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FOURIER SERIES OF SUMS OF PRODUCTS OF ORDERED
BELL AND EULER FUNCTIONS

TAEKYUN KIM!, DAE SAN KIM?2, GWAN-WOO JANG?3, AND JIN-WOO PARK**

ABSTRACT. In this paper, we will study three types of sums of products of
ordered Bell and Euler functions and derive their Fourier series expansions. In
addition, we will express those functions in terms of Bernoulli functions.

1. INTRODUCTION

As a natural companion to ordered Bell numbers, the ordered Bell polynomials
b () were defined by the generating function (see [8])

1 . tm
m=0 ’

The first few ordered Bell polynomials are as follows:
bo(x) =1, by(x) =2+ 1, bo(x) = 2® + 2z + 3,
by(x) = 2 + 322 + 92 + 13, by(x) = 2* + 423 + 1822 + 52z + 75,
bs(x) = 2 + 5x* + 302% + 13022 + 3752 + 541.
The ordered Bell numbers by, = b,,(0) were introduced already in 1859 work of
Cayley and have been studied in many counting problems in enumerative combi-
natorics and number theory (see [2-5,11,13,14]). They are all positive integers, as

we can see, for example, from

m o

b = Zn!SQ(m,n) = Z ;ﬁ, (m >0).

n=0 n=0

The ordered Bell polynomial b,, (x) has degree m by (1.1) and is a monic polynomial
with integral coefficients, as we see from

bo(z) = 1, by (z) = 2™ + Z_: (T)bl(x), (m>1).
=0

From (1.1), we can derive

4
dz
—bm(z+ 1) + 2by, () = 2™, (m

v

b () = mby—1 (), (m > 1),
>

0).
2010 Mathematics Subject Classification. 11B68, 11B83, 42A16.
Key words and phrases. Fourier series, ordered Bell polynomial, Euler polynomial.
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2 Fourier series of sums of products of ordered Bell and Euler functions

In turn, from these we obtain

_bm(l) + 2b7n = 5771,07 (m Z 0)7

! 1
| bl =g b (1) = b

1

=—b .
m+1 ml

The Euler polynomials E,,(x) are given by the generating function
2 . o tm
P e = gEm(x)ﬁ
We recall here that the Euler polynomials satisfy
E,(x+1)+ E,(x) =22™, (m >0),

and hence
E.(1) + Ep, = 20,0, (m >0).

The Bernoulli polynomials B,,(z) are defined by the generating function

t o o~ tm
L __
et —1° _ZBm(x)m!.
m=0
For any real number z, we let

(r) =z —[x] €0, 1)

denote the fractional part of x.

In this paper, we will study three types of sums of products of ordered Bell and
Euler functions and derive their Fourier series expansions. In addition, we will
express those functions in terms of Bernoulli functions.

(1) @m((@)) = X7y b((@) B ((2)), (m = 1);
(2) Bm (@) = 341 7=y 06 (@) Em—k ((2)), (m > 1);
(3) (@) = S iy (@) B (@), (m > 2).
The reader may refer to any book (for example, see [1,12,15]) for elementary facts

about Fourier analysis.
For later use, we recall the following facts about Bernoulli functions By, ((x)):

(a) for m > 2,
> e27rinx
B, = —m! ,
(@) =-mt >, gy
n#£0
(b) for m =1,
o e Bi((x), fora ¢ Z,
£~ 2min n 0 for z € Z.
e

Finally, the reader may refer to the recent works [6,7,9,10] related with this
paper.
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2. FOURIER SERIES OF FUNCTIONS OF THE FIRST TYPE

Let

Then we will investigate the function
= b((@)) B (@), (m > 1),
k=0

defined on R, which is periodic with period 1.
The Fourier series of a,, ({x)) is

o0

Z A 27rznm

n=—oo

where
1 .
Aglm) :/ Qo () e ™2™ g
0

1
:/ Qo (T)e 2T g,
0

Before proceeding further, we observe the following.

Z{kbk 1 —k(x) + (m — k)bi (2) Em—k—1 ()}
k=0
= kb1 (2) Epi(2) Zm k)bi(2) B —k—1(2)
k= k=0
=N (k4 Vbi(2) Em1_i(z +Zm k)bg (2) 11 ()
k=0 k=0

From this, we have

and
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For m > 1, we set
Ay = am(1) — an(0)

3

(br (1) Evn—1(1) = bk En 1)

M-

>
Il
o

{(Zbk - 5k,0)(_E7n—k + 267n,k) - bkEm—k:}

M-

x>
Il
o

(=3bxErm—i + 4b50m k + 0k,0Em—k — 20k,00m,k)

M-

b
Il
=]

=— 3ZbkEm,k + 4b,, + E,,

k=0
m—1
==3> bkEm i +bm + Ep.
k=0
Now,
am(0) = ap(l) <= A, =0,
and

! 1
/ o (z)dz = At
0

m+ 2
1 m
= [ 3N " WEi kb Epmit |-
m+2< I;)k +1—k + Omy1 + +1>

Next, we want to determine the Fourier coefficients AS{”).
Case 1: n#0.

n

1
A(m):/ am(x)e’%m"”dx
0

1 —2rinz]! 1 ! —2minx
=5 [ (z)e 2™ |+ 2m'n/ o (x)e 2T dy
0

1 m+1 [ o
_ m(1) = am i e TN g
2min (m (1) = am (0)) + 2min /0 am-1(z)e v
_mA ey o LA
2mwin " 2min

from which by induction we can show that

m

1 (m+2);
Al = I A1
" m+ 2 32:21 (2min)J It
Case 2: n=0.
m _ [ 1
Ay = /0 o (2)da = mAerl-

am({z)), (m > 1) is piecewise C*°. Moreover, a,,((z)) is continuous for those pos-
itive integers with A, = 0 and discontinuous with jump discontinuities at integers
for those positive integers with A,, # 0.
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Assume first that m is a positive integer with A,, = 0. Then a,,(0) = a,,(1).
Hence ayy, ((z)) is piecewise C*°, and continuous. Thus the Fourier series of o, ((x))
converges uniformly to ., ((z)), and

1 = "N (m+2); i
m — Am m . TINT
oam((z) m 4+ 2 +1+H=Z—oo m+2¥1 2min)’ Al
n#0 =
1 1 m m+2 e 27Tzn:v
=—A  — JAVSp —
m+ 2 m+1+m+2;< J ) A Z 2mn

1 1 m + 2
:mAerl + ? Z ( i )Amj+lBj(<x>)

B ({x)), for x ¢ 7,
+ B X { 0, for x € Z.

Now, we can state our first theorem.

Theorem 2.1. For each positive integer [, we let

-1
A= *3ZbkEl_k +b + E;.
k=0

Assume that A, =0, for a positive integer m, Then we have the following.
(a) > i o be((2))Em—r((x)) has the Fourier series expansion

> 00 B2
k=0

1 > i m + 2
= A, _ . 2‘/1'1’7117
m 4+ 2 m=1+ Z m~¥—2Z (2min)J Am—j1 | €
nf;z(c))o 7j=1

for all x € R, where the convergence is uniform.

(b)
S bkl B () = s A + 3 (m * 2) A1 By (),
k=0

= 7
for all x € R, where Bj({zx)) i s the Bernoulli function.

Assume next that A, # 0, for a positive integer m. Then a;,(0) # an,(1).
Thus a,,((z)) is piecewise C'*°, and discontinuous with jump discontinuities at
integers. The Fourier series of «,,({(z)) converges pointwise to a,({x)), for x ¢ Z,
and converges to

1 1
3 (m (0) + (1)) = an (0) + §Am,

for x € Z.
Next, we can state our second theorem.
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Theorem 2.2. For each positive integer [, we let

-1
A= _3ZbkEl—k +b + E;.
k=0

Assume that A, # 0, for a positive integer m, Then we have the following.

(a)

1 — o~ (m+ 2); :
Am m . 2minx
m+ 2 +1+n:z_:oo 771—}—22_:1 2min)J anl
n#0 =

{ Do bk ((2)) B - k(( ), forx ¢ Z,
S obkEm—i + A, forz € Z.

1 & (/m+2
m41 + —— )
“\ ]

e re——e

3
4
[N}

be((2)) Em -1 ((x)), forx & Z;

M-

B
Il

0

L Z (m ) A B(Ga)

m+ 2 m+2 4 J

M-

1
b Ep—i + §Am, for x ¢ 7.

=~
Il

0

3. FOURIER SERIES OF FUNCTIONS OF THE SECOND TYPE

Let
=Y mbk(xwm,k(x), (m > 1).
k=0

Then we will consider the function
i 1
r)) = kZ:O mbk(@»Em%“@% (m > 1),

defined on R, which is periodic with period 1.
Fourier series of 3,,((z)) is

i B7(1m> e2ﬂ'inm ,

n=-—oo

where

1
B7(zm) :/ ﬁm(<x>)e—2mnmd$
0

1
:/ Bm(x)e—27rinzdx.
0

206 T.KIM ET AL 201-215



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

T. Kim, D. S. Kim, G. W. Jang, J.-W. Park 7
We need to note the following before proceeding further.

m—k

B () = Z {k!(mk_k)!bkl(x)Emk(x) + k!(m_k)!bk(m)Emkl(x)}

mbk—l(-f)Em—k(l') + Z mbk(x)Em—k—l(x)

From this, we obtain

(2 = o

and

1
[ Bnta)de = 5 (Boa(1) = s 0).
0
For m > 1, we put
_ Z Ty ml_ () B (1) = b Eini)

= 2 - —Em— 2 m - ,E’m—
;}k,m B bk — dr,0) ( K+ 20m,k) — brEm—)

Z  Hl(m —3bk Em—k + 4bi0m ke + 01,0 Em—k — 205,00m.k)
@ 4 1 2
= - 32 k' bk:Em k + b + ﬁEm - mém,o

m—1 1

1 1
;Jk!(m—k)! R Bmk o om

From this, we get

/Bm(o) = 6m(1) — Qm = 07

! 1
/ B (x)dx = §Qm+1.
0

Next, we would like to determine the Fourier coefficients B,(lm).
Case 1: n#0.

and
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1
Br(Lm):/ ﬁm(x)e—%m'nmdx
0

1 —2minz]1 1 L —27i
J—— . minT Trln:l/‘d
2min [ (x)e ]0 + 2mwin /0 fme !
1 2 ! —2minx
= - omin (ﬁm(l) - /Bm(o)) + omin Jo /Bm—l(m)e dx

" 2min

2min

mo

from which by induction we can easily show

m

271
Bm™ — _ —— 1
" Z (2min)? I+

Jj=1

Case 2: n=0.

1
m 1
B{™ = /O Bn(@)dz = 5 Q1.

Bm({x)), (m > 1) is piecewise C*°. Further, 8,,((x)) is continuous for those positive
integers m with €, = 0 and discontinuous with jump discontinuities at integers
for those positive integers with €2, # 0.

Assume first that m is a positive integer with Q,, = 0. Then £,,(0) = 5,,(1).
Hence B, ({x)) is piecewise C*°, and continuous. Thus the Fourier series of 5, ((x))
converges uniformly to 3,,({z)), and

1 > i 2j_1 TN
Bn((@) = 30mar+ 3o | =D (2min)i "I ¢
n=-—o00 j=1
n#0
1 m 9 1 x 6271"L’IL£E
QnL Q"”_"

o smtl + ; ! Al I n;m (2min)

J= n#£0
1 ™ 9j—1 Bi({(z)), forx ¢Z,

_§Qm+1 + z:z TmejHBj(@)) + Q¥ { 0, for x € Z.
i=

Now, we are ready to state our first result.

Theorem 3.1. For each positive integer I,

Lo 11
Y =-35 —— _bE_,+ b+ ~E.
! kZ:Ok!(lfk)!k U TR T

Assume that Q,,, = 0, for a positive integer m. Then we have the following.

(a)
> it (@) Bael()

k=0
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has the Fourier series erpansion

1
Z mbk(@»Emfk«@)
k=0
1 c- - 2]_1 2minx
2Qm+1 +n_z_oo —Zl (2rin) m—j+1 | € ,
n#£0 =
for all x € R, where the converges is uniform
(b)
> o k)!bk(<x>)Emfk(<x>) = 5 Qmir + > TQm,jHBj(<:g>),
k=0 j=2

for all x € R, where B;((x)) is the Bernoulli function.

Assume next that €2, # 0, for a positive integer m. Then £,,(0) # Bn(1). So
Bm((z)) is piecewise C*°, and discontinuous with jump discontinuities at integers.
The Fourier series of f,,({x)) converges pointwise to B,,({x)), for z ¢ Z, and
converges to

5 (Bn0) + (1) = B 0) + 50,

for z € Z.
Now, we are ready to state our second result.

Theorem 3.2. For each positive integer I, we let

1
BZkz' bkEl k+“bz+“Ez

Assume that Q,, # 0, for a positive integer m. Then we have the following.

(a)
1 - oot _
- — — 0 2mine
ot im+1 +n;m Z; @rin)i j+1 | e
Z;éo J
PPy Ok'(m k)rbk(< ) Ep—k((x)), forax ¢ Z,
Zk 0 k‘(m k)lbkEm k+ 1Qm, for x € Z.
(b)
m1 ) g By (@) = 3 mbk«x»%_k«x», for z ¢ Z;
Jj=1 k=0 """ )
1 WY m
31+ O B(( Zk, 1Bk Qm, forz € Z.
Jj=2 =0
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4. FOURIER SERIES OF FUNCTIONS OF THE THIRD TYPE

Let

m—1 1

Ym(z) =Y mbk(x)Em,k(x), (m > 2).
k=1

Then we will investigate the function

3

() = 3 g () B (), (o 2),
k=1

defined on R, which is periodic with period 1.
The Fourier series of v, ({x)) is

i CT(lm)eQTrin;E’

n=—oo

where

1
CT(Lm) :/0 ,Ym(<x>)6727rinmdm

1
:/ 'ym(x)e_%ing”dx.
0

Before proceeding further, we need to observe the following.

m—1 m—1
1 1
V(@) = o1 () B (@) + > () B (2)
k=1 =
m—2 1 m—1 )
= @ Em1k(@) + Y (@) Bk ()
k=0 Pt
m—2
1 1 1 ]
-2 (m—l—k: + k;) bk (%) Bm—1-#(2) + ——= En1(7) + ——bm1(2)
=( 1) (x) + ;E () + Lb (z)
=(m Ym—1{(T m_1 m—1(T m—lm_lx'
Thus
() = (m—1) (x) + ;E (z) + ;b
Tm - Tm—1 m_1 m—1 p—— 1

From this, we see that

(& (3@ = e B @) - b)) = o)
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Vm (2)dx

1 1 !

|:’Ym+1( ) — mEmH(%) - m

b (2)

0

(310 = 2100 = s (B (1) = B (0)

—m (bm+1(1) — bm+1(0))>
1 2 !

B ——— b ).
m(m + 1) + m(m+1) +1>

Ym+1(1) = Ym+1(0) +

For m > 2, we put

3
—

Am = m(1 ) Ym (0)
-y T eV B (1) = b )
k=1
- m ((2bk = 0.0) (— Em—r + 20m k) = bk Em_»)
k=1

1
—— b B
3}; k(m—k) ©m*

From this, we have
’Ym(o) = Ym(1) &= Ay =0,

/1 (z)d _ 1 A +#E — 1
Oym:c xim ml m(m+ 1) mtl m(

and

—— b .
m+1) m+1>

Next, we would like to determine the Fourier coefficients C’r(Lm). For this, we first

note that
1 , Jorey
/ Ey(x)e 2™ dy = 2 Zk 1 Qﬂg Bl k1, ior n f 0,
’ T+1-1+1s orn =0,
1 —2mine o Z:2*1 %blflﬂ»l, for n 75 0,
bi(x)e de = =17 Zm) f #
’ 1+ orn = 0.
Case 1: n#0.
1
O}lm) :/ Fym(x)ef%'rinzdx
0
: 2w ! 1 ' —271
~ 7 2rin Dm(@)e™ Zm]o + %/0 v, (2)e ™ 2T g
1
 2rin (Ym (1) = ¥m(0))
1 1 1 . |
— Dy v —by— —27Tznwd
27Tm/0 {(m 4 1(&0)—~_771—1 1(x)+m—1 1(96)}6 T
m—1 1 9 .
_70(7”_1) _ Am o @m
omin " orin ™ T 2min(m — 1) 2min(m — 1)
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where
m—1
o — (m—1)k—1
m — e - . Lm—k
(2min)k ’
k=1
m—1
o (m—1)g—1
= . k
" (2rin)k "
k=1

From the recurrence relation

m . m .7(1)7717
2win " 2min + 2min(m — 1) 2min(m — 1)

and by induction on m, we can easily show that
-1 m—1
(m—1)j1
7Am_ ) 2 '—@77L_ 1 - %@7}1_ ] .
n (2rin) T 2 Gimyi(m =gy 2 Ginyitm — ) 2+

Putting everything altogether, we have

1 - (m)s Hmfl - Hmfs
om — _ — Ap_s —— —(—2F,,_ brm—s .
" mg(%rin)s { 1t —s5+1 ( o +1)}
Case 2: n=0.
1
e = [ am(ois
0

1 2 1
= (A1 + ————Ep1 = ————bpi1 | -
m ( 1t mm+1)" " m(m 1) H)

Ym({x)), (m > 2) is piecewise C°. Moreover, v,,((z)) is continuous for those
integers m > 2 with A, = 0 and discontinuous with jump discontinuities at integers
for those positive integers m > 2 with A,, # 0.
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Assume first that A, = 0. Then 7,,(0) = v,,(1). Hence ~,,({z)) is piecewise
C*, and continuous. Thus the Fourier series of v,,({x)) converges uniformly to
ym ((z)), and

Tm ({2))

2 1
- Am 7Em - 7bm
m ( 1t mm+1)" " m(m 1) H)

- 1 . (m)é Hm—l — Hm—s 274
- A —————————(—2E,,— bn—s Tene
+ Z { m;(Zmn)s( 1t m—s+1 ( 1t +1))}€

1 2 1
i Am 7Em - 7bm
m ( 1t m(m+ 1) 1 m(m + 1) +1)

627rzn93

1L o~ (m Hpy 1 — Hpyos -
#an 2 (7) (Ao S 2B b)) | 9 B G
n#0

. 1 U m Hmfl - Hmfs
—E Z < > (Ams+1 + m(—2Em—s+1 + bms+1)) Bs(<-"f>)

Bi({x)), foraz¢Z,
+Am><{ 0, for x € Z.

Now, we are ready to state our first result.

Theorem 4.1. For each integer | > 2, we let

-1
1
A =— —b B
! 3kz::lk(l—k)k 1—k>

with Ay = 0. Assume that A,, = 0, for an integer m > 2. Then we have the
following.

(a) Z;l mbk(@))Em,k((:ﬂ)) has Fourier series expansion

1

2
A —Fp1 — ———bny
( 1t mm+1) " m(m 1) H)

(oo} m
+ Z —l Z (m)s Am—s—H + M(_QEWL—SJA + bnz—s+1) e27m'nz7
m (2min)® m—s+1

ni;go s=1
for all x € R, where the convergence is uniform.
(b)
m—1 1
TP B ()
k=1
1 " m Hm,1 - Hmfs
= — Amfs — _2Em—s bmfs BS )
D (AR ) LX)
s#1
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for all x € R, where Bs((z)) is the Bernoulli function.

Assume next that m is an integer > 2 with A,, # 0. Then ~,,(0) # v (1). Hence
Ym ({x)) is piecewise C*°, and discontinuous with jump discontinuities at integers.

Thus the Fourier series of ~,,({z)) converges pointwise to v,,({z)), for x ¢ Z, and
converges to

5 (m(0) 7 (1)) =3 (0) + 5 Ao,

for z € Z.
Now, we are ready to state our second result.

Theorem 4.2. For each integer | > 2, we let

-1
1
=— —b B
3;k(l—k) Bk,

with Ay = 0. Assume that A,, # 0, for an integer m > 2. Then we have the

following.
(a)
1 2 1
m < 1t mm+1)" " mim +1) +1)

2min) s+1

e 1 m m)s H _ —H TinT
+ Z {_msz_:l(()‘),(/\m s+1+1—( 2Em s+1+bm 8+1)>}e2

_ lelkm k)bk(< z))Em—r({x)), forx ¢ Z,
Zk 1 k(m Fom =k Ok Bk + ANy, forz el

(b)
1 Z ( > ( N %(—wmﬁﬂ + bms+1)) B,((x))

s+1

3

b ((x)) Em—1((x)), for x ¢ Z;

==
pr

—
Wl
o

MS :
H?r

1
bk,Em—k + §Am7 for x € 7.
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FEKETE SZEGO PROBLEM FOR SOME SUBCLASSES OF
MULTIVALENT NON-BAZILEVIC FUNCTION USING
DIFFERENTIAL OPERATOR

C. RAMACHANDRAN, D. KAVITHA, AND WASIM UL-HUQ

ABSTRACT. In this paper we derive the famous Fekete-Szegd inequality for the
class of p—valent non-bazilevi¢ function using differential operator.

2010 Mathematics Subject Classification: 30C45,30C50
Keywords: Analytic functions, Multivalent functions, NonBazilevi¢ functions,
Starlike functions, Convex functions, Subordination, Fekete-Szego Inequality.

1. INTRODUCTION AND PRELIMINARIES

Let A, be the class of normalized analytic functions f(z) in the open unit disc
U={z:2€C:|z| <1} is of the form:

f(z) =2+ i anz" (zeU,peN=12,...). (1.1)

n=p+1

Further, let Ay = A , S be the subclass of A consisting of all univalent functions in

U.

For the two analytical functions f(z) and g(z) in U, the function f(z) is
subordinate to g(z), written f(z) < g(z), if there exits a Schwartz function w(z),
analytic in U with

w0)=0 and |w(z)]<1l (z€0)
such that f(z) = g(w(z)),z € U. In particular, if the function g(z) is univalent in
U, the above subordination is equivalent to

f(0) = ¢(0) and f(U) C g(U).
Mohammed and Darus[5] defined the operator,
Daf(2) = (1+pNf(2) + A2f (), A= -p fEA,
Dif(2) = f(2)
Dyf(2) = Drf(2)
Dif(z) = DA(D1f(2))
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and in general,

DY f(2) = 2" + Z (1+Ap+nNfa,z", A>—p;k € Ng=NuU{0}andp € N.
n=p+1
(1.2)
Obradovic[] introduced the Non-Bazilevié¢ type class of functions as

m{f’(z) (ﬁ)aﬂ} >0, zel.

We can refer([1], 3] [7, [10] for the brief history of Non-Bazilevi¢ type for the various
subclasses of analytic functions.

Now, using the differential operator (1.2), we define the generalized p—valent
Non-Bazilevi¢ class of function as follows:

Definition 1. A function f € A, is said to be in the class ./\/')'f’p(a,u,A,B) if it
satisfies the inequality,

2 \" o (D5, () 2 \" 144z
= (D’;,,,ﬂz)) *E( DE, /() )(D’;,pﬂz)) “1ype <00

where a e C;0< u<1;-1<B<1,A#B,AcR.

We note that, if A\ = 0,k = 0 and p = 1 then the class Ny (a,u, A, B) will
be reduced as the class defined by Wang el. at[I0]. If « = 1,A = 0,k = 0 and
p = 1 then the class NY (a,p, A, B) reduced to the class defined by Obradovic[6].
Ifa=1,A=0k=0,A=1-4B=—1and p=1 then the class N} (a,u, A, B)
reduces to the class of non-Bazilevic functions of order 4, (0 < § < 1) which was
studied by Tuneski and Darus[9].

By motivating the results of Goyal,Jiang and Seoudy|[2, 3, 8], in this paper, we

derive the classical Fekete Szego results for the function f(z) belongs to the subclass

Akvp(oz, i, A, B). As a special consequences of our results, we derive some of the
corollaries for various values of the parameters involving in this class.

We now giving the basic lemma which is essential to prove our main results.

Lemma 1. [4] If suppose 2 denotes the class of analytic functions of the form
wW(2) = w1z +wez® +ws2® + ...

and satisfying the condition w(0) =0 and |w(z)| <1, =z € U then for any complex
number t,
|ws — twi| < max {1, [t]}.

217 C. RAMACHANDRAN ET AL 216-222



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

MULTIVALENT NON-BAZILEVIC FUNCTION ... 3

the result is sharp for the functions w(z) = 2% and w(z) = z.

2. MAIN RESULTS
Our main result is stated in this following theorem.
Theorem 1. If the function f(z) is given by (1.1]) belongs to the class ./\//{fp(a, wu, A, B)
and n be the complex number, then
2 (A—DB)p
a —na <
R T T (ES VS PR

(A= B)p2a —pp) [(p+1 (L+2p+ (p+2)N)"
(a —pp)? [( 2 )+77(1+Ap+(p+1)k)2’“]

mazx {1, ‘B —

and the result s sharp.

Proof. if f € N} (a, p, A, B), then there exist a Schwarz function w(z) with w(0) = 0
and |w(z)| < 1 which is analytic in the open unit disk such that

o N a (AR [ 1+ Aw
! )<D';,pf<z>) +p< bk, f(2) )(D’;,pﬂz)) S 1r e OV

Now, it is a well known fact that
1+ Aw(z)
1+ Bw(z)

let us find,

2P g o Z(D’/{’pf(z))' P “_
o (D’i,pﬂz)) +E< D, 1(7) ><D’;,pf<z>> -

1+ <% - u) (T+Ap+ (p+ DN apsiz

=1+ (A—-Bwz+[(A—Bw, — B(A—- B>+ ... (2.2)

2 1
+ (?O‘ — u) [(1 +Ap+ (p+2)N)Fa, 0 — (%) (1+Mp+(p+ 1))\)2]“@12,“} 2+
(2.3)
From equations , and ([2.3) we get,
Uorr — (A — B)pw;
PR (= p) (T A+ (p+ DV
and
o= (A-DB)p {w2_ {B_(er) (A—B)p(Qa—pu)]wz}
P 2o —pu)(1+ Ap+ (p+ 2)M)F 2 (o — pp)? H
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For any complex number 7, we can derive

(A—B)p
20 = ppl(1+Ap + (p +2)N)

|apr2 =m0y, | = lws — tur]

where,
|ﬂ:_B_(A—Bm@a—pM[(u+1> na+xp+@+znﬁ}
Bla — pp)? 2 (L+Ap+ (p+ DAk
Now the result is follow from Lemma [T}

(A—B)p
20 — ppl(1+ Ap+ (p + 2)N)F
(A= B)pRa—pu) [(p+1 (L+2p+ (p+2)N)"
(a — pi)? K 2 ) T+ v+ m)%]
The result is sharp for the functions dened by

(h=2) (D;(Z>)u 3 <(g}f<(>) )/) (D{;@)“ S
(-a) (D;Jf(z)y +3 (gjf(()) ),) (Df?(z))# T

Now we are finding the coefficient bounds and Fekete Szego results for different
values of parameters in the following corollaries.

|apyo — Wzﬂl <

max{l, ‘B —

b

or

O

Corollary 1. Let A\=0, k=0 and for any complex number n, we obtain

Gpp1 = (A — B)pw;
g (@ —pp)
(A—B)p p+1\ (A= B)pa—pp)]
= —|B=
W e ) 17 2 (o — pp)? “
and
(A—B)p (A= B)p(2a — pp) [+ 1421
|apya — 77%27+1| < M maz §1,|B — (o — pp)? 5 :
Corollary 2. Put p =1 in corollary[]] and for any complex number 1, we obtain
ay = (A — B)w1
(o — p)
oo A=B) [ [ (pA 1N (A= DB)2a—pp)| .
e 2 (a = p)? !
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and
(A— B) (A=B)2a—pu) [p+1+2n
|CL3—7]CL§| S mmam 1, B — (Og—'u)Q 5 .
Corollary 3. Put a =1 in corollary[]] and for any complex number 1, we obtain
a _ (A — B)pw;
(L —pu)
(A—B)p{ { <u+1> (A—B)p(Q—pu)} 2}
Qpio = (w2 — | B — w
SR 2 (1 —pu)’ :
and
A—B)p (A-=B)p(2—pp) [p+1+2n
Ui — NaZ <(—max {1,B— + :
72 = 1p1a] < 12— pyl (1—pp)? 2
Corollary 4. Put p =1 in corollary[3 and for any complex number 1, we obtain
(A — B)wl
ay = ————,
(1—p)
A-B 1\ (A—B)(2—
BB [po (irt) BBie ] )
(2 —p) 2 (1—p)
and
A— B) (A=B)(2—p) [p+1+2n
—na?| < (A-B) 1,|B— :
o =) < G s {1 (i w) 7

Corollary 5. Let A =1, B = —1 in corollary[1] and for any complex number 1,
we obtain

2pw1
Apt1] = ——
P (a—pp)
2p { { (1 + 1)p(2a — pu)} 2}
Apiog = ———Jws + |1+ w
P (20— pp) (a — pp)? '
and
2 p(2a — pp)
lapra —na’, | < ———— max {17 L+ (p+1—=—n—>——¢-
o PR 200 — pyf (o — pp)?

Corollary 6. Let p =1 in corollary[3 and for any complex number 7, we obtain

"=
TR s e B
" |a3—na§|§ﬁmax {1"1“”“_77)%}'
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Corollary 7. Let o = 1 in corollary[J and for any complex number n, we obtain

g o o 5255
" p(2 —pp)

O—pWZ}'

Corollary 8. Let p =1 in corollary[7 and for any complex number 7, we obtain

|ap+2 - Wz

2
P {1,)1+(u+1—77)

a4 — 20.)1
P (1-p)
2 (u+D@—uq ﬁ
3 = ——<Swy + |1+ w
’ @—u){2 [ (1 —p)? '
and
2 (2 —pu)
2
as — nay| < —— max {1, 1+pu+l—n)——"—5,-
as =00l < ( =y
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A NEW INTERPRETATION OF HERMITE-HADAMARD’S TYPE INTEGRAL
INEQUALITIES BY THE WAY OF TIME SCALES

SAEEDA FATIMA TAHIR, MUHAMMAD MUSHTAQ, AND MUHAMMAD MUDDASSAR *

ABSTRACT. The concept of convex functions has been generalized by using the Time
Scales in [4] by C. Dinu which is unifying integral and differential calculus with the cal-
culus of finite differences, offering a formalism for studying hybrid discretecontinuous dy-
namical systems. Cristaian Dinu in his article [5] established some Ostrowski type inequal-
ities on Time Scales. R. P. Agarwal et.al. in [1] discussed inequalities on time scales. In
this article, using the concept of time scale, we generalized some of the Hermite-Hadamard

type integral inequalities.

1. INTRODUCTION

Let us rephrase some concept of Time scales already defined in [2].

A nonempty closed subset T of the set of real numbers R has been called a time scale by
Stefan Hilger. Thus R itself, Z the set of integers , the set of non-negative integers N,
a singleton subset of R, any finite subset of R, any closed interval in R and are all the
examples of time scales discussed in [11]. However, Q, Q° = R\ Q, C and any open
interval of R are not time scales. A neighborhood of a point ¢y € T will be taken as the
set T N |t, — 0,t, + 0 for any 6 > 0. If T = Z then neighborhood of each ¢t € T is the
point ¢ itself. The mapping o : T — T is called forward jump operator if it is defined
aso(t) = inf{s € T : s > t}. The backward jump operator p : T — T is defined by
p(t) = sup{s € T : s < t}. The function p : T — [0, oo[ defined by pu(t) = o(t) — t is
referred to as graininess function.

If f: T — R then the function f? : T — R is defined by f7(¢t) = f(o(¢))Vt € T, i.e,
f7=foo.

A function f : T — R is said to be continuous at ¢, € T if for every € > 0 there exists a

Date: March 14, 2017.

2010 Mathematics Subject Classification. 26D15, 26A51, 26A33.
Key words and phrases. Hermite- Hadamard inequality; convex functions; H older inequality; Time Scales.
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d > O such that forall ¢t € T N |t, — 6,¢, + d]

[f(t) = F(to)| <€

The function f* : T* — Ris called the delta (or Hilger) derivative of the function f : T —
R at a point t, € T if for every e > 0 there is a neighborhood N = T N Jt, — 4,t, + J]
of to such that [[f(t) — f7(to)] — f2(to) [t — o (to)]] < €]t — o (t,)], VE € N.

The function f is said to be delta (or Hilger) differentiable on T* provided f* exists for
allt € T* [2].

Theorem 1 (Bohner, 2001). lett € T
(1) If f : T — R is differentiable at t then f is continuous at t.
(2) If t is right-scattered and f : T — R is continuous at t, then f is differentiable at t with

sy £70 ()
0=

Definition 1 (Bohner, 2001). The function f : T — R is refereed as an rd-continuous at

everyt € T, if f is continuous at right-dense point t € T. It is denoted by f € Cpq(T,R)

Definition 2 (Bohner, 2001). Let f € C,q. Then f : T — R is known as anti-derivative
of f on T ifit s differentiable on T provided that f*(t) = F\(t) is valid for t € TF, the

integral of f is distinct by ;

/b FO)At = F(b) — F(a), VteT

In recent years there have been many extensions, generalizations and similar results of
the Hermite-Hadamard inequality studied in [3, 6, 7, 10, 11]. In this article, we obtain some
new inequalities of Hermite-Hadamard type for functions on time scales which is actually a
generalization of Hermite-Hadamard type inequalities. We also found some related results

as well. Recent references that are available online are mentioned as well [8, 12, 13, 14].

2. MAIN RESULTS

In [1], Barani et al. established inequalities for twice differentiable P-convex functions
which are connected with Hadamard’s inequality, and they used the following lemma to

prove their results:
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Lemma 1. Let T be a time scale and I = [a,b], Let f : I C T — R be a delta dif-
ferentiable mapping on 1° (I° is the interior of I) with a < b. If f2(t) € C,q then we

have

1
f(a)2 b_a/ o b*a/o (1—20)f(ta+ (1 - h)AL  (2.1)

Theorem 2. Let f : I C T — R be a differentiable mapping on I°, a,b € I witha < b

and f® € C,q. If the mapping | f2| is convex, then the following inequality holds

’f( );Lf bia/ (e

o < 20t @+ 20 (1- g0
(2.2)

Proof. From lemma 1, we have

fla)+fo) 1 [, b
5 _b—a/af(m)Ax<

since | f2| is convex , therefore

fla+fo) 1 ",
2 _b—a/af(x)

)12 (ta + (1 1)) | At

(@) + (1 =) f2(0)|At

Here

1
I:/ (1= 20)[{[tf2 (@) + (1= 1) F2(b) [} At
0

% 1
I= / (1= 20){tf> (@) + (1 — £) f2(B)} At — / (1= 20){tf>(a) + (1 - £)F2 (b)) At

using the following results
3 1 1
[Frai= [ ac=3
0 1 2
2

1

2 1
[ st (Lo)
1
1 1
[fe=don(Lo)

2

we get

1 3 1 1 L
I=—f%a)Sha(=,0 —2/ PAt— =+ ho(=,0)+1—4hy | = +2 tzAt
2 o 2 2 5!
sy d L (1 /% 1.3 g (1 / )
+f (b){2 3hy 5.0 +2 i At =+ 5 =3y (5.0) —1+4hy ) 0 12A¢
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This leads to
fla)+ / A 1 A 1
9 1—4hs | =,0 b) [ 1—4hs ( =0
2 “ha fo( f (a) 2{ 3 +f=(b) 2
This completes the proof. O

Remark 1. If we consider T = R then o(t) = ¢ and

1

ha (;,O) = /j(t—O)At: /Oé(t—o)dt = g‘é
Then from (2.2), we have
f'(a) (1—4 (;)) +f'(b) (1—4 (é))‘

fl+fe) 1 f°
| 5 - /af(x)dx

-0 [L0210)

b—a
< -
- 4

This is a well-known result for Hermite-Hadamard inequality in R

Lemma 2. Let f : T — R be a differentiable mapping, a,b € T with a < b, f> €
Ciq,then the following equality holds;

F@){1— ha(1,0)} + F(B)ha(1,0) / e

_b—a

/01 /Ol[fA(ta + (1= 1)) — fA(sa+ (1 — s)b)|(s — t)AtAs (2.3)

Proof. Consider

b—a

/01 /01 [fA(ta+ (1 —t)b) — f2(sa+ (1 — s)b] (s — t)AtAs (2.4)

And let
le/o /0 [f2(ta+ (1 —t)b)](s — t)AsAt

= 1 1 ASCL — S S — S
12—/0/0[f( + (1 = 8)b)](s — t)AtA

Then by integrating and using the formula

/f DAL = (f9)(a /fA

I = f(a){1 — ha(1,0)} + F(b)ha(1,0) — / folta+ (1-DHA @5

I, = f(a)h2(1,0) — f(b)ha(1,0) +/0 fo(sa+ (1 —s)b)As (2.6)
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By putting the values of /; and I from (2.5) and (2.6) in (2.4), we get (2.3). 0

Remark 2. If we consider the case T = R then o(x) = z , and

h2(1,0)/01(t 0yt = %

thus (2.3) becomes
b —a (i}
! <“);rf (b>_bia / F(a)da = bT /O /0 [ (ba (1)) — ' (sa-+(1—s)b)](s—t)dtds

Lemma 3. Let f : I1° C T — R be delta differentiable on 1°,a,b € 1* witha < b. If

2 € Cral[a,b], R), then the following equality holds :

f<a+b> ,a/fa

;G/O /0[f%aﬂl—t>b>—fﬁ<sa+<l—s>b>] (m(s)—m(t)AtAs (2.7)

with

t,te[0,3]
m(.) =

t—1,te(5,1]

.
Proof. By definition of m(.), it follows that

/ 1 / (Pt (1 1D) — A (sa+ (1 5)B)) x (mit) — m(s) AtAs
// FA(tat (1—1)b)(m(t) — AtAs—// FA(sa-+(1—s)b) (m(t)—m(s)) AtAs
// FA((ta+(1=D)b)(t—ml(s )))AtAs+// FA((ta+(1=D)b)(t—1—m(s)) AD) As

—//EfA(sa—l—(l—s)b)(t—m(s))AtAs—&—//l FA(sa+(1—8)b)(t—1—m(s)) AtAs
0Jo 0J1

_ /O; {/O;fA(ta—i—(l—t)b)(t— s)At} As +
+/;{/;fA(ta+(1t)b)(ts)At} As+/ {/ £A( ta+(1t)b)(tsl)At} At

—s—/oé{/oéfA(sa—f—(l—s)b)(t—s)At} As—l—/é{/(J2fA(sa+(1—s)b)(t—s+1)At} As
+/Oé{/;fA(sa+(1—s)b)(t—s—1)At} As+/; {/1 fA(sa+(1—s)b)(t—s)At}As

=h+Ilo+I3+1s+Is+ I+ 17+ I3

M‘H\
i

{/QfA(taJr(l —t)b)(t —s+ l)At} As
0

[N
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by integrating, we can state,

. /5 {/ FAta+ (1 —t)(t—s)At)}As
0 0

f(“é”)f(“g“’)hQ(l )+ L0 (L0) - 5 /O“fo(mm

4(a —b) a—1b 2’ b 2(a —b)?

I, =

N\H\
A

{ fAta+ (1 —t)b)(t — s+ 1)At} As
0

+b

UG SINIC ST (BY I COIER) B L RN

b) a—"b 2’ a—b 2’ 2(a — b)?

I3 z/oE {/11 fA(ta—i—(l—t)b)(t—s—1)At}As

FLE) - o () - L5 (1) - 2 e

| o

CL

W~

IS
Il
I\)\»—A\

1 1

/fA(ta-l-(l—t)b)(t—s)As}As
7+ i (30) - 55 (30) -

/0 i fA (sa + l—s)b)(t—s)At}As

4L S () L5 (1)
Is = /01{/0 A (sa+ ( 1—s)b)(t—s+1)At}As
T 4(a —;b)) + ({(_a)th (;’O> B fa(“_;fZ)hz (;’O> B Q(ai
17=/ {/1fAsa1—8 t—s—l)At}As
AL (1) () i
Is :/; {/1 fA(sa—&—(l—s)b)(t—s)At} As

2

LR g (1) S (1)

4(a—b) a-—b 2 b

+

f(“

a

® ‘

yl;
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Adding 14, I, Is, 14, Is, I, I7 and Ig and rewriting we easily deduce,

a+b

a+b a5 a
:2fa( :) + (a—2b)2 {—/b Jo(x)Ax — fJ(I)Ax}

b a+b
(%) 2 [
-

o e ), IO

This leads to the required result.if we consider T = R and o(t) = ¢t.Then we will come to

a well-known result for Hermite-Hadamard inequality in R. O

Theorem 3. Let f : I C T — R be a delta differentiability function I1°, where a,b € 1
with a < bif f& € C,q then the following inequality holds

b-2)f0) +(@—a)f@ 1 [",
—b_a/ f7(u)Au

b—a
- (xb__aj /O(t— Df2 (t+(1 —t)CL)AH(bb__gZ)2 /0(1 — 1) A (tz+ (1 — £)b) AR.8)
Proof. Let

= (t_l)f<tm+<1—t>a>,3_/o @tz +1=t)a)

r—a r—a

S,

r—a zr—aJj, T—a

12:(1_,5)W|(1)_/0 (_Uf"(fx;r_(lb*t)b)m
,7f(b) T (u) n
N x—b+/b (x—b)2A

By substituting the values of I; and I5 in (2.8) we get,

o~ / (t—l)fA(tx+(1—t)a)At+(bbii)Q | a=orsasa-par

:bia{(x—a /f" YAu+ (b — x) /f" Au}
_ (@—a)f(a) + (b= )

b—a - b—a{/a f”(u)Au+/b f6a(u)Au}

C@-a)fl@+b-a)f®k) 1 ",
= _bfa/ fo(u)Au

b—a

which leads to the required result. 0
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Lemma 4. let f : I C T — R be delta differentiable on I°, with a,b € I and a < b and
M\ €ERIFfA € Cpry, then

0 -ws@aro+ -0 (0) - o [re

= (b—a) [/OQ(A—t)fA(ta—i—(l—t)b)At—i—[ (1 —t)f2 (ta+ (1 — t)b)At| (2.9)

Proof. Choosing from R.H.S

Nl

11:/0 (A= 6)f2 (ta + (1 — £)b) At

AV o

()\—2> p— a—b / fota+ (1 —t)b)At
and

1
b :/ (= 1) f2(ta+ (1 — B)b)At

1@ 1\ /(4,1 /5 -

= (p 1)a—b F=5 ) s +b—a ; fo(ta+(1 —¢)b)At
Filling I; and I5 in right hand side of (2.9) which completes the proof. O

Lemma 5. Letf : I C T — R be a delta differentiable function on I°, the interior of I

where a,b € I witha < b. If f € Crq and \, i € R then the following inequality holds

A0 Bon ) a8y L g

- (b;“) [/0(1 A—t)f2 <m+(1 t) ;b>+(u—t) A (ta2b+(1—t)bﬂ Ab(2.10)

Proof. Replacing A and p respectively by 5 and 1 — g in lemma 4 yields,

bialﬂf(a);raf(b)+(235)f(“+b) /f"

i 1
:/ (% —t) fAta+ (1 —t)b)At—i—/ (1 - g —t) FA(ta+ (1 — D) AL2.11)
0 :
simple calculations resulting

/E (%—t) FAta+ (1 — )b AL = i/l(a—u)fA (ZH 2;%) Au
0 0
1
:i/() (o — ) f <a;bu+(1u)b> Au 2.12)
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[(1—§—t)fﬂ(m+(1—t)b)m:i/o( ) a +(1;ub>)Au 2.13)

utilizing (2.11), (2.12) and (2.13), leads to
ﬁf(a)—f—Oéf(b)_'_(2—0&—5)‘][((1"-[)) _a/fa

2 2
J— 1 J—
_b-a (—u) A G—Mu+(1—u)b +(1 =B —u)f? e (22 5) | aw
1, 2 2 2
This is the required result. 0

Corollary 1. By taking A = % = %‘l form # 0 in lemma 5, we have the following
identities.

