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Modified Halpern’s iteration without
assumptions on fixed point set in metric
space

Kanyarat Cheawchan, Atid Kangtunyakarn*
Department of Mathematics, Faculty of Science,
King Mongkut’s Institute of Technology Ladkrabang,
Bangkok 10520, Thailand

E-mail addresses: Kkanyarat.cheaw@gmail.com; beawrock@hotmail.com

Abstract

By improving Halpern’s iteration and studing convergence theorem of
[1] and [2] in a complete uniformly convex metric space, we prove conver-
gence theorem of a finite family of nonexpansive mappings without the
assumption that “ the set of common fixed points of nonexpansive map-
pings is nonempty’’. We also introduce a mapping in metric space using
a concept of the S-mapping defined by [3] for proving our main results.
Keywords: Convex metric space; Nonexpansive mapping; S-mapping.
Mathematics Subject Classification (2000): 31E05, 54E40, 54E50,
47HO9.

1 Introduction

Many researchers have theorized for finding a solution of fixed point problems
by taking advantage of iteration process, see for instance [4], [5], [6]. Halpern’s
iteration is a method which has been very popular for finding a solution to fixed
point problem. It was introduced for the first time by Halpern [7] and defined
by the vector u, zo belonging to a closed convex C subset of Hilbert (Banach)
space and

Tnt1 = apt+ (1 — ) Ty,

for all n > 1, where T': C — C' is a mapping and parameter {a,} C [0, 1].

It has been developed and improved to fixed point theorem to increase effi-
ciency by several researchers, see example [4], [5], [6]. Although the proof of the
theorem has been well developed, but the proof is still under critical conditions
below;

*Corresponding author

393 Cheawchan ET AL 393-403



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

i)* F(T) # 0;
i1)* limy, ooy, = 0 and Y07 | ay, = 00.

Can we prove a convergence theorem by developing Halpern iteration and
without conditions ¢)* and #4)* in space which is more general than Hilbert and
Banach spaces?

Throughout this paper, we assume that (X, d) is a complete metric space
and C' is a nonempty closed convex subset of (X, d). A point z is called a fixed
point of T if Tx = x. We use F'(T) to denote the set of fixed point of T'. Recall
the following definitions;

Definition 1.1. The mapping T : C — C is said to be nonexpansive if
d(Tz,Ty) < d(z,y), Yz,y € C.
In 1970, Takahashi [8] introduced the following definition:

Definition 1.2. Let (X,d) be a metric space. A mapping W : X x X x [0,1] —
X is said to be a convex structure on X if for each (x,y,\) € X x X x [0,1]
and for allu € X,

d(u, W(z,y,\)) < Md(u,z) + (1 — N)d(u, y).

If the mapping W is defined by W(x,y,A) = Ax + (1 — Ay, then it is a
convex structure on a normed linear space. A metric space (X, d) together with
a convex structure W is called a convex metric space denoted by (X, d,W). A
nonempty subset C' of X is said to be convez if W(z,y,A) € C for all x,y € C
and A € [0, 1].

Definition 1.3. (See [9]) A convex metric space (X,d, W) is said to be uni-
formly convex if for any € > 0, there exists § = 6(e) > 0 such that for all r > 0
and x,y,z € X with d(z,z) < r,d(z,y) <r and d(z,y) > re,

d(= W (2, y, %)) <(1-0)

It is well known that Hilbert space is uniformly convex metric space.

Very recently, Hafiz Fukhar-ud-din [1] proved convergence theorem in uni-
formly convex metric spaces (X, d, W) with convex structure but he still assumed
the fixed point set is nonempty as follows;

Theorem 1.1. Let C' be a nonempty, closed and convex subset of a uniformly

convexr complete metric space X with continuous convez structure W and S, T :

C — C be nonexpansive mappings with F (S) N F(T) # 0. Then the sequence

{z,}, defined by xpp1 =W | Txp, W | Sy, T, 167" 7ozn> , A-converges to
—ay,

an element of F (S)NF (T'), where 0 < a < ay, B < b < 1 with o, + B, < 1.
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In 2013, Phuengrattana and Suantai [2] proved convergence theorem in uni-
formly convex metric space for infinite family of nonexpansive mapping by lever-
aging the map K, see [2] for more details, but still assume that ();—, F (T;) # 0
as follows;

Theorem 1.2. Let C be a nonempty compact convex subset of a complete uni-
formly convexr metric space (X,d, W) with the property (H). Let {T;} be a
family of nonexpansive mappings of C into itself such that (V= F (T;) # 0
and let A1, Ao, ... be real numbers such that 0 < \; < 1 for every i € N with
Yooi A < oo. Let K, be K-mapping generated by Ty, T, ... and M, A, . . ..
Assume that 1 € C' and the sequence {x,} is generated by

Tn+1 = w (.’L‘n,Knl‘n, an) P

for all n > 1 where {a,} is a sequence in [0,1] with Y .7 | a, (1 — ay) = .
Then sequence {x,,} converges to an element of (\ooy F (T;) # 0.

Inspired by Theorem 1.1 and 1.2 and improved process of Halpern’s iteration,
we prove convergence theorem in uniformly convex metric space for a finite
family of nonexpansive mappings without using the conditions 7)* and i)*.

2 Preliminaries

In this section, in order to prove our main theorem, we provide definitions,
lemma and also prove the importance lemma to be used as a tool to prove the
main theorem:

Lemma 2.1. (See [8], [10]) Let (X,d, W) be a convex metric space. For each
x,y € X and A\, A\, Ay € [0, 1], we have the following.

() W(z,z,\) =z, W(z,y,0) =y and W(z,y,1) = x.

(id) d(z, W(z,y,A)) = (1 = Nd(x,y) and d(y, W (z,y, ) = Ad(z, ).

(i17) d(z,y) = d(z, W(z,y,\)) + d(W(z,y,),y).

(ZU) ‘)‘1 - Ag'd(.’l), y) < d(W(LU, Y, )\l)a W(.’E, Y, /\2)) .

We say that a convex metric space (X, d, W) has the following properties:

(C) if W(z,y,\) =W(y,z,1— ) for all z,y € X and X € [0,1],
(I) if d(W(ZE7y7>\1)aW($7yv)\2)) < |)\1 - )\2|d(£ﬂ,y) for all T,y € X and

AL Az € [0, 1],

(H) if d(W(z,y,A),W(z,2,1)) < (1 = Nd(y,2) for all z,y,2 € X and
A €[0,1],

(S) if d(W(x, Yy, A), W(z,w, )\)) < Md(z,2)+ (1= N)d(y, w) for all z,y, z,w €
X and A € [0,1].

Remark 2.2. Tt is easy to see that the property (C) and (H) imply continuity
of a convex structure W : X x X x [0,1] — X and the property (.5) implies the
property (H). In 2005, Aoyama et al. [10] proved that a convex metric space
with property (C) and (H) has the property (5).
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In 2011, Phuengrattana and Suantai [2] proved the following lemma as fol-
lows;

Lemma 2.3. (See [2]) Property (C) holds in uniformly convex metric space.

Remark 2.4. (See [2]) From Lemma 2.3, a uniformly convex metric space (X, d, W)
with the property (H) has the property S and the convex structure W is also
continuous.

Lemma 2.5. (See [11]) Let (X,d, W) be a uniformly conver metric space with
continuous convex structure. Then for arbitrary positive number €, there exists
n =mn(e) > 0 such that

d(z, W(z,y, )\)) < (1 =2min{A, 1= A}n)r,
forallr >0 and z,y,z € X,d(z,2) <r,d(z,y) <rd(z,y) >re and X € [0,1].
We introduce the following definition to use in the next section.

Definition 2.1. Let (X,d,W) be a complete convex metric space and C be a
nonempty closed conver subset of (X,d,W). Let {T;}}.| be a finite family of
mappings of C into C. For each j = 1,2,--- N, let a; = (a{,ag,aj) where
a{, ag,aé € [0,1] and a{ —&—aé—i—ag = 1. For every x € C, we define the mapping
S:CxCx|[0,1] = C as follows;

Upr = =,
1
«
Uz = W(TIUOan(UOxax7ﬁ)vo&)7
a3 2
Usx = W(Tgle,W(le,x,m),al),
aN-1
Un—1z = W(TN—1UN—2J?7W(UN—21‘,$7#)ﬂi\[—l),

1
N

Sr = UNx:W(TNUN_lx,W(UN_w,x,10[721\,),04{\7)
—al

This mapping is called S—mapping generated by Ty, 15, ..., Tn and a1, a9, ..., aN.

Lemma 2.6. Let C' be a nonempty closed convex subset of a complete uniformly
convex metric space (X, d, W) with property (H). Let {T;}}., be a finite family
of nonexpansive mappings of C into itself with ﬂf\il F(T;) # 0 and let a; =
(a{,ag,ag) eIxIxI, j=12... N, wherelI =[0,1 ,o + o} +a§ =
1, ol € (0,1) forallj =1,2,..N —1, o € (0,1] o, ol € [0,1) for all j =
1,2,...,N. Let S be the mapping generated by Ty, T5,....., Tn and a1, s, ...,anN.
Then F(S) = N, F(Ty).
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Proof. From Lemma 2.1 and definition of S—mapping, it is easy to see that
ﬂij\il F(T;) C F(S). Next, we show that F(S) C ﬂfvzl F(T;). To show this let
xo € F(S) and g € ﬂf\;l F(T;), we have

o
d(q,Swo) = d(q7W(TNUN—1$07W(UN—1$073307121\[)704{\[))
-

IN

alV
o1’ d(q, TnUn -1m0) + (1 = aiv)d(q, W(UN-120, 0, 12aN)>
-1
N

(0%
o d(q, TnUn_170) + (1 — Q{V)(l QaN d(q, Un—120)
- W

IA

N
)

+

(1- N)d(q,xo>>

1—og
ot d(q, TnUn—1%0) + ad d(q, Un—120) + o d(g, 7o)
(1 —ad)d(g, Un—120) + o d(g, zo)

(1= o) (1= )0, Uy-a0) + o dlg.z0))
+O‘§’>Vd(%m0)

(1—ad)(1 —ad Hd(q, Un_aw0) + o 711 — ol )d(q, z0)
+aévd(q,x0)

= MLy (1 - ad)d(g, Un—amo) + (1 =T y_; (1 — ad))d(g, zo)

IN

IA

< TGL5(1 = ad)d(g, Uswo) + (1~ TL5(1 — ad))d(g, o)
2
/ o
= 31— od)d(q, W (TeUrao, W (Urmo, xo, ﬁ),af))
1

