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SOME COMPANIONS OF QUASI GRUSS TYPE INEQUALITIES FOR COMPLEX
FUNCTIONS DEFINED ON UNIT CIRCLE

JIAN ZHU AND QIAOLING XUE

ABSTRACT. Several companions of quasi Griiss type inequalities for the Riemann-Stieltjes integral of
continuous complex valued integrands defined on the complex unit circle C(0,1) are given. Our results
in special cases recapture some known results, and moreover, give a smaller estimator than that of these
known results.

1. INTRODUCTION

b
Riemann-Stieltjes integral / f(t)du(t), where f is called the integrand and w the integrator, is an

b
important concept in Mathematics. One can approximate the Riemann-Stieltjes integral / f)du(t)
a
with the following simpler quantity (see [13, 14]):

—ula b
(1.1) %/ Ft)dt.

In order to provide a priory sharp bounds for the approximation error, Dragonir and Fedotov established
the following functional in [13]:

b —ula) [
(12 D= [ st - D=1 [ sy

and proved the following inequality of Griiss type for Riemann-Stieltjes integral
b

D(fsw)] < S KB~ a)\/(w)

a

where u is of bounded variation on [a,b] and f is Lipschitzian with the constant K > 0, the constant

% is sharp in the sense that it cannot be replaced by a smaller quantity. In [1], the author studied a

companion functional of (1.2). Introducing the functional

Eaie: a - u(“42) —u(a) f°
(1.3) Gs(fiu = [ DL dau(a) - L2 )/ f(b)d,
F @)+ flatboa) b

provided that the Stieltjes integral du(x) and the Riemann integral / ft)de

2
exist, the author proved several bou(rllds for GS(f;u). More specifically, the integrand f is ass{lnned to
be of r — H-Holder’s type and the integrator u is of bounded variation, Lipschitzian and monotonic,
respectively.

For continuous functions f : C(0,1) — C, where C(0, 1) is the unit circle from C centered in O and
u : [a,b] C [0,27r] — C a function of bounded variation on [a,b]. In [15], Dragomir developed some
quasi Griiss type inequalities for the Riemann-Stieltjes integral of continuous complex valued integrands
defined on the complex unit circle C(0, 1).

2010 Mathematics Subject Classification. 26D15.
Key words and phrases. Griiss type inequalities, Riemann-Stieltjes integral, unit circle.
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JIAN ZHU AND QIAOLING XUE

Theorem 1.1. Assume that f: C(0,1) — C satisfies the following Hélder’s type condition
(1.4) [f (@) = f(O)| < Ha—b["

for any a,b € C(0,1), where H > 0 and r € (0,1] are giwen. If [a,b] C [0,2x] and the function
u: [a,b] = C is a function of bounded variation on [a,b], then

b u —ula b ;
lﬂ%m@%ﬂplfww

b — a tela,b]
for any t € [a,b], where

J— b —
B, (a,b;t) :z/ sin” (H>‘ds+/ sin” (St)‘ds.
a 2 t 2

For other inequalities for the Riemann-Stieltjes integral see [2]-[12], [16]-[26] and the references therein.

Motivated by the above facts, we consider in the present paper the problem of approximating the com-
+b

e + e )
2

T

(1.5) <

b
max B, (a,b;t) \/(u)

t

du(t). We denote the following functional

panions of Riemann-Stieltjes integral /
a
of companions of quasi Griiss type:

F (it pila+b—t) w (aY —u(a) b ,
(1.6) D.(f;u,a,b) ::/ il )+f2( )du(t)——( sza ( )/ fle™dt.

In this paper we establish some bounds for the magnitude of D.(f;u,a,b) when the integrand f :
C(0,1) — C satisfies some Holder’s type conditions on the circle C(0,1) while the integrator u is of
bounded variation, Lipschitzian and monotonic, respectively.

a

2. THE CASE OF BOUNDED VARIATION INTEGRATORS
Theorem 2.1. Let f : C(0,1) — C satisfy an H-r-Hélder’s type condition on the circle C(0,1), where
H >0 andr € (0,1] are given. If u : [a,b] C [0,27] — C is a function of bounded variation on [a,b], then
atb
r 2

(2.1) Delfsu,0,0)| <o max By(a,bit) \/ (w)

b—a te[a,—";b]

a

a+b
H o\
S’r‘—‘rl(bia) Y(u)7
where
¢ rft—s b rfSs—1
(2.2) B.(a,b;t) := [ sin 5 ds+ [ sin 5 ds
a t
<i(t_a)r+1 +(b—t)r+1
—2r r+1

for any t € a, “TH’]
In particular, if f is Lipschitzian with the constant L > 0, and [a,b] C [0,27] with b — a # 27, then
we have the simpler inequality

a+b a+b
(2.3) |D(f;u,a,b)| < 8L n2 (2= \7(u)<1L(b—a)\7(u)
' A= b —a 4 v -2 v '
If a =0 and b= 2m and f is Lipschitzian with the constant L > 0, then
AL\"
(2.4) [De(f3,0,2m) < — \/ ().
0
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Proof. We have

f(eit) + f(ei(a+b—t)

GRUSS TYPE INEQUALITIES

(2.5) :

a+b
2

1

a+b

b
o= f(e“)ds] du(t)

f(ei(a-‘rb—t))

r

b—a

( /b [ﬂe”) +

5 - f(eis)] ds) du(t).

It is known that if p : [¢,d] — C is a continuous function and v : [¢,d] — C is of bounded variation, then

d
the Riemann-Stieltjes integral / p(t)dv(t) exists and the following inequality holds

d d
(26) [ 0] < s 01V )
Utilising this property and (2.5), we have
afb b it i(a+b—t) ,
(2.7 Do) = | [ ( / [f(e ) It )—f(e“)} ds> du(t)
| OLHE) + ey
gbater[%]/a | ! - (e as Vi

Utilising the properties of the Riemann integral and the fact that f is of H-r-Holder’s type on the circle

C(0,1) we have

(2.8) / ’ [f (') + f2<ei<a+b—t>>

f(e) = f(e)

<

- f(eis)} ds
f(ei(a+b—t) _ f(eis)

ds

<[

b
3 15— e+

b b
A (/ |eis_6it|rds+/a

}eis - eitlr —9r

B +

IN

From [15], we have
(2.9)

for any s,t € R. Therefore

b ' ) b

/ |62t_ezs|rds+/

b T b
:y</ W [

sin [ ——
t
=2" /sinr<
a+b—t
—l—/ sin” (
a

ei(a+b7t) _

t—s

2

a+b—t—s
2

583

1/b

sin(

b
) ds —|—/ sin” (
¢
b
) ds +/
a+b—t

2

f(ei(a+b—t) o f(eis) ds

9]

is ei(aerft)‘ d8> )

(5

eis

T

s—t

Tds

s+t—a—>
2

) ds
sin” (

)

ds)

s+t—a—>
2

s—t

2

)
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Utilising the variable substitution u = a + b — s, we have

a+b—t o b _
/ sin” <a+bts> ds = / sin” (5 t> ds
a 2 t 2
b s+t—a—> ¢ t—s
/ sin” <> ds = / sin” ( > ds.
a+b—t 2 a 2
So
b b - t _ b _
2.10 et — | ds + ds =271 sin” t—s ds + sin” st ds
(2.10) } 5 5
a a a t

for any t € [a, “F2]. Making use of (2.8) and (2.10), we have

[ pCeE e )

and

ei(a+b—t) _ eis

<2"H max B.(a,b;t)

te[a,“;b

max
tela, a;rb

- f(e“)} ds

and the first inequality in (2.1) is proved.
Utilising the elementary inequality [sin(z)| < |z|, z € R, we have

Ert—s\" brs—t\" L (t—a) T+ (b—t)r+t
2.11 B, (a,b;t) < -
(211) s [ (550 e [ (55) as= -

for any t € [a, ‘%b], and the inequality (2.2) is proved.

If we consider the auxiliary function ¢ : [a, %] — R,

ot)=({t—a)" T+ (b-t)"" re(0,1],

then
P't)=(r+D[t—a) —(b-1)]

and
PI(t) = (r+Drlt —a)" "+ (b)),
We have ¢'(t) = 0 iff t = %E and ¢/(t) < 0 for ¢ € (a, “E2). We also have ¢ (t) > 0 for any ¢ € (a, “£2),

which shows that ¢ is strictly decreasing on (a, “T“’) In addition, we have

_ a+b (b—a)rtt
min t) = =
te[a7a;b] 90( ) ' ( 2 ) ar

and

max. g(t) = p(a) = (b a)" .
te[a,“TH’]

Taking the maximum over ¢ € [a, “E%] in (2.11) we deduce the second inequality in (2.1).
For r =1 we have

b (t—s b (s—t o t—a, o b—t
B(a,b;t) .7/11 sin <2> ds+/t sin <2> ds4{sm (T)+81n (4)]

for any t € [a, %2].
Now, if we take the derivative in the first equality, we have

, e (tma (b=t t—%“’ b—a
B'(a,b;t) = sin <2 ) sin (2 )—28111 (2 cos { —— ]

for [a,b] C [0,27] and b — a # 2.
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We observe that B'(a,b;t) = 0 iff t = 22, B'(a,b;t) < 0 for t € (a, %F2). The second derivation of

2
B(a,b;t) is given by
t — atb b—
B"(a,b;t) = cos ( 5 2 > cos( 1 a>

and we observe that B”(a,b;t) > 0 for t € (a, %£2).
Therefore the function B(a,b;t) is strictly decreasing on (a, ‘%rb) It is also a strictly convex function

on (a, “+%). We have
b b—
min  B(a,b;t) = <a b; ot > = 8sin? < a>
t€la, a+b] 2 8

max B(a,b;t) = B(a,b;a) = 4sin’ (b;a) .

t€fa, 252

This proves the bound (2.3).
If a =0 and b = 27, then

B(0,2m;t) :=4 {sm (t) + sin? (27T _ ﬁ)} =4
4 4
and by (2.1) we get (2.4).

The proof is complete. O

and

3. THE CASE OF LIPSCHITZIAN INTEGRATORS
The following result also holds.

Theorem 3.1. Let f: C(0,1) — C satisfy an H-r-Holder’s type condition on the circle C(0,1), where
H >0 andr € (0,1] are given. If u : [a,b] C [0,27] — C is a function of Lipschitz type with the constant
K >0 on [a,b], then

UHK HK(b—a)"
(3.1) [Delfiw,a,b)| < 5= Crla,b) < Ty

where

52 (ab) / /Sm( S /"“ [ (25
—a)t?

2T(T + 1)(1" +2)
In particular, if f is Lipschitzian with the constant L > 0, then we have the simpler inequality
SLK b— b—
(3.3) IDo(f;u,a,b)| < Ty —
2 2
B LK(b —a)?
- 6
Proof. Tt is known that if p : [¢,d] — C is a Riemann integrable function and v : [¢,d] — C is Lipschitzian

d
with the constant M > 0, then the Riemann-Stieltjes integral / p(t)dv(t) exists and the following
C

d
/mmw>

inequality holds

d
(3.4) <21 [ ip(oldee).

585 JIAN ZHU ET AL 581-588



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

JIAN ZHU AND QIAOLING XUE

Utilising the equality (2.5) and this property, we have

b f(eit)+f(€i(a+b7t))
[

a+b

&

K [
b—a /a
From (2.8) and (2.10) we have

[ pCek e )

(3.5) | De(f;u, a, b)) Zbia

—f (e“)]d8> du(t)

< dt.

/a*’ [f(e”) + f2<ei<a+b*t>> _ f(eisﬂ s

(3.6)

- f(e“)} ds

t _ b _
<2"H [/ sin” (ts) ds —I—/ sin” (St> ds] ,
a 2 t 2

and by (3.5) we deduce the first part of (3.1).
By (2.11) we have

=N trt—s\" brs—t\"
Cy(a,b) §/ l/ < > ds+/ ( > ds| dt
a a 2 t 2
7i ”T*b (t _ a)r+1 + (b _ t)r+1 . (b _ a)r+2
2 /. r+1 2 (r+ 1) (r+2)

a+b

which proves the inequality (3.2).
2
Cr(a,b) == /

For r = 1 we have
t t— b —t
[/a sin (25> ds—|—/t sin <52> ds| dt
a+b
:/ {4—2cos(ta>—2cos(bt)] dt:4[ba—sin<ba)],
@ a a 2 2

which by (3.1) produces the desired inequality (3.3). O

Remark 1. For the case a =0 and b = 27 the inequality (3.3) is deduced to the simple inequality
(3.7 |De(f;u,0,2m)| < 4LE.

4. THE CASE OF MONOTONIC INTEGRATORS

Theorem 4.1. Let f : C(0,1) — C satisfy an H-r-Hélder’s type condition on the circle C(0,1), where
H >0 and r € (0,1] are given. If u : [a,b] C [0,27] — C is a monotonically nondecreasing function on
[a,b], then

(4.1) |Deo(f;u,a,b) g;r_h;Dr(a, b) < m KR [(t—a) '+ (b—t)""] du(t)
, a+b
_r—i—l(b_a) [u 5 )—u(a)},
where
(4.2) Dy (a,b) := / E B, (a, b; t)du(?)

and By(a,b;t) is given by (2.2).
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In particular, if f is Lipschitzian with the constant L > 0, then we have the simpler inequality
a+b

(4.3) ID(f; u, a,b)| g% aT [sin2 <t4“) + sin? <b4t)] du(t)
<2L(b—a) {u (a ;r b) - u(a)] .

Proof. It is well known that if p : [¢,d] — C is a continuous function and v : [¢,d] — R is monotonically

d
nondecreasing on [c, d], then the Riemann-Stieltjes integral / p(t)dv(t) exists and the following inequality

holds
d d
/ p(t)do(t)| < / Ip(t)] dot).

Utilising this property and the identities (2.5) and (2.10) we have

/ ( /ab [ﬂeit) + f2<e"<"+b‘”> - f(eis)} ds) dut?)

<! / [ [t et
“b—a/, a 2
a+b

2'H [Tz 2"H
< B, (a,b;t)du(t) = ——D,(a,b

—o | Belabitdu(t) = = De(a.b)
_H S (t—a)™ 4 (b—t) !
“b—a/, r+1

(4.4)

1
b—a

(4.5) |De(f;u,a,b)| =

du(t)

- f(e“)} ds

du(t)

and the first part of the inequality (4.1) is proved.
Since max [(t —a)" 4+ (b—t)"" = (b—a)"t, the last part of (4.1) is also proved.
a+b a+b
2

t€la, 442
D1 (a,b) ;:/ : Bl(a,b;t)du(t):4/ {SinZ <t2a> + sin? (bitﬂdu(t),

For r = 1 we have
and the inequality (4.3) is obtained. O

Remark 2. For the case a =0, b = 27 the inequality (4.3) can be stated as

(4.6) [Delf1,0,27)| < 22 fu(r) — u(0)].

Indeed, by (4.3) we have

|D.(f;u,0,2m)]| <§7IT//O7F [Sin2 Ci) + sin? <27T4_ t)] du(t)

4L ™ 4L
==/, du(t) = —[u(r) — u(0)]
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A FIXED POINT APPROACH TO THE STABILITY OF QUADRATIC
(p1, p2)-FUNCTIONAL INEQUALITIES

SUNGSIK YUN

ABSTRACT. In this paper, we introduce and solve the following quadratic (p1, p2)-functional
inequalities

1f(z+y)+ flz—y)—2f(x) = 2f (W)l (0.1)

(2f(“y) +2f (F5Y) - f@) - 1)) |

po (17 (F5Y) + £ @ =) 24 @) 24 )|

where p1 and ps are fixed nonzero complex numbers with @ + |p2| < 1, and
1f(z+y) + flz—y) —2f(x) = 2f W)l (0.2)

pr (2 (F52) + 21 (52 - £@) - £ |

+lp2 2f (@ +y) +2f ( —y) — f(2x) — F2y)l,

where p; and ps are fixed nonzero complex numbers with @ +2|p2] < 1.
Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic (p1, p2)-
functional inequalities (0.1) and (0.2) in complex Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originated from a question of Ulam [29] con-
cerning the stability of group homomorphisms.

The functional equation f(z +y) = f(x) + f(y) is called the Cauchy equation. In particular,
every solution of the Cauchy equation is said to be an additive mapping. Hyers [12] gave a
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem
was generalized by Aoki [2] for additive mappings and by Rassias [21] for linear mappings by
considering an unbounded Cauchy difference. A generalization of the Rassias theorem was
obtained by Gavruta [11] by replacing the unbounded Cauchy difference by a general control
function in the spirit of Rassias’ approach. The stability of quadratic functional equation was
proved by Skof [28] for mappings f : E1 — Ea, where Ej is a normed space and Fj is a Banach
space. Cholewa [8] noticed that the theorem of Skof is still true if the relevant domain E; is
replaced by an Abelian group.

Park [16, 17] defined additive p-functional inequalities and proved the Hyers-Ulam stability
of the additive p-functional inequalities in Banach spaces and non-Archimedean Banach spaces.
The stability problems of various functional equations have been extensively investigated by a
number of authors (see [1, 3, 7, 10, 15, 18, 19, 22, 23, 24, 25, 26, 27, 30]).

We recall a fundamental result in fixed point theory.

Theorem 1.1. [4, 9] Let (X, d) be a complete generalized metric space and let J : X — X be a
strictly contractive mapping with Lipschitz constant o < 1. Then for each given element x € X,
either

d(Jz, J" ) = 0o

2010 Mathematics Subject Classification. Primary 39B62, 47H10, 39B52.
Key words and phrases. Hyers-Ulam stability; quadratic (p1, p2)-functional inequality; fixed point; Banach
space.
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for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"z, J" ) < oo, Vn > ng;
(2) the sequence {J"x} converges to a fized point y* of J;

(3) y* is the unique fized point of J in the set Y = {y € X | d(J™x,y) < co};
)

(4) d(y,y*) < T25d(y, Jy) for ally €Y.

In 1996, Isac and Rassias [13] were the first to provide applications of stability theory of
functional equations for the proof of new fixed point theorems with applications. By using fixed
point methods, the stability problems of several functional equations have been extensively
investigated by a number of authors (see [5, 6, 20]).

In Section 2, we solve the quadratic (p1, p2)-functional inequality (0.1) and prove the Hyers-
Ulam stability of the quadratic (pi1, p2)-functional inequality (0.1) in Banach spaces by using
the fixed point method.

In Section 3, we solve the quadratic (p1, p2)-functional inequality (0.2) and prove the Hyers-
Ulam stability of the quadratic (pi, p2)-functional inequality (0.2) in Banach spaces by using
the fixed point method.

Throughout this paper, let X be a real or complex normed space with norm || - || and Y a
complex Banach space with norm || - ||.

2. QUADRATIC (p1, p2)-FUNCTIONAL INEQUALITY (0.1)

Throughout this section, assume that p; and ps are fixed nonzero complex numbers with

B 4 [paf < 1.
In this section, we solve and investigate the quadratic (p1, p2)-functional inequality (0.1) in
complex Banach spaces.

Lemma 2.1. If a mapping f : X — Y satisfies f(0) =0 and
1f(z+y) + flz - )—Qf()—Qf( )l (2.1)

<o (2 (55Y) +2r (2 2y)—f(x>—f(y>)H
\ (47 (5Y) + e =)~ 27(0) - 210 )

forall z,y € X, then f: X — Y is quadratic.

Proof. Assume that f: X — Y satisfies (2.1).
Letting y = x in (2.1), we get || f(22) —4f(x)|| <0 and so f(2x) = 4f(x) for all x € X. Thus

1(3) =@ 22)

for all z € X.
It follows from (2.1) and (2.2) that

1f@ty) + Fla—y) - 2(x) — 2 ()|
(4f (“ “’) +f(r—y) —2f(x) - 2f<y))H
PL(Fa+y) + fla—y) — 2 () — 2F () H
Fllor (Fa+9) + Fla—y) — 2 (2) — 2f@))]
= (184 ) 15w+ + o - ) - 250 - 26

’ <[ (2 (552) +2r (552) - 1@ - 1)
-5
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for all x,y € X. Since @jt lp2| < 1, fz4+y)+ f(x—y) =2f(x)+2f(y) for all x,y € X. Thus
f is quadratic. O

Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic (p1, p2)-
functional inequality (2.1) in complex Banach spaces.

Theorem 2.2. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with

L
forallz,y € X. Let f: X =Y be a mapping satisfying f(0) =0 and
1f(z+y)+ flz—y) —2f(z) = 2f ()] (2.4)

S ‘

p1 <2f <m;y> +2f (x;y) — flz) - f(y)>H

oo (17 (F5Y) + F @) - 26@) - 2 W) | + ol

for all x,y € X. Then there exists a unique quadratic mapping Q@ : X — Y such that

L
1£@) - Q)| < =gy @)

"

forallx € X.
Proof. Letting y = x in (2.4), we get

1f(22) —4f(2)]| < ¢(, 2) (2.5)
for all z € X.
Consider the set S :={h: X — Y, h(0) =0} and introduce the generalized metric on S:

d(g,h) = inf {p € Ry : [lg(x) = h(z)|| < pep (z,2), Vo € X},

where, as usual, inf ¢ = +o00. It is easy to show that (S, d) is complete (see [14]).
Now we consider the linear mapping J : S — S such that

Tola) =19 (5 )

for all x € X.
Let g,h € S be given such that d(g,h) = . Then ||g(z) — h(x)| < ep(x,x) for all z € X.
Hence

7g(a) = @) = a9 () — a0 ()] < 400 (5.3) <42 w0) = Lop o.0)

for all z € X. So d(g, h) = € implies that d(Jg, Jh) < Le. This means that d(Jg, Jh) < Ld(g, h)

for all g, h € S.
It follows from (2.5) that

@ -1 (5)| 2 (5:3) < Foo)

for all z € X. So d(f,Jf) < £.
By Theorem 1.1, there exists a mapping @) : X — Y satisfying the following;:
(1) Q is a fixed point of J, i.e.,

x
Q@ -1 (3) (26)
for all x € X. The mapping @ is a unique fixed point of J in the set
M ={g€S:d(f.g) < oo}
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This implies that @ is a unique mapping satisfying (2.6) such that there exists a p € (0,00)
satisfying || f(z) — Q(z)|| < py (z,z) for all x € X;
(2) d(J'f, Q) % 0 as [ — oo. This implies the equality lim;_,o 4™ f (3%) = Q(z) for all z € X;
(3) d(f,Q) < tL7d(f, Jf), which implies

L
1£@) - Q)| < =gy . 2)

for all z € X.
It follows from (2.3) and (2.4) that

1Q(z +y) + Qz —y) — 2Q(x) — 2Q(y)||
~ lim 4" f(x;y)w(x y)—2f<2"’;

o (522) 10 ()
(et) + (ZZ‘”)—?
) (

1) +Q - 1) - 200) - 200) )|

+ lim 4" | pa] ||4

[ (2o
(10 (5

for all z,y € X. So

+1\:>

Q@ +9) + QU — y) — 2Q(x) — 20()]
<[ (20(55Y) 20 (*5Y) - @) - QW)
\ (10 (“52) + Qe - ) - 200) - 200) )|

for all x,y € X. By Lemma 2.1, the mapping @ : X — Y is quadratic. U

Corollary 2.3. Let r > 2 and 8 be nonnegative real numbers, and let f : X — Y be a mapping
satisfying f(0) =0 and

If(x+y) + flz—y) = 2f(z) = 2f(Y)] (2.7)

(2f (x - y) +of (f” - y) — f() - f(y)) H
o (47 (52) + 1o =) = 20@) ~ 27@) ) | + 600l + )

for all x,y € X. Then there exists a unique quadratic mapping @ : X — Y such that

0
I17(@) ~ Q)| < 5o llall”

forallx € X.

Proof. The proof follows from Theorem 2.2 by taking ¢(z,y) = 0(||z||" + ||y||") for all z,y € X.
Choosing L = 227", we obtain the desired result. (|

Theorem 2.4. Let ¢ : X? — [0,00) be a function such that there exists an L < 1 with

e (z,y) < 4L<p(2 g)
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forall x,y € X. Let f : X =Y be a mapping satisfying f(0) =0 and (2.4). Then there exists
a unique quadratic mapping Q@ : X — Y such that

1) = QW € =g (@.2)
forallxz € X.

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.2.
Now we consider the linear mapping J : S — S such that

To(a) = 1o (20)

for all x € X.
It follows from (2.5) that
1 1
f(x) = 2 fQ2z)| < Zo(z,2)
4 4
for all x € X.
The rest of the proof is similar to the proof of Theorem 2.2. O

Corollary 2.5. Let r < 2 and 0 be positive real numbers, and let f : X — Y be a mapping
satisfying f(0) = 0 and (2.7). Then there exists a unique quadratic mapping Q : X — Y such
that

20
4 -2

1f (@) — Q)| < [l ]l"
forallx € X.

Proof. The proof follows from Theorem 2.4 by taking ¢(z,y) = 0(||z||" + ||y||") for all z,y € X.
Choosing L = 22, we obtain the desired result. O

Remark 2.6. If p is a real number such that |p—21| + |p2] <1 and Y is a real Banach space, then
all the assertions in this section remain valid.

3. QUADRATIC (p1, p2)-FUNCTIONAL INEQUALITY (0.2)

Throughout this section, assume that p; and ps are fixed nonzero complex numbers with
ol 4 9)py| < 1.

In this section, we solve and investigate the quadratic (pi, p2)-functional inequality (0.2) in
complex Banach spaces.

Lemma 3.1. If a mapping f : X — Y satisfies f(0) =0 and
[f(z+y)+ flz—y) —2f(z) = 2f ()|l (3.1)
p1 (2f (x;ry) +2f <x;y> — f(z) - f(y)>H
+llp2 2f (x4 y) +2f (x —y) — f(22) — f(2y))]
for all x,y € X, then f: X =Y 1is quadratic.

Proof. Assume that f: X — Y satisfies (3.1).
Letting y = x in (3.1), we get || f(22) —4f(x)|| <0 and so f(2x) = 4f(x) for all x € X. Thus

S ‘

T

1(3) =@ (32)
for all z € X.
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It follows from (3.1) and (3.2) that

I+ )+ 100 =) = 25(0) - 2510
< v (21 (552) w27 (52) - @) - 1)
+Hp2(2f(w+y)+2f($— )—f(2w)—f(2y))H
= |2 )+ £ - ) - 20(@) ~ 21 0))|
Fl2os (o +9) + fl ) —2f(2) ~ 2/ )]

= (5 20l U7t ) + @ =) = 261) — 25 )]

for all 2,y € X. Since 20 4 2(py| < 1, f(z +y) + f(x — y) = 2f(x) + 2f(y) for all 2,y € X.

Thus f is quadratic.

g

Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic (p1, p2)-

functional inequality (3.1) in complex Banach spaces.

Theorem 3.2. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with

Ty L
)< =
90(2,2)_ 1P (@)

forallz,y € X. Let f: X — Y be a mapping satisfying f(0) =0 and
1f (@ +y) + flz - )—2f( ) =2f()ll

<or (27 (552) +27 (52) - @) - 1)
+llp2 2F (z 4+ y) +2f (x —y) — f22) — f2y)] + ¢(z,)
for all x,y € X. Then there exists a unique quadratic mapping Q@ : X — Y such that

1f(2) —

Q)] < mﬁﬂ(%@

forallx € X.
Proof. Letting y = x in (3.3), we get
1f(22) — 4f ()| < ¢(z,x)

for all z € X.
Let (S, d) be the generalized metric space defined in the proof of Theorem 2.2.
Now we consider the linear mapping J : S — S such that

x
Jg(z) =4y (2>
for all z € X.

The rest of the proof is similar to the proof of Theorem 2.2.

g

Corollary 3.3. Let r > 2 and 0 be nonnegative real numbers, and let f : X — Y be a mapping

satisfying f(0) =0 and
1f(@+y)+ fl@—y) = 2f(x) = 2f(y)]

<[ (r (57) +21 (557) -1 -0

+llp2 (2f (@ +y) +2f (z —y) — F(22) — FCy)I| + 0= + llyll")

(3.5)
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for all x,y € X. Then there exists a unique quadratic mapping Q@ : X — Y such that
20

1£(z) = Q) < G— ll«lI"
forallx € X.
Proof. The proof follows from Theorem 3.2 by taking ¢(z,y) = 0(||z||" + |ly||") for all z,y € X.
Choosing L = 227", we obtain the desired result. O

Theorem 3.4. Let ¢ : X2 — [0,00) be a function such that there exists an L < 1 with
zy
< 4L
v (z,y) a (2 2)

forall xz,y € X. Let f : X =Y be a mapping satisfying f(0) =0 and (3.3). Then there exists
a unique quadratic mapping @ : X — 'Y such that
1
_ < -
@) = Q) < gy ()
forallx € X.

Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2.
Now we consider the linear mapping J : S — S such that

1
Jg(x) = 19 (22)

for all x € X.

It follows from (3.4) that

1
|#@) - 3720 < Jet@0)

for all x € X.

The rest of the proof is similar to the proof of Theorem 2.2. O

Corollary 3.5. Let r < 2 and 0 be positive real numbers, and let f : X — Y be a mapping
satisfying f(0) = 0 and (3.5). Then there ezists a unique quadratic mapping Q : X — Y such
that

20

4 —2r

1f(z) = Q)] <

[l ]l"
forallx € X.

Proof. The proof follows from Theorem 3.4 by taking ¢(z,y) = 0(||z||” + ||y||") for all z,y € X.
Choosing L = 2772, we obtain the desired result. U

Remark 3.6. If p is a real number such that @ +2|p2] < 1and Y is a real Banach space, then
all the assertions in this section remain valid.
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A COMPARISON BETWEEN CAPUTO AND CANAVATI
FRACTIONAL DERIVATIVES

AMMAR KHANFER

ABsTrACT. We investigate some properties of Caputo and Canavati fractional
derivatives, and study some connections and comparisons between them. It
turns out that the Canavati-type definition works more efficiently than the
Caputo-type, and overcomes all the pitfalls of Caputo-type.

1. INTRODUCTION

The purpose of this paper is to make a comparison study between two of the
important fractional derivatives, namely the Caputo derivative and the Canavati
derivative. The Caputo-type has been proposed by Caputo and has been used in a
wide spectrum of research for a long time and became popular among researchers
due to some of its nice properties. The Canavati type has been proposed by Cana-
vati [6], and has appeared in the work of Anastassiou [1,2,3] and in the work of M.
Andric et al [4,5], and others.

2. BACKGROUND

Definition 1. Riemann - Liouville derivative: For n—1 < a < n, the ot” derivative
of f is defined as

VRN B SR ()
D) = Ty | G

a
where I' is the gamma function.

For simplicity, throughout this paper we will consider a = 0. The major draw-
backs of the R-L derivative are summarized into the following: 1. D*(1) = ﬁ #*

0,1i.e. D21 # 0 and D?/%1 ;é 0. 2. Taking the Laplace transform of the derivative
gives L{D*f} = S*F(s) — Z s"~k[D~+E=1 £()](0). So the initial conditions ac-

company the fractional dlfferentlal equations of R-L type are usually expressed in
terms of fractional derivatives, which have no obvious physical interpretation.

Definition 2. Caputo derivative: For n — 1 < a < n, the ot derivative of f is
defined as

(n
C Ha _ f
Df() n—a /x_ta n+1dt

0

Key words and phrases. fractional derivative, Canavati-type definition, Caputo-type definition,
fractional differential equations.
1
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One of the advantages of this derivative, is that taking the Laplace transform
gives: L{EDf} = S®F(s) — 3. sk f(k=1)(0), i.e., the initial conditions are ex-
k=1

pressed in terms of derivatives of integer order, which is fortunate to the physicists
and engineers in their applications. However, the following are the major issues
with the Caputo derivative:

(1) The Caputo definition finds the a!” derivative in terms of the n** derivative
for « < n, i.e. we need to obtain the higher order derivatives in order to
obtain the lower derivatives, which is the backward direction opposite to the
natural process of differentiation. This also presumes the n- differentiability
of f,s0if n —1 < a < n then f needs to be n** differentiable in order to
be at? differentiable.

(2) It’s not always correct that D f(z) = f(z), unless f(0) = 0. For example,
CDO(x? +1) = 22. This is due to the fact that the Caputo derivative obeys
the formula lim 1CD(’f = fr=D ()= f=D(0) forany n—1 < a <n € N.

a—n—
Nevertheless, subtracting from the function the value of the function at the

lower terminal means that the function can be recovered with a difference
by a constant, term.

(3) “D*1 = 0 for all @ > 0. Although this may be fortunate when a > 1, it’s
not the case for a < 1.

Definition 3. Canavati derivative. Let n > 1 be an integer number, and n — 1 <
a < n. Then the o'® derivative of f(z) is given by

o opn-1)
(2.1) DO f(z) = —— d/(f ()

T(n—a)de | (z—t)e—nr+i
0

where f(»~1) is the (n — 1) derivative of f. In the next section we will see that
this definition overcomes all the aforementioned issues.
3. PROPERTIES

We state some results that discuss properties and relations between the three
types of derivatives.

Proposition 4. Assume that [ has sufficient reqularity on [a,b]. Then

(1) *D*1 =0 for all a > 1.
(2) *D(f'(2)) = £ (“D*f(x)).

Proof. Immediate consequence from the definitions of derivatives. O
If both D*f and ¢ D f exist, then is well known in the literature that

n—1

k—a
(3.1) CDf(t) = DF0) = Y
k=0

"

forn —1<a < nandt>0. The proof can be found in [8] and [10]. Formula (4.1)
shows that the R-L derivative and Caputo derivative are identical if the derivatives
of the function up to (n— 1) derivative are vanished at zero or whatever the lower
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terminal of the definition is. The next result gives a simple sufficient condition for
the existence of Canavati derivative and it’s connection with the Caputo derivative.

Theorem 5. Letn—1< a <n and f € A*[0,b] with f™=Y(0) exists. Then *D*f
and CDf ezist a.e., and

1 f=1(0)
F(n _ a) x(x—n-‘rl :

(3.2) *D° f(z) =C D f(x) +

(n— 1)
Proof. Let D f(z) = F(nl o ds fo (If = n+1dt Since f(™~1) is absolutely contin-

uous on [0,b], then

*Daf:#i/ (n— 1) /f du l'—t)n a— 1dt

I'(n—a)dx
0
But this is just equal to
*Daf 1 f(nil)(o) + 1 d //f )nfafld dt
_ = — udt.
F'n—a) ze—7tl  T(n-—a«)dx

Interchanging the order of integration using Fubini’s theorem, this gives

1 fee1(0 1 d [
*Dozf: f ( )+F(nQ)le//f(n)(u)(l'—t)”_(y_ldtdu.

(n—a) xo—ntl

0 u

B 1 f(nfl)( ) n) )
N I'(n—a) dx /f dtdu

I'n—a) ze—ntl

We then use Leibniz integral formula in the integral or results from classical
measure theory, and this completes the proof. ([

An immediate corollary which can be proved using (4.1) and (4.2) is the following.

Corollary 6. Letn—1 < a <n. Then

n—2

k
(33) D) = D) = Y = /00
k=0

Example 7. Let f(x) = 22 + 2 + 1. Then f'(x) = 2z + 1. Consider the following
two cases: First, let @ = 1/2, then n = 1. We calculate ©D'/2f using each one

of the definitions, we get C D2 f = e /2) f (IQt:S}/th. Performing integration by

parts, gives —=-(2y/z +823/2). Similarly, DV2f = 1“(11/2)'ddr (tx +tt)“f}2dt DY/2f.
0

1/2

Performing integration by parts gives: i.(?ﬁJr 8a3/24 \}5) Note

f+
(n=1) (g
that the second term is in the form of m . friil) which is indeed the second

term in (3.2). Let o = 3/2. We calculate the o' derivative of f using all three
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.. . apr__ 4VT 1 x~3/2 af_ 4z 1
definitions, we obtain D® f = 1"(1/2)+I‘(1/2)\/5+1"(—1/2)’ KDof = F(1/2)+F(1/2)\/E’

and “Df = F%U\/i)' It’s clear that all three derivatives satisfy (3.1) and (3.2).

Another property that needs to be discussed is the compatibility condition. The
condition reads: D®f(x) — f"(z) as o — n for any a > 0. If n = 0 then the
condition reduces to the identity condition: D°f(x) — f(z) as a | 0. The property
is essential in the theory as it demonstrates that the fractional derivative is the
natural extension of the classical derivative.

Theorem 8. Let f be such that D f(x) exists, and n — 1 < a < n. Then
(1) lim©D?f(x) = f(x), and lim “D*f(x) = f"~D(2) — fF"7D(0).
a—n a—n—
() lm*D° f(x) = [*)(x), and_lim *D*f(z) = [0~(z).
(6% n a—n—

Proof. For (1) see [7] or [8]. To prove (2), we perform integration by parts in the
definition of *D® to obtain

1

(34) "D f(z) = m

| d [ fm
[(n _ a) . f(n—1)<0) B %/ (mf t)(i)n dt.
0

Take o — n, we get

lim * D° f(2) = [/ (@) ~ [0 (0)] = /().

a—n

Also, take & — n — 1 in (3.4) to get

x

"D (@) = F IO+ 5 [ - 0P
0

Perform integration by parts in the integral in the right hand side of the equation,
then differentiate with respect to x gives the result. ]

The theorem shows that the R-L and Canavati definitions works better than the
Caputo type in terms of backward compatibility.

Definition 9. Let f be a function, and D be a derivative operator. If D" f = 0 for
some r € R, then we say that D" is an “ f—annihilator”. If D" f =0 and D"f # 0
for every r < rg, then the number rq is called: “the least order of f— annihilator”,
and D"is called: “ f—annihilator of least order”.

The following theorem discusses the least order of an annihilator.

Theorem 10. Let f € C" andn—1 < a < n. If f*=V £ 0, and ) =0, then
*D*f #£0.

Proof. Suppose on the contrary that *D®f = 0. Then

(3.5) / (f(nl)(t)dt —e

€T — t)(y—n-‘rl
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for some constant ¢ € R. Performing integration by parts, and taking into account
(n—1) (qyn—o
that (™ () = 0, we obtain =" % — ¢ which is impossible unless £~ (0) =

¢ = 0, but this implies from (3.5) that f("~Y = 0, contradicting the fact that
flr=1 £, O
Example 11. Let f(2) = 1. Then D'/?21 =* D'/21 = \/%, but ©D'/?1 = 0. Let
a = 14, for some § > 0. Then *D'~°1 = F(lé) o1 = (5‘5Jr1) =1, Taking the limit as

§ 1 0, we obtain *D'1 = 0. So, the order 1 serves as the least order of f— annihilator
Recall that D1 = 0, and *D3/21 =€ D3/21 = 0, while D3/21 = N 5= for the
R-L type.

Theorem 10 shows that in the *D case, the least order of a function annihilator

cannot be noninteger, so it must be of integer order. This is not the case in the
Caputo type. Another result that supports this idea is the following:

Theorem 12. Let f € C™[a,b], f™ be integrable, and * D f(x) exists on [a,b] for
n—1<a<n. Then *D*f(z)(0) = 0 if and only if f~1(0) = 0.

Proof. Let *D f(x)(0) = 0. Multiply both sides of (3.4) by z® "1 we obtain

n—1) a—n y n)
()zf( V(0) gt i/ () it

'n—a) TD(n—a+l)dz ) (z—t)> ™
0
Letting  — 0 gives f("~1(0) = 0. For the other direction, let f(*=1(0) = 0.
Then substituting in (3.4) and taking = — 0 gives the result. d

The corresponding result for the R-L type is that D*f(z)(0) = 0 if and only
if f®)(0) =0for k =0,1,---,n — 1 (See [11] for the details of the proof). This
explains why the derivative of a nonzero constant function is not zero in the R-L
type.

