QUOTIENT B-ALGEBRAS INDUCED BY AN INT-SOFT NORMAL SUBALGEBRA

Let ( X ) be an int-soft normal subalgebra of a B-algebra X. For any x,y € X, we define a

«

binary operation ~f 7 on X as follows:

vty e fzxy) = f(0).

Lemma 4.1. The operation “ ~! 7 is an equivalence relation on a B-algebra X .

Proof. Obviously, it is reflexive. Let x ~F y. Then f (x*xy) = f (0). It follows from Proposition
3.12 that f(0) = f(z*y) = f(y*z). Hence ~/ is symmetric. Let x,7, 2z € X be such that z ~/ y
and y ~/ z. Then f(zxy) = f(0) and f(y*z) = f(0). Using Proposition 3.12, (3.3), (B1), (B2)
and (3.2), we have

F0) = flaxy)Nfly=2) = flxxy)N flz*y)

Hence f(z#2) = f(0), i.c., ~/ is transitive. Therefore “ ~f 7 is an equivalence relation on X. [
Lemma 4.2. For any x,y,p,q € X, if x ny andpwf q, then x x p ny*q.
Proof. Let z,y,p,q € X be such that z ~/ y and p ~/ ¢. Then fxxy) = fly*x) = f(0) and

f(pxq) = f(g*xp) = f(0). Using (3.3) and (3.2), we have
F0) =f(zxy)n f(p*q)
Cf((xxp) = (y*q) € f(0).

Hence f((w xp) x (Y *q)) = £(0). By similar way, we get f((y* q) * (x * p)) = f(0). Therefore
zxp~7 yxq Thus “~f 7 is a congruence relation on X. U

Denote by fx and X/ f the equivalent class containing = and the set of all equivalent classes of
X, respectively, i.e., ]
foi={y € Xy~ o} and X/f == {fule € X}.
Define a binary relation e on X/ f as follows:
fo o fy = fouy
for all f,, fy € X/ f. Then this operation is well-defined by Lemma 4.2.

Theorem 4.3. If ( f,x ) is an int-soft normal subalgebra of a B-algebra X, then the quotient
X/f:=(X/f,e, fo) is a B-algebra.
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Proof. Straightforward. O
Proposition 4.4. Let p : X — Y be a homomorphism of B-algebras. If (f, Y') is an int-soft

normal subalgebra of Y, then (f o u, X) is an int-soft normal subalgebra of X.

Proof. For any x,y,a,b € X, we have

(fom)((zxa)x*(yxb) =

Hence f o y is int-soft normal. By Proposition 3.9, ( fou X ) is an int-soft normal subalgebra of
X. O

Proposition 4.5. Let (f, X) be an int-soft normal subalgebra of a B-algebra X. The mapping
v: X — X/f, given by v(z) := f,, is a surjective homomorphism, and Kery = {x € X|y(z) =
fo}y = X5.
Proof. Let f, € X/f. Then there exists an element x € X such that v(z) = f,. Hence v is
surjective. For any z,y € X, we have

V@ *y) = fouy = fo 0 fy = () @ 1(y).
Thus 7 is a homomorphism. Moreover, Ker v = {z € X|y(z) = fo} = {z € X|z ~f 0} = {z €
X|f(z) = F(0)} = X. O
Example 4.6. Let E = X be the set of parameters, and let U := Z be the initial universe set
where X = {0, 1,2, 3} is a B-algebra ([7]) with the following table:

01 3

W DN = O *
(@)
_— O W NN

S W N W

0
1
2 1
3
Let (f,X) be a soft set over U := Z defined as follows:

= Z if z € {0, 2},
f:X = 2U), ‘”'_){ 57 if v € {1,3}.

It is easy to show that X; = {z € X|f(x) = f(0)} = {0,2}. Define z ~f y if and only if
flzxy) = f(0). Then fo = {z € X|z ~ 0} = {z € X|f(z+0) = f(0)} = {0,2} and f, = {z €
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Xz~ 1} = {z € X|f(zx1) = f(0)} = {1,3} HenceX/f {fo, fi}. Let o : X — X/f beamap
defined by ¢(0) = ¢(2) = fo and p(1) = ¢(3) = f1 It is easy to check that ¢ is a homomorphism
and Kerp = {z € X|p(x) = fo} = {z € X[z ~ 0} = {z € X|(x) = f(0)} = X}.

Theorem 4.7. Let X := (X;xx,0x) be a B-algebra and Y := (Y;%y,0y) be a B-algebra and
let pw: X =Y be an epimorphism. If (f,Y) is an int-soft normal subalgebra of Y, then the
quotient algebra X/( p) = (X/(fop),ex,(f opoy) is isomorphic to the quotient algebra

Y/f —(Y/f .Y7f0y)

Proof. By Theorem 4.3 and Proposition 4.4, X/f o : (X/(f o u),ex, (f o oy ) is a B-algebra
and Y/f := (Y/f, ey, fo,) is a B-algebra. Define a map

n:X/(fou) =Y/, (foue fuw

for all 2 € X. Then the function 7 is well-defined. In fact, assume that (fou), = (f o u), for all
x,y € X. Then we have

Fp(x) =y w(y)) =F(u(z +x y)) = (f o p) (@ #x y)
=(f o u)(0x) = f(p(0x)) = f(0y).
Hence fu({) = fu(y)L by Propositi9n 2.1(ii).
For any (f o p1)s, (f o)y € X/(f o ), we have
n((f o e ox (f o 1)y) =n((f © 1)awy) = Futeex)
:fu(w)*yu(y) = fu(x) ® fu(y)
=n((f o 1)z) oy n((f 0 )y)).

Therefore 71 is a homomorphism.
Let f, € Y/ f. Then there exists z € X such that p(x) = a since p is surjective. Hence

n((fo1)s) = fuw) = fa and so n is surjective.
Let z,y € X be such that fu fu . Then we have

(fom)(zxxy) =Ffu(z*xy) = f(u(x) *y p(y))
=f(0y) = f(1(0x)) = (f o ) (0x).

It follows that ( fo Wz = ( fo t)y. Thus 7 is injective. This completes the proof. U

The homomorphism 7 : X — X/f, r — fX, is called the natural homomorphism of X onto
X/f. In Theorem 4.7, if we define natural homomorphisms 7x : X — X/fopand my : Y = Y/f
then it is easy to show that 7o wx = my o u, i.e., the following diagram commutes.
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L)Y

X
Trxl wl
f

X/(fou) — Y/J.

Proposition 4.8. Let a soft set ( f ,X) over U of a B-algebra X be an int-soft normal subalgebra
of X. If J is a normal subalgebra of X, then J/f is a normal subalgebra of X/ f.

Proof. Let a soft set ( f ,X) over U of a B-algebra X be an int-soft normal subalgebra of X and
let J be a normal subalgebra of X. Then for any z,y € J, x xy € J. Let fgc, fy € J/f Then
fo® fy = fary € J/f. Hence J/f = {f.]z € J} is a subalgebra of X/f

For any z «y,a*b € J, (x*a)* (y*b) € J, so for any f, e fy,fa o f, € J/f, we have
(feofa)o(fy®fs) = fra® fy*b = f(m*a)*(y*b) € J/f. Thus J/f is a normal subalgebra of X/f. O

Theorem 4.9. If J* is a normal subalgebra of a B-algebra X/ f, then there exists a normal
subalgebra J = {x € X|f, € J*} in X such that J/f = J*.

Proof. Since J* is a normal subalgebra of X/ f,s0 f, e fy fx*y e J* for any fz, fy € J*. Thus
rxy € J for any z,y € J. And fxm ] fy*b = f(x*a*y*b € J* for any f,z*y7fa>kb € J*. Thus
(x xa)* (yxb) € J for any z xy,axb € J. Therefore J is a normal subalgebra of X. By
Proposition 4.5, we have

JIF={f;li € J}
:{fj|5|fx € J* such that j ~f x}
:{fj|5|fz € J* such that fz = f]}
Ul ey =
O

Theorem 4.10. Let a soft set ( f ,X) over U be an int-soft normal subalgebra of a B-algebra X.

X/f
J/

If J is a normal subalgebra of X, then 7 =X/J.

{meeXﬁ}H%®mw>j%%XUW¢MMﬂ=

[z]; = {y € X|z ~7 y}, then it is well defined. In fact, suppose that [j;]J/f = [fy]J/f. Then
Fo ~II fy and 50 fr., = fo e f, € J/f. Hence x %y € J. Therefore z ~7 y, ie., [z]; = [y],.

Proof. Note that / /
J/f
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Jeong Soon Han and Sun Shin Ahn
oz . X/f
Given [f.] /7 [fy] ;7 € —==, we have
g/ Uyla/f J/f

(p([fx]J/f i [fyb/f) :(p([fm ° fy]J/f)
=[x+ yl; = [zl * [y]s
=o([falyy) * (Ul s 7):
Hence ¢ is a homomorphism.

Obviously, ¢ is onto. Finally, we show that ¢ is one-to-one. If go([fI]J/f) = go([fy]J/f) then

2]y = [y, ie, o~y If f, €| fx]J/f, then f, ~7/f f, and hence fm e J/f. Tt follows that

axx € J, ie., a ~ x. Since ~7 is an equivalence relation, a ~’ y and so J, = J,. Hence

axy € Jand 50 f,., € J/f. Therefore f, ~II f,. Hence f, € [fy]J/f Thus [fg;]]/f [fy]]/f
Similarly, we obtain [f,] Sl fal, /7. Therefore | f2l, =1 £l s7- It is completes the proof. [
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Fixed point theorems for rational type contractions in partially

ordered S-metric spaces

Mi Zhou®*, Xiao-lan Liu?¥ A.H. Arsari®, B. Damjanovié¢?, Yeol Je Cho®®

Abstract: In this paper, we develop some fixed point theorems by using auxiliary functions for
maps satisfying a rational type contractive condition in partially ordered S—metric spaces. Conditions
for uniqueness of fixed point are also discussed. Our results generalize some existing results in the

literature of S-metric spaces.

MSC: 47TH10; 54H25.

Keywords: Fixed point; rational type contraction; partially ordered set; S-metric space

1. Introduction and Preliminaries

Fixed point theory is one of the most powerful and most important tools in nonlinear analysis and
applied sciences. Its core subject is concerned with the conditions for the existence of one or more
fixed points of a mapping 7' from a nonempty set X into itself, that is, to find a point x € X such
that Tz = x.

In 1922, Banach’s contraction principle [1] ensures the existence and uniqueness of a unique fixed
point for a self-mapping satisfying a contractive condition, which is called Banach’s contractive map-
ping. After that, many authors have extended, improved and generalized Banach’s contraction prin-
ciple in several ways.

Especially, Banach’s contractive mapping is continuous, which is used to prove Banach’s contrac-

tion principle. Thus it is natural to consider the following question:
Do there exist some contractive conditions which do not force the mapping T to be continuous?

In 1968, Kannan [4] gave the positive answer for this question and he proved the following fixed

point theorem for the following contractive condition:

Theorem K. Let (E,d) be a complete metric space and T : E — E be a mapping such that there

exists a number h € (0, %) such that

d(Tz,Ty) < h[d(Tz,x) + d(Ty, y)]
for allz,y € X. Then T has a unique fized point in E.

Also, some authors have introduced some kinds of contractive mappings, for example, Meir-Keeler

*Corresponding Author.

Full list of author information is available at the end of the article.
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contraction, Caristi’s contraction, Hardy-Roages contractions, Chatterjea’s contraction, Berinde’s con-
traction, Reich’s contraction, Ciri¢’s contraction and others (see [2]-[9]).

Another one to study Banach’s contraction principle in metric spaces is to extend Banach’s contrac-
tion principle to the classes of various kinds of metric spaces. Recently, some authors have introduced
some extensions of metric spaces in several ways and have studied fixed point theory and its applica-
tions, for example, 2-metric spaces [10], D-metric spaces [11], G-metric spaces [12], D*-metric spaces
[13], S-metric spaces [14]-[17] and some others.

On the other hand, Ran and Reurings [18], Bhaskar and Lakshmikantham [19], Lakshmikantham
and Ciri¢ [20], Neito and Lopéz [21], Harjani et al. [22], Harjani et al. [23] and Zhou et al. [24]-[25]
studied fixed point problem in partially ordered sets.

Definition 1.1. [14] Let X be a nonempty set. A S-metric on X is a mapping S : X3 > [0, c0) that
satisfies the following conditions: for all x,y, z,a € X,

(81) S(z,y,2) = 0;

(S2) S(x,y,2) =0if and only if x =y = z;

(S3) S(z,y,2) < S(z,x,a) + S(y,y,a) + S(z,z,a).
The pair (X,.5) is called an S-metric space.

Immediate examples of such S—metric spaces are as follows:

(1) Let R be a real line and define S(z,y,2) = |z — z| + |y — 2| for all z,y,2z € R. Then S is an
S-metric on R. This S-metric is called the usual S-metric on R.

(2) Let X = R" with a norm || - || and define S(z,y, 2) = |22 +y—3z||+ ||z — z| for all 2, y, 2z € X.
Then S is an S-metric on X.

(3) Let X be a nonempty set and d be the ordinary metric on X. If we define Sy(z,y,2) =
d(z,z) +d(y, z) for all z,y,z € X, then S is an S-metric on X.

Definition 1.2. [14] Let (X, S) be an S-metric space.

(1) A sequence {x,} in X is said to convergent to a point x € X if S(zp,2n,z) — 0 as n — oo,
that is, for any € > 0, there exists ng € N such that, for all n > ng, S(z,, zn, z) < €.

(2) A sequence {z,} in X is called a Cauchy sequence if S(2y, Ty, Tm) — 0 as n,m — oo, that is,
for any € > 0, there exists ng € N such that, for all n,m > ng, S(@n, Tn, Tm) < €.

(3) An S-metric space (X, .5) is said to be complete if every Cauchy sequence in X converges to a

point in X.
Lemma 1.1. [14] Let (X, S) be an S-metric space. Then S(z,z,y) = S(y,y, x), for all z,y € X.

Lemma 1.2. [14] Let (X, S) be an S-metric space. Then
S, ,2) <25(x,2,y) + 5(y,y, 2)

for all x,y,z € X.

Lemma 1.3. [14] Let (X, S) be an S-metric space. If a sequence {z,} in X converges to a point

x € X, then {z,} is a Cauchy sequence.
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Lemma 1.4. Let (X, S) be an S-metric space. Then, for all z,y, 2z € X, it follows that

(1) S(z,y,y) < Sz, 2,y);

(2) S(z,y,2) < S(x,2,9);

(3) S(z,y,2) < S(z,z,2) + S(y,y, 2);

(4) S(z,y,2) < S(y,y,2) + S(x, 2, 2);

(5) S(z,y,2) < S(y,y,2) + S(z,2,);

(6) S(x,z,2) < %Ls(y y,2) + S(y,y,z));

(7) S(z,y,2) < 3[S(x,2,y) + S(y,y,2) + S(z, 2, 2)].

Proof. It follows from (53) and Lemma 1.2, one can easily obtain (1)-(5).
Now, we prove (6) and (7) also hold. By Lemma 1.1 and Lemma 1.2, we have
25(x,z,2) = S(z,z,2) + S(z, 2,7)
< [28(z,2,y) + S(y,y, 2) + [25(2, 2,9) + S(z, 7, )]
=3[5(y,9,2) + S(y,y, )]
and hence S(z,,2) < 3[S(y,y,2) + S(y,y,z)]. Thus (6) holds. By virtue of (3)-(5) and Lemma 1.2,

we have

which implies (7) holds. This completes the proof. O

Lemma 1.5. [15] Let (X, S) be an S-metric space and {z,} be a sequence in X such that

lim S(zp41, Tny1,xn) =0.
n— o0

If {x,} is not a S-Cauchy sequence, then there exists € > 0 and two sequences {my,} and {ny} of

positive integers with nyx > my > k such that the following sequences tend to € when k — oc:
S(xm;c y Tmyey xnk)a S(xmk y Tmy xnk—i-l)v S(xmk—h Tmy—15 -rnk)a
S(xmk717 rr’r‘n,kfl7 xnk+1)7 S(xmk+17 xmk+17 xnk+1)'

Definition 1.3. [26] A mapping F : [0,00)? — R is called a C-class function if it is continuous and
satisfies the following conditions:

(C1) F(s,t) < s forall s,t € [0,00);

(C2) F(s,t) =s implies that either s =0 or ¢t = 0.

Let C denote the set of C-class functions.

Example 1.1. [26] The following functions F : [0,00)? — R are elements of C. For each s,t € [0, 00),
1. F(s,t)=s—1.
2. F(s,t) = ms for some m € (0,1).

3. F(s,t) for some r € (0, 00).

= (1th)r

4. F(s,t) =log(t+ a®)/(1 +t) for some a > 1.
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5. F(s,t) =In(1+a®)/2if e > a > 1. Indeed, f(s,t) = s implies that s = 0.
6. F(s,t) = (s+ 1)) _1if | > 1 and r € (0, 00).
7. F(s,t) = slog,,,a for all a > 1.

8. F(s,t) =5 — (42)(15).

9. F(s,t) = sB(s) if a function S : [0,00) — [0,1) and is continuous.
10. F(s,t) = s — .

11. F(s,t) = s —(s) if ¢ : [0,00) — [0,00) is a continuous function such that ¢(¢) = 0 if and only

12. F(s,t) = sh(s,t) if h:[0,00) x [0,00) — [0, 00) is a continuous function such that h(¢,s) < 1 for
all t,s > 0.

13. F(s,t) = s — ($£)t.

14. F(s,t) = /In(1 + s™).

15. F(s,t) = ¢(s), where ¢ : [0,00) — [0,00) is a upper semicontinuous function such that ¢(0) =0
and ¢(t) < ¢t for all t > 0.

16. F(s,t) = 75 for all r € (0, 00).

Definition 1.4. [27] A function ¢ : [0,00) — [0,00) is called an altering distance function if the

following conditions are satisfied:

(AD1) o is strictly increasing and continuous,
(AD2) 9(t) =0 for all ¢t € [0, 00) if and only if ¢ = 0.

Let @ denote the class of all continuous and strictly increasing functions ¢ : [0,00) — [0, 00) and

VU the set of all functions such that %imzﬁ(t) > 0 for all » > 0 and ¢(¢) = 0 if and only if t = 0.
-

In [28], Mashina proved the following results:

Theorem 1.1. [28] Let (X, <) be a partial ordered set and (X, S) be a complete S-metric space.

Let T : X — X be a continuous and nondecreasing mapping with respect to < such that

S(x,z,Tx) - S(y,y,Ty)
S(x,x,y)

(T, T, Ty) < - + 8- S(z,2,) (1)

for all z,y € X with z # y and for some «a, § € [0,1) with a + § < 1. If there exists z¢o < Txg, then

T has a unique fixed point in X.

Theorem 1.2. [28] Let (X, <) be a partial ordered set and (X,S) is a complete S-metric space.

Assume that X satisfies the following condition:

(C1) If {x,} is a nondecreasing sequence such that x,, — x with 2* = sup,,>;{z,} with respect
to <.
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Let T': X — X be a nondecreasing mapping with respect to < such that

S(x,z,Tx) - S(y,y, Ty)
S(x,x,y)

for all z,y € X with z # y and for some a, 8 € [0,1) with a + 8 < 1. If there exists zy < Txzq, then
T has a unique fixed point in X.

Also, Mashina [28] added the following assumption to Theorem 1.1 and Theorem 1.2 to guarantee

the uniqueness of the fixed point of the given mapping.
(C2) For all z,y € X, there exists u € X which is comparable to z and y.

The main aim of this paper is to generalize the results of Mashina [28] by using the auxiliary

functions in the setting of S-metric spaces.

2. Main Results

Now, we give one definition for our main results in this paper.
Definition 2.1. Let (X, <) be a partially ordered set and T': X — X. We say that T is a nonde-

creasing mapping with respect to < if for z,y € X, 2 <y =Tz < Ty.

Theorem 2.1. Let (X, <) be a partial ordered set and (X,S) is a complete S-metric space. Let
T : X — X be a continuous and nondecreasing mapping with respect to =< satisfying the following

condition:

d(S(Txz, Tz, Ty))

e
¢(a Jlr 3 [a : S(x,x,g(xx)’-jg,y,Ty) + 8- S(x, x,y)D)

for all x,y € X with x # y, for some «, 8 € [0,00) with «+ 8 >0and F € C,¢ € ®,¢ € U. If there
exists g = Txq, then T has a fixed point in X.

Proof. Let x¢ € X such that g < Tzy. Since T is nondecreasing with respect to <, by induction, we

obtain
20 3 Twg X T?xg <+« I T"ag T <+

Let xy,41 = Tz, for each n > 1. If there exists ng > 1 such that x,,41 = Tp,, then x, 41 = Tap, =
ZTn, and so x,, is a fixed point of T'.

So, we assume that x,,+1 # x,, for each n € {0} UN. Putting z = z,,41 and y = x,, for each n > 1
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n (2.1), we have

(S(anrla Tn+1, mn))

= ¢(S(Tan, Txy, Txp_1))

oS T e o) )
e e )
= F(qﬁ(a e [S(Th, Tny Tnt1) + BS(mn,mn,xn,l)]),

¢<a+6[a5(xn,xn,xn+1)+5S(mn,xn,xn 1)]))

1
aS(Ty, TnyTni1) + BS(Tn, Tn, Tp_ )
o5l 1)+ BS( 1]
Since ¢ is strictly increasing, we have
S(xn—'rhxn—&-l,zn) < S(mnaxnyxn—l)

for all n > 1. Hence the sequence {S(z,Zn,Zn+1)} 1S a monotone decreasing and bounded below.
Therefore, there exists r > 0 such that lim S(z,,z,, xp—1) = 7.

Now, we prove that » = 0. Assuglgotohat r > 0. Using Definition 1.3, we know that, when
F(s,t) = s, then s =0or t =0 and F(s,t) < s when s > 0 and ¢ > 0. Using the properties of ¢
and 1, we have ¢(r) > ¢(0) > 0 and nli_{%océ(S(xn,xn,an)) > 0. Therefore, by taking the limit as

n — oo and using the properties of F', we have

o(r) < F((ﬁ(a}rﬁ[a-r—i—ﬁ.r]),

Jg&w(a +B[as(xn>xn;xn+1) +65(xnaxnzxn—l)]))

< ¢(r),
which is a contradiction. Thus we have » = 0 and

lim S(zy, zp, xn—1) = 0.
n— o0

Next, we prove that {S(zn, Zn, zn—1) is a Cauchy sequence. Suppose that a sequence {S(x,, Zpn, Tn—1)}
is not a Cauchy sequence. From Lemma 1.5, there exists € > 0 and {my,} and {ns} of positive integers
such that

Um S(zpm,, Tn,, Tn,) = €.
k—o00
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Putting © = z,, and y = x,,, for each k > 1 in (2.1), we have

(S(xmk+17xmk+l7xnk+l>)

(S(Tzpmy,, T, Txn,))

(d)( . [Oé . S(Imk’xmk’Txmk) ) S(znk’znk’T'rnk)
a+p STy, s T s Ty, )

+83- S(:zcmk,czjmk,acnk)})7

1 S(Tmys Tmps TTmy,) - S( Xy, Ty Ty, )
(gl
OZ+6 S(mmk71’mk,1’nk)

B S(Tms Tmgs T )| >)

F(q’)( 1 [a.S(xmk’wmk’xmkﬂ)'S(xnkaafnk,a?nkﬂ)

Ol“i’ﬁ S(xmk7xmk7xnk)

+ﬂ' S(frm,k.;zmkaxnk) )7

Y
¢

IN

F

1 S(xmkaxmkvxmk+1) : S(xnkyxnkvxnkJrl)
(G o
Oé+ﬁ S(xmk7$mk,xnk)

+/8~S(xmk,$mk’x"k)_)).

Using the properties of ¢ and 1, we have ¢(e) > 0 and

v

( 1 { STy Trngs Tmge+1) * S (Tngs Ty s T 1)
o
Oé+6 S(xmkaxmkaxnk)

+5'5($mk7xmk,xnk)]> > 0.

Taking the limit £ — oo in the above inequality, we have

#le) < F<¢(aﬁ—|f:5)’w(aﬂ—::ﬁ)) < ¢(ofi—€ﬁ) < (e),

which is a contradiction. Hence the sequence {S(zn,xn,2n—1)} is a Cauchy sequence. By the com-
pleteness of X, there exists z* € X such that z,, — x* as n — oco. Also, the continuity of T" implies

T =T Jig.n) = g Ton = L Fotr =27,

which implies that z* is a fixed point of T'. This completes the proof. O

Remark 2.1. (1) If define F(s,t) = (o + §)s for some a, 5 € [0,00) with oo+ 8 > 0 and ¢(t) = ¢ for
all t > 0 in Theorem 2.1, then Theorem 2.1 reduces to Theorem 1.1 of [28].

(2) In Theorem 2.1, we use the auxiliary function F' € C and C is a class of more general functions
than the gauge function used in Theorem 2.1 and 2.2 of [23]. Indeed, the gauge function F(s,t) = s—t
in Theorem 2.1 and 2.2 of [23] is an element of C.

(3) We note that, if 7 is an alerting distance function, then i) € ¥. But the reverse is not true in

general.

Taking F(s,t) = s —t in Theorem 2.1, we obtain the following:

Corollary 2.1. Let (X, <) be a partial ordered set and (X, S) be a complete S-metric space. Let

T : X — X be a continuous and nondecreasing mapping with respect to =< satisfying the following
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condition:
S(w,2,Tx) - S(y,y, T
o(S(Tw. Ta.Ty) < o(a- (”szxgy Db Saa)
S(w,2,Tz) - S(y,y, T
—¢<a' (x,z,sgﬁx)x;?;7y7 y)+b-5(a:,x,y))

for all z,y € X with « # y, for some a,b € [0,1) with a +b < 1 and ¢ € ®,¢ € V. If there exists
xog = Txg, then T has a fixed point in X.

In addition, taking ¢(t) = kt for all ¢ > 0 and ¥ (¢) = (k — 1)t for all ¢ > 0 with & > 1 in Corollary

2.1, we have the following:

Corollary 2.2. Let (X, <) be a partial ordered set and (X, S) be a complete S-metric space. Let
T : X — X be a continuous and nondecreasing mapping with respect to < satisfying the following

condition:
S(x,z,Tx) - S(y,y,Ty)

S(z,z,y)
for all x,y € X with z # y, some a,b € [0,1) with a +b < 1 . If there exists g < Txg. Then T has a
fixed point in X.

S(Txz, Tz, Ty) <

—‘y—bS(.’L‘7x’y)

Now, we present some examples to verify Theorem 2.1 and Corollary 2.2.

Example 2.1. Let X = [0, 00) with the S-metric defined by
S(x7y7z) = |$—Z| —+ |y—Z|

for all z,y,z € X and < be the natural ordering of real numbers. Then X is a complete S-metric
space. Let T': X — X be a mapping defined by Tx = %(1 +x) and ¢ € ®,1 € U be defined by
bt =t+1,
4
Define a mapping F' € C by F(s,t) = s —t and take « =3 and 5 = 1.
First, we note that, for all 2y € [0, %]7 we have z¢p < Txg. Second, we verify the condition (2.1).

Without loss of generality, we assume that z > y. Then we have

o(S(Tz, Tz, Ty))

Il
BN
N

~

8

\

~
=

On the other hand, we have

¢( 1 {a. S(z,z,Tx)S(y,y, Ty)
a+p S(x,x,y)

;[34[ SIS CEY)

e
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and
1 S(a,, Tx)S(y, y, Ty)
¢(a+6[a' SG.ry) +55(I,x,y)})
- G e ))
T 1) (Ty_ 1
_ 1/’(%[6(8 (msz(;)y 8)+2($7y)])
116(5 -~ D)(Ey— 3
- R )
Thus we have
Flop) = 0GP 8y —5) (1oL
’ 8 (x—y) 4 Y

Hence the condition (2.1) holds for y < z < % Therefore, all the assumptions of Theorem 2.1 are
satisfied and, further, z = % is the fixed point of T'.

Example 2.2. Let X = [1,00) be an S-metric space with the S-metric defined by
S(x,y,z) = |$—y| + |y—2"

for all z,y,2z € X and < be the natural ordering of real numbers. Then (X, S) is a complete S-metric

space. For 0 < k < 1, consider the self-mapping 7' : X — X defined by Tz = giig for all z € X.

First, there exists g = 1 € X such that x¢ < Txzy. Second, we have

304+2 3y+2

20+3 2y+3
5z —y|

2z +3)(2y + 3)

|z —yl

5

1
= *S(.'Iﬁ,.’ﬂ,y)-

S(Txz, Tz, Ty)

IN

ot

So, we have

S(x,x,Tx) i S(ya y,Ty)
S(z,z,y)

STz, Tz, Ty) <a- +b-S(z,x,y)

for all z,y € X with « # y and a € [0, %) and b = é Hence all the assumptions of Corollary 2.2 are
satisfied. Therefore, T" has a fixed point in X and, further, x = 1 is a fixed point of T

In the next theorem, we omit the continuity of 7" and assume that the following condition, which

has been stated in [22].

(C1) If {z,} is a nondecreasing sequence such that x,, — x* with * = sup{x, } with respect to

=.

Theorem 2.2. Let (X, <) be a partial ordered set and (X, .S) be a complete S-metric space. Assume
that X satisfies the condition (C1). Let T : X — X be a nondecreasing mapping with respect to <
satisfying the condition (2.1). If there exists xg < Tzo, then T has a fixed point in X.
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Proof. Following the proof of Theorem 2.1, we only need to verify Tx* = z*. Since {z,} is a nonde-
creasing sequence in X and x, — z*, by the condition (C1), it follows that z,, < z*. Since T is a
nondecreasing mapping with respect to <, we have Tz, = x, 11 < Tz* for all n € N. Moreover, since
29 X Txog =X Ta* and =* = sup{z,}, we have z* < Tz*.

Using the similar arguments as in the proof of Theorem 2.1, for «* < Tx*, it follows that {T"x*}
is a nondecreasing sequence and lim T"z* = z for some z € X. Again, using the condition (C1), we
have z = sup{T"x*}. Moreover, ﬁ"grorf xo = x*, we have x,, = T"xg <X T"x* for each n > 1. Applying

x =, and y = z* for each n > 1 in (2.1), we have

¢(S(xn+1v$n+1an+lx*))
= ¢(S(Tan, Tx,, T(T"x")))
1 S(Tny p, Txy) - S(TTa*, Ta*, T(T™x*))
F<¢(a+5[a. S(Tpy T, Tmx*)
+B : S(l‘n, J}n,TnJ}*)j|),
1 S(Tny n, Txy) - S(TTa*, T a*, T(T™z*))
¢(a+5[@‘ S(Tpy T, T2*)
B F<¢< 1 [a. S(Tny Ty Tpg1) - S(TTa*, Tra*, T(T™x*))

IN

a+p S(Tpy T, T2*)

+B S(mn,xn,T"aﬁ*)}),

w( 1 [ S(xn, Tn, Tpy1) - S(T™a*, Tra*, T(T"x*))
a+p @ S(Tpy T, Tx*)

+5 - S(zn, xn,T"gc*)D)
Letting the limit n — oo in the above inequality, by the properties of ¢, 1, F', we have

which yields %Zz) =0 or w(%g*z)) = 0. Thus we have S(z*,z*,z) = 0. Especially,
x* = z = sup{z,} and so Tz* < z*, which is a contradiction. Hence z* = Txz*. This completes the

proof. O

Taking F'(s,t) = s —t in Theorem 2.2, we obtain the following:

Corollary 2.3. Let (X, <) be a partial ordered set and (X, S) be a complete S-metric space. Assume
that X satisfies the condition (C1). Let T : X — X be a nondecreasing mapping with respect to <

satisfying the following condition:

oS(Te T ) < o IEELIRIT 4y (0 0,))
S(z,z,Tz) - S(y,y, Ty)
—w(a- Sr.7.y) +b~S(x,x,y)>

for all z,y € X with « # y, for some a,b € [0,1) with a+b < 1 and ¢ € ®,¢) € V. If there exists
rg = Tzq, then T has a fixed point in X.
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In addition, taking ¢(t) = kt for all t > 0 and ¢(¢) = (k — 1)t for all ¢ > 0 with & > 1 in Corollary

2.3, we have the following:

Corollary 2.4. Let (X, <) be a partial ordered set and (X, S) be a complete S-metric space. Assume

that X satisfies the condition (C1). Let T : X — X be a nondecreasing mapping with respect to =<

satisfying the following condition:

S(x,z,Tx) - S(y,y, Ty)
S(z,z,y)

for all z,y € X with x # y and for some a,b € [0,1) with a + b < 1. If there exists zg < Tz, then T

S(Tx, Tz, Ty) < a- +b-S(x,x,y)

has a fixed point in X.

Now, we give an example to illustrate Theorem 2.2.
Example 2.3. Let X = [0,00) with the S-metric S defined by
S(xvsz) = |$—Z| + |y—Z|

for all z,y,z € X and < be the natural ordering of real numbers. Then X is a complete S-metric
space. Let T': X — X be a mapping defined by Tx = 4 — i for all x € X and ¢ € ®,¢ € ¥ be
defined by

1 t
t)=t+ — t) = =
s =t+1 wm=1L
respectively. Define a mapping F € C by F(s,t) = s —t and take a« = 3 and 8 = 1.
V2+1

First, we note that there exists xy € [0,

] € [0,00) such that xg < Txg. It is easily to verify

2
that the sequence {z,} defined by x,, = Tz, with ¢ = ‘/§2+1

x* = % with 2* = sup,, >, {#,} with respect to <. Second, we verify the condition (2.1). Without

is nondecreasing and converges to

loss of generality, we assume that x > y. Then we have

¢(S(Tx, T, Ty)) = ¢(2(Tz —Ty))

= o((1-5) - (1-5)

On the other hand, we have

¢< 1 {or S(x,z,Tx)S(y,y, Ty) +ﬁ5(x7$79)})

a+p S(x,z,y)

176(z + 55 =4y + 45 —4)
= o(g] CE) #2Ae—v))
L Blat g )yt —4) 1 1
— 4(3?—:1]) Jri(x*y)JrZ’

1 S($,$7T1')S(y7y7Ty)

w(a—kﬁ[ . S(x,z,y) +ﬁ5($7$7y)])
6(z+ o —4(y+ o —4

- w(i[( & (m)(z) & )+2<x—y>})
16t 4yt —4) 1
= 3 @—y) +Z($—y)
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and

6(x+ L —4 L4
F(Qba@[}):% ( T (mz(z;r% )+

(xfy)+i.

NG

Hence the condition (2.1) holds for y < x € [0, @] Therefore, all the assumptions of Theorem 2.2
are satisfied and, further, x = % is the fixed point of T'.
For the uniqueness of the fixed point, we consider the following condition stated in [22].

(C2) For all z,y € X, there exists u € X which is comparable to = and y.

Theorem 2.3. If you give the condition (C2) to the hypotheses of Theorem 2.1 (or Theorem 2.2),
then the fixed point of the mapping T is unique.

Proof. Suppose that z* and y* € X are fixed points of the mapping T'. Then we consider two cases.

Case 1: If z* and y* are comparable and x* # y*, then, using the condition (2.1), we have

P(S(z", 2%, y"))
= ¢(S(Tx*,Tx*,Ty"))

< Pl s )
w(aiﬂ oSV SWALIY) | psar o))

= F(¢( S(x 7@*’y*)),w(%5(ﬂf ™,y )))

< ¢(a+5 (z x,y)>

which yields @S(x*,x*,y*) =0 or z/;(af_ﬁS(z z*,y*)) = 0. Thus we have S(z*,z*,y*) = 0.
Therefore, x* = y*.

Case 2: If 2* is not comparable to y*, then, by the condition (C2), there exists u € X comparable
to x* and y*. The monotonicity implies that T"u is comparable to T"z* = x* and T"y* = y* for each
n > 0. If there exists ng > 1 such that 77w = x*, then, since z* is a fixed point of T, the sequence
{T™u :n > np} is constant and so lim T"u = z*.

n— 00

On the other hand, if T™u # x* for each n > 1, then, using the condition (2.1), it follows that, for
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each n > 2

(S (T, T, ™))
= o(S(T"u, T"u, T"z"))

(AT s e
JrﬂS(T”flu,T”*qu,TTL*I:E"‘)}),
n—1, mn—1, 7mn,\ . n—1_% qn—1,_% on, %
(g e T
-l-ﬁS(T”_lu,T"_lu,T”_lm*)D)
1 ST u, Ty, T) - S(z*, 2%, z*)
- F<¢(a+6[a S(Tn Ly, Tn=ly, Tn—1x¥)
+BS(T"_1u,T"_1u,a:*)D,
S(T" Ly, T" Yo, T) - S(z*, z*, *
w(aiﬁ[a = S(;”Zlu,;”{lz?T"gm*ﬁ =
JrﬂS(T”flu,T”*lu,;ﬂ"‘)]))
= F(¢(ﬁﬁ5(T"‘1u,T"_lu,x*)),w(BS(T"_lu,T"_lu,m*)))
< ¢(OTIFBﬁS(T”—1u,T"—1u,x*))

< o(S(T" tu, T tu, x*)),

which implies that S(T"u, T"u, z*) < S(T" tu, T" 1u,z*). Therefore, the sequence {S(T"u, T"u,z*)}
is monotone decreasing, bounded below and converges to d > 0. Taking the limit as n — oo in the

above inequality, we have

o) < F(o 754)-0(554)) < 9(@.

which yields %iﬂd =0or qb(ﬁd) = 0. Thus we have d = 0 and

lim T"u = x*.
n— oo

It can be shown that lim 7T™u = y* by the similar arguments mentioned above. Thus we can conclude

n— oo
that =* = y* and hence fixed point of the mapping T is unique. This completes the proof. O

Taking F(s,t) = s —t in Theorem 2.3, we obtain the following;:

Corollary 2.5. Let (X, <) be a partial ordered set and (X, .S) be a complete S-metric space. Assume
that X satisfies the condition (C2). Let T : X — X be a nondecreasing mapping with respect to <

satisfying the following condition:

o(S(Tw. Ta.Ty)) < ¢(a~ S(x,x,gg .msg(j;,y,Ty) +b,5(x,x7y))
S(z,z,Tx) - S(y,y, Ty)
—w<a- Say) +b~S(:1c,x,y))

for all z,y € X with « # y, for some a,b € [0,1) with a+b < 1 and ¢ € ®,¢ € V. If there exists
xo X Txg, then T has a unique fixed point in X.
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In addition, taking ¢(t) = kt for all t > 0 and ¢(¢) = (k — 1)t for all ¢ > 0 with & > 1 in Corollary

2.5, we have the following:

Corollary 2.6. Let (X, <) be a partial ordered set and (X, .S) be a complete S-metric space. Assume
that X satisfies the condition (C2). Let T : X — X be a nondecreasing mapping with respect to <
satisfying the following condition:

S($,$7T$) ) S(y7yaTy)

Tz, Tz, Ty) < a-
S( x7 ‘T"? y) — a S(Z’7:L'7 y)

+bS(w,x,y)

for all z,y € X with  # y and for some a,b € [0,1) with a + b < 1. If there exists g = Tzo, then T

has a unique fixed point in X.
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Abstract

The purpose of this research is to study the stochastic pantograph differential equations
(SPDEs) in the G-framework. We determine that any solution Z(t) of stochastic pantograph
differential equation in the G-framework is bounded i.e., in particular Z(t) € MZ([0,T];R").
Subject to growth and Lipschitz conditions, we prove that SPDEs in the G-framework admit
unique solution. Some useful inequalities, such as the Hélder’s inequality, Doobs martingale’s
inequality, Burkholder-Davis-Gundy’s (BDG) inequalities and Gronwall’s inequality are utilized
to derive our results. In addition, we obtain the asymptotic estimates for the solutions to SPDEs
in the G-framework.