L@ s+ 2y () L [ e

m

~ -0 I(Tfl-t) £5 (ta+(1-t)) At + / 1<T_t> F2(ta+ (1 - ) AK2.14)

In particular we have

() [ e

:(bfa)/o (1t)fA(taJr(lt)b)AtJr/llth(taJr(lt)b)At (2.15)

2

fla) + £(b) -

sl o (5) - [ rwar

— (b—a) /j(;—t) FA(tat (1 — t)b)At—k/j(i—t) FA(ta+ (1— Db)AL2.17)

5 |G >+f<>+f(”b)—bia/abf”<f>m

— (h—a) /j(i—t) FAtat+(1 - t)b)AzH—/ll(i—t) FA(tat (1 — OD)AE (2.18)

) b—a/fg ]

= (b—a) /j(é—t) A (ta+(1 — t)b)At+/ll<§—t) A (ta+(1 —t)b)At (2.19)

2| =(b-a) /01(1 —2) A (ta + (1 — D) AL.16)

1
5 | 7@+ s+ 31 (45
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L@ son s (50) -k [ rwse

— (b-@/j(?—t) fA(ta+(1—t)b)At+/11<§—t> fA(ta+(1 —t)b)At (2.20)

@)+ 1) +47 (“5) - bia/abf%xmx

% 1
= (b—a)/o (é—t)fA(ta+(1—t)b)At+/l (‘Z,—t) fA(ta+(1 — t)b)At (2.21)
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The general solution and Ulam stability of inhomogeneous
Euler-Cauchy dynamic equations on time scales

Yonghong Shen'*, Deming He!
L School of Mathematics and Statistics, Tianshui Normal University,
Tianshui 741001, P.R. China

December 24, 2017

Abstract: In the present paper, we find the general solution of the inhomogeneous Euler-
Cauchy dynamic equation

to(t)y 2 (t) + aty™ (t) + By(t) = f(t)

on the time scale with the constant graininess function and the linear variable graininess function,
respectively. And then, we study the Ulam stability problem of the forgoing equation on different
types of time scales. Our results can be viewed as a unfication and extension of the results of
Mortici et al. [C. Mortici, T.M. Rassias, S.M. Jung, The inhomogeneous Euler equation and its
Hyers-Ulam stability, Appl. Math. Lett. 40 (2015) 23-28|.

Keywords: General solution; Ulam stability; Euler-Cauchy dynamic equations; Time scales;
Graininess function

1 Introduction and preliminary

The Ulam stability originated from a question proposed by S.M. Ulam [12] in 1940, which was
concerned with the stability of group homomorphisms. In the next year, Hyers [5] partially solved
this question in a Banach space. Many years later, Ulam’s question was generalized and partially
solved by Rassias [10]. In 1993, Obloza [9] initiated the study of the Ulam stability of differential
equations. Afterwards, Alsina and Ger [1] studied the Ulam stability of the differential equation
Yy’ = y on any real interval. Soon after, Miura and Takahasi et al. [6, 7, 11] deeply investigated the
Ulam stability of the differential equation ¥’ = Ay in various abstract spaces. Since then, the theory
of Ulam stability of differential equations is gradually formed and extensively studied. In 2009, Jung
and Min[4] discussed the general solution of inhomogeneous Euler equations by using the power
series method. However, they only obtained the local Ulam stability of the Euler equation due to
the limitation of the radius of convergence. Recently, Mortici et al. [8] obtained the general solution
of inhomogeneous Euler equations by using the integration method. Meantime, they proved that
the inhomogeneous Euler equation is Hyers-Ulam stable on a bounded domain. Undoubtedly, these
results can be regarded as an extension of the results obtained by Jung and Min[4].

*Corresponding author. E-mail: shenyonghon2008@hotmail.com
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Inspired by the idea of Mortici et al.[8], in this paper, we shall consider the general solution and
Ulam stability of the inhomogeneous Euler-Cauchy dynamic equation

ta(t)y>2 (1) + aty® () + By(t) = f(t) (1)

on a time scale T with a, 8 € R, where f : T — R is a rd-continuous function. Throughout this
paper, we assume that T C (0,00) is a time scale with the constant graininess function u(t) = p
or the linear variable graininess function p(t) = nt, n is a constant. Indeed, several common time
scales are included in these two cases (see Appendix A, Table 1).

Here, we briefly recall some basic notions related to the time scale. For more details, we
recommend two excellent monographs [2, 3] written by Bohner and Peterson. Let R and R* denote
the set of all real numbers and the set of all positive real numbers, respectively. A time scale T is a
nonempty closed subset of R. For ¢ € T, the forward jump operator o and the back jump operator
p are defined as o(t) := inf{s € T : s > ¢} and p(t) := inf{s € T : s < t}, respectively. Especially,
inf) =supT, sup) = inf T.

A point ¢t € T is said to be right-scattered, right-dense, left-scattered and left-dense if o(t) > t,
o(t) = t, p(t) < t and p(t) = t, respectively. Given a time scale T, the graininess function
p: T — [0,00) is defined by p(t) = o(t) —¢t. The set T* is derived from the time scale T. If T has
a left-scattered maximum ~, then T = T — {y}. Otherwise, T* = T. Successively, T* = (T*)*.

A function f: T — R is called rd-continuous provided it is continuous at right-dense points in
T and its left-sided limits exist (finite) at left-dense points in T. A function f : T — R is called
regressive provided 1 + p(t)f(t) # 0 for all ¢ € T*. Denote by R the set of all regressive and
rd-continuous functions f : T — R.

2 The general solution of (1)

In this section, we shall solve the inhomogeneous Euler-Cauchy dynamic equation (1) based on the
time scale with different graininess functions.

2.1 The constant graininess function u(t) = p

The associated characteristic equation of Eq.(1) is
r?2 4+ (a—1)r+ B =0. (2)

Now, we assume that the following two regressivity conditions are satisfied:

to(t) —atu(t) + Bu*(t) # 0, (3)
o(t) + Mult) # 0, (4)
where t € T", X is a characteristic root of Eq.(2). Under these two conditions, we know that
A
2= €ER.
t0 o(t)

Let A be a root of (2). Setting z(t) = e%(t, 0). Replacing the unknown function y(t) of Eq.(1)
by u(t)z(t). Then, we have
Y= (1) = u(t)a™(t) + u (827 (¢). (5)
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Furthermore, we can obtain

Y2 (1) = u(t)z2 (1) + u () z27 (1) + u )z (t) + w2 (£)x° (t). (6)

According to the definition of the exponential function e 2 (t,to), we get

%(t to) =

—a(t). (7)

Using the formula z7 = x + px®, it follows that

27 (1) = (1 +,u%)x(t). 8)
Moreover, we can infer that
27(0) = (#2)7(0) = (@*)(o(t) = 7oa”(0) = 25 (1425 )al0) )
27A(t) = ()2 (t) = —tg(/\t)x(t) +(1+ ;‘(?))xﬁ(t) = —tg();)a:(t) + %(1 + ;Lé\))x(t), (10)
oo oo PAN o pA 2

277 (1) = ()7 (1) = (1+ %)x ) =(1+ =) (1+ W) x(t), (11)
A () = —tU)Et)x(t) + UE\t)xA(t) - —w/\(t)x(t) + t;\(t)x(t). (12)

Therefore, it follows from (5)-(12) that

to(t)y2 (1) + aty® () + By(t)

= u(t)(A2 = Nz (t) + u® ()Nt + p))])z(t
+ul (N0 (t) + ) — pNz(t) + ud (¢
+ au® () (t 4 pN)z(t) + adu(t)z(t) + Bu
BED[(a(t) + pA)(t + p\)]z(t)

+u(t)A\? + (a = DA+ fla(t)

BEM[( () + A+ pN)]x(t) + u® (@) [(a+ 20) (¢ + pA)]z(t)

= f(®).

Multiplying both sides of the last equality of (13) by €5 (t,0), we have

(o) + pA)(t + pX)]z(t)
(t)x(t)
Ful ()[(a + 20t + pN)]z(?)

[(0(t) + pA)(t + pA)]uB2 (1) + [(a + 2M) (¢ + pA)]Ju? (t) = ega (¢,0) f (D). (14)
Since 2

T U(t) € R, we obtain that (o(t) + uX)(t + pA) # 0. Dividing both sides of (14) by (o (t) +
pA)(t + ), we have that

f)
(0(t) + pA)(t + pA)”

an () a+2)\
o(t) + pA

u

ub(t) = e@%(t, 0) (15)
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Letting u®(t) = z(t). From (15), we get

A o+ 2) (@)
)= —— """ () + £,0 . 16
S Ui ey e Ul S G o s prars sy Y (16)
For simplicity, we put m(t) = —J‘%ﬁ;‘/\, p(t) = 2. By the regressivity condition (3), if A; and

Ag are two roots of the characteristic equation (2), then ’\1 AQ € R. Thus, it is easy to verify that

t+p(l—a—X)  t+pl—-a—2A)
t+uN+1) o(t) +pA

1+ p-m(t) = # 0,
since ( € R and 1 —a— X is another root of the characteristic equation (2). Then, the exponential

function e, (¢,t0) (to = inf T) is well-defined.
Note that the equation (16) is a first order linear dynamic equation, the general solution is given
by

B t 1 e@p(T 0)f( )

2(t) = crem(t, to) + /to em(t, 7) L+ pm(7) (o(7) + pA) (T + pA) (17)
B ¢ em(th)f(T)
= crem(t o) + /to ep(7,0) (7 + pA) (o () + pA) AT

where ¢ is an arbitrary constant. Integrating both sides of (17) from ¢y to ¢ with respect to w, we

have .
u(t) = co +C1/ em(w,to)Aw+/ / em(w,7)f(7) ArAw, (18)
to to 611

7,0)(T + pA) (o (T) + pA)
where ¢y is an arbitrary constant. Multiplying both sides of (18) by e,(t,0), we conclude that

' ep(t, T)em(w, 7) f(7)
y(t) = caep(t,0) + c1ep(t, 0) /to em(w, to Aw—i—/ /to 4 N (o (r )_'_u)\)ATAw. (19)

Through the above argument, we can obtain the following result:

Theorem 2.1. Let T C (0,00) be a time scale with the constant graininess function u. Let o, B € R
such that (o — 1)2 — 48 > 0. Assume that f : T — R is a rd-continuous function. If \ is a root
of the characteristic equation (2) and the regressivity conditions (3) and (4) are satisfied, then the
function y(t) defined by (19) is the general solution of the inhomogeneous Euler-Cauchy equation

(1).
2.2 The linear variable graininess function p(t) = nt

In fact, the formulas (5)-(12) are still valid except (10). In this case, the formula (8) is simplified
as

z7(t) = (1 +nA)x(t) (20)
Then, we deduce that

272 (1) = (@) () = (1 + N (1) = 2(0). (21)
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Analogously, we can infer that

a(t)y 2 (t) + aty™ (t) + By(t)

AA(lﬁ)[( (t) + At (t + nA)]z(t) + u (D1 +nA) (A + o (A + at)]z(t)

+u(t)\ + (0 = DA+ Bz (t) (22)
= w2 ()[(o () +nA) (¢t + nAt)]z(t) + u (O[(1 +nA\) (At + o (A + at)(t)
= f().

Notice that —2

oL 2 € R implies (o(t) + nAt)(t +nAt) # 0. Thus, it follows that

)\+a+77—|—1

AA A
t)=——— t)+
(*) (77+1+n/\)tu (®)

e@p(t7 O)f(t)

“ T+ 1+ N (L + N2

(23)

Setting n(t) = fm%. If we assume that n? — an — 1 # 0, then we have

nA+a+n+1) 1—an—n?
14+ wu(t)n(t) =1— = 0
H(e)n(t) 1+ TriEon T

Consequently, the exponential function e, (t,to) is well-defined. Letting u”(t) = z(t). we know that
(23) is a first order linear dynamic equation. And then, the general solution is given by

_ t 1 en(r.0)f(7)

(0= exenlsto) + [ ealt ) s S o
= cre ! e P e@p(Ta O)f(T) T
= caenltlo) + /to A e eyl

where ¢; is an arbitrary constant. Integrating both sides of (24) from ¢, to ¢ with respect to w, we
can infer that

_ ! b en(w, 7)f(7)
u(t) =co+ 1 /to en(w,to)Aw + /t0 /tO 0 = an = ) (A F )2 ATAw, (25)

where ¢y is an arbitrary constant. Multiplying both sides of (25) by e,(t,0), we have that

y(t) = caep(t,0) + crey(t,0) /t en(w,to)Aw+/ /t lej;; e;(;u(ﬁf;Ai ArAw. (26

Based on the foregoing analysis, the following theorem can be formulated.

Theorem 2.2. Let T C (0,00) be a time scale with the linear variable graininess function u(t) = nt,
n is a constant. Let o, B € R such that (a—1)2—48 > 0 and n® —an—1 # 0. Assume that f : T — R
is a rd-continuous function. If \ is a root of the characteristic equation (2) and the regressivity
conditions (3) and (4) are satisfied, then the function y(t) defined by (26) is the general solution of
the inhomogeneous Euler-Cauchy equation (1).
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3 Ulam stability of (1)

In this section, we shall prove the Ulam stability of the inhomogeneous Euler-Cauchy dynamic
equation (1) on the time scale with different graininess functions.

Theorem 3.1. Let ¢ : T — RT be a function such that the integral

w t m
[ el . .
to Jto T‘HV\ ()‘f‘ﬂ/\)’

exists for any t € T*. Under the hypothesis of Theorem 2.1, if a twice rd-continuously differential
function y, : T — R satisfies the following inequality

tr(Ou2(1) + aty2 (1) + By (t) — F(B)] < 9 (0) (28)

for allt € T“Q, then there exists a solution y : T — R of the inhomogeneous Euler-Cauchy dynamic
equation (1) such that

‘*’|eptTemoJT|<p
Y _// ATAw 29
o (1) ) to Jto T+M>\ ()+H/\)| (29)

for allt € T,
Proof. For the sake of convenience, we write

to(t)yo2 () + atyS () + Bye(t) = fo(t). (30)
From (28), we get

[fo(t) = F(D)] < (t) (31)

for all t € T*". By Theorem 2.1 and (30), there exists c¢1,c2 € R such that

! s T)em(w, T) fo(T)
Yo (t) = caep(t,0) + cre,(t,0) /to em(w, to Aw+/ /0 T"‘N)\)( r )‘*‘ZM ATAw, (32)

where m and p are given as in Section 2.1.
Define

' ep(t, T)em(w, 7) f(T)
y(t) == caep(t,0) + cre,(t,0) /to em(w, to Aw—i—/ /fo (r+ N (o(r )+M)\)ATAOJ (33)

for all t € T*". From (31), (32) and (33), it follows that

e (1, )em(w, 7) (fulr) — F(7))
// Gy e

‘”|ept7'emw7'|\f<,o ) — f(7)] Aw
S// )(()ﬂM)! e

<//w|6” em”7|‘p ArAw.
to Jto 7’+M)\ )+/~‘)\)|

The proof of the theorem is now completed. O

‘ytp ‘ <
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In particular, Theorem 3.1 implies the Hyers-Ulam stability of the inhomogeneous Euler-Cauchy
dynamic equation (1) when the time scale is bounded and has a constant graininess function.

Corollary 3.2. Let T C (0,00) be a bounded time scale with the constant graininess function p
and let inf T = ty, supT = b. Under the hypothesis of Theorem 2.1, for a given € > 0, if a twice
rd-continuously differential function y. : T — R satisfies the following inequality

to(t)y2 () + atyS () + By (t) — ()| <€ (34)

for allt € T“Q, then there exists a solution y : T — R of the inhomogeneous Euler-Cauchy dynamic
equation (1) such that

lye(t) —y(t)] < Ke (35)

|ep (t, 7 em(w T)|
K = / / ATAwW.
to |(T 4+ pA) (o (T) + pA)|

forallt € ']I"‘“Q, where

Theorem 3.3. Let ¢ : T — RT be a function such that the integral

// ot e DI
to Jto 1—6”7 n?)(1+nA) ‘7'2

exists for any t € T*. Under the hypothesis of Theorem 2.2, if a thce rd-continuously differential
function y, : T — R satisfies the inequality (28) for all t € T+ , then there exists a solution
y: T — R of the inhomogeneous Euler-Cauchy dynamic equation (1) such that

e t'rean
|y (1) |</ / |p ( |SO QATA(.J
to Jto 1—077 n?)(1+nA) ‘7'

forallt € T+".

Proof. According to Theorem 2.2, this theorem can be proved by the same method as employed in
Theorem 3.1. O

From Theorem 3.3, we can obtain the Hyers-Ulam stability of the inhomogeneous Euler-Cauchy
dynamic equation (1) if the time scale is bounded and has a linear graininess function.

Corollary 3.4. Let T C (0,00) be a bounded time scale with the linear variable graininess function
w(t) =nt and let inf T = to, supT = b. Under the hypothesis of Theorem 2.2, for a given € > 0, if
a twice rd-continuously differential function y. : T — R satisfies the inequality (34) for allt € T"z,
then there exists a solution y : T — R of the inhomogeneous Euler-Cauchy dynamic equation (1)
such that

lye(t) —y(t)| < Le

|ep (t, 7)en(w, 7‘)|
/ / QATAUJ.
to Jto 1—0&7’] n )(1—1—77)‘)’7—

for allt € T“Q, where
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Appendix A.

Several common time scales and the corresponding graininess functions are given below (see Table
1).

T o(t) wu(t) Attribute of

R t 0 Constant
Z t+1 1 Constant
hZ t+h h Constant
v qt (¢g— 1)t Linearity
oN 2t t Linearity

Table 1: Time scales and graininess functions
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Abstract

In this paper, we establish two versions of the existence theorems of solutions set of generalized
vector variational-like inequalities in fuzzy environment by using two different notions; the first one
by using affineness and the second by using the notion of vector O-diagonally convexity. Moreover,
an example is established in order to illustrate the main problem. The results of this paper can
be viewed as a significant improvement and refinement of several other previously existing known
results.

Keywords: Generalized vector variational-like inequality; KKM-mapping; Vector O-diagonally
convex; Affine mapping; Fuzzy upper semicontinuous mapping

1. Introduction

Variational inequality theory has appeared as an effective and powerful tool to study and investi-
gate a wide class of problems arising in pure and applied sciences including elasticity, optimization,
economics, transportation, and structural analysis, see for instance, [, @, 20, E3] and the references
therein. It seems this theory began by Browder [B] in 1966, by formulating and proving some basic
existence theorems of solutions to a class of nonlinear variational inequalities. Since then, Liu et al.
[9], Zhao et al. [28] and Ahmad et al. [0] extended Browder’s results to more generalized nonlinear
variational inequalities. In 2010, Xiao et al. [BO] extended the results of Zhao et al. to generalized
vector nonlinear variational-like inequalities with set-valued mappings.

In 1965, the concept of fuzzy sets were introduced by Zadeh [H] to manipulate data and infor-
mation possessing nonstatistical uncertainties. The applications of fuzzy set theory can be found
in many branches of mathematical and engineering sciences including artificial intelligence, man-
agement science, control engineering, computer science, see e.g. [Bd]. Heilpern [P introduced the
concept of fuzzy mapping and proved a fixed point theorem for fuzzy contraction mapping which
is ananalogue of Nadler’s fixed point theorem for multi-valued mappings. In 1989, Chang and Zhu
[[M] introduced the concept of variational inequalities for fuzzy mappings in abstract spaces and
investigated the existence problem for solutions of some classes of inequalities for fuzzy mappings.

Recently Chang et al. [[3] introduced and studied a new class of generalized vector variational-
like inequalities in fuzzy environment and generalized vector variational inequalities in fuzzy en-
vironment. They obtained some existence results for the problems. Several kinds of variational

*Corresponding author. Tel.:466 55963250; fax:4+66 55963201.
Email addresses: kasamsuku@nu.ac.th (Kasamsuk Ungchittrakool), Jiraprapab6@hotmail.com
(Jiraprapa Munkong), faraj1348@yahoo.com (Ali Farajzadeh)
ISupported by The Royal Golden Jubilee Project Grant no. PHD/0219/2556, Thailand.
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inequalities and complementarity problems for fuzzy mapping were studied by Chang et al. [IT)],
Chang and Salahuddin [[2], Anastassiou and Salahuddin [@], Ahmad et al. [B], Verma and Salahud-
din [B3], Lee et al. [E23, B8], Park et al. [B1], Khan et al. [E0], Ding et al. [[8] and Lan and Verma

Motivated and inspired by ongoing research in this direction, the purpose of this paper is to
present two versions of the existence theorems for the generalized vector variational-like inequalities
in fuzzy environment. The paper can be viewed as an alternative version which related to [[3] by
providing some new suitable conditions and methods for proving the main results.

2. Preliminaries

Let X be a nonempty set. We recall that a fuzzy set A in X is characterized by a function
wna: X —[0,1], called membership function of A, “which associates with each point z in X a real
number in the interval [0, 1], with the value of p4 at x representing the grade of membership of x
in A”: see [A, p.339]. Obviously, any crisp subset A of X can be viewed as a fuzzy set, where p4 is
such that pa(z) =1 when « € A and pa(z) = 0 otherwise. Let E be a nonempty subset of a vector
space V and D be a nonempty set. A mapping F' from D into the collection §(E), of all fuzzy sets
of E, is called a fuzzy mapping. If F': D — F(F) is a fuzzy mapping, then F(y), for each y € D,
is a fuzzy set in §(E). So, the fuzzy mapping F' can be identified with the function from E x D to
[0, 1] which assigns with each (x,y) € E x D the degree of membership of x in the fuzzy set F(y),
that is the number F(z,y) = pp(y) ().

Let A € §(F) and « € [0, 1], then the set

(A)g ={z € E: A(x) > a}

is called an a-cut set of A.

In the sequel, we assume that Z and E are Hausdorff topological vector spaces. We denote
by L(E, Z) the space of all continuous linear operators from E into Z and ([, x), the evaluation
of l € L(E,Z) at = € E. We consider each topology on L(E,Z) such that L(F,Z) becomes a
topological vector space and the bilinear mapping is continuous. Denote by intA and coA the
interior and convex hull of a set A, respectively. Let K be a nonempty convex subset of a Hausdorff
topological vector space E and C : K — 27 be a set-valued mapping such that C(x) # Z and
ntC(z) # 0, for each z € K. Let 6 : K Xx K — E and g : K — K be the vector-valued mappings.
Let M,S,T: K — §(L(E, Z)) be the fuzzy mappings and a,b,c : K — [0,1] are the mappings. It
is clear that the convex cone C(z) of Z induces an ordering on Z which is denoted by <¢(,) and
defined as follows

Y1 <c(z) Y2 if and only if yp —y1 € C(x), where y1,y2 € Z.

The rest of this section will deal with some definitions and basic results which are needed in the
sequeul.

In this paper we are interested in studying the following problem.
Problem: [[3] The “so called” Generalized vector variational-like inequality problem in fuzzy envi-
ronment (GVVLIFE) (E) is to find an o € K,u € (M (2))a(),v € (S(2))p(z) and w € (T(x))c()
such that

(N (u,0,w),0(y,9(x))) + n(g(x),y) £ —intC(z), Yy € K, (2.1)

where M, S, T : K — F(L(E,Z)) are fuzzy mappings, a,b,c : K — [0,1], § : K x K — E,
n:KxK—=2% g:K—KandN:L(E,Z) x L(E,Z) x L(E, Z) — 2"(F:%) are mappings.

The following example is provided to illustrate Problem (2.1).
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Example 2.1. Let E = Z =R, K = [0,+0), C(z) = [0,+00), Vz € K. Define M,S,T : K —
§(L(R,R) = R) by

HM (a)\(¥) = .

(x) W, if ze(1,4+00),
Hs(z)\V) = .

(x) m, if z€(1,+00),
M1 () (W) = .

() m7 if xe(1l,+00),

and a,b,c: K — [0,1] as

% if xel0,1],
a(r) =
L if 2 e (1,4+00),

if e
7=, if ze(l,400),
1 .
() =12 if zel0,1],
1 if ze(l,+00).

It is not hard to check that for any z € [0, 1], we have
(M@)ot = (M@)g = {u € R pari ) 2 3} = {w e B| ot =2 3} = 0.2

vER|us(®) 2 1} = {veR| i 2 1} = 0,2,

— {weR puww) > 3} = {weR| gz = 1} = 0.2)
whereas x € (1, 00), we have
(M(@))ay = (M@) 1 ={v € R () 2 o5 | = {u € R | i 2 o
- ueR‘(u—Z)Q <1}=[1,3),
(5@ = (S@)_1_ = {v e R s > 5k | = {v € R | gy 2 ok }

={ver (v72)2§1}:[1,3],

T(z =(T(x :wGR’ N —— :wGR’%ZL

(T@)oay = T@) 1 ={w € R |prin(v) > gz } = { e 2w )
:{weR‘(w—Q)zgl}:[l,?)L

Now, we define N : L(E, Z) x L(E,Z) x L(E, Z) — 2-(E:2) by

N(u,v,w) = {u+v+w} for allu,v,w € L(E, Z)(= L(R,R) = R),

244 Jiraprapa Munkong ET AL 242-255



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

g: K — K by
g(z) =5, Ve € K,
0: K xK— FE by
O(x,y) = § —y, Yo,y € K,
and n: K x K — 2% by
n(z,y) = {4 —=}, Y,y € K.

Then, let us consider in the following 2 cases:

Case I, x € [0,1], u € (M(x))1 =1[0,2], v € (S(x)): = [0,2] and w € (T(x))

W=
Nl

(N (v, w), 0(y, 9(@))) +n(g(@),y) = (utv+w,0 (4.5 )) +n(50)
= (u+v+w) (g—f) + (g—g)

2 2 2
y
= 1(7——).
(u+v+w+1) 2 3
['hus,
(u+v+w+1)(%—g)>0@y—x>o

sSr<ly, VyekK.

This implies that = 0 is a solution of the generalized vector variational-like inequality problem in
fuzzy environment (GVVLIFE) (ET).

Case I, x € (1,400), u € (M(x)) 1

=[1,3], v e (S(z)) 1

=[1,3]and w e (T'(z)) 1 =[1,3].

1+x 24z 3+
(N (1,0, 0), 003, 9(x))) + (g @),y) = (u+o+w,0(4.5)) +n(59)

= (u+v+w) (y_£)+(y_£)

2 2 2 2
y
- 1(7_7).
(u+v+w )2 5
Thus,
(u+v+w+1)(%ff;)>0@yfx>0

Sy, WYyekK.

This implies that in the Case II, there is no solution for (GVVLIFE) (). Therefore, from the
Case I, we obtain that generalized vector variational-like inequality problem in fuzzy environment
(GVVLIFE) () has a solution and a solution set is {0}.

Some special cases of GVVLIFE:
(i) Let M, S, T : K — 2L(B:2) be classical set-valued mappings. If the fuzzy sets M(z), S(z)

and T'(x) as in the previous problem become the characteristic functions XJ\Nﬂr)’ X§(x) and
X7 (> respectively. Together with a(x) =blz) =c(z)=1,forallz € K and g : K — K an

identity mapping, then Problem (ET0) reduces to generalized nonlinear vector variational-like
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(i)

(iii)

(vii)

(viii)

inequality problems (GNVVLIP, in short): finding z € K, u € M(z), v € S(z), w € T(x)
such that

(N(u,v,w),0(y,z)) +n(z,y) € —intC(z), Vy € K. (2.2)

This kind of problem was in considered and studied by Xiao et al. [BG].
If 0(y,g9(x)) = y — g(x), then (E) is equivalent to the problem of finding an z € K, u €
(M(2))a(z), v € (S(@))p(z), w € (T'(2))c(x) such that

(N(u,v,w),y = g(x)) +1(g(x),y) ¢ —intC(x), Yy € K. (2.3)

This kind of problem was introduced and studied by Chang et al. [I3].

If E is a Banach space and K is a nonempty convex subset of E, let Z =R, E* = L(E, Z),b :
K x K — R be a real valued mapping and M, S, T : K — E* be the single valued map-
pings. For a given w* € E* N(u,v,w) = N(T(z),S(z)) — M(x) + w*, n(z,y) = b(x,y) —
b(z,z), C(x) = RY for all z € K, then (E32) is equivalent to the problem of finding z € K
such that

(N(T(z),S(x)) — M(z) +w*,0(y,z)) + b(z,y) — b(z,z) >0, Vy € K.

This problem was considered by Zhao et al. [EH].

Let E is a real Hilbert space and K is a nonempty convex subset of E. Let Z =R, C(z) = RT
for all z € K, n(x,y) = ¢(y,z) — ¢(z,z) and T'(z) = 0 for all x € K, then (E2) is equivalent
to finding =z € K, u € M(z) and v € S(z) such that

(N (u,0),0(y,2)) + oz, y) — d(z,2) > 0, Vy € K. (2.4)

If N(u,v) = M(x) — S(x), where M, S are single valued mappings, then (E4) collapses to
finding = € K such that

(M(z) — S(x),0(y,2)) + ¢(z,y) — p(x,x2) >0, Yy € K.

This kind of problem was introduced and studied by Ding [[H].
If N(u,v) = u, then (E3A) reduces to the problem of finding x € K,u € M(x) such that

(u,0(y,2)) + ¢(z,y) — ¢(x,2) >0, Vy € K. (2.5)

This kind of problem was studied by Ding [I4].
If ¢ =0, then (E33) reduces to the problem of finding € K and v € M (x) such that

(u,0(y,x)) ¢ —intC(x), Yy € K. (2.6)

This problem was considered by Ding et al. [[].
If, in addition, M is a single valued mapping, then it is equivalent to finding x € K, such that

(M(z),0(y,x)) ¢ —intC(x), Vy € K,

which was studied by Salahuddin [B2].
Moreover, if 0(y, z) = y — x, then (E@) reduces to finding x € K such that

(u,y — x) ¢ —intC(x), Yy € K,

which was studied by Lee et al. [24].

Clearly, generalized vector variational-like inequality problem in fuzzy environment includes many
variational inequalities problems in the recent past.

246 Jiraprapa Munkong ET AL 242-255



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Definition 2.2 ([[3]). A mapping f: K — Z is C(x)-convex if for any x1,z2 € K and t € [0,1],

fltzr + (1 = t)x2) <g@) tf(@1) + (1 —1)f(z2),

that is,
tf(x1) + (L —1t)f(z2) — f(tz1 + (1 = t)z2) € C(2).

Remark 2.3.

(1) In the case of C(z) = C, for all x € K where C'is a convex in Z. Then Definition B2 reduces
the usual definition of the vector convexity for the mapping f, i.e., f : K — Z is convex if for
any x1,72 € K and t € [0, 1],

fltey + (1 —t)x2) <c tf(x1) + (1 —t)f(22),

that is
tf(w1) + (1 —t)f(z2) — f(twr + (1 —t)x2) € C.

(ii) By taking Z =R and C = [0, +00) in (i), Definition B2 reduces to the definition of the convex
function, i.e., a mapping f : K — R is convex if for any x1,22 € K and t € [0, 1],

tf(z1) + (1 =1)f(x2) = f(ter + (1 = t)z2) = 0.

Definition 2.4 ([BH]). Let X, Y be two topological spaces, T : X — 2¥ be a set-valued mapping.
T is said to be:

(i) Upper semicontinuous, if for each 2 € X and each open set V in Y with T'(z) C V, then there
exists an open neighborhood U of = in X such that T'(u) C V, for each u € U.

(ii) Closed, if for any net {x,} in X such that z, — 2 and any net {y,} in ¥ such that y, — y
and y, € T(z4) for any «, we have y € T'(z), or equivalently, T is said to have a closed graph,
if the graph of T, Gr(T) = {(z,y) e X x Y :y € ()} is closed in X x Y.

Lemma 2.5 ([B3]). Let X, Y be two topological spaces and T : X — 2Y be an upper semicontinuous
set-valued mapping with compact values. Suppose {xs} is a net in X such that x, — xo. If
Yo € T'(xo) for each a, then there exist yo € T(xo) and a subnet {yg} of {ya} such that yg — yo.

Lemma 2.6 (Aubin [B]). Let X and Y be two topological spaces. If T : X — 2Y is an upper
semicontinuous set-valued mapping with closed values, then T is closed.

Definition 2.7 ([E3]). Let X, Y be topological spaces and T : X — F(Y) be a fuzzy mapping.
T is said to have fuzzy set-valued, if T} (y) is upper semicontinuous on X x Y as a real ordinary
function.

Remark 2.8. If A is a closed subset of a topological space X, then the characteristic function X4
of A, Xa(z) =11if z € A otherwise X4(x) = 0, is an upper semicontinuous function.

Lemma 2.9 ([E0]). Let K be a nonempty closed convex subset of a real Hausdorff topological space
X, E be a nonempty closed convex subset of real Hausdorff topological space Y and a : X — [0,1]
be a lower semicontinuous function. Let T : K — §(E) be a fuzzy mapping with (T(x))q) # 0 for

allz € X and T : K — 2F be a set-valued defined by T(z) = (T'(x))a(z)- If T is a closed set-valued
mapping, then T is a closed set-valued mapping.

Definition 2.10 ([, BO]). Let K be a convex subset of a topological vector space E, and Z be
a topological vector space. Let C' : K —> 2% be a set-valued mapping. For any glven finite subset

Q={r1,x92,...,2,} of K, andanyx—Ztajlvmtht >0fori=1,2,..,n and Zt =1,

i=1 =1
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(i) a single valued mapping h : K x K — Z is said to be vector O-diagonally convex in the second
variable, if

Ztih(x,xi) ¢ —intC(x),

(i) a set-valued mapping h : K x K — 27 is said to be generalized vector O-diagonally convex in
the second variable if

n
Ztiui ¢ —intC(z), Yu; € h(z,x;), 1 =1,2,...,n.
i=1

Definition 2.11 ([B]). Let K be a nonempty of convex subset of a vector space X. A mapping
g : K — K is said to be affine if for all z1,z9,...,x, € K and A\; > 0 for all ¢ = 1,2,...,m with
n

> A\ = 1 such that

i=1
n n
g (Z /\i33i> = Niglas).
i=1 i=1
The following examples show that notion of affine and vector O-diagonally convex are indepen-
dent functions.
Example 2.12. Let K = Z = R. Define the function h : K x K — Z by
-1, if r € Q,
hz,y) = :
0, if x € Q¢

where Q and Q¢ are rational numbers and irrational numbers respectively. It is clear that h is affine
but it is not vector O-diagonally convex in the second variable.

Example 2.13. Let K = Z = R. Define the function h: K x K — Z by

h(w,y) = y*.
It is easy to see that h is vector O-diagonally convex in the second variable but h is not affine.

From the above examples, it is noticed that

’ Affine # Vector O-diagonally convex in the second variable ‘

and

’ Vector O-diagonally convex in the second variable # Affine ‘

In order to prove our main results we need the following.

Definition 2.14 ([[H]). Let K be a subset of a topological vector space X. A set-valued mapping
T : K — 2% is called Knaster-Kuratowski-Mazurkiewieg mapping (KKM Mapping), if for each

n
nonempty finite subset {z1, 2, ...,z } C K, we have Co{z1,22,....,2n} C U T(z;).
i=1

Lemma 2.15 (B0, B4], Maximal Element Lemma). Let X be a nonempty convex subset of a
Hausdorff topological vector space E. Let S : X — 2% be a set-valued mapping satisfying the
following conditions:

(i) for each x € X,z ¢ coS(x) and for each y € X,S™(y) is open-valued in X ;

(ii) there exist a nonempty compact subset A of X and a nonempty compact convez subset B C X

such that
co(S(x))NB#0, Vze X\ A

Then there exists xo € X such that S(zg) = 0.
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3. Main results

In this section, two versions of the existence results of generalized vector variational-like inequal-
ities in fuzzy environment are established by employing the Lemma ET3. Before stating the main
results, we need the following preliminary facts.

Lemma 3.1. Let X be a topological vector space and C' C X be a cone. If 0 € intC, then C = X.
Proof. Let x € X be an arbitrary element. Then there exists ¢ > 0 such that tz € intC, (note
0 € intC). Since C is a cone, we observe that = 1(tz) € C. Thus C = X. |

Lemma 3.2. Let Z be a topological vector space, K be a nonempty convex subset of a Hausdorff
topological vector space E. Let M, g, T: K — 2LEZ) pe upper semicontinuous set-valued map-
pings with nonempty compact values and induced by fuzzy mappings M, S, T : K — F(L(FE, Z2)),
respectively, i.e.,

M(z) = (M(2)) (). S(x) = (S(2))y0), T(x) = (T(x)),() Yz€K.

Let N: L(E,Z) x L(E,Z) x L(E, Z) — 2":2) and n: K x K — 2% be two set-valued mappings.
Let§ : K x K — E and g : K — K be two single valued mappings. Let P : K — 2% be a
multifunction defined by

P(x) ={y € K : (N(u,v,w),0(y, g())) + ng(z),y) € —intC(x),
Yu € M(z) = (M(2))y(p),v € S(x) = (S(@))y(0),w € T(2) = (T(2)) ()}, Vo €K,

where n and 0 are affine in second and first variable respectively. Then P(x) is convex, for each
reK.

Proof. Let z € K be an arbitrary element. If y1, y» € P(z) and A € (0,1), then
(N (u, v, w),0(yi, g(2))) +n(g(x),y:) € —intC(z), Vi=1,2.
Hence
(N (u, 0,w), A0(y1, 9(2))) + An(g(x), y1) € A(=intC(x)), (3.1)
(N (u, v, w), (L= X)0(y2, 9(2))) + (1 = Mn(g(x),y2) € (1 = A)(=intC(x)). (3-2)
By (B), (82) and since intC(z) is convex cone, we have
(N (u,0,w), A0(y1, 9()) + (1 = N)b(y2, 9(2))) + Anlg(2),51) + (1 = A)n(g(2),y2) € —intC(z).
Since @ is affine in the first variable and 7 is affine in the second variable, we have
(N (u,0,w), 0(Ay1 + (1 = Ay, g(2))+) +n(g(x), Ayr + (1 = N)ya)  —intC ().
So we get Ay1 + (1 — N)y2 € P(x). This completes the proof. ]
Now, we are ready to state the first version of the existence result for GVVLIFE (E).

Theorem 3.3. Let Z be a topological vector space, K be a nonempty convex subset of a Hausdorff
topological vector space E, and L(E,Z) be a topological vector space. Let M, g, T:K — 2L(EZ)
be upper semicontinuous set-valued mappings with nonempty compact values and induced by fuzzy
mappings M, S, T : K — F(L(FE, Z)), respectively, i.e.,

M(@) = (M(2)y(mr S@) = (S(@)yay: T(@) = (T(2))yqp) Va € K.

Let N: L(E,Z) x L(E,Z) x L(E, Z) — 2"(F:%) and n: K x K — 2% be two set-valued mappings.
Let: K x K — FE and g : K — K be two single valued mappings. If the following conditions are
satisfied:
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(ia) 1 and 0 are affine in second and first variable respectively, with n(g(x),x) = 0 and (x, g(x)) =
0 for allx € K;
(iin) For each y € K, the set-valued mapping

Gy(u,v,w,2) = (N(u, v, w),0(y, 9(x))) + 1(g(x), y) N Z\(=intC(z))

is upper semicontinuous with compact value;
(iiiy) C: K — 2% is a set-valued mapping with convex values such that C(x) # Z for all x € K ;

(iva) there exist a nonempty compact subset A of K and a nonempty compact convex subset B of
K such that for each x € K\A,3y € B such that

(N (u,v,w),0(7, 9(x))) + nlg(x),y) € —intC(z),
Vu € M(z) = (M(x)), (4,0 € () = (S@))y (s w € T(x) = (T(@)) (5
then the solution set of GVVLIFE (E) is a nonempty compact subset of A.
Proof. Let P: K — 2% be a set-valued mapping defined by
P(z) ={y € K: (N(u,v,w),0(y,9(x))) +1(9(x),y) S —intC(x),
Yu € M(z) = (M (), € S(x) = (S(@))y(0), w € T(2) = (T(2)) ()} V2 € K.

Firstly, we wish to show that for all z € K,z ¢ P(x). Suppose to the contrary, there is & € K such
that & € P(Z). Then

{0} = (N(u,v,w),0(2,9(2))) +1(9(2), &) € —intC(%).

We get 0 € intC(&), and then Lemma B allows C(&) = Z which is contradicted by [iii; ) Hence
for each z € K, © ¢ P(x). By Lemma B3, P(x) is convex, that is P(z) = coP(x). Thus © ¢ coP(x)
for all x € K. Next, we intend to prove that for each y € K, P~1(y) is an open set. To prove this
goal, it is sufficient to prove that the complement (P~1(y))® of P~!(y) is closed in K. It is not
hard to verity that

P (y) ={z € K : (N(u,v,w),0(y,g(x))) + n(g(x),y) C —intC(z),
Vu € M(z) = (M()) 42y, v € S(z) = (S(2))p(a),w € T(z) = (T(%)) o)}
and
(P~ (y)" ={z € K : (N(u,v,w),0(y, g(x))) + n(g(x),y) N Z\(—intC(z)) # 0,
Ju € M(2) = (M(2)) 40,0 € S(@) = (S(2))y0y w € T(x) = (T(2)) ) -

Let {z.} be a net in (P~'(y))¢ such that z, — 2*. We wish to show that z* € (P~'(y)). Since
{za} C (P71(y))¢, there exist u, € M(x,) = (M(%a))4(z0)s Va € S(@a) = (S(za))y(y,). and
wy € T(zs) = (T(7a))(s,,) such that

(N (Uas Vo, Wa ), 0(y, g(7a))) + 1(g(za), y) N Z\(=intC(xy)) # 0.

Thus, we can let a net

{za} € (N(ua; va, wa), 0(y, 9(xa))) + n(g(2a), y) N Z\(=intC(za))-

Notice that M. , S , T: K — 2L(E.2) are upper semicontinuous mappings with compact values. Thus,
it follows from Lemma B3 that {un}, {va}, {wa} have convergent subnets, {uag;}, {vas}, {Was}

with limits say u*, v*, w*, respectively, and u* € M(Jc*), v* € §(m*) and w* € T(x*) Since
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Gy(-,,-,) is upper semicontinuous with compact values, it can be applied by Lemma P73 to produce
a subnet {zq,} of {24} such that z,, — 2* and

20 e Gy(u™,v% w',a) = (N(u', 0%, w"), 0(y, g(«7))) + n(g(z"), y) N Z\(=intC(")).

