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Common fixed point theorems in G,-metric space
Youqing Shen, Chuanxi Zhu', Zhaoqi Wu

Department of Mathematics, Nanchang University, Nanchang, 330031, P. R. China

jillshen123@163.com (Y. Q. Shen), chuanxizhu@126.com (C. X. Zhu)

Abstract In this paper, we introduce a new type of common fixed point for three mappings in
Gyp-complete Gp-metric space. On the other hand, we prove that the theory is also established in
G-metric space and several corollaries and examples are listed.

Keywords: G-metric space; common fixed point; G-metric space
1 Preliminaries

Mustafa and Sims [1] generalized the concept of metric space and Mustafa [2,3,7] obtained some fixed point
theorems in his papers. After that, many authors established fixed point and common fixed point theorems for
different contractive-type condition in G-metric space. In 1998, Czerwik [10] introduced the notion of b-metric
space, and then Aghajani [12] based on the notion gave the concept of Gp-metric space and some authors

obtained the existence and uniqueness fixed point in Gp-metric space [7,11].

Fixed point theory has a large number of applications in many branches of nonlinear analysis and has been
extended in many different directions. Let A, B and C are self mappings of a nonempty set X, if there exists a
p € X, such that Ap = Bp = C'p = p, then we call p is a common fixed point of A, B and C. For a mapping T

on nonempty set X to itself, we have Tz = x, and x is unique then we call = is a Picard operator.

In this paper, we mainly obtain a unique common fixed point for three mappings in G,-metric space. First,

we recall some basic properties of GG-metric space.

Let R = (—o00,00), Rt =[0,00) and N be the set of all natural numbers. Denote NT the set of all positive

integers.

Definition 1.1 ([12]) Let X be a nonempty set and s > 1 be a given real number, and let the function
G: X x X xX — [0,00) satisty the following properties:

(Gpl) G(z,y,2) =0 if © =y = z whenever z,y,z € X ;

(Gy2) 0 < G(z,z,y) for all z,y € X with = # y;

(Gp3) G(z,x,y) < G(x,y, 2) for all z,y,z € X with y # z;

(Gvd) G(z,y,z) = G(p{z,y, z}), where p is a permutation of z,y, z;

(Gv5) G(z,y,2) < s(G(x,a,a) + G(a,y, z)) for all z,y,z € X.

t*Correspondence author. Chuanxi Zhu. Email address: chuanxizhu@126.com. Tel:+8613970815298.

1083 SHEN ET AL 1083-1090



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.7, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Then G is called a Gp-metric on X, and (X, G) is called a Gp-metric space.

Definition 1.2 ([12]) A Gp-metric space G is said to be symmetric if G(z, x,y) = G(y, z,x) for all z,y € X.
Proposition 1.3 ([12]) Let X be a Gp-metric space, then for each z,y, z,a € X it follows that:

(1) if G(x,y,2) =0 then x =y = z;

(2) G(z,y,2) < sG(G(x,y,y) + G(z, v, 2));

(3) G(z,y,y) < 25(G(y, v, 2));

(4) G(z,y,2) < s(G(z,a,a) + G(a,y, 2)).

Definition 1.4 ([12]) Let X be a Gp-metric space. A sequence {z,} in X is said to be:

(1) Gp-Cauchy if for each € > 0, there exists a positive integer ng such that for all m,n,l > ng, G(zp, m, ;) <

(2) Gp-convergent to a point zz € X if for each £ > 0, there exists a positive integer ng such that for all

m,mn, Z no, G(xnvxmax) <g;

Definition 1.5 ([12]) A Gp-metric space X is called complete if every G,-Cauchy sequence is Gp-convergent
in X.

lemma 1.6 ([11]) Let (X,,G) be a Gp-metric space with s > 1.

(1) Suppose that {x,}, {yn} and {z,} are Gy-convergent to x,y and z, respectively. Then we have

1

s

n—00 n—00

(2) If {2,} = ¢ is constant, then

1

—G(z,y,c) < lirginfG(xn,yn,c) < limsup G(z,,, yn, ¢) < s2°G(z,y,c).
S n—00

n— oo
(3) If {yn} = b and {z,} = c are constant, then

1
EG(a:,b, ¢) <liminf G(z,, b, ¢) < limsup G(x,, b, ¢) < sG(z,b,c).

n—00 n— oo

2 Common fixed point theorems in GG;-metric space

Theorem 2.1 Let (X, G) be a Gp-complete Gy-metric space and A, B and C' are mappings from X to itself.
Suppose that A, B and C' satisfy the following condition:

G(z, Ax, Az) + G(x, By, By) + G(z,Cz,Cz)
G(Az,By,Cz) <
(A, By, Cz) < G(z, Az, By) + G(y, By,Cz) + G(2,Cz, Az) + 1

)G (2, y,2) (2.1)

for all z,y,z € X. Then either one of A, B and C has a fixed point, or, A, B and C' have a unique common
fixed point.

Proof. Define the sequence {z,,} as 23,11 = A%3n, T3nt2 = BE3nt1,Tants = Brapqo foralln =0,1,2,---.
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If 3, = x3n+1, then x3, is a fixed point of A.
If 23,41 = T3nt2, then x3,41 is a fixed point of B.

If 235,49 = T3p43, then 23,19 is a fixed point of C.
If the above conclusions are not true, then we assume that x,, # ,,11 for all n. Let d,, = G(zp, Tni1, Tnt2),

then for (2.1) we have

G(Axsy, Brapy1, Caaniz)
G(23n, Az, Ax3,) + G(T3n+1, BT3nt1, Brant1) + G(23n+2, Crant2, CT3ni2)
)G(Z3n, T3nt1, Tant2)
G(x3n, Axsn, Brsny1) + G(T3n41, Bosny1, Cr3ny2) + G(T3n42, CTanyo, Axsy) + 1
G230, %3041, T3n11) + G(T3n11, T3n 12, T3nt2) + G(T3n12, T3n 13, T3n+3) G
—G ) (-773717 T3n+1, x3n+2)
(@30, T3n+1, Tant2) + G(Z3n41, T3nt2, Tant3) + G(3n42, T3n43, Tant1) + 1
G(@3n, T3n+1, Tant2) + G(3n41, T3nt2, T3nt3) + G(T3n41, T3nt2, , T3n43)
< )G (230, T3n41, T3n+2)
G(23n, T3n+1, T3n+2) + G(T3n+1, T3n+2, T3n+3) + G(T3n+2, T3n+3, T3nt1) + 1

<

so we have
d d3n + 2d3n+1
gt = dSn + 2d3n+1 + 1 sn
Let
dspn, + 2d3n41
Qazn =
dBn + 2d?m+1 + 1
so we have

d3n+1 S a3nd3n
by introduction, we have

d3ns1 < 03pQ3p—1 -+ 01 dy

It is obvious that for any natural number n € N, we have 0 < «,, < 1,and so

dn S dn—l

then we have

dn S dn—l = dn + dn-i—l S dn—l + dn

1
1+— <14+ —-—
* dn—l + 2dn o + dn + 2dn+1

1 1

= < =

Qp—1 Qp
Hence, we can get
Qp—1 Z (7%

SO0 we can obtain

3n
Q3pQizn—1--- Q1 <
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taking the limit as n — oo, so we have

lim d3n+1 S lim Qa3p3p—1 " 'Oéldl S lim al?’”dl =0
n—00 n—00 n—00

SO

lim G(zy,Zni1,Tnye) = 0.
n—oo

Next,we will show that {z,} is a Gp-Cauchy sequence. on the other hand, according to (G3) we have

lim G(z,, Tnt1, Tnt1) < lim G(zp, Tpy1, Tny2) =0 (2.2)

n—oo n— oo

for any n,m € N, m > n, using (Gp5), so we have

IN

G(Zn, Tnt1,Tnt1) + SG(Tnt1, T,y T

G

G(xvu Ima 'Im)

IN

)
Tny Tn41, xn—i—l) + SZG($n+17 Tn+2, xn-&-Q) + 52G(£n+27 Tm, mm)
)

IN

IN

sG(

sG(

SG(Tn, Tng1, Tng1) + 5 G (Tng1, Tpga, Tnga) + - + 87" G(Ty—1, Trm—1, Tim)
$G (T, Tpg1, Tnga) + 852G (Tni 1, Tnsa, Tnys) + -+ 8" "G(Tm1, Tm, Tm1)
=di(soy™ 4 s2a" T 4 4 T ™

sap™(1 — (sa)m—n=1)

1—soq™

= dl
taking the limit as n — oo, then we have

=0

(1l — m—n—1
lim G(zn, Tm, Tm) < lim dy saq™( (sa) )
n—00 n—00 1—sa”

so {z,} is a Gp-Cauchy sequence.

Since X is complete, so there exists a p € X, such that {z,} is a G,-Cauchy sequence and Gj-converges to

p such that

lim z3,41 = lim Axzs, = lim 23,10 = lim Bzg,41
n—oo n— oo n— o0 n— oo

= lim T3n+3 = lim 01‘3714_2 =D.
n— o0 n— 00

Now we prove that p is a common fixed point of A, B and C.
Using Lemma 1.6 and (2.1), taking the upper limit as n — oo, we get

G(Ap,p,p)
< s* lim sup G(Ap, Bxan i1, Cani2)
n— oo

2 . G(p, Ap, Ap) + G(x3n+1, Bx3nt1, Brani1) + G(T3n+2, CTantya, CTanya)
< s” lim sup
n—00 G(p, Ap, Bxzni1) + G(23n11, Bo3ny1, Crzpyo) + G(r3p42, C3nq2, Ap) + 1
< Tim s G(p, Ap, Ap) + G(x3n+1, B3ns1, Boani1) + G(T3n42, Cr3pp2, C3n42)
< s* lim sup
n—00 G(p, Ap, Bxsn+1) + G(x3n+1, Bxant1, Crsnta) + G(T3n12, C3ny2, Ap) + 1

G(Z% T3n+41, $3n+1)

G(p,p,p)
-0

then we get G(Ap,p,p) = 0. Hence by (1) of Proposition 1.1, we can get Ap = p. Similarly, letting x = 3,
Y =D, 2 = T3pto and & = T3, Y = T3nt+1, 2 = p we can get Bp = p and Cp = p respectively, so we have

Ap=Bp=Cp=np.
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Now, we show that the common fixed point of A, B and C is unique. Assume on contrary that ¢ is another

fixed point, i.e. Aq = Bq = Cq = ¢ such that p # ¢. Then, by our assumption, we apply (2.1) to obtain

G(p,p,q) = G(Ap, Bp,Cq)
G(p, Ap, Ap) + G(p, Bp, Bp) + G(q,Cq,Cq)
G(p, Ap, Bp) + G(p, Bp, Cq) + G(q,Cq, Ap) + 1

G(p,p,p) + G(p,p,p) + G(q,9,9)
- G s s
Gmnm+Gmn®+G@%m+1(pp®

=0

<

G(p.p,q)

so by the Proposition 1.1, we have G(p,p,q) = 0, then p = gq.

Corollary 2.2 Let (X, G) be a Gy-complete Gp-metric space and T' be a mapping from X to itself. Suppose
that T satisfy the following condition:

G(z,Tx,Tz) + Gz, Tx,Tz) + G(z, Tz, Tx)
Gz, Tz, Ty) + G(y, Ty, Tz) + G(2,Tz,Tz) + 1

G(Tz,Ty,Tz) < )G(z,y,2)

for all x,y,z € X. Then T has a unique fixed point.
Proof. Taking A = B = C =T, the result follow from Theorem 2.1.

Theorem 2.3 Let (X, G) be a Gy-complete Gy-metric space and A, B and C' are mappings from X to itself.
Suppose that A, B and C satisfy the following condition:

min{G(y, By, By), G(z,Cz,Cz)}

Az, B <
G(Az, By, Cz) < a G(z,Cz, Ax) + 1

Gz, Az, Az) + BG(x,y, 2) (2.3)
for all z,y,z € X, where a4+ g < 1.
Then either one of A, B and C has a fixed point, or, A, B and C have a unique common fixed point.

Proof. Let d,, = G(xy, Tpy1, Tniz), then for (2.3) we have

min{G(z3n+1, BL3n+1, BTan+1), G(Z3n42, CT3nt2, CTani2)} )

G A n,B mn 70 n S
( I3 T3n+1 Zs3 +2) o G($3n+2,cx3n+23*’4x3n) +1

G(23n, Az, Ax3n) + BG(T3n, T3n+1, T3n+2)

min{G(23n41, 3042, T3n12); G(T3n 12, T3n13, T3ny3)} )
G(%3n42, T3n+3, T3n41) + 1

G(23n, T3n+1, T3n+1) + BG(T3n, T3n+1, T3n+2)

ds,
L s, + Bdsy,

q8ntl
a d3n+1 +1
d3n+1
= (a=B*L 4 g)d
( d3n+1 +1 ﬁ) 3n
Since a% + B < 1, the following proof is similar to Theorem 2.1.

Corollary 2.4 Let (X, G) be a Gy-complete Gp-metric space and T be mapping from X to itself. Suppose
that T satisfy the following condition:

min{G(y, Ty, Ty),G(z, Tz, Tz)}

G(Tz,Ty,Tz) < of G(z, Tz Tx) + 1

)G, T, Tx) + BG (2, y, 2)

for all x,y,z € X, where o + 3 < 1.
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Then T has a unique fixed point.
Proof. Taking A = B = C =T, the result follow from Theorem 2.4.

Theorem 2.5 Let (X, G) be a G-complete G-metric space and A, B and C' are mappings from X to itself.
Suppose that A, B and C satisfy the following condition:

G(z, Az, Az) + G(y, By, By) + G(2,Cz,Cz)
G(z, Az, By) + G(y, By,Cz) + G(2,Cz, Az) + 1

G(Az, By,Cz) < )G(2,y,2)

for all x,y,z € X. Then either one of A, B and C has a fixed point, or, A, B and C have a unique common
fixed point.

Proof. The proof is similar to Theorem 2.1. There is a little difference between them.
First, when we prove that {x,} is a Gp-Cauchy sequence, we have

G(ﬂin, Lm s Im) < G(ﬂin, Tn+1, xn+1) + G(xn+17 LTy mm)
S G(l‘n, Tn+1, xn-i—l) + G(xn-i-la Tn+2, mn+2) + G(l‘n-ﬁ—% T, xm)
< G

TnyTn+1, anrl) + G(anrh Tn+2, $n+2) + -+ G(ﬂ?m,l, Tm—1, xm)
m—
< Z G(Tntis Tntit1, Tntit1)
i—0

so we can get

m—n

G(xnaxmvxm) S Z G(xn+iaxn+i+laxn+i+1)
=0

m—n

S Z G(xn-l-ia Tn+i+1s xn-{-i-&-Q)
=0

m—n
- E dn+i
1=0

taking the limit as n — oo, then we have

m—n
lim G(z, Tm, Tm) < lim E a"td; =0
n—00 n—oo 4 0

i

so {x,} is a G-Cauchy sequence.

Secondly, since that G-metric space is continuous so when we prove that p is a common fixed point in
G-metric space we have

G(p, Ap, Ap) + G(p, Bp, Bp) + G(p, Cp, Cp)

G(Ap,p,p) <
(Ap, p,p) G(p, Ap, Bp) + G(p, Bp,Cp) + G(p,Cp, Ap) + 1

G(p,p;p) =0

Corollary 2.6 Let (X, G) be a G-complete G-metric space and T' be a mapping from X to itself. Suppose
that T satisfy the following condition:

Gz, Tz, Tx) + G(z,Tx,Tx) + G(x, Tz, Tx)

Ta,Ty,T=) <
G2 Ty, T2) < G By + Gy, Ty.T2) + Glo, To. Ta) + 1

)G(2,y, 2)

for all x,y,z € X. Then T has a unique fixed point.

Proof. Taking A= B = C =T, the result follow from Theorem 2.6.
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3 An example

Example 3.1 Let G(z,y,2) = (max{|z — yl, |y — z|,|z — z|})? for all z,y,2 € X then G is a Gy-metric on
X where s = 2. Define self-mappings A, B and C on x by

A(z) =1,B(z) = 1,0(z) = 7?”
Then we have
G(Az, By, €2) = (max{[1 1], [1 = =2 |1 - TE2 ]2
Lz
=G -9

and we also have

G(z, Az, Az) = (1 — x)?,G(y, By, By) = (1 — y)*
7Tz

G(2,Cz,Cz) = ( 3

)2,G(x,Am,By) =(1- x)2

A (T gy

G(z,Cz,Az) = (1 — 2)?

G(ya By7 CZ) = ma’X{(l - y)27 (

G(x,y,2) = max{le —y| |y — 2* [z — 2"}

Casel: when z < z,z2 <y a > 6—14,6 =0and y < ng, we have the (2.3) established. Then x =y =2=1

is a common fixed point.

Case2: when y > HTZZ a=1,=0and z > —6 + Tz, we have the (2.3) established. Then x =y =2=1is
a common fixed point.
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Abstract

In this paper, a collocation method with high precision by using the poly-
nomial basis functions is proposed to solve the Fredholm integral equation of
second kind with weakly singular kernel. We introduce the polynomial basis
functions and use it to reduce the given equation to a system of linear alge-
braic equation. Thus, we can simplify the solving of the equation. The error
analysis are given. Numerical examples are given to illustrate the efficiency
of our method.

Keyword: Weakly Singular - Fredholm Integral Equation - Polynomial
basis function Method

AMS subject classification: 65D10 - 656D32

1 Introduction

This paper is concerned with collocation method for weakly singular Fredholm in-
tegral equations of the second kind as follows
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b
o(z) + )\/ k(z,t)p(t)dt = f(x),0 <x <1, (1.1)

= gg@,o <« < 1,H(z,t), f(x) are continue and bounded functions

and ¢(x) is the function to be determined.

Numerical methods for weakly singular Fredholm integral equations of the sec-
ond kind have been developed by many scholars in recent years because of their
important applications in science and engineering. These methods can be classi-
fied into two types. One type is through making approximations to the analytical
solutions directly. For instance, Tricomi used successive approximations method
to solve the integral equations in his book [1]. Variational iteration method and
Adomian decomposition method were introduced in [2] and [3] respectively. Also,
The homotopy analysis method was proposed by Liao [4] and has applied it in [5]
et. Another type is through shifting the equations into a form which easier to solve
than the original equations. For example, Taylor expansion collocation methods are
presented to solve integral equations in [6-8]. In [9], the orthogonal triangular basis
functions were used by Babolian et al. to solve some integral equations systems.
And Legendre wavelets method was proposed by Jafari et al. in [10] to find the
numerical solutions of linear integral equations systems. Moreover, in [12] architec-
ture artificial neural networks was suggested to approximate the solutions of linear
integral equations systems. Furthermore, Jafarian et al. [13] using the Bernstein
polynomials to obtain the numerical solutions of linear Fredholm and Volterra inte-
gral equations systems of the second kind. And application of Bernstein polynomial
have been made by scholar for solving both differential equations and integral equa-
tions, see [11]. And piecewise polynomial collocation method were applied to solve
the Volterra integro-differential equations with weakly singular kernel in [14] respec-
tively. And the stability of piecewise polynomial collocation methods for solving
weakly singular integral equations of the second kind has been discussed by Kangro
et al. in [15]. Besides, Baratella et al. [16] had proposed an approach with product
integration to solve the weakly singular Volterra integral equations. Kolk et al. And
Pallaw et al. [17] used the quadratic spline collocation to solve the smoothed weakly
singular Fredholm integral equations. However, these methods introduced above do
not provide a good accuracy in the solution near the singular points.

In this paper, we are going to use polynomial basis functions collocation method
to approximate the solution of singular Fredholm integral equations of the second
kind. The proposed approach converted the given equation with unique solution into
a system of linear algebraic equations in general case. To do this, first the polynomial
basis functions of certain degree n of unknown functions are substituted in the given
integral equations. So that the solution of the unknown function of given equations
have converted into the solutions of the coefficients of the unknown polynomial basis
functions, such that we can solve the integral equations in a convenient way.

where k(x,t)
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The layout of this paper is as follows: In section 2 we presented the procedure
of the polynomial basis functions collocation method to obtain the approximate
solution of the weakly singular Fredholm integral equation. In section 3, we had
demonstrated that the proposed method is convergent to all the weakly singular
Fredholm integral equations of second kind. In section 4, we give numerical example
to test the effectiveness and efficiency of the method. Finally, Numerical examples
are given to illustrate the efficiency of our method.

2 The Polynomial Basis Function Method

We are going to use the polynomial basis functions to solve the eq.(1.1). The form
of the functions are as follows:

m—1
U= z*,
k=0
where the polynomial basis functions 1, z,22,--- , 2™ ! are linear independent.

Since eq.(1.1) is a weakly singular integral equation, the singularity of the e-
quation must be removed such that the procedure of solving the problem can be
move on. But since the proposed method of this paper is belong to the colloca-
tion method, which can smooth the singular points of the discretion, so that we
can use the method directly. Then we provided the procedure of using polynomial
basis functions to solve the kind of the integral equations proposed in this paper
concretely as follows:

Step 1. Choosing the basis functions u = [1,z,2%,...,2%], (k = 0,1,2,...,m — 1)
the unknown function ¢(x) is substituted by the following polynomials

-1

o(7) & dm(z) = ) arat, (2.1)

0

3

i

Step 2. Substituting (2.1) into (1.1) we have

m—1 m—1 b
Z apr® + A Z akxk/ k(x, )thdt = f(x), (2.2)
k=0 k=0 @

Step 3. Discrete the interval [a,b] into n sections uniformly, we obtained the
systems of the coefficient a; as follows

m—1 m—1 b
arzs + A Z ak:vf/ K(x, )thdt = f(x;), (2.3)
k=0 @

k=0 =
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where j = 1,2,...,n,2; = a + j(b — a)/n. We transformed the equations into the
form of linear matrix as follows

(U+ KU)A = f, (2.4)
where
IR U agp hi
U= : + " A= : =1 (2.5)
1 z, --- xnm” A1 fn

and K = fab K(z,t)dt which is the integral operator.
Step 4. Solve the system we obtained the solutions of the coefficients of a; as
follows

g, A1y «vy m—1-

Substituting them into eq.(2.1) we obtained the approximate solution ¢,,(x).

3 Convergence and Error Analysis

In this section, we are going to prove that the approximate method we proposed in
this paper is convergent to the analytic solution of eq.(1.1).
Firstly, we rewrite the form of the weakly singular kernel as follows

H(x,t)

o =t

K(x,t) =

Let 0 < a < %, and H(x,t) is continuously bounded. Then the eigenvalue

integral equation with weakly singular kernel is as follows

Ap(z) = /bK(x,t)gb(t)dt,O <z<l, (3.1)

where K (z,t) is the weakly singular kernel, A is the eigenvalue of the K(x,t), ¢(x)
is the eigenfunction of .

Lemma 3.1 [14]. If 21,25 € C™"(0,T],m € N,v < 1, then ;29 € C™"(0,T],
and

||x1$2”m,v S CHIl“m,v x2l|m,v

with a constant ¢ which is independent of z; and x,.

Proof. See [14].

Lemma 3.2 [18] Suppose that the function ¢,,(z) obtained by the polynomi-
al basis function is the approximation of eq.(1) and eq.(1) is with bounded first
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derivative, then eq.(1) can be expanded as an infinite sum of the polynomial basis

m—1
functions, that is, ¢(z) = Z e, and the coefficients ¢;, are bounded as
k=0
_ K
cp < ——¢
(m+1)2%

where K is a constant.
Proof. See [18].

Let the linear operator K : L[lo’l] — L[lo,l]

(Ko)(x /th)¢()dt0<x<1

then (3.1) can be written as
Ko = Ao, (3.2)

using K operating two sides of (3.2) we yield

K% = \?¢

/ngt

and Ks(x,t) is the iterative kernel of K (x,t)

where

K2(:1:,t):/0 Ky (x,r)Ky(r, t)dr

Kiy(z,r) = K(x,r).

Theorem 3.3. Let ¢,,(z) be the polynomial basis function of degree m — 1
and whose coefficients has been obtained by solving linear system (2.4), the given
polynomial basis function is converge to the analytical solution of the weak singular
Fredholm integral equations of the second kind (1.1), when m — oc.

Proof. Since

¢(z) = lim ¢ (),

m—00

substitute ¢,,(x) into eq.(1.1), we have

b
x)+ )\/ K(z,t)pn(t)dt = f(x),0 <z <1. (3.3)
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We defined the error function ||e,,|| by subtracting (2.1) and (2.5) as follows

lemll = llém(z) = ()] + Al /0 1K (@, )] - [|om(2) — o(2)ldt]],

According to lemma 3.1 and 3.2, since the subinterval of integral equation is compact
and the coefficients obtained by the polynomial basis functions are bounded and the
kernel K (z,t) can be continuous and bounded through iteration, therefore, whether

HemH — 0

depends on
[@m () = d()]] = 0,

since

that is,

when m — oo.

Thus, the proof is completed. O

Remark 3.4. When we use this method we can find that it is similar to the
piecewise linear spline function interpolation method which is convergent and nu-
merical stable. The speed of the convergency is accelerated with the increasing of
the degree m of the polynomial basis function.

4 Numerical Experiments

Example 1: Consider the following Fredholm integral equations of the second kind
with weakly singular kernel

o) — %0/0 Ko, )6()dt = f(2),0 <z <1, (A1)

where K (z,t) = |z — t| 3,

27
30800

the exact solution of eq.(4.1) is ¢(x) = 2*(1 — x)%.

Using the method we proposed in section 2 and the successive approximation
method and using MATLAB writing the program codes we obtained the figures and
tables so that we can make a comparison for the accuracy of the two methods.

flz) = 22(1 — 2) — (5 (5422 — 1262 + 77) + (1 — #)3 (542> + 18z + 5)].
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Figure 1: The nodes are 11, iterations are 6, The result of Successive approximation method and the

analytical solutions.
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Figure 2: The nodes are 11, k=4, The result of Polynomial basis function method and the analytical

solutions.
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Firstly, we obtained the figures of the results of the Polynomial basis function
method and the successive approximation method

From the figures we can find that both of the curves of successive approximation
method and the polynomial basis functions method are simulated very well, but
there is a defection of the numerical solution of successive approximation method
that the singular point in the function can not be removed. But the polynomial
basis functions method almost accordant with the analytical solutions. Namely,
the accuracy of polynomial basis functions method is better than the successive
approximation methods.

Table 1: The comparison of the solutions of the two kinds of methods.