Keywords:  Existence, uniqueness, asymptotic estimates, G-Brownian motion, stochastic
pantograph differential equations.

MSC2010 Classification: 60G10, 60G17, 60G20, 60H05, 60H10, 60H20.

1 Introduction

The stochastic differential equations (SDEs) theory is used in different disciplines of engineering
and sciences. For instance, in physics, SDEs are used to study and model the influence of random
changes on various physical phenomena. These equations describe the transport of cosmic rays in
space. The percolation of fluid through absorbent structures and water catchment can be modeled
by SDEs [15]. They are used to find out the problems of stochastic volatility and risk measures
in finance and economics. In biology, they model the accomplishment of stochastic changes in
reproduction on populations procedures [32, 33]. The weather and climate can also be modeled by
these equations. A huge literature is available on the applications of SDEs in various discipline of
engineering such as mechanical engineering [25, 27, 28|, wave processes [26], stability theory [24]
and random vibrations [3, 23]. In general, we can not find the explicit solutions for non-linear SDEs,

*Author e-mail: faiz_math@ceme.nust.edu.pk
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so we have to present and study the analysis for the solutions of these equations. By virtue of the
Lipschitz and growth conditions, the existence theory for solutions to SDEs in the G-framework was
given by Peng [20, 21] and later by Gao [14]. The said theory with integral Lipschitz coefficients
was developed by Bai and Lin [1]. While Faizullah generalized the existence of solutions for SDEs
in the G-framework with discontinuous coefficients [10]. In view of the Picard approximation
technique, the existence-uniqueness results for stochastic functional differential equations (SFDEs)
in the G-framework were commenced by Ren, Bi and Sakthivel [22]. The stated theory with
Caratheodory approximation scheme was developed by Faizullah [9]. He presented the pth moment
estimates for the solutions to SFDEs in the G-framework [6, 7]. Recently, Faizullah generalized the
existence theory for SFDEs in the G-framework with non-Lipschitz conditions [5]. The pantograph
differential equations arise in different fields such as quantum mechanics, number theory, dynamical
systems, electrodynamics and probability. These equations were utilized by Taylor and Ockendon
to investigate the collection of electric current [19]. The stochastic version of pantograph differential
equations were introduced by Backer and Buckwar [2]. They studied the existence theory for linear
stochastic pantograph differential equations (SPDEs). While Xiao, Song and Liu determined that
the Euler scheme for linear SPDEs is convergent [30]. The existence theory for solutions to non-
linear SPDEs were developed by Fan, Liu and Cao [11], in which the convergence of Euler scheme
was established by Xiao and Zhang [31]. However, up to the best of our knowledge, no one has
studied SPDEs in the G-framework. The current paper will fill the mentioned gap. Consider an m-
dimensional G-Brownian motion W (t) = (Wy(t)), Wa(t)), W3(t)), ..., Win(t))T defined on a complete
probability space (2, 7, P). Let W(t) is adopted to the filtration {F;¢ > 0} and fulfilling the usual
conditions. Assume 0 <ty <t < T < oco. Suppose the coefficients x, A and p be Borel measurable
such that & : [0, T|xR4xR? — R, X : [0, T|xR4xR? — R>*™ and p : [0, T]xRIxR? — R¥*™, We
study the following d-dimensional stochastic pantograph differential equation in the G-framework

dZ(t) = w(t, Z(t), Z(qt))dt+ A(t, Z(t), Z(qt))d(W, W(£) +ut, Z(t), Z(qt))dW (t), 0 < t < T, (1.1)

where ¢ € (0,1), the initial condition Zy € R? is given and &, A, are given mappings satisfy-
ing k, A\, u € MZ([0,T];RY). We denote the quadratic variation process of G-Brownian motion
{W(t)}+>0 by {(W,W)(t)}+>0. The integral form of equation (1.1) is given as the following

Z(t) :Zo—l—/o K(S,Z(S),Z(qs))d5+/0 (s, Z(s), Z(gqs))d(W, W)(s)+/0 w(s, Z(s), Z(qs))dW (s).
(1.2)

Definition 1.1. Let t € [0,T]. A stochastic process Z(t) € R? is known as solution of problem
(1.1) if the below characteristics hold.

(1) {Z(t)}o<t<r is Fi-adapted and continuous.

(ii) The coefficients r(t, Z(t), Z(qt)) € L0, T];RY), A(t, Z(t),Z(qt)) € L£2([0,T];R¥>*™) and
ult, Z(1), Z(qt)) € £2([0, T RX™).

(iii) For each t € [0,77], equation (1.2) holds q.s.
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A solution Z(t) of problem (1.1) is said to be unique if for any other solution Y (¢) of (1.1) we
have
Elsup | Z(t) =Y (1) )] =0,
0<t<T
which means that Z(t) and Y (t) are identical. For all ¢ € [tp,T] and all z,y,u,v € R™, throughout
the current paper the following two conditions are assumed.

[6(t,2,9)[” + A 2,9) P+ |t 2,9) 2 < O+ |22 + [y ), (1.3)

where C' is a positive constant. This condition (1.3) is known as a linear growth condition and the
below (1.4) is called the Lipschitz condition.

|I€(tv 2y y) - K(tvua U)|2 + |A(t7 Zs y) - )‘(ta U7U)|2 + |/J“(t7 Zy y) - :U‘(tuua U)|2

(1.4)
<C(lz—ul+|y—vl]?,

where C' is a positive constant. We organize the present article in the forthcoming fashion. Section
2 presents several fundamental notions, definitions and results, which are required for our research
work. In section 3 we determine that Z(t) is bounded and belongs to the space MZ([0,T]; R").
This section also contains the existence and uniqueness theorem for the solutions to SPDEs in the
G-framework. Finally, we derive the path-wise estimates for the solutions to the said equations in
section 4.

2 Preliminaries

Building on the previous notions of G-Brownian motion theory, this section presents the funda-
mental definitions and results required for the further discussion of the subject. For more details
on the concepts briefly discussed, readers are suggested to consult the more depth oriented papers
[8, 13, 17, 20, 21]. Let Q be a given fundamental non-empty set. Suppose H be a space of linear
real functions defined on () satisfying that (i) 1 € H (1) for every d > 1, X7, Xo,..., X4 € H and
¢ € Cp rip(R?) it holds p(X1, X2, ..., Xq) € H i.e., with respect to Lipschitz bounded functions, H
is stable. Then (2, H, E) is a sub-expectation space, where FE is a sub-expectation defined as the
following.

Definition 2.1. A functional F : H — R satisfying the below four features is known as a sub-
expectation. Let Z,Y € H, then

(1) E[Z] < E[Y]ifZ<Y.
(2) EIK] =K, for all K € R.
(3) ElaZ] = aFE|[Z], for all « € RT.

(4) E[Z]+ E[Y] > E[Z + Y.
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The above properties (1), (2), (3) and (4) are known as monotonicity, constant preserving, pos-
itive homogeneity and sub-additivity respectively. Moreover, let Q be the space of all R%-valued
continuous paths (w;)¢>o starting from zero. Also, suppose that associated with the below distance,

Q) is a metric space

o0
1
p(w',w?) =" 7 (@ax fwi — wf A D).

Fix T > 0 and set
LY,(Qr) = {¢(By,, Biy, ... By,,) 1 > 1, b1, ta, oot € [0, T, ¢ € Cpip(R™ )},

where B is the canonical process, Lgp(Qt) C L?p(QT) for t < T and L?p(Q) = U%OZIL?p(Qn). The

completion of Ly, (2) under the Banach norm E[|.|p]%, p > 1is denoted by LZ,(£2), where LZ,(€) C
LL(Qr) € L7(Q) for 0 < ¢ < T < oo. We indicate the filtration generated by the canonical
process {W(t)}i>0, as Fr = o{W5,0 < s < t} and F = {F;}+>0. Suppose mr = {to,t1,....tn},
0 <ty <ty <..<ty <oobea partition of [0,T]. Set p > 1, then Mg’o((), T') indicates a collection

of the below type processes
N-1

ar(w) = Z ﬁi(w)l[ti,ti+1](t)v (2.1)

i=0
where 8; € L%(Qy,), i = 0,1,..., N — 1. Furthermore, the completion of M%°(0,T) with the below
given norm is indicated by M&(0,T), p > 1

T
lofl = { / Eljos?)ds} .

Definition 2.2. A stochastic process {W (t)}+>0 of d-dimensional satisfying the below properties

is called a G-Brownian motion

(1) W(0) = 0.

(2) For any t,m > 0, the increment Wy, — W; is G-normally distributed and independent from
Wi s Wiy oo Wi,,forne Nand 0 <t <ty <,...,<t, <t,

Definition 2.3. Let oy € MZJO (0,T) having the form (2.1). Then the G-quadratic variation process
{{(W)i}i>0 and G-Itd’s integral I(«v are respectively defined by

t
W)y = W2 — 2/ WedWs,
0

N-1

T
I(a) = /0 adWe =Y Bi(Wi,,, — W,).

=0

The below two results are taken from the book [18]. They are called as Holder’s and Gronwall’s
inequalities respectively, .
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Lemma 2.4. Assume m,n > 1 such that % + % =1 and &£ € L? then né € L' and

L= ([r) ([er)”

Lemma 2.5. Let n(t) > 0 and (t) be continuous real functions defined on |a,b]. If for allt € [a, b],

b
) <K + / n(s)€(s)ds,

where K > 0, then
t
£(t) < Kelan(9)ds,
for allt € [a,b].

Definition 2.6. Suppose that the group of entire probability measures on (2, B(2) is indicated by
‘P. The capacity is denoted by C and is given by

C(D) = sup P(D),

where D € B(Q2) is Borel o-algebra of (.
Definition 2.7. A set D € B({2) is called polar if
C(D)=0.
A characteristic fulfills quasi-surely (in short g¢.s.) if it fulfills outer a polar set.

Now we state the following result [4].
Theorem 2.8. Let Z € L?. Then for every e > 0,

C(1Z]* > €) < M.

The following lemma, known as Doob’s martingale inequality, can be found in [14].

Lemma 2.9. Assume [a,b] be a bounded interval of Ry. Consider an RY valued G-martingale
{Z(t)}+>0. Then

B[ sup |Z()P"] < (LY EIZ()|"]

where p > 1 and Z(t) € LL,(Q,R%). In particular, if p= 2 then Elsup,<;<p | Z(t)|?] < 4E[|Z(b)[?].

The following lemma, known as Banach contraction mapping principle, is borrowed from the
book [12].

Lemma 2.10. Assume Z is a complete metric space. Let L : Z — Z is a contraction mapping.
Then L holds a unique fized point in Z.
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3 Existence and uniqueness results

Firstly, we demonstrate a useful lemma. This lemma will be utilized in the upcoming existence-
uniqueness result. This will also be used in the proof of path wise asymptotic estimates for the
solutions to SPDEs in the G-framework.

Lemma 3.1. Let equation (1.1) admits a solution Z(t). Suppose (1.3) holds. Then

E[ sup |Z(s)|}] < (1 + 4E|Z|?) 66T+2T,
0<s<T

where the constant C > 0 is already defined.

Proof. Let k > 1 be an arbitrary integer. Set the following stopping time
7 =T ANinf{t € [0,T]:|| Z(t) |> k} and Z*(t) = Z(t A7)

Clearly, 7, T T a.s. as k — oo and Zk(t) satisfies the following equation

t

Z(t) = Zo + / (s, Z%(s), Z(q3))Tig.y s + /0 A(s, Z(5), Z(q8))Tig AW, W(5)

0

4 [ (o, 2551, 24 (45) g gV (5).
0

By virtue of the basic inequality | Z?H cl? < 42;:_1 |ci|?, we have

2
+4

2

1Z5(t)]? < 4| Zo|* + 4 ‘/ k(s, Z"(s), 2"(as) Loz, ds / (s, Z"(5), 2% (as)) Lo 7 AW, W)(s)
0 0

2

t
4 /0 (s, Z%(5), Z%(5)) Tp.myydW (5)

Taking sub-expectation on both sides, we have

2

E[sup |Z*(s)|!] < 4E|Zy|* + 4E[ sup
0<s<t 0<s<t

/0 (s, 2% (s), Z¥(g5)) T,y ds| |

2

+ 4E][ sup
0<s<t

JRICEACR LTSI AIOI

2
+ 4E] sup ]
0<s<t

/0 (s, Z%(5), Z%(5)) Tp.mydW (5)

Use the Hélder’s, Doob’s martingale’s and Burkholder-Davis-Gundy’s (BDG) inequalities [14].
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Then by applying condition (1.4) we get

t
Bl sup |K(5)) < 4B1Z +47C | (14 EIZ*6)P + B12¢(gs)) ds
0

0<s<t

t
+47C [ (1+ BIZO)P + |2 o)) ds
0
t
+16C [ (14 BIZM6)P + BIZ¥ o)) ds
0

t
< 4E|Zo|* + 8C(T + 2)/ (1 +2E[ sup E\Z’“(T)Q]) ds,
0 0<r<s
which yields

t
1+ E[sup |Z%(s)]*] < 1+4E|Zo|> +8C(T + 2)/ (1 + 2F[ sup E|Zk(r)\2]> ds
0<s<t 0 0<r<s

t
< 144E|Z|> + 16C(T + 2)/ <1 + E[ sup EIZ’“(T)I2]> ds.
0

0<r<s

In view of the Gronwall inequality we obtain

1+ E[ sup |Z¥(s)[?] < (1 +4E|Z[?) e!0CT+IT,

0<s<T
Consequently,
E[ sup |Z(s)]!] < (1 +4E|Z|?) e!6CT+2T,
0<s<T
The proof stands completed. O

Remark 3.2. Lemma 3.1 indicates that if problem (1.1) admits a solution Z(¢), then it must be
bounded i.e. in particular Z(t) € MZ([0,T]; R™).

Theorem 3.3. Let (1.3) and (1.4) hold. Then equation (1.1) admits at most one solution Z(t) €
ME([0, T);RY).

Proof. Assume T > 0, 12KT(T +2) < 1 and Z(t) € MZ([0,T]; R?%). Define the mapping
(LZ)(t) = Zy -l—/o H(S,Z(s),Z(qs))ds—i—/o (s, Z(s), Z(gqs))d(W,W)(s)
+ [ s 25). 20a)aw (o)
0

t € [0,7]. It is clear that LZ is a continuous measurable {F;}-adapted process. Taking sub-
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expectation on both sides

E[ sup |(LZ)(D)P] = E|Zo + sup ( / (s, Z(5), Z(gs))ds)
o<t<T 0<t<T JO

+ sup ( / A(s. Z(s), Z(qs))d{W, W)(s))
0<t<T JO

+ sup ( / (s, Z(s), Z(gs))dW (s)) 2
0<t<T Jo

t
<A4B|Z|* +4E[ sup | | k(s,Z(s), Z(gs))ds|?]
o<t<T Jo
t
+AB[ sup | | s, Z(s), Z(qs))d{W, W) (s)[’]
o<t<T Jo
t
+4E[ sup | | pls, Z(s), Z(qs))dW (s)[].
o<t<T Jo
Use Holder’s, Doob martingale and BDG [14] inequalities. Then apply (1.4) to obtain

t
E[ sup [(LZ)(t)|%] < 4E|Zo|* + 4TC’/ (L+ E|Z(s)]* + E|Z(gs)|*) ds
0<t<T 0

L aTC /Ot (14 E|Z(s)] + B|Z(gs)P?) ds

+ 16C /Ot (L+E|Z(s)]* + E|Z(gs)|*) ds

t
g4EZOy2+80(T+2)/ <1+2 sup E\Z(t)!2> ds
0 0<t<T

t
g4EZO|2+80(T+2)T+8C(T+2)/ Bl sup |Z()P]ds
0 0<t<T

< AE|Zo|* +ACT(2T 4+ 1) + 8CT (2T + 1) (1 + 4E|Zp|*) 3T HIT < o0,

Thus ||LZ|| < oo and LZ € MZ([0,T];R?). This shows that L is a function from MZ([0,T]; R?) to
itself. Now we have to derive that L is a contraction function. Let Z,Y € MZ([0,T7; R9), then

B[ sup |[(LY)(t) = (LZ)()]"] = E( sup | [ [r(5,Y(s),Y(gs)) — K(s, Z(s), Z(qs))]ds

0<t<T o<t<T Jo
t
+/0 [A(s,Y(s),Y(gs)) — A(s, Z(s), Z(gs))|d(W, W) (s)
t
+/0 [1(s,Y (), Y (gs)) — p(s, Z(s), Z(gs))]dW (s)|*)

By the basic inequality | Y27, ¢;]? < 3327 |¢;|? and monotonic property of sub-expectation we
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)

obtain

t
/0 k(5. Y(), Y (g5)) — (s, Z(s), Z(gs))]ds

E[ sup [(LY)(t) - (LZ)(t)]*] < 3E ( sup
0<t<T 0<e<T

t 2
+3E< sup / [A(s,Y (5),Y(gs)) — A(s, Z(s), Z(gs))|d{W, W)(s) >
0<t<T |JO
t 2
+3E < sup / [1(s,Y (5),Y (gs)) — p(s, Z(s), Z(qs))|dW (s) ) :
0<t<T |JO

Next we use the Hélder’s inequality, BDG inequalities [14], Doob’s martingale inequality and Lip-
schitz condition (1.4) as follows

Bl sup [(LY)(t) — (LZ)(t)P] << 3TE ( [ 5.7 (9.9 = s, 205, z<qs>>|2ds>

0<t<T

+3TFE </0t IA(s,Y (s),Y(qs)) — A(s, Z(s), Z(qs))\2d5>
128 ([ la(o,Y (5. ¥(05) — s 209, Za5) s
<9 [ BY () - 260 + 1Y (as) — Zlas) s
+3TK /Ot E(|Y (s) — Z(s)2 + [V (gs) — Z(gs)[?)ds

+ 12K /Ot E(|Y(s) = Z(s)|* +|Y (¢gs) — Z(gs)|*)ds

=6 (T+2) [ BOY(6) = ZG)P + 1Y (a9)~ Zlas) s

< 12K(T + 2)/0 E(OE?ET Y (t) — Z(t)]*)ds

< 12KT(T + 2)E(021£>T Y (t) - Z (1))

In view of 12KT(T + 2) < 1 and lemma 2.10, the function L admits a unique fixed point in
MZ([0,T];R%), i.e., there is a unique stochastic process Z(t,w), which fulfills

E(OiltlgT Y (t) - Z(t)]*) = 0.

Thus problem (1.1) admits a unique solution Z(t) in [0,7]. Assume Ty = T, T; = min{T +
T 1, %}, where j = 1,2,3,... Then it is clear that T; — oo as j — oo and MZ([Tj_1,T;}; RY)
is a Banach space. Now suppose that (1.1) admits a unique solution ;_1(t) in [0,Tj_1], let
Z € MZ([Tj-1,T;];R?) and define

(LZ)(t) = j1(Ty 1) + /

Tj,1

t t

(s, Z(s), ¥j_1(qs))ds + / (s, Z(5), $51(5))d{W, W)(s)

Tj,1

+ / (s, Z(8), 1y (q5)) AW (s),

ijl
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t € [Tj_1,T;]. Obviously, LZ € MZ([Tj-1,T;];RY). Using identical arguments as above one can
derive that E[supgc,<p [(LY)(t) — (LZ)(t)[*] < 12KT(T + 2)E(supy<;<7 |Y (¢) — Z(t)|?) i.e., the
mapping L admits a fixed point Z in MZ([Tj_1,Tj];R?) and Z(Tj_1) = ¢j_1(Tj—1). Thus

o Jia(t), i tEe[0,Tj)
%(t) B {Z(t), ifte [Tj—I;Tj]

is the solution of problem (1.1) in [0,7}]. Hence by induction, the proof stands completed. O

4 Path-wise asymptotic estimate

This section presents the path-wise asymptotic estimate for the solution to problem (1.1). We use

1
lemma 3.1 to determine that the second moment of Lyapunov exponent tlim sup glog|Z ()] [16] is
—00
bounded.

Theorem 4.1. Let the linear growth condition (1.3) is satisfied. Then
1
tlim sup Elog|Z(t)| <8C(T +2), gq.s.
— 00

Proof. Using lemma 3.1, for each j = 1,2, ...,

E( sup |Z(t)]?) < Kef?,
J—1st<y

where K1 = (14 4E|Xo|?) and Ky = 16C(T + 2). For any arbitrary e > 0, in view of theorem 2.8
we obtain

E[Supjflgtgj |Z(t)|2]
e(Ka+e)j

K1€K2j

- e(K2+5)j

= K1€_€j.

Clw: sup |Z()]? > eF2t9i) <
J—1<t<j

For almost all w € , the Borel-Cantelli lemma follows that a random integer jo = jo(w) exists
such that

sup |Z(t)]> < B2t whenever j > jo,
J—1<t<y

which yields,
Ky + ¢

2
%[160(T o)+ S

1
lim sup —log|Z(t)| <
t—00 t

™

\V)

= 8C(T +2) + % g.s.

10
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But € is arbitrary, so
1
tlim sup Elog|Z(t)| <8C(T+2), g.s.
— 00

The proof stands completed. O

5 Conclusion

The current investigation presents the study of stochastic pantograph differential equations in
the G-framework. The Gronwall’s, Burkholder-Davis-Gundy’s (in short BDG), Doobs martingale
and Holder’s inequalities are utilized to obtain the results. By virtue of the growth condition,
it is revealed that solutions of the stated equations are bounded. The existence and uniqueness
results for G-SPDEs are derived. In addition, the path-wise asymptotic estimates for the solutions
to SPDEs in the G-framework are determined. The results of the current paper open several
new research directions. For example, what are the p-moment estimates for SPDEs in the G-
framework? How to develop the existence-uniqueness results with non-linear and non-Lipschitz
conditions? What about the stability of solutions for these equations? etc. We hope this article
will play a key role to provide framework for the concepts briefly discussed.
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Abstract. In this paper, we present some properties of dual partial metric (abbreviation, pmetric)
topology and investigate a fixed point result for self mappings in dual pmetric space. This result gener-
alizes Banach contraction principle in a different way than in the known results from the literature. The
article includes an example which shows the validity of our result.

1. INTRODUCTION

Metric spaces are inevitably Hausdorff and so cannot, for example, be used to study non-Hausdorff
topologies such as those required in the Tarskian approach to programming language semantics. Matthews
[3] presented a symmetric generalized metric for such topologies, an approach which sheds new light on
how metric tools such as Banach’s Theorem can be extended to non-Hausdorff topologies. Matthews [3]
defined the partial metric (pmetric) p on nonempty set X (p: X x X — [0,00)) and generalized Banach
fixed point theorem (see [2,7]). Essentially, the partial metric generalization is that the distance of a
point from itself is not necessarily zero anymore. The axioms were first introduced in [3], where the range
of a pmetric was restricted to [0, 00). Neill [5] extended the range to (—oo, c0) and called this functional
a dual partial metric denoted by p*, since this is both natural (in that there is no difficulty in extending
the results from [3]) and essential for a natural dual pmetric. The natural context in which to view a
partial metric space (X,p) is as a bitopological space (X, 7(p),7(d)). Neill [5] showed that successive
conditions on a valuation can ensure that the pmetric topology is first of all order consistent (with the
underlying poset), then equivalent to the Scott topology, and finally that the induced metric topology is
equivalent to the patch topology. Neill also established some topological properties of functional p* but
did not give any fixed point result in p*. However, Oltra et al. [4] established the criteria of convergence
of sequences and completeness in p* and generalized the fixed point result presented by Matthews.

In this paper, we present some more topological properties of p* and establish fixed point results for
self mappings in dual pmetric space. These results generalize Banach contraction principle in a different
way than in the known results from the literature. The article includes an example which shows the
validity of our results.

2. VALUATION AND DUAL PMETRIC

Throughout this paper the letters R(J{ , R and N will represent the set of nonnegative real numbers,
real numbers and natural numbers, respectively.
Definition 1. (Consistent Semilattice) Let (X, <) be a poset such that
(1) forallz,ye X x Ay € X,

02010 Mathematics Subject Classification: 47H09; 47H10; 54H25
OKeywords: fixed point, dual pmetric topology; complete dual pmetric space.
*Corresponding author: Choonkil Park (email: baak@hanyang.ac.kr)
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(2) if {z,y} C X is consistent, then x Vy € X.
Then (X, <) with (1) and (2) is called a consistent semilattice.

Definition 2. (Valuation Space) A valuation space is a consistent semilattice (X, <) and a function
u: X — R, called valuation, such that

(1) ifz 2y and z #y, u(r) < p(y) and
(2) if {z,y} C X is consistent, then

(@) + py) = pl@ Ay) + pl@Vy).
Matthews pmetric is defined as follws.

Definition 3. [3] Let X be a nonempty set and p : X x X — R{ satisfy the following properties: for
all z,y,z € X

(p) v=y e pxz)=pxy) =pyy),

(p2) p ('r’ '7;) <p (Z‘, y) )

(ps) p(z,y) =p(y.2),

(pa) p(z,2) +p(yy) <p(z,y)+p(y,2).
Then p is called a pmetric.

Definition 4. Let p be a pmetric defined on a nonempty set X. The functional p* : X x X — R defined
by

p*(2,y) =p(z,y) —p(z,z) —p(y,y) for all z,y € X
is called a dual partial metric (dual pmetric) on X and (X, p*) is known as a dual partial metric space.
Moreover, it can easily be proved that the expression

d*(z,y) = 2p" (2, y) = p" (x,2) =" (y,9)
defines a metric on X.
Note that the function p: X x X — R{ satisfies (p1) — (pa), that is,
(p1) z=y < p*(z,z) =p" (z,y) =p" (v, ¥),
(03) p* (z,2) <p*(z,9),
(p3) P (z,y) =p" (y,2),
(1) p* (2, 2) +p" (9, 9) <P (z,9) +p" (y,2).
Unlike other generalized metrics (such as the quasimetrics) this duality is not a consequence of a lack

of symmetry in the axioms. Indeed it is perhaps one of the strengths of the partial metric generalization
that symmetry is preserved as an axiom.

Remark 1. We observe that, as in the metric case, if p* is a dual pmetric then p*(z,y) = 0 implies x = y
but converse may not be true. p*(x, z) referred to as the size or weight of z, is a feature used to describe
the amount of information contained in z. It is obvious that if p is a partial metric then p* is a dual
partial metric but converse is not true. Note that p* (x,2z) < p* (z,y) does not imply p (x,z) < p (z,y).
Nevertheless, the restriction of p* to Rg is a partial metric.

Lemma 1. Suppose that (X, =<, p) is a valuation space. Then p*(x,y) = p(x Vy) defines a dual pmetric
on X.

Proof. The axioms (p3) and (p%) are immediate. For (p}), we proceed as
if p* (z,2) = p" (2,9) = p" (4, 9) , then p(x Vy) = p(r) = p(y) implies z = y.
The converse is obvious. We prove (p}):
pi(z,2) +p(yy) = plaVz)+uy)
@V yVz)+pl(@Vy) Ay V2]
(
(

IN

waVyVez)+uaVy) +uyVe) —pEVyVz)
= waVvy) +ulyVez)=p(z,y) +p"(y,2),
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as desired. O

Example 1. Let p be a pmetric defined on a nonempty set X = {[a,b];a < b}. The functional p* :
X x X — R defined by

c—d if max{b, ,min{a,c} =a

. _ d} =b
p ([a,b],[c,d])—{ a—0b if max{b,d} =d,min{a,c} =c
defines a daul pmetric on X.

Example 2. Let d be a metric and p be a pmetric defined on a nonempty set X and ¢ > 0 be a real
number. The functional p* : X x X — R defined by

p*(z,y) =d(z,y) —c for all z,y € X
is a dual pmetric on X.

For a partial metric space (X, p), we immediately have a natural definition (although slightly different
from the one given in [3]) for the open balls:

Be(z;p) ={y € X|p(z,y) < p(x,x) + ¢} for all z € X.e > 0. (2.1)

The set T[p] = {B(x;p), € X.e > 0} defines a pmetric topology on X. It can easily be seen that 7 [p]
is a Ty topology. The equation (2.1) naturally implies that

Bl (x;p*) ={y € X|p*"(z,y) <p"(x,z) + ¢} foral z € X,e >0,
which gives a structure for open balls in dual pmetric space (X,p*). Unlike their metric counterpart,
some dual pmetric open balls may be empty. For example, if p*(x, x) # 0, then
Bleny(@ip®) = {ye X[p*(z,y) <2p*(z,2)}
{y € Xlp(z,y) — p(x,x) — ply,y) < —2p(x,z)}
= {y € XIp(z,y) + p(x,2) <ply,y)} = .

We prove that the set {B(x;p*); for all z € X, e > 0} of open balls forms the basis for dual pmetric
topology denoted by T[p*]. Each dual pmetric topology is Ty topology and every open ball in a dual
pmetric space is an open set.

Theorem 1. The set {B!(z;p*); for allx € X, € > 0} of open balls forms the basis for dual pmetric
topology denoted by T[p*].

Proof. It is obvious that
X = UIGXB:(ivp*)
and for any two open balls B} (z; p*) and B (y; p*), we note that
Bi(z;p") N Bs (y;p*) = U{BL(c;p*)| ¢ € BE (w;p") N B (y; p*)}
where, r = p*(c,¢) + min {e — p*(z,¢),6 — p*(y,0)},
as desired. m
Theorem 2. FEach dual pmetric topology is a Ty topology.

Proof. Suppose p* : X x X — R is a dual pmetric and = # y. Then without loss of generality, we have
p* (z,z) < p* (z,y) for all z,y € X. Choose € = p* (z,y) — p* (z,x). Since

P (z,x) <p*(z,2) +e=p"(2,9),
x € B(xz;p*) and y ¢ B*(x;p*) because otherwise we obtain an absurdity (p* (z,y) < p* (z,y)). O

Theorem 3. Fvery open ball in a dual pmetric space is an open set.
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Proof. Let (X, p*) be a dual pmetric space and B} (v; p*) be an open ball, centered at v, of radius € > 0.
We show that for x # v,

x € Bj(w;p") C Bf (v;p").
Suppose that z € B¥(v;p*). Using (p}) and (p}), we have
p*(z,z) < p*(z,v) < p*(v,v) +e. (2.2)
Take 0 = € + p*(v,v) — p*(z,x). (2.2) implies p*(z,z) < p*(z,x) + 0. Thus x € Bj(x;p*).
Next we show that
Bs(z;p%) € BZ(v;p").
Suppose that y € B} (z;p*). Then
pr(zy) < p(z,x)+4,
pr(zy) < pi(z,x)+e+p (v,0) —p*(z,2) = e+ p*(v,0),
which implies that y € B¥(v; p*). a
Remark 2. (1) To see in what sense p* is dual to p, we recall that the specialization order induced by
a Tp-topology T, is defined by
x 27y if and only if for all O € T, z € O implies y € O.
Then, for a partial metric space (X, p), it is not difficult to check that:
T2y & pry) =p(z,2)
& pizy) =p(z, o)
< Y 2T T
It is also clear that p** = p. Now if (X, p) is a partial metric space, then
d(z,y) = p(z,y) + p*(z,y), for all z,y € X,

defines a metric on X, which we call the induced metric. If we denote the metric topology by T[d], then
Tld] = Tlp] v Tlp*].

(2) For complete valuation space T [p] = op = Scott topology, moreover, if the valuation space is
compact then 7[p*] = o, = dual Scott topology.

If (X, p*) is a dual pmetric space, then the function dp- : X x X — RJ defined by

dp*(xay) =p*($,y) —p*(l‘,l'), (23)
is a quasi metric on X such that 7 [p*] = T[dp+] where B(z;dp+) = {y € X|dp(z,y) < €}. In this case,
dp (7, y) = max{dpy (v, y), dp(y, z)} defines a metric on X, known as induced metric.

A dual pmetric p* can quantify the amount of information in an object x using the numerical measure
p*(x,x) and also that p* has an open ball topology. This would not be of much use in Computer Science
without a partial ordering. Therefore, we define a partial ordering and obtain some related results.

Definition 5. Let (X, p*) be a dual pmetric space. We define the relation <, on X? such that
Vo,y € X, x =,+ yif and only if p*(z,z) = p*(z,y).
Lemma 2. For each dual pmetric p*, <p- is a partial ordering.

Proof. We prove that <. is reflexive, antisymmetric and transitive.
(O1) Since, p*(z,z) = p*(z,z) forall z € X, z <p» .
(02) Suppose that z <,- y and y <,- 2. Then

p*(z,z) = p*(z,y) and p*(y,y) = p"(y, x).
Using (p%), we have p*(z,z) = p*(x,y) = p*(y,y) and then by (p}) we obtain x = y.
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(03) For all z,y,z € X, assume that = <,- y and y <,+ z then

p*(z,r) = p*(z,y) and p*(y,y) = p*(y, 2)-
Due to (pj}) we have

pr(x,2) < pr(zy)+p"(y,2) —p" (v,9)
= p'(@2)+p" (v,y) —p" (1,9),
p'(z,2) < p'(z,2),
but also due to (p3) we have p* (z,z) < p* (x, z). Thus p* (z,z) = p* (z,z) which implies that
T =p 2.
Hence (0O1), (02) and (O3) ensure that =<,« defines a partial order on X. O

Theorem 4. For each dual pmetric p*, T[p*] is weakly order consistent topology over <p-

Proof. We show that T[p*] C T[=,-]. For this purpose it is sufficient to show that for all z € X and
e>0

BE(x;p*) = U{{zly =p 2}y € BZ(2;p%)}
Suppose that z,y,z € X and € > 0 are such that y <, z and y € B(x;p*). Consider
p(z,2) < p(z,y)+p"(y,2) —p"(y,y) by (pi)
= p*(z,y), since y <p+ 2,
p*(x,x) + €, since y € B! (x;p*).
This shows that z € B¥(x;p*), which completes the proof. a

A

Thus T [p*] is a dual Scott-like topology over =<, if each chain X has a least upper bound ! and if
nli_{r;()p*(xn,xn) =p*(l,1).
Now we present a theorem containing conditions under which 7 [p*] = T[=p-].
Theorem 5. Let p* : X2 — R be a dual pmetric. Then
T =T[=Zp-l © Vo e X, 3 e>0 such that Bl (x;p*) = {y|lz <p- y}.
Proof. Suppose that Bf(z;p*) = {y|z <p- y} for all z € X, e > 0 and for all i € T[=,-], we have
U = Ugeu {ylz Zp- y} = UseuBZ (z;p") € Tp"].

Thus T[=,+] € T[p*]. Using Theorem 4, we conclude that T [p*] = T[=,~].

Conversely, suppose that T[p*] = T[=<p+]. Then for all x € X {y|z <, y} € T[p*]. Thus there exists
€ > 0 such that x € B} (z;p*) C {y|z =~ y} Now if x € B} (x;p*), then {y|z <, y} C B (x;p*). As a
result, B (x;p*) = {y|lz <,- y}. O

3. CONVERGENCE CRITERIA IN DUAL PMETRIC SPACE
The following definition and lemma describe the convergence criteria established by Oltra et al. [4].

Definition 6. [4] Let (X,p*) be a dual partial metric space.

(1) A sequence {z, }nen in (X, p*) is called a Cauchy sequence if
limy, 00 P*(Tn, Tm) exists and is finite.

(2) A dual partial metric space (X, p*) is said to be complete if every Cauchy sequence {z, }nen in
X converges, with respect to T[p*], to a point v € X such that

p(z,x) = nyrlgbrgoop*(xn,xm)-
Lemma 3. [4]

(1) Every Cauchy sequence in (X,d5.) is also a Cauchy sequence in (X, p*).
(2) A dual partial metric (X, p*) is complete if and only if the metric space (X, ds.) is complete.
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(3) A sequence {, }nen in X converges to a point v € X with respect to T[(d,.)] if and only if
Jim p*(v,2) = p*(v,0) = lim p*(zn,v).
(4) If limy, 00 x, = v such that p*(v,v) =0, then lim, o p*(zn, k) = p*(v, k) for every k € X.

4. FIXED POINT THEOREM

In this section, by establishing Theorem 8 in dual pmetric space, we show that Banach’s contraction
mapping theorem can be generalized to many T}, topologies for applications in program verification and
domain theory. Let B denote the set of all functions 3 : [0,00) — [0,1) which satisfy the condition:

lim B(t,) =1 implies lim ¢, = 0.
n— oo n—00
The following generalization of Banach’s contraction principle, proved in 1973, is due to Geraghty [1].

Theorem 6. [1] Let (M,d) be a complete metric space and T : M — M be a mapping. If there exists
B € B such that, for all j,k € M,

d(T(5), T(k)) < B(d(j, k))d(j, k).
Then T has a unique fixed point v € M and, for any choice of the initial point jo € M, the sequence
{jn} defined by j,, = T(j—1) for each n > 1 converges to the point v.

In [6], La Rosa and Vetro extended the notion of Geraghty contraction mappings to the context of
partial metric spaces and proved partial metric version of Theorem 6, stated below:

Theorem 7. [6, Theorem 3.5] Let (M,p) be a complete partial metric space. If the self mapping
T: M — M is a Ciric type Geraghty contraction, then T has a unique fixed point j € M and the
Picard iterative sequence {T"(jo)}nen converges to v with respect to 7(p®), for any jo € M. Moreover,
p(v,v) = 0.
We prove the same in dual pmetric space.
Theorem 8. Let (M, p*) be a complete dual pmetric space and T : M — M be a mapping such that for
all j,ke M and B € B

lp™(T(5), T(k))| < B(Q(4,k)) QUj, k), (4.1)
where

Q(j, k) = max {|p* (4, k)|, p" (7, T (1), Ip*(k, T(k))[}-

Then T has a unique fized point v* in M.
Proof. Let jo be an initial point in M and j, = T(jn—1), n > 1, an iterative sequence starting with jg.