+(1 - Hj-\’:?,(l - aé))d(% o)

= Hé‘\’:i%(l - a3) (O‘%d(quleO) +01- a%)d(q, W (Ui, 2o, 1_2%)))
+(1 = L5 (1 — 03))d(g, xo)
2
j a
< IGL5(1—a3) (a%d(%TQUlmO) +(1— a%)(l —2a2 d(q, Urzo)
1
a2 .
+(1 = 1 _2a2)d(q’ ac()))) + (1 - Hj'V:S(l - a%))d(q,xo)
1
= T,(1—od) (%d(q,TzUwo) + a2d(q, Urzo) + a2d(q, :130))
+(1 - Hév—s(l - aé))d(% o)
< 1050 - o) (1 - ad)dla. Unao) + . o)
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= T,(1-ad)d(q, Urzo) + (1 — TIN,(1 — af))d(q, o)
1
; Q
= H;'V:Q(l — od)d(q, W (T1Ugzo, W (Ugzo, To, 1_72&%)’ ay))

+(1 =T, (1 — ad))d(g, zo)

H;»sz(l — aj)d(q, W(Tlxo,xo, o&)) + (1 — H;-Vzg(l — ozj))d(q, xo)

Y5 (1 - a3) (1d(g, Tizo) + (1 — at)d(g, x0)) + (1 = T}, (1 — 03))d(q, zo)
Y, (1 — ad)d(g, o) + (1 — T, (1 — o3))d(g, =)

d(gq, o). (2.1)

From (2.1), we have

IA

IN

d(Q? leo) = d(Q? W(Tlx()a Zo, a%)) = d(Qa ‘TO) and d(Qa TllI?O) = d(Qa ‘TO)'
Suppose xg # Tixzg, we have d(xg, T1zg) > 0. Choose r = d(q,z¢) > 0 and € =
d(zg, T
M, we have d(q, T1zo) < d(g,x0) =7, d(q,20) < r and d(xg, T120) >

re. From Lemma 2.5, we have
d(q, W(Tlxo,xo,a%)) < d(q,x0) for aj € (0,1).

This is a contradiction, we have x¢g = Ty x that is z¢g € F(T1). Since g = Thzg
definition of U; and Lemma 2.1, we have Ujxg = x¢ that is zo € F(U;y). From
(2.1) and z¢ = Uyxg, we have

d(q7 U2x0) = d(Q7 W(TQan Zo, CM%)) = d(qa '1:0) and d(Qa TQIO) = d(Qa '1:0)'

Suppose g # Toxg, we have d(zg, Toxg) > 0. Choose 1 = d(g,xp) > 0 and € =

d T

(x()’ 2$0)7 we have d(Qa TQxO) S d(Qa ’130) =T, d(qa SC()) <nr and d(IOa TQxO) 2
1

rie. From Lemma 2.5, we have

d(q, W(Tgxo,xo,a%)) < d(q,z0) for o2 € (0,1).

This is a contradiction, we have x¢g = Thxo that is g € F(Tz). Since o = Thxg
definition of Uy and Lemma 2.1, we have Usxg = x that is 29 € F(Us).

By continuing on this way, we can conclude that oy € F(T;) and x¢ € F(U;) for
alli=1,2,...,N—1.

Finally, we show that o € F(T). From definition of S and Lemma 2.1, we

have
Sy = W(TNUN_le, W (Upn -1, To, ﬁii\,),a{\]) =W (Tnxo, xo, oz{v).
Since
0 = d(zo, Sto) = d(xo, W(Tnxo, T, 0l ) = ol d(Tnzo, 20),
we have x¢g = Tyxo, that is, o € F(Tyx). Hence F(S) C ﬂf\il F(T;). O
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Remark 2.7. From Theorem 2.6, we have the mapping S is nonexpansive. To
show this, let =,y € C. By Remark 2.4, we have

N
«Q
d(Sz,Sy) = d(w(TNUN_lx,W(UN_lx,m,1_2aN),a{V),

o
W (TnUn-1y, W(Un-1y,y, ﬁ% a{\/))
- %1

a{vd(TNUnyf, TNUNfly)

IN

N ay ay
+(1—at)d(W(Un-13,, . ) W(UN-19,9, <))
— o 1—0o
oY d(TnUn—12, TnUn—1y)

oy oy
+(1-af) <12Nd(UN—15U7 Un-1y) + (1 — n 2 N)d(x7y)>
- -

IN

aNd(Un_12,Un_1y) + oY d(Uy_12,Un_1y) + o d(x, y)

(1 —a)d(Un_12,Un_1y) + ol d(z,y)

(1—ad)((1 — " Nd(Un—22,Un_2y) + b 'd(z,y)) + ol d(z,y)
Yy (1= od)d(Un—22,Un—2y) + (1 =TI (1 — af))d(z, y)

VAN

IN

Hé\’:l(l - aé)d(on, on) + (1 - ijzl(l - aé))d(m,y)
d(z,y).

Example 2.8. Let the metric d : R2 x R? — R be defined by

d(z,y) = max{[z1 =y, |22 — v},

for all z = (71, 22),y = (y1,92) € R%
Let the mapping W : R? x R? x [0, 1] — R? be defined by

Wiz, y,\) =dx+(1-=Ny=Qz1+ 1 =Ny, Az2+ (1= XN)y2),

for all @ = (z1,32),y = (y1,92) € R
2 ..

For every i = 1,2,..., N, let the mapping T; : R? — R? be defined by
TifE == i?
1+1

for all z = (w1, 72) € R?. Let S be the mapping generated by Ty, Ty, ...., Ty and
Co 1 20-1 20-1 [j+1

ay, 0o, ..., an, where a; = (a{ﬂ%,aj) = (2j, 22+ 2 : (J T 2)) for

all j =1,2,...,N. Then F (S) =N, F (T;).

Solution. From the properties of d, W, R2, (RQ, d, W) is a complete uniformly
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convex metric space. Next, we show that (]R{d7 W) has a property (H). Let
= (z1,22),y = (y1,42) , 2 = (21,22) € R? and a € [0, 1], then

d(W (x,y,a),W(w,zﬂ)) = max{(l - a) |y1 - Zl|7(1 _a‘) |y2 - 22‘}
Since d (y, z) = max {|y1 — 21|, |y2 — 22|}, we get
d(W(mvz%a)aW(x?Zaa)) < (1 _a>d(yaz)

Then (R{d, W) has a property (H).
It is clear that 7T; is a nonexpansive mapping for all ¢ = 1,2,..., N and
ﬂf\ilF(Ti) = {0}, due to the properties of T;. From Lemma 2.6, we have

F(S) =N, F(Ty).

Remark 2.9. Lemma 2.8 in [3] is a spacial case of Lemma 2.6.

3 Main Results

Theorem 3.1. Let C' be a nonempty closed convex subset of a complete uni-
formly convex metric space (X,d, W) with property (H). Let {T;}X_, be a finite
family of nonexpansive mappings of C' into itself and let a; = (a{,ag,aé) €
IxIxI, j=1,23,.,N, where I = [0,1] ,of + o + ag =1, of €
(0,1) for allj =1,2,..,N—1, aY € (0,1] o}, o € [0,1) for allj =1,2,...,N.
Let S be the mapping generated by Th,Ta, ..., Tn and ay,as,...;an. Let {x,}
be a sequence generated by x1,u € C and

Tny1 = W (u, Sy, ) (3.1

for alln > 1 and « € [0,1]. Then the following statements are equivalent:
i) The sequence {x,} converges to z € ﬂf\[:l F(T;),
it) limy, 00 d (X, Tyxy) =0 for alli=1,2,..., N.

Proof. i) = ii). Since {z,} converges to z € ﬂfil F (T;) and
d(wn, Tivn) < d(n, 2) + d(Tiwn, 2) < 2d (20, 2)

foralli=1,2,...,N , so we can prove that ii) is true.
For the next result, we prove ii) = i). For every n € N and remark (S
property), we have

d(xn-i-lvxn) < d(W (ua S.I‘H,Oé),W(U,an_l,O())
< (1-aw)d(xn,zn-1)
< (1 _Q)Qd(xn—hxn—2)
< (1—a)"d(z,0).
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Using the benefits from the inequality above, we have

n+k—1
d(Tntk, Tn) < Z d(zji1,2;5)
j=n

n+k—1 )
< Y (-a)fd(a, )
j=n
(1-a)"
7 .d
o (xlvxo)v

for all k € N. Since lim,,_,o, (1 — )" = 0, we get the sequence {x,} is Cauchy.
Then there exists z € C such that lim,, o ., = 2.
From the condition i) and

d(z,T;z) < d(xpn,2) +d(zn, Tizyn) + d(Tizn, Tiz) < 2d (2, 2) + d (2, Tizy) ,

for all ¢ = 1,2,...,N, we have d(z,T;z) = 0. We can conclude that z €
N, F (T;) . Hence the sequence {x,} converges to z € (\, F(T}). O

Theorem 3.2. Let C' be a nonempty closed convex subset of a complete uni-
formly convex metric space (X,d, W) with property (H). Let {T;}X_, be a finite
family of nonexpansive mappings of C into itself with limy, o d (xy, Tiz,) =0
foralli=1,2,...,N and let a;j = (o], 0}, 04) € I x I x I, j=1,2,3,...,N,
where I =[0,1] ,a{—l—aé—!—ag =1, oz]i € (0,1) forallj=1,2,...N -1, o €
(0,1], a%7 ag € [0,1) for all j =1,2,...,N. Let S be the mapping generated by
Ty, T, ... Tn and ay, o, ...,an. Let {x,} be a sequence generated by x1,u € C
and

Tpt1 = W (u, Sxp, @) (3.2)
for allm > 1 and o € [0,1]. Then the sequence {x,} converges to z € F(S).