Exact Successive Polynomial Basis

Node Solution Approximation Function Method
0 0 -2.8235e-04 -1.136e-016
0.1 8.1000e-003 7.7634e-03 8.1000e-003
0.2 2.5600e-002 2.5228e-02 2.5600e-002
0.3 4.4100e-002 4.3685e-02 4.4100e-002
0.4 5.7600e-002 5.7144e-02 5.7600e-002
0.5 6.2500e-002 NaN 6.2500e-002
0.6 5.7600e-002 5.7144e-02 5.7600e-002
0.7 4.4100e-002 4.3685e-02 4.4100e-002
0.8 2.5600e-002 2.5228e-02 2.5600e-002
0.9 8.1000e-003 7.7634e-03 8.1000e-003

1 0 -2.8235e-04 0

The Table 1 shows the results of the solutions of the example 1 using successive
approximation method with the iterations k=8 and the polynomial basis function
method with the orders m=5 of the polynomial basis function, respectively. From
the table we can find that the results of the polynomial basis function method is
more approximate to the exact solutions than the successive approximation method.

From the Table 2 we can easily find that with the increasing of the iterations
of k, there is little increasing of the error accuracy of the successive approximation
method. And it is obvious that there is a singular point of the discrete interval.

The Table 3 shows the errors accuracy results of the polynomial basis function
method when the orders of the polynomials are n=3,4,5,6, respectively. We can
find that the results is much superior than the successive approximation method.
The best error effectiveness of successive approximation is O(10~*), but we obtained
the high accuracy of the polynomial basis function method when the orders of the
polynomial basis functions is n = 5 and the effective errors have reached O(107'°),
which is much better than the successive approximation methods.
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Table 2: The error comparison of Successive Approximation methods.

Node Exact solution k=2 k=4 k=6 k=8
0 0 9.2298e-03 6.6592e-05 2.7807e-04 2.8225¢e-04
0.1 8.1000e-03 1.0586e-02 7.7066e-05 3.3105e-04 3.3646e-04
0.2 2.5600e-02 1.1068e-02 1.1413e-04 3.6606e-04 3.7179e-04
0.3 4.4100e-02 1.1342e-02 1.5033e-04 4.0921e-04 4.1510e-04
0.4 5.7600e-02 1.1480e-02 1.8759¢-04 4.4996e-04 4.5593e-04

0.5 6.2500e-02 NaN NaN NaN NaN
0.6 5.7600e-02 1.1480e-02 1.8759¢-04 4.4996e-04 4.5593e-04
0.7 4.4100e-02 1.1342¢e-02 1.5033e-04 4.0921e-04 4.1510e-04
0.8 2.5600e-02 1.1068e-02 1.1413e-04 3.6606e-04 3.7179e-04
0.9 8.1000e-03 1.0586e-02 7.7066e-05 3.3105e-04 3.3646¢e-04
1 0 9.2298¢e-03 6.6592¢e-05 2.7807¢e-04 2.8225¢e-04

Table 3: The error comparison of Polynomial basis function methods.

Node Exact solution n=3 n=4 n=>5 n=6
0 0 6.7365e-03 6.7365e-03 2.0322¢-16 3.6580e-16
0.1 8.1000e-03 7.5301e-03 7.5301e-03 8.3267e-17 2.9490e-16
0.2 2.5600e-02 7.4263e-03 7.4263e-03 4.1633e-17 2.1164e-16
0.3 4.4100e-02 1.3522¢-03 1.3522¢-03 6.2450e-17 1.8041e-16
0.4 5.7600e-02 4.6922e-03 4.6922e-03 4.8572e-17 1.3184e-16
0.5 6.2500e-02 7.1071e-03 7.1071e-03 1.3878e-17 9.7145e-17
0.6 5.7600e-02 4.6922e-03 4.6922¢-03 2.7756e-17 8.3267e-17
0.7 4.4100e-02 1.3522¢-03 1.3522¢-03 3.4694e-17 1.3878e-17
0.8 2.5600e-02 7.4263e-03 7.4263e-03 1.4572e-16 1.5613e-16
0.9 8.1000e-03 7.5301e-03 7.5301e-03 2.2204e-16 2.7756e-16
1 0 6.7365e-03 6.7365e-03 0 1.5260e-16

Example 2: Consider the following Fredholm integral equations of the second
kind with weakly singular kernel

where K (z,t) = |z — t| 2,

fl@) =2*(1—2) -

27
30800

(4.2)

(23 (5422 — 1262 + 77) + (1 — x)3 (5422 + 18z + 5)].

We have not the exact solutions of the example 2, but we compared the accura-
cy of the two methods through the error accuracy when the iterations increased of
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Table 4: The error comparison of succcessive approximation methods.

Node n=2 n=4 n=06 errors of (¢3-c2) errors of (c4-c3)
0.0139 5.5529e-04 7.8461e-04 7.9539e-04 2.2932e-04 1.0780e-05
0.0556 3.3207e-03 3.5784e-03 3.5903e-03 2.5772e-04 1.1917e-05
0.1250 1.2872e-02 1.3386e-02 1.3399e-02 5.1414e-04 1.2785e-05
0.2222 3.2102e-02 3.2388e-02 3.2402e-02 2.8611e-04 1.3450e-05
0.3472 5.4893e-02 5.5188e-02 5.5202e-02 2.9552e-04 1.3437¢e-05
0.5000 NaN NaN NaN NaN NaN
0.6528 5.4893e-02 5.5188e-02 5.5202e-02 2.9552e-04 1.3437e-05
0.7778 3.2102e-02 3.2388e-02 3.2402e-02 2.8611e-04 1.3450e-05
0.8750 1.2872e-02 1.3386e-02 1.3399e-02 5.1414e-04 1.2785e-05
0.9444 3.3207e-03 3.5784e-03 3.5903e-03 2.5772e-04 1.1917e-05
0.9861 5.5529e-04 7.8461e-04 7.9539e-04 2.2932e-04 1.0780e-05

the successive approximation method and when the orders of the polynomial basis
function increased, respectively. The column 2 to column 4 of Table 4 shows the
solutions of the method when the iterations k=2,4,6, respectively, and it shows the
error accuracy of the solutions of column 3 minus column 2 and column 4 minus
column 3 and we get column 5 and column 6, respectively. From the Table 4 we can
easily find that, with the increasing of the iterations of the successive approximation
method, the error accuracy increased accordingly.

Table 5: The error comparison of polynomial basis function methods.

Node n=4 n=>s n=06 errors of (¢3-c2) errors of (c4-c3)
0.0139 -1.2677e-04 6.3355¢-03 6.3355¢-03 6.4623e-03 1.8388e-16
0.0556 1.1224e-02 9.5719e-03 9.5719e-03 -1.6520e-03 3.1225e-17
0.1250 2.7883e-02 2.0391e-02 2.0391e-02 -7.4917e-03 -1.3878e-17
0.2222 4.6462e-02 4.0972e-02 4.0972e-02 -5.4890e-03 9.7145e-17
0.3472 6.2217e-02 6.5462e-02 6.5462e-02 3.2455e-03 1.8041e-16
0.5000 6.9050e-02 7.8091e-02 7.8091e-02 9.0411e-03 6.9389e-17
0.6528 6.2217e-02 6.5462¢-02 6.5462¢-02 3.2455e-03 -1.8041e-16
0.7778 4.6462e-02 4.0972e-02 4.0972e-02 -5.4890e-03 -1.0408e-16
0.8750 2.7883e-02 2.0391e-02 2.0391e-02 -7.4917e-03 2.0470e-16
0.9444 1.1224e-02 9.5719e-03 9.5719e-03 -1.6520e-03 4.5103e-17
0.9861 -1.2677e-04 6.3355e-03 6.3355e-03 6.4623e-03 -8.5001e-17

Table 5 shows the results of the solutions of the method we proposed in this
paper. It shows the results of the solutions of the proposed method from the column
2 to column 4, and the error accuracy results obtained by column 3 minus column
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2 and column 4 minus column 3 and we get column 5 and column 6, respectively.
From the data of the table 5 we can easily find that the polynomial basis function
method is much superior than the successive approximation method. The best error
effectiveness of successive approximation we finally obtained is O(107°), but we
obtained the high accuracy of the polynomial basis function method when we let
n =5 and the effective errors have reached O(1071%), which is much nearly to the
exact solutions.
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SHARP COEFFICIENT ESTIMATES FOR NON-BAZILEVIC FUNCTIONS

JI HYANG PARK, VIRENDRA KUMAR, AND NAK EUN CHO

ABSTRACT. The class B(«) of non-Bazilevi¢ functions was introduced by Obradovié¢. Later,
estimates on the second coefficient and Fekete—Szeg6 functional for normalized analytic func-
tions in the class B(a) were investigated by Tuneski and Darus. In the present work,
sharp estimate on third to eighth coefficients for normalized analytic functions f(z) =
z + az2? + azz® + .-+ € B(a) are investigated. Further sharp estimate on the functional
lasas — a4| is also obtained.

1. INTRODUCTION

The class of analytic functions defined in the unit disk D := {z € C: |z| < 1} and having
the Taylor series expansion of the form

f(z)=z+a222+a323+--- (11)

is denoted by A. The subclass of A consisting of univalent functions is denoted by S.
De Branges, in 1984, proved that if f € S, then |a,| < n. This result was put be-
fore by Bieberbach in 1916 and is popularly known as the Bieberbach conjecture. Among
the many subclasses of S, the class of starlike and convex functions are the most inves-
tigated. The class of starlike and convex functions are defined, respectively, by &* =
{feS:Re(zf'(2)/f(z)) >0} and K := {f € S:Re(l+2f"(2)/f'(2)) > 0}. Thomas |15,
in 1967, introduced a general form of the class of starlike functions. Thomas [15], for a
starlike functions g, defined the class B, := {f € S : Re(zf'(2)f(2)*'/g(2)*) > 0}. This
class is popularly known as the class of Bazilevi¢ functions of type «. In 1973, Singh [12]
investigated a special case of B,. For a > 0 and setting g(z) = z, he considered a subclass

of B, defined by
Bi(a) == {fE.A:Re <f’(z) (%Z)) > >0}.

In his paper, he obtained the sharp radius estimates for certain integral operator to be a
member of the class Bi(a) and he also obtained the sharp upper bound on the first four
initial coefficients. He also investigated the sharp bound on the Fekete-Szego functional for
functions in this class. It should be noted that the class B;(1) is a subclass of close-to-convex

2010 Mathematics Subject Classification. 30C45, 30C50.

Key words and phrases. Univalent function, Coefficient bound, Hankel determinant.
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functions and hence univalent in D. Moreover, B;(0) = S*. In 2015, Thomas 13| proved the
sharp bound |ayas — a2| < 4/(2 + «)? for functions in the class B;(«) for a € [0,1]. In 2017,
Marjono et al. [6] investigated the sharp upper bound on fifth and sixth coefficients. They
also conjectured that if f € By(«), then

la,| < (n=2,3,4,---)

n—14+a«
holds for all « > 1. This conjecture for the fifth coefficient, for certain range of o, was recently
settled by Cho and Kumar [1]. For many results related to the Bazilevi¢ functions we refer
the reader to the papers |11}|14,/15,/17] and the references cited therein. A class B(«, 5) with
stronger conditions was considered by Ponnusamy [8]. For & > 0 and 0 < 8 < 1, he defined

Bla, §) = {feA: 7(2) (f(”)a_l 1 <ﬁ}-

z

For the negative value of a € (—1,0), the class B(«, 5) can be rewritten as

Bla, B) = {feA: e (7 )w—l <ﬁ}-

f(2)

This class was introduced and investigated by Obradovi¢, in 1998. He obtained the conditions
on the parameter # that embeds this class into the class of starlike functions. Later in 2002,
Tuneski and Darus [16], for 0 < o < 1, considered the class

B(a) := {f € A:Re (f’(z) (ﬁ)wj > 0} .

This class, as mentioned by Obradovi¢ in the conference “Computational Methods and Func-
tion Theory 2001”7 is called to be class of functions of non-Bazilevi¢ type, see |16]. Tuneski
and Darus investigated the sharp bounds on |az| and the Fekete-Szego functional |asz — pa3).
Some typographical errors in the result |16, Theorem 1, p. 64] were reported by Kumar
and Kumar [5]. For a more general result and the correct version of their result one can
refer to [5]. Starlikeness of multivalent non-Bazilevi¢ functions were investigated by Guo et
al. [2]. Estimate on the second Hankel determinant for the class of functions f € A satisfying
Re (f'(2) (2/f(2))") > 0 for a € (0,1/3] was obtained by Krishna and Reddy [4].

Motivated by the above works, in this paper, sharp bound on the third to eighth coefficients
of functions in the class B(«a) are investigated. Moreover, sharp bound on the functional
|asas — a4| for functions in the class B(«) is also obtained.

Let P be the class of analytic functions having the Taylor series of the form p(z) =
1+ p1z + pez? 4 p3z® + -+ - and mapping the unit disk D onto the right-half of the complex
plane i.e. satisfying the condition Rep(z) > 0 (» € D). Let B be the class of Schwarz
functions consisting of analytic functions of the form w(z) = ¢z + 222 + 323 + -+ (2 € D)
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and satisfying the condition |w(z)| < 1 for z € D. The following correspondence between the
classes B and P holds:

: : p(z) —1
€ P if and only if w(z) = ——— € B. 1.2
Comparing coefficients in (|1.2), we have
20y — P2 4dpa — 4 3 8y — 8 — 42 + 6p2ps — pt
o = %’ Cy — p24 p1’ ey = D3 ];1]02 —|—p1’ o) = D4 — OP1P3 1?4‘ PiP2 — Pr (1.3)

Lemma 1.1. [3](see also |10]) If p € P, then, for any complex number v,
[p2 — vpi| < 2max{1; |20 — 1]}
and the equality holds for the functions given by
1+ 22 1+2

pe) = 1y and p(s) =

Consider the functional W(u, v) = |c3+ pcica+vci| for w € B and p, v € R. Let us assume
that the symbols €2,’s are defined as follows:

Q= {(p,v) eR?*: [ <1/2, |v| <1},
1 4
= {(u) € R < €2 il 41~ (il + ) < v <1,

1 2
Q3 iz{(uyV)€R21|/~L|§§, Vé—l},fh SZ{(MaV)€R23|M|Zl/27 VS—§(|M|+1)}7
1
Qs = {(,v) €R?: |p| <2, Vzl},Q(s?:{(Ma’/)ER232§|M|§47 VZE(M2+8)},
2
Q7 = (M,U)ER2:|,U,|Z4,VZ§(|M|—1)},
, 1 2 4 ,
Qg :=q(n,v) €R 1§§\M|§27 —§(|M|+1)§V§§(\N\+1) = (lul+1) ¢,

2 20p|(|pe] + 1)
Qo =< ()R |u| >2, —=(|jpul+ 1) <v< =~ 4
9 {(u ) = 3(\u\ ) <v< 24 2]+ 4

2|p|(|pl +1) 1
Qo =2 (,v) eR?:2< |u| <4, = L <y < —(12+8)p,
2 +1 2 —1
Q= () € R | > 4, lul(!ul ) <)< LM(M g
p* + 2[p| + 4 p* = 2lpf +4
2|p|(lpl = 1)

2
= { () € Bl 2 4, <v <3~ D).

pr=2pl+47 0 73
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The following result is due to Prokhorov and Szynal [9] which we need in our investigation.

Lemma 1.2. |9, Lemma 2, p. 128] If w € B, then for any real numbers p and v, we have

(1, (1, v) € QL UQU{(2,1)};
v, (u,v) € kLiJ3Qk,'

W)l <4 30+ D) () () € 0sU 0y
() (225) 7. e auan e
200 () ) €

The extremal functions, up to rotations, are of the form

_ 3 _ _ti—2) _ A2tz
wi(z) = 2°, wo(z) =z, ws(z) = i wy(z) = T
and ws(z) = c12 + 2% + c32% + -+ | where the parameters t1, to and the coefficients c¢; are

given by

; < il + 1 )”zt < | - 1 )”2 (m@ﬁ+@—sﬁ>“2
= ——F— , =7 , € = ,
SRSy 2= B(u —v—1) S - —w)

- . 2418)—2(u2+2)\ "
co=(1—=c2e™ 5= —cree™™, 6y = + arccos [H (yw +8) — 2"+ )) .

2 2u(p? +2) — 3p2
2. COEFFICIENT ESTIMATES

The following theorem gives the sharp estimates on |as|, |a4| and on the functional |azas —
ay| for functions in the class B(«).

Theorem 2.1. Let ag ~ 2.36, a1 =~ 2.68 and as = 2.71 are the smallest positive roots of the
equations 3ot — 1102 +a? +11a+20 = 0, ab — 11a° + 56a* — 13802 + 151a® — Ta — 148 = 0
and o — 50 + 1la — 13 = 0, respectively. Let f € B(c) has the from (L1)). Then, the
following sharp inequalities hold:

2 if o€ (0,3]\{1,2};
< a—2) _ . ’ ) i ‘
|a3| o { (a_Zé()l(ag_)l)27 Zf a > 37 (2 1>
2(a*—5a%+11a?—19a+36 .
( 3a—T)(a—2)(a—3) ) ifac (0,00] \ {1,2} or ay < a < 3;
4(|a|—1)3/2 . )
lag] < { 3@=3)(al=b-1172" if ap < a < a; (2.2)

2(a—1)%(a?—4)3/2 , )
(%_3)((12_417)(3(17_1))1/2’ if ar < a < ay;

3" Zf3<0[,
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where a and b are given by

2(a—5) a* —5a% + 11a? — 19a + 36
a:=— and b:=
(a—1)(ax —2) 3a—1)3(a—2)

Proof. Since f € B(a), it follows that there exists p(z) = 1+ pyz +p2z? +p3z3+--- € P such
that

7(2) (m) — (). (23)

Comparing coefficients of like-power terms in (2.3)), we get

o m ~ (a=2)(a+1)pt —2(a — 1)%p,
a2 =———7 and as = o= 2)(a—1) (2.4)
Now consider
" (a—2)(a+1)p? —2(a —1)*py
’ 20— 2)(o — 1)
1 (a=D(a+1) ,
_a—zlpr 2 — 1)2 pl}' (2:5)

An application of Lemma on , gives
las| < 2 e {1; M}
a—2 (v —1)2
which equivalently can be written as
o] < { ai—g(;g) a € (0,3)\ {1,2};
o1z > 3.

This is the required bound on third coefficient as stated in the theorem. In the first case of
([2.1), equality occurs for the function f; € B(«) defined by

a+1 2
, z 1+2
_ -~ 2.6
8o (1) s (2:6)
whereas in the second case of ([2.2), equality holds for the function f, € B (cv) defined by
a+1
~ z 142
fo(2) —z
Next we shall find the estimate on |a4|. From ([2.3]), we have

—(a=3)(a—=2)(a+1)2a+ 1)p? + 6(a — 1)*(a — 3)(a + 1)p1p2 — 6(a — 2) (v — 1)3p3
6(a—1)3(a—2)(a—3) '

(2.7)

a4y =

(2.8)
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In view of the interconnections in . and - ), Eqn. . can be rewritten as:
2[(a* —5a® + 11a? — 19a + 36) ¢ — 6(a — 5)(a — 1)%cie9 + 3(a — 2) (a0 — 1)3¢3]

“=- 3(a — 1)3(a — 2)(a — 3)
(2.9)
or equivalently
4 =——7 [c5 + acieo + et
where the parameters a and b are given by
2(—5 1503+ 110 - 19 36
a:=— (a—5) and b= o T« o . (2.10)
(v —1)(ax —2) 3a—1)3(a—2)

Assume that €,;’s are defined as in Lemma [1.2] with the settings p = @ and v = b. We now
proceed further in the proof with the followmg steps:

(1) Assume that o > (/73 — 1)/2 ~ 3.772. In this case, we see that —1/2 < a < 1/2 holds.
Moreover, b < 1 holds if and only if a* — 5a® + 8a? — o — 15 > 0, which holds for all
a > 3. Thus for all a > (v/73 — 1)/2, we conclude that (a,b) € Q.

(2) Next assume that 3 < a < (v/73 — 1)/2. Then, we see that the condition —1/2 < a < 2
holds for all such o and (4/27)(a +1)> — (a + 1) < b < 1 all @ > 3. Therefore, for
3 < a< (V73 —1)/2, we must have (a,b) € Qs.

(3) Let
1/ 8
Qo = — 53 + 9v4 —3—+5 ~ 2.71
3 53 4+ 9v/41
and
11 1 A
_ 2/3 / \/ _ 4/
Qg 12+12 (2 \/8989+9 14717 +4\/35956 36v 14717 + 113 C+D~2.36
with
A 113 1
Ci=— 13 22/3 \/8989 +9v14717 — —\/35956 36V 14717,
and

407
18\/4 (22/3) /8989 + 9v/T4717 + 43/35956 — 361/14717 + 113

are the smallest positive roots of the equations a® — 502 + 1la — 13 = 0 and 3a* —
1102 + o? + 11a + 20 = 0, respectively. Now assume that 0 < a < 1 or 2 < a < o.
Then a > 4 and b > 2(a — 1)/3 hold and hence (a,b) € Q7. Moreover, a < —1/2 and
b < —2(—a+ 1)/3 holds whenever 1 < a < 2. Therefore, (a,b) € Q4 whence 1 < a < 2.
Also it can be easily seen that 2 < a <4 and b > (a? + 8)/12 hold for ay < a < 3.

D:=
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(4) Let 2.69 ~ (5 +/33)/4 < a < ap. Then a and b satisfy 2 < a < 4 and
2a(a+1) <b< a2+8'
a?+2a+4— — 12
Therefore, for this range of «, we see that (a,b) € 9. Let oy &~ 2.68 is the smallest
positive root of af — 11a® + 56a* — 138a® + 151a? — Ta — 148 = 0. Further, when
o < a < (V33 4 5)/4, the parameters a and b satisfy a > 4 and
2a(a+ 1) <p< 2a(a — 1) |
a?+2a+4 - T a?—2a+4
Hence, in view of Lemma , we have (a,b) € Q.
(5) Assume that oy < a < ;. In this case, it is a simple matter to check that a > 4 and

2a(a — 1) <p< 2(a — 1).
a?—2a+4~  ~ 3
Therefore, Lemma [1.2| gives (a,b) € Q1.
In the light of the above discussions, an application of Lemma [1.2| gives the desired esti-
mates on |ay|. In the first case of (2.2)), the equality holds for the function fy defined in ([2.6),

whereas in the forth case of ([2.2)), the equality holds for the function function fo defined in
(2.7). In the case third of (2.2]), the extremal function f; is given by

a+1
14+ w(2)
(2 (L) S 2.11
Mr@) ~1ee 240
with choice of the Schwarz function (up to rotation) w(z) = ¢12 + c92® + 32° + -+ € B,

where the coefficients ¢; are given by
2b(a® 4 2) — 3a?

C1 =

P80 —1)(a2 — 1b)

1/2
2\ if 0
) , 0= (1—=c))e™, c3 = —cic0e™™,

with

2 -9 2 2 1/2
6y = + arccos [ﬂ (b(a +8) @+ )) )

2 2b(a? + 2) — 3a?

where a and b are given by (2.10). Finally, in the second case of (2.2), the equality holds for
the function f; defined by

a+1
. 1
fi(z) ( = ) _ 1wl (2.12)
fi(2) 1 —w(z)
with the Schwarz function given by w(z) = z(k + 2)/(1 + kz), where
| —1 1/2
K=" :
3(la] —b—1)
This completes the proof. 1
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The following theorem provides sharp bound on the fifth, sixth, seventh and eighth coeffi-
cients for functions in the class B(«).

Theorem 2.2. Let us denote
U .= 2a% — 28a° + 137a" — 33103 + 437a® — 433a + 360,

A

U= —6a"+960°—6740"+28360°—89420°+225040* — 4088603 +451240° —30132a+21600,

x = 23a!'? — 7560 + 10218a!° — 776860 + 3760140 — 124339807 + 2969824.°
— 5401638a” + 77290830 — 84324860° + 63892382 — 3333636« + 1360800,

and
Y = —(45a" — 15300 + 236410 — 2215000 + 14380320 — 70614800'” 4- 276963140
— 88000680 + 222370901 — 4353006500 + 6532991490 — 7635028600
+ 7035455020 — 4731369000 4 2060264160 — 76204800).
If f € B(a) has the from , then for 0 < a < 1, the following sharp inequalities hold:

20
9] < S T e = 3) e =2 — 1)1
|ag| < v
~ 15(a —5)(a —4)(a — 3) (v — 2)*(ax — 1)¥’
jar| < 2

~ 45(a—6)(a —5)(a—4)(a —3)?(a —2)3(a—1)8
and

las| < 2 |
315(a = T)(a—6)(a—5)(a—4)(a —3)?*(a—2)3(a—1)7

Proof. From ([2.3), on comparing the coefficients, we have

0 — T1Ps + Topips + T3P + Tap1ps + TspL (2.13)
T 2U(a—D(a—=3)(a—2)2%(a—1)*" '

where 7;’s are given by
= —24(a —3)(a —2)*(a — D* 1= —12(a — 4)(a — 3) (o — 2)(a — 1)*(a + 1)(2a + 1),
3= 12(a = 3)(a — 4)(a = 1) (a + 1), 7y == 24(a — 4)(a — 2)*(a — 1)*(a + 1),
75 = (@ —4)(a — 3)(a — 2)*(a + 1)(2a + 1)(3a + 1).
Similarly, the sixth coefficient is given by

_ Tips + Top3p1 + Tapaps + Tapips + Tspips + Tepipa + Top?

a = 120(a = 5)(a — 4)(a = 3)(a = 2)*(a = 1) |

(2.14)
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where 7,’s are defined by
7= 120(a — 4)(a —3)(a — 2)%(ar — 1)5, 7 := 60(ar — 5) (e — 4) (o — 3) (e — 1) (e + 1) (2 4 1),
3= —120(a — 5)(a — 4)(a — 2)(a — 1)*(a + 1),
7= —20(a — 5)(a — 4)(a — 3)(a — 2)(a — 1)*(a+ 1)(2a + 1)(3a + 1),
75 1= 60(a — 5)(a — 4)(a — 2)*(a — 1)*(a + 1) (2 + 1),
6 1= —120(a — 5)(a — 3) (o — 2)*(ar — 1)*(a + 1),
7= (a=5)(a—4)(a—3)(a—2)>(a+1)(20+ 1)(3a+ 1)(4a + 1).

To find the estimate on |as|, we observe from that the coefficients 7; (i = 1,2, 3,
4,5,6,7) of ps, p?p2, P2, p1ps and pj are positive. Hence applying triangle inequality in
and using the fact that [p;| < 2, we get the required estimate on |as|. A similar argument
can be used to obtained the estimates on |ag|, |a7| and |ag|. In all the cases, equality hold

for the function f, given by (2.7). This completes the proof. |

The following theorem gives the sharp bound on the functional |asas — a4 for the functions
in the class B(«).