This shows that z* € (P~1(y))¢. Therefore (P~1(y))¢ contains all its limit points and then it is
closed in K. Thus P~!(y) is an open for each y € K. The desired result is proved.

Next, by employlng Lemma PI3 and condition [iv,] to ensure the existence of (GVVLIFE)
(E). By condition [iva], we assert that for each z € K \A there exists a nonempty compact convex
subset B of K such that g € B and (N (u,v,w),8(y, g(x))) +n(g(z),y) C —intC(z), Yu € M(z) =
(M(2)) 40,0 € S(&) = (S(2))y0), w € T(x) = (T(2)) (- This means that § € BN P(z). We know
from Lemma B3 that P(x) is convex, so we have that § € coP(z). This implies that § € coP(x)NB
and then coP(z) N B # (). This shows that P satisfies all the conditions of Lemma B3, so there
exists T € K such that P(z) = ), this means there exists T € K, u € M( ) = (M(Z))y(z): v €

5(2) = (S(2))y(ays w € T(2) = (T()) (s such that

(N (u,v,w),0(y,g(x))) +n(g(z),y) € —intC(z), Vy € K.

Therefore € Q where € is the solution set of the generalized vector variational-like inequality in
fuzzy environment (GVVLIFE) (2). Thus, 2 # (.

To show that € is a subset of compact set A. Let x € . Assume that x ¢ A, by condition
[iv.], there exists § € B such that

(N (u,v,0),0(7, g(x))) +nlg(x),5) C —intC(x),
Yu € M(z) = (M(2))y(5), v € () = (S())y(a) w € T(2) = (T(2)) (1)

which means that  is not a solution of the problem, that is z ¢ Q. This is a contradiction. Hence
r € A and we obtain that Q C A.
Finally, we show that  is a compact subset of A. One can observe that = (P~1(y))¢. In fact,

Q={z € K:(N(u,v,w),0(y,g(x))) +n(g(x),y) £ —intC(z),
Ju € M(z) = (M(2)),0). v € S(z) = (S(x)), (oW € T(x) = (T(2)) 0 }
v,w), 0y, g(x))) + n(

)

={zr e K: (N(u, g(x),y) N Z\(—intC(z)) # 0
€ M(2) = (M(2))g(0,v € 5() = ($(@))y09w € T(2) = (T(2)) 0}
= (P~ ()"
Since we have already proved that (P~1(y))¢ is closed in K, so we can conclude that € is a closed
in K. Therefore Q is a compact subset of A. This completes the proof of Theorem B33. |

Remark 3.4. It can be observed that Theorem B33 is as an alternative version of Theorem 3.1 in [[3]
by replacing vector O-diagonally convexity with the affineness of . Moreover, some assumptions
are not necessary given in Theorem B33, for instance, continuity of €, continuity and affineness of g.

Next, we will present the second version of the existence result of GVVLIFE (ETI). Before doing
that we will provide the following lemma in order to be utilized in proving for the next version of
the existence result.

Lemma 3.5. Let Z be a topological vector space, K be a nonempty convex subset of a Hausdorff
topological vector space E, and L(E,Z) be a topological vector space. Let M S T: K — 2LE2)
be upper semicontinuous set-valued mappings with nonempty compact values and induced by fuzzy
mappings M, S, T : K — F(L(E, Z)), respectively, i.e.,

M(2) = (M(2))y(, S@) = (S@)ypys T(@) = (T(2))yqy, Va € K.
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Let N : L(E, Z)x L(E, Z)x L(E, Z) — 2ME:.2) andn : K x K — 2% be two set-valued mappings. Let
0:KxK—FE andg: K — K be two single valued mappings and P : K — 2% be a multifunction
defined by

Plz) ={y € K: (N(u,v,w),0(y,9(x))) + nlg(x),y) € —intC(z),

Yu € M(z) = (M(2)) (), v € S(x) = (S(@))y(0), w € T(x) = (T(2)) ()} ¥ € K.

a(x c(x
If the following conditions are satisfied:

(ib) m is generalized vector O-diagonally convex in the second argument;
(iip) O s affine in the first variable with 0(x,g(x)) =0, Vz € K.

Then for all z € K, © ¢ coP(z).

Proof. We shall show that z ¢ coP(x) for all z € K. Suppose to the contrary, there exists
Z € K such that Z € coP(Z). Then there exists a finite set {y1,y2, - ,yn} C P(Z) such that
Z € co{y1,Y2, " ,Yn}, hence we have

<N(’U,,U, w)ve(yiag(:f)» + n(g(j)a yz) C 7int0(f),i = 17 27 e, N
Yu € M(z) = (M(3))y(),v € 8(7) = (S(@)) 5y, w € T(x) = (T(%)) (-

n
Since intC(Z) is a convex set and 6 is affine in the first variable, for Z = ) t;y; € K, where
i=1

n
t; >0,i=1,2,--- ,n with > t; =1, we have
i=1

<N(7.L, v, ’UJ), g (Z tiyiag(j)> > + Ztin(g(i')a yz)
i=1 i=1
= <N(u,v,w), 9(.@,g(i))> + Ztin(g(j)’yi) c _intc(j)'
Since 6(Z, g(Z)) = 0 by condition [ii, ], we have

Z tm(g(ﬂ?), yz) c —intC’(i“),

that is,
Yt € —intC(3), Vs € n(g(3),v), i =12, m,
i=1
which contradicts condition [i,]. Therefore z ¢ coP(z) for all z € K. |

The following result is the second alternative version of Theorem B33 by applying the notion of
O-diagonally convexity and uppersemicontinuity of the set-valued mapping G.

Theorem 3.6. Let Z be a topological vector space, K be a nonempty convex subset of a Hausdorff
topological vector space E, and L(E,Z) be a topological vector space. Let M, g, T:K — 2LE2)
be upper semicontinuous set-valued mappings with nonempty compact values and induced by fuzzy
mappings M, S, T : K — F(L(E, Z)), respectively, i.e.,

M(2) = (M(2))y(, @) = (S(@)ypy: T(@) = (T(2))yqyy, Vo€ K.

Let N: L(E,Z) x L(E,Z) x L(E, Z) — 2"(F:%) and 5 : K x K — 2% be two set-valued mappings.
Let: K x K — FE and g : K — K be two single valued mappings. If the following conditions are
satisfied:
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(ic) m is generalized vector O-diagonally convex in the second argument;
(iic) 0 is affine in the first variable with 6(x,g(x)) =0, Vz € K;
(iiic) For each y € K, the set-valued mapping

Gy(u,v,w,z) = (N(u,v,w),0(y, g(x))) +n(g(x),y) N Z\(—intC(x))

is upper semicontinuous with compact value;
(ive) C: K — 2% is a set-valued mapping with convex values;

(ve) there exist a nonempty compact subset A of K and a nonempty compact convexr subset B of
K such that for each x € K\A,3y € B such that

(N (u,v,w),0(7, 9(x))) + nlg(x),y) € —intC(z),
Yu € M(z) = (M(2)) (), v € S(@) = (S(2))y(0)sw € T(x) = (T(2)) o(:
then the solution set of GVVLIFE (EO) is a nonempty compact subset of A.

Proof. Let P: K — 2% be a set-valued mapping defined by

P(z)={y € K : (N(u,v,w),0(y,9(2))) +n(g(z),y) € —intC(x),
Yu € M(z) = (M(2)) (), v € S(@) = (S(2))y(0)»w € T(@) = (T(2))yny} V2 € K.

From Lemma B3, we obtain that x ¢ coP(z) for all x € K. To show the remaining of the proof,
one can show step by step based on the proof in Theorem B3. and then the desired results are
obtained. |

4. Conclusion

In this paper two versions of the existence theorems of generalized vector variational-like in-
equalities in fuzzy environment are proved by using two different notions, the first one by using
affineness and the second one by using the notion of vector O-diagonally convexity. Moreover, an
example is established to illustrate the main problem. The results presented in the paper can be
viewed as alternative versions of [[3] by providing a new method of proving the main theorems
and an improvement of corresponding result given in Xiao et al. [BO], Zhao et al. [EH], Ding et al.
[0@, 2, MM], Salahuddin [B2], Lee et al. [EA, B8] and several authors.
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STRONG DIFFERENTIAL SUPERORDINATION AND SANDWICH THEOREM
OBTAINED WITH SOME NEW INTEGRAL OPERATORS

GEORGIA IRINA OROS

ABSTRACT. In this paper we study certain strong differential superordinations, obtained by using a new integral
operator introduced in [13].

Keywords. Analytic function, univalent function, convex function, strong differential superordination, best
dominant, best subordinant.
2000 Mathematical Subject Classification: 30C80, 30C20, 30C45, 34C40.

1. INTRODUCTION AND PRELIMINARIES

The concept of differential subordination was introduced in [2], [3] and developed in [4], by S.S. Miller and
P.T. Mocanu. The concept of differential superordination was introduced in [5], like a dual problem of the
differential superordination by S.S. Miller and P.T. Mocanu. The concept of strong differential subordination
was introduced in [1] by J.A. Antonino and S. Romaguera and developed in [7], [11], [12]. The concept of strong
differential superordination was introduced in [8], like a dual concept of the strong differential subordination
and developed in [9] and [10].

In [11] the author defines the following classes:

Let H(U x U) denote the class of analytic function in U x U,

U={z€C: |2]<1},U={z€C: |2|<1}, U ={2€C: |z| =1}
For a € C and n € N*| let
H¢la,n)={f(2,Q) eH(U x U): f(z,)=a + an({)2"+ ... +ans1 ()" 4 ...}
with z € U, ¢ € U, az(¢) holomorphic functions in U, k > n,
AGy = {f(2,0) € H(U x T) : f(2,0) = 2 + an41(Q)2" ! + ans2(0)z" 2 + ..}
with z € U, ¢ € U, ax(¢) holomorphic functions in U, k > n + 1 so A(; = A(,
HC(U)={f(2,¢)eH[a,n)(Ux U): f(z,¢) univalent in U, for all (€U},
S¢ = {f(z,¢) € A(, f(2,¢) univalent in U, for all { € U},

denote the class of univalent functions in U x U,

/
S*( = {f(zg() € AC: ReM >0, zeU, forallCEU},
f(z,0)
denote the class of normalized starlike functions in U x U,
1
K¢ = {f(z,g) € AC: Re {MH} >0, z€U, foraugeU},

denote the class of normalized convex functions in U x U. -
For r € N, let A(r)¢ denote the subclass of the functions f(z,() € H(U x U) of the form

f(z,0)=2"+ Z ar(Q)2*, reN, z€ U, ¢ €U and set A(1)¢ = AC.
k=r+1
To prove our main results, we need the following definitions and lemmas:
Definition 1.1. [9], [11] Let f(z,¢) and F(z,¢) be member of H(U x U). The function f(z,() is said to be
strongly subordinated to F(z,(), or F(z,() is said to be strongly superordinated to f(z,(), if there exists a

function w analytic in U with w(0) = 0 and |w(z)| < 1, such that f(z,¢) = F(w(z),¢). In such a case we write
f(z,0) =< F(2,0).

If F(2,¢) is univalent then f(z,() << F(z,() if and only if £(0,¢) = F(0,¢) and f(U x U) C F(U x U).

Remark 1.2. If f(z,{) = f(z) and F(z,{) = F(z), then the strong differential subordination or strong
differential superordination becomes the usual notion of differential subordination or differential superordination.

1
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Definition 1.3. [5], [11] We denote by Q)¢ the set of functions ¢(z, ¢) that are analytic and injective as functions
of zon U\ E(q(z,()), where

Bla(.0) = {€ €U+ limalz.0) = oo}

and are such that ¢’'(£,¢) # 0, for £ € OU \ E(q(z,()).
The class of Q. for which ¢(0, () = a, is denoted by Q¢ (a).

We mention that all the derivatives which appear in this paper are considered with respect to variable z.
Let v : C3 x U x U — C and let h(z,¢) be univalent in U, for all ¢ € U. If p(z, () is analytic in U x U and
satisfies the (second-order) strong differential subordination

(1.1) V(p(2,Q), 20/ (2,0), 229" (2,0); 2,() << h(2,(), 2 €U, (€U
then p(z,() is called a solution of the strong differential subordination.

The univalent function ¢(z,¢) is called a dominant of the solutions of the strong differential subordination
or simply a dominant, if p(z, () << ¢(z, ) for all p(z, () satisfying (1.1).

A dominant ¢(z, ) that satisfies g(z,¢{) << ¢(z,() for all dominants ¢(z,¢) of (1.1) is said to be the best
dominant of (1.1). (Note that the best dominant is unique up to a rotation of U).

Let ¢ : C? x U x U — C and let h(z,() be analytic in U x U.

If p(z,¢) and p(p(2,¢), 2p’' (2, C), 22p" (2, (); 2, ¢) are univalent in U, for all ¢ € U and satisfy the (second-order)
strong differential superordination

(1.2) h(z,¢) <= @(0(2,€), 20" (2,€), 2°p" (2, (); 2, ()
then p(z, () is called a solution of the strong differential superordination. An analytic function ¢(z, () is called
a subordinant of the solutions of the differential superordination, or more simply a subordinant, if ¢(z,¢) <<
p(z,¢) for all p(z,() satisfying (1.2). A univalent subordinant ¢(z,¢) that satisfies ¢(z,¢) << ¢(z,() for all
subordinants of (1.2) is said to be the best subordinant. (Note that the best subordinant is unique up to a
rotation of U).

We rewrite the integral operators defined in [13] using the classes we have shown earlier.

Definition 1.4. [13] For f(2,{) € A(y,, n € N*, m € N, v € C, let L, be the integral operator given by
Lyt AC, — AC,

19£(5,0) = £(2,0), ..
m FY+1 ? m—1 —1
7.0 = 5 [ Iy or e

27
By using Definition 1.4, we can prove the following properties for this integral operator:
For f(2,() € A, n € N*, m € N, v € C, we have

m _ S (’Y+ 1)m k TT n
(1.3) LY f(z,C)—z—|—k22n+17(7+k)mak(oz , z€U, (€Uand
(1.4) ALY (2 Q1 = (v + LY (2,0 =LY f(2.0), z€ U, (e U.

Definition 1.5. [13] For p € N, f(z,() € A(p)¢, let H be the integral operator given by H : A(p)¢ — A(p)¢
HOf(2,¢) = f(2,0),...
™ (s, 0) = P / H™f(t,0)dt, 2 €U, ¢ .
0

z

From Definition 1.5 we have

m = 2P 3 7(19—1—1)7”& 2", an
(1.5) H"f(2,() =z +kz R 1(€)z*, and

=p+1
(1.6) AH™ [z Q) = 0+ DH™ f(2,() = H"f(2.0), 2€U, C€U.

We rewrite the following lemmas for the classes seen earlier in this paper. The proofs are similar to those
given for the original lemmas which can be found in [4] and [5]. B
Lemma A. [5, Corollary 6.1] Let h1(z,¢) and ha(z,¢) be convex in U, for all { € U, with h1(0,¢) = h2(0,{) = a.
z

Let a # 0, with Rea > 0, and let the functions q;(z, ) be defined by q;(z,¢) = %/ hi(t,O)t*tdt fori=1,2.
== Jo
/
M is univalent in U, for all { € U, then

p(2,¢)
ha(2¢) << p(z.0) + §<(<C>) << ha(20)

If p(z,Q) € Hla, 1] N Q¢ and p(z, () +

257 GEORGIA IRINA OROS 256-261



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

implies ql(za C) <= p(Z, C) <= q2(zv C)

The functions q1(z,() and g2(z,() are convex and they are respectively the best subordinant and best domi-
nant.
Lemma B. [6, Theorem 2| Let hi(2,¢) and ha(z,¢) be conver in U, for all ¢ € U, with hy(0,¢) = h2(0,{) = a
and 6, € H(D), where D C C is a domain.

Let p(z,¢) € Hla,1] N Q¢ and suppose that 0(p(z,¢)) + zp'(z,()p(p(z,()) is univalent in U, for all ¢ € U.
If the differential equations 0(q;(z,¢)) + 24.(z,{)P(qi(2,()) = hi(z,(), have the univalent solutions q;(z,() that
satisfy qi(0,¢) = a, ¢;(U x U) C D, and 0(q;(2,¢)) << hi(2,¢), fori=1,2, then

hi(z,¢) == 0(p(z, Q) + 20 (2, O)b(p(2, () <= ha(2, ()

implies q1(z,¢) << p(z,¢) << q2(2,¢), z€ U, ¢€U.

The functions q1(z,¢) and g2(z,¢) are the best subordinant and the best dominant respectively.
Lemma C. [6, Corollary 9.2] Let hy(z,¢) and ha(z,¢) be starlike in U, for all ( € U and f(z,() be univalent
in U, for all ( € U, with hy(0,¢) = ha(0,¢) = £(0,¢) = 0.

If hi(z,¢) <= f(z,() << ha(z,Q) then

Th(t,0) 1.0 * ha(t,Q)
/0 : dt<</o / dt<</0 , dt

when the middle integral is univalent.

2. MAIN RESULTS

Theorem 2.1. Let hy(z,() = 2722 and ho(z,¢) = ZZC be convez in U, for all ¢ € U, with hi(0,() =
ho(0,¢) = 0. Let a # 0, with Rea > 0 and let the functions ql(z () = a /z CQ_t totdt = 72+B -01(z,Q),
where o1(z,¢) given by ’

z tafl
(2.1) o1(z,¢) = g tdt
and q2(z,¢) = % /OZ f—fttta_ldt =-2(+ Q;Lfag(z,g), where o2(z,() given by

z tafl
(2.2) o9(z,¢) = /0 T tdt.
If [I/Tf(;:# € H0,1] N Q¢ and [L?fi:_(l)] ! + [zgﬁzi(gﬁ)}_ —n + 1 is univalent in U, for all
¢eU, then

2z (LY f(zQ =1 2L7f(z,Q)" 22¢
2 7Y (XS S N
implies
(L2407 -1 2a¢

_2_|_2;L(501(Z7C) <= <= —2C+ZTU2(27<)7

Zn—l

where o1(z,() is given by (2.1) and o2(z,() is given by (2.2).
The functions q1(z,¢) and q2(z,¢) are convex and they are respectively the best subordinant and the best
dominant.

Proof. We let
(2.4) p(z,¢) =

Using (1.3) in (2.4), we have

1)m
1+ Z +1)™ arp(QkzF"1 -1

(L7 f(z Q] -1

anl

,2€U, CeU.

k=nt1 7+k) o~ (ypm k—n
p(2, () = -1 = kzn;_l Wak(ok’z .

Since p(0, ) = 0, we obtain p(z,() € H[0,1]¢ N Q.
Differentiating (2.4) and after a short calculus we obtain
2p'(2,¢) LR f(z0) =1 2[L7f(2,0)]"

(25) p(Z,C) + p(z7<-) = an—1 + [L:’Ynf<z,c)]/ —1 ol
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Using (2.5) in (2.3), we obtain

2 / 2 _
(2.6) C—Zz <= p(z,¢) + Zﬁ(,(:’gg) <=7 iCZ, zeU, ¢eU.
Using Lemma A, we have
-2+ 2;%(01(40 <= W <= =20+ Q;%Coz(z@

where o1(z, () is given by (2.1) and o2(z,() is given by (2.2).
The functions
2a( 2a

ql(z7C) =-2+ zTUl(ng) and q2(27C) = 724. + ZTUQ(ZaC)
are convex and they are respectively the best subordinant and the best dominant. O

Example 2.2. Let a =2, v=2,m=1,n=2, f(2,{) = 2+ Y pegar({)z",

30 = o / t+ Zak@)t’“] =2+ S (O,
k=3 k=3

ST S el G LI Y

z k+2 =
2 (% 2t A 2¢? 4¢ 9
== —tdt = — —2t -2 dt =—2— —=—4¢"In(¢ —
a0 =5 [ Zra=2 [ (r-2e ) S 4 2),
2 7 2(t? A 2¢ 4 4¢
=— ——dt = — —20t -2+ —— |dt=-2( — = — —In(1 — 2).
w0 =5 [ 2= [ (a-ace 2 o= 20— % - K- o)
Hence from the sharp form of Theorem 2.1 we obtain the following result.
- gkl — 1)
2z 3 — _ - 22
<< —— (Qkzh—2 4 =3 —1
C—=z ki-i-QZak(OZ * = 3 k—2 RN
k=3 ap(Q)kz""
k42

implies

9 % — 4 In(¢ — 2) << k:—?—QI;ak(Okaz << —2¢ - 4—5 - i—cln(l —2), z€U, (eU.

Theorem 2.3. Let hi(2,¢) and hy(z,¢) be conver for all ( € U, with h1(0,¢() = h2(0,{) = a = r — 1. Let

W — 1' € 7—[[7'—‘ 1,11 N Q¢ and suppose that W + 1 is univalent in U, for all ¢ € U.
If the differential equations

have the univalent solutions q;(z,¢) that satisfy ¢;(0,¢) = r — 1, ¢(U x U) C D, and 0(qi(z,¢)) << hi(2,¢),
fori=1,2, then

(2.8) hi(z,¢) << W +1 << ha(z,0),
implies
q(z,¢) <= W —1=<=<q(z,0), z€U, ¢eU.

The functions q1(z,¢) and g2(z,¢) are the best subordinant and the best dominant respectively.

Proof. We let
(2.9) p(z,¢) =

Using (1.5) in (2.9) we obtain

2Z[H™ (2, Q)

7 (2,0) -1, 2z€eU, CeU.

1 = (™ ko1
A, k
T k;r1 (r+k)m a(Oks

p(z,¢) = =
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Since p(0,¢) =r — 1, we have p(z,¢) € H[r — 1,1]¢ N Q.
Differentiating (2.9), and after a short calculus, we obtain

zp'(2,¢) z[H™ f(2,Q)]"

(2.10) R Yo S RN T T
Using (2.10) in (2.8), we have
ZP/(Zao TT
(211) h1(2’7<) << p(Z,C) +1+ m << hQ(Z,C), z € U, C cU.

In order to prove the theorem, we shall use Lemma B. For that, we show that the necessary conditions are
satisfied. Let the functions § : C — C and ¢ : C — C, with

(2.12) f(w) =w+ 1, and

(2.13) plu) = ——, @(w) £0.

We check the conditions from the hypothesis of Lemma B.
Using (2.12), we have

(2.14) 0(p(2,¢)) = p(z,¢) +1

and

(215) 9(q1(2’7<)) :(I1<27<)+17 0(Q2(27C)) :q2(27<)+1'
Using (2.13), we have

(2.16) ¢(p(2,0))

(2.17) pla1(z,0) =

Using (2.14) and (2.16), we have

Q1(Z7C) + I

(2.18) 0(p(z, Q) + 20 (2, Q) (p(2,C)) = p(2,¢) + 1+ m’

2q1(z,€)
Q1(Z7 C) +1

2q3(2, C)
q@2(z,¢)+1°

hi(z,¢) = qi(2,¢) +1+ and

h2(z7 C) = QQ(Zv C) +1+
Using (2.10) and (2.12), (2.8) becomes

2q1(z,¢)
q1 (Za C) + 1

2q3(z,¢)
QQ(Za C) + 17
2[H™f(2, Q)

H™f(z,()

zp' (2, ()

(219) @(z.0)+1+ p(z,Q)+1

<=<p(z,)+1+ <= q2(2,¢) + 1+ zeU, CeU.

We can apply Lemma B and we obtain ¢1(z, () << p(z,() << ga2(2,(), i.e., q1(2,() << -1=<=<

q2(2,¢), z€ U, ¢CeU.
The functions ¢;(z,{) and ¢a(z, () are the best subordinant and the best dominant respectively.

Theorem 2.4. Letm € N, r €N, v € C, hy(z,() = — . and hs(z,¢) = % be starlike in U, for all ¢ € U,
with h1(0,¢) = h2(0,¢) =0, f(z,¢) € A(r)C with f(0,() =0 and z[H f(2,()]'H f(2,() be univalent in U for

allC€T.

If
¢z m I rm <
(2.20) 5 SR 5 OV HY (0 0) <<
then
m 2
(221) CIHCEZ'<'< [H'y f;27C)] -<-<11’1<+Z

[H f (2, Q)1

when the function is univalent in U, for all { € U.
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Proof. In order to prove the theorem, we shall use Lemma C. We let

(2.22) 9(2,Q) = 2[H f(, OV HY f(2,(), z€ U, (€U
and (2.21) becomes

(2.23) CC%Z <= g(z,¢) <=
Cz

where hy(z,() = 2 ha(z,¢) = C—T—Z are starlike and g(z,t) given by (2.22) is univalent in U, for all ¢ € U.

y4
C+2’

Using Lemma C, we have

? C /Z m li m /Z 1
——dt << H t,O)'H t,()dt << —dt
| == [ reormyseon << [ =
and after a short calculus we obtain
Hm™ 2
S 0]
(—z 2

C+ =z

<=<1In

,2z€eU CeUl. O
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Weighted composition operators from
Zygmund-type spaces to weighted-type spaces
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Abstract. In this paper, we investigate the boundedness and compactness of weight-
ed composition operators from Zygmund-type spaces to weighted-type spaces and little
weighted-type spaces in the unit ball of C™.

MSC 2000: 47B35, 30HOS
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space.

1 Introduction

A positive continuous function y on [0, 1) is called normal if there exist positive num-
bers a and b, 0 < a < b, and 6 € [0, 1) such that (see [13])

p(r) p(r)

m is decreasing on [d,1) and }LHll a—rp¢ =0;
ur is increasing on [9,1) and lim u(r) =
(1—r) ) r—=1 (1 —r)b
B \B
For example, (r) = (1= r2)7(log £33 ) with a € (0,00) and # € [0,00) is

normal.

Let B be the unit ball of C™ and H(B) the space of all holomorphic functions
on B. Let A(B) denote the ball algebra consisting of all functions in H(B) that are
continuous up to the boundary of B. Let 2 = (z1,...,2,) and w = (wy, ..., w,) be
points in C”, we write

<z7w>:zlw71++znw7na |Z|:\/|21|2++‘Z’ﬂ|2

Let o be normal on [0, 1). The weighted-type space, denoted by H2° = H°(B),
is the space of all f € H(B) such that (see, e.g., [15, 16]).

[l zge = sup p(|2]) | f(2)| < oo.
z€EB

HZ° is a Banach space with the norm || - || g . The little weighted-type space, denote
by H %, is the subspace of H;° consisting of those f € H;° such that

lim p(]2])lf(2)] = 0.

|z|—1
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When p(r) = (1—r2)*, H;* and Hy5, will be denoted by H3° and HS, respectively.

Let H> = H(B) denote the space of all bounded holomorphic functions on 5.
For f € H(B), let Rf denote the radial derivative of f, that is

We write R? f = R(Rf).
The Zygmund space, denote by 2 = Z(B), is the space consisting of all f €
H(B) such that
sup(1 — [2[*)[R* £ (2)] < oc.
zEB
It is well known that f € 2 if and only if f € A(B) and there exists a constant C' > 0
such that

(¢ +h)+ f(C—=h) =2f(O)] < Ch,

forall ( € 0B and ( = h € 0B (see [19, p. 261]).
Let w be normal on [0,1). An f € H(B) is said to belong to the Zygmund-type
space, denoted by 2, = Z,(B), if (see [10, 11, 17])

1fll 2 = [F(O)] + ilelgw(IZD [R2f(2)] < oo

It is easy to check that Z, is a Banach space under the norm ||- || . See [2, 3,7, 8, 12]
for more details on the Zygmund space in the unit disk.

Let ¢ be a holomorphic self-map of B and u € H (). The weighted composition
operator, denoted by uC',, is defined by

(uCof)(2) = u(2)f(#(2)), feH(B), z€B.

When u = 1, the operator uC, is just the composition operator, denoted by C',. For
more information about the theory of composition operator, see [1] and the references
therein.

In the setting of 5, Stevi¢ studied weighted composition operators between H>°
and mixed norm spaces in [14]. In [9], Li and Stevi¢ studied weighted composition
operators between H>° and a-Bloch spaces. In [5], Gu studied weighted composition
operators from generalized weighted Bergman spaces to H;°. In [20], Zhu studied
weighted composition operators from F'(p, ¢, s) spaces to H7°. In [16], the operator
norm of the weighted composition operator from the Bloch space to H 7 was studied.
In [15], the essential norm of weighted composition operators from a-Bloch spaces to
H° was studied. In [18], Yang studied weighted composition operators from Bloch
type spaces with normal weight to H;°

In this paper, we study the boundedness and compactness of uCl, : 2, — H;° and
uCy :+ 2, — H[%). Some necessary and sufficient conditions for uCl, to be bounded
or compact are provided.

Throughout this paper C' will denote constants, they are positive and may differ
from one occurrence to the other. a < b means that there is a positive constant C' such
that a < Cb. If both a < b and b < a hold, then one says that a = b.
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2 Main results and proofs

In order to prove our main results, we need some auxiliary results which are incorpo-
rated in the following lemmas. The following lemma can be found in [17].

Lemma 1. Assume that w is normal on [0,1). If f € 2, then

|ﬂMsc@+AMfJ@ﬁ)m%

<o [T ES )i

or

for some C' independent of f.

Lemma 2. [20] Assume that ju is normal on [0, 1). A closed set K in H%, is compact
if and only if it is bounded and satisfies

lim. sup pu(|2|)|F(2)] = 0.
lz|=1 ek

By standard arguments similar to those outlined in Proposition 3.11 of [1], the
following lemma follows. We omit the details.

Lemma 3. Assume that w and p are normal on [0,1), uw € H(B) and ¢ is a holomor-
phic self-map of B. ThenuCy, : 2, — H° is compact if and only if uCy, = Z;, — H°
is bounded and for any bounded sequence (fi)ren in %, which converges to zero uni-
formly on compact subsets of B as k — 0o, we have \|uC¢fk|\Hﬁo — 0ask — oco.

Lemma 4. [17] Assume that w is normal and fol ﬁdt < 0. Then for every bounded

sequence (fr)ren C 2., converging to 0 uniformly on compact subsets of B, we have
that
lim sup |fx(2)] = 0.

k—o ,cB

Lemma 5. [6] Assume that w is normal. Then exists a function g is holomorphic on
the unit disk D, g(r) is increasing on [0, 1) and

0<Cr= inf w(r)glr)< sup w(r)g(r) < Cy < 0.
r€l0,1) ref0,1)

Now we are in a position to state and prove our main results is this paper.

Theorem 1. Assume that i and w are normal on [0, 1), w € H(B) and ¢ is a holomor-
phic self-map of B. Then uCy, : Z,, — H° is bounded if and only if

[p(2)] lo(2)| — ¢
supDlu(a) (14 [ EEL ) < o, 0
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Moreover, when uCy, : Z,, — Hﬁo is bounded, then

le(2)] _
el ty), o

o€l = supnafuca) (1+ [ EEL

Proof. Assume that uCy, : 2, — H° is bounded. Taking f(2) =1 € 2, we get
u € HjF and
[ullgge = luCyp (V) lge < uCopll 2, — e 3)

Let b € BB. Define

(z,0)
fo(z) = / / g(t)dtdn, z€ B, 4)
0 0

where g is defined in Lemma 5. It is easy to check that there is a positive constant C
such that sup,c || fo|| 2, < C and hence f;, € Z,,. Therefore, for every w € B,

sup (1) Foy (@) = sup (2] (W foo) )

Hucsafgo(w)HH“i" < C||UCLP||2”W—>H;;°~ Q)]

By Lemma 5 we get

I | ()2 — ¢
sup u(|w|)|u(w)|/ W=t 4 < CluCyllsy sz <00, (6)
weB 0 w(t)

After a calculation, we get

PO fp(w)]? ~ 1 / PO p(w)| ~t
- dt= . 7
/o () ! (1) @

From (6), (7) and the fact that uw € H>°, we see that (1) holds.
Conversely, suppose that (1) holds. For any f € 2, by Lemma 1 we have

[uCoy [ g iggu(lZ\)Kquf)(Z)l

= sup u(|z)[f (e (2))[[u(2)]
zeB

le(2)] lo(2)] —t

< Olflle iggu(lZl)U(Z)l(1+/0 o (1)

dt>. (8)
Therefore (1) implies that uC, : 2, — H;° is bounded. Moreover

le(2)] —
Oty

o ©

o€l < Csupa(alutl(1+ [
z€B 0

From (3), (6), (7) and (9), (2) follows. [l
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Theorem 2. Assume that pw and w are normal on [0,1), w € H(B) and ¢ is a holomor-
phic self-map of B. Iffo i(té dt < oo, then uCy = 2, — H° is compact if and only
ifue H.

Proof. Assume that uCy, : Z, — H° is compact. Then it is clear that uC,,
2, — H;? is bounded. Taking f(2) =1, we see thatu € H°.

Conversely, suppose that u € H;°. Since fo o tg dt < oo, then

supu (IzD)|u(z |/ #l2) dt<sup,u(| D|u(z |/ —dt<oo (10)
For every f € Z,, from (10) we obtain

p(lzD[(uCy £)(2)] pu(lzD1f (e (2))u(z)]

9 [ ()] —
C||f|2’;§lelgu(|z|)|u(z)<1+ /0 szlt)tdt>

< Clflzllellag < oo, (11

IN

which implies that uCy, : 2, — H7° is bounded. Let (fx)ren be any bounded
sequence in 2, and fi — O uniformly on compact subsets of B as k — oo. By
Lemma 4 we obtain

o ([uCo fillmge = Timsup u(|z])|fi(p(2))u(z)]
—00 k—00 »cB

[ull = Jimsup [ fi(p(2))] = 0.
—0 2B

IN

By Lemma 3, we see that uCy, : 2, — H° is compact. [

Theorem 3. Assume that p and w are normal on [0,1), uw € H(B), ¢ is a holomorphic
self-map of B. Assume that fol ﬁdt = o00. ThenuCy : 2, — H° is compact if and
only ifuCy, : Z, — Hp° is bounded and

e (o) —
lim  p(]2])u(z )|(1+/0 “’“'tdt) 0. (12)

lo(z)|—1 w(t)

Proof. Assume that uCy, : 2, — H° is compact. To prove (12), we only need to
prove that

2l —t
lim pu(|2))u(z I/ '“’ - ‘ dt = 0, (13)
lp(2)|—1

since they are equivalent. Let (zx)ren be a sequence in B such that |¢(zx)] — 1 as
k — oo (if such a sequence does not exist then condition (12) is vacuously satisfied).
For k € N, we define

= (/Osa(zwlz /Ong(t)dtdn>_1(/0<z,¢(2k)> /Ong(t)dtdn)2.
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It is easy to see that fi, € Z, forevery k € N, sup,c || fxl|2, < C and fj, converges
to 0 uniformly on compact subsets of B as £ — oo. By the assumption and Lemma 3
we see that limy,_, oo ||uC’4,kaHso = 0. Thus

le(ze)|? | 2

. (P(Zk)‘ t

1 1p(zk)|” —t
Jim M(|Zk|)|u(zk)|/0 w(t) at

dim gz Dl (o2
lim_sup pu(2])|(uCp i) (2)] = Jim [[uClofilige =0,

k—o0 B

IN

which implies

lo(zk)] | _
. plzr)| =t
Jm w2 ]) lulzr)| /0 Wdt =0.

From this we obtain (12).

Conversely, suppose that uC, : 2, — H° is bounded and (12) holds. Suppose
that (fx)ken is a sequence in Z, such that sup,cy || frll2, < @ and fr — O uni-
formly on compact subsets of 5 as k — oco. By Lemma 3 we only need to show that

limkaoo ||uC¢fk||Hso =0.
From (12), for every € > 0, there is a constant s € (0, 1), such that

e ()] —
u(IZI)IU(Z)I<1+ / %w) .

when s < |p(z)| < 1. By Lemma 1,
1uCo fill e = sup (2D (uCe fi) (2)]

= ilelgu(IZI)\u(Z)lIfk(sD(Z))l

< ‘ ?u)r‘L N(|Z\)|U(2)||fk(@(z))\+C‘ ?u)% n(lz])|u(2)]
lp(2)] |<p(z)| ¢
(14 [ =
<

[l e o [fe(p(2))] + CQe.

e(z)|<s

Since f; — 0 uniformly on compact subsets of B as k — oo, we obtain

limsup sup |fx(p(2))] = 0.
koo [p(z)|<n

Hence limsupy,_, . [[uCy fi||mze < CQe. By the arbitrary of € we obtain that

i [[uCl fill

Hence uC, : Z, — H? is compact by Lemma 3. [
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Theorem 4. Assume that pw and w are normal on [0,1), w € H(B) and ¢ is a holomor-
phic self-map of B. Then uCy, : &, — H, is compact if and only if

e p(2)] —
Jim ,u(|z|)|u(z)|(1+/0 Wdt) 0. (14)

|z =1 w(t)

Proof. Assume that uCy, : 2, — HpS, is compact. Taking f(z) = 1 and using the

boundedness of uCy, : Z, — H ﬁf’o, we get

Jim p(l2)lu(2)] = 0. (15)

When [} Zetdt < oo, then (14) follows by (15).
Now we consider the case fol ﬁdt = oo. From the assumption, it is obvious that

uCly + Z, — H° is compact. By Theorem 2, we get

e ()] —
Jim M(|z)|u(z)|(1+/o “’“'tdt):o. (16)

lp(2)|—1 w(t)
By (16), for every £ > 0, there exists an € (0, 1), such that

e ()] —
u(IZI)IU(Z)<1+ / %dt) .

when 1 < |¢(z)] < 1. By (15), for the above ¢, there is a s € (0, 1), such that

wll2Dlu(z)] < (1+/On Z(—t)tdt) o

when s < |z| < 1.
Hence, if s < |z| < 1 and 1 < |p(z)| < 1, we obtain

e ()] —
,u(|z|)|u(z)|(1+/0 %dt) <e. (17)

If s < |z| < Land |p(2)] < n, we get

p(12) ()| (1 + [ - '“”fz't)tdt) < (1 - ! Mdt>u(ZI)IU(Z)I <ca)

From (17) and (18), we see that (14) holds.

Conversely, assume that (14) holds. To prove that uCy, : 2, — H, is compact,
by Lemma 2 we only need to prove that

lim *sup p(|2])[(uCy f)(2)] = 0. (19)

12=1 | £l 2, <1

Applying Lemma 1, we obtain

C <C 1 . e =t 20

n(|2)|(uCo f)(2)] < Cullz)|u(z)[ 1+ ; o [flz- (0

Taking the supremum in (20) over the the unit ball in the space Z,,, then letting |z| — 1
and applying (14) we get the desired result. [
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Positive solutions for a singular semipositone boundary value
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Abstract: In this paper, we consider the existence of positive solutions to a singular semi-
positone boundary value problem of nonlinear fractional differential equations. By using
Krasnoselskii’s fixed point theorem, some sufficient conditions for the existence of positive
solutions and the eigenvalue intervals on which there exists a positive solution are obtained.
In addition, two examples are presented to demonstrate the application of our main results.
Keywords: Fractional differential equation, Singular semipositone boundary value problem,
Positive solution, fixed point theorem, Eigenvalue.
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1 Introduction

In this paper, we discuss the following singular semipositone boundary value problem (BVP for short):

Dg u(t) = Af (t,u(t),v(t)), 0<t<1,
DS yo(t) = g (6, ult) o() 0<t<t, (L1)
u(0) = u(l) = /(0) =/ (1) = v(0) = v(1) =2'(0) =2'(1) =0,

where 3 < o < 4 is a real number, D, is the standard Riemann-Liouville fractional derivative, A, are
positive parameters, and f, g : (0,1) x [0,400) x [0,+00) — (—00,+00) are given continuous functions.
f,g may be singular at ¢ = 0 and/or ¢ = 1 and may take negative values. By using Krasnoselskii’s
fixed point theorem, some sufficient conditions for the existence of positive solutions and the eigenvalue
intervals on which there exists a positive solution are established.

Singular boundary value problems arise from many fields in physics, biology, chemistry and economics,
and play a very important role in both theoretical development and application. Recently, some work
has been done to study the existence of solutions or positive solutions of nonlinear singular semipositone
boundary value problems by the use of techniques of nonlinear analysis such as Leray-Schauder theory,
fixed point index theorem, etc[1, 3, 4, 8, 10, 11].

In [8], Wang, Liu and Wu have discussed the existence of positive solutions of the following nonlinear
fractional differential equation boundary value problem with changing sign nonlinearity:

{ Dg u(t) + Nf (t,u(t)) =0, 0<t<l,
u(0) =/ (0) = u(1) =0,

where 2 < o < 3 is a real number, D, is the standard Riemann-Liouville fractional derivative, A is a
positive parameter, f may change sign and may be singular at ¢ = 0 and/or ¢ = 1 and may take negative
values.

In [6], Henderson and Luca have considered the existence of positive solutions for the system of
nonlinear fractional differential equations:

{ D u(t) + Af(t,u(t),v(t)) =0, te(0,1),
DY o(t) + pg (tu(t),v(t)) =0, te(0,1),

*Supported by NNSF of China (11371368) and HEBNSF of China (A2014506016).
fCorresponding author. E-mail address: fhanying@126.com (H. Feng).
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with the coupled integral boundary conditions

{ w(0) = W' (0) = - =u2(0) =0, u(1)= f91u(s)dH(s),
v(0) =0 (0)="---= v(”_2)(0) =0, J'(1)= 0 u(s)dK (s),

where a € (n—1,n],8 € (m—1,m],n,m € N,n,m > 3, Dg_, Dg+ denote the standard Riemann-Liouville
fractional derivatives, f,g are sign-changing continuous functions and may be nonsingular or singular at
t=0and/ort=1.

Motivated by the above work, we consider the existence of positive solutions for the system of fractional
order singular semipositone BVP (1.1).

This paper is organized as follows. In Section 2, we present some basic definitions and properties from
the fractional calculus theory. In Section 3, based on the Krasnoselskii’s fixed point theorem, we prove
existence theorems of the positive solutions for boundary value problem (1.1). In section 4, two examples
are presented to illustrate the main results.

2 Preliminaries

In this section, we present here the necessary definitions and properties from fractional calculus theory.
These definitions and properties can be found in the recent literature [2, 5, 7, 9, 10, 12].