Proof. The sequence {z,} is a Cauchy by using the same method of Theorem
3.1. Then there exists z € C such that lim, ., z,, = 2.
Since limy, o0 d (2, Tix,) =0 for alli =1,2,..., N and

d(z,T;2) < 2d(zp, 2) + d(xn, Tizy,),

for all i = 1,2,..., N, we have z € ﬂil F (T;). From Lemma 2.6, we have
z € F(S). Hence the sequence {x,} converges to z € F(5). O

If the condition ii) in Theorem 3.1 and 3.2 are replaced by
“iminf, . d (xn NV, F (Ti)) — 0" where d (xn NV, F (n))
=inf,cqn peryd (@, v)”. Then, the following theorems are still true.
Theorem 3.3. Let C' be a nonempty closed convex subset of a complete uni-
formly convex metric space (X,d, W) with property (H). Let {Tz}fi1 be a finite
family of nonexpansive mappings of C' into itself and let a; = (o], ad,ad) €
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IxIxI, j=1,23.,N, where I = [0,1] ,a{+aé+ag =1, o €
(0,1) for allj =1,2,...,N—1, ol¥ € (0,1], o3, o} €[0,1) for allj =1,2,...,N.
Let S be the mapping generated by T1,Ts,....., Ty and a1, e, ...;an. Let {z,}
be a sequence generated by x1,u € C and

Tny1 = W (u, Sz, @) (3.3)
forallm >1 and o € [0,1]. Then the following statements are equivalent:
i) The sequence {x,} converges to z € ﬂfv:l F(T;).
it) liminf, o d (l‘n, ﬂf\;l F (Tl)> =0 where d (In, ﬂf\il F (E))
= infvemﬁvﬂ F(Tl) d (l’n, U).

Proof. 1t is very clear that case i) = i7). Next, we show that case i) = 7).
Using the same method in Theorem 3.1, we obtain that the sequence {z,} is a
Cauchy sequence. Then, there exists z € C' such that lim,_, =, = z.

For every ¢ > 0, there exists Ny € N such that

d (zn, NI F(T)) <

DO ™

and
d(zy,z) <

)

| ™

for all n > Nj.

From the above inequality, there exists p € ﬂf\[:l F (T;) such that d (x,,p) <
€

Since
d(p,z) < d(wn,p) +d(wn,2) <&
and ¢ is arbitrary, we have d (p,z) = 0. Hence z = p. Therefore, the sequence
{zn} converges to z € ﬂf\il F(Ty). O
Theorem 3.4. Let C be a nonempty closed convex subset of a complete uni-
formly convex metric space (X,d, W) with property (H). Let {T;}Y; be a finite
family of nonexpansive mappings of C into itself with iminf,,_, o d |, ﬂf\il F (ﬂ)) =
0 where d (xn, ﬂivzl F (E)) =inf,eqy  pery d (Tn,v) and let a; = (ol o, oz%) €

IxIxI,j=123,.,N, where I = [0,1] ,a{ +aé+a§; = 1, a{ €
(0,1) for allj =1,2,..., N—1, o&¥ € (0,1], o, ol €[0,1) for allj = 1,2, ..., N.
Let S be the mapping generated by Th,Ta, ....,Tn and ay,as,...;an. Let {x,}
be a sequence generated by x1,u € C and

Tny1 = W (u, Sz, @) (3.4)
forallm >1 and o € [0,1]. Then the sequence {x,} converges z € F(S).

Proof. Applying the method of Theorem 3.2 and 3.3, we can obtain the desired
result. O

10
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Abstract. The purpose of this paper, we discuss the convergence theorems for the double
acting iterative scheme to a common fixed point for a family of generalized p-weak contrac-

tion mappings in CAT(0) spaces.

1. INTRODUCTION AND PRELIMINARIES

Let (X,d) be a metric space. A mapping T : X — X is a contraction if
there exists a constant a € (0,1) such that

d(T.CC,Ty) Sa-d(w,y), any€X7

holds. A mapping T : X — X is a @-weak contraction if there exists a
continuous and nondecreasing function ¢ : [0,00) — [0,00) with ¢(0) = 0
such that

d(Tz,Ty) < d(z,y) — ¢(d(z,y)), Vz,y € X, (1.1)
holds.

The concept of the p-weak contraction was introduced by Alber and Guerre-
Delabriere [1] in 1997, who proved the existence of fixed points in Hilbert
spaces. Later Rhoades [15] in 2001, who extended the results of [1] to metric
spaces.

Theorem 1.1. ([15]) Let (X, d) be a complete metric space, T : X — X be a
p-weak contractive self-map on X. The T has a unique fized point p in X.

Remark 1.1. Theorem 1.1 is one of generalizations of the Banach contrac-
tion principle because it takes p(t) = (1 — a)t for a € (0,1), then @-weak
contraction contains contraction as special cases.

In 2016, Xue [18] introduced a new contraction type mapping as follows.
92010 Mathematics Subject Classification: 47H09, 47H10, 47J25, 41A65.

YKeywords: generalized (p-weak contraction mapping, common fixed point, double acting
iterative scheme, CAT(0) space.
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Definition 1.1. ([18]) A mapping T : X — X is a generalized p-weak contrac-
tion if there exists a continuous and nondecreasing function ¢ : [0, 00) — [0, 00)
with ¢(0) = 0 such that

d(Tz, Ty) < d(z,y) — p(d(Tz,Ty)), Va,yeX (1.2)
holds.

We notice immediately that if T : X — X is p-weak contraction, then T'
satisfies the following inequality

d(Tz, Ty) < d(z,y) — o(d(Tz,Ty)), Vax,yecX.

However, the converse is not true in general.

Example 1.1. Let X = (—o00,+00) be endowed with the Euclidean metric
d(z,y) = |z—y| and let Tz = 2z for each z € X. Define ¢ : [0, +00) — [0, +00)

by ¢(t) = %t. Then T satisfies (1.2), but T does not satisfy inequality (1.1).

Indeed,
2 2
d(Tz,Ty) = ‘596 - 53/‘
<lo—yl-3 glo—y
< =3¢ Y
and
2 2
ATz, Ty) = |22 - =
(Tx, Ty) ‘5:13 5@;‘

4
2 e =yl = 3lz —yl
= d(z,y) — p(d(z,y))
for all x,y € X.

Example 1.2. ([18]) Let X = (—1,+00) be endowed by d(z,y) = | — y| and
let Tz = 1%: for each z € X. Define ¢ : [0,+00) — [0,+00) by ¢(t) = fi

i
Then
T y |z —y|
d(Tz, Ty) = — =
(T, Ty) ‘1—|—l' 1—|—y‘ (1+2)(1+4y)
’x_y| :\x—y\— ]a:—y!2
T 1tz -y 1+ |z -yl

holds for all z,y € X. So T is a p-weak contraction. However T is not a
contraction.
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Remark 1.2. The above examples show that the class of generalized p-weak
contractions properly includes the class of p-weak contractions and the class
of p-weak contractions properly includes the class of contractions. In fact, let
T : X — X be a contraction, there exists a € (0,1) such that

d(Tz,Ty) < a-d(z,y), Vz,y € X.
Then
d(Tvay) <o d(xvy) = d(.’L‘,y) - (1 - a)d(a;,y)
=d(z,y) — ¢(d(z,y)),

where, ¢(d(z,y)) = (1 — a)d(z,y). So, T is a p-weak contraction. Moreover,
let T be a p-weak contraction, from property of ¢, we have d(Txz, Ty) < d(z,y)
and

e(d(Tz,Ty)) < p(d(z,y)).
From (1.1),

d(Tz, Ty) < d(z,y) — o(d(z,y))
<d(z,y) — p(d(Tz,Ty)), Vzx,yeX.

Therefore, T is a generalized p-weak contraction.

In the meantime, if T" is a p-weak contractive self mapping for one mapping
i so we do not expect that the p-weak contractivity should be satisfied with
the same function . Let us suppose that T is a -weak contractive self
mapping and consider

¢(x) = min {p(z/2);2/2} .

Then, if d(Tz,Ty) > 3d(z,y), we have
1
T2, Ty) < d(a,y) - AT, Ty) < doy) o o) )
on account of monotonocity of ¢ and finally

On the other hand, if d(Tz,Ty) < 3d(z,y), we get

AT, Ty) < d(z,y) - Sd(a,y) < d(z,) - $(d(z.).

So T is just thr ¢-weak contractive mapping. The continuity and monotonocity
of ¢ follows directly from properties of min function, ¢ and the metric.
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One of the most interesting aspects of metric fixed point theory is to extend
a linear version of known result to the nonlinear case in metric spaces. To
achieve this, Takahashi [16] introduced a convex structure in a metric space
(X,d). A mapping W : X x X x [0,1] = X is a convezx structure in X if

d(u, W(z,y,\)) < Ad(u,z) + (1 — N)d(u,y)

for all z,y € X and A € [0,1]. A metric space with a convex structure W
is known as a convex metric space which denoted by (X,d, W). A nonempty
subset K of a convex metric space is said to be convex if

W(z,y,\) € K

forall x,y € K and A € [0, 1]. In fact, every normed linear space and its convex
subsets are convex metric spaces but the converse is not true, in general (see,

[16]).

Example 1.3. ([9]) Let X = {(z1,22) € R? : 21 > 0,29 > 0}. For all
r = (x1,22), ¥y = (y1,y2) € X and XA € [0,1]. We define a mapping W :
X x X x[0,1] - X by

W(z,y,\) = <>\CL’1 + (1= Ny,

and define a metric d: X x X — [0,00) by

Axize + (1 — A)y1y2)
Azy 4 (1= Ny

d(x,y) = [r1 — y1| + [v172 — y1y2|.
Then we can show that (X, d, W) is a convex metric space but not a normed
linear space.

A metric space X is a CAT(0) space. This term is due to M. Gromov [6]
and it is an acronym for E. Cartan, A.D. Aleksandrov and V.A. Toponogov.
If X is geodesically connected, and if every geodesic triangle in X is at least
as ‘thin’ as its comparison triangle in the Euclidean plane(see, e.g., [2, p.159)]).
It is well known that any complete, simply connected Riemannian manifold
nonpositive sectional curvature is a CAT(0) space. The precise definition is
given below. For a thorough discussion of these spaces and of the fundamental
role they play in various branches of mathematics, see Bridson and Haefliger
[2] or Burago et al. [4].

Let (X,d) be a metric space. A geodesic path joining z € X toy € X (or,
more briefly, a geodesic from x to y) is a mapping ¢ from a closed interval
[0,]] € R to X such that ¢(0) = z,¢(l) =y, and d(c(t),c(t')) = |t — '] for all
t,t' € [0,1]. In particular, ¢ is an isometry and d(x,y) = [. The image « of ¢ is
called a geodesic (or, metric) segment joining x and y. When it is unique, this
geodesic is denoted by [z,y]. The space (X, d) is said to be a geodesic space if
every two points of X are joined by a geodesic, and X is said to be uniquely
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geodesic if there is exactly one geodesic joining x and y for each x,y € X. A
subset Y C X is said to be conver if Y includes every geodesic segment joining
any two of its points.