Theorem 2.3. Let f € B(a) has the form (1.1]). Then, the following sharp result holds:

2(043—4012+a+18) . .
So TR e Y o€ (0,2)\ {1},

lazay — as| < § Ao ellO - gf 9 <o < 3; (2.15)
ai_g, if a>3.

Proof. Proceeding as in the proof of previous theorem and using ([2.4)) and (2.9)), we can write
2[(0® —4a® + a+18) ¢} + 12(a — 1)cren + 3(a — 2) (o — 1)2¢3]

A203 — (4 = 3o —3)(a = 2)(a 1) . (2.16)
By setting
4 o — 40+ a+ 18
S ey M T B a1
the expression in (2.16)) can be written as
2
Ao03 — Ay = [03 + scico + tcﬂ .

a—3

Assume that the symbols §2;’s are as defined in Lemma [1.2] with the settings p = s and
v =t. Now the proof is accomplished in the following steps:
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(1) Let (34 +/33)/2 < a. Then it can be easily verified that

1
—— <s<
5 S5S
Therefore, for the range (3 +/33)/2 < a, we have (s,t) € ;. Further, when 3 < a <
(34 1/33)/2, wee see that (s,t) € Q.
(2) Let 0 < @« < lorl < a < 2. Then in a similar way we have (s,t) € €4. Further if
(3+5)/2 < a < 3, then (s,t) € Qg and when 2 < a < (3 ++/5)/2, then (s,t) € Q.

In the light of the above discussions, an application of Lemma [1.2] establish the required
estimate on lasas — a4]. In the first two cases of (2.15)), the equality hold for the function
fo € B(a) defined by (2.7). In the third case of (2.15)), the equality holds for the function f;
defined by

and —1<t< 1

N | —

a+1 3
1
© ) S (2.17)

fa(2) (m = 1{_ 3

This completes the proof. 1

Remark 2.4. It would be interesting to find out the sharp bound on |a,| (i = 5,6,7,8) for the
functions f € B(a) in the case when a > 1.
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A new extragradient method for the split feasibility

and fixed point problems *
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Abstract: In this paper, we propose a new extragradient method with regular-
ization for finding a common element of the solution set I' of the split feasibility
problem and the set Fix(.S) of fixed points of a nonexpansive mapping S in infinite-
dimensional Hilbert spaces, combining the regularization method and the technique
of averaged operator, we prove the sequences generated by the proposed algorithm
converge weakly to an element of Fix(S) (N I' under mild conditions.

Keywords: split feasibility problem , extragradient, regularization.

1. Introduction
Throughout this paper, let H be a Hilbert space, (-,-) denotes the inner product, and
|| - || denotes for the corresponding norm. The split feasibility problem (SFP) which was first
introduced by Censor and Elfving [1] in 1994 for modeling inverse problems arising from phase
retrievals and in medical image reconstruction. Let C and @ be closed convex sets in the
infinite-dimensional real Hilbert spaces Hi and Hs, respectively. The SFP is to find a vector z*
satisfying
2" € C such that Az" € Q, (1.1)

where A € B(H;, H2) which denotes the family of all bounded linear operators from H; to Ho.
Some related work in the infinite-dimensional setting can be found in [2, 3, 4, 5, 9, 10, 12] and
the references therein.

Many methods have been developed to solve the SFP, The basic algorithm have C'@Q algorithm
proposed by Byrne [2], the relaxed C'Q algorithm proposed by Yang [9], the half-space relaxation
projection method proposed by Qu and Xiu [11], the variable Krasnosel skii-Mann algorithm
proposed by Xu [12]. The projections of a point onto C' and @ are difficult to compute when
C and @ fail to have closed-form expressions, though theoretically we can prove the (weak)
convergence of the algorithm.

Very recently, Xu [6] gave a continuation of the study on the C'Q algorithm and its conver-
gence. He applied Mann’s algorithm to the SFP and proposed an averaged C'QQ algorithm which
was proved to be weakly convergent to a solution of the SFP. On the other hand, Korpelevich

*This work was supported by the Fundamental Research Funds for the Central Universities.
fCorresponding Author. Email address: mingzhao@cugb.edu.cn(M.Zhao)
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[7] introduced the so-called extragradient method for finding a solution of a saddle point prob-
lem. He proved that the sequences generated by the proposed iterative algorithm converge to a
solution of a saddle.

Motivated by the idea of an extragradient method, Nadezhina and Takahashi [8] introduced
an iterative algorithm for finding a common element of the set of fixed points of a nonexpansive
mapping and the solution set of a variational inequality problem [13] for a monotone, Lipschitz
continuous mapping in a real Hilbert space. They obtained a weak convergence theorem for two
sequence generated by the proposed algorithm.

In our paper, we introduce and analyze a new extragradient iterative algorithm to find a
common element of the solution set I' of the split feasibility problem and the set Fix(S) of fixed
points of a nonexpansive mapping S in infinite-dimensional Hilbert spaces, furthermore, we
prove its convergence. The results of this paper represent the improvement of the corresponding
results in [6] and [14].

2. Preliminaries

Throughout this paper, we use x,, — x and x,, — x to denote strong and weak convergence
to x of the sequence x,, respectively. Let K be a nonempty closed convex subset of H. Recall
that the projection (nearest point or metric) from H onto K, denoted by Pk, is defined in such
a way that, for each x € H, Pgx is the unique point in K with the property

— P = inf —vyll=d(x, K
| 2 — Pgx || yngHfB y =2 d(z, K),

i.e.
Py (z) = argmin{|| z —y [|| y € K}

Some important properties of projections are gathered in the following Lemma.
Lemma 2.1 For given x € H and z € K, the following properties hold:
(1) z € K & Pg(x) =x;
(2) (x — Pg(x),z2 — Px(z)) <0, Ve € H and Vz € K;
(3) {2 — y. Px(2) = Prc(y) = | Prc(x) — P12, Var, y € H;
(4) |Pg(z) — 2||? < ||z — 2||> — || P (x) — z||?, Vo € H and ¥z € K;
(5) 1P () — Pc(@)ll < llz — yll, Y, y € H.
Proof. See Facchinei and Pang [15].
Definition 2.1 Let T be a mapping from K C H into H, then
(a) T is called monotone on K if

(T(x) -T(y),z—y) 20, Vz, y€ K.
(b) T is called strongly monotone on K if there is a u > 0, such that
(T(x) = T(y), 2 —y) > plz —yl*, Vo, y € K.
(c) F is called co-coercive (or v-inverse strongly monotone) on K if there is a v > 0, such that
(T(x) = T(y).x —y) 2 v|T(z) =Ty, ¥z, y € K.
(d) F is called pseudo-monotone on K if
(T(y),z—y)>0= (T(zx),r—y) >0, Va, ye K.
(e) T is called Lipschitz continuous on K if there exists a constant L > 0 such that

IT(x) =TI < Lllx = yll, ¥z, y € K.
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Definition 2.2 A mapping 7' : H — H is said to be:
(a) nonexpansive if
[Tz =Ty <[z —yl, Yo, y € H;

(b) firmly nonexpansive if 27" — I is nonexpansive, or equivalently,
<'I 7y7T'T 7Ty> 2|| Tx 7Ty H? V.CL‘, (NS Ha

or alternatively, T is firmly nonexpansive if and only if T can be expressed as
1

where S : H — H is nonexpansive.

Remark 2.1 From Lemma 2.1 and Definition 2.1-2.2, we can infer that if S is nonexpansive,
then I-S is monotone; A monotone mapping is pseudo-monotone mapping; An inverse strongly
monotone mapping is monotone and Lipschitz continuous; A Lipschitz continuous and strongly
monotone mapping is an inverse strongly monotone mapping; The projection operator is 1-ism
and nonexpansive.

Lemma 2.2 A mapping T is 1-ism if and only if the mapping I-T is 1-ism, where I is the
identity operator.

Proof. See [16, Lemma 2.3].

Remark 2.2 If T is an inverse strongly monotone mapping, then 7' is a nonexpansive mapping.

Definition 2.3 A mapping T : H — H is said to be an averaged mapping if it can be written
as the average of the identity I and a nonexpansive mapping S, that is,

T=01-a)l+aS (2.1)

where « € (0,1) and S : H — H is nonexpansive. More precisely, when (2.1) holds, we say that
T is a-averaged. Thus firmly nonexpansive mappings (for example, projections) are %—averaged
mappings.

Proposition 2.1 ([16]). Let T : H — H be a given mapping:

(1) T is nonexpansive if and only if the complement I-T is %-ism.

(2) If T is p-ism, then for v > 0, vT is %—ism.

(3) T is averaged if and only if the complement I-T is v-ism for some v > % Indeed, for
a € (0,1), T is a-averaged if and only if I-T is i—ism.

Proposition 2.2 ([16, 17]). Let S, T, V : H — H be given operators.

(1) If T =(1—a)S+aV for some a € (0,1) and if S is averaged and V is nonexpansive, then
T is averaged.

(2) T is firmly nonexpansive if and only if the complement I-T is firmly nonexpansive.
B)IfT = (1 —-a)S+aV for some a € (0,1) and if S is firmly nonexpansive and V is
nonexpansive, then T is averaged.

(4) The composite of finitely many averaged mappings is averaged. That is, if each of the
mappings {Tl}f\;l s averaged, then so is the composite T o --- o Tx. In particular, if T1 is aq-
averaged and Ty is ag-averaged, where oy, ag € (0,1), then the composite Ty o Ty is a-averaged,
where o« = a1 + g — Ay 9.

(5) If the mapping {T;} are averaged and have a common fized point, then

N
() Fix(T;) = Fix(Ty o --- o Ty).
i=1

1116 Ming Zhao ET AL 1114-1123



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.7, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

The notation Fix(T) denotes the set of all fized points of the mapping T, that is Fix(T) = {x €
H:Tx=x}.

The so-called demiclosedness principle plays an important role in our argument.
Definition 2.4 Let T': H — H be an operator. We say that I-T is demiclosed (at zero), if for
any sequence T, in H, there holds the following implication:

Tp =z and ([-T)x, — 0= ([-T)x = 0.
Lemma 2.3 (/18]). Let H be a Hilbert space. Then for all z, y € H and X € [0, 1],
A+ (1 =Ny [P=Xlz 2 +@ =2 [y P =21 =) [z -y |*.

Lemma 2.4 ([19]). Let {an}52 1, {bn}52 and {0,}52 be sequences of nonnegative real numbers
satisfying the inequality
ant1 < (1+6p)an + by, Vn > 1.
If 3700 1 0p < 00 and Y02 1 by, < 00, then limy, o ay, ezists.
Corollary 2.1 ([20]). Let {a,}32, and {b,}2, be two sequences of nonnegative real numbers
satisfying the inequality
ang1 < ap + by, Vn > 1.

If 500 1 by, < 00, then limy, o0 ay, exists.
Recall that a Banach space X is said to satisfy the Opial condition [22] if for any sequence
{z,} in X the condition that {z,} converges weakly to x € X implies that the inequality

liminf || z, — z ||< liminf || z, —y ||
n—oo n—o0

holds for every y € X with y # x.
It is well-known that every Hilbert space satisfies the Opial condition.

3. Main results

Throughout this paper, we assume that the SFP is consistent, that is, the solution set I' of
the SFP is nonempty.

It is easy to see that SFP is equivalent to the following minimization problem

. 1 B 9
min f(z) = 5| Az — Podu|?, (3.1)

where f: Hi — R is a continuous differentiable function, however it is ill-posed. Therefore, Xu
[6] considered the following Tikhonov regularized problem:

1 1
Lréi(r)l falz) = §HA$ — PoAz|? + §(J4Hx|]2, (3.2)

where a > 0 is the regularization parameter.
We observe that the gradient

Vfa(®) = Vf(z)+al = A*(I — Pg)A + ol (3.3)

is (a + || A]|?)-Lipschitz continuous and a-strongly monotone.

Proposition 3.1 ([21]) Given x* € Hy, the following statements are equivalent:
(1) x* solves the SFP;

(2) * solves the fized point equation

Po(I — AV f) = Po[l — AA*(I — Pg)Alz* = z* (3.4).
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(3) x* solves the variational inequality problem (VIP) of finding x* € C' such that
(Vf(z*),x —x*) >0, Vo € C, (3.5)

where Vf = A*(I — Pg)A and A* is the adjoint of A.
Remark 3.1. It is clear from Proposition 3.1 that

I = Fix(Po(I — A\Vf)) = VI(C, V)

for any A > 0, where Fix(Po(I — AV f)) and VI(C,V f) denote the set of fixed points of Po(I —
AV f) and the solution set of VIP(3.5).

Next, we will present our method for solving the SFP and prove its convergence.
Theorem 3.1 Let S : C — C be a nonexpansive mapping such that Fix(S) NT # 0 in Hilbert
space. Let {xp}, {yn} and {z,} be the sequences in C generated by the following extragradient
algorithm:

xg € C' chosen arbitrarily,

Zn = (1 - Vn)xn + ’YnPC(I - )\nvfan)xm

Yn = (1 - Bn)zn + ﬁnSPC(I - )\nfozn)zna

Tp+l = (1 - Nn)yn + ,UnSPC’(I - )\nvfom)yna vn > 0,

where the sequences of parameters {an}, {Bn}, {1} and {un} satisfy the following conditions:
(a) D02 ap < 00;

(b) {\}C (0 ||A||2) and 0 < liminfy o0 Ay < imsup,, o0 An < 13 H
(¢) {7} C (0,1), and 0 < liminf,, o vn, < limsup,,_, .o 7 < 1;
(d
C

(3.6)

) {Bn} C (0,1), and 0 < liminf,, o By < limsup,,_,, On < 1;
) {un} € (0,1), and 0 < liminf,, o pn < limsup,,_, o pn < 1.
Then, the sequences {xy}, {yn} and {z,} are all converge weakly to an element & € Fix(S)NT.

Proof. It [21] has been proved Po(I — AV f,) is (-averaged for each A € (0 ) , where
24X (a4 A)1?)
(=—7—"

2
T at|| Al
, 80 Po(I — AV f,,) is nonexpansive. Furthermore, for {\,} C (0, W), we have
O<hmmf)\ < limsup A\, < = lim ——.
nose ||A||2 0% o + [[A]?
Without loss of generality, we may assume that

1
0<hm1nf)\ < limsup A\, <7, Vn > 0.
oo " + AR T

Consequently, Po(I — A,V fa,,) is (p-averaged for each integer n > 0, where

2+ An(an + ||A]?)
4

Cn = € (0,1).

This implies that Po(I — A,V fa, ) is nonexpansive for all n > 0.
Next, we show the sequences {z,}, {yn}, {zn} generated in Theorem 3.1 are bounded.
Indeed, take a fixed p € Fix(S) (I arbitrarily. Then, we get Sp = p and Po(I — AV f)p = p for
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A€ (O, W) From (3.6), it follows that

lzn =2l = [[(1 = v)(@n — p) + WlPoI = AV fo, )20 — Pl
< (1 =v)llzn = pll + WlPeI = AV fa,)zn — Dl
= (L =v)ll#n = pll + Wl Pe = AV fa, )an — Po(I = AV f)p||
= (1 = w)llzn = pll + WllPo(I = AV fa,)2n — Po(I = AnV fa,)p
+PC(I - )\nvfan)p - PC(I - /\nvf)pH (3'7)
< ( - ’Yn)”xn _pH + ’Yn(HPC(I - )\nvfan)xn - PC(I - Anvfan)pH
+||PC(I - )\nvfan)p - PC(I - )\nvf)pH)
< (1 - ’Yn)”xn _pH + 7n(‘|xn _pH + H(I - )‘nvfoen)p - (I - )\nvf)pH)
= [|[zn — pll + Ananynllpll,
lyn =l =111 = Bn)(2n = ) + BulSPe(I = AnV fa,)2n — |
< (1 =Bullzn = pll + BullPe(I = AnV fa, )20 — D
= (1= Bu)llzn — pll + Bull Pe(I = AnV fa, )20 — Po(I = AV fp|
= (1= Bu)llzn — pll + Bull Pe(I — AnV fa,)2n — Po(I = AV fa,)p
+PC'(I - )\nvfan)p - PC’(I - )\nvf)pH (38)
< (1= Bn)llzn = pll + Bu([Pc(I = AV fan,)2n — Po(I — AV fa, )|l
+HPC’(I - )\nvfan)p - PC(I - /\nvf)pH)
< (I =Bu)llzn = pll + Bnlllzn = pll + (I = AnV fa,)p — (I = AV f)pl])
= Hzn - pH + )\nanﬂanH,
and
[@n+1 = pll (L = pn)(yn — p) + pn[SPc(I = AnV fo, )yn — ||

(
1= pn)llyn = pll + pinl| Po(I = MV fa, )yn — b
1- :un)Hyn *pH + :unHPC(I - )\nvfan)yn - PC(I - )\nvf)pH
1- Mn)”yn _pH + ,UJnHPC(I - )\nvfan)xn — Po(I - /\nvfozn)p
+Po(I — AV fo,)p — Po(I — AV f)p|| (3.9)
< (1 = p)llyn = pll + wnl[Pe(I = AnV fa,)2n — Po(I = AV fa,)pll .
+”PC(I - Anvfom)p - PC(I - )\nvf)pH)

(L= pn)llyn = pll + pnllyn — 2l + 1 = AnV fa, )0 — (I = AV f)pl|)
I|yn _p” +>‘nan/~LanH

|0 =PIl + Anan (1 + B + pa) I,

where the last inequality follows from (3.7) and (3.8).
Since X9 o, < 00, and {An}, {7}, {Bn}, {in} are bounded, then from Corollary 2.1, we
conclude that
Jim |xn, — p|| exists for each p € Fix(S) ﬂF. (3.10)
Hence {z,} is bounded and so are {y,} and {z,}.
In the following, we will show

nh_{{)lo [#n — ynll = nll)nolo [yn — znll = nh_g)lo [@n — un| = nh—>120 [y — Swn|| = nh_{go |20 = Svn| =0,

where u,, = Po(I — MV fa,)Zn, vn = Po(I — MV fa,)2n, wn = Po(I — A,V fa,, ) Yn.
Note that
[un —pll = 1Pc(I = AV fa,)zn — pl|

= ||PC(I - )\nvfan)l‘n - PC(I - )\nvfan)p
+Po(I = AV fa,)p + Po(I = MV )p||

< ||PC(I - )\nvfan)xn - PC(I - )\nvfan)pH
+||PC(I - )\nvfozn)p + PC(I - )\nvf)pH

< |lzn = pll + Ananllpl|-

(3.11)

1119 Ming Zhao ET AL 1114-1123



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.7, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Similarly, we can obtain that

[vn =PIl < l2n = Pl + Anan|pll (3.12)

and
[[wn = pll < lyn — Il + Ananllp|l- (3.13)
Indeed, observe that

[ _pH2 = (1 = ) (@n — p) + Ynlun _p)H2
= (1= )llzn = plI?> + mllun — P = (1 =) |20 — unll®
< (1 =y)llzn — pH2 + Y ([|on — pll + )‘naan”)Q = V(1 = vn)||zn — unH2
= (

L= )llzn = plI? + n(l2n = plI* + 2Xn0npllllzn — pll + Xad[plI*)
(1 =)0 — un?
= [l = pII? + anvn @Anlpllllzn — pll + a3 D) = 30 (1 = )l — unl|?
< lzn = plI* + an My = (1 = ya) |20 — unl|?,

(3.14)
where My = sup, 5o {1 2 lpll |20 — pll + n A2]Ip[*)} < 0o and the first inequality follows from
(3.11).

Also, observe that

lyn = plI> = [[(1 = Bu) (20 — p) + Bu(Svn — p)|I?
= (1= Bu)llzn — pH2 + Bl Svy — p)H2 — Bn(1 = Bn)llzn — SUnHQ
< (1= Bn)llzn = I* + Bullvn = p)II* = Bu(1 = Bu)llzn — Sv?
<(1=Bu)llzn — pH2 + Bn(ll2n — pll + )‘nO‘anH)Q = Bn(1 = Bn)llzn — SvnHQ
= (1= Bu)llzn — pI* + Bulllza — pII* + 2Xnaullpllllzn — pl| + Xz lIp]?)

—Bn(1 = Bn)llzn — SUnH2

= |lzn — p||2 + anBn (2Pl 20 — pIl + an}‘%HPHZ) — Bn(1 = Bn)llzn — SvnHQ
< lzn — p“2 + anMs — B (1 — Bn)llzn — SUnHQ’

(3.15)
where My = sup,~o {680 (2Mn||pll||2n — Pl + a2 ||p||?)} < co and the second inequality follows
from (3.12). -

And
[Zn1 = pI* =11 = pn) (Yn — p) + pn(Swn, — p)|?
L= pn)||yn — pH2 + pin || Swn — p)H2 — pin (1 = i) [|yn — SwnH2
1- 17 = (1 = 1) 1y — Swn?

— ) |lyn — pH2 + tn(llyn — pll + )\naanH)z — (1 = pn) |y — SwnH2
1= pin)llyn — plI* + pn(|yn — plI* + 2Xnawnllplllyn — pll + Anaillpll?)
_Mn(l Mn)“yn - Swn||2
= 1y = pII*> + anpn AP lyn — Pl + X lIP1?) = (1 — ) llyn — Sw,|?
< ||yn - p||2 + ap, Mz — /«Ln(l - /Ln)Hyn - SwnHQa

(
(
(1
(

)
Mng”?/n pH2 + inllwn — p)
)

IRVAVANI

(3.16)
where Mz = sup,,>o{tn (2Pl |yn — pll + an\2|[pl|?>)} < oo and the second inequality follows
from (3.13).

Substitute (3.14) and (3.15) into (3.16), we have

|Zn+1 _pH2 < ln —pH2 + an(My + Mo + M3) — vn (1 — vp) |20 — un”2

_Bn(l — 571)”2’” — Svn||2 _ Mn(l - Nn)”yn . Swn||2- (317)
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Hence, it follows that

Yol = ) |77 — un||2 + Bn(1 = Bn)|lzn — SUnH2 + (1 = pn)||yn — Swn||2

3.18
< ln = pl2 = [Zng1 — pl2 + an(My + My + M), (3.18)

Since X9 a, < oo, 0 < liminf, o7y, < limsup, ,.o7 < 1, 0 < liminf, ., B, <
limsup,,_, Bn < 1, and 0 < liminf, o0 pt, < limsup,,_o ttn < 1, we deuce from the exis-
tence of lim,,_,~ ||z, — p|| that

lim ||z, — upl| = lim ||y, — Swy| = lim ||z, — Sv,| = 0. (3.19)
n—oo n—oo n—oo

Then, utilizing (3.6) we get

nlggo lzn — o0l = nlggo Yollun — 2l = 0, (3.20)
nh_{go lyn — znll = nh_{lgo Bnl|Svn — znl| = 0, (3.21)
and
nh_)nolo l|lzn — yn” = nh_{go Mnuswn —ynl| = 0. (3.22)
This implies that
nh_?go |2n — ynll = nh_{go yn — znll = nh—>r20 |20 — unl| = nh_%lo lyn — Swn| = nh_{go |20 — Svn|| = 0.

Furthermore, note that

[Svn —vnll < |ISvn — znll + 20 — @all + |20 — unll + lun — val
= [|Svn — zn|l + l2n — @nll + (|20 — unl|
+||PC(I - Anvfozn)vzn - PC(I - )\nvfan)znn
< |[|Svn = znll + llzn — znll + (|20 — unll + |20 — 2nl|-

From (3.20-3.22), we can get that

Jim |un, — v = Jim ||Svy, — vyl = 0. (3.23)
Similarly, we can prove

lim |up, —wy| = lim ||Sw, —wy,|| =0. (3.24)

n—oo n—oo

As {z,} is bounded, there is a subsequence {z,,} of {x,} that converges weakly to some z.
Next, we will show z € Fix(S)NT. We first show z € ', let T = Po(I — \,Vf), then

|20 — Tan|l < ||lzn —unll + lun — Ty
= ||z — un| + | Pc(I = AV fa,)Tn — Po(I = AV [z
<lzn = unll + [(L = AV fa,)zn — (I = AnV fan |
= || — un| + Anan||zn.-

(3.25)

From hmn—>oo ||1En - ’Um” =0, lim
limy, 00 |20, — Ty || = 0.

Taking into account z,, — & and Definition 2.4, we obtain z € Fix(T"). Thus, utilizing
Remark 3.1, we have T € I". On the other hand, since

|||l = 0 and {\,}, {z,} are bounded, we can get that

n—oo

nh_%lo [#n — unll = nh_?;O [[tn — vnll = nh_>n;o [[Svn — vnll =0,
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there is subsequence vy, of v, that converges weakly to # and lim, e ||Svn; — vp,|| = 0. Then
from Definition 2.4, we have z € Fix(S). Therefore, we get = € Fix(S)NT.

Let {xn,;} be another subsequence of {z,} such that x,;, — Z. Then, & € Fix(S) NI Next,
we prove = Z. Assume that Z # z. From the Opial condition [22], we have

lim, ,  [|zn — 2| =liminf; o ||xn, — Z|| < liminf; o ||zn, — Z||
= limy 00 [|2n — | = liminf; o0 [|25, — Z||
< liminf; o0 |27, — || = limy, 00 |70 — Z,

which is a contradiction. Thus, we have = Z. This implies x,, = Z €Fix(S) N I'. Furthermore,
from limy,, o0 ||Zn — ynl| = limp 00 ||2n — @n|| = 0, we can get y, — = and z, — Z. This shows
that the sequences {x,}, {yn} and {z,} are all converge weakly to an element z € Fix(S)NT.
Theorem 3.2 Let S : C — C be a nonexpansive mapping such that Fix(S) N T # 0 in Hilbert
space. Let {zyn}, {yn} and {z,} be the sequences in C generated by the following extragradient
algorithm.:

xg € C' chosen arbitrarily,

Zn = (1 - 'Yn)xn + ’YnPC(I - )\nvf)xna

Yn = (1 - Bn)zn + BnSPC(I - )\nvf)zna

Tnt1 = (1 = pn)yn + pnSPo(I — AV f)yn, Vn >0,

where the sequences of parameters {5,}, {n} and {un} satisfy the following condition:

(@) P} € (0, A ) and 0 < liminf, oo Ay < limsup,, o0 An < A

(0) {m} C(0,1), and 0 < liminf,, o v, < limsup,, oo T < 1;

(¢) {Bn} € (0,1), and 0 < liminf, o By < limsup,,_, . Bn < 1;

(d) {un} C (0,1), and 0 < liminf,, o ptn, < limsup,, o fn < 1.