Definition 2.1. The Riemann-Liouville fractional integral of order & > 0 of a function f : (0, +00) —
R is given by

18, f(t) = FL)/O (t— )2 f(s)ds, >0,

(a
provided the right-hand side is pointwise defined on (0, +00).
Definition 2.2. The Riemann-Liouville fractional derivative of order a > 0 for a function f :
(0, +00) — R is given by

DS, f(t) = (i)n (o f) (1) = ﬁ (i)n/ot U_J;)(mds, t>0,

where n = [a] + 1, [a] denotes the integer part of the number «, provided that the right-hand side is
pointwise defined on (0, +c0).
Lemma 2.1. Let a > 0. If we assume v € C(0,1) N L(0, 1), then the fractional differential equation
Dg,u(t) =0

has solutions u(t) = C1t*~ L + Cot* 2 + - + Cpt* ™™, C; €R,i =1,2,- - - n, n = [a] + 1.
Lemma 2.2. Assume that uw € C(0,1) N L(0,1) with a fractional derivative of order a(ax > 0) that
belongs to C'(0,1) N L(0,1), then
I§ D u(t) = ut) + Crt* ' + Cot* 2 + -+ - 4 Cpt® ™",

for some C; e R,i =1,2,---,n, n=[a] + 1.
In the following, we present Green’s function of the fractional differential equation boundary value

roblem.
v Lemma 2.3. ([9]) Let y € C'(0,1) N L(0,1) and 3 < a < 4, the unique solution of problem
Dg u(t) = y(t), 0<t<l,

{ u(0) u(l)y: W'(0) = /(1) = 0, (21)
u(t) = /o G(t, s)y(s)ds,

where

R R
G(t,s) = ta=2(1 — g)a~2 [(51:(;))_"(0‘_2)(1_05]’ i<y (2.2)
2
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Here G(t, s) is called the Green’s function of BVP (2.1).
Lemma 2.4. ([9, 10]) The function G(t, s) defined by (2.2) possesses the following properties:
(1)G(t,s) >0, for t,s € (0,1);
(2)G(t,s) =G(1 —s,1—1), for t,s € (0,1);
(3)t*~ 2(1 - t)2q(s) < G(t,s) < (a—1)g(s), for t,s € (0,
(Dt*2(1 = 1)%q(s) < G(t,s) < (@ = (= 2)/T(e))t
where q(s) = ((a — 2)/T'(a)) s?(1 — 5)*~2.
Lemma 2.5. The function ¢(1 — t) has the property:
- 2 4o —2)21
tgég}f) al )=a (a)  D(a)a>
Proof. From Lemma 2.4, we can easily get ¢(1 —1t) = F(O?) t*=2(1—t)2. Let F(t) = t*2(1 —t)?, then

a—2
F'(t) = (1= t)t* 3 [—at + (o — 2)], for t € (0,1). Let F'(t) =0, we get to = —

1);
“=2(1 — t)?, for t,s € (0,1),

a—2
Since 3 < a < 4, we can know 0 < ¢y < 1. So, the function F'(¢) achieve the maximum when t = ——.

«

-2 4o — 2)*2 2 4o — 2)> 1

Therefore max F(t) =F @ = (a ) , thus, max ¢(1—t)=¢q (=) = M_
te(0,1) Q@ o te(0,1) Q Ia)a

Lemma 2.6. Let p; € C(0,1) N L(0,1) with p;(t) > 0,7 = 1,2, then the boundary value problem

Dy u( ) i(t)a O<t<17
{ u(%Jg = u(l)p: ' (0) = /(1) =0, (2.3)

has a unique solution w;(t) = fol G(t, s)pi(s)ds with
1
w;(t) < (a—1)g(1 — t)/ pi(s)ds,t € [0,1], i=1,2. (2.4)
0

Proof. By Lemma 2,3 and Lemma 2.4, we have w; (¢ fo (t, s)pi(s)ds is the unique solution of
(2.3) and

G(t, s)pi(s)ds < (o — 1)g(1 — t)/ pi(s)ds, i=1,2.
0 0

The proof is completed.
For any z € C[0, 1], we define a function [z(-)]* : [0,1] — [0, 4+00) by

* l‘(t), x(t) Z 07
()" = { 0, z(t) < 0.

In order to overcome the difficulty associated with semipositone, we consider the following approxi-
mately singular nonlinear differential system:

Dg, u(t) = A F (£ [u(t) = Xy (O], [o(t) — pu(8)]) +p1<t>]] 0<t<1,
DELo(t) = 1 [g (0 [u(t) — M (O o) — (]} + palt)] | O <1< 1, (2.5)
u(0) = u(1) = #/(0) = w'(3) = 0(0) = v(1) = (0) = /(1) = 0.

where w;(t)(¢ = 1,2) are defined in Lemma 2.6.
It is well-known that the problem (2.5) can be written equivalently as the following nonlinear system
of integral equations

_ A/ G(t,5) [ (5 [u(s) — N (5)]"  [o(s) — pua(s)]") +pr(5)] ds,0 < £ < 1,
(2.6)
= ,u/ G(t,s) [g (s, [u(s) = Awi(s)]", [v(s) — pws(s)]") + p2(t)] ds,0 < t < 1.
We consider the Banach space X = C[0, 1] with the norm |ju|| = max |u(t)|, and the Banach space
Y = X x X with the norm ||(u,v)|| = max {||u|, ||v||}
We define the cone P C Y by
1t 2 (1 —t)? et 2(1 —t)?
P ={ () e viu) = 0y o > 20 ) e o)
a—1 a—1
3
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For A\, u > 0, we define the operators 77,75 : Y — X and T : Y — Y as follows:

Ty (u,v)(t) = )\/O G(t,s) [f (s, [u(s) — Awy(s)]", [v(s) — uwg(s)]*) erl(t)] ds,0<t <1,
1
T o)) = 1 [ G.9) [ ()~ Mar(6)] [o(5) = o)) + pa(t)] ds,0 < £ < 1,

and T'(u,v) = (Th (u,v), Ta(u,v)), (u,v) € Y. Thus, the solutions of our problem (2.5) are the fixed points
of the operator T.

Lemma 2.7. ([5]) Let E be a Banach space, and let P C E be a cone in E. Assume €, Qs be two
open subsets of £ with 6 € Q; € Q; C Q, and let T : P — P be a completely continuous operator such
that either

@) |Tw|| < |lw||,w e PN, ||Tw| > ||w|,w e PN, or

(@) || Tw|| > ||Jw|,w € PNOQ, [|[Tw|| < |w||,w € PNOQ,y
holds. Then T has a fixed point in P N Qy\;.

3 Main results and proof

For convenience, throughout the rest of the paper, we make the following assumptions:
(Hy) f,9€C((0,1) x [0,+00) X [0, +00), (—00, +0)) and there exist functions p;,a;, k € L((0,1),]0,
+00))NC((0,1),]0,+00)) and h € C ([0, 4+00) x [0,400), [0, +00)) such that

(t)h(z,y),

ar(t)h(z,y) < f(t,z,y) +p1(t) < k
k(t)h(z,y),

<
a2(t)h(£€,y> < g<t?z7y) —|—p2(t) <

where a;(t) > ¢;k(t) a.e. t € (0,1),0 < ¢; <1,0=1,2,¥(¢,z,y) € (0,1) x [0, 400) x [0, +00).
(Hg) There exists (a,b) C [0, 1] such that

t
lim min ftzy) = 400, or
T—+00 t€la,b] x
t
lim min 9(t,z,9) = +o0.
T—+400 t€la,b] T

(Hs) There exists (¢, d) C [0, 1] such that

—1)2%(cy —
lim min f(¢t, z,y) > 2(a = (e 3)“ ,
T—+00 te(e,d) 0102(1 — d)zF(a) fc q(s)ds

2 — 1% (v — 2
lim min g(¢,z,y) > lo- Dle d)TZ )
T—+00 te(e,d) 0202(1 — d)QF(a) fc Q(S)ds

where 71 = fol p1(s)ds,ro = fol pa(s)ds, and

lim h(z,y)

z,y——+00 x

=0.

Lemma 3.1. T : P — P is a completely continuous operator.
Proof. Let (u,v) € P be an arbitrary element. From Lemma 2.4 and (Hy), we can get

I3 0)] = g 73, 0) 1)
< [ o= 1) [F (5. fuls) = ds ()] [o(s) = pea(o)]) + ()] i

<(a—1) / a(s)k(s)h ([u(s) — Mon ()], [o(s) — puwn(s)]") d,
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1750, = a7, 0)(0)
SA(a—Dd$b@ﬁwﬁ—MMSWJM$—Mw@W7+m@ﬂ®
1
<ta=1) [ als)(s)h (fa(s) — dar (9] [o(s) = pual)]") s,
0

Hence, we obtain

1T (u, v) || < (a = 1)/0 q(s) [k(s)h ([u(s) —wi ()], [v(s) — wa(s)]")] ds. 3.1)

By (H;) and (3.1), we have
1
T (u, v) () 2t 72(1 — t)Q/O a(s) [f (s, [u(s) = Mwi(s)]", [v(s) — pwa(s)]") +pa(t)] ds

>t (1 - t)2/0 q(s)ar(s)h ([u(s) = dwi(s)]", [u(s) — pwa(s)]") ds

>ert® (1 - t)z/ q(s)k(s)h ([u(s) — Mwi(s)]", [v(s) — pawa(s)]") ds
0

1t (1 —t)?

>
- -1

1T (u, v)]] -

et 2(1 —t)?
T )].

In the similar manner, we deduce T5(u, v)(t) >
Thus T'(u,v) € P, that is T(P) C P.
According to the Arzela-Ascoli theorem, we can easily get that T : P — P is a completely continuous

operator. The proof is completed.

Theorem 3.1. If (H;) and (Hz) hold, then there exists 7 > 0 such that the BVP (1.1) has at least

one positive solution for any A, u € (0,7).

Proof. Choose Ry = max {w,z =1, 2}. Let

;')
) I'(a)a®Ry
n=min«< 1, I
(o —1)(a —2)2 h*(Ry) [, k(s)ds
where .
PRy = max h(@y). (3.2)

Suppose A, 1 € (0,m), let Pg, = {(u,v) € P,||(u,v)|| < R1}, for any (u,v) € OPg,, that is ||(u, v)| =
R;. Noticing that

et 2(1 —t)? 1t 2(1 —t)?

> —
u(t) == ||(w )| = - Ri, t€[0,1]
et 2(1 —t)? et 2 (1 —t)?
>= = U —
o(t) 2 (wv) | = PRy, te[0.1],

and

for any t € [0,1], we get that

0< [Clr(o‘)Rl —(a— 1)r1] q(1—1t) <u(t) — Mwi(t) < Ry,
(a—1)(a—2) (3.3)
0< {m —(a- 1)7»2] a1 — 1) < olt) — puon(t) < Ry
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Then from (H;) and Lemma 2.5, we have
T (u,v)(t) =/\/0 G(t,5) [f (s,u(s) = Awi(s), v(s) — pwa(s)) + pi(s)] ds
1
<AMa—1)g(1 - t)/o kE(s)h (u(s) — Awi(s),v(s) — pwa(s))ds

S/\(a—l)q(l—t)h*(Rl)/O k(s)ds

4IMa —1)(a —2)*"1h*(Ry) [*
< T(a)a /o k(s)ds

<R;.

In the similar manner, we deduce

T, v)(t) = / G(t,5) g (s, uls) — Awi (s), v(s) — pwa(s)) + pa(s)] ds
<pla— 1)g(1 ~ 1) / k() (u(s) — M (s), o(s) — pun(s)) ds

1
gu(a—l)q(l—t)h*(Rl)/o k(s)ds

dp(a —1)(a = 2)*Th*(Ry) [
< T(a)as /0 k(s)ds
<R;.

Thus
1T (u, v)|| < [[(u,v)]|,¥(u,v) € OPp,.

On the other hand, choose a constant L > 0 such that
6

> . 3.4
cihat(1 —b)4 f; q(s)ds (34)

By (Hz), there exists a constant N > 0 such that for any ¢ € [a,b],z > N, we have
ey o (3.5)

T
Select

6N
R2 > max {2.R17 Cla2(1—b)2} .

Then for any (u,v) € OPg,, we have u(t) — Awy(t) > 0,v(t) — pwa(t) > 0,t € [0,1]. Moreover, by
Ry > 2R, we have

(@ Do-2r1 _ ek
() 2(a—1)’
thus for any ¢ € [a,b], noticing 2 < a — 1 < 3,

et (1 — t)QR (a—1)(a—2)

U(t) — Awy (t) > 5 — ta—Q(l _ t)27"1

a—1 I'(«)
>(0=2(1 — ¢)?2 [(2{321) (a- 1%((3) 2)7"1}
a2 9| c1Rs c1 Ry
Za® {1 -b) [<a_1) - 2<a—1>]

ao"2(1 — b)QClRQ

2(a—1)
Za2(1 —2)261}32-
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noticing Ry > %, we have

c1a

a2(1 — b)261R2

u(t) — dwy(t) > 5

> N.
Hence from (3.5) and Lemma 2.5, we get
=y Gt 1f (5,u(s) — Ma(8),v(s) — pa(s)) + pa(5)] ds
2 "Gl 511 (5, us) — Mo (5),0(s) — () di
>>\L/ Gt 5) [u(s) — Awi (s)]ds

>cla 1—6b )\LRQ/ Gtsd

2(1—b)2\L b
> e 6) A RQta’Q(l—t)Z/ o(s)ds
_c1a®(1 = b)*ALR, /b
> G ’

41—b4L b
>cla( 6) A Rg/ o(s)ds

ds min {t*72(1 — t)?
q(s) Stgfifi]{ (1—1)%}

>Ry

Thus
HT(U, U)H 2 H(uaU)H ,V(’LL,’U) € 8PR2'

t7 l/'L.7
In the similar manner, we can get the same result when lim min u = +00.
T—400 t€(a,b] x

By using Lemma 2.7, we conclude that T has a fixed point (u,v) such that Ry < ||(u,v)]] < Ra.
Notice that (u(t),v(t)) is a solution of system (2.5) and w;(t)(¢ = 1,2) are solutions of system (2.3). Thus
(u(t) — Awq(t),v(t) — pws(t)) is a positive solution of the singular semipositone BVP (1.1).

Theorem 3.2. If (H;) and (H3) hold, then there exists 77 > 0 such that BVP (1.1) has at least one
positive solution for any A, u € (7, +00).

Proof. By the first of (Hz), we have that there exists a constant N > 0 such that for any ¢ € [c, d],u >
N, we have
2(a — 1)2((1 —2)ry

c1c2(1 f q(s

ftu,v) >

Select o
_ NTI'(«)
"= 20 —a2(a- Da—2)m
In the following of the proof, we suppose A, > 7.
Let

2o — 1)% (o — 2)ry
al'(a)
Pr, = {(u,v) € P,||(u,v)|| < R3}, for any (u,v) € dPg,, that is ||(u,v)|| = R3. Then

R3 =

1t 2(1 —t)? Ma—1)(a-2)

u(t) = My (t) > ——————HRs — o) 21— )%
2 5[ e1R: AMa—1)(a—=2)r
210" | P - Ta)
. Ma—=1D)(a=2)r
>t272(1 — t)? ()
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toz—2(1 _ t)2
>~ @ 7
= o2(1 — d)2
>N.
Hence for (u,v) € dPg,,t € [c,d], we have

N

/\/ G(t,s) [f (s,u(s) — dwi(s),v(s) — pwa(s)) + p1(s)] ds

2/\/ G(t,8)f (s,u(s) — dwi(s),v(s) — pwa(s)) ds

2(a—1)*(a—2)ry ¢ Sds
ZA0102(1—61)%(0[)[ ()ds/ Gl s)d
2(a = 1)*(a - )1 ta—2 1—¢1)2 ¢ $)ds
TR Ay R [ oo
R a—2
:Wt (1—1)?
>Rj.

Thus
[T (w, v)|| > || (w,v)||,¥(u,v) € OPr,.

In the similar manner, we can get the same result when

2(a—1)*(a —2
lim min g(¢, z,y) > (a ) (a Jra
z—+00 tec,d] cac2(1—d f q(s

On the other hand, h(t) is continuous on [0, +00) X [0, +00), from the limit of (Hs), we known
h*
lim ﬁ

im 5, (3.6)
where h*(z) is defined by (3.2). For

P(a)a”
4(a — 1) (o — 2)* T max {\, u} fol k(s)ds

E =

there exists N > 0 such that when z > N, we have h*(2) < ez.
Select R, > max {Rg, ]\7}, then for (u,v) € OPg,, we get

0 =2 [ Gltos) F (5.0(5) = N (s),5) = pn(s) + (5] ds

<AMa—1)¢(1—1) / k(s — dwi(8),v(s) — pwa(s)) ds

t) =u/0 G(t,5) (g (s,u(s) = Awi(s),v(s) — pws(s)) + pa(s)] ds
<pla—T1)g(1 - t)/o k(s)h (u(s) — Awi(s), v(s) — pwa(s)) ds
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1
<AMa —1)g(1 —t)h*(Ry) / k(s)ds

0
4p(a —1)(a —2)* *eRy [*
< T(a)an /0 k(s)ds

<Ry4.

Thus
[T (u, v)|| < |[(w,v)]|,V(u,v) € OPp,.

Therefore, applying Lemma 2.7, we conclude that T has a fixed point (u,v) such that Rs < ||(u,v)|| <
R,. Notice that (u(t),v(t)) is a solution of system (2.5) and w;(¢)(i = 1,2) are solutions of system (2.3).
Thus (u(t) — w1 (), v(t) — pws(t)) is a positive solution of the singular semipositone BVP (1.1).

Remark 3.1. The conclusion of Theorem 3.1 is valid if (Hs) is replaced by
(H3) There exists (a,b) C [0, 1] such that

lim min Zf, or
y—+00 t€(a,b] Y
t t —
lim min (t2.y) +pi(t) > L.
y—+00 t€(a,b] Y

6

copat(l — b)4 f; q(s)ds
Remark 3.2. The conclusion of Theorem 3.2 is valid if (Hs) is replaced by
(H%) There exists (¢, d) C [0, 1] such that

where L >

lim min f(¢t, x = +00, or
Hﬂote[c’d]f(, ,Y) = +oo,

I . . _
A i 9(67:9) = o0,
and L

,y—+00 x

=0.

4 Examples

Now, we present two examples to illustrate the main results.
Example 4.1. Consider the following system of fractional differential equations

D§+u(t) =73 (u® +0%) — lt’Z, 0<t<l,

Z ? L9 9 ? _1 (4.1)
D§+v(t):§t3(u —|—v)—§t 2, 0<t<l,
u(0) = u(1l) =u/'(0) = v/ (1) =v(0) = v(1) =2'(0) =v'(1) =0

In BVP (4.1), @ = I and

for t € [0,1],u,v > 0.

We deduce p;(t) = %t’%,pg( )= %t*%,k(t) = %t’%,al(t) = %t’%,cl =1,i=1,2 h(u,v) = v + v,
and
4
lim min fthwv) +oo
u~>+oot€[%7%] U

So all conditions of Theorem 3.1 are satisfied. Hence it follows from Theorem 3.1 that BVP (4.1) has at
least one positive solution.
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Example 4.2. Consider the following system of fractional differential equations

D u(t)—it*% 1n(1+u)+L Lt <<
o0 v+1 16
DE v(t)—lt_% ln(l—&-u)-i-L —lt_% 0<t<1
EA ] v+ 1 4 ’
w(0) = u(l) =4/ (0) =u/(1) = v(0) =v(l) =2'(0) =2'(1) =0
In BVP (4.2), o = £ and
1 1 1 1 1
- % (m1 ) - gk
f(tu,v) 10t 5 (n( +u)+v+1) 16t 8,
1 1 1
— ¢ % ((1 oy
g (t,u,v) E (n( +u)+v+1) 4t i
for t € [0, 1], u,v > 0.
We deduce pi(t) = %t‘im(t) = it_%,k(t) = %t_%,ai(t) = %t_%,cl = %

In(1+u) + v—}rl, and

lim min f(¢t, u,v) = +o0,
u—>+oote[%%]

h(u,v)

u

lim =0.
u,v—400

)

So all conditions of Remark 3.2 are satisfied. Hence it follows from Corollary 3.2 that BVP (4.2) has at

least one positive solution.
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Existence and uniqueness of positive solutions of fractional
differential equations with infinite-point boundary value conditions*

Qiangian Leng, Jiandong Yin! Pinghua Yan
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Abstract

In this work, we consider the following nonlinear fractional differential equation with infinite-point
boundary value condition

Dx(t) + r(t) f(t, z(t)) + q(t) = 0,t € (0,1),
z(0) =2'(0) = --- = 2"72(0) = 0,

oo (0.1)
2'(1) =) az(&),
Jj=1
where a > 2, n—1<a<n,i€[0,n—2]is a fixed integer, a; > 0,
0<§1 <£2<"'<€j*1 <§J <<1(.7:1727)7
A—Zajé-?_l > 0 and
j=1
1,9 =0,
= N (0.2)
(a—1)(a=2)-(a—1),i € (0,n—2].

By the Lipschitz constant related to the first eigenvalue corresponding to the relevant operator and a po-
bounded positive operator, we prove the existence and uniqueness of the positive solution of the fractional
differential equation(0.1). Finally an example is given to illustrate the effectiveness of our result.

Keywords: fractional differential equations; po-bounded positive operators; the first eigenvalues; Green func-
tions; completely continuous operators

1 Introduction

In recent years, boundary value problems of nonlinear fractional differential equations have been studied
extensively in resent works [1-8]. Most of the results have at least one and multiple positive solutions by
the theory of nonlinear analysis. For example, the authors [1] considered the existence of multiple positive
solutions of the following fractional differential equation

Dx(t) + q(t) f(t, z(t)) = 0,t € (0,1),
z(0) = 2/(0) = --- = 2"72(0) = 0,

o (1.1)
#'(1) = au(g),
j=1

*The work was supported by the Foundation of Department of Education of Jiangxi Province(No. GJJ1520008).
tCorresponding author
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where D% is the standard Riemann-Liouville derivative @ > 2, n — 1 < a < n and § 6 [I,n —2] is a

fixed integer, a; > 0,0 < & < & < - < &1 < & < - < 1(j = 1,2,..)), Afzajgy 1> o,
j=1

A= (a—1)(a—2) (o —1). They established the existence results by introducing height function and

Guo-Krasnosel’skii fixed point theorem of cone expansion-compression and obtained several local existence

and multiplicity of positive solutions. In [2] the authors studied the existence of solutions of the following

fractional differential equation:

{ Dx(t) = q(t) f(t, ())—p(t)70<t<1» (1.2)

2(0) = 2'(0) = 2(1) =
where D is the standard Riemann-Liouville derivative, 2 < a < 3 is a real number, p : (0,1) — [0, +00) is
Lebesgue integrable and may be singular at some zero measure set of (0,1). They obtained that the existence
and multiplicity of positive solutions by Krasnosel’skii fixed point theorem. In [3] the authors studied the
fractional differential equation

#(0) = 2/(0) = 2(1) = )
where 2 < a < 3 is a real number, and got the uniqueness of solution under the assumption that f(¢,z) is
a Lipschitz continuous function. Some similar results of the existence and multiplicity of positive solutions
can refer to [5, 7-10, 12, 13]. But the uniqueness of positive solutions of fractional differential equations are
seldom considered in recent works. Motivated by the above results, we study the existence and uniqueness
of the positive solution of the fractional differential equation (0.1) under the assumption that f(¢,z) is a
Lipschitz continuous function. Then we obtain some results by the basic properties of pg-bounded positive
operators. Our results extend the corresponding results of [1, 3, 4].

For the sake of description, we list three conditions as follows:

(L1) ¢ : (0,1) — R is continuous and Lebesgue integrable;

(L2) r:(0,1) — [0, +00) is a continuous function which does not vanish identically on any subinterval of
(0,1) and satisfies

{ D (t) = (t)f(t,:v( ) +p(1),0 <t <1,

1
0< / r(s)ds < +o0;
0

(L3) f:]0,1] x R — [0,400) is continuous.

2 Preliminaries
For the convenience of the reader, we present the necessary definitions and lemmas from fractional calculus
theory. These definitions and lemmas can be found in monographs [1-6, 10].

Definition 2.1. ([10]) The Riemann-Liouville fractional integral of order oo > 0 of a function f : (0,4+00) —
R is given by
1 t
IF0) = s [ -9 V(s
L(a) Jo

provided that the right-hand side is point wise defined on (0, +00).

Definition 2.2. ([10]) The Riemann-Liowville fractional derivative of order o > 0 of a continuous function
f:(0,400) = R is given by

1 d n ! n—a—1
Fmm ) [ =9 s

where n — 1 < a < n, provided that the right-hand side is point wise defined on (0, +00).

DUf(t) =
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Lemma 2.1. ([10]) Assume that x € C(0,1)( L(0,1) with a fractional derivative of order a > 0, then
19D (t) = () + et + et 2 4 oo f et
where ¢; € R(i =1,2,--- ,n), n is the smallest integer greater than or equal to .

In this paper the norm of E = C[0, 1] is defined by ||z| = m[goi] |z(t)| and P = {z € E|z(t) > 0,t € [0,1]}
te

s

is a cone of E. The following conceptions come from Krasnosel’skill [12] and [1].

Definition 2.3. ([/]) A bounded linear operator T : E — E is called a po-bounded positive operator if there
exists g € B\ (—P) such that for each x € E \ (—P), there exist a natural number n and positive constants
a(z), B(x) such that

a(z)po < T"x < B(x)po

Lemma 2.2. ([4]) Suppose that T : E — E is a completely continuous ug-bounded positive operator and
T(P) C P. If there exist » € E \ (—P) and a constant ¢ > 0 such that ¢Tp > 1, then the spectral radius
r(T) # 0 and T has only one positive eigenfunction @ corresponding to its first eigenvalue Ay = (r(T))~ !,
t.e. o =MTp.

Lemma 2.3. Given y € C[0,1]( L[0, 1], then the unique solution of the following equation:

Dx(t) + y(t) = 0,t € (0,1),

2(0) = 2/(0) = --- = 2"%(0) = 0,
oo (2.1)
= Zajl‘(gj),
j=1
18
1
x(t) :/ G(t,s)y(s)ds
0
where G(t, s) is Green’s function given by
1 () (1 —s)* 1 —p(0)(t — )L 0< s <t <1,
Gt 1= g0 =) 0
p(O)T(a) |t 'p(s)(1 —s)* " 0<t<s <1,
here p(s) = A — Zs<§ O‘J(SJ 5)a 1—-s)
Proof. The proof is similar to that of Lemma 2.2 of [4], so we omit the details. O

Lemma 2.4. (1)The function p(s) in Lemma 2.3 satisfies that p(s) > 0 and p(s) is increasing on [0,1];
(2)For each s € [0, 1], we have m1s + p(0) < p(s) < M; + p(0), where

Mo OO pls) —pl0)
0<s<1 S 0<s<1 S

(8) G(t,s) >0, Vtse( ,1); ‘
(4)mis(1 = 5)* 127 < p(0)T(a)G(t, 5) < [My +p(0)n]s(1 —s)* 1%, Vi, s € (0,1);
(5)mas(l — )17t~ < p(0)T(a)G(t,s) < [My +p(0)n](1 - s)* 17t Wt s € (0,1).

Proof. We only prove (4) and (5) since the proofs of (1), (2) and (3) are easy.
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When 0 < s <t <1, we have

pO)L()G(t,s) = t*7'p(s)(1—s)* 17" = p(0)(t —5)* "
= () — PO (1= )" 4 (O (1~ )" (1 5) ]
> myst® (1 —9)* T T p(0) (1 - 9) T - (1 g)“”}
> mlsta_l(l _ S)cz—l—z7
and
POD(@)G(5) = 7 p(s)(1 — )" = p(O)(¢ — )" |
= [p(s) = pO)t* (1 = 5)* 1 4 p(O) [t (1 — 5) T = (t—5)* ]
< Mist™ (1= )" 4 p(0) T (1= 9) T L= (1 )]
< Myst* N1 =) p(0)t2 T (1 — s) L - (1 — %)][1 +(1— i) ++(1— ;)”‘1]
< Mlsta71(1 _ S)aflfi 4 np(O)to‘fl(l o )aflfif
< [Mi+p(0)n]s(1 =)
When 0 <t < s <1, we have
POT@G(Ls) = 17 pls)(1 - |
= () — (O (L= )7 () (1 )
> mlsta_l(l _ s)a—l—i
and
POT(@)G(s) = *p(s)(1 -5 |
[p(s) = p(O)t* (1 — 8)* 1" 4 p(O)t* 1 (1 —5)* '
S Mlsta 1(1 _ 8)04 1—2 + ’I’Lp(())ta 1(1 3)04 1—12
< [My +p(0)n)s(1 — '
So (4) is proved. Now we prove (5). We only prove
p(0)T()G(t,s) < [M; + p(0)n](1 — s)* 14>~ vt s € (0,1).
When 0 < s <t <1, from the proof process of (4) we have
POT()G(t, 5) < Myst® (1 — 8)* 7% 4 np(0)t> (1 — s)a*H;,
So
p(0)T()G(t, s) < [My + p(0)n](1 — s)>~ 14—t
When 0 <t < s <1, we have similarly that
POT(@)G(E, 5) < [My + p(O)n](1 — 5)*~ 1oL,
O

Now let Py = {z € E|z(t) > %

/Gts

and

_ /0 G(t,5)[r(s) f(s,2(s)) +

283

} and two operators T and A be defined, respectively, by

z(s)ds,t € [0,1],z € C[0,1]

q(s)ds,t € [0,1],z € C[0,1].
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Lemma 2.5. T : P, — Py is a linear completely continuous operator and a pg-bounded positive operator
with po(t) = t>1.

Proof. According to Lemma 2.4 for any ki, k2 € R and z1, z2, x € E we have

Ty + koza) () = /0 G(t, s)r(s) (krr + kaws)(s)ds

1 1
kl/o G(t,s)r(s)xl(s)ds+k2/0 G(t, s)r(s)xa(s)ds
= k1(Tz)(t) + ko (Tx2)(2),

1
7] = ma (To)0)] = max [ Gl apr(s)a(o)is

w 15 —5)* () a(s)ds
p(0)T(a) /0 (1-s) (s)z(s)ds,

and

mlta71 ' a—1—1
p(O)F(a)/o s(1 = )" 'r(s)a(s)ds

mﬂfa_l
—||Tx|| € P.

Notice the continuity of G(t, s), by a standard argument it is not difficult to prove that T': P; — P is linear
completely continuous.

Now we prove that T is a po-bounded positive operator with po(t) =t~ 1. According to Lemma 2.4 we
have

My +p(O)n ! () (8) st
T /0“ Je 1 (s)a(s)dsto

Tl IR R CE O

1
(Ta:)(t):/o G(t,s)r(s)z(s)ds

(T2)(t) = /0 G(t, 5)r(s)a(s)ds

From Definition 2.3, T is a uo-bounded positive operator with pg(t) = t*~1. O
According to Lemma 2.4 we can easily get that A : P; — P is a completely continuous operator. And it
is not hard to see that A is a solution of the equation (0.1) if and only if A has a fixed point in P;. This is
crucial for the proof of the following Theorem 3.1.
3 Main results
Theorem 3.1. Suppose that (L1) — (L3) hold and there exists k € [0,1) such that
|f(t,u) — f(t,v)] < kAi|lu—v|,Vt €[0,1],u,v € E,

where Ay is the first eigenvalue of T. Then the equation (0.1) has a unique solution xz* in E and for each
xo € E, the iterative sequence x, = Ax,_1(n=1,2,---) converges to x*.
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Proof. For any given zg € E, let x,, = Az,,—1(n = 1,2,--), according to Lemma 2.5 and Definition 2.3,
there exists 8 = S(|z1 — xo|) > 0 such that

T(|z1 — zo])(t) < Buo(t), vt € [0,1].
For all m € N we have

|xm+1_xm| = ‘AQTM) Axp, l(t)|

/Gts (s,xm(s))+q(s)]ds—/0 G(t, 5)[r() F(5, @m_1(5)) + q(s)]ds

)| f (s, xm(s) = fs,2m—1(5))lds < kMT(|zm — 2m-1])(?)
< g E™ATT™ (|21 — 20])(t) < KA BT™ g = k™A1 Bio.

INA
\
«Q
CIJ

Then for any n > m € N,

|$n _:I:ml = ‘.’L’n—fﬂn,1 +Tp—1—Tn-2+Tp-2+- -+ Tm-1 _xm|
S ‘xn*xn—l|+|xn—l*xn—2|+"'+‘xm—l*$m|
m
< BMIETTHETT? 4 ™o < BN ko

So ||zn — xm|| < Bl = ol = 0(m — oo). By the completeness of E, there exists * € E such that

lim z, = z*. Due to x,, = Ax,_1 and noting that A is continuous, we obtain that z* = Az*(n — o0). In
n— 00

other words, z* is a fixed point of A.
Suppose y* is another fixed point of A and z* # y*. From Lemma 2.5 and Definition 2.3, there exists
B = B(Jx* —y*|) > 0 such that

T(ja* — y*)(t) < o, Vt € [0,1]
For all n € N we have
2% (t) =y ()] = [A"2 () — A"y" ()] < K" BAipo,
so ||lz*(t) — y*(¢)|| < E"BA1||poll = 0(n — oo) which implies 2* = y*. This means that A has a unique fixed
point. O

Theorem 3.2. Suppose that (L1) — (L3) hold and there exist k € [0,1) and ¢ € E such that
(1) D%xo(t) +T(t)f(t évo( ) +a(t) >0, te(0,1);
(2) 20(0) = 5(0) = -+~ = &g ~*(0) 2 0;

(3) zh(1) > Z%xo (&) and
=1
(4) |f(t,u) — f(t,v)l < kMlu—w|, vt € [0,1], u(t),v(t) € Q,
where f(t,x) is non-descending in x, Q = {x € E|lz < x0} and A\ is the first eigenvalue of T. Then the
equation (0.1) has a unique positive solution x* in (.

Proof. According to Lemma 2.3 we can get that A is decreasing on Q, Azg < x9 and A(2) C Q. Let
Tp = Axp_1(n=1,2,---), then we have

xozl‘lz...xnz...

According to Definition 2.3, there exists § > 0 such that T'(xg — x1) < Buo(t). Then for each n € N and
t € 10,1],

< zp(t) =z (t) = Az, 1( ) — A, (t)
S k?)\lT(xn,1 — l‘n)(t) S S (k)\l ) (.TO - Cll‘l)(t)
< BE"Arpo(t).
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Then for every n > m € N,

|xn _:I:ml = ‘xn_xnfl +Tp—1—Tn—2+Tp-2+- -+ Tm-1 _xm|
S ‘xn*xn—1|+|xn—l*xn—2|+"'+‘xm—l*xm|
m
< ﬁAl[lﬂnilﬂ‘kniz"“"km]ﬂo < 5)\11_kluo

So ||zn — xm]|| < B)\llkfmkHuOH — 0(m — o0). By the completeness of E, there exists #* € E such that

lim x, = «*. Furthermore, 2* is a fixed point of A in Q.
n—roo

Suppose y* € € is another fixed point of A. By Lemma 2.5 and Definition 2.3, there exists 81 =
B1(xo — y*) > 0 such that
T(xo — y*)(t) < Bruo(t), vt € [0,1].

For all n € N we have y* < z,, < xg, so y* < z* < z,, < zg. Then we have
" (@) =2 ()] < |y*(t) = za(t)] + zn(t) — 2" ()] < 2ly" (1) — 2n(1)]
= [A"y"(t) — A"xo(t)| < 2K" Bipo(t).
Thus y* = z* which implies that A has a unique fixed point in €. O

Theorem 3.3. Suppose that (L1) — (L3) hold and there exist k € [0,1) and ¢ € E such that
(1) D¥xo(t) + r(t) f(t, xo(t)) + a(t) <0, t € (0,1);

(2) 20(0) = 2p(0) = -+ = a~2(0) < O;
(3) ch(1) < Y oo (&) and
j=1

(4) 1 (t,u) = f(t,0)] < kAi|u —of, VE € [0,1], u(t), v(t) € Q,
where f(t,x) is non-decreasing in z, Q@ = {x € Elz > x0} and A1 is the first eigenvalue of T. Then the
equation (0.1) has a unique positive solution x* in Q.

Proof. The proof is similar to that of Theorem 3.2, so we omit it. O

Example 3.1 Consider the following equation

Dza(t) + M1 — t)2(§m(t) + 1 — sinz(t)) +t* =0,t € [0,1]
z(0) = 2/(0) = 2"(0) =0, (3.1)
2(1) = (5~ ()
j=1

where 0 < A < Aq, Ay is the first eigenvalue of T, a = Im=4,i=1A=23 r@t) = (1-1?
ft,z) = (%x(t) + 1 — sinx(t)), qt) = t2, a; = (%)3, & =

1 — (3)7. By a careful calculation we get
A — Zajfjc-‘*l > 0 and |f(t,u) — f(t,v)] < S A1lu — v|]. From Theorem 3.1, equation (3.1) has a unique

j=1
solution.
Example 3.2 Consider the following equation
Dia(t) + L(1 - t)i(lac(t) +1+ gcossr:(t)) +t3=0,t€ [0,1]
A+1 2 20 - ’
#(0) = 2'(0) = 2"(0) = 2" (0), (32)
2(1) = (25 - D)1 - (5)7),
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5
where 0 < A < Ay, Ay is the first eigenvalue of T, a = 2, n =5,i =0, A =1, r(t) = (1-t)? (t,x) =

27 1+X
AGz(t) + 1+ Scosa(t), q(t) = t5, a; = (25 — 1)(3)7H, & = 1 — (3)7. By a careful calculation we get
A — Zajg;‘*l > 0 and |f(t,u) — f(t,v)] < $9A1]u — v|. From Theorem 3.1, equation (3.2) has a unique
j=1
solution.
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Abstract

In this article, we investigate the dynamics of the solutions of the following
non-linear difference equation

Tntl = Tp—2Tn—3 — 1, n € Ny

with arbitrary initial conditions x_, x_1, . Besides, we have studied peri-
odic behaviours of related difference equation especially asymptotic periodicity
and eventually periodicity. Then, we have researched unbounded solutions of
difference equation.

Key Words : Difference equation, equilibrium point, periodicity, asymp-
totic periodicity, unbounded.

Mathematics Subject Classification : 39A10, 39A23.

1 Introduction

Recently, the difference equations became a very popular topic among mathe-
maticians. Difference equations have applications in many fields of science such
as biology in [12], [8] and [10], economics in [1] and so forth.

Up to the present, many authors investigated to dynamics of various forms
of difference equation z, 1 = Tp_k2n—; — 1, n € Ng such as k=0, 1 =1 in [4];
k=0,1=2in[6]; k=1,1=21in [5]; k=0,1 = 3 in [7]. Besides, Stevi¢ and
Iricanin have obtained some results regarding the general form of the related
difference equation in [18].

In this work we will study dynamic behaviours of the difference equation

Tptl = Tp—2Tp—3 — 1, n € Ny. (1)
The Diff. Eq.(1) belongs to the class of equations of the form

Tp4l = Tp—kTn—1 — ]-7 ne NOa (2)

with specific selection of k and [, where k,[ € Ny.
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This work can be considered as a continuance of our systematic analysis of
Diff. Eq.(2).
There are two equilibrium points of Diff. Eq.(1) respectively:

. 1-5 1+5
Tl = 9 5 = 9 .

Note that this equilibrium points are the Golden Number and its conjugate.

(3)

Ta

2 Existence of Periodicity of Diff. Eq.(1)

In this section, we show that Diff. Eq.(1) has minimal prime periodic solutions
with period seven. Also Diff. Eq.(1) has eventually periodic solutons with
period seven.

Theorem 1 Diff. FEq.(1) has no eventually constant solutions.

Proof. 1If {x,}52 _5 is eventually constant solutions of Diff. Fq.(1), hence
TN = IN41 = TN42 = TN+3 = T, for some N € Ny, where T is an equilibrium
point. However, Diff. Fq.(1) gives tn+3 = tyxn—_1 — 1, which implies

$N+3+1_:f+1
TN x

TN_1 = =Z.

Repetition the procedure, we get that x,, = & for —3 < n < N + 3. Then, the
proof is completed. ®

Theorem 2 There are no nontrivial nor eventually period-two solutions of Diff.
Eq.(1).

Proof. Suppose that zxy = zy42r and xn41 = TNtok+1, for all & € Ny, and
some N > —1, with zy # xzx41. Therefore, we have

TNys = ITNp1ZN — 1 (4)
= N1y —1=2ZNy3 (5)
= ZIN-1ZN-2—1=2N42 (6)
= xN_3TN-_2—1=2N11 (7

From (5)-(7) and since xy14 = xy we arrive a contradiction, as desired. m
Theorem 3 Diff. Eq.(1) has no minimal prime period-three solutions.

Proof. Let {z,}3° _4 be a prime period-three solution of Diff. Eq.(1). Then,
T3n_3 = @, T3p_2 = b, 3,1 = c and x3,, = a for all n € Ny and a,b and ¢ € R
such that at least two are different from each other. From Diff. Eq.(1), we have

T1 = T_ox_3—1=ba—1=0b (8)

To = T_1T_o—1=cb—1=c (9)

3 = wex_1—1l=ac—1=a (10)
2
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From (8)-(10) we obtain that

or

Thus, the proof is completed. m
Theorem 4 Diff. FEq.(1) has no minimal prime period-four solutions.

Proof. Let {z,}° _; be a prime period-four solution of Diff. Eq.(1). Then,

Tan—3 = Ay Tan—o = b, Typ_1 = c and x4, = d for all n € Ng and a,b,c and
d € R such that at least two of them are different. From Diff. Eq.(1), we have

T1 = T ox_ 3—1=ba—1=a (11)
Tog = T_1T_9—1=cb—1=b (12)
3 = wex_1—1l=dec—1=c (13)
Ty = T1x0—1=ad—1=d. (14)

From (11)-(14) we obtain that
a=b=c=d=1;

or

a=b=c=d=12s

as desired. m
Theorem 5 Diff. Fq.(1) has no minimal prime period-five solutions.

Proof. Let {z,}°2 _5 be a periodic solution of Diff. Eq.(1) with minimal prime
period-five. Then, x5,-3 = a, 5,—2 = b, T5,-1 = ¢, T5, = d and x5,4+1 = € for
alln € Ng and a,b,c,d and e € R such that at least two of them are different.
From Diff. Eq.(1), we obtain

T1 = T_or_3—1=ba—1=c¢ (15)
T9 = T_1x_o9—1=cb—1=a (16)
3 = zox_1—1l=dc—1=b (17)
Ty = Tixg—1l=ed—1=c (18)
Ts = Ty —1=ae—1=d. (19)

From (15)-(19) we have

or

as desired. m
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Theorem 6 Diff. Eq.(1) has no period solutions with minimal prime period-
Si.

Proof. Let {z,} - 5 be a prime period-six solution of Diff. Eq.(1). Then,
Tén—3 = A, Ten—2 = b; Ten—1 = C, Ten = da Len+1 — € = GC — 1 and Ten+2 —
f=0bd—1for all n € Ng and a,b,c,d,e and f € R such that at least two of
them are different. We have

] = z_or_g—1l=ab—1=e (20)
To = T 1x o—1=bc—1=f (21)
r3 = zgr_1—1=cd—1=a (22)
Ty = Tizo—1l=de—1=0 (23)
x5 = mexp—l=ef—1=c (24)
g = w3xa— 1= fa—1=d. (25)

From (20)-(25) we obtain

or

as desired. m

Theorem 7 There are periodic solutions of Diff. FEq.(1) with minimal prime
period-seven if and only if

(i) x_3 =020 =m,x_1 = —1,9 = —1;
(ii) z_3 = —1,x_9 =m,x_1 = 0,20 = 0;
(iii) x_3=—-1,x_9=—1,2_1 = —1,20 = m;
(iv) x_g=m,x_o=—1,0_1=—1,20 = —1;
(v) x_3=—-1,x_9=—1,2_1 =m,xg = 0;

where m s arbitrary.