4. AppLICATIONS TO FDES
The Mittag-Leffler function is defined to be E, g(t) = Z I‘(ak +7- The follow-

mg is well known in the literature (See for example [7] [8] [10], [11], or [12])
{qa /\} Ey1(AtY), from which one can derive the following

(4.1) = P71, s(A\t%).

Proposition 13. Let L{f(z);s} = F(s). Then

n—1
LD f} = 8F(s) = Y _s*FfED(0).
k=1
Proof. Let g(x ff n=D(t) - (z — t)"~*~1dt. Taking the Laplace transform of g
gives: L{g(x )} = E{f(“ 1)( )} L£{z"~ "1}, Applying the n—Laplacian transform
for n'" derivative function, and the fact that £{t"~*~1} = L= e obtain
(42) L{g'(x)} = sL{g(z)} — 9(0) = s*F(s) — s~ f(0) — ---s*7F1 f"=2)(0).
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Performing the calculations, taking into account that ¢g(0) = 0, we obtain the
result. O

It is worth mentioning the following two observations.

(1) To find a solution of a fractional initial value problem of order o between
n — 1 and n using the Laplace transform, we need n — 1 conditions to
perform the Canavati derivative while n conditions is required to perform
Caputo derivative. Let 1 < a < 2, then we obtain £L{¢D*f} = s*F(s) —
s27LF(0)—s272f(0), and L{*D*f} = s*F(s) —s*~1 £(0). This shows that
the Laplace transform for both definitions coincide when f(0) = f/(0) = 0.
Otherwise, we need two conditions for the Caputo and one condition for
Canavati definition. This gives two fundamental solutions for the Caputo
type and only one solution for Canavati type for the case 1 < a < 2. This is
due to the fact that *D®1 # 0 and © D*1 = 0. This shows that we need less
conditions to employ the Canavati definition. In fact, we need no conditions
for the case 0 < a < 1.

(2) f n—1 < a < n then according to Theorem 8 we can study convergence of
the Caputo solution in the case @ — n, not &« — n — 1. In case of Canavati
derivative, we can study convergence for &« — n — 1 so that L{*D*f} —
L{*D""1f}. The advantage of Canavati derivative comes from the fact
that we cannot study convergence of the Caputo solution when o — 0.

For the sake of simplicity, we denote the solution to a fractional differential equation
by ys , the solution with respect to Caputo type by Cyf , and the solution with
respect to Canavati type by *y;.

Example 14. Let D*/3y = 0, y(0) = 1. Applying the Laplace transform for the
Canavati definition, making use of (4.1), we obtain Y (s) = X from which we get
*yr(t) = 1. To apply the Caputo derivative we need another initial condition, say
y'(0) = 1. Then y(t) = 1{:711//2) + 1. In general, let D%y = 0 for 1 < a < 2. Then
*yr(t) = 1 and “y;(t) = t + 1. As shown above, Theorem 8 suggests that letting
a — 1 won’t lead to a convergence of “y;(t) to the solution of the classical equation
y =0.If *D* =0 for 0 < a < 1, then s*Y = 0, which implies that *y(t) = 0.
For the Caputo type we need the condition y(0) = 1, then we have s®Y —s*~1 = 0,
which implies that “y(t) = 1. The Canavati solution in the 0 < a < 1 case doesn’t

require any initial conditions.

Example 15. Let D%y = Ay and y(0) = a for 0 < a < 1. Applying Laplace
transform for the Caputo type we have Y (s) = cf::\ Thus we have “y;(t) =
a.Eq 1(AtY), where E is the Mittag-Leffler function. Taking o — 1 for the Caputo
case, we get Cyf — y where y is the solution to the classical equation 3y’ = Ay.
Theorem 8 won’t allow the convergence a — 0. Now we apply the Laplace transform
for Canavati type to get *ys(t) = 0. This shows that no function can be the a'®
derivative of itself for any a < 1 in Canavati type. Let a — 0, we get the algebraic

equation y = Ay which has the solution y = 0 as well.

Example 16. Consider the fractional equation D%y +y = ze™® for 1 < a < 2
with the zeroth initial conditions. Applying Laplace transform for the Canavati
type and then taking the Laplace inverse gives
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= [ K(z — t)te"'dt, where K(z) = 2 'E, o(—2%), which is in full
agreement with the result with respect to the R-L derivative shown by [13]. Now
consider the nonhomogeneous problem ie the same equation with y(0) = a and
y'(0) = b. We obtain *ys(z) = a.Eq1(—2*) + [, K(z — t)te~'dt, where K(z) =
21 E, o(—2®). To study convergence, let a — 1, then K(z ) — e~ 7, which implies

that yr(z) — I;e_:”—kae_"” which is the solution to the classical differential equation
Yy +y=uze " Let a — 2 then We use both initial conditions to get *ys(x) =
a.Eq1(—2%) + bx.Eqo(—a®) + [§ K(z — t)te~"dt,

and so K (z) — sinz, and yr(z) = acosx + bsinx + [ te~!sin(z — t)dt, which
is the solution to the corresponding classical equation of order 2.
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Abstract

In this paper, some qualitative properties are discussed such as
the boundedness, the periodicity and the global stability of the positive
solutions of the nonlinear difference equation

QA1Ym—1 T Q2Ym—2 + A3Ym—3 + WUYm—14 + A5Ym—5
B1Ym—1 + BoYm—2 + B3Ym—3 + BaYm—a + BsYm—5

Ym4+1 = Aym +

where the coefficients A, «;, 8; € (0,00), i = 1,...,5, while the initial
conditions y_s5,y_4,Y_3,_2,Y_1, Yo are arbitrary positive real numbers.
Some numerical examples will be given to illustrate our results.
Keywords and Phrases: Difference equations, prime period two
solution, boundedness character, locally asymptotically stable, global
attractor, global stability, high orders.
AMS subject classifications:39A10,39A11,39A99,34C99.

1 Introduction

The study of difference equations is a diverse field that affects most
aspects of mathematics including both applied and pure. Every dynami-
cal system a,4+1 = f(ay) determines a difference equation and vice versa.
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Recently, there has been a significant increase in the study of difference equa-
tion. One of the reasons for this is a necessity for some techniques which can
be used in investigating equations arising in mathematical models describ-
ing real life situations in population biology, economic, probability theory,
genetics and psychology [2,3,21,24]. Note that most of these equation often
show increasingly complex behavior such as the existence of a bounded.

In particular, there has been a huge development in studying of the
boundedness character, the global attractivity and the periodicity nature of
nonlinear difference equations. For example, in the articles [1, 6-9], closely
related global convergence results were obtained which can be applied to
nonlinear difference equations in proving that every solution of these equa-
tions converges to a period two solution. For other closely related results,
(see [10-15 |) and the references are cited therein. The study of these
equations is challenging and rewarding and still actively investigated by
researchers. Note that these results for nonlinear difference equations can
be used to prove similar results for the case of non-linear rational difference
equations.

The main focus of this article is to discuss some qualitative behavior of
the solutions of the nonlinear difference equation

Q1Ym—1 + 02Ym—2 + A3Ym—3 + 4Ym—4 + A5Ym—5
B1Ym—1 + BoYm—2 + B3Ym—3 + BaYm—a + BsYm—s5

m=0,1,2, ..,

(1.1)
where the coefficients A, «;, B; € (0,00), i = 1,...,5, while the initial condi-
tions y_5,y_4,Y_3,Y_2,Y_1, Yo are arbitrary positive real numbers. Note that
the special case of Eq.(1.1) has been discussed in [4] when a3 = §3 = ay =
B4 = a5 = B5 = 0 and Eq.(1.1) has been studied in [8] in the special case
when a4 = 4 = a5 = 85 = 0 and Eq.(1.1) has been discussed in [5] in the
special case when as = 5 = 0.

Aboutaleb et al. [1] studied the global attractivity of the positive equi-
librium of the rational recursive equation

A— ﬁym
P‘*'ymfl

Ym+1 = Aym+

Ym+1 = , m=20,1,2, ...,

where the coefficients A, 8, P are non-negative real numbers.
E. M. Elabbasy et al. [2] investigated the periodic character and the
global stability of all positive solutions of the equation

bym

_ m=20,1,2,...,
CYm — dYm—1

Ym+1 = AYm —
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where the parameters a,b,c and d and the initial conditions y_1,y9 are
positive real numbers.

E. M. Elabbasy et al. [3] investigated the periodic character and the
global stability of all positive solutions of the equation

Ym—1 + BYm—k
Aym—l + Bym—k

Ym+1 = ) m:0)1)27"')
where the parameters «, 5, A and B are positive real numbers and the initial
conditions y_,,y—r41,-..,y—1 and yo € (0,00) where r = max {l, k} .
Li and Sun [7] investigated the periodic character and the global stability
of all positive solutions of the equation
+ Ym—
Ym+1 :Ma m:o71727“'7
q+ Ym—k
where the parameters p and g and the initial conditions y_g,..., y_1,yo are
positive real numbers, k = {1,2,3,...}.
M. Saleh et al. [9] investigated the periodic character and the global
stability of all positive solutions of the equation

_ ﬁym + YYm—k

= , m=0,1,2, ..,
Ymtl = By Cyms

where the parameters 3,y and B, C and the initial conditions y_g,..., y—1, ¥o
are positive real numbers, k = {1,2,3,...} .

Our main current objective is to examine the behavior of the solutions
of Eq.(1.1) (for related work, (see [16-25])).

Definition 1 Let
H: Vvl Ly,

where H is a continuously differentiable function. Then, for every set of
initial conditions y_g,Y_ka1, ---, Y—1, Yo € V, the difference equation of order
(k4 1) is an equation of the form

Ym+1 :H(ym7ym—1a““7ym—k’)7 m:O>1727"' (12)

and it has a unique solution {ym },o_ .. An equilibrium pointy of Eq.(1.2) is
a point that satisfies the condition y = H (y,y, ....,y) . That is, the constant
sequence {Ym} with ym, =7y for all m >0 is a solution of Eq.(1.2) or
equivalently, v is a fized point of H.
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Definition 2 Lety € V, be an equilibrium point of Eq.(1.2). Then, we have

(i) An equilibrium point y of Eq.(1.2) is called locally stable if for every
e > 0 there exists & > 0 such that, if Yy_r,Y—g+1, ---, Y—1, Yo € V with
Y-k = Yl + [y—kt1 — gl + .+ [y—1 — Yl + [yo — y| <6, then |ym —y| <& for
all m > —k.

(ii) An equilibrium point y of Eq.(1.2) is called locally asymptotically stable
if it is locally stable and there exists v > 0 such that, if y_k,Y_k11, ---, Y—1,
yo € V with [y— — gl + |[y—p+1 — ¥l + - + [y—1 — 9| + [vo — ¥l <, then

lim y, =79.
m—00

(71i) An equilibrium point y of Eq.(1.2) is called a global attractor if for every
Yy cosY—ky - Y—1, Yo € (0,00) we have

lim vy, = 7.
m—0oQ

(iv) An equilibrium point y of Eq.(1.2) is called globally asymptotically stable
if it is locally stable and a global attractor.

(v) An equilibrium point y of Eq.(1.2) is called unstable if it is not locally
stable.

Definition 3 A sequence {ym}re__,. is said to be periodic with period r if
Ymtr = Ym for allm > —p. A sequence {ym }-__, is said to be periodic with
prime period r if T is the smallest positive integer having this property.

Definition 4 FEq.(1.2) is called permanent and bounded if there exists num-
bers n and N with 0 < n < N < oo such that for any initial conditions
Y—ksY—ktl, - Y—1, Yo € V there exists a positive integer M which depends
on these initial conditions such that

n<yn <N forall m>DM.

Definition 5 The linearized equation of Eq.(1.2) about the equilibrium point
y 1s defined by the equation

Zm+1 = P0Zm + P12m—1 + p2Zm-2 + p32m-3+ ... =0, (1.3)
where
_0H(y,y,.-y) _ O0Hy,Y,...y)  O0H(y,y,-y)  OH(Y, Y. Y)
p0_6—7p1_8—7 - a M - a AR
Ym Ym—1 Ym—2 Ym—3
4
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Theorem 1 (/6]). Assume thatp; € R, i=1,2,....k . Then,

k
Z lpil <1, (1.4)
i=1

s a sufficient condition for the asymptotic stability of the difference equation
Ym+k T+ P1Ym+k—1 + - + PkYm = 07 m = 07 17 27 (15)

Theorem 2 ([6]). Let H : [a,b]*T! — [a,b] be a continuous function, where
k is a positive integer, and where [a,b] is an interval of real numbers. Con-
sider the difference equation (1.2). Suppose that H satisfies the following
conditions:

1. For each integer i with 1 < i < k + 1; the function H(z1, 29, ..., Zk+1)
is weakly monotonic in z; for fized 21,29, ..., Zi—1, Zit 1, -+s Zki1-

2. If (d, D) is a solution of the system
d:H(dl,dQ,...,dk+1) and D:H(Dl,Dz,...,Dk_H),
then d = D, where for each i1 =1,2,....k + 1, we set

d if F 1isnon— decreasing in z;
d; = ; . . T
D if F isnon—increasing in z;

and
D, — D if F isnon— decreasing in z;
! d if F 1isnon —increasing in z;.

Then there exists exactly one equilibrium y of Eq.(1.2), and every solution
of Eq.(1.2) converges to y.

2 The local stability of the solutions

In this section, the local stability of the solutions of Eq.(1.1) is investigated.
The equilibrium point y of Eq.(1.1) is the positive solution of the equation

5
Do Qi

j=Aj+ :
Z?:l Bi

(2.6)
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Then, the only positive equilibrium point y of Eq.(1.1) is given by

7= > (2.7)

-4 (xL8)

provided that A < 1. Now, let us introduce a continuous function H :
(0,00)% — (0, 00) which is defined by

5
H(uo, ..., us) = Auo + ;ﬂ(o‘“) (2.8)

Therefore, it follows that

( H('U‘O:"-vuf)) —
Oug - A’

H(uo,..us) 1 [So_o(Biud)] — B [ s (ous)]

Jur (S0 (Biu)” ’
H(ug,..,us) _ @2 [Brui+3 75 (Biui)] — B2 [eaur+307_5(cviug))
Ouz (S5 (Bius)) ’
H(ug,...us) _ 93 [Z?:l(ﬁiui)+2?:4(/3¢ui)] — fB3 [Zle(aiui)+2?:4(aiui)]
Ous (X2 (Biui))” ’
H(ug,..us) _ o4 [S5, (Biwa)+Bsus] — Ba [S5, (aiui)+asus]
Oua (XL, (Biun))” ’
H(ug,...,us) _ @5 [2?21(5'5“1’)} - Bs [Zle(aiui)]
( Ous (S5, (Biu))® ’
6
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Consequently, we get

OH(Y,y) _ 4 _
Oug =A=- P5,

OH (Y, y) _ (1*14)[041 ( > Qﬁi) - A1 ( > 2%)] — — 4
uy ( ? 10‘1)( Zz:l Bl) ’

OH (.. ,@ (1- )[Oéz ( 514—2?:351‘) — B2 (a1+ Zf:3 ai)] — )
Oua ( Z?:l Oti)( Z?:l @_) 3y

OH(Y,...§) _ (1—A)[043 ( S 1/31+Zz 45) ( T it Y 4042)] = — po
us (Zioiai)( 227 151) ’

OH(§,.y) _ (1=A)[aa (Bs +37_18:) — Ba (as+ 37 5] _ _
(Tt (T 5) o

oH (7.7 _ (=MAos (i1 8i) = b5 (Sima )] _ "
Jus (i) (X 8) '

(2.9)
Hence, the linearized equation of Eq.(1.1) about y takes the form

Ym41+ P5Ym + PaYm—1 + P3Ym—2 + P2Ym—3 + P1Ym—4 + poym—s = 0,  (2.10)

where po, p1, p2, p3, p4 and ps are given by (2.9).
The characteristic equation associated with Eq.(2.10) is

A% s A% 4 oAt 4 3N 4 pa A 4 oA+ po = 0, (2.11)
Theorem 3 Let A <1 and

(595 (2 () -+ o )

i=1 1=4

3 5
oy (55 +Zﬁi> — B <Oé5+ ZO@)‘
i1 i—3

() o (B () (5 e

then the positive equilibrium point (2.7) of Eq.(1.1) is locally asymp-
totically stable.
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proof: It follows by Theorem 1 that Eq.(2.10) is asymptotically stable if
all roots of Eq.(2.11) lie in the open disk is [A| < 1 that is if Y27 [ps| < 1,

(1—A) {061 (Z?:2 z) — b (2?220@)}
Al +
( S0 Oéi) ( > Bl’)
o= a2 (B1+2038) = B (a1 + Ligai)] '
( S0 Oéi) ( P Bi)
0o (Shiaexiie) - s (Shos Siia]
(Sho) (9
. (1-A) [a4 (ﬁs +3 5i) — B (% + Yo )} ‘
( S0 az) ( Yo Bi
N (1—A) [a5 (?4:1 5z‘) —555 Y@ )} 1
( Doy ai) ( >im1 fBi>
and so
(1—A) [oq ( >, 51’) - 5 ( Y« ) l
< Z?:l ai) ( Z?:1 ﬁi)
N (1-A) [ozz ( f1+ Z?::aﬁi) — b (0‘1 + Xisa )} l
( SO ai) ( Yo Bi
|0 [ (S Th) b (Shioct i)
( 25:1 Oéi) ( 2?11 Bz)
. (1-A) [044 (55 +3 ﬁi) — P <a5 + i )} ‘
( SO ai) ( Yoy Bi
N (1-A) {045 (Z?:l BZ) — B (Z?:l ai)] (1—A), A<1
( S O‘l’) < Y ﬁi)
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+

_l’_

w (50) - (5

Thus, the proof is complete.

3 Boundedness of the solutions

In this section, the boundedness of the positive solutions of Eq.(1.1) is
determined.

Theorem 4 Every solution of Eq.(1.1) is bounded if A < 1.

proof Let {y},.__5 be a solution of Eq.(1.1). It follows from Eq.(1.1)
that

Q1Ym—1 + C2Ym—2 + A3Ym—3 + AUYm—4 + A5Ym—5

" BiYm—1 + BoYm—2 + B3Ym—3 + BaYm—a + BsYm—s
i a1Ym—1

B1Ym—1 + BoYm—2 + B3Ym—3 + BaYm—a + B5Ym—s
4 Q2Ym—2

ﬁlymfl + BZymf2 + ﬁ3ym73 + ﬁ4ym74 + 55ym75
+ a3Ym—3

B1Ym—1 + BoYm—2 + B3Ym—3 + BaYm—a + B5Ym—s
+ AYYm—4

B1Ym—1 + BoYm—2 + B3Ym—3 + BaYm—a + B5Ym—s
+ a5Ym—5

B1Ym—1 + BoYm—2 + B3Ym—3 + BaYm—a + BsYm—s

Ym+1 = Ay

Then
A1Ym—1 Q2Ym—2 a3Ym-—3 A4Ym—4 A5Ym—5 _
Blym—l /B2ym—2 /B3ym—3 54ym—4 55ym—5

Ym~+1 S Aym +

612 A. M. Alotaibi ET AL 604-627



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

(o1 a9 a3 (e 71 Qs
Ay + — + — + =+ — + =2 for all m>1.
"B B By Bi B

By using a comparison, we can write the right hand side as follows

(651 (65] 0% (87} Qs

Ym1 = Aym + ——+ —+ —+ — +

then
Ym = a"yo + constant,

and this equation is locally asymptotically stable because A < 1, and con-
verges to the equilibrium point

~_ 1238405 + 221838485 + 38152545 + a1 Ba i35 + a5 51525354
y B18283845 (1 — A) .

Therefore,

a1B2638485 + aaB1 836485 + 31828485 + auf1828385 + a5 81828384
B1B2836485 (1 — A) .

Thus, the solution of Eq.(1.1) is bounded and the proof is complete.

lim supym, <
m— o0

Theorem 5 FEvery solution of Eq.(1.1) is unbounded if A > 1.

proof: Let {y,},- - be a solution of Eq.(1.1). Then from Eq.(1.1) we
see that

Q1Yp—1 + Q2Yn—2 + A3Yn—3 + A4Yn—a4 + Q5Yn—5

> Ay for all n>1.
B1Yn—1 + BoYn—2 + B3Yn—3 + Bayn—a + Bsyn—s "

Yn+1 = Ayn+

We can see that the right hand side can be written as follows
Tntl = ATy = Tp = a"' T,
and this equation is unstable because A > 1, and
lim x, = oo.
n—oo

Then, by using the ratio test {y,} - - is unbounded from above. Thus, the
proof is now obtained.
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4 Periodic solutions

The following theorem states the necessary and sufficient conditions for the
equation to have periodic solutions of prime period two.

Theorem 6 If (a1 + az + as) > (a2 + aq) and (51 + B3+ B5) > (B2 + Ba) ,
then the necessary and sufficient condition for Eq.(1.1) to have positive so-
lutions of prime period two is that the inequality

[(A+1)((B1+ B3+ B5) — (Ba + B1))] [(a1 + a3 + as) — (az + ay))?
+4 (1 + a3+ as) — (a2 + aq)] [(B1 + B3 + B5) (a2 + o) + A (B2 + B1) (a1 + az+as)] > 0.
(4.13)

1s valid.

proof: Suppose there exist positive distinctive solutions of prime period
two
of Eq.(1.1). From Eq.(1.1) we have

A1Ym—1 + Q2Ym—2 + A3Ym—3 + Ym—4 + A5Ym—5
Blym—l + ﬁZym—Q + 53ym—3 + 54ym—4 + B5ym—5

Ym+1 = Aym +

(o +as+as)P+ (a2 +ou)Q
(B1+ B3+ B5) P+ (Ba+ 1) Q

(a1 +ag+as)Q + (e +ag) P

(B1+B3+05)Q+ (B2 + Ba) P
(4.14)

P = AQ+ Q= AP+

Consequently, we get

(B1+ B3+ Bs) P2+ (B2 + B1) PQ = A(B1+Bs+ B5) PQ+ A (B2 + B1) Q
+(061+043+045)P+(042+Oé4)Q,
(4.15)

and

(B1+ B3+ B5) Q* + (B2 + B1) PQ = A(Br+ B3+ Bs) PQ + A(B2 + Bs) P?
+ (a1 +as+a5)Q+ (ae + ay) P.
(4.16)

By subtracting (4.15) from (4.16), we obtain

[(Br+ B3+ B5) + A(Ba + Ba)] (P? — Q%) = (1 + a3 + a5) — (a2 + au)] (P — Q) .
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Since P # @, it follows that

(o1 + a3 + a5) — (a2 + ay)]
[(B1 4 B3 + B5) + A (B2 + Ba)]

while, by adding (4.15) and (4.16) and by using the relation

P+Q= (4.17)

P21 Q*=(P+Q)*—-2PQ forall P,Q €R,

we have

PQ =

(1 + a3+ a5) — (2 + aq)] [(B1 + B3 + B5) (2 + aa) + A (B2 + Ba) (a1 + a3 + as)]
)

[(B1 + B3 + B5) + A (B2 + B> [((B2 + Ba) — (B + B3 +(f51>8)<A +1)]

Let P and () are two distinct real roots of the quadratic equation

t?—(P+Q)t+ PQ =0.

[(B1 + B3+ Bs) + A (B2 + Ba)] 12 — [(a1 + a3z + as) — (g + )]t
[(a1 + a3+ as) — (a2 + )] [(B1 + B3 + B5) (a2 + as) + A(Bo + Ba) (a1 + a3 + as)]
[(B1 + B3+ Bs) + A (B2 + Ba)] [((B2 + Ba) — (b1 + B3+ B5)) (A+ 1)]

+
= 0,

(4.19)

and so
[(a1 + a3 + 045) — (g + 044)]2

_4l(a1 +as+as) — (o +a)] [(BL+ B3+ Fs) (a2 + au) + A(Ba+ Ba) (a1 +as+as)]

(B2 4 B4) — (Br+ B3+ B5)) (A + 1)]

(a1 + s+ a5) — (a2 + 044)]2
4[(a1 + a3+ as) — (a2 +aq)] [(B1 + B3 + B5) (a2 + ag) + A (B2 + B4) (1 + az + as)]

: [((B1 + B3 + B5) — (B2 + B4)) (A+ 1)) > 0.
(4.20)

From (4.20), we get

[((B1+ B3+ Bs5) — (Ba+ Ba)) (A+ D] [(a1 + a3 + a5) — (a2 + ca)]”
+4 (1 + az + as) — (a2 + aq)] [(B1 + B3 + B5) (2 + ) + A (B2 + f1) (1 + a3+ as)] > 0.

Therefore, the condition (4.13) is valid. Alternatively, if we imagine that the
condition (4.13) is valid where (a1 + a3 + a5) > (ag + a4) and (81 + B3 + B5) >
(B2 + B4) . Then, we can immediately discover that the inequality stands.
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There exist two positive distinctive real numbers P and () representing two
positive roots of Eq.(4.19) such that

_ [l +ag+as) — (e +aq)] +0
=5 [(B1+ B3+ Bs5) + A(B2 + Ba)] (4.21)

and
_ [(Ozl + a3 + 045) — (042 + 044)] )
©=7 [(B1+ B3+ B5) + A(B2 + B4)] (4.22)
where
6 = \/l(1 + a5 + as) — (az + an)]2 — 1,
and

4[(a1 + a3+ as) — (az +ay)] [(B1 + B3 + B5) (a2 + ay) + A (B2 + B4) (1 + a3 + as)] .

(B2 + B1) — (B1 + B3 + B5)) (A +1)]

Now, let us prove that P and ) are positive solutions of prime period two of
Eq.(1.1). To this end, we assume that y_5 = P, y_4 =Q, y_3=P, y_o=
Q, y-1 =P, yo= Q. Now, we are going to show that y; = P and y» = Q.

From Eq.(1.1) we deduce that

a1y—1 + agy—2 + a3y—3 + aqy—4 + asy—5
Bry—1+ Boy—2 + B3y—3 + Bay—4 + B5y—s

y1 = Ayo +

(a1 +az+as) P+ (e +a4)Q
(Br+Bs+B5) P+ (B2+01) Q

= AQ + (4.23)

13
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Substituting (4.21) and (4.22) into (4.23) we deduce that

(a1+a3+a5)P+(a2+a4)Q

w-FP = A0+ (Bi+ B3+ B5) P+ (B2 + B1) Q

[A(B1+ B3+ B5) — (B2 + B4)|PQ + A (B2 + B1) Q* — (B1 + Bs + B5) P?
(BL+ B3+ B5) P+ (B2 + B4) Q

(o +az+as) P+ (aa+ou)Q

(Br+ B3+ B5) P+ (B2 +Ba)Q

([A(B1+B3+65)—(62+54)}[51][(51+63+55)(042+044)+A(52+,34) (a1+a3+a5)]>
[(B1+B3+85)+A(B2+B4)*[((B2+B4)—(B1+B3+85)) (A+1)]

(a1+as+as)—(as+aq)]+6 (a1+as+as)—(as+aq)]—0
CRERIOIC oot o DRACRENC cnrnzore e d)
[(a1-+ag+as)—(az+as)| - [(a1-+ag+as)—(aztas)]+5 ) ?
A (B + 8) (Sssrelrartea)s ) - (B + 8+ B) (Bt )
(a1tastas)—(as+aq)]+6 (a1tas+as)—(as+aq)]—0
(B1 + 3 + Bs) < 2[( 151+%3+E5)+A2(52-tﬂ4 + (B2 + Ba) ( 2[( 151+%s+gs)+142(52i54)] )

(a1 + as + as) ([(a1+a3+a5)—(a2+a4)}+5> + (s + ag) ([(a1+a3+a5)—(a2+a4)]—5>

2[(B1+B3+B5)+A(B2+PB4)] 2[(B1+B3+085)+A(B2+04)]

+ (/3 + B3+ 8 ) ( (a1t+az+as)— (a2+a4)]+5> + (B 13 ) ([(a1+a3+a5)7(a2+a4)}*6>
LT P8 P8\ 2[(Bi+Bs+Bs) +A(B2+54)] 27T P4 2(Bi+B3+Bs5) +A(B2+B1)]
(4.24)
Multiplying the denominator and numerator of (4.24) by 4 [(81 + 83 + 5) + A (82 + B4)]?
we get
4[A(B1+B3+85)—(B2+B4)][S1][(B1+B3+P5) (aa+a4)+A(B2+B4) (a1+az+as)]
_p— [((B2484)—(B1+83+085)) (A+1)]

S
A(Ba+ Ba) (S1—8)* — (B1 + B3 + B5) (S1 +6)*

S
+2[(51 + B3+ Bs) + A (B2 + Ba)] (a1 + g + a5) (S1+9)
S
+2[(51 + B3+ B5) + A (B2 + B4)] (a2 + o) (S1 — 9)
S

4[A(B1+B3+485) —(B2+B4)][S1][(B1+P3+8s5) (aa+aq) +A(B24B4) (a1+az+as)]
[((B24B4)—(B1+B3+85)) (A+1)]

S

A (B2 + Ba) [S1]° — (B1 + Bs + B5) [S1)°
S

(A2 +B) = (By + B + F5)]6"
S
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+2[(51 + B3+ B5) + A (B2 + Ba)] (2 + a4) [S1]

S
+2[(51 + B3 4 B5) + A (B2 + B4)] (o1 + a3 + as) [S1]
S
C2A(Bo+ Ba) [(a +as+a5) — (ag + )] 6 +2 (81 + B3 + B5) [S1] 6
S
+2[(,31 + B3+ B5) + A(B2+ Ba)] (an + a3+ a5)d — 2[(B1 + B3 + f5) + A (B2 + Ba)] (a2 + a4) 6

S

4[A(B1+B3+85)—(B2+B4)][S1][(B1+B3+85) (o +as)+A(B2+84) (a1 +az+as)]
_ [(B2+B4)—(B1+B3+85)) (A+1)]
S
4[51][(B1+B3+8s5) (a2 +au) +A(B24P4) (a1 +a3+as)][A(B24+B4) — (B1+83485)]
[((B2+B4)—(B1+B3+85)) (A+1)]

S

+A (B2 + Ba) [S1]? — (B1 + B3 + B5) [S1]”
S
LA+ B1) = (Bi+ By + B5)) [S1)?
S
+2[(51 + B3+ B5) + A(B2 + Ba)] (o2 + ) [S1]
S
+2[(51 + B3+ Bs) + A (B2 + B4)] (o1 + a3 + as) [S1]
S
_2[S1][(B1 + B3+ B5) + A (B2 + B4)]0
S
+2 [S1] [(B1 + B3 + B5) + A (B2 + B4)]6
S
_ 4[S[(B1 + B3+ B5) (a2 + ) + A (B2 + Ba) (a1 + a3 + 5)]
S
A5 [(B1 4 B3 + Bs) (a2 + au) + A (B2 + Ba) (1 + a3 + as)]
S
2[(a1 +az +as) — (a2 + a)][(B1 + B3 + B5) + A(Ba + B4)]6
S
+2[(041 + g + as) — (a2 + aq)][(B1 + B3 + B5) + A (B2 + B4)]6
S
= 0.

where

S = 2[(B1+ B3+ Bs) + A(B2 + Ba)] x
[(B1+ B3 + B5) (S1+6) + (B2 + Ba) (S1 — )]
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and
S1 = [(a1+as+as) — (a2 + ay).

Similarly, we can show that

a1yo + aoy_1 + a3y—o2 + ay—3 + asy— a)+as+ + (a2 + aq) P

yo = Ay + 190 + y_1 + a3y_2 + asy—_3 5y4:AP+(1 3+ a5)Q + (a2 + ay) 0.
B1yo + Boy—1 + B3y—2 + Bay—3 + B5y—4 (Br+ B3+ B5)Q+ (B2 + Ba) P

By using the mathematical induction, we have gy, = P and ymny1 =

Q, m>-b5.

5 Global stability

In this section, the global asymptotic stability of the positive solutions of
Eq.(1.1) is discussed.

Theorem 7 For any values of the quotient Z?Zl %, If A < 1, then the
positive equilibrium point y of Eq.(1.1) is a global attractor and the following
conditions hold

azfy, a1f3 > a3f, a1Bs > P, a1fBs > asPi, aefls > azfa, azfs > aufe,
a5 B2, 3P4 > asafis, aszfs > asf3, cufls > asfs and as > (o + a2 + a3+ ag).
(5.25)

a1 32

>
afls >

proof: Let {ym}r-__- be a positive solution of Eq.(1.1). and let H :
(0,00)% — (0, 00) be a continuous function which is defined by

Z?:l (viug) .
S (Bius)

By differentiating the function H (uo, ..., us) with respect to u; (i =0,...,5),
we obtain

H(ug,...,us) = Aug +

Hy,, = A, (5.26)
12 — aaBr) ug + (a1f3 — azfr) uz + (@184 — aafr) ug + (1 Bs — asPr) us
3
(X2 (Biw)
(5.27)

— (a1f2 — azfr) ur + (283 — a3fB2) uz + (2fs — auf2) us + (a2fs — asf2) us

<Z?:1<5iui))2

Ha, =

I

H,, =

)

(5.28)
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— (a1f3 — azfi) ur — (a2f3 — azfB2) us + (a3Bs — cafB3) us + (35 — a5 53) ug

Hu3 = 5 ’
(Z?:l(ﬁiui))
(5.29)
o= (1Bs — auBr) uy — (a2fs — aufz) ug — (a3Bs — auBs) us + (a5 — asB84) us
L7 2 )
<Z?:1(5iui))
(5.30)
and
g o= (a1fs — asfr) ur — (a2fs — asPBe) ug — (3fBs — asB3) uz — (ufls — asfs) us

s 2
<Zi=1(5z‘ui))
(5.31)
It is observed that the function H (ug,...,u5) is non-decreasing in wug,u;
and non-increasing in us. Now, we consider four cases:
Case 1. Let the function H (ug, ..., us) is non-decreasing in ug,u,u2,us,us
and non-increasing in us. Suppose that (d, D) is a solution of the system

D=H(D,D,D,D,D,d) and d=H(d,d,d,dd D).

Then we get
a1D+a2D+a3D+a4D+a5d a1d+a2d—|—a3d+a4d+a5D
D =AD+ and d= Ad+ ,
p1D + oD + 83D + 84D + B5d prd + Bad + Bzd + Bad + 5D
or

B (a1 +az+az+aq) D+ asd o
PO = G B+ Bt Dt fea " A=

From which we have

(a1 + o+ a3+ aq)d+ asD
(B1+ B2+ B3+ Ba)d+ BsD

(a1 + ag + a3 + ag) D+asd—(1 — A) (B1 + B2 + B3 + B1) D* = (1 — A) B5Dd
(5.32)
and

(1 + ag + a3 + au) d+asD—(1 = A) (B1 + B2 + B3 + Ba) d° = (1 — A) B5Dd
(5.33)
From (5.32) and (5.33), we obtain

(d=D){[(c1 +az+az+a4) —as] —(1—A)(B1+ B2+ B3+ B4) (d+ D)} = 0.
(5.34)

Since A < 1 and a5 > (a1 + ag + az + ay), we deduce from (5.34) that
D = d. Tt follows by Theorem 2, that 3 of Eq.(1.1) is a global attractor.
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Case 2. Let the function H(uo,...,us) is non-decreasing in ug,u; and
non-increasing in ug, us, U4, Us.
Suppose that (d, D) is a solution of the system

D=H(D,D,d,d,dd and d=H(d,d,D,D,D,D).

Then we get
a1 D + aod + asd + agd 4 asd ord + oD + asD + ayD + asD
D =AD+ and d= Ad+ ,
p1D + Bod + B3d + Bad + B5d prd + BoD + B3D + B4 D + B5D

or

D D
D(l—A)—al + (g +ag+ag+az)d and d(l_A)_a1d+(a2+a3+a4+a5)

~ BiD+ (Bo+ B3+ Ba+ Bs)d  Bd+ (B + B3+ P+ Bs) D

From which we have

a1D+(a2 + a3+ aq + Oé5) d—,@l (1 — A) D2 = (1 — A) (ﬂg + 53 + 54 + ﬂ5) Dd
(5.35)
and

ardt(ag + ag +ag+as) D—F1 (1 — A)d* = (1 — A) (B2 + B3 + s + B5) Dd.
(5.36)
From (5.35) and (5.36), we obtain

(d— D) {[Oq — (g +as+aq + Oé5)] —p(1—-A)(d+D)}=0. (5.37)

Since A < 1 and (ag + ag + aq + as) > «;, we deduce from (5.37) that
D = d. Tt follows by Theorem 2, that y of Eq.(1.1) is a global attractor.
Case 3. Let the function H (uy, ...,us) is non-decreasing in ug,u1,us and
non-increasing in us, 4, us.
Suppose that (d, D) is a solution of the system

D=H(D,D,D,d,d,d) and d=H(d,d,d,D,D,D).

Then we get
O¢1D+OJ2D+Oé3d+Oé4d+Oé5d 041d+042d+043D +OJ4D+045D
D =AD+ and d= Ad+ ,
B1D + oD + B3d + Bad + Bsd prd + Bad + B3D + B4D + B D

or

(a1 +a2) D+ (s + g+ as)d (a1 +a9)d+ (a3 + a4+ as) D

D(1-A)= and d(1—-A)=

(Br+ B2) D+ (B3 + Ba+ Bs)d (Br+ B2)d+ (B3 + Ba+ p5) D
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From which we have

(a1 4+ a2) D+ (a3 + aq +ag)d—(1 — A) (B1 + B2) D* = (1 — A) (B3 + B4 + B5) Dd

(5.38)

and

(a1 4+ o2)d+ (ag+ s+ a5) D—(1— A) (BL+ B2) d* = (1 — A) (B3 + B4+ B5) Dd
(5.39)

From (5.38) and (5.39), we obtain

(d = D){[(a1 + a2) = (a3 + s+ a5)] = (1 = A) (b1 + B2) (d + D)} = 0.
(5.40)
Since A < 1 and (a3 + aq + a5) > (a1 + a2), we deduce from (5.40) that
D = d. It follows by Theorem 2, that y of Eq.(1.1) is a global attractor.
Case 4. Let the function H(uy, ...,us) is non-decreasing in ug,u1,us and
non-increasing in ug, 4, us.
Suppose that (d, D) is a solution of the system

D=H(D,D,d,D,d,d and d=H(d,d,D,d,D,D).

Then we get
a1 D + aod + a3D + agd + asd ar1d + aoD + asd + agD + a5 D
D= AD+ and d= Ad+ )
B1D + Bad + B3D + Bad + Bsd prd + BaD + B3d + B4D + B D

or
(a1 +a3) D+ (e +ag+as)d
(B1+B3) D+ (B2 + s+ B5)d

From which we have

(a1 +a3) D+ (a2 + ag + as) d—(1 — A) (B1 + B3) D* = (1 — A) (B2 + B4+ B5) Dd

(a1 +ag)d+ (ag + a4+ as) D
(B1+B3)d+ (B2 + Ba+ B5) D

D(1-A)= and d(1—-A)=

(5.41)

and

(a1 +as)d+ (a2 + as + as) D—(1 — A) (B + B3) d* = (1 — A) (B2 + Ba + B5) Dd
(5.42)

From (5.41) and (5.42), we obtain

(d—D){[(ac1 +a3) — (aca+ s+ a5)]— (1 =A) (B1+P3) (d+ D)} =0.
(5.43)
Since A < 1 and (ag + a4 + as) > (aq + a3), we deduce from (5.43) that

D = d. It follows by Theorem 2, that 3 of Eq.(1.1) is a global attractor.