Then, the sequences {xy}, {yn} and {z,} are all converge weakly to an element z € Fix(S)NT.
Proof. Let a,,=0 in Theorem 3.1, then we can obtain the desired result.

Remark 3.2. Our iteration method improves the corresponding results of [6], [8] and [14].

(3.26)
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Abstract In view of Nevanlinna value distribution theory, we will in-
vestigate the behavior of meromorphic solutions of four types of com-
posite functional-difference equations, and a type of system of composite
functional-difference equations, some results are obtained. Moreover, we
also give some examples to show that the conditions of our theorems are
accurate.

Key words: meromorphic solutions; composite functional-difference e-
quations; behavior; growth order

MR (2010) Subject Classification: 30D35,39B32

1.Introduction

Recently, with the establishment of the difference analogues of Nevanlinna value dis-
tribution theory, researchers obtained many interesting theorems about the existence and
growth of solutions of difference equations, functional equations and so on([3-6]). To
state the results, a number of basic definition and standard notations should be intro-
duced. We shall assume that the reader is familiar with the standard notations and re-
sults of Nevanlinna value distribution theory such as m(r, f(2)),n(r, f(2)), N(r, f(z)) and
T(r, f(2))([15,18,22]) denote the proximity function, the non-integrated counting function,
the counting function and the characteristic function of f(z), respectively. For the inte-
grated counting function for distinct poles of f(z) we use the notations N(r, f(z)), and
Nl(T,f) :N(Taf)_N(Taf)'

In this article, a meromorphic function means meromorphic in the whole complex
plane. Given a meromorphic function f(z), recall that a meromorphic function h(z) is
said to be a small function of f(z), if T'(r, h(2)) = S(r, f),where S(r, f) is used to denote

*This work was partially supported by NSFC of China(No.11271227,11271161), PCSIRT (No.IRT1264),
and the Fundamental Research Funds of Shandong University (No.2017JC019).
fCorresponding author:Gao Lingyun
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any quantity that satisfies S(r, f) = o(T'(r, f)) as r — oo, possibly outside of a set of r of
finite logarithmic measure.

Let ¢ be a fixed, non-zero complex number, A.f(z) = f(z +¢) — f(2), and Al f(z) =
A(APLf(2)) = AL f(2 + ¢) — AP7Lf(2) for each integer n > 2.Equations written with
the above difference operators Al f(z) are difference equations. Let E be a subset on the
positive real axis. We define the logarithmic measure of E to be

log(E) = / dr
s - EN(1,4+00) T

A set E € (1,+400) is said to have finite logarithmic measure if log(E) < oo.

Difference equations have been studied in many aspects see e.g.,[1],[5-6],[17]. Some
expositions consider (system of) difference equations in real domains, or discrete domain.
So far, the previous researches are only on complex differential equations (systems) or
difference equations (systems)[5,6], but not on composite functional-difference equations
(systems). Therefore, it is very important and meaningful to study the cases of composite
functional-difference equations (systems). That will be an innovative contribution of this
paper.

The remainder of the paper is organised as follows. In section 2, we will study the
existence of meromorphic solutions or the form on some type of composite functional-
difference equations, and obtain three theorems, some examples are give to show that our
results hold. In section 3, we will discuss the growth order of meromorphic solutions on
some types of composite functional-difference equations or system of composite functional-
difference equations, which extend the result of Theorem B.

2. Existence of meromorphic solutions of difference equations
and form of difference equations

In 2003, H.Silvennoinen|21] was devoted to considering many types of composite functional
equations, he got some good results, for example, the following theorem A is one of his

results.
Theorem A([21]) The composite functional equation
_ao(z) + a1(2) f(2)
1) = e o)1)

where the coefficients a;, b; are of growth S(r, f) such that ag(2)b1(2) —a1(2)bo(2) # 0 and
p(z) is a polynomial of degp(z) = k > 2, does not have meromorphic solutions.

A question is,whether or not the assertion of Theorem A remains valid, if we replace
the equation

with the following form

%%-)(z)(f(z))’“(Acf(z))“-"(A?f(ZW" "~ bo(2) +ba(2)
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In this section, the authors will pay attention to considering the properties of mero-
morphic solutions on three types of composite functional difference equations in complex
domain, and extend the results obtained by H.Silvennoinen [21] to types of composite
functional-difference equations (1)-(3) of the following forms, which are different from the
complex differential equations or systems of complex difference equations.

At this point we pause briefly to introduce the notation used in this paper. Let I be a
finite set of multi-indexes i = (ig, ..., y),J be a finite set of multi-indexes 7 = (jo, ..., jn)-
Difference polynomials Q;(z, f),Qa(z, f) of a meromorphic function f(z) are defined as

Dz f) =Y am(f)P(Acf () - (ALf(2)™,

(i)el

a2, f) = D by (f(2)(Acf(2))t - (ALf(2) ),

(ed

where each {a;(2)}, {b(;)(2)} is a small meromorphic function with respect to f.
We denote that

up = max{i:(l + 1)ig},ue = max{zn:(l + )4}
1=0

=0

First, we will investigate the existence of meromorphic solutions of a type of composite
functional-difference equations of the form

(D F(2))i0 Vit (AR (s )yin = 0(2) +a1(2) f(p(2))
%;a@<>ur>><Aax>> A = TG ) (1)

where the coefficients {a;(2)},{b;(2)}(i,j = 0,1) and {a(;)(2)} are of growth S(r, f) such
that ag(2)b1(z) — a1(2)bo(2) Z 0, p(2) = cx2F + - - + co,deg p(z) > 2.

For the composite functional-difference equations (1), the main theorem can be stated
as follows.

Theorem 2.1 Let u; < k. The composite function-difference equation (1) does not
have meromorphic solutions.

Remark 1 The example 1 shows that Theorem 2.1 does not hold if at least a;(2), b;(2)
and a;(2) are not of growth S(r, f),there may exist a rational solution.

Example 1 Let p(z) = 22,¢ = 1.Then function f(z) = -1 is a solution of the
following equation

1= 2f(p(z)  _ 2=1)
1+ (-1f(p(z)  2+=

Second, we will study the properties of p(z) of composite functional-difference equa-

tions of the following

fAS.

l
; Q1 (Za f)
ai(2)f(p(z)) = ———, 2
S a0 = 52 )
where p(z) is an entire function,{a;(2)}, {a@)(2)}, {b(;)(2)} are small functions.
We obtain the following result
Theorem 2.2 Let f be a non-constant meromorphic solution of the composite

functional-difference equations (2).Then p(z) is a polynomial.
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Third, we shall consider the growth and characteristic estimate of meromorphic solu-
tions of the following composite functional-difference equation

m

37 a@ () fO(AS) - (AR =3 ai(2)(f(p(2)))', (3)

(i)el =0

where {a;(2)} are meromorphic functions, a; Z 0,am(2) # 0, p(z) is a polynomial of
degree k > 2.

We get the main result below.

Theorem 2.3 Let f(z) be a finite order transcendental meromorphic solution of
(3),{a@)(2)} be polynomials,

T(r,a;)) < KT(r®, f),i=10,1,2,---,m,
where K and s are positive constants, r is large enough. If s < k, then for given & > 0,

T(r, f) = O((logr)*™*),

where lo(( DK 4 o)
og((m + + s
a= & z msLif 1<s<k,
log <
and
log ur+m(m+1)Ks
a= m Jif s< 1<k,
log k

where u; = max{ En: (I 4+ 1)iz}.
1=0

Remark 2 The example 2 shows that the condition s < k in Theorem 2.3 is best
possible.
Example 2 Let p(z) = cp2* +--- + co,deg p(z) > 2,

2z
i € .
az’(z) = Cmm,z =0,1,2,...,m.
Then
“ i 62Z m . i
;}ai(z)f(p(z)) = Are0r gcmf(p(z)) ’

f = €7 is a transcendental meromorphic solution of the composite functional-difference
equation of the form

BT (A AZF)? = F(AH)? = 2(AcfP(AZ) + (€ = 1 f2(ALf)
—f(AZf)? + 12 = ;)ai(z)(f(p(Z)))i-
In this case, f(z) satisfirs
T(r, f()) = = +O(1).
However, by k > 2,we have

) — m|eg|r”
T(rai(2)) = (1 +o(1)) =,
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it shows that Theorem 2.3 does not hold if s = k.

To prove Theorem 2.1-2.3, we need some lemmas as follows.

Lemma 2.1([13]) Let f be a transcendental meromorphic function and p(z) =
ap?® + ap_12FV + ...+ a1(2) + ag,ar # 0,k > 1.be a polynomial of degree k.Given
0 <6 < lagllet X = |ag| + &, u = |ag| — 6. Then, given € > 0,for any a € CU {oo} and for
r large enough,we have

P 1 o

T =M ) -

k L ogr T 71 ’I“k L ogr

N(ur', =)+ Ollogr) < Nl =) < NOW¥, 5=+ Ollog),
(1= T (ur*, f) < T(r, f(p)) < (1+)T (W, )

Lemma 2.2([12]) Let v:[rg, +00) — (0, +00) be positive and bounded in every finite
interval. Suppose that

kn(ur ) < n(r, ) < kn(\rF,

);

¢(W“m) < A¢(r) + B, (T > 7‘0),
where u > 0,m > 1, A > 1 and B are real constants.Then
P(r) = O((logr)?),
where

log A
o= .
logm

a;(2)f?

Lemma 2.3([18]) Let R(z, f) = be an irreducible rational function in

ML

bi(z)fI

J

0
f(z) with the meromorphic coefficients {a;(2)} and {b;(z)}.If f(2) is a meromorphic func-
tion,then

T(r,R(z, f)) = max{p, q}T(r, f) + O{D>_T(r,a;) + > _T(r,b;)}.

Lemma 2.4([3]) Let f be a non-constant meromorphic function and let g be a
transcendental entire function.Then there exists an increasing sequence,r,, — oco,such that

r 1

I(r, f(9(2))) 2 T(M (5. 0)5. 1)
holds for r = r,.

Lemma 2.5([18]) Let ¢:(0, +00) — R, h:(0,+00) — R be monotone increasing func-
tions such that g(r) < h(r) outside of an exceptional set E of finite linear measure.Then,for
any « > 1,there exists rg such that g(r) < h(ar) for all r > r.

Lemma 2.6([17]) Let T : [0,400) — [0,+00) be a non-decreasing continuous
function,let § € (0,1),and let s € (0,00).If T is of finite order,i.e.,

logT
iy 108T(r)

r—oo  logr ’
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then

T(r)

T(r+s)=T(r)+ o ”;

);

where 7 runs to infinity outside of a set of finite logarithmic measure.
Lemma 2.7 Let f be a meromorphic function of finite order,

Dz f) = D am()fo(Acf)™ - (ALf)™,

(i)el
= 3 bGP (AL (ALY
(9)el
Then
T(r, (2, f)) S wT(r, f) + Si(r, f)+ Y Tr,ag),
(i)el
and
Ql(zv f)
T(T?Q )S(U1+U2)T(T,f)+sl(7"7f)+ Z Taz) Z Trb(]
Q(va) (i)EI ])EJ

n n
where u; = max{ Z (I +1)ir}, ug = max{ Z (l+1)ji}, the exceptional set E associated to

S(r, f) is of ﬁmte logarlthrmc measure f 5 & < +oo.

Proof It follows from

ALF(2) = DA f(2)) = AFT (2 4 ¢) = AT f(2)

that

m

AL f(z) =D Cru(=1)" 7 f (2 + ci).

i=0
Similar to the proof of Lemma 4.2 in [16](pp. 181-182), we have
m(r, Q(z, f)) = Am(r, f) + S(r, f),

n
where A = > 4;.
=0

In order to estimate the poles of Q(z, f), we consider the term of
(2 ) = a@ () O (A f) - (AL f)™
Noting that
n(r, f(z+¢)) <n(r+C, f) + S(r, f) = n(r, f) + S(r, f), C = |ic|,

it is easy to get that

n(r,Qu (2, ) <> all+ f(z+1e)) +n(rap(2)).
=0
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Hence, we get
n(r,Q(z, f)) < max Zzl (Il + ))n(r, f(2)) + S(r, f)+2n(r, a(i)(z)).
1=0 ()
By the above equality, we get

T(T’ Ql(zv f)) < UT(Ta f) + S(Ta f) + ZT(Tv a(i)(z))a
(@)

n
where u; = max{ Y (I4+1)4;},r runs to infinity outside of a set of finite logarithmic measure.
1=0
Further,we have

T(r,Q(z, f)) < uaT(r, f)+S(r, f) + Y T(rbg),

where ug = max{znz I+ 1)}
1=0

Hence,we obtain

T(r, g0y < T(r, (2, ) + T, qrtr)
<

(w1 +u)T(r, f) + S(r, f)+ X T(ryam) + X T(r,bg)).
(i)el (y)erl

Lemma 2.8([21]) Let P(z, f) = Z a;(2)f* be polynomial in f(z) with the mero-
morphic coefficients {a;(2)}.If f(2) is a meromorphlc function,then

p

T(r, P(2, f)) < pT(r, f) + Y _T(r,a;) + O(1),

1=0

T(r,P(z,f)) 2 p(T(r, f) = Y _T(r,a:)) + O(1).
=0

Lemma 2.9([21]) Let f be a meromorphic function.Then T'(r, f) is an increasing

(r.f)

function of logr and convex function of logr,; T

is an incresing function of r.

Proof of Theorem 2.1 First, we suppose that there is a transcendental meromor-
phic solution f(z) of composite functional-difference equation (1) .
For a sufficiently small € > 0, by Lemma 2.1, Lemma 2.3 and Lemma 2.7, we get

(L= )T (ur, f) < T(r, f(p(2))) < (w1 +)T(r, f),

n
where u1 = max{> (I + 1)i;}, u = |ek|(1 — €), outside a possible exceptional set of finite
=0

logarithmic measure.
Hence, for o > 1 and for r large enough

(1 - E)T([,W’k, f) < (U1 + €)T(Oé7°, f)
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Set t = ar. Then

By Lemma 2.2 we obtain
T(ta f) - O((log t)al)a

where e
(1-¢)
ap = ——>- <1
! log k ’
there is a contradiction.
Then the coeflicients

Second, we suppose that f(z) is a rational solution of (1).
a@y(2),a0(2), a1(2),bo(z), b1(z) must be constants.

Set
P(z)  apP +ap 2P+ 4

1) = ) = Bt 4 B o

where oy, # 0, By # 0, deg w(z) = max{p,q} = L.
o(2)+a1(2)f(p(z )) = kl.

If p # ¢, we immediately have deg(zo(z)erl(z)f(p(z)))
If p = q, we have

a +a1ap(P(Z>>p+ap,1(p(z))P—1+...+a0
ao(2)+a1(2)f(p(2)) _ aotarfm(z)) _ 0T Be(p(2)d8,_1 ()T T++Bg
bo(2)+b1(2)f(p(2z)) — bo+b1f(p(z)) bo+b ozp(P(Z))p+ozp71(P(z))p71+---+a0
oo 5q(1’(z))q+5q,1(p(z))lI*l_t,_m_‘_ﬁO

_ (a06q+a1ap)(p(z))p+(a06q71+a1ap71)(p(z))pf1+...+(a060+a1a0)

= (boBgtb1ap)(p(2))P+(b0By—_14b1ap_1)(p(2))P~ L+-+(boBo+bra0)

It follows from the equation above that agf8, + a1y, = 0 and byB; + b1y, = 0 can not
hold at the same time. Otherwise %2 FTaEwEE) _ . ¢ i 5 constant.
bo(2)+b1(2)w(p(z))

Hence, we get

W= deg(REFRE) | |
= deg(Xo() aq)(2)(f(2))(Acf(2)) -+ (AL f(2))™)
< max{ig+ 2iy + -+ (n+ 1)inH = uil.

So, u1 > k, there is also a contradiction. Thus, f(z) is not a rational solution of (1).
Combined with the first and second steps above, the assertion follows.

Proof of Theorem 2.2 Suppose that p(z) is transcendental entire function, we have

Jim inf 08 M (rp(z) _
r—00 log r

Hence, for any given K > 30 and for r large enough
M(r,p) > r¥.
There exists an increasing sequence r,, — 00, as in Lemma 2.4, for any n such that

—p) > (.

M(=2.p) >
(4,1?

1131 Man-Li Liu ET AL 1124-1141



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.7, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Applying Lemma 2.3 and Lemma 2.7 to equation (2), we have

IT(r, f(p(2))) < (ur +u2)T(r, f) + 5(r, f),

outside a possible exceptional set of finite linear measure. According to Lemma 2.5, for
Ya > 1,7 > r,, we obtain

(w1 + uz)(1+0(1))

T(r, f(p(2))) < l (o, f). (@)
It follows from Lemma 2.4 that
T(rn, f(p())) = T((5)5, 1), (5)
Note that % is an increasing function of r. As

r
(ZH)S% > ary,

for sufficiently large n, we have

Ty K logr, —1
7%, g) > ELECEL =B 1) > LT @, ), ©
as n — oo. By (4),(5) and (6), we get
et ) Lo ) 2 ()6, ) > ST, ), )

as n — oo.

Because K can be arbitrarily large, this is a contradiction in (7). This shows that p(z)
is a polynomial.
Proof of Theorem 2.3 By the equation (3), Lemma 2.7 and Lemma 2.8, we have

m

T (r, f(p(2)) = m S T (=) < (wn + )T, £),
7=0
mT(r, F(p(2))) < (ur + )T, £) +m S T(ras(2). (®)
1=0

Combining (8) and
T(r,ai(z)) < KT(r*, f),i=0,1,2,---,m,

we obtain
uy + €

- T(r, f)+ (m+1)KT(r* f), 9)

T(r, f(p(2))) <

where K is a positive constant.
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Case (1): If s > 1, by Lemma 2.9, we have %{’p is increasing functions of r, we can

obtain for any positive constant C' and any ¢t > 1
T(Crt, f) S logC + tlogr

T0of) = dogr 9k
Hence, for r sufficiently large,
1
T T(Cr', f).
Let s=1t,C =1. Then
1
T T, f). 1
) < gl ) (10)

It follows from (9)and (10) that
T(r,f(p)) < (m+DET( f) + q255:T(, f)

(1—e)ms

< (m+ 1)K+ 22 +e)T(r%, f).

By Lemma 2.1
(L= )T (ur*, f) < ((m+ DK + “L 42T, f).
From the above inequality we further get
(L= )T (urs . f) < (m+ DK+~ 4+ e)T(r, f). (1)
Since k > s, then by (11) and Lemma 2.2, we obtain
T(r, f(2)) = O((logr)* ),

where

_log((m+ 1)K + ;L)

o
! log %

Case (2):If s < 1, by Lemma 2.9, since Tl(();ic ) is increasing function of r, we obtain

T0f) _ T0°.0)
logr = logrs ’

T(r,[)
T(rs, f)

ie.

> - (12)

W | =

From (9) and (12) we get

T(r, f(p(2))) < (
According to Lemma 2.1, we obtain

K
T(urt, f) < (Mt mm T DKs e

m
We obtain from Lemma 2.2

up +m(m+1)Ks+e3 T(r
m

T(r, f(2)) = O((logr)** ™),

where
ui+m(m+1)Ks

log k
Combining case (1) and case (2), we get the proof of Theorem 2.3.

log

a9 =

10
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3. Growth of meromorphic solutions

Since the 1970’s, R.Goldstein[10-13], W.Bergweiler[2-4], J.Heittokangas[16] et al had in-
vestigated the existence and growth of meromorphic solutions on composite functional
equations in the whole complex plane and a number of important results were obtained.
Particularly, J.Rieppo [20] discussed the growth on meromorphic solutions of many types
of functional equations, he also obtained some interesting results, for example, the follow-
ing theorem B is one of his some results.

For the following functional equations

Q(z, faz + b)) = R(z, f(2)), (%)

where Q(z, f), R(z, f) are rational functions in f with small meromorphic coefficients
relative to f such that 0 < ¢ = deg? <d= deg?" and a,b € C,a # 0 and |a| # 1.

He obtained

Theorem B([20]) Suppose that f is a transcendental meromorphic solution of the
equation (x). Then

u(f) = p(f) = 284~ logg

It is known that when treating the meromorphic solutions of difference equations,
the basic task is to estimate their growth order, while in the case of complex composite
functional difference equations, considering the growth order of them is also an interesting
task. Hence, this section is devoted to investigating the growth order of meromorphic
solutions on two types of composite functional-difference equations (3), (13) and systems
of difference equations (14) in complex domain.

As regards the growth order of meromorphic solutions of complex composite functional-
difference equations (3), we obtain Theorem 3.1.

Theorem 3.1 Let {ai(2)},{ag(2)} be of growth order of S(r, f), u1 > km. Then
the lower order and the order of meromorphic solution f of the equation (3) satisfy

p(f) = p(f) = 0.

In the following, we will also investigate the growth of meromorphic solutions about a
type of composite functional-difference equations of the form

log |al

l .
EO dif(aliz +b1i)z _ Ql(z,f
QQ(Zaf

t ) )’ (13)
ZO 6jf(a2j2’ + bgj)]
j=

where {a1;}, {a2i}, {b1;}, {b2;}, {di}, {e;} are constants ,{a@;(2)}, {b;)(2)} are small func-
tions and a(;)(z) # 0,b(;)(2) # 0.

For complex composite functional-difference equations (13), we obtain the following
main result.

Theorem 3.2 Suppose that f is a transcendental meromorphic solution of composite
functional-difference equations (13), ai;, agj,b1i,b2; € C, |a;| > 1,]azi| > 1, and the
coefficients a(;)(z) are of growth S(r, f).

11
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(i). If I > ¢, then

u1+u2
l

log
log |ay;|

p(f) <
(ii). If I < t, then

log u1tu2

p(f) <~
log |ag|

(iii). If I = ¢, then

log

uitu2
l

P(f) < W,

where |a| = max{|ay|, |az|}.
Remark 3 The example 3 shows that the upper bound in Theorem 3.2 can be reached.
Example 3 f(z) = e? is a meromorphic solution of the following equation

(ec—1)*f(6z+c) _ [fALf

ef(bz+c) A+
log 7% log §
We see that uy = 4,us = 2,p(f) =1= 10g|a1{é’|t} = E)ggé = iggg.

By using the Nevanlinna value distribution theory of meromorphic functions, difference
equation theory, a large number of papers also have considered the properties of mero-
morphic solutions of some types of system of functional equations, and obtained some
results([7-9]). Now, we consider the problem of the growth order on a class of system of
composite functional equations as follows

l S an(fale)"

S difi(criz +dy)t = S———,
=0 > a2u(2) f2(2)”

g (14)

‘ Do bhi(2)fi(2)°

> ejfaleyiz +dy) = F—,
J=0 > bak(2) f1(2)k

k=0

where {c1;}, {c2;}, {d1:i}, {d2;}, di, ej are constants,{a1,(2)}, {a2.(2)}, {b1s(2) }, {bar(2) } are
small functions,|cyy| > 1, |cot| > 1.
The growth order of meromorphic solutions (fi, f2) of (14) is defined by

p(f1, fa) = max{p(f1), p(f2)},

p(fi) = limsup M

k=1,2.
r—00 logr

The lower order of meromorphic function f;,7 = 1,2 are defined by

+
p(fi) = lim inf log™ T'(r, fi)

k=12
00 log r

As regards the complex composite functional-difference equation (14), we obtain The-
orem 3.3 and Theorem 3.4 as follows.

12
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Theorem 3.3 Suppose that f is a transcendental meromorphic solution of the system
(14), cij,dij € C, |ey| > 1, et > 1, and the coeflicients a;;(z) and b;j(z) are of growth
S(r, fi).- Then
max{mi,n1} max{mao,na}

it

1, J2) <

Example 4 Let b € C be a constant such that b # “JF ,where m € Z. We see
that (f1(2), f2(z)) = (tan z, — tan z) is a meromorphic solution of the following system of

composite functional equations of the form

{ f1(22:+b) _ —2f2(2)—C(1-/3)

log

1-fF=2Cf,
_ 2A1(x)-CA-f})
f2(22 +0) = “1-ech
where C' = —tanb # 0, co.
In this case, |ay||agt| = 4, max{mi,ni } max{ma,na}} = 4,it = 1, thus,

max{mi,ni} max{ma,no}

log n log 4

s = 1 = — .
pif1. o) log |ay|[azx| log 4
It shows that the upper bound in Theorem 3.3 can be reached.
Theorem 3.4 Let (f1, f2) be a transcendental meromorphic solution of the system
(14), and u(f1), 1u(f2) be the lower order of fi, fa, respectively. Then

max{mi,n1} max{ma,no}
It

log |c1i|cat|

lo

p(f1) + u(f2) =

)

where {a1,(2)}, {a2,(2)}, {b1s(2)}, {bar(2)} are small functions are small functions.

In order to prove Theorems 3.1-3.4, we need the following Lemmas.

Lemma 3.1([14]) Let @ : (1,00) — (0,00) be a monotone increasing function,and
let f be a nonconstant meromorphic function.If for some real constant o € (0, 1),there
exist real constants K7 > 0 and K5 > 1 such that

T(r,f) < Ki®(ar) + KT (ar, f) + S(ar, f),

then e ®
< + lim sup L(r).
—log r—oo  logT

p(f) < loe X

Lemma 3.2([3]) Suppose that a meromorphic function f has finite lower order A\.Then
for every constant ¢ > 1 and a given ¢ there exists a sequence 1, = r(c, &) — oo such that

T(crn, f) < AT (rn, f).

Proof of Theorem 3.1 For a sufficiently small € > 0, by Lemma 2.1 and Lemma 2.3,
we get
m(1 —&)T(ur, f) <mT(r, f(p(2))) < (w1 +)T(r, f),

13
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n
where p = |eg|(1 — €),u; = max{}_ (I + 1)i;}, outside a possible exceptional set of finite
I=0

logarithmic measure of r.
Hence, for a > 1 and for r large enough

m(1 —e)T(ur*, f) < (w1 + )T (ar, f).

Set t = ar. Then

Mok up +¢€
T(—t < —
(ak )= m(l —¢)

T(t, f)-

By Lemma 2.2 we obtain
T(t,w) = O((logt)*),

where log U
_ %% m
o= log k ter
From the above equation, we can obtain that
log™ T
p(f) = limsup log™ T'(r, f) =0,
r—00 log r
. ogt T(r, f)
u(f) = hrn_l)gjlfT =0.

Thus, we have completed the proof of Theorem 3.1.