If there exists a positive integer r such that j,.+1 = j,, then j, is the fixed point of T" and it completes
the proof. Suppose that j, # jn+1 for all n € N and by (4.1), we have

" (na1sdnt2)l = [P*(T(Gn), T(in+1))]

B(QUns dn+1)) QUn, Jnt1) (4.2)
B (p" (s dn+1) D) 0™ (s nt 1)1,

[P (Jns jn+1)], since B € B, (4.3)

IN

A

[p* (Jnt15 n+2)|
where
Qs n+1) = max{[p" (n, dn+-1)| [0* (s ns 1) |5 1P (ntas dna2) [} = 107 (s g |-
For if Q(jn, jn+1) = [P* (Jnt1, Jnre)| then we get a contradiction from (4.2). The inequality (4.3) implies
that {|p*(Jn,Jn+1)]}22, is a monotone and bounded above sequence and hence it is convergent and
converges to a point «y, that is, lim, oo [p*(Jn, Jnt1)] = @1 > 0. If a3 = 0, then we have done but if
ag > 0, then from (4.3) we have

‘p* (jn+1»jn+2)| < B(|p* (jnvjnJrl)D'p* (Jn> jn+1)|a
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which implies that
p* ] 1aj 2 k(- .
]< wetodnt2) | g (i i),

D* (]na jn-‘rl)

Taking limit we have
lim 5(|p*(3n7]n+1)‘) =1
n—oo
Since 8 € B, lim, 00 | (Jn, jnt+1)| = 0 entails oy = 0. Hence
lim p*(jn, jnt1) = 0.
n—oo
Similarly, using (4.1) we can prove that
lim p*(jn,jn) = 0.
n—oo
Now since dp« (jin, Jnt1) = " (Un, Jnt1) — D*(Gn, Jn), we deduce that lim, oo dp= (jin, jnt1) = 0 for all
n > 1. Now, we show that the sequence {j,} is a Cauchy sequence in (M, d5.). Suppose on contrary

that {j,} is not a Cauchy sequence. Then given € > 0, we will construct a pair of subsequences {j,, }
and {j,, } violating the following condition for least integer n, such that m, > n, > r where r € N

dp (Jm,» Jn,) 2 €. (4.4)
In addition, upon choosing the smallest possible m,., we may assume that
dp* (jm'r'7jn'r'71) <€
By the triangle inequality, we have

€ < dp-(Jm,,Jn,)
< dp*(jmr7jn7‘—1) +dp*(jnr717jnr)
< €+d;l7* (jnr—l’jnr)'

That is,

e<e¢ +d17* (jnv-—lajnr) (45)
for all » € N. In the view of (4.5) and (2.3), we have

rhargo d:D* (]mw]nr) =€ (46)
Again using the triangle inequality, we have

dp* (jmra ]m) < dp* (jm'r’ jmr+1) + dp* (jmr+1 7jn7‘+1) + d;n* (jnr+17jnr)
and

dp* (jm7»+1ajn7-+1) < dp* (jm7»+1ajmr) + dp* (ij Jnv) + dp* (jnr7jnr+1)‘
Taking limit as r — +oo0 and using (2.3) and (4.6), we obtain

’I‘EIJ,I:IOO dp* (]mr+1 ’ ]nr'*'l) =€

Now from contractive condition (4.1), we have
|p*(jn7‘+l’jmr+2)| = |p*(T(jn7‘)7T(jmr+l))|7
< BUP" Gnes Jmps DD Gy i)
We conclude that ( )
p* .j’fLT+17.j77LT+2 %/ - .
— 5 < B (s )]
P* (s Jmrss) e
By using (2.3), letting » — +o0 in the above inequality, we obtain
rli{[olo /B(|p* (J”T?«]mr+1)|) =1

Since € B, limy 00 [P* (Jnr» I,y )| = 0 and hence lim, o dp+(jn,., jm,,.,) = 0 < € which contradicts
our assumption (4.4). Arguing like above, we can have lim, o dp+(jm, ,jn,.,) = 0 < €. Hence {j,} is
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a Cauchy sequence in (M, d;.), that is, lim, m oo d5s (jn, jm) = 0. Since (M, d;.) is a complete metric
space, {j,} converges to a point v in M, i.e., lim, . d5.(jn,v) = 0. Then from Lemma 3, we get

lim (0, jn) = p*(0,0) = Tim_p* (. jim) = 0. (4.7)

n—

We are left to prove that v is a fixed point of T'. For this purpose, using contractive condition (4.2) and
(4.7), we get

P U TN = 17 () T())]
< B0 G 0)DIp" (s ),
T 7" Gt @D < T 507 Gy 0))p (G 0)

This shows that p*(v,T'(v)) = 0. So from (p7) and (p3) we deduce that v = T'(v) and hence v is a fixed
point of T'. Uniqueness is obvious. O

Corollary 1. Let (M,p) be a complete partial metric space and T : M — M be a mapping. If for any
j. k€ M and B € B, T satisfies the condition

p(T(5), T (k) < B(Q(J, k) Q(J, k), (4.8)
where Q(j, k) = max {p(J, k), p(4,T()),p(k, T(k))}, then T has a unique fixed point v* in M.

Proof. Since the restriction of p* to ]Rar , that is, p*|R0+, is a partial metric p, the result is obvious. O

The following example illustrates Theorem 8 and shows that condition (4.1) in dual pmetric space is
more general than contractivity condition (4.8) in partial metric space. This example also emphasis the
use of absolute value function in contractive condition (4.1).

Example 3. Let M = [—1,0] and define the functional p*\, : M x M — M by p*v(j, k) = max{j, k} for
all j,k € M. Then (X,p*y) is a complete dualistic partial metric space. Define the mapping T : X — X
and B by

T(j) = % and B(j]) = 1% for all j € M.

Without loss of generality we may assume that j > k and then,

e = |3y =3,
PGBl = 1l

GTON = fivi|=[3)].

T = | i = [3].

Thus Q(j, k) = max {|j|, |§}} and consider
PV (TG),THE) < B(QUK)) QLK)

‘;’ < BN i QG k) = I
1 < (4D va

The above inequalities are true for all j,k € X. Therefore, the contractive condition (4.1) holds true.
Thus all the conditions of Theorem 8 are satisfied by the mapping T. Note that j = 0 is the unique
fized point of T. Moreover, the contractive condition (4.8) in the statement of Corollary 1 does not exist
for this particular case and hence the contractive condition (4.1) cannot be replaced with contractive
condition (4.8) in Theorem 8 and as a result, Corollary 1 fails to ensure the fixved point of T.
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Abstract

One purpose of this paper is to investigate the growth of analytic function represented by
Laplace-Stieltjes transform which is of infinite order and converges in the half plane, and a
necessary and sufficient conditions on the growth of Laplace-Stieltjes transforms of finite Xy-
order was obtained. Besiders, we further investigate the error in approximating on Laplace-
Stieltjes transform of finite Xy-order, and obtained some relations between the error and
growth of Laplace-Stieltjes transforms of finite Xy -order.
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1 Introduction and basic notes

Laplace-Stieltjes transform
+oo
G(s) = / e *da(x), s =0 +it, (1)
0

where a(x) is a bounded variation on any finite interval [0, Y](0 < Y < 4+00), and o and ¢ are real
variables, named for Pierre-Simon Laplace and Thomas Joannes Stieltjes, is an integral transform
similar to the Laplace transform. It can be used in many fields of mathematics, such as functional
analysis, and certain areas of theoretical and applied probability.

For Laplace-Stieltjes transform (1), Widder in [18] pointed out that G(s) can become the
classical Laplace integral form

G(s) = /000 e Sto(t)dt,

when «a(t) is absolutely continuous. Moreover, if a(t) is a step-function, we can choose a sequence
{An}5° satisfying
D<A <A< <A<+, A\, 200 as n — oo, (2)

*The authors were supported by the National Natural Science Foundation of China (11561033, 61662037), the
Natural Science Foundation of Jiangxi Province in China (20132BAB211001,20151BAB201008), and the Foundation
of Education Department of Jiangxi (GJJ150902, GJJ160914) of China.
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and
ap+az+ -+ an, Ay << Apga;
a(z) = 0, 0 <z <Ay
a(z+) —;—a(az—)’ e>0,

by Theorem 1 in [18, Page 36|, then G(s) becomes a Dirichlet series
G(s) = Z ane ", s =0+ it. (3)
n=1

(0,t are real variables), a,, are nonzero complex numbers.

Yu J. R. in 1963 [25] first investigated the growth and value distribution of Laplace-Stieltjes
transform (1), and obtained the Valiron-Knopp-Bohr formula of the associated abscissas of bounded
convergence, absolute convergence and uniform convergence and the Borel line of Laplace-Stieltjes
transforms. After his works, many mathematicians further studied some properties on the growth
and value distribution of Laplace-Stieltjes transforms, and there were a number of results about
this subject, such as: Batty C. J. K., M. N. Sheremeta, Kong Y. Y., Sun D. C., Huo Y. Y. and
Xu H. Y. investigated the growth of analytic functions with kinds of order defined by Laplace-
Stieltjes transforms (see [1, 3, 4, 5, 6, 19, 22]), and Yu J. R., Shang L. N., Gao Z. S., and Xu
H. Y. investigated the value distribution of such functions (see [11, 20, 21, 25]). Moreover, as for
Dirichlet series (3), a special form of Laplace-Stieltjes transform, considerable attention has been
paid to the growth and the value distribution of analytic functions defined by Dirichlet series and
lots of interesting results can be founded in (see [2, 9, 10, 12, 15, 16, 17, 23, 24]).

Luo and Kong [7, 8] in 2012 and 2014 studied the growth of the following form of Laplace-
Stieltjes transform

+oo
F(s)= / e*da(z), s =0 +it, (4)
0
where a(x) is stated as in (1), and {)\,} satisfy (2) and
. _ n
limsup(Ap+1 — An) = h < 400, limsup — = E < 4o0. (5)
n—-+oo n—00 )\n

Set

* p—
Al = sup
An<x<Ap41,—00<t<+00

)

/ eityda(y)
An

by using the same argument as in [25], we can get the similar results about the abscissa of uniformly
convergent of F(s) easily. If

log A*
lim sup 08 %n _
n—-+oo n

by (2), (5), (6) and Ref. [25], one can get that of = 0, i.e., F(s) is analytic in the half plane.
Set

0, (6)

M, (o,F) = sup
0<z<+00,—co<t<+00

/ e(a+it)yda(y)‘ , (o, F) = meajirc{AjLeAna}(g < 400),
0 n

and

Definition 1.1 If the Laplace-Stieltjes transform (4) satisfies of = 0 (the sequence {\,} satisfy
(2),(5) and (6)) and
. log™ logt M, (0, F)
lim sup
otoo  —log(—0)

= p,
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we call F(s) is of order p in the half plane; If p € (0,400), the type of F(s) is defined by
_ log™ My (0, F)
7 = limsup ———,
o—0— (_;)p

logx, >1

where log™ x = { 0 v <]

Remark 1.1 For p=0,0 < p < 00, p = 00, F(s) can be called Laplace-Stieltjes transform of zero

order, finite order, infinite order, respectively.

For p = oo, we will give the definition of the X-order of Laplace-Stieltjes transform (4) as
follows.

Definition 1.2 If Laplace-Stieltjes transform (4) of infinite order satisfies

+
Jimn sup X(log™ M, (o, F))
o0~ —log(—0)

= pPX,

where X (x) € §, then p* is called the X-order of F(s), and § is the class of all functions X (x)
satisfies the following conditions:

(i) X(z) is defined on [a,+00),a > 0, and positive, strictly increasing, differentiable and tends
to +00 as x — +00;

(i1) X' (x) = o(1) as ¢ — +o0.

We investigate the growth of Laplace-Stieltjes transform F'(s) with finite X-order, and obtain
the following theorem.

Theorem 1.1 Let F(s) € L be of X-order px(0 < px < 00), then

X (log pu(a, F)) X (log My (0, F))

lim su = limsu ’ 7
a—>ofp —log(—0) a_>0—p —log(—o) (7)
" X(A X (log M, (o, F
lim sup ( 1) - = px = limsup (log M, (o, F)) 8)
n—oo log A, —log™ log™ A¥ o0 —log(—0)

Thus, a question arises naturally: what may happen when px = oo in Theorem 1.1? Inspired
by this question, we will further investigate the growth of Laplace-Stieltjes transform (4) by using
the type function of Sun [15], and obtain the following results.

Theorem 1.2 If Laplace-Stieltjes transform F(s) € L is of infinite X -order, then

X(log™® F
:Tx<z>limsup—( og” o, F)) =Tyx.

om0- logU(=7) om0- logU(=73)

where 0 < 7x < oo and U(x) = xP®) satisfies the following conditions

(i) p(x) is monotone and lim,_, o, p(x) = oo;

(1 llmraoowzl, where ' =z + zlogx
U(x)

log U(x) log? log U(x) *

Remark 1.2 If Laplace-Stieltjes transform F(s) of infinite order has infinite X -order and satisfies

. X (log®™ M, (0, F))
lim sup 1 =Tx,
o—0— 1Og U (_ ;)

then Tx is called the Xy -order of Laplace-Stieltjes transform F(s).
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Theorem 1.3 Let F(s) € L are of infinite X -order, then

X (log My (o, F X(log* A,
lim sup (log (571, ) = Tx <= limsup L/\") =Tx, (9)
oc—0~ log U(_E) n—oo log U( 1Og+",4;1 )

where 0 < 7x < 0o and U(x) is stated as in Theorem 1.2.

We denote Lg to be the class of all the functions F(s) of the form (4) which are analytic in
the half plane Rs < B(—00 < a < o) and the sequence {\,} satisfies (2) and (5), and denote
L to be the class of all the functions F(s) of the form (4) which are analytic in the half plane
Rs < 0 and the sequence {\,} satisfies (2), (5) and (6). Thus, if —co < 8 < 0 and F(s) € L,
then F(s) € Lg; if 0 < 8 < +oo and F(s) € Lg, then F(s) € L. If A% =0 forn > k+ 1, and
A% # 0, then F(s) will be called an exponential polynomial of degree k usually denoted by py,
i.e., pr(s) = fo)‘k exp(sy)da(y). When we choice a suitable function «a(y), the function pg(s) may
be reduced to a polynomial in tems of exp(sA;), that is, Zle b; exp(s);) and we use II,, to denote
the class of exponential polynomials of degree n. For F(s) € Lg,—oo < 8 < 400, we denote
E, (F,«) to be the error in approximating the function F'(s) by exponential polynomials of degree

n in uniform norm as
E.(F,B)= inf |F—-plg n=12,...,
p€ll,

where

F—pls= F(B+it) — it)].
I F=plls=_ max [F(5+it)—p(B+it)

In 2015 and 2017, C. Singhal and G. S. Srivastava [13, 14] investigated the approximation of
analytic functions defined by Laplace-Stieltjes transforms of finite order, and obtained the following
results.

Theorem 1.4 (see [13, Theorem 5.5]). Let F(s) € L be of the order p and —oo < 8 < 0. Then
T 10g+ 10g+[En(Fa B) exp(—BAn+1)]
p = limsup " .
nto0 108 Anp1 — log™ 10gT [E(F, B) exp(—BAnr1)]
Theorem 1.5 (see [13, Theorem 3.6]). Let F(s) € L, belongs to the class L(—oo < 3 < 0) having
order p(0 < p < 00). Then F(s) is of type T if and only if
0P

_ f o Alog" (B (1, B) exp(=BAi)]}
(p+1)ptL n—>+o£) (An+41)? .

In this paper, we further investigated the approximation of analytic function defined by Laplace-
Stieltjes transform and obtained the relations between the error F, (F, 3) and the growth order of
F(s) when F(s) is of infinite order as follows.

Theorem 1.6 Let F'(s) € L be of finite X-order px, then for any real number —oco < < 0, we
have

lim sup X ()

n+oo log A, —logt log[E,,_1(F, )e=F>n] -

Theorem 1.7 If F(s) € L is of infinite X -order, then for any fized real number —oo < 8 < 0, we
have

X(log* M(o, F
lim sup (log (C;’ ) =7x <= limsup ¥, (F, 5, \,)) = Tx;
o—0— IOgU (—;) n—+00

where
X (log" [Ey_1(F, B)e= "))

\IJ”(F,ﬂv)\n) == X )
log U (logJr [En_l(},ﬁ)efﬁxn] )
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2 Proofs of Theorems 1.1-1.3

To prove Theorems 1.1-1.3, we require some lemmas as follows.

Lemma 2.1 Let X(x) € § and ¢ be a constant, and p(x) be the function such that

1 +
limsupw =0, (0<o0< ),
r—+o00 10g$

and if the real function M (x) satisfies lim sup w =v(>0). Then we have
T—r—400
X(log M X log M

lim sup (log M(x) + c) =v, limsup () log M(x)) =v

z—+00 log x z—+00 log z
Proof: From the properties of X (z), we can easily prove

X (log M
lim sup (log M () + c) =v

z—+o00 log x

Next, we will divide into two cases to prove

ey X 08 M)
r—+o00 10g33

Case 1. If ¢(x) is not a constant. From the assumptions of Lemma 2.1, it follows that
o(x) = 0o as © — oo. Then, for sufficiently large x, we have ¢(z) > 1. From X (z) € §, we have
lim, o0 log M(z) = co. Then from the Cauchy mean value theorem, there exists £(log M(z) <
& < X(x)log M(x)) satisfying

X(p(x)log M(z)) — X(log M(x))  X'(§)

= =X’
los(ip(a) log M(x)) —loglog M(rx)  (logg)
that is,
X(p(x)log M(x)) = X (log M(x)) + log ()€ X" (€). (10)
Since zX'(z) = o(1) as x — +o0 and limsup% = 0,(0 < p < ), by (10), we can get the

r—+00
conclusion of Lemma 2.1.

Case 2. If ¢(x) is a constant. By using the same argument as in Case 1, we can prove that
the conclusion of Lemma 2.1 is true.
Thus, this completes the proof of Lemma 2.1. O

2.1 The proof of Theorem 1.1
Set

x

/ exp{ (o +it)y}da(y).

n

I(z;0 +it) :/

From (5), there exists n > 0 satisfying 0 < A,11 — A <7 (n=1,2,3,...). When o is sufficiently
close to 0—, it follows e™77 < 2. When x > A, it follows

| ewlitnda) = [ e a0+ it
A

n An

T
= I(y;0 +it)e” 7Y[5 + 0/ e~ YI(y; o + it)dy.

n
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Then, for o < 0, it follows

xT
/ GXP{ity}da(y)‘ < My(0,F) [[e™7 + e77* | + e 7% — e~ 7]
)\TI,
< 2M, (o, F)e ",

Thus, for any o < 0 and any x € (A,, Ant1], we have

‘/ exp{ity}da(y)| < 2M, (o, F)e e~ < 4M, (0, F)e~ ",
An

that is,

w(o, F) < 4M, (o, F). (11)
Let Ij(x;it) = f;k exp(ity)da(y)( Ay < < Agy1), then for Ay < z < Agy1,—00 < t < 400, we
have |Ij,(z;it)| < A% < p(o, F)e=*. Thus, for e > 0,\, <z < A\,11 and o < 0, we have

n—1

T Ak+1 T
[ ewliositmda) =Y [ ewl(o+itwdaty) + [ exp(o+ it}daty)
0 =1 An
n—1 Akt 1 T
=3 [ entond i + [ explond, (it
k=1 k n
n—1 Akt1
= [eXp(/\kHU)[k()\kH;it) - 0/ exp{oy i (y;it)dy
k=1 Ak
+ exp(zo) I, (x;it) — U/” exp{oy L, (y;it)dy.
An
Hence,

/exp{(o—i—zty}da ’ ZA* M < u((1 —¢)o, F) Ze’\’“w
0

From the second equation of (5), for the above € > 0, there exists a positive integer N such that
An > 5 for n > N. Thus, for sufficiently small ¢ < 0, we have

M, (0, F) < p((1 - €)o, <N+ Z exp{

k=N+1

D < KE@u((1 - <)o F)(-1).  (12)

From (11)-(12) and by Lemma 2.1, we can prove (7) easily.
By using the same argument as in [20, Theorem 4], we prove (8) easily.
Therefore, this completes the proof of Theorem 1.1.

2.2 The Proof of Theorem 1.2

By Lemma 2.1 and from (11)-(12), the conclusion of Theorem 1.2 can be proved easily.

2.3 The proof of Theorem 1.3

We firstly prove the sufficiency of Theorem 1.3. Let W(z) be the inverse function of X (z), and
V(z) be the inverse function of U(z). Next, we will divide into two steps as follows.
Step One. Suppose that

X(log* A
lim sup (log )
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thus for any small (> 0) and sufficiently large n, we have

1og+Afl<W[(TX+s)1ogU< An )],

logt Ax
it follows
A 1 A
— >V {exp {X(log+ A*)H , logt A < L .
log™ Ay, X t€ " Ty {exp {TxﬁX(log+ A;)H

Thus, we have

1 —1
log™ Aze? <\, ((V [exp{ X (log™ A;)H) + a) . (14)
Tx + €
For ¢ — 07, set
1 1 1
I= 1 SR . 1
W |(rx +¢) ogU< o o log? (_;)>] (15)
1 —Llog(-2)
<W +e)logU | —— + z ,
then it follows ) ) ) )
S —X(I . 1
o UlogzU(—%) V<eXp{Tx+E ( )}) (6

If log™ A% < I, then for o — 07, it follows from (14)-(16) and the properties of U(z) that

(tx +¢)logU (—1 _1 1)

logt A* e < logt A* < T =W L
A S o S s Sl U ()

<W [(TX + 2¢) log U(i)} . (17)

If log™ A% > I, then from (14)-(16), we have

log* A% M < A, ((v [exp { Txi X (log* A:;)H ) o a>
(ol

o
=A——— < 0. 18
1+ log? U(—%) (18)

Hence, it follows from (17) and (18) that
1
log (o, F) <W |:(TX + 2¢) log U(—)} . (19)
o
From (19) and Theorem 1.2, and let ¢ — 0, it follows

+ Ax
limsup 208 Mu(0, F)) o Klogm A)

0 logU(-1) n—+oo log U(log)‘;#:)
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Step Two. Suppose that
X(log" A7)

X (log M, (0, F
lim sup (log (01 ) =J <limsup —————"— = 7x. (20)
o—s0-  logU(—7) n—+o0 logU(W)

Take n > 0 such that 7x = J + 57, then for any n € N, and sufficiently small o(< 0), from (11)
and (20), and by Lemma 2.1 we have

1
log™ A%e*? <log M, (o, F) 4 2log2 < W ((J +n)log U(—)) , (21)
o
and from (20), there exists a subsequence {n(v)} such that
logt A log U(— ) 22
X(log™ A7) > (7x —n)log ( og” A* )- (22)
n(v)

Take the sequence {0, } such that

+ Ax
w <(J +n)log U(—l)) g™ A . (23)
Ty 1+10gU($)10g logU(ﬁ)

Thus, it follows form (21)-(23) that

log™ A*
log™ A*( )e Anm)Tv 4l ,

1+ log U(#) log? log U(ﬁ)

oy " logT Ar log U(W) log? logU(ﬁ)
1 An(v !
= U(—)<U | 50— (14 Y
Oy log An(u IOgU(#) log log U(ﬁ)

n(v)

From (23), we have

1 A A
. n() n@)
log" Anpy =W ((J+Tl) log U(_,,)> <1 + log U(+7A*)log log U(longAn(V))> .

n(v)
Thus, from the Cauchy mean value theorem and (24), there exists a real number £ between

W((J +n)logU(~ L)) and W ((J +1)log U(—U%)) <1 +log U(ﬁ) log? log U(M))
such that

A 1
4+ A% o 2 n(v) —
X (log* 43,)) = X (1 +log? U <1og+ AZm) w ((J+n) log U( a,,)>>

_ X (W <(J +1)log U((jy)))

)\n(u) 2 )\”(”) !
tlog |14 log U(—2) Yiog2log U(—2"M ) ) ex7(¢),
og( og (10g+ AZ(V>) og? log (10g+ AZ(V)) £X(6)
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and since
An(v An(v
log (1 + log U(ﬁ) 10g2 log U(‘10g+ 1(4*)( ) )>
n(v n(v 0

ugg}oo log U ( —n0) -
og (10g+ A ))
n(v

3

then for sufficiently large v and from (24), it follows

1 A
Lo _ S / _ )
X (log" 43,)) = (7 + mlogU(= ) + KeX'(€) log U3 )
_ ERION
= (J +3n)logU(— ), (25)
log AZ(V)

where K is a constant.
From (20) and (25), we obtain a contradiction with the condition n = Tx—g‘] > 0. Thus, we

have
: X(log My(o, f)) . X(log"™ Ay)
lim sup ————5--> = limsup —————"— = Tx.
o—0— log U(*;) n—-4o00 log U( log*nA* )

Therefore, this completes the proof of the sufficiency of Theorem 1.3.

By using the similar argument as in the above discussion, we can prove the necessity of Theorem
1.3.

Hence, this completes the proof of Theorem 1.3.

3 Proofs of Theorem 1.6 and Theorem 1.7

Here we only give the proof of Theorem 1.7 because the proof of Theorem 1.6 is similarly.

3.1 The Proof of Theorem 1.7

2

First of all, we prove ” <= " of Theorem 1.7. Next, we will divide into two steps as follows.
Step One. For convenience, hereinafter let E,_; := E,_1(F,3). Suppose that

X(log" [Ep_1e P
limsup ¥, (F, 8, \,) = limsup (log” | 1€ )
n——+oo n—-+oo IOg U

N =TX. (26)
(long[En_nle*E)‘n] )

Then for sufficiently large positive integer n and any positive real number € > 0, we have

A
+ —BAn -
log™ [Ep_1e J<w ((TX +e)logU <logJr [En—wm"})) '

By using the same argument as in the proof of Theorem 1.3, we have

log T [En_1el@ ] <\, ((V <exp { TX1+ 6X(10g+[EnleB’\"])}>>l + a> .27

For any fixed and sufficiently small o < 0, set

1 1
G=Ww ((rx+e>1°gU <aalgv(—)>>

_ig + m _v (exp{TX1+ 6X(G)}) . (28)

that is,
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If logt[E,,_1e7 7] < G, for sufficiently large positive integer n, let

1

since o < 0, and from (27),(28) and the definition of U(x), we have

-1
log+ [En716(0_6)>\n] <\, ((V (exp { 7-X1_|_ eX(log+[En1e_ﬁ>\f])}>) + O’)

1 1
{4 )
1

<w ((TX +¢€)log [(1 +o0(1))U (_0)]) . (29)

If logt[E,_1e7#*] > G, it follows from (27) and (28) that

log  [Byy_1e7H] < A, ((v (exp { TX1+ 6X(G)}> > o a>

-1
1 1

<A —t ——— +o| <0. (30)
—0 —olog®U (—;)

Hence, it follows from (29) and (30) that for sufficiently large positive integer n

1
logt[Ep_1el@ ] < W ((TX +¢)log [(1 +o(1))U (—)]) . (31)
o
For any 5 < 0, then from the definition of Ey(F, ), there exists p; € II,,_1 satisfying
[F = p1]| < 2E,-1. (32)
And since
x
A exp{fi,} = sup / exp{ity tda(y)|exp{BA\,}
A << Ap41,—00<t<+00 [J N,
< sup / exp{(8 + z‘t)y}da(y)’
An<r<Apip1,—o0o<t<+oo [J A,
< swp / exp{(8 + it)y}da(y)‘ )
—oo<t<+00 An

then for any p € II,,_1, we have

A% exp{BA} < [F(B+it) —p(B+it)| < ||F — plls. (33)
Hence for any § < 0 and F(s) € L, it follows from (32) and (33) that

Ay exp{BA\,} <2E,_1, A}, <2E,_jexp{—B\.}.

that is,
Afeon <2, el (34)

Thus, from (31) and (34), and by Lemma 2.1 and Theorem 1.2, let € — 0 we have

+
lim sup X(log Mu(f’ )
o—0— lOg U(_E)

> Tx-

10
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Step Two. Suppose that
X(logt M, (o, F
lim sup (log (107 )
oc—0~ log U(_;)

Then there exists any real number (0 < & < TX4*19), and for any sufficiently small o < 0 we have

=9 <7x.

log My(0, F) < W <(ﬁ +o)log U(—i)) . (35)

Since

En 1 (F,B) S| F = pa—1 | |[F(B +it) — pn—1(B +it)]|
A

+o00 n
< / exp{(8 + it)y}da(y) — / exp{(B + it)y}da(y)
0 0
= | ewl(s+inyhdaty)] (36)
An
for f < o <0, and
0o b
’ / exp{(By + it)y}da(y)‘ = lim / exp{ (8 + it)y}da(y)| .
Set .
Lisiit) = [ explitylda(), O <5< Api)
Aj+k
then we have [1;x(b;it)| < Aj, ;. Thus, it follows
b
/A exp{ (B + it)y}da(y)
k
n+k—1 Ajt1 b
= > / exp{By}d,I;(y; it) +/ exp{By}tdyLn+x(y; it)
j=k i Atk
n+k—1 Aj+1
= D L it) - 6/ VI (y; it)dy
=k A
b
+e T,y 41 (by it) *ﬂ/ PV I (y; it)dy
)\n+k
n+k—1
< Z [A;TGMH,B + A;‘f(e/\j+16 _ e)‘j’B)] 2ot An L ePAnek gx
j=k
n+k
<2 Z AZe)‘"“ﬁ.
=k
Because b — +00 as n — +00, thus it follows
[e%s) 400
/ exp{(8 + it)y}da(y)‘ <2 A5 exp{BAni1}. (37)
Ak n=k

11
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Hence from (11), (36) and (37), we have

En1 <2 Ay exp{fA} <8M,(0,F) Y exp{(8 — o)A} (38)
k=n k=n

From (5), we can take h'(0 < b’ < h) such that (A,+1 — An) > A/ for n > 0. Then from (38), for
o> g, we have

Ep1 < 8My(0, F)exp{An(8 = )} D exp{(Ax = Aa)(8 — o)}
k=n

< 8M, (0, F)exp{\,(8 — o)} exp{—éh'n} Z(exp{gh’k})
k=n
-1
=8M, (0, F)exp{\.(8 —0)} (1 — exp{gh’}) ,

that is,
E,_1 < KMy(o,F)exp{\.(8 —0)}, (39)

where K is a constant. Then for sufficiently small ¢ < 0 and —oco < 8 < ¢ < 0, we have
My(0,F) > K1 By 1 (F, B)e 077 = K\ B,y exp{—pA,}e*, (40)

where K3 =1 — 5" Hence it follows from (35) and (40) that
1
10g+ [KlEnfl exp{_ﬂ)\n}e)\nﬂ] < 10g]\4u(0'7 F) <Ww ((19 + 28) IOg U(—)) . (41)
o

From the assumption, there exists a subsequence {\,(,)} such that for sufficiently large p

+ _ P An(p)
X(log™ [Epp—1) exp{—=BAnp)}]) > (Tx —€)logU <log+[En(p—1) eXp{ﬂ)\n(p)}]> : (42)

Take a sequence {o,} satisfying

W ((19 +26)log U(—1)>

Ip
_ 10g+ [En(p—l) exp{_ﬁ/\n(p)}] (43)
- An(p) 2 An(p) ’
1 +log U(log+ [En(p—1) exp{—BAnp) }] ) log™log U(10g+[En,(p—1> exp{—BAn(p)} )
From (41) and (43), by using the same argument as in the proof of Theorem 1.3, we get
10g+ [En(p—l)e_ﬁ/\n(p)]
1 1
:W ('19 + 25) log U(_;) 1 + )\n(p) 2 )\n(p)

P log U( logt [Ep(p_1ye (0] Jlog"log U'( log* [Ep(p—pe " ()] )

Then by applying the Cauchy mean value theorem, there exists a real number & € ({1, (2) where

G=W ((0 +2¢) log U(—1)> ;

Op

12
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and
An(p) 2 An(p)
= 1+1logU P log®log U P ,
2=G ( & (log+ [En(p_l)efﬁ/\"“’)]) 508 (10g+[En(p—1)€7ﬂ)‘"(”)])
such that
X (log+ [En(p_l)eiﬁ)\"(p)])
=X (W [ (9 +2¢)(1 + 0(1)) log U( Anp) )
10g+ [En(pfl)eiﬁ)\n(p)]
+log {1+ log U(——"8L ) jog2 log [7(—— (2 ) exe),
10g+ [En(pfl)e_ﬁknm)] IOng [En(pfl)e_ﬂkn(m}
Since
An(p) 2 An(p)
. log (1 + log U(1og+[En<p,11;e““"<p>] ) log” log U(1og+[En(p,1?e"”"<p>] ))
lim Py =0,
— 00 n(p
P log U(long[En(p_l)efﬁ)\"(")])
then for p — 400 and let ¢ — 07, it follows
An
X (log ™ [Enp_1ye #®]) = (9 + 2¢)(1 + o(1)) log U( (&) )+o(l).  (44)

10g+ [En(p—l)eiﬁ)\n(p)}

From (41) and (44), by applying Lemma 2.1, we can obtain a contradiction with the assumption
0<e< TX4_19. Hence

. X(log* M,(o, F))
lim sup T =Tx.
o—0— IOg U(_E)

Hence, we complete the proof of the sufficiency of Theorem 1.7. By using the similar argument
as in the above, we can prove the necessity of Theorem 1.7.
Therefore, this completes the proof of Theorem 1.7.
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¢-ANALOGUE OF MODIFIED DEGENERATE CHANGHEE
POLYNOMIALS AND NUMBERS

JONGKYUM KWON! AND JIN-WOO PARK?*

ABSTRACT. The Changhee polynomials and numbers are introduced in [3], and
some interesting identities and properties of these polynomials are found by
many researcher. In this paper, we consider the g-analogue of modified degen-
erated Changhee polynomials and derive some new and interesting identities
and properties of those polynomials.

1. INTRODUCTION

Let p be a fixed odd prime number. Throughout this paper, Z,, Q,, and C, will
respectively denote the ring of p-adic rational integers, the field of p-adic rational
numbers and the completions of algebraic closure of Q,. The p-adic norm |- |, is
defined normally as |p|, = 11)

Let C(Z,) be the space of continuous functions on Z,. For f € C(Z,), the p-adic

invariant integral on Zy is defined by T. Kim as follows :

o) = [ 1@dumyfa) = im e 3 1)), (see 35, 1012, 16,17, 19))
P 9 z=0

(1.1)
If we put f,(x) = f(x + n), then, by (1.1), we can derive the following very
useful integral identity;

P g(fa) + (1P () = 2], 30 (=) ) (1.2)
=0
where o
_ == and [z], = 1-¢
[x]*q_ 17(7(]) d[ ]q

1—q°
Note that lim,_,[z], =  for each « € Z,,. In particular, if n = 0, then

AL—q(f1) + 1-q(f) = [24f(0). (1.3)
The Stirling numbers of the first kind is given by

=0

2010 Mathematics Subject Classification. 11B68, 11540, 11S80.

Key words and phrases. p-adic invariant integral on Zj, degenerate Changhee polynomials,
modified degenerate Changhee polynomials.
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and the Stirling numbers of the second kind is defined by the generating function
to be

o0 1
(¢ —1)" = nl ZSQ(z,n)%

l=n
(see [1, 20]). Note that
oo l
n x
(log(x + 1))" = n! E Sl(l,n)ﬂ, (n>0),

l=n

(see [1, 20]).
As is well-known, g-Euler polynomials of order r are defined by the generating
function to be

rd—1 oo
[2}(1 a a_at __ (r) "
( > (—1)%g e = Zqua,, (see [3-6, 9, 15-17, 19]).  (1.5)

1+ qdedt a=0 n=0

In the special case, z = 0, Eff) = Ey(f)(O) are called the Euler numbers of order r.
From (1.1), we note that

oo n 2 K
> B @ = ()
n! et +1
n=0 (1.6)
:eft/ / e(“+”'+z’“)td,u_1(x1)-~-d,u_1(x7-),
ZP ZP

and by (1.6), we have
EP@) = [ o [ et ) dpa (@) (o), (020), (1)
Z, Z,

(see [3-6, 9, 15-17, 19]).
In [3], authors defined the Changhee polynomials as follows:

- 2
= — (1 z
;cm(mn! 5 (L0

and, in [17], authors defined the modified degenerate Euler of order r polynomials
as follows:

- (r) T ﬁ — 2 " &z
S ane = (graer) 0o (19)

Recently, Changhee numbers and polynomials are introduced by Kim et. al. in
[3], and by many mathematicians, which are generalized and obtained many new
and interesting properties(see [2, 9-14, 16, 18, 19]). In this paper, we consider
the modified degenerate Changhee polynomials and numbers by using the p-adic
invariant integral, and derive some new and interesting identities and properties of
those polynomials.
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¢-ANALOGUE OF MODIFIED DEGENERATE CHANGHEE POLYNOMIALS AND NUMBERS3

2. ¢-ANALOGUE OF MODIFIED DEGENERATE CHANGHEE POLYNOMIALS AND
NUMBERS

From now omn, we assume that ¢t € C with [¢], < p 7T and A€ L.
The modified degenerate q-Changhee polynomials are defined by the generating
function to be

t’n
a.

2 . o0
[2]4 (1+ /\);log(ut) - Z MChy, » 4() (2.1)

1+q(1+)\)§log(1+t) =

In the special case, . = 0, MChy, x,q = MChy »4(0) are called g-modified degener-
ate Changhee numbers.

Note that
: 24 2 log(1 2]
1 14 \)xlog(i4t) —_ 1%a (1 44
A%Hq(uA)%l"g(”“( AP (1+t>+1( i)
tn
:ZChn’q(:c)
n=0

Since

ZHY Jog(141)

(1 _|_)\) 2ty log(1+t) _ log(1+)\)

=3 (BN gy os 0

n=0

) . 0o 1 (2.2)
W) ( + y)"%"! > Sl ")%
l=n

=2

n=0

2N (log(1+A)\™ t
= — | (@+y)"Si(n,m)—,
55 () sty

and
o " 20, S los(140)
T;MChn’Aq(x) | _1+q(1+)\)§log(1+t) (1+)\)>\

(ooMCth )(ZZ(ICgHA)S&(ml) )
n—0 m=0 (=0
D

n=0m=0 [=0
(2.3)
by (2.2) and (2.3), we obtain the following theorem.

Theorem 2.1. For each n € NU{0}, we have

MChypg@) =3 Z( > (w) S1(m, ) MChyp g2

m=0 (=0
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Note that, by (1.3), we have

z4y 2] z
14+ A= 10g(1+t)d B _ [ q 1 A) X log(1+t)
[y o) = e ()
o i (2.4)
:;Mcmm(;c)m,
and, by (2.2) and (1.7),
/ (L4 0) 3 o 0dp_ ()
Zyp
log(1+ A) m "
- Z / 3 (=5 ) @y sinmdi_ ) (2
Zp m=0 ’
log(1+ \) "
- Z Z log(1+ ) Sl(n,m)qu(x)—.
A n!
n=0m=0
Therefore, by (2.4) and (2.5), we obtain the following theorem.
Theorem 2.2. For each n € NU {0},
© tmn ot
S MChysgfw) - = / (14 A) S 080+ g, (),
n=0 : Zp
and
=< (log(1
MChn k Z ( Og T >\ ) Sl(n7m)E7n,q(x)'
m=0
By replacing t as et — 1 in (2.1), we have
Lt(l + AR = i MChn)\’q(x)l (e* - 1)m
1+qg(14+ N> opar n!
:ZMCth —n ZSQ (1,n) (2.6)
n=0
t"l
_Z Z MCh 5 q(%)S2(n,m) =,
n=0m=0 s
and
[2]q Z Jog(1+(ef—1 [2] zt
1+)\A0g(+(6 ) _ q —(1+M)>
TSV IECE TR ETTESTELA (2.7)
0o 2.7
t
=Y bunglr)—
n=0 n

By (2.6) and (2.7), we obtain the following corollary.