A geodesic triangle /\(z1, x2, x3) is a geodesic metric space (X, d) consists of
three points x1, 2, x3 € X (the vertices of A) and a geodesic segment between
each pair of vertices (the edges of A). A comparison triangle for the geodesic
triangle A(x1,z2,23) in (X,d) is a triangle A(z1,z2,x3) = A(21, T2, 73) in
R? such that dp2 (%, @5) = d(x;, ;) for i,j € {1,2,3}. Such a triangle always
exists(see, [2]).

A geodesic metric space is said to be a CAT(0) space if all geodesic triangles
of appropriate size satisfy the following C AT'(0) comparison axiom.

Let A be a geodesic triangle in X and let A € R? be a comparison
triangle for A. Then A is said to satisfy the CAT(0) inequality if for
all z,y € /A and all comparison points Z,y € A,

d(x,y) < d(z,7).

Complete CAT(0) spaces are often called Hadamard spaces(see, [11]). If
x, Y1,y are points of a C'AT(0) space and if yg is the midpoint of the segment
[y1,y2], which we will denote by %, then the CAT(0) inequality implies

Y1 Dy 1 1 1
d? <$, 122) < §d2($,y1) + §d2($7y2) - 1d2(y1,y2)-

This inequality is the (CN) inequality of Bruhat and Tits [3]. In fact, a geodesic
space is a CAT(0) space if and only if satisfies the (CN) inequality (cf. [2,
p.163]). The above inequality has been extended by [5] as

(z,0x @ (1 - a)y)

CN*
<ad*(z,z)+ (1 — a)d*(z,y) — a(l — @)d*(z,y), ( )

for any o € [0,1] and z,y,z € X.

Let us recall that a geodesic metric space is a CAT'(0) space if and only if
it satisfies the (CN) inequality(see, [2, p.163]). Moreover, if X is a CAT(0)
metric space and z,y € X, then for any « € [0, 1], there exists a unique point
az @ (1 — a)y € [z,y] such that

d(z,arx ® (1 —a)y) < ad(z,z) + (1 — a)d(z,y) (1.3)

for any z € X and [z,y] = {ax ® (1 — @)y : « € [0,1]}. In view of the above
inequality, C AT'(0) space have Takahashi’s convex structure

W(z,y,a) = ax @ (1 —a)y.
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It is easy to see that for any x,y € X and \ € [0,1],

d(z, (1 - XNz & \y) = Md(z,y),

dy, 1 =Nz & y) = (1 — Nd(x,y).
As a consequence,

l-240.-y=u=x,

I-=XNzddxz=xd(1—- Nz ==x.
Moreover, a subset K of CAT(0) space X is convex if for any z,y € K, we
have [z,y] C K(see, [1, 10, 13]).

The purpose of this paper, we discuss the convergence theorems for the dou-
ble acting iterative scheme to a common fixed point for a family of generalized
p-weak contraction mappings in CAT'(0) spaces.

2. CONVERGENCE THEOREMS OF DOUBLE ACTING ITERATIVE SCHEMES

Xue [18] proved the following very intersting fixed point theorem in complete
metric space.

Theorem 2.1. ([18]) Let (X, d) be a complete metric space and let T : X — X
be a generalized p-weak contraction. Then the Picard iterative scheme ([14])

Tpy1 =Ty

converges to the unique fixed point.

Theorem 2.2. Let T be a generalized p-weak contractive self mapping of a
closed convex subset K of a Banach space X. Then the Picard iterative scheme

Tnt+1 = Ty
converges strongly to the fixed point p with the following error estimate:
01— pl < @7H(@(|l21 — pl| = n)),

where ® is defined by the antiderivative

0 :/sozt) dt, B(0) =0

and ®1 is the inverse of ®.

Proof. The proof is similar as Rhoades ([15], Theorem 2). However, for com-
pleteness, we give a sketch of the proof. We can obtain convergence fol-
lows from Theorem 2.1. To establish the error estimete, from (1.2) with

A = [|zn — pl,
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Ant1 = [[@ni1 — pll = [|Tzn — p

< llzn = pll = e(lzn1 — pll)

= A — ©(Ant1),
so, we have

P(Ant1) < An = Ans1. (2.1)
Thus

ol A= At

(I)(/\n) - (I)()‘n-‘rl) = /)\ @(t) = @(Hn) )

for some A\p+1 < i, < Ap. Since ¢ is nondecreasing, from (2.1),
)\n - )\n+1 > >\n - )\n+1

O(A,) — P(Apt1) = > > 1.
(n) = &(at1) @(pn) ©(An)
Thus
D(Apy1) <P(Ap) — 1<+ <P(A) — 1.
This completes the proof of Theorem 2.2. O

In this section, we will use I = {1,2,--- ,r}, where r > 1. Let {T; :i € I}
be a family of generalized p-weak contraction self mappings on K. The scheme
introduced in [8] is

r1 € K, pp1 =Upyn, n2>1, (2.2)
where
Un(o) = 1a (: the identity mapping),
Uny = any ® (1 — an1)) 11 Up o),
Un(2)T = Q)T @ (1-— an(g))TQ”Un(l)x,

Un('r—l)x = Qp(r—1)T ® (1 - O‘n(r—l))Trn—lUn(r—2)$v
Un(r)x = Qp(r)X ® (1 - O‘n('r))T'pUn('r—l):Ev
where a;,;) € [0,1] for each i € I.

After this, the we called the iterative scheme (2.2) is double acting iterative
scheme.

The existence of fixed (or common fixed) points of one mapping (or two
mappings or a family of mappigs) is not known in many situations. So the
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approximation of fixed (or common fixed) points of one or more mappings by
various iterations have been extensively studied in many other spaces.
In the sequel, it is assumed that

where F(T;) ={x €e K : Tix =z, i€ I}.

Now, we shall investigate the convergence of double acting iterative scheme
applied to {T; :i € I'}.

Theorem 2.3. Let (X,d) be a complete CAT(0) space, K be a closed convex
subset of X, {T;:i €I} be a family of generalized p-weak contraction self
mappings of K. Then the double acting iterative scheme (2.2) satisfies

(1) Ogan(z) < 17 i EI;
(11) 220:1(1 - O‘n(l))(l - an(Q)) T (1 - an(r)) =00

converges to commom fixed point p € F.

Proof. For p € F, using (2.2) and (1.3),

d(Un(1)Zn,p)

= d(an)Tn @ (1 — ay1)) 11" Un(0)Tn;s D)

< an)d(@n,p) + (1 — an))d(T{"Tn, p)

< apyd(n, p) + (1 = ap))[d(@n, p) — @(d(T7' 0, p))]

< d(@n,p) — (1 — ana))e(d(T'zn, p)). (2.3)

Using (2.3), we get

d(Un(Q)xmp)

= d(ap@2)Tn © (1 — ap(2)) 15 Up1)Tn, p)

< ap2)d(Tn, p) + (1 — ap(2))d(T5' Up1)®n, p)

< ap2)d(@n, p) + (1 = ap@2)) [d(Un)Tn, p) — (d(T5' Up(1)Tn, p))]

< ap2)d(Tn, p) + (1 = ap2))[d(zn, p) — (1 = ay1))(d(T] Tn, p))]
— (1 = an)e(d(T5'Up)yzn, p))

< d(@n,p) — (1 = ap)) (1 — ang))@(d(Ti"zn, p))
— (1 = ap) (1 = an2))p(d(T5' Uy (1) T, p))
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and
d(Un(S)xmp)
= d(p3)Tn @ (1 — ap(3)) 15 Up(2)Tn, p)
< d(zn, p) — (1 = an)) (1 — ap2)) (1 — an))o(d(T1'zn, p))
— (1 = ap))(1 = apge)) (1 — an(3) o(d(T5' Up(1y n, p))
= (1= (1)) (1 = an2)) (1 = an(3))e(d(T5' Un2)Zn, p))-
Continue this processing, we obtain
d(Up(r)Zn, )
= d(apryTn ® (1 — an)) 1 Up(r—1)Tn, D)
< d(@n,p) — (1 = ap) (1 — ang)) -+ (1 = angy))p(d(T7"Tn, p))
— (1= ap))(I = ang)) - (1 = an))p(d(T5' Up(1) T, p))

- (1 - an(l))(l - O‘n(2)) T (1 - an(r))w(d(TﬁUn(r—l)xnap))
< d(In,p) - (1 - an(l))(l - an(Q)) T (1 - an(r))@(d(ﬂnUn(i—l)xnap))’ (24)
for each i € I. From property of ¢, we conclude
d(Un(r)xnap) < d(l’n,p),
that is
d(xn-f—l;p) S d<$n7p)

Therefore, {d(zy,p)} is a nonnegative nonincreasing sequence, which converges
to a limit L > 0.

(I) Most of all, we want to show that
AT Up(i—1)n,p) 2 L, Yn>1,i€l. (2.5)
To show (2.5), it is sufficient to show that there exists k € N such that
d(zg,p) < d(T]'Upi—1)Tn,p), n>1,4i€l.
To verify (2.5), suppose that d(T}"Uy,(;—1)®n,p) < L. Then

for n > 1, i € I. Since {d(xy,p)} is a nonincreasing sequence, we have
A0 p) > d(@ps1,p) > - > L, ¥n> 1. (2.7)
Let
€ mn
on =L~ d(T;"Up(i—1)Zn,p) > 0. (2.8)
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Since limy, o0 d(zy,p) = L and (2.6), there exists N € N with

g

such that
|d(xn,p) — L| < |L — d(T"Up(i—1)Tn, p)| + |d(T]" Up(i—1)n, p) — d(2n, p)|
=L — d(T7'Uy(i-1)%n, p) + d(@n, p) — d(T"Up(i-1)Zn, p)
< o+ d(a,p) = d(T} Uy nyan,p)  (from (2.7))

€ €
<—4—< Vn > N.
2n+4n & "=

On the other hand, from (2.9), (2.8) and (2.6), we obtain

IS

1
(17" Up(i—1)Tn,p) + §(L — d(T}"Up(i-1)Tn,p))

U

(L +d(T}"Up(i—1)Tn,p))

N = N =

i.e.,
d(zn,p) < L.
This is a contradiction to (2.7). Therefore, (2.5) holds. That is

d(Tz’nUn(i—l)mn7P) >L, Vn2>1,1€l.