Proof of Theorem 3.2 Applying Lemma 2.3 and Lemma 2.7 to equation (13),we get

! .

' dif(aliz + bh‘)l

max{l, t}T(r, f(askz + bsk)) = T(r, ltzo
ZO ejf(ag;z + byj)l

J]=

) < (ul +u2)T(T7f) +S(T7f)7

where s = 1 or 2, k = max{l, t}.
Applying Lemma 2.1 to equation (13), we get

(1 —e)max{l, t}T(ur, f) < (u1 +u2)T(r, f) + S(r, f),

that is
Ul + ug

(1 — &) max{l, t}T(T’ D480 1),

T(pr, f) <

where = |a| — 0 > 1, |a| = max{|aix|, |agk|},d > 0. Denoting o = %, we have 0 < a < 1,
and we deduce that

Ul + U2

(1 — &) max{l, t}T(O‘T, )+ S(ar, f).

T(r, f) <

By Lemma 3.1, we obtain

+
log 7(175u)1m;?{l,t}
—log '

14
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Let e — 0and 6 — 0. Then

u1tu2
log max{l,t}

p(f) < Tog [d]

Proof of Theorem 3.3  Applying Lemma 2.3 to system (14), we get

IT(r, fi(cuiz + dyy)) = max{my,n1 }T(r, f2) + S(r, f2). (15)
tT(r, fa(corz + dat)) = max{ma, n2}T(r, f1) + S(r, f1). (16)
Applying Lemma 2.1 to equations (15) and (16), we get
(1 = e)lT (par, f1) < max{my,n }T(r, f2) + S(r, f2),

(1 = e)tT (par, f2) < max{ma, n2}T(r, f1) + S(r, f1),

that is
max{my,n;}

T(par, f1) < -z T(r, f2) + S(r, f2),
Tlpar, f2) < P T ) 4500, 1)

where n1 = ‘Cll‘ —01>1,01 > O,u2 = ’CQt‘ — 09 > 1,09 > 0.

Denoting a; = i, g = i, we have 0 < a1 < 1,0 < ag < 1, and we deduce that
max{mj, n; }
(1—e)l
max{ma, na}
(I—e)t

outside a possible exceptional set of finite logarithmic measure of r.
Combining (17) and (18), it yields

T(r, f1) < T(ayr, f2) + S(car, fa), (17)

T(r, fa) < T(agr, f1) + S(aqr, f1), (18)

(1 + o(1)) max{my,n; } max{ma, na}
(1 —¢e)2lt T

T(r, f1) < (aragr, fi) + S(enazr, f1),
outside a possible exceptional set of finite logarithmic measure of r.
By Lemma 3.1, we obtain
max{mi,ni} max{ma,no}
(1—e)2lt
—log ayan

log

p(f1) <

By a similar reasoning as to above, we also can get

log max{ml,(qu»sr;;azi{mg,ng}

p(f2) <

—log ajas

Let e = 0 and 6; — 0,7 = 1,2. Then Theorem 3.3 is proved.

15
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Proof of Theorem 3.4 We assume conversely that fq, fo are transcendental mero-
morphic functions.

By Lemma 2.3 and T'(r, f(z + ¢)) < (1 +0(1))T(r + ||, f) + M([17]), where M is a
constant, we have

max{my,n1}T(r, fo) < IT(r, fr(cu(z + LL))) + S(r, f2)

l
(1+0(1 ))ZT(\CU\T+ B4, f1) + S(r, fo),
T(r, faleae(z + 24))) + S(r, f1)

C2t

(1 + o(W)T (Jeaelr + |24, fo) + S(r, f1).

(19)

<
<
max{msa,na}T(r, f1) <t
<

There are two constants ¢y = |cyy| + €1, c2 = |cat| + €2,6; > 0,7 = 1,2, such that
dy
T(leulr + |7L|,f1) < T(ar, f1), T(|lcalr + \*I f2) < T(car, f2). (20)

When r is large enough, we can obtain from (19) and (20)

max{ml, nl}T(r, fg) < (1 + 0(1))ZT(01T, fl) + S(T, fz),
max{ms, no }T(r, f1) < (1 + o(1))tT (car, f2) + S(r, f1),

outside a possible exceptional set of finite linear measure of 7.
According to Lemma 2.5, for given o1 > 1,09 > 1,
maX{ml? nl}T(T, f2) < (1 + 0(1))ZT(0101T7 fl) + S(T) f?)a (21)
max{ma, na}T(r, f1) < (1 + o(1))tT (o2car, f2) + S(r, f1).
Let u(f1), u(f2) be the finite lower order in fy, fa,respectively. By Lemma 3.2, for any
given g; > 0,7 = 1,2, there exists a sequence r,, — oo such that for r, > rg

T(crrm, f1) < D (0, 1), T(carn, f2) < AIDT22T(r, ).

By (21)

{ max{mi,ni }T(rn, f2) < (
ny f1) <

1 + O(l))l(dlcl)“(fl)JrelT(T’n
max{msg, no}T(ry, f1) < (14

0(1))t(0202)“(f2)+52T(Tn,

N )
N—
+
2
3
3
o
—
[\]
N

2) + S(rn, f1)-

From (22), we get

max{mi, i} < (1+o(1))l(oreH(0+ ?EZzzﬁi + 5§izzfé§’ (23)
masc{ma, ny} < (L4 0(1))t(oacn) /22 Tty 4 Firely

Taking lower limit as n — oo, and hm inf SETZ’];Z% = 0,7 =1,2. Then (23) becomes

max{mji,n; } max{mg,ny} < lt(alcl)“(f1)+53 (0202)”(f2)+53,

where 3 = max{e,e1,e2},e3 — 0,01 — 1,00 — 1. Hence

max{m1,n1} max{ma,na}

log

u(f1) + pf) =

log |c11]|e2t|

Thus, we have completed the proof of Theorem 3.4.

16
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Locally and globally small Riemann sums and
Henstock-Stieltjes integral for n-dimensional
fuzzy-number-valued functions

Muawya Elsheikh Hamid®®*
@ School of Mathematical Science, Yangzhou University, Yangzhou 225002, China
® Faculty of Engineering, University of Khartoum, Khartoum, Sudan

Abstract: In this paper, we study locally and globally small Riemann sums with respect to o for n-dimensional fuzzy-
number-valued functions. And we prove that a fuzzy-number-valued functions in n-dimensional is Henstock-Stieltjes
(HS) integrable on [a,b] if and only if it has (LSRS) with respect to « on [a,b]. Also we shall prove that a fuzzy-
number-valued functions in n-dimensional is Henstock-Stieltjes (HS) integrable on [a,b] if and only if it has (GSRS)
with respect to « on [a, b].

Keywords: Fuzzy-number-valued functions in E™; Henstock-Stieltjes integral (HS); locally small Riemann sums (LSRS);
globally small Riemann sums (GSRS).

1 Introduction

Since the concept of fuzzy sets was firstly introduced by Zadeh in 1965 [13], it has been studied extensively from
many different aspects of the theory and applications, such as fuzzy topology, fuzzy analysis, fuzzy decision making and
fuzzy logic, information science and so on.

The locally and globally small Riemann sums have been introduced by many authors from different points of views
including (3, 4, 5, 7, 8, 10, 11]. In 1986, Schurle characterized the Lebesgue integral in (LSRS) (locally small Riemann
sums) property [10]. The (LSRS) property has been used to characterized the Perron (P) integral on [a,b] [11]. By
considering the equivalency between the (P) integral and the Henstock-Kurzweil (HK) integral, the (LSRS) property
has been used to characterized the (HK) integral on [a,b] [8]. In 2015, Indrati [7] introduced a countably Lipschitz
condition of a function which is simpler than the ACG*, and proved that the (H K) integrable function or it’s primitive
could be characterized in countably Lipschitz condition. Also, by considering the characterization of the (HK) integral
in the (GSRS) property, it showed that the relationship between (GSRS) property and countably Lipschitz condition of
an (HK) integrable function on [a, b]. In 2018, Hamid et al. [5] introduced locally and globally small Riemann sums for
fuzzy-number-valued functions and established two main theorems: (i) A fuzzy-number-valued functions f(z) is (HS)
integrable on [a, b] iff f(z) has (LSRS). (ii) A fuzzy-number-valued functions f(z) is (HS) integrable on [a, ] iff f(x)
has (GSRS).

In this paper, the concept of locally small Riemann sums for n-dimensional fuzzy-number-valued functions with
respect to « is introduced and discussed. Furthermore, we provide a characterizations of globally small Riemann sums
in n-dimensional fuzzy-number-valued functions with respect to a.

The rest of this paper is organized as follows. To make our analysis possible, in Section 2 we shall review the relevant
concepts and properties of fuzzy-number-valued functions in E™ and the definition of Henstock-Stieltjes (H.S) integral for
fuzzy-number-valued functions in E™. In Section 3, we introduce the support function characterizations of locally small
Riemann sums and (H.S) integral for fuzzy-number-valued functions in E™. In section 4, we shall discuss the support
function characterizations of globally small Riemann sums and (HS) integral for fuzzy-number-valued functions in E™.
The last section provides the Conclusions.

2 Preliminaries

In this paper the close interval [a,b] denotes a compact interval on R. The set of intervals-point {([a1,b1], &),
(Jaz, b2], &2), -+, (lak, b], &) } is called a division of [a, b] that is &1,&2,- -+, & € [a,b], intervals [a1, b1], [az, ba], - -+ , [ak, bk]
k

are non-intersect and | J [as, bi] = [a, b]. Marking the division of [a,b] as P = {([al’ b, &1), ([az, b2], €2), -~ , ([, bi], ék)}’
i=1
shortening as P = {[% v];&} [9].

*Corresponding author. Tel.: +8613218977118. E-mail address: mowia-84@hotmail.com, muawya.ebrahim@gmail.com (M.E.
Hamid). 1142 HAMID 1142-1149
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Definition 2.1 [6, 8] Let 6 : [a,b] — R' be a positive real-valued function. P = {[z;_1,x;];&;} is said to be a é-fine
division, if the following conditions are satisfied:

Da=zo<z1<z2< ... <y =b;

(2) & € [wim1, 2] C (& —0(&), & +0(&)(i=1,2,--- ,n).

For brevity, we write P = {[u, v]; £}, where [u, v] denotes a typical interval in P and £ is the associated point of [u, v].

Definition 2.2 [12] E™ is said to be a fuzzy number space if E™ = {u: R" — [0, 1] : u satisfies (1)-(4) below}:
(1) u is normal, i.e., there exists a g € R™ such that u(zo) = 1;
(2) u is a convex fuzzy set, i.e., u(rx + (1 — r)y) > min(u(z), u(y)), =,y € R™, r € [0,1];
(3) w is upper semi-continuous;
(4) [u]® = {x € R™ : u(x) > 0} is compact, for 0 < < 1, denote [u]” = {x : & € R™ and u(z) > r}, [u]® = Ureqo,ul”

From (1)-(4), it follows that for any v € E™ and r € [0,1] the r—level set [u]” is a compact convex set. For any
u,v € E"

D(u> U) = z][i)pl] d([u]r7 [’Ur)7 (1)

where d is Hausdorff metric. It is well known that (E",d) is an metric space [12]. The norm of fuzzy number u € E" is
defined by

lull = D(u,0) = sup |a], (2)
a€lu]
where the || - || is norm on E™, 0 is fuzzy number on E™ and 0 = x{o}.

Definition 2.3 [12] For A € Py(R"), = € S™™ ", define the support function of A as o(x, A) = sup(y, ), where "~ is
ycA

the unit sphere of R", i.e., S" ' = {z € R™: ||z|| = 1}, (-,-) is the inner product in R™.

Definition 2.4 [2] Let « : [a,b] — R be an increasing function. A fuzzy-number-valued function f:la,b] = E™ is said
to be fuzzy Henstock-Stieltjes (F'H.S) integrable with respect to a on [a, b], if there exists A € E™, for every € > 0, there
is a function §(§) > 0, such that for any d-fine division P = {[u, v],£} of [a, b], we have

D(Y_ f©lav) —a(m),A) <e. (3)
P)

We write (FHS) [ f(z)da = A.

8 —c

Lemma 2.1 [12] If u,v € E", k € R, for any r € [0, 1], we have

o+ )" = [ + (o] [bu)” = Kl (4)
Lemma 2.2 [12] Suppose u € E™, then
(1) w*(r,z +y) <u'(r,z) +u”(r,y),
(2) if u,v € E™, r € [0,1], then
A o) = swp o () = () 6)

3) (w+v) (r,z) =u*(r,z) + v*(r,z),
(4) (kw)*(r,z) = ku*(r,z), k > 0.

Lemma 2.3 [1, 12] Given u,v € E™ the distance D : E™ x E™ — [0,400) between u and v is defined by the equation
D(u,v) = sup d([u]",[v]"), then
’I‘E 0,1]
1 D) is a complete metric space,
2 u+w v+ w) = D(u,v),
3) D(u+v,w+e) < D(u,w) + D(v,e),
4) D(ku, kv) = |k|D(u,v),k € R,
5) D(u + v,0) < D(u,0) 4+ D(v,0),
(6) D(u+v,w) < D(u,w) + D(v,0),
Where u, v, w,e,0 € B, 0 = Xoy-

(1) (E"
(2) D(
3) D
(4) D
(5) D
D

Lemma 2.4 [2] Let a : [a,b] — R be an increasing function. A fuzzy-number-valued function F : [a,b] — E™ is (FHS)
integrable with respect to « on [a, b] if and only if F*(t)(r,z) is (RHS) integrable with respect to « on [a,b] uniformly
for any r € [0,1] and € S, we have

(FHS /b F(t ) ) = (RHS) /b F*(t)(r, z)da. (6)

Uniformly for any r € [0, 1]. 1143 HAMID 1142-1149
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3 Support function characterizations of locally small Riemann sums
and (HS) integral for fuzzy-number-valued functions in E”"

In this section, we shall define locally small Riemann sums or in short (LSRS) with respect to a on [a,b] by using
support function f*(€)(r,z) and show that it is the necessary and sufficient condition for f to be (HS) integrable with
respect to « on [a, b].

Definition 3.1 Let a : [a,b] — R be an increasing function. A fuzzy-number-valued function f: [a,b] — E™ is said to
be have locally small Riemann sums or (LSRS) with respect to « on [a, ] if for every € > 0 there is a §(§) > 0 such that
<e, (7)

for every t € [a, b], we have
|5 010 -]

whenever P = {[u,v];£} is a d-fine division of an interval C' C (t — §(¢),t + 6(¢)), ¢ € C and ¥ sums over P. (Where
C =1y, 2])

The following Theorem 3.1 shows that f has (LSRS) with respect to « on [a, b] is equal to the type of it’s support
functions.

Theorem 3.1 Let « : [a,b] — R be an increasing function and let f :[a,b] = E™ be a fuzzy-number-valued function,
the support-function-wise f*(§)(r,z) of f has locally small Riemann sums or (LSRS) with respect to « on [a, b] if and
only if for every € > 0, there is a §(§) > 0 such that for every t € [a, b], we have

’Zf*(ﬁ)(ﬂ Dla() - a@)| <&, ®)

uniformly for any r € [0,1] and 2 € S™™', whenever P = {[u, v]; £} is a §-fine division of an interval C' C (t—6&(t),t+6(t)),
t € C and ¥ sums over P.

Proof Let 0 € E" denote the (FHS) integral of f with respect to a on [a, b]. Given & > 0 there is a §(¢) > 0 such that
for any d-fine division P = {[u,v]; £} of [a, b], we have

D( X F©la) - atu].0) <. 9)
That is i
s d([3 F©o() o))" [0) <. (10)
By Lemma 2.2 we have
s s (3 F©la0) - a(w]) () - o(e.0) < ()

Furthermore, by o(z, A) = sup(y, =), we have
yeEA

sup  sup
rel0,1] zesn—1

57 ©r0la0) - )] - o0 <. (12)
Hence, for any r € [0,1], € S"~' and for any é-fine division P we have

‘ S PO la) - a(w)

<e. (13)

Where o(z,0) =0.
This completes the proof. O

Lemma 3.1 (Henstock Lemma). Let a : [a,b] — R be an increasing function and let f : [a,b] = E™ be a fuzzy-number-
valued function and (HS) integrable to A with respect to o on [a,b]. Then, the support-function-wise f*(&)(r,x) of f
on [a,b] is (HS) integrable to A*(r,z) with respect to a on [a,b] uniformly for any r € [0,1], z € S"~! and A € E" ,
i.e., for every £ > 0 there is a positive function §(¢) > 0, for §-fine division P = {[u,v]; ¢} of [a,b] and for any = € S"7!,
we have

' D@ @)a) - a(u)] - A*(r,2)| <e. (14)
Furthermore, for any sum of parts > from ) we have
' > @ @)aw) - a(u)] - A*(r,2)| <e. (15)

1144 HAMID 1142-1149
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Proof Let A € E" denote the (FHS) integral of f with respect to a on [a,b]. Given € > 0 there is a §(¢) > 0 such that
for any é-fine division P = {[u,v]; &} of [a, b], we have

(Zf Ja(w) - a(u], 4) << (16)
That is
sup d( ST a(u )]]T,[A]T) <e. (17)

re(0,1]
By Lemma 2.2 we have

sup sup |( Y f(©)la(v) —a()])"(r,z) - A*(r,2)| <e (18)
r€(0,1] zesn—1
Furthermore, by A*(r,z) = sup (y,z), we have
y€E[A]"
sup  sup Z F( (v) — a(u)] — A™(r,z)| < e. (19)
rel0,1] zesn—1
Hence, for any 7 € [0,1], € S** and for any é-fine division P we have
S a)ia(o) - at] - A°(r)| < (20)
For proof
307 Dal) - alw)] - 4°(ro)| < (21)
1
the proof is similar to the Theorem 3.7 in [8].
This completes the proof. O

Theorem 3.2 Let « : [a,b] — R be an increasing function and let~f : [a,b] = E™ be a fuzzy-number-valued function. If
f is (HS) integrable to F'([a,b]) with respect to « on [a, b], then f has LSRS with respect to « on [a, b].

Proof Since f is (HS) integrable to F([a,b]) with respect to o on [a,b], by Theorem 3.1 the support-function-wise
£ €)(r,z) of f on [a,b] is (HS) integrable to F*([a, b])(r,x) with respect to o on [a, b] uniformly for any r € [0,1], = €
S™~1, i.e., for every € > 0 there is a positive function §(¢) > 0, for é-fine division P = {[u,v]; ¢} of [a,b] and for any
z € S" ! we have

> 0a) - aw)] - F* (a,b)(r2)| < 5. (22)
For each t € [a, b], there is a closed interval C' = [y, z] C (t — §(t),t + 6(t)) such that
()| < 5. (23)

According to Henstock Lemma, for each ¢ € [a, b] and d-fine division P = {[u,v];£} of C C (¢t —4d(t),t+6(t)), we have

’Zf*(ﬁ)(nx)[a(v) > O o)al) — aw)] = F(la,b)(r,z)

n ]F*([y,zmw)

E.

Applies Theorem 3.1 again f has LSRS with respect to a on [a, b].
This completes the proof. O

Lemma 3.2 Let o : [a,b] — R be an increasing function and let f : [a,b] = E™ be a fuzzy-number-valued function. If
f is (FHS) integrable with the F' as primitive then for each number ¢ > 0 there is a positive function §(§) > 0, such
that for any [u,v] C [a,b] with (a(v) — a(u)) < §(§), we have

<e. (24)
E’IL

|7

- H(FHS) /[ ] fda

En

Proof The continuity follows from Lemma 3.1 and the following inequality:

HF([u,v]) = D(F(u),f?(v))

: < (Pl F©la) - atw]) + | F©lat) - aw)

< e&.

E™

We. only need set 6(5) < m
This completes the proof. 1145 HAMID 1142-1149 O
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Theorem 3.3 Let o : [a,b] — R be an increasing function and let a fuzzy-number-valued function f:[a,b] = E™ has
LSRS with respect to a on [a,b], then f is (FHS) integrable with respect to « on [a, b].

Proof Given any ¢ > 0 and P = {([a,b],&)} = {([a1,b1], &), ([az,b2],&2), - , ([an, bn],€n)} is a d-fine partition of [a, b].

For each i(i = 1,2,--- ,n) there is a positive function &; with P; = {([u,v:], &)} is a di-fine partition of [a;, b;]. Since f
has LSRS with respect to « on [as, b;], then we have

<= (25)

En

> f©la() - a(w)]
Py
Taken 1 = max{d(§), & € [a,b]}, according to the Lemma 3.2 we have

HF([ai» bi])

= H (FHS) / fda
En [ai,b;]

g
_ 26
<3 (26)

En

Therefore, for any d;-fine partition P; = {([us,vs],&)} of [as, bi], we have

(3 @la) — ) Aosn) < | f@lat) - e+ Ao
| < fazoe

for each 1. .
Subsequently taken 6*(§) = min{d(&), d;(€)}, then P = |J P; denote §*-fine partition of [a, b].
i=1

i=

Therefore we have

n

(Zﬂs)[a(v)—a(un,ﬁaa,b])) - ZD(Zf@[a(v)—a(u)],ﬁaai,bm)

1=1

i

< n-

Then f is (FHS) integral with respect to a on [a, b].
This completes the proof. O

4 Support function characterizations of globally small Riemann sum-
s and (HY) integral for fuzzy-number-valued functions in E”

In this section, we shall define globally small Riemann sums or in short (GSRS) integral with respect to a on [a, b] by
using support function f*(£)(r,z) and show that it is the necessary and sufficient condition for f to be (HS) integrable
on [a, b].

Definition 4.1 Let a : [a,b] — R be an increasing function. A fuzzy-number-valued function f : [a,b] — E™ is said to
be have globally small Riemann sums or (GSRS) with respect to « on [a,b] if for every £ > 0 there exists a positive
integer N such that for every n > N there is a 6,(§) > 0 and for every d,-fine division P = {[u, v]; £} of [a, b], we have

H S Ol —aw)| < (27)

17l gn>n

where the Y is taken over P and for which ||f(§)}

En >n.

The following Theorem 4.1 shows that f has (GSRS) with respect to « on [a, b] is equal to the type of it’s support
functions.

Theorem 4.1 Let « : [a,b] — R be an increasing function and let f: [a,b] = E™ be a fuzzy-number-valued function,
the support-function-wise f*(§)(r, z) of f has globally small Riemann sums or (GSRS) with respect to a on [a, b] if and
only if for every € > 0, there exists a positive integer N such that for every n > N there is a §,(£) > 0 and for every
On-fine division P = {[u,v]; £} of [a,b], we have

Y O - aw] < (28)

[£*(&)(r@)|>n

uniformly for any r € [0,1] and z € S~ !, where the 3" 4g94gken over P and for which ‘f* &) (r, Jc)| HAMID 1142-1149
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Proof First, we can prove the following statements are equivalent:
W) [[FE) g > 7.
2) [f* ) (r,2)| > n.

In fact
1F©)) gn >n = T:l[tpl]d([f(f)]'l[ﬁ]’“)
= sup sup |f (&)(r ).

r€[0,1] zesn—1

Second, let 0 € E™ denote the (FHS) integral of f with respect to « on [a,b]. Given € > 0 there exists a positive
integer N such that for every n > N there is a 6, (§) > 0 and for every d,-fine division P = {[u, v]; £} of [a, b], we have

p( Y Ok - awld) <= (29)

1F@©llgn>n

That is

sup d([ > f®) —a@)], [ﬁ]r) <e. (30)
I AT
By Lemma 2.2 we have

sup  sup
rel0,1] geSn—1

(> O -a@)]) (rz) - oz, 0)‘ <e. (31)

[F* (&) (r@)|>n

Furthermore, by o(z, A) = sup(y, ), we have
yeA

> O )aw) - a(w)] - o, 0)’ <e (32)

[£* (&) (r@)|>n

sup  sup
re(0,1] zesn—1

Hence, for any r € [0,1], € S"~' and for any é-fine division P we have

\ S O - aw)

[ (&) (r@)|>n

<e. (33)

Where o(z,0) =0.
This completes the proof. a

Theorem 4.2 Let o : [a,b] — R be an increasing function and let f: [a,b] = E™ be a fuzzy-number-valued function. If
f has GSRS with respect to « on [a, b] then f is (HS) integrable with respect to « on [a, b].

Proof Because f has GSRS with respect to a on [a,b], then by Theorem 4.1 for every e > 0, there exists a positive
integer N such that for every n > N there is a §,(£) > 0 and for every d,-fine division P = {[u,v]; ¢} of [a, b], we have
Y rOra - aw]| < (34)

[F*(&)(r@)|>n

uniformly for any r € [0,1] and # € $"~', where the }_ is taken over P and for which |f*(¢)(r,z)| > n.
For each two d-fine divisions P1 = {[u1,v1];&1}, P = {[uz,v2]; &2} of [a, ], we have

Do @) a)alon) - alun)] = Y f(&)(r ) a(ve) — Oé(u2)]’

IA

S £ 6 Dlal) - a(m)]\ n ’Zf*(&)(n Da(ws) - a(uzn\

IA

(&) @) [avr) = afur)]

[£*(&1) (rz)[>n

+ > [ (&) (r, z)[a(vz) — a(u2)]
[£*(&2)(rx)|>n
< de.

+] F@)(rafa(en) - a(u)]

[F* (1) (rz)|<n

Y remolat - agw)

[F*(&2)(rz)|<n

According to the properties of Cauchy, f is (HS) integrable on [a, b].
This completes the proof. 1147 HAMID 1142-1149 O
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Theorem 4.3 Let a : [a,b] — R be an increasing. Given a fuzzy-number-valued function f : [a,b] = E™, for each
r €[0,1] and x € S"~! defined the support function f;;(¢)(r,x) of f, by the formula:

) {f*@)(r,wm €lat] S @) <n

fa(&)(ra 0, others.

A fuzzy-number-valued function f is (I S) integrable with respect to « on [a,b] if and only if f has GSRS with
respect to a on [a,b] and F,([a,b]) = F([a,b]) as n — co. (Where F([a,b]) and F,([a,b]) the integral of f and f, with
respect to « on [a, b] respectively).