Corollary 2.3. For each nonnegative integer n,

gn >\,q Z MChm )\( )SQ(n’m)

m=0

858 JONGKYUM KWON ET AL 855-862



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.5, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC
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By (1.3), we note that

y+1 y
2], =q/ (14 X) 580 0 dy_ (y) + / (1+ \)x s+ g, . (y)
Z Z

t t"
=q Z MChippq(1)— + Z MClhp g (2.8)
n=0 !

t'I'L
Z GMChp . q(1) + MChy s g) —.
By (2.8), we obtain the following theorem.
Theorem 2.4. For each positive integer n, we have
MChoyg =1, gMChy (1) + MChy x = [2]400,n,
where §; ; is the Kronecker’s symbols.

For each n € N with n =1 (mod 2), by (1.2

qn/ (14 X) 5 leH 0y (y) +
Z

, we have

)
(1+ )3 20D dy_ (y)
P Zy
n—1

=[2]; ) (=1)%q" (1 + n) & los+0 (2.9)

o I n-—1 m l
-3 (m 33 (-1)gtan (“‘“j”) sla,m)) :

¢ / (L4 X) 5 B0y (y) + / (L+ N} =00 gy (y)

P P

l (2.10)

- t
Z q MChl)\q )+MChl,)\,q)ﬁ~
= :

and

0
Hence, by (2.9) and (2.10), we obtain the following theorem.

Theorem 2.5. For each nonnegative odd integer n and each nonnegative integer
l, we have

l

n—1 m
" Jgiam log(1+ X\
q"MChyq(n) + MChyxg = [2]q Z Z < . A )) Si(l,m).

m=

From now on, we consider the modified degenerate q-Changhee polynomials of
order r are defined as by the generating function to be

ZMChS)A,q o :/ / (14 Ny 080 dpy_ o (2g) - - dpi_g ().
: Ly P

(2.11)

When z = 0, MChS’)A . MChff)A q( ) are called modified degenerate q-Changhee
numbers of order r.
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Note that, by (1.1) and (2.2),

2l
14+g(1+ N>

)(ZE<> sty

g
MCh’nh)\aq U MCh’nraAvq | e |
e mt o onl (2.12)

(Z 5 <10g (1+ ) ) msl("’m)f!>

n=0m=0

Z log(1+t)
1log(1+t)> (L4 AR

I
e
[~]e
<
Q
>
3
>

I
L[~
M

1 DOD S oY SN [ (T MR e

=0 ni1,...,mp>0 =
"1+ +n7 =m

) (bg(l;A)) 50— m, k)) -

where (m o ) are the multinomial coefficients.
In addition, by (1.1) and (2.2), we have

z]+tzrtx o L
/ / (14 A) T2 080 gy () dp ()

2 & (log(1+ A t"
Z Z L"') 51(n,m)/ / (314 4 2+ 2) g (1) - dpp—g(2y) —
n=0m=0 Zy Zyp n'
- (log(1+ A N

:Z ( o8( )> Sy (n, m)E! )q(x)ﬁ.
n=0m=0 ’

(2.13)
By (2.11), (2.12) and (2.13), we obtain the following theorem.

Theorem 2.6. For each nonnegative integer n, we have

Mch”, (

n,A q Z Z Z <7’L1, 7nr> <7:Ll) MChnl,)\,q R MChnﬁ)\’q

m=0 ni,...,np>0
nid-Ang=m

X (log(l;”y Si(n —m, k)z*

and

r " log(1+ X))\ ,
MCh®), () = <(A)) Sy (nym) EL), ().

m=0
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By replacing ¢ as et — 1 in (2.12), we get
2] ) te ")
——L ) (T+X)>" MCh e —1
<1+q(1+)\); Z n)\,q ( )
—ZMChﬁqu fn'ZSQ ()= (2.14)

t’n
_Z Z MC’hm gl )Sg(n,m)ﬁ,
n=0m=0 !
and
[2]11 ' log(lJr(e 71))
(1 ety ) Y
[2]q )T zt
= r) (L+A)X 2.1
(1+q(1+A)x ) (2.15)
o0 t"
="l (@)=
P o

By (2.14) and (2.15), we obtain the following theorem.

Theorem 2.7. For each n > 0, we have

en) Z MCR, (2)Sa(n,m).
By (2.12), we observe that
- r) r) "
3 (qMCh (@ + 1) + MChU)\ (« )) -

n=0

T T
zEL jog(14-t) [2](1 £ log(1+t)
1+q(1+ A% 11°g<1+f)) S +<1+q(1+A)“°g“+“ (A

_ [2]11 T L log(1+4t)
=[2lq <1 +q(1+ )\)ilog(1+t) (1+2)

Z MCORS Y ()

(2.16)

Therefore, by (2.16), we obtain the following theorem.

Theorem 2.8. For eachn >0 and r € N, we have

gMCh{\(x +1) + MChY), (z) = [2,MCh{ V) (x).
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QUADRATIC p-FUNCTIONAL INEQUALITIES IN BANACH SPACES

CHOONKIL PARK, YUNTAK HYUN, AND JUNG RYE LEE*

ABSTRACT. In this paper, we solve the following quadratic p-functional inequalities

(=) e () o () o ()
—f(@) = fly) = )
Sle(f@ty+2)+fle—y—2)+fly—z—2)+ f(z—z—y) (0.1)
—4f(x) = 4f(y) = 4/ (),
where p is a fixed complex number with |p| < 3, and
[fty+2)+flz-y-2)+fly—r—-2)+fz-2-y)
—4f (@) = 4f(y) =4/ ()|l (0.2)

<[ (s (=572) s (=) 1 () + ()
(&)~ )~ S

where p is a fixed complex number with |p| < 4.

Using the direct method, we prove the Hyers-Ulam stability of the quadratic p-functional
inequalities (0.1) and (0.2) in complex Banach spaces and prove the Hyers-Ulam stability of
quadratic p-functional equations associated with the quadratic p-functional inequalities (0.1)
and (0.2) in complex Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originated from a question of Ulam [20] con-
cerning the stability of group homomorphisms.

The functional equation f(z+y) = f(x)+ f(y) is called the Cauchy equation. In particular,
every solution of the Cauchy equation is said to be an additive mapping. Hyers [7] gave a
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem
was generalized by Aoki [1] for additive mappings and by Rassias [13] for linear mappings by
considering an unbounded Cauchy difference. A generalization of the Rassias theorem was
obtained by Gavruta [4] by replacing the unbounded Cauchy difference by a general control
function in the spirit of Rassias’ approach.

The functional equation

flx+y)+ flx—y)=2f(z) +2f(y) (1.1)

is called the quadratic functional equation. In particular, every solution of the quadratic
functional equation is said to be a quadratic mapping. The stability of quadratic functional
2010 Mathematics Subject Classification. Primary 39862, 39B52.
Key words and phrases. Hyers-Ulam stability; quadratic p-functional equation; quadratic p-functional in-

equality; complex Banach space.
*Corresponding author.
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equation was proved by Skof [19] for mappings f : E1 — Es, where F; is a normed space and
E, is a Banach space. Cholewa [2] noticed that the theorem of Skof is still true if the relevant
domain F is replaced by an Abelian group.

The functional equation

27 (F32) +2(152) = f) + 0

2 2
is called a Jensen type quadratic equation. See [8, 9, 10, 11, 12, 15, 16, 17, 18] for more
information on functional equations and their stability.
In [5], Gildnyi showed that if f satisfies the functional inequality

12f(x) +2f(y) = Flay I < || f(zy)l] (1.2)

then f satisfies the Jordan-von Neumann functional equation

2f () +2f(y) = flay) + flay™).
See also [14]. Gildnyi [6] and Fechner [3] proved the Hyers-Ulam stability of the functional
inequality (1.2). Park, Cho and Han [10] proved the Hyers-Ulam stability of additive functional
inequalities.

In Section 3, we solve the quadratic p-functional inequality (0.1) and prove the Hyers-Ulam
stability of the quadratic p-functional inequality (0.1) in complex Banach spaces. We more-
over prove the Hyers-Ulam stability of a quadratic p-functional equation associated with the
quadratic p-functional inequality (0.1) in complex Banach spaces.

In Section 4, we solve the quadratic p-functional inequality (0.2) and prove the Hyers-Ulam
stability of the quadratic p-functional inequality (0.2) in complex Banach spaces. We more-
over prove the Hyers-Ulam stability of a quadratic p-functional equation associated with the
quadratic p-functional inequality (0.2) in complex Banach spaces.

Throughout this paper, assume that X is a complex normed space and that Y is a complex
Banach space.

2. QUADRATIC FUNCTIONAL EQUATION

Theorem 2.1. Let X and Y be vector spaces. A mapping f : X — Y satisfies

r+y+z r—y—2 Y—-xr—2 2Z2—xT—Y
f( > Tt T ) = f@)+ f(y) + f(2) (2.1)
if and only if the mapping f : X — Y s a quadratic mapping.

Proof. Sufficiency. Assume that f: X — Y satisfies (2.1)
Letting x =y = 2z =0 in (2.1), we have 4f(0) = 3f(0). So f(0) = 0.
Letting y = 2 = 0 in (2.1), we get

2f (5) +27 (3 ) = @) (2.2)

27 (-5) +2f (5) = #-o)

for all x € X, which imply that f(x) = f(—=z) for all x € X.
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From this and (2.2), we obtain 4f (£) = f(z) or f(2z) = 4f(x) for all z € X.
Putting z = 0 in (2.1), we obtain

@) + 5@ —y) = @) + 1)

for all x,y € X, which means that f: X — Y is a quadratic mapping.

Necessity. Assume that f: X — Y is quadratic.

By f(x +vy)+ f(zr —y) = 2f(x) + 2f(y), one can easily get f(0) =0, f(z) = f(—=z) and
f(2x) =4f(x) for all z € X. So

FEE) () (50 (Y

2 2 2 2
= [27(5) + 21 (") + o (- 5) 20 (5]
_4f (320) +f(y+z—;—y—z) +f(y+z;y+z)
= f(@) + f(y) + f(2)
for all z,y,z € X, which is the functional equation (2.1) and the proof is complete. (|

Corollary 2.2. Let X and Y be vector spaces. An even mapping f : X — Y satisfies

fety+)+fle—y—2)+fly—v—2)+fz-v—y) =4f(x) +4f(y) +4f(2) (2.3)

for all x,y,z € X. Then the mapping f : X = Y is a quadratic mapping.

Proof. Assume that f: X — Y satisfies (2.3)
Letting + =y = z =0 in (2.3), we have 4f(0) = 12f(0). So f(0) = 0.
Letting z = 0 in (2.3), we get
2f(x+y) +2f(x —y) = 4f () + 4 (y)
and so f(x +y)+ f(x —y) =2f(z) +2f(y) for all z,y € X. O

3. QUADRATIC p-FUNCTIONAL INEQUALITY (0.1)

Throughout this section, assume that p is a fixed complex number with |p| < %.
In this section, we solve and investigate the quadratic p-functional inequality (0.1) in complex

normed spaces.
Lemma 3.1. An even mapping f : X — Y satisfies
r+y+=z r—y—z Y——2z Z—x—Yy
Hf( 7)) () s ()
—f(@) = fly) = f(2)]
<lp(flat+y+2)+fla—y—2)+fly—v—2)+flz—z—y) (3.1)
—4f(z) —4f(y) —4f(2))ll
for all x,y,z € X if and only if f: X — Y is quadratic.
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Proof. Assume that f: X — Y satisfies (3.1).
Letting z =y = z = 0 in (3.1), we get | £(0)]] < |[lISF(O)]]. So £(0)

Letting y = z = 0 in (3.1), we get [|[4f (5) — f(z)|| < 0 and so 4f(%) ( ) for all z € X.
Thus

£(3) = 31@ (32)
for all x € X.

It follows from (3.1) and (3.2) that

() e () (U ) s () - s - s - £)
<lp(fz+y+2)+fle—y—2)+fly—z—2)+ flz—z—y) —4f(z) —4f(y) —4f(2))]

= olas () e () s () e ()

—4f(x) —4f(y) —4f(2)||

<ol (25 0 () 0 (57 9 (557Y)

—f(x) = fly) = fA)

and so

PR e () () () = @+ S + 5

for all z,y,z € X.
The converse is obviously true. O

Corollary 3.2. An even mapping f : X — Y satisfies

PR () v () () - s - s - 1)
=p(flzty+2)+fl@e—y—2)+fly—z—2)+flz—z—y)—4f(x) —4f(y) — 4f(2))(3.3)
for all x,y,z € X if and only if f : X = Y is quadratic.

The functional equation (3.3) is called a quadratic p-functional equation.

We prove the Hyers-Ulam stability of the quadratic p-functional inequality (3.1) in complex
Banach spaces.

Theorem 3.3. Let ¢ : X2 — [0,00) be a function and let f : X — Y be an even mapping such

that
(x,y,z 24] o 2—] 22].)<oo, (3.4)
\V(m+y+z)+f(x‘g_z)+f(y‘§‘z)+f(z_§‘y)—f@»—ﬂ@—f@)
Sle(fx+y+2)+fl@—y-—2)+fly—z—2)+flz—z—y) (3.5)

—4f(z) —4f(y) —4f(2)| + ¢(=,y, 2)
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for all x,y,z € X. Then there exists a unique quadratic mapping h : X — Y such that
1f(z) = h(z)|| < ¥(z,0,0) (3.6)
forallx € X.

Proof. Letting x =y =z =0 in (3.5), we get || f(0)]| < |p||[8f(0)||. So f(0) =
Letting y = z = 0 in (3.5), we get

(3) s

(@)1 G E W) o) B o

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (3.8) that the

< ¢(x,0,0) (3.7)

forall z € X. So

sequence {4"f(5%)} is a Cauchy sequence for all z € X. Since Y is complete, the sequence
{4" f(5%)} converges. So one can define the mapping i : X — Y by

h(z):= lim 4”f( )

n—oo

for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.8), we get (3.6).
It follows from (3.4) and (3.5) that

\M($+g+2)+h(x‘g‘z) p(t= ( Z2 )~ hla) - hiy) - h2)
() 2nﬂ) s ) £ (St

() () - ()]
o
(

= lim 4"
n—oo

IN

JL%4”\p!"f<W)+f(x_ _z) f y_x_z) f(z_;n_y>

(@) () ()] e )
=plhlzr+y+z2)+h(r—y—2)+hly—z—2)+h(z—z—y)
—4h(z) — 4h(y) — 4h(2))]|

for all x,y,z € X. So

o () en () e (M) e () b - b ko)
<|ph(z+y+2)+h(x—y—2)+hly—z—2z)+h(z — 2 —y) — 4h(z) — 4h(y) — 4h(2))|

for all x,y,z € X. By Lemma 3.1, the mapping h : X — Y is quadratic.
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Now, let T': X — Y be another quadratic mapping satisfying (3.6). Then we have

Ih(e) = T(2)|| = |4%h (;)_M (2>
o (3) -4 (3)

ap (P _gqar (2

() = ()] +
< 2499 ( ,0, 0>

which tends to zero as ¢ — oo for all z € X. So we can conclude that h(x) = T'(z) for all

x € X. This proves the uniqueness of h. Thus the mapping h : X — Y is a unique quadratic

VAN

mapping satisfying (3.6). O

Corollary 3.4. Let r > 2 and 0 be nonnegative real numbers, and let f : X — Y be an even
mapping such that

() e () (U ) s () -t - s - £)
<lo(fle+y+2)+fle—y—2)+fly—z—2)+ flz—2—y) (3.9)
—Af(z) —4f(y) = 4f )+ 0Ul=l" + [yl + 1=]")
for all x,y,z € X. Then there exists a unique quadratic mapping h : X — Y such that

I£(@) ~ha)] < 5ot

[l =]]" (3.10)
forallz e X.

Theorem 3.5. Let ¢ : X2 — [0,00) be a function with ©(0,0,0) =0 and let f: X — Y be an
even mapping satisfying (3.5) and

oo
1 S
(z,y,2 Z 4— ©(20x,27y,272) < oo (3.11)

for all x,y,z € X. Then there exists a unique quadratic mapping h : X =Y such that

1f (@) = h(z)|| < ¥(z,0,0) (3.12)
forallz e X.
Proof. 1t follows from (3.7) that
1
|7() ~ 310 < jot20,20,20
for all z € X. Hence
LpY L fiom <m_1 L (o 2i+1 <m_1 L (212,0,0)(3.13
Ef( x)—47nf( ) 72 Ef( 30) 4j+1f( ) —ZW‘P( z,0,0)(3.13)
j=l J=l

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (3.13) that the
sequence {4% f(2"z)} is a Cauchy sequence for all z € X. Since Y is complete, the sequence
{%nf(Q"x)} converges. So one can define the mapping h: X — Y by

h(z) := lim —f(2" )

n—o0 4N
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for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.13), we get (3.12).
The rest of the proof is similar to the proof of Theorem 3.3. (|

Corollary 3.6. Let r < 2 and 0 be positive real numbers, and let f : X — Y be an even
mapping satisfying (3.9). Then there exists a unique quadratic mapping h : X — 'Y such that

I£(2) — hia)| < 7o el

(3.14)
forallz € X.
By the triangle inequality, we have
() e () () s () s - s - £)
—lp(fle+y+2)+ flea—y—2)+fly—az—2)+ fz—z—y)—4f(z) —4f(y) —4f ()|
<|r (=) () () < ()
—f@) = fy) = fz)—p(flat+y+2)+ fla—y—2)+ fly—2—2)

+f(z—z—y) —4f(z) —4f(y) — 4/ ()l
As corollaries of Theorems 3.3 and 3.5, we obtain the Hyers-Ulam stability results for the

quadratic p-functional equation (3.3) in complex Banach spaces.

Corollary 3.7. Let ¢ : X3 — [0,00) be a function and let f : X — Y be an even mapping
satisfying (3.4) and

() () () o) e
—f@) = fly) - fz) —p(flz+y+2)+ fla—y—2)+ fly—z—2)
+f(z—z—y) —Af(z) = 4f(y) — 4f ()| < ¢(,y,2)

for all x,y,z € X. Then there exists a unique quadratic mapping h : X —'Y satisfying (3.6).

Corollary 3.8. Let r > 2 and 6 be nonnegative real numbers, and let f : X — Y be an even
mapping such that

() () ) () e
—f@) =) = f&)—p(f@t+y+2)+ fl@a-y—2)+ fly—2—2)
+f(z =z —y) —4f(x) = 4f(y) =4I < O(lzl" + lyll" + [I=1")
for all x,y,z € X. Then there exists a unique quadratic mapping h : X —'Y satisfying (3.10).
Corollary 3.9. Let ¢ : X3 — [0,00) be a function with ©(0,0,0) =0 and let f : X — Y be

an even mapping satisfying (3.11) and (3.15). Then there erists a unique quadratic mapping
h: X —Y satisfying (3.12).

Corollary 3.10. Let v < 2 and 0 be positive real numbers, and let f : X — Y be an even
mapping satisfying (3.16). Then there exists a unique quadratic mapping h : X —'Y satisfying
(3.14).
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Remark 3.11. If p is a real number such that —% <p< % and Y is a real Banach space, then
all the assertions in this section remain valid.

4. QUADRATIC p-FUNCTIONAL INEQUALITY (0.2)

Throughout this section, assume that p is a fixed complex number with |p| < 4.
In this section, we solve and investigate the quadratic p-functional inequality (0.2) in complex

normed spaces.

Lemma 4.1. An even mapping f : X — Y satisfies
fEt+y+ta)+f@-—y—2)+fly—z—2)+f(z—z—y) —4f(z) —4f(y) — 4/ (2)]
r+y+z r—y—2z Yy—r—z z—xT—Yy
<o(r(=5) e () w1 () o () -y
—f(@) = fly) = f(2)]]
forallx,y,z € X if and only if f : X = Y is quadratic.

Proof. Assume that f: X — Y satisfies (4.1).
Letting x =y = 2z =0 in (4.1), we get ||8f(0)|| < |p|||f(0)]|. So f(0) = 0.
Letting © = y,z =0 in (4.1), we get

12f (2z) = 8f(x)[ <0 (4.2)

and so f (%) = 1 f(z) for all z € X
It follows from (4.1) and (4.2) that

[f@+y+2)+fla—y—2)+fly—z—2)+fz—z—y)—4f(z) —4f(y) -4/ ()]
r+y—+z r—y—=z Yy—T—z 2= =Y
<o(r(=57) 1 (=) () (557
—f(x) = fly) = F(2))
— | (G +y 2+ (e -y -2+ (-2 -2+ (- -)
—f(x) = fy) = F(2)
L (I R (VR Ry CR
—Af(x) —4f(y) —4f(2)]
and so

flety+2)+fle—y—2)+fly—z—2)+ flz—z—y) =4f(2) +4f(y) +4/(2)

for all z,y,z € X. So f is quadratic.
The converse is obviously true. O

Corollary 4.2. An even mapping f : X — Y satisfies

fety+a)+fle—y—2)+fly—v—2)+fz-v—y) —4f(2) —4f(y) — 4/ (2)
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SEE) () ()
+ (F5E) - 1) - 1) - 1))
forall x,y,z € X and only if f: X — Y is quadratic.

The functional equation (4.3) is called a quadratic p-functional equation.
We prove the Hyers-Ulam stability of the quadratic p-functional inequality (4.1) in complex
Banach spaces.

Theorem 4.3. Let ¢ : X® — [0,00) be a function and let f : X — Y be an even mapping
satisfying

o0

(T oy =z

U(z,y,z):= 24%0 (2j, % 2]) < 00, (4.4)
j=1

[fety+2)+fx—y—2)+fly—2—2)+ fz—x—y) —4f(x) —4f(y) - 4f(2)||

<o (57) () ) )
+ (57 - 1@ - 1) - 1))+ et
for all x,y,z € X. Then there exists a unique quadratic mapping h : X — Y such that
1£) = bl < S, 2,0 (16)
forallx € X.

Proof. Letting x =y = z =0 in (4.5), we get ||8f(0)]| < |p]l|f(0)]. So f(0) =0.
Letting x = y,z = 0 in (4.5), we get

(z) o
for all z € X. So

() -1 ()] = 3

J=l

1 T x
<7 —_ 4.
_2¢<2’2’0> (4.7)

o5(3) 4155

2j—1 x T

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (4.8) that the
sequence {4"f(5%)} is a Cauchy sequence for all € X. Since Y is complete, the sequence
{4" f(5%)} converges. So one can define the mapping h: X — Y by

1

IN

—_

m—
<
—

<

n—o0

h(z) == lim 4”f(2%)

for all z € X. Moreover, letting [ = 0 and passing the limit m — oo in (4.8), we get (4.6).
The rest of the proof is similar to the proof of Theorem 3.3. O
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Corollary 4.4. Let r > 2 and 6 be nonnegative real numbers, and let f : X — Y be an even
mapping such that

[fety+2)+fla—y—2)+fly—z—2)+fz-z—y)—4f(2) —4f(y) -4/ (2]

<o (=45) s (5 0 (557
4 (F57Y) - 1@) = 1) = 1)) | + 600l + ol + 1211)

for all x,y,z € X. Then there exists a unique quadmtic mapping h : X — 'Y such that

5@~ b < 5

0| (4.10)
forallx € X.

Theorem 4.5. Let ¢ : X? — [0,00) be a function with ©(0,0,0) =0 and let f: X — Y be an
even mapping satisfying (4.5) and
oo

1
(z,y,2):= 24— ©(20x,27y,272) < oo (4.11)

for all x,y,z € X. Then there exists a unique quadratic mapping h : X — 'Y such that

I£@) ~ h@)] < 50(,2,0) (112
forallx € X.

Proof. Tt follows from (4.7) that

for all x € X. Hence

‘ 1

1) — )

A
(]

< (2 x,272,0) (4.13)
for all nonnegative integers m and [ with m > [ and all x € X. It follows from (4.13) that the
sequence {4% f(2"z)} is a Cauchy sequence for all z € X. Since Y is complete, the sequence
{%nf(Q”x)} converges. So one can define the mapping h: X — Y by
n
h(z) := lim_ 47f(2 z)

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (4.13), we get (4.12).

The rest of the proof is similar to the proof of Theorem 3.3. U

Corollary 4.6. Let r < 2 and 6 be nonnegative real numbers, and let f : X — Y be an even
mapping satisfying (4.9). Then there exists a um'que quadratic mapping h : X —Y such that

If () = h(2)] <

— QTQHQ:H (4.14)
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forallx € X.

By the triangle inequality, we have
[f@+y+2)+fla—y—2)+fly—z—2)+ flz—z—y) —4f(x) —4f(y) -4/ (2|

(i (5) = (=) +f(‘”‘§_z)

# () -1 )H
<fe+ty+2)+fle-—y—2)+fly—z—2)+flz—z—y) —4f(z) - —4f(2)
() () o ()

+H (50 - r@ - 1) - 1) |

As corollaries of Theorems 4.3 and 4.5, we obtain the Hyers-Ulam stability results for the
quadratic p-functional equation (4.3) in complex Banach spaces.

Corollary 4.7. Let ¢ : X3 — [0,00) be a function and let f : X — Y be an even mapping
satisfying (4.4) and

fe+y+2)+fl@—y—2)+fly—z—2)+fz—2—y)—4f(x) —4f(y) —4f(2)

r+y+z r—y—=z Yy—Tr—z A ]
() () () () e
2 2 2 2
—f(x) = fly) = I < o(z,y,2)
for all x,y,z € X. Then there exists a unique quadratic mapping h : X —'Y satisfying (4.6).

Corollary 4.8. Let r > 2 and 6 be nonnegative real numbers, and let f : X — Y be an even
mapping such that

[fe+y+2)+fle—y—2)+fly—z—2)+fz—2—y)—4f(x) —4f(y) —4f(2)

rT+y+z T—Yy—2z Yy—r—2z Z—x—1Yy
— _— _— T e —— 4.1
(1) () () v ()
—f(@) = F(y) = FEDI <0zl + lyll” + llyll™)
for all x,y,z € X. Then there exists a unique quadratic mapping h: X —'Y satisfying (4.10).
Corollary 4.9. Let ¢ : X3 — [0,00) be a function with ©(0,0,0) =0 and let f: X =Y be

an even mapping satisfying (4.11) and (4.15). Then there exists a unique quadratic mapping
h: X —Y satisfying (4.12).

Corollary 4.10. Let r < 2 and 0 be positive real numbers, and let f : X — Y be an even
mapping satisfying (4.16). Then there exists a unique quadratic mapping h : X —'Y satisfying
(4.14).

Remark 4.11. If p is a real number such that —4 < p < 4 and Y is a real Banach space, then
all the assertions in this section remain valid.
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ON A SUBCLASS OF p-VALENT ANALYTIC FUNCTIONS OF COMPLEX
ORDER INVOLVING A LINEAR OPERATOR

N. E. CHOY* AND A. K. SAHOO?

ABSTRACT. Using the linear operator L,(a,c), we introduce a class Rzyn(u, a,c, A, B) of mul-
tivalent analytic functions with complex order. For this class, a sufficient condition in terms of
the coefficients for f is obtained, the Fekete-Szego problem and determination of sharp upper
bound for the second Hankel determinant is completely solved. Relevant connections of the
results presented here with those obtained in earlier works are pointed out.

1. INTRODUCTION AND PRELIMINARIES

We denote by Aj,(n) the family of functions of the form:

f(z) =2+ Z apy 2P TE (p,meN={1,2,...}) (1.1)

k=n

which are analytic and p-valent in the unit disk U = {z € C : |z] < 1}. For n = 1 and
n =1, p=1, we symbolise the above class by A, and A, respectively.

For the functions f; and fo analytic in U, we say that f; is subordinate to fo, written as
fi < fa or fi(z) < fa(z) (z € U) if there exists a Schwarz function w, which (by defintion) is
analytic in U with w(0) =0, |w(z)| <1 and fi(z) = fa(w(z)) for z € U. If the function fs is
univalent in U, then we have the following equivalence relation (cf., e.g., [23]; see also [24]).

f1(2) < f2(2) <= f1(0) = £2(0) and f1(U) C f2(U).

If we have two functions h;(z) = Y oo, ar ;2" (j = 1,2) which are analytic in U, we define
the Hadamard product (or convolution) of f; and fo by

(1 xho)(2) = Y aprap2z” = (hax h1)(2) (2 € D).
k=0

2010 Mathematics Subject Classification. 30C45.

Key words and phrases. p-valent analytic functions, Complex order, Inclusion relationships, Hadamard prod-
uct, Subordination, Neighborhood.

* Corresponding author.
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The classes S, ,,(b,p) and Cp (b, p) are called p-valently starlike and convex of complex
order b and type p which consists f of A,(n) and f satisfies the following inequalities, re-

spectively:
1 (2f'(2) . _ .
Re{p—i—b(f(z) —p>}>p (beC*=C\{0},0<p<pzel), (1.2)
2"(2) . .
Re{p <1+ ) —p>}>p (beC*=C\{0},0<p<pzel). (1.3)

From (1.1)) and (1.3)), it follows that
2f'(z .
f € Cp,n(bvp) — fp() € Sp,n(b> p)

In particular, for p =n =1, the classes S, (b, p) and Cp (b, p) reduces to the classes S*(b, p)
and C(b, p) of starlike functions of complex order b and type p, and convex function of complex
order b and type p (b€ C*;0 < p < p), respectively, which were introduced by Frasin [g].

Setting p = 0 in S*(b,p) and C(b,p), we get the classes S*(b) and C(b). These classes
of starlike and convex functions of order b were considered earlier by Nasr and Aouf [27] and
Wiatrowski [37], respectively (see also [5] and [36]). We further observe that S (1, p) = S;(p)
and Cp1(1,p) = Cp(p) are, respectively, the classes of p-valently starlike and p-valently convex
functions of order p(0 < p < p) in U. Also, we note that Sf(p) = S*(p) and Ci(p) = C(p)
are the usual classes of starlike and convex functions of order p (0 < p < 1) in U. In the special
cases, $*(0) = S* and C(0) = C are the familiar classes of starlike and convex functions in U.

Furthermore, let R, (b, p) denote the class of functions in Ap(n) satisfying the condition:

Re{p—kll)(';(zl) —p>}>p (beCT =C\{0},0< p<p;zeU).

We note that R, ,(1,p) is a subclass of p-valently close-to-convex functions of order p (0 <
p < p) in the unit disk U.

Let ¢, be the incomplete beta function defined by

opla,c; z) —szrZ ak”+k (z € ), (1.4)
(e)k

where a € R,c € R\ Z;,Z, ={0,—1,-2,...} and the symbol (z); denotes the Pochhammer
symbol (or shifted factorial) given by

(@) = 1, (k=0,z € C*=C\{0})
k= z(z+1)---(z+k—-1), (keN,zeC).

With the aid of the function ), given by (1.4) and the Hadamard product, we consider the
linear operator Ly(a,c) : A,(n) — Ap(n) defined by

Lp(a,c)f(z) = gpla,c;z)* f(z) (z € U). (1.5)
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If f is given by (1.1]), then from (1.5)), it readily follows that

oo
Lp(a,c)f(z) =2+ Z %awrkz”k (z € U). (1.6)
— (O)k
The linear operator L,(a,c) on the class A, was introduced and studied by Saitoh [33], which
generalizes the linear operator £i(a,c) = L(a,c) introduced by Carlson and Shaffer [4] in their
systematic investigations of certain interesting subclasses of starlike, convex and prestarlike

hypergeometric functions.

We also note that for f € A,,

(1) Lpla,a)f(z) = f(2);

(i) Lp(p+1,p)f(2) = 2f”( ) +22f'(2)/p(p+1);

(il) Lp(p+2,p)f(2) = 2f'(2)/p;

(iv) Lp(m+p,1)f(z) = Dmﬂ’_lf(z) (m € Z,m > —p), the operator studied by Goel and

Sohi [9]. In the case p =1, D™f is the familiar Ruscheweyh derivative [32] of f € A.

(v) Lp(v +p,1)f(2) = D"Pf(z) (v > —p), the extended linear derivative operator of
Rusheweyh type introduced by Raina and Srivastava [31]. In particular, when v = m,
we get operator D™P~1f(2) (m € Z,m > —p), studied by Goel and Sohi [I].

(vi) Lp(p+1,m+p)f(2) =ZLnpf(z) (m € Z,m > —p), the extended Noor integral operator
considered by Liu and Noor [19].

(vil) Lp(p+Lp+1-XN)f(2) = Qg’\’p)f(z) (oo < A < p+ 1), the extended fractional
differintegral operator considered by Patel and Mishra [30].

Note that

1) = f(), 017 5(:) = LE and 2050 = 2 22 2 e,

Now, by using the operator L,(a,c), we introduce the following new subclasses of p-valent
analytic functions in the unit disk U.

Definition 1.1. Rgm(,u, a,c, A, B) is the subclass of analytic p—valent functions, which con-
sists of f given in the form of ([1.1)) and satisfies the subordination condition:

Ly(a,c)f(z) N (Lp(a,c)f) (2) —p} - 1+ Az (17)

1
14— 1-
3 {p( 2 2P a zp~1 1+ Bz’

where -1 < B<A<1, peN, beC"0< <1 and z € U. Equivalently, we say f € Ay(n)
is a member of Rgﬂn(,u,a, ¢, A, B), if

p(1 = p)Ly(a, o) f(2) + pa(Ly(a, ) f)'(2) — p2*
b(A = B)zP — B{p(1 — p)Ly(a, c)f(2) + pz(Lp(a, c) f)' () — pzP)}

|<1 (zeU). (1.8)
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For n = 1 we denote the class by RY(u,a,c, A, B). It may be noted that by suitably choosing
the parameters involved in Definition ﬁ the class Rgm(a, ¢, A, p) extends several subclasses of
p-valent analytic functions in U.

Example 1.1. For n =1, b=pe “cosf, A=1—-2p/p, B=—1 in Deﬁnition we get

i 2
Rge ? cost <,U,, a,c,l - ;7_1> = Rp(,uv a, caevp)

{re apemefon (s - B0 (Bl AC] ),

2P zp—1

where0 < p < p,|0] <7/2 and z € U.

e Putting u=0, p=1,a=a and c = in Example we get the class R, 5(6, p) considered
by Mishra and Kund [26].
e Taking a = ¢ in Example we get
/
Rp(u,a,c, 07p) = Rp(:u’aevp) = {f € Ap :Re |:€w (p(]- - :U‘) f(Z) + :U’f (Z)>:| > pCOSg} .

2P zp—1

We write

R,(0,0,p) = Ryo(p) = {f € A, :Re [e” (M)] > Zcose}

2P

and

R,(1,0,p) = Ryg(p) = {fe A, Re [eie ((f)/(z)ﬂ > Zcos@},

zp—1

where (0 < p < p,|0| < 7/2, z € U) which reduces to the class R (see, MacGregor [21]) for p =1
and § = p=0.
e Taking a=p+1, c=p+1— X in Example we obtain

—1 o 2
Rge 9 cos® <,LL, p_|- 1’p—|—1 —>\,1 — pp,—1> = p,)\(:u‘aeap)

p (p 00 +#(Q§:P(a,c)f)/(z)>] y pcose}’

zP zp—1

:{fe Ap: Re

where 0 < p <p, —co <A <p+1, |0 <7/2 and z € U. We write R, 1(0,0,p) = Ry (0, p)
and the class Ry \(6,p) = RA(6, p) was investigated by Mishra and Gochhayat [25].

[ ]
2pB(17%)6_7‘.9 cos 0

R;;T (u, p+1,p,1,—8) = RO H 0<a<p0<p<L|0<n/2)

P,
= {f € Ay,

(L= o+ B) /() + Lo f(2) — par—?
(L= p+E)f'(2) + Bzf"(2) —p2P~t 4+ 2(p — a)e™ cos O 2P~
We note that R?:g 5= Ri, 5 is the subclass of A investigated by Makowka [22],
R(l):g’ﬁ = R(a, ) is the class studied by Juneja and Mogra [12] and R?:gﬁ = R(p) is the class
considered by Padmanabhan [29] (see also [3]).

<B;ze[U}.
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Example 1.2. For p =0, n =1 and replacing b by bp, we get subclass Rg(a, c,A,B) of Ay,
which satisfies the following subordination condition:

| (Gleale) ) L

1+ — .
+ o T B> (z € 1), (1.9)

b
where a € R,c e R\ Z , (ZO_:{...,—2,—1,O}) and 0 #be C.

The sub class of Rg(a, ¢, A, B) is recently studied by Sahoo and Patel [35].

Recently, Janteng et al. [I1], Mishra and Gochhayat [25] and Mishra and Kund [26] have ob-
tained sharp upper bounds to the second Hankel determinant Hg(2) for the families R, R (6, p)
and R, (0, p), respectively.

Further, taking A = p — p, B = 0 in Definition 1.1, we get the following subclass
RY (1 a,c,p) of Ap(n) studied by Sahoo and Patel [34]
e A function f € Ap(n) is said to be in the class R;n(u,a, ¢, p), if it satisfies the following
inequality:

. R;’)’n(u,p—k Lp+1—=Xp) = Rgm(u,)\,,o) (b e C*, —oo < A < p,0 < ), which yields the class
considered by Aouf [2] for p=p—-B(0< <1, 0<p<p).

RO R A

(SN
—N—
=
—

\

=
N~—

(beC0<pu<1,0<p<pzel).

Special cases of the parameters p, A and p in the class Rg,n (1, A, p) yields the following
subclasses of A, .

(i) RS, (1.0,p) = RS, (1,p)

Z{fe Ap:’ZI) <p(1—u)6§)+u£p<_zl) —p>‘<p—p,u20,0§p<p;z6U}-

(ii) RS, (u.1,p) =Ph, (1 p)

') ")

pzP~l T pzp—2

1
—{fe A,,:’b <(u+u(1—p)) —p>‘<p—p, u20,0§p<p;z€U}-

:{fe Ay '[1)(f’(z)+uzf”(z)—1)‘ <6,,u20,0<ﬁ§1;z€U}.

The class RY(u,3) was studied by Altintas et al. [I].

Let &2 denote the class of analytic functions ¢ normalized by
p(2) =1+pz+p2+--- (2€0) (1.11)
such that Re{¢(z)} >0 in U.
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Noonan and Thomas 28] defined the ¢-th Hankel determinant of a sequence ay,, an 1, Gnt2,- - -
of real or complex numbers by

%9 ap+1 - Optg—1
an+1  An42 - An+q
Hy(n) =1 . : : : (n€N,q e N\ {1}).
Antq—1 Qn4q " Op42q-2

This determinant has been studied by several authors with the subject of inquiry ranging from
the rate of growth of Hy(n) (as n — 00) to the determination of precise bounds with specific
values of n and ¢ for certain subclasses of analytic functions in the unit disk U. Ehrenborg [6]
studied the Hankel determinant of exponential polynomials. The Hankel transform of an integer
sequence and some of its properties were discussed by Layman [16].