It follows by Theorem 2, that y of Eq.(1.1) is a global attractor and the
proof is now completed.
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6 Numerical examples

Some numerical examples are stated in this section in order to strengthen our
theoretical results. These examples represent different types of qualitative
behavior of solutions of Eq.(1.1).

Example 1. Figure 1, shows that the solution of Eq.(1.1) is unbounded
if y5=1,9y4=2y3=3,y2=4y1=5 =06 A=11, a1 =
10, a2:1, a3:12, Oé4=4, 045:6, ﬁ1:2, ,32:3, ﬁ3:40, 54:
50, 85 = 60.

10ym—1+Ym—2+12Ym—3+4Ym—4+6ym—s5 )

Figure 1: (ym+1 = Llynm + 2ym—1+3Ym—2+40ym —3+50ym —4+60ym s

Example 2. Figure 2, shows that Eq.(1.1) has prime period two so-
lutions if y_5 = y-3 = y_1 ~ 0.519, y4 = y—o = yo ~ —0.0938,
A=1, a1:10, a2:3, a3:30, Ck4:8, Oz5=45, ,31220, ,322
5, B3 =40, B4 =9, 85 = 100.

plot of y(n+1)=((A*y(n)+B*y(n—1)+C*y(n-2))/(a*y(n)+b*y(n-1)+c*y(n-2)))
0.6 T T T T

((A*y(n)+B*y(n-1)+C*y(n-2))/(@*y(n)+b*y(n-1)+c*y(n-

n-iteration

olution of y(n+1):

: . — 10ym—1+3ym—2+30ym—3+8ym—a4+45ym—s5
Flgure 2 (ym+1 - ym + 20y’m71+5y'm72+40ym73+9ym74+100y7n75)
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Example 3. Figure 3, shows that Eq.(1.1) is globally asymptotically
stable if y_5 =1, y_4 =2, y3=3, y2 =4, y_1 =5, yg =6, A =
0.5, Oz1=10, OéQZl, a3:12, a4:4, Oé5=30, 5122, 5223, 632
40, B4 =50, B5 = 400.

WHy(n)+(((A*y(n—1)+B*y(n-2)+C*y(n-3)+D*y(n-4)+E*y(n-5))/(a*y(n-1)+b*y(n-2)+c*y(n-3)+d*
6 T T T

solution of y(n+1)
w >

N

i i i
0 50 100 150 200
n-iteration

: . _ 10ym—1+ym—2+12ym—3+4ym—4+30ym—s5
Flgure 3 (ym+1 - O5ym + Zym—1+3ym—2+40ym—3+50ym—4+400ym—5)

Example 4. Figure 4, shows that Eq.(1.1) is not globally asymptotically
stable if y 5 =1, y 4 =2, y3=3, y2=4, y1 =5, yo=6, A=
100, a1:10, a2:1, 053212, a4:4, Oé5=6, 61:2, B2:3, 63:
40, B4 = 50, 5 = 400.

WHy(n)+((Aygp°Y)+B*y(n-2)+C*y(n-3)+D*y(n-4)+E*y(n-5))/(a*y(n-1)+b*y(n-2)+c*y(n-3)+d*
7 T T T

w > o

solution of y(n+1)

N

i i i
0 50 100 150 200
n-iteration

10ym—1+Ym—2+12ym—3+4Ym—4+6ym—s )
Ym—1 +3y7n72 +40y'm73+50ym74 +400y'm75

Figure 4: (Yym+1 = 100y, + 5
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7 Conclusion

We have discussed some properties of the nonlinear rational difference equa-
tion (1.1), such as the periodicity, the boundedness and the global stability
of the positive solutions of this equation. We gave some figures to illustrate
the behavior of these solutions, as generalization of the results obtained in
Refs.[4,5,8]. Note that example 1 illustrates Theorem 5 which shows that
the solution of Eq.(1.1) is unbounded and example 2 illustrates Theorem
6 which shows that Eq.(1.1) has prime period two solutions, while exam-
ple 3 illustrates Theorems 3 and 7 which shows that Eq.(1.1) is globally
asymptotically stable. But example 4 shows that Eq.(1.1) is not globally
asymptotically stable if A > 1.
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Abstract

This article develops the existence theory for sequential fractional differential equations involving
Caputo fractional derivative of order 1 < o < 2 with nonlocal integral boundary conditions. An example
is given to demonstrate application of our results.

Keywords: fractional differential equations; mixed boundary value problem; fixed point theorem.
2010 AMS Subject Classification: 34A08; 34B

1 Introduction

The theory of fractional-order differential equations involving different kinds of boundary conditions has been
a field of interest in pure and applied sciences. In addition to the classical two-point boundary conditions,
great attention is paid to non-local multipoint and integral boundary conditions. Nonlocal conditions are
used to describe certain features of physical, chemical or other processes occurring in the internal positions of
the given region, while integral boundary conditions provide a plausible and practical approach to modeling
the problems of blood flow. For more details and explanation, see, for instance [2], [1]. Some recent results
on fractional-order boundary value problem can be found in a series of papers [3]-[20] and the references cited
therein. Sequential fractional differential equations have also received considerable attention, for instance see
[4]-[9]. To the best of our knowledge, the study of sequential fractional differential equations supplemented
with nonlocal integral fractional boundary conditions has yet to be initiated.

We study the following nonlinear sequential fractional differential equation subject to nonseparated non-
local integral fractional boundary conditions

(DY+ XD u(t) = f(tu(t), l<a<2 0<t<T,

v () + pu (T) =1 Jyuls)ds, (1)
vo CD*Mu(n) + pe CD M (T) =2 [; u(s)ds,

where 0 < <T,0< &< (< T, A€ Ry, vy, v, 1, pi2,71,72 € R.

The rest of the paper is organized as follows. In Section 2, we recall some basic concepts of fractional
calculus and obtain the integral solution for the linear variants of the given problems. Section 3 contains
the existence results for problem (1) obtained by applying Leray-Schauder’s nonlinear alternative, Banach’s
contraction mapping principle and Krasnoselskii’s fixed point theorem. In Section 4, the main result is
illustrated with the aid of an example.
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2 Preliminaries

Definition 1 The Riemann-Liouville fractional integral of order a > 0 for a function f : [0,400) — R is
defined as

t

I, f(t) = ﬁ / (£ — )21 f(s)ds,
0

provided that the right hand side of the integral is pointwise defined on (0,400) and I' is the gamma function.

Definition 2 The Caputo derivative of order a > 0 for a function f :[0,+00) — R is written as

t

1 _ gyn—a-l (n)SS
)/a el ) (9)ds,

Dy, f(t) = Tn—a)
0

where n = [a] + 1, [a] is integral part of a.
Lemma 3 Let o > 0. Then the differential equation D§, f(t) = 0 has solutions
f(t) = Cp —+ Clt + 02t2 + ...+ Cn_ltnil,
and
I8, D, f(t) = f(t) + co + ert + cat® + oo+ cport™
where ¢; ER and i =1,2,...,n = [a] + 1.

In what follows we use the following notations:

AT 1
A

ary = vie M + pre” (1- 6_/\5) , a12 = v+ p1 — 7,

el U R Ry | L e N / " ey
az =% (T'=C), A:=ajia —a2a21, A#0,
At At
a21 — a22€ a11 — a12€
o1 () = LTI = T2
1

! te*)‘(t*r)rfsa*2 r r)= = t — ) YKy (s,r)ds
/ (1= dr Ko (tr) = gy [ (=9 T K (s

K1 (t,S) = m

It is clear that

|a21 - a22| }021 - 02267’\T|
t) < =
901()|max( |A| ) |A‘ ¢17
a1 — ara| |an — ape ™|
t) < =
902()|max< |A| ) |A‘ ¢27

and

¢ ¢
/e*’\(t”)Io‘*lh(r)dr:/ K (t,s)h(s)ds,
0

0

# ! — s 11—« Se—)\(s—y-) a—1 ) drds = K - ) dr
F(Q—a)/o(t ) / I*""h(r)drd /OKz(t,)h()d.

0
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Lemma 4 Let h € C([0,T];R). The the following boundary value problem

(“D¥+ XD u(t)=h(t), l<a<2, 0<t<T,

v () + pu (T) =1 Jyw(s)ds,
vy €D 1y (n) + pa Cpa—ly (T) = fC u (s) ds,

18 equivalent to the fractional integral equation

t):/tKl (t,s)h(s)ds

g (¢ /’Klm>h<ﬁw+mm1 / K\ (T, ) h(s) ds

— e ( / / Ky (r,8) h(s)dsdr — a2 (t / /K1 (t,8) h(s)dsdt

~ Avaa (1) /0 Ko (1, 5) h () ds — Aaps (1) /0 Ko (T, s) h (s) ds

+ Vo (t) /On h(s)ds + paps (t) /0 h(s)ds.

Proof. Applying I%~! to both sides of (2) we get

17Vl (D + N (t) = I°71h (1),
(D+ XN u(t)—co=TI1""th(t).

We solve the above linear differential equation
t
u(t) = (u(0) —co) e +co+ / e M= () ds,
0
t
u(t) = cre M4 e + / e At=s) fo—1p (s)ds.

0

It is clear that

Dty (t) = e /t (t—s)' " *e Mds

+ ﬁ /Ot (t—s)'—" <I“1h (s) — A/OS e AT h (1) dr) ds.

The first boundary condition implies that
vy (n) + pu(T)

n
=vicre M + v + 11 / e~ Mn—s) fa—1p (s)ds
0

T
+ prere ™+ o + / e MT=s) fa—1p (s)ds
0

13 T
= / (cle)‘r +co+ / e MNr=s)ra=lp (g) ds> dr
0 0

_ Nna 3 s —A(r—s) ra—1
= (1 —e ) +y1c0€ + M1 e 14" h(s) dsdr,
o Jo
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(1/16_)\” 4 Mle—AT _ % (1 _ e—kﬁ)) c + (Vl + pu1 — ’ylf) Co
€ o n T
=m / / e M=) 191 (8) dsdr — 1y / e M=) 101 () ds — puy / e M=) 121 (5) ds.
o Jo 0 0
The second boundary condition implies that
A K l-a —)\s A
_r _ sd _r
(”2r(2a)/0 (n=s)" " e s + = a)/o
1 n
_ _ Jo—1 (s— ’I”)IOL 1
,,27“2_&)/0 (- s)"" ( hs )\/ h()dr)ds
1 T
+u27/ (T —s)""*(1° " h(s A/ A=) e tp (r) dre ds—vg/ / ~AE=s) re=1p (s) dsdt.
re-a)

Thus

T

T
(T —s)' e ds + '72/< 6_’\tdt> a+7(T-=Cca

€ pr n T
ajicy + ajacy = 71/ / Ky (r,8)h(s)dsdr — Vl/ Ky (n,s)h(s)ds — ,ul/ Ky (T, s)h(s)ds,
o Jo 0 0

n T n
a21C1 + Qg2Cy = V2 / h (S) ds + 125] / h (S) ds — /\1/2 / K2 (7], S) h (S) ds
0 0 0
T T ot
— A\ia / Ky (T,s)h(s)ds — o / / K (t,8) h(s)dsdt.
0 ¢ Jo

Solving the above system of equations for ¢y and c1, we get

%2/h d+—u2/h d——AVQ/KQn, s)ds

Co —
—EA;@/ K (T, s)h )ds——’yg/ /Klts s) dsdt
—%fyl / Ky (r,s) dsdr+—z/1/ Ki(n,s)h(s ds+—u1/ Ky (T,s)h(s)ds
99 @22 a22
clzxﬂyl/ Ky (r,s)h(s )dsdr—Kl/l Kl(r], )h()ds—K,ul Kl(T,s)h()ds
o Jo 0
a n a T
_ X 0 h(s)ds—%ug/o h(s) ds—f——)\ug/ Ko (n,8)h(s)ds

+f/\u2/ Ky (T,s)h )ds—&-—vg/ /Klts s) dsdt.

Inserting ¢y and ¢; in (4) we obtain the desired formula (3).
Conversely, assume that u satisfies (3). By a direct computation, it follows that the solution given by

(3) satisfies (2). m

Lemma 5 For any g,h € C ([0,T];R) we have

/Kl(t,s)g(s)ds—/ Ky (t,s)h(s)ds| <
0 0
/Kg(t,s)g(s)ds—/ Ko (t,5) h(s)ds| < =
0 0
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Proof. Indeed,

/tKl(t,s)g(s)ds/tKl(t,s)h(s)ds

/K1 (t, )19 (s) — h (s \ds</K1 (t,5)dslg — hllo

t ot
o 1/, </ e M) (p = 5) 2 dr) ds|lg — hllo

t
—A(t—r) a—2
e — dsdr||lg —h
(o — 1) /o /o °) ” le

to— 1
< 1— —At —
_)\(a—l)I‘(a—l)( ) llg — hlle
To-1 AT
< — —e — .
S (o) (1—e*)lg—nle

On the other hand

t
/Kg(ts ds—/ths s)ds
0

_ ‘F(Ql_a)/ot(t_s) *a/o A=) 101 (g (1) — b (r)) drds

TT- a)lF (@_1) Ot (t—s)" / e / (=" (g 1) — h (1) didrds
Sla-nre . T (a—1) / (k=" / e X drds g — bl
SCESNE . DT (a-1) /Ot (t—s) s /O e M drds|lg — bl
“Xa- 1>(; ¢ e—_:))r (a—1) / (t =) " dslg = hllo

" Aa- 1)(1F(26A02 ; @1 /01 (1=5)"""s*tds g = bl
T B e bl

e T

= (=) g~ hllo
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3 Main results

We introduce a fixed point problem associated with the problem as follows:

(3u) (1) = / Ky (t,5) f (s,u(s)) ds

g (8) / Ky (1.5) £ (s,u () ds + pion (8) / K1 (T.5) f (s,u(s)) ds

13 r T t
— 7191 1 (7, s s, (8)) dsdr — ya09 1(t, s s,u(s))dsd
w<t>/0/0K< ) £ (5,(5)) w<t>/C/OK<t ) f (s, u(s)) dsdt

Ao (1) / " Ko (1.5) £ (5, () ds — Ao (1) / K2 (T.5) f (s,u(s)) ds

n T
4 v (1) / £ (5,0 (s)) ds + oo (1) / £ (s,u(s)) ds.

Let
I —AT n ! A
Tl b1 (1= e 4l 6 /6 T e MY ar
FUPIT (@) T ] ()

T —1
t _ n _
+ 1—e M) dt+ A\ Z(1—eM

|72|¢2/C AT (@) ( € ) ‘V2|¢2)\ ( ¢ )

T
+ Azl ¢2X (1 =€) + |vo| pan + |p2| 62T,

Tozfl

=R 5r

(1 — e*)‘T) .

Theorem 6 Let f.[0,7] x R — R be a continuous function such that the following conditions hold:

A1) there exists Ly > 0 such that
f
|f (t,u) — f(t,v)] < Lglu—v|, Y(tu),(tv)e[0,T] xR,

(AQ) LfR <1
Then the problem (1) has a unique solution in C ([0,T],R).

Proof. Consider a ball
By :={ue C(0,T],R) : [Jullc <r}
with r > %, where My :=sup {|f (¢,0)] : 0 <t <T}. It is clear that

If (t,uw)| < Ly lu|+ My, uweR.
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Using this inequality and Lemma 5 from (5) it follows that

@0 O] < 357y (L= I <>>||C+|u1\|so1<>\j;)<1—e*”) 17 GOl
lllr O] s (L= ) 1 GOl + e O [ s (1= e arls Gl

+ el I () / = 1—e-”>dt||f<-,u<->>uc+Mw|m(wi%(l—e-*")||f<-,u<->>||c

X el o (0] (1 - e*”) 1 G (Dl + ]I (1S (o O + il 12 (T IS (o (D)l
< (LfT%*Aff)BfS 7.
This shows that §B, C B,. Next, using the condition (A;), we obtain
80— vl < LR u— ol

By (Ag) the operator § is a contraction. Thus by the Banach fixed point theorem has § a unique fixed point
in C([0,7],R). m

Theorem 7 Let f.[0,T] x R — R be a continuous function such that the following condition holds:

(As) there exists v € C([0,T],Ry) and a nondecreasing function v : Ry — Ry such that
If (tw)| <y (@)Y (lul), V(tu)el[0,T]xR.

(Ay) There exists M > 0 such that
M

SONIcR "

Then the BVP (1) has at least one solution.

Proof. Step 1: Show that § : C([0,7],R) — C([0,7],R) maps bounded sets into bounded sets and is
continuous.

Let B, be a bounded set in C ([0,T],R).Then |f (t,u (t))] < ||7|| ¢ (Ju ()]) < ||7]] ¢ (r) and by Lemma 5

o—1 a—1
)\tp @) (L =) CuC)lle + llen @) )\nr( (- e 1f (u ()]l

|(u) ()] <

o—

3
sl (O] 3reas (1= T 17 Cu Ol + uller 0 [ 5

to— 1

(1—e)dt)lf Cu)le

+ 1l I (0 / = 1—e-”)dt||f<-,u<->>uc+A\u2|\¢2<t>|§(1—e-”>||f<-,u<->>||c

+ Aluaf ez ()] 5 (1 - e’AT) I CouC)lle + el lpz @O0 Cul)lle + p2llea OITIFCuw)le
<|lle? (r) R.

Step 2: Next we show that § maps bounded sets into equicontinuous sets of C ([0, 7], R).
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Let t1,ts € [0,T] with ¢; < t2 and u € B,. Then we obtain

|(Bu) (t1) = (u) (t2)]

g/o (K, (t1,5) — Ko (t1,5)) £ (s,u(s)) ds| + /t Ky (t1,5) f (s,u(s)) ds
+lal (s (0) = 1 @) 5y (=€) e ()

a—1
+ll o (1) =01 (2)) 357 (1= Il v ()

€ pa—1
+hnl(er () = o1 @)) [ §rry (L= drlallow )

T Ja—1

+halles () =22 @] | Sy (=) dlplov ()

+ Al 2 (01) = 2 (t2)] § (1= €7 [7lle ¥ (r)

ALl (1) — @2 (12)] 5 (1= 7 [l ()
alal e () = o2 () 76 () + T ol o2 (2) = 2 ()] Il ().

Obviously, the right-hand side of the above inequality tends to zero independently of u € B, as t; — to.As
§ satisfies the above assumptions, therefore it follows by the Arzeld-Ascoli theorem that §: C ([0,T],R) —
C ([0,7],R) is completely continuous.

The result will follow from the Leray-Schauder nonlinear alternative once we have proved the boundedness
of the set of all solutions to equations u = 6Fu for 0 < 6 < 1.

Let u be a solution. Then using the computations employed in proving that § is bounded, we have

u(®)] = 01&u) O < [Ivlle ¥ (ule) R

Consequently, we have
Jull
<1
Yl ¥ (lulle) R

In view of (Ay), there exists M such that |ju|| # M. Let us set

U={ueC(0,T],R): |lul|p <M }.

Note that the operator § : & — C ([0, T],R) is continuous and completely continuous. From the choice of
i, there is no u € 04 such that u = 6Fu for some 0 < § < 1. Consequently, by the nonlinear alternative
of Leray-Schauder type, we deduce that § has a fixed point u € 4 which is a solution of problem (1). This
completes the proof. m

Now, we result based on the Krasnoselskii theorem.

Theorem 8 Let f.[0,7] x R — R be a continuous function such that the following conditions hold:
(A1) there exists Ly > 0 such that

[f (tw) = f(E0)] < Ly lu =], V(Eu), (¢ ) € [0,T] xR
(As) there exists v € C([0,T],Ry) such that

\f (t,u)] <~ (t), V(tu)el0,T]xR.
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(AG) LfR* < 1.
Then the boundary value problem (1) has at least one solution in C ([0,T],R).

Proof. Consider the closed set B, := {u € C([0,T],R): ||ul|, <r} with » > R|v|~ and define the
operators §1 and §2 on B, as follows:

(F1u) ( /K1 (t,s) f (s,u(s)) ds,

T
(32u) (t) = 101 ( /lﬁm swmw+mwm/zn@@f@mmm
Awwly//lﬁr@ﬂswﬁﬁmfww /t/Kuwﬁ@uOth
—mwmw[;mmavwm@»w—mWﬂwAz@@@f@u@ﬁs

+wmw43ww@mHmwuqéf@m@Ma

For u,v € B,, it is easy to verify that ||§1u + F2v|| o < R||7| . Thus, §1u+ F2v € B,.. One can easily show
that
|F2u — S2v||o < LyR" |lu— || -

By (Ag) §2 is contraction. On the other hand, (i) continuity of f implies that the operator §; is continuous,
(ii) §1 is uniformly bounded on B, :

Ta—l
< (1- —A\T
||31u||c’ — )\1’\ (a) ( € ) ||rYHCa

(iii) §1 is equicontinuous on B,.. These imply that §; is compact on B,.. Thus all the assumptions of Kras-
noselskii‘s theorem are satisfied. In consequence, It follows from the conclusion of Krasnoselskii‘s theorem
that the problem (1) has at least one solution on [0,7]. ®

4 Examples
Example 1. Consider the following problem
3 1 sin u —
(CD2+2CD2> ():W;T(t nu(t) | tcost), 0<t<d,
2u (1) 4+ 3u (4 :—fo (6)
CD2u(1)+5D2u(4 *ffo
where f(t’u = t21+49 (tszi# +€_tCOSt), T:47 a = %a vy = 25 V2 = 17 H1 = 3) H2 = 57 7= _17 Y2 =
5’77 175:274.:33)‘:2
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A simple calculations show that

ann =vie M4 e M — % (1-— e’)‘g) =~ (.761,

n A T
l—-a _—)s l-a _—)s
A - ds+ po—t | (T - d
F(2—a)/0 (n—s)" "e SJF#QF(Q—O[)/O ( ) e y

g At A K 1 A A T
+ / e dtV 7/ — S e e ‘Sds—i- 7/\
7). To—a) f, 17 e "a)

are =72 (T —¢) =5, aa=vi+pm —n{=6, A=-145

T
(T —s)' " e Mds + 72/ e Mdt = 24.8,
¢

24.8 —5 24.8 —5e~8
(01 = max < VR 115 ) =0.17,
0.76 —6 0.76 — 678\ _
(2 = ma ( VIR 5 > = 0.036,
R < 2.083.

To apply Theorem 6 we need to show conditions (Aj)and (As) are satisfied. Indeed,

(A1) 1 (1) = f (4, 0)] = | s a5 (sin = sino)| < 5 Ju o],
(Ag) LyR < £52.083 < 0.043 < 1.

Therefore, according to Theorem 6 the BVP (6) has a unique solution on [0, 4] .
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Abstract
In this paper, we investigate g— analogues of Bieberbach- de Branges theorems and Fekete-
Szeg6 inequalities for certain families of g— convex and g—close-to-convex functions.
Key words and phrases: ¢— close-to-convex function, ¢g— convex function, coefficient
inequality and Fekete-Szego inequality.
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1 Introduction

Let A be the class of functions f, defined by f(2) = z 4+ a22% + azz® + - - -, that are analytic in the
open unit disc D = {z : |z] < 1} and Q be the family of functions w which are analytic in D and
satisfy the conditions w(0) =0, |w(z)| < 1 for all z € D. If f; and f, are analytic functions in D,
then we say that fi is subordinate to fo, written as f1 < f2 if there exists a Schwarz function w € €
such that f1(z) = fa(w(z)),z € D. We also note that if fo univalent in D , then f; < fa if and
only if f1(0) = f2(0), f1(D) C f2(D) implies f1(D,) C fo(D,), where D, = {z: |z| < 7,0 <r < 1}
(see [7]). Let fi(z) = 2+ > o panz" and fo(z) = z+ > - 5, b,2" be elements in A. Then the
convolution of these functions is defined by

f1(2) * fa(2) =Z+Zanbnz". (1.1)

Denote by P the family of functions p of the form p(z) = 1+ c¢12 + c22? + c32% + - - -, analytic in D
such that p is in P if and only if

1+2 14 w(z)

1—z@p(z)71—7w(z)’ zeD (1.2)

p(z) <
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for some function w € €2 and for all z € D. It is well known that a function f in A is called starlike
(f € §*), convex (f € C) and close-to-convex (f € CC) if there exists a function p in P such that p
may be expressed, respectively, by the following relations:

I C RN
R (O S (O R AT

for all z € D. For definitions and properties of these classes, one may refer to [1] and [7].

The problem of maximizing the absolute value of az — ua3 is called Fekete-Szegd problem [3]
when p is a real number. Later, Pfluger [14] considered the problem when p is complex. Many
authors have considered the Fekete-Szegd problem for various subclasses of A (see [5, 12, 16]).

In 1909 and 1910, Jackson [8, 9, 10] initiated a study of ¢— difference operator D, defined by

f(z) — flqz)
(1-9q)z
where B is a subset of complex plane C, called g— geometric set if gz € B, whenever z € B.
Note that if a subset B of C is ¢— geometric, then it contains all geometric sequences {zq"}5°,
zq € B. Obviously, D,f(z) — f'(z) as ¢ — 17. The g— difference operator (1.3) is also called
Jackson g— difference operator. Note that such an operator plays an important role in the theory

of hypergeometric series and quantum physics (see for instance [2, 4, 6, 11]).

Also, note that D, f(0) = f'(0) as ¢ — 17 and D f(z) = Dg(Dqf(z)). In fact, g— calculus is
ordinary classical calculus without the notion of limits. Recent interest in ¢— calculus is because
of its applications in various branches of mathematics and physics. For definition and properties of
q— difference operator and g— calculus, one may refer to [2, 4, 6, 11]. In particular, we recall the
following definitions and properties:

D,f(z) = for z e B\{0}, (1.3)

Since 1 "
n —(q n— n—
D,z" = - 2" =[n], 2"
where [n], = 111‘7;, it follows that for any f € A we have
Dof(z) =1+ [n]ganz""", (1.4)
n=2
Dy(2Dgf(2)) =1+ Y [n]2anz""". (1.5)
n=2

The g— analogue of the factorial function is defined for positive integer n by

n

[n]q! = H[k]m

k=1

where ¢ € (0,1). Clearly, as ¢ — 17, [n], — n and [n],! — nl. For notations, one may refer to [6].
We introduce a new generalized class of ¢g— convex functions as follows:

Definition 1.1. A function f € A is said to be in the Cq such that
Dq(2Dq f(2))
Dqf(2)

When q — 17 in the limiting sense, then the class Cq reduces to the traditional class C.

Cq:{feA:Re< >>0,q6(0,1),z€]D)}.
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We also introduce a new generalized class of ¢— close-to-convex functions associated with ¢—
convex functions in .

Definition 1.2. A function f € A is said to be in the CCq if there exists a function g in class Cg
such that D
Re( qf(z)) >0, (1.6)
Dqyg(2)

where ¢ € (0,1),z € D. As Dyf(z) — f'(2) and Dqg(z) — ¢'(2), when ¢ — 17 in the limiting
sense, then the inequality (1.6) reduces to the traditional class CC.

Definition 1.1 and Definition 1.2 are equivalent to the following classes

¢, - {feA: (Dq(quf(z))> . lfz’qe (O,l),zeD},

D,f(2) 1
CCy= {feA: (gi;g;) =< ?:z, g(z) ecq}.

In this paper, we investigate the Bieberbach-de Branges inequalities for the class C; and CC,. We
also obtain the Fekete-Szego inequalities for both these classes.

2 The Bieberbach-De Branges Theorems

In order to find the Bieberbach-de Branges theorem for the class C,, we need the following result:

Lemma 2.1. [7](Caratheodory’s lemma) If p € P and p(z) = 1+ Y., c,2", then |c,| < 2 for
n > 1. This inequality is sharp for each n.

Theorem 2.2. If f € Cy and f(z) =z + > o5 a,2", then

This result is sharp for all n > 2.

Proof. In view of Definition 1.1 and subordination principle, we can write

Dq(Zqu(Z))

D) p(z)

where p € P, p(0) =1 and Rep(z) > 0.
=1

In view of (1.4), (1.5) and p(z) +c12 + 2% + ..., we get

(oo} (oo} (oo}
(1 + Z[n]ganz"1> = (1 + Z[n]qanznl) (1 + Z cnz">.
n=2 n=2 n=1
This equation yields,

1+ [2]3a2z + [3](21(132’2 + =14 ([2]4a2 + 1)z + ([3]4a3 + [2]4a2c1 + c2)2* + ... (2.2)
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Comparing the coefficients of z™ on both sides, we obtain
[n+1]4([n + 1]y — Dans1 = [nlgancs + [0 — 1gan—1c2 + ... + [2]qa2¢n—1 + ¢y,
or equivalently
g[n]qln + 1gan4+1 = [nlgancs + [0 — 1gan—1c2 + ... + [2]ga2¢n—1 + cp.

In view of Lemma 2.1, we get
q[n]q[n + 1glant] <2 {[n}q|an| +n—1glan—1|+ ... + [2]glaz| + 1].

This shows that we have

3

ginlaln + Uglan| < 2( [k1q|ak|),|a1 —1

k=1
This inequality is equivalent to

n—1

qln —1]4[n an<2<z |ak|),a1—1 (2.3)

k=1

or

ol = o2 () for =1 (2.4

q[n =

In order to prove (2.1), we will use the process of iteration. We first plug-in n = 2 and use our
assumption |a;| =1 in (2.4). On simplification, we get

|a2\ S 7.*. (25)

2
1
ool = 11 [ (#3)
=0

Next by substituting n = 3 and using the output (2.5) in (2.4), we obtain

This is equivalent to

1 2 2
a ——(1 +
This is equivalent to
15 2
ool < I (10,4 2): (26)
[3]q~ k=0 q
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that is,
=
| < — 2.7
sl < g 1T (194 2). (27
k=0
By continuing the pI‘OCbe of iterations, we get (2.1). The result in (2.1) is sharp for the functions
f(2) = [(1—2) T Td,e. =

Remark 2.3. If we take limit for ¢ — 17 in inequality (2.1), we get
lan| <1
for allm > 2. This is the well known coefficient inequality for convex functions.

Theorem 2.2 helps us to establish the Bieberbach-de Branges theorem for the class CC, in the
next result.

Theorem 2.4. If f € CCy and f(2) = z+ >, anz"™, then

n—2 n—1 n—r—2
|an| < 1_HA(k,q)+[n2]qZ<[n— o HAkq> (2.8)

r=1 k=-—1

where A(k,q) = ([k]q + %) Extremal function is given by

1 _2_1-g_
1) = [ TR e

Proof. In view of Definition 1.2 and subordination principle, we can write
Dy f(z)
Dqg(z)

for some g € Cy, where g(z) = z+ Y.~ , b,2", z € D. Since p(0) = 1 and Rep(z) > 0, it shows that
p € P, where p(z) =1+ 07, ¢,2™. In view of (1.4), we have

= p(2) (2.9)

o0
2)=1+ Z[n]qanz"71 and Dgg(z) =1+ Z

Therefore, (2.9) is equivalent to

<1 + i[n]qanz"1> = (1 + i[n]qbnz"1> (1 + g cnz").

This equation yields,
1+ [2]4a22 + [3]4a32® + ... = 1+ ([2]4b2 + 1)z + ([8]403 + [2]gbact + c2)2® + ... (2.10)
Comparing the coefficients of 2"~ ! on both sides, we obtain

[n]gan = [n]gbn + [ — 1gbn_1c1 + [0 — 2]gbp—2c2 + ... + [2]gb2cr—2 + cn_1.
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Using Lemma 2.1, we get
(lalan] < [nllon] + 2[@ b+t 2] + 1}

or equivalently,

(nllan] < [nlglbal 2(i[n - r]q|bm|), o] = 1. (2.11)

r=1

Using Theorem 2.2, (2.11) yields,

o < g 1 (04 3) g 5 (- I (1 3)

" p—o " g=—1

This inequality gives (2.8), where A(k,q) = ([k]q + %) Thus the proof is completed. O
Remark 2.5. If we take limit for ¢ — 17 in inequality (2.8), we get
lan| < n

for allm > 2. This is the well known coefficient inequality for close-to-convez functions.

3 Fekete-Szego Inequalities

We now investigate Fekete-Szego inequalities for the class C, and CC, . For our main theorems we
need the following result:

Lemma 3.1. ([15]) If p € P with p(z) = 1 + c12 + c22” + ..., then

2 2
-l |ei |
B P P Ly
27 9]= 2
Theorem 3.2. If f belongs to the class Cq, then
2
‘GQ‘ S ) (31)
(2]qq
s < (1+2) (32
as N B
[S]q[Q]qq
2lq - 2
Bl (33
’ Bl 2|~ Blal2lea
These results are sharp.
Proof. Using equation (2.2), we obtain
a2 = Cl = Cl (3.4)
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and ) )
1 7 ) 1 ( 3 )
a3 = ———— | Ca+ = co+ — ). (3.5)
[3q([38]¢ — 1) ( 2] — 1 [3]4[2]qq q
Taking into account Lemma 2.1 and Lemma 3.1, we obtain
C1 2
lag| = <
(2]qq [2]qq
and

aﬂ:’Bﬁaw(Q+}5>%§Bﬁaw<l+z)

Furthermore, using (3.4) and (3.5), we obtain

2]q 5 ’ C2 2
ag — 1= 05| = < .
[3]q ? 3lq[2lqq 3]q[2qq
These results are sharp for the functions
Dy(2Dqf(2)) 1+=z / _2_1-g_
_ — 1— 9 logq—1 .
b == )= fa-y (30
Dy(:D,f(2) _ 142 e
— — 1— [21qq logg=1 ( 7. 3.7
qu(z) 1_22 :>f(2) ( Z ) K qZ ( )
In fact, Theorem 3.2 gives a special case of Fekete-Szegd problem for real p = [2],/[3], which obtain
the naturally and simple estimate. Thus the proof is completed. O

Motivated by the above-mentioned special case of Fekete-Szeg6 problem, we now find the next
estimate of |az — pa2| for complex p.

Theorem 3.3. Let p be a nonzero complex number and let f € Cy, then

1 )

2
S -
[3] q [2] q9q

This result is sharp.

Proof. Applying (3.4) and (3.5), we have
1 g < 2 c?
2 1 i 1
PR A O
* [Blal2ag [ 22 q ([2l4)%¢?
il
2

2 Bla[2lqq
1+ - (1 — iy,
< q ([2]¢)%q
In view of Lemma 2.1 and Lemma 3.1, we get

ol < e 25 5 (e 2 (1 )
- o [2 13 (‘1 * 3(1 - ﬂ“)‘ - 1)]
S
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2 1—q

1—q — e
This result is sharp for the functions f(z) = f(l—z)_% oga-Td .z and f(z) = [(1—2%)" Pladiesa=Td, 2.

O
We next consider the case, when g is real. Then we have:

Theorem 3.4. If f belongs to the class C,, then for u € R, we have

3l .
e (U2 (1 ga). PEB,
2 2 2], q(2+2)[2]4
las — paz| < Bl Bl S0 =
2 2Ble, _1_2 qlet g )1=lq
BT o P 2) 1= =),

These results are sharp.

Proof. First, let p < % In this case (3.4), (3.5), Lemma 2.1 and Lemma 3.1 give

q

1 2 2 2 2[3
|as — pa3| < (2—|Cl| 1 lal <1+—Hqu)>

[3]q[2]qq 2 2 q (¢ [Q]q
2 2 (3]
< 1+<1—‘m>>.
[3]q[2]qq ( q [2]q
2
Let, now % <p< %. Then using the above calculations, we have
lag — pad] < ———.
27 Bl[2]eg
2
Finally, if p > %, then

1 let | er]? (2 (3] 2
2 q
az — pay| < (2— + ——pu—1-=
ol < g2 T Gt T
2
)
(3]4[2]qq 2 q[2]q q

2 2 2
22,2
[3lq[2]qq \ ¢ [2]4 q
Equality is attained for the second case on choosing ¢; = 0,¢o = 2 in (3.6) and for the first and

third case on choosing ¢; = 2,¢0 = 2,¢1 = 2i,¢9 = —2 in (3.7), respectively. Thus the proof is
completed. O

Remark 3.5. Taking ¢ — 1~ in Theorem 3.4, we get Fekete-Szego inequality for convex functions
which was found by Keogh and Merkes [13].

Theorem 3.6. If f belongs to the class CCq, then

2 1
lag| < m(l + 5)’ (3.9)
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(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

Lo 2
az — ——a5| < .
2 2]~ [2)ea
These results are sharp.
Proof. Using equation (2.10), we obtain
¢
ag = by + —
24
and 9]
C2
az = bz + itbacy + o
314 Blq
Since by, b3 € Cy, applying equations (3.4) and (3.5) in (3.12) and (3.13), respectively, we get
C1 C1
ag = + —
2lqa 2]
and
Al s)
a co+— ).
TR\

Taking into account Lemma 2.1 and Lemma 3.1, we obtain

a o
2lqq  [2]q

] ﬁ)‘ 9 2
a3l =|m— |2+ — || < 1+-).
las ‘[Q]qQ<2 q +2

Furthermore, using (3.14) and (3.15), we obtain

laz| =

="ty

and

1 2
asz — ma@ =

2
— <
[Q]qq -

These results are sharp for the functions

D,f(z) 14z /lJrz _2_1-g_
—47 1\ = 1-— 7 logq—1
Dyg(z) 1-2z2 BEAR 1-— z( ?) e

2 2 —
Dyf(z) 1+z :f(z):/1+z (1_Z2)—ﬁ—l;ngldqz.

Dyg(z) 1-—22 1— 22

This completes the proof.

Theorem 3.7. Let i be a nonzero complex number and let f € CC,, then

2}

2
2
as — pa <max{1,
‘ 3 2| [2]qq

This result is sharp.
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Proof. Applying (3.14) and (3.15), we have

1 c? 02( 2)] ( c c )2
2 1 1 1 1
as — ua5; = ——— | — — + 1+ - — —_—t =
iz [Q]qq[ 2 q : [2}qq [2]q

2
sl 33

In view of Lemma 2.1 and Lemma 3.1, we obtain

-t gl E (12
sl 5 b )] )]
I

This result is sharp for the functions given in (3.16) and (3.17). Thus the proof is completed. [

Remark 3.8. Taking ¢ — 1~ in Theorem 3.3 and Theorem 3.7, we obtain

1 3
jag — pa3| < gmaz{l, [1+2(1 = Sp)l},

las — pa3| < mar{1, 1+ 2(1 - 20)]}.

These results are sharp.
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Bilinear #-Type Calderén-Zygmund Operators on
Non-homogeneous Generalized Morrey Spaces

Guanghui Lu, Shuangping Tao*
(College of Mathematics and Statistics, Northwest Normal University, Lanzhou,
Gansu, 730070, P.R. China)

Abstract: Let (X,d, ) be a non-homogeneous metric measure space which
satisfies the geometrically doubling and the upper doubling conditions in the sense of
Hytonen. In this paper, the authors prove that the bilinear #-type Calderén-Zygmund
operator and its corresponding commutator are bounded on the generalized Morrey
space LP?(u) for 1 < p < co. As an application, the authors also obtain that the
bilinear #-type Calderén-Zygmund operator and its commutator are bounded on the
Morrey space M (u).

Keywords: Non-homogeneous metric measure space, commutator, bilinear
f-type Calderén-Zygmund operator, RBMO(u), generalized Morrey space.