Proof. Let {z,} - 5 be a periodic solution of Diff. Eq.(1) with minimal prime
period-seven. Then, x7,_3 = a, Trp—2 = b, Trp—1 = ¢, Ty = d, Trpt1 = € =
ac—1,x7p42 = f =bc—1and x7,43 =g =cd—1foralln € Ny and a,b,c,d, e, f

and g € R such that at least two are different from each other. We have

T1 = T_ox_3—1l=ab—1=c¢
To = T_1T_o—1=bc—1=Ff
T3 = wzor_1—1l=cd—1=g
Ty = T1xo—1=de—1=ua
x5 = wzox1—l=ef—-1=0D
re = wT3ra—1=fg—1=c¢c
r7 = wmyrz3—1l=ga—1=4d.
4
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Thus, the following equalities are obtained:

g = d@-1)—1=a (26)
x5 (ab—1)(bce—1)—1=b (27)
xe = (bc— 1)(cd ) —1l=c (28)
x7 (cd—1)a — (29)

From (26)-(29), then by direct calculation we have
Casel a=0,c=—-1,d=—1;
Case 2 a=—-1,c=0,d = 0;
Case 3 a=-1,b=—-1,c=—1;
Cased b=—-1,c=—-1,d=—1;
Case 5 a=-1,b=—-1,d=0;

and so,
z 3=0,x_9=m,x_1=—1,20=-1
r.3=—-1,x . o=m,x_1=0,20=0
r 3=—l,x o=—-1l,z_1=—-1,xp=m
rT_3=m,xr_9o=—1,x_1=—-129=—1
r.3=—-1l,x o=—-1,2_1=m,xg=0

where m is arbitrary as desired. m
Consequently, all minimal prime period-seven solutions are of the forms;

Case 1 Ifx_5=0,2_9 =m,x_1 = —1,20 = —1, then (—1,—m—1,0,0,m, -1, -1, ...),
Case 2 Ifx_5=—-1,2_9y=m,x_1 = 0,209 = 0, then (—m—1,—-1,—-1,—1,m, 0,0, ...),
Case 3 Ifx_5=—-1,2_9=—1,2_1 = —1,9 = m, then (0,0, —m—1,—-1,—1,—-1,m,...),
Case 4 Ifx_5=m,x_9=—-1,2_1 = —1,29 = —1, then (—m—1,0,0,m,—1, -1, —1,...),
Case b Ifx_5=—-1,2_9=—1,2_1 = m,z9 =0, then (0, —m—1,—1,—1,—1,m,0,...).

From now on, we will refer to any one of these seven periodic solution of
Diff. Eq.(1) as
=1, -1,—1,m,0,0, —m — 1, ... (30)

where m is arbitrary.
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Theorem 8 There are eventually periodic solutions with minimal period-seven
and they have two forms, respectively:

Form 1: (x_3,Z_2,Z_1,%0, ., TN, TN+1, EN+2, TN+3,—1,—1,—1,m,;0,0,—m — 1,...)

where, N > =3, xyy128y = 0, 2§ 122N41 = 0, 2N 32N42 = 0, and, if N # -3,
Tp—2 = (Tnt1+ 1) /Tpn_3 for 0 <n < N.

Form 2: (x_3,Z_2,Z_1,20, ., TN, TN+1, ELN+2; TN+3,0,0,—m — 1, =1, -1, —1,m,...)

where, N > =3, zyy12y = L,anyioxns1 = 1, and, if N # =3, z,_2 =
(Tn41+1) /xp_3 for 0 <n < N.

Proof. Form 1: Let {z,,} — 5 be a solution of Diff. Eq.(1) that is eventually
periodic with prime period-seven. Then by Theorem 7, there is an N > —3 such
that IN+4 = —1, IN+5 = —1 and IN+6 = —1. Then, -1 = ITN+4 = Q?N.’EN+1—1
and consequently zyzny1 = 0. Hence, —1 = xn15 = n422n4+1 — 1 and then

n422N+1 = 0. Hence, —1 = xn46 = ny3Zn+2 — 1 and so xyy3zn42 = 0.

Therefore,

IN47 = ZIN44TN+3—1=m

TN48 = ZIN45TN44—1=0

TN49 = ZIN46ZN45—1=0

TNt10 = TN47TN46—1=-—-m—1

ITN+11 = ZN4sTni7r— 1=-L
From Diff. Eq.(1), if N # =3, we get -1 = (Tpy1 + 1) /2p_3, for 0 <n < N,
as desired.

Form 2: Let {z, },. _5 be asolution of Diff. Eq.(1) that is eventually periodic
with prime period-seven. Then by Theorem 7, there is an N > —3 such that
TN+4a = 0,2n45 = 0 and zny16 = —m — 1. Then, 0 = an14 = vy — 1
and consequently zyzy+1 = 1. Hence, 0 = zn45 = n122n+1 — 1 and then
TN422N+1 = 1. Hence, —-m — 1 =2 n16 = Tn432Nn+2 — 1 and so ay 3TN 42 =
—m. Therefore,

IN+7T = TN4aZn3—1=-—1
TNy8 = ITN45TN44— 1=-1
INt9 = ZIN46TN45— 1= -1
TN410 = ZIN47TN46—1l=m
TN+11 = TN+sTn7 — 1 =0.

From Diff. Eq.(1), if N # =3, we get -1 = (Tpy1 + 1) /2p_3, for 0 <n < N,
as desired. m

Remark 9 Let {z,},. 5 be a solution of Diff. Eq.(1). If x_sx_5 = 1 and
x_1x9 = 1, then x, converges to period-seven cycle as

"'30,0707_17_17_17_17"" (31)
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Proof. Let z_3 = a,z_2 = 1/a,x_1 = b and g = 1/b for a # 0 and b # 0.

From Eq.(1),
r1 = T_2x_3— 1=0
b
To = x_lx_gflszl
a
r3 = ToT-1 — 1=0
Ty = X120 — 1=-1.

Hence, by induction Diff. Eq.(1) converges to period-seven cycle as (31).
The proof is completed.

3 Asymptotically Periodic Solution of Diff. Eq.(1)

In this section, we study the existence of asymptotic periodic solutions of Diff.
Eq.(1).

Diff. Eq.(1) has the seven-periodic solutions as (30) for the initial conditions
T_3,Z_9,2_1,%9 € (—1,0). Focus on the asymptotically seven-periodic solu-

: ) _ 1 _ (2) _ 3 _ )
tions, we get u), " = Tpi7k, U, = TniTk—1, U, = TntTk—2, Uy = TptTk—3,
u}f) = Tp47k—4, u,(f) = Tpy7k—5 and u,(f) = Tpy7k—6. NOW, we make the ansatz
as in [11]:

u,(co) = Zavp”t”k, ag = m; (32)
v=0

uld = Y bpt*, by =0; (33)
v=0

u}f) = chp”t”k, co = 0; (34)
v=0

= 3t = —m - 1; (35)
v=0
o

u =Y ettt e = —1; (36)
v=0

u = SRR fo= -1 (37)
v=0

ul® = S gttt go = -1 (38)
v=0

with arbitrary p and m € (—1,0). We choose p > 0 and from Eq.(1), it
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follows that:

u,(:)) = ufj’)u,(f) -1
N N
o = o
o =
“1(321 = ul(cﬁllugcm -1
ugl = “1&?1“1@1 -1
“21421 = “1221“125421 - L

Substitution of (32)-(38) into these equations. Hence, when we compare the
coefficients, we obtain that

a = h=a=d=e=f=g=0
az = by=cp=dy=e=[fr=g2=0
and by induction,
an=byp,=c,=d,=¢€,=fn=9g,=0, forall n > 0.

Therefore x, 7, = u,(;)) = Ef)o:o ayp’t’® = m +0+0+ ..., SO Ty 7 CON-

verges to m. Similarly, z,47r—1 converges to 0, x,,+75—2 converges to 0, T, +75—3
converges to —m — 1, x,,y75—4 converges to —1, x,7r_5 converges to —1 and
Tni7k—g converges to —1. Hence, the proof is complete.

4 Stability of Diff. Eq.(1)
In this section, we examine the stability of the two equilibria of Diff. Eq.(1).
Theorem 10 The positive equilibrium point of Diff. Eq.(1), T2, is unstable.
Proof. The characteristic equation of equilibria of Diff. Eq.(1) is the following:
M oA =Ty =0
with eigenvalues

A~ —0,7756,
Ao A 1,404,
A3, A —0,3142 £+ 1,1773.

Q

Therefore, |A1| < 1 and |Aa|,|As|, | 4] > 1. Herewith, Z5 is unstable, which is a
saddle point. m

Theorem 11 The negative equilibrium point of Diff. Fq.(1), T1, is unstable.
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Proof. The characteristic equation of equilibria of Eq.(1) is the following:

M= 2N =21 =0
with eigenvalues

Moo~ —0,6412 4 0,41256
A3, A —0,6412 £ 0, 80754.

Q

Therefore, ||, | 2] < 1 and |As|, |A\4] > 1. So, Z; is unstable and which is a

saddle point. m

5 Existence of Unbounded Solutions of Diff. Eq.(1)

Now, we work the existence of unbounded solutions of Diff. Eq.(1).

Theorem 12 Let {x,} ~ ., be a solution of Diff. Eq.(1). Ifx_3,x_9,x_1,70 >

n=-—3

Ty = #, the following statements hold true:

(i) Too <@y <y <+, X1 <Xy <x5< -+ and xg < T3 < Tg < **-;

(i) the solutions tends to +00.

Proof. (i) Since z_5 > 1+2‘/5, we obtain z—fz < 1+2\/5 — V-1
1 5—1 1 )
1+ —<1+ Vo = 5 <z
Xr_9 2 2

—3-

. Hence,

Then, x_3 > 1+ i Hence, z_3x_9 > x_5 + 1. Therefore, z_3z_5 —1 >

T_o. Thus, z_9 < z1.

Since z_1 > 1JFT‘/g,We have i < 1+2\/5: @ Hence,
1 5—1 1 5
1+7<1+f = +f<$,.
xr_1 2 2

Then, x_9 > 1+ i Hence, z_1x_9 > x_1 + 1. Therefore, z_1z_5 —1 >

z_1. Thus, z_1 < zs.

Since xg > 1+T\/57 we have % < 1+2\/g = \/3’2*1. Hence,
1 5—-1 1 5
1+7<1+f = +f<.’1},1.
) 2 2

Then, x_1 > 1+ %0 Hence, xgx_1 > xo + 1. Therefore, zgx_1 — 1 > xg.

Thus, zg < 3.
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Since 1 > r_o > 1+2\/‘?’, we have ﬁ < 1+2\/g = ‘/52*1. Hence,
1 5—-1 1 5
1+7<1+\[ = +\f<9€0-
X 2 2

Then, g > 1+ 1—11 Hence, x12¢9 > z1 + 1. Therefore, x129 — 1 > 1. Thus,
1 < 4.
Hence, by induction it easily follows that

oo < 1 <Ty<--- (39)
T < Toa<xT5r < - (40)
To < w3 < T < - (41)

(i1) Suppose one of (39)-(41) subsequences given in (i) is bounded. Hence,
from Diff. Eq.(1), we obtain

14+
7’”"_17 neNO.

Tp—2

Tn-3 =

Therefore, the subsequences (235, » (€3n—1)po and (€3,—2), -, must be con-

vergent. Thereby, there are two situations for whole solution of Diff. Eq.(1).
Then, in the first case, all solution of Diff. Eq.(1) converges to a periodic solution
with period three. But this is not possible. Because, there are not nontrivial
period three solution of Diff. Eq.(1). In the other case, all solution of Diff.
Eq.(1) converge to an equilibria. Unfortunately, this is impossible. Because the
initial conditions z_3,x_s,2_1 and xg are bigger then the largest equilibria.
This is a contradiction, as desired. m

6 Numerical Examples
In this section, we present graphs of the some results.

Example 13 If the initial conditions are x_3 = —1,2_9 = —1,2_1 = —1,
xo = m and m = 2, then Diff. FEq.(1) has periodic solutions with minimal

10
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prime period-seven as (30). The following graph shows this status.

-2

-3

Graph 1: The initial conditions are x_3 = —1,
r_o=—-1,2x_1=-1, 290 =m and m = 2 for Diff.
Eq.(1).
Example 14 If the initial conditions are r_3 = 1132726622556, Lo = 211152054, r_1 =

% and xog = 69—4, then Diff. Eq.(1) has eventually seven-periodic solutions as

Theorem 8. The next graph illustrates this condition.

Graph 2: The initial conditions are T_3 = 1132726622556,

x_g =250 gy =22 and zg = for Diff.

1125 ° 1024 -9
Eq.(1).
Example 15 If the initial conditions are x_3 = —%, T_o = —%, T_1 = % and

xo = b, then Diff. Eq.(1) converges to seven-periodic solutions as Remark 9.

11
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The following graph shows this situation.

*n

L n
m 20 0 40 5

-0.2F
—04l
06

-0

wbkd WL L L L L

»

Graph 3: The initial conditions are x_3 = —%,
z_o=-3,2_1=1 and xg =5 for Diff. Eq.(1).

Example 16 If the initial conditions are x_35 = —0.45, x_o = —0.55, x_; =
—0.7 and xy = —0.75, then Diff. Eq.(1) has asymptotically seven-periodic solu-
tions. The next graph illustrates this condition.

*n

N lﬁmﬂ

-0.8 L

—08f d

1.0k u H ul ul lu' h'h u u

Graph 4: The initial conditions are x_3 = —0.45,
r_o = —0.55, x_1 = —0.7 and zqg = —0.75 for

Diff. Eq.(1).

Example 17 If the initial conditions are x_3 = 1.63, x_o = 1.64, xz_; = 1.62
and xg = 1.63, then Diff. Eq.(1) has unbounded solutions as Theorem 12. The

12
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following graph illustrates this case.

Xn

15

10

5 10 15

Graph 5: The initial conditions are x_3 = 1.63,
r_o=1.64, z_1 = 1.62 and xo = 1.63 for Diff.
Eq.(1).
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A new fixed point theorem in cones and

applications to elastic beam equations

Wei Long, Jing-Yun Zhao
College of Mathematics and Information Science, Jiangzi Normal University
Nanchang, Jiangzi 330022, People’s Republic of China

Abstract

In this paper, we first establish a new fixed point theorem in cones of Banach
spaces. Then, we apply the fixed point theorem to study the existence and uniqueness
of monotone positive solutions for an elastic beam equation u(®(t) = f(t,u(t),u'(t))
with superlinear boundary conditions. An example is given to illustrate our main
result. Compared with some earlier results (cf. [I0]), the biggest differences are that
we consider such equation with superlinear boundary conditions and remove some
restrictive conditions.

Keywords: cone, fixed point theorem, monotone positive solutions, elastic beam

equations.

1 Introduction and preliminaries

In this paper, we consider the existence and uniqueness of monotone positive solutions for
the following fourth-order two-point boundary value problem:

u®(t) = f(t,u(t), ' (1), 0<t<l,
u(0) = /(0) =0, (1.1)
u"(1) = 0, u® (1) = g(u(1)),

where f :[0,1] x [0,4+00) x [0, +00) — [0, +00) and g : [0, +00) — (—00, 0] are continuous
(for full assumptions on f and g, see Section 2).

In fact, equation models an elastic beam problem (for more details and back-
grounds, we refer to reader to [1,3] and references therein. Recently, there has been of
great interest for many authors to study fourth-order boundary value problems such as
(1.1)) and related problems (see, e.g., [1-5,9-14]). Especially, several authors utilize fixed
point theorems on cones to investigate the existence and uniqueness of monotone positive
solutions for equation . For example, Li and Zhang [9] utilized a fixed point theorem
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of generalized concave operators to study problem and established the existence and
uniqueness of monotone positive solutions. In [10], Li and Zhai obtain the existence and
uniqueness of monotone positive solutions for a fourth-order boundary value problem via
two fixed point theorems of mixed monotone operators with perturbation.

However, in most of works using fixed point theorems on cones to study equation ,
the following assumption on ¢ is assumed:

(HO) g(Ax) < Ag(x), A€ (0,1), x>0.

In this paper, we aim to consider equation without the assumption (HO). That is
the main motivation of this work.

Next, Let us recall some basic notations about cone (for more details, we refer the
reader to [0]).

Let E be a real Banach space, and 6 be the zero element in E. A closed and convex
set P in F is called a cone if the following two conditions are satisfied:

(i) if z € P, then Az € P for every A > 0;

(ii) if z € P and —z € P, then z = 6.

A cone P induces a partial ordering < in E by

x<y ifandonlyif y—xeP.

If x <y and = # y, then we denote x < y or y > .
For any given u,v € P with u < v,

[u,v] :=={z € X|u <z <v}.
A cone P is called normal if there exists a constant k > 0 such that
0 <xz<y impliesthat |lz|l <Ekl|lyll.

We denote by P° the interior of P. A cone P is called a solid cone if P° # ().

An operator T' : P — P is called increasing if 8 < z < y implies Tx < Ty, and is
called decreasing if 0 < x <y implies Tx > Ty.

For all z, y € E, the notation z ~ y means that there exist A > 0 and p > 0 such that
Ar <y < pzx. Clearly, ~ is an equivalence relation. Given h > 6, we denote by

P,={x € E:x~h}.
It is easy to see that P, C P is convex and rP, = P, for all » > 0.

Definition 1.1. (see [7,8]) An operator A : P x P — P is said to be a mized monotone
operator if A(xz,y) is increasing in x and decreasing in vy, i.e., u;, v;(i =1, 2) € P, u; <
ug, v1 > vy implies A(ui,v1) < A(ug,v2). An element x € P is called a fixed point of A
if A(x,z) =x.

303 Wei Long ET AL 302-317



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Definition 1.2. Let n > 1. An operator D : P — P is said to be n-superlinear if it
satisfies
D(tx) >t"Dx, t>0,z€P. (1.2)

2 Main results

2.1 Cone and fixed point theorems

In order to study equation (1.1)), we first consider the following operator equation on an
ordered Banach space:
B(z,z) + Dx =z, (2.1)

where B is a mixed monotone operator, D is an increasing and superlinear operator. If
there is no special statements, we always assume that F is a real Banach space with a
partial order introduced by a normal cone P of E, h € P is a nonzero element, and Py is

given as in the preliminaries.

Lemma 2.1. [I3] Let P be a normal cone in E. Assume that T : P x P — P is a mized
monotone operator and satisfies:

(A1) there exists h € P with h # 0 such that T'(h,h) € Py;

(A2) for any u,v € P and t € (0,1), there exists p(t) € (t,1] such that T(tu,t"v) >
(DT (u,0).

Then (1) T : Py X Py, — Py;

(2) there exist ug,vg € P and r € (0,1) such that rvy < ug < vg, ug < T'(ug,vy) <
T (vo, uo) < vo;

(8) T has a unique fized point * in Py;

(4) for any initial values xo,yo € Py, constructing successively the sequences
Tn =T (@n-1,9n-1), Yn =T (Yn-1,Tn-1), n=12,...,
we have T, — =¥ and y, — ¥ as n — oo.
By using the above lemma, we establish a new fixed point theorem in the following :

Theorem 2.2. Letn > 1, B: Px P — P be a mixed monotone operator, and D : P — P
be an increasing and n-superlinear operator. Assume that
(D1) there exists hg € Py, such that B(hg, ho) € Pn, and Dhy € Py;
(D2) there exists a constant 5o > 0 such that B(x,y) > doDz for all z,y € P;
(D3) there exists a function ¢ : (0,1) — (0,+00) such that for all z,y € P and
te(0,1),
Btz t"y) > 6(1)B(x, y), (2.2)
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and

6(t) > t+ %(t ), (2.3)
0

Then (]) B:Ph X Ph—>Ph cmdD:Ph —)Ph,'
(2) there exist ug,vo € Pp and r € (0,1) such that

rvg < ug < vg, uy < B(ug,vo) + Dug < B(vg, up) + Dvg < vp;

(3) the operator equation B(x,z) + Dx = x has a unique fired point x* in Py;
(4) for any initial values xo,yo € Py, constructing successively the sequences

Tp = B(xn-1,Yn-1) + Dxn_1, yn = BYn-1,Tn-1) + Dyn_1, n=12...,

we have T, — x* and y, — ¥ as n — oo.

Proof. Tt follows from ([1.2)) and (2.2) that for all ¢ € (0,1) and z,y € P,
1 1 1 1
B Ea:,ty < %B(x,y) and D 7% < t—an. (2.4)

Since hg € Py, and B(ho, hg) € P, there exist constants A, « € (0,1) such that

1
Mi<hg< <hoand b < B(ho,ho) < ~h.

Since B is a mixed monotone operator, combing (2.2)) and (2.4)), we have
ho ) 1 1
B(h,h) < B —, hg ) < —=B(hg,hy) < —— -
oty <3 (5 oy Do)
and

B(hh) > B (Aho, ’f) > 6(\)B(ho, ho) > B(A) - ah.

Thus, B(h, h) € P,.
Taking z,y € P, there exist v1,72 € (0,1) such that

1 1
nh<z<—h and yh<y< —h.
T 72
Let v = min{~y1,7y2}. Then v € (0,1). It follows from (2.2]) and (2.4]) that

B(z,y) < B (Vllh”mh> <B (ih,vh) < gf)(lv)B(h’ h),

and
Br,y) > B (wlh, ,Ylh) > B (’yh, ih) > 6(x)B(h, h).
2
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Then, we have B(x,y) € P, since B(h,h) € Py. This completes the proof of B : P, x P, —
P,.
Since Dhg € Py, there exists 8 € (0,1) such that

1
Bh < Dhg < 5

Next we show D : P, — P,. For any 2’ € Py, we can choose a sufficiently small number
v € (0,1) such that
1
vYh <2 < ?h.
Since D is increasing, by using ([1.2]) and (2.4)), we have

1 1 1 ho 1 1 1
Dx’§D<h>§ Dh < D<>§Dh < - .2,
vy (v (v A (Y)yran 70 = (yyman T B

and
Dx" > D(y'h) > (/)"Dh > (/)"D(Mhg) > (v')*"N"Dhy > (/)" \" - Bh.

which means that Dz’ € Pj,, and thus D : P, — Pj,. So the conclusion (1) holds.
Now, we define an operator 1" by

T(xz,y) = B(z,y) + Dz, x¢€ P.

Then, T : P x P — P is a mixed monotone operator and T'(h,h) € P,. Moreover, By
using (D2) and (D3), for all ¢ € (0,1) and z,y € P,
T(tz,t 'y) = B(tz,t 'y) + D(tz)
¢(t)B(z,y) +1"Dx
(T(,y) + [6(t) — 1] Bla,y) + (¢ — ) Da

Vv

> (T(w.9) +[9(t) - 1 Bla.y) + 5 (" ~ O B(z.)
= T+ o) - 50— )| B
> )+ s [0 - - 5 )| Ty
= o)T(z,y),
where ¢ is defined by
o(t) =t + 1?50 [d)(t) e ;()(t—t")] S te(01).

By (2.3), we have ¢(t) >t for all t € (0,1). In addition,

T(h,h) > T(th,t *h) > @(t)T(h,h), te(0,1)
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yields that ¢(t) < 1 for all ¢ € (0,1). Hence the conclusion (A2) in Lemma [2.1]is satisfied.
Then, the conclusions (2)-(4) follows from Lemma [2.1] O

In the proof of our existence result, we will use the following corollary of Theorem

Corollary 2.3. Letn > 1, B: P — P be an increasing operator, and D : P — P be an
increasing and n-superlinear operator. Assume that the following conditions hold:

(B1) there is hg € Py, such that Bhg € P, and Dhg € Py;

(B2) there exists a constant dg > 0 such that Bx > doDx for all x € P;

(B3) there exists a function ¢ : (0,1) — (0,4+00) such that for allx € P and X € (0,1),

B(Azx) > ¢(\)Buz, (2.5)

and )
©(A) > A+ 5—()\ —A"). (2.6)

0

Then (]) B:Ph—>Ph andD:Ph%Ph;
(2) there exist ug,vo € Pp and r € (0,1) such that

rvg < ug < v, ug < Bug + Dug < Bvg + Dvg < w;

(3) the operator equation Bx + Dx = = has a unique fived point x* in Py;
(4) for any initial value xoy € Py, constructing successively the sequence

Tn = Brp_1+ Dryp_1, n=12,...,

we have T, — * as n — co.

2.2 Existence and uniqueness

Firstly, In order to use Corollary to study problem ((1.1)), we need to clarify some
symbols. In this section, we denote the Banach space E = C'[0, 1] equipped with the
norm

_ /
| = masx{ gma, fu®) max, o' (2)]}.

Let
P={ueE:u(t)>0d(t)>0,Vtel01]}

It is not difficult to verify that P is a normal cone in E. Also, P induces an order relation
< in E by defining u<w if and only if v — u € P.

Let G(t,s) be the Green function of the linear problem u(®*(t) = 0 with the boundary
conditions in problem (L.I). It follows from [3] that

52(3t—s)

G(tas): t2(3§—t)’ - (27)
B ss< L.
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Thus, equation ([L.1]) is equivalent to the following integral equation

1
u(t) :/0 G(t,s)f (s,u(s),u'(s)) ds — g (u(1)) ¢(t), t€[0,1],

where ¢(t) = 1¢> — 143 for all t € [0, 1].
The following properties of the Green function G(t,s) and ¢(t) will be used in our
proof.

Lemma 2.4. [9, 10] For all t,s € [0,1], we have

122 1 2 12 12
st < G(t < —st -t < o(t) < =t
38 — (78)—28 7 3 —¢()—2 )
and 1 OG(t, s) 1
2 ) S /
—st < < st —t < t) < 2t.
9% v = ot = b 2_¢()_

Now, we are ready to present our existence and uniqueness theorem.

Theorem 2.5. Let n > 1. Assume that
(H1) f :]0,1] x [0,400) x [0, +00) — [0, +00) is continuous, g : [0, +00) — (—o0, 0] is
continuous, and

inf t,x,y) >0, inf > —00;
te[o,iﬂx,yzof( z,y) ;gog(w) 00

(H2) g is decreasing on [0,+00), for every t € [0,1] and x > 0, f(t,z,-) is increasing
on [0,+00), and for every t € [0,1] and y > 0 f(t,-,y) is increasing on [0,+00);

(H3) g(A\z) < N'g(x) for all X € (0,1) and x € [0,+00); moreover, there exists a
function ¢ : (0,1) — (0, +00) such that

f A2, Ay) = oA f(t,2,y),  te[0,1], A€ (0,1), 2,y € [0, +00),

and
Sglg—g(fﬁ)
= 3N = A" 1). .
P > A i BN, A€ (0,) (2.8)
te[0,1],z,y>0

Then (1) there exist ug,vo € Py and r € (0,1) such that rvg<ug<vo and

1
uo(t) < /0 Gt $)f (5, uo(s), u(s)) ds — g (uo(1)) 6(¢), ¢ € [0,1],

1
uh(t) < /0 Gu(t, 5)f (s, uo(s), u(s)) ds — g (uo(1)) #'(t), € [0,1],

1
wolt) > /0 Gt 5)f (5, 0(s), v)(s)) ds — g (wo(1)) 6(1), ¢ € [0,1],
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1
vo(t) 2/0 Gi(t,s)f (s,v0(s),vo(s)) ds — g (vo(1)) &'(t), € [0,1],

where h(t) = t* for all t € [0,1] and G(t,s) is given as in (2.7);
(2) equation (1.1)) has a unique monotone positive solution u* in Py;
(3) for every xo € Py, constructing successively the sequence

1
2ult) = [ G0 (svmm1(9). 2 1(5) ds = g (s (1) 60, 0= 1.2
we have ||z, —u*|| = 0 as n — oo.

Proof. Recall that equation (L.1]) is equivalent to the following integral equation

1
u(t) :/0 G(t,s)f (s,u(s),u/'(s)) ds — g (u(1)) ¢(t), ¢ €[0,1],

where ¢(t) = %t2 — %t3 for all t € [0,1]. So, we define two operators B, D on P by

1
Bu(t) = /0 G(t,s)f (s,u(s),u'(s)) ds, Du(t)=—g(u(l))e(t), uweP te]01].

Then, equation is transformed into the operator equation v = Bu + Du.

Next, we will verify all the assumptions of Corollary 2.3] We divide the remaining
proof by four steps.

Step 1. B is an increasing operator from P to P, and D is an increasing and n-
superlinear operator from P to P.

It is easy to see that

1
(Bu)/(t) = /0 Gi(t,s)f (S,U(s),ul(s)) ds, (Du)'(t) = —g(u(l)) (;Sl(t), ue€ P, tel0,1].

For every u € P, since u(t) > 0 and «/(t) > 0 for all ¢ € [0,1], by (H1) and Lemma [2.4]
we have
Bu(t) > 0, Du(t) >0, (Bu)'(t) >0, (Du)'(t) >0, te€l0,1].

Therefore, Bu € P and Du € P,ie., B: P — P and D : P — P. Moreover, for every
A€ (0,1) and u € P, by (H3) we have

D(Au)(t) = —g (Au(1)) o(t) > =A"g (u(1)) ¢(t) = A" Du(t), te€[0,1],
and
(D)) (t) = —g Au(1)) ¢'(t) = =A"g (u(1)) ¢'(t) = X" (Du)'(t), t€[0,1].

which means that D(Au)>\"Du.
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It remains prove that B, D are two increasing operators. Taking any u,v € P with
u<v, we know that
u(t) <o(t), u'(t) <J'(t), telo,1].

Combining this with (H1) and (H2), we have

1
Bu(t) = /G(t,s)f(s,u(s),u'(s))ds

< /Gts (s,v(s),v'(s)) ds
= e [0,1],

and

1
(Bu)'(t) = /Gt(t,s)f(s,u(s),u/(s))ds

< /Gtts (s,v(s),v'(s)) ds
- e [0,1).

Thus, Bu<Bwv. Moreover, we have

Du(t) = —g(u(l))o(t)
< —g(v(1))o(t)
= Duo(t), t €10,1],
and
(Du)'(t) = —g(u(1)¢'(t)
< —g(v(1) (1)

(DvY(t),  telo,1].

That is, Du<Dwv.

Step 2. The assumption (B1) of Corollary [2.3] holds.

It suffices to show that Bh € P, and Dh € P,. Combining (H1), (H2) and Lemma
for all t € [0, 1], we have

1
Bh(t) = / G(t,s)f (s,h(s), N (s)) ds
= / G(t,s) 5 s> 25)d

/ 25t2f (5 2 2s)d
0

IN
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1

1
< 2/0 sf(s,1,2)ds - h(t),

and
1
Bh(t) = /0 G(t,s)f (s, h(s),h'(s)) ds
= /1 G(t,s)f (s, s2, 2s) ds
01 1

> / 22 f (8,82,28) ds
0 3

1

> 3/0132f(s,0,0)ds-h(t).

In addition, also from (H1), (H2) and Lemma for all t € [0, 1], we have
1
B0 = [ Gult.s) (5511 () ds
0
1
= / Gi(t,s)f (5, 52,25) ds
0
1
< / stf (8,52,25) ds

0

1

< 5 [ ez,

and

1
B0 = [ Gt (s.(s).1(5)) ds
= /1 Gi(t,s)f (s, s2, 25) ds
0
1

1, 2
> /0 55 tf(s,s ,28)d5
1

> 4/01 s2f (5,0,0)ds - W' (t).

Let 1 1
Cl:/ s2f (s,0,0)ds, cQ:/ sf(s,1,2)ds.
0 0

By (H1) and (H2), we have

inf t
c2 > > tefo,1,,y>0 S ( Y)
o 12
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Noting that
Clh(t) < Bh(t) < Cgh(t), te [0, 1],

and
(c1h)(t) = c1h/(t) < (Bh)'(t) < c2h/(t) = (c2h)'(t), t €[0,1],

we conclude ¢;h<Bh<cyh. Thus, Bh € Py,
Similarly, it follows from (H1), (H2) and Lemma [2.4] that for all ¢ € [0, 1], there hold

Dh(t) = ~g (h(1)) 6(8) < —g(1) - 31 = ~2g(1) - h(t).
Dh(t) = ~g (h(1)) 9(t) > ~4(1) - 32 = —g(1) - h(1),

and
(Dh)'(t) = —g (h(1)) ¢'(t) = —g(1) - 5t = —=g(1) - B'(1).

Combing the above four inequalities, we can obtain Dh € P,
Step 3. The assumption (B2) of Corollary holds.
For every uw € P and ¢t € [0, 1], we have

1
Bu(t) = /()G(t,s)f(s,u(s),u’(s))ds

> /1 G(t,s)ds- inf  f(t,z,y)
0
¢(

te[0,1],2,5>0
t)

3 te[O&ﬂz,yZO f( > y)

Vv

infyeo,1],0,y>0 f(t, 7, )
S - ¢(t)sup —g(x
BSuprO 79(1‘) (ZS( )acZIS g( )
inftE[O 1],z,y>0 f(t7 €, y)
Aey2 - glu(D)]e(t
Sl T 00 gfu(njote)
inftG[O,l],x,yzo f(ta &€, y)

= - Du(t),

38upy>o —9(z)

A\

v

where

/OIG“’SWS = /0 tG(t,s)ds+ /t 1G(t,s)ds

t 29 _ 142 —
_ /s(3t S)ds+/ t(3s t)ds
0 6 ¢ 6

12 13 1 4
= 234 ¢
76 T
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v
D=
=
I
~
m
=)
=

In addition, we have
1
oY) = [ Gut.o)f (s,u(s).ul(s)) s

1
> / Gt s)ds- | inf _ f(t.2.9)
0

t€[0,1],2,y>0
¢'(t) -
3 tE[O,ﬁ}iyZO f(tay)
infico1)ay>0 [(H2,y)
3sup,> —9()
inficpo,1),2,y>0 f(t, 7, ) _
3sup,>o —g(z)

1 t 2 1 t2
/ Gi(t,s)ds = 5 ds+ / (st — —=)ds
0 0o 2 t 2

1 1, 1,
= -4t
2’ 73" 7%

I A0
- 3 3 )

Y

v

where

t €0,1].

Let )
_infieey20 f(E 2, Y)

B 3sup,>o —g(z)

Then
Bu(t) > doDu(t), (Bu)'(t) > do(Du)'(t), te€[0,1], u € P,

i.e., Bu>8yDu for all u € P.
Step 4. The assumption (B3) of Corollary holds.
For every A € (0,1), t € [0,1] and u € P, by (H3), we have

B(Au)(t) = /Gtsf(s)\u()ku())d

> / G(t,5)p(N) f (s,u(s),u'(s)) ds
= P(N)Bu(t),

and

1
(BOw))'(t) = /0Gt(t,s)f(S,Au(s),)\u/(s))ds
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> / Gyi(t, s) f( (s),u’(s)) ds
= @\ (Bu)'(?).

Thus, B(Au)>p(\)Bu for all A € (0,1) and u € P. Moreover, it follows from (2.8)) that

S0 > A+ ~(A— "), Ac(0,1).

do

Now, we have verified all the assumptions of Corollary Then, the conclusions
(1)-(3) follows from Corollary This completes the proof. O

Remark 2.6. Compared with some earlier results (see, e.g., [10]), the biggest difference
are that we consider equation u®(t) = f(t,u(t),« (t)) with superlinear boundary condi-
tions, and remove some restrictive conditions, for example, we do not assume that

inf t,z,y) > sup —g(x).
te[ovl]vxvyzof( y> CCZIS g( )

Moreover, in Theorem for convenience, we only consider the case of f(t,x,y) being
increasing about the second and the third argument. In fact, by a similar proof to that of
Theorem one can also consider the case of f(¢,x,y) being increasing about the second
argument and decreasing about the third argument. In addition, Theorem can also be
applied to other problems (see, e.g., [15]).

2.3 Example

In this section, we give an example to illustrate how Theorem [2.5] can be used.

Example 2.7. Let

33 T Y 2x32
= a0 f(t7$7y): \/> + \/> +1, ¢ = 33
32 1+ x L+ 1+$32

where .
2
It is easy to verify that (H1) and (H2) hold. Moreover,

e =

inf  f(t,z,y) =1, sup—g(x)=2+e.

It remains to verify the assumption (H3).
For every A € (0,1), t € [0,1], and z,y € [0, +00), we have

gAr) = —————5 —¢
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33 33
2 32132
8 ¢
14 x32
33 33
2\32 132 33 33
—— — A\32¢e = )\szg(x)’
1+ x32

and

vz . VAY
1+VAz  1+VAy
where @()\) := VA for A € (0,1). We claim that

+12>VAf(tz,y) = o\ f(t,z,y),

f(t, Az, \y) =

e(\) = VA > A+16(A—A3), A€ (0,1).

In fact, for every A € (0,1), we have

Moa o AE(1-a8)
A— A A(1—Aé)
1 [1_( 312>16]
A 1o
- /\2 1+A32+<A%>2+ +(/\312>15}
- S+t L

Combining this with

3sup,>o —9g(z)
inft‘e[O,l],gc,yZO f(t7 xz, y)

we know that (2.8) holds. This shows that (H3) holds.
Then, by applying Theorem the following fourth-order boundary value problem:

—=3(2+¢) < 16,

(4) () — _Vul®) V' ()
u't(t) e T s ® +1, 0<t<1,
u(0) = u/(0) =0, (2.10)

u'(1) = 0, u®(1) = — 2, ¢,

admits a monotone positive solution.

Remark 2.8. In Example the function g does not satisfy the (HO) condition:

g(Az) < Xg(z), A€ (0,1), z>0.
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In fact, letting A\ = (%0)32 and xg = 1, we have

2

9(Aozo) = 10311 &
and 14
€

Then, by a direct calculation, we can obtain

g(Aoo) > Xog(wo).

3 Acknowledgment

The work was partially supported by Excellent Youth Foundation of Jiangxi Province
(20171BCB23030), NSFC (11461034), the NSF of Jiangxi Province, and the Foundation
of Jiangxi Provincial Education Department (GJJ150343).

References

[1] R.P. Agarwal, On fourth-order boundary value problems arising in beam analysis,
Differential Integral Equations 2 (1989) 91-110.

[2] R.P. Agarwal, Y.M. Chow, Iterative methods for a fourth order boundary value prob-
lem, Journal of Computational and Applied Mathematics 10 (1984) 203-217.

[3] E. Alves, T.F. Ma, M.L. Pelicer, Monotone positive solutions for a fourth order equa-
tion with nonlinear boundary conditions, Nonlinear Analysis 71 (2009) 3834-3841.

[4] J. Caballero, J. Harjani, K. Sadarangani, Uniqueness of positive solutions for a class
of fourth-order boundary value problems, Abstract and Applied Analysis, Volume
2011, Article ID 543035, 13 pages.

[5] F. Cianciaruso, G. Infante, P. Pietramala, Solutions of perturbed Hammerstein in-
tegral equations with applications, Nonlinear Analysis: Real World Applications 33
(2017), 317-347.

[6] K. Deimling, Nonlinear Functional Analysis, Springer-Verlag, New York, 1985.

[7] D.J. Guo, V. Lakshmikantham, Nonlinear problems in abstract cones, Notes and
Reports in Mathematics in Science and Engineering, Volume 5, Academic Press Inc.,
Boston, 1988.

316 Wei Long ET AL 302-317



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

[8] D.J. Guo, V. Lakshmikantham, Coupled fixed points of nonlinear operators with
applications, Nonlinear Analysis 11 (5) (1987) 623-632.

[9] S.Y. Li, X.Q. Zhang, Existence and uniqueness of monotone positive solutions for an
elastic beam equation with nonlinear boundary conditions, Computers and Mathe-
matics with Applications 63 (2012) 1355-1360.

[10] S.Y. Li, C.B. Zhai, New existence and uniqueness results for an elastic beam equation
with nonlinear boundary conditions, Boundary Value Problems 2015, No. 104, 12

pages.

[11] M.H. Pei, S.K. Chang, Monotone iterative technique and symmetric positive solutions
for a fourth-order boundary value problem, Mathematical and Computer Modelling
51 (2010) 1260-1267.

[12] W.X. Wang, Y.P. Zheng, H. Yang, J.X. Wang, Positive solutions for elastic beam e-
quations with nonlinear boundary conditions and a parameter, Boundary Value Prob-
lems 2014, No. 80, 17 pages.

[13] C.B. Zhai, L.L. Zhang, New fixed point theorems for mixed monotone operators and
local existence-uniqueness of positive solutions for nonlinear boundary value problems,
Journal of Mathematical Analysis and Applications 382 (2011) 594-614.

[14] C.B. Zhai, C.R. Jiang, Existence of nontrivial solutions for a nonlinear fourth-order
boundary value problem via iterative method, Journal of Nonlinear Sciences and
Applications 9 (2016), 4295-4304.

[15] J.Y. Zhao, H.S. Ding, G.M. N’Guérékata, Positive almost periodic solutions to inte-
gral equations with superlinear perturbations via a new fixed point theorem in cones,
Electronic Journal of Differential Equations, Vol. 2017 (2017), No. 02, pp. 1-10.

317 Wei Long ET AL 302-317



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

A SEPTENDECIC FUNCTIONAL EQUATION IN MATRIX NORMED
SPACES
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ABSTRACT. In this paper, we study the septendecic functional equation and prove the Hyers-Ulam
stability for the septendecic functional equation in matrix normed spaces by using the fixed point
technique.

1. INTRODUCTION AND PRELIMINARIES

The abstract characterization given for linear spaces of bounded Hilbert space operators in
terms of matricially normed spaces [28] implies that quotients, mapping spaces and various tensor
products of operator spaces may be treated as operator spaces. Owing this result, the theory of
operator spaces is having a increasingly significant effect on operator algebra theory (see [9]).

The proof given in [28] appealed to the theory of ordered operator spaces [6]. Effros and Ruan
[10] showed that one can give a purely metric proof of this important theorem by using a technique
of Pisier [22] and Haagerup [12] (as modified in [8]).

We will use the following notations:

ej=(0,---,0,1,0,---,0);

E;j is that (7, j)-component is 1 and the other components are zero;

E;j ® x is that (4, j)-component is « and the other components are zero;

For z € M, (X),y € Mi(X),
z 0
x@y:(o y>

Note that (X, {]|-|l»}) is a matrix normed space if and only if (M, (X),||-||») is a normed space
for each positive integer n and ||Az B, < ||All||B||||z||» holds for A € My, ,,, x = (z45) € Mp(X)
and B € M, i, and that (X, {]| - ||, }) is a matrix Banach space if and only if X is a Banach space
and (X, {]| - |ln}) is a matrix normed space.

Let E, F be vector spaces. For a given mapping h : E — F and a given positive integer n,

define h,, : M,,(E) — M, (F) by
hn([zi5]) = [h(2ij)]

for all [z;;] € M,(E).

In 1940, an interesting topic was presented by S. M. Ulam [30] triggered the study of stability
problems for various functional equations. He addressed a question concerning the stability of
homomorphism. In the following year, 1941, D. H. Hyers [13] was able to give a partial solution
to Ulam’s question. The result of Hyers was then generalized by Aoki [1] for additive mappings.

2010 Mathematics Subject Classification. 39B52; 46L07; 47H10; 47L25.
Key words and phrases. Hyers-Ulam stability, fixed point, septendecic functional equation, matrix normed space.
*Corresponding author.

318 MURALI RAMDOSS ET AL 318-333



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

M. Ramdoss, C. Park, V. Veeramani

In 1978, Th. M. Rassias [25] succeeded in extending the result of Hyers theorem by weakening
the condition for the Cauchy difference.