(IT) We claim that L = 0. Suppose that L > 0. It follows that, from (2.4) and
(2.5), for any fixed integer N € N and i € I

e}

(1 - an(l))(l - an(Q)) T (1 - O‘n('r))so(L)
N
< (1= ) (L= ane)) - (1= ) @(d(T Upi—1)n, p))

< Z (d(zn,p) — d(Tp+1,p))

This is a contradiction to the condition (ii). Therefore, L < 0. Thus
lim d(z,,p) =L =0.
n—o0
This completes the proof of Theorem 2.3. O
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Remark 2.1. The author does not apply the real CAT(0) properties of a
space such as for example (CN*) inequality,

d*(ax @ (1 —a)y, 2)

<ad*(z,2)+ (1 - a)d*(y, 2) — a(l — a)d*(x,y),
but only the fact that

dlaz® (1 — )y, z) < ad(z,z) + (1 — a)d(y, 2),

i.e., the convexity of the metric.

(CN7)

Corollary 2.1. Let (X, d) be a complete CAT(0) space, K be a closed convex
subset of X, T be a generalized p-weak contraction self mapping of K. Then
the Noor iterative scheme ([17])
Tnt1 = nZpn ® (1 — ap)Tyn,
Yn = IanL'n @ (1 - Bn)Tva
Zn = YnTn O (1 - 'Yn)Txn
satisfies
(1) 0 S anvﬁnv'yn S 17
(i) > opei (I = an)(1 = Ba)(1 —75) = o0
converges to fized point p € F(T).
Proof. In the double acting iterative scheme (2.2), if r = 3 and 77 = Ty =

T3 =T, then it reduces to the Noor iterative scheme. So the proof is similar
to that of Theorem 2.3, and will be omitted. [l

Corollary 2.2. Let (X, d) be a complete CAT(0) space, K be a closed convex
subset of X, T be a generalized p-weak contraction self mapping of K. Then
the Ishikawa iterative scheme ([7])
Tptl = QpTy D (1 - an>Tyna
Yn = Brnxn © (1 - Bn)Tmn
satisfies
(1) 0 <y, B <1,
(i) 252y (I —an) (1 = Bn) = o0
converges to fized point p € F(T).
Proof. In the double acting iterative scheme (2.2), if r =2 and T = To = T,

then it reduces to the Ishikawa iterative scheme. So the proof is similar to
that of Theorem 2.3, and will be omitted. O
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Corollary 2.3. Let (X, d) be a complete CAT'(0) space, K be a closed convex
subset of X, T be a generalized p-weak contraction self mapping of K. Then
the Mann iterative scheme ([12])

Tnt1 = nZpn ® (1 — ap)Txy,

satisfies
(i) 0<an, <1,
(i) Doy (1—om) =00

converges to fized point p € F(T).

Proof. In the double acting iterative scheme (2.2), if » = and T} = T, then
it reduces to the Mann iterative scheme. So the proof is similar to that of
Theorem 2.3, and will be omitted. O
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Abstract. The purpose of the present paper is to study the existence of solution of a system of differential
equations using fixed point technique. In this regard, in the first part of this article, along with some properties
of partial b-metric topology, we prove a common fixed point theorem for generalized Geraghty type contraction
mappings in a complete partial b-metric spaces. Then in second part we apply this result to show the existence
of the solution of a system of ordinary differential equations.

1. INTRODUCTION AND PRELIMINARIES

One of the most important results in fixed point theory is the Banach contraction principle introduced by Ba-
nach [4]. There were many authors who have studied and proved the results for fixed point theory by generalizing
the Banach contraction principle in several directions (see [1,5-7,18,22,24]).

Czerwik [9] introduced the notion of b-metric to generalize the concept of a distance. The analog of the famous
Banach fixed point theorem was proved by Czerwik in the frame of complete b-metric spaces. Following these
initial papers, the existence and the uniqueness of (common) fixed points for the classes of both singlevalued
and multivalued operators in the setting of (generalized) b-metric spaces have been investigated extensively (see
[2,3,10,13,15,16,20,23,26-28] and related references therein).

Shukla [29] introduced the concept of partial b-metric space and established some fixed point theorems. Shukla,
in fact, generalized Matthews partial metric to partial b-metric. Recently, Mustafa et al. [20], Latif et al. [19] and
Piri et al. [21] have established some fixed point results in complete partial b-metric spaces.

In this paper, we introduce the notion of generalized Geraghty type contraction mappings and develop new
common fixed point theorems for such mappings in complete partial b-metric spaces and properties of partial
b-metric topology. Examples are given to support the usability of our results. In the last section of this paper, we
utilize our results to present an application on existence of a solution of a pair of ordinary differential equations.
We also study well-posedness of common fixed point problem for generalized Geraghty type contraction mappings.

First of all, we recall some definitions and properties of partial b-metric spaces.

Definition 1. [29] Let X be a nonempty set and s > 1 be a real number. A function py : X X X — [0,00) is

said to be a partial b-metric if for all z,y, z € X, we have

92010 Mathematics Subject Classification: 47H10; 54H25

9Keywords: complete partial b-metric space; generalized Geraghty type contraction mapping; differential equa-
tion; well posed.
*Corresponding authors.
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(ppl) x =y if and only if py(z,y) = po(z,2) = pu(y, y),
(Po2) po(z, ) < po(,y),

(Po3) po(z,y) = po(y, ),

(pvd) po(z,y) < s[po(z, 2) +po(z,y)] — po(2, 2).

In this case, the pair (X, ps) is called a partial b-metric space (with constant s).

It is clear that every partial metric space is a partial b-metric space with coefficient s = 1 and every b-metric
space is a partial b-metric space with the same coefficient and zero self-distance. However, the converse of this
fact need not to hold. The self distance ps(z, x), referred to as the size or weight of z, is a feature used to describe

the amount of information contained in x.
Definition 2. Let (X, py) be a partial b-metric space. The distance function dp, : X x X — ]Rar, defined by

dpy (2,y) = 2po(x,y) — po(z,x) —po(y,y), for all z,y € X,
defines a metric on X called an induced metric.
Example 1. [29] Let X = R' and [ > 1. Then the functional p; : X x X — R™, defined by
po(z,y) = {(max{x,y})l + |z — y|l} , for all z,y € X,
is a partial b-metric.
Example 2. [29] Let X be a nonempty set such that p is a partial metric and d is a b-metric with coefficient

s> 1on X. Then the function p, : X x X — R*, defined by py(z,y) = p(x,y) + d(z,y) for all z,y € X, is a

partial b-metric on X and (X, py) is a partial b-metric space.

Example 3. [29] Let X be a nonempty set and p be a partial metric defined on X. The functional p, : X x X —
R, defined by
po(z,y) = [p(x,y)]? for all z,y € X and g > 1,
defines a partial b-metric.
For a partial b-metric space (X, ps), we immediately have a natural definition for the open balls:
Be(z;p0) = {y € X|po(z,y) < pp(x,z) + €} for each x € X and € > 0.
Proposition 1. The set {Be(x;pp)|z € X, € > 0} of open balls forms the basis for partial b-metric topology denoted
by Tps].
Proof. 1t is obvious that
X = UCL‘EXBE(x7pb)
and for any two open balls Be(z;ps), Bs(y;ps) we note that
Be(x;pp) N Bs(y;py) = U{Bx(c;po)| ¢ € Be(a;po) N Bs(y;pe)
Where7 K= pb(C, C) + min {6 - pb(I, C), 0 — pb(y7 C)} )

as desired. 0
Proposition 2. Fach partial b-metric topology is To topology but not Ti.
Proof. Suppose p, : X x X — R{ is a partial b-metric and = # y. Then without loss of generality, we have
oo (z,2) < pp (z,y) for all z,y € X. Choose € = py (x,y) — pp (z, ). Since

Po (QZ,SE’) < Db ($7x) +e=m (xvy)v

x € Be(z;pp) and y ¢ Be(x;pp). Otherwise we obtain an absurdity (ps (2,y) < pb (x,y)). It is obvious that for
T F# v,
x € Bs(x;pp) € Be(vipy),
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which contradicts 71 axiom. O
The following definition and lemma describe the convergence criteria established by Shukla in [29].

Definition 3. [29] Let (X, ps) be a partial b-metric space.
(1) A sequence {xn}nen in (X, pp) is called a Cauchy sequence if
limp, m— o0 Db (Zn, Tm) exists and is finite.
(2) A partial b-metric space (X, py) is said to be complete if every Cauchy sequence {x,, }nen in X converges,
with respect to T [ps], to a point v € X such that

py(T, ) = n,}illloopb(m"’mm)‘

Lemma 1. [29] Let (X, ps) be a partial b-metric space.
(1) Every Cauchy sequence in (X, dp,) is also a Cauchy sequence in (X, py).
(2) A partial b-metric (X, py) is complete if and only if the metric space (X, dp,) is complete.
(3) A sequence {Zn}nen in X converges to a point v € X with respect to T[(dp,)] if and only if
nan;opb(U,xn) =pp(v,v) = nangopb(wn,xm).

(4) If limp o0 zn = v such that py(v,v) = 0, then lim, o py(zn, k) = ps(v, k) for every k € X.
The following important lemma is useful in the sequel.

Lemma 2. [20] Let (X,ps) be a partial b-metric space with coefficient s > 1. Suppose that the sequences

{zn},{yn} converge to x,y, respectively. Then we have
1 1 .. .
=p(@y) = po(z,2) = po(y,y) < liminfpy(en, yn) < lim sup py(@n, yn)

< spo(, ) + 5°po(y, y) + ”po(x, ).
If py(x,y) = 0 then we have lim,,—, oo b (Zn, yn) = 0. Moreover, for each z* € X we obtain
épb(ww*) —po(z,z) < lim infpy(zn,27) < lim suppy(zn,27)
< spy(x,x”) + spo(w,2).
If pp(z,x) = 0, then we have

1 * . . E3 . * *
—pp(z,x") < lim infpy(zn,2*) < lim supps(zn,z”) < spp(z, ™).
S n—o00 n—o00

Let 2 denote to the class of all functions 8 : [0,4+00) — [0,1) such that for any bounded sequence {t,} of
positive reals, 8 (t,) — 1 implies ¢, — 0. Geraghty [11] presented a very important generalization of Banach

Contraction Principle as follows:

Theorem 1. [11] Let (X,d) be a metric space. Let S : X — X be a self-mapping. Suppose that there exists
B € Q such that for all z,y € X,

d(Sz,Sy) < B(d(z,y))d(z,y).
Then S has a unique fixed point z* € X and {S™x} converges to z* for each z € X.

Following [8], we let ¥ denote to the class of functions 1 : [0,00) — [0, 00) satisfying the following conditions:
(1) % is nondecreasing,
(2) v is continuous,
(3) ¥ (t) =0 if and only if t = 0.