2010 MR Subject Classification: 42B20, 42B35, 301.99.

1 Introduction

As we all know, in 2010, Hytoénen [7] firstly introduced the non-homogeneous metric
measure spaces including the upper doubling and the geometrically doubling conditions
(see Definitions 1.1 and 1.2, respectively), to unify the homogeneous type spaces (see [1-3])
and the non-doubling measure spaces [9, 16, 18-22, 24, 27]. Since then, some properties for
various of the singular integral operators and function spaces on non-homogeneous metric
measure spaces have been obtained by researchers, for example, see [4-6, 8, 10-13, 17, 23,
25, 28-29] and their references.

In 1985, Yabuta [26] gave out the definition of the #-type Calderén-Zygmund opera-
tor. Later, some researchers paid much attention to study the properties of the operator
on different function spaces, for example, Ri and Zhang [16, 17] obtained the bounded-
ness of the f-type Calderon-Zygmund on Hardy spaces with non-doubling measures and
non-homogeneous metric measure spaces, respectively. Besides, in 2009, Maldonado and
Naibo [14] developed a theory of the bilinear Calderén-Zygmund operator of type w(t)
and generalized the consequences of Yabuta [26]. About the further development of the
bilinear Calderén-Zygmund operator of type w(t), we can see [28-29].

*Corresponding author and Email: taosp@nwnu.edu.cn (by S. Tao); lghwmm1989@126.com (by G. Lu).
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2 GUANGHUI LU, SHUANGPING TAO

In this paper, let (X, d, 1) be a non-homogeneous metric measure space in the sense of
Hytonen [7]. The definition of the generalized Morrey space on (X, d, ) was given out by
Lu and Tao in [11], furthermore, we also obtained the boundedness of some classical singu-
lar integral operators on generalized Morrey space. In [25], Xie et al. got the boundedness
of the commutators generated by the bilinear 6-type Calderén-Zygmund operator and the
spaces RBMO(u). Inspired by this, we will study the boundedness of the bilinear 6-type
Calderon-Zygmund operator and its commutator on generalized Morrey space. Moreover,
as an application, we also study the boundedness of the bilinear 8-type Calderén-Zygmund
operator and its commutator on Morrey space.

Before stating the main results of this article, we first recall some necessary notions.
In [7], Hytonen originally introduced the following definition of the upper doubling metric
measure space.

Definition 1.1. A metric measure space (X,d, ) is said to be upper doubling if p is a
Borel measure on X and there exist a dominating function A : X x (0,00) — (0,00) and a
positive constant C) such that, for each z € X',r — A\(x,r) is non-decreasing and, for all
z € X and r € (0,00),

W(B(x,7)) < Mz, 7) < C\\z, %). (1.1)

_ Hytonen et al. [10] have showed that, there is another dominating function X such that
)\S)\,C}\SC)\and
5\(5[), T) < Cj\j‘(ya 7"), (12)

where z,y € X and d(z,y) < r. If there is no special instruction in this article, we always
assume A that in (1.1) satisfies (1.2).

Coifaman and Weiss in [2] firstly introduced the notion of the geometrically doubling
as follows, which is well known in analysis on metric spaces.

Definition 1.2. A metric space (X, d) is said to be geometrically doubling, if there exists
some Ny € N such that, for any ball B(xz,r) C X, there exists a finite ball covering
{B(xi,5)}: of B(x,r) such that the cardinality of this covering is at most N.

Assume (X, d) is a metric space. In [7], Hytonen proved the following statements are
mutually equivalent:

(1) (X,d) is geometrically doubling.

(2) For any € € (0, 1) and any ball B(x,r) C X, there is a finite ball covering { B(x;, er)};
of B(x,r) such that the cardinality of this covering is at most Nge~ ™, where n := log, Ny.

(3) For any € € (0,1), any ball B(z,r) C X contains at most Noe™" centers of disjoint
balls {B(z;, er)};.

(4) There is M € N such that any ball B(z,r) C X' contains at most M centers {z;};
of disjoint balls {B(z;, §)},.

Now we recall the definition of the coefficient Kp g given in [7], which is analogous to
the number K¢ g introduced by Tolsa in [20, 21], i.e., for any two balls B C S in X, set

1
Kpsi=1+ /\ Nep, dw,em)) @) (13)
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where cp is the center of the ball B.

Though the measure doubling condition is not assumed uniformly for all balls on (X, d,
w), it was showed in [7] that there are many balls satisfying the property of the (a,n)-
doubling, i.e., a ball B C X is said to belong to (a,n)-doubling if u(aB) < nu(B), for «,
n > 1. In the latter of this paper, unless o and 7, are specified, otherwise, by an (o, 74)-

doubling ball we mean a (6, 3g)-doubling ball with a fixed number 7 > Inax{Ci’ logy 6, 6"},
where n := logy Ny is viewed as a geometric dimension of the space. In addition, the

smallest (6,76)-doubling ball of the from 6/B with j € N is denoted by B®, and BS is
simply denoted by B.
Now we need to recall the following definition of RBMO(u) from [7].

Definition 1.3. Let p € (1,00). A function f € L. (u) is said to be in the space

loc

RBMO(p) if there exist a positive constant and, for any ball B C X, a number fp such
that

1 /
x) — fpldu(x) < C 1.4
and, for any two balls B and S such that B C S
|fB — fs| < CKpgs. (1.5)

The infimum of the positive constants C' satisfying both (1.4) and (1.5) is defined to be
the RBMO(z) norm of f and denoted by || f[|[remo(u)-

The following notion of the bilinear -type Calderén-Zygmund operator is given in [25].

Definition 1.4. Let 6 be a non-negative and non-decreasing function on (0, 00) satisfying

/10(t)dt<oo
; .

t
A kernel K(-,-,-) € Li (X3 \ {(z,y1,92) : * = y1 = ya}) is called the bilinear f-type

loc
Calderon-Zygmund kernel if it satisfies the following conditions:

(1) for all (z,y1,y2) € X3 with x # y; for i = 1,2,

2

-2
> A, d(l‘,yi))] ; (1.6)

i=1

‘K(m7y17y2)| < C

(2) there exists a positive constant C' such that, for all z, 2/, y1,y2 € X with Cd(z,2") <
maxi<;<2 d(T, Y;),

, d@.) \[< N
|K(2,91,92) — K(2',y1,92)| < 9(2:12:1d(%%)> [;A(%d(f’?ayz))l . (1.7)

Let Lp°(u) be the space of all L°°(u) functions with bounded support. A bilinear
operator Tp is called a bilinear #-type Calderén-Zygmund operator with kernel K satisfying
(1.6) and (1.7) if, for all fi1, fo € Ly°(p) and x ¢ ﬂ?zl supp fi,

TWMWﬂ:AAK@%MMwmmwMWWﬁ (18)
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4 GUANGHUI LU, SHUANGPING TAO

The commutator closely related to the bilinear #-type Calderén-Zygmund operator Ty
and b1, by € RBMO(p) is defined by

[b1, b2, To](f1, f2) (@) == bi(2)ba(2)To(f1, f2)(x) — b1(2)To(f1, b2 f2)(2)
—ba(2)Tp(b1f1, f2)(x) + To (b1 f1, b2 f2) (). (1.9)
Also, [b1, Typ] and [be, Ty] are defined as follows, respectively:
b1, To](f1, fo)(z) = b1(2)To(f1, f2)(x) — To(brf1, fo)(z), (1.10)
[b2, Tyl (f1, f2)(x) = ba(2)Ty(f1, f2)(z) — To(f1, b2 f2) (). (1.11)
Now we recall the definition of the generalized Morrey space £P*® (1) from [11].

Definition 1.5. Let k > 1 and 1 < p < oo. Suppose that ¢ : (0,00) — (0,00) is an
increasing function. Then the generalized Morrey space £P?(y) is defined by

L2 () == {f € L) « 1 fll ooy < 00},

where

1 » z
7o = sup (MB)) | 1) du(as)) . (1.12)

From [11, Remark 1.7], it follows that the generalized Morrey space £P?(u) is indepen-
dent of the choice of k > 1.
The following definition of the e-weak reverse doubling condition is from [5].

Definition 1.6. Let ¢ € (0,00). A dominating function A is said to satisfy the e-weak
reverse doubling condition if, for all s € (0,2diam(X)) and a € (1,2diam(X)/s), there
exists a number C(a) € [1,00), depending only a and X, such that,

Az, as) > Cla)\(z,s), x € X, (1.13)
and, moreover,
— 1
< 00. 1.14
2 G (L14)

Now we can state the main theorems of this article as follows.

Theorem 1.7. Let 1 < p1,p2 < 00, % = % + p%’ K satisfy (1.6) and (1.7), X satisfy the
e-weak reverse doubling condition, and let ¢ : (0,00) — (0,00) be an increasing function.
Suppose that Ty is a bilinear Calderén-Zygmund operator and is bounded from L'(u) x

L' () to L%’Oo(,u), the mapping t — @ 1s almost decreasing and there is a constant C > 0
such that

M < C@ (1.15)
[ S
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for s > t, in addition, ¢ also satisfies the following condition

s o) dt _ o(r)

T =0 for all v > 0.

Then there exists a positive constant C, such that, for all f; € LP#?(u) with i = 1,2,

1To(f1s f2)ll oo (uy < Cllf1ll govogy 1 f2ll 2o p)-

Theorem 1.8. Under the same assumption of Theorem 1.7. Suppose that by, ba € RBMO(u),
and [b1, ba, Tp|(f1, f2) is as in (1.9). Then there is a positive constant C, such that, for all
fi € LPYO () with i = 1,2,

161, b2, To](f1, f2)ll cpo ) < ClIb1llrRBMO (W) 102l RBMO () | f1 1| 2916 (1) 12| 20200 (1) -

In particular, if we take ¢(t) = #1749 with 1 <p<gq<ooandt >0 in Definition 1.5,
the generalized Morrey space is just Morrey space which was established by Cao and Zhou
in [4], that is, for £ > 1 and 1 < p < ¢ < oo, the Morrey space M, () is defined as

Mg(u) = {f € Lfoc(:u’) : HfHMg(u) < OO}

with the norm .
£ llags gy = sgp[u(kmﬁ‘% ( /B If(x)lpdu(x)> . (1.16)

Furthermore, based on the results of Theorems 1.7-1.8, it is not hard to find that the
bilinear #-type Calderén-Zygmund operator also holds on the Morrey space M, (u).

Theorem 1.9. Assume that Ty is a bilinear 0-type Calderdn-Zygmund operator, and K
satisfies (1.6) and (1.7). Suppose that Ty is a bounded operator from L'(u) x L'(u) to
L%’OO(,u), then there exists a positive constant C, such that, for all f; € MZ(n) with
i=1,2,

IToFrs £2) gy < CNEulaggy ol Fellassz

) . 1_ 1, 1 1_ 1,1
where 1 < p; < g; andp—pl—kp2 andq—q1+q2.

Theorem 1.10. Let by, by € RBMO(u), K satisfy (1.6) and (1.7). Assume X satisfy the
e-weak reverse doubling condition, fi € Mg (1) and fo € Mz (u). If Ty is a bounded

operator from L'(u) x L'(p) to L%’OO(M), then there is a constant C > 0 such that
111, b2, Tol (f1: f2)llnag gy < Cllb1lIRBMOG 1021 RBMO ) 11 222 0 12 122 (1
where 1 < p; < ¢q; < oo fori=1,2, %:pil—i—p% and%:q%—kqiz.
Throughout the paper C' will denote a positive constant whose value may change at

each appearance. For a p-measurable set E, yg denotes its characteristic function. For

any p € [1,00], we denote by p’ its conjugate index, that is, % + z% =1.
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6 GUANGHUI LU, SHUANGPING TAO

2 Preliminaries

In this section, we need to recall some preliminary lemmas which will be used in the
proofs of our main theorems. Firstly, we recall the following useful properties of Kp g
from [7].

Lemma 2.1. (1) For all balls B C R C S, it holds true that Kp r < Kps.

(2) For any & € [1,00), there exists a positive constant Cg, depending on &, such that,
for all balls B C S withrg <{rp,Kp s < Ce.

(3) For any o € (1,00), there exists a positive constant C,, depending on o, such that,
for all balls B,KBﬁQ < C,.

(4) There is a positive constant ¢ such that, for all balls B C R C S,Kps < Kppr+
cKRr,s. In particular, if B and R are concentric, then ¢ = 1.

(5) There exists a positive constant ¢ such that, for all balls B C R C S,Kp r < ¢Kpgs;
moreover, if B and R are concentric, then Krs < Kpg.

Next, we need recall the boundedness of the bilinear #-type Calderén-Zygmund Ty and
its commutator [by, b, Ty|(f1, f2) on Lebesgue space LP(u), see [28, 25|, respectively.

Lemma 2.2. Let K satisfy (1.6) and (1.7), 1 < p1,p2 < o0, % = p% + p%, f1 € LP*(u) and

fo € LP2(p). If Ty is bounded from L*(u) x L'(u) to L%’OO(,u), then there exists a positive
constant C' such that

1 To(f1, f2)ll ey < Cllfill ey (wll foll ez -

Lemma 2.3. Let 1 < p1,p2 < o0, % = p% + p%, b1,ba € RBMO(u). Assume that

fr € LP(n), f2 € LP2(p) with [, To(f1, f2)(2)dp(z) = 0, [y[br, To](f1, fo)(z)du(z) = 0,
Jlb2, Tyl (f1, f2)(x)dp(z) = 0, [y[b1, b2, Tyl (f1, f2)(z)dp(z) = 0 if ||ull < oo. If Ty is a
bounded from L'(u) x L'(u) to L%’Oo(u), then there exists a constant C > 0 such that

1161, b2, To] (f1, fo)llLo(uy) < Cllf1lles (w1 f2ll Loz () -

Nakai [15] introduced the following lemma which ensures that the integrability of the
functions can be boostered automatically.

Lemma 2.4. Suppose that 1 : (0,00) — (0,00) be a function satisfying
e ds
/ ¢(5)? < CY(r) for all v > 0.

Then there exists € > 0 such that f:o @b(s)se% < CY(r)re for all v > 0. In particular, for
every n < 1, there exists ¢ > 0 such that [ [1#(5)]"% < Clyp(r)]" for all r > 0.

Finally, we recall the following equivalent characterization of RBMO(u) in [6].

655 Guanghui Lu ET AL 650-670



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Lemma 2.5. Suppose that 1 <r < oo and 1 < p < 0co. Then f € RBMO(u) if and only
if for any ball B C X,

1 T
(“(pB) /B |f(z) — mg(f)|TdM(l")> < C||bllrBMO()5 (2.1)
and for any doubling B C S,
imp(f) —ms(f)| < CllfllrBMO(w); (2.2)

where mp(f) is the mean value of f on B, namely,

1
molf) =~ /B f(@)du(z).

Moreover, the infimum of the positive constants C satisfying both (2.1) and (2.2) is an
equivalent RBMO(u) norm of f.

3 Proofs of the main results

Proof of Theorem 1.7. Without loss of generality, we may assume that x = 6 in (1.12).
Fix a doubling ball B € X, and decompose each f; as f; = f0 + f° for i = 1,2, where
fZQ = fixes and f{° := fixx\ep- Then, by Minkowski inequality, we have

1 p
(W[B!Te(f17f2)(x)| dM(x))

# 0 0 )P T % # 0 roo )P z
< (qﬁ(M(GB))/BITe(fl’fg)( )[Pdu( )) + ((MM(GB))/ByTg(fl,f2 ) () [Pdp( )>

b 0 £0V (Pl ’ 1 R v
=:D; + Dy + D3+ Dy.

P

hSAS

By applying Lemma 2.2 and Definition 1.5, one has

1 p
D)= ((MGB» st ) du<x>>

1
<C 12 e o 12 1 e )

[p(u(6B))]71 " P2

< Clull ooy ol ooy

3=

Now let us turn to estimate Do. For any = € B,y; € 6B and y2 € & \ 6B, we have
Mz, d(z,y1)) < Mz, d(x,y2)). By (1.6), (1.12), Holder inequality and (1.13), one has

ITo(19, 13°) ()| < /6 1) /X o ) 2 )
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[fo(y)l
= C/GB o)l xes A, d(z,y1)) + Az, d(x,yQ))]Zd'“(y?)d/‘(yl)
|f2(y)]
<c [ i) o B )

()
<c [ 1w o B )

N f2(y)]
<c [ Ifilautm) (kzzj Lo B d(wmgdu(yz))

1

< c( [ 15 (yl)lpldu(m)) " (6B
68

1

X{ Z W </6k+1B ‘f2(y)‘p2du(y2)> [M(6k+1B)]1 P2 }

k=1
) CMxl,m </GB / 1@1)’“@(%)) " lueB)

1

X{ > O o </63 'f2<y>|”dﬂ<y2>) pQ [u<6k+13>]1‘52}

k=1
1
¢(u(6B)) | ™
< CHfl”LPLCb(M) HfQHL,,Z,d,(M) [H(GSB)
1
=1 [e(u62B))| ™
x Z kY1e k+2 )
= [C(6%)) | u(6*2B)
further, by condition (1.14), (1.15) and zl) = p% + pi{ﬂ it follows that
1 1
w(6B) | * | d(u(6B)) |7
< 1
Dy < CHfl||Lp17¢(u)||f2”Lp2,¢(u) 5(u(6B)) (65)

k=1

1
pz}

With an argument similar to that used in the proof of D2, we can easily obtain

Ds < Cllfill ol foll oo -

It remains to estimate Dy. Firstly, consider |Ty(f{°, f5°)(z)|, for any = € B, by condition
(1.6), we have

To(15°, £5°) ()] < /X /X K (1, 92) |22 () 15 () g ) ()

o~ L |o(u(6*?B))
{ 2 (G [ u(6"72B)

< O Aill s o2l -
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|1yl f2(y2)]

<C / /
x\68.Jx\6B [A(

<C
N z::/kHB\GkB (Z/(iﬂ+1B\GJB

z,d(z,y1)) + Az,

fa(y2
<c /
Z k+lB\6kB d(.’L‘ yg

e / /
; 6k+1B\6kB|f2<y2)|<jZk 6i+18\6 B [\,

=: E; + Es.

d(z,y2))]?
|f1(y)l[f2(y2)]

dp(yr)dp(y2)

Mz, d(z, 1)) + Az

| f1 (11

e yQ))]Qdu(w))du(w)

( Z /GJHB\GJB fl(yl)ﬁ“(ﬂl)) du(yz)

)|

d($7 Y1

))]Qdﬂ(y1)> dp(y2)

For E;. By applying the Holder inequality and (1.12), we have

[e.9]

)l
E, <C
T ;/GkJrlB\ﬁkB Mz, d(x
_ R@)]

<CZ/

kJFlB\ﬁkB )\ l’ d

<€ o

(%
(Z A, 677) /6J'+1B\6J'B |f1(y1)|d,u,(y1)) dp(y2)

Az 6kB (/ . ’f2(y2)p2du(y2)> " [u(ﬁkHB)]l_%

i+1B\67 B Mz, d(z,y1))

171(51) du(w)) dp(y2)

k—1 | |

oo

D

< CHf1Hm,aa(#)Hf2ng2,¢(m{

oo

D

k=1

< CHfluﬁm,qﬁ(u)Hf2||cpzy¢(“){

[e.9]

D

< CHfluﬁplaflﬁ(u)Hf2H£P27¢(#){

k=1L

k=1L

[o(u(618) )7 | [ 52 [o(ue+B) |7
u(65+1B) ] = Cu(6IT1B)

[ (u(61B))] ;[¢(M(6’“+IB)) "1}
W671B) | | uEE)
]
M(Gk‘HB)

An argument similar to that used in the above proof, it is not difficult to obtain

Ey < Cllfillgovo gl f2ll oo {

Moreover, by applying the assumption fT -

k=1

i [¢(u(6’““3)) ’

,LL(Gk"'lB)

1
i [ 6k+lB)) }
k+1 .

pt (6+1B)

(t )dT < C¢§f) and Lemma 2.4, lead to
1
2 P
<c $(u(6°B)) ’
1(6B)
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)

combining the estimates for E; and Eg, and condition (1.15), it follows that

_ -1
w(6B) |7 | o(u(6*+B
Di < Ol fill g | oll grasy | Lo { [“”
1

@B | W
[ u(68) 1 [o(u(62B))]”
< Cllilon gl all o | S [¢L‘§(623))>

< CHf1HLP1,¢(M)Hf2||cp2,¢(u),

which, summing up the estimates for D1, Dy and D3, the proof of Theorem 1.7 is finished.
O

Proof of Theorem 1.8. We decompose f; as f; = fz-0 + f7° in the proof of Theorem 1.7,
where fi0 = fixen,t =1,2. Then

( u(163 /’blamea](fl,fg)( )Pdp(z ))p

1
< ( 5w I[bl,bz,Te](f?,fS)(w)l”du(ﬂc))

1 o ,
+<(¢(M<w»/]3‘[b17bzaTe](f?,f2 )(@)] d,u(x))

1 . ,
+<¢(M<GB>> [ b T 9@ dﬂm)

3 =

3=

3=

P

1 e

+<¢(M((B))/B|[bl,b27T9](fl 50 ()] du(x)>
=:F1{+Fy+F3+Fy.

+

From Lemma 2.3, Definition 1.5 and % = it follows that,

1, 1
p1 p2’
1

F1 < Cllb1[lrsmogn 102 lremo () ————— 1/ lzer (o 13| 2r2 ()
(u(6B))]7

< CllbllrByMo ) 102 lRBMO () | f1 1l 2210 (1) | f2ll 2202 1) -
In order to estimate Fg, we firstly consider [b1, ba, Ty](f2, f5°)(x). For any x € B, write
(b1, b2, To) (f7 f5°) ()]
S/ |b1(ﬂf)—bl(y1)!|f1(y1)|/ (K (2, y1, y2)[b2(z) — ba(y2)|[ f2(y2)|dp(y2)dp(yr)

<o [ @ -mllnwl [ s s anauty)
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< C‘bl( — Mg bl Hbg(x m”"(bQ)‘

= fa(ya)|
/ | f1(y1 |<;/6k+13\6kB Az )T d,u(yz))d,u(?ﬂ)

+C|b1 mGB(b1)|

102(y2) — mgg (b2)|]f2(y2)|
/ il y1'<zl/6k+13\6k3 (o) d“(”))d“(y”

k
+C'b2(x) — mgg(b2)]

x/ b1 (y1) — mgg (b))l f1(y1) (Z/GkHBka ((xy?)yi))]gdu(%))du(yﬂ

e / b1(51) — mcs ()| )|

|a( yz mggp (b2)|]f2(y2)]
< Z /6k+1B\6kB Az, dfza:, 12)))? du(y2)> dp(yr)
=: G1 + G2 + G3 + Gy.

With an argument similar to that used in the proof of Dy in Theorem 1.7, it follows
that

G1 < O\l fill goros oy 1 2]l 2.0 (1101 (2) — Mgy (b1)][b2(2) — Mg (b2)]

sueB) |7 (&1 [alue2B)]™
| u(6B) {;[0(6’“)]6[ H(6F2B) }

By applying the Holder inequality, (1.14), (2.1), we have
Ga < Clbr(a) = map )l 5y | 1n)ldn(on)
2> 1&) —mzp\01)| 77 1\Y1)1apyr
6B )\(33,7’) 6B

’ (Z [C(6F)]< Az, 651)) /GMB b2(2) = m@(b2)!\f2(y2>\du(y2)>

k=1

1

< Clbr(x) = mgp (b1)[[n(12B)] 7 (/ | f1 (1 Ipldu(y1)> )

1 1
; [C(6F)]€ A(z, 6F7)) /6k+1B <lb2(y2) B mﬁ%@”
+lm 5o, (ba) — (52)\> !f2(y2)!du(y2)]
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< CHleLP1,¢(u)|b1(CC) — m@(blﬂ [qs(((f;;i)) Z 1: 16kr))
k=

X/GHIB (|bz(y2) m g (02)] + Ellb2 [rBmo )>|f2(y2)|dlu(y2)]

o fewaemy] e 1
< Cllfillzrrvo o b1 (2) GB(b1)|[ 1(12B) {;[C(ﬁk)}e,\(x,takr))

" [</ﬁk+1B ’fZ(yQ)pZdu(m)) ) (/ﬁk+1B 02(y2) = 6k+1B(b2)‘p2dM(y2)>
k1 75
Rl lmriogo 1l oa o651 B) (W) ] }

(u(12B)) ﬁ i k+1 1
1(12B) = [C(6%)] A, 67r))

k+1
x[|b2llrRBMO (1) 1 f2ll 29220 (1 1 (6'““]3)(%) ]

S

< Ol fall gpros gy o1 () — mgg (b)) [

1

¢(u(12B)) | "

< CllballrBmo ) f1ll o1 oyl 2]l zr2.0 (|01 (2) — mgg (b1)] [

u(12B)
1
| S ()
k1 ’
2 u(6*1B)
where we have used the following fact that
M gy, (02) — mgp(b2)| < C(k + Dlb2]lRBMO ) - (3.1)

By applying (1.12), the Holder inequality, (1.14) and (2.1), one has

G < Clbata) = meg(ba)l s [ [1(00) = map@)lL A ()

x (Z [C(6F)]¢ \(z, 6Fr) /GMB ’f2(y2)du(y2)>

k=1

< o luson ilen o 12 v () = m Bo) [
SRR C N
;[cmkne( W(6 1) ) ]
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It remains to estimate G4. By (1.12), the Holder inequality, (1.14), (2.1) and (3.1), we
have

G gc@ /6 ) = mgg )l ol

X (Z [C(ék)]e e 16kr) /GkHB b2(y2) — m@(b2)1|f2(y2)|dﬂ(y2)>

k=1

1

¢(p(12B)) | ™

< ClbrlRemo ) L1l o1 [

u(12B)
0o 1 1
k:Z:l [C(6%)]° Az, 6%r) (/6k+1B [b2(y2) — 6k+1B(b2)Hf2(y2)‘dlu(y2)

gy () = mgg )] [ kHBIfQ(yz)IdM(yz))]

12B)) | ™
< Clbr Irmnsogolellrmvionn 11l oo I el )[W
SRR ECE) g
| & OO Ao | wo1E)

o(u(12B
< Ol lreniogn b2 llssiou | fill g |2l erae >[(M<(123>))

SN CO A -
| S ()|

k=

Thus, bgz applylng the estimates of G1, Go, G3 and G4, the Holder inequality and the fact
that 2 < C22) with s > t, it follows that

P

1 00 »
s = (W [ b T £5) ) du<x>>

<Cllfillemell Pollerae ( [ i) =m0 a) ~ m@wz)\pdu(x))
mfe 1 [euen)]”
{Z[Owkne[ u(6-77B) }

k=1
1
p
+C[b2ll[RBMOG) | f1ll 22100 (1) | f2ll 22200 ( 6B) /]bl = (b)) Pdp(x )>

¢(n(6B)) | ¥
x[p(u(6B))] » [(63)
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X[¢<<12B>> " i b+ 1 (¢(u(6k+13))>p12]
(12B) — [ w651 B)
+C||b1||RBMO Hf1||5p1d> )||f2”£p2<f>u< (6B) /’bQ b2)’pdﬂ( ))p
$(u(12B)) | " [ & E41 $(pu(6"1B))
X[(IQB) kz ( ,u(6k+lB) ) ]
+C|[b1][rBMO() 102l RBMO () [ f1ll 2916 () [ f2ll 2226 (1) qﬁg)) p
[tz [ k1 (otuemy )
1(12B) = [C(6F)]\  p(6F+1B)
< Ollb1llremou 102 [RBMO ) 1 f1ll 2o ([ f2l 2r2:0 (10 m p
ou6B) ] [ 1 [e(ue2B)]
“|Cutom {;[wa)r[ W(67E) }
+C|[b1l[rBMO) [102]lRBMO (o) [ f1ll 2216 oy [ f2 Nl 22206 1) qﬁl&(?fil;))) p

e () -
Z ( (6k+1B) ) ]

1

y [¢< u(12B)) | *
(12B)

< C”bl”RBMO(u)Hb2HRBMO u)||f1|’cp17¢(u) 1F2ll 2220 )

1 1 1
where = = — + —,
p Pl + p2

Similarly, it is not difficult to obtain

F3 < Cllb1l[rBmow) 102 llRBMO ) 111 2016 ) | f2ll 222 1) -

Now let us turn to estimate F,. For any x € B, write

|[b1, b2, Ty] (f°, £5°) ()|
< |bi(z) — mg(b1)|[ba(z) — mp(b)|[To(f7°, £3°)(2)]
+b1(x) — mgb)|[To(f°, (b2 — mz(b2) f2°) ()|
+b2(z) — mp(b2)||[To((b1 — mpz(b1) f1°, f37) ()]
+|Tp((br — mp(b1) f7°, (b2 — mp(ba2) f3°) ()|
=: Hy + Hy + H3 + Hy.

663 Guanghui Lu ET AL 650-670



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

15

}

With a slight modified argument similar to that used in the proof of Jo; in [25], it is
not difficult to obtain that

An argument similar to that used in the proof of D4 in the Theorem 1.7, we have

0 6kl B
Hy < Ofbr (@) — mz(00)a(e) —m»,;(bznHf1||m,¢(m||f2|rﬁp2,%){ > [M
k=1

3=

¢(n(6B))

Hy + Hs + Hy < Clb1(x) — mg(b)1b2llremo g | f1ll 2o1.6 (uy | f2ll 2206 1((6B)

=

o(u(6B)) |

+Clpa(a) — m500) 101 st o ol oo [W
1

6B)) |7
O lrantogo Ibalrensos 1 ill e Hf2|r£p2,¢(mlw

Further, by applying the Holder inequality, Definition 1.5 and (2.1), we can deduce that

)

ad 6k+1B
Fi < CJfillgorogol f2H£p2,¢(H){ > [¢<u<>>

pt M(6k+1B)
( (6B) /'bl (b1)[P[ba() — g(bg)|pdu(ag)>
+CballRBMo (o L1l 2ov- oy 1 21l o2 ¢<<6>>
1 o\
X<¢(M(GB))/B|Z)1($) 5(01)[Pdp(x )
+C b1 llRBMo (o) 111l or.o oy 1 21l o0 ¢(u(65))
~u(6B) )
< (6B) /'bl 5(b1)Pdu(z ))
+CHblHRBMO Hb?HRBMO HleE”W HfQHUw‘f’(u) ¢,(MM(ESGBB))) ¢LH(ESGBB)))

< Cllb|lrByMo () 102llRBMO () | f1 1] 2010 (1) | f2l 20200 1 -

Which, combining the estimates of F1, F3 and F3, the proof of Theorem 1.8 is finished. [
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Remark 3.1. With an argument similar to those used in the proof of Theorem 1.6 in
[28] and Remarks 6-7 in [25], it is not difficult to obtain Theorem 1.9. Thus, we omit the
details in this article.

Proof of Theorem 1.10. Without loss of generality, we assume that & = 6 in (1.16), and
decompose f as f; = fi0 + f7° as in Theorem 1.7, where fio = fixen.- Then

u(6B)])1~ i( / b1, b, T) (f1, fo) (2)Pdp(e >)p

D=

< [W(6B)]1 7> ( /B |[b1,b2,:re]<f?,fox)rpdu(x))

=

+u(6B)] %< / b1, ba, To) (19, 15°) (@ >|pdu<a:>)

3=

+u(6B)]a ( /B I[bl,bz,To](fi’°7f§)(x)lpdu(x)>

m»a
B =

+[u(6B)] 11’(/ b1, b2, To] (f7°, f3° )(fﬁ)lpdu(iv))

=L +L+1I3+ 14

By applying Lemma 2.3, % =L Landl= q% + q%, we have

Q\H

_1
TNl o 12 e

< ClbrllrBMo(w1b2llrBMO () 1101 (1) [ 2Nl a2 ) [1(6B))]

< Cllbrllrmo(wb2llrByo ) L1l Az (12l a2z 1)

I <C|lbillrBMmo) 1b2]RBMO () [11(6B))]

»Q\»—l

*%MGB)]%*%

To estimate Ip. For any = € B, we firstly consider |[by, ba, Ty](fY, £5°)(x)|. Write

[b1, b2, Ty (f7, £5°) ()] < |br(z) — mp(bo)||ba(x) — mg(b2) | To(f7, f5°)(2)]
+[br (z) = mp(b)||Ty(f7, (by — mp(ba) f5°) (x)
+[ba () — mg(b)||Ty((br — mp(bi) f7, f5°)(x)

+Ty((br — mp(b1) f7, (b — m(b2) f5°) ()]

= J1+Jo+J3+ J4.

With an argument similar to that used in the proof of Hy in [28], it is not difficult to
obtain that

J1 < Clbi(x) = mg(01)[ba(z) — mpb2)lllf1ll nggr 1 F2ll aggz ) [(6B)] @
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By applying (1.6), (1.13), (1.14), the Holder inequality, (2.1) and (3.1), we can deduce

Ja < Clby(x) — mp(br) |/ | f1(y1 |/ bt y1 N d(x(byzj)|;{2(y2)‘du(y2)du(yl)

by () — mz(by) / ) du(on)

[b2(y1) — mp(b2)]|f2(y2)]
( 6k+1B\6kB (e, )P d“(y2)>
1
< Cla(@) = m)l55 [ 1Gldntn)

X (k_ [C(6F)] )\(x’lﬁk ) /GkHB b2(y1) — m§(62)||f2(y2)]dy(y2)>

1

< CHleMg% (“)|b1($) - mg(bl)HM(GB)];l{ [C(ék)]e Az 16’“7’)
k=1 ’

x /GMBHW) Mg 02|+ Img (b2) — mg(b2)!]|f2(yz)ldu(yz)}

o0

SCHfIHMg%(M)”f2HM;§g(u)‘b1( ) —mg(b1)|[u(6B)] ql{z ék’)] )\(:c16k7“)

k=1

_ 1
X (k + 1)]|ba | REnto (6" B)] ' % }

_1
< Clballrsmoq 11l vggr oy | f2ll gz 11 (2) = mg (b1)|[(6B)] @

Similarly, we have

_1
J3 < CllbrllrBymo () L fill a1 21l agz oy b2 (@) = mp(b2)[[1(6B)]

Now let us turn to estimate J4. With (1.6), (1.13), (1.14), the Holder inequality, (2.1)
and (3.1), lead to

To((by — mp(b1) f7, (b2 — mp(b2) f5°)

< C/ b1 (y1) O[] f1 (1 |/ ’bQ xZ(Bx(b;;)‘g?(ymd,u(y2)d,u(y1)

1

< ClbillrBMmo(p) [M(GB)}P% </GB |f1(y1)|p1du(y1)) "

X{ Z W /6k+1B [b2(y2) — mé(b2)||f2(y2)|d,u(y2)}

k=1
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1 [ & 1 1
< C[b1|lrBMO(1 Hfl”Mql(u p(6B)] @ { Z::l [C(M)]F Mz, 6+1) [/6k+13 | f2(y2)]

x[ba(y2) — m 5777 (b2)ldp(y2) + (K + 1)l|b2llrMo u)/ \f2(y2)\du(yz)”

< Cllb1llrBymo () 102l RBMO () | F1Lll Ag21 1y 1 F2 0122 10y 12 u(6B)) 7

Combining the estimates of Ji, Jo, J3 and J4, we have

I, = [u(6B)] H( / b1, ba, To) (9, £5°) ( >|Pdu<x>>p

1_1 1_1
< Cllbr[rB7oq 1b2llrBMO o) 11l ar22 oy [ 2l a2 gy (16 B)] 7~ 2 [(6B)] o

B =

+C1brllrBMO () | f1l a2 u)||f2HMq2 [ (63)]7% </63 |ba(x) — mg(bg)\pdu(a:)>

D

1
+Cl[b2llrBMO () 11l agg1 oy [ 2l a2z ) [(6B)] 7 </GB |b1() — mé(bl)‘pd/‘(x))

3=

+CI 1l g oy 1 2l aggz ) [W(6B)]) "> (/GB |b2(z) — mp(b2)[P[b1(z) — m'g(bl)\pdﬂ(ﬂf)>

_1
< CllbrllrByMo(w1b2llrBMO () 1100 () [ 2l 022 () + O nggr gy 1 f2l gz [1(6B)]

p y4 1

{( | |b1<x>—mg<b1>|mdu<x>>m< | |bg<x>—mg(bznmdmﬂs))”}p
6B
< ClbrllrBymo (102l RBMO () L F1ll Ag21 1y [ 2l 0122 1)

By an argument similar to that used in the I, we have

I3 < Cllb1[lrB7MO () 102 RBMO ) | 1 18882 (1) 12 82 (10
It remains to estimate I4. For any x € B, write
|[b1, b2, To] (f7°, f5°) ()] < [b1(2) — mp(bi)||ba(x) — mp(02)[|To(f1°, f5°) (2)]
+[b1(z) = mp(b)[|To (1%, (b2 — mp(b2) f5°) (2)]
+|b2(x) — g(b2)|\T0((bl —mg(b) f1°, f2°)(@)]

+[Ty((br — mp(b1) f1°, (b2 — mp(b2) f5°) ()]
=:U; 4+ Uy + U3 + Uy,

For Uy, Uy, Uz and Uy, by some arguments similar to those used in the proofs of Hy in
28] and U/, and U’ in [23], we can obtain
2 2

U + Uz + Uz + Uy < Clby(x) — mg(b)|[b2() — mé(b2)|‘|f1”M,§‘}(u)Hf?HMSS(u)
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_1
q

+Cl|b2llrByo () 11l a2 (o [ 2l agg2 1y 01 () = 5 (b1)[[1(6B)]

_1
b reno |11l agss o | F2ll gz golb2() — g (b2)][u(6B)]) s

+Cl|b1llrBMO () 102 RBMO () | F1 721 (10 1 F2 [ 0122 1y [(6B)] .

Further, by a way similar to that used in the estimate of I, we can deduce

Ly < Clb1|[rB7MO () 102 RBMO ) [ 1 881 (1) 1 2 22 (10
Combining the estimates I; — I4, we complete the proof of Theorem 1.10. O
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Abstract In the current work, using the fixed point theorems due to Brzdek and Cieplinski, we
give some Ulam-Hyers stability results for the decic functional equation in non-Archimedean spaces.
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1 Introduction and preliminaries

Throughout this paper, N stands for the set of all positive integers, Ry := [0,00) and Ny := N U {0}.

Let us recall (see, for instance, [9]) some basic definitions and facts concerning non-Archimedean normed
spaces.

A non-Archimedean valuation on a field K is a function |- | : K — R such that

(1) |r| > 0 and equality holds if and only if r = 0;

(2) |rs| =|r||s], rs€K;

(3) |r+s| <max{|r],|s|}, rseK

Any field endowed with a non-Archimedean valuation is said to be a non-Archimedean field. In any non-
Archimedean field we have [1| = | — 1] = 1 and |n| < 1 for n € Ny. The most important examples of non-
Archimedean fields are p-adic numbers which have gained the interest of physicists for their research in some

problems coming from quantum physics, p-adic strings and superstrings (see [9]).

Let X be a linear space over a field K with a non-Archimedean valuation |-|. A function ||-||: X - Ry isa

non-Archimedean norm if it satisfies the following conditions:
(1) ||z|| = 0 if and only if z = 0;
(2) |lrz] = |r|||z| for all r € K and z € X;
(3) Jlz+yll < max{lz], Iy} for all z,y € X.

Then (X, || - ||) is called a non-Archimedean normed space.