In particular, when n =1,¢ = 2,a1 = 1 and n = ¢ = 2, the Hankel determinant simplifies
to
Hy(1) = |lag — a3| and Hy(2) = |asas — a2l
We refer to H2(2) as the second Hankel determinant. It is known [5] that if

f(z)=2z+ Zakzk (z€ ) (1.12)
k=2

is analytic and univalent in U, then the sharp inequality Hz(1) = |a3 — a3| < 1 holds. For a
family § of analytic functions of the form , the more general problem of finding the sharp
upper bounds for the functionals |az — pa3| (1 € R/C) is popularly known as Fekete-Szegd
problem for the class §. The Fekete-Szego problem for the known classes of univalent functions,
starlike functions, convex functions and close-to-convex functions has been completely settled
7, (10, (13, 14}, [15].

Recently, Janteng et al. [I1], Mishra and Gochhayat [25] and Mishra and Kund [26] have ob-
tained sharp upper bounds on the second Hankel determinant H(2) for the families R, R\ (0, p)
and R, (0, p), respectively.

In our present investigation, by following the techniques devised by Libera and Zlotkiewicz
[1°7, [18], we derive sharp upper bound for the Fekete-Szegd problem and for the second Hankel de-
terminant as well of the functions belonging to the class Rg(,u, a,c, A, B). Relevant connections
of the results obtained here with some earlier known work are also pointed out.

To establish our main results, we shall need the followings lemmas.

Lemma 1.1. [5 17, [I8| 20] Let the function ¢, given by (1.2) be a member of the class & .
Then

(i) |pk| <2 (k>1) and the estimate is sharp for the function

1+ 2
t(z) =
(2)=1—

(z € ).

(ii) }pQ —vp?| < 2max{1,|2v — 1|}, where v € C and the result is sharp for the functions
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given by
14 22 1+2
q(z) = 14__722 and s(z) = 1i_z (z € ).
(iii)
{pl (4- pl) }
and

1
p3 =7 {pi +2(4 = phprz — (4 = pi)pa’® + 24 — p}) (1 — [2[*)2}

for some complex numbers x,z satisfying |z| <1 and |z| < 1.

2. MAIN RESULTS

Unless otherwise mentioned, we assume throughout the sequel that
beC',0<u<l,peNa>0,c>0,-1<B<A<1,z€eU
and the powers appearing in different expression are understood as principal values.

At the outset, we obtain a sufficient condition for a function f € A, to be in the class
Rgm(,u, a,c,A, B).

Theorem 2.1. If f given by (1.1) satisfies

;gi’;|ap+k|<p+uk> <

[b/(A = B)
(1+B])

then f € Rgvn(,u, a,c,A,B).

Proof. To prove that f given by is a member of Rg’n(u,a,c, A, B), it need to satisfy .
For |z| =1, we have

p(1 — p)Ly(a,c) f(z) + pz(Ly(a, ¢) f)'(2) — pz”
b(A — B)zP — B{p(1 — p)Lp(a,c) f(2) + pz(Lp(a, c)f) (z) — pzP)}

2 he n(( i ap+k(p+ﬂk)

\b(A _B)-BYY, ((g:aerka T k)

s Dk + k)
(C)k

b(A-B)— B, i‘g§’;|ap+k|<p + k)2

The last expression is needed to be bounded above by 1, which requires

<

(z € ).

o (@) [b](A — B)
ANALS +uk) < ———— 2~
kz;l (C)k‘ap-i-k’(p H ) = (1+‘B|)
Thus by maximum modulus theorem the assertion ([1.8) is satisfied for z € U and the proof of
Theorem [2.1] is completed. O
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Remark 2.1. Putting n =1, u = 0 in Theorem we get Theorem 1 of Sahoo and Patel
[35].

Taking n =1, b = pe~ , we get following result.

(@)k

Corollary 2.1. For f e A,, 6] <Z,0<p<p, Dy O \ap+k|(p+;¢k) (p—p)cos@ is
the sufficient condition to be a member of Ry,(u,0,a,c,p).

Theorem 2.2. If the function f, given by (1.1) belongs to the class Rgm(,u, a,c, A, B), then
[b[(A — B)(c)k

a < k>neN). 2.2
The estimate is sharp.
Proof. Since f € Rfm(u,a,c,A,B), we have
p(1— p)Ly(a, o) f(2) + pa(Ly(a,c) f) () —pzP _ b(A - B)w(z) (zel), (2.3)
2P 1+ Bw(z)
where w(z) = w1z +wyz?+--- is analytic in U satisfying the condition |w(z)| < |z| for z € U.

Substituting the series expansion of f and w in (2.3) followed by simplification, we deduce that

> ((Z;:ap-i-k(k‘# +p)2* = {b(A ~-B)-B Z —kap+k (kp+p)z } > wpa® (2 €TU). (24)
k=n

Equating the corresponding coefficient on both side of (| -, we find that the coefficient ay,
on the left hand side of (2.4) depends only on apin,dpt(ni1ys s prk—1, K > n € N on the
right hand side of ( . Hence, for k > n, it follows from @ that

t
a)g a
Z(C (kp + p)aprz” + Z dy,2* —{ BZ O “(kp+p) ap+kzk}W(Z),

k=t+1

where the series > %, di2" converges in U. Since |w(z)| <1 for z € U, we get

¢
(a)k (a)
Z: ©n (kp+p) ap+kz + Z dp2F| < - B Z O k:u +p) ap+kzk (2.5)

k=t+1
Writing 2z = re? (r < 1), squaring both sides of and then integrating, we obtain

t t—1
(a); )2
> B (kp+ p)lapykr + Z |di[*r** < |b]*(A — B)® + |BJ Z (ke + p)*|apyrl*r?*.
= k=t+1 ()i

Letting 7 — 17 in the above inequality, we get

2 i—1 2
a a
O b+ p)Plapsal? < (A — BY? — (1~ 1B2) S (4 )y < WA - BY,
k

2
(o) 2. 0)
where we have used the fact that |B| < 1. Thus, it follows that
[b[(A = B)(c):
a <———F—== (t>neN). 2.6
’ p+t| (t,u+p)(a)t ( ) ( )
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It is easily seen that the estimate ({2.6]) is sharp for the functions

(kp+p) + {B(kp + p) + b(A — B)}2F

Tul(z) = ple,a52) % 27 (kp+p) (1 + B2F)

(keN;zel).

From the above theorem we can draw the following result.
Corollary 2.2.
R, (w,a+1,6,A4,B) C RY,(u,a,¢, A, B)
and

Rg’n(u,a,c,A,B) - Rz,n(:u’v CL,C—I— 1,AvB)

Letting b =pex —if, A=1—2p/p, B=—1 in Theorem we get
Corollary 2.3. If the function f € A, is in the class Ry(p,a,c,0,p), then
20(1 - £)(0)s

@y, el

laprk] <

3. HANKEL DETERMINANT
In this section, we solve the Fekete-Szego problem and also determine the sharp upper bound
to the second Hankel determinant for the class Rg(u, a,c,A,B).
We first prove

Theorem 3.1. If the function f € A, , belongs to the class Rg(,u, a,c, A, B), then for any
reC

2 bI(A=B) (c)o Ab(A — B)(p+2p) c(a +1)
onea ol < S P e {14 PECEREGT e

The estimate (3.1) is sharp.

Proof. Since f € Rg(,u,, a,c, A, B), we can find ¢ € & of the form (1.4]) such that

1 - SO | (GOANE) MBI )y gy

Writing the series expansion of both sides, we obtain

(Z (Z)p+k (p+ Mk)ap+kzk> (2 + (1 + B) Z qkzk) =b(A— B) Z Q2" (3.3)
k=1

k=1 ( )p+k 1

Equating coefficient of z, 2% and 23, we get

= ol (3.4)
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_ ()3 b(A - B) 1+B 1+ B\?
ap+3—(a)zw{%< 5 >Q1Q2+<2> CJ%} (3.6)

and

Now for any p € C, we have

b(A — B) (¢)2 1+B  A(A-B)(p+2u)cla+1)] ,
apyo — )\ap+1 e 5 )

2(p +2u) (a)2 2 2(p+p) a(c+1)

From the above expression with the aid of Lemma we get

Ab(A — B)(p+2p) cla+1)

(p+ p)? a(c+1)’
which yields the required estimate (3.1)). Equality in (3.1 is attained for the function f, defined

2y—-1=B+

in U by
(A-B)\ »
bp(c, a3 2) x 2P <B+b + 2y ) if B+)\b(A_B)(p+2M)(a+1)C 1
=4 1+ B2? ’ (p+ m)a(c+1) =
e @20+ (Blp+p) +0(A-B))z . b(A—B)(p+2u)(a+1)c
Pp(c,0:2) { (p+2u) +B(p+p)z } fEE (p+ p)?a(c+1) .

This completes the proof of Theorem O

For A to be real, we get the following result.
Corollary 3.1. If the function f € A,, belongs to the class Rg(u,a,c,A,B), then for any
AeR

—(14 B)(p+ p)?a(c+1) (1-B)(p+p)alc+1)

(o)
, for <AL
a b(A—- B a b(A— B
|apra—Aag, | < |b(|]f2f3%) %C)); { gb(A )B%(—; —2FM2,M e 1 } — )(p + 2p)
(p+21) (a)2 (p+p)?

Remark 3.1. Taking p = 0 and substituting b by bp in Theorem we get Theorem 8 of
Sahoo and Patel [35].

Putting b = pe~® cosf, A=1—2p/p, B=—1 in Theore we get the following result.

2p

Corollary 3.2. If f ¢ Rgf%) COse(,u,a, ¢,1——,—1), then

2(p — p) cos (c)a maX{L‘%e #cosf(p—p)(p+2p) cla+1) _1’}.

a — \a? <
2 = M| S TS (@) b+ 1) alc 1)

The estimate is sharp.

Theorem 3.2. If f € Rg(u,a, ¢, A,B) and a > ¢ >0, then

|b\<AB><c>2}2.

|api3api1 —az IS{
e P2 (p+21)(a)2
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Proof. Using equation , and , we get
9 b*(A — B)? c(c)s 1 c+2 (c+1) )

vt = = O T 2 Gy e
(c+1) 1 c+2

[(a +1)(p+2w)?  (p+3u)(p+p)a+?2

1 c—|—2_ (c+1) 1+ B 24
+[(P+3u)(p+u)a+2 (a+1)(P+2u)2]< 2 >q1}'

Also,from Lemma [1.1] we get

] 1+ B)da

ap4+-3ap+1 — a}27+2 =
2 - 2 c(C c
b (A4 & aga))zg {4(p 4 3:)(1) + 1) a—:—z [qi‘ +24— )@ — (4 — @)@Fa® + 21 (4 — ¢3)(1 — ‘$|22)]
C(a+ (10)(_; :_) 212 [qil +2(4 - )gir + (4 — ¢7)2?]
(c+1) 1 c+2] (1+B)
[(a T +2m)? (3wt p)at 2] 5 L1+ (4= a)aiz]

1 c+2 (c+1) 1+B\? ,
+[(p+3u)(p+u)a+2 (a+1)(p+2u)2]< 2 >q1}'

For simplicity in the expression, we put

_ W (A-B)? c(c)2 = c+2
B 4 ala)” U Alp+3u)(p+p)(at2)

and
B (c+1)
CA(a+1)(p+2p)?

Then by simple calculation, it can be observed that 0 < I' < § < 2I'. Using above notation and

triangle inequality, we can write
1
[ap+aap1 = ap o] < o {8 [(B-T)8+ B+ B)ldl

+ (B -T)015 - B (4 - @)k
+(Baf +T(4 —qf)) (4 — qf)2?
+ (2801 (4 = ¢})(1 —2%)) }. (3.8)

Since the functions ¢(z) and ¢(e”?z) (6 € R) belong to the class P, we can assume ¢; > 0, by
which generality is not lost. Taking x = v, ¢; = u in (3.8]), we get the the function T'(u,v) (say)

Tlu,0) ol {§ 6 =18 + B0+ Bt + 5 (5~ 115 - B) (4~ )y

+ (ﬁu2 +I(4- u2)) (4 — u?)v® + (2Bu(4 — u?)(1 — 112))} :
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We need to find maximum value of T'(u.v) in the interval 0 < u <2, 0 < v < 1. We can see
by using the fact 0 < T' < 8 < 2T,

oT
v
So T'(u,v) can not attain its maximum value within 0 < u < 2, 0 < v < 1. Moreover, for fixed
u € [0,2],

= |af(4 — u?) {; [(8—T)(15 — B)] +2(8 — I')u?v + 4(2I" — 6u)v} >0 (0<u<2, 0<v<).

M(u) = max T(u,v) = T(u, 1) = |a] {; [(8-T)(8+ B(1+ B))u*

+é [(B=T)(15 - B)] (4 —u*)u” + (Bu”® + T(4 — u?)) (4 — u2)}
and
M'(u) = |a {;(5 —T) [B*+2B —15] v’ + ((8—T)(23 — B) — 8T u} :
Since M'(u) > 0, the maximum value occurs at u =0, v = 1. Therefore

|b\<A—B><c>2}2.

apratpis = ool < §

(p+2p)(a)2
O
Taking b = pe " cosf, A=1— 2p/p, B=—1in Theore we get the following result.
Corollary 3.3. If f € Rg,fw COse(y,a, ¢,1—2p/p,—1), then
2cosfB(p — p)(c)2 2
—aZ | < : 3.9
|ap+3ap+1 ap+2| = { (p+ 2,“)((1)2 ( )

The estimate (3.9) is sharp.

Remark 3.2. Taking p =0, p=1,a=a, b= in Corollary3.3, we get the result of Theorem
3.1 of Mishra and Kund [26].

Putting a=p+1, ¢ =p+ 1+ X in Corollary we get following result.
Corollary 3.4. If f € R, (1,0, p), then

2c089(p—p)(p+1—k)2}2_ (3.10)

|ap3api1 — ar IS{
pree P2 (p+2u)(p + 1)2

The estimate (3.10|) is sharp.

Remark 3.3. Putting p = 0, p =1, 6§ = a in Corollary [3.4, we get the result obtained in
theorem 3.1 of Mishra and Gochhayat [25]
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A GENERALIZATION OF SOME RESULTS FOR APPELL
POLYNOMIALS TO SHEFFER POLYNOMIALS

TAEKYUN KIM, DAE SAN KIM, GWAN-WOO JANG, AND LEE-CHAE JANG

ABSTRACT. Recently, Mihoubi and Taharbouchet gave some interesting method of obtain-
ing certain identities for Appell polynomials of arbitrary orders starting from the given
identities for Appell polynomials of fixed orders. In addition, they illustrated their method
with several examples. The purpose of this paper is to note that their method can be gen-
eralized so as to include any Sheffer polynomials. Also, we will provide many examples
that illustrate our results.

1. INTRODUCTION AND PRELIMINARIES

Here we will go over very briefly some basic facts about umbral calculus. The reader is
advised to refer to [12] for a complete treatment. Let § be the algebra of all formal power
series in the variable ¢ with the coefficients in the field C of complex numbers:

= {f(t) = Zakg
k=0 ’

Let P = C[z] be the ring of polynomials in z with coefficients in C, and let P* denote the
vector space of all linear functionals on P. For L € P*, p(z) € P, < L|p(z) > denotes the
action of the linear functional L on p(z). The linear functional < f(¢)|- > on P is defined by

< f(t)]z" >=an, (n>0), (2)

where f(t) = >, ak% € 3. For L € P*, let us set fr(t) = > 7o, < L|z* > L € §. Then
we see that < fr(t)[z" >=< L|z™ >, and the map L — f1,(t) is a vector space 1somorphlsm
from P* to §. Thus § may be viewed as the vector space of all linear functionals on P as well
as the algebra of formal power series in ¢, and so an element f(t) € § will be thought of as
both a formal power series and a linear functional on P. § is called the umbral algebra, the
study of which is the umbral calculus(see [1-12]).

The order o(f(t)) of 0 # f(t) € F is the smallest integer k such that the coefficient of t*
does not vanish. In particular, 0 # f(¢t) € § is called an invertible series if o(f(¢t)) = 0 and
a delta series if o(f(t)) = 1. For f(t),g(t) € §F with o(g(t)) = 0,0(f(t)) = 1, there exists a
unique sequence s, (x) (deg s,(x) = n) such that < g(t)f(t)" \sn(:z:) >= nld, i, for n,k > 0.
Such a sequence is called the Sheffer sequence for the Sheffer pair (g(t), f(t)), which is denoted
by sn(z) ~ (g(t), f(t)). Further, it is known that s, (z) ~ (g(t), f(¢)) if and only if

ag E(C} (1)

1 e n

SR O sn(x " see[ 1-
ST = L) oe{ 112 3)

2010 Mathematics Subject Classification. 05A19, 05A40, 11B83.
Key words and phrases. Appell polynomials, Sheffer polynomials, umbral calculus.
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where f(t) is the compositional inverse of f(t) satisfying f(f(t)) = f(f(t)) = t. In particular,
sn(x) is called the Appell sequence for g(t) if s, (z) ~ (g(t),t).

Assume now that s,(x) ~ (g(t), f(t)). Thus s,(x) is the Sheffer sequence for the Sheffer
pair (¢(t), f(t)), and

o

r 1 xf(t
nz:%sn(x)a = T 7O (see [12, 13]). (4)

Here we will assume that g(0) = 1, though it is not necessary. So, for any « € C and

9(t) =14+ > an . (5)

90 = 3@ (6)

where (o), = a(a—1)---(a—n+1) for n > 1, and (a)p = 1. Let s(a)( ) ~ (gt)>, f(1)).

Then
3 () (z vt aeﬁ(t)
S5 = (sme) <™ 7

Also, we set

Thus 5, (x) and 'svﬁf')(x) are Appell polynomials and

- ~ t _ 1 xt
an(x)ﬁ = me ,

n=0

S - (ggt)> )

n=0
We observe here that

- T (x for L a7 _ s (@
,; ") g(f(t)) Z )

n=0

= ) (4 ()" _ 1 “ = "
2 F @ <g<f<t>>> Z ' (10)

n=0

Adopting the conventional notation used in [10], we let W = eAt. So if m =>>
then a, = A™. Moreover,
- ~ " (A+z)t - ntn
S Fale) oy = €4 = S (Ao, (11)
n=0 n=0
so that 5,(z) = (A4 x)".

Recently, Mihoubi and Taharbouchet [10] gave some interesting method of obtaining certain
identities for Appell polynomials of arbitrary orders starting from the given identities for
Appell polynomials of fixed orders. In addition, they illustrated their method with several
examples. The purpose of this paper is to note that their method can be generalized so as
to include any Sheffer polynomials. Also, we will provide many examples that illustrate our
results.
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2. MAIN RESULTS

We will prove Theorem 2, which includes Propositions 2 and 3 in [10] as special cases, after
showing a lemma corresponding to Lemma 1 in [10].

Lemma 2.1. Let s,(z) ~ (9(t), f(t)), and let o € C.
(a)  s{(A+a) = s (@),

)t DA+ ) = 32 ()0l sy Ve, 0

. -/ i
where %(t) =3 0 2, , with f(t) = %f(t)'

Proof. (a)
S Al = < ! )“e(m)m
= n! g9(f (1))
_ < 1 ) 0T (0
g(f®)/
_ ( 1 ) R [0
g(f @)/ g(f(t))
1 a+1 _
_ ( g ) R0
ST
= S sl (13)
n=0 n
(b) Using Lemma 1 of [10] and replacing ¢ by f(t), we obtain
> (A+ )3 A+ x)L(nt,))
n=0 ’
s 1 ~(a+1) AT ~(o41) (7(t))n
_ UW)” 14
S { e+ e e (1)
The LHS of (14) is obviously equal to
o0 tn
D> (A+a)s? (A+x)n (15)
n=0
Applying % on both sides of
Z ~(a+1) Z s a+1) (16)
n=0 n=0
we get
~(a+1) (F)™ [ d - _ - (at1), 1"
P Snt1 (x)T @f( )| = e Snt1 (Jﬂ)a- (17)
Noting that ?l( ) is invertiable, we have
S (et ) ()" L (ot
Sp+1 (x)~—— = = S141 (7))
n=0 nt f/(t) 1=0 g
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- <i emf:,> (OO l‘in)(x)lj)
m=0 : =0 ’

- (2 (7))o 51?”(@) - (18)
=0 :

In view of (18), we now see that the RHS of (14) is

= 1 - n (a+1) axr (a+1) t"
Y3 _ar L 1
{a—i—l 2 (l)en s (@) + g @) e (19)

n=0
For the next theorem, we keep the notations in Proposition 2 of [8].

Theorem 2.2. Let n,a,b € Zxq , sp(x) ~ (g(t), f(t)), and let (ug), (vg), (U(n, k) : 0 <k <
n),(V(n,k) : 0 < k <n) be sequences of complex numbers. Assume that

n

STUMK)s\ (@ 4+ w) =Y Vi, k)sy (@ + vg). (20)
k=0

k=0

Then, for any « € C, we have

(a)
> UM ) @ w) = YV k)si? @ + v, (21)
k=0 k=0

(b)

n k k
> Un,k) {a 2 (z)ekwﬁf”)u +ug) + (@ —b— D)z — aug)s™ ™ (@ + W}
k=0 =0

n k
= ZV(n, k) {(oH—a - b)z (]lc)%_lsl(i)l(x—l—vk) — (x4 (e +a—"Dbuy)s, (o )( -Hm)}
k=0 1=0 22)

where =2~ =" 6,1

im B with F(t) = L7 (t).

Proof. (a) As was shown in [1], 3 (z) is a polynomial in « of degree a < n. Since
PO Ogif‘)( ) = L =35 s (x )L, st is also a polynomial in a of degree < n.
Let
ZUnk‘ (aa=b) (g ) — ZV ) (z + vg). (23)
k=0 k=0

By assumption, ®(b) =0. In 0= ®(b) = >__, U(n, k)s ,(c (z+ug)—>r_p V(n,k)s,(cb)(m—i-vk),
replace by A + z. Then

O—ZUnk A—i—x—i—uk ZVnk (b)A+;v+vk)

= U(n,k)sgﬁ_)eru ZVnk (b+)x+vk).
k=0
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Thus ®(b+ 1) = 0. Proceeding inductively, we see that ®(m) = 0, for all integers m > b. As
® () is a polynomial in « of degree < n, ®(«) is identically zero as a polynomial in . This
shows (a).

(b) Replacing « by o — 1 in (a), multiplying both sides by x, substituting A + z for x, and
multiplying the resulting equation by a(a + a — b), we obtain

a—l—a—b ZU { A+l’+uk) Efa+a_b_l)(A+$+Uk)—Uksl(:ﬁ_a_b_l)(A"‘x'f'uk)}
k=0

n

=alat+a—b)Y V(n, ){(AJr:chvk) D4 42+ ) — sl 1)<A+x+vk)}.
k=0
(25)

Using (a) and (b) of Lemma 1, (26) becomes

n k
2 Ulnh) {“Z (lf) Oeisfr " (2 + i)

0 1=0
+a(a+a—b—1)(z+uk)s, (ata—b) (x 4+ ug) — ala+a—b)ug s§f+a 2 (x + uk)}

n k
Z V(TL, ]ﬂ) {(Oé +a— b) Z (?) Gk,lsl(i)l(x + ’Uk)

k=0 =0
Hla+a—b)(a—1)(z+vp)s' (@ + vp) — ala + a — b)ogs'™ (z +vk)}. (26)

Substracting
{a2+(a—1)(a—b—1)}xZU(n k)0 (2 4y (27)
k=0
={a®+(a-D(a-b-1)}a Y V(n ks (@ +w) (28)
k=0
from both sides of (27), we get the desired result. O

Remark 2.3. When a = b =0, the assumption in Theorem 2

ZUnksk (x 4+ ug) ZVnk x—l—vk) (29)
k=0

depends only on f(t), since

> mn 7
Z ssbo)(a:)—' = e7f®), (30)
— n!

Thus we have, for any s, (z) ~ (g(t), f(t)), with any g(t) but with the same f(¢),

ZUnk $+uk ZVnk x+vk) (31)
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ZU {aZ( >9k lsl+1 (x 4+ uk) — (z + auy) (a)(x+uk)}

Sk
(32)
o @ _ (a)
;) Ox 18] (@ +vp) — (x4 avg)s, (x4 vg)

ZV(n,k){aZ 1

=0
3. EXAMPLES

Here we will illustrate our results with many interesting examples

L =1+t So,6y=0,=1,and b,

log(1 +t), and hence 70
This applies to many special polynomials

that s (z) = (2)n.
e Bernoulli polynomials of the second kind b, (z) given by (see [9])

Example 3.1. Let s,(x) ~ (g(t), f(t) = e* — 1), for some invertible series g(t). Here f(t)
= 0, for m > 2. Observe here

t 4
— (14" b ( ~ =t —1].
log(1+ + Z (z) <et —1° > (33)
e Daehee polynomials of the first kind D,,(z) given by (see [5])
log(1+1t) > t et—1 ,
——(1 = D ~|——e —1]. 4
P = 3 Due) D)~ (e (34)
e Daehee polynomials of the second kind D,,(z) given by (see [5])
(1+t)log(1+1t) B PN et—1 ,
f(l—kt) —ZD x) ~ 776—1 . (35)
n=0
¢ Boole polynomials Bl, »(z) given by (see [6])
~(1+eM et —1). (36)

Y1 +1)° Zan A ',Bln)\(a:)

(1+ 1+t
Note here that the higher-order Boole polynomials Bl ( ) are called Peters polynomials.
e Korobov polynomials of the first kind K, (A, x) glven by (see [2])
At eM—1
(141)* K.\, K,(\ z) ~ et —1]. 37
(e Z g Rnla)~ (=g =) i
e degenerate poly-Bernoulli polynomials of the second kind B, (A, z) with the index &
given by (see [3])
ALig(1 —e™ ) eM—1 ‘
71t B, i (A, ,n/\ , ——,e'—1], (38
G+ror-1 0t nz% V) B ) ~ | S ey e (38)
where Lig(z) = Zm 1 :;: is the kth polylogarithmic function for £ > 1 and a rational
function for £ <0
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e \-Daehee polynomials of the first kind D, A(x) given by (see [8])

AMog(1 +t -1,
MOGRZT Y ~ T et ).
(1+t))‘ ZD7L>\ n/\( ) ( 2\ , € (39)
e The polynomials I A, (x) given by (see [12])
(14+1)" ZIA Ap(x) ~ (e ef = 1). (40)

Note here that T4 (x) is the inverse, under umbral composition, of a'®) (—z), where asba)(ac)

is the actuarial polynomial with a(a)( )~ ((1 =)~ log(1 —1t)).

(a) We recall Gould’s identity 640 from [11], page 10:

n o/ 1\k _1\n
> @ = o, (a1)

n!
k=0

From Theorem 2, we have the following identities

3 ( kl') o) () = %s@(w _1), (42)
k=0 '
Z X asith () ~ (& — k)i a)
k=
= EV sl e = 1) — (@ = (0 4+ De)s (@~ 1), (n > 0) (43)

n!
(b) The Vandermonde convolution formula can be written as

> (1) Wasloh = o+ ) )

k=0
Then Theorem 2 implies the following identities

= n « «
5 () oest? @) = 0+ ), (45)
k=0
- @ () (1 o)
Z Yn—k a5k+1(x) (x & )Sk (x))
k=0
@4y — @+ @y —na)s (@ +y),(n>0). (46)
(c) For any s,(z) ~ (g(t), et — 1), the Sheffer identity says
" /n
saat 1) = 3 (1 )suron (47)
k=0
From Theorem 2 with a = 1,b = 0,, we obtain the following identities
n n o
st =3 () saref” (o), (15)
k=0

ast® (@ +y) + aln — y)s@ D (@ + y)
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= Z ( ) )@+ s (@) + ((a+ Dk =25 (@), (02 0). (49)

(d) Let A(n, k)(0 < k < n) be the Eulerian numbers determined by

1—-t n
e(t 1)30 _ = Z A ”(t) = Z A(n7 k)tk7 (50)
k=0

Worpitzky’s identity is given by

2= A(n, k) <$Zk> (51)
which can be rewritten as
S s = | g 2 am(,”,) | @ 52)

with Sa(n, k) denoting the Stirling numbers of the second kind. Now, Theorem 2 yields the
following identities

(@) ~ 1y NEFERW
252 . K)si (@) = kZ_O,dj_oAm,a)(n_k)sk (@) (53)
> Sa(n, k) (asi (@) = (@ — ak)si (2))
k=0
=Y g Z A, )@k~ @ ahs @), 20 (54)
=0 7=0

Example 3.2. Let s,(x) ~ (g(t), +(e* — 1)), for some invertiable series g(t). Here f(t) =

%log(l + At), and hence 7,() =1+ Xt. Thus 6y = 1,0, = A, and 0,, = 0, for m > 2.

Observe here that s\ )(a:) = (2|\)p, where (2|\), =z(x—A)--- (z— (n—1)A), for n > 1, and
(z|\)o = 1. This includes many special polynomials:
e degenerate Bernoulli polynomials 3, (A, z) given by (see [1])
¢

t z Aer =1) 1
SR S— VS (0 2) =, B\ AT S 1)), 55
Eptrstl n}joﬁ N I e (Gt} PG
e degenerate Euler polynomials &, (A, z) given by (see [1])

2 . 11, )
—— 1+ X)) = 5)\33 ,n)\x ,~(eM—1)). 56
TEpEral §j ) ~ (5 (56)

o degenerate poly-Bernoulli polynomials 3, (), z) given by (see [7])

Lig(1—e®) _ o
(1+A) % — (1'1')‘75)A >omeo Bak(N, 1) by,

N et—1 1/ Nt
Bn,k()\u .’L‘) <Lik(1—e_i("‘“_l)) " X\ (6 1)) . (57)

(a) For any s,(z) ~ (g(t), 3 (e — 1)), the Sheffer identity says

salat i) = 3 () suor)elin (58)
k=0
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From Theorem 2, we get the following identities.

s (2 +y) = >hzo (3)sn-n(y)s gl)(x),

s+ 3) £l o 4
= Sico (D su-s®) (@ + sy (@) + (o + DR = 2)s @), (=0 (59)
(b) From the identity (1 4+ M) (14 )% = (1 + )\t) , we have the convolution formula
> () sl = @+ 913, (60)
k=0

We can deduce the following identities from Theorem 2.

) (Z) Nk (2) = 55 (& + ), (61)

k=0

5 () 0n-r(asi2(o) ~ (o abn)sf )
k=0
= as)y (@ +y) — (@ + (y —nN)a)s (@ +), (n>0). (62)

(c) In [4], Hsu and Shiue introdued Stirling-type pair {S(n, k; «, 8,7), S(n, k; 8, a, —7) } by
the inverse relations

(z|a)n ZS n, ks a, B,r) (@ —7|B)k, (63)
(x|B)n ZS n, k; B8, a, —r)(x + r|a)g. (64)
k=0
They showed that S(n, k) = S(n, k; a, B, ) satisfies the recurrence relation
Sn+1,k)=Snk—1)+ (k8 —na+r)S(n,k), (n>k>1), (65)

which together with the obvious facts S(n,0) = (r|a),,S(n,n) = 1, (n > 0), completely
determines S(n,k). Clearly, Si(n,k) = S(n,k;1,0,0), Sa(n,k) = S(n,k;0,1,0), (Z) =
S(n,k;0,0,1), and hence the Stirling-type pair are nothing but far-reaching generalization

of the classical Stirling numbers of the first kind and of the second kind.
Remark 3.1. We now apply Theorem 2 by choosing o = = X. Then

(x| N)n =ZS(n,k;)\,/\,7‘)(a:—r\)\)k, (66)
k=0
where S(n, k) = S(n, k; A\, \,r) satisfies the relation
Stn+1,k) = S(n,k— 1) + ((k — )X+ r)S(n, k), (n>k>1), (67)
S(n,0) = (r|A)n, S(n,n) =1, (n > 0). (68)

Applying Theorem 2 to (66), we obtain the following identities

(a) ZSnk)\)\r)()(x—r)
k=0
;m — (z — nAa)s'® (x)

Z S(n ks A A1) (s (z — 1) — (= (r + kA)a)si™ (x — 1)), (n > 0).  (69)
k=0
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New Two-step Viscosity Approximation Methods of Fixed
Points for Set-valued Nonexpansive Mappings Associated with
Contraction Mappings in CAT(0) Spaces

*
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Abstract. The purpose of this paper is to introduce and study a class of new
two-step viscosity iteration methods for approximating fixed points of set-valued
nonexpansive mappings in CAT(0) spaces. Here, the fixed point is unique solution
of a variational inequality with a contraction mapping. Further, we prove strong
convergence theorem of the two-step viscosity iterations with some general condi-
tions in a complete CAT(0) space. The presented results improve and unify the
corresponding results in the literature.

Key Words and Phrases: New two-step viscosity approximation method, fixed
point, strong convergence, set-valued nonexpansive mapping, CAT(0) space.

AMS Subject Classification: 47H09, 47H10, 54E70.

1 Introduction

As all we know, Kirk [1] first introduced and studied fixed point theory in CAT(0) spaces, and showed
that every (single-valued) nonexpansive mapping on a bounded closed convex subset of a complete
CAT(0) space (called also Hadamard space) always has a fixed point. On the other hand, fixed
point theory for set-valued mappings has many useful applications in applied sciences, game theory
and optimization theory. Since then, fixed point theory of single-valued and set-valued mapping in
CAT(0) spaces has been rapidly developed, and it is natural and particularly meaningful to extend
research of the known fixed point results for single-valued mappings to the setting of set-valued
mappings.

Recalled that a mapping f : X — X on a metric space (X, d) is said to be a contraction if there
exists a constant k € (0,1] such that

d(f(z), f(y)) < kd(z,y) for all z,y € X. (1.1)

Here, f is called nonezpansive when k = 1 in (1.1). Denote by Fiz(f) the set of all fixed points
of f, ie., Fiz(f) = {z|x = f(x)}. Further, a set-valued mapping T : E — BC(X) is said to be
nonexpansive if and only if

H(Tz,Ty) < d(z,y),

where E is a nonempty subset of X, BC(X) is the family of nonempty bounded closed subsets of
X, and H(-,-) is Hausdorff distance on BC(X), i.e., for any A, B € BC(X),

H(A,B) = inf d(a,b inf d(b .
(A, B) max{ilelgblgB (a, )’EEEJQA (b,a)}

If x € Tx for all z € E, then z is called a fixed point of set-valued mapping 7. We shall denote by
F(T) the set of all fixed points of T. A set-valued mapping T is said to satisfy endpoint condition

*The corresponding author: hengyoulan@163.com (H.Y. Lan)

899 Ting-jian Xiong ET AL 899-909



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.5, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

C (see [2]) if F(T) # 0 and Tz = {z} for any = € F(T). We note that Panyanak and Suantai [3]
pointed out “the condition C must be needed for set-valued mapping in the CAT(0) spaces”.
Indeed, using contractions to approximate nonexpansive mappings is a classical way for studying
a nonexpansive mapping g : X — X. More precisely, take o € (0,1) and define a contraction
go ' E — E by
go(z) = au+ (1 —a)g(z), VrekE,

where u € F C X is an arbitrary fixed element. By Banach’s contraction mapping principle, g,
has a unique fixed point x, € F. It is unclear, in general, what the behavior of z, is as @ — 0,
even if g has a fixed point. However, in the case of g having a fixed point, Browder [4] proved
that x, converges strongly to a fixed point of g, which is nearest to u in the frame work of Hilbert
spaces. Further, Reich [5] extended Browder’s result in [4] to the setting of Banach spaces and
proved that x, converges strongly to a fixed point of ¢ in a uniformly smooth Banach space, and the
limit defines the unique sunny nonexpansive retraction from E onto F'iz(g). Halpern [6] introduced
and investigated the following explicit iterative scheme {z,} for a nonexpansive mapping g on a
nonempty subset E of a Hilbert space: for any taken points u,z; € F, and every a,, € (0, 1),

Tnt1 = apt+ (1 — ay)g(ay). (1.2)

In 2010, Saejung [7] studied some convergence theorems of the following Halpern's iterations for
a nonexipansive mapping g : ' — E in a Hadamard space:

To =au® (1 —a)g(za) (1.3)

and
Tpy1 = apu ® (1 — ap)g(zn), n>1, (1.4)

where u is an any fixed element, ©; € E are arbitrarily chosen and «,, € (0,1), and z, € FE is
called the unique fixed point of the contraction = — au @ (1 — a)g(x) for all « € (0,1). In [7],
Saejung showed that {z,} and {z,} converges strongly to & € Fiz(g) as &« — 0 and n — oo under
certain appropriate conditions on {a, }, respectively. Here, & is nearest to u, i.e. £ = Pp;z(g)u, here
Pg : X — FE is a metric projection from X onto F, i.e.,

PE(JJ) =ux9 € FE,

where x( is satisfied with d(x,z¢) < d(x,y) for any y € E and y # x9 and E is a nonempty closed
convex subset of (X, d).

Moreover, Shi and Chen [8] first studied convergence theorems of the following Moudafi's vis-
cosity iterative methods for a nonexpansive mapping g : E — E with Fiz(g) # 0 and a contraction
mapping f : E — E in CAT(0) space X:

Lo = Ozf(:Ea) ®(1— O‘)Q('ra)v (1'5)

and
Tpi1 = anf(2) ® (1 — an)g(xn), n > 1, (1.6)

where « € (0, 1), a, € (0,1), 21 is an any given element in a nonempty closed convex subset F C X.
Zo € F is called unique fixed point of contraction  — af(x)®(1—a)g(x). We remark that (1.5) and
(1.6) is a extension case of (1.3) and (1.4), respectively. Shi and Chen [8] proved that {z,} defined
by (1.5) converges strongly as o — 0 to & € Fiiz(g) such that Z = Ppj, () f(Z) in the framework of
CAT(0) space (X, d) satisfying the following property P: For every z,u,y1,y2 € X,

d(f, ml)d(xv yl) < d(.’t, m2)d(x, y2) + d(xa u)d(yla y2)7

where m; = Py, u for i = 1,2. Furthermore, the authors also found that the sequence {x,}
generated by (1.6) converges strongly to & € Fiz(g) under certain appropriate conditions imposing
on {a,}. By using the concept of quasi-linearization due to Berg and Nikolaev [9], Wangkeeree and
Preechasilp [10] studied strong convergence theorems for (1.5) and (1.6) in CAT(0) spaces without
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the property P, and presented that the iterative processes (1.5) and (1.6) converge strongly to
T € Fix(g), where = Ppiy(q) f(Z) is unique solution of variational inequality

(Gf(3),73) > 0, = € Fiz(q).

Recently, Panyanak and Suantai [3] extended (1.5) and (1.6) to T being a set-valued nonexpansive
mapping from E to BC(X). That is, for each « € (0,1), let a set-valued contraction G, on E define
by

Go(z)=af(x)® (1 —-a)Tz, VzxekE.
By Nadler’s theorem [11], one can easy to see that G, has a (not necessarily unique) fixed point
T € E such that
To € af(zq)® (1 — )Txy,

i.e., for each z,, there exists y, € Tx, such that
To = af(2a) ® (1 — a)ya. (1.7)

Correspondingly, there is an explicit approximation method. More precisely, let T : E — C(FE)
be a nonexpansive mapping, where C(FE) denotes the family of nonempty compact subsets of E,
f: E — E be a contraction and {«,} C (0,1). For any given 21 € E and y; € Tz, let

o = oy f(z1) ® (1 — a1)yr.