Definition 4. Let S,7 : X — X be two self-mappings and F'(S) and F(T") denote the set of fixed points of S
and T, respectively. Then a fixed point problem for S and T" is well posed if for any sequence {z,} in X and z* €
F(S)NF(T), limp—oo pb(2n, S(zn)) = 0 or limp—oo po(xn, T'(xn)) = 0 implies limn— o0 po(Tn, z*) = po(z™, ™).
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2. FIXED POINT RESULTS
We begin with the introduction of the concept of generalized Geraghty type contraction mappings as follows:

Definition 5. Let (X,py) be a partial b-metric space. The pair S,T : X — X of self-mappings is called a
generalized Geraghty type contraction mapping if there exist 8 € 2 and 1 € ¥ such that for z,y € X, the pair
(S,T) satisfies the following inequality:

b (s°py (Sz,Ty)) < B (% (M (z,y))) - ¢ (M (2,y)) (2.1)

where

,Ty) + , S
M(a.9) = max {, (0,0) 1 (2,52) . (. 7) 2AE IO LSO

The main result of this section is the following.

Theorem 2. Let (X,ps) be a complete partial b-metric space and S,T : X — X be two self-mappings satisfying
the following conditions:

(1) (S,T) is a pair of generalized Geraghty type contraction mappings;

(2) S or T is a continuous mapping.

Then S and T have a common fixed point ™ € X.

Proof. First, we suppose that s > 1. Let 2o € X and choose 1 = S(z¢), z2 = T'(z1). Continuing in the same
way we construct a sequence {z,} in X such that z2;41 = S(x2:) and z2i42 = T(z2i41), ¢ = 0,1,2,.... Without
loss of generality, we can assume that M(x,y) > 0 for = # y. Now, for i € N, we have

0 < ¥ (po (B2041, T2i42)) < (8°py (Swai, Taaig1))
B (¢ (M (z2i,x2i41))) W (M (z2i, T2i41)) , (2.2)

IN

where

M (22i,2i41) = max po(22:,Tw2i41)+py (v2i41,572;)

2s

b (T2:, T2i41) , Db (T2i, ST2:) , P (T2i41, TT2i41) }

Db (T2i, T2i42) + Db (T2i41, T2i41
2s
Do (T2i, T2i41) , Db (T24, T2it1) , Pb (T2i41, T2it2) }

Do (T2i, T2iv1) , Db (T24, T2it1) , Pb (T2it1, T2iv2) }

< max Db (T2i, T2i41) + Do (T2i41, T2i42)
2s

Db (T2, T2i41) , Po (T2i41, T2it2)} -

I
:
»
— N

= maX

—~

If max {pp (T2:, T2i4+1) , Db (T2i+1, T2i42)} = P (T2i41, T2i42) , then from (2.2) we have
P (o (2641, T2i42)) < B (P (Do (T2i41, T2i42))) 2 (Do (T2i41, T2i42))
< P (py (x2041, T2i42)),

which is a contradiction. Thus we conclude that

max {pb (9622', -T2i+1) s Db ($2i+1, $2i+2)} = Pb ($2i, :1321'+1) .
By (2.2), we get that ¥ (py (2i+1, T2i+2)) < ¥ (py (T2i, T2i+1)). Since 1) is nondecreasing, we have

y43 (362i+1, 173214-2) < DP» (xzi, 132i+1) .
This implies that
b (Tnt1, Tnt2) < Pp (Tn, Tny1), for all m € N.

Hence we deduce that the sequence {pp (Zn,Zn+1)} is nonincreasing. Therefore, there exists r > 0 such that

lim py (Try Tnt1) =7
n—o0
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Now we shall prove that » = 0. Suppose that r > 0. From (2.1), we have

¥ (o (Tn1,Tni2)) < ¥ (s°py (S, Tonia))
< B M (Tn, zn41))) Y (M (20, Tnt))
which implies
Y (po (Tnt1, Tnt2)) < B (Y (po (Tn, Tnt1))) W (P (Tn, Tns1)) -
Hence
Vo) SP WO enzar) <1

This implies that lim 8 (¢ (py (n,Zn+1))) = 1. Since S € Q, we have
n—r oo

Jim 6 (po (2, 2n12)) =0,
which yields
r = lim Db (In, :rn-l»l) = 07
n— oo

which is a contradiction.

(2.3)

Now we will show that {z,} is a Cauchy sequence. For this purpose, we use Lemma 1. Suppose that there
exists € > 0 such that for all k € N, there exists m (k) > n (k) > k with dp, (@nk), Tmk)) > €. Let m (k) be the
smallest number satisfying the condition above. Then we have dp, (Zn(k), Tmk)—1) < €. Therefore,

€ < dpy (Tn(r)s Tm@ey) < 8 [dpy (Tagr), Tmry—1) + APy (T —15 Tm(iy) ]

< s [e+dpy (@me) -1 Tmer))] -
By taking the upper limit as k — oo in (2.4) and using (2.3) , we get

e < kl;n;o sup dp, (:rn<k),:rm(k)) < se.
From the triangular inequality, we have
dpy (T(k)s Tmr)) < 8ldpy (Tur)s Togy+1) + dpy (Trnk)y+1, Tm) )]
and
dpy (Tn(k) 41, Tmk)) < Sldpy (Tnik)+1, Tnr)) + Aoy (Tnik)y, Tm))]-
By taking upper limit as k — oo in (2.6) and applying (2.3) and (2.5),
e < klgrgo sup dp, (Tn(k), Tmr)) < s (kll)ﬂc}o sup dp, (@”n(k)+1790m(k))) .

Again, by taking the upper limit as k — oo in (2.7), we get

. . 2
kll)rr;o sup dp, (xn(k)ﬂ,xm(k)) <s (Jgﬂlo sup dp, (xn(k),xm(k>)) < s.se = s"e.

Thus

& . 2

€< Ay, (Triersts Ty < S2€.

- < Jim supdy, (@np) 11, Tme)) < 8¢

Similarly
9 . . 2
S < imsupdp, (2nge), @mepy 1) = MM supdp, (Tage) 1, Tmeey12) < 57

By the triangular inequality, we have

dp, (xn(k)+17wm(k)) < S[dpb (ﬂfn(k)ﬂ,wm(k)ﬂ) +dp, (xm(k)+17$m(k))]-
Letting k — oo in (2.10) and using (2.3) and (2.8), we get
e

o < klgilo SUp dp, (Tr(k)+1, T (k) +1) -

Following the above process, we find

. 3
klingo sup dp, (xn(k)+lyxm(k)+l) <s'e.

421
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From (2.11) and (2.12), we get
€ . 3
2 < klgl(f)lo sup dp, (Tn(k)y+1, Tmky+1) < 5°€.

Since Tp(k) 7 Tm(k)+1, We get

¥ (dpy (Tn(e)+15 Tm(k)+2))
< W (S, (STar), TTm+1))
< B M (@am) Tmm+1))) ¥ (M (Zngw), Tmw)+1))
< B M (@aw) Tmry+1))) - ¥ (M (Znw)s Tmwy+1)) »
where
dpy (Zn(k), Tm(k)+1) 5 Aoy (Tne), STa(r) »
M(mn(k),mm(k)H) = max{ (xm<k)+1’Txm(k)+1 ’

Ao, (2006 T2 () 11) Ty (P (i) 4152 (1))
2s

dpy, (Tn(k)s Tm(k)—1) » dpy (Tr(k)s Tn(e)+1) »

i

dpy, ‘rn(k’)‘zm(k)+2)+dpb(zm(k)+l!z7L(k)+1)
2s

Taking the limit as k — oo and using (2.3),(2.5), (2.8) and (2.9), we get

Loy +10 Lonrys2 )

2
€ € s€ . s°e
5= max {;, Z} < klirr;o sup M (:rn(k),xm(k)H) < max {525, T} = s%e.

Similarly, we can show that

2
€ € se .. s°e
5= max {;, 7 < kll)H;o inf M (wn(k)7mm(k)+1) < max {8287 T} s2e.

From (2.9), we have

P (325) = (53(2)) < (83/91320 sup dp, (zn(k)+l7xm(k)+2))
< B (¢ (klglgo sup M (xn(k),ivm(k)ﬂ))) Y (klg{.lo sup M (xn(k),xm(k)ﬂ)) +0
< B(s%) v (%)
< (826) ,

which is a contradiction. Thus {z} is a Cauchy sequence in (X, dp,). Since (X, ps) is a complete partial b-metric
space, from Lemma 1, (X,dp,) is a complete b-metric space. Therefore, the sequence {z,} converges to some
z* € (X,dp,). From Lemma 1, there exists z* € X such that lim dp, (zn,z") = 0 if and only if
n—oo
lim pp(z*,zn) = pp(z,2%) = lm  po(Tn, Tm). (2.13)

n—oo n,m— oo
Since dp, (@, y) = 2ps(x,y) — po(z, ) — pu(y, y), considering (2.3) and the axiom (p2) with lim dp, (xn,z") =0,
n—oo
we conclude that

lim py(2n, Zm) = 0. (2.14)
n—oo
Combining (2.13) and (2.14), we have
lim pp(z”,2n) = pp(z™,2") = lim pp(xn,zm) = 0.
n— o0 n,m—00

Now limy— 00 po(z*, zn) = 0 implies that lim py (z2i+1,2*) = 0 and
71— 00

lim pp (T2i42,2") = 0. As one of S and T is a continuous mapping, so we lim pp (Sx2,4+1,Sz*) = 0. Thus
71— 00 1—> 00

po (2", Sz™) = lim py (22i4+2, S2") < lim py, (Sw2i11, Sz™) = 0,
1—> 00 12— 00
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and so z* = Sz*. By (2.1), we have
b (s°py (7, T(z")))

o (s°pe (S(2"), T(z")))
B (M(z",27))) b (M (27, 27))

B (b (py (27, T( ) 4 (po (fv ,T(x"))) .-
Due to the definitions of 8 and ¥, we deduce that * = Tz*. Therefore, S and T have a common fixed point

IA

IA

2" € X. Tt is easy to check that =™ is unique. O
Remark 1. We note that Theorem 2 is more general than the results established in [11,12, 14, 25, 26, 29)].