Let X be a non-Archimedean normed space and {z,,} be a sequence in X. Then {xz,} is said to be convergent

*Corresponding author. E-mail: xutianzhou@bit.edu.cn
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if there exists © € X such that lim |ln — || = 0. In that case, x is called the limit of the sequence {z,} and
we denote it by hm Ty = T A sequence {z,} in X is said to be a Cauchy sequence if hm |Zns+p — x| = 0 for
allp=1,2,. Due to the fact that

[en = &m| < max{[lejp —asll: m<j<n—1} (n>m)

a sequence {z,} is Cauchy if and only if {x,+; — 2, } converges to zero in a non-Archimedean normed space.

The first work on the Ulam-Hyers stability of functional equations in complete non-Archimedean normed
spaces is [10]. After it, a lot of papers on the stability for various classes of functional equations in such spaces
have been published, and there are many interesting results concerning this problem, see for instance [2-8,12-15]

and the references therein. The fixed point method is one of the most effective tools in studying these problems.

In this paper, we consider the decic functional equations which was introduced in [1,11] as follows:

f(xz+5y) —10f(x + 4y) + 45f (z + 3y) — 120f (z + 2y) + 210f (x + y) — 252f (=)

1.1
+210f(z —y) — 120f(x — 2y) + 45f(xz — 3y) — 10f(z — 4y) + f(z — by) = 10! f (y). (1)

Since f(z) = 2'° is a solutions of (1.1), we say that it is a decic functional equation. Every solution of the
decic functional equation is said to be a decic mapping. Indeed, general solution of the equation (1.1) was found
n [11]. In this paper, we study some stability results concerning the functional equation (1.1) in the setting of

non-Archimedean normed spaces.

2 Stability of the decic functional equation (1.1)

In this section, we show the generalized Ulam-Hyers stability of equation (1.1) in complete non-Archimedean
normed spaces (its stability in quasi-8-Banach spaces was proved in [11]). The proof of our main resut is based
on the following fixed point result obtained in [5, Theorem 1] (see also [2, Theorem 2.3] and [3, Theorem 2.2]).

Theorem 2.1 Let the following three hypotheses be valid :

(H1) FE is a nonempty set, Y is a complete non-Archimedean normed space over a non-Archimedean field of the
characteristic different from 2, j €N, f1,...,f;: E—=Fand Ly,...,L; : E = R} ;

(H2) 7 :YE = Y¥F is an operator satisfying the inequality

17¢(@) = Tu)| < omax | Li @)E(filx)) = p(fil@)ll,  &EneYP ae B (2.1)

(H3) A:RY — R is an operator defined by

Ao(z) = ze?llax }L J(2)d(fi(x)), seR¥ z€cE. (2.2)

Assume that the functions e : E — Ry and ¢ : E — 'Y fulfill the following two conditions :

[To(x) —p(x)|| <e(x), z€E, (2.3)
and
Jim Ale(z)=0, z€E. (2.4)

Then there exists a unique fixed point 1 of T with

lo() — ¥ (@)l < sup Ne(z), zckE. (2:5)
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Moreover,

Y(z) = ll_i)m T'o(z), x€E. (2.6)

Let (X,4) is a commutative group and Y is a complete non-Archimedean normed space. Given f : X —
Y,z,y € X, put

Dio(f)(x,y) := f(x 4+ 5y) — 10f(x + 4y) + 45f (= + 3y) — 120f (x + 2y) + 210 (x + y) — 252 f (x)

2.7
+210f(x —y) — 120f(x — 2y) + 45f (z — 3y) — 10f(z — 4y) + f(x — By) — 10! f (y). @7)

Theorem 2.2 Assume that X be a commutative group uniquely divisible by 2 and let Y be a complete non-
Archimedean normed space over a non-Archimedean field of the characteristic different from 210. Let f : X — Y

and ¢ : X? — R, be mappings satisfying the inequality

D1 (f) (@, 9)|| < ¢(z,y), z,y € X (2.8)

Assume also that there is an s € {—1,1} such that

l
. 1 .
Jim <|2|105> ¢ (2°'z,2°ly) =0, r,y € X. (2.9)

Then there exists a decic mapping F : X — Y such that

1 T o1
@) = F@I < 50p iy (e ) 927 %) wex (2.10)

where

§(z) = |10'| max {|252|¢(0, x), |252|A(5x), |11340| A(3z), D(x)},
D(z) = max {|90|¢(3z, ), |240|p(2x, ), |420|p(x, ), |420| A(4x), |240| A(3x), |4200| A(3z),

90| A(2), [2400|A(2z), B(x)} ,

2.11
B(z) = max {|2|¢(5x, x), |20]p(4z, x), ©(0, 2z), |2|C, A(10z), |10| A(8z), (210
|45| A(6x), |120| A(4x), |210|A(2z), |20 A(z)},
A(z) = |10'| max{p(z,z), o(z, —2)}, C= ﬁ (0,0).
Proof. Replacing z =y =0 in (2.8), we get
1
IF )] < Tion? ¢(0,0) := C. (2.12)
Replacing z and y by z and z in (2.8), respectively, we get
1£(62) — 10£(52) + 45 f (4z) — 120 (3x) + 210f(2z) — 252 () (2.13)
+210f(0) — 120f(—x) + 45f(—2x) — 10f(—3z) + f(—4z) — 10! f(z)|| < p(z,x) .
for all z € X. Replacing = and y by z and —x in (2.8), respectively, we have
IIf(—4z) — 10f(—3x) + 45 f(—2x) — 120f(—x) 4+ 210(0) — 252f (x) + 210 (2x) (2.14)
—120f(3z) + 45f (4z) — 10£(52) + f(6z) — 101f(—2)|| < ¢(z, —x) '
for all x € X. By (2.13) and (2.14), we obtain
1f(z) = f(==) < max{p(z, z), p(z, —z)} = A(z) (2.15)

|10'|
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for all z € X. Replacing z and y by 0 and 2z in (2.8), respectively, and using (2.12) and (2.15), we find

12£(102) — 20£(8z) + 90f(6) — 240 (4z) — (10! — 420) £ (22) |

(2.16)
< max {p(0,2z), A(10z), |10| A(8x), |[45]| A(6x), |120| A(4x), |210|A(2z), |252|C'}
for all z € X. Replacing x and y by 5z and z in (2.8), respectively, we get
|| f(10x) — 10f(9z) 4+ 45 (8x) — 120f(7z) 4+ 2101 (6x) — 252 (5x) + 210 (4x) (2.17)

—120f(3z) +45f(2x) — (10! + 10) f(2)|| < max {¢(5z,x),C}
for all x € X. By (2.16) and (2.17), we obtain

120£(92) — 110£(8z) + 240f(7z) — 330f(62) + 504f (5z) — 660 (4z)
+240f(3z) — (10! — 330) f(2x) + (2 - 10! + 20) f (=) || (2.18)
< max {|2|¢(5x, x), (0, 2x), |2|C, A(10z), |10|A(8x), |[45|A(6x), |120| A(4x), |210| A(2z) }

for all z € X. Replacing « and y by 4z and z in (2.8), respectively, and using (2.12) we have

1£(92) — 10£(8x) + 45f(7z) — 120f(62) + 210 (5z) — 252 (4x) + 210 (3z)

(2.19)
—120f(2z) — (10! — 46) f(z)|| < max {p(4z,z),|10|C, A(z)}
for all x € X. By (2.18) and (2.19), we get
190 f(8z) — 660f(7x) + 2070 (63) — 3696 f (5) -+ 4380 f (4z)
—3960f(3x) — (10! — 2730) f(2z) + (22 - 10! — 900) f ()] (2.20)

< max {[2|¢(5z, z), |20[p(4z, z), (0, 22), [2|C, A(102), [10]A(8z),
|45 A(62), |120| A(4a), |210|A(22), |20|A(z)} == B(z)

for all z € X. Replacing = and y by 3z and z in (2.8), respectively, then using (2.12) and (2.15), we have

1£(8%) — 10£(Tz) + 45 (62) — 120£(5z) + 210 (4dz) — 252f (37) + 211f(22) — (10! + 130) f (z)|

(2.21)
< max {p(3, 2), [45|C, A(22), 10/ A()}

for all z € X. By (2.20) and (2.21), we get

1240 f(7x) — 1980 f(6x) + 7104 f(5z) — 14520 f (4z)
+18720f(3z) — (10! 4 16260) f(22) + (112 - 10! + 10800) f(z)| (2.22)
< max {|90|¢(3z, ), |90]A(2x), B(x)}

for all z € X. Replacing z and y by 2z and z in (2.8), respectively, then using (2.12) and (2.15), we have

|f(7z) — 10f(63) + 45f (5x) — 120 (4z) + 211 f(3z) — 262 (2x) — (10! — 255) f (]|

(2.23)
< max {p(2z, z), A(3x), [10]A(2z), |45|A(z), [120|C'}
for all z € X. By (2.22) and (2.23), we get

1420 (62) — 3696 f(5) + 14280 f(4z) — 31920 f(3x) — (10! — 46620) f(2)
+(352 - 10! — 50400) £ (z) (2.24)
< max {|90|p(3z, x), |240|p(2x, x), |240| A(3x), |90| A(2x), |2400|A(2z), B(x)}
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for all z € X. Replacing = and y by z and z in (2.8), respectively, then using (2.12) and (2.15), we have

I1£(62) — 10£(52) + 46 (42) — 130f(3z) + 255 (2) — (10! + 372) f ()

(2.25)
< max {¢(z, ), |210|C, |120|A(x), |45|A(2x), | 10| A(3x), A(4z)}
for all x € X. By (2.24) and (2.25), we get

1504f (5) — BOAOf (4z) + 22680 (3z) — (10! + 60480) £ (2) + (772 - 10! + 105840) f ()|
< max {|90|¢(3x, x), |240|o(22, x), [420|o(x, x), |[420| A(4x), |240| A(3z), |4200| A(3z), (2.26)
|90|A(2x), |2400|A(2x), B(x)} := D(x)

for all x € X. Replacing = and y by 0 and z in (2.8), respectively, then using (2.12) and (2.15), we have

12/ (52) — 20 (42) + 90f (3z) — 240 (2x) — (10! — 420) ()|

(2.27)
< max {p(0,z),]252|C, A(5x), |10|A(4x), |45|A(3x), |120|A(2z), |210| A(z)}
for all x € X. By (2.26) and (2.27), we get
1
1) =2 f(@)] < g man{[2521(0. ). 2521 A(50). [11340]4(3a). D(a)} = b(a) (2.28)
for all z € X. Thus ) )
‘ 2Wf(Zx) — flo)| < W(S(m), z e X. (2.29)
Similarly,
10e (T <s(*
H2 f(2) f(x)H_(S(Q), zeX. (2.30)
Fix an € X and write )
Té(x) = 21055(2%), cey”X, (2.31)
L s) ifs—1
—=0(x), ifs=1,
e(x) =9 127 (2.32)
Then, by (2.29) and (2.30), we obtain
ITf (@) = f)ll < e(x), reX. (2.33)
Next, put
1 S
An(z) = WW ), neRY,zeX. (2.34)

It is easily seen that A has the form described in (H3) with £ = X,j = 1 and fi(z) = 2%z, L1(z) = |2‘1105 for
x € X. Moreover, for any &, € YX and 2 € X we have

1 1
T -7 = || 55:6(2°2) — 2°
ITe) - Tu@l = | @) - o) )
< Li(@)[[€(f1(2) — p(fi(@)]],
so hypothesis (H2) is also valid.
Finally, using induction, one can check that for any [ € Ny and z € X we have
1\
AZE(I') = 108) 5(2511')
12 (2.36)

l
1 1 a1
- 25153
o ) () €70
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which, together with (2.9), shows that all assumptions of Theorem 2.1 are satisfied. Therefore, there exists a
function F': X — Y such that

l
1 sl
and (2.10) holds. Moreover,
F(z) = lim T f (), reX. (2.38)
—00
One can now show, by induction, that
1\
DT )l < (g ) o227 (2.39)
for I € Ng,z,y € X. Letting | — oo in (2.39) and using (2.9), we obtain
Dio(f)(z,y) =0, (2.40)
which means that the function F' satisfies equation (1.1). Thus the mapping 7 : X — Y is decic. O

Theorem 2.2 with ¢(z,y) = € > 0,€(||z||” + ||lyl|?), ll=||P - ||y]|%, respectively, and s = —1 yields the following

results.

Corollary 2.1 Let € be a positive real number, X be a commutative group uniquely divisible by 2 and Y be a
complete non-Archimedean normed space over a mon-Archimedean field of the characteristic different from 210

such that |2] < 1. If f : X =Y be a mapping satisfying

D10 (f)(z, )|l < € (2.41)

for x,y € X, then there exists a decic mapping F : X =Y such that

If(2) = F)] <

€
1012

(2.42)
forallxz € X.

Corollary 2.2 Let p,e be positive real numbers with p < 10, X be a non-Archimedean normed space and'Y be
a complete non-Archimedean normed space over a non-Archimedean field of the characteristic different from 210

such that |2] < 1. If f : X =Y be a mapping satisfying

[1D10(f) (2, ) < e([l]]” + [ly]*) (2.43)

for x,y € X, then there exists a decic mapping F': X —'Y such that
2¢]|||”

I5) = F@I < o

(2.44)
forallz e X.

Corollary 2.3 Let p, q, € be positive real numbers with p+q < 10, X be a non-Archimedean normed space and Y
be a complete non-Archimedean normed space over a non-Archimedean field of the characteristic different from
210 such that |2| < 1. If f: X =Y be a mapping satisfying

[1D10(f) (@, )| < el - fly]* (2.45)

for x,y € X, then there exists a decic mapping F': X —'Y such that
€|z |[P*

[f(z) = F(2)|| < "o (2.46)

forallx € X.
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Abstract

In this paper, we are concerned with the existence of positive solutions of the

fully third-order boundary value problem
7um(t) = f(ta u(t)7 ul(t)v u//(t))7 te [Oa 1}7
u(0) =4/(0) = /(1) =0,

where f : [0, 1] x Rt x Rt x R — R is continuous. Some inequality conditions
on f to guarantee the existence of positive solution are presented. These inequality
conditions allow that f(¢, x, y, z) may be superlinear or sublinear growth on x, y

and z as |(z, v, z)| = 0 and |(z, y, 2)| = oo.

Key Words: fully third-order boundary value problem; Nagumo-type growth con-

dition; positive solution; cone; fixed point index.

AMS Subject Classification: 34B18; 47TH11; 47N20.

1 Introduction

In this paper we discuss existence of positive solution for third-order boundary value

problem(BVP) with fully nonlinear term

{ _u///(t) = f(t7 u(t)v u/(t)7 u//(t))v te [07 1]7

w(0) = u/(0) = /(1) = 0, (1)

where f: [0, 1] x RT x Rt x R — R™ is continuous.

*Research supported by NNSFs of China (11661071, 11261053, 11361055).
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The boundary value problems of third order ordinary differential equations arise in a
variety of different areas of applied mathematics and physics, as the deflection of a curved
beam having a constant or varying cross section, three layer beam, electromagnetic waves
or gravity driven flows and so on [1,2]. These problems have attracted many authors’
attention and concern, and some theorems and methods of nonlinear functional analysis
have been applied to research the solvability of these problem, such as the topological
transversality [3], the monotone iterative technique [4-6], the method of upper and lower
solutions[7-9], Leray-Schauder degree [10-13], the fixed point theory of increasing oper-
ator[14,15]. Especially, in recent years the fixed-point theorem of Krasnoselskii’s cone
expansion or compression type have been availably applied to some special third-order
boundary problems that nonlinearity f doesn’t contain derivative terms v’ and «”, and
some results of existence and multiplicity of positive solutions have been obtained, see
[16-18]. However, few people consider the existence of the positive solutions for the more
general third-order boundary problems that nonlinearity explicitly contains first-order or

second-order derivative term.

The purpose of this paper is to obtain existence result of positive solution for B-
VP (1.1) with full nonlinearity. We will use the fixed point index theory in cones to
discuss this problem. We present some inequality conditions on f to guarantee the ex-
istence of positive solution. These inequality conditions allow that f(¢, x, y, z) may be
superlinear or sublinear growth on z, y and z as |(z, y, 2)| — 0 and |(z, y, 2)| = oo,
where |(z, y, 2)| = /22 + y2 + 22. For the superlinear growth case as |(z, y, z)| — oo, a
Nagumo-type condition is presented to restrict the growth of f on z. We choose a proper
cone K in the work space C2[0, 1] and convert the BVP(1.1) to a fixed point problem
of a completely continuous cone mapping A : K — K, then apply the fixed point index

theory in cones and a-priori estimates in C?[0, 1] to prove our existence results.

Let I =10, 1], G =1 xR" x R* x R. Our main results as follows:

Theorem 1.1 Let f : I x RT x Rt x R — RT be continuous and satisfy the following

conditions

(F1) There exist constants a, b, ¢ > 0 and § > 0, 0 < \/gﬂ + % + = <1, such that

flt,z,y,z) <ax+by+clz|, for(t,x,y,z) € G such that (z,y,z)| < J;

F2) there exists constants aj, by > 0 and H > §, 2 + 2% > 1 such that
s 127 ’

12 4

flt,z,y,2) >a1x+ by, for(t,z,y,z) € G such that |(z,y,z)| > H;
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(F3) Given any M > 0, there is a positive continuous function gps(p) on Rt satisfying

+o0 pdp B
/0 gu(p+1 (12)
such that
ft 2y, 2) <gu(lz]), (t,7,y,2) €0, 1] x [0, M] x [0, M] x R. (1.3)

Then BVP(1.1) has at least one positive solution.

Theorem 1.2 Let f : I x R™ x Rt x R — RT be continuous and satisfy the following

conditions

F4) there exists constants a, b > 0 and § > 0, 25 + 2% > 1, such that
127 s

flt,z,y,z) >ax+by, for(t,x,y,z)€ G such that |(x,y,z)| < J;

F5) There exist constants ai, by, ¢ > 0 and H > 6§, 0 < -2 + & 4 1 < 1 guch that
V22 T T

ft, z,y, 2) <ajz+ by + c1|z|, for (t,z,y,z) € G such that |(z,y,z)| > H;

Then BVP(1.1) has at least one positive solution.

In Theorem 1.1, the condition (F1) and (F2) allow that f(¢, x, y, z) is superlinear
growth on z, y and z as |(z, y, 2z)| — 0 and |(x, y, 2)| — oo, respectively. The condition
(F3) is a Nagumo type growth condition on z which restricts the growth of f on z is

quadric. For example, the power function
f(t @, y, 2) = 2| + [yl + |2 (1.4)

satisfies Condition (F1) and (F2) when «, 3,7 > 1. But only when v < 2, Condition
(F3) holds. In Theorem 2.2, the condition (F4) and (F5) allow that f(¢, z, y, 2) is
sublinear growth on on z, y and z as |(z, y, z)| — 0 and |(x, y, 2)| — o0, respectively.
For example, the power function defined by (1.4) satisfies Condition (F4) and (F5) when
0<a,p,v<l1.

The conditions (F1)-(F2) and (F4)-(F5) also allow that f may be asymptotically
linear on x, y and z as |(z, y, z)| = 0 and |(z, y, 2)| — oo. Indeed, we have the following

results:

Corollary 1.3 Let f: I x Rt x RT x R — R be continuous and satisfy the following

conditions
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(H1) There exist constants a, b, ¢ > 0, ﬁ + % + = <1, such that

ft, w,y, 2) = ax+ by +clz| +o|(z,y,2)]), as [(z,y,2)] = 0;

. ay 201
b bl ) bl
(H2) there exists constants aq, by, ¢; > 0 > 1, such that

1272 4

flt, z, y, 2) = a1z + by + c1|z| + o(|(z,y,2)|), as |(x,y,2)|] — oo.

Then BVP(1.1) has at least one positive solution.

Corollary 1.4 Let f: I x RT x RT x R — R be continuous and satisfy the following

conditions

(H4) There exist constants a, b, ¢ > 0, {5 + % > 1, such that

ft, w,y, 2) = ax+ by +clz| +o(|(x,y,2)]), as [(z,y,2)] = 0;

(H5) There exist constants ai, by, ¢1 > 0, ﬁ + % + 2 <1, such that

f(ta x,y, Z) =a1T + bly + Cl|z| + 0(|(3§‘,y,2’)‘), as ‘(1‘,?/7 Z)| — 0.
Then BVP(1.1) has at least one positive solution.

In (H2) and (H5), o(|(x,y,2)|) denote a term of f which is less than |(z,y, 2)| as

(%, y,2)| — oo, that is, lime, , )| —o0 lev2)) — o We can easily obtain the following

[(z,y,2)]
facts:

(H1) = (F1) holds, (H2) = (F2) and (F3) hold;
(H4) = (F4) holds, (H5) = (F5) holds.
Hence, by Theorem 1.1 and Theorem 1.2, the conclusions of Corollary 1.3 and 1.4 hold.

The proofs of Theorem 1.1 and 1.2 will be given in Section 3. Some preliminaries to
discuss BVP(1.1) are presented in Section 2. In section 4, we use Theorem 1.1 and 1.2

to induce two new existence results.

2 Preliminaries

Let C(I) denote the Banach space of all continuous function u(t) on I with the nor-
m |lu|lc = maxeer [u(t)]. Generally, for n € N, we use C"(I) to denote the Banach
space of all nth-order continuous differentiable function on I with the norm ||ul|cn =
max{ ||[uc, |[«|c, -, [|[u™|c}. Let CT(I) be the cone of nonnegative functions in
C(I). Let H = L*(I) be the usual Hilbert space with the inner product (u, v) =

4
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f01 u(t)v(t)dt and the norm ||ully = (fol |u(t)|2dt)1/2. Let H™(I) be the usual Sobolev
space. u € H™(I) means that u € C"~1(I), u»~1(t) is absolutely continuous on I and
u™ e L2(I). In H™(I), we use the norm ||ul|g» = max{ ||[ull2, ||t/||2, -, [|u(™]2}.

To discuss BVP(1.1), we firstly consider the corresponding linear boundary value
problem (LBVP)

{ —u"(t) = h(t), tel, (2.1)

u(0) =4/(0) =4/(1) =0,
where h € L%(I).

Lemma 2.1 For every h € L%(I), LBVP(2.1) has a unique solution u := Sh € H3(I),
which satisfies

1 1 1
lullz < —=llw'llz, lw'llz < —lla"ll2, flullz < ™|l (2.2)

Moreover, the solution operator S : L*(I) — H?(I) is a bounded linear operator. When
h € CO(I), the solution u = Sh € C3(I), and the solution operator S : C(I) — C?(I) is

completely continuous.

Proof. Let h € H?(I). It is well-known the linear second-order boundary value

problem
—u"(t) = h(t), telo, 1],
0.1 (2.3)
v(0) =v(1) =0,
has a unique solution v € H?(I) given by
1
olt) = / G(t, 5) h(s) ds, (2.4)
0
where G(t, s) is the corresponding Green function
t(1—s), 0<t<s<1,
G(t, s) = (2.5)
s(1—1t), 0<s<t<.
Hence,
t t ol
u(t) = / v(T)dr = / / G(t, s)h(s)dsdr := Sh(t) (2.6)
0 o Jo

belongs to H3(I) and is a unique solution of LBVP(2.1).

Since sine system {sinkmt | k € N} is a complete orthogonal system of L?(I), every

h € L*(I) can be expressed by the Fourier series expansion

h(t) = by sinkmt, (2.7)
k=1

5
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where b, = 2 fol h(s)sinkrsds, k=1, 2, ---, and the Paserval equality
1 o0
Ihll2* = 5 > bl (2.8)
k=1

holds. Since u = Sh € H3(I), v’ and u" belong to L?*(I) and they can also be expressed
by the Fourier series expansion of the sine system. Since u” = —h, by the integral
formula of Fourier coefficient, we have

o0
b .
u'(t) = Z 2,2 Sin krt. (2.9)
k=1
On the other hand, since cosine system { cosknt | k =0, 1, 2,--- } is another complete

orthogonal system of L2(I), every w € L?(I) can be expressed by the cosine series
expansion

oo
w(t) = % + Z ay coskmt,
k=1

where a;, = 2[0 Yeoskmsds, k =0,1,2,---. For the v” € L?(I), by the integral

formula of the Coefﬁment of cosine series, we obtain its cosine series expansion:

— b
= ; ﬁ coskmt . (2.10)

By (2.7), (2.9), (2.10) and Paserval equality, we obtain that

o0 o0
2 1 b 1 9
HU/HQ = 9 Z k252 2 //H )
k=1 =1
[e'e] 2 [e'e}
2 1 b 1 1 2
2% = 5 30 | 25| < g D Ioel? = — Ils? = —
k=1 k=1
In addition, since u(t f s)ds, by Holder inequality,

ol
5 1 t 2 1 t 1 9
Jull :/ (/ u'(s)ds’ ar< [0 [ fuloPdsd < 5
o 1Jo o Jo 2

Hence (2.2) holds.

By the expression (2.6) of the solution uw = Sh, S : L*(I) — H?(I) is a bounded
linear operator. When h € C(I), by (2.4) and (2.6), u € C3(I) and the solution operator
S : C(I) — C3(I) is bounded. By the compactness of the embedding C3(I) — C?(I),
S : C(I) — C?*(I) is completely continuous. O
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Lemma 2.2 Let h € C*(I). Then the solution u of LBVP(2.1) belongs to C3(I) and
has the following properties:

(1) uwz0, v >0, v <0and [lullc < [lv'|lo < [lu"[;

(
3

\)

)
)u'(t) >t —t)|[|lc, YEeT; |Wlo< 5 f) /() sintdt;

)u(t) > gt* B —2t) [u'lc. Vte L, |lu'|lc < 6m fo u(t) sinmt dt;

(4) there exists & € (0, 1) such that «”(£) =0, u”(t) > 0 for ¢t € [0, £] and " (t) < 0 for
t € [£, 1]. Moreover, ||u”||c = max{u”(0), —u"(1)}.

Proof. Let h € CT(I) and u = Sh be the unique solution of BVP(2.1). By Lemma
2.1, u € C3(I) and v = —h < 0. Set v = v/, then v € C%*(I) is a unique solution of
LBVP(2.3) and given by (2.4). Hence, v > 0. For every t € I, we have u(t fo s)ds >
0, and

t
Ju()] =/ v(s)ds < tlvfle < [v]c.
0

Hence, |lul|c < ||v/||c. By the boundary conditions of LBVP(2.1), there exists £ € (0, 1)
such that «”(¢) = 0, and for every t € I, u/(t) = gu”(s) ds. Hence,

t
/()] = | /5 u(s)ds| < |t = €] Ju"llc < |-

so we have ||u/||c < ||u”||c. Hence, the conclusion of Lemma 2.2(1) holds.

From the expression (2.5) we easily see that the Green function G(t, s) has the fol-

lowing properties
(1) 0<G(t,s) <G(s,s) Vi, sel;
(17) G(t,s)>G(t,t)G(s,s), Vt, sel.

For every t € I, by (2.4) and the property (i) of G we have

1 1
:/ G(t, s) h(s)dsg/ G(s, s) h(s) ds.
0 0
1
[vllc S/O G(s, s) h(s)ds

By the property (ii) of G and this inequality, we have

Hence

/Gts ds>Gtt/Gssh(s)ds

> G(t ) |vllec =t(1 =) |vlle, tel (2.11)
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Multiplying this inequality by sin 7t and integrating on I, we have

1 1
4
/ o(t) sin it dt > HUHC/ b1 t) sinmtdt = —= [lo]c.
0 0 T
Thus, the conclusion (2) holds.

By (2.11), we have

t t
1
u(t):/ v(s)ds>/ 51— s)lolleds = 26— 20) oo, el
0 0

Multiplying this inequality by sin 7t and integrating on I, we obtain that

1 , " )
/ u(t) sinmtdt > Il / t2(3 — 2t) sinwt dt = lu HC
0 6 0 6

Hence, the conclusion (3) holds.

Since v/ > 0, from the boundary conditions of LBVP(2.1) we see that u”(0) > 0
and «”(1) > 0. Since u"”(t) = —h(t) > 0 for every t € I, it follows that u”(¢) is a
monotone increasing function on /. From these we conclude that, there exists £ € (0, 1)
such that «”(§) = 0, v”(t) > 0 for t € [0, &] and u"(t) > 0 for ¢t € [§, 1]. Moreover

lu”||c = maxier [u”(t)] = max{u”(0), —u”(1)}. Hence, the conclusion of Lemma2.2(4)
holds. O

Now, we define a closed convex cone K in C%(I) by
K={ueC?): u(t)>0, u'(t)>0,Vtel}. (2.12)
By Lemma 2.2(1), we have that S(CT(I)) C K. Let f : I x Rt x RT x R — R be

continuous. For every u € K, set
F(u)(t) == f(t, u(t), u'(t), u" (1)), tel. (2.13)
Then F : K — C*(I) is continuous and it maps every bounded in K into a bounded set
in C*(I). Define a mapping A : K — K by
A=SoF. (2.14)
By Lemma 2.1, A: K — K is a completely continuous mapping. By the definitions of S

and K, the positive solution of BVP(1.1) is equivalent to the nonzero fixed point of A.
We will find the nonzero fixed point of A by using the fixed point index theory in cones.

Let E be a Banach space and K C E be a closed convex cone in E. Assume (Q is a
bounded open subset of E with boundary 92, and K NQ # (0. Let A: KN Q — K be
a completely continuous mapping. If Au # v for any u € K N 02, then the fixed point
index i (A, K NQ, K) is well defined. The following lemmas in [19, 20] are needed in our

discussion.
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Lemma 2.3 Let Q be a bounded open subset of E with # € Q, and A: KNQ — K a
completely continuous mapping. If i Au # u for every u € K N9 and 0 < p < 1, then
i(A, KNQ, K)=1.

Lemma 2.4 Let Q be a bounded open subset of E and A : K N Q — K a completely
continuous mapping. If there exists vg € K \ {0} such that u — Au # T for every
u€e KNoQand >0, theni(A, KNQ, K)=0.

Lemma 2.5 Let Q be a bounded open subset of E, and A, A1 : KN Q — K be two
completely continuous mappings. If (1 — s)Au + sAju # u for every u € K N O and
0<s<1,theni(A, KNQ, K)=i(A4;, KNQ, K).

3 Proof of the Main Results

In this section, we use the fixed point index theory in cones to prove Theorem 1.1
and 1.2. Let E = C?(I), K c C%(I) be the closed convex cone defined by (2.12) and
A: K — K be the completely continuous mapping defined by (2.14). Then the positive
solution of BVP(1.1) is equivalent to the nontrivial fixed point of A. We use Lemma
2.3-2.5 to find the nontrivial fixed point of A.

Proof of Theorem 1.1. Let 0 < r < R < +00 and set
0 ={ueC(I)||lulc: <7},  Q={ueC?’)||ullcz < R}. (3.1)

We show that A has a fixed point in K N (Q2\ Q1) when 7 is small enough and R large

enough.

Choose r € (0, §/v/3), where § is the positive constant in Condition (F1). We prove
that A satisfies the condition of Lemma 2.5 in K N 921, namely

AU # u, Vue KNy, 0<pu<1. (3.2)

In fact, if (3.2) doesn’t hold, there exist ugp € K N9Q; and 0 < pp < 1 such that
po Aug = ug . Since ug = S(uoF (uo)), by the definition of S, ug € C3(I) is the unique
solution of LBVP(2.1) for h = uoF(ug) € CT(I). Hence, uy € C?(I) satisfies the

differential equation

{ _UOW(t) = Mo f(ta uO(t)7 uU/(t)7 u()”(t))> te [07 1]a

(3.3)
u0(0) = up’'(0) = up’(1) =0.

Since ug € K N9y, by the definitions of K and 21, we have

(t, uo(t), uo'(t), uo” (t)) € G, |(ug(t), uo'(t), uwe”(t))| <o, tel.
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Hence by Condition (F1), we have
0 < f(t, uo(t), ug'(t), wo” (t)) < aug(t) +bug' (t) +clug”(t)|, tel,
Combining this inequality with Equation (3.3), we obtain that
uo™ ()] = o f(t, uo(t), uo'(t), uo"(t))
< f(t, uo(t), uo'(t), uo” (t))
< alug(t)| +bluo ()] + c|ug” (t)], tel.

From this inequality and Lemma 2.1 it follows that

a b c m
— + — . 3.4
V2?2 Tt w)“uo I (34)

Since ||ug|/c2 > 0, from boundary condition in Equation (3.3) we easily see that ||ug”||2 >

[uo™]l2 < alluoll2 + bllug|l2 + cflug”|l2 < (

0. Hence by (3.5) we obtain that ﬁ + % + £ > 1, which contradicts the assumption
in Condition (F1). Hence (3.2) holds, namely A satisfies the condition of Lemma 2.3 in
K NoQ;. By Lemma 2.3, we have

i(A, KNy, K) =1 (3.5)

Set Co = max{|f(t,z,y,2) —(arx+bry)| : (t,2,y,2) € G, |(z, y, z)| < H}+1, where
H is the constant in Condition (F2). By Condition (F2), we have

flt,x,y,2) > a1z + by — Co, Y (t,x,y,2) € G. (3.6)
Define a mapping Fy : K — C*(I) by
Fi(u)(t) == f(t, u(t), u'(t), u"(t)) + Co = F(u)(t) + Co, tel, (3.7)
and set
Ay =SoFy. (3.8)
Then A; : K — K is a completely continuous mapping.
Let R > 8. We show that A; satisfies that
i(A1, KNQy, K)=0. (3.9)

3 3

Choose vg = 1 — coswt and wy = 7o sin7t. since —vp”'(t) = 7 sinwt = wg, by the
definition of S and Lemma 2.2(1), vg = S(wp) € K \ {#}. We show that A; satisfies the
condition of Lemma 2.4 in K N 922, namely

u— Aju # 7o, Vue KNoQe, 12>0. (3.10)

10
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In fact, if (3.10) doesn’t hold, there exist u; € K N9 and 71 > 0 such that u; — Aju; =
T1vg. Since u; = Ajuy + mvg = S(F(u1) + Co + mywp), by the definition of S, u; is the
unique solution of LBVP(2.1) for h = F(u1) + Co + mqwe € CT(I). Hence, u; € C3(I)

satisfies the differential equation

{ —uy"(t) = f(t, ui(t), ui'(t), u1"(t)) + Co + mwo(t), tel,

u1(0) = u1'(0) = uy/(1) = 0. (3.11)

Since u; € K N 9N, by the definition of K, (¢, ui(t), ui'(t), u1”(t)) € G, t € I. Hence
by (3.6), we have

St ur(t), ui'(t), ui"(t)) > agui(t) + byui'(t) — Co,  tel
From this inequality and Equation (3.11), we conclude that
—ui"(t) = f(t, ur(t), ur'(t), ur"(t)) + Co + Two(t)
> ayur(t) +brur'(t) + Tiwo(t)
> ayui(t) +byui’(t), tel.

Multiplying this inequality by sin 7t and integrating on I, then using integration by parts

for the left side, we have
1 1 1
7r2/ uq'(t) sinwt dt > al/ uy(t) sinwt dt + bl/ uy'(t) sinwt dt. (3.12)
0 0 0
By Lemma 2.2 (2) and (3),
! 1 ! 4
/0 uy(t) sinwtdt > gﬂullﬂc, /0 uy'(t) sinwt dt > ﬁ““l/HC- (3.13)
Since 72 fol uy/(t) sinwt dt < 27||ui’||¢, from (3.12) and (3.13) it follows that

1
orlur|lo > 7r2/ wy!(£) sin wt dt
0

1 1
> aq / uy(t) sinmt dt + by / uy (t) sinmt dt
0 0

al 4b1> ’
>— 4+ — .
- (67? * 3 lulle

Since [lui’||c > 0, by this inequality we obtain that 925 + 27%1 < 1, which contradicts the

assumption in (F2). Hence (3.10) holds, namely A; satisfies the condition of Lemma 2.4
in K N0Qy. By Lemma 2.4, (3.9) holds.

11
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Next, we show that A and A; satisfy the condition of Lemma 2.5 in K N 0$s when

R is large enough, namely
(1—s)Au+ sAju # u, Vue KNoQe, 0<s<1. (3.14)

If (3.14) is not valid, there exist ug € K N 99 and sg € [0, 1], such that (1 — sp)Aus +
spAjug = ug. Since ug = S((1 — sg) F(uz) + soF1(uz2)), by the definition of S, ug is the
unique solution of LBVP(2.1) for h = (1 —s¢) F'(u2) + soF1(u2) = F(ug)+s0Co € CT(I).

Hence, uy € C3(I) satisfies the differential equation
_u2”/(t) = f(ta uQ(t)7 u2/(t)7 ’U,gl/(t)) =+ 50 CO: le Iy ( )
3.15
UQ(O) = UQ/(O) == ’LL2/(1) =0.

Since ug € K N 9N, by the definition of K, (¢, ua(t), us'(t), us”(t)) € G, t € I. Hence
by (3.6), we have
ft, ua(t), ud'(t), ua” (t)) > aj ua(t) + by ug'(t) — Co, tel.
From this inequality and Equation (3.15), we obtain that
—u”(t) = f(t, ua(t), ud'(t), us"(t)) + s0 Co
> ay us(t) + by us'(t) — (1 — so) Co,
> ay us(t) + by us'(t) — Co, tel.

Multiplying this inequality by sin 7t and integrating on I, then using integration by parts

for the left side, we have

1 1 1
2C
7r2/ ug/ (t) sinwt dt > a1/ ug(t) sinmt dt + bl/ ug (t) sinmt dt — 0,
0 0 0 n

Using this inequality and Lemma 2.2 (2) and (3), we obtain that
1
27||us’|| ¢ > 7'(‘2/ uo' (t) sin 7t dt
0

1 1 , 200
> a / ug(t) sinwt dt + by / ug'(t) sint dt — —
0 0

™

4b 2C
> (o2 + ) w'lle - =2

6r w3 T

From this inequality it follows that
Co
Hug’HC < =M.
(1552 + 27:)41 - Dm?
12
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Hence, by Lemma 2.2(1) we obtain that
uzlle < [Jug’llc < M. (3.16)

For this M > 0, by Assumption (F3), there is a positive continuous function g/ (p) on
R satisfying (1.2) such that (1.3) holds. By (3.16) and definition of K, 0 < us(t) < M,
0 <wuy'(t) < M, t e I. Hence from (1.3) it follows that

fts ua(t), ua (), w2 () < gur(Ju"(®))),  tel.
Combining this inequality with Equation (3.15), we obtain that
—UQ///(t) < gM(|U2”(t)D + C, tel. (317)

From (1.3) we easily obtain that

/*‘” _pdp
o gm(p)+Co

Hence there exists a positive constant M7 > M such that

My
pdp
— > M. 3.18
/0 gum(p) + Co (3.18)

By Lemma 2.2(4), there exists £ € (0, 1) such that uy”(£) = 0, us”(¢t) > 0 for ¢ € [0, &],
ug”(t) < 0 for t € [¢, 1], and ||ug”||c = max{us”(0), —us”(1)}. Hence ||us”||c = u2”(0)
or ||ug”||c = —u2”(1). We only consider the case of that ||u2”||c = u2”(0), and the other

case can be treated with a same way.