By the definition of Hausdorff distance and the nonexpansiveness of T', one can choose yo € Txo
such that d(y1,y2) < d(z1,22). Inductively, we obtain

Tpy1 = anf(xn) 2 (1 - an)ym Yn € T(a:n), (1'8)

and d(Yn,Yn+1) < d(xn,Tp41) for all n € N. Then, Panyanak and Suantai [3] proved strong
convergence of one-step viscosity approximation method defined by (1.7) and (1.8) for set-valued
nonexpansive mapping 7' in CAT(0) spaces when the contraction constant coefficient of f is k € [0, %)
and {a,} C (0,51;) satisfying some suitable conditions. Further, Chang et al.[12] affirmatively
answered the open question [3, Question 3.6] proposed by Panyanak and Suantai:“If k € [0,1) and
{an} € (0,1) satisfying the same conditions, does {z,,} converge to & = Pp(7)f(Z)?”

Moreover, Kaewkhao et al. [13] proved strong convergence of a two-step viscosity iteration
method in complete CAT(0) spaces defined as follows:

Yn = anf(rn) ® (1 — an)g(wn),
Tn+1 = ann 53] (1 - Bn)ynv Vn>1,

where x1 € E is an arbitrary fixed element and {a,},{8n} C (0,1). (1.9) is also considered and
studied by Chang et al.[14] when the property P is not satisfied and k € [0,1), which dues to the
open questions in [13].

Motivated and inspired mainly by Panyanak and Suantai [3] and Kaewkhao et al. [13], The
purpose of this paper is to consider the following two-step viscosity iteration approximation for set-
valued nonexpansive mapping T : E — C(E) on a nonempty closed convex subset E of a complete
CAT(0) space (X,d):

(1.9)

Tn+1 = Bn‘xn S (1 - Bn)yna

Yn = anf(2n) ® (1 — an)zn, Yn>1,
where x1 € E is an arbitrary fixed element and {ay,},{8,} C (0,1), f : E — FE is a contraction
mapping and z, € T(z,) satisfying d(z,, 2n+1) < d(zp, Tpy1) for all n € N, which can be inducted
from the definition of Hausdorff distance and the nonexpansiveness of T' (see [11]). We shall prove the
sequence {x, } proposed by (1.10) converges strongly to fixed points Z € F(T'), where Z = Pp(p) f(Z)
is unique solution of the following variational inequality:

(#f(Z),73) > 0, Yz € F(T).

Remark 1.1. (i) When T is a nonexpansive single-valued mapping g, then (1.10) is equivalent
to (1.9).
(ii) However, (1.9) can not becomes (1.8), unless /3, = 0.

(1.10)
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2 Preliminaries

In the sequel, (X,d) delegates a metric space. A geodesic path joining x € X to y € X (or,
more briefly, a geodesic from x to y) is a map & from a closed interval [0,!] C R to X such that
£(0) = z,&(l) =y, and d(&(s),&(t)) = |s — t| for any s,¢ € [0,1]. In particular, £ is a isometry and
d(xz,y) = I. The image of ¢ is said to be a geodesic segment (or metric) joining 2 and y if unique
is denoted by [z,y]. The space (X,d) is called a geodesic space when every two points in X are
joined by a geodesic, and X is said to be uniquely geodesic if there is exactly one geodesic joining
xz and y for all z,y € X. A subset E of X is said to be convex if F includes every geodesic segment
joining any two of its points. A geodesic triangle A(p,q,r) in a geodesic space (X, d) consists of
three points p,q,r in X (vertices of A) and a choice of three geodesic segments [p, ql,[g, 7], [r, D]
(edge of A) joining them. A comparison triangle for geodesic triangle A(p,q,r) in X is a triangle

A(p,q,7) in Euclidean plane R? such that

dR2 (157 (j) = d(pa q)7 dR2 (CZ f) = d(qu)7 dR2 (ﬁp) = d(?‘, p)'

A point @ € [p, q] is said to be a comparison point for u € [p, ¢] if d(p,u) = dr2(p, ). Similarly, we
can give the definitions to comparison points on [, 7| and [F, p].

Recalled that a geodesic space is called CAT(0) space if all geodesic triangles of appropriate
size satisfy the following comparison axiom: Let A be a geodesic triangle in (X,d) and A be a
comparison triangle for A. Then A is said to satisfy CAT(0) inequality if for any u,v € A and for
their comparison points 4,7 € A,

d(u,v) < dgz(, ).
Complete CAT(0) spaces are often called Hadamard spaces (see [15]). For other equivalent definitions
and basic properties of CAT(0) spaces, we refer to [16]. It is well known that every CAT(0) space
is uniquely geodesic and any complete, simply connected Riemannina manifold having non-positive
sectional curvature is a CAT(0) space. Other examples for CAT(0) spaces include Pre-Hilbert spaces
[16], R—trees [17], Euclidean buildings [18] and complex Hilbert ball with a hyperbolic metric [19]
as special case .

Let E be a nonempty closed convex subset of a complete CAT(0) space (X,d). It follows from
Proposition 2.4 of [16] that for each 2 € X, there exists a unique point zy € E such that

d(z,zo) = inf{d(x,y) : y € E}.

In this case, xq is called unique nearest point of x in FE.
Let (X,d) be a CAT(0) space. For each z,y € X and ¢ € [0, 1], by Lemma 2.1 of Phompongsa
and Panyanak [20], there exists a unique point z € [z, y] such that

d(z,z) = (1 —t)d(z,y) and d(y,z) = td(z,y). (2.1)

We shall denote by ta @& (1 — t)y unique point z satisfying (2.1). Now, we collect some elementary
facts about CAT(0) spaces which will be used in proof of our main results.
Lemma 2.1. ([1, 20]) Assume that (X,d) is a CAT(0) space. Then for any z,y,z € X and
a € 0,1],
dlax @ (1 — a)y,2) < ad(z,2) + (1 — @)d(y, 2),
d*(ax @ (1 —a)y, 2) < ad*(z,2) + (1 — a)d*(y,2) — a(l — a)d*(z,y),
dlaz® (1 —a)z,ay @ (1 — a)z) < ad(z,y).

Lemma 2.2. ([21]) Let (X,d) be a CAT(0) space. If for any z,y € X and a, 8 € [0, 1], then
dlaz® (1 — @)y, Bz ® (1 - B)y) < |a—Bld(z,y).

Lemma 2.3. ([22]) Let {x,} and {y,} be bounded sequences in a CAT(0) space (X,d) and let
{Bn} be a sequence in [0,1] with 0 < liminf, 8, < limsup,, B, < 1. If 2,11 = Bnxn & (1 — Bn)yn
for all n € N and

lim sup (d(yn+1, yn) - d($n+1, xn)) < 07

n—oo
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then lim, oo d(Xp, yn) = 0.
Lemma 2.4. ([23, Lemma 2.1]) Let {u,} be a sequence of non-negative real numbers satisfying

un+1 S (1 - an)un + anﬁna \V/ n Z 17

where {a,,} C [0,1] and {8,} C R such that (i) >, a, = oo and (ii) limsup,_, . B, < 0 or
oo i lanBn| < oo. Then {u,} converges to zero as n — oc.

Lemma 2.5. ([24, Lemma 3.1]) Let E be a closed convex subset of a complete CAT(0) space
(X,d) and T : E — BC(X) be a nonexpansive mapping. If T satisfies endpoint condition C, then
F(T) is closed and convex.

The concept of quasi-linearization was introduced by Berg and Nikolaev [9]. Let us denote a pair
(a,b) in X x X by a% and call it a vector. The quasi-linearization is a map (-, -): (X x X)x (X x X) —
R defined by

@, Ei) = % [d*(a,d) + d*(b,c) — d*(a,c) — d*(b,d)] for all a,b,c,d € X.

It is casy to sce that @E@ — (cd, ab), (ab,cd) = —(ba,cd), (ab,cd) + (ad, be) = (at,bd) and
(ﬂ, ed) + <;(>), ed) = (%,cd) for all a,b,c,d,xz € X. We say that a geodesic metric space (X,d)
satisfies Cauchy-Schwarz inequality if

‘@,30’ < d(a,b)d(c,d) for all a,b,c,d € X.

It is known from [9, Corollary 3] that a geodesic space (X,d) is a CAT(0) space if and only if X
satisfies Cauchy-Schwarz inequality. Some other properties of quasi-linearization are included as
follows.

Lemma 2.6. ([25, Theorem 2.4]) Let E be a nonempty closed convex subset of a complete
CAT(0) space (X,d), u € X and € E. Then

& = Pgu if and only if (z4, ) > 0, Vy € E.
Lemma 2.7. ([10, Lemma 2.9]) Let (X, d) be a CAT(0) space. Then
& (2, u) < d*(y,w) + 2(zJ, Th), Vu,z,y € X.

Lemma 2.8. ([10, Lemma 2.10]) Let u and v be two points in a CAT(0) space (X, d). For each
a € [0 1], setting uq = au @ (1 — a)v, then, for each z,y € X, we have
u“ﬂ,u-?/ <a1ﬁu—z (1-a) 77173,
(i) (o, ul) < o ﬁ L ul) + 1 - a)(v Lul) and (g, v3) < alut, v) + (1 — o) (v, v7)).
Lemma 2.9. ([13, Lemma 2.10]) Let (X,d) be a CAT(0) space. If for any z,y,z € X and
a € ]0,1], then

Plaz® (1 —a)y,z) < ?d*(x,2) + (1 — )?d?(y, z) + 2a(1 — o) (T2, y2).
Recalled that a continuous linear functional p is said to be Banach limit on ¢, if ||u|| =
M(lu 1, ) =1and /ffn(un) = :un(unJrl) for all {un} €l

Lemma 2.10. ([26, Proposition 2]) Let a be a real number and let (uj,us,--+) € £ satisfy
tn(un) < « for all Banach limits p and limsup,, (441 — 4yn) < 0. Then limsup,, u, < a.

3 Main theorem

In this section, we will prove strong convergence theorem of a class of new two-step viscosity
iterations for approximating fixed points of set-valued nonexpansive mappings with some general
conditions in a complete CAT(0) space.

903 Ting-jian Xiong ET AL 899-909



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.5, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Lemma 3.1. ([3, Theorem 3.1]) Let E be a nonempty closed convex subset of a complete
CAT(0) space (X,d), T : E — C(FE) be a nonexpansive mapping satisfying endpoint condition C,
and f: E — E be a contraction with k € [0,1). Then the following statements hold:

(i) {za} defined by (1.7) converges strongly to  as a — 0, where & = Pp(r) f(Z).

(ii) If {z, } is a bounded sequence in E such that lim,_,  d(z,, T(2,)) = 0, Then for any Banach
limits g,

& (f(2),%) < pnd®(f(Z),2n).

Now, we are ready to prove our main theorem.

Theorem 3.1. Let E be a nonempty closed convex subset of a complete CAT(0) space (X, d),
T : E — C(E) be a nonexpansive mapping satisfying endpoint condition C. Let f : E — E be a
contraction with & € [0,1), and {e,} be a sequence in (0,1 — k), and {3, } be a sequences in (0,1)
satisfying the following conditions:

(Cl) hmn—>oo Op = 0;

(Ca) 3oney om = 00;

(C3) 0 < liminf, o0 B < limsup,,_, . Bn < 1.

Then the sequence {z,,} defined by (1.10) converges strongly to Z, which satisfies

=Py f(B), (3f(2),23) >0, ¥z € F(T).

Proof. We divide proof into three steps.
Step 1. We show that {z,,}, {zn}, {yn} and {f(x,)} are bounded sequences. Let p € F(T'). By
Lemma 2.1, we have

d(Yn;p) (f(zn):p) + (1 = an)dist(zn, T(p))

(f(zn),p) + (1 = ) H(T (20), T(p))

(f(zn),p) + (1 = an)d(zn, p)

(f(xn), f(p)) + nd(f(p),p) + (1 — an)d(xn, p)

(1 — (1= k)ay]d(zy,p) + and(f(p),p),

A A IA A IA
g

and

d<x’ﬂ+17p) < Bnd(xnap) + (1 - Bn)d(ynap)
<=1 =K1 = Bp)an]d(@n,p) + (1= k)1 = Bn)an

< max{d@mp),m}.

d(f(p),p)
1—k

1-k

By induction, we also have

d(zy,p) < max {d(m,p), d(f(m,p)} )

1-k

Hence, {z,} is bounded and so are {z,}, {y} and {f(z,)}.
Step 2. lim, oo dist(xy, T(xy)) = limy, o0 d(2n, ) = limy, o0 d(zh, Tpy1) = 0. In fact, by
applying Lemmas 2.1 and 2.2, we obtain

d(ynvval) < d(anf(xn) 52 (1 - an)zn70‘n+1f(33n+1) ©(1- O‘n+1)zn+1)
< dlanf(xn) ® (1 — an)zn, anf(x,) ® (1 — an)znt1)
+d(an f(zn) & (1 — an)znt1, an f(Tns1) ® (1 — an)zni1)
+d(anf(Tn+1) ® (1 — an)znt1, i1 f(@ng1) © (1 — 1) 2n41)
< and(f(zn), f(Tny1)) + (1 — n)d(2n; Zni1)
+loy — ang1|d(f(zn+1)s Znt1)
< ankd(Tn, Tnt1) + (1 — an)d(@n, Tni1)
+on — any1ld(f(@nt1), 2n41)
< (I=an(l=k))d(@n, 2nt1) + o — g1 |d(f (@n41), 2ns1),
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which implies
d(Yns Yn+1) — A(Tp, Tpy1) < lon — a1 |d(f(Tnt1), 2ng1) — (1 = k)and(Tn, Tny1).

Since limy, o0 o, = 0, imsup,,_, o [d(Yn+1,Yn) — d(@nt1,2,)] < 0. By Lemma 2.3, we know that
lim,, o0 d(@, Yrn) = 0. Thus,

dist(zy, T(xn)) < d(Tn,2n) < d(Tn,Yn) + and(f(zn),2,) =0 as n — oco. (3.1)
By (3.1), now we know that

lim d(z,,z,) =0. (3.2)

n—oo

Moreover,
d(Xpy Tpt1) = (1 = Bp)d(n,yn) — 0 as n — oo.

Step 3. {z,} converges strongly to & which satisfies # = Pp(7) f(Z) and

(#f(&),%) >0, @€ F(T).

Above all, since T'(z) is compact for any z € E, T'(z) € BC(X). It follows from Lemma 2.5 that
F(T) is closed and convex. This implies that Pp(ryu is well defined for any u € X. By Lemma 3.1 (i),
we know that {z.} defined by (1.7) converges strongly to Z as a — 0, where & = Pp(r) f(#). Thus
applying Lemma 2.6, one can see that Z is unique solution of the following variational inequatity
(#f(3),73) >0, = € F(T).
Next, by using Lemma 3.1 (ii), we have
d*(f(2),%) < pnd*(f(%),r,) for each Banach limit p,,
and so

Moreover, since limy, oo d(Zn, Tpnt1) = 0,

limsup[(d*(f(2),7) — d*(f(2),zn11)) — (d*(f(2), 2) — d*(f(Z), 24))] = 0.

n— oo

It follows from Lemma 2.10 that

limsup(d*(f(7), %) — d*(f(),x)) < 0. (3-3)

n—oo

Finally, we show x,, — & as n — oco. It follows from Lemma 2.1 and Lemmas 2.7-2.9 that

d2(1:n+1,i) < BndQ(znv )+ (1 — Bn)d (yna )
< BndQ(xna )+ (1 - B,) [a d2( f(zn), 2) + (1 — an)QdQ(me)]
1200 (1 — ) (1 = B){(F (). 20)
+ (1 )

< B (n, 7) + (1= ) (1 — ) 2dist? (20, T(2))
+02(1= B) (s, Swn)) + 2(Fner, 7 ()]
200 (1 = an)(1 = ) [(F@n) 52 + (Flon)i,va)]
< B, ) + (1= Ba)(1 = a2 (T (), T(D))
02 (1= B (w1, (@) +202(1 = B)Fnrt, 2 F (@)
+2an(1 = an)(1 = ) ([ (an)t, 7l
+20, (1 — an)(1 = Bu){f(zn)Z, z,T)
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This implies that

d2 (xn-i-l? j)

Thus,

< /BndQ(mn )+ (1= 3,)(1 - an)Qd(xmi)

+a2 (1= Bn)d* (@n1, f($n>)

+2a,(1 = By) [ flan) f(2 xn_Hm —x> m)}

+200(1 = an)(1 mxm )

120 (1~ an) (1~ B) [(F) [ @), 20) + (F @), 7))

< [a <1 — Ba)(1 = @n)?] dX (@, @) + 02 (1 B >d2<xn+l,f<xn>>
+2a5, (1= Bn) | (f(zn) f 3?; Tn41Z) —x> m&

200 (1 — ) (1 = Bo) (f (@)1, m>

+2a, (1 — an)(1 = Bp) [ (f(xn)f x) xn:c )& x,?t)]

< B+ (1= B) (1 = an)?] (@, & (1—ﬁn) (@1, f(2n))
+2ap (1~ B,)d (f( n), f(2))d ($n+1 96)
1203 (1= 5,) (f(D)i )x Tuiih)
F2a, (1 — an)(1 = Br)d(f(xn), Z)d(zn, )
200 (1 = an)(1 = Bn)d(f (zn), f(2))d(2y, )
1200, (1= ) (1~ ) (F@)3, 20)

< [Bn + (1= Bu)(1 —an) ]d2 ,T) 721(1 _Bn)d2($n+17f(xn))
+2kag (1 = B)d(xn, T)d(zn11,7)
Fa2 (1= ) [d(Ens1, 7) + B(F(F),5) — d(F(F), 5s1)]
+2an (1 = an)(1 = Br)d(f(2n), T)d(2n, Tr)

+2ka, (1 — an)(1 — Bn)d* (2, 2)
+an (1 —an)(1 = By) [ (:vn, )+d2(f( ), &) — d*(f(Z), )]

§ [Bn + (1 - ﬂn 1- Oén 2] (1 - Bn) ($n+17 f(xn))

+ka?(1— B,) [d*(zn, T) + d (mnH, )]

+ap (1= Bn) [d*(@ns1,7) + d*(f(&),7) — d*(f(Z), Tns1)]
2000 (1 — an) (1 = Bp)d(f(2n), T)d(2n, T7)

+2ka, (1 — an)(1 — Bn)d* (2, 7)

+ap (1 = ay)(1 = By) [d2($n755) + dQ(f(j)’ T)— d2(f(:i'),xn)] .

< B+ (1= 81— an) + kan(l—5,)(2—a,
B 1—(1+k)az(l—Bn)
0‘721(1 — Bn)
1— (1+k)a2(l— ﬁn)d2(x”“’f(w”))
20, (1 — an)(1 = By)
1—(1+k)az(l—Bn)
+ 0‘721(1 — Bn)
1—(1+k)a2(1—8n)
an(1—ap)(1—B,)
1—(1+k)az(l—Bn)

) d*(xp, 7)

d(f(zn), Z)d(zn, Tn)

(d2(f(‘%)a ‘%) - dz(f(‘%)vxn+1))

+ (dg(f(‘i’)’j) _d2(f(j)?$n))

(@1, &) < (1 - ol )d (@0, @) + a3, (3.4)
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where o, = 2R TER and
/ _ Qp 1-a, -
ﬁn - mdQ(xn+1, f(fEn)) + md(f(xn), x)d(zn, {Ijn)
oA p ey @U@, 2) (@), 201)
1—a, o ~
o any EU @) = (@), 20).

Since k € [0,1) and a, € (0,1 — k), then o), € (0,1). Applying Lemma 2.4 to the inequality (3.4)
(also combining (3.2) and (3.3)), we have z,, — & as n — oo. This completes the proof. O
From Theorem 3.1, we have the following result.
Theorem 3.2. Let E be a nonempty closed convex subset of a complete CAT(0) space (X, d),
T : E — C(FE) be a nonexpansive mapping satisfying endpoint condition C. Suppose that u,z; € E
are arbitrarily given elements and {z,} is defined by

Yn = QpU D (1 - an)znaanrl = ann 2 (1 - Bn)yna Vn > 17

where z, € T(x,) such that d(z,znt+1) < d(xn,zpy1) for all n € N, and {a,}, {6.} C (0,1)
satisfying (C1), (C2) and (C5) in Theorem 3.1. Then the sequence {z,} converges strongly to
unique nearest point & of u in F(T); i.e., = Pp(ryu and 7 also satisfies

(Fu, %) > 0, = e F(T).

Proof. We define f : E — E by f(x) = u for all z € E, then f is a contrction with & = 0. The
conclusion follows immediately from Theorem 3.1. O

If T: E — C(E) be a nonexpansive mapping satisfying endpoint condition C, then, replacing
by g : E — FE be a nonexpansive singie-valued mapping with Fiz(g) # (0, and we have the following
two corollaries.

Corollary 3.1. Let F be a nonempty closed convex subset of a complete CAT(0) space (X, d),
g : E — F be a nonexpansive mapping with Fixz(g) # 0. Let f : E — E be a contraction with
k €10,1), and {a,} be a sequence in (0,1 — k), and {8,} be a sequences in (0, 1) satisfying (C}),
(C3) and (C3) in Theorem 3.1. Then sequence {z,} defined by (1.9) converges strongly to & such
that & = Pp;y(g)f(Z) and & also satisfies

(Gf(3),73) > 0, = € Fiz(q).

Corollary 3.2. ([3, Theorem 3.3]) Let E be a nonempty closed convex subset of a complete
CAT(0) space (X,d), T : E — C(E) be a nonexpansive mapping satisfying endpoint condition C.

Let f : E — E be a contraction with k € [0, 1), and {a,} be a sequence in (0, ﬁ) satisfying (Cy)
and (C3) in Theorem 3.1 and the following condition:
(Cy) 0% lan — 1] < 0o or limy, 00 a2 = 1. Then sequence {2y} defined by (1.8) converges

strongly to &, where & = Pp(7)f(Z) and ¥ also satisfies

(Ff(F),78) >0, « e F(T).

By corollary 3.1, the following result can be obtained.

Corollary 3.3. Let E be a nonempty closed convex subset of a complete R—tree (X, d), and
T : E — BCC(E) be a nonexpansive mapping with F(T') # (, where BCC(E) is the family of
nonempty bounded closed convex subsets of E. Let f : E — E be a contraction with k € [0,1), and
{an} be a sequence in (0,1 — k), and {8, } be a sequences in (0, 1) satisfying (C1), (C2) and (C3) in
Theorem 3.1.Then sequence {x,} defined by (1.10) converges strongly to Z such that & = Pp(p) ()
and T also satisfies

(#f(Z),22) >0, z € F(T).
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Proof. By Theorem 4.1 given by Aksoy and Khamsi [27], there exists a single-valued nonexpansive
mapping h : E — E such that h(z) € T(z) and d(h(x),h(y)) < H(T(z),T(y)) for all z,y € E.
Hence, 2z, = h(z,) € T'(z) for (1.10). Again, it follows from [27, Theorem 4.2] (also Theorem 4.2 in
[3]) that Fiz(h) = F(T) # 0. The conclusion follows from Corollary 3.1. O

Remark 3.1. The results presented in this paper improve and unify corresponding results in
Panyanak and Suantai [3], Kaewkhao et al. [13] and many others. In this regard, we show as follows:

(i) Corollary 3.1 extends Theorem 3.2 of [13] from k € [0, 3) to k € [0,1).

(i) When T in Theorem 3.1 is a single-value mapping, then our main results in Theorem 3.1
become to corresponding results of Theorem 3.3 in [3] for a contraction f from k € [0, 3) to
k€10,1), and o, € (O, Qflk) to a, € (0,1 — k). Further, the condition (Cy) is not needed.

(i) If we add condition (Cy4), and change «;, € (O, ﬁ) as an € (0,1 — k), then Theorem 4.2 of
[3] happens to be Corollary 3.3.
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Abstract

In this paper we introduce a generalized form of the well known
ToDD'’s difference equation and give the closed form expressions for
this generalized form . In other words , we have the following nonlinear
rational partial difference equation

T (X1, X2, X3,...., Xp)

. 1 —|—T<X1 -1,X—-1,.... X, — 1> —|—T<X1 -2, X0—-2,..,.X, — 2>
N T(X;—3,Xo—3,X3—3,..,X, —3)
where X1, Xo,....,X,, € Njand the initial values T (p1,pa2,...., Pn)
T (P2, P15 03, Pas - Pn) T (P2, D3, P15 Pas vy D) oo
T (p2,p3, P4, ...01,0n),T (P2 — 3,p3 — 3,ps — 3, ...pn, — 3, p1) are real
numbers with p; € {0, —1, -2} and po, p3, ..., pp, € N such that
T (p1,p2; s pn) # 0T (p2, p1,p3, P4, s pn) # 0,
T (p2,p3: P15, P4y -+ Pn) 7 0,0, T (P2 — 3,p3 — 3,pa — 3, ..pn — 3,p1) # 0.
We will use a novel technique to prove the results by using what we
call ‘piecewise n-dimensional mathematical induction’ which we intro-
duce here for the first time . We will obvious that this new concept
represents generalized form for many types of mathematical induction .
As a direct consequences , we investigate and drive the explicit solutions
for the well known ordinary ToDD’s difference Equation .
AMS Subject Classification: 39A10, 39A14.
Key Words and Phrases: (partial)difference equations, solutions ,
piecewise n-dimesional mathematical induction.
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1 Introduction

We know that the studying of ordinary difference equations has been widely
treated in the past . However , partial difference equations (PAEs) have not
received the same full attentiveness . Both of ordinary and partial differ-
ence equations may be found in the study of dynamics ,probability and other
branches of mathematical physics .Moreover,partial difference equations arise
in applications involving finite difference schemes ,population dynamics with
spatial migrations and chemical reactions . Indeed Lagrange and Laplace took
into consideration the solution of partial difference equations in their treatises
of dynamics and probability.

An example can get if we suppose initially, the probability of finding a
particle at one of the integral coordinates j of the x-axis is P(j,0). At the
end of each time interval, the particle makes a decision to stay at its present
position or move one unit in the positive direction along the z-axis. Assume
that the probability that the particle does not move in a given unit of time is
p, and the probability that the particle moves in a given unit of time is ¢q. Let
is P(j,t)be the probability that the particle is at the point is z = j at the end
of the t-th interval of time. Then by Bayes’ formula, it is easy to see that the
following partial difference equation holds:

P(j,t) =pP(j,t — 1)+ P(j —1,t — 1)

An another example of a partial difference equation is the following well
known relation
BM = Bﬁ::ll) + B 1<m<n.
The solution of this equation is the celebrated binomial coefficient function

B defined by
n!
BM—__ — _ 0<m<n.
m!(n —m)!

Some authors investigate the closed form solutions for certain partial dif-
ference equations .
For instance , Heins [[2] | considered the solution of the partial difference equa-
tion

y(p+1,9) +ylp—1,q9) =2y(p,q +1)

under some conditions
Ibrahim in [[I0]] studied the closed form solution for higher order nonlinear
rational partial difference equation in the form

S{n—r,m—r}

S{n,my = ;
U+ [ S{n —i,m—i}
i=1
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where n,m € N and the initial values S{n,t},S{t,m — r} are real numbers

r—1
witht € {0, -1, -2, ...... ,—r+1} such that [[ S{j—r+1,i+j—r+1} # -V

7=0
r—1

and [[S{i+j—r+2,j—r+1}# -V ,ieN,.
=0

For more results about partial difference equations we refer to ( [1, [3],[4],
[5]-9], [L1]- [15]).

In this paper we introduce a generalized form of the well known ToDD’s
difference equation and give the closed form expressions for this generalized
form. In other words , we have the following nonlinear rational partial differ-

ence equation
T <X1, X2a X37 ) Xn>

T L Xy 1, Xy — D) A TX — 2, X 2,0, X, — 2)

- 1
T(X;—3,Xo—3,X5—3,..., X, — 3) (1)

where X1, Xs, ..., X, € Njand the initial values T (p1, p2, ..., Pn) »

T <p27p17p3ap47 "'7pn> aT <p2>p37p17p47 7pn>7

7T <p27p37p47 "'p17pn>7T <p2 - 37p3 - 37p4 - 37 «Pn — 37p1> are real
numbers with p; € {0,—1, —2} and py, ps, ..., p, € N such that
T<p17p27 7pn> 7£ 0 7T <p2ap1ap3ap47 7pn> 7é 0 )

T <p27p37p17p47 "'7pn> 7£ 07"'7T <p2 - 37p3 - 3ap4 - 37 <P — 37p1> 7£ 0.
We,ll use a novel technique to prove the results by using what we call

‘piecewise n-dimesional mathematical induction” which we introduce here for
the first time . We’'ll obvious that this new concept represents generalized
form for many types of mathematical induction . As a direct consequences
, we investigate and drive the explicit solutions for the well known ToDD’s
ordinary Difference Equation .

Now let us firstly introduce some important concepts .
Ibrahim [10] constructed a new concept who call it “’piecewise double mathe-
matical induction’” which represented a generalization for some kinds of induc-
tions. The definition was formulated as the following form:

Definition 1. (Piecewise Double Mathematical Induction of r-pieces)
Let S(m,n) be a statement involving two positive integer variables m and n.
Beside , we suppose that the statement S(m,n) is piecewise with r-pieces .
Then the statement S(m,n) holds if

L. S(ky + o, ks + B)
2. If S(m, ks + B) , then S(m + 1, ks + 3)

3. If S(m,n) , then S(m,n +r)
where a, 8 € {0, 1,2, ....... r — 1} and k; and ko are the smallest values of
m and n .
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We briefly call this concept “r-double mathematical induction” .We can
call this concept “piecewise two-dimesional mathematical induction’

Here we will construct an another notion which we call it ‘piecewise triple
mathematical induction’ or ‘piecewise three-dimensional mathematical induc-
tion” which offer an another generalization for some kinds of inductions .

Definition 2. (Piecewise Triple Mathematical Induction of r-pieces)
Let H(n,m,l) be a statement involving three positive integer variables n, m
and [. Beside , we suppose that the statement H(n,m,l) is piecewise with
r-pieces . Then the statement H(n,m,[) holds if

L. H(ay + B, a0 + Bo, a3 + B3)

2. If H(ay + p1,m,l) , then H(oy + B, m +1,1)
If H(n,m,as+ fs) , then H(n +r,m,as + [33)

3. If H(n,m,l) , then H(n,m,l+r)
where (31, s, B3 € {0,1,2, ....... r — 1} and ay,a9 and a3 are the smallest
values of n , m and [ respectively .

We briefly call this concept “r-triple mathematical induction”

Remark 1. We can see that the previous concept contains many types
of mathematical induction. For instances ,

1. If r =1, we have 5y = 8o = 53 = 0, thus we have a triple mathematical
induction .

2. If r =2, we have (1, s, 53 € {0,1} , thus we have the odd-even triple
mathematical induction .

3. If we put n = m = | we have a special case of the above definition
which introduce an another new concept. This type of mathematical
induction called “Piecewise single Mathematical Induction of r-pieces” .
In this case , if we put r = 1 with n = m = [ we easily get the basic
mathematical induction . Also if we put r = 2 with n = m = [,we get
easily the odd-even mathematical induction .

Finally we can introduce a generalized concept ‘piecewise n-dimesional
mathematical induction” as a generalization for the above definitions .

Definition 3. (Piecewise n-dimesional Mathematical Induction of r-
pieces)
Let H(Ny, N, ..., N,;) be a statement involving positive integer variables
Ni, Ny, ..., N,,. Beside , we suppose that the statement H(Ny, Na,...,N,) is
piecewise with r-pieces . Then the statement H (N, No, ..., N,,) holds if
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1. H(O{1+51,042—|—52, ...... 7an+ﬁn)

2. If H(Oél + 51, NQ, Ng, ,Nn) s then H(Oél -+ 51, NQ + r, Ng, ceey Nn)
If H(Nl,(l/g + 52, N3, 7Nn) s then H(Nl,OéQ + ﬁg,,Ng + r, 7Nn)

IfH(Nla N27 ceey A1 +ﬁn—17 N’n) ) then H(Nh N27 sy Q1 +6n—17 Nn+r)

3. If H(Nl, NQ, ceoy Nn) > then H(N1 + 7, NQ, ey Nn)
where 5; € {0,1,2,....... r—1} e {1,2,....... n} and «; are the smallest
values of Ny, Ns, ..., N,, respectively .

We briefly call this concept “(r,n)-dimensional mathematical induction”

Remark 2. We can easy see that both of r-double mathematical induction
and r-triple mathematical induction are special cases of “(r,n)-dimensional
mathematical induction” .

2 Forms of Solutions

In this section we shall give explicit forms of solutions of the partial difference
equation of order three .

2.1 Form of Solutions for PAE when n = 2

In this subsection we introduce a generalized form of ToDD’s difference equa-
tion with two discrete variables X;and X5 and give the closed form expressions
for this generalized form . In other words , we have the following nonlinear
rational partial difference equation

14+ T(X; —1,Xo— 1)+ T(X; —2, X, — 2)

T (X1, X,) =
(X, X2) T (X, —3,X5—3)

(2)

Here we give the closed form solution of the partial difference equation ([2)).

Theorem 4. Let {T (X1, X2)}%, x,— 4 be a solution of the partial dif-
ference equation , where X1, Xy € N ,and the initial values T (p,q) and
T (q,p—3) are real numbers with ¢ € {0,—1,—-2} and p € N such that
T (p,q) # 0 and T {q,p—3) # 0 . Then, the form of solutions of for
X1 < X5 are as follows:

914 Ibrahim 910-926



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.5, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

T(Xy,Xs) =

T (X, X;) =

6
14+T(—1,X2— (X1 +1))+7(0,X2— X1) .
T(2—2,X12—(X1+2)> — Xy = Ly
LHT(=1, X = (Xa + D) +T(0, X = X1)+T(=2,Xo— (Xa4+2)) (I+T(0,Xo—-X1)) y _ [ .
T(—1,Xo—(X1+1))T(—2,X2—(X1+2)) A1 — 2

(1+T<71,X27(X1+1)>+T<72,X27(X1+2)>)(1+T<71,X27(X1+1)>+T<0,X27X1>) X . L .
T(0,Xo—X1))T{(—1,Xo—(X1+1))T{-2,X2—(X1+2)) y A1 = L3,

LT (-1, X = (Xa+ D) +T(0, X0 = X))+ T(=2,X5— (X1 42) (14+T(0.X2=X1) y _ [ .
T(—1,Xo—(X1+1))T(0,X2—X1) y X1 = Ly

14T (=1, Xo— (X1 4+1)+T(=2,X2—(X1+2)) _ .
: T1<0,X2—X1> 2 - 7X1 - L57

T <—2,X2 — (Xl + 2)> ,Xl = LG;
T <—1,X2 — (X1 + 1)> 7X1 = L77

T(0,Xy — X1), Xy = Lg;

1+T{(Xo—(X1+1),—1)+T(X2—X1,0) - .
2T<X127(X1+2),72>2 ==, Xy = Ly

1+T<X2—(X1+1),—1>+T<X2—X170>+T<X2—(X1+2)7—2>(1+T<X2—X1,0>) X _ L .
T{Xo—(X1+1),— DT (X2—(X1+2),—2) » A1 — L2,

(A+T{(X2—(X1+1),~DH+T(Xo—(X1+2),—2)) A+T (X2~ (X1 +1),—1)+T(X2—X3,0)

) I
T{X2—X1,0)T{Xo—(X1+1),— 1)T{Xo—(X1+2),—2) , X1 = Ls;

1+T(Xo—(X141),—1)+T(X2—X1,0)+T(Xo— (X1 +2),—2) (14T (X2—X1,0)) X, = L
T(Xo—(X141),—1)T(X2—X1,0) y A1 = Ly,

4T (X — (X1 1)~ D)+ T (Xo—(X142),=2) v _ 7.
2 : T<X2—X1,0>2 : 7X1 - L57

T <X2 - (Xl + 2)7 _2> 7X1 = L67
T <X2 — (Xl —|— 1), —1> ,Xl = L7;

T (X — X1,0), X, = Lg;

(4)

where L; =8k +i ,1<:<8,i€N.

Proof. We shall use the principle of piecewise double mathematical induc-
tion defined in definition . Firstly , we shall prove that the relations
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and hold for T (p, q). where p,q € {1,2,,...8} . From equation we can

see

1+T7(0,00+T(-1,-1) 1+7(0,1-1)+T(-1,1—(1+1))
T(-2,-2) B T(—2,1—(1+2))

T(1,1) =

1+7T(1,1) +T0,0)
T(-1,-1)
1+ T0,00+T(~1,-1) + T (—2,—-2) (1 +70,0))
B T(-2,-2)T(—1,-1)
1+ T0,2-2)+T(-1,2— 2+ 1)) +T(-2,2—(24+2))(1+T(0,2 - 2))
B T(-2,2—(2+2)T(-1,2—(2+1))
1+7(0,1)+T(-1,00 14+T(0,2-1)+T(-1,2—(1+1))
T(-2,—1) B T{(-2,2—(1+2))

T (2,2) =

T(1,2) =

1+7(1,2) +7(0,1)
T(—1,0)
C1+T0,1)+T(-1,0) +T(-2,—1) (1 +T(0,1))
T(-2,-1)T(-1,0)
1+ T0,3-2)+T(-1,3—-2+1))+T(-2,3—-(2+2))(1+T(0,3—2))
T(-2,3—(2+2)7T(-1,3—(2+1))
Similarly we can prove the remaining values for p and ¢ .

Now suppose that the relations and (4)) hold for X; = 1,2, ..,8 with X5 € N.
We try to prove that relations and hold for X; = 1,2, ...,8 with X5 + 8.

T(2,3) =

14+ T(Xy+8—1,1—1)+T (X, +8—2,1—2)
T(X;+8—3,1-3)

T(Xy+8,1) =

B 1+T7T(Xo+8—(1),0) +T(Xo+8—(14+1),—-1)
T(Xo+8—(1+2),—2)
1+T(Xo+8—-1,2—1)+T(Xy;+8—-2,2—-2)

T (X 2) =
(X2 +8,2) T (X, +8—3,2—3)
I+ T(Xe+7,1) +T (X2 46,0)
B T(X5+5,—1)
L (PR 4 T (X, +6,0)
T (X, +5,—1)

1+T(Xo+8—(241),-1)+T(Xy+8—2,0)
T(Xo+8—(2+1),-1)T(Xo+8—(2+2),-2)
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T(Xo+8—(2+2),-2)(1+T(Xy+8—2,0))
T{(Xo+8—(2+1),-1)T(Xo+8—(2+2),-2)
Similarly we can prove the other cases for for X; = 3,...,8 with X, + 8. .