Example 4. Let X = [0,1]. Define a function py : X x X — [0,400) by py(z,y) = (max{z,y})? + (z — y)°.
Clearly, (X,pp) is a complete partial b-metric space with the constant s = 2. Let 8 be a function on [0, 4+00)
defined by B (¢) = 1+t for all t > 0 and B(0) = 0. Then 8 € Q. Let ¢ be a function on [0,+00) defined by
¥ (t) =t. Then ¢ € U. Define the mappings S,7 : X — X by

2o itwe(0.d)
T(z) = and S(z) =
1, ifze ;1]
If {,} is a Cauchy sequence such that {z,} C [ , 2) Since ([0, %) ,pb) is a complete partial b-metric space,
the sequence {z,} converges in [O, %) C X. Thus (X,ps) is a complete partial b-metric space. We note that
x,y, Sy, Ty € [O, %) and S is continuous. It is easy to check that for all z,y € [O, 2) the following inequality is

true
v (s°po (S, Ty)) < B (% (M (2,9))) ¥ (M (2,9)),
Thus all the conditions of Theorem 2 are satisfied. Hence S and T" have a common fixed point (z = 0).
3. DERIVED RESULTS
In Theorem 2, if we set S =T and

M ([E,y) = max {pb (a:,y) » Pb (:c,Sm) » Pb (y7 Sy) ’ pb(

then we obtain the following result.

z, Sy) + py (y, Sx)
2s ’

Corollary 1. Let (X,py) be a complete partial b-metric space. Suppose that S : X — X is a self-mapping

satisfying the following conditions:

(1) S is a generalized Geraghty type contraction mapping;

(2) S is a continuous mapping.

Then S has a fixed point z* € X.
In Theorem 2, if ¢ (t) = t, then we obtain the following corollary.

Corollary 2. Let (X, pp) be a complete partial b-metric space. Suppose that S, T : X — X are two self-mappings
such that
(1) there exists 8 € Q such that for z,y € X, the pair (S,T) satisfies the following inequality
s'py (Sz, Ty) < B (M (2,9))) - (M (z,9))

where

M (JJ, y) = max {pb (.Z‘, y) » Pb (JJ, S:E) » Pb (y7 Ty) ) B (xyTy) P (y7 S:r) } .

2s
(2) S or T is a continuous mapping

Then S and T have a common fixed point z* € X.
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In particular, if py(z,2) = 0 for all x € X, then the following result can easily be obtained from Theorem 2.

Corollary 3. Let (X,d) be a b-metric space. Suppose that S,7T : X — X are two self-mappings satisfying the

following conditions:

(1) (S,T) is a pair of Geraghty type contraction mappings;
(2) S or T is a continuous mapping.

Then S and T have a common fixed point z* € X.
In the following, we see that the problem stated in Theorem 2 is well posed.

Theorem 3. Let (X,py) be a complete partial b-metric space. Let S,T: X — X be two self-mappings as in
Theorem 2 with 1 (t) =t. Then the fized point problem for S and T is well posed.

Proof. Let {x,} be a sequence in X and z* € F(S) N F(T). Suppose that limy e pp(zn, S(zn)) = 0. If

limy, 00 Pb(Zn, ") = 0, then we are done. Assume that lim, o pp(@n,x*) =r > 0. Using (ps3), we have

$'py(@n,2”) < (s S(wn)) + po(S(@n) ") = po(S(2n), S(zn))],
$po(an,a”) < 8 po(en, S(an)) + 8°po(S(an), T("))
< $"pp(@n, S(xn)) + B (M (2n,2")) - M (2n, "),
tim py(ana) < 5° i pa(en, S(an) + lim B, ) (o),
g < 0+ S%ﬂ(r), a contradiction due to the definition of j3.
Similarly, we obtain limy, e n = ™ if we assume limp o0 d(zn, T(2,)) = 0. O

4. APPLICATION

In this section, we present an application on existence of a solution of a pair of ordinary differential equations.

In particular, inspired from [17] and using Theorem 2, we consider the following pair of differential equations:

(B =0 w {Frig o w

where f, K : [0,1] x R — R are continuous functions. The Green function associated to (4.1) is defined by

_ftl-s), 0<t<s<1
G(t’s)*{ s(1—t), 0<t<s<l.

Let C (I) be the space of all continuous functions defined on I, where I = [0, 1]. Suppose that
2
) = (supla(®) = y(0)] )+ (axta(0),u(OD*

It is known that (C (I),ps) is a complete partial b-metric space with constant s = 2. Now, define the operators
S, T:C(I)— C(I) by

Sx( /Gtsf(sm())dsande /Gts (s,y(s))ds

for all ¢ € I. Note that (4.1) has a solution if and only if the operators S and T have a common fixed point.

The main result is the following.

Theorem 4. Assume that

(1) there exist continuous functions f, K : [0,1] x R — R such that for all a,b, p € R, we have

|f(t,a) — K(t,b)]> < 641n (%) foralltel,
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where

M(a,b) = max {pbw b), (e, 5(a)). (b, T(5)),

(2) the operators S, T are such that

(max{Sz(t), Ty(t)})* < In(p (sup/ G(t,s) )

tel

po(a, S(b)) ;—Spb(b» T(a)) } > p;

Then the system of ordinary differential equations (4.1) has a solution.

Proof. Tt is well known that z* € C? (I) is a solution of (4.1) if and only if z* € C (I) is a solution of the integral
equation (see [17]). Define the mappings S, T : C (I) — C (I) by

Sx(t / G(t,s)f(s,z(s))ds and Tz(t / G(t,s) ,y(s))ds.

Hence the solution of (4.1) is equivalent to find z* € C (I), that is, a fixed point of T. By (1), we get

(S, Ty) = (Sup\sx( ) — Tyt )|)2 + (max{Sx(t), Ty(t)})*
< stg)/ G(t,5) [f (s, (s ))K(s,y(s))]dsr+ln <32?/G” )
< (Stlél?/ Gt s) ds) £(s,2(5)) — K (s,9(s))2| +In(p (Stlé?/ G, s) )
< <21€1?/Gts )m(%) +in(p (TQI)/GH )

- »821n(%)+1n }(ig?{/czts })

2
Since [ G(t,s)ds = —% + £ for all t € I, we have (sup [fol G(t, s)ds} ) = 2. Therefore,

tel
po(Sz, Ty) < In(M(a,b) + 1),

which implies that
In(pp(Sz, Ty)+1) < In(ln(M(z,y)

= In(M(z,y) +1).

Define the functions 1) : [0, 00) — [0,00) and 3 : [0,00) — [0,1) by

Y(z)=In(z+1) andﬁ(w):{ wiz), ifx#0

0, otherwise.

Note that ¥ : [0,00) — [0, 00) is continuous, nondecreasing, positive in (0,00), 1 (0) = 0 and ¥ (z) < z. Hence
B € YeV and

¥ (s°py (Sz,Ty)) < B (¥ (M (z,y))) ¥ (M (2,9))
for all z,y € C(I). Therefore, all the assumptions of Theorem 2 are satisfied. Hence S and T have a common
fixed point z* € C (I), that is, Sz™ = Tz* = z*, which is a solution of (4.1). O
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SOME EQUALITIES AND INEQUALITIES FOR K-G-FRAMES

ZHONG-QI XIANG' AND YIN-SUO JIA

ABsTrRACT. In this paper we establish some equalities and inequalities for K-g-frames. Our
results generalize the remarkable results obtained by Balan et al. and Gavruta. We also give
several new inequalities for K-g-frames by using operator theory methods, which differ in
structure from those for frames.

1. INTRODUCTION

Throughout this paper, .7 and %" are separable Hilbert spaces, {-}} j; is a sequence of
closed subspaces of J#", where I is a finite or countable index set. For any I C J, we denote
I¢ = I\I. The notation B(Z, %) is reserved for the set of all linear bounded operators
from 7 to ., and B(Z, 7€) is abbreviated to B(); K € B(3C).

Frames for Hilbert spaces, appeared first in the early 1950’s, have now been applied in
a variety of fields because of their redundancy and flexibility. For more information on
frame theory and its applications, the interested reader can consult [4-8, 16, 19]. G-frames,
proposed by Sun in [17], generalize the concept of frames extensively and possess some
distinct properties though they share many similar properties with frames, see [15, 18].

A K-frame is a generalization of a frame, which was put forward by Gavruta in [10] to
investigate the atomic systems associated with a linear bounded operator K. When K is an
orthogonal projection, a K-frame is just an atom system for subspace which was introduced
by Feichtinger and Werther in [9]. It should be remarked that the properties of K-frames
are quite different from those of frames as shown in [1, 12,20, 22], though the definition of
a K-frame is similar to a frame in form. Recently, Xiao et al. [23] applied Gavruta’s idea
to the case of g-frames, thereby leading to the notion of K-g-frames, which have attracted
much attention, see [2, 13].

Balan et al. [3] found a surprising identity for Parseval frames when they devoted to the
study of efficient algorithms for signal reconstruction, given below.

Theorem 1.1. Let {f;}jey be a Parseval frame for S, then for every 1 C J and every

f €, we have
2 2
(L.1) DAL= | DI = DKELIP = | D f S0y
jel Jjel Jjele Jjele

In [3], the following inequality was also obtained.

Theorem 1.2. Let {f}}je; be a Parseval frame for S, then for every 1 C J and every
f €, we have

23
1.2 Il + > ~||fI%.
(1.2) ;Kf il > I/

DU

Jele

T Corresponding author.
2010 Mathematics Subject Classification. Primary 42C15; Secondary 42C40.
Key words and phrases. Parseval K-g-frame; K-dual g-frame; operator; pseudo-inverse.
1
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Later on, Gévruta [11] extended Theorems 1.1 and 1.2 to alternate dual frames:

Theorem 1.3. Let {fj}jer be a frame for 5 and {g;}je; be an alternate dual frames of
{fi}jes. Then for all1 C J and all f € 5, we have

2

DU

Jele

Re Y (f.e)f )+
Jel

2 3
> 2| £
_4||f||

(1.3) =Re Y (e + | D [ Fenf

jele jel
In fact, Theorem 1.3 is a particular case of the following result, given in [11].

Theorem 1.4. Let {f}} je; be a frame for 5€ and (g} jey be an alternate dual frame of { f} jer.
Then for all bounded sequence {w )} je; and all f € 2, we have

- 2
Re > wilf, e ) i+ || D (1 = 0} g
J€l jel
_ 2 3
(1.4) =Re ) (1 -0} f. g )P +|| D wit g = ZIAP.
jel jel

In this paper we generalize the equalities and inequalities (1.1), (1.2) and (1.4) to K-g-
frames. Since g-frames can be considered as a class of K-g-frames, Theorem 2.2 in [21]
and Theorem 4.1 in [24] which are a generalization of Theorems 1.1 and 1.2, and Theorem
1.4 respectively, can be obtained as a special case of the results we establish on K-g-frames.
We also present some new inequalities for K-g-frames by using operator theory methods,
which are different in structure from those in (1.2)—(1.4).