Since ug”(t) > 0 for t € [0, &], multiplying both sides of the inequality (3.17) by
u”(t), we obtain that
_u2///(t) u2//(t)
gum (u2" (t)) + Co

< uy(t), t €0, &l

Integrating both sides of this inequality on [0, £] and making the variable transformation

p = u2”(t) for the left side, we have

UQU(O) d
pap / / /
— < u —uo' (0) < ||lu .
/0 q (p) CO = U2 (5) 2 ( ) = H 2 ”C

Since |lug”||¢ = u2”(0), from this inequality and (3.16) it follows that

llu”
/ _rde
0 gm(p) + Co

13

690 Yongxiang Li ET AL 678-696



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Using this inequality and (3.18), we conclude that

Jug"||c < M. (3.19)
Hence, from this inequality and (3.16) it follows that

[uzllcz < M. (3.20)

Let R > max{Mi, §}. Since uy € KN, by the definition of Qo, ||uz||c2 = R > M.
This contradicts (3.20). Hence, (3.14) holds, namely A and A; satisfy the condition of
Lemma 2.5 in K N 9. By Lemma 2.5, we have

i(A,KﬁQQ, K)Z’i(Al,KﬁQQ, K) (321)
Hence, from (3.21) and (3.9) it follows that
i (A, KN Qy, K) =0. (3.22)

Now using the additivity of the fixed point index, from (3.5) and (3.22), we conclude
that
i(A, Kﬁ(QQ\ﬁl), K)=i(A, KNQy, K)—i(A, KNy, K)=—1.
Hence A has a fixed point in K N (22 \ ©1), which is a positive solution of BVP(1.1).
The proof of Theorem 1.1 is completed. a

Proof of Theorem 1.2. Let Q;, Q2 C C?(I) be defined by (3.1). We prove that
the completely continuous mapping A : K — K defined by (2.14) has a fixed point in
KN (Q2\ Q1) when r is small enough and R large enough.

Let r € (0, 6/v/3), where § is the positive constant in Condition (F4). Choose vy =
1 — cost and wg = m3sin7wt. Then S(wgy) = v, and vy € K \ {#}. We show that A

satisfies the condition of Lemma 2.4 in K N 9€2;, namely
u— Au # T v, Vue KNoQy, 1>0. (3.23)

In fact, if (3.23) is not valid, there exist up € KNI and 79 > 0 such that ug—Aug = Tovp.
Since ug = Aug + 1ov9 = S(F'(ug) + Towp), by definition of S, ug is the unique solution
of LBVP(2.1) for h = F(ug) + Towo € C*(I). Hence ug € C3(I) satisfies the differential

equation

{ —up"'(t) = f(t, uo(t), uo'(t), uo"(t)) + Towo(t), te€l,
(3.24)

up(0) = uo'(0) = uo'(1) = 0.
Since ug € K N9y, by the definitions of K and §21, we have

(t, uo(t), uo'(t), uo” (t)) € G, |(ug(t), uo'(t), uwo”(t))| <o, tel.

14
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Hence by Condition (F5) we have
F(t, uo(t), uo’ (), up” () > aug(t) + bug'(t), tel.
From this inequality and Equation (3.24) it follows that
—up" (t) > aug(t) + bug'(t), tel.

Multiplying this inequality by sin 7t and integrating on I, then using integration by parts

for the left side, we have

1 1 1
7r2/ ug (t) sinmt dt > a/ uo(t) sinﬂtdt—i—b/ ug' (t) sin 7t dt.
0 0 0

Using this inequality and Lemma 2.2 (2) and (3), we obtain that
1
27||uo’||c > 772/ ug’ (t) sint dt
0
1 1
> al/ ug(t) sinnt dt + bl/ ug’ (t) sint dt
0 0

al 4b1> /
>—+ — .
- (677 + 3 luo”lle

Since |lugllc > 0, from this inequality it follows that 515 + 27%41 < 1, which contradicts

the assumption in (F4). Hence (3.23) holds, namely A satisfies the condition of Lemma
2.4 in K N 0Qy. By Lemma 2.4, we have

i(A, KNQy, K) =0. (3.25)

Let R > 6 be large enough. We show that A satisfies the condition of Lemma 2.3 in
K N 9Qs, namely
AU # u, Vue KNoQy, 0<pu<l. (3.26)

In fact, if (3.26) is not valid, there exist u; € KNIQy and 0 < pg < 1 such that py Auy =
up . Since ug = S(u1F(u1)), by the definition of S, u; € C3(I) is the unique solution
of LBVP(2.1) for h = p1F(u1) € CT(I). Hence u; € C3(I) satisfies the differential

equation

{ —uy"(t) = pr f(t, ur(t), ui'(t), w"(t)), tel,
(3.27)

ul(O) = U1/(0> = U1/(1> =0.

Set Ch = max{|f(t,:n,y,z) - (alx +biy+ Cl‘ZD’ : (t,x,y,z) € G, ’(LL’, Y, Z)| < H} +1,
where H is the constant in Condition (F5). Then by Condition (F5), we have

flt,z,y, 2) <arx+bry+ ci|z| + Ch, Y (t,x,y,2) € G. (3.28)

15
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Since u; € K N 9N, by the definition of K, (¢, ui(t), u1'(t), u1”(t)) € G, t € I. Hence
by (3.28), we have

flt un(t), ur'(t), ui"(t)) < arur(t) +brur(t) + erfur" ()] + Ch, tel
From this inequality with Equation (3.3), we obtain that
lu”' (8)] = g f(t, ur(t), ua'(t), w" (1))
< f(t ui(t), w'(t), wa" (1))
<ajui(t) +byut(t) + er|ud” ()| + O, tel.

Using this inequality and Lemma 2.1, we have

"

[ur™]l2 < arl|url|2 + brljur[l2 + e1llur”]l2 + Ch
< ( a +ﬁ+ﬁ) |wi"|]2 + Ch.
Vor2 w2 o«
Consequently,
" < a — R

B 1_(¢%17r2+%+%)
Hence by (2.2), we have
lurll s = max{fluallz, [lur'll2, [lua”ll2, lun™ll2} = llus™ 2 < Ry
By this estimate and the boundedness of Sobolev embedding H?(I) < C?(I), we have
[urllc2 < Clluallgs < CRy = Ry, (3.29)

where C' is the Sobolev embedding constant.

Choose R > max{Rg, d}. Since u; € K N dQq, by the definition of Q9, we see that
lluil|c2 = R > Ra, which contradicts (3.29). Hence, (3.26) holds, namely A satisfies the
condition of Lemma 2.3 in K N 9. By Lemma 2.3, we have

i(A, KNQ, K)=1. (3.30)
Now, from (3.25) and (3.30) it follows that
i(A, Kﬂ(Qg\ﬁl), K)=i(A, KNQ, K)—i(A, KNy, K) =1.

Hence A has a fixed-point in K N (Q \ Q1), which is a positive solution of BVP(1.1).
The proof of Theorem 1.2 is completed. O

16
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4 Applications

In Theorem 1.1 and Theorem 1.2, we use the inequality conditions to describe the
growth of the nonlinearity f as |(z,y,z)| — 0 and |(z,y,2)| — oo. These inequality

conditions can be replaced by the following upper and lower limits:

fo= liminf min 7f(t’ % Y, 2) . f°= limsup max 7‘}0@’ z, ¥, 2) ,
[(z,y,2)| =0 tel |($, Y, Z)‘ l(z,y,2)|—0 tEL ‘(‘/1:7 Y, Z)| (4 1)
foo = liminf min 7“}0@’ 7 Y, 2) ., f®= limsup max 7]0(75’ 7 Y, 2)
[(z,y,2)|—00 tel |(SU, Y, Z)‘ |(z,y,2)|—o0 T€1 |($a Y, Z)’
Set
V22 12v/374
A= — B=— ) (4.2)
1++2(1+7) T +6

By the definition (4.1), we can verify that
<A = (F1)
foo>B = (F2)
fo >B = (F4) holds;
<A = (Fh)

We only show the third assertion, and the other assertions can be showed with a similar
way. Since fo > B, we may choose positive constant ¢ > 0 such that fy > B+ 0. By
definition fy, there exists § > 0 such that

ft, z,y, 2)

> B +o, tel, 0<|(z,y,2)]<é.
|(z, y,2)]

This implies that

B+o
ft, z,y, 2) > 7 (| +lyl +|2]),  tel, 0<|(z,y,2)|<d.

2 . .
Choose a = b = ng". Then 55 + %Z = 1;/37?4 (B+0) > 1. The above inequality means

that (F4) holds for these a, b and ¢.

Hence, by Theorem 1.1 and Theorem 1.2, we obtain that

Theorem 4.1 Let f: I x RT x RT x R — RT be continuous. If f satisfies Assumption
(F3) and the following condition

(C1) f* <A, fx>B,

then BVP(1.1) has at least one positive solution.

17
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Theorem 4.2 Let f: I x Rt x RT x R — R" be continuous and satisfy the following

condition
(C2) fo > B, f*<A.

Then BVP(1.1) has at least one positive solution.

Example 4.1 Consider the superlinear third-order boundary value problem

{ —u"(t) = ut(t) + (W) + (W (1)?,  teo, 1],
u(0) = '(0) = /(1) = 0.

We easily verify that the corresponding nonlinearity
ft xy, 2) =20yt 4 22

satisfies the conditions (F3) and (C1). By Theorem 4.1, the equation (4.3) has at least

one positive solution.

Example 4.2 Consider the sublinear third-order boundary value problem

u"( \/’u + |u/( )| + [u ()2, t €10, 1],
u(O):u(O):U( )=0.

It is easy to see that the corresponding nonlinearity

ft z, oy, 2) = Y22+ [y + |22

satisfies the condition (C2). By Theorem 4.2, the equation (4.4) has at least one positive

solution.
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Abstract

The purpose of this paper is to characterize the conditions for the convergence
of the iterative scheme in the sense of Alghamdi et al. [The implicit midpoint rule
for nonexpansive mappings, Fized Point Theory Appl., 2014 (2014), Article ID 96, 9
pages] associated with ¢-hemicontractive mappings in a nonempty convex subset of
an arbitrary Banach space.
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1 Introduction and Preliminaries

Let K be a nonempty subset of an arbitrary Banach space X and X™* be its dual space.
The symbols D(T) and F(T') stand for the domain and the set of fixed points of T (for a
single-valued map 7' : X — X, x € X is called a fixed point of T iff Tx = x). We denote
by J the normalized duality mapping from E to 2F" defined by

J(@) ={f* € B*: (x, 1) = |l«|® = | /*|*}.

*Corresponding author
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Let T: D(T) C X — X be an operator.

Definition 1.1. T is called Lipshitzian if there exists L > 1 such that
[Tz =Tyl < Lz —yll,

for all z,y € K. If L = 1, then T is called non-expansive and if 0 < L < 1, T is called
contraction.

Definition 1.2. ( [2,4,6]) (1) T is said to be strongly pseudocontractive if there exists a
t > 1 such that for each =,y € D(T), there exists j(z —y) € J(z — y) satisfying

] 1
Re (Tx — Ty, j(x —y)) < n |z =yl

(2) T is said to be strictly hemicontractive if F(T) # () and if there exists a ¢ > 1 such
that for each x € D(T) and q € F(T), there exists j(z — y) € J(z — y) satisfying

] 1
Re(Tx —q,j(z —q)) < n |z — Q||2-

(3) T is said to be ¢-strongly pseudocontractive if there exists a strictly increasing
function ¢ : [0,00) — [0, 00) with ¢(0) = 0 such that for each x,y € D(T), there exists
jlx —y) € J(x — y) satisfying

Re(Tz =Ty, j(z —y)) < |z = y|* = ¢(|lz =yl ll= =yl

(4) T is said to be ¢-hemicontractive if F(T') # () and if there exists a strictly increasing
function ¢ : [0,00) — [0, 00) with ¢(0) = 0 such that for each z € D(T) and q € F(T),
there exists j(x — y) € J(z — y) satisfying

Re(Tx —q,j(z —q)) < |lo — ql> = é(llz — ql)) = — -

Clearly, each strictly hemicontractive operator is ¢-hemicontractive.
For a nonempty convex subset K of a normed space X, T : K — K is an operator
(a) the Mann iteration scheme [9] is defined by the following sequence {z,} :

xTq EK,
Tpi1 = (1= bp) n + bpTap, n>1,

where {b,} is a sequence in [0, 1].
(b) the sequence {z,} defined by

r € K,
Yn = (1 =) xp + b, Ty,
Tn+l = (1 - bn) Ty + bnTym n>1,

where {b,} and {b/,} are sequences in [0, 1] is known as the Ishikawa iteration scheme [4].
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Chidume [2] established that the Mann iteration sequence converges strongly to the
unique fixed point of 7" in case T is a Lipschitz strongly pseudo-contractive mapping
from a bounded closed convex subset of L, (or [,) into itself. Afterwards, several authors
generalized this result of Chidume in various directions [3,5-8,11,12,15,16].

For a finite family of nonexpansive mappings {7; : i € {1,2,..., N}} with a real se-
quence {t,} € (0,1), and g9 € X, where X is an arbitrary Banach space, the following
implicit iteration process is due to Xu and Ori [14]:

T = (1 — tl)ZEo + t1Thx1,
To = (1 — tg):El + toToxo,

zy = (1—ty)en_1 +iNTNzN,

TNy = (1 —tng)zy +Hini TN 1T N1,

which can be written in the following compact form:
Tn = (1 —tp)xn_1 + t,Tnxy, foralln > 1, (X0)

where Ty, = T}y (;mod Ne{1,2,...,N})- For the common fixed point of the finite family of nonex-
pansive mappings defined in a Hilbert space, Xu and Ori [14] proved the weak convergence
of the implicit iteration process.

Lately Alghamdi et al. [1] introduced the following iteration process in a Hilbert space
H:

Algorithm 1.3. Initialize xog € H arbitrarily and define
Ty + X
Tp1 = (1 —tp)zp + tJ(%"“),

where t, € (0,1) for alln € NU{0}

For the approximation of fixed points of nonexpansive mappings under the setting of
Hilbert spaces, they proved the following results:

Lemma 1.4. Let {x,} be the sequence generated by Algorithm 1.3. Then
(1) lzns1 —pll < llzn — pll for alln =0 and p € F(T),
(ii) fozl tollzn — 5En+1||2 < 0,
(iii) 300 tn (1 — tn)||Jzn — T(E2E2mtl))12 < 0.

Lemma 1.5. Let {x,} be the sequence generated by Algorithm 1.3. Suppose that tfH_l <
at, for alln >0 and a > 0. Then

lim ||xp41 — zp]| = 0.
n—oo

699 Shin Min Kang ET AL 697-706



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Lemma 1.6. Assume that
(i) 2,1 < aty for alln >0 and a > 0,
(ii) iminf, o t, > 0.
Then the sequence {x,} generated by Algorithm 1.3 satisfies the property

lim ||, — Tz,| = 0.
n—oo

Theorem 1.7. Let H be a Hilbert space and T : H — H be a nonexpansive mapping with
F(T) # 0. Assume that {x,} is generated by Algorithm 1.3, where the sequence {t,} of
parameters satisfies the conditions (1) and (ii) of Lemma 1.6.

Then {x,} converges weakly to a fixed point of T

The purpose of this paper is to characterize conditions for the convergence of the
iterative scheme in the sense of Alghamdi et al. [1] associated with ¢-hemicontractive
mappings in a nonempty convex subset of an arbitrary Banach space. Our results improve
and generalize most results in recent literature [1-3,6-8,15,16].

2 Main results

The following result is now well known.

Lemma 2.1. [13] For all x,y € X and j(z+vy) € J(z +vy),
lz + |1 < l|=[* + 2Re(y, j(z +y)) -
Now we prove our main results.

Theorem 2.2. Let K be a nonempty closed and convex subset of an arbitrary Banach
space X and T : K — K be continuous ¢-hemicontractive mappings. For any x1 € K,
define the sequence {x,,}°2, inductively as follows:

2 = (1 — tn)Tp_1 + tJ(@), n>1, (2.1)
where {t,}5° 1 is a sequence in [0, 1] satisfying the following conditions

(i) limy, oo t, = 0 and

(i) 3ony tn = oo,
Then the following conditions are equivalent:

(a) {zn}22, converges strongly to the fized point q of T

(b) {T(%)}:f:l is bounded.

Proof. First we prove that (a) implies (b).

Since T' is ¢-hemicontractive, it follows that F'(T) is a singleton. Let F'(T') = {q} for
some q € K.

Suppose that lim,, . x,, = q. Then the continuity of T" yield that

n—oQ

4

700 Shin Min Kang ET AL 697-706



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Therefore {T (%)}:;1 is bounded.

Second we need to show that (b) implies (a).

Put
(=) o]

Obviously My < oo. It is clear that ||zg — q|| < M. Let ||xn—1 — ¢|| < M. Next we will
prove that ||z, — ¢|| < M.

My = |lzo — gl +sup
n>1

Consider

m — all = H(l )t + 1T (

R e

Tp—1+ T _
9 q

< (1 - tn) ||:L'n—1 - QH +tn

< (tn 4+ (1 — ) My
= M;.

So, from the above discussion, we can conclude that the sequence {z, —p},>0 is bounded.
Thus there is a constant My > 0 satisfying

) e

My = sup ||z, — ql| + sup
n>1 n>1

Denote M = M; + M,. Obviously M < oc.
Let w,, = HT Ty — T (%) H for each n > 1. The continuity of 7" ensures that

lim w,, = 0, (2.3)

n—oo

because
n 2 2 n—1 n
1 Tp_1+T

=gt [onci -7 (22|

< Mt,

— 0
as n — OQ.

5
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By virtue of Lemma 3 and (2.1), we infer that

Tp—1t+x
o — qll* = H(l )ty + 1T <f> . qH
2

— H(1 — to) (@1 — q) + to(T (@) —q)

Tp_1+x .
< (1 - tn)z ||517n—1 - Q||2 + 2t,Re <T <u> - (LJ(:En - Q)>

2

2 2 Tp_1 1+ Tn .
< (1= 12)? s — gl + 26,Re <Txn—T(f>,g<xn—q>> (24)

+ 2t,Re (Tzy, — q,j(xn — q))

M) I 2n — gl

2

< (1 —t)? |#n1 — q|* + 2tn || T2 — T (

+ 2ty |2 — qll® = 2tn (|2 — qll) 20 — |
< (1 - tn)z ||5L'n—1 - Q||2 + 2Mt,wy, + 28, ||517n - q||2
= 2tn@(||zn — qll) lzn — al -

Also
2

Tp—1 + Ty .
B q

2 —all? = H(l e 6T (

2

2

Tp—1 + Tp
7 LInzl Ton )
(=) -

%%) L

< (1 =tp) |01 —p|* + M?t,,

_ H(1 — to ) (@n_1 — q) + to(T (M) —-q)

>2 (2.5)

2

< ((1 - tn) ||517n—1 _pH +tn

< (1 - tn) ||517n—1 _p||2 +tn

where the second inequality holds by the convexity of |-||? .
By substituting (2.5) in (2.4), we get
|2r — ‘ZH2 < ((1 - tn)z +2t, (1 - tn)) |Zn—1 —p||2 + 2Mt, (wy, + Mty,)

= 2tnd([|n — qll) ll2n — 4l

= (1= 2) llzn—1 —pI* + 2Mty (wn + Mty,)
= 2tnd([|n — qll) [l2n — (2.6)

< lwn—1 — plI* + 2Mty, (w, + Mty,)
= 2tnd([|n — qll) [|2n — 4

= ||zn-1 = al* + taln = 2t2([l2n — all) 120 — all,

where
lpn =2M (wy, + Mt,) — 0 (2.7)

as 1 — OQ.
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Let 6 = inf{||z,, —¢|| : n > 0}.
We claim that 6 = 0. Otherwise § > 0. Thus (2.7) implies that there exists a positive
integer Nj > Ny such that l,, < ¢(6)d for each n > Nj. In view of (2.6), we conclude that

= qll* < llzn—1 = all* = $(8)dtn, n > Ny,

which implies that
$(8)5 Y tn < llon, —all?, (2.8)
n=N1

which contradicts (ii). Therefore 6 = 0. Thus there exists a subsequence {z,,}>°; of
{zn}52 such that
limz,, =q. (2.9)

1— 00

Let € > 0 be a fixed number. By virtue of (2.7)and (2.9), we can select a positive integer
ig > N7 such that
[2n,, —all <€ In < dle)e, n >y, (2.10)

Let p = n;,. By induction, we show that
|lzp+m — ¢l <€, m>1. (2.11)

Observe that (2.6) means that (2.11) is true for m = 1. Suppose that (2.11) is true for
some m > 1. If || zptm — ¢|| > €, by (2.6) and (2.10) we know that

& < ||zprm — al®
< aptmot = ql + byt — 2tpemdlpem — al) l2pem —
<& Ftpmo(e)e — 2ty md(e)e
=& —tyrmple)e
< 62,
which is impossible. Hence ||zpym — ¢|| < e. That is, (2.11) holds for all m > 1. Thus
(2.11) ensures that lim, . x, = q. This completes the proof. O

Taking x,,_1 ~ x, in Theorem 2.2, we get

Theorem 2.3. Let K be a nonempty closed and convex subset of an arbitrary Banach
space X, T : K — K be continuous ¢-hemicontractive mapping. For any 1 € K, define
the sequence {x,}>2 1 inductively as follows:

Tn = (1 - tn)$n—1 +t,Try, n2>1,

where {t, }°°, is a sequence in [0, 1] satisfying the conditions (i) and (ii) of Theorem 2.2.
Then the following conditions are equivalent:
(a) {zn}22, converges strongly to the fized point q of T
(0) {Tzp}o2 is bounded.
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Remark 2.4. 1. All the results can also be proved for the same iterative scheme with
error terms.

2. The known results for strongly pseudocontractive mappings are weakened by the
¢-hemicontractive mappings.

3. Our results hold in arbitrary Banach spaces, where as other known results are
restricted for L, (or l,) spaces and g-uniformly smooth Banach spaces.

4. Theorem 2.2 is more general in comparison to the results of Alghamdi et al. [1] and
Sahu et al. [10] in the context of the class of ¢-hemicontractive mappings.

3 Applications

Theorem 3.1. Let X be an arbitrary real Banach space and let T : X — X be continuous
¢-strongly accretive operators. For any x1 € X, define the sequence {x,}5° inductively
as follows:

Ty = (1 —tp)zna +to(f+ (I —T)xp), n2>1,

where {t,}°°, be the sequence in [0,1] satisfying the conditions (i) and (ii) of Theorem
2.2.

Then the following conditions are equivalent:

(a) {zn}22 converges strongly to the solution of the system f = Tx.

0) {(I = T)xn}72, is bounded.

Proof. Suppose that z* is the solution of the system f = Tx. Define G : X — X by
Gx = f+ (I — S)x. Then x* is the fixed point of G. Thus Theorem 3.1 follows from
Theorem 2.2. O

Example 3.2. Let X = R be the reals with the usual norm and K = [0,1]. Define
T:K — K by
Tr =z —tanz forallz e K.

By mean value theorem, we have

Tz — Ty| < sup |Tc|jlx —y| forallz,ye K.
c€(0,1)

Noticing that T'c = ¢ —sec?c and 1 < SUP.e(0,1) |T"c| = 2.4255. Hence
|Tz —Ty| < Llx —y| forall z,y € K,

where L = 2.4255. It is easy to verify that T is ¢-hemicontractive mapping with ¢ :
[0, 00) — [0, 00) defined by ¢(t) = tant for all ¢ € [0, c0). Moreover, 0 is the fixed point of
T.
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Lyapunov-type inequalities for fractional differential
equations under multi-point boundary conditions
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Abstract. In this work, we establish new Lyapunov-type inequalities for fractional dif-
ferential equations with multi-point boundary conditions. Our conclusions cover many
results in the literature.
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1 Introduction

The well-known result of Lyapunov [9] states that if #(t) is a nontrivial solution of the differ-

ential system
u”(t) +r(Hu(t) =0, te(ab),

u(a) =0 =u(b), (L.1)
where 7(t) is a continuous function defined in [a, b], then
b 4
| ireiar > =, (12

and the constant 4 cannot be replaced by a larger number.

Lyapunov inequality (1.2) is a useful tool in various branches of mathematics including
disconjugacy, oscillation theory, and eigenvalue problems. Many improvements and general-
izations of the inequality (1.2) have appeared in the literature. A thorough literature review
of continuous and discrete Lyapunov-type inequalities and their applications can be found in
the survey articles by Cheng [3], Brown and Hinton [1] and Tiryaki [12].

The study of Lyapunov-type inequalities for the differential equation depends on a frac-
tional differential operator was initiated by Rui A. C. Ferreira [4]. He first obtained a Lyapunov-
type inequality when the differential equation depends on the Riemann-Liouville fractional
derivative, the main result is as follows.

Theorem 1.1. If the following fractional boundary value problem

(DS u)(t) +q(t)u(t) =0, a<t<b l<a<2, (1.3)
u(a) =0=u(b),

has a nontrivial solution, where q is a real and continuous function, then

/ab 1q(s)|ds > T(a) <b 4 a>a1. (15)

= Corresponding author. Email: wang_youyu@163.com
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Recently, some Lyapunov-type inequalities were obtained for different fractional boundary
value problems. In this direction, we refer to Ferreira [5], Jleli and Samet [6, 7], O'Regan and
Samet [10], Rong and Bai [11] and Cabrera, Sadarangani, and Samet [2].

For example, Cabrera, Sadarangani, and Samet [2] obtain some Lyapunov-type inequali-
ties for a higher-order nonlocal fractional boundary value problem, they give the following
Lyapunov inequalities.

Theorem 1.2. If the fractional boundary value problem

(DY u)(t) +q(t)u(t) =0, a<t<b 2<wa<3, (1.6)
u(a) =u'(a) =0, u'(b)=pu(g), (17)

has a nontrivial solution, where q is a real and continuous function, a < & < b,0 < B(¢ —a)*"! <
(« —1)(b—a)*2, then

_ a)txfl

. B(b -
/a(b—s) 2(s — a)|q(s)|ds > <1+(a—l)(b—a)“—2—ﬁ(§—a)“—1> T(). (18

Theorem 1.3. If the fractional boundary value problem

(DS u)(t) +q(t)u(t) =0, a<t<b 2<a<3, (1.9)
u(a)=u'(a) =0, u'(b) = Bu(g), (1.10)
has a nontrivial solution, where q is a real and continuous function, a < & < b,0 < (¢ —a)* ! <

(¢ —1)(b—a)*2, then
oo T@-1) Bb —a)*! o
[ wones> s e (1 e o)

Motivated by [2], in this paper, we study the problem of finding some Lyapunov-type
inequalities for the fractional differential equations with multi-point boundary conditions.

(1.11)

(Dovu)(t) +q(t)u(t) =0, a<t<b 2<a<3, (1.12)

u(a) =u'(a) =0, (DPFu)( Z bi(DP u)( (1.13)

where D7, denotes the standard Riemann-Liouville fractional derivative of order a,a > B +
20<B<La<ii<&<-<&ua<bb>00=12-,m=2),0<Y" b -
a)* Pl < (a—B—1)(b—a)* P 2and q: [a,b] — R is a continuous function.

2 Preliminaries

In this section, we recall the concepts of the Riemann-Liouville fractional integral, the Riemann-
Liouville fractional derivative of order o > 0.

Definition 2.1. [8] Let « > 0 and f be a real function defined on [a, b]. The Riemann-Liouville
fractional integral of order « is defined by (I, f) = f and

(I f)(t) = l,gw/at(t—s)“_lf(s)ds, a>0,tE€ab].
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Definition 2.2. [8] The Riemann-Liouville fractional derivative of order « > 0 is defined by

(DY f) = f and

(D)) = OO = i (37) [ =0

for a« > 0, where m is the smallest integer greater or equal to «.

Lemma 2.3. [8] Assume that u € C(a,b) N L(a,b) with a fractional derivative of order &« > 0 that
belongs to C(a,b) N L(a,b). Then
(D% u)(t) =u(t) +cr1(t—a) ' +o(t—a) 2+ +cp(t—a) ",

wherec; € R,i=1,2,--- ,n,and n = [a] + 1.

Lemma 2.4. For2 < a < 3,0 < B < 1, we have

(Df. (s =) () = oDy 1= P,
(D (s =) (1) = o gy ¢~ ) #2

3 Main Results

We begin by writing problems (1.12)-(1.13) in its equivalent integral form.

Lemma 3.1. We have that u € Cla, ] is a solution to the boundary value problem (1.12)-(1.13) if and
only if u satisfies the integral equation

b b [m—2
u(t) :/ G(t,s)g(s)u(s)ds + T(t)/ (Z bgH(@',s)q(s)u(s)) ds, (3.1)
! a -\ i=1
where G(t,s), H(t,s) and T(t) defined by
(=) (b= P2 . a1
Glts) = FL (t—a()ﬁjf(;:if—ﬁfz (t=s), assstsh,
(®) (b—a)—F-2 a<t<s<b
(t—a)*—B—1(p—s)2—b~2 i eyapet
Hits) = — st — (s a<s<t<),
' T(x) | (=) (b—s) =~ ey
(b—a)x—P-2 ’ <t<s<p,
_ a—1
T(t) = (t—a) o

=B P2 - TG —a)r P

Proof. From Lemma 2.3, u € C|a, b] is a solution to the boundary value problem (1.12)-(1.13)
if and only if

u(t) =ci(t — Lz)""1 + oot — a)""2 +c3(t — a)“’g’ — (IJiqu)(t),

for some real constants ¢y, ¢z, ¢3. Using the boundary condition u(a) = u’(a) = 0, we obtain
C) =(C3 = 0. Thus

u(t) = c1(E—a)*~" = (I%.qu) (¢).
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Applying Lemma 2.4, we obtain

B ()
(Df+u)(t) = ClI’(oc sy

+ _ I'(a)
(D5+ fu)(t) = Clm(t

the boundary condition (Df ol 1u)( b) =Y "2bi(D a+u)(§i) imply that

(t—a)* P~ — (1 Pqu)(t),

—a) P2 (1P qu) (),

e pn P g ¢ e
m—2 & :

R e e AR S OO

thus
— a— ‘B -1 b .
R S e e Ea = v e AR A OO
i : T b [M 6o gty
(=B —=1)(b—a)*~F2 = T2 bi(&; — a)* P T () ; / Gims)m T (s uls)ds.

By the relation

1
(w=B—1)(b—a) P2 =y 2b(& —a) Pt (a—B—1)(b—a) P2
i Zb(gz_a) —A1

+Kw—ﬁ—0®—aW”QKw—ﬁ—U@ P L e ¥ P T Ryl
we obtain
_ o\a—p-2
1 :F(la) /ﬂb Ez S% 5 2q(s)u(s)ds

L I )“ﬁ? ~=q(s)u(s)ds
(@ —p—1)(b—a)yF-2 — 2 b;(& — a)*F1T(a)

B Zﬁf@f a 5)*F=1q(s)u(s)ds
(@ —B—1)(b—a) P2 — " 2b(& —a)F 1] (a)’

therefore

w(t) =cy(t—a)*! — r(la) / (= 5)q(s)u(s)ds

S [ gt — i [ =5 qtsputsya

(t—a) o2y ) S o g s)u(s)ds
R PR YO = o e ey
(t—a)* 1y bf5 8) P~ 1q(s)u(s)ds

e TR - T
_/ (t,5)q(s)u(s)ds + T(t /b<mzszgs ()())ds,
which concludes the proof. O
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Lemma 3.2. The function G defined in Lemma 3.1 satisfy the following properties:
(i) G(t,s) >0, forall (t,s) € [a,b] x [a,b];
(ii) G(t,s) is non-decreasing with respect to the first variable;
(iii) 0 < G(a,s) < G(t,s) < G(b,s) = (a)(b —8)*P2[(b—a)Ptl — (b—s)PFY], (t,5) €
[a,b] X [a, b].
(iv) Foranys € [a,b],

B41 [a—B—2\FT (b—a)l
max Glo,s) = B0 (TET2) T LA

Proof. Let us define two functions

) ( )a P2 a—1
1(t,s) = = a)"‘ 53 —(t=s)""", a<s<t<p,
—p—2
ga(tys) = U a& b ) , a<t<s<b
() Tt is clear that fora < t < s < b, G(t,5) = %gz(t s) > 0. On the other hand, for

a<s<t<hp, bytherelatlon 2%[3>Ozx>2 we obtain

['(a)G(t,s) =g1(t,9)

_ (= 11(;“:16(5;;_)3—/5—2 —(t—s)""

“ea () (=)

— (t—a)? :(Z:i)ﬁﬂ (Z:Z)a_l _ <;:Z>"‘—1]
omo (122) - (=)

Then (i) is proved.
(ii) For a < t < s < b, we have
oG(t,s)  9ga(t,s)  (a—1)(t—a)* 2(b—s)* P2

= = > 0.
M) =5, T (b —ayp2 20

—p-2
Z,ﬁ>0(x—2>0wehave (ﬁ)“ —

< > 3
(i S)a_z = (b;II)ﬁ %)’X—z - (t;s)a_z > (b;s)a_z - (t;s) -~ >0, so we obtain

t—a
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Then we proved that G(f,s) is non-decreasing with respect to the first variable ¢.
(iii) The result follows immediately from (ii).

(iv) Let
¢(s) =T(a)G(b,s) = (b—a)PTL(b—5)"FP2 - (b—5)""1, s €[ab]
We have
§(5) = (@~ p=2)(b-a)f (b5 P 4 (= 1)(b )"
= (-9 Pl 1)(b— )P — (a— p-2)(b - )]
Moreover,
o(s) =0, s € (a,b) < (b—s)Pt1 = %(b — a)PHL,

It is not difficult to observe that ¢'(s) > 0, if s < s* and ¢'(s) < 0, if s > s*. Therefore,

max g(s) = (") = £ (4 £ T e

s€la,b] a—1 o—1

Lemma 3.3. The function H defined in Lemma 3.1 satisfy the following properties:
(i) H(t,s) >0, for all (t,s) € [a,b] X [a,]];
(ii) H(t,s) is non-decreasing with respect to the first variable;
(iii) 0 < H(a,s) < H(t,s) < H(b,s) = ﬁ(h —5)*F2(s—a), (t,5) € [a,b] x [a,b].
(iv)

o (@—po2) PR pog A
may Hibs) = O = P B (25 )

where s* = z:ﬁja + a_llg_l b.

Proof. Let us define two functions

hl(t,5> =

(b —a)x—P-2 ’
(t _ a)rx—ﬁ—l(b _ S)a—ﬁ—z
ha(t,s) = e ) a<t<s<b
() It is clear that fora < t < s < b, H(t,s) = ﬁhz(t,s) > 0. On the other hand, for
S

agsgtgb,bytherelationé’%s > =5 8>0,a > B+ 2, we obtain

['(a)H(t,s) = hyi(t,s

= (t—a)* P71 ;<z:2>aﬁ2 - (;:z)“ﬁll
e () () ()]
> (t—a)* P71 :<z:Z)a_ﬁ_l B (i:fz)a_ﬁ_l]
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Then (i) is proved.
(ii) For a <t < s < b, we have
dH(t,s)  dhy(t,s)  (a—PB—1)(t—a)* P 2(b—s)F2

— = > 0.
F(a) ot ot (b—a)x—F-2 =0

For a < s < t < b, by the relation 2=5 > =5,

p
S S - x—p—2

=(a—B—1)(t—a)* P2 [(E)aﬁz N (: - Z>aﬁ2]

Then we proved that H(t, s) is non-decreasing with respect to the first variable ¢.
(iii) The result follows immediately from (ii).

>0,a — B —2 >0, we obtain
b

(iv) Let
¥(s) =T(a)H(b,s) = (b—5)*F2(s —a), s € [a,b].
We have
Ys)=—(a=p=2)(b—5) P (s —a)+ (b—s)"F2
= (b—5)"P[(b—s) — (a = p—2)(s —a)].
Moreover,
P'(s)=0,s€ (a,b) &s=5"= x-p-2 a+ ! b.

x—p— 1" a— g—1
It is not difficult to observe that ¢/(s) > 0, if s < s* and ¢/(s) < 0, if s > s*. Therefore,

max (s) = §(s") = (& — p ~ 2P~ (ﬁ;_l)ﬁl

s€[a,b]

Now, we are ready to prove our first Lyapunov-type inequality.

Theorem 3.4. If a nontrivial continuous solution of the fractional boundary value problem
(Docu)(t) +q(t)u(t) =0, a<t<b 2<a<3,
u(a) =u'(a) =0, (DPu)( Z bi(DP,u)(
exists, then
b m—2
/ (b—s)vF2 [(b —a)P — (b —s)P + Y b;T(b)(s —a)| |q(s)|ds > T(a),
a i=1
where

_ (b—a)"‘_1
(= p= Db P2~ T b(G—ay P
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Proof. Let B = Cla, b] be the Banach space endowed with norm |[u| = sup,c, [u(t)[. It
follows from Lemma 3.1 that a solution u to the boundary value problem satisfies the integral
equation

u(t):/abG(t,s)q() u(s)ds + T(t /j(ZbHCs g(s)u ())ds.

Now, using Lemma 3.2, we obtain

b m—2 b
u u G(b,s)|gq(s)|ds u b, T(b H(b,s)|qg(s)l|ds,
Jull < el Gbrs)late)lds + ull X bT(®) [ HE,5)laCs)

which yields
2

Jul < [ <c<b,s> ) bJ(b)H(b,s)) a(s)ds

as

['(a)

G(b,s) + nf biT(b)H(b,s)]

= (b—a)PT(b—s)vF 2 Z b;T(b ) P2(s — q)

= (b—s)* P2 [(b — )Pt (h—s)Pt ¢ i biT(b)(s — a)] ,

i=1

therefore, if u is a nontrivial continuous solution to (1.12)-(1.13), we have

/b(b N [(b —a)Pt — (b —s)P1 + 11122 biT(b)(s — a)] lg(s)|ds > T'(«).

i=1

Now, from Theorem 3.4 and Lemma 3.2 (iv), Lemma 3.3 (iv), we have

I'(a)

i=1

G(b,s) + miZ biT(b)H(b,s)]

<T(a) [maxGbs —|—ZbTb maxH(bs)]

s€la,b] s€la,b

a—p-2

- ()T byt + T BT (B (-2 P2 (,ngfl)a_ﬁ_l-

x—1 x—1 =

So, if problem (1.12)-(1.13) has a nontrivial continuous solution, then we have the following
result.

Corollary 3.5. If a nontrivial continuous solution of the fractional boundary value problem
(Dgvu)(t) +q(H)u(t) =0, a<t<b 2<a<3,

u(a) =u'(a) =0, (DPu)( Z bi(DP u)(
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exists, then

b T
/a]q(s)]dsz o () —
B3 (SE50) 7T - ayr R BT (0) (- p- 22 ()

Let B = 0 in Theorem 3.4, we obtain

Corollary 3.6. If a nontrivial continuous solution of the fractional boundary value problem
(Davu)(t) +q(t)u(t) =0, a<t<b 2<a<3,
ule) =10) =0, w) = F (),
iz
exists, then

[ =9 2s ~ alas)las

< T'(a)

T 1+ Y26 T(b)

_ <a—5—1><b— a) P2 — Y2 hi(g —a) P I(a)
(¢ =B—1)(b—a) Z’“b(é a) Pl Y 2 (b —a)et

Let B = 0 in Corollary 3.5, we have the following result.