Finally , we suppose that relations and hold for X5, X; € N .
We shall prove that relations and hold for X5, X; +8 € N .
From equation We have

1+T(Xo—1, X1 +8—1)+T(Xy—2,X; +8—2)

T (X, X +8) =
(Xo, X1+ 8) T(X,—3,X, +8-3)

B 1+T(Xo -1, X3 4+7)+T(Xy—2,X; +6)
B T(X;—3,X,+5)

There are sixteen cases :

(1) When Xy >8(k+1)+i,i=1,2,....8 .
We take the cases when ¢ = 3 and ¢ = 7 .The other cases for i =
1,2,4,5,6,8 can be given by the same way .
In order to simplify the calculations we consider the following notations:
T(Xy,— X, —8,0)=T/(0), T(Xo—X1—-9,-1)=T(-1),
T(X,—X;—10,-2) =T (-2),
Now if Xo > 8(k+1)+3:

1+T(Xo -1, X1 4+7)+T(Xy—2,X; +6)
T(Xy—3,X1+5)

1+ T(—D)+TO)+T(—2)(1+T(0)) |, 1+T(—1)+T(0)
1+ T T(-2) )

T (0)
A+T(=D)*+TO)A+T(=1))+T{(=2)(1+T(0)+T(-1))
TO)T{-1)T(-2)
(14+T(=1) + T {(=2))(1 + T (—1) + T (0))
T(0)T{(-1)T(-2)
If Xo >8(k+1)+7 we have :

T (X5, X; +8) =

1+T(Xo—1, X1 +7)+T(Xs—2,X;+6)
T(X,—3,X1+5)

T<X2,X1 +8> -

14+T(—1)+T(—2)
_ 1+T7T(-2)+ — T

1+T(—1)+T(0)+T(—2)(14+T(0))
1T(0)

=7 {-1)
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(2) When Xy <8(k+1)+i,i=1,2,...,8 . We take the cases when i =4
and 7 = 6 .The other cases for i = 1,2,3,5,7,8 can be given by the same
way.

In order to simplify the calculations we consider the following notations:
T{0,X; — X+ 8y =T(0)", T{(-1,X, —Xo+T7)=T(-1)",
T(=2,X, — Xy +6) =T (-2)",

Now if Xo < 8(k+1)+4:

1+4T(Xo -1, X1 4+7)+T(Xy—2,X; 4 6)

T(Xy, X; +8) =
(Xe, X1 +8) T (X, —3,X,+5)

1 (14T (-1)*"4+T(=2)")QA+T{(-1)"+T(0)") 1+T{(=1)"4+T{0)*+T(—2)" (1+T(0)*)
™ TP T(— 1) T{~2)" + T T2

1+T(—1)*+T(0)*
(-2
_ Q4T (=) +T(0)) A+ T(=1)" + T(0)" + T(-2)" (1 + T(0)"))
(L+T(=1)" +T(0)" (T (-1)"T(0)")
AT (1) +T(0) +T(=2)" (1+T(0)")
T (—1) T (0)°

If Xy <8(k+ 1)+ 8 we have :

1+4T(Xo -1, X34+ 7)+T(Xy—2,X; 4 6)

T (Xp, X +8) =
(Xe, X +8) T (Xo—3,X: +5)

14T (1) +T(-2)"
o 1+T(—1)"+T(-2)"
T{0)*

— 7(0)"

]

Remark 3. If we take into account that X; = Xy = n in equation ,
we have the ordinary ToDD’s difference equation in the form
1+Tn—1)+T(n—-2) (5)

T (n—3)

T (n) =
We can obtain the solutions for equation from theorem and we will
formulate the closed form solutions in the following corollary .

Corollary 5. Let {T' (n)}°> _, be a solution of the ordinary difference
equation , where n € N jand the initial values T (q) and are real numbers
with ¢ € {0, —1, —2} such that T (q) # 0 . Then, the form of solutions of
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are as follows:

( 1+7T(—1)+T(0) o .
ey X1 = L

L4+T(=1)+T(0)+T{(—2) (1+T(0)) T
T(—1)T{-2) , X1 = Lo;

(14 T(=1)+T(=2)) 1+T({=1)+T(0)) .
TONT(-1)T(=2) X1 = La;

LT DATO 4T (14TO) v _ 7 .
T(—1)7(0) ; X1 = Lu;

14+T(—1)+T(—2) 7.
T X1 = Ls;

T <—2> ,Xl = L6,
T <—1> ,Xl = L7;

T<O> ,Xl = Lg,

\
where L; =8k +1,1<i1<8,7€N.

Remark 4. It is easy to see that all solutions of are periodic with
period eight.

2.2 Form of Solutions for PAE when n = 3

In this subsection we introduce a generalized form of ToDD’s difference equa-
tion with three discrete variables X; ,X5 and X3 and give the closed form
expressions for this generalized form . In other words , we have the following
nonlinear rational partial difference equation

1+T(X1 =1, X, — 1, X5 — 1)+ T(X; —2, X5 — 2, X5 — 2)

T (X, —3,X5—3,X5 —3)
(6)
where XI,XQ,X?) eN.

Here we give the closed form solution of the partial difference equation @

T <X1>X27X3> =

Theorem 6. Let {T (X1, Xo, X3)}¥, x, x,=_& be a solution of the partial
difference equation () ,where X1, X», X3 € N,and the initial values T (p1, p2, p3)
T (pa2,p3,p1) and T (ps — 3, p1, p3s — 3) are real numbers with p; € {0, —1, -2}
and po, ps € N such that T (py, pa, p3) # 0,1 (pa, p1,p3) # 0 and
T (py —3,p3 —3,p1) # 0 . Then, the form of solutions of @ ,
for X1 < X5 < X3 are as follows:
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! 14+T5((—1)23)+73((0)23) _ .
2 T3<(72)23£; 7X1 - Ll;

LT3 (~1)28)+ 75 ((0)23)+ T (~2)28) (14 T5((0)23) . _ [, .
T3((—1)23)T3((—2)23) , A1 = Lo

(A+T5((=1)23)+T5((=2)23)) A+ T5((-1)23)+T5((0)23)) ¥ _ ..
T5((0)23))T5((=1)23)T5((—2)23) ol 5

LT (28T (01284 T (2023 (I Tsl(0)28) y [ .

T5((—1D)23)75((0)23) ’
T (X1, Xo, X3) = 1475 ((—1)23)+T5((—2)23)
T5((0)23) , X1 = Ls;
T3((=2)23) , X1 = Lg;
Ts((—1)23), X1 = Ly;
T <(O>23> , X1 = Lg;
p 14+T5((—1)32)+T5((0)32) o
- T3<(—2)32§ , X1 = L
L T5((=1)32)+T5((0)32)+ T5((=2)32) 14T5((0)32)  _ [ .
T5((—1)32)T3((—2)32) bl S
(I4+T5((=1)32)+ T5((=2)32)) A+ T5((=1)32)+T5((0)32)) y _ [ .
T3((0)32))T3((—1)32)T5((—2)32) AL
L+ T5((=1)32)+T5((0)32)+T5((=2)32) 1+ T5((0)32)) y _ [, .
T5((—1)32)T3((0)32) P T
T <X17 X37 X2> -

1+73((—1)32)+T3((—2)32) o .
. T3((0)32§ 7X1 - L57

T3 <(_2)32> , X1 = Lg;
T3 <(_1)32> , X1 = Lr;

T3((0)32) , Xy = Lg;
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T <X37 X17 X2> —

T <X37 X27 X1> -

1+T5(3(=1)2)+75(3(0)2) — 7,
“hecyy oA=Ly

1+T5(3(=1)2)+T75(3(0)2)+T5(3(—2)2)(1+75(3(0)2)) X, = Ly

T (3(—1)2)T5 (3(—2)2)

(I+T5(3(=1)2)+T5(3(=2)2)) (1+T5(3(=1)2) +75(3(0)2)) X, = Ls:

T5(3(0)2))T5(3(=1)2)T5(3(-2)2)

14+T3(3(=1)2)+T5(3(0)2)+T5(3(—2)2) (1+75(3(0)2)) X, = Ly

T5(3(—D2)T5(3(0)2)

1+75(3(—1)2)+T5(3(—2)2) - .
. T3(3(0)2§ >X1 — L5a

T3 <3(_2)2> , X1 = Lg;
T3(3(-1)2) , X1 = Ly;

T3 <3(0)2> , X1 = Lg;

1+T: (32(—1)>+T <32(0)> o .
ST (=) X1 = Ly

1+T5(32(=1))+75(32(0)) +75(32(=2)) (1475 (32(0))) X, = Lo:

T3 (32(—1))T5 (32(—2))

(I4+T5(32(=1))+T5(32(=2))) (1+7T5(32(=1)) +T5(32(0))) X, = Ls:

T3(32(0)))T5(32(—1))T5(32(-2))

14+75(32(—1))+75(32(0))+75(32(—2)) (1+75(32(0))) X, = Ly

T3(32(=1))T5(32(0))

1+73(32(—1))+T3(32(—2)) o .
. T3(32(0)§ 7X1 - L57

T3 <32(_2)> , X1 = Lg;
T3 <32(_1)> , X1 = Lr;

T3 (32(0)) , X1 = Lg;

921
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T3(2(-2)3)

14+T5(2(—1)3)+T5(2(0)3)+T5(2(—

. LT3 (D3T3 (2(0)3) 5

13

1= L;

2)3)(1+T5(2(0)3)) X, = Lo:

T3(2(-1)3)T5(2(—2)3)

(14+T3(2(— 1)3>+T3< (=2

D A+T5(2(=1)3)+T5(2(0)3))

7X1 = L3a

)3
T5(2(0)3))T5(2(—

14+T5(2(—1)3)+T3(2(0)3)+T3(2(—

1)3)T3(2(=2)3)

23147520003y, _

L47

T5(2(—1)3)T3(2(0)3)

T(Xy, X1,X3) =

(X3, X1, X3) LT3 (2(=1)3)+ T3 (2(~
T5(2(0)3)

T35 (2(0)3) , X4

2 1475(23(—1))+T5 (23
T5(23(-2))

14+T5(23(—

23) ¥,
T3 (2(—2)3> , X1 =

T5(2(—-1)3),X; =

o) x,

= Ls;
Lg;

L;

= Lg;

= L;

1))+T5(23(0))+75(23(—2)) (1+73(23(0))) X, = Ly

T5(23(—1))T5 (23(—2))

(1473 (23(— 1)) +T3 (23(—2))) (1-+T5 (23(—

1)+75(23(0)))

7X1 - L3a

T3(23(0)))T3(23(—

1)T3(23(-2))

T3(23(=1))T5(23(0))

T <X27 X37 X1> -

T3(23(0))

T35 (23(0)) , X4

where
T5{(0)23) =

T3((-1)23) =T
T3((=2)23) =T

T(0, X, — X1, X5 — Xy) ,
(—1, X5 —
(—2, X, —

922

1+75(23(=1))+75(23(-2)) X

T5(23(-2)),X; =

T3 <23(_1)> aXl -

(X1 +1), X5 - (X1 +1)),
(X1+2), X5 — (X1 +2)),

14+73(23(=1))+75(23(0))+75(23(—2)) (1+75(23(0))) X, = Ly;

1= Ls;
Lg;

L;

= Ls;
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T5((0)32) =T (0, X3 — X1, Xo — Xy) ,
T3((—1)32) =T (~1,X3 — (X1 + 1), Xo — (X1 + 1)),
T3((=2)32) =T (-2, X3 — (X1 +2),Xo — (X1 +2)) ,
T53(3(0)2) =T (X3 — X1,0, Xy — Xj)
T3(3(-1)2) =T (X3 — (X1 +1),—1,Xo — (X3 + 1)),
T5(3(=2)2) =T (X3 — (X1 4+2),-2,Xo — (X7 +2)),
T3 (32(0)) = T (X5 — X1, Xy — X4,0)
T5(32(—1)) =T (X5 — (X1 +1), Xy — (X1 +1),-1) ,
T5(32(—2)) = T (X3 — (X1 +2), Xy — (X1 +2),-2),
T3 <2(O)3> = T<X2 — X1,0, X3 — X1> ,
T3(2(-1)3) =T (Xy — (X1 +1),-1, X5 — (X; + 1)),
T5(2(—=2)3) =T (X — (X1 +2), -2, X5 — (X1 +2)),
T5(23(0)) =T (Xs — X1, X5 — X3,0)
T5(23(—1)) =T (Xo — (X1 +1), X5 — (X1 +1),-1) ,
T5(23(—2)) = T (Xy — (X1 +2), X3 — (X1 +2),-2) ,

Li=8k+i,1<i<8,icN.

Proof. We can prove this theorem by using the concept of piecewise triple
mathematical induction which stated in definition similar to what has been
done in theorem by using piecewise double mathematical induction stated
in definition (1)) . O

2.3 Form of Solutions for PAE for any value n

In this subsection we introduce the generalized form of ToDD’s difference equa-
tion with n discrete variables X1, X5, ..., X,, and give the closed form expres-
sions for it .

Theorem 7. Let {T (X1, Xo, ..., Xp) }¥, x,..x,=_r be a solution of the
partial difference equation (1|) ,where X1, Xs, ...., X,, € N,and the initial values
T <p17p27 7pn> 7T <p27p17p37p47 7pn> 7T <p27p37p17p47 7pn>7

"7T <p27p37p47 ”'plapn>7T <p2 - 37p3 - 3,])4 - 37 «Pn — 37p1> are real numbers
with py € {0,—1,—2} and ps,p3,....,pn € N such that T (p1,p2,....,pn) # 0
;T <p27p17p37p47 apn> 7£ 0 7T <p27p37p17p47 7pn> 7£ 07"'7

T (ps—3,p3 —3,p4 — 3,...pn — 3,p1) # 0 . Then, the form of solutions of
Jor X1 < Xy, < X3 < ... <X, are as follows:
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( 1+QT( 1)+(1T<0) . L )
—2 1 — L1,
e

1T 1T 3T (14T
—1 -2
arY e~

7X1 :LQ

AT Vg N V)
ZTrgo).gTé—l).gTé—z) y 31 3

LT BTO TP )
qT(*l) qT(O) ) 1= 4,
pin ‘pdn

1+qT’I(L_1)+qTT(L_2) .
£ qT(O)p —, X1 :L5a
pin

quTV(L_Q)aXl = Lg;
ZTT(Lil)axl = L7a

qT Xl - L87

where

9T, =T Xiy, Xigy ooy X1, 00, X,
—_——————

p—times

O=1(X;,X,,,..,0, X>
N———

p—times

n

T =T ( Xiy, Xiy, o (<1), 0, X,

S

Vv
p—times

TV =T Xy, Xiyy o, (=2), 0, X3,
p—times

Q1,109,103 ..., 1n € {1,2,3...n}, ,p=1,2,...m,q¢=1,2,..n—1
Li=8k+i,1<i<8,ieN,

Proof. We can prove this theorem by using the concept of piecewise n-
dimensional mathematical induction which stated in definition similar to
what has been done in theorem by using piecewise double mathematical
induction stated in definition ([1)) . O]
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Remark 5. we can note that the the number of equations for solutions
IT, is n! . For example , if n = 2 we find that p = 1,2 , ¢ = 1 and then
the number of equations for solutions is 2!=2 (see theorem ). That is
1Ty =T (X1, Xy) and }Ty = T (Xo, X1) . So if we put n = 2 in theorem ([7)) we
can get the solutions of equation ([2))

Another example , if n = 3 we find that p = 1,2,3 , ¢ = 1,2 and then
the number of equations for solutions is 3/=6 (see theorem (6)) ). That is
T =T (X1, X0, X3), 3 =T(X3 X1,Xs), iT3="T(X3 X2, X;),
%Tg =T <X1,X3,X2>, %Tg =T <X2,X1,X3> and ng =T <X2,X3,X1> . So if
we put n = 3 in theorem (7)) we can get the solutions of equation ().
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Abstract: Using Nevanlinna theory of the value distribution of mero-
morphic functions, we investigate the problem of the existence of mero-
morphic solutions of some types of systems of complex differential-
difference equations and some properties of meromorphic solutions, and
we obtain some results, which are the improvements and extensions of
some results in references. Example shows that our results are precise.
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1 Introduction and Notation

Throughout the article, we assume that the reader is familiar with the standard notation
and basic results of the Nevanlinna theory of meromorphic functions, see, for example [1-3].
Let w(z) be a non-constant meromorphic function of finite order, if meromorphic func-
tion g(z) satisfies T'(r, g) = o {T'(r,w)} = S(r,w), for all r outside of a possible exceptional

ET
Using the Nevanlinna theory of the distribution of meromophic functions, many authors

investigate solutions of some types of complex differential equations, and obtain some
results, see [4-8]. Especially, J Malmquist has investigated the problem of existence of
complex differential equation and has obtained a result as follows.

Theorem A (Malmquist Theorem) (see [1]) Let P (z,w(z)) and Q (z,w(z)) are
relatively prime polynomials in w(z). If the complex differential equation

set I/ with finite logarithmic measure / T < 00, then g(z) is called small function of w(z).

*The project is supported by the National Natural Science Foundation of China (11171013, 11461054),
Natural Science Foundation of Hebei Province (A2015207007), and Key Project of Science and Research
of Hebei University of Economics and Business(2017KYZ04).
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with coefficients of rational functions ag(z), ..., ap(2),bo(2),...,by(2), admits a transcen-
dental meromorphic solution, then

q=0,p<2.

Theorem B (see [1]) Let Q(z,w) = Z a(,-)(z)wio (W)™ - (w™) | P (z,w(z)) and
(i)el
Q (z,w(z)) are relatively prime polynomials in w(z). If w(z) is a transcendental meromor-
phic solution of the complex differential equation

with coefficients a(;(2)((i) € I), ar(2)(k = 0,1,...,p) and b;(2)(j = 0,1,...,q), which
are rational functions, where [ is a finite index set, then

¢ =0,p < min{A, A +7(1 - 6(0))},

where A = maX{Z(oz + in}, A = maX{Zia}, o= max{z i}, O(c0) = 1 —
a=0 a=1

a=0

hm N(r,w)
o0 L (rw)
Recently, meromorphic solutions of complex difference equations have become a sub-

ject of great interest. Many authors, such as I Laine, R Korhonen, Chiang Y M, Chen
Zongxuan and Gao Lingyun, investigate complex difference equations, and obtain many
results, see [9-24]. Especially, in 2000, M J Ablowitz, R Halburd and B Herbst have inves-
tigated the problem of existence of meromorphic solutions of complex difference equations
and have obtained a result as follows.

Theorem C (see [9]) If the complex difference equation

ap(z) + a1 (z)w(z) + - - + ap(2)wP(z)

wEE D) = O G by (wi(z)

with polynomial coefficients a;(z)(i = 0,1,...,p) and b;(2)(j = 0,1,...,q), admits a
transcendental meromorphic solution of finite order, then

d = max{p,q} < 2.

I Laine, J Rieppo and H Silvennoinen generalized the above result, and obtained the
following result.

Theorem D (see [22]) Let c1,co,.. ., ¢, be distinct nonzero complex numbers. If w(z)
is a finite order transcendental meromorphic solution of the following complex difference
equation

W a0(2) +a1(2)w(z) + -+ ap(2)wP(2)
%aJ(Z)(Ew(z +cj)) = bo(2) + b1 (2)w(2) + -+ by(2)wi() "
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with coefficients aj(z), a;(2)(i = 0,1,...,p) and b;(2)(j = 0,1,...,q), which are small
functions relative to w(z), where J is a collection of all subsets of {1,2,...,n}, then

d = max{p,q} <n.

In [22], I Laine, J Rieppo and H Silvennoinen also obtained the following result.
Theorem E (see [22]) Suppose that cp,co,...,c, are distinct, non-zero complex
numbers, and that w(z) is a transcendental meromorphic solution of

n

Zaj(z)w(z +¢j) = R(z,w(2)) = ———=

j=1

where the coefficients «;(z) are non-vanishing small functions relative to w(z), and where
P(z,w(2)),Q(z,w(z)) are relatively prime polynomials in w(z) over the field of small
functions relative to w(z). Moreover, we assume that ¢ = degg > 0,

n = max{p, q} := max{deg?,, deg2},

and that, without restricting generality, Q(z,w(z)) is a monic polynomial. If there exists
a € [0,n) such that for all r sufficiently large,

N(r, Z aj(z)w(z+¢j)) < aN(r+c,w(z)) + S(r,w),
j=1

where ¢ = max{|c1],|cz2], ..., |cn|}, then either the order p(w) = +o0, or

Q(z,w(z)) = (w(z) + h(2))7,

where h(z) is a small meromorphic function relative to w(z).
Further, I Laine, J Rieppo and H Silvennoinen also obtained the following Theorem.
Theorem F (see [22]) Suppose that w(z) is a transcendental meromorphic solution
of the equation
Y as@([Jwz+¢) = wp=)

{3} jeJ

where p(z) is a polynomial of degree k > 2, J is a collection of all subsets of {1,2,...,n}.
Moreover, we assume that the coefficients aj(z) are small functions relative to w(z) and
that n > k. Then
T(r,w) = O((logr)**?),

logn
logk’

After some authors investigate complex difference equations, solutions of system of
complex difference equations are also investigated, naturally, see [13].

Let ¢1, ¢, ..., ¢, are distinct non-zero complex numbers, differential-difference polyno-
mials Q1 (z,w1), Qa(z,w1), Q3(z,w2), Q(z, w2) can be expressed as

where o =

€ > 0 is arbitrarily small.

D (zw1) = Y ay (2)(w]” (z+e)nt (Wi (2 )i (i (24 e, t> 1t €N,
1€l
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(z,w1) Z bj, (2 z—i—cl))mﬂ'lvl(wgt)(,2—1—02))7”11’2 . (wgt)(z—l—cn))mjlv", t>1,teN,
J1€J1
Q(z,w2) = Y eiy(2)(ws) (2 )2t (W) (z 4+ e2))iz2 . (W) (24 eq))li2m, £ > 1,8 €N,
io€ls
(zywa) = > dy(2) (Wl (ze1)) ™2t (WS (24e2)) ™22 L (w) (24e,)) ™2, £ > 1,8 € N,
J2€J2

where coefficients {a;, (2)}, {bj, (2)} are small functions relative to wy, coefficients {c¢;,(2)},
{dj,(2)} are small functions relative to wo. It = {i1 = (li; 1, iy ,2, - - liyn) 1 liy e € NJE =
1,2,... ,n}, J1 = {]1 = (mjhl,m]‘hg, R ,m]‘hn) tMmy k€ N, k=1,2,... ,n}, I, = {7,2 =
(li%l, li272, ey lig,n) : lig,k € N, k = 1, 2, ey TL}, JQ == {]2 == (mj271, mj272, e ,m]‘%n) :
mj,x € N,k =1,2,...,n} are four finite index sets.

Existence of solutions of complex differential-difference equations is investigated, see[16].

In this article, we will investigate the problem of the existence of solutions of some
types of systems of complex differential-difference equations.

The remainder of the article is organized as follows. In §2, we study meromorphic so-
lutions of systems of complex differential-difference equations, and obtain three theorems.
Example that we give shows that our results in §2 are precise. In §3, we give a series of
lemmas for the proof of theorems 2.1-2.3. In §4, we prove theorems 2.1-2.3 for systems of
complex differential-difference equations by lemma given in §3.

2 Main results

We obtain the following results about systems of complex differential-difference equa-
tions.

Theorem 2.1. Let (w1(z),wa(z)) be a finite order transcendental meromorphic solu-
tion of 0 »
) _ By (au) = P2
Qo(z,wr) Q1(z, w2) (2.1)
Qg(Z,wg) PQ(Z,’U)l )
= Ro(z,w1) = =—"—%
Qy(2,wo) Q2(z,w1)’

where Pj(z,w2),Q1(z,ws) are relatively prime polynomials in wy over the field of small
functions relative to wy, Pa(z,w1),Q2(z,w;) are relatively prime polynomials in w; over
the field of small functions relative to w;. Then

max{py, q1} max{pa, g2} < (t 4+ 1)*\1 o,

here A\ = ma li e, s k=1,2,..., n. \gp, = ma Lio 1oy T k =
w 1k 21611,]5(EJ { i1,k 1051, k}a s 4y ) 2k izEIZJ;{EJQ{ 12,k ]Q,k‘}v
L,2,.. Z/\lky Ay = Z)\zk, p1 = degll, q = deg%l, po = degl?, ¢ =
degw1

Example 2.1 shows the upper in Theorem 2.1 can be reached.
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Example 2.1. (wi(z),w2(z)) = (e7% + 2%,€* + 2) is a finite order transcendental
meromorphic solution of the following system of complex differential-difference equations

P z
P z

where
Pi(z,ws) = (22 4+2)w3(2) — (822 + 8z + e Nwo(2) — 22(224+2) + 2(822 + 8z + e 1) +2ze7 1,

Q1(2,wa) = wh(z) — dzws(z) + 322,
Py(z,wy) = wi(z) — 222 —e — 3z + Nwi(2) + 2 — 2%(e + 32 — 1) + (32 — 1)e,
Qa(z,w1) = wi(z) — [22° — 3z + Nwi(2) + 2% — 2232 — 1).

In this case
max{p1,q1} = 2,max{pe, g2} =2,t =1, = A2 = L.

Thus

max{p1,q1} max{pa, g2} =4 = (t + 1)2)\1)\2.

Theorem 2.2. Suppose that (wi(z), w2(z)) is a transcendental meromorphic solution
of the following system of complex differential-difference equations

Q P;

T~ e = L

93522102; R B P2(Z:w1) (2.1)
Q4(Z,U)2) - Q(Zawl) - QQ(Z,U}:[)’

where Pj(z,w2),Q1(z,ws) are relatively prime polynomials in wy over the field of small
functions relative to wa, Pa(z,w1),Q2(z,w;) are relatively prime polynomials in w; over
the field of small functions relative to w;. Moreover, we assume that ¢ = deggz1 > 0,
@ = deg®? > 0, p1 = degll, p» = degl?, Qi(z,w2) and Qa(z,w1) are respectively
monic polynomials. A\ (¢t + 1) = max{p1,q1}, Xo(t + 1) = max{pa, g2}, N = min{\i, Ao},

¢ =max{|ci|,|eal,...,|cn|}. If there exists a, 5 € [0, N'(t+1)), such that for all r sufficiently
large,
—  Q —
(r, M) < aN(r+c,wi(z)) + S(r,w),
QQ Z, wl (2 2)
N(r M)<BW(T+CW(Z))+S(T’LU) '
’Q4(z,w2) = s W2 » W2/,
and .
Z Mp(t+ 1N (r,wi(z + ) < aN(r+ e, wi(2)) + S(r,wr),
k=1 (2.3)

D okt + DN (r,wa(z + ) < BN(r + ¢, wa(2)) + S(r, ws).
k=1
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Then, either at least one of
p(w1) = +00, p(wz) = +00
will be true, or at least one of
Q1(z,w2) = (w2(2) + h2(2))", Q2(z, w1) = (w1(z) + ha(2))”

will be true, where hi(z) is a small meromorphic function relative to wi(z), ha(z) is a
small meromorphic function relative to wa(z2).

Theorem 2.3. Suppose that (w(z),w2(z)) is a transcendental meromorphic solution
of the following system of complex differential-difference equations

Q(z,w
) (),
2(%z, W1 (2 4)
Qs(z,w2) _ (p(2)) '
Q4<Z’ w2) - 1 p Y
where p(z) is a polynomial of degree d > 2. A1y = max  {ljy g, mj k}, k=1,2,...,n.

11€11,j1€)1

n n
Aok = l; ; k=1,2,...,n. \{ = Ak, Ao = A A= A1, Ao b
2k izerlglf};(EJQ{ lz,kmeQ,k}v ) Ly y 1 ; 1k, N2 ; 2k maX{ 1, 2}

Moreover, we assume that A(t 4 1)2 > d. Then
T(r,w1) = O((logr)*™),
T(r,wz) = O((logr)***),

log A(t + 1)?
where a = w’ and € > 0 is arbitrarily small.
0g

3 Some Lemmas for the Proof of Theorems

We need the following lemmas to proof theorems.

Lemma 3.1 (see [23]) Let

aog(z) + a1(z)w(z) + - - - + ap(z)wP(z)
bo(2) + b1(2)w(z) + - - - + by(2)wi(2)

R(z,w(z)) =

be an irreducible rational function in w(z) with the meromorphic coefficients {a;(z)} and
{bj(2)}. If w(z) is a meromorphic function, then

T (r, R(z,w(2))) = max{p, q}T(r,w(2)) + O{Y_ T(r,ai(z)) + Y _T(r,b;(2))}.
Lemma 3.2 (see [3]) Let w(z) be a transcendental meromorphic function, then
T(r,w®) < (k 4+ 1)T(r,w) + S(r, w).

Lemma 3.3 (see [11]) Let w(z) be a non-constant meromorphic function of finite
order, c is a non-zero complex constant, then

T(r,w(z+c)) =T(r,w)+ S(r,w),
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for all r outside of a possible exceptional set with finite logarithmic measure.
Lemma 3.4 (see [6]) Let f1, f2,..., fp be distinct meromorphic functions and

fhughe L Fep
1 J2 P

_ P(z) _ KeKyp

F(Z)— Q(Z) N Zfil 52 ;p ’
Iely
If s, = max{ max k,, maxi,}, v=1,2,...,p. Then

KeKy Iely

p
m(r, F) < 3 sum(r, ) + N(r, Q) — N( ,§2> L o),
v=1
T(r,F) <Y s,T(r, fo) + O(1),
v=1

where Q(z) # 0, Ko = {K = (ki,ka,...,kp) : ky € NU{0},v =1,2,...,p}, In ={I =
(11,42, ...,0p) iy € N|J{0}, v =1,2,...,p} are two finite index sets.
Lemma 3.5 (see [24]) Let w(z) be a meromorphic function and let ® be given by

d=w"+ an_ 1w+ +ag,

T(r,a;) = S(r,w),j=0,1,...,n — 1.
Then either

Ap—1
o = n
(w+ 2ty
or )
T(r,w) < N(r, 6) + N(r,w) + S(r,w).

Lemma 3.6 (see [22]) Let w(z) be a non-constant meromorphic function and let
P(z,w),Q(z,w) be two polynomials in w(z) with meromorphic coefficients small relative
to w(z). If P(z,w) and Q(z,w) have no common factors of positive degree in w(z) over
the field of small functions relative to w(z), then

— 1 —  P(z,w)
N(r,—) < N(r, ——=
"o w) =M GG w)

Lemma 3.7 (see [21]) Let 7" : [0,400) — [0,+00) be a non-decreasing continuous

function, ¢ € (0,1),s € (0, +00). If T is of finite order, i.e

)+ S(r,w).

then

outside an exceptional set of finite logarithmic measure.
Lemma 3.8 (see [14]) Let w(z) be a transcendental meromorphic function, and
p(z) = apz® + ap_125 N+ -+ a1z + ag, ag # 0, be a non-constant polynomial of degree
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k. Given 0 < 0 < |ag|, denote A = |ag| + ¢ and u = |ag| — 6. Then given £ > 0 and
a € CU{oo}, we have

k:n(,u,rk,a,w) < n(r,a,w(p(z))) < (Ark,a,w),
N(,wrk,a,w) + O(logr) < N(r,a,w(p(z))) < (/\r a,w) + O(logr),
(1 — )T (ur®, w) < T(r,w(p(2))) < (1 + )Tk, w).

Lemma 3.9 (see [2]) Let g : (0,400) = R, h:(0,+00) — R be monotone increasing
functions such that g(r) < h(r) outside of an exceptional set E of finite linear measure.
Then, for any a > 1, there exists ro > 0 such that g(r) < h(ar) for all r > r.

Lemma 3.10 (see [15]) Let ¢; : [ro, +00) — (0, +00)(i = 1,2) be positive and bounded
in every finite interval, and suppose that

P1(pr™) < A1¢1(r) + Biga(r) + di,

G2 (pr™) < Aagi(r) + Baga(r) + da,

holds for all r large enough, where p > 0,m > 1, A; > 1,B; > 1,(i = 1,2), and dy,ds are
real constants. Then

¢1(r) = O((logr)?),  ¢2(r) = O((logr)®)

IOg 24 5 A= maX{Ai, Bz}
ogm i=1,2

where oo =

4 Proof of Theorems 2.1-2.3

Proof of Theorem 2.1.  Suppose that (w;(z),w2(z)) is a set of finite order
transcendental meromorphic solution of system of complex differential-difference equations
(2.1). Using Lemma 3.1, Lemma 3.2, Lemma 3.3 and Lemma 3.4, we obtain

max{p1, q1 }T(r,ws) = T(r,R ((z ,wa)) + S(r, wa)

B z,w1)
- T(T‘ (Z wl))—i_s(r?wQ)
< Z)\lkT (ryw z+ck))+8(r,w1)+5(r,w2)
< Z Mk (t + DT (r,wi (2 + cx)) + S(r,wr) + S(r, wa)
= Z Mk(t+ DT (r,wi(2)) + S(r,wi) + S(r,ws)
k=1
= ME+1D)T(r,wr)+ S(r,wy) + S(r,ws).
Thus, we have
max{p1, q1 }T(r,w2) < A\ (t 4+ 1)T(r,wy) + S(r,wr) + S(r, ws). (4.1)
Similarly, we obtain
max{p2, g2} T (r,w1) < Ao(t + 1)T(r,wa) + S(r,w1) + S(r, ws). (4.2)
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It follows from (4.1) and (4.2) that
max{p1, 1} max{pz, g2} < (¢ +1)*A1da.

Theorem 2.1 is proved.

Proof of Theorem 2.2.  Suppose that (w1(z),w2(2)) is a set of transcendental
meromorphic solution of (2.1) and the second alternative of the conclusion is not true. It
follows from Lemma 3.5, Lemma 3.6, (2.1) and (2.2) that

T(r,wy) < N(r, #) + N(r,w2) + S(r, ws)

IN
=
5

—— 2+ N(r,we) + S(r, we)

Il
E

T, 7) + N(’% w2) + S(Ta w2)
aN(r +c,wi) + N(r,wz) + S(r,wi) + S(r,ws).

IN

Thus, we obtain
T(r,w3) — N(r,ws) < aN(r+c,wy) + S(r,wr) + S(r,ws). (4.3)

where a € [0, N (t41)), N = min{\1, Ao}, A1 (¢4+1) = max{p1,q1 }, A2(t+1) = max{p2, g2}
Similarly, we have

T(r,w1) — N(r,wi) < BN(r + ¢, wa) + S(r,wr) + S(r,ws). (4.4)

where 8 € [0, N (t+1)), N = min{A1, Ao}, M1 (t+1) = max{p1,q1 }, A2 (t+1) = max{p2, ¢2}.
Assuming, contrary to the assertion, that p(w;) < +00,i = 1,2. Then it implies that

S(rywi(z +ck)) = S(r,wi(z)),i=1,2,k=1,2,...,n.
By (4.3) and (4.4), we obtain
T(r,wa(z + k) — N(r,we(z + cx)) < aN(r + c,wi (2 + ) + S(rywy) + S(r,we). (4.5)

T(r,wi(z+ck)) — N(r,wi(z +cx)) < BN(r + c,wa(z + i) + S(r,wr) + S(r,ws). (4.6)
where k=1,2,...,n.
Applying Lemma 3.1, Lemma 3.2, Lemma 3.4 and Lemma 3.7, and using (2.3) and
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(4.6), we conclude that

Ql(z wl)

M+ DT (rwe) = T(r, Qg (2, wr)

———2) 4+ 5(r,w2)

IN

Z AT (7, w(t) (z+ck)) + S(r,wy) + S(r,ws)

< Z Mgt + DT (r,wi(z + cx)) + S(r,wi) + S(r, wo)

= > At + D[T(r,wi(z + ) = N(rywi(z + ) ZAM (t+ DN (r,wi(z + cx))
i:é’(r, wy) + S(r,ws)

< Z Mi(t+ 1D)BN(r + c,we(z + ) + aN(r + c,wi(2)) + S(r,wr) + S(r, ws)
k=1

< ) A+ DBN(r + 2¢,w2(2)) + aN(r + ¢, wi(2)) + S(r,wi) + S(r,wy)
k=1

< Z Mp(t+1)BN(r + 2¢,w2(2)) + aN(r + 2¢,wi(2)) + S(r,wr) + S(r, ws)

< M+ DN+ 26ws(2)) + N (r + 26, w1(2)) + S(ryw1) + S(ry wn).

Therefore, we have

T(r,we) — N(r,ws) < BN(r+ 2c,wy) + ﬁ

N(r+2c,w)

(4.7)

—N(r,wa) + S(r,wy) + S(r, wa).

Similarly, applying Lemma 3.1, Lemma 3.2, Lemma 3.4 and Lemma 3.7, and using (2.3)

and (4.5), we conclude that

g

T(r,wi) — N(r,w1) < aN(r+2c,w)+ m

N(r+ 2¢,ws)

(4.8)

—N(r,wy) + S(r,wy) + S(r, ws).

Applying Lemma 3.7, and using (4.8), we obtain

M+ DT ws) < S At + DT wiz+ ) = Nrwi (= + e))] + S At + DN (rwi (= + i)

k=1
+S(r,wy) + S(r, wa)

~ g
kz_:_l )\1k(t + 1)[0{N(7’ + 36, ’U)l) + m

+aN(r + c,wi(2)) + S(r,wr) + S(r, we)

IN

IN

+aN (r,wi(2)) + S(r,wi) + S(r,ws).

Aa(t +1)N(r + 3c,wy) + )\;—Bﬁ(r + 3¢, wa) —
2

k=1

N(r+3c,w3) — N(r — c,w1)]

AM(t+1)N(r —c,wy)

Namely,
T(r,ws) < aN(r+3c,w)+ LN(T + 3¢, wa) — N(r,wy)
o )\Q(t + 1)
+mﬁ(r, w1 (2)) + S(r,wy) + S(r, ws).
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Thus, we obtain

T(r,w2) — N(r,wz) < aN(r+3c,wy)+ " (tﬁ—i— I)N(r + 3¢, wa) — N(r,wy)
+ﬁ+1) (r, 01 (2)) = N(r, wa) + S(r,w1) + S(r,wa).
Similarly, applying Lemma 3.7, and using (4.8), we have
T(r,wi) — N(r,w1) < BN(r+3c,wg) + ﬁﬁ(r + 3¢, w1) — N(r,wy)
1
—I—)\2(f+1)N(r, wa(2)) — N(r,wz) + S(r,wi) + S(r,ws).

This implies that

T(r,we) — N(r,wz) < aN(r+3c,wi)+ LN(T + 3¢, wz) — N(r,wq)
0 Ao(t+1)
-i—m]\f(r, w1 (2)) — N(r,wa) + S(rywy) + S(r,ws),
T(r,wi) — N(r,w1) < BN(r+3c,ws) + LN(T +3c,w1) — N(r,wy)
AL(t+1)
+)\2(f+1)N(r, wa(2)) — N(r,wa) + S(r,wr) + S(r,ws).
(4.9)
We now proceed, inductively, to prove
T(r,ws) — N(r,wz) < aN(r+ (2m+1)c,wi) + )Q(Zlf_l)N(r + (2m + 1)c, wa) — mN (1, wy)
+%W(T, wy(2)) — Tr(Lr ywa) + S(ryw) + S(r, we),
T(r,wi) — N(r,w1) < BN(r+ (2m+1)c,ws) + mﬁ( +(2m+ 1)c,wy) — mN (r,w1)
1
+A2(Tf1)1v(r, wa(2)) — mN(ryws) + S(r, wn) + S(r,ws).