The stability phenomenon that was presented by Th. M. Rassias is called the Hyers-Ulam
stability. In 1994, a generalization of the Rassias theorem was obtained by Gavruta [11] by
replacing the unbounded Cauchy difference by a general control function.

The result of Rassias has furnished a lot of influence during the past thirty eight years in
the development of the Hyers-Ulam cocepts. Further, the generalized Hyers-Ulam stability of
functional equations and inequalities in matrix normed spaces has been studied by number of
authors [15, 16, 17, 18, 21, 31].

Now, we introduce the following new functional equation
flz+9y) — 17f(x + 8y) + 136 f (x + Ty) — 680 f (z + 6y) + 2380 f (x + by) — 6188 f (x + 4y)

+12376 f (x + 3y) — 19448 f (x + 2y) + 24310 f (z + y) — 24310 (z)
+19448 f (x — y) — 12376 f (z — 2y) + 6188 f (x — 3y) — 2380 f (z — 4y)

(1.1) +680f(x — 5y) — 136 f(x — 6y) + 17f(x — Ty) — f(xz — 8y) = 17! f(y),

where 17! = 355687428100000 in matrix normed spaces. The above functional equation is said to
be septendecic functional equation since the function f(z) = cz'7 is its solution.
Let X be a set. A function d : X x X — [0, 00] is called a generalized metric on X if d satisfies
(1) d(z,y) = 0 if and only if x = y;
(2) d(z,y) = d(y,x) for all x,y € X;
(3) d(z, z) < d(z,y) +d(y, z) for all z,y,z € X.
We recall a fundamental result in fixed point theory.

Theorem 1. [3, 7] Let (X,d) be a complete generalized metric space and let J : X — X be a
strictly contractive mapping with Lipschitz constant o < 1. Then for each given element x € X,
either
d(J"z, J" ) = 0o
for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"z, J"r) < oo, Vn > ngp;

(2) the sequence {J"x} converges to a fized point y* of J;
(3) y* is the unique fized point of J in the set Y = {y € X | d(J™z,y) < co};
(4) d(y,y*) < 125d(y, Jy) for ally €Y.

In 1996, G. Isac and Th.M. Rassias [14] were the first to provide applications of stability theory
of functional equations for the proof of new fixed point theorems with applications. By using
fixed point methods, the stability problems of several functional equations have been extensively
investigated by a number of authors (see [2, 4, 5, 20, 23, 24, 26, 27, 29, 32]).

In Section 2, we study the septendecic functional equation (1.1).

In Section 3, using the fixed point technique, we prove the Hyers-Ulam stability of the functional
equation (1.1) in matrix normed spaces.

2. SEPTENDECIC FUNCTIONAL EQUATION (1.1)

In this section, we study the septendecic functional equation (1.1). For this, let us consider A
and B be real vector spaces.

Theorem 2. If a mapping f : A — B satisfies the functional equation (1.1) for all z,y € A,
then f(2x) =217 f(z) for all x € A.

Proof. Letting (x,y) = (0,0) in (1.1), we get f(0) = 0.
Replacing (z,y) by (0,z) in (1.1) and using f(0) = 0, we get
F(9z) — 17f(8z) + 136 f(7x) — 680f(62) + 2380 f(5z) — 6188 f(4x)
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Septendecic functional equation in matrix normed spaces

+ 12376 f(3z) — 19448 f (22) + 24310 (2) — 24310 (0)
+ 19448 f (—x) — 12376 f(—2z) + 6188 f (—3x) — 2380 f(—4x)

(2.1) +680f(—bx) —136f(—6x) + 17f(—Tx) — f(—8zx) = 17! f(x)

for all z € A.
Replacing (z,y) by (—z,z) in (1.1) and using f(0) = 0, we get
F(=82) — 1Tf(—Tx) + 136 f(—6x) — 680f(—5z) + 2380 f(—4z)
— 6188F(—3x) + 12376f(—21) — 19448 f(—x) + 24310£(0)
— 24310 (x) + 19448 f(22) — 12376 f(3x) + 6188 (4z) — 2380 (5z)

(2.2) + 680 (62) — 136 (7) + 17f(8z) — f(9z) = 17 f(—=)

for all z € A.
By (2.1) and (2.2), we get
f(—z) = —f(z)
for all z € A. So f is an odd mapping.
Replacing (z,y) by (0,2x) in (1.1), we get
F(182) — 16 f(162) + 119f(14x) — 544f(122) + 1700f(10z)

(2.3) — 3808 (8) + 6188 (62) — T072f (4z) + (4862 — 17!) f(22) = 0

for all z € A.
Replacing (z,y) by (92, ) in (1.1), we obtain
F(182) — 17f(17z) + 136 (16x) — 680 f(152) + 2380 f(14x)
— 6188f(13z) + 12376 £ (122) — 19448 (11z) + 24310f(10z)
—24310f(9z) + 19448 f (8x) — 12376 f (Tx) + 6188 f(6x) — 2380 f (5x)

(2.4) +680f(4z) — 136f(3z) + 17f(22) — (1 + 171 f(z) =0

for all x € A.
Subtracting from (2.3) to (2.4), we obtain
17f(172) — 152f (162) + 680 f(15z) — 2261 f(14x)
+ 6188f(13z) — 12920 f(12z) + 19448 f(11z) — 22610f(10z)
+ 24310 (9z) — 23256 (8z) + 12376 f (Tx) + 2380f (5z)

(2.5) —T752f (4) + 136 f(3x) + (4845 — 17!) f(2z) + 17! f(z) = 0

for all z € A.
Replacing (z,y) by (8z, ) in (1.1), we obtain
F(172) — 17f(162) + 136 £ (152) — 680 f(14z) + 2380 (13x)
— 6188F(122) + 12376 f(11z) — 19448 £(10z) + 24310 (9z)
— 24310 f(8z) + 19448 f(7x) — 12376 f (6x) 4 6188 f (5z) — 2380 f (4x)

(2.6) + 680 (32) — 136f(22) + (17 — 17)) f(z) = 0
for all z € A.
Multiplying (2.6) by 17, we get
17f(172) — 289 (162) + 2312 (152) — 11560 (14z) + 40460 f (13z)
~ 105196 f(12x) + 210392f(11x) — 330616f(10z) + 413270 f(9z)
— 413270 f(8x) + 330616 (Tx) — 210392f (62) + 105196 f (52:) — 40460 f (4x)
(2.7) F11560f(3x) — 2312f(22) — 17(17) f(z) = 0

for all z € A.
Subtracting from (2.5) to (2.7), we obtain
137f(162) — 1632f(152) + 9299 (14z) — 34272f (13z)
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— 190944 f(11z) + 308006 f (10x) — 388960 f (9z:) + 390014 f (8)
— 318240 f(7z) + 210392 (62) — 102816 f (52) + 32708 f (4z)

(2.8) — 11424 (3x) + 92276 f(12x) + (7157 — 17!) £ (2z) + 18(17!) f () = 0

for all z € A.
Replacing (z,y) by (7z,z) in (1.1), we get
F(162) — 17f(152) + 136 f(14z) — 680f(13z) + 2380 f(122) — 6188 f(11x)
+ 12376 f (10x) — 19448 f (9x) + 24310 f (8x) — 24310 f(7x) + 19448 f(62)

(2.9) — 12376 f (5z) + 6188 f (4x) — 2380 f(3x) + 680f(2x) — (135 + 171) f(z) =0

for all z € A.
Multiplying (2.9) by 137 , we get
137f(16x) — 2329 (15x) + 18632 f(14x) — 93160 f(13x) + 326060 f (12x)
847756 f(112) + 1695512 (102) — 2664376 f (92) + 3330470 f(8x)
— 3330470 (72) + 2664376 f (62) — 1695512f (5z') + 847756 f (4x)

(2.10) —326060(3z) + 93160f(2z) — 137(17)) f(z) = 0

for all z € A.
Subtracting from (2.8) to (2.10), we obtain
607 f(15z) — 9333f(14z) + 58888 f(13x) — 233784 f(122) + 656812f(11x)
1387506 £ (1027) + 2275416 £ (9z) — 2940456 f (8 + 3012230 (7x)
2453984 f(62) + 1592696 f (5) — 815048 f (4z) + 314636 f (3z)

(2.11) — (86003 + 17") f(22) + 155(17") f(z) = 0

for all z € A.
Replacing (z,y) by (6z,z) in (1.1), we get
F(152) — 17f(14z) + 136 £(13z) — 680 f(12z) + 2380 f(11z) — 6188f(10z)
+ 12376 £ (92) — 19448 (8x) + 24310 (7) — 24310 f(6)

(2.12) 119448 (5z) — 12376 f (4z) + 6188 f(3x) — 2379f(22) + (663 — 17!) f(z) = 0

for all z € A.
Multiplying (2.12) by 697, we get
697 f(152) — 11849 f (14z) + 94792 f(132) — 473960 f (122) + 1658860 f(11x)
—'4313036f(102) + 8626072 (9z) — 13555256 f (82) + 16944070 (7x)
— 16944070 f (6x) + 13555256 f (5x) — 8626072 f (4x) + 4313036 f (3x)

(2.13) — 1658163 f(22) — 697(17!) f(2) = 0

for all z € A.
Subtracting from (2.11) to (2.13), we get
9516f (14z) — 35904 (132) + 240176 f(12z) — 1002048 f(11z)
+ 2925530 (102) — 6350656 f (92) + 10614800 (8x) — 13931840 f(7x)
+ 14490086 f (6x) — 11962560 f (5z) + 7811024 f (4x)

(2.14) — 3998400 f(3z) + (1572160 — 17!) f(2z) + 852(17!) f(z) = 0

for all z € A.
Replacing (z,y) by (5z,z) in (1.1), we obtain
F(14z) — 17£(137) + 136 f(12z) — 680f(11z) + 2380 (10z) — 6188 f(9z)
+ 12376 f(82) — 19448 f (7)) + 24310 (6x) — 24310 (52)

(2.15) +19448 f (4z) — 12375 (3x) + 6171 f(2z) — (2244 + 17!) f(z) =0
for all z € A.
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Multiplying (2.15) by 2516, we get
2516 (14z) — 42772f (13z) + 342176 f(122) — 1710880 (11z) + 5988080 f(10z)
— 15569008 f (9x) + 31138016 f (8x) — 48931168 f(7x) + 61163960 f (6x)
— 61163960 f (5x) + 48931168 f (4x) — 31135500 f (3x) + 15526236f( x)

(2.16) —2516(17!) f(z) =

for all x € A.
Subtracting from (2.14) to (2.16), we obtain
6868 f(13x) — 102000 f(12x) + 708832f(11x) — 3062550 £(10z) + 9218352f(9z)
— 20523216 f (8x) + 34999328 f (7x) — 46673874 f (6x)
+ 49201400 f (5) — 41120144 f(4z) + 27137100 f(3z)

(2.17) — (13954076 + 17!) f(2z) + 3368(17!) f(z) = 0

for all x € A.
Replacing (z,y) by (4z,z) in (1.1), we get
F(132) — 17f(122) + 136f(11z) — 680£(10z) + 2380 f(9z) — 6188 (8z)
+12376f(Tx) — 19448 f(6) + 24310 f (52) — 24300 f (4z)

(2.18) + 19431 f(3z) — 12240f (22) + (5508 — 171) f(z) = 0

for all z € A.
Multiplying (2.18) by 6868, we obtain
6868f(132) — 116756 f(122) + 934048 f(11x) — 4670240 (10z) + 16345840 f (9)
42499184 f(8x) + 84998368 (Tx) — 133568864 f (62) + 166961080 f(5z)

(2.19) —166954212f (4x) + 133452108 f (32) — 84064320 f (2) — 6868(17!) f(x) = 0

for all z € A.
Subtracting from (2.17) to (2.19), we get
14576 f (122) — 225216.f(11x) + 1607690 (10z) — 7127488 f(92:) + 21975968 f (8x)
— 49999040 f (7x) + 86894990 f (62) — 117759680 f (5x) + 125834068 f (4x)

(2.20) —106315008f(3z) + (70110244 — 17!) f(2z) + 10236(17!) f(z) = 0

for all z € A.
Replacing (z,y) by (3z,z) in (1.1), we get
F(122) — 17f(11z) + 136£(102) — 680 f(9z) + 2380 (8x) — 6188 f(7z)
+ 12376 f (62) — 19447 (5z) + 24293 f (4x) — 24174 f (3z)

(2.21) + 18768 (22) — (9996 + 17!) f(2) = 0

for all z € A.
Multiplying (2.21) by 14756, we obtain
14756 f (122) — 250852 (112) + 2006816 (10z) — 10034080 f(9z) + 35119280 (8z)
— 91310128 f(7x) + 182620256 f (6x) — 286959932 f (5x) + 358467508 f (4x)

(2.22) —356711544f(3x) + 276940608 f (22) — 14756(17!) f(2) = 0

for all z € A.
Subtracting from (2.20) to (2.22), we get
25636 f(112) — 399126 f(10z) + 2906592 f(9z) — 13143312 f(8z) + 41311088 f(7x)
95725266 (61) + 169200252 f (52) — 232633440 f (4z) + 250396536 f (31)

(2.23) — (206830364 + 171) f(22) + 24992(17!) f(z) = 0
for all x € A.
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Replacing (z,y) by (2z,z) in (1.1), we get
F(11z) — 17f(102) + 136 £(9z) — 680 f(8z) + 2380 f(7x) — 6187 f(62) + 12359 f (5z)
(2.24) —19312f (4z) + 23630 f(3x) — 21930 (22) + (13260 — 17!) f(z) = 0

for all x € A.
Multiplying (2.24) by 25636, we obtain
25636 (11z) — 435812 (102) + 3486496 f(9x) — 17432480 f (8z) + 61013680 f(7z)
— 158609932 f(6x) + 316835324 f (5x) — 495082432 f (4z) + 605778680 f (3z)

(2.25) — 562197480 (2x) — 25636(17!) f(z) = 0

for all x € A.
Subtracting from (2.23) to (2.25), we get
36686.f(102) — 579904 f (9z) + 4289168 f(82) — 19702592f (7x) + 62884666 f (62)
— 147635072 (5z) + 262448992 f (4x) — 355382144 f (3z)

(2.26) + (355367116 — 171) f(22) + 50628(17!) f(x) = 0

for all z € A.
Replacing (z,y) by (z,z) in (1.1), we get
F(102) — 17f(92) + 136 £ (8z) — 679f(7z) + 2363f(62) — 6052 (5z)

(2.27) 111696 f (42) — 17068 (3z) + 18122 (22) — (11934 + 171) f(z) = 0

for all z € A.
Multiplying (2.27) by 36686, we obtain
36686 f(102) — 623662 (9z) + 4989296 f (8z) — 24909794 (7z) + 86689018 f (62
222023672 (52) + 420079456 f (4z) — 626156648 f (37) + 664823692 f (21)

(2.28) — 36686(17!) f(z) = 0

for all x € A.
Subtracting from (2.26) to (2.28), we get
43758 f(92) — T00128f (8) + 5207202f (72) — 23804352 f (6) + 74388600 f (5z)

(2.29)  —166630464f(4z) + 270774504 f (3z) — (309456576 + 17!) f(2x) + 87314(17!) f(x) = 0

for all x € A.
Replacing (z,y) by (0,z) in (1.1), we get
F(92) — 16f(8x) + 119 (7x) — 544f(6) + 1700 (52) — 3808/ (4x)

(2.30) + 6188f(3x) — T072f(2x) + (4862 — 17!) f(z) = 0

for all z € A.
Multiplying (2.30) by 43758, we obtain
43758 f(92) — 700128 f (8) + 5207202f (72) — 23804352 f (61)
+ 74388600 f (52) — 166630464 f (4) + 270774504 f (32)

(2.31) — 309456576 f (2x) — 43758(17!) f(x) = 0

for all x € A.
Subtracting from (2.29) to (2.31), we get

— 171 f(2x) + 131072(17") f(xz) = 0
and so f(2z) = 217 f(z) for all z € A.
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3. STABILITY OF THE SEPTENDECIC FUNCTIONAL EQUATION IN MATRIX NORMED SPACES

Throughout this section, let (X, ||.||,,) be a matrix normed space, (Y, |.||,,) be a matrix Banach
space and let n be a fixed non-negative integer.

In this section, we prove the stability of the septendecic functional equation (1.1) in matrix
normed spaces by using the fixed point method.

For a mapping f: X — Y, define Gf : X?> =Y and Gf, : M,(X?) — M,(Y) by

Gf(a,b) = f(a+9b) — 17f(a + 8b) + 136 f(a + 7b) — 680 f(a + 6b) + 2380 f (a + 5b)
— 6188F(a + 4b) + 12376 f (a + 3b) — 19448 f(a + 2b) + 24310f (a + b)
— 24310 (a) + 19448 f (a — b) — 12376 (a — 2b) + 6188f(a — 3b)
2380 f(a — 4b) + 680f(a — 5b) — 136 f(a — 6b) + 17f(a — Tb)
= fla—8b) — 17 (D),

G fullzig), [yis]) = fullzig + viz]) — 17 fa([2ij + 8yij]) + 136 fu([zij + Tyis))
— 680 fn([zij + 6yis]) + 2380 fn([2ij + 5yiz]) — 6188 fu([xij + 4yijs])
+12376 £ ([zij + 3yi;]) — 19448 f, (245 + 2yi5]) + 24310 o ([i5 + vij])
— 24310 fn ([wi5]) + 19448 fr.([zi5 — vij]) — 12376 fr([zi5 — 2345])
+ 6188fn([$i]’ — 3ij]) — 2380fn([:6ij — 4yij]) + 680fn([$ij — 5yij])
— 136 fn([2ij — 6yi5]) + 17 fn[zij — Tyij]) — fallmi; — 8yis]) — 17 fu[yis])

for all a,b € X and all z = [z4;],y = [yi;] € Mp(X).

Theorem 3. Assume that | = %1 be fized and let 1) : X? — [0,00) be a function such that there
exists an n < 17 with

a b
(31) ¢(a7 b) S 21”771?(?7 ?)
foralla,be X. Let f: X =Y be a mapping satisfying
(3.2) 1G £ (351, iDL, < D ¥(wiz, vis)
ij=1

for all x = [x45], y = [yij] € Mn(X). Then there exists a unique septendecic mapping Sp : X =Y
such that

(3.3) | fn([7i5]) — Sonl[yi)Il,, < ”zzl ma(%’j)’
where
P(xiy) = %7![7#(0, 22i5) + PV(97ij, 2i5) + 1T (845, zi5) + 1379 (Twif, 245)

+ 697(62i;, i) + 25160 (5, mij) + 6868 (daij, 247) + 14756¢(3245, 247)
+ 256369 (2x;5, x45) + 366861 (5, x45) + 43758¢(0, xi;)]

Proof. Letting n = 1 in (3.2), we obtain

(3.4) 1Gf(a,b)|| < +(a,b)

Replacing (a,b) by (0,2a) in (3.4), we get
|| f(18a) — 16 f(16a) + 119f(14a) — 544 f(12a) + 1700 f(10a)

(3.5) —3808f(8a) 4+ 6188f(6a) — 7072f(4a) + (4862 — 17!) f(2a)|| < (0, 2a)
for all a € X.
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Replacing (a,b) by (9a,a) in (3.4), we obtain
I£(18a) — 17f(17a) + 136,f(16a) — 680f(15a) + 2380f(14a)
—6188f(13a) + 12376£(12a) — 19448 f(11a) + 24310 £(10a)
—24310f(9a) + 19448 f(8a) — 12376 f (7a) + 6188 f (6a) — 2380 f(5a)

(3.6) +680f(4a) — 136 f(3a) + 17f(2a) — (1 + 17" f(a)|| < ¥(9a,a)

for all a € X.
It follows from (3.5) and (3.6) that
117 £(17a) — 152f(16a) + 680 (15a) — 2261 f(14a)
+6188f(13a) — 12920 f(12a) + 19448 f(11a) — 22610f(10a)
+24310f(9a) — 23256.f(8a) + 12376 (7a) + 2380 (5a)

(3.7)  —7752f(4a) + 136f(3a) + (4845 — 171)f(2a) + 17! f(a)|| < (0, 2a) + ¥(9a, a)

for all a € X.
Replacing (a,b) by (8a,a) in (3.4), we obtain
1£(17a) — 17f(16a) + 136f(15a) — 680f(14a) + 2380 (13a)
—6188f(12a) + 12376 (11a) — 19448 f(10a) + 24310 £(9a)
—24310f(8a) + 19448 (7a) — 12376 (6a) + 6188 (5a) — 2380 (4a)

(3.8) +680f(3a) — 136 f(2a) + (17 — 17 f(a)|| < ¥ (8a,a)

for all @ € X.
Multiplying (3.8) by 17, we get
117f(17a) — 289 (16a) + 2312 (15a) — 11560 f(14a) + 40460 f(13a)
—105196 £(12a) + 210392f(11a) — 330616f(10a) + 413270f(9a)
413270 (8a) + 330616.f (7a) — 210392 (6a) + 105196 f(5a) — 40460 f (4a)

(3.9) +11560f(3a) — 2312f(2a) — 17(17") f(a)|| < 174(8a, a)

for all a € X.
It follows from (3.7) and (3.9) that
1137 f(16a) — 1632f (15a) + 9299 (14a) — 34272 (13a)
—100944f (11a) + 308006 f(10a) — 388960 (9a) + 390014 (8a)
—318240f(7a) 4+ 210392 f (6a) — 102816 f (5a) + 32708 f (4a)
—11424f(3a) + 92276 £(12a) + (7157 — 17)) f(2a) + 18(17!) f(a)]|

(3.10) < (0,2a) + ¢¥(9a,a) + 17(8a, a)

for all a € X.
Replacing (a,b) by (7a,a) in (3.4), we get
1£(16a) — 17f(15a) + 136f(14a) — 680 f(13a) + 2380 (12a)
—6188f(11a) + 12376£(10a) — 19448 f(9a) + 24310 (8a)
—24310f(7a) + 19448 (6a) — 12376 (5a) + 6188 f(4a)

(3.11) —2380f(3a) + 680(2a) — (135 + 17)) f(a)|| < ¥(7a,q)

for all a € X.
Multiplying (3.11) by 137, we get
1137 f(16a) — 2329f(15a) + 18632f(14a) — 93160 f(13a) + 326060 f(12a)
—847756 f (11a) + 1695512 f(10a) — 2664376f(9a) + 3330470 f(8a)
—3330470f(7a) + 2664376 f (6a) — 1695512 f (5a) + 847756 f (4a)

(3.12) —326060f(3a) + 93160 f(2a) — 137(17!) f(a)|| < 137¢(7a, a)
for all a € X.
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It follows from (3.10) and (3.12) that
1697 f(15a) — 9333 f (14a) + 58888 f(13a) — 233784 f(12a) + 656812 (11a)
—1387506f (10a) + 2275416 f (9a) — 2940456 f(8a) + 3012230 f(7a)
—2453984 f(6a) + 1592696 f (5a) — 815048 f (4a)
+314636f(3a) — (86003 + 17!)f(2a) + 155(17!) f(a)||

(3.13) < (0,2a) + ¥ (9a,a) + 17 (8a, a) + 137(7a, a)

for all a € X.
Replacing (a,b) by (6a,a) in (3.4), we get
If(15a) — 17f(14a) + 136f(13a) — 680f(12a) + 2380f(11a) — 6188(10a)
+12376(9a) — 19448 f(8a) + 24310 f(7a) — 24310 (6a) + 19448 f (5a)

(3.14) — 12376 f(4a) + 6188f(3a) — 2379 (2a) + (663 — 17!) f(a)|| < ¥(6a, a)

for all a € X.
Multiplying (3.14) by 697, we get
|697 f(15a) — 11849 f(14a) + 94792 f(13a) — 473960 f (12a) + 1658860 f (11a)
—4313036£(10a) + 8626072f(9a) — 13555256 (8a) + 16944070 f(7a)
16944070 (6a) + 13555256 f (5a) — 8626072 f (4a) + 4313036 f (3a)

(3.15) —1658163(2a) — 697(17!) f(a)|| < 697¢(6a, a)

for all a € X.
It follows from (3.13) and (3.15) that
12516 f (14a) — 35904 f (13a) + 240176 f (12a) — 1002048 f(11a) + 2925530 f(10a)
—6350656f(9a) + 10614800 (Sa) — 13931840 (7a) + 14490086 f (6a)
11962560 (5a) + 7811024 f(4a) — 3998400 f(3a)
+(1572160 — 17!) f(2a) + 852(17") f(a)||

(3.16) < (0,2a) + ¢¥(9a,a) + 17¢(8a, a) + 137y (7a, a) + 697y (6a, a)

for all a € X.
Replacing (a,b) by (5a,a) in (3.4), we obtain
I/ (14a) — 17 (13a) + 136 (12a) — 680f(11a) + 2380 f(10a) — 6188 f(9a)
+12376f(8a) — 19448 f(7a) + 24310f(6a) — 24310f(5a) + 19448 f (4a)

(3.17) —12375f(3a) + 6171 (2a) — (2244 + 17)) f(a)|| < ¥(5a, a)

for all @ € X.
Multiplying (3.17) by 2516, we get
12516 (14a) — 42772f(13a) + 342176 £ (12a) — 1710880 f(11a) + 5988080 f(10a)
15569008 f(9a) + 31138016 f(8a) — 48931168 (7a) + 61163960 f(6a)
— 61163960 f (5a) + 48931168 f (4a) — 31135500f(3a) + 15526236 f (2a)

(3.18) —2516(17") f(a)|| < 2516%(5a, a)

for all a € X.
It follows from (3.16) and (3.18) that
16868 £ (13a) — 102000£(12a) + 708832 (11a) — 3062550 (10a) + 9218352f(9a)
20523216 (8a) + 34999328 (7Ta) — 46673874 f (6a) + 49201400 (5a)
— 41120144 f(4a) + 27137100 (3a) — (13954076 + 171) £ (2a)
+3368(17!") f(a)]] < 9(0,2a) + ¥ (9a,a) + 17¢(8a, a)

(3.19) + 137¢(7a, a) + 697¢(6a, a) + 2516 (5a, a)
for all a € X.
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Replacing (a,b) by (4a,a) in (3.4), we get
1£(13a) — 17f(12a) + 136f(11a) — 680£(10a) + 2380f(9a) — 6188 (8a)
+12376f(Ta) — 19448 f(6a) + 24310f (5a) — 24309 f (4a)

(3.20) +19431(3a) — 12240 (2a) + (5508 — 17) f(a)|| < 1(4a, a)

for all a € X.
Multiplying (3.20) by 6868, we obtain
16868 (13a) — 116756 f(12a) + 934048 f(11a) — 4670240 f(10a) + 16345840 (9a)
42499184 f(8a) + 84998368 f(Ta) — 133568864 f (6a) + 166961080 (5a)
— 166954212 (4a) + 133452108 f (3a) — 84064320 f(2a)

(3.21) —6868(17!) f(a)|| < 6868v(4a,a)

for all a € X.
It follows from (3.19) and (3.21) that
114576 f (12a) — 225216 f(11a) + 1607690 (10a) — 7127488 f(9a) + 21975968 f (8a)
—49999040 f (7a) 4+ 86894990 f (6a) — 117759680 f (5a) + 125834068 f (4a)
—106315008 f(3a) + (70110244 — 17!) f(2a) + 10236(17!) f(a)||
< (0,2a) + ¢¥(9a,a) + 17¢(8a, a) + 137y (7a, a)

(3.22) + 697y (6a, a) + 25169 (5a, a) + 6868 (4a, a)

for all a € X.
Replacing (a,b) by (3a,a) in (3.4), we get
I1£(12a) — 17f(11a) + 136f(10a) — 680f(9a) + 2380 f(8a) — 6188f(7a)
+12376 f(6a) — 19447 f (5a) + 24293 f (4a) — 24174f(3a)

(3.23) +18768(2a) — (9996 + 17!) f(a)|| < ¥(3a, a)

for all @ € X.
Multiplying (3.23) by 14756, we obtain
114756 f (12a) — 250852f (11a) + 2006816 f (10a) — 10034080 f(9a) + 35119280 (8a)
—91310128f(7a) + 182620256 f (6a) — 286959932 f (5a) + 358467508 f (4a)

(3.24) —356711544f (3a) + 276940608 f (2a) — 14756(17!) f(a)|| < 147564)(3a, a)

for all a € X.
It follows from (3.22) and (3.24) that
125636 (11a) — 399126 f(10a) + 2906592f (9a) — 13143312f(8a)
141311088 (7a) — 95725266 f(6a) + 169200252 f (5a) — 232633440 f (4a)
1250396536 f (3a) — (206830364 4 171) £(2a) + 24992(171) f(a)]|
< (0,2a) + ¢¥(9a,a) + 17 (8a, a) + 137y (7a, a) + 697y (6a, a)

(3.25) + 2516¢)(5a, a) + 68681)(4a, a) + 147561 (3a, )

for all a € X.

Replacing (a,b) by (2a,a) in (3.4), we get
I£(11a) — 17£(10a) + 136£(9a) — 680 f(8a) + 2380f(7a) — 6187 f(6a) + 12359f(5a)
(3.26) 19312 (4a) + 23630 (3a) — 21930 (2a) + (13260 — 17!) f(a)|| < ¥(2a, a)

for all a € X.
Multiplying (3.26) by 25636, we obtain
1125636 f (11a) — 435812f(10a) + 3486496 f (9a) — 17432480 f (8a)
+61013680f(7a) — 158609932 f (6a) + 316835324 f (5a) — 495082432 f (4a)

(3.27) +605778680f (3a) — 562197480 f (2a) — 25636(17!) f(a)|| < 256361(2a, a)
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for all a € X.
It follows from (3.25) and (3.27) that
136686 £ (10a) — 579904 f(9a) + 4289168 f (8a) — 19702592f(7a) + 62884666 f (6a)
—147635072 f (5a) + 262448992 f (4a) — 355382144 f (3a) + 50628(17!) f(a)
+(355367116 — 17!) f(2a)|| < 9(0,2a) + ¥ (9a, a) + 17 (8a, a) + 137(7a, a)
(3.28) 16974 (6a, a) + 25164 (5a, a) + 6868y (4a, a) + 147561 (3a, a) + 256361)(2a, a)
for all a € X.
Replacing (a,b) by (a,a) in (3.4), we get
1£(10a) — 17f(9a) + 136.f(8a) — 679f(7a) + 2363 f(6a) — 6052f (5a)
(3.29) 111696 f(4a) — 17068 (3a) + 18122f(2a) — (11934 + 17!) f(a)|| < (a, a)
for all a € X.
Multiplying (3.29) by 36686, we obtain

1136686.f(10a) — 623662 (9a) + 4989296 f (8a) — 24909794 f (7a) + 86689018 f (6a)
—222023672f (5a) + 429079456 f (4a) — 626156648 f (3a) + 664823692 f(2a)

(3.30) —36686(17!) f(a)|| < 366861(a, a)

for all a € X.
It follows from (3.28) and (3.30) that
143758 F(9a) — 700128 f(8a) + 5207202f(7a) — 23804352 (6a) + 74388600 f (5a)
—166630464 f (4a) 4+ 270774504 f (3a) — (309456576 + 17!) f(2a)
+87314(17) f(a)|| < ¥(0,2a) + ©¥(9a,a) + 17¢(8a, a) + 1371(7a, a) + 6971 (6a, a)

(3.31) +2516¢(5a, a) + 6868 (4a, a) + 147561 (3a, a) + 256361 (2a, a) + 366861 (a, a)

for all a € X.
Replacing (a,b) by (0,a) in (3.4), we get
1£(9a) — 16f(8a) + 119f(7a) — 544f(6a) + 1700f(5a) — 3808 (4a)
(3.32) 16188 (3a) — T072f(2a) + (4862 — 171) f(a)|| < ¥(0,a)
for all a € X.
Multiplying (3.32) by 43758, we obtain

1143758 f(9a) — 700128 f(8a) + 5207202 (7a) — 23804352 (6a) + 74388600 f (5a)
— 166630464 f (4a) + 270774504 f (3a) — 309456576 f (2a)

(3.33) —43758(17!) f(a)|| < 43758:(0, a)

for all a € X.
It follows from (3.31) and (3.33) that
|—17!f(2a) 4+ 131072(17") f(a)|| < (0, 2a) + ¥(9a,a) + 174 (8a, a)
+ 137¢(7a, a) + 697 (6a, a) + 2516¢(5a, a) + 68681 (4a, a)

(3.34) 147560 (3a, @) + 256361 (2a, a) + 366861 (a, a) + 437584(0, a)
for all a € X. By (3.34)
(3.35) 12 () = £(20)|| < ¥(a)

for all @ € X, where

Ba) = %W(O,%)+¢(9a,a)+17w(8a,a)+137¢(7a,a)+6977,/1(6a, a)

+ 2516¢(5a, a) + 6868¢(4a, a) + 147564(3a, a) + 256361 (2a, )
+ 366861 (a,a) + 43758(0, a)].
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Thus

(3.36) Hf(a) — 2117lf 2la) H QI;)Qp(a) VaeX.

We consider the set M = {f : X — Y} and introduce the generalized metric on M as follows:

p(f,9) =inf {p e Ry : | f(a) - g(a)|| < pip(a),Va € X},

It is easy to check that (M, p) is complete (see the proof of [[19], Lemma 2.1]).
Define the mapping P : M — M by

Pfla) = 2mf( a) VaeX.

Let f,g € M be an arbitrary constant with p(f,g) = v. Then
|f(a) —g(a)|| <vip(a) for all a € X.
Utilizing (3.1), we find that

1 1 _
IP1(6) = Py = | i 20) - gia?a)| < @) oranaex.
Hence it holds that p(Pf, Pg) < nv, that is, p(Pf,Pg) <np(f,g) forall f,g € M.
1-1

It follows from (3.36) that p(f,Pf) < %

According to [3, Theorem 2.2|, there exists a mapping Sp : X — Y which satisfying:
(1) Sp is a unique fixed point of P in the set S = {g € M : p(f,g) < oo}, which is satisfied
Sp(2la) = 2" Sp(a) VaeX.
In other words, there exists a u satisfying
If(a) = g(a)|| < p(a) Vae€X.
(2) p(P*¥f,Sp) — 0 as k — oo. This implies that

1
lim —— f(2"a) = Sp(a) VaeX.
—00

1-1

()

1
(3) p(f,Sp) < mp(f,Pf) which implies the inequality p(f,Sp) < m

(3.37) So  |f(a) = Sp(a)l < ¥(a) VaeX.

It follows from (3 1) and (3.4) that

Jm W Hf 2" (a + 9b)) — 17f(2¥(a + 8b)) + 136 f (2" (a + 7b))

—680f (2" (a 4 6b)) + 2380 f (2" (a + 5b)) — 6188 f (2" (a + 4b))
+12376 f (28 (a + 3b)) — 19448 f (2" (a + 2b)) + 24310 (2" (a + b))
—24310f (2% (a)) + 19448 f (2 (a — b)) — 12376 f (2" (a — 2b))
+6188f (2% (a — 3b)) — 2380f (2" (a — 4b)) + 680 f (2" (a — 5b))
~136/(2"(a — 68)) + 17/(2"(a — 78)) — f(2"(a — 88)) — 17/ (2" (0))

- 1 KL okl
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and so

Sp(a +9b) — 178p(a + 8b) + 136Sp(a + 7b) — 680Sp(a + 6b) + 2380Sp(a + 5b)
—6188S8p(a + 4b) + 12376Sp (a + 3b) — 194485 (a + 2b) + 24310Sp(a + b)
—24310Sp(a) + 19448Sp(a — b) — 12376Sp(a — 2b) + 6188Sp(a — 3b)
—2380Sp(a — 4b) + 680Sp(a — 5b) — 136Sp(a — 6b) + 17Sp(a — Tb)

—Sp(a— 8b) = 17'Sp(b)

for all a,b € X. Therefore, the mapping Sp : X — Y is septendecic mapping.
It follows from [17, Lemma 2.1] and (3.37) that

" 5
| fa([65]) = Spal[235]) Z 1f (@i) = Splall < 3 sm——(zi;)
) e Ck/)
for all z = [z;;] € M,,(X), where
— 1
(i) = = [W(0,2245) + (9245, xij) + 1785, x45) + 137T0(Twi5, 45)

17!
+ 697@[1(6:&']', l’ij) + 2516w(5l’ij, l’ij) + 6868@[1(4:@7, l‘ij) + 147561!)(31,‘1'3', l’ij)

for all x = [z4;] € M, (X).
Thus Sp : X — Y is a unique septendecic mapping satisfying (3.3). O

Corollary 1. Assume that | = +1 be fized and let t, e be positive real numbers with t # 17. Let
f: X =Y be a mapping such that

(3.38) 1G fa (], iDL, < D ellligll” + llyss 1)
i,7=1

for all x = [x45],y = [yij] € Mn(X). Then there exists a unique septendecic mapping Sp : X =Y
such that

[fn([2i5]) = Spon(zi])]l,, < ”221 m e

for all x = [x;5] € Mn(X), where

43758 + 36687(2") + 25636(3") 4 14756(4") + 6868(5")

€ = [
17!
+  2516(6%) + 697(7") + 137(8") + 17(9") + (10)Y)].

Proof. The proof follows from Theorem 3 by taking 1 (a, b) = €(||a||" 4 ||b||") for all a,b € X. Then
we can choose n = 2lt=17) "and we can obtain the required result. O

Now we will give an example to illustrate that the functional equation (1.1) is not stable for
t = 17 in Corollary 1.

Example 4. Let v : R — R be a function defined by

o(z) = {ex”, if x| <1,

€, otherwise,
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where € > 0 is a constant, and define a function f : R — R by

L P(2nx
) - Z él?n )
n=0
for all x € R. Then f satisfies the inequality
| f(z+9y) —17f(x + 8y) + 136 f (x + Ty) — 680 f(z + 6y) + 2380 f (x + 5y)
—6188f(x + 4y) + 12376 f (x + 3y) — 19448 f (x + 2y) + 24310 f(x + y)
—24310f () + 19448 f (z — y) — 12376 f (x — 2y) + 6188 f (x — 3y)
—2380f(x — 4y) + 680 f(x — by) — 136 f(x — 6y) + 17f(x — Ty)

(355687428200000)
. —f(z —8y) — 17! <
(3.39) flx —8y) =17 f(y)]| < 131071

for all z,y € R. Then there do not exist a septendecic function Sp : R — R and a constant A > 0
such that

(3.40) |f(z) — Sp(a)| < Aa|'”
for all z € R.

(131072)%e(|a] " + [y['")

Solution. Now

[p(2mz)] o~ € 131072€
| = Z |217n| o T;O ol — 131071
Thus f is bounded. Next we show that f satisfies (3.39). If z = y = 0, then (3.39) is trivial. If

4282 131072
2|7+ |y > 2% , then L.H.S of (3 39) is less than (355687 81??108;)10)( 3107 )6.

Suppose that 0 < |z|'" + |y|'" < r7- Then there exists a non-negative integer k such that

1
17 17

So 217D 21T < oL 27— |17 < L and

2"(x),2™(y), 2" (x + 9y), 2™ (x + 8y), 2" (z + Ty),
2"(z + 6y), 2" (z + 5y), 2" (z + 4y), 2" (z + 3y), 2" (z + 2y),
2"z +y),2"(x —y), 2" (xz — 2y), 2" (z — 3y), 2" (z — 4y),
277,(1, - 5y)) 2n($ - 6y)> 2n(1. - 7y)7 271(1. - 8y) € (_17 1)
for alln =0,1,2,...,k — 1. Hence
(2" (2 + 9y)) — 1T (2% (x + 8y)) + 1369(2"(z + Ty)) — 680:(2" (z + 6y))
+23809(2" (2 + 5y)) — 6188¢(2"(x + 4y)) + 123761(2"(z + 3y))
— 19448 (27 (z + 2y)) + 243100(2" (z + 1)) — 243100(2"(z))
1194480(2" (2 — 1)) — 123760(2"(x — 2y)) + 6188¢(2" (z — 3y))
—23800(2" ( — 4y)) + 6800(2” (z — 5y)) — 136 (2" (x — 6y))
FITHE (& — Ty)) — 92"z — 8y)) — 1THH(2"(y)) = 0
forn=0,1,2,--- ,k — 1. From the definition of f and (3.41), it follows that
|f(z+9y) —17f(x 4+ 8y) + 136 f (x + Ty) — 680 f(z + 6y) + 2380 f (x + 5y)
—6188f(z + 4y) + 12376 f (x + 3y) — 19448 f (x + 2y) + 24310 (x + y)
—24310f(x) + 19448 f (x — y) — 12376 f (x — 2y) + 6188 f(x — 3y)
—2380f(x — 4y) + 680 f(x — by) — 136 f(x — 6y) + 17f(x — Ty)
, —f(z—8y) —17f(y)|
< Yoo g V(2" (@ + 9y)) — 1TP(2" (2 + 8y)) + 1369 (2" (@ + Ty))

—6801(2™(x + 6y)) + 23801 (2" (z + 5y)) — 61881 (2™ (x + 4y))
+123769 (2" (z + 3y)) — 19448¢(2"(z + 2y)) + 243109 (2" (x + y))
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—243109(2™(x)) + 19448y (2" (z — y)) — 123769 (2" (x — 2y))
+6188¢(2™(x — 3y)) — 2380y (2" (z — 4y)) + 680y (2" (x — by))
—136¢(2" (x — 6y)) + 179 (2" (z — Ty)) — (2" (x — 8y)) — 17!4(2"(y))|
<y (355687428200000)e  (131072)(355687428200000)¢
= &=k 217n B 217k(131071)

(355687428200000) 9 17 17
< 131071 (131072)%¢(|z|" " + |y| ).

Hence f satisfies (3.39) for all z,y € R with 0 < |z|*" + |y|'" < 7. Now, we prove that the
septendecic functional equation (1.1) is not stable for ¢ = 17 in Corollary 1.

Suppose that there exists a septendecic function Sp : R — R and a constant A > 0 satisfying
(3.40). Since f is bounded and continuous for all x € R, Sp is bounded on any open interval
containing the origin and continuous at origin.

In view of Theorem 3, Sp must have the form Sp(z) = cz!” for any 2 € R. Thus we obtain that

(3.42) @) < A+ el 2]

But we can choose a non-negative integer m with me > X\ + |¢|.
If z € (0, Qm%l), then 2"z € (0,1) for all n =0,1,2,--- ,m — 1. For this z, we get

o] m—1
Y(2") e(2"x)'
f@) =) S 2 D —grm— =mea'T > (At le]) 2],

which contradicts to (3.42). Thus the septendecic functional equation (1.1) is not stable for
t=17.

4. CONCLUSIONS

In this investigation, we identified the septendecic functional equation and establised the
Ulam-Hyers stability of this functional equation in matrix normed spaces by using the fixed
point method and also provided an example for non-stability.
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Abstract: Various fuzzy generalizations of rough approximations have been made over the
years. In this paper, the pseudo-generalized fuzzy rough sets are presented and some properties
of the pseudo fuzzy rough approximation operators are investigated. It is necessary to measure
the similarity between two pseudo-generalized fuzzy rough sets in some practical cases, such
as pattern recognition, image processing and fuzzy reasoning. A novel similarity measure be-
tween two pseudo-generalized fuzzy rough sets is proposed in this paper. At the same time, we
show that the similarity measure between two pseudo-generalized fuzzy rough sets can be given
according to the pseudo-operation.