Corollary 3.7. If a nontrivial continuous solution of the fractional boundary value problem

(Diyu)(t) +q(Hu(t) =0, a<t<b 2<a<3,
m—2

u(a) =u'(a) =0, u'(b) =Y bu(Z),
i=1

exists, then

b ['(«) (@ — 1)1
/u 96)1s 2 T T, T ) (B @) (e~ 22

(“—ﬁ—l)(b— a)* P2 — PG —a) P D) (a—1)*
(0= p=1)(b—a) P2 =2 bi(Gi —a) P+ TP bi(b —a)? (b—a)H(a—2)r2

Remark 3.8. Let by =6,bp = b3 = --- = b,,—2 = 0,81 = ¢ in Corollary 3.6, we obtain (1.8), let
bh=90,bp=b3=---=by,_2=0,¢; = ¢ in Corollary 3.7, we obtain (1.11).
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On a new generalized integral-type operator from
mixed-norm spaces to Bloch-type spaces

Fang Zhang ! Yongmin Liu?*
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Abstract Let ¢ be an analytic self-map of unit disk D, H (D) the space
of analytic functions on D, and g € H(D). For an analytic function
f(z) = ZZO:() anz™ on D, the generalized integral-type operator Cs[a% is
defined by

(clr) )= [ M ptwngtuidu, = €D,

where 8 > 0, f[ﬁ](z) = 20%%2" and f[O](z) = f(2).

The boundedness and compactness of Cg[f, ]g from mixed-norm spaces
H(p,q, 1) to Bloch-type spaces BY are discussed in this paper.
Keywords. Generalized integral-type operator; Mixed-norm space;
Bloch-type space

2010 Mathematics Subject Classification. 47G10, 46E15; 47B38.

1 Introduction

Let D = {z : |z| < 1} be the open unit disk in the complex plane C, and
H (D) the set of all analytic functions on D. The Pochhammer’s symbol/shifted
factorial is defined by
T
(@ =ala+1)(a+n—1)= % neN,

and (a)g = 1 for a # 0. Here a is a complex number such that a # —m,m =
0,1,2,.... The classical/Gaussian hypergeometric series is defined by the power
series expansion

F(a,b;c;z) = ;%Zﬂ, 2] < 1.

*Corresponding author. Email: 6019820099Qjsnu.edu.cn
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For two analytic functions f(z) = > 00 janz™, g(2) = > o obnz" in |2z| < R,
the Hadamard product (or convolution) of f and ¢ denoted by f x g and is
defined as follows

(fxg)(z Zanb 2" |z| < R
Furthermore,
1 z\ dw
— =) — R < R*.
G20 =g [ s (5) 5 <R <
In particular, if f,g € H(D), we have
1 27 i+ i+
(f *9)(pz) = o~ ; flpe)g(ze™")dt, 0 <p<1,

(see, e.g. [1]).
If f(2) =300 a,z" € H(D) and 8 > 0, then the fractional derivative f1°]
of order 8 which introduced by Hardy and Littlewood [4], is defined as follows

902 = Z Tn+1+4p5) n

an
~ T(n+1)

It is easy to check that

FPNz) =T(L+5) (f(z) * F(1,1+ B 1;2)) .

For 3 = 0, we defined fl%(z) = f(z). It is obvious to find that the fractional
derivative and the ordinary derivative satisfy

dk
dzk

M) = = (Ff(z), k=0,1,2,....

A positive continuous function g on the interval [0,1) is called normal (see,
e.g. [22]) if there exist positive numbers s,¢ (0 < s < t) and § € [0, 1), such that

() is decreasing for 0 <7 < 1 and lim () =0;
(1—r) r—1(1—r)s
_pr)_y is increasing for 6 < r < 1 and hm p(r) —
-y A=y

From now on we always assume that p is a normal function on [0, 1).
Let 0 <r <1, fe H(D), we set

or 1/q
M,(f,r) = (;ﬂ/o |f(rei9)|qcz9) L 0<g<oo

Mo(fir) = sup [f(re”)].

0<0<2m
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For 0 < p,q < o0, a function f € H(D) is said to belong to the mixed-norm
space H(p,q,p) if

: i) N
ligam = [ 370005 ar) <

The Bloch-type space (or w-Bloch space), denoted by B¥ = B« (D), consists
of those functions f € H (D) such that

B, (f) = iggw(Z)lf’(Z)I < 00,

where w(z) is a continuous nonincreasing function such that

—1

w(z) =w(|z]), z€D and|l}m w(z) =0. (1.1)

Functions w that satisfy condition (1.1) are called almost classic weights.

With the norm || f||g» = |f(0)|+ B (f), the w-Bloch space becomes a Banach
space. The little w-Bloch space B is the subspace of B“ consisting of those
f € B¥ such that

lim w(2)|f'(z)| = 0.

|z|]—1

For w(z) = (1 — |2]?)%, « > 0, w-Bloch space becomes the a-Bloch space (see,
e.g. [6, 19, 23, 29)).

Let u € H(D) and ¢ be an analytic self-map of D. For 8 > 0, we introduce
a new generalized integral-type operator C ] .g as follows:

/f (w)dw, z €D, fe H(D).

The operator C[ﬁ is a generalization of the operator C” | which is defined as

®,97

(1) (2) = / T (p(w))g(wdw, € HD).

The operator C} ;, was introduced in [32] and studied in [3, 5, 14, 20, 21, 28].
When n =1, then

(Cof) (2) = /f €)de,

which is the generalized composition operator defined by Li and Stevié in [11,
13], and studied in [9, 10, 12, 13, 24, 25, 26, 27, 30, 31, 33]. When n = 0,

then C’@ g =C2 ¢ 1s the Volterra composition operator defined by Li in [7], and
studied in [8, 12, 15, 16]. In [17], Long and Wu characterized the boundedness
and compactness of the integral-type operator C / from mixed-norm spaces
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to the w-Bloch spaces. Besides, Borgohain and Naik [2] initiated a generalized
integral type operator as follows:

(2,0 @)= [ oo
where f# is the fractional derivative of order 3 (3 > 0) defined as

I'(n+1) n—p
nz .
I‘n—i—l—

They discussed the boundedness and compactness of the operator ngg from
Zygmund spaces to Bloch type spaces in [2].

In [1], Borgohain and Naik defined an operator D?
fractional differentiation composition operator, by

(DZ.uf) (2) = ul2) f(p(2)).

They discussed the boundedness and compactness of Dg)u from mixed-norm
space H (p, q, ) to weighted-type space H;°.
Motivated by [1, 2, 17, 32], we consider the boundedness and compactness of

o> called a weighted

the operator Cs[ﬁ 1] from mixed-norm spaces to the w-Bloch spaces in this paper.
Our results can be viewed as generalizations of the results in [17].

Throughout this paper, we will use the symbol C' to denote a finite positive
number, and it may differ from one occurrence to another.

2  Auxiliary results

In order to formulate our main results, we need some auxiliary results which are
incorporated in the following lemmas.

The fisrt lemma is important. It gave an estimate which involves fractional
derivative fI%! of f € H(p,q,p).

Lemma 2.1 ([1]) Assume 0 < p < 00, 1 < g < o0, p is normal, and [ €

H(p,q,u). Then for every B > 0, there is a positive constant C independent of
f such that

@ 111 #2p.q.00)
)] < O = ¥z eD.

The following lemma, can be proved in a standard way (see, e.g. [18]).

Lemma 2.2 Assume 3> 0,0<p<o00,1<qg<o0, g€ HD), uis normal,
w is a almost classic weight, and ¢ is an analytic self-map of D. Then C’L% :

H(p,q, 1) — BY is compact if and only if C’L% : H(p,q,p) — B is bounded and
for any bounded sequence fi in H(p,q, 1) which converges to zero uniformly on

compact subsets of D as k — 0o, we have HC[ﬁqka[Bw — 0 as k — oo.
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Lemma 2.3 ([24]) Assume that w is an almost classic weight. A closed set K
in By is compact if and only if it is bounded and satisfies

lim sup w(z)|f'(2)] = 0.
|z|=1 fek

3  Main results and proofs

In this section we consider the boundedness and the compactness of the operator
CLh: H(p,q, 1) — B (or BY).

Theorem 3.1 Assume § > 0,0 < p < 00,1 < q < o0, g € HD), p is
normal, w is an almost classic weight, and ¢ is an analytic self-map of D. Then
Cs[a% : H(p, q,pp) — B is bounded if and only if

w(2)lg(2)]
M oD = [p(z) 2y <% (3.1)

Proof Suppose that (3.1) holds. For any z € D and f € H(p,q,u), by
Lemma 2.1 we have

W) [(Cf) )

= w(@le) [P ()]

w(2)lg(2)|
CHfHH(Mv“’M(|sp(z)|)(1 " lo(z)E)Fra

and (ng]qf) (0) = 0. This shows that Cgf_]q is bounded.
Conversely, assume that Cgf_]q : H(p,q, u) — BY is bounded. Fix a € D, we

take the test functions
£() (1= [a)"* F(; + B+t + 1,11+ B;az)
al\?) = s
u(lal)

where the constant t is from the definition of the function u. By elementary
calculations similar to those outlined in Theorem 5 of [1], we see that f, €
H(p,q, ). In addition,

IN

(3.2)

L1+ p8)1 —[a*)™

) = L - e 5:3)

By the boundedness of Cgf L, for every A € D, we get
o -~ C”Cs[ﬁh H(p,q,n)—B~
> ||ICP fonllBe
> supw(z) (CLé]gf@(A))/ (2)
zeD
L(1+ BwN)|gNI(L — (V) )+
(D = Jp(A)[2)erititt/a

I'(1+ B)wMgV|
1(leNNA = lp(A)]2)s+1/a”

Y%
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Therefore

- (g (2)] -

<
zep i(le(2))) (1 = o(2)?)PH1/a
Theorem 3.2 Assume 3 > 0,0 < p < 00,1 < ¢qg < o0, g € HD), p is
normal, w is an almost classic weight, and ¢ is an analytic self-map of D. Then
CSE,% : H(p,q,pu) — BY is bounded if and only if Cgf_]q : H(p,q,pp) — B¥ is
bounded and

lim w(z)|g(z)| = 0. (3.4)

|z|—1

Proof Suppose that C’L% : H(p,q, ) — B* is bounded and (3.4) holds. For
each polynomial p(z), we get

w(=) |(Cllp) ()| = 0@l [P (0(2))].

Let p(z) = ZZ:O anz", k € N. From the proof of Theorem 7 in [1], we see that

k

plP(z) =T (1 + B) (Z %anzn> ,

n=0 (1)77,

Then we have pl?l(2) is bounded in |z| < 1. From (3.4), we see that C’L%p €
Bg. Since the set of all polynomials is dense in H(p,q, 1), we have that for
every f € H(p,q, i), there is a sequence of polynomials (pg)ren such that ||f —

PrllH(p,g,) — 0 as k — co. Hence by the boundedness of the operator Cgf_]q :
H(p,q, ) — B“, we have

”Cs[ﬁ]gf - Cs[aﬁy}gpk”B“ < HCs[f]g||H(P-,q-,u)ﬂlBW||f —Pk|‘H(p7q7u) -0,

as k — oo. Since By is the closed subset of B“, we see that Cgf_]qf € By, and
consequently C&%(H(p, q,1)) C BY, so CSE,% s H(p,q,p) — By is bounded.
For the converse, suppose that CSE,% : H(p,q, 1) — BY is bounded. It is

clear that Cgf_]q : H(p,q, 1) — B“ is bounded. We take the test functions

f(z) = m € H(p,q,p) for z € D, it follows that

Mz = T+0)(f(z)* F(1,1+6;1,2))
:1"(1—1—6)(7“1_'_6)*27(1)” z)

n=0
B 1 (1+05)
=r+h) (F(1+5) o )

=1
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By the assumption, we have

lim w(z)

i ()| (C27) @

= lim w(=)lg()l|[/(e(2)

|z|]—1

= lim w(z)[g(2)

|z|]—1

=0.

Theorem 3.3 Assume 3 > 0,0 < p < 00,1 < qg < o0, g € HD), p is
normal, w is an almost classic weight, and ¢ is an analytic self-map of D. Then
CSE,% : H(p,q,pp) — B¥ is compact if and only if Cgf_]q : H(p,q,p) — B s
bounded and

| w(2)lg(2) B
e PN — [ P~ (3.5)

Proof. Assume that C&é]g : H(p,q, ) — B“ is bounded and (3.5) holds.
Let {fn} be a bounded sequence in H(p, q, u) with || fullg(p,q,,) < 1 and f, — 0
uniformly on compact subsets of D). In light of Lemma 2.2, we only need to
show that

1O fulls= — 0. (n— o0).

From (3.5), we have that for every ¢ > 0, there exists a constant 4, 0 < § < 1,
such that 0 < |p(z)| < 1 implies

(g (2) -
RN — )P = &

Since C’L% : H(p,q,u) — B“ is bounded, taking f(z) = ﬁ, we see that
M; = supw(z)|g(z)| < co. Since
z€D
li
supw(z) |(CP nl (2
sup () |(CL)fa ) (2)
< s w(e)lgCe)l| G|+ sup wia)lglea)l |1 ()
{le(2)|<d} {le(2)|>6}
w(z)|g(2)|
< M s |p(0)| + Cllfullgag  sup
{o(2)|<8} Hwam o oissy mle(2))(A — [p(2)|2)p+1/a
< My swp | ()] + Ce
{le(2)I<6}

From the proof of Theorem 10 in [1], { f}fﬂ} converges uniformly to 0 on compact
subsets of . Then
ICY) fullpe — 0 as n — oo,
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Conversely, suppose that CQE,B, _]q is compact from H (p, q, 1) to B*. From which

we can easily obtain the boundedness of CQE,B, _]q : H(p,q,n) — B“. Next we only
need to show that (3.5) holds. Let {z,} be a sequence in DD such that |p(z,)| — 1
as n — oo. We now consider the function

sy o le)PY TR (Bt 1+ 10 i1+ i)z
) EEn)y 50

It is easy to check that h,, € H(p,q, 1). Moreover, from (3.3)
P+ 8)(1 = lp(za) )™
p(le(zn) )1 = p(zn)2) 1 H1/a

It is easy to show that {h,} converges to 0 uniformly on compact subsets of D

W (p(zn)) = FUL ((2n) = (3.7)

as n — o0o. Therefore, using Lemma 2.2, we have hm HCW] hy|lge = 0. From
this and since
||C hnllpe > supw(z

ete)(Chlm) @
B

> w(zn)lg(za)| [P (p(20)|

L1+ B)w(2n)lg(zn)|
pw(le(zn)) (1 = Jp(zn)[2)B+1 /a7

it follows that
. w(2)lo(2)
le(2)l=1 p(le(2))(1 = |p(2)[2)F+1/a

=0.

Theorem 3.4 Assume 3 > 0,0 < p < 00, 1 < g < 00, g € HD), w is

an almost classic weight, and @ is an analytic self-map of D. Then C’L% :
H(p,q,p) — By is compact if and only if

| w(2)lg(2)] B
RN - e RyEr (3:8)

Proof Suppose that (3.8) holds. Then, from Lemma 2.3, C’L% s H(p,q,n) —
B is compact if and only if

lim sup  w(z) =0. (3.9)

2= L1 £l b g <1

(c0) )

For any z € D and f € H(p,q, 1), by Lemma 2.1 we have

g w(2)lg(2)
(c8ur) @ o@D — ()PP

w(z)

< OHfHH(p,q,u) (310)
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From (3.9) and (3.10), the implication follows.
Conversely, assume that Cl[f ]g : H(p,q,u) — B is compact. Then C’S[f ]g :

H(p,q,n) — B“ is compact, and Cl[f,]g : H(p,q,u) — By is bounded. Hence,
by Theorems 3.2 and 3.3, we see that (3.4) and (3.5) hold. By (3.5), for every
e > 0 there exists an r € (0,1) such that

w(z)lg(2)|
p(le(2))(1 = |p(z)[2)s+1/a <g,

when 7 < |p(z)| < 1. By (3.4), there exists a ¢ € (0,1) such that

w(2)|g(2)| < e inf p(t)(1 —t2)P+/a,
t€[0,d]

when o < |z| < 1. Therefore, when o < |z| < 1 and r < |p(z)| < 1, we have
that

w(2)lg(2)|
(oD = [ <& (3.11)

If o < |z] < 1 and |¢(2)| < 7, then we obtain

w(g(2)] w(g(2)]
WP N — PP Tl (1 - i < 12

Combining (3.11) with (3.12), we obtain (3.9).
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Abstract

First we characterize a conformal automorphism for exact locally conformally cal-
ibrated Go-structures and give Lie derivative of the fundamental 3-form defining Go-
structures for this class of manifolds. In the end we prove some nice properties for
this class.
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1 Introduction

Recently, the theory of special G-structures on smooth manifolds has been an astonishing
success story among mathematicians and physicist as they exhibit some nice properties.
For example Go-structure can be geometric models in the theory of super strings with
torsion [19]. Also Donaldson and Segal [10] suggested recently that manifolds with non-
vanishing torsion Gs-structure can be the right framework for guage theory in dimension 7.
Main computable models for manifolds with Ga-structure are homogeneous spaces having
co-homogeneity one [9, 25, 29].

* Corresponding author
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Historically the first sign of g§(remarkable exceptional simple Lie algebra) appeared
in 1884, when Killing gave a proof of its existence. In 1907, Reichel [28], a student of
Engel [11], proved that Lie groups G5 and G are two real forms of GS. In 1914, Cartan
proved that G5 and G5 can be regarded as the automorphism group of octonions and split-
octonions respectively in 1914. Later these groups appeared in the Bereger’s celebrated
list of potential holonomy of pseudo-Riemannian mertic (see [2]). Quest for examples of
metrics having holonomy Gs and G remained unsuccessful until 1989 when Bryant and
Salamon [6] constructed first complete but non-compact Riemannian manifolds having
holonomy G5. The construction of first compact example by Joyce [20] in 1994 was a huge
breakthrough.

We recall that a smooth manifold M7 is said to have a Go-structure if it has a section
of the bundle F(M7)/Gy on M7, where F(M7) is the frame bundle on M7. It is noted that
the automorphism group of a 3-form ¢ over R is G5 which is called a 3-form of Ga-type
[15]. Tt is known that G'L(R")-orbit of ¢ is an open orbit of the GL(R7)-action on A3(R7).
A 3-form in that open orbit is known as indefinite 3-form. The presence of a Ga-structure
on a manifold M7 is equivalent to the presence of an indefinite differential 3-form ¢ over
MT7. A Go-structure ¢ on a manifold is called parallel if V@ = 0 or dp = d * ¢ = 0 and
almost parallel or calibrated if dp = 0, locally conformal calibrated if dp = 6 A ¢ with a
differential 1-form 6 on M and 6 = (x(xd@ A @) [4, 8, 12, 13].

We say that a locally conformal calibrated Go-structure is dg-exact with ¢ = dpw =
dw — 0 A w, where 0 is 1-form and w is a 2-form on M. Manifold carrying these special
structure have been extensively studies for some nice properties. In [1] Bangaya described
locally conformal symplectic manifolds. In [14] authors discussed locally conformal cali-
brated Go-manifolds.

Fernandez and Gray [15] classified all Ga-structures in 16 classes in 1982 by decom-
posing the covariant derivative of the 3-form defining the Ga-structures in 4 irreducible
components. A lot has already been said about these different classes. For example, in [18§]
Friedrich et al. discussed special properties of nearly parallel Ga-structures and proved that
they carry Einstein metrics. In [16] Ferndndez and Ugrate gave a differential sub-copmlex
of de Rham complex for locally conformal calibrated Go-manifolds and determined its
ellipticity. A deep insight about these classes were described by Cabrera et al. [8]. In [7]
Cabrrera discussed the inclusion relations of these classes and discovered strict inclusion
in particular two classes. Kath [21] started the study of psudo-Riemannian 7-manifolds
with a Gy-structure. Munir and Nizami in [27] gave classification of Ga-structures based
on intrinsic torsion with sixteen classes of algebraic types of Go-structures and also proved
some strict inclusion relations among the classes of these structures. Generally speaking,
manifold with Go-structures are relatively less understood as compared to those admitting
G4. To our knowledge there are only a few papers discussing about them, (see for example
[5, 21, 22, 23, 25, 27]).

In this paper, we study manifolds endowed with a locally conformal calibrated Go-
structure which constitute the class Wy @& Wy of [27]. We focus on its subspace where we
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have exact locally conformal calibrated Go-structure. However it is worth mentioning that
we study these manifolds for two particular reasons. First, they have striking similarities
with those admitting a Ga-structure and secondly, because of their interesting class in
pseudo-Riemannian geometry, see [7, 30].

2 Locally conformal calibrated Gs-structure

Here we first introduce the basic representations for Go-manifolds. Then we give simple
characterizations of locally conformal calibrated Go-manifolds. These results are known
facts see for example [25, 27]. These fact will help a lot to prove our main results in next
part. Let A?(M) be the space of differential g-forms on M and B?(M) is the subspace of
A9(M) defined by

BI(M) = {BeA(M) | BN & = 0}.

A Go-manifold is defined as a 7-dimensional Riemannian manifold M (in which a Rieman-
nian metric g5 = (1,1,1,-1,—1,—1,—1) is defined) endowed with a 2-fold vector cross
product P satisfying the following axioms

1. (P(Xy, X2), X1) = (P(X1, X2), X2) =0,
2 |P(X0, Xo)|I? = X021 Xl? — (X7, Xo)?
for X1, X9 € X(M). The fundamental 3-form on M is then defined as
P(X1, Xo, X3) = (P(X1, X2), X3)
for X, X9, X5 € X(M) and inner product for z,y € AY(M) is defined as
(x,y)Var = x A xy, (2.1)

where Vj; is the volume form on M. It is proved that A?(M) splits orthogonally into Go-
irreducible components A] of dimension ! [4]. An isometry known as Hodge star operator
defined as * : A9(M) — AT9(M) make two irreducible component isomorphic. For
example the representation of G on A'(M) and A7(M) are isomorphic. So it is sufficient
to describe the representation of Gy on A2(M) and A3(M) as follows

N (M) = {x(a A %) | a € A'(M)}

Ny(M) = {5 € N*(M) | B A *p = 0}

N (M) ={fo| feF(M)} (2.2)
N(M) = {(a A @) | @ € N(M)}

Nz (M) = {y € N*(M) |y A=~ Axp=0.

From above, it is easy to compute

N(M) ® N7 (M) = {y € N*(M) [y A ¢ =0} (2.3)

730 Mobeen Munir ET AL 728-737



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

AHM) @ N7 (M) = {X € AY (M) | XA ¢ = 0}. (2.4)

For M7, most general Ga-structure can be distinguished by a globally defined 3-form ¢,
which has local representation

= 6123 + 6145 + 6167 + 6246 _ 6257 + 6347 + 6356 (25)

with respect to some local co frame e', €2, ..., 7 see [3]. It induces 9s and dVyz on M given
by
.
95(X,Y) = GIXPNIYPN P
for all vector fields X,Y on M, where g is a Riemannian metric and dV,; is a volume

form.

Now we have the following result.

Proposition 2.1. Let M be a manifold endowed a Ga-structure @. Then

(1) For any differential 1-form o on M, x(x(a A @) A @) = 4o

(2) If there is a differential 1-form n on M such that dp = nA\p, thenn = i(*(*d@/\gﬁ)
and M is locally conformal calibrated.

Proof. (1) Let ¢ be 3-form given as in (2.5), and o = 21'7:1 ¢! be a 1-form on M then from

simple computation it can be easily verified that
*(x(aA@)A @) =4da.

(2) Let n be a differential 1-form on M and dp = n A @ then xdp = x(n A Q).
By taking wedge product by ¢, we get

xdp N =x(NNQ)AP.
Applying * on both sides
#(xdp A @) = #(x(n N @) A @) = 41).
From above n = i * (xdp A @), which implies M is locally conformal calibrated. O

Definition 2.2. Let M be a C~¥2 manifold having 3-form ¢. For each [, 0 <[ < 7, we
denote the space B (M) = {\ € A{(M)|AA @ = 0}. Also, the orthogonal compliment of
BY(M) in A9(M) is denoted by A'(M).

Lemma 2.3. Let M be a Go-manifold. Then we have the following

BY{(M)={0} for0<1<2,
B*(M) = A{(M) @ A37(M),
BY(M) = A7(M) & Ay (M),

BN (M) =A(M) for5<1<7.
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Therefore,

Proposition 2.4. Let M be a Gy manifold endowed with fundamental 3-form p. Then
M s locally conformal calibrated if and only if for any differential 3-form p € A3(M) @
A3.(M), the exterior differential dp € AX(M) & A3, (M).

Proof. Let M be a locally conformal calibrated Gy and dg = 6 A . Also let p € A(M) @
A3.(M). From equation (2.4) follows that

dpNg=d(pN@)—pNdp=—pANOANS=0
using equation (2.4) dp € AH(M) & A3 (M).
Conversely, let dp € AF(M) & A3, (M) because p € A$(M). Also we have
P =0NPNxp, (2.6)
where 0 A ¢ € A2(M) and p € A3;(M). Thus dp A ¢ = 0, and we deduce that
pAdE=dpNp—dpN@)=0 (2.7)
Taking wedge product by y in equation (2.6), and using equation (2.7), we get
0=y Adyp
=yYAOAG+yAxy
=y A *y,
which implies that y = 0. Then equation (2.6) becomes
dp =0 N,

which, by Proposition 2.1, proves that M is locally conformal calibrated. O

3 Exact locally conformal calibrated Gy-structure

In this part we mainly use the concept developed in previous section. In [1] on locally
conformally symplectic manifolds, authors found some characterizations, so on following
similar track we find for dg-exact locally conformal calibrated Gao-structures ¢ having 1-
form 6, called Lee form. Then we give some characterization of conformal automorphisms
for exact locally conformal calibrated Ga-structures and derive some new useful properties
for these manifolds.

We already know that Y € X(M), smooth vector fields on M is a conformal infinites-
imal automorphism of ¢ iff there exists a function py which is smooth on M satisfying
Lo = py® and vector field Y is said to be conformal automorphism of ¢ if py = 0.

First we have the following proof.
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Proposition 3.1. Let ¢ be a Go-structure on M7. Let Y € X(M) be a vector field and w
(a 2-form) satisfying w = iy $. Then we have

jw|? = 3[Y?
Proof. The identity implies that @ A (iy @) = 2 (iyp),our case becomes ¢ Aw = 2w and
w2 %1 =wA *w

1
=—-—wAPA
FWAPAW

= 2(ivd) A livd) A b

= 3]Y|* % 1.

Which leads to the desired conclusion.

Proposition 3.2. Let (M, ) be a locally conformal calibrated Go-structure having Lee
form 6.

(1) A wvector field Y € X(M) is a conformal infinitesimal automorphism of ¢ if and
only if there exists a function which is smooth fy € C*°(M) satisfying dew = fy P, where
w=1iyQ.

(2) For M to be connected, fy is constant.

Proof. (1) Here we have by the following expression
Ly = d(iv@) + iy (dp)

=dw+ iy (6 A D)

=dw+0Y)p—0A (iyp)

=dw—-0ANw+0Y)p

= dg, + 0(Y) @,
where w = iy @. Hence, Y is a conformal infinitesimal automorphism of ¢ with £y ¢ = py @
iff dgw = fy @, where fy = a function which is smooth on M and fy = py + 6(Y).

(2) If we take M be a connected and Y a conformal infinitesimal automorphism of ¢.

As dpw = fy ¢ for some fy € C°(M). We have
0 = dg(dgw,)
= do(fy )
=d(fy@)o N (fy®)
=dfy Ao+ fydp — fy (0 A Q)
=dfy No+ fydg — frdg
=dfy N @.

As we know that the mapping A@ : A'(M) — A*(M) is a linear injective mapping and

we obtain dfy = 0 consequently as M is connected so fy is constant. O
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Proposition 3.3. If Y be a conformal infinitesimal automorphism of ¢ with fy # 0, then
P 1is dg-exact.

Proof.
1 w
5= —dow =dg| — ).
TR 9<fY>
So ¢ is dp-exact. O

Now we give an important result that can evaluate some integrals of a conformal
infinitesimal automorphism of ¢. We have

/ £Y¢A*f¢:—3/ df A xY?
M M

for a compact M7,f € C*®(M), Y as a conformal infinitesimal automorphism of ¢ with
Ly = py .

Proposition 3.4. LetY be a conformal infinitesimal automorphism of ¢ with Ly ¢ = py @
we have fM frdVyz =0

Proof. For the case of Ga-structure we modify the result of [26], that says, for a compact
manifold (M7, (JNS) where ¢ is any general Gy-structure with

/ L‘ycﬁ/\*f@z—(i/ df A xY?
M M

where f € C°°(M), Y as a conformal infinitesimal automorphism of ¢ with £y ¢ = py @.

/ pdeg¢ = 0.
M

Take f = 1, we arrive at

Using Proposition 3.3, we get

[ oiavie = [ favye = fevai(an)
M M
this confirms the constancy of Riemann integeral of 6(Y") over M. O

As the consequences of above results, now we are able to give important characteriza-
tions of exact locally conformal calibrated Ga-structures.

Proposition 3.5. Let (M7, ) be a connected locally conformal calibrated Go-manifold
and 0 be associated Lee form. Let gz be a dual vector field of 0 denoted by Y satisfying
0(-) = g3(Y,), and w := iy p, where w is a 2-form. Then we have the following results
(1) Ly@ =0 if and only if 0(Y)p = dyw.
(2) If £y =0, then O(Y) = |Y|? # 0 (a constant).
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Proof. (1) Here it is
Ly ¢ =d(iyp) + iydp
=dw+iy (0 A P)
=dw+0Y)p—0Aw.
Hence, £y ¢ vanishes if and ony if 0(Y)¢ = —dpw.

(2) From Proposition 3.2, If £y$ = 0 then §(Y) = |Y|?> # 0 (a constant). Since
0(Y)p = dow and Y = 0, where the map ¢ : A1(M) — (M) is an isomorphism. O
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FOURIER SERIES OF FINITE PRODUCTS OF BERNOULLI
AND EULER FUNCTIONS

TAEKYUN KIM»2, DAE SAN KIM3, DMITRY V. DOLGY%, AND JIN-WOO PARK5:*

ABSTRACT. In this paper, we will consider three types of sums of finite prod-
ucts of Bernoulli and Euler functions, and derive the Fourier series expansions
of them. In addition, we will express each of them in terms of Bernoulli func-
tions.

1. INTRODUCTION

Let By, (x) be the Bernoulli polynomials given by the generating function

t
et—le

xr - tm
=3 Bpn(w)—, (see [7,13,23]).
m=0

For x =0, By, = B (0) are called Bernoulli numbers.
Also, let E,,(z) be the Euler polynomials defined by he generating function

2 . o~ tm
—e = E — 4,19, 23]).
et + 16 7;) m($>m'7 (See [ ’ 97 3])
For x =0, E,, = E,,(0) are called Euler numbers.
It is well known that the Bernoulli and Euler polynomials have the following
properties
iB () = mBp,—1(x) iE (z) =mE,—1(x), (m>1)
dz m — m—1 ) dz m - m—1 ) = )
Bm(l) = Bm + 51,ma Em(l) = —Lm + 250,7717 (m > O)

For any real number x, we let
(z) =2 —[z] €0, 1)

denote the fractional part of x.
We will need the following facts about Bernoulli functions By, ({(x)) :

(i) for m > 2,
| > eQTrinx
Bm = —m. o N
()= 3
n#0

2010 Mathematics Subject Classification. 11B68, 42A16.

Key words and phrases. Fourier series, Bernoulli polynomial, Bernoulli function, Euler poly-
nomial, Euler function.
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2 Fourier series of finite products of Bernoulli and Euler functions
(ii) for m =1,
0o )
g2rine | Bi({z)), forz ¢ Z,
2mwin 0, for z € Z.
n=—oo
n#0

Throughout this paper, we will assume that r,s are nonnegative integers with
r+ s > 1. Here we will consider three types of sums of finite products of Bernoulli
and Euler functions oy, ((z)), Bm({z)), and ~v,,((z)) and derive the Fourier series
expansions of them. In addition, we will express each of them in terms of Bernoulli
functions.

(1)
am(()) = > Bi,((z)) -~ Bi, ((x))

1ttt js=m
X By, (@) By (@), (m > 1);

S B () Bi((a))

RN
it g gy bogemm LTI s
xEj ((x) -+ Ej. ((x)), (m > 1);

(3)

Br((2) = 3 B (@) Bi ()

i1 g beebgo=m LTI s
xEj ((x)) -+ Ej,((x)), (m =7+ s).

Here the sums for (1) and (2) are over all nonnegative integers i1,..., %y, j1,...,Js
with 43 + -+, + 41 + - + js = m, and the sums for (3) are over all positive
integers i1,...,%r,J1,---,Js With 41 + -+ 4, + 41 + - -+ js = m.

For elementary facts about Fourier analysis, the reader may refer to any book
(for example, see [1,20,24]). As to o, ({x)), we note that the polynomial identity
(1.1) follows immediately from Theorems 2.1 and 2.2, which is in turn derived from
the Fourier series expansion of o, ({z)):

i1+ tirt+jit++js=m

1 " ‘m+r+s
= A _iv1Bi(x),
m+r+s§< j ) i+1B;(x)

(1.1)

where, for each positive integer [,

A = Z (2) <z>(_1)023—c Z B, -+ Bi Ej, - E;,

i1t Fiatjit o tje=at+l-r

_ Z B, - B Ej - Ej..
it i e =m

The obvious polynomial identities can be derived also for 3,,((z)) from Theo-
rems 3.1 and 3.2. It is noteworthy that from the Fourier series expansion of the
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function Zk 1 k(m 7 By ((z)) Bj—kr({z)) we can derive the Faber-Pandharipande-

Zagier identity (see [5,6,9-12,21,22]) and the Miki’s identity (see [3,9-12]). The
reader may refer to the recent papers [8,14-16,18] for the related results.

2. SUMS OF FINITE PRODUCTS OF BERNOULLI AND EULER FUNCTIONS OF THE
FIRST TYPE

Let
am(z) = Z Bil(x)"'Bir(x)Ejl(x)"'Ejs(z)v (mz 1)7
i1t ji i =m
where the sum runs over all nonnegative integers i1, ..., j1,...,js satisfying i1 +
-+ +4.+j1+ -+ js =m. Then we will consider the function

am((z)) = > Bi, ((x)) -+ Bi, ((x)) Ej, ((x)) - - Ej, ((z)),
i1ttt ja=m
defined on R which is periodic with period 1.

The Fourier series of a,, ({x)) is

o0

Z A 27r1nac

n=—oo

where ) .
Alm) :/ am((x))e 2™ dg :/ ()™ 2™ .
0 0

To continue our discussion, we need to observe the following.

oty ()
= > i1Bi,~1(2)Bi, () -+ By, () Ejy (2) - - Ej (x)
i1+ +lr+]l+ +js=m
+ot > Bi, (x) - Bi,_, (2)irBi, -1 (x)Ej, (x) - - Ej, ()
i1+"‘+ir‘!’jl‘:‘ll'"'+js:m
+ Z B;, (‘T)Blz(‘T) "'Birr-<x).71EJ1 1('77)Ej2($) EJb(w)
i1+ tirtjittjs=m
ji=>1
+ot > Biy(z) - Bi, (2)Ej, (x) -+ Ej,_ (2)js Ej,—1(2)
i1t g =m
Jiz1
= > (i1 +1)Bi, (x) -+ By, (x) Ejy () - - Ej, (2)
i1t g1t =m—1
+ot > (ir +1)Bi, (x) -+ By, (x) Ejy () - - Ej, (2)
i1t g1t =m—1
+ > (J1 +1)Bi () Bi, (2)Ej, (x) - - - Ej, (2)
i1t g1t =m—1
+ot > (Js + 1)Bi, (z) -+ Bi, (x)Ej, (z) - - - Ej, (x)

i et gi b js=m—1
—(m+ 1+ 5 — Dy (@).
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From this, we obtain

< O‘m-‘,—l(x) )l = O[m(x)7
m+r+s
and
! 1
| an@)ds = e (@i (1) = 0 (0).
For m > 1, we set
A = am(1) — am(0)
= > (Biy (1) -+ B, () E;, (1) - Ej,(1) = By, -+ By, Ej, -+ Ej,)
Gttt e=m
= > (Biy +0160) -+ (Bir + 61,3, ) (= Ejy +200,5,) -+ (= Ej, + 20,5,)
ittt e=m
_ Z B, - B Ej - Fj,

i1t be=m

r\ (s _
= Z (a>(c>(_1)c2s cv | Z | B -+ B Ej - Ej.
0<a<r i1 tig i+ He=atm—r
0<c<s
r—-m<a<r
— Z By, ---Bi Ej -+ Ej..
i1 tip i tje=m
Note here that the sum over all i1 +--- 4+ 4, + j1 + -+ 4+ js = m of any term with
aof Bi,,r—aofé1;, (1<e, f<r),cof —E; , and s—cof 26, (1 <u,v<5s)
all give the same sum

> Biy - Bi,0iary 01,0, (B ) - (= Ej)(200,5.4,) -+ (260,5,)
i bbb =m
= > (=1)°2°7°B;, -+ By Ej, -+ Ej,

i1+ Fia i1t Fje=mta—r
which is not an empty sum as long as m+a —r > 0.
We now see that
am(0) = ap(l) <= A, =0,

and
! 1
m@)de = ———— A i1
/Oa (z)dw m+r—+s 1
We are now going to determine the Fourier coefficients A%m).
Case 1: n#0.

1
Ang) _ / Ozm(x)6727rinzd$
0

1 omi 1 1 1 o
= [am(x)e_ 7”"”3] + / al (x)e ™" dx
0

 2min 0" 27in
1 m+r+s—1 (1 omi
— m 1) — m 0 i e mine g
2min (com (1) = am (0)) + 2min /0 am-1(z)e v
_mArts ol ey o 1A
2min " 2min
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from which by induction we can easily deduce

Aslm):_z(m—’_r—"_s_l)j*lA

- - m—j+1
= (2min)i
i m +r+ s
= Am,‘ .
m4+r—+s ; (2min)J g+
Case 2: n=0.
o _ [ 1
AO = /O Olm(I)d.T = mAm+1.

am({x)), (m > 1) is piecewise C*°. In addition, «,,({z)) is continuous for those
positive integers with A,, = 0 and discontinuous with jump discontinuities at inte-
gers for those positive integers with A,, # 0.

Assume first that m is a positive integer with A,, = 0. Then a,,(0) = o, (1).
Hence o, ({x)) is piecewise C*° and continuous. Thus the Fourier series of «,,, ((2))
converges uniformly to ., ((z)), and

1 A + Z i m—l—r+5 A . eQm’nx
m-+r+s ml T mAr+s (2min)I m—j+l

n=-—o0 j=1

e27r7,n93

1 1 m-—+r+s =
:7A7n _— A —g 7' B -
m+r+s +1+m+r+sz< J > mog+L | ) Z (2min)J

n—=—oo

n#0

JES——

Am+1

e — _’_7
m-+r+s m-+r—+s

- (m+r+s
J

—_
—_

<.

i M

o

Bi({x)), foraz¢Z,
+Am><{ 0, for x € Z.

Now, we are ready to state our first result.

Theorem 2.1. For each positive integer I, we let

T S _
Ar= 3 (a> (C)(l)CQS ‘ ) By, -+ B, Ej - Ej,
0<a<r i1+ +ig+J1+Fje=a+l-1
0<c<s
r—Ii<a<r
_ E: By, - By Fj, - Ej..
ittt =l

Assume that m is a positive integer with A, = 0. Then we have the following.