(4.10)

The case m = 1 has been proved. We assume that (4.10) holds when m = [.

ME+DT(rwy) < Y At + D[T(r,wi(z + ) — N(r,wi(z + )]

+3 Mgt + DN(rwi(z + cx)) + S(r,wr) + S(r,we)

> Akt + DIBN(r + (20 + e, wa(z + ) +

k=1
CIN(rwi(z + e)) + (w Ve + e) -

+aN(r + ¢, w1 (2)) +S(T wi) + S(r, ws)

AM(t+1D[BN(r + (20 + 2)c, wa(z)) + (ﬁn
g

—ZN(T — C, wl(z)) + m
+aN(r + c,wi(2)) + S(r,wy) + S(r, ws).

IN

IN

11

937

lo

A(t+1)

N(r+ (21 + 1)e,wi(z + cx))

IN(r,wa(z + c))]

N(r+

(20 + 2)c,wi(z))

N(r+ c,wa(z)) — IN(r — ¢, wa(2))]
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Therefore

laa —
n mN(r + (20 + 2)¢, w1 (2))

N(r,wa(2)) — IN (r,ws(2))

T(r,we) < BN(r+ (21 +2)c,wa(2))

—IN(r,wi(2)) +

AP E Y
g N ) + S0 w) + S0 w)
Namely,
T(rws) — N(rws) < BN(r+ (20 + 2)e, wa(z)) + A1(i0‘+1)z\r(r + (2L + 2)c, wy (2))
N w1(2) 5 N wal2) = N ()
~N(r,ws) + ﬁﬁ(r, wi(2)) + S(r,w1) + S(r, ws).

Similarly,

N(r+2(l+1)c,wa(2))

IN

LN ws(2)) + /\l(i(j_l)N(r, w1 (2)) — IN(r, w1 (2))
—N(r,wy) + mﬁ(r, wa(2)) + S(r,wy) + S(r, ws).

M+ DT (rywy) < Z Ap(t+ V[T (r,wi(z +cx)) — N(r,wi(z + cx))]
k=1

+> "Mkt + DN (r,wi (2 + ) + S(rwr) + S(r,w)

k=1
< Z Mr(t+ D[aN(r+2(1+ 1)c+ c,wi(2)) + 3 (ii 1)W(r +2(l+ 1)c+ c,wa(z))
= la 2
—IN(r — c,wz(2)) + mﬁ(r +c,w1(2)) = IN(r — c,w1(2)) — N(r — ¢, w1(2))
+)\2(f+ 1)N(r + e, wo(2))] + aN(r + c,wy) + S(r,wy) + S(r, ws).

This implies that

(L+1)8 +

T(r,wy) < aN(r+[2(1+1)+ 1c,wr) + N(r+[2(1+ 1) + 1]e, w2)

. Ao(t+1)
—IN(r,wy) + ;1;;+)?)N(r, w1(2)) — (L + 1)N(r, w1 (2))
+S(T, wl) + S(T‘, wg).
Thus
T(r,ws) — N(r,ws) < aN(r+[2(1+1)+1c,w) + MN(T + 200+ 1) + 1]e, wa)
—(I+1)N(r,wq) + MN(T, w1(2)) — (I + 1)N(r,w1(2))

+S(r,wr) + S(r, ws).
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Similarly,
T(r,w1) — N(r,w1) < BN(r+[2(1+1)+ 1]c,ws) + MN(T +[2(0+1) + 1]e,wr)
—(l+ 1)N(r,ws) + )E o DL )N(r, wa(2)) — (L + 1)N(r, w1 (2))
+S(r,wy) + S(r, wa).

The above two inequalities shows that (4.10) holds for m = [ 4+ 1. We complete the
induction.
Applying Lemma 3.7, and using (4.10), we obtain

I I o o I ﬂ _
< (= L= =
N(r,wy) + N(r,we) < (Tlg + Al(tﬁ‘i' 1))N(r,w1) + )\2(t+1)N(r,w2) + S(r,w1) + S(r, w2),
__ _ _ o _
< (L4 2 e ,
N(r,wi) + N(r,wz) < (m + )\2(t+1))]\7(r,w2) + Al(t+1)N(r,w1) + S(r,w1) + S(r,w2)
(4.11)
Noting that «, 8 € [0, N (¢t + 1)), N = min{\1, A2}. Let m be large enough such that
1 a « 1 1 I5;
=t Y () <1, — <1
m m+)\1(t+1) a(m+)\1(t+1)) Ao(t+1)
1 I} 15} 1 1 «
—=—t =3+ —) <1, — <1
m T m nery PG T e WY

By (4.11), we have

1. B \w
g M gy M) S8t
(1- %)N(T, we) + (1 — W)N(r,wl) < S(r,wi) + S(r,ws).

Using (4.12), for m large enough, we conclude that

N(r,wi) = S(r,wi) + S(r,ws).
N(r,ws) = S(r,wi) + S(r,ws).
Applying Lemma 3.7, and using (4.3) and (4.4), we have
T(r,wy) = S(r,wy) + S(r,ws).
T(r,wy) = S(r,wy) + S(r,ws).
Thus
[ + O(l)]T(T, w1) = S(T, wg)
14 o(1)|T(r,wa) = S(r,w1)
Therefore

1+ o(1)]T(r,wi)T(r,we) = S(r,w1)S(r, ws).

Then we obtain 1 = 0, which is a contradiction. Therefore, we conclude that at least one
of p(w1) = +00, p(wz) = 400 will be true.

13
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This completes the proof of Theorem 2.2.

Proof of Theorem 2.3.  Suppose that (wq(z),w2(z)) is a set of transcendental
meromorphic solution of (2.4). Applying Lemma 3.2, Lemma 3.4 and Lemma 3.8, and the
first equation of (2.4), we have

(1 —eo)T(urd,we) < T(r,w(p2))

wi)
- T(r,
n(r QQ(Z,U&))
< S RT(r w2 + e) + S(r,wn)
k=1
< Mr(t+ DT (r,wi(z+ ck)) + S(r,wy)
kﬁl
<

STkt + DT (r + ¢, wi(2)) + S(r,wr),
k=1

where €9 > 0 is arbitrarily small.
For every 81 > 1, and for r large enough, we obtain

T(r+c,w) <T(Byr,wr).

Suppose that r to be large enough, outside of a possible exceptional set with finite
logarithmic measure, we conclude that

(1 — e)T(ur®, wa) < A1 (t + 1)(1 + &) T(Byr, wy),

where €1 > 0 is arbitrarily small.
By Lemma 3.9, whenever v; > 1, for all  large enough, we obtain

(1 — e2)T(pr, ws) < M (t+ 1)(1 +2)T(Biyr, wi). (4.13)
Similarly, B
(1 — 81)T(/LT’d, ’Ll)l) < )\Q(t + 1)(1 -+ EQ)T(ﬂQ’yQ'I“, ’Ll)g). (4.14)

Denote 8 = max{f, B2}, ¥ = max{yi,72}, & = max{ey,e2,21,82}. Then (4.13), (4.14)
may become

(1= &)T(ur?, we) < M (t + 1)(1 + )T (Byr, wy). (4.15)
(1 —2)T(r?, wi) < Xo(t + 1)(1 + )T (Br, ws). (4.16)

Let £ = B7r, then the above two inequalities become

Ko —d ME+1)(1+8),, -
((Bﬁ)at ,'LUQ) S 1_z T(t,wl). (4.17)
o d Xo(t+1)(142),,, -
(%)Et wy) < 22 T w). (4.18)
14
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Noting that A = max{\1, A2}, by means of Lemma 3.10, we obtain
T(r,w1) = O((logr)"),
T'(r,wz) = O((log7)*),

27y = —

. _ log(t +1)%A
log d log d

This completes the proof of Theorem 2.3.

log(t + 1)2X
logd

log

where s = +o(1). Let a =
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Abstract: In this paper, we mainly investigate a certain type of difference
equation of the form f"(z) 4+ p(2)(Af)™ = r(2)e?®), where p(2),7(2), q(z) are
nonzero polynomials and n, m are two positive integers satisfying n > m. Some
examples are also structured to show that our results are sharp.
Key words and phrases: meromorphic; difference equation; small function.
2000 Mathematics Subject Classification: 30D35; 34M10.

1 Introduction and main results

In this paper, a meromorphic function always means it is meromorphic in the
whole complex plane C. We assume that the reader is familiar with the standard
notations in the Nevanlinna theory. We use the following standard notations in
value distribution theory (see [5, 7, 11, 12]):

T(r,f),m(r,f),N(r, f),N(’I“,f),"'.

And we denote by S(r, f) any quantity satisfying S(r, f) = o{T(r, f)}, as r —
00, possibly outside of a set E with finite linear or logarithmic measure, not
necessarily the same at each occurrence. A polynomial Q(z, f) is called a dif-
ference polynomial in f if @ is a polynomial in f, its derivatives and shifts with
small meromorphic coefficients, say {ax|A € I'}, such that T'(r,ay) = S(r, f) for
all A € I. We define the difference operator Af = f(z + 1) — f(2).

One of the most important results in the value distribution theory is the follow-
ing theorem due to Hayman.

*Corresponding author. This research was supported by the Fundamental Research Funds
for the Central Universities (No. 2015QNA52).
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Theorem 1 If g is a transcendental meromorphic function, then either g itself
assumes every finite complex value infinitely often, or ¢'¥) assumes every finite
non-zero value infinitely often.

As a consequence of Theorem 1, we have

Theorem 2 If f is a transcendental entire function, then f2+af' has infinitely
many zeros for each finite non-zero complex value a.

In fact, if f is an entire function, then g = % has not any zero. It follows from

Theorem 1 that ¢’ — % has infinitely many zeros, namely f2 4 af’ has infinitely
many Zzeros.

It is well known that Af can be considered as the difference counterpart of
f'. The difference analogue of the lemma on the logarithmic derivative and
Nevanlinna theory for the difference operator have been established recently
(see [1, 2, 3, 4, 6], which brings about a number of papers focusing on difference
topics. And so here one nature question arise, that is what can be said if we
replace f2 + af’ with f2 + aAf in Theorem 2? Here we shall deal with this
problem and obtain the following main result.

Theorem 3 If f is a transcendental entire solution of finite order of the fol-
lowing non-linear difference equation

F2(2) +p(2)Af = 1(2)et, (1)
where p(z),1(2),q(z) are nonzero polynomials such that degp(z) <1, then
Af=0,

and f must be of the form '
f(Z) _ Cerﬂ'lz7

where ¢ # 0 and k € Z.
Example 1 For the following non-linear difference equation
P&+ (= 1’Af = (2(z — 1),
it admits a finite order transcendental entire solution
f(2) = 2(z — 1)e*™* — (z — 1).
But Af #0.

This example shows that the assumption deg p(z) < 1 is necessary for our result
in Theorem 3. And from Theorem 3, we also obtain the following corollary
corresponding to Theorem 2.
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Corollary 1 Let f be a transcendental entire function of finite order and Af #
0, then f2(2) +p(2)Af has infinitely many zeros, where p(z) is a nonzero poly-
nomial whose degree is at most 1.

This corollary can be regarded as the general case of the following result (see
Theorem 1.1 in [9]) due to Liu and Laine in some sense.

Theorem 4 [9] Let f be a transcendental entire function of finite order p, not of
period ¢, where ¢ is a nonzero complex constant. Then the difference polynomial
f™"(2)+ f(z+¢) — f(2) has infinitely many zeros in the complex plane, provided
that n > 2.

In 1970, C. C. Yang [13] obtained the following well known theorem.

Theorem 5 Let m,n be two positive integers satisfying % +% < 1. Then there
are no transcendental entire solutions f(z) and g(z) satisfying the equation

a(z)f"(2) + b(2)g™(2) =1
with a(2),b(z) being small functions of f(z).

People have obtained quite a number of results by considering special functions
f,g in Theorem 5. For example, J. Zhang [14] obtained the following result.

Theorem 6 For the following difference equation
[Pz + M (z+1) = p(2),

where p(z) is a nonzero polynomial with degp(z) = k , suppose it admits a
transcendental entire function f(z) of finite order. Then holds

(i) m = n = 2,p(2) is a nonzero constant and f(z) has form of f(z) = ae?* +
be= 4%, where e* = —i and a,b are two constants such that 4ab = p.

(ii) m =n =1 and f*+V(2) is a periodic entire function with period 2.

Here we consider the non-linear difference equation of the following form
F(2) + () (Af)™ = r(2)e’, (2)

where p(z),7(z),q(z) are nonzero polynomials and n > m, and obtain the fol-

lowing theorem, which can be considered as the more general case in Theorem
3.

Theorem 7 If equation (2) admits a transcendental entire solution f with finite
order such that Af 20 , thenn =2 and m = 1.

Example 2 For the following non-linear difference equation
F(2)+ Af = ee?,
it admits a finite order transcendental entire solution
f(z) =€
But Af #0.
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Example 3 For the following non-linear difference equation

fe) S (Af)? = e,

it admits a finite order transcendental entire solution
F(2) = 2% 4 emiz,

But Af #0.

Examples 2-3 show that the assumption n > m is necessary for our result in
Theorem 7. Combining Theorem 3 and Theorem 7, we can obtain the following
corollary.

Corollary 2 For the non-linear difference equation of the form
FH(2) +p()(AN)™ =r(z)e?), (3)

where p(z),r(2),q(z) are nonzero polynomials satisfying degp(z) < 1 and n,m
are two positive integers satisfying n > m, the equation (3) admits no finite
order transcendental entire solution f such that Af # 0.

2 Some lemmas

To prove our results, we need some lemmas as follows.

Lemma 1 (see[1]) Let f(z) be a transcendental meromorphic function with fi-
nite order o. Then for each € > 0, we have

f(Z + C) _ ro—l—i—a

Lemma 1 has another form as follows.

m (r,

Lemma 2 (see [3]) Let f be a meromorphic function with a finite order o, and
1 be a nonzero constant. Then

f(z+n)
f(2)

Lemma 3 (see [10]) Let f be a transcendental meromorphic function and

m(r, ) :S(rvf)‘

F=anf"+an1f" '+ +ao (an #0)
be a polynomial in f with coefficients being small functions of f. Then either

F=an(f + 220" or T(, ) < N(r, ) + N, f) + 50, ).
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Lemma 4 (see[8]) Let f(z) be a transcendental meromorphic solution of finite
order o of a difference equation of the form

H(Z,f)P(Z,f):Q(Z,f),

where H(z, ), P(z, f),Q(z, f) are difference polynomials in f(z) such that the
total degree of H(z, f) in f(z) and its shifts is n and that the corresponding total
degree of Q(z, f) is at most n. If H(z, f) just contains one term of mazimal
total degree, then for any e > 0,

m(r, P(z, f)) = O(r" %) + S(r, f)
holds possibly outside of an exceptional set of finite logarithmic measure.
Remark 1 From Lemmas 1-2, we can obtain m(r, P(z, f)) = S(r, f) in Lemma
4
3 The proofs of main theorems

1. Proof of theorem 3.

First of all, suppose equation (1) admits a transcendental entire solution f with
finite order. We may assume ¢(z) is not any constant. Otherwise if ¢(z) is a
constant, then we rewrite equation (1) as the following form

f? =re? — pAf.
By Lemma 2, we see
2T(T,f):m(r,f2):m(r,Af)+S(r,f) Sm(r,f)—FS(r,f),

which is impossible. By differentiating equation (1) and eliminating e?®) | we
obtain

FRF = -+ ) +pAF P AF = p(- 4 d)AS = 0. )

Set H=2f"— Bf, where B = ’“7' + ¢'. Since ¢(z) is not any constant, we see B
is a nonzero rational function with deg., B > 0, specially, lim B(z) is nonzero
Z—>00

constant or co. Thus we rewrite equation (4) as the following form.

fH+pAf' + (' — Bp)Af =0. (5)
By applying Lemma 4 to equation (5), we see

m(r, H) = S(r, f),

which means T'(r, H) = S(r, f). From the definition of H, we get

7' = 5(H +Bf). (6)
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It follows equation (6) that

Af’:%[AH+B(z+1)Af+AB-f]. (7)

From equation (5), we see
A== Hf + (0 = pB)AS) ®

If pB(z+ 1)+ 2(p' — pB) =0, then

B 1 "1
<—(ZB+>:2(1—];B)—>2, as z — 00,

which is impossible. Thus we can assume pB(z + 1) + 2(p’ — pB) # 0. By
eliminating Af’ in equations (7)- (8), we get

Af:a1f+ao7 (9)
where

2H + pAB
pB(z+1) +2(p' — pB)

pAH
pB(z+1)+2(p' — pB)

a; = — and ag = —

are two small functions of f. Substituting equation (9) into equation (1), we
get

F2(2) + p()as(2)f + p()ao(z) = r(z)e"®),

That is to say f2(z) + p(z)ai(2)f + p(2)ap(z) has just only finitely many zeros.
It follows from Lemma 3 that there exists a small function 8 with respect to f
such that

F2(2) + p(2)ar(2) f + p(2)ao(z) = (f + B)* = r(2)e?™). (10)
From equation (10), we get pa; = 203, pag = 3% and
f=Re®? - p, (11)

where R = \/r and Q = £ are two nonzero polynomials. Thus from (11), we
get [ is an entire function and

Af =[R(z +1)e2%? — Rle? — AB. (12)
Thus from (9), (11) and (12), we obtain
(R(z+1)e2@ — R — 2iR] _AB- ; (13)

It is obvious that T'(r, f) = T(r,e®?) + S(r, f) from equation (11), which means
R(z+1)e”? - R — QBR and AS — B— are small functions of 2. Therefore from
equation (13), we see
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2
AB—?:R(z—kl)eAQ—R—%TR:O. (14)

Thus pAB = 2, where § = Re?— f is an entire function. If 3 is a transcendental
entire function, then from Lemma 2, we see

2T(r, B) = m(r, 5%) = m(r, AB) + S(r, B) < m(r, B) + S(r, B),
which is impossible. If 3 is a polynomial, then
2deg f = deg % = deg(pAB) = degp + deg A = degp + deg 3 — 1,

which implies deg 8 = degp — 1 < 0. Thus it follows from equation (14) that
B =0 and R(z + 1)eA? = R. It means e2? is a constant, which leads to
Q(z) = mz +n. Then

R
M =efP=_— " 31 asz— .

R(z+1)

Therefore R(z) = R(z + 1), that is to say R is a constant. By pa; = 28,
pag = (3%, we see a; = ap = 0, which means Af = 0 from equation (9).
Thus we have f = e™**" = ce¢™* and then Af = ¢(e™ — 1)e™*, which implies
m = 2kmi, k € Z.

The proof of Theorem 3 is completed.

2. The Proof of Theorem 7.

First of all, suppose equation (2) admits a transcendental entire solution f with
finite order. We may assume ¢(z) is not any constant. Otherwise if ¢(2) is a
constant, then we rewrite equation (2) as the form

fr=ret = p(A"
By Lemma 2, we see
nT(r,f) = m(r?fn) = mm(r,Af) —‘rS(T,f) < mm(r,f) +S<T,f),

which is impossible when n > m. By differentiating equation (2) and eliminating
e4(*) | we obtain

P nf" = Bfl = (Bp = p)(AH)™ —mp(Af)"TAF, (15)

where B is defined as same as in Theorem 3. Set H = nf’ — Bf. If H =0, then
f must be form of

f(2) = eR(2)e?, (16)

where R = {/r and Q = £ are two polynomials. From equation (16), we see

Af = AeR®), (17)
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where A = ¢(R(z + 1)e®? — R). It is obvious that T'(r,A) = S(r,e?). By
our assumption Af # 0, we see A #Z 0. Substituting equations (16)-(17) into
equation (2), we see

(" —1)R" = —pA™e(m—mQ,

which contradicts our assumption that ¢ is a nonconstant polynomial. Thus H #
0. Next we shall consider the following two cases separately to our discussion.
Case 1 n > m+ 1. By applying Lemma 4 to equation (15), we see

m(r, H) = S(r, f)
and
m(r, Hf) = S(r, ),

From the two equations above, we obtain

T(r, ) = m(r, £) < mlr, Hf) + m(r, 32) < S(r, f) + m(r, H) = (s, f),

which is impossible.
Case 2 n=m+1. We rewrite equation (2) as the following form

1 _4a\n P, _a m
S m)" e S (emA) " =1

If m > 1, then
1 1

1
mn T m Tmy1=27"3

f=sen (18)
and
Af = tew, (19)
where s,t are two nonzero polynomials. From equation (18), we see
Af = (s(z+ 1)6% - s)e%. (20)
It follows from equations (19)-(20) that

s(z+ 1)6% —s= te(%_%)q,

which is impossible. Thus m =1 and n = 2.
The proof of Theorem 7 is completed.
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A FIXED POINT APPROACH TO THE STABILITY OF QUADRATIC
(p1,p2)-FUNCTIONAL INEQUALITIES IN MATRIX BANACH SPACES

AFSHAN BATOOL, TAYYAB KAMRAN, CHOONKIL PARK"*, AND DONG YUN SHIN*

ABSTRACT. By using the fixed point method, we solve the Hyer-Ulam stability of the following
quadratic (p1, p2)-functional inequalities

[f(z+y) + flz—y) = 2f(z) — 2f (W)l (0.1)
<[ (o (52 21 (552) - s 10)|
p2 (4f (%) +f(xz—y) —2f(z) — 2f(y)) H ;

where p1 and p2 are fixed nonzero complex numbers with % + |p2| < 1, and

+

1f(@+y)+ flz—y)—2f(x) —2f(y) (0.2)
<o (o (552) o (552) 00 0)|

+llp2 2f (x+y) +2f (x —y) — f(2z) — fF2y))Il,

where p;1 and p2 are fixed nonzero complex numbers with @ +2|p2| < 1, in matrix Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originated from a question of Ulam [30] concerning
the stability of group homomorphisms.

The functional equation f(z+y) = f(z)+ f(y) is called the Cauchy equation. In particular, every
solution of the Cauchy equation is said to be an additive mapping. Hyers [12] gave a first affirmative
partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki
[2] for additive mappings and by Rassias [22] for linear mappings by considering an unbounded
Cauchy difference. A generalization of the Rassias theorem was obtained by Gavruta [11] by
replacing the unbounded Cauchy difference by a general control function in the spirit of Rassias’
approach. The stability of quadratic functional equation was proved by Skof [29] for mappings
f: E1 — Es, where Fj is a normed space and Fj is a Banach space. Cholewa [8] noticed that the
theorem of Skof is still true if the relevant domain F; is replaced by an Abelian group.

Park [17, 18] defined additive p-functional inequalities and proved the Hyers-Ulam stability of
the additive p-functional inequalities in Banach spaces and non-Archimedean Banach spaces. The
stability problems of various functional equations have been extensively investigated by a number
of authors (see [1, 3, 7, 10, 16, 19, 20, 23, 24, 25, 26, 27, 28, 31, 32]).

We recall a fundamental result in fixed point theory.

Theorem 1.1. [4, 9] Let (X,d) be a complete generalized metric space and let J : X — X be a
strictly contractive mapping with Lipschitz constant o < 1. Then for each given element x € X,

2010 Mathematics Subject Classification. Primary 39B62, 47H10, 39B52, 46L07, 47L25.

Key words and phrases. Hyers-Ulam stability; quadratic (p1, p2)-functional inequality; fixed point; matrix Banach
space.
*Corresponding authors.
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either
d(Jz, J" ) = 0o

for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"z, J"r) < oo, Vn > ngp;
(2) the sequence {J"x} converges to a fixed point y* of J;
(3) y* is the unique fized point of J in the set Y = {y € X | d(J™z,y) < co};
(4) d(y,y*) < 125d(y, Jy) for ally €Y.

In 1996, G. Isac and Th.M. Rassias [13] were the first to provide applications of stability theory
of functional equations for the proof of new fixed point theorems with applications. By using
fixed point methods, the stability problems of several functional equations have been extensively
investigated by a number of authors (see [5, 6, 21]).

We will use the following notations:

M, (X) is the set of all n x n-matrices in X;

ej € My, (C) is that j-th component is 1 and the other components are zero;

E;; € My(C) is that (7, j)-component is 1 and the other components are zero;

Eij @ x € My,(X) is that (4, j)-component is z and the other components are zero;

For x € M, (X),y € Mi(X),
o3 9).

Note that (X, {|||/»}) is a matrix normed space if and only if (M,,(X), || ||») is a normed space for
each positive integer n and ||AzB||; < ||A||||B]l||x||» holds for A € M}, ,(C), x = (x;;) € My(X)
and B € M, ;(C), and that (X, {|| - ||»}) is a matrix Banach space if and only if X is a Banach
space and (X, {]| - ||»}) is a matrix normed space. A matrix Banach space (X, {]| - ||} is called a
matrix Banach algebra if X is an algebra.

A matrix normed space (X,{| - ||n}) is called an L*°-matriz normed space if ||x @ y||p4r =
max{||z||n, ||y||x} holds for all z € M, (X) and all y € My(X).

Let E, F be vector spaces. For a given mapping h : E — F and a given positive integer n, define
hy, @ M, (E) — My, (F) by

hn([zi5]) = [A(2i5)]
for all [x;;] € M,,(E) (see [14]).
Lemma 1.2. ([14]) Let (X, {].||,,}) be a matriz normed space.

(1) | B @ ||, = ||z|| for z € X.

(2) llzwall < lzgllle < S0 sl for (2] € Ma(X).

(3) limp ooy = x if and only if limyoo®nij = Tij for xn, = [Tnij], ¢ = [xi;] € Mi(X).

In Section 2, we solve the quadratic (p1, p2)-functional inequality (0.1) and prove the Hyers-Ulam
stability of the quadratic (p1, p2)-functional inequality (0.1) in matrix Banach spaces by using the
fixed point method.

In Section 3, we solve the quadratic (p1, p2)-functional inequality (0.2) and prove the Hyers-Ulam
stability of the quadratic (p1, p2)-functional inequality (0.2) in matrix Banach spaces by using the
fixed point method.

Throughout this paper, let X be a real or complex matrix normed space with norm || - ||,, and
Y a complex matrix Banach space with norm || - ||,,.
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2. QUADRATIC (p1, p2)-FUNCTIONAL INEQUALITY (0.1) IN MATRIX NORMED SPACES

Throughout this section, assume that p; and ps are fixed nonzero complex numbers with @ +
lp2| < 1.

In this section, we solve and investigate the quadratic (pi, p2)-functional inequality (0.1) in
matrix Banach spaces.

Lemma 2.1. If a mapping f : X — 'Y satisfies f(0) =0 and
1f(z+y)+ flz—y) —2f(z) = 2f(v)ll (2.1)

<o (2 (552) +2r (552) - 1@ - 1)
p2 (4f (2) +fz—y)—2f(z) - 2f(y)> H

forall z,y € X, then f: X — Y is quadratic.

Proof. Letting y = x in (2.1), we get || f(22) — 4f(z)|| < 0 and so f(2z) = 4f(x) for all z € X.
Thus

1(3) =@ (22)

for all z € X.
It follows from (2.1) and (2.2) that

2 (52) + 21 (5Y) - @) - 1) |

£+ 9)+ fo =9 - 20@) - 26 < o (27 (5
+ pz<4 ( v > f(ﬂf—y)—2f(w)—2f(y)>H
= |2 )+ s - 20 - 21 0))|

+ o2 (fz +y) + flz —y) = 2f(x) = 2f ()l

- (‘pzl’ + |sz> 1f(z +y) + flz —y) = 2f(2) = 2f W)

for all z,y € X. Since @ +p2| <1, flz+y)+ fz—y) =2f(x) +2f(y) for all z,y € X. Thus
f is quadratic. O

Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic (pi1,p2)-
functional inequality (0.1) in matrix Banach spaces.

Theorem 2.2. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with

L
@ (;g) 219 @y) (2.3)
forallz,y € X. Let f : X =Y be a mapping satisfying f(0) =0 and
[fn(l2i5 + i) + fullzi — vig]) = 2fn([245]) = 2Fn((yis]) I (2.4)

o (20 (2 2, (B2 — ) = )

+‘,02

n

n
+ D (@i viy)
ij=1

(450 (20 4 1 s = i) = 20l — 2l )

n
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for all x = [xi;],y = [yi;] € Mn(X). Then there exists a unique quadratic mapping @ : X =Y
such that

n

(i) = @u([zigDlln < 4(1L_L)<p(xij,xij)

ij=1
for all x = [x;5] € My (X).
Proof. Putting n =1 in (2.4), we get
If(z+y) + flz —y) = 2f(z) = 2f(y)l (2.5)

<o (27 (55Y) + 2 (%5Y) - 1) - 1)

tloe (11 (552) + £ @ = 0) - 260) ~ 20@)) |+ 0(aw)

for all z,y € X.
Letting y = z in (2.5), we get
1f(2z) — 4f ()| < ¢(z,x) (2.6)
for all x € X.
Consider the set
S:={h: X =Y, h(0)=0}
and introduce the generalized metric on S
d(g,h) = inf {s € Ry : |lg(x) — h(w)]| < pp (z,2), Yz € X},

where, as usual, inf ¢ = 400. It is easy to show that (S, d) is complete (see [15]).
Now we consider the linear mapping J : S — S such that

T
Tgla) =19 (5 )
forall x € X.

Let g,h € S be given such that d(g,h) = €. Then

lg(z) — h(z)|| < ep (z,2)
for all x € X. Hence
L
17g(x) — Th(z)] = H4g (””) —an (””) H < deg (”” x) < d4eX o (2,2) = Lep (2, )
2 2 2°2 4
for all z € X. So d(g,h) = ¢ implies that d(Jg, Jh) < Le. This means that
d(Jg, Jh) < Ld(g, h)
for all g,h € S.
It follows from (2.6) that
L

f@-11(3)| <0 (5.3) < Fe@a

for all z € X. So d(f,Jf) < £.
By Theorem 1.1, there exists a mapping () : X — Y satisfying the following:
(1) @Q is a fixed point of J, i.e.,

Q@ -1 (3) (27)

955 AFSHAN BATOOL ET AL 952-961



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.5, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

QUADRATIC (p1, p2)-FUNCTIONAL INEQUALITY
for all x € X. The mapping @ is a unique fixed point of J in the set
M ={geS:d(f g) <oo}.

This implies that @ is a unique mapping satisfying (2.7) such that there exists a u € (0, 00)
satisfying

1f(2) = Q) < e (w,x)

for all x € X;
(2) d(J'f,Q) — 0 as | — oo. This implies the equality

im 177 () = Q@)

for all z € X;
(3) d(f,Q) < t2zd(f, J f), which implies

L
1/ () = Q)] < mﬂlﬂ) (2.8)

for all z € X.
It follows from (2.3) and (2.5) that

1Q(z +y) + Qx - )*QQ( ) —2Q(y)

= | () +1 (55 -2 () -2 ()]

(W) () =1 (5) 1 (55|

() +1 (5 ) 2t () =21 ()| + d s (57 57)
)+20 (%5

Y} 4l - 1) - 20) - 200) )|

< hm 4™ p1]

4

+ hm 4™ pa

(20 (H
(e (5

for all z,y € X. So

f
y

) - Q(y) H

1Q(x +y) + Q(x —y) — 2Q(x) — 2Q(y)||
(20 (“y) +20(*5Y) - Q@) - Q)|
+ee (10(5 ) + Qe - 1) - 20 - 200)|

for all x,y € X. By Lemma 2.1, the mapping @ : X — Y is quadratic.
It follows from Lemma 1.2 and (2.8) that

" L
fn i Qn 7, f ) ) < 1 T (i’a Z)
(i) — Qulle) ;1\\ ) = Qe £ 3 g pye o
for all x = [z;;] € M, (X). O
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Corollary 2.3. Let r > 2 and 0 be nonnegative real numbers, and let f : X — Y be a mapping
satisfying f(0) =0 and

[ fo(lzij + vi]) + fallzig — i) — 2fal2i5]) — 2fn(wiiDln (2.9)
o (2 (228 o, (B2 09) g ) = )

pa (450 (D) gl — i) — 26ll) — 20 ()

<

n

+ > Ol + lyill")

+ ‘
ij=1

for all x = [xi;],y = [yi;] € Mn(X). Then there exists a unique quadratic mapping @ : X =Y
such that
LY )
[ fn([35]) = Qu([zi])lln < D o gl

.
=12

for all x = [x;5] € My (X).

Proof. The proof follows from Theorem 2.2 by taking ¢(z,y) = 0(||z||" + ||y||") for all z,y € X.
Choosing L = 227", we obtain the desired result. [l

Theorem 2.4. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with
Ty
<4Lyp|( =, =
p(z,y) < 4Ly (2, 2>
forall z,y € X. Let f: X — Y be a mapping satisfying f(0) = 0 and (2.3). Then there exists a
unique quadratic mapping Q@ : X — Y such that

n

e = Qulele < 3 g5 (@)

ij=1
for all x = [x;5] € My (X).

Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2.
Now we consider the linear mapping J : S — S such that

1
Jo(e) = 19 (22)
for all x € X.
It follows from (2.5) that

|#@) - 3720 < Jet@0)

for all x € X.
The rest of the proof is similar to the proof of Theorem 2.2. ([l

Corollary 2.5. Let r < 2 and 6 be positive real numbers, and let f : X — Y be a mapping
satisfying f(0) =0 and (2.7). Then there exists a unique quadratic mapping Q : X — 'Y such that

nllez)) — Qullzidlle < 3 ool

ij=1
for all x = [x;5] € M, (X).

Proof. The proof follows from Theorem 2.4 by taking ¢(z,y) = 0(||z||" + ||y||") for all z,y € X.
Choosing L = 272, we obtain the desired result. [l
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Remark 2.6. If p is a real number such that @ +|p2| < 1andY is a real matrix Banach algebra,
then all the assertions in this section remain valid.

3. QUADRATIC (p1, p2)-FUNCTIONAL INEQUALITY (0.2) IN MATRIX NORMED SPACES

Throughout this section, assume that p; and ps are fixed nonzero complex numbers with @ +
2| p2| < 1.

In this section, we solve and investigate the quadratic (pi, p2)-functional inequality (0.2) in
matrix Banach spaces.

Lemma 3.1. If a mapping f : X — Y satisfies f(0) =0 and
1f(@+y)+ fl@—y) —2f(z) = 2f ()| (3.1)
o (2r (5 0) w2t (P50) - @) - 1)
+llp2 2f (x+y) +2f (x —y) — f(22) — f(2y))]]
forall x,y € X, then f: X =Y is quadratic.

S ‘

Proof. Letting y = x in (3.1), we get || f(2z) — 4f(z)|| < 0 and so f(2z) = 4f(x) for all z € X.
Thus

1(3) =@ (32)

for all x € X.
It follows from (3.1) and (3.2) that

£+ + @ -n) 2@ -2 < | (2 (55Y) +2 (5) - 1) - 1) |
+ 2 2f (w+y) +2f (z —y) = F(22) — f(2y))]]
= |5 s+ @)~ 200 - 2600)|
+ 1202 (f(z +y) + fz —y) = 2f(2) = 2/ ()]

— (’/)21’ +2\p2\) If(x+y)+ flx —y) —2f(x) = 2f(v)]|

for all x,y € X. Since @+2|p2] <1, fle+y)+ flz—y)=2f(zr)+2f(y) forall z,y € X. O

Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic (p1, p2)-
functional inequality (0.2) in matrix Banach spaces.

Theorem 3.2. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with

Ty L
)< =
s0<272)_ 1P (@)

forallz,y € X. Let f : X =Y be a mapping satisfying f(0) =0 and
[fnllzij +vis]) + fullzig — yig]) = 2fn([245]) — 200 ([yis]) lIn (3.3)

o (20 (20 g (2290 — o) - 2l

<
o 2

n

+ llp2 2fn ([m55 + yig]) + 2fn (255 — vi5]) — fnlzis]) — fo Ly, + D (@i, vij)
ig=1
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for all x = [xi;],y = [yi;] € Mn(X). Then there exists a unique quadratic mapping @ : X =Y
such that

n

o) = Qulel < 3 grepse (@)

ij=1
for all x = [z;] € My (X).
Proof. Putting n = 1 in (3.3), we get
1f(z+y)+ flz—y) —2f(z) = 2f ()] (3.4)
<[l (27 (55Y) 27 (5Y) - 5@ - 1)
+llp2 2f (x +y) +2f (2 —y) = f22) = f2y)] + ¢(2,y)

for all z,y € X.
Letting y = z in (3.4), we get
1f(2z) —4f(2)]| < ¢(, z) (3.5)

for all z € X.
Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2.
Now we consider the linear mapping J : S — S such that

Jg(x) =4y (‘;)

for all z € X.
The rest of the proof is similar to the proof of Theorem 2.2. O

Corollary 3.3. Let r > 2 and 0 be nonnegative real numbers, and let f : X — Y be a mapping
satisfying f(0) =0 and

1 fu([zij + vis]) + fallzig — i) — 2fa[245]) — 2Fn[yis)In (3.6)
<o (20 (2 2, (2290 — ) - i) )|

+llp2 (2fn ([ + i) + 2n (25 — yig) — FaRlea)) = Ly, + D 0lzil” + llyisll)
ij=1
for all x = [zi;],y = [yi;] € Mn(X). Then there exists a unique quadratic mapping Q : X =Y
such that
20 ,
I fn([2i5]) — Qu([zi])lln < D o g l%iiln

’
,j=1 2

for all x = [x;5] € M, (X).

Proof. The proof follows from Theorem 3.2 by taking ¢(z,y) = 0(||z]|” + ||y||") for all z,y € X.
Choosing L = 227", we obtain the desired result. ([

Theorem 3.4. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with

Ty
<4Lop (=2
o (x,y) < 90<2,2)
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forall z,y € X. Let f: X — Y be a mapping satisfying f(0) = 0 and (3.3). Then there exists a
unique quadratic mapping @@ : X — 'Y such that

n

1
n([Tif]) — @nl[Zi5])||In < ——— 0 (Tij, Tij
16D = @ullsslle < 37 gy (o)
for all x = [x;5] € My (X).

Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2.
Now we consider the linear mapping J : S — S such that

To(a) = 10 (20)

for all z € X.
It follows from (3.5) that

1 1
|#@) - 37(20)]| < Jole2)
for all x € X.
The rest of the proof is similar to the proof of Theorem 2.2. O

Corollary 3.5. Let r < 2 and 0 be positive real numbers, and let f : X — Y be a mapping
satisfying f(0) = 0 and (3.6). Then there exists a unique quadratic mapping Q : X — 'Y such that

° 0
)~ @ullzadlln < 32 ol
ij=1

for all x = [x;5] € My (X).

Proof. The proof follows from Theorem 3.4 by taking ¢(z,y) = 0(||z||" + ||y||") for all z,y € X.
Choosing L = 272, we obtain the desired result. ([l

Remark 3.6. If p is a real number such that @ +2|p2| < 1 and Y is a real Banach space, then
all the assertions in this section remain valid.
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