Keywords: Pseudo-operations; Fuzzy rough sets; Approximation operators; Similarity measure

1. Introduction

The theory of rough set[27] as a mathematical approach to handle imprecision, vague-
ness and uncertainty in data analysis. However, in Pawlak’s rough set model[27], the
equivalence relation is a key and primitive notion. This equivalence relation may limit
the application domain of the rough set model. Generalizations of rough set theory were
considered by scholars in order to deal with complex practical problems [6,13,32,36,38,43].

There are at least two approaches for the development of definitions of lower and upper
approximation operators, namely, the constructive and axiomatic approaches. In the con-
structive approach, some authors have extended equivalence relation to tolerance relations
[21,33], similarity relations [34], ordinary binary relations [42,43], and others [16,28,48].
Meanwhile, some authors have relaxed the partition of universe to the covering and obtain
the covering-based rough sets [29,32,40,45-47]. In addition, generalizations of rough sets
to the fuzzy environment have also been made [5,6,9,12,36]. By introducing the lower
and upper approximations in fuzzy set theory, Dubois and Prade [4] formulated rough
fuzzy sets and fuzzy rough sets, they constructed a pair of lower and upper approximation
operators for fuzzy sets with respect to fuzzy similarity relation by using the t-norm Min
and its dual conorm Max. By using a residual implication (for short, R-implication) to

define the lower approximation operator, Morsi and Yakout [19] generalized the fuzzy

* Corresponding author. E-mail: szh780323@163.com (Z.H. Shi)
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rough sets in the sense of Dubois and Prade. Later, Radzikowska and Kerre [30] proposed
a more general approach to the fuzzification of a rough set. This approach is based on
a border implication Z (not necessarily a R-implication) and a triangular norm 7. In
the axiomatic approaches, a set of axioms is used to characterize the approximations.
Lin and Liu [14] proposed six axioms on a pair of abstract operators on the power set
of universe in the framework of topological spaces. Under these axioms, there exists an
equivalence relation such that the lower and upper approximations are the same as the
abstract operators. The most important axiomatic studies for crisp rough sets were made
by Yao [41-43]. Recently, the research of the axiomatic approach has also been extended
to approximation operators in the fuzzy environment [15,18,19,31,37,39].

In some problems with uncertainty in the theory of probabilistic metric spaces, fuzzy
logics and fuzzy measures, the pseudo-operations such as pseudo-additions and pseudo-
multiplications are usually used [7,11,24]. Pseudo-analysis [7,8,10,11,22-26,35] has been
applied in different fields, e.g., measure theory, integration, convolution, Laplace transfor-
m, optimization, nonlinear differential and difference equations, economics, game theory,
etc. Interestingly, by using the Aczel’s theorem [1], the pseudo-additions and pseudo-
multiplications could be transferred into the corresponding results of reals such as the
addition operator and multiplication operator. This can bring us the convenience of
calculation.

We note that there are some literatures about pseudo integrals [7,8,10,25,35], but
little literatures about rough set model based on pseudo-operations. In order to present
the rough set model based on pseudo-operations, a general framework for the study of
fuzzy rough approximation operators based on pseudo-operations are studied by Shi and
Gong[31]. In [31], by using the pseudo-operations, the pseudo-lower and pseudo-upper
approximation operators are defined. Meanwhile, some properties of the proposed pseudo
fuzzy rough approximation operators are investigated. Compared with the previous rough
set models based on triangular norms [18,19,30,39], the pseudo-generalized fuzzy rough
sets[31] have its advantages to calculate its lower and upper approximations conveniently.

In recent years, various similarity measure between generalized fuzzy sets are giv-
en(2,3,17,20]. It is necessary to measure the similarity between two pseudo-generalized
fuzzy rough sets in some practical cases, such as pattern recognition, image processing
and fuzzy reasoning. In this paper, we will present a novel similarity measure between
two pseudo-generalized fuzzy rough sets. We show that the similarity measure between
two pseudo-generalized fuzzy rough sets can be given according to the pseudo-operation.

The remainder of this paper is organized as follows. In section 2, we recall some basic
concepts of rough sets, fuzzy sets, fuzzy relation and pseudo-operations. In section 3,
the pseudo-generalized fuzzy rough sets are presented. Some properties of the proposed
pseudo fuzzy rough approximation operators are also investigated in this section. In
Section 4, the similarity measure between pseudo-generalized fuzzy rough sets is proposed.

Section b presents conclusions.
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2. Preliminaries

2.1 Pawlak rough sets

In traditional Pawlak rough set theory, the pair (U, R) is called an approximation space
(it is also called Pawlak approximation space), where U is a finite and non-empty set called
the universe and R is an equivalence relation on U, i.e., R is reflexive, symmetrical and
transitive. The relation R decomposes the set U into a disjoint class in such a way that
two elements = and y are in the same class iff (z,y) € R.

Suppose R is an equivalence relation on U. With respect to R, we can define an

equivalence class of an element x in U as follows:
[]r = {yl (z,y) € R}.
The quotient set of U by the relation R is denoted by U/R, and
U/R={X1,Xs,- , X}

where X; (i =1,2,---,m) is an equivalence class of R.

Given an arbitrary set X C U, it may not be possible to describe X precisely in
the approximation space (U, R). One may characterize X by a pair of lower and upper
approximations defined as follows:

BX ={zeUl[z]r € X} = U{Y € U/R|Y € X};
RX ={zeU|[z2]lpgnX #0}={Y € U/R| Y N X #0}.

The pair (RX, RX) is referred to as a rough set of X.

2.2 Fuzzy sets

Let U be a universe. Fuzzy set A is a mapping from U into the unit interval [0, 1]:
AU —[0,1],

where for each x € U, we call A(z) the membership degree of = in A.
If U= {x1,29, -+ ,x,}, then the fuzzy set A on U can be expressed by Z A(x;)/x;.

Additionally, the fuzzy power set, i.e., the set of all fuzzy sets in the universe Z(jlis denoted
by F(U) [44].

For fuzzy sets A, B € F(U),

AC B < A(x) < B(x);

(AN B)(z) = A(z) A B(x) = min{A(z), B(z)};

(AU B)(z) = A(x) vV B(z) = max{A(z), B(x)};

(~A)(xz) =1— A(x), where ~ A is the complement of A.

2.8 Fuzzy relation
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Let U and W be two nonempty sets. The Cartesian product of U and W is denoted by
U x W. A fuzzy relation R from U to W is a fuzzy subset of U x W, i.e., R € F(U x W),
and R(x,y) is called the degree of relation between = and y. In particular, if U = W, we

call R a fuzzy relation on U. Usually, a fuzzy relation can be expressed by a fuzzy matrix.
2.4 Pseudo-operations

Throughout this paper, we only consider the case of pseudo-addition and present the
fuzzy generalized rough sets using pseudo-addition. For the case of pseudo-multiplication,
the discussion can be given similarly.

Definition 2.1 An operation & : [0, 00]? — [0, oo is called a pseudo-addition if it satisfies
the following axioms:

(1) Associativity: a ® (b @ ¢) = (a @ b) @ ¢ for all a,b, c € [0, 00].

(2) Monotonicity: a @b < ¢@® d whenever 0 < a < ¢ < 00,0 <b<d < o0.

(3) 0 is neutral element: a ®0=0® a = a for all a € [0, c0].

(4) Continuity: for any sequences (a,)nen, (bp)nen in [0,00]Y such that lim a, = a

n—o0

and lim b, = b it holds lim a, B b, = a D b.
F?grilo [11], we know t%zzoeach pseudo-addition is also commutative, i.e., it satisfies
(5) Commutativity: a ® b= b a for all a,b € [0, 00].
Lemma 2.1 (Aczel’s theorem) Let g be a positive strictly monotone function defined on
la,b] C (—o0,+00) such that 0 € Ran(g). The generalized generated pseudo-addition @

and the generalized generated pseudo-multiplication ® are given by
r@y =g (9(z) +9(y)),

zOy =g "(9(x)9(y)),

! is pseudo-inverse function for function g: ¢~ *(y) = sup{x € [a,b]|g(z) < y}if g

where g~
is a non-decreasing function and g~!(y) = sup{z € [a,b]|g(z) > y} if g is a non-increasing
function.

Example 2.1 Suppose that g(z) =1 —z (z € [0, 1]), then its pseudo-inverse is

gl(x):{ 11—z, x€]|0,1],

0, x € [1,400).

And z @y =g '(g9(z) + g(y)) = max{0,z + y — 1}, this is Lukasiewicz t-norm.

3. Construction of pseudo fuzzy rough approximation operators

Definition 3.1 Let (U, W, R) be a fuzzy approximation space, where U and W are two
nonempty sets, R is a fuzzy relation from U to W. g : [0,1] — [0,400) is a strictly
decreasing function such that ¢g(1) = 0 and g(z) + g(y) € Ran(g) U [g(0"), +o0) for all
(z,y) € [0,1]. Then for any A € F(W), the pseudo-lower approximation R (A) and the

pseudo-upper approximation Rg(A) of A are defined as follows, respectively:
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R ( = N {1-R(z,y)® )} = N\{1-97 (9(R(x,9)+9(1-Ay)))}, z €
. yeW yeW
Re(A)(x) = \/ {R(z.y) ® A)} = \/ {97 (9(R(z,y)) + 9(A(y)))}.z € U.

The pair (Rg(A), Rg(A)) is called a pseudo-generalized fuzzy rough set. R and
Rg, are referred to as the pseudo-lower and pseudo-upper fuzzy rough approximation
operators, respectively.

Remark 3.1 If R is a crisp binary relation from U to W, then the pseudo fuzzy rough
approximation operators defined in Definition 3.1 are degenerated into the approximation
operators defined in [37]. That is, for every A € F(W), z € U,

Re(A)(z) = sup{A(y)ly € Rs(2)}, Ry (A)(z) = inf{A(y)|ly € Ry(2)},

where Ry(z) = {y € W|(z,y) € R}.

In fact,

R (A)(x)
=V {y ) +9(A(v)))}
= sup{g~'(9(1) + g(A(v)))ly € Rs(x)} Vsup{g~"(9(0) + g(A(y)))ly & Rs(2)}
= sup{g~(g(1) + g(A(y)))ly € Rs(x)}
= sup{g~'(0+ g(A(y)))|y € Rs()}
= sup{A(y)|y € Ry(x)},

R (A )(x)

= /\{1— R(z,y)) +9(1 — A(y)))}

= inf{1-g7"(g(1)+9(1—=A(y)))ly € Rs(2)} Ainf{1-g~"(9(0)+9(1—A(y)))ly ¢

= inf{1 —g¢7'(g(1) + g(1 — A(y)))ly € Rs(2)}

= inf{1 — g7(0 + g(1 — A(y)))|y € Rs(x)}

= inf{A(y)ly € Rs(2)}-
Remark 3.2 If R is a crisp binary relation on U and A is a crisp set on U, then the
pseudo fuzzy rough approximation operators defined in Definition 3.1 are degenerated

into the approximation operators defined in [43]. That is, for any A € P(U), z € U,
Re(A) ={z € U|R,(z) N A # ¢}, Ry(A)={z € U|R,(x) C A}.

where Ry(z) = {y € Ul|(z,y) € R}.

In fact, by Remark 3.2, we know that if A € P(U) then for any = € U,

v € Ry(A) & Rgy(A)(z) = 1 < Ty € Ry(x) such that A(y) = 1, ie.,y € A &
Ry(z) NA# ¢,

€ Ry(A) & Ry(A)(x) =1 A(y) =1 for every y € Ry(x), ie., y € A& Ry(x) C
A.
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Remark 3.3 If R is a crisp equivalence relation on U and A is a fuzzy set on U, then
the pseudo fuzzy rough approximation operators defined in Definition 3.1 are degenerated
into the approximation operators defined in [4]. That is, for every A € F(U), = € U,

Ro(A)(z) = sup{A(y)ly € [2]r}, Ry(A)(2) = inf{A(y)ly € [2]r}.

In fact, if R is a crisp equivalence relation on U, then Ry(z) = [z]g.
Remark 3.4 If R is a crisp equivalence relation on U and A is a crisp set on U, then
the pseudo fuzzy rough approximation operators defined in Definition 3.1 are degenerated
into the approximation operators defined in [27]. That is, for any A € P(U), z € U,

Re(A) = {z € Ullz]lnNA# ¢}, Ry(A) = {z € Ullz]r € A}.

Theorem 3.1 Let R be a fuzzy relation from U to W. Then the pseudo-lower fuzzy rough
approximation operator 2, and the pseudo-upper fuzzy rough approximation operator
Ry, satisfy the following properties: for any A, B € F(W),z € U,y € W,
(1) By (A) =~ Rg(~ A), Ro(A) =~ Ry(~ A);

@(W) =U, Eea((?) = ¢;

(2) R

(3) Re(AN B) = Ry (A) N Re(B), Re(AU B) = R (A) U Re(B);

(4) ACB= R,(A) CR.(B), AC B = Rg(A) C Rs(B);

(5) Ry (AU B) 2 R (A) UR,(B), Rs(ANB) C Ry(A) N Ry (B)

Proof

(1) Ra(~ A)x) = \{g7 ' (9(R(z,y) + g(1 — A(y)))}
= 1— N {1-g " (9(R(z,y) +9(1 - A)))}
= 1- Ry (A)(x)
= ~ Rg(A)(2).

It follows that R (A) =~ Rg(~ A).
Similarly, Re(A) =~ R (~ A) can be verified.

(2) R,(W)(@) = NAA{1-g " (9(R(x,y)) + g(1 = W(y)))}
= A{1-g"(9(R(z,y) + 1))}
yeW
= 1

Therefore, R, (W) =U.

Ry (¢) = ¢ can be verified in a similar way.
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(3)
Ry(ANB)(z) = /}V{l—9‘1(9(3(:6,@/))+9(1—min{A(y)>B(y)}))}
= Zv{l — 97 (9(R(z,y)) + min{g(A(y)), g(B(y))}}
— y/>v{1— Hmin{g(R(z,y) + g(A(y))), g(R(z,y) + g(B(y)))})}
— im{ A {1 =g (9(R(z.y) + g(AW), N\ {1 -9 " (9(R(z,y))
+9(B(y)))} - -

= min{R;(A)(z), R (B)(x)}.

That is, R (AN B) = R.(A) N Ry (B).
Similarly, R (AU B) = Rg(A) U Rg(B) is also hold.
(4) AC B< A(y) < B(y) & 1 — A(y) > 1 — B(y), it implies that

Ro(A)(x) = A{1-g"(9(R(z,9))+g(1 - A(y))}

yeW
< A{1—97 (9(R(x,y) +9(1 - B(y)}
= Ry (B)(x).

That is, A C B = R (A) C Ry (B). Similarly, A C B = Rg(A) C Re(B).
(5) Ry (AU B)(x)
= N\ {1—g'(9(R(z,y)) + g(1 — max{A(y), B(y)}))}

= N\ {1 - g7 (9(R(z,y)) + max{g(1 — A(y)),g(1 - B(y))})}
yeW
> max{ /\ {I=g " (g(R(z,)+9(1-Aw))}, \ {1=9 " (9(R(z,y))+9(1-B(¥)))}}

yew yeW

= max{R;(A)(z), Bs(B)(z)}
Thus R,(AU B) D R.(A) U R, (B). Similarly, Re(AN B) C Re(A) N Re(B). O

4. Similarity measure between pseudo-generalized fuzzy rough sets

It is necessary to measure the similarity between two pseudo-generalized fuzzy rough
sets in some practical cases, such as pattern recognition, image processing and fuzzy
reasoning. In this section, we will show that in a fuzzy approximation space, similarity
measure between two pseudo-generalized fuzzy rough sets can be given according to the
pseudo-operation.

Let (U, R) be a fuzzy approximation space, where R is a fuzzy relation on U. Suppose
there are two pseudo-generalized fuzzy rough sets (R (A), Rg(A)) and (R (B), Re(B)).
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Definition 4.1 Let U be a universe of discourse. A real function D : F(U)xF(U) — [0, 1]
is called an inclusion degree on F(U) if for any A, B,C € F(U), D satisfies the following
properties:

(1)0 < D(B/A) < 1;

(2)AC B= D(B/A) =1,

(3)ACBCC= D(A/C)< D(A/B).

In particular, let (X, <) be a partially ordered set, a real function D : X x X — [0, 1] is
called an inclusion degree on X if for any z,y, 2 € X, D satisfies the following properties:

(1)0 < D(y/z) < 1

(2)z <y = D(y/z) = L;

B <y<z= D(z/z) < D(z/y).
Theorem 4.1 Let g be a strictly decreasing function on [0, 1] such that g(1) = 0. For
any a,b € [0, 1], we define

0'(b/a) = sup{c € [0,1]| a ® ¢ < b}.

Then ¢ is an inclusion degree on [0, 1].
Proof

It follows immediately from Definition 4.1. OJ
Theorem 4.2 Let (U, R) be a fuzzy approximation space. For any A, B € F(U),
(Rs(A), Re(A)) and (R4 (B), Re(B)) are two pseudo-generalized fuzzy rough sets on
U. Then

0(B/A) = 29 J(@i)/ By (A) () (4.1)
and

0(B/A) = ZG Re(B)(x:)/Re(A)(z:))  (4.2)

are inclusion degree on F(U).
Proof

We need only to prove that € determined by formula (4.1) is an inclusion degree on
F(U).
(1) By the definition of ', 0 < 6’ (R (B)(x;)/Rs(A)(x;)) < 1 is obvious. Therefore

0<6(B/A) <1
(2) If A C B, by Theorem 3.1, we know that
R (A) C Ry (B),

ie.,

Thus,
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Therefore §(B/A) = 1.
(3)IfACBCC (A B,Ce F(U)), then by Theorem 3.1, R, (A) C R, (B) C R,(C),
ie.,

R (A)(7) < B (B)(2) < B, (C) ()

for every x € U.

Thus, we can obtain §(A/C) < 0(A/B). O
Definition 4.2 A real function S : F(U) x F(U) — [0,1] is called a similarity measure
on F(U) if for any A, B,C € F(U), S satisfies the following properties:

(1) 0<S(A,B) <1,5(4,A) =1,

(2) S(A,B) = S(B, A);

(B) ACBCC= S(A,C)<S(A,B).
Theorem 4.3 Let (U, R) be a fuzzy approximation space. For any A, B € F(U),
(Rs(A), Ry (A)) and (R4 (B), Re(B)) are two pseudo-generalized fuzzy rough sets on
U. Then

S(A,B) = %[Q(B/A) @ 0(A/B) +0(B/A) @ 0(A/B)]

is a similarity measure between (R (A), Re(A)) and (Rg(B), Re(B)), where x @y =
g (g(z) + g(y)) and g : [0,1] — [0,+00) is a strictly decreasing function such that
9(1) =0.
Proof

(1) By g7 : [0, +00) — [0, 1], we have

0<0(B/A)®0O(A/B) <1,

0 <8(B/A) @ 8(A/B) < 1.

Thus, 0 < S(A,B) < 1. And by §(A/A) =1 and 0(A/A) = 1, we get S(A, A) = 1.
(2) By @y =y @z, we have S(A, B) = S(B, A).
(3)If AC BCC (A B,C € F(U)), by § and 6 are inclusion degree on F(U), we
obtain that
B(A/C) < 0(A/B),

0(A/C) < O(A/B).
On the other hand,
S(A,0) = %[Q(C/A)@Q(A/C)Jr@(C/A)EB@(A/C)]
_ %[1 © 0(A/C) +1 @ B(A/C)]

_ %[Q(A/C) +9(A/0)),

342 Zhan-hong Shi et al 334-347



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

S(A.B) = L[0(B/A)® 6(A/B) +F(B/A) ®B(A/B)
= S[1®6(A/B) +108(A/B)
= L10(A/B) +8(4/B)]

Hence S(A,C) < S(A, B).

This completes the proof. [
Example 4.1 Let U = {x1, x9, 23} be a universe of discourse, R be a fuzzy relation on U
(see Table 1).

Table 1: A fuzzy relation on U

U 1 To T3
1 1 0.4 0.6
To 0.4 1 0.7
T3 0.6 0.7 1

Suppose that
A= 03/1‘1 + 04/[E2 + 0.8/1'3,

and
g(x) =1—= (x €[0,1]).

Then the pseudo-lower and pseudo-upper approximations of A and B can be computed
as follows:

In one hand,

Ry (A)(z1) = min{l — _1(0 +0.3),1—¢g71(0.6+0.4),1— ¢ (0.4 +0.8)} =0.3;

R (A)(x2) =min{l — ¢~(0.6 +0.3),1 — ¢~ *(0+0.4),1 — g7 (0.3 + 0.8)} = 0.4;
R (A)(x3) :min{l— 10.4+0.3),1—9¢71(03+04),1—¢g (04 0.8)} =0.7;
R (A)(z1) = max{g~ (0 +0.7),¢g7 (0.6 + 0.6), g1 (0.4 + 0.2)} = 0.4;

R (A)(z2) = max{g~(0.6 +0.7),g7*(0 +0.6),g7+(0.3 + 0.2)} = 0.5;

Re(A)(w3) = max{g~1(0.4+0.7),¢7 (0.3 + 0.6), 971 (0 + 0.2)} = 0.8.

That is,

Rg(A) = 0.4/21 +0.5/29 + 0.8/ 23.
On the other hand,

R, (B)(z1) =min{l — ¢~ *(0+0.2),1 — g7 (0.6 + 0.7),1 — g~ (0.4 + 0.8)} = 0.2;
Ry (B)(x) = min{l — g71(0.6 +0.2),1 — g~ (0 + 0.7),1 — g~ (0.3 + 0.8)} = 0.7;
R, (B)(z3) = min{l — ¢7'(0.4+0.2),1 — ¢71(0.3+0.7),1 — g~ *(0 + 0.8)} = 0.6;
Ry (B)(71) = max{g~1(0 4+ 0.8),971(0.6 + 0.3),¢g7 (0.4 + 0.2)} = 0.4;
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Re(B)(72) = max{g~1(0.6 + 0.8), g~ 1(0 + 0.3),¢7 (0.3 +0.2)} = 0.7;
Re(B)(z3) = max{g~(0.4 + 0.8),971(0.3 4+ 0.3),¢7 (0 + 0.2)} = 0.8.
That is,

Rg(B) =0.4/x1 +0.7/25 + 0.8 /3.
Since g(z) =1 —x, 50 0 (b/a) = sup{c € [0,1]] a @ c < b} =1 A (1 —a+1D).
Therefore

3

O(B/A) = 5 36/ (Bo (B) )/ B (A)w) = 509+ 14 09) = o0,
1, 1 27
0(A/B) = 5 30 (B (A)(w0) /R (B)w) = 51+ 0T +1) = oo

=1

3

0(B/A4) = 3 30 (Re(B) ()[R A) (1) = 5 (1 + 14+ 1) = 1,

i=1

3

UA/B) = 5 30 (Ro(A)(w) [Ro(B)(w) = 5(1+08+1) = =,
and
0(B/A) ® 0(4/B) = g~ 9(6(B/A)) + 9(@(A/B))] = g1~ 22 +1- 2T =2,
_ _ s _ L 28, 14
9(3/4) B(A/B) = g~ o@(B/A)) + gBA/B)] =g 1 —1+1- 2] = T2

Thus, the similarity measure between (R (A), Rg(A)) and (R (B), Rg(B)) can be

given as follows:

—
(S5

6(B/A) @ 8(A/B) + B(B/A) @ B(A/B)] = 12 + 1) = oo

5(4,B) = 2'6 ' 15

N | =

5. Conclusions

It is interesting to combine pseudo-operations and rough set in order to expand the
application domain of pseudo-analysis and rough set. In this paper, we presented a
generalized fuzzy rough set model based on pseudo-operation, constructed pseudo fuzzy
rough approximation operations. Because it is necessary to measure the similarity between
two fuzzy rough sets in some practical cases, using the pseudo-operations, the similarity
measure between pseudo-generalized fuzzy rough sets are given in this paper. The results
of this paper may be applied to some practical problems about pattern recognition or

fuzzy reasoning.
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FOURIER SERIES OF FUNCTIONS INVOLVING HIGHER-ORDER EULER

POLYNOMIALS

TAEKYUN KIM, DAE SAN KIM, LEE CHAE JANG, AND GWAN-WOO JANG

ABSTRACT. In this paper, we consider three types of functions involving higher-order Euler polynomials
and derive their Fourier series expansions. In addition, we express each of them in terms of Bernoulli

functions.

1. Introduction

For each positive integer r, Euler polynomials Ey(rf) (x) of order r are given by the generating function

2 ’ xt _ = (r) 28
(.et+1> e = 3 B (0)—. (see [2-4,11-13,17,19)),

m=0

(1.1)

When z = 0, E&) = E%)(O) are called Euler numbers of order r. For r = 1, E,(z) = E,(,})(:E) and
E, = ET(,} ) are called Euler polynomials and numbers, respectively. From (1.1), we see that

d .
B (@) =mE) (x), (m > 0),

EG) (x+1) + B (x) = 2BV (x), (m > 0).
In turn, these imply that
E(1) = 2BG D~ B, (m >0).

and

1
r 2 r—1 r
/0 ES) (x)de = mi_H(Er(nJrl) - Efn)ﬂ)» (m > 0).

For any real number z, we let < x >=z — [z] € [0, 1) denote the fractional part of .

The Bernoulli polynomials B,,(x) are defined by the generating function

o0 m

t
xt _
e*t = E Bm(x)—!, (see [2 —4,11,17]).

m=0

_t
et +1

We will need the following facts about Bernoulli functions By, (< x >) for later use:
(a) for m > 2,

0 e2ming
= —m! -
B (< z>)=—ml Z @rinym
n=—o00,n#0

2010 Mathematics Subject Classification. 11B68, 11B83, 42A16.
Key words and phrases. Fourier series, higher-order Euler polynomials, Bernoulli functions.
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2 Fourier series of functions involving higher-order Euler polynomials

(b) for m =1,

_ i 27t Bi(<z>), for z€Z°
2rin | 0, for z€Z, (1.7)

n=—o00,n#0
where Z° =R — Z.

In this paper, we will consider the following three types of functions a,,(< = >), B (< z >), and
Ym (< 2 >) involving higher-order Euler polynomials and derive their Fourier series expansions. Further,
we will express each of them in terms of Bernoulli functions:

(1) am(<z>)=>1", E,(f)(< z>) <z >m"F (m>1);

(2) Bn(<z>) =" o k,(ml B (<2 >) <a>mE (m> 1),

(3) (<2 >) = i i BV (< 2 >) <2 >m7F (m > 2).

For elementary facts about Fourier analysis, the reader may refer to any book (for example, see [1,16,20]).

As to v (< z >), we note that the polynomial identity (1.8) follows immediately from Theorems 4.1 and
4.2 which is in turn derived from the Fourier series expansion of 7,, (< z >).

k=1 (1.8)
1 m Hpy1 — Hy—s (r—1) (r)
S A —(1 2E _Ev ) B. (),
m;{)(s)( +1+ m75+1 + ( m—s—+1 m— s+1> (‘T)
where A; = 2 11 = k)(QE(T b El(f)), for [ > 2, with Ay =0, and H,,, = Z;n:l% are the harmonic

numbers. The obvious polynomial identities can be derived also for a,,(< = >) and B, (< = >) from
Theorems 2.1 and 2.2, and Theorems 3.1 and 3.2, respectively. It is remarkable that from the Fourier series
expansion of the function ka:_ll mBk(< 2 >)Bp k(< x >) we can derive the Faber-Pandharipande-

Zagier identity (see [6-9]) and the Miki’s identity (see [5,7-9,18]). For recent related works, we refer the
reader to [10,14,15].

2. Fourier series of functions of the first type involving higher-order Euler polynomials

In this section, we will study the Fourier series of functions of the first type involving higher-order
Euler polynomials. Let a,(2) = >, E(T)(x)xm_k (m >1). Then we will consider the function

m(< T >) ZE (<z>)<z>""F (m>1). (2.1)

defined on R which is periodic with period 1. The Fourier series of v, (< z >) is

Z A 27rznz (22)

n—=——oo

where
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To proceed further, we need to observe the following.

aly (@) = S RED (2)a™F 4 (m — k)E (2)am 1)
k=0
m m—1
= Z kE,E:T)l(a:)J;mfk + (m — k)E,gr)(x) m—k—1
k=1 k=0
5 = 2.4
=3 (k+ DEN @)™+ S (m - kB (2)am (2.4)
k=0 k=0
m—1
=(m+1) Z EI(CT)( yam—1-k
k=0

From this, we obtain

(22} —ana) 25)
and
' 1
| ant)ds = (0 (1) = @i (0) (2.6

For m > 1, we set

k=0
- zm: (2B = B — B8 (27)
k=0
- i@Ey‘” E") - B
k=0
We now note that
am(0) = ap(l) <= A, =0, (2.8)
and
! 1
/0 am(z)dz = m7—|—2Am+1' (2.9)

We are now ready to determine the Fourier coefficients A%m).
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Case 1: n#0.

1
A :/ ()™ 2™ g
0

1 ominzl 1 /1 , omi
271'12TL [ ]0 27‘(‘7/’11 0 ) (210)
m + — 27
= - m(1) — am (0 . m— g
27rin(a (1) = am(0)) + 2min /0 am-1(r)e .
m+1 1
— 7A(m—1) -~ A,
2min " 2min
from which by induction we can deduce
" m m + 2)
A( )= _m +2 Z (2min)J FAmeji 211)
j=1
Case 2: n=0.
! 1
A :/ () = = Ay, (2.12)
0

am(< z>), (m > 1) is piecewise C*°. Moreover, a,,(< x >) is continuous for those positive integers
m with A,, = 0, and discontinuous with jump discontinuities at integers for those positive integers m
with A, #0 .

Assume first that m is a positive integer with A,, = 0. Then ,,(0) = a,,(1). Hence a,,(< = >) is
piecewise C'*°, and continuous. Thus the Fourier series of ., (< x >) converges uniformly to a,, (< = >),
and

am(< x>)
1 - 1 & (m+2); :
= 7Am m— ) 2minT
m+ 2 1t Z m—i—ZZ (2min)? L)€
n=—o00,n#0 j=1
1 1 m+2 oo eQﬂ'inm
=——A, _— A —! -
—— e + — Z ( j ) j+1 | —J ngméo 2nin) (2.13)
1 1 m+ 2
2 +1+m+2;< j ) i1 Bj(<z>)
Bi(<z>), for xe€Z
JrAmx{o, for z€Z.
Now, we can state our first result.
Theorem 2.1. For each positive integer |, we put
l
A=Y @EV - EB) - B, (2.14)

k=0

Assume that A,, = 0, for a positive integer m. Then we have the following.
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m
S E N (<a>)<a>mh

k=0
: N " s 2) (2.15)
(m .
=—A,, A 2mine
m+ 2 1t Z m—i—ZZ (2min)I A ’
n=—o00,n#0 j=1
for all x € R, where the convergence is uniform.
(b)
m
S E(<a>) <a>mk
- 1 1 m+ 2 (2.16)
= mAerl + ? Z ( j )Amj+lBj(< T >),

for all x € R, where Bj(< x >) is the Bernoulli function.

Assume next that A,, # 0, for a positive integer m. Then ,,(1) # @, (0). Hence a,(< = >) is
piecewise C*° and discontinuous with jump discontinuities at integers. The Fourier series of au, (< z >)
converges pointwise to a,, (< x >), for x € Z¢, and converges to

(0 0) + (1)) = @ (0) + 380, (217)

for x € Z. We can now state our second result.

Theorem 2.2. For each positive inetger [, we set

l

A=Y B - B) - B (2.18)
k=0
Assume that A,, # 0 , for a positive integer m, Then we have the following.
(a)
1 > i (m + 2 o
—An A TinT
m+2 1t _Z 0 erQZl 27in)d A
nEmeen i= (2.19)
o 0E(T)(< r>)<ax>mk for xeZe
E()+1Am, for z € Z.
(b)
m + 2
(m] ) m—ji1Bj(< @ >) ZE (<a>)<az>""Fxezs
]=O

(2.20)

1
(m ) m_j1Bj(<z>)=E" 4 3Am, forz €.
J 0,j#1
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3. Fourier series of functions of the second type involving higher-order Euler polynomials

Let B (z) =200, mE,(J) ()™= " (m > 1). Then we will consider the function

m(< 2 >) Zk‘m i EN(<x>)<a>mk (3.1)
defined on R, which is periodic with period 1. The Fourier series of 8,,(< z >) is
Z ‘8’51771)6271'1’nav7 (32)
where
1 .
Bﬁlm) :/ B (< x >)e 2™y
° (3.3)
:/ ﬁm(:r:)e_%i"xdx.
0
To proceed further, we need to observe the following.
. k (r) ke, m=k —k—1
/ — 7E m 7E m
o) =3 g 0 g e
m m—1
1
=2 B @t Y s B (@)
= (k=1 (m —k)! = kEl(m—k—1)! (3.4)
m—1 1 ) m—1 1 )
- Z B (x)am R 4 ——E (z)z™
(m—1—Fk) k (m—1—Fk) k
poars El(m —1—k)! — Ellm —1—k)!
=2Bm-1(z)
From this, we obtain
!/
1 (T
(2= e, (35)
and
! 1
[ @ = 3 (5uia(1) = s 0). (36)
0
From m > 1, we set
m
m — ﬁm( Bm Z ( ,E: )(1) — E’E:T)(S'm,k)
1 (1) _ p() _ g
= Z IE— (2E, E E;"6mik) (3.7)
k=0 "
S 1 (r=1) _ p(n) (r)
=> (2E By - —EC
| — |
poars El(m — E)! !
From this, we now see that,
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and
! 1
| Bt = 391, (3.9)
0

We now would like to determine the Fourier coefficients B,Sm).
Case 1: n # 0.

1
szm):/ ﬂm(x)e—%rinmdx
0

1 I, 1 1 ! / 27
—_ — . minT WZniEd
2 Om(2)e o+ 2m'n/0 Bm(@)e v (3.10)
1 2 [t ,
=——(Bm 1) — . 0 o —27rznacd
s () = () 5 [ Bus()e e
2 1
2min~ " 2min
from which by induction we can derive
(m) _ _ :
B = J; @min) Qrn—jit1- (3.11)
Case 2: n=0.
m) ! 1
0

Bm(< x >), (m > 1) is piecewise C*°. Moreover, B, (< x >) is continuous for those positive integers m
with ©,, = 0 and discontinuous with jump discontinuities at integers for those positive integers m with
Q #0.

Assume first that Q,, = 0, for a positive integer m. Then 5,,(0) = B,,(1). Hence B, (< x >) is
piecewise C*°, and continuous. Thus the Fourier series of 3,,(< x >) converges uniformly to 8,,(< z >),
and

Bm (< x>)

1 - 20t
— Qm _ m 2minx

o imt1 + n:_gmio ; (2min) jr1 ] e

1 m 2j—1 e eQﬂ'inw (313)
—2Q, o TR P | i

o imt1 + ; 5l j+1 | —J __Z 0 (2min)i

Bi(<z>), for xe€Z
0

1 m 9j—1
= 5Qm+1 + z; TQm—j-HBj(< T >) + Q¥ { 7 for zeZ.
=

We are now ready to state our first result.

Theorem 3.1. For each positive integer 1, we let
Zl 1 (r=1) _ )y _ Lo
r—1 r r
= k! ! !

Assume that Q,,, = 0, for a positive integer m. Then we have the following.
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(a) > v, mE;@T)(< x >) < x >"™"F has the Fourier series expansion

kzo mE}C’)K r>) <z >mk
. - m it o (3.15)
= §Qm+1 + n—%;,n;ﬁo —Jz:l WQm j+1 | € 5
for all x € R, where the convergence is uniform.
(b)
zm: _ 1 B0y <asm
P El(m— k) F
m g (3.16)
= > Tmej+1Bj(< T >),
7=0,j#1

for all x € R, where Bj(< x >) is the Bernoulli function.

Assume next that Q,, # 0, for a positive integer m. Then 3,,(0) # B (1). Hence Bn(< = >)
is piecewise C*° and discontinuous with jump discontinuities at integers. Thus the Fourier series of
Bm (< x >) converges pointwise to B, (< x >), for € Z¢, and converges to

1 1
§(ﬁm(0) + Bm(l)) = ﬁm(o) + igmv (317)
for z € Z. Now we are ready to state our second result.

Theorem 3.2. For each positive integerl we let

r—1 T 1 T
Z T 2E< ) By~ ﬁEl‘ ), (3.18)
Assume that Q,, # 0, for a posztwe integer m. Then we have the following.
(a)
1 = - 2] ! TinT
§Qm+1 + Z Z 27TZ’I’L m j+1 62
n=—o00,n#0 j:]. (319)
Yoo k,(m ol E(T)(< r>)<ax>mk for xe€Ze
1 E(T) éQm, for x € Z.
(b)
m 2]'71 m 1 ") -
=0 k=0
for x € Z°¢;
L2t 1 1
j=04#1 '
forx € Z.
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4. Fourier series of functions of the third type involving higher-order Euler

Let v, (z) = Zk 1 k(m ) E,(f) (z)z™~* (m >2). Then we will consider the function

polynomials

m—1
m(<z>)=) — o EN(<z>)<a>mF, (4.1)
k=1
defined on R, which is periodic of period 1. The Fourier series of 7,,(< z >) is
Z C 27r1n:c (42)
n=—o00,n#0
where
C’,(Lm) :/ Y (< @ >)e 2Ny :/ Yo ()€™ ETNE (4.3)
0 0
We need to observe the following to proceed further.
m—1
1 r - r e
i) = X g (B @+ (m = B ()4
m—2 m—1
1 () () m—1— Loty m
= p— V()R %E,;(x)x 1=k
k=0 k=1
m—2
1 1 () 1k -1 (r) (4.4)
— 2\ E m m E
2 m1k+k> k(@) e i e § 2 EC)
m—2
1 (r) 1—k 1 -1 1 oo
= —1 E m m E
(m )k:1 k(m_l_k) k (Z’)"E +m_1x +m 1 mfl(x)
L ma (")
= (m - 1)7771—1('1‘) + 7_13" + 1E’m 1( )
Thus,
_ 1 r
(@) = (M= s () + ™+ ——— B (), (4.5)
from which we see that
1 1 1 '
1 _ mt1 (r) ) — 4.6
<m<7m+1(x) m(m—i—l)m (m+1) m+1('r) > 'an( ) ( )
This implies that
1
/ Y (2)dx
0
1 1 1 (") (")
= — [ Ymr1(1) = Ym+1(0) — — E 1)—-E 4.7
(0 = a0 = s B ) - B (4.7
1 1 2 =D )
= — [ Yme1(1) = Yme1(0) — — - F
m (’7 +1( ) Vi +1( ) m(m+1) m(m+1)( m+1 m+1)
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For m > 2, we put

m—1
1 s s
k=1
m—1 1 (48)
(r—1) (r)
= —(2F —E).
k(m—k)( k k)
k=1
We now notice that
Ym (1) = ¥m(0) <= Ay, =0, (4.9)
and .
L 1 2 r-1) _ ()
= = (Apy1 — - EUTD g 4.1
/0 ’Ym(x)dx m ( m—+1 m(m+ 1) m(m+1)( m+1 m+1) ( O)

We are now ready to determine the Fourier coefficients Cﬁm)
Case 1: n # 0.

1
Or(tm):/o ’ym(x)€727rinzdx

1

- - 2min [’Ym

1
2min

( ) —27rinac] 1

1
/ ’y:n(l‘)e_Qﬂ'inwdx
0

1
1) = 0) /0{(m1)'7m1($)+rnl_11'm1+7nl_

 2min 2min

-1 1 1 ! :
— Lcrgmfl) _ i Am + i / xm716727mn:1:dx
2min 2min 2win(m —1) J,

L O
E — Wln.:l)d .
* omin(m = 1) /0 m-1(®)e *

(4.11)
We can show that
! ; Z Weoa - for p #0
/ xle—27r1nzd$ —_ k=1 (2mwin)k ’ (412)
0 l+17 for n=0.
Also, from [ ], we have
1 l 2(Dk—1 (r) (1)
| B @ = { Zeot B (e = Bikt), Br n 7 (4.13)
0 o1 (B E; ), for n=0.
From (4.11), (4.12), and (4.13), we get
1 1 1
m)y M=oy _ 1, _
C 2win " 2min~ " 2min(m —1) " 2min(m — l)Gm7 (4.14)
where
— 27rm
= 2(m—1) (1) _ g e
@m _ — L)k—-1 B r—1) 5
ot (2’/TZ7”L)k ( m—k mfk)
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Thus we have shown that

C(M):L_lc(m—l)_ 1 A — 1 o — 1
" 2win " 2rin. " 2min(m —1) " 2min(m — 1)

Om, (4.16)

from which by induction on m we can easily show that

m—1 (m 1) ) m—1 (m 1) ) m—1 (m 1) )
olm) — _ ASAY ity W S Y S S e < S
' g (2min)s g @min)i(m—j) " ; @rin)i(m—j) "
(4.17)
Here we note that
m—1
(m—1)-1 o B
= (2win)i(m — j) /
m—1 m—j
_ Z (m—1);_1 2(m *])k—1( -1 ) )
ot (2min)?(m —j) = (2min)* moj=kl o Tmej—ketl
m—1 m—j
_ 1 2(m —1)j4k—2 (BCD _p® )
= m—j (27TZn)J+k m—j—k+1 m—j—k+1
j=1 k=1
(4.18)
m—1 m
=X 3 Mg B
= m=J 5 (2mwin)®
m s—1
2(m —1)s—2 1 (r-1) (r) 1
= E _E -
Z (27(%”)5 ( m—s+1 m—s+1) Z m—j
s Jj=1
2 = (m)s (r—1) (r) Hm—l - Hm—s
== E _E m—l  Tm=s
m 5:21 (27-”'”)5( m—s+1 mfs+1) m—s+1 )
where H,, = Z;"’:l % are the harmonic numbers. Similarly, we can show that
m—1 m
(m — 1)j—l 1 (m)s Hm—l — Hm—s
T P, = — - . 4.19
; (2min)i(m — j) I+ m; (2min)s m—s+1 (4.19)
Putting everything altogether,
1 «— (m)s Hpy 1 — Hpys (r—1) (r)
om _ _ 1 Anspr + =2 (14 (B —E )t .
n m Z (27””)5 { +1 + m— s+ 1 + ( m—s—+1 m—s+1) (4 20)
Case 2: n = 0.
1
C’ém) = / Ym ()dx
0 (4.21)

1 1 2 .
1 g _ g0

= <Am+1 TmmaD)  mim+ 1)( 1 m+1)> )

Ym (< >), (m > 2) is piecewise C*°. Moreover, ,,(< z >) is continuous for those integers m > 2 with
A, =0, and discontinuous with jump discontinuities at integers for those integers m > 2 with A,, # 0.
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Assume first that A, = 0, for an integer m > 2 . Then 7,,(0) = v,,,(1). Hence v, (< @ >) is piecewise
C*°, and continuous. Thus the Fourier series of 7,,(< z >) converges uniformly to 7,,(< z >), and
Ym (< x >)

1 1 2 (r=1) _ (r)
m ( m—+1 — ( ¥ ) (m+1)( m-+1 m+1)
o0 m
1 H, 1—-H,_, (r—1) (r) 2mine
> mﬁo{ azl srings (Anown + P Tm (2B B ) e

1 1 2 (r—1) ()
- _ B g
m ( T mm+ 1) m(m+1) (Ehnsa m+1)

1 & (m Hm,1 —Hy, (r—1) r) > e2mine \4.22)
L Mo+ ot s (4o pe0, D)) [ - _
+ m <8> ( +1 + s+ 1 + ( m—s+1 m— s+1) s Z (27_””)3

n=—o00,n#0

1 1 2 (r=1) _ (r)
ooy Ay — “m (En:+1 - En:+1)
1 m m Hm 1 — H (r—1) (r)
=) (S) (Amm + ﬁ(l +2(BU"N, Em_s+1)) By(< z>)

0, for = €Z.