(a)
> Bi,({z)) -~ Bi, ({2)) Bj, ((2)) - - - B, ((2))

i1ttt gt s=m
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has the Fourier expansion

> Bi, () -+~ B, ({x)) Ej, () - - - Ej, ((2))

i1ttt tis=m

1 > - m+r+s
_ A A . 2minx
m-—+r-+s m+1F Z m—i—r—i—sz (2min)J m—jt+1 | € ’

n=-—oo Jj=1

> Bi, ((x)) - - Bi, ({x)) Ej, ((x)) - - - Bj, ()

1+t t+jit+js=m

1 1 T m+r+s
B+ 3 () B ()

:m+r+s m+r+5j:2 i

for all x € R, where Bj({x)) is the Bernoulli function.

Assume next that A, # 0, for a positive integer m. Then a;,(0) # ., (1).
Hence ay,({z)) is piecewise C'*° and discontinuous with jump discontinuities at
integers. The Fourier series of «,,,((x)) converges pointwise to o, ({x)), for x ¢ Z,
and converges to

2 (@n(0) + (1) = an(0) + 5 Am,

for x € Z.
We are now ready to state our second result.

Theorem 2.2. For each positive integer I, we let

r S cosS—cC
A=) (a>(0)(—1)2 > Bi, ---Bi Ej, -+ Ej,
0<a<r

<as i1+ tig+j1+Fje=a+l-T
0<c<s
r—l<a<r

_ Z By, ---Bi Ej, -+ Ej..
i1+ tintjito i =l
Assume that m is a positive integer with A,, # 0. Then we have the following.

(a)

1 S 1 " (mArts); ,
Am _ i ]Am—' 2minx
m+r+s “+n;m m+r+s2 (2min)J anl
n£0 7=
:{ D i teein it jomm Bin ((2)) -+ Bi, ((x)) Ej, ((z)) -1-~Ejs(<af>), forax ¢ Z,
Zi1+~--+ir+j1+-~+j5:m B, - B;, Ej - Ej, + §Am, for z € 7.

S fj (") A

= > Bi,({z)) -+ B, ((2)) Ej, ((x)) - - - Bj, ((x)), for z ¢ Z;

i1 b gt s=m
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1 T /m+r+s
- A i1 B
m—|—r—|—sjz_:0< J ) Ak j(<x>)
Jj#1
1
= Z Bi1 "'BiTE]i "'Ejs +§Am, fOT‘IEZ.

i1t Hip i+ =m

3. SUMS OF FINITE PRODUCTS OF BERNOULLI AND EULER FUNCTIONS OF THE
SECOND TYPE

Let
1
Bn(2) = 3 B @) B @B @) B (),
14 tip i1t His=m
(m >1),

where the sum runs over all nonnegative integers i1, ..., %, j1, .. ., js satisfying i, +
vt g1+ s = m
Then we consider function

Bulle) = Y e Balled - B((o)

T N
X By (@) -+ By ((x)),
defined on R, which is periodic with period 1.
The Fourier series of 3,,((z)) is

o0

Z B7(1m) 6271'1'1117

n=—oo

where ) )
B’I(Lm) :/ Bm(<x>)e—2ﬂ'inwdx — / 5m(x)e—27rinwd$.
0 0

To proceed further, we need to observe the following.

1
By, (z) = Z . 1 Biu-1(®)Bi,(2) - Bi, (x)
bbby gz (1 D2t gl
i1>1
x Ej (x) - Ej (2)
1
R Z i1!~--ir_1!(iT—1)!j1!'"js!Bil(x).”Bir_l(x)Biril(m)

ittt je=m

irZ

x Ej () Ej, (x)

1
+ > — B, (2)-- By, (x)
Lo i1y — D)ljgl -l 0 r
ittt it = Dl !
Jjiz1
X Ej1(2)Ejy (x) - - Ej, ()
1
R > — Bi,(z)- - B; (x)
| I T A | —1)! 1 T
7;1+“‘+i'r—~__j;—"1_.--+js:m21' triJ '7571'(-75 1)
JsZ

x By () By (2)Ej,—1()
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8 Fourier series of finite products of Bernoulli and Euler functions
1
= > B @) By (@)E;, (@) B (@)

i1t gt bge=m—1 T s

1
Tt Z Z’l...il'l...'lBil(x)”'BiT(x)

TR e N T L A A
x Bj (z) - Ej, (x)
1
+ > T Bu @) By (@)E; (2) - By, )
it bbb jamme1 (LTI s

1

ot > Bi,(x) - By (x)

irtetir it tis=m—1

x By, (2) - By, (2)
—(r + 8)Bm_1(@).

From this, we have

(

1
/ B ()dx
0
For m > 1, we put

Q= B (1) = B (0)

and

Bm+1()

FYRRTATARY N

r+s ) :ﬁ'rn(x)7

— Ba(1) = s (0)).

o g il
i1ttt g bge=m 1Tt ]S
x (B, (1)---B;, (1)E;;(1)---E;,(1) = B;, --- B; Ej, --- Ej,)

i1 it gt s=m

X (Bi, +01,4,) -+ (Bi, + 01,0, )(=Fj, +200,5,) - -

B;,

(—=Ej, +260,5,)

E;

---B; Ej, -+ Ej,

>

i1t Hip it His=m

Pl

0<ce<s
r—-m<a<r

S
C

il

>(1)c25

>

i1+ +ia i1+ +Hje=mta—r

B,

B, ---Bi Ej, -
RS ATARTN

c

Bi,---Bi Ej, --- Ej,
_il+~~+u+§~-~+j3=m il ciclld o gst
We now see that
Bm(0) = Bm(1) <= Qm =0,
and
' 1
/0 B (x)dx = r+st+1'

Now, we would like to determine the Fourier coefficients BT(Lm).
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Case 1 : n#0.

1
m):/ ﬂm(m)e—Qﬂ'inwde_

1
_ —2ominzll 1 ! —2minT
—— g @)™+ e [ e

© 2min

 2min 2min

= (ﬁm() Bm( T+5/ B 1 _27”nxd33
_LHB(W—U_ 1

n

my

2min 2min

from which we can deduce that

PETCON ol Gl S
! 223 (@riny "

1
(m) _ _ g
/0 ﬂm(m)dx r+s m+1-

Bm({x)), (m > 1) is piecewise C*°. Furthermore, §,,({z)) is continuous for those
positive integers m with ,, = 0, and discontinuous with jump discontinuities at
integers for those positive integers m with €, # 0.

Assume first that Q,, = 0, for a positive integer m. Then 5,,(0) = B, (1).
Hence B, ({x)) is piecewise C*°, and continuous. Thus the Fourier series of 5, ((x))
converges uniformly to 5,,({z)), and

Case 2 : n=0.

1 = " (r+s)it
B(m) _ O o . 2mine
n T+ s +1Jrn:z_:Oo ; (2min)i j+1]e
n#0
1 (7,, + S) 0 eQﬂ'inx
= m Qm —j! ‘
s Ml +; I j+1 | = n; (2min)i
n#0
1 (r+s)i—1
:r+st+1 Z 7l Qm—j+1B;((z))
j=2

Bi({z)), forx ¢Z,
+me{ 0, forzeZ

Now, we are ready to state our first result.

Theorem 3.1. For each positive integer I, we let

e B Qe xR

il z! Pooi gt
0<a<r i1 it jo=lda—r L aljrl e
0<c<s
r—Ii<a<r
Z B By Ej - Ej,
i!"'iT!jl. gl

i1 tip g1 e is =l

Assume that m is a positive integer with ., = 0. Then we have the following.
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(a)

> B () B (@) B (@) By (@)

) & ) ISRRRRE MY TR R |
i1t jitetje=m 1 rJ1 Js
has the Fourier series erpansion

> . ! — Bi, ((x)) - - Bi, () Ej, ((2)) - - - Ej, ()

' ... ) ' ) ' DY
21 (Z2¥ A !
i1+ tirtjite+js=m ! i1 Js

m

1 = (r+4s)i—1 ,
— Q. _ YO 2minx
r+s Mt + Z Z (2win)i ™ Al ’

n=-—oo Jj=

n#0
for all x € R, where the convergence is uniform.

(b)

Z iyl l?'ll...j ,Bn(@f))'“Bir(<z))Ej1(<z>)...Ejs(<z>)
i1+ tip i tis=m reJ1: s
" (r4s)

— Tﬂm_3+1B](<‘r>)7

for all x € R, where B;((x)) is the Bernoulli function.

Assume next that m is a positive integer with €2, # 0. Then £,,(0) # B (1).
Hence B,,({x)) is piecewise C>°, and discontinuous with jump discontinuities at
integers. Thus the Fourier series of 5,,({x)) converges pointwise to f,,({x)), for
x ¢ Z, and converges to

5 (B (0) + Bn(1)) = B 0) + 50,

for z € Z.
Now, we are ready to state our second result.

Theorem 3.2. For each positive integer I, we let

r\ /s B ---B: E. ---E.
Q — _1 c23—c 11 ta—J1 Je
=X (0)C)e > ARSI

iglgl- - ge!
i1+ Hia it tie=l+a—r aJ1:7 " Je

B > Bi, -+ Bi Ej, - Ej,
il g Vil i
ity b=t LI s
Assume that m is a positive integer with ., #0, for a positive integer m. Then we
have the following.
(a)

m

r sj_1
S U B
PR

= > T ,1- 1 Bu((2)) - By, ((2)) Ej, () - - - Ej, ((2)),
i1t gy o= LI DS
for x ¢ Z;
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m
r —|— 8
Y o Bi(()
j=0
J#1
Bi, -~ B E;, -+ E;
= Z jé—i— Qm7 for x € Z.

AT
11 . (73
1t s =m it gt

(b)
1 0 m +S J 1 .
Qm m—' 2minx
rs * n;oo — 27rm anl
n#0 =
Y isbetits o tdumm g B (@) - B, () Ejy (@) -+ B, ((2)),
forxz ¢ Z,
= Bi, - Bi, Ej, - Ej, 1
Zil+"'+i'r'+jl+”'+js:m lelll—w + Qnu
forxz e Z.

4. SUMS OF FINITE PRODUCTS OF BERNOULLI AND EULER FUNCTIONS OF THE
THIRD TYPE

Let
1
Yr,sm (@) = > By, (2) - B, (1) Ej,(2) - B, (=),
. .= . 1 UJ1 " Js
1ttt j1t o js=m
(m>r+s),

where the sum runs over all positive integers i1, - - - i, j1, - * - js satisfying 41 +- - - 4, +
i+ s =m.
Then we consider function

'Vr,S,m(<x>)
=Y B Bul@) B B (),

. .= . 3!
i1+ttt js=m

defined on R, which is periodic with period 1.
The Fourier series of 7, 5. ((x)) is

i C«T(lr,s,m) (I)e27rina:,

n—=—oo

where

1 1
C’r(lns,m) _ / ,Vm(<x>)e—27rinxdx _ / Vi (iC)e_Qﬂ—inwd.T.
0 0
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To continue our discussion, we need to observe the following.

1
’Y;«,s,m(x) = Z Wanl(x)Biz (z) - B, (x)
14 tirtj1 bt jo=m 2 rJ1 VE
X Bj (x) - Ej, (2)

1
+oo > B, () Bi,_,(2)Bi, 1(x)
T e L
x Ej (x) - Ej, ()

1
T > o Bu(@) - Bi(2)
i1ttt gt ge=m LT rI27 0 D
X Ejl—l(I)Ejfz (I) o Ejs (:E)

1
oot > ———————Bi,(2)-- B;, ()
it it bamm LTI sl

X Ejy(x) - Ej () Ej, 1 ()

1
= Z #Bzz (37) -+ B, (x)Ejl (37) e 'Ejs (*T)
I e S
1
+ Z —F——F B, (x) -+ By, (x)E]d (‘r) T Ejs (‘T)
. L . 2 1J1 " Js
i1+ Firtji+otje=m—1

1
Tt Z i1 d '..,~Bi1(x)"'Bir_1($)
i1+ tir—1+J1+ o +His=m—1 1 r=1J1 Js

x Ej (x) -+ Ej, ()

1
" 3 By (1) By, (0)E, (2) -+ B (0)
eyt e je=m—1 1 r—1J1 Js
1
+ Z ————Bi, (%) Bi (¢)Ej,(x) - Ej (2)
) ) - S Zl.'.Z’I"jQ”'jS
i1t Fiptjot o tje=m—1

1
+ ) o Bu(@) e Bi(2)Ej (2) - By (2)
it it jamme1 (LTI I2 T s

1
ot > o Bu(0) - Bi)
RSN s e T
X Ejl (I) o 'Ejs—l(x)

1
+ 3 BB @B E@)
i1k je=me1 LTI s
:T’Yr—l,s,m—l(x) + SFYT,s—l,m—l(x)
1 1
+ Z { + e+ - - -
i1ttt e=m—1 2L s e tr=1J1 0t Js—1
1 1
—— + -+ - — - }Bil(l‘)"'Bir(w)
1102 s 1101 Js—1
x Ej (z)- - Ej ()

:T'YT—I,s,m—l(x) + S’YT,s—l,m—l(x) + (m - 1)77"78,771—1(3:)'
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So we obtained that
VL,S,m(-T) = T’Yr—l,s,m—l(z) + S’Yr,s—l,m—l(z) + (m - 1)7r,<9,m—1(93)a (41)

with ’Vr,s,r-i-s—l(x) =0.
For m > r + s, let us put

Ar,s,m = ’}/r,s,m(l) - fYr,s,m(O)
- Y
i1t tint s bt je=m 1)1 Js
X (Bi,(1) -+ By, (1)Ej, (1) -+ Ej (1) = By, -+ Bi, Ej, -+ Ej,)
1
=Y e B th) Bt
i1ttt g bge=m LTI D
x (—Ej, +2605,) - (—Ej, +200,5,) — Biy -+ Bi Ej, -+ Ej,)

1 (4 TR S =S

a=0 ittt je=mta—r aJi*"Js

1
- E #BH "'BirEjl "'Ejs'
ittt g tge=m 1Tt s

Note here that m +a —r > a + s and hence that none of the inner sum for each a
(0 < a <r) are empty.

Let us denote fl Yr,5,m(2)dx DY @y s m. Then. from (4.1) we have

0
r ] 1,
’YT,s,m(x) = _%’Vrfl,s,m(x) - E’Yr,sfl,m(l') + a’Yms’mle(l'),
and hence obtain
r ] 1
Qr sm = ——Qr—1,s,;m — —_Qrs—1,m + 7A'r757m+1- (42)
m m m

In [2], we showed that

1 r i—1
EEAVES FeRu
@r,0,m =/ Yrom(®)dz =) (s mj( ) A jromens (P2 1). (43)
0 °

j=1
Also, in [17], we derived that
1 S i—1
—1)77(s),—
d0am = [ wsm@ar =3 EED 62 @
0

mJ
J=1

We now observe that (4.2) together with (4.3) and (4.4) determines a, s, recur-
sively for all r, s, m, with m >r + s> 1.
Also, we note that

7T7s,m(0) = ’Yr,s,m(l) — Ar,s,m =0.

Now, we would like to determine the Fourier coeflicients C,(f’s’m).
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Case 1 : n # 0. Note that

1
)85 — —2m
CT(LTST+S) */ '}/r,s,r+s($)€ TN
0

1
:/ Bl (.’I})TEl (x)se—Q-m'nzdx
0

1 1 r+s o
= r— = e TNy
/0 < 2> (4.5)
1
1 1 r+s ) 1 1 r+s—1 )
_ i r— = 6727mnw + r + s / r— = 6727rznwdx
2min 2 0 2min Jy 2
1 1 r+s 1 r+s r+s /1 1 r+s—1 Corina
=— — = e + — T — = e dz,
2min 2 2 2min Jg 2

1 1 r4+s—1 )
C(r 1,8,r+s—1) _ C(T s—1,r4+s—1) _ / (x _ ) e—2mnxdm’ (4.6)
0

2

and

1 r+s 1 r+s
Ay srys = Bi(z)"Eq(z)® — BIE] = () - (—) . (4.7)

By (4.5), (4.6) and (4.7),

1
O}:’S’m):/ ’YT,S,m(x)efzmmdx
0

1 —2minz! 1 ! —2min
=" S [Vr,s,m(x)e 2 r] m/o V;,s,m(x)e TN
1
= omin (Yr,5,m (1) = ¥r,5,m(0))
1
r—1,s,m— r,s—1,m— - ]- 7,8, M— —27rinwd
i [ 1 @) 99t (0) 4 (= s )}
1 1
— : Ar om + : (TCT(erl,s,mfl) + SCT(Lr,sfl,mfl) + (m 7 I)CT(LT,S,mfl)>
2mn 27rm
m — s 1
_ C(r s,m—1) C('rfl,s,mfl) C(nsfl,mfl) o e
C 2min " + 2min " + 2min " 2min~ 7
m—1/m—1
— C(r,s7m72) C(r 1,s,m—2) C(rs 1,m—2)
2min ( 2min " + 27rz'n " + 2min "
1 r 1
o A s ) C(T—l,s,m—l) C(r s—1,m—1) _ s
omin M + 2m'n " + 27rm " 2min~ 7
( ) (r m—2) -1 —1,s,m—j
s, C/(r—1,s,m—j)
(2min)? * Z 2mn n
s(m 2 1)
(rys—1,m—73) — J 1 .
+ ; 2ﬂ'm Col ; (2min)J Arsm—j+i
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_(m )m T+5)C(rs7+s)+ fs C(T 1,s,m—7j)
(2min)m—(rts) —n 27rzn "
(r+s - m—(r+s) (m—1); 4
C«(rs 1,m—j 73-_/\7"5771—'
+ Z 27rm " ; (2min)I o8 m=i+l
mf(r+s)+1 m—(r+s)+1
— Z T(m — 1)]:—1 C(rfl,s,mfj) + Z S(m — 1)]:—1 C«(r,sfl,mfj)
2wy " 2wy "
—(r+s)+1
m (Zé) m=Djmay
2 T @mny IR
So we have shown that
( "I = 1)1
C T,8,m) _ ]‘— C r—1,s,m—j)
m—(r+s)+1 s(m _ 1) » : m—(r+s)+1 (m B 1) X (48)
2V = ors—=1lm—j) RS ity Y .
Also, we recall from [2] and [17] that
m—r+1 m—r+1
(r,0,m) __ r(m — 1)j*1 (r—1,00m—j) _ (m — 1)j*1 .
O =2 (2min)i Cn 2 (2min)i Arom—j+1, (r22),
j=1 j=1
(4.9)
— 1)1
caom _ _(m=1! 4.10
" (2min)™’ (4.10)
m—s—+1 m—s—+1
(0,5,m) _ s(m —1)j—1 ~0,5-1m—5) _ (m—1)j-1
Cn - Z (27‘_2”)] Cn Z (27_(_1”) A() s,m—j+1, (S 2 2)7
j=1 j=1
(4.11)
2 m
O,I,m _ =
= Z 27T2n Ep_js1. (4.12)

J:1

Now, we see that Cﬁr’s’m) (n # 0) can be determined for all m > r 4+ s > 1 from
(4.8)-(4.12).
Case 2: n=0.

1
C(()r,s,m) — / ’Yr,s,m(x)dl'
0
can be determined for all m > r + s > 1 from (4.2)-(4.4).
Yrs.m({x)), (M >1r+s>1)is piecewise C*. In addition, v, s m ((z)) is contin-

uous for those r, s, m with A, 5., = 0 and discontinuous with jump discontinuities
at integers for those r, s, m with A, 5 ,,, # 0.
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Assume first that A, s, = 0, for some integers r, s, m with m > r+s > 1. Then
Vr.s,m(0) = Vrs.m(1). Yrs,m((z)) is plecewise C*°, and continuous. So the Fourier
series of 7, s m ((z)) converges uniformly to 7, s, ({x)), and

’Yr,s,m(<13>) :OC(]T,SJTL)_'_ Z CT(LT,s,m)e%rinx’

n#0
where C’(()T’s’m) are determined by (4.2)-(4.4) and clrsm (n #0) by (4.8)-(4.12).

Now, we are ready to state our first result.

Theorem 4.1. For all integers r,s,l withl > 1+ s> 1, we let

A'r‘,s,l = Z (Z) Z (_—1)831 c Bianl e Ejs

a=0 i1etia it s =lda—r | aJirJs
1
_ EI mBil“'BirEjl"'Ejs~
it g e=l 1 s

Assume that Ay s = 0, for some integers r,s,m with m > r +s > 1. Then we
have the following.

1
> —————Bi,((x)) -+ Bi, ((2)) Ej, ((z) - - - E, ({x))
) ) - o Zl...lrjl...]s
titeFir it js=m
has the Fourier series exrpansion

S B, ((#)- B () B (@) - By (@)

i1 eeintga b= (1t s

:C(()r,s,m)+ Z Cﬁr,s,m)eQ'ﬂnm,

n=—oo

n#0
where C(()T’S’m) are determined by (4.2)-(4.4) and clrsm (n #0) by (4.8)-(4.12).

Here the convergence is uniform.

Next, assume that A, s, # 0, for some integers r, s, m with m > r+s > 1. Then
Yr1.m(0) # Yr,s,m(1). Hence v, s m({(x)) is piecewise C* and discontinuous with
jump discontinuities at integers. Then the Fourier series of 7, 5., ({z)) converges
pointwise to vy s m({z)), for ¢ Z, and converges to

1 1
) ('Yr,s,m(o) + 7r7s,7n(1)) = 'Vr,s7m(0> + iAT,s,ma

for x € Z.
Now, we can state our second result.

Theorem 4.2. For all integers r,s,l withl >r+ s> 1, we let

Apsy = Z (2) Z &Bl B, E;, - Ej,

Z .. ./L. ) ...
a=0 i1t bt jemlba—r 1T taI1T s

1
_ E' ”%Bil"'BirEjl"'Ejy
i e =l rJierJs
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Assume that Ay s m # 0, for some integers r,s,m with m > r+s > 1. Then we
have the following.

C(T)’ys,Tn)_’_ Z Cr(Lr,s,m)e%rinw

n=—oo
n#0
S bttt et T By (@) -+ B, () By, (@) - By, ((a)),
o forx ¢ 7,
= 1 1
D ittt b= g B Bin By B+ g Mrsim,
forx e Z,

where Cér’s’m) are determined by (4.2)-(4.4) and cirsm) (n #0) by (4.8)-(4.12).
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A NOTE ON APPELL-TYPE DEGENERATE ¢-BERNOULLI
POLYNOMIALS AND NUMBERS

JONGKYUM KWON AND JIN-WOO PARK?*

ABSTRACT. Recently, several researchers have studied for Appell-type of
various polynomials (see [18-20,22]). In this paper, we consider some fami-
lies of Appell-type g-Bernoulli polynomials and numbers. In particular, we
derive some interesting identities for the Appell-type degenerate g-Bernoulli
polynomials by using the some properties of those polynomials.

1. Introduction

Let p be a fixed prime number. Throughout this paper, Z,, Q, and C, will
denote the ring of p-adic integers, the field of p-adic rational numbers and the

completion of algebraic closure of Q,. The p-adic norm | - |, is normalized as

lpl, = %. Let ¢ be an indeterminate in C, such that |¢ — 1|, < p 7 71. The

g-analogue of number x is defined as [z], = ﬁ%q;. Note that lim,_1[x], = .
As is well known, the Bernoulli polynomials are defined by the generating
function to be

t I t"
(et - 1) et = X%Bn(x)m, (see [1-10,12-17,21,23,24]). (1.1)
When x =0, B,, = B,(0) are called Bernoulli numbers.

Let UD(Z,) be the space of uniformly differentiable functions on Z,. For
f € UD(Z,), the p-adic g-integral on Z,, is defined by

pN -1
L) = [ S@dng(@) = Jim e 3 S (see T13). (12
P 4 z=0

2010 Mathematics Subject Classification. 11B68; 11S80.

Key words and phrases. Appell-type polynomials, Appell-type degenerate g-Bernoulli poly-
nomials and numbers.

* corresponding author.
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where [z], = 11:qq .

From (1.2), we note that

Z fa (1.3)

L. Carlitz considered the degenerate Bernoulli polynomlals which are defined
by the generating function to be

n—1
"T_g(fn) = Tg(f)=(g-1)>_d'f()+
=0

log q

t

EESvEsrL Zﬂnm Clel2a) (1)

when = = 0, 3,(0|\) = 8,()\) are called Carlitz’s ¢-Bernoulli numbers.
In [15], T. Kim introduced the degenerate Carlitz ¢-Bernoulli polynomials
which are defined by the generating function to be

R Zﬁwm (1.5)
ZP

when x = 0, 8, 4(0|A) = B, 4(A) are called the degenerate Carlitz’s ¢g-Bernoulli
numbers.

It is well known that the Bell polynomials are defined by the generating
function to be

e’ =1 = Z Beln(gc)%7 (see [22]). (1.6)

As is well known, the Apostol-Bernoulli polynomials are defined by the gen-
erating function to be

<qet —1> Z‘B z | q (see [5)). (1.7)

n=0

When z =0, B,, = B,,(0 | q) are called Apostol-Bernoulli numbers.
The Stirling numbers of the second kind are defined by

o0 !
(e = 1) =S Sa(n, 1)%, (see [20]). (1.8)

The gamma and beta function are defined by the following definite integrals:
for (> 0,8 > 0),

I'a) = /000 et lat (1.9)
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and

1
B(a, B) :/0 t= (1 — )P tat

o e (1.10)
:/0 Ar0es dt, (see [22]).
Thus by (1.9) and (1.10), we get
_ _ D(a)T'(B)
INa+1) =al(a), B(a, p) = Tatp) (1.11)

Recently, several researchers have studied for Appell-type of various polyno-
mials (see [18-20,22]). In this paper, we consider the Appell-type degenerate
g-Bernoulli polynomials and derive some properties of those polynomials.

2. The Appell-type degenerate g-Bernoullli polynomials

In this section, we define the Appell-type degenerate g-Bernoulli polynomials
which are given by

t

oo . tn
—16“ = B, T)—, 2.1
q(1+Xt)x —1 nz;; ralr) @1)

when z = 0, the Appell-type degenerate degenerate Bernoulli numbers En A=

B),,2(0) are equal to the degenerate ¢g-Bernoulli numbers.

From (2.1), we have

Bmv\,q(x) = ZO (m) Bm7/\,qxn m, (22)
By (2.2), we obtain

d ~ ~

%Bn,A,q(x) =nBp_14(z),n > 1. (2.3)

From (2.3), we show that

1 1 1 d ~
| Burateds =g [ LBy

1

=— (B, 1)— B, )
n+1 ( +1,/\,q( ) +1,\,q
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We observe that

1 n 1
n o n\x n+m
/ Y"Bng(z +y)dy = Z ( )Bn—m,A7q(x)/ y" T dy
0 m—po \ 0
SR (2.5)
_ Z n Bn—m,)\,q(z)
L= \m) n+m+1 '
On the other hand, we derive
1 1
n
| v Busate +0) =3 ( )Bn mrale+ DED™ [y
0 m 0
I'n+ 1)I(m+1)
= B 1 1)m™
Z_:( ) R (TE)
i n! m!
= B, _n nE-nH"t—m-m—mo"o.
32 (o) Brmaate+ D" G

(2.6)
Therefore, by (2.5) and (2.6), we obtain the following theorem.
Theorem 2.1. For n € N, we have

> (,Z)M -y (2 Bumnata+ DD

m=0 m=0

when, z =0, Em 0 ( )% = ZZLIO (;)Enfm%q(l)(_l)m(nfTTn!'

We also observe that

1
/y"Bn,A,q(x+y)dy
0
_EH,A,q(x‘i‘l) n /1 —_—
T o+l ni1 )y VT Broiaa(@ay)dy
_‘én,&q(w'i_l) _n Enfl,)\}q(l‘"’_l)
n+1 n+1 n+2 -
n(n —1) 1 - .
+—12—/ n2p L
= (n+1)(n+2) Jo Y n-2xa(@ +y)dy
_Bung(z+1)  nBaipg(@+1) " (_1)271(717 )Bp 2 q(7+1)
n+1 (n+1)(n+2) (n+1)(n+2)(n+3)
n(n—1)(n —2) /1 3=
+ (-1’ "B, +y)dy.
(=1) (n+1)(n+2)(n+3) J, Yy 3.0q(T +y)dy
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Continuing this process, we get

1
/ Y"1 B gz +y)dy
0

B r+1 1t~
_Binglz+1) 7/ " Bo( + )dy (2.8)
2n 2” 0
_Ely)\’q(iﬁ-l) _i 1
a on mon+1°

Therefore, by (2.7) and (2.8), we obtain the following theorem.

Theorem 2.2. For n € N, we have

n

zn: (n) Bim Br—mq(T) Z pin 1) in-m+l) (‘Dmén—m%q(w +1).

m n+m+1 — (n+1)( n—|—2) “(n4+m)

m=0

For n € N, we have

1
/ y" Bp xq(z +y)dy
0

:§n+1’/\,q(x + 1) . n
n+1 n+1

1
/ Y Buiiag(z +y)dy
0

§n+1/\q(95+1) n §n+2>\q($+1) s m n—1 /1 o
= ) —_ i} _1 n Bn d
n+1 n+1 n+2 ( )n+1n+2 y +2.,q(T +y)dy

fnd n+1 1
Bryiag(z+1) n_ - (n+1) 5 m n—l m
- B > Bni1-maq(z+1)(=1) N (1—y)"dy

n+1 = m

5y n+1
Bryiag(r+1) nooe fn+1\ =~ .
- . T ol Z Bpii—mag(z +1)(=1)"B(n,m + 1),

n+1 \um
(2.9)
where B(n,m + 1) is a beta function.
Therefore, by (2.5) and (2.9), we obtain the following theorem.
Theorem 2.3. Forn € N, we have
$= (1) Bt
= \m/ n+m+ 1
B (x+1) n 2+l
n+1,\, = m
_ Dy nj_l - Z ( . )Bn+1_7,L7>\,q(x+ (=1)"B(n,m+1).
m=0
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Now, we observe that

(2.10)

N
I
o
=~
I
o

>

Tnt+m—1—Fk+2)

On the other hand,

n

/1 Em,k,q(x)én )\,q f: ( ) ( > = k7A7QEn_l7A7q. (2.11)
0 k+1+1

=0 k=0

Therefore, by (2.10) and (2.11), we obtain the following theorem.

Theorem 2.4. For n € N, we have

A () (m — ~ TIn—-Il+1DI'(m—-k+1
ZZ(Z)(k>(_1) *Braa(D)Biag (F(n+m)l(k+2))

_ n i n\ (M Br—kxq¢Bn-i,)q
1)\ k E+i+1
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By replacing ¢ by 1 (e — 1) in (2.1), we get

LioAt
)\(e 1) . ea:%(extfl)
g1+ A5 (eM =1)x —1
LAt _
_ /\(6 1)6§(6M71)
get — 1
_ t er —1 y(ext_l))
get — 1 A\t (2.12)
& tn > j m )\mtm
= (Z By (2] 9)— Z Z Bel,,
n=0 ’ j=0 ! m=0
oo n m m T tn
— n—I
-3 (z (%) m)A Bilo | )Bel (D))
n=0 \m=0 (=0
On the other haund7
]. 2\t m i ~ )\ntn
Z Bm ml A (6 o 1) 77; Bm q )\m 1;152 n m) n!
n—m tn
—Z ZB””“I A Sa(n, m) o
(2.13)

where Sa(n,m) is the Stirling numbers of the second kind.

Therefore, by (2.12) and (2.13), we obtain the following theorem.
Theorem 2.5. Forn € N, we have

n

;RyL,A,q(x))\"mSQ( i( >< ))‘n 'By(x | q)Bel,— m(i)

m=0 [=0

References

1. A. Bayad, T. Kim, Identities for the Bernoulli, the Euler and the Genocchi numbers and
polynomials, Adv. Stud. Contemp. Math.(Kyungshang) 20 (2010), no. 2, 247-253.

2. L. Carlitz, g-Bernoulli numbers and polynomials, Duke Math.J. 15 (1948), 987-1000.

3. L. Carlitz, g-Bernoulli and Eulerian numbers, Trans. Amer. Math. Soc. 76 (1954), 332-350.

4. J. Choi, T. Kim, Y.H. Kim, A note on the extended q-Bernoulli numbers and polynomials,
Adv. Stud. Contemp. Math.(Kyungshang) 21 (2011), no. 4, 351-354.

5. D.Ding, J. Yang, Some identites related to the Apostol-Euler and Apostol-Bernoulli poly-
nomials, Adv. Stud. Contemp. Math.(Kyungshang) 20 (2010), no. 1, 7-21.

762 JONGKYUM KWON ET AL 756-763



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

8 Jongkyum Kwon, Jin-Woo Park

6. D.V. Dolgy, T. Kim,H.-I. Kwon, J.-J. Seo, On the modified degenerate Bernoulli polynomi-
als, Adv. Stud. Contemp. Math.(Kyungshang) 26 (2016), no. 1, 1-9.

7. D. Kang, S.J.Lee, J.-W. Park, S.-H. Rim, On the twisted weak weight q-Bernoulli polyno-
mials and numbers, Proc. Jangjeon Math. Soc. 16 (2013), no. 2, 195-201.

8. D. S. Kim, T. Kim, Some identities of symmetry for Carlitz q-Bernoulli polynomials in-
variant under Sq, Ars Combin. 123 (2015), 283-289.

9. D. S. Kim, T. Kim, Some identities of symmetry for q-Bernoulli polynomials under sym-
metric group of degree n, Ars Combin. 126 (2016), 435-441.

10. T. Kim, On p-adic g-Bernoulli numbers, J. korean Math. Soc. 37 2000, no. 1. 21-30.

11. T. Kim, gq- Volkenborn intergration, Russ. J. Math. Phys. 9 2002, no. 3. 288-299.

12. T. Kim, g-Bernoulli numbers and polynomials associated with Gaussian binomial coeffi-
cients, Russ. J. Math. Phys. 15 2008, no. 1. 51-57.

13. T. Kim, On the weighted q-Bernoulli numbers and polynomials, Adv. Stud. Contemp.
Math. 21 (2011), no. 2, 201-215.

14. T. Kim, Symmetric identities of degenerate Bernoulli polynomials, Proc. Jangjeon Math.
Soc. 18 (2015), no. 4, 593-599.

15. T. Kim, On degenerate q-Bernoulli polynomials, Bull. korean Math. Soc. 53 2016, no. 4.
1149-1156.

16. T. Kim, D. S. Kim, H. I. Kwon, Some identites relating to degenerate Bernoulli polyno-
mials , Filomat. 30 (2016), no.4, 905-912.

17. T. Kim, Y.-H. Kim, B. Lee, A note on Carlitz’s q-Bernoulli measure , J. Comput. Anal.
Appl. 13 (2011), no.3, 590-595.

18. J.K. Kwon, S.-H.Rim, J.-W. Park, A note on the Appell-type Daehee polynomials, Glob.
J. Pure and Appl. Math. 11 (2015), no.5, 2745-2753.

19. J.G. Lee, L.-C. Jang, J.-J. Seo, S.-K. Choi, H.I. Kwon, On Appell-type Changhee polyno-
mials and numbers, Adv. Diff. Equ. 2016 (2016:160).

20. D.K. Lim, F. Qi, On the Appell type \-Changhee polynomials, J. Nonlinear Sci. Appl. 9
(2016), 1872-1876.

21. J.-W. Park, New approach to q-Bernoulli polynomials with weight or weak weight, Adv.
Stud. Contemp. Math. 24 (2014), no. 1, 39-44.

22. F. Qi, L.-C. Jang, H.I. Kwon Some new and explicit identities related with the Appell-type
degenerate q-Changhee polynomials, Adv. Diff. Equ. 2016 (2016:180).

23. J.-J. Seo, S.-H. Rim, S.-H. Lee, D.V. Dolgy, T. Kim, g-Bernoulli numbers and polynomials
related to p-adic invariant integral on Zp, Proc. Jangjeon Math. Soc. 16 (2013), no. 3,
321-326.

24. A. Sharma, g-Bernoulli and Euler numbers of higher order, Duke Math.J. 25 (1958),
343-353.

DEPARTMENT OF MATHEMATICS EDUCATION AND RINS, GYEONGSANG NATIONAL UNIVER-
SITY, JINJU, GYEONGSANGNAMDO, 52828, REPUBLIC OF KOREA
E-mail address: mathkjk26@gnu.ac.kr

2:* DEPARTMENT OF MATHEMATICS EDUCATION, DAEGU UNIVERSITY, GYEONGSAN-SI, KYUNGSANG-
BUKDO, 38453, REPUBLIC OF KOREA
E-mail address: a0417001@knu.ac.kr

763 JONGKYUM KWON ET AL 756-763



764



TABLE OF CONTENTS, JOURNAL OF COMPUTATIONAL
ANALYSIS AND APPLICATIONS, VOL. 26, NO. 4, 2019

Some companions of quasi Griss type inequalities for complex functions defined on unit circle,

Jian Zhu and QIaoling XU, ... ....c.oiiiii it e i e e e rei e e e e 2. D8
A fixed point approach to the stability of quadratic (p,, p2)-functional inequalities, Sungsik
B 1P PP 589
A comparison between Caputo and Canavati fractional derivatives, Ammar Khanfer,........ 597

On the Asymptotic Behavior Of Some Nonlinear Difference Equations, A. M. Alotaibi, M. S. M.
Noorani, and M. A. EI-MONGAM,.......ouiie e e e 604

On sequential fractional differential equations with nonlocal integral boundary conditions, N.I.
Mahmudov and M. Awadalla,...........cc.oeoie i e e 0...028

Bieberbach-de Branges and Fekete-Szegd inequalities for certain families of g-convex and g-
close-to-convex functions, Om P. Ahuja, Asena Cetinkaya, Yasar Polatoglu,...................639

Bilinear #-Type Calderon-Zygmund Operators on Non-homogeneous Generalized Morrey
Spaces, Guanghui Lu and Shuangping Ta0,.........c.euveiieiieiieeie e viiieiieieneene e eneens ... 650

On Ulam-Hyers stability of decic functional equation in non-Archimedean spaces, Yali Ding,
Tian-Zhou Xu, and John Michael Rassias,...........ccovveiiiiiieiiiiiii i i iene e 0071

Existence of positive solution for fully third-order boundary value problems, Yongxiang Li and
Elyasa I0rahim, ... ... 678

Alghamdi et al. Iteration Scheme for Hemicontractive Operators in Arbitrary Banach Spaces,
Shin Min Kang, Arif Rafig, Young Chel Kwun, and Faisal Ali,............cccoviiiiiiiiiiiinnn, 697

Lyapunov-type inequalities for fractional differential equations under multi-point boundary
conditions, Youyu Wang and Qichao Wang,.........ccoovriniiriieiie it e e e e ie e e, 707

On a new generalized integral-type operator from mixed-norm spaces to Bloch-type spaces, Fang
Zhang and YONGMIN LEU, .. e e o e e et et et e e e e et e e e e et e e e aneea e 717

Conformal automorphisms for exact locally conformally callibrated G,-structures, Mobeen
Munir, Wagas Nazeer, Asma Ashraf, and Shin Min Kang,.............coocoiiiiiiiiiiicne e 728



TABLE OF CONTENTS, JOURNAL OF COMPUTATIONAL
ANALYSIS AND APPLICATIONS, VOL. 26, NO. 4, 2019

(continued)

Fourier series of finite products of Bernoulli and Euler functions, Taekyun Kim, Dae San Kim,
Dmitry V. Dolgy, and JIn-WO00 Park,..........cc.ouieiieiie i ee e e

A note on Appell-type degenerate g-Bernoulli polynomials and numbers, Jongkyum Kwon and
Yo T I - T PP <1