Proof First we shall prove the necessity. Because a fuzzy-number-valued function f is (HS) integrable with respect
to « on [a, b] uniformly for any » € [0,1] and « € S™7', i.e., for every € > 0 there is a positive function 6*, for §*-fine
division P = {[u,v];&} of [a, b], we have

‘ DO, 2)[av) — a(w)] - F*([a,b)(r,2)
For each n € N, there is a positive function §,, for d,-fine division P = {[u,v]; £} of [a,b], we have

‘an (r, )l (v) — a(w)] — (o, ) (r,2)

< % (35)

<< (36)

37

for each r € [0,1] and x € ™™ 1.
Because {F}; ([a,b])(r,z)} converge to F*([a,b])(r,z) of [a,b] then there is a positive number N so if n > N we have
< (37)

F;([a’ b])(’r’, I) - F*([avb})(rv x)

Wl m

For n > N, defined a positive function ¢ on [a, b] by the formula:

6(§) = min{d”(£), 0n(£)}- (38)
Therefor, for each d-fine division P = {[u,v]; £} of [a, b], we have
Y. O D)aw) - alw)]

[F*(&)(r@)[>n

= [ DO o)) —aw] =Y f2(&)(rz)a(v) - aluw)]

< DO D)) — aw)] = F*([a, b)) (r,2)| + |Fr([a, b)) (r, x) = F*(a, b])(r, @)
+ |[F([a,0)(r,2) = > f2(©)(r, @) [a(v) — a(u)]
< §+§+§:a

Then f has GSRS with respect to a on [a, b].

Second we shall prove the sufficiency. Because f has GSRS with respect to « on [a, b], then by Theorem 4.1 for every
€ > 0, there exists a positive integer N such that for every n > N there is a 6,(§) > 0 and for every J,-fine division
P = {[u,v]; £} of [a,b], we have

<&, (39)

Y e - aw)
[+ () (r@)|>n
uniformly for any r € [0,1] and # € S"~!, where the }_ is taken over P and for which |f*(¢)(r,z)| > n.
Note that fn, is Henstock-Stieltjes integrable with respect to « on [a, b] for all n. Choose N so that whenever n,m > N
we have

<e. (40)

F:;([mb})(?", x) - F;([a,b])(r, ‘T)

Then for n,m > N and a suitably chosen J-fine division P = {[u,v]; £}, we have

Fa(la, b)) (r, ) — Fr([a, b)) (r, )

< |Fiab)rae) = Y @ o)) - aw)]] + ‘ Y. SOE)aw) - aw)]
|£*(&)(rz)|<n 1£*(&)(ra)|>n
+ Y. FOmo)aw) - aw)] - Fr(ab)(rz)| + ’ Y. O )aw) - aw)

[£* (&) (r,z)|<m [£* (&) (r,@)[>m
< A4e. 1148 HAMID 1142-1149
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That is, {F}; ([a, b])(r, z)} converge to F*([a,b])(r,x), as n — co. Again, for suitably chosen N and 6(¢) and for every
d-fine division P = {[u,v]; £}, we have

> @ 2)aw) - a(uw)] = F*([a, b])(r, z)

IN

DO 2)aw) — aw)] - Fx(la,b)(r,z)

; ]F;s([a,bmn 2) — F*([a,B))(r, )

IN

Yo FOE)aw) - a@)] - FX(la,b)(r2)

[F* (&) (r@)|<N

+ ‘ > FOEa)ew) - aw)

[F*(&)(r,z)|>N

+  |Fn(la, 0)(r, ) — F7 ([a, b])(r, )

< 3e.

That is, f is (HS) integrable on [a, b].
This completes the proof. O

5 conclusions

In this paper, the notions of locally and globally small Riemann sums modifications with respect to fuzzy-number-
valued functions in E" are introduced and studied. The basic properties and characterizations are presented. In
particular, it is proved that a fuzzy-number-valued functions in E™ is (HS) integrable on [a, b] iff it has (LSRS), and
also it is proved that a fuzzy-number-valued functions in E™ is (H.S) integrable on [a, b] iff it has (GSRS).
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Abstract

In this paper, we investigate systems of nonhomogeneous coupled lin-
ear matrix differential equations. Applying Kronecker products, the vec-
tor operator, and matrix convolution product, we obtain explicit formula
of the general solution to this system in terms of matrix series concerning
exponentials and Mittag-Leffler functions.

Keywords: linear matrix differential equation, Kronecker product, vector op-
erator, matrix convolution product, Mittag-Leffler function.

Mathematics Subject Classifications 2010: 15A16, 15A69, 33E12, 34A30,
44A35.

1 Introduction

Theory of linear matrix differential equations can be applied in a broad range of
scientific fields, e.g. statistics [2, 6, 8], game theory [4], ecometrics and Leondief
model [6, 8, 11], control and system theory [3, 7]. The simplest first-order
homogeneous linear matrix differential equation with time-invariant coefficient
is given by

X'(t) = AX(t). (1.1)
Here, A is a given square matrix and X (¢) is an unknown matrix-valued function
to be solved. The system (1.1) has been widely studied, and the solution relies on

the computation of e**; see more information in [12, 13]. The nonhomogeneous
case appears in the form

X'(t) = AX(t)+ U(1), (1.2)

*Corresponding author. Email: pattrawut.ch@kmitl.ac.th
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here U(t) is a given matrix-valued function. In fact, the equation (1.2) has a
general solution given by a one-parameter matrix-valued function

X(t) = e0AX (1) 4+ e x U(1), (1.3)

where * denotes the matrix convolution product. See related works on nonho-
mogeneous case in [10, 15] and references therein.

Coupled matrix differential equations have numerous applications in pure
and applied mathematics. For example, to obtain the solution of an optimal
control problem with performance index we need to solve the system [7]

X'(t) = AX(t) + BY (t),
Y'(t) = OX(t) — ATY (t).

A general system of nonhomogeneous coupled linear matrix differential equa-
tions with time-invariant coefficient takes the form

X'(t) = AX(t)B+CY(t)D + U(t), L4
Y'(t) = EX(t)F + GY (t)H + V(). (1.4)
In [5], a homogeneous case of (1.4) when £ = C, F = D, G = A, H =
B was investigated under the assumption that AC = CA and BD = DB.
In this case, the solution is given in terms of Kronecker products, the vector
operator, and matrix series concerning exponentials and hyperbolic functions.
A nonhomogeneous case of (1.4) was discussed in [1].

In this work, we investigate the system (1.4) under the assumption that
AC =CG,GE =FEA, DB =HD, FH = BF. We apply Kronecker products
and the vector operator to reduce our complex system to the simplest form.
Thus, an explicit formula of the general solution to this system is obtained
in terms of Mittag-Leffler matrix functions. In particular, we obtain general
solution of several special cases of the main system. When initial conditions are
imposed to these problems, its solution is uniquely determined. Our results also
include the previous works [1, 5].

This paper is structured as follows. In Section 2, we supply useful facts for
solving linear matrix differential equations, including matrix functions defined
by power series, Kronecker product, vector operator, and matrix convolution
product. The main part of the paper, Section 3, deals with solving the system
(1.4) and its interesting special cases. In Sections 4, we treat an initial value
problem related to (1.4) and illustrate it with a numerical example.

2 Preliminaries
In this section, we provide adequate tools for solving system of linear matrix

differential equations. We shall denote the set of all m-by-n complex matrices
by My, n, and we set M,, = M, ,.
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2.1 Functions of a matrix defined by power series

Consider A € M, and a holomorphic function f defined on a region in the
complex plane containing the origin and the spectrum of A. Let R > 0 be such
that f admits the Taylor series expansion

oo
= Zakzk for |z| < R,

where ag = f(0) and az = f*)(0)/k! for any k € N. If the spectral radius of A
is less than R, then the matrix power series ZZOZO apAF converges, denoted by
f(A). Hence if f is an entire function then f(A) is a well-defined matrix for any
A € M, In particular, the following matrix series converge for any A € M,,:

Slnh(A) = mA2k+1, COSh Z A2k
k=0 k:O

Recall that the two-parameter Mittag-Leffler functions (e.g. [14]) is defined by
Lk

Ea,ﬁ(z) = 1;) m

(2.1)

where I' is the Gamma function. The power series (2.1) converges for all complex
numbers z.

The Mittag-Leffler function of a matrix A € M,, with parameters a > 0 and
B > 0 is defined by

> 1 X 1 1

Eap(4) = ,;)r(awﬁ)A = e TEa T B

A2 4.

The class of matrix Mittag-Leffler functions include the following functions:

o0 1 o0
E1 1 Z kf = €A, E2 1 A2 Z A2k = COSh(A)
k=0 = (
1
An expansion shows that (Ez2(A2))A =377 WA%‘H = sinh(A4).

Lemma 2.1 (see e.g. [9]). If (A, B) is a pair of commuting complex matrices,

then eAtB = eAeB .

The next lemma is useful for deriving explicit formulas of solutions for system
of linear matrix differential equations in Section 3.

Lemma 2.2. For any A € M,,(C) and B € M,,(C), we have

0 A
|:B 0:| . |: Eg,l(AB) (E272(AB))A
‘ ~ | (E22(BA))B  Esi(BA)
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Proof. A computation using matrix analysis reveals that

Loa ﬂ =170 4]
-l )
o~ 1 [B)}F o = 1 0 (AB)4
,;@N[ 0 (BA)k]+kZ_()(2k+1)![(BA)kB 0
=1
_ kZ:O@ )! N
1
o R
= 1
X 0 kzzo @t 1)!(AB)’“A
= 1
2w PP 0
2@ P iy A0
— | k=0 k=0
1 1
|2y PV e P
— [ E2,1(AB) (E272(AB) A N
i <E272(BA))B E271(BA)

2.2 Kronecker product and vector operator

Given two matrices A = [a;;] € My, , and B = [b;;] € M, , the Kronecker
product of A and B is defined by

A® B = [a;jBlij € Mup,ng-

The the vector operator Vec : M, , — C™" is defined for each A = [a;;] by

T
Vec A = [a11...am1...a12...am2...a1m...amn] .

It is clear that Vec is a linear isomorphism. Algebraic properties of the Kronecker
product and the vector operator used in this paper are as follows:

Lemma 2.3 (see e.g. [9]). The map (A, B) — A® B is bilinear. The following
properties hold for matrices of appropriate sizes:

2. (A® B)(C® D) = AC ® BD,
3. Vec(AXB) = (BT ® A) Vec X.
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The Kronecker product is compatible with holomorphic functions in the
following sense.

Lemma 2.4 (see e.g.[9]). Let f be a holomorphic function defined on a region
including the origin and the spectrum of A € M,,. Then f(I® A) = I® f(A)
and f(A®I) = f(A) ® I. In particular, the following relations hold for any
Ae M, :

Eopg(ARI)=Ey3(A)@I and Eop(I®A)=I1®Eyg(A),

sinh(A® I) =sinh(A)®I  and sinh(J ® A) = I ® sinh(A4),
cosh(A®I)=cosh(A)®1 and cosh(I® A)=1I® cosh(A).

2.3 Matrix convolution product

Let Q = [0,00) or Q = [0,b] for some b > 0. The convolution is a binary
operation assigned to each pair of integrable function f and g defined by

(f % g)(t /f g(t—7)dr, teq.

The convolution is bilinear and commutative. Given two integrable matrix-
valued functions 4 : Q@ — M, ,(R), A(t) = [a;;(t)] and B : Q — M, ,(R),
B(t) = [bsj(t)], we define the matrix convolution product of A and B by

(A [Z ;i (t) * byj(t)

We may write A(t) x B(t) for (A * B)(t). The matrix convolution product is
bilinear, but not commutative in general.

€ Mp,(R), teQ.

3 General solutions of systems of nonhomoge-
neous coupled linear matrix differential equa-
tions

From now on, let A,B,C,D,E,F,G,H,J,K € M,(C) be given constant ma-

trices and let U,V : Q — M,,(C) be given matrix-valued functions. We wish to

solve certain systems of linear matrix differential equations in unknown matrix-
valued functions X, Y : Q — M, (C).

Theorem 3.1. Assume that DB = HD, AC = CG, FH = BF, GE = FA.
Then the general solution of the system of nonhomogeneous coupled linear matriz
differential equations:

X'(t) = AX(t)B+CY(#)D+ U(t),

Y/(t) = EX#t)F+GY(#t)H +V(t) (3.1)
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s given by

Vee X (1) = et 0B @ LBy (& — t5)> M) Vee X (t)
+ (t = to) (Ba2((t — t0)*M)) (DT ® C) Vec Y (to)
+ (E271((t — tO)QM)) x Vec U (t)
+ (t = to) (Fa2((t — t0)>M)) (DT ® C) = Vec V(1) },
Ve Y (t) = @t H ) £ 40)(By o((t — t0)°N) (FT @ E) Vec X (to)
+ (E2,1((t —to)*N)) VecY (to)
+ (t — to) (Ba2((t — t0)*N)) (F" @ E) x Vec U (t)

+ (B21((t —to)*N)) * Vec V(t) }, .
3.2
where M = (FD)T ® CE and N = (DF)" @ EC.

Proof. Using Lemma 2.3, we can transform the system (3.1) into the vector
form:

[VecX’(t)] _ {BT@)A DT®C} [VecX(t)] [Vch(t)]

VecY'(t) FToFE HT @G | |VecY (1) VecV(t)| "
[BT®A 0 B 0 DT C
Let us denote P= 0 HT G } and Q= { T o E 0 .

From (1.3), this system has the following solution:

eery] = faien] + o fatl]

where S=P + Q. Now, we will compute e®. Since DB = HD, AC = CG,
FH = BF and GE = FA, by Lemma 2.3 we have PQ = QP. From which
it follows from Lemma 2.1 that e = e+ = e¢Fe?. By expanding the power
series of matrix exponential, we have

I eBT®A 0
© - 0 eH"®G |-
By Lemma 2.2, we have

oQ — [ E5 1 (M) (E22(M)) (DT C) }
(E22(N))(FT® E)  Ez1(N) :

Thus
s | eBTeA 0 By (M) (E22(M)) (D" ® C)
e’ = 0 HT®G [ (E22(N))(FT @ E) E371(N) }
[ erersan 5", (D7 & O
T | efTeC (B22(N)) (F" ® E) eHT®GE2,1(N)
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Denoting
Ry = BTN By ( — 19)2M),
Ry = T1BTEN (¢ — 1) (Baa((t — t0)*M)) (DT © C),
Ry = eI 9G) (1 _40) (By o((t — t0)*N)) (FT @ E),
Ry = I OG B, (¢ — t9)2N),

we obtain
(t—t0)S VeCX(to) _ R1 R2 VeCX(to) o R1 VeCX(to) + R2 Vec Y(to)
€ VecY(to)| — |Rs Ryl |VecY(to)| ~ |Rs Vec X(to) + Ry Vec Y (to)| -

We also have

S Nt ] I il B ]

_ |R1 % VecU(t) + Ry x Vec V (t)
~ |R3* VecU(t) + Ry x VecV(t)|

Therefore, the general solution of (3.1) is given by (3.2). O

Corollary 3.2. Assume that DB = HD, AC = CG, FH = BF, GE = FA.
Then the general solution of the system

X'(t) = AX(t)B+ CY (t)D,
Y'(t) = EX()F + GY (t)H
18 given by
Vee X () = et~ B OB, | (¢ — t9)>M)) Vee X (to)
+ (t —to) (E22((t —tg)*M)) (D" & C) Vec Y (ty),
Vec Y (t) = @t H S L (1 _40) (B o((t — t0)>N)) (FT @ E) Vec X (to)
+ (E2,1((t —to)*N)) Vec Y (to) }

(3.3)
where M = (FD)T @ CE and N = (DF)T @ EC.

Proof. Put U(t) =V (t) =0 in (3.2) and then use Lemma 2.3. O
The next result was firstly established in [1].
Corollary 3.3. The general solution of the system
X'(t) = AX(t)B+CY (t)D + U(t),
Y'(t) = CX(t)D + AY (t)B + V(t)
under the assumption that AC = CA and BD = DB, is given by
Vee X (t) —e(t=t0) (BT ®4) { cosh L Vec X (t9) + sinh L Vec Y (to)
+ cosh L VecU(t) + sinh L x Vec V (t) },
Vec Y (1) =elt=t0) (BT ®4) {'sinh L Vec X (t9) 4 cosh L Vec Y (to)
+ sinh L * Vec U(t) + cosh L x Vec V (t) },

(3.5)
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where L = (t — to)(DT ® C).
Proof. Pt E=C, F=D,G=Aand H= B in (3.2), and use Lemma 2.3. O
The corresponding homogeneous system of (3.4) is given by

X'(t) = AX(t)B+ CY (t)D,
Y'(t) = CX(t)D + AY (t)B.

If AC = CA and BD = DB, then the general solution of (3.6) is reduced to

(3.6)

Vec X (t) = e(t=t0)(BT®4) { cosh L Vec X (t) + sinh L Vec Y (o) },
VecY(t) = e(t=t0) (BT ®4) {'sinh L Vec X (t9) 4 cosh L Vec Y (to) }.
This result was firstly obtained in [5].
Corollary 3.4. The general solution of the system

X'(t) = AX())B+CY(t) +U(t),
Y'(t) = EX(t) +GY(t)B+V(t)

under the condition AC = CG,GE = EA, is given by

Vee X (1) = el =B 0N Vee { (By 1 (K1) X (to) + (¢ = to) (E22(K1)) CY (o) }
4 lt—to) (BT @A) { (I, ® By (K1) * Vec U (1)
+ (I, ® (t—to) (Ba2(K1))C) * VecV(t)},

Vec Y (t) = et~ B 56 Ve { (1 — to) (B (K2)) EX (to) + (B (K2))Y (to) }
+ e(t‘t°)<BT®G){(In ® (t — to) (E22(K2)) E) * VecU(t)
+ (I ® By (K2)) # Vec V(t)},

where K1 = (t — t9)>CE and Ky = (t — tg)?EC.

Proof. Put H =B, D = F = I,, in (3.2) and then use Lemmas 2.3 and 2.4. [J

Corollary 3.5. The general solution of the system
X'(t) = AX(t)B+ Y({) +U®),
Y'(t) = X(t) +AY()B+ V(1)
s given by
Vee X (1) = et 0B @ L cogh(t — ty) Vee X (t) + sinh(t — to) Vee Y (to)
+ cosh(t — to) (L2 * Vec U(t)) + sinh(t — to) (L2 * Vec V (t)) },
VecY(t) = e(t_t")(BT@’A){ sinh(t — to) Vec X (to) + cosh(t — to) Vec Y (o)
+ sinh(t — t) (12 * VecU(t)) + cosh(t — to) (1,2 * Vec V (t)) }.
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Proof. Put C = D = I, in (3.5) and then use Lemma 2.3. O

Corollary 3.6. The general solution of the system

X'(t) = AX(t)B + U(t),
Y'(t) = EX(t)F + GY (t)H + V(t)

under the condition FH = BF and GE = FA, is given by
Vec X (t) = e(t*to)(BT®A){ Vec X (tg) + I« VecU(t)},
Vec Y (t) = et 80 Ve [ (1 — t0) EX (tg)F + Y (t) }
+ elt=to)(H®G) {(t—to)(FT ® E) x VecU(t) + I * Vec V(1) }.
Proof. Put C = D =0 1in (3.2) and then use Lemma 2.3. O

Corollary 3.7. The general solution of equation X'(t) = AX(¢)B + U(t) is
given by Vec X (t) = e(t—to)(BT®4) { Vec X (to) + I * VecU(t)}.

Proof. Put E = F = 0 in Corollary 3.6. O

4 Unique solution of initial value problem and
a numerical example
Consider the following initial value problem associated with the system (3.1):
X'(t) = AX(t)B+CY(#)D+ U(t),
Y'(t) = EX(t)F + GY (t)H + V(1)

subject to initial conditions X (0) = J and Y (0) = K. Suppose DB = HD,
AC =CG, FH = BF, GE = EA. In this case, the solution of this problem is
unique and given by
Vee X (t) = !B 9D (B, 1 (12M)) Ve J + t(Ey (1> M)) (DT @ C) Vec K
+ (E21 (M) * Vec U (t) + t(E22(t*M)) (DT @ C) * Vec V(1) },
Vee Y (t) = e @D LBy o(12N) (FT @ E) Vee J + (Ea1 (t2N)) Vee K
+t(E22(t°N)) (FT @ E) * VecU(t) + (E21(t*N)) = Vec V (t) },

where M = (FD)T @ CE and N = (DF)T @ EC.
Let us see a numerical example.

Example 4.1. The initial value problem

X'(t) = AX(t)B+ Y(t) +U(@),
Y'(t) = X(t) +AY({)B+V(¢)
X(0)=J and Y(0)=K
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. 1 2 0 -1 2 -1 3 1
wzthA—[S 4]’3_{1 1},(]—[1 0},[(—{1 _1},
2t

Ut) = —et 1 V(t) = 1 © has a unique solution given b
01 sint|’ " | cost sin2t 4 g y

W w1 (t) cosht 4+ wa(t) sinht  ws(t) cosht + wy(t) sinh ¢
Vee X (t) = e Vec |:U)5(t) cosht 4+ wg(t) sinht  wr(t) cosht + wg(t) sinht|’
W wa(t) cosht + wq(¢) sinht  wy(t) cosht + ws(t) sinh ¢
VecY'(t) = e Vec [wﬁ (t) cosht + ws(t) sinht  wg(t) cosht + wr(t)sinht| "

0 0o 1 2
0 0 3 4
Here, W = 1 _9 1 92|
-3 —4 3 4
wi(t) = (56— €*), wa(t) = 3+, ws(t) = =1+, wa(t) = 3(1+€*),

ws(t) =1+t, we(t) =1 +sint, wr(t) =1 — cost, ws(t) = —%(1 + cos2t).
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ABSTRACT

In this paper, we deal with the form of the solutions and the periodicity character of the following systems of
nonlinear difference equations of order two

Z'ntn—l tn Zn—1

n+1 :Etn :ttnfl, n+1 :th i anl’

where the initial conditions z_1, zp, t_1 and tg are nonzero real numbers.

Keywords: recursive sequences, difference equations, periodic solution, solution of difference equation, sys-
tem of difference equations.

Mathematics Subject Classification: 39A10.

1. INTRODUCTION

Through this paper, we will obtain the form of the solutions of some nonlinear difference equations systems of
order two of the following form
_ tn—12n _ Zn—1tn
Zn+1 = FTtnttn_1’ tn-‘rl — Fzptzn_1’
where the initial conditions z_1, zg, t—1 and tg are nonzero real numbers. We will then investigate the periodicity
character of the solutions of the systems under study. Finally we will present some numerical examples and some
figures will be given to explain the behavior of the obtained solutions.

The study of difference equations is a very rich research field, and difference equations have been applied
in several mathematical models in biology, population dynamics, genetics, economics, medicine, and so forth.
Solving difference equations and studying the asymptotic behavior of their solutions has attracted the attention
of many authors, see for example [1-39)].

El-Dessoky et al. [6] studied the periodic nature and the form of the solutions of nonlinear difference equations

systems of order four
T _ TnYn—3 — YnTn—3
ntl =y S (E 1w yn—_3)’ Ynt1 = Tp—2(Eltynen_3)’

Grove et al. [7] obtained the existence and behavior of solutions of the rational system

a

b ., d
Tl = oo T35 Ynp1 = oo + 4

Yn

Mansour et al. [8] investigated the periodic nature and get the form of the solutions of the following systems

of rational difference equations
_ Tn—1 _ Yn—1
Tnt+l = Tg _ryn—g> It = Ty _1zn—7F°
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El-Dessoky [9] studied the solutions of the rational equation systems
Yn—1Yn—2 Tn—1Tn—2

Tntl = F Ty ) Yntl T e )

Touafek et al. [10] investigated the periodic nature and gave the form of the solutions of the following systems
of rational second order difference equations

Tatl = S Yt T g
Yang et al. [11] studied global behavior of the system of the two nonlinear difference equations
Tntl = %”57 Ynt1 = l_lier%_
Din et al. [6] studied the behavior of the solutions of the following system of difference equations

ATy —3 Y 1= X1Yn—3
BHYYnYn—1Yn—2Yn—3° J7 B1+Y1TnTn—1Tn—2Tn—3 "

Tn+l =

Definition 1. (Periodicity)
A sequence {x,, }5° _, is said to be periodic with period p if xp4+p, = @, for all n > —k.
Definition 2. (Fibonacci Sequence)

The sequence {fn}oo_; ={1, 2, 3, 5, 8, 13, 21, ..} iie. fit1 = fn + fne1, m >0, fo1 =0, fo=11is
called Fibonacci Sequence.

2. THE FIRST SYSTEM: Zy; = 72001 Ty, = 2201

In this section, we investigate the solutions of the two difference equations system

_ Zntn—1 _ _tnzZn_a
Il = Lo 1l = (1)

where n € Ny and the initial conditions z_1, 29, t_1 and tg are arbitrary nonzero real numbers

THEOREM 2.1. Assume that {zp, t,} are solutions of system (1). Then for n =0, 1, 2, ..., we see that all
solutions of system (1) are given by the following formulae

n—1 n—1
_ (f2i—22z0—foi—12-1)(fai—1to—fait—1) _ (feizo—=fait12-1)(foi—1to—fait—1)
Zan—1 = Z-1 H (f2i—120—f2iz—1)(f2ito—fait1t—1) Z2n = %0 H (f2i+120—f2it22-1)(faito—fait1t—1)’
1=0 1=0

and
n—1

n—1
top_1 =t_1 H (f2i—1ZO*f2i2’71)(f2i—2t07f2i—1t71)7 tom = to H ((fziflZoffzizfl)(fzit07f2i+1t71)
1=0 1=0

(f2izo—f2it12-1)(f2i—1to—f2it—1) faizo—fait12—1)(f2i+1to—fait2t—1)’
where {fm}>__, =41, 0, 1, 1, 2, 3, 5, 8, 13, ...}.

Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. that is,

n—2 n—2
_ (foi—220—f2i—12-1)(fai—1to—fait—1) _ (faizo—fait12-1)(fai—1to—fait—1)
-3 = -1 H (fzi—1z0—f2iz—1)(f2ito—fai+1t—1) ° Zm—2 = %0 H (f2i+120—f2it22-1)(f2ito—fait1t-1)’
i=0 =0

n—2

n—2
t 4 (f2i—12z0—foiz—1)(fai—2to—foi—1t_1) ton_o = to H ((f2i71207f2izf1)(f2it07f2i+1t—1)
=0

ton-3 = (f2izo—fait12-1)(f2i—1to—fait—1) ’ faizo—fait12—1)(f2i+1to—faitat—1)’

=0
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Now we find from system (1) that

2n—-1 =

t2n—1

Zan—2tan—3
top—2—lan—3

p nﬁz (f2izo—f2it12-1)(F2i—1to—Fait_1) ¢ n]:[2 (f2i—120—f2i2_1)(f2i_2to—Fai_1t_1)
O Ly Tzix1z0—F2it22—1)F2ito—T2i41t—1) -t (F2iz0—F2it12—DT2i—1t0— F2it—1)

i=0

¢ "1:[2 (f2i—120=f2iz— D) (Faito—faipat-1) | _ [, "1:[2 (f2i—12z0—f2iz—1)(foi—2to—Fai—1t_1)
0 Lo G2iz0-T2it17—D(2i+100 — f2i420—1) —t Ly T Grizo—Feip1r— D) (F2i—1t0—f2it—1)

n—2

(fai20—F2it12—1)(f2i—1to—Fait—1) n=2 (f2;20—F2it12—1)(F2i—1to—Fait—_1)
zot—1 il;lo (Fait+120—Faiy22—1)(faito—Fait1t—1) zot—1 il;lo (Ffai+120—Faiy22—1)(faito—Faip1t—1)

) = (t (f—lt()’f()t—l)(on—éltO’f2n—3t—l>) t
—t_1 —t-1

O TFan—3to—Jan—2t_1)(J_2to—J_1t_1)

¢ "1:[2 (foi—1to—foit_1)(foito—Sfoiyr1t_1)
O Ly Taitito—T2it2t—1)U2i—2t0—J2i—1¢—1)

» ”1:[2 (f2iz0—faitv12—1)(f2i—1to—fait—1)
0 o (2i+120—f2i422-1)(F2it0—f2i41t—1) (f2n—3t0_f2n—2t—l>

_Uan—ato—San—3t—1) 4 fan—3to—fon—2t—1
(fan—3to—fan—2t—1)

n—2
(f2iz0—f2i+12-1)(J2i—1to—f2it—1) -
Z0 il;IO (F2it+120—Ff2it2z—1)(faito—fait1t—1) (fan—sto—fon—2t—1)

—fan—ato+fon—3t—1—fan—sto+fan—2t_1

n—2
2 H (faizo—faix12-1)(foi—rto—fait—1) (fon—3to—fon—2t_1)
0 (fai+120—faiv2z—1)(faito—fait1t—1) (—fan—2to+fan—1t—_1)
=0

n—1
(f2i—220—foi—12-1)(fai—1to—f2it—1)
ZﬁlH (f2i—1z0—f2iz—1)(faito—foit1t—1) °*
=0

ton—222n—3
Z2n—2—%2n—3

p "ﬁz (foi—120—F2iz—1)(faito—Ffoig1t—_1) . "1:12 (fai—220—f2i—172-1)(foi—1to—fait—1)
O 1y T2iz0—T2it17— 1D (T2i+1%0—J2i4+2—1) —t L T Teiciro-F2ir— 1) (T2ito—T2it1t—1)

. ”1:[2 (foizo—faiy12—1)(fai—1to—fait—1) | . "2 (fai—nz0—f2i—12—1)(F2i—1to—Fait_1)
0 im0 (F2it120—f2it22-1)(F2it0—f2it1t—1) -1 im0 F2i—120—f2iz—1)(f2ito—F2it1t—1)

n—2
(f2i—120—foiz—1)(faito—foitr1t—1)
z-1to il;IO (f2izo—f2i+12—1)(f2i+1to—fait2t—1)

2i+1207f2i+2zfl)(f2i72207f2i71271) !

% nﬁZ (f(f2i71Z(J7f2izfl)(f2iz()7f2i+1zfl)
=0
n—2
(f2i—12z0—f2iz—1)(f2ito—fait1t—1)
z-1to 11;[0 (f2iz0—f2it12—1)(f2i+1to—foiy2t—1)

2 (f-1z0—foz—1)(fon—az0—fon-52-1)
0 (fan—sz0—Fan—22-1)(F—220—f—12-1)

to nI:IZ ((f2i71207f2i271)(f2it07f2i+1t—1)

i20—f2it12— i+1to—faitat—
i J2izo—foirrz—1)(fainito—faivat-1) <f27L—SZO_f2n—2Z—1>

_ (fon—azo—fon-32-1) _a3Z20 — _9Z_
Frsse—Trae ) 1 f2n 320 f2n 221

Z_1

n—2

to I1 (foi—120—f2i2—1)(F2ito—F2i41t—1)
0 AL Uaizo—T2it12— 1) F2ig1to—f2i42t—1)

(fon—320—fan—22-1)

—fon—azo+fan—32—1—fon—320+fan—22-1
n—2

(f2izo—f2it12-1)(foit1to—foitot—1) (—fan—220+fon—12-1)

_ tOH (f2ic1z0—f2iz—1)(foito—foit1t—1) (fon—320—fon—22_1)
1=0

(f2izo—f2it12-1)(f2i—1to—fait—1)

n—1
-t H (f?i—120—fQiZ—l)(f2i72t0—f2i—1t—1).
1=0
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Also, we infer from system (1) that

Zan—1tan—2

Zom = ton—1—ton—2
5 nﬁl (foi—2z0—F2i—12_1)(fai_1to—foit_1) p "ﬁz (fai—120—Ff2iz—1)(faito—Sf2it1t—1)
—t L Teiciro—F2ir— D (Rito— T2k 1t—1) 0 1y T2iz0—T2it12— 1D (2i+1%0—J2i420—1)
¢ nﬁl (foi—120—f2iz—1)(f2i—2to—fai—1t—1) | t "1:[2 (fai—120—f2iz—1)(f2ito—foit1t—1)
-1 im0 (F2iz0—f2it12-1)(F2i—1to—fait—1) 0 o (F2i20—F2i412-1)(F2i+1t0~Fait2t—1)
5 "1:[1 (foi—220—f2i—12_1)(f2i_1to—F2it_1)
- —t Ay T Gricrzo—Fair— D (2ito—F2i1t—1)
et (aicazo—faiz_1) P (Faizo—faip12_1) 1
o (F2izo—f2it1z-1) 15 (Fai—120—Ff2iz—1)
2 "ﬁl (foi—2z0—Ff2i—12-1)(f2i—1to—Ff2it—1)
T Ay T a0 T2ir DU2it0 204101 ((fan_220—fan—12-1)
- _(f2n7320*f2.,1,22,1)_1 (fgnfzz()*anlefl)
(fan—220—Ffan—17-1)
n—1
(f2i—22z0—=fai—12-1)(f2i—1to—foit—1)
_ — — 12—
i 11‘1:10 (f2i—1z0—f2iz—1)(faito—faiy1t—1) (fan—220 = fon—12-1)
—fan—320 + fan—22-1 — fon—220 + fon—12-1
n—1
= (fai—220—foi—12-1)(fai—1to—fait—1) (fon—220—fon—12-1)
-1 (fei—1z0—f2iz—1)(faito—fait1t—1) (—fen—120+fanz—1)
=0
n—1
= H (f2izo—fait12-1)(fai—1to—fait_1)
0 (f2it120—fait22-1)(foito—fait1t—1)’
=0
and so,
ton— _
t2’n — 2n—122n—2

22n—1—"%2n—2

p "1:[1 (fai—120—f2iz_1)(f2i—2to—F2i—1t_1) P "1:[2 (f2iz0—F2it12-1)(f2i—1to—f2it_1)
-1 (F2i20—F2i417—1)(f2i—1t0—F2it—1) 0 Lo Tzitrz0—F2it22—1)(F2ito—T2i41t—1)

. "1:[1 (F2i—270—fai—12-1)(ai—ato—fast—1) \ _ [ "1:[2 (foizo—f2it12-1)(fai—1to—fait—1)
b T Gricrzo—Fair— 1) (F2ito—F2it1t—1) 0 Lo T2i170—f2it2e—1)(F2it0 —J2i416—1)

p "1:[1 (fei—170—F2i#—1)(f2i—2to—Ff2i—1t—_1)
-1 (F2iz0—F2it12—1)(Fas—1to—F2it—1)

_"1:[1 (f2i—1to—fait—1) "> (Faito—fait1t_1) _1
imo (f2ito—F2ip1t—1) 1o (F2i—1to—f2it—1)

n—1
(f2i—12z0—foiz—1)(fai—2to—fai—1t—1)
<t1 i];[O (f2izo—f2i412-1)(f2i—1to—f2it—1) )
_ (fon—sto—fon—ot_1) 1 (
(fan—2to—fan—1t—1)

n—1
(foi—120—f2:2—1)(f2i—2t0—f2i—1t—1)
<t,1 T Y2 120~ f2iz_1)(f2i—2to—fai—1t_1 )(f2n72t0_f2n—1t—1)
i=0

(fon—2to—fan—1t—1)
(fon—2to—fan—1t—1)

(F2iz0—F2i+12—1)(F2i—1to—F2it—1)

—fan—stot+fon—2t—1—fan—2to+fon—1t-1

n—1
- ¢ H (foi—1z0—f2i2—1)(f2i—2to—fai—1t—1) (fon—2to—fon—1t—1)
- -1 (f2izo—fai+12—1)(f2i—1to—fait—1) (—fan—1tot+fant—1)
=0
n—1
- ¢ (fai—2to—fai—1t—1) (fon—2to—fon—1t_1)
- 1 fai—ito—f2it—1) (=fan—1totfant—1)

=0

n—1

_ (fai—120—f2iz—1)(f2ito—fait1t—1)

=t H (f2izo—fai+12-1)(f2it1to—faitat—1)"
1=0

The proof is complete.
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Example 1. For confirming the results of this section, we consider numerical example for the difference system
(1) with the initial conditions z_; = 0.3, 29 = 0.4, t_; = 0.15 and ¢y = —0.1. (See Fig. 1).

plot of z(n+1)=t(n-1)z(n)/(t(n)-t(n-1)),t(n+1)=z(n-1)t(n)/(z(n)-z(n-1))
0.4 T T T T T T

z(n)
t(n)

03 [~

0.1 - -

z(n).t(n)
o
T

01 F a

03 -

0.4 I I I I I I I I I
0 2 4 6 8 10 12 14 16 18 20

n

Figure 1. Plot the behavior of the solution of the system (1).

3. THE SECOND SYSTEM: Zy 1 = 72080 Tivyy = =20

T In-Tn-1’

We obtain, in this section, the form of the solutions of the difference equations system

Zntn—1 tnZn—1

)
tn - tnfl —Zn T Zp—1

where n € Ny and the initial conditions z_1, zg, t—1 and tg are arbitrary non zero real numbers with z_; # —zg.

THEOREM 3.1. Let {z,, to}, > Bl

formulae forn=20, 1, 2, ...,

1 be solutions of system (2).Then {z, L and {t, )25 | are given by the

—z_1z0t—1to(z0+2z—1)

“an = (fan—220+fanz—1)(fan—120+fan+12-1)(Ffon—1to—fan—2t—1)(fanto—fan—1t—1)’
P — z_1z0t_1to(20+2—_1)
dn+1 (fon—220+fanz—1)(fon—120+fant12-1) (fonto—fan—1t—1)(fant1to—fant—1)’
Py _ —z_1z0t—_1to(z0+2-1)
dn+2 (fon—120+fant12-1)(fonz0+font22-1)(fonto—fon—1t—1)(font1to—fant—1)’
P — z_1zot—1to(zo+2-1)
4n+3 (fan—120+fant12-1)(fonzotfant22-1)(font1to—font—1)(fant2to—font1t—1)’
and
¢ _ (fon—2z0+fonz—1)(fonto—fon—1t_1) ¢ _ —(fon—1z0+font1z—1)(fonto—fon—1t_1)
dn  — (zo+2-1) y Y4dn41 — (zot+2-1) y
¢ _ (fon—120+font12-1)(fonti1to—font—1) ¢ _ —(fonzot+font22z—1)(font1to—fant—1)
4dn+2 — (z0+2_1) y bdn+3 — (zo+2z_1) .

Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. that is,

—z_1zot—1to(z0+2z—-1)

Fdn-4 = (fan—az0+fan—22-1)(fan—320+fon—12-1)(fen—3to—fan—at—1)(fon—2to—fon—3t—1)’
p _ z_12z0t—1to(20+2-1)

4n—3 (fan—azo+fan—22-1)(fan—320+fon—12-1)(fen—2to—fan—3t—1)(fon—1to—fon—2t—1)’
Py _ —z_1z0t—1to(20+2-1)

4n—2 (fan—3zo+fan—12—1)(fon—220+fanz—1)(fan—2to—fon—3t—1)(fan—1to—fon—2t—1)’
Py _ z—120t—1to(z0+2—1)

4n—1 (fan—3z0+fon—12—1)(fon—220+fanz—1)(fon—1to—fan—2t—1)(fanto—fan—1t—-1)"’
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tan—a = (f2'n.—4ZO+f2n72(Zz;{‘2i{2173—2t07f2'n.—3t—1)7 tan_g = 7(fzn7320+f2n7(122’07_¢i(7f12)nfzt0ff2n,3t,1),

tan—o = (f2n—320+f2n—1(227)1_2‘(2{217371750_.)(‘271,727571)7 tan—1 = _(fzn7zzo+f2n'(zzfo1_l)_(2{2?)f1to—fznfztfl)'

Now, we obtain from system (2) that

—z_120t_1to(20+2-1)
(fan—220+f2nz—1)(fan—120+fen+12-1) (fan—1to—fan—2t—1)(fanto—fan—1t—1)
—(fen—220tfonz—1)(fon—1to—fon—2t_1)
_ Zanlan—1  __ (20+2-1)
“dn+1 = tapn—tan—1 ((f2n7220+f2nz—1)(f2nt07f2n—1t71>)_(*(f2n—220+f2nz—1)(f2n—1t07f2n72t—1))
(z0+z_1) (z0+z_1)
( z_120t_1to(z0+2_1) )
(Ffan—220tfonz—1)(Fan—120+font12—1)(Fanto—Ffan—1t_1)

(fan—1to—fan—2t—1)+(fanto—fan—1t—1)

z_1z0t—1to(20+2-1)
(fon—220+fanz—1)(fon—120+font12-1) (fonto—fan—1t—1)(font11t0—fant—1)’

((f2n7220+f2n271)(f2nt0_f2n71t71))

(z0+2-1)
z_1zot_1to(20t2—1)
‘ N tanZan—1 (fon—3zo+fon—12-1)(fon—220+f2nz—1)(fon—1to—fon—2t—1)(fonto—fon—1t—1)
dn+l = T a1 —z_1z0t_1to(2z0+2-1)
(fon—220+f2nz—1)(fon—120+font+12-1) (fon—1to—fan—2t—1)(fonto—fon—1t—1)
z_1zot—1to(zo+2-1)
(fen—szo+fan—12-1)(fon—220+f2nz—1)(fon—1to—fan—2t—1)(fanto—fan—1t—1)
((f2n7220+f2n271)(f2nto*f2n71t71>) ((f2n7220+f2n271>(fznt()*fznqtfl))
_ (zo+2-1) _ (z0+2_1)
- _1+(f2n7320+f2n71271) 1_Uzn—s20tfon—12-1)
(fan—120+fan412-1) (fan—120+fany12-1)
((f2'n.7220+f2nz—l)(ant07f2n7lt—1>) ((f2n—220+f2nz—1)(f2nt07f2nflt—1))
_ (z0+2_1) _ (z0+2_1)
- 1_Uzn—sz0tfon—12-1) - (fon—220+F2nz_1)
(fan—120+fan+12-1) (fon—120+fan+12-1)
_  —(fon—1zotfons12—1) (fonto—fon—1t_1)
(z0+2-1) :
Also, we can prove the other relations. This completes the proof.
Example 2. We assume that the initial conditions for the difference system (2) are z_; = 0.38, 2o = =17, t_1 =

0.85 and to = 1.26. (See Fig. 2).

plot of z(n+1)=t(n-1)z(n)/(t(n)-t(n-1)),t(n+1)=z(n-1)t(n)/(-z(n)-z(n-1))

120 T T T T T

2(n)
100 —t(n)
80 [~ H
60 - B

Y AN
S NT Vv V\/\/

80 I I I I I
0 2 4 6 8 10

n

Figure 2. Sketch the behavior of the solution of the system (2).
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4. PERIODICITY OF THE SYSTEMS

In this section, we study the periodicity nature of the solutions of the following systems of the difference equations

_ Znln—a _ tnzn_a
Il = o ekl = 2T (3)
_ Znln_1 _ tnZn-1
Il = g g Ikl = (4)
__Zntp—1 _ _tnzn_a
Fntl = T, b1 = —Zn—2n-1" (5)
Where n =0, 1, 2, ... and the initial conditions z_;, zg, t—; and ¢y are arbitrary nonzero real numbers.

THEOREM 4.1. Suppose that {zy, tn} are solutions of difference equation system (8) with zg # —z_1, to # t_1.
Then all solutions of system (3) are periodic with period siz and forn =20, 1, 2, ...,

_ _ _ _zot_1 _ t-1(z0tz-1) _ to(zotz—1) __z-1to
Z6n—1 = Z—1, 26n — 20, Z6n+1 — to—t_1° 26n+2 = (t_1—to) > 26n+3 = (to—t_1) Z6n+4 = (t_1—to)’
and
_ _ _ _z-1to _ z—1(to—t—1) _ Zo(t—1—to) __ _Zot—1
ton—1 =1-1, ton =to, tont1 = 737 1) tent2 = 0o v ton+3 = ooy 0 tontd = o)

Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. that is,

_ _ __ _Zot—a _ t_1(z0t2-1) _ to(zot2-1) _ _z-ato
Z6TL77 - Z*l? ZGTL*G - ZO? ZG’I’L*E) - to—t_1’ 2”67174 - (t—lft()) ) 267173 - (tO*t—l) ) 26n72 - (t,17t0)7
and
_ _ _ _z—1to _ z—1(to—t_1) _ zo(t—1—to) __ _Zot—1
ton—7 =1-1, lon—6 =to, ton—5 = 2321+ ton—4= "oy len—3 = o) ton—2 = oy
Now, we obtain from system (3) that
zZ_1to zo(t—1—t0)
P _ Zén—2t6n—3 __ (t—1—to) (z0+2-1) _ z—1tozo _ zZ-1tozo __ z
6n—1 = t6 o—ten—s zot—1 _\_(zo(t—1=to)\ ~ zot-1—20(t—1—t0) _  zoto 7D
(zo+2z-1) (zo+2z-1)
zot—1 to(zotz—1)
t _ ten—226n-3 __ (z0+2-1) (to—t-1) _ zot_1to _ zot—ito =t
6n—1 = o, otzen-3 z—1to to(zo+z—1)\ =~ —z_i1to+to(zo+z—1) = tozo -b
(t—1—to) (to—t—1)
P zot—1
P _ Zen—1ten—2 _ _*(zotz_1) __ zZ—120t—1 — 5
6n T tea_1—ten—2z o Zot—1 _ — t_1(20tz—1)—z0t—1 _ ~O»
17 (z0+2-1)
¢ z_1to
¢ _ ten—126n—2 _ _ _‘(t_1i—to) __ t_12_1to —¢
6n = n_itzen-2 _z_1to _ ~ z_1(t—_1—to)tz_1to _ O

SR (e

We can prove the other relations similarly. The proof is completed.

THEOREM 4.2. If {z, t,} are solutions of system (4) with zo # z_1, to # —t—1. Then all solutions of system
(4) are periodic with period six and given by the formulae

_ _ _ _zot—1 _ t_1(zo—2-1) _ to(z_1—20) _ z-1lo
Z67L—1 - Z—17 ZG’IL - ZO? ZG’IL-’,—l - t0+t71 9 Z67L+2 - (t0+t71) bl ZG7L+3 - (t0+t71) ’ Z6’IL+4 - t0+t71 bl

_ _ _ _z-1to _ z—1(to+t—1) _ zo(tott—1) __ _Zot—1
ton—1 = 11, ten =to, tont1 = ;=5 15 ton+2 = T 0y tents = o) lenta = - o
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THEOREM 4.3. Assume that {zn, t,} are solutions of difference equation system (5) with zg # —z_1, to # —t_1.
Then all solutions of system (5) are periodic with period siz and forn =0, 1, 2, ...,

_ _ _ _ _zota _ t-1(zotz_1) _ to(zotz-1) _ _ z-ato
Z6n—1 = Z—1, Z6n — 20, “6n+1 = T toft_1 Z6n4+2 = (to+t_1) 26n+3 = (to+t_1) Z6n4+4 = T toft_ 1

_ _ _ z—1to _ z-1(to+t_1) _ zo(t—14to) _ zot—1
ton—1 = 1-1, ten =to, tont1 = —2 32 s tont2 = T qn ) o tent3 = ooy lenta = T 0T -

Example 3. See Figure (3) where we take system (3) with the initial conditions z_; = 0.18, zo = 0.17, t_; = 0.5
and ty = 0.86.

plot of z(n+1)=t(n-1)z(n)/(t(n)-t(n-1)),t(n+1)=z(n-1)t(n)/(z(n)+z(n-1))
1 T T T

z(n)

t(n)

0.5 -

Z(n),(n)

Figure 3. Draw the behavior of the solution of the system (3).

5. OTHER SYSTEMS
In this section, we obtain the form of the solutions of the follwing systems of the difference equations.
THEOREM 5.1. If {z,, t,} are solutions of system
Zn+l = %7 tnt1 = ﬁa (6)

where n € Ny and the initial conditions z_1, 29, t—_1 and ty are arbitrary non zero real numbers, then for
n=0,1,2,...,

n—1 n—1
~ - H (f2i—2z0+fai—12-1)(fai—1to—foit—1) JOR— H (foizot+fait12-1)(foi—1to—fait—1)
2n-1 -1 (fzic1zo0+f2i2—1)(f2ito—Jfait1t—1) * “21 0 (f2it120+f2it22-1)(f2ito—fait1t-1)’
1=0 =0

n—1

n—1
t 1 (f2i—1z04foiz—1)(fai—1t—1—f2:i—2to) ton = to H ((f2i—120+f2i271)(f2it0*f2i+1t—1)
=0

tan—1 (faizo+f2iv12-1)(feit—1—f2i—1t0) faizo+fait12—1)(fait+1to—faivat—1)"

=0

-1
such that T[] Ai = 1.
i=0
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THEOREM 5.2. The solutions of system
Zntn—1

— _ tnzn—1
Zntl = g g bel = SR (7)

are given by the relations

n—1 n—1
- H (f?z‘—lz—l_f2i—220)(f2i—1t0+f2it—1)’ Zom = 20 H (}f2izo_f2i+1Z*l)(f2i—1t0+f2it71)
=0 =0

Z2n—1 (f2iz—1—f2i—120)(faito+fait1t—1) 2i+120— fait2z—1)(faito+fait1t—1)’
n—1 n—1
_ (f2i—12z0—f2i2—1)(f2i—2to+fai—1t_1) _ (f2i—12z0—f2iz—1)(f2ito+fait1t—1)
ban—1 = 1 (f2iz0—f2it+12—-1)(fei—1to+fait—1) tan = lo H (f2iz0—f2i+12-1)(feit1to+faitat—1)’
=0 =0

-1
where n € Ny and the initial conditions z_1, zo, t—1 and ty are arbitrary non zero real numbers and [] A; = 1.

=0
THEOREM 5.3. Suppose that {zn, tn}:2° | are solutions of system
Zntn— _ tnzn—
Il = SO b = R (8)

where n € Ny and the initial conditions z—1, zg, t—1 and to are arbitrary non zero real numbers with z_1 # —zp.
Then {z,}12°, and {tn}:io_l are given by the formula for n =0, 1, 2, ...,

n=—

z_1z0t—1to(20+2-1)

“an = (Fu 2z0+ fanz—1)(Fan—120% fant12—1)(Fan—1t—1+ fan—2t0) (Jant—1+ Fan—1%0) °
P _ —z_1zot_1to(z0+2-1)
dnt1 (fan—220+fanz—1)(fon—120+fant12—1)(fant—1+fan—1t0) (fant1t—1+fanto)’
2 _ z_1zot_1to(zo+2_1)
4n+2 (fan—120+fant12-1)(f2nzo+font22-1)(fant—1+fon—1t0) (fan+1t—1+f2nto)’
P _ —z_120t_1to(20+2-1)
4n+3 (fan—120+fant12-1)(fanzo+fong22—1)(font1t—1+fanto) (fant2t—1+fansito)’
and
t _ (fon—2z0+fonz_1)(fanto+fon—1t_1) ¢ _ (fon—1zo+font12-1)(fontot+fon_1t_1)
dn = (z0+z-1) ) tAntl = (zo+2-1) ’
(fon—12z0+font12-1)(font1tot+font—1) (fonzot+font2b)(fontitotfont—1)

tant2 = (z0+2-1) y tants = (z0+2-1) .

THEOREM 5.4. Let {z,L,t,L}:iil be solutions of system
_ Zntn—1 _ thnzn_1
Intl = g,y bl T T (9)

Then {z,}12°, and {tn}:f_l are given by the following expressions forn =0,1,2, ...,

n=-—

Zflzotflto(Z()—Zfl)

Pan = (fon—220—fanz-1)(fan—120—fan+12-1)(fan—1to—fan—2t—1)(fonto—fon—1t-1)’
2 _ Zflzotflto(Z()—Zfl)
Antl = (Fan—220—fanz—1)(Jon—120—f2n+12—1) (Fanto—Fan—1t—1) (Jantito—f2nt—1)’
2 _ 727120t71t0(207271)
4nt2 T (fon_12z0— font12-1)(J2nzo—f2nt22-1) (Jento—fzn—1t—1)(fznt1to—Fant—1)’
2 _ 72712:()t71t()(2:()72:71)
Ant+3 T (fan_120—Jfont12—1)(Fan 20— Jf2nt22—1) (fant1to—Fant—1)(fantato—faniit—_1)°
and
¢ _ (fon—2z0—fonz_1)(fonto—Sfon_1t_1) " _ =(fon—120—font12-1)(fonto—fon—1t_1)
4n  — (z0—2-1) s Ydn41 — (z0—2—1) 3
_ (fon—1zo0—font12—1)(fontito—font_1) —(fonzo—font+2b) (font1to—font—1)

bant2 = (20—2-1) » bants = (20—2-1) ’
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where n € Ny and the initial conditions z_1, zg, t—1 and tg are arbitrary non zero real numbers with z_1 # zg.