Now, we are going to state our first result.

Theorem 4.1. For each integer I > 2, we let

1 (r=1) _ ()
A= 2F —F 4.23
1 — k(l k)( k k )3 ( )
with Ay = O Assume that A, = 0, for an integer m > 2, Then we have the following.
a 1 E(T) < x>) <x>"""% has the Fourier expansion
(a) Zk 1 &(m—k) P
m—1
> e E,(f)(< r>)<x>mk
k=1
1 1 2 =1 _ p
== (A, — E - F .
m < +1 = (m + 1) m(m + 1)( m—+1 m+1) (4 24)
> 1 & (m)s Hy1 — Hy—s (r—1) (r) 27i
- Ap—s — 1+ 2(E,, ., —E,~ mne
+n——§n;ﬁ0{ m;@mn)s ( AEra—— (L 2E—es = Einan) | €
for all x € R, where the convergence is uniform.
(b)
m—1 1 ")
E T m—k
2 R =) Ok (<zx>)<zx>
- m I I (4.25)
1 m m—1 " {dm—s r—1 T
=— > <8) (AmsH e 2EY-D  — BT s+1))> By(<z >),
s=0,s#1

for all x € R, where Bs(< x >) is the Bernoulli function.
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Assume next that A,, # 0, for an integer m > 2. Then 7,,,(0) # v,,(1). Hence v,,(< x >) is piecewise
C*°, and discontinuous with jump discontinuities at integers. Thus the Fourier series of v, (< z >)
converges pointwise to v, (< x >), for x € Z¢, and converges to

1 1
5 (m(0) + (1)) = m(0) + 5 Am, (4.26)
for z € Z. Next, we are going to state our second result.

Theorem 4.2. For each integer | > 2, we let

-1
1 (r—1) (r)
A= E 2F E 4.27
l e k(l k)( k k )7 ( )

with Ay = 0. Assume that A, # 0, for an integer m > 2. Then we have the following.

(a)

1 1 2 (r=1) _ ga(r)
— | Appr1 — - E - F
m ( +1 m(m ¥ 1) m(m ¥ 1)( m—+1 m+1)
> 1 - (m)e Hy oy —Hpys (r—1) (r) 2mine
"2, B (Am st O E = Esan) )0 €T 4 08)

St k(mlfk) E,(CT)(< z>)<z>mk  for zeZe

%Ama fOI‘ = Z
()
1 m m Hm,1 — Hmfs (r—1) )
E ;) <S> (AmSJrl + W(l + 2(Emfs+]_ - Em75+1)> BS(< X >)
1 - (4.29)
= E r m—k
k(m*k) k(<x>)<1’> 9
k=1
for x € Z¢;
1 m m Hm,1 — Hmfs —1 ,
o (8> (Amsﬂ e (1 (B, - Efn)s+1))> By(<z>)
. (4.30)
1
2
for x € Z.
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FERMAT TYPE EQUATIONS OR SYSTEMS WITH COMPOSITE
FUNCTIONS
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ABSTRACT. In this paper, we give some necessary conditions on the existence
of meromorphic solutions on Fermat type difference equations. We also consid-
er the properties of transcendental entire solutions on the systems of Fermat
type differential-difference equations.

AMS Subject Classification: 30D35; 39A10.

Keywords: Fermat type equations; meromorphic solutions; composite functions.

1. INTRODUCTION AND RESULTS

Fermat type equations in functional field
(1) St =1

and its generalizations have been considered by many mathematicians in the last
century, where n is an integer. We recall the following results. Iyer [10] proved
(1.1) has no entire solutions when n > 3, Gross [6] obtained that (1.1) has no
meromorphic solutions when n > 4. Some related results on (1.1) also can be
found in [9]. For the case of n = 2, Iyer [10] concluded the following result.

Theorem A. If n = 2, then (1.1) has the entire solutions f(z) = sin(h(z)) and
g(z) = cos(h(z)), where h(z) is any entire function, no other solutions exist.

Recent investigations on (1.1) are to explore the precise expressions on f(z) when
g(z) has a special relationship with f(z). We mainly recall the following different
references on the meromorphic solutions when n = 2 in (1.1).

* Some results on g(z) takes a differential operator of f(z) can be found in
[21, 20, 24].

* Some results on g(z) is a shift operator that is g(z) = f(z + ¢) or difference
operator that is g(z) = f(z + ¢) — f(z) can be seen in [12, 13, 11, 16].

* The case that g(z) = f(gz) was considered in [15].

* The case that g(z) is a differential-difference operator such as g(z) = f*)(z+c)
was considered in [14, 5].

We agree to say that a meromorphic function f(z) in the complex plane is prop-
erly meromorphic if f(z) has at least one pole. Fermat type differential equations,
for example f(z)? + f*)(2)? = 1 has no properly meromorphic solutions, it means
that all meromorphic solutions are transcendental entire. In addition, the same con-
clusion is valid for f(z)2+ f)(z+¢)? = 1, where ¢ is a non-zero constant. However,
the situation is different for Fermat type difference equations. There exist properly
meromorphic solutions with finite order or infinite order for f(2)? + f(z +¢)? =1
and f(2)2 + f(gz)? = 1, we cite the examples [16] as follows for the readers.
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Example 1. Let ¢ = 5. The function f(z) = ~tees

properly meromorphic solution of f(2)? + f(z + g)2 =1.

V—=itan(e**' 4+ 2)4

) :
—Lt—+Vitanz | .
~enio——— s a finite order

-1
V—itan(ed?i42)

Example 2. Let ¢ = 5. The function f(z) = 3 s an
infinite order properly meromorphic solution of f(z)* + f(z + §)* = 1.
sAn
Zfb +e 27
Example 3. If ¢ = —i, then f(z) = “——5——— is a finite order properly

meromorphic solution of f(2)? + f(—iz)? = 1.

4n
z
2 e —1

An Z
Example 4. If ¢ = —i, then f(z) = “——5——— is an infinite order properly
meromorphic solution of f(2)? + f(—iz)? = 1.

We assume that the reader is familiar with the basic notations and results on
Nevanlinna theory [8] as well as the uniqueness theory of entire and meromorphic
functions [23]. Some necessary conditions for the existence of meromorphic solutions
on Fermat differential-difference equations of certain types can be found in Section
2. Section 2 also includes the discussions on composite function with Fermat type
equations. In Section 3, we mainly explore the entire solutions on the systems
of Fermat type differential-difference equations. In Section 4, we will discuss the
meromorphic solutions on the systems of Fermat type difference equations.

2. NECESSARY CONDITIONS FOR THE EXISTENCE

Let L(f) be a differential-difference polynomial of f(z) with rational coefficients.
From the cited references and examples in Section 1, a basic fact is when considering
the existence of meromorphic solutions on the equations

(2.1) F&)? +ALIf (9]} =1,

then g(z) always has the form g(z) = Az + B, where A is a non-zero constant
and B is a constant. We first to explain the reasons below. We will consider an
improvement of (2.1) as follows

(2.2) a(2)f(2)" +{L[f(g(2)]}" = e(2),

where a(z),c(z) are rational functions. Yang [22] investigated a generalization of
the Fermat type functional equation (1.1) as

(2:3) a(z)f(2)™ +b(z)9(2)" =1,
where T'(r,a(z)) = S(r, f),T(r,b(z)) = S(r,g) and obtained the following result.
Theorem B. If a(z),b(2), f(2), g(z) are meromorphic functions, m > 3,n > 3 are

integers, then (2.3) cannot hold unless m =n = 3. If 2 + 1 <1, then there are no
transcendental entire solutions f(z) and g(z) satisfy (2.3).

Theorem B shows that n < 3 in (2.2) provided that (2.2) admits meromorphic
solutions.

Theorem 2.1. Let g(z) be an entire function in (2.2). The necessary condition of
the ezistence of transcendental entire solutions on (2.2) is g(z) = Az + B, where
|A| =1 and B is a constant.

For the proof of Theorem 2.1, we need the following lemmas on the properties
of composite functions. We recall the following result [4, Corollary 1].
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Lemma 2.2. Assume that f(z) is a transcendental meromorphic function, and
g(2) is a transcendental entire function, then

T(r, f(9))

limsup ———>= = +©
r—too  1(1, f)

The proof of the following lemma is included in the proof of Lemma 4 in [7].

Lemma 2.3. Let g(2) = a2 +ar_12 "1+ -+a1z+ag, ap # 0 be a non-constant
polynomial of degree k and let f be a transcendental meromorphic function. Given
0 < o < |ag|, denote ¢ = |ag| + 0 and n = |ag| — 0. Then, given € > 0, we have

(L=e)T (", f) < T(r, f(9)) < (L +)T(Cr", f)
for all r large enough.

Combining the above two lemmas on composite functions with the definitions of
order and type of meromorphic functions, we have the following result.

Lemma 2.4. Let f(z) be a transcendental function and g(z) be a polynomial of
degree k and the leading coefficient ay # 0. Let F' = f(g). Then p(F) = kp(f) and
7(F) = |ap|? O 7(f), where p(f) is the order of f(z) and 7(f) is the type of f(2).

Proof of Theorem 2.1. Assume that f(z) is a transcendental meromorphic
solution on (2.2), then we see that

T(r,L(f(9(2)))) = T(r, f(2)) + O(1).

From Lemma 2.2, we get g(z) should be a polynomial. Since L(f) is a differential-
difference polynomial of f(z), then it implies that at least one of f*)(g(z + ¢)) (c,
k are constants, may take zero) satisfies

T(r, [ Mgz +€)) = T(r, f(2)) + S (. f),
we have ¢g(z) must be a polynomial with degree one and g(z) = Az + B, where

|A| =1 by Lemma 2.4.
We proceed to consider Fermat type equation with composite functions such as

(2.4) F(h(2))* + f(g(2))* = 1,

where h(z) and g(z) are two non-constant polynomials. Based on Theorem 2.1,
we guess that g(z) = Ah(z) + B provided that there exist meromorphic solutions
on (2.4). However, the above result is false by Remark 2.7 below. We need the
following lemmas on factorization theory [2, 3].

Lemma 2.5. [3] If f(z) is a non-constant entire function, and p(z),q(z) are non-
constant polynomials satisfying f(p(z)) = f(q(z)), then one of the following cases
holds:
(i) there exist a root of unity A and a constant B such that p(z) = Aq(z) + B;
(ii) there exist a polynomial r(z) and constants c,k such that p(z) = (r(2))? +k,
q(z) = (r(2) +¢)* + k.

Lemma 2.6. [2] Let f be non-constant meromorphic and p(z),q(z) non-constant
polynomials such that f(p(z)) = f(q(2)). Then there exist a constant k, a positive
integer m, a polynomial r(z) and a linear map L(z) = Az + B where A is a root of
unit, such that p(z) = (L(r(2)))™ + k,q(z) = r(2)™ + k.

364 KAI LIU ET AL 362-372



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

4 K LIU AND L. MA

Remark 2.7. Let G(z) = (f(2)? — %)2 From (2.4), we have G(h(2)) = G(g(z)).
Using Lemma 2.5, we have h(z) = Ag(z) + 8 or there exist a polynomial r(z) and
constants ¢,k such that h(z) = (r(2))? + k and g(z) = (r(z) + ¢)* + k. The second
case may happen, for example, the entire function f(z) = cos+/z with order %, then

f(2) solves
Flr(2)*)? + f((r(2) + %)% = 1,
where ¢ = 3.

In the following, we will focus on complex difference equations
(2.5) a(2)f(2)* +b(2) f(Az + B)? = c(2)
where a(z),b(z), c(z) are non-zero polynomials, and A, B are constants.

Theorem 2.8. The necessary condition of the existence on transcendental entire

z—B
solutions with finite order on (2.5) is 28 = ZE':B;'
A

Proof. Let G(z) = f(2)%. Thus G(Az + B) = f(Az + B)? and
(2.6) a(z)G(2) + b(2)G(Az + B) = c(z).

So we have

(2.7) a(Z;B>G<Z;B):c(z_AB)—b(z;B)G(z).

From the expression of G(z) and (2.6), (2.7), we have the zeros of G(z), G(z) — Zg)) )

z=B X o 2=8
G(z)— % are multiple except possibly finite many zeros. If 0, %, bE Z’Bg are

A

distinct, using the second main theorem for small functions, then

_ — 1. — — 1
2 T(r.G) <N(rnG) + N(r, 5) + N arewrel R ’“ﬁ
T a(z) G(z) - b(=2)
+S(r, G)
1 1 1 1 1
< =N(r, 6) +-N |, rell 5]\7 T — | +S(r,G)
() - &3 G(e) - 2]
=
3
< §T(r, G)+ S(r,G),
which is a contradiction. Thus, 28 = ;E:}Bg g
A

Remark 2.9. (1) If a(z) = b(z) are non-zero constants and A = 1, B # 0, then
c(2) reduces to a constant c. Thus (2.5) reduces to f(z)*>+ f(z+ B)? = ¢, obviously,
f(z) =+/esinz and B = T satisfies the above equation.

If a(z) = b(z) are non-zero constants and |A| = 1,A # 1,B = 0, then ¢(z) can
be an even polynomial. For example

™ Ty
26Z+4’L+2’6 Z— gt

(2.9 floy= T
solves f(2)? + f(—2)? = 22,
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(2) Consider f(2)? + f(Az + B)? = 1, where |A] = 1 and B is a constant,
Theorem A shows that f(z) = sinh(z) and f(Az+ B) = cos h(z), thus h(Az+ B) =
h(z) + 5 + 2km or h(Az + B) = —h(z) + § + 2km where k is an integer. If f(z)
is of finite order, then h(z) is a polynomial. Combining Lemma 2.10 below, if
h(Az + B) = h(z) + § + 2kn, we have the following two cases:

Case 1: If |A| = 1 and A # 1, then B = 0. There is no any polynomial h(z)
satisfy h(Az + B) = h(z) + § + 2km;

Case 2: If A=1 and B # 0, then h(z) is a linear polynomial.

If h(Az + B) = —h(z) + § + 2km, we have the following two cases:

Case 1: If |Al =1 and A # 1, then B = 0, h(z) must be a polynomial with
h(z) = ap, 2™ + ap, 2™ + -+ + ap, 2" + § + kT where A™ = —1;

Case 2: If A =1 and B # 0, then there is no any polynomial h(z) satisfy
h(Az+ B) = —h(z) + § + 2km.

Lemma 2.10. Let h(z) be a non-constant polynomial with degree n and a,b,c be
constants, a # 0.

(1) The equation h(az + b) = h(z) + ¢ is valid for two cases as follows:

(la) b#0, a =1 and h(z) is a linear polynomial.

(1b) b =0, c =0 and h(az) = h(z), thus h(2) = Qm, 2™ +am, 272+ - -+ am, 27,
where a™ = 1.

(2) The equation h(az + b) + h(z) = ¢ is valid for two cases as follows:

(2a) b#0, a = —1 and h(z) is a linear polynomial.

(2b) b =0, ¢ = 2h(0), thus h(z) = an, 2™ + an,2"™ + -+ + an, 2" + ag, where
a™i = —1.

Proof. Let h(z) = apz™+---+ a1z + ag, where a,, # 0. It is easy to see (1) is true,
we next prove (la). We have

an(az +b)" +an_1(az+ )" 1+ fai(az+b) +ag = (a,2" +---+ag) +c
Thus, a™ = 1. If a,_1 # 0, then

anna™ b+ an_1a™ !

— _ n
=0p—-1 = Apn-1a ,

thusa =1+ Z"—fi’. Since |a| = 1, then b = 0 follows, which is a contradiction. Thus,
an—1 = 0. Using the similar method as the above, we get a,,—x =0,k =2,--- ;n—1.
So h(z) = anz™ + ag, then n = 1 follows, thus a = 1.
It is easy to see (2b) can happen. Next we prove (2a). We have
an(az +b)" +an_1(az+ )" 1+ Fai(az+b) +ag+ (a,2" +---+ay) =c
Thus, a™ = —1. If a,,—1 # 0, then

anna” b+ a, 10" = —ap_1 = —an_1a",
thus ¢ = —1 — Z"—fi’. Since |a| = 1, then b = 0 follows, which is a contradiction.
Thus, a,_1 = 0. Using the similar method as the above, we get a,_ = 0, k =
2,---,n—1. So h(z) = anz™ + ag, then n = 1 follows, thus a = —1. O

Using the similar method as the proof of Theorem 2.8, we get the following
result.

Theorem 2.11. The necessary condition on the existence of transcendental mero-
morphic solutions on

(2.9) a(2)f(2)® + b(2) f(Az + B)® = ¢(2)
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Baker [1] proved an important result as follows.

Theorem C. Any functions F(z) and G(z), which are meromorphic in the plane
and satisfy F3 4+ G3 = 1, have the form

n

N B 11+«p:/(§) 4 7 11_¢\/§
where f(z) = 5—¢5— and g(z) = 53—/
is a cube-root of unity, where ¢(z) is the Weierstrass ¢-function that satisfies the

differential equation
(2.10) (#'(2)* = 4¢%(2) — 1.

Recently, Lii and Han [17] proved that if a(z) = b(z) = ¢(z) and A = 1 in
(2.9), then the equation f(z)% + f(z + ¢)® = 1 has no transcendental meromorphic
solutions with finite order. We will discuss the meromorphic solutions for

(2.11) f(2)> + f(Az+ B)* = 1.

, h(z) is an entire function of z and 7

From Theorem C, if there exist meromorphic solutions on (2.11), then A = —n?,
B = 0. It means that (2.11) reduces to f(2)% + f(—n?z)® = 1. However, we are
interested into another equations as follows. If p(z) is the Weierstrass function, can
we give more details for a polynomial h(z) satisfies

@' (h(Az+B)) ¢ (=n’h(2))
p(h(Az + B)) p(=1*h(2))

which is from (2.11) and Theorem C. We affirm that the polynomial h(z) should
be a linear polynomial in (2.12).

From Lemma 2.6, we have (i) h(Az + B) = —\n?h(2) + B3, (ii)h(4z + B) =
r(2)™ + k and —n?h(z) = (Ar(z) + B)™ + k, where m > 2.

If (i) happens, since h(z) is a polynomial, assume that h(z) = a, 2"+ - -+a1z+ag
with a, # 0. If n > 2, we have

(2.12)

an(Az+B)" " +an_1(Az+B)" 1+ tay (Az+B)+ag = =M (an2" +---+ag)+ 0.
So, we have A" = —\n?. If a,_; # 0, we have
apnA" 'B+a, A" = —)\172an,1 =A"a,_1,
S0

nnB
A:1+an’

Gp—1

since |A| = 1, thus B=0and A = 1. If a,,_1 = 0, using the same method, we have
ap—j = 0. Thus h(z) = a,z™ + ag, then we have h(z) must be a linear polynomial.
We get A = —\n?.

If (ii) happens, then we see that [r( = t, where ¢ = —q
and t = k(-1 — n%) The above equation is impossible when m > 2.

%)}m _ [T(Zerﬂ}m 2

367 KAI LIU ET AL 362-372



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 26, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

FERMAT TYPE EQUATIONS OR SYSTEMS WITH COMPOSITE FUNCTIONS 7

3. THE ENTIRE SOLUTIONS ON DIFFERENTIAL-DIFFERENCE SYSTEMS

Differential-difference equations always can not solved easily. For some linear
differential-difference equations, the properties are not known clearly, for example
the existence on entire solutions with infinite order of f'(2) = f(z + ¢) is not
clear, where c is a non-zero constant. Naftalevich [19] ever obtained partial results
on differential-difference equations using operator theory. Recently, Fermat type
differential-difference equations or systems also be investigated using Nevanlinna
theory. Liu, Cao and Cao [13] considered the transcendental entire solutions on

(3.1) P+ fz+e)?=1
and obtained the following result.

Theorem D. The transcendental entire solutions with finite order of (3.1) must
satisfy f(z) = sin(z &+ Bi), where B is a constant and ¢ = 2kw or ¢ = 2kw + 7.

Gao [18] considered the systems of complex differential-difference equations

[+ [f(z+0)? =1
(3:2) { B+ e+ = 1.

Assume that there exists a properly meromorphic solution on (3.2), let zg be a pole
of f1(z) with multiplicity k. Thus we have zy + 2mc is also a pole of fi(z) with
multiplicity k + 2m, m is a positive integer, so )\(%) > 2. Unfortunately, we can
not give examples to show the existence of meromorphic solutions. Considering
the transcendental entire solutions of finite order, Gao [18] obtained the following
result.

Theorem D. Let (f1(2), f2(2)) be the transcendental entire solution with finite
order of (3.2), then (f1(2), f2(2)) = (sin(z — bi),sin(z — b17)) and ¢ = km, where
b, by are constants.

If g(z) is a non-constant polynomial and
1)+ [f2(9(2)° =1
%) { f5(2)? + [f1(g(2)]* =1

admits transcendental meromorphic solutions, then g(z) should be a linear polyno-
mial g(z) = Az + ¢ and |A| = 1, which can be proved by Lemma 2.2 and Lemma
2.4 and the following basic fact. From (3.3), we have

T(r, f1(9(2))) < 2T(r, f2(2)) + 5(r, f2(2))

and
T(r, f2(9(9(2)))) = T(r, fi(9(2))) + O(1)
< 27(r, f1(g9(2))) + S(r, f1(9(2)))
< AT(r, f2(2)) + S(r, f2(2)).
We proceed to consider
fi(2)? + [f2(Az +c))? =1
(34) Y e

and obtain the following result.
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Theorem 3.1. Let (f1(2), f2(2)) be a transcendental entire solution with finite
order of (3.4), then we have two cases:

Case 1: If A2 =1, then (f1(2), f2(2)) = (sin(z + '), sin(z + ")),

Case 2: If A% = —1, then (f1(2), f2(2)) = (sin(iz +b),sin(iz + ")), where b, b"
are constants may different values at different occasions.

Corollary 3.2. The finite order transcendental entire solutions of (3.4) should have
order one.

For the proof of Theorem 3.1, we need the following lemmas.

Lemma 3.3. [23, Theorem 1.56] Let f;(z),(j =1,2,3) be meromorphic functions,
f1 be not a constant. If Z;’:l fi=1and

3
SN ]}j) +23 N £5) < A+ o(D)T(),

j=1
where A < 1, T(r) = maxi<j<s{T(r, f;)}, then fo(z) =1 or f3(z) = 1.
Lemma 3.4. Ifsin(hi(z)) = p(z) sin(ha(2)) holds, then p(z) should be a constant
p and p* = 1, where hy(2), ha(2) are non-constant polynomials.
Proof. From sin(hq(z)) = p(z) sin(hz(2)), we have

pthi(2) _ p—ihai(2) _ p(z)eihz(z) _p(z)e—ihz(z)7

thus,
eihl(z)—i-ihg(z) eihz(z)—ihl(z)

+
—p(2) p(z)
) # 1, Lemma 3.3 implies

+ eQihQ(z) — 1

- ihy(z iho(z iho(z)—1ihq (2
2ihs (= QMO i) i)

—p(2) (%) )

so we have p(z) should be a constant. Furthermore, if % = 1, then

22 | e2iha(2) = ( follows, thus p(z)? = 1.

piz) _ v
g2 1, then 75’1112;2;2(2) + e22(2) = 0 follows, thus p(z)? =1. O

It p(z)
Proof of Theorem 3.1. From Theorem A, we obtain

{ f1(2) = sinhy(2)

Il
—

Obviously, e

fa(Az +¢) = coshi(z)
and
f4(2) = sinhgy(2)
{ f1(Az + ¢) = cos ha(z).
If f1(2) and f2(z) are transcendental entire functions with finite order, then hi(z), ha(z)
are polynomials. Combining with the above two systems, we have

—h5(2)

{ f1(Az +¢) =sinhy(Az + ¢)
Ji1(Az +¢) = —%=sinhy(2)

and
f4(Az + ¢) =sinha(Az + ¢)
fi(Az+c) = %(Z) sin hy(2).
Thus, we have

—h5(2)

sinhy(Az +c¢) = sin ho(2).
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and
Y
(3.5) sinho(Az +¢) = (2) sin hq (2).
The above two equations imply to
: h5(Az + c)h] :
(3.6) sinhy(A%z + Ac+c) = 2(zA—26)1(Z) sin by (2).

From Lemma 3.4, we have hb(Az + ¢)h)(z) = A2, Since hy(z), ha(2) are non-
constant polynomials, so hi(z) = a1z + by and ha(z) = agz + be.
If hh(Az + c)h)(2) = A% = ajas A, since (3.6) implies that

sinhy(A%z + Ac+ ¢) = sin hy(2),

so h1(A%z + Ac+¢) — hi(z) = 2kn. We have A% =1 by hy(z) = a1z + b;.
Case 1: If Ac+ ¢ # 0, it implies that A =1, ¢ = kx. Then (3.5) reduces to

sinha(z 4 ¢) = —ay sin hy(2),

we have a? = 1 follows by Lemma 3.4.
Subcase (1): If a1 = 1, then hy(2) = z + by and hy(z) = 2 + by and ¢ = k7. So

fi(z+¢) = cos(z + bg) = sin(z + be + g +2ki7) = f1(z2) :==sin(z +b'),
where b’ = by + T + 2kim — k7. Also
folz +¢) = cos(z + by) = sin(z + by + g + 2kam) = fol2) == sin(z + "),

where b’ = by + 5 + 2kom — k.

Subcase (2): If a1 = —1, then hy(z) = —z + by and ha(2) = —2z+bs and ¢ = k7.
One can get fi(z) := sin(z + b'), fa(z) := sin(z + V") also only modify the value
b, b" by cos z is even.

Case 2: If Ac + ¢ =0, thus two cases happen.

Subcase (1): A = —1, ¢ is any non-zero constant. Thus, ajas = —1. We also
can get f1(z) :=sin(z+ V), fa(z) :=sin(z + b”) using the similar discussions as the
above with cos z is even.

Subcase (2): A = —1 and ¢ = 0, from (3.5), we also have a1, az take 1 or —1,
then we can get f1(z) :=sin(z + V'), fa(z) := sin(z + b").

If hy(Az + ¢)h(2) = —A? = ajaz A, since (3.6) implies that

sinhy(A%z + Ac+c¢) = —sin hy (2),
so hi(A%z + Ac+ ¢) + hi(z) = 2km. It implies that A2 = —1 by hy(2) = a1z + by.

Case 1: If A =14, then ¢ = 2@’“172;211’)1 Then (3.5) reduces to

sinhs(z +¢) = _7(11 sin hy (2),

we have a? = —1 follows by Lemma 3.4.
Subcase (1): If a3 =4, then hy(z) =iz + by and ha(z) = —iz + ba so

J1(z +¢) = cos(iz + ba) = sin(iz + by + g +2kym) = f1(z) == sin(iz + b'),
where b’ = by + 5 + 2k — k7. Also
fa(z 4 ¢) = cos(—iz + by) = sin(iz — by + % + 2kom) = fo(z) :=sin(iz + b"),

where V/ = —by + § + 2kom — k.
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Subcase (2): If ay = —i, then hy(z) = —iz + by and ha(z) = iz + ba. One can get
fi(z) == sin(iz + V'), f2(z) = sin(iz + b") also by modifying the value ¥',b"” with
cos 2 is even.

Case 2: If A = —i, one can get f1(z) :=sin(iz+b'), fo(2) := sin(iz + b") also by
modifying the value b’,b” with cos z is even.

4. MEROMORPHIC SOLUTIONS ON FERMAT TYPE DIFFERENCE SYSTEM

We will consider the meromorphic solutions on Fermat type difference system

AP+ [f2(Az 40 =1
. { fa(2)? + [fi(Az+ o) =1

where A is a non-zero constant and ¢ is a constant.

Firstly, if f is transcendental meromorphic and satisfy f1(2)%+ f1(Az+c¢)? =1,
we see that fi(z) = £f2(z) is the solution on (4.1). From the introduction of the
paper, we know that the transcendental meromorphic solutions are exist indeed.

Secondly, considering the transcendental entire solutions with finite order, we
get the following properties.

Theorem 4.1. The finite order transcendental entire solutions on (4.1) have order
one except that ¢ =0 and A*™ = —1, m; are integers.

Proof. Using Theorem A, we have

{ fi(2) = sin(hi(2))
f2(Az + ¢) = cos(hy(z))

and
fa(2) = sin(hy(2))
f1(Az + ¢) = cos(ha(z))
where hq(2) and hy(z) are non-constant polynomials.
Combining with the above two systems, we obtain
T

fi(Az + ¢) = sin(h1(Az 4 ¢)) = cos(ha(z)) = sin(Lha(z) + 5)

Thus, we have hy(Az +c) = +ha(z) + § + 2km, where k is an integer. We also can
get

f2(Az + ¢) = sin(ha(Az 4 ¢)) = cos(hi(2)) = sin(£hy(2) + g),
thus ho(Az +¢) = £hi(2) + § + 2n7, where n is an integer, hence
hi(A%z + Ac+ c) = +hy(2) + 7 + 2m,

where m is an integer. Since hq(z) is a polynomial, using Lemma 2.10, we have two
cases as follows.

Case 1: hi(A%z+ Ac+ ¢) = hi(2) + 7 + 2mm. If ¢ = 0, the above equation is
impossible. If ¢ # 0 and A = —1, the above equation is also impossible. if ¢ # 0
and A # —1, then we should have hq(z) = az + b, where a is a non-zero constant
and b is a constant.

Case 2: hi(A%z + Ac+¢) = —h1(2) + 7 + 2mn. In this case, if ¢ = 0, h(z) is a

polynomial h(z) = ap, 2™ + Am, 2™ + - -+ + am, 2™ + § + k7, where A*™ = —1.
If ¢ # 0 and A = —1, then h(z) is a constant, which is a contradiction. If ¢ # 0
and A # —1, we have h(z) should be a linear polynomial. a
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ABSTRACT. In this paper, we study some shared value properties for
finite order meromorphic solutions of difference Painlevé I-III equations.

Keywords: Meromorphic functions; Difference Painlevé equation; Value
sharing.
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1. INTRODUCTION

A century ago, Painlevé [9, 10], Fuchs [3] and Gambier [4] classified a large
class of second order differential equations of the Painlevé type of the form

w”(2) = F(z,w,w'),

where F is rational in w and w’ and (locally) analytic in z. In the past two
decades, the interest in nonlinear analytic difference equations has increased,
especially in response to programme of finding some kind of an analogue of
Painlevé property of differential equations for difference equations. Recently,
Halburd and Korhonen [5], Ronkainen [11] studied the following complex
difference equations

fE+1)+ f(z—1) =R(2, [) (1.1)
and
4+ 1) f(z—1) = R(z, f), (1.2)
where R(z, f) is rational in f and meromorphic in z. They obtained that if
(1.1) or (1.2) has an admissible meromorphic solution of finite order(or hyper
order less than 1), then either f satisfies a difference Riccati equation, or
(1.1) and (1.2) can be transformed by a linear change in f to some difference
equations, which include the difference Painlevé I-III equations

az+b c

f(z‘i‘l)‘i‘f(Z—l):T‘i‘ﬁa (Pr)
(az+b)f +¢ (1.3)
f(2+1)+f(2—1):1_—f2a (Prr)
B af? —bf +c
f(z+1)f(z_1)_—(f—l)(f—d)’ (Prrr) )
af? —bf .
fe+1)f(z-1)= o1 (Prr1)

where a, b, c,d are small functions of f(z). Some results about properties
of finite order transcendental meromorphic solutions of (1.3) and (1.4), can

The work was supported by the NNSF of China (No.11301220, 11661052, 11626112).
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be found in [1, 2, 13]. In 2007, Lin and Tohge [7] studied some shared
value properties of the first, the second and the fourth Painlevé differential

equations
f// — 24 6f2
f"=2f34z2f4+a, acC (1.5)

2ff" = ()2 +3f + 822 =4(2> —a)f*+ 5, a,BeC
They obtained the following result

Theorem A. Let f(z) be an arbitrary nonconstant solution of one of the
equations (1.5), and g(z) be a nonconstant meromorphic function which
shares four distinct values a; IM with f(z), where j = 1,2,3,4. Then

f(z) = g(2).

Remark. We assume that the reader is familiar with standard symbols
and fundamental results of Nevanlinna Theory [12]. As usual, the abbrevi-
ation C'M stands for ”counting multiplicities”, while /M means ”ignoring
multiplicities”.

A natural question is: what is the uniqueness result for finite order mero-
morphic solutions of difference Painlevé equations. Corresponding to this
question, we consider shared value properties of equations (1.3) and (1.4).

Set
O1(2,f) = (flz+ )+ f(z = 1)) f? = (az + ) f — ¢
and
O2(2, f) = (flz+ 1)+ fz = 1))(1 = f*) — (az + b) f —c.
Then we can get a uniqueness theorem for finite order meromorphic solutions
of difference P, P;; equations.

Theorem 1.1. Let f(z) be a finite order transcendental meromorphic solu-
tion of (1.3), let ey, ex be two distinct finite numbers such that ©;(z,e1) # 0,
Oi(z,e2) 0,1 =1,2. If f(z) and another meromorphic function g(z) share
the values ey, ea and oo CM, then f(z) = g(z).

Regarding shared value properties of difference Py equations, we have

Theorem 1.2. Let f(z) be a finite order transcendental meromorphic solu-

tion of

af? —bf +c
FEDIE= D=0y

And let eq, ea be two distinct finite numbers such that ®(z,e1) # 0, ®(z,e2) #

0, where Bz, f) = f(z+ 1) f(z — 1)(f — 1)(f —d) — af> + bf — c. If [(2)

and another meromorphic function g(z) share the values ey, ey and oo CM,

then f(z) = g(2).

Theorem 1.3. Let f(z) be a finite order transcendental meromorphic solu-
tion of

(1.6)

af?—bf

Fle+ Df(-1) =
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And let eq, ea be two distinct finite numbers such that ¥(z,e1) #Z 0, ¥(z,es) #
0, where U(z, f) = f(z+ 1)f(z = 1)(f = 1) —af? +bf. If f(z) and an-
other meromorphic function g(z) share the values ey, ea and co CM, then

f(z) =9(2).

Remarks. (1) By Lemma 2.4 below, we can get Theorem 1.1 easily. And
using similar methods as the proof of Theorem 1.2, we can prove Theorem
1.3. Here, we omit the details.

(2) Some ideas of this paper come from [8].

2. SOME LEMMAS

Lemma 2.1. [6, Theorem 2.2] Let f(z) be a transcendental meromorphic
solution with finite order o(f) of a difference equation of the form

H(z, [)P(z, [) = Q(z, f),
where H(z, f) is a difference product of total degree n in f(z) and its shifts,
and where P(z, f), Q(z, f) are difference polynomials such that the total
degree of Q(z, f) is at most n. Then for each € > 0,
m(r, P(z,f)) = O(r"D"12) 4 o(T(r, f))
possibly outside of an exceptional set of finite logarithmic measure.

Lemma 2.2. [6, Theorem 2.4] Let f(z) be a transcendental meromorphic
solution with finite order o(f) of the difference equation

L(z f) =0,
where L(z, ) is a difference polynomial in f(z) and its shifts. If L(z,a) #Z 0
for slowly moving target a(z). Then for each € > 0,

1
) = 06T 4 o(T(r )

—a
outside of a possible exceptional set of finite logarithmic measure.
Lemma 2.3. [12, Theorem 1.51] Suppose that fj(z) (j =1,...n) (n > 2)
are meromorphic functions and gj(z) (j = 1,...,n) are entire functions
satisfying the following conditions.

(1) Z?:l fi(2)e91) = 0.
(2) 1 <j<k<mn, gj(z) — gk(z) are not constants for 1 < j <k <n.
(3) For1<j<mn,1<h<k<n,

T(r, fj) = of{T(r,e? )}, r —o0,r ¢ FE,
where E C (1,00) is of finite linear measure.
Then f;(z) = 0.

Lemma 2.4. [8, Theorem 1.1] Let f(z) be a finite order transcendental
meromorphic solution of

Z a;if(z+ci) =
=1

m(r,

P(va)_ g?:objfj
Q= f) Yoo dnf*’

where a;(# 0), bj, di, are small functions of f , ¢j(# 0) are pairwise distinct
constants. And let ey, ey be two distinct finite numbers such that ©(z,e;) #
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0, O(z,e2) # 0, p < q = n, where O(z, f) = Y jaif(z + ¢)Q(z f) —
P(z, f). If f(2) and another meromorphic function g(z) share the values ey,
ea and oo CM, then f(z) = g(z).

3. PROOF OF THEOREM 1.2

Suppose that f(z) is a finite order transcendental meromorphic solution of
Eq. (1.6). Then we get

P+ f(z=1) = (d+1) ff(z+1)f(z—=1)=df (z4+1) f(z—=1) +af>—bf +c
Applying Lemma 2.1, we obtain

m(r, f) = S(r, f)- (3.1)

From Lemma 2.2 and the assumption that ®(z,e;) # 0, ®(z,e2) # 0, we
know

mir, =) = S ), mlr. ) = S(r ). (3.2)

By the assumption that f(z) and g(z) share the values e;, e and oo CM,
we have that

T(r, f) < N(r, f) + N(r, — !

T TN )+ S0 )

[—e
)Nl )+ 8()
<3T(r,g) + S(r, f).
Similarly, we can get T'(r,g) < 3T(r, f) + T(r, f). Hence,
T(r,g) =T(r,f)+S(r, f). (3.3)

Moreover, from the assumption that f(z) and g(z) share the values ej, e
and co CM, we see

< N(r,g) + N(r,

f — 61 = eA(Z)7 f — 62 = eB(Z)a (34)
g—e€ g—e€2
where A(z) and B(z) are two polynomials. Clearly, when e4(*) = 1, or

eB) = 1, or eP(¥-AK) = 1, The conclusion f(z) = g(z) holds. In the
following, we suppose that eA(®) £ 1, ¢B() £ 1 and eB*)-A() £ 1 at the
same time. Combining (3.3) and (3.4), we obtain

T(r, eA) <2T(r, )+ S(r, f),

B (3.5)
T(r,e”) <2T(r, f) + S(r, f).
Rewrite above Eq. (3.4) as the following forms
P -1 3.6
f(Z)—€1+(€2—€1)m, (3.6)
or
eAl®) — 1 c
= —e1) et 3.7
f(z) = ea+ (e2 el)eC(Z)—le , (3.7)

where C(z) = B(z) — A(2).
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Next we prove that deg A(z) = deg B(z) = deg C(z) > 0. Assume that the
largest common factor of e#(*) — 1 and e“*) — 1 is D(z), hence

eBB) —1=D(2)B)(2), e“®)—1=D(2)Ci(2),

where Bj(z), Ci(z) and D(z) are entire functions. Substituting above equa-
tions into (3.6), we conclude that

Bi(z
Fo) = et (- e gty
This, together with (3.1) and (3.2), it follows that
T(r, f) = mfr, f_lel) + NG f_lel) 4 S(r, f) = N(r, Bll) 50, )
and
T(r. ) = m(r, )+ N(r. ) = N, &) + S(0.5).
Furthermore, we have
T(r,eB) = N(r, eBl_ 1) + S(r, f) = N(r, Bll) + N(r, %) + S(r, f)
and
T(r,e%) = N(r, Cl )+ S(r, f) = N(r, i) + N(r, l) + S(r, f).
e —1 1 D
Observing four equations above, we see
T(r,e’) = T(r,e®) + S(r, f). (3.8)
Using the same way to deal with Eq. (3.7), we get
T(r,e®) = T(r,e?) + S(r, f). (3.9)

This, together with (3.7) and (3.8),
deg A(z) = deg B(z) =degC(z) =k >0
follows. On the other hand, Substituting (3.6) into (1.6), we have

eB(z+1) -1 eB(Z_l) —1
(61 + (62 — el)m)<el + (62 — el)m)
eB—1 eB—1
(e1+ (e2 —e1)— —1)(e1 + (2 —e1)—5 —d) (3.10)
e —1 e —1
e —1 9 e —1
_a(el—k(eQ—el)m) —b(61+(62—€1)ec_1)+0.
Both sides of Eq. (3.10) multiplied by (e¢+1) —1)(e€(=D — 1)(e€ — 1),

we get

(61(6C(z+1) _ 1) (62 _ 61)(63 z+1) )> (61(60(271) _ 1) + (62 _ 61)(63(271) _ 1))
((e1 = D ~ 1)+ e2 — e1)(e? = 1) ((e1 — d)(e€ — 1) + (2 — e1)(e - 1)

= (OO - 1D D) aler(e 1) + (e — )P~ 1))

—b(er(e” —1)* + (e2 — er) (e = 1)(e“ — 1)) + ¢(e” = 1)?).
(3.11)
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Set
B(z+1) = B(2) + s1(2), B(z—1)= B(z)+ s2(2),
Clz+1)=C(2) +t1(2), C(z—1)=C(z)+ta(2),
where s;, t; are polynomials of degrees at most k — 1. Then Eq. (3.11) can
be represented as the following form:

4 4
53 My <, 31
1=0 A=0
where M), ) is either 0 or polynomial in a, b, ¢, d, e, ez and e*, eli. Especially,
we have
Moo = e3(ea — 1)(e2 — d) — (ae3 — bea + ¢) = ®(z,e2) # 0. (3.13)

Finally, we prove that
deg(*B + N'C) =deg(u*B—XC)=k, 1<p*<4,1<)N\ <4
Suppose, contrary to the assertion, that deg(u*B + A*C) < k or deg(u*B —
A*C) < k.
If deg(u*B + A\*C) < k, then e# BHAC is a small function of e and f(z)
by (3.5), (3.8) and (3.9). Hence,
T(r, el BHATC 67“*‘4) =T(r, ejb*A) = T(r, eA) + S(r, f).
Moreover,
T(r, et BIVC . emi™A) = T(r, ™) = (0" + M) T(r, ) + S(r, ).
Since A* # 0, comparing two equations above, we get a contradiction.
If deg(p*B 4+ X\*C') < k, then we have
T(r, et B=ATC e_“*A) =T(r, 6_‘M*A) = p*T(r, eA) + S(r, f),
and
T(r, et B=AC o= A) = (oW =20 = (1 — XT(r, ) + S(r, f).
As \* #£ 0, we can get a contradiction as well. Therefore, we know
T(r, M) = S(r, e BN (e M, 5) = S(r, et B2,

where p* and A* are not equal to zero at the same time. This, together with
Lemma 2.3, it follows that M, y = 0, which contradicts Eq. (3.13), and the
conclusion follows.
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