THEOREM 5.5. Let {z,, tn}-lrOO be solutions of system

n=-—1

Zntn—1
—tn—tn-1’

t7b+1 = tnfa-l (10)

Zn—2n—1’

Zn4+1 =

where n € Ny and the initial conditions z_1, 29, t_1 and ty are arbitrary non zero real numbers with t_1 # —tq.
Then {z,}12°, and {tn}::il are given by the following relations forn =10, 1, 2, ...,

n=—

2 _ (fonzo—fon—12-1)(fon—2to+font_1) _ (fonzo—fan—12-1)(fon—1to+font1t—1)
4n - tot+t_1 ) Z47L+1 - to+t_1 9
2 _ (font12z0—fonz—1)(fon—1to+font1t—1) P _ (font1zo0—fonz—1)(fontotfontat—1)
An+2 — tot+t_1 s ~A4n+3 — to+t_1 ’
and
t — —zoz—1tot—1(to+t—_1)
4n (fan—12z0—fan—22-1)(fanz0—fan—12-1)(fan—2to+font—1)(fan—1to+font1t—1)’
t _ zoz—1tot—1(to+t_1)
dn+1 (fanzo—fon—12-1)(fant120—fanz—1)(fon—2to+font—1)(fan—1to+font1t—1)’
¢ _ —zoz_1tot_1(to+t_1)
4n+2 (fanzo—fan—12-1)(fan+120—fanz—1)(fon—1to+fan+1t—1)(fanto+fantat—1)’
t — z0z—1tot—1(to+t—1)
4n+3 (fan+120—fanz—1)(font+220—fon+12-1)(fon—1to+fant1t—1)(fonto+fant2t—1)"

THEOREM 5.6. Suppose that {z,, t, ::::1 be solutions of system
ntn— tn2Zn—
Il = p s bk = (11)
Then {z,},:2°, and {t,}>° | are given by the following relations forn =10, 1, 2, ...,
Zan = (f2nzo7f2n712t:)17)t(i21n72t07f2nt71)7 Zdngl = *(f2n2’0*f2n71Zgolz(tfizlnflto*fzn+1t71),
Zints = (f2n+lZ07f2nzftt))_({27nlf1t07f2'n.+1t71)’ Zgngs = 7(f2n+1ZO7f2n:07—12(7{2nt07f2n+2t71)7
and
t _ 7Z()Zflt0t71(t07t71)
An T (fan—120—fen—22-1)(J2nz0—f2n—12—1)(J2n—2to— f2nt—1) (Jan—1to— fznt1t—1)°
t _ zoz,ltot,l(toft,l)
Antl T (Fanzo—fan—12-1)(F2n4120—f2n2-1)(Fan—2to—fant—1)(Jan—1to—Fan41t—1)°
t — —Zozfltotfl(t[)—tfl)
4n+2 (fanzo—fan—12-1)(fan+120—fanz—1)(fon—1to—fan+1t—1)(fanto—fantot—1)’

Z()zfltotfl(to—tfl)
(fant120=fanz—1)(fon+220—fant12-1)(fon—1to—font+1t—1)(fonto—fant2t—1)"

tynts =

where n € Ny and the initial conditions z_1, zg, t_1 and to are arbitrary non zero real numbers with t_1 # tg.

THEOREM 5.7. Let {zn,tn}:f 1 be solutions of system

_ Zntn—1 _ _tnZn_a
Il = g Il = 2 (12)
Then {z,}12°, and {tn}::il are given by the following relations forn =10, 1, 2, ...,
2 _ (fonzotfon—12-1)(fon—2totfont—1) 2 _ (fonzotfon—12-1)(fon—1totfontit—1)
4n  — tot+t_1 s 4n+1 — tot+t_1 )
2 _ (font1z0tfonz—1)(fon—1tot+fontirt—1) P _ (fontrz0+fonz—1)(fontotfontat—1)
An+2 — tot+t_1 s ~A4n+3 — to+t_1 i
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and

¢ _ —zoz—1tot—1(to+t—1)
dn (fon—120+fan—22-1)(fanz0+fan—12-1)(fan—2to+font—1)(fon—1to+font1t—1)’
¢ — 20z_1tot_1(to+t_1)
dn+1l (fanzo+fan—12-1)(fan+120+fanz—1)(fan—2to+font—1)(fon—1to+font1t-1)’
¢ — —zoz—1tot—1(to+t—1)
dn+2 (fenzot+fan—12—1)(fent120+fanz—1)(fon—1to+fant1t—1)(fantotfanyat—1)’
t _ zoz—1tot—1(to+t_1)
4n+3 (Ffon+120+fanz—1)(fent220+font12-1) (fan—1to+fent1t—1)(fanto+fant2t—1) "

where n € Ng and the initial conditions z_1, zy, t_1 and ty are arbitrary non zero real numbers with t_, # —tg.
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Abstract

Here we present Hardy type integral inequalities for Choquet inte-
grals. These are very general inequalities involving convex and increasing
functions. Initially we collect a rich machinery of results about Choquet
integrals needed next, and we prove also results of their own merit such
as, Choquet-Holder’s inequalities for more than two functions and a mul-
tivariate Choquet-Fubini’s theorem. The main proving tool here is the
property of comonotonicity of functions. We finish with independent es-
timates on left and right Riemann-Liouville-Choquet fractional integrals.

2010 AMS Mathematics Subject Classification: 26A33, 26D10 26D15,
26E50, 28E10.

Keywords and Phrases: Choquet integral, Hardy inequality, comonotonic-
ity, fractional integral, convexity.

1 Introduction

To motivate the work in this article we mention the Riemann-Liouville fractional
integrals, see [9]. Let [a,b], (—o0 < a < b < 00) be a finite interval on the real
axis R. The left and right Riemann-Liouville fractional integrals I, f and Ij* f
(respectively) of order a > 0 are defined by

(12,1) (@ F(la / FO @0t (@),

1 a—1
(Ib f) (a/f (t — ) dt, (z<b),

where I' is the Gamma function.
We mention a basic property of the operators I, f and I}* f of order a > 0,
see also [11]: It holds that the fractional integral operators I$, f and If* f are
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bounded in L, (a,b), 1 < p < oo, that is

[TefIl, < KA, (B fl, < KN,

where
(b—a)*
al’ (a)
The first inequality that is the result involving the left-sided fractional integral,
was proved by H.G. Hardy in one of his first papers, see [7]. He did not write
down the constant, but the calculation of the constant was hidden inside his
proof.

General Hardy inequalities of the above type were derived also in [8] and

[1]. We continue this kind of research for Choquet integrals based on the

K =

comonotonicity property of functions and convexity. We derive a wide range
of Choquet integral inequalities of Hardy type.

2 Background

In this section we give some definitions and basic properties of Choquet integral
essential for this work.

Definition 1 (/15]) Let X be a non-empty set, F be a o-algebra of subsets of
X and p: F — [0,00] be a nonnegative real-valued set function, u is said to be
a fuzzy measure iff:

(1) 1(2) =0,

(2) for any A,B € F, AC B implies p(A) < u(B) (monotonicity),

(8) for {A,} C F, Ay C Ay C ... C A, C ..., implies T}LII;OM (Ap) =
(U2 Ay) (continuity from below)

(4) for {A,} C F, A1 D Ay D ... D A, D ..., u(A1) < oo, implies
nli_)ngou (An) = 1 (N2, Ay) (continuity from above).

If u is a fuzzy measure from F to [0,1] with p(X) =1, p is called a regular
fuzzy measure. If p is a fuzzy measure, (X, F, ) is called a fuzzy measure space
and (X, F) is a fuzzy measurable space. Clearly p is not necessarily an additive

measure. Let F' be the set of all real-valued nonnegative measurable functions
defined on X.

Definition 2 ([10]) Let (X, F,pn) be a fuzzy measure space, i is said to be
submodular (supermodular) if

R(ANB)+p(AUB) < (Z)p(A) +p(B), VA BCF. (1)

Definition 3 ([4]) Let f,g € F, f and g are said to be comonotonic iff f (z) <
f(a') implies g (z) < g(2'), V z,2’ € X.
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Definition 4 (/5], [16]) Let (X,F,u) be a fuzzy measure space, f € F and
A € F. The Choquet integral of f with respect to u on A is defined by

/ fdp = / (AN {alf (2) > a}) da. (2)

C) [y fdp < oo, we call f (C)-integrable, Ly (u) is the set of all (C)-
integrable function.
Clearly (C) [y fdp < oo, implies (C) [, fdu < co.

Theorem 5 ([14]) Let (X, F,p) be a fuzzy measurable space, {f1, f2, f} C F,
A, B e F and ¢ > 0 constant. Then,

(1) if p(A) =0, then (C) [, fdu =0,
(2) (C) [, cdp = cu(A),

(3) if f1 < fa, then
C)/Afldﬂﬁ (C)/Afgdp,, (3)

(4) if AC B, then (C) [, fdp < (C) [ fdp.
(5) (C) [, (f +c)dpu = (C) [, fdp+ cu(A),
(6) (C) [y cfdp=c((C) [, fdp).

Theorem 6 ([5]) Let (X, F, ) be a fuzzy measure space and f,g € F. Then
(1) if f,g are comonotonic, then for any A € F,

(& )/ (f+g9)dp= /fdu+ /ydu, (4)
(2) if p is submodular, then for any A € F,
© [ (t+9)du=(C) [ fdu+(©) [ gan )
A A A
The Jensen’s inequality for Choquet integrals follows:

Theorem 7 ([13]) Let (X, F, ) be a fuzzy measure space and f € Ly (). If p
is a regular fuzzy measure and ® : [0,00) — [0,00) is a convex function, then

2 (© [ sa)<(© [ @nan (6)

Corollary 8 ([13]) Let (X, F,u) be a fuzzy measure space and f € Ly (u). If
1 is a reqular fuzzy measure, then

© [ an) <©) [ frap ")
(@[ 1) <@ [

for any 1 < p < oo.
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Theorem 9 ([13]) (Hélder’s inequality) Let (X, F, ) be a fuzzy measure space
and f,g € F. If p is a submodular fuzzy measure and 1 < p,q < oo with
1% =+ % =1, then

1

© [ fgdu<( )/ fpduf ((C) /. quu>q- (®)

Theorem 10 ([13]) (Minkowski inequality) Let (X,F,u) be a fuzzy measure
space and f,g € F. If u is a submodular fuzzy measure and 1 < p < oo, then

(@ <f+g>pdu)’1’s (@] f”du>;+((0) /. gpdu);~ 9)

We give

Theorem 11 (Holder’s inequality for three functions) Let (X, F,u) be a fuzzy
measure space and fi, fg,fg, € F If p is a submodular fuzzy measure and
1<p1<p2<p3<oowzth -+, +——1then

o[ f1f2f3dué< ) [ f{“du) ( /[ f§2du) ( [ f§3du> g

Proof. Let p = ;F;
We apply (8) as follows

0) [ psatadn = ((©) [ (nser ) (€ [ man)” S

We see that

1 1 1 -1
P+Pp<+)p<1>p<p3 )1. (12)
b1 b2 b1 b2 b3 b3

Clearly it holds %1, %2 > 1.
Therefore we get

/flf%’du<( /fﬂldu) ( /fz”du) SNGEY
((C)/Xf{“du)m ((C)/Xﬁ”du>m
That is
(@] (flfz)”du); <(of ffldu)pll (@] f§’2du>pl2- (14)

Combining (11) and (14), we produce (10). =
In general we have

= p3. Notice that % + % =1
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Theorem 12 (Holder’s inequality for n functions) Let (X, F, 1) be a fuzzy mea-
sure space and f; € F,i=1,...n € N. If u is a submodular fuzzy measure and
7

1
1<p1§p2§...§pn<oowithZ}%zl,th@n

i=1

o[ f[lfiduﬁ H (@] ff’iduy- (15)

Proof. By induction. =

Remark 13 Let A be a o-algebra, and let { A }reny C A be a family of pairwise
disjoint sets. Here P is a probability measure on (X, A) with only the finite
additivity property valid: i.e.,

P (Up_, Ap) ZP (Ar), VneN.

We observe that

n—oo

P(UpLAr) = Tim P (Uf_y Ay) = lim S P(A) =) P4 (16)
k=1 k=1

That is, the countable additivity property holds, hence P is a usual probability
measure.

Notice that a o-algebra on X is also an algebra of subsets of X.

Definition 14 (/3], [6]) For every space Q and algebra A of subsets of Q a set-
function o : A — R is called a (normalized) capacity if it satisfies the following:

(i)
oc(@)=0, o(Q) =1, (17)

(ii))V A Be A:ACB=0(A) <o(B).
From (i) and (i) we get that the range of o is contained in [0,1].

In general the Choquet integral is defined as follows:

Definition 15 (/3/, [12]) Let (2, A) be an algebra and f: Q2 — R is a bounded
A-measurable function and o is any (normalized) capacity on  we define the
Choquet integral of f with respect to o to be the number

(C’)/Qf(w)da(w):/Oooa({weﬂzf(w)za})doH— (18)

0
| e @ zan -1,
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where the integrals are taken in the sense of Riemann.
A (normalized) capacity o is called probability ([6]) iff

VA BeA:0(AUB)+0(ANB)=0(A)+0(B). (19)

Notice that since the integrands are monotone, the Choquet integral always ex-
ists, and if o is a probability it collapses to a usual Lebesque integral.

Definition 16 (/6]) Let f,g: Q — R be two bounded A-measurable functions.
We say that f and g are comonotonic, if for every w,w’ € Q,

(f (W) = F (W) (9 () —g (W) = 0. (20)

A class of functions F* is said to be comonotonic if for every f,g € F*, f and
g are comonotonic.

Proposition 17 (/6]) If o and X\ are (normalized) capacities on the algebra
(Q,A), and f,g: Q — R are bounded A-measurable functions then:

(i)
(C)/ lado =0 (A), VA€ A (21)
Q

where 14 is the characteristic function on A,
(ii) (positive homogeneity)

(©) [ ptdo=p ((C) / fdo) , for every p >0, (22)
(iii) (monotonicity) f > g implies
©) [ tdo =€) [ gao. (23)
(iv)
©) [ (t+p)do=(C) [ fdo+p. VpeR (24)

(v) (comonotonic additivity) If f,g are comonotonic then

() /Q (f+g)do=(C) | fdo+ (C) /Q gdo. (25)

We need the very important

Q

Lemma 18 ([6]) Let (2, A) be an algebra. Suppose that F* is a comonotonic
class of bounded and A-measurable functions from Q into R and o is a (normal-
ized) capacity on (2, A). Then there exists a probability measure P on (2, A)

such that for every f € F*
/ fdo = / fdP. (26)
Q Q

Here fQ fdP is a standard integral of Lebesgue type.
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Based on Remark 13, Lemma 18 is still valid in case that (92,.4) is a o-
algebra.

Definition 19 (/6]) Let X,Y be two sets and Z = X xY. Let f : Z — R. We
say that f has comonotonic x-sections if for every z,a’ € X, f(z,-): Y — R,
and f(2',:) : Y — R are comonotonic functions. Comonotonicity of y-sections
1s similarly defined. We call f slice-comonotonic if it has both comonotonic
x-sections and y-sections.

Remark 20 Notice that Definitions 14-16 and Proposition 17, are still valid
when (2, A) is a o-algebra.

Next we mention Fubini’s theorem for Choquet integrals.

Theorem 21 ([2]) Let (21,%1), (Q2,%2) be o-algebras. Let u;, i = 1,2 be
submodular (or supermodular) regular fuzzy measures on §;, respectively. Let
Q =y X Qo be endowed with the product o-algebra ¥ = 31 ® ¥o. Let f :
0 X Q9 — R be a slice-comonotonic bounded X-measurable mapping, then:

1) f(-,w2) is Li-measurable and wa € Qo — (C) le f(s,wa)duy (s) is
bounded and Yo-measurable,

f(w1,-) is Ba-measurable and w1 € Q1 — (C) [q,, f(w1,t) duz (t) is bounded
and Y1 -measurable,

2) the iterated integrals (C) [o, [o, fdurdusz, (C) [o [q, fduzdus evist and
are equal:

© (<c> A f(wl,w)dul) wa=(0) | (<c> A f(wl,wQ)duQ) du.
(27)

We give

n
Definition 22 Let f: [[ Q; — R, n € N. If the i-sections
i=1
f(x1, e Tim1, s g1,y s ) and f (m’l, ...,x§71,~,$;+1,...,x;) are comonotonic
functions, for alli =1, ...,n; where the vectors (1, ...,Ti—1,Tit1, s Tn),
n—1
(2 @iy 2l al) € I Q are different, for all i =1,2,...,n, we call f
j=1
J#i
slice-n-comonotonic function.
We denote by 0 a permutation of the set {1,2,...,n} into itself, n € N. There

are n! permutations.

In [2] is mentioned that Theorem 21 can be generalized for n spaces. Next
we state in brief Fubini’s theorem for n Choquet iterated integrals.
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Theorem 23 Let (Q;,%;) be o-algebras, i = 1,2,....n € N. Letu;, i = 1,2,....,n
be submodular (or supermodular) regular fuzzy measures on §;, respectively. Let
Q=[] Q; be endowed with the product o-algebra ¥ = @71 %;. Let f: [[ Q& —

=1 =1
R be a slice-comonotonic bounded X-measurable mapping, then

(C)/ / fduidus...du, =
Qn anl Q1

(C)/ / / deQ(l)dU,g(Q)...dUQ(n), (28)
Qo) Y Qo(n—1) Qg (1)

for any permutation 6 on the set {1,...,n}. All the iterated Choquet integrals in
(28) exist and are equal.

Proof. By induction, (23) and using Theorem 21. =

Remark 24 If p is a countably additive bounded measure, then the Choquet
integral (C) [, fdp reduces to the usual Lebesgue type integral (see, e.g. [5], p.
62, or [17], p. 226), above it is A C Q.

3 Main Results

This section is motivated by [8].

Let the fuzzy measure spaces (1, X1, 11) and (Qg, X, i15), where g, py are
regular fuzzy measures, furthermore pq, 5 are assumed to be submodular.

Let &k : Q1 x Q9 — R4 which is a bounded measurable function and k (z,y)
is slice—comonotonic and belongs to a comonotonic class F}* as a function of
Y.

Consider the function

and assume that K (z) > 0.
Notice that K is bounded.
Denote by W (k) the class of functions ¢ : Q; — R4, such that

6(x) = (C) / k(2,9) f (v) dpss (3), (30)

where f: Q5 — R, is a bounded measurable function, such that & (z,y) f (y) is
slice—comonotonic and belongs to a comonotonic class Fy as a function of y.
Notice that ¢ is also bounded.
We give
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Theorem 25 Let u be a nonnegative measurable function on Q. Assume that
wU2) s bounded on Q1. Define v on Q9 by

u ()

W)= [ i

k(z,y) dp (z), (31)

which is bounded. Let ® : Ry — R4 be a conver and increasing function,
such that k (x,y) ® (f (y)) is z-section comonotonic with comonotonic class Fy .
Assume here that (Fy U Fy U Fy) C F*, where F* is one comonotonic class of
functions on Q. Assume further that u(z) (K (z)) "k (z,3) ® (f (y)) is slice-
comonotonic. Then

g9 (z)
(C)/Qlu(zﬁb <K(x))d“1 (z) < (C)L2v(y)®(f(y))du2 (v), (32)

holds for all g € W (k), with f as in (30).

Proof. We observe that

© [ ) (Ktx) © [ k) f )i @)) o= (3

(next we use Lemma 18, where P is a probability measure on 25)

© [ v (7@ [ ke fwape)dn e <

Qo
(we can also write K (x) = fm k(x,y)dP (y), hence by classic Jensen’s inequal-

ity)

(C)/Q u(z) (K () ((C) k(ﬂ%y)@(f(y))dp(y)) dpy () = (34)

Qo

(again by Lemma 18)

© [ ) @) (<c> E@.y) @ (f ) diy <y>) diy () =

Qo

o (@] @) (6 () ko) ® (7 () ) dis (0) =

(since the functions @ (f (y)) and u (z) (K (2))” "k (z,y) ® (f (y)) are bounded
and the second one is slice-comonotonic, we can apply Fubini’s Theorem 21)

o (@] ) (K ) k() @ () (@) dis 1) =

9
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proving the claim. m
We also give

Corollary 26 All as in Theorem 25, with ® = identity mapping. Then

©) o ;((wx))g (x)dpy () < (O) / v(y) f(y)dpsy (y), (36)

Qo

holds for all g € W (k), with f as in (80).
Corollary 27 All as in Theorem 25, with ® () = 2P,V x € Ry, p > 1. Then

Kp (;Z dl‘l ( ) < (C>/ v (y) fP (y) dpig (y) ) (37)

Qo

holds for all g € W (k), with f as in (30).
Corollary 28 All as in Theorem 25, with ® (x) =e*,V x € Ry. Then
g(z
©) [ @ eF S @) 2(©) [ v@eDam).  69)
holds for all g € W (k), with f as in (80).

Corollary 29 All as in Theorem 25, with ® = identity mapping and u(x) =
K (z). Then

(@Awwmws@éu@ﬂww@, (39)

holds for all g € W (k), with f as in (30). Herev (y fQ (z,y) duy () is bounded.

Corollary 30 All as in Theorem 25, with ® (z) = aP, V x € Ry, p > 1, and
u(x) = KP? (x). Then

©) [ & @ @) < (©) [ 0 @) o). (10)
holds for all g € W (k), with f as in (30). Here
v(y) =(C) ; KP~Y (2) k (z,y) dp, (z) is bounded. (41)
10
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Remark 31 (on Corollary 80) Let us assume that k(z,y) < M, M > 0, V
(z,y) € Q1 X Qa, then K (z) < M. And from (41), v (y) < MP.
Consequently, from (40), it holds

© [ o @) (@) < 227 (<c> [ W <y>), (12)

and even better written

(©f ¢@dn@) <u(©f roamn). @
Next we rewrite the result of (43) in detail.

Theorem 32 Assume that k (z,y) < M, M >0,V (z,y) € Q1 X Qa, and let
p > 1. Define

o) = (C) [ K7 @ k(e dn @), (1)
1
which is bounded. Here k (z,y) (f (y))? is x-section comonotonic with comonotonic
class Fy. Assume that (Fy U Fy U Fy) C F*, where F* one comonotonic class

on Qa. Assume further that (K (z))" "k (x,y) (f (y))" is slice-comonotonic.
Then

(© [ s@an@) <u(© [ roasw) . @
holds for all g € W (k), with f as in (80).
Remark 33 Assume that k(x,y) < M, M > 0,V (z,y) € Q1 x Qy. Hence
directly by (30) we get

g(w)SM<(C) | f(y)dug(y)), Vaeo

<

Therefore
| o@adn @ < (© [ 16)dnm). (46)
holds for all g € W (k), with f as in (30).

Theorem 34 Definev on Qs byv (y) = (C) le k(x,y)du, (x), which is bounded.
Letp > 1. Herek (z,y) (f (y))" is slice—comonotonic and belongs to a comonotonic
class F§ as a function of y. Assume that (F} U Fy U Fy) C F*, where F* one
comonotonic class on Q. Then

(©) /Q (K (@) ¢ (2) dsy (z) < (C) /Q o) P ) dus (v) . (47)

holds for all g € W (k), with f as in (30).

11
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Proof. By Theorem 25, take f () =P, >0, p > 1, and u(z) = K (z).
[

Corollary 35 All as in Theorem 34. Then

(@] ) @) <a(© [ 7, w). s

holds for all g € W (k), with f as in (30). Here k(z,y) < M, M > 0, V
(Zli,y) € Q]_ X Qg.

Proof. Since p > 1, 1 —p < 0. Hence the left hand side of (47) is greater
equal to M7 ((0) Jo, 9 (@) dy (x)), by K (z) < M and (K (z))"™" > M.

And the right hand side of (47) is less equal to M ((C) sz P (y) dpig (y)), by
v (y) < M. Therefore

(o [ ) @) < (© [ 1, ). @

proving the claim. m

4 Appendix

Here B stands for the Borel o-algebra on [a, b] .

Let the fuzzy measure spaces ([a, b], B, 1) and ([a, b] , B, i), where [a,b] C R
and pq, py are bounded fuzzy measures with po submodular. Let p,q¢ > 1 such
that % + % =1. Let f : [a,b] — Ry which is bounded and B-measurable.

We define the left and right Riemann-Liouville-Choquet fractional integrals
of order @ > 1 (respectively):

(12, f) () = ﬁ © [ S0 (1) dpy (1), (50)
and . .
(13- 1) (@) = 775 ©) / (b= 2)™ " £ (£) dysy (1) (51)

YV x € [a,b], where T is the gamma function.
We assume that (I&_ f) and (I[)ﬂ f) are B-measurable functions. Clearly
I f,Ii* f are nonnegative and bounded over [a, b].

Remark 36 By Theorem 9 we obtain

G DR CT DI
(52)

12
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Hence it holds

« p 1 p(a—1) ’ q !
((200) @) < gy b= 0" () <<c> | (t)duz(t)> ,
(53)
Vaé€lab.
Therefore
b
(© [ ((12.5) @) dus (2) <
251 ([a7b]) p(a—1 b q
s =) ( ) [ 1 ®dn, ) (54)

Similarly, we have

b
(1 1) (@) € F(la)<<0> J A ) ( / 798 dp (¢ )

1 56)
< iy (="l ( [ )
As before we obtain
b P
((0) | (G @) dun >> <
i . () o ( ) [ 0 ) o)

We have proved

13
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Theorem 37 Here o > 1 and the rest are as in this section. It holds

max{ (<0> / (2 1) @) din (x)) gy ((C) / (5 1) @) din (m)) }

(s ([0, B)) 1 (0, )P (b — @) \
< zr(a) ( /f ) ds (¢ ) (58)

Remark 38 From (52) we get

(12.0) @ < g (@@ =0 iy a))) ((0) | 1 du, <t>> ;

(59)

and from (56) we derive (by exchanging the roles of p and q)

(If_f)(msﬁ((b—x)qm‘” ( / 17 () dpss (1 ) . (60)

Therefore by multiplying (59), (60) we get

a a 1 pla—1 %
(12:0) @) (5-1) @) £ e (@ =@ (aa) ™ (61

1 b
(b= 2) " py ([a,8])) " <<c> | r@di o ) ( / 17 () dpy (2 )
(using Young’s inequality for a,b > 0, avbi < % + 2)
o1 ((z — 0"V iy (aa]) |, (b=2)" "V ([smb])) |
T (T (a)? p q

) : ) "
((C) / fq(t)duz(t)> ((O) / f”(t)duz(t)> | (62)

We have that
(I f) (=) (15 f) (z)
{(w a)rte” 1)MQ([aﬂv]) + (b—a) 1t~ l)uz([m b])}

</fq du2>< /f” dﬂz)- (63)

Notice that the denominator of left hand side of (63) is never zero.

IN

14
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Integrating (63) with respect to z we obtain:

Theorem 39 Here oo > 1 and the rest are as in this section. It holds

o[ [ (z,) @) (5 1) @) d (2)

(z=a)?©@ Yy, (ax]) | (b—2)"Vp ([zub])} -
P ? + q ]

b ((c) [ o, (t)) ; ((C) [ 7@, (t)) e

Inequality (64) is a Hilbert-Pachpatte type inequality for Choquet fractional in-
tegrals.
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