2. PRELIMINARIES
In the following we briefly recall some definitions and basic properties of operators.

Definition 2.1. We call a sequence {A; € B(J?, X))} jer a K-g-frame for ¢ with respect
to {7} jes, if there exist 0 < C < D < oo such that

.1 CIK*fIP < ) IAfIP < DIfIP, Vf €.

Jjel

If we only require the right-hand inequality of (2.1), then {A } ey is said to be a g-Bessel
sequence for JZ with respect to {.%}} je; with g-Bessel bound D.

Remark 2.2. If K = 1 4, the identity operator on .77, then a K-g-frame is just a g-frame.

A K-g-frame {A; € B(JC, X))} je; for S is said to be Parseval if

2.2) K fIP = Y IAfIP, Y f et

jel

Let {A}}jey be a Parseval K-g-frame for 77 with respect to {.}} 5. Then it is easy to
check that

(2.3) KK'f = ZAjAjf, Vfe .

Jjel
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Definition 2.3. Let {A;};q be a K-g-frame for s with respect to {%j}je;. A g-Bessel
sequence {I';} jey for % with respect to {%}} jey is called a K-dual g-frame of {A ;}jer, if

(2.4) Kf=Y KI;f, Vfedt.

jel
To prove the main results, we need the following lemmas.

Lemma 2.4. (see [6]) Suppose that T € B(J) has closed range, then there exists a
unique operator 7' € B(S), called the pseudo-inverse of 7, satisfying

II"7=9, 777 =9, (T'7y=9"7, (T =T).

In the following, the notation @ is reserved to denote the pseudo-inverse of the linear
bounded operator ® (if it exists).

Lemma 2.5. (see [14]) Suppose that U,V, T € B(J), that U +V = 7, and that  has
closed range. Then we have

TTU+VITV=VT'T+UTU
Lemma 2.6. If U,V,K € B(J7) satisfy U + V = K, then
U'U + %(V*K+ K*V) > %K*K.
Proof. We have
U'U+ %(V*K +K'V)=(K"-V)K-V)+ %(V*K +K*V)
=V'V-(K'V+V'K)+ KK + %(V*K +K*V)

1
=V'V- E(V*K +K'V)+ K'K

—(V IK)*<V 1K)+3K*K
a 2 2 4

3

> -K'K

4

3. MAIN RESULTS AND THEIR PROOFS

We begin with several equalities and inequalities for Parseval K-g-frames and K-dual
g-frames.

Theorem 3.1. Let {A}}je; be a Parseval K-g-frame for 5€ with respect to {}jey. Then
for every 1 C J and every f € € we have

DINAS DINAS
jel Jjele

Proof. For every I C J, one can easily check that the operators S and S defined by

Sif = D NN Sef= ) NAf

Jjel Jele

2

A AKKD |

Jele

G D UALAKK ) - ’

jel
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are positive, linear bounded and self-adjoint. Moreover, the definition of a Parseval K-g-
frame gives Sy + S1c = KK*. Hence for each f € 57,

DAL AKK Y = | DT AAf

Jjel Jjel

2

= (S f, KK f) = ISt fIP

= ((KK* = S)S1f, f)

= (Sk(KK* = S1)f, )

= (SxKK'f. f) = (S+f. )

= (Skf.KK*f) = ISw fI?

= Y NHAKE Y = > ASAf

Jjele Jjele

2

O

A version of the equality obtained in Theorem 3.1 for overlapping divisions is derived
in the following result.

Theorem 3.2. Let {A}}jey be a Parseval K-g-frame for 5€ with respect to { %} jey. Then
for everyl C I, every E C I, and every f € S, we have

DU - D AAf

JjelUE JeI\E
D NS

2 2

2 2
DA - +2Re > (A f, A KK ).

jel Jjele JjeE

Proof. Applying Theorem 3.1 twice yields

Z NiAf Z NAf

2 2

jEIUE jel\E
= D UNEAKK ) = > (A f KK f)
jEIUE JEI\E
- Z(Ajf, AKK*f) — Z(Ajf, AKK*f) + 2Re Z(Ajf, AKK*f)
jel Jjele JjeE
2 2
- ‘ DIAAF —‘ DUAIAGF|| +2Re D (Af AKK ).
jel jele JjeE

O

Theorem 3.3. Let {A}} ey be a K-g-frame for 7 with respect to {€}}jer and {I'j} ey be a
K-dual g-frame of (A} jes. Then for every {a}je; € {°(J) and every f € F we have

2
DA = aXOf AKSY +| D AT f
jer jel
2
(32) = D Ak TIf AKS) + | (1= apATT ] -

Jjel JeJ
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Proof. For any {a}jer € €°(J) and any f € JZ, we let
Saf = Y @NTifs Siaf = Y (1= a)ASTf.
J€l jel
Denote by D and D, the g-Bessel bounds of {A }c; and {I';} jey respectively. Then
2

2
ZajA’;ij = sup <ZC¥jA7F_if’g>
jel geH llgll=1 jel
2
= sup Z aj(ij, Ajg>
ge At lgl=114
2
< s (Yl Az
e lgl=1\77
< sup el DTGP D lAglP
g€ lIglI=1 jel jel

< DiDsll{e} el PIIFII

It follows that S, is well defined and bounded. By the same way we can show that §'|_, is
also well defined and bounded. Since {I'}}er is a K-dual g-frame of {A;} jc;, we have

Saf +S1oaf = D GATf + D (1= apATif = > ATT;f = Kf
jel jel jel
for each f € . It follows that

2
D= AKD +| D AT = (S1-afs Kf) +(Saf.Sul)
jel Jjel
=((K=SIf.Kf)+(Saf.Saf)
(3.3) =(Kf, Kf)=(Sofs Kf) +(Saf,Saf),
and
2
DIkt K +{| D (1= @ AT, f
Jjel Jjel
=(Saf. Kf) +{S1-afsS1-af)
=(Kf,Saf) +{(K=Sa)f,(K=Sa)f)
=(Kf,Saf) + (K[, Kf)+(Saf.Saf) = (Safs Kf) —(Kf,Saf)
(3.4 =(Kf,Kf)=(Saf.Kf)+(Saf.Saf)
Combination of (3.3) and (3.4) yields (3.2). m]

Corollary 3.4. Let {A}jc; be a K-g-frame for 2 with respect to {.%} jey and {I';} ey be a
K-dual g-frame of {Aj}je;. Then for every I C J and every f € JZ we have

DUCEAK +| D ATf ’ DIATf

Jjele Jel Jele

2

= Y (Cif, AKF) +
Jjel
Proof. The result follows directly from Theorem 3.3 if we take I ¢ J and

_ L jel
Y%=Vo0, jer.
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Theorem 3.5. Let {Aj} ey be a K-g-frame for 7 with respect to { X} jer and {Ij}jer be a
K-dual g-frame of {A}} jer. Then for every {aj} jey € €7 (J) and every f € S we have

DAt
Jjel

2(1 — )AL f
Jjel

2+Re(Z(1 - a}Tif AK)
Jel

(3.5) =

2 3
+Re( Y. as(Tif AR 2 SIKAP.
Jjel

Proof. The equality is obtained immediately if we take the real part on both sides of (3.2).
For the inequality, taking

Uf =) ajAilif and V= >"(1-apAilif
Jjel Jjel
for each f € 7 in Lemma 2.6, then we have

D NS

jel

2+Re(Z(1 ~ @} Tif A K )
jel

1
= |UfIP + Re(Vf, Kf) =(USUf) + SUVAK) +(Kf V)

<(U*U + %(V*K + K*V))f, f>

3
(K'Kf, fy = ZIKAIP.

EEN V]

>
[}

Theorem 3.6. Let {A}jc; be a Parseval K-g-frame for S with respect to {J%}}jc5. Then
for everyl C J and every f € I we have

2
DUNAGF| +Re Y (A AKK' f)
jel jele
2 3
(3.6) = | D AJAF| +Re ) (A f AKK f) 2 JIKK fIF.

Jjele Jjel

Proof. The equality follows if we take the real part on both sides of (3.1). It remains to
prove the inequality. Since Sy + S = KK, it follows that

S?+S82 =5+ (KK" - Sy
=287+ (KK*)* - KK*S; — S1KK*

3.7) - 2(KK* - 51)2+(KI;)2.

Therefore,
KK*Sy + S KK* +28% = KK*(S; + S1) — KK*Sy + S KK* + 287
= (KK*)* = (S1+ S1)S1 + Sp(Sy + Spe) + 257
= (KK*)? = S? - S1S1+SwSy+S2 + 282

3
= (KK* +S2+S% > 5(1(1(’-‘)2.

432 ZHONG-QI XIANG ET AL 427-437



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

SOME EQUALITIES AND INEQUALITIES FOR K-G-FRAMES 7

Thus for every f € 57 we have
DA
Jjel

1
IS A1 + S (S f, KK f) + (KK"f. S f))

2
+Re Z(A ifs AKKEf)

Jjele

1
5(2<S%f, P+ (Sefo KK )+ (KK*f, St f))

1 3 3
SUKK" S+ SKK" + 2SO, f) > Z((KK*)Zf, = ZIIKK*fIIZ.
]

We give an upper bound condition for the left-hand-side of the equality in (3.6) under
the condition that K has closed range.

Theorem 3.7. Suppose that K has closed range and that {A} ey is a Parseval K-g-frame
for F with respect to {%}} jey. Then for every 1 C J and every f € J€ we obtain

2
DUNAF| +Re D AL AKK £y < IKTIKICL+ IKTIK IDIKK” 1P,

jel jele

Proof. For each f € 5, by Lemma 2.4 we have

2
SN < IS IAAR < S IA AP

JeL Jjel jel
< IKIPIK* fII* = IKIPIK*(K*) K" fII?
(3.8) = IKIPIKTKK" fIP < |KIPIKTIPIKK 1P,
and
1 1
Re Y AL AKK ) < (D IAAP) (D IAKK fIF)
Jjele Jjel Jjel
= [IK*fIIK*KK" £
= IK'KK* fIIIK*KK* ]|
(3.9) <[IKIKTIIKK" fII*.
Now, the result follows by combining (3.8) and (3.9). ]

In the following we give some new inequalities for K-g-frames, which possess different
structure comparing with the inequalities for frames shown in Theorems 1.2, 1.3 and 1.4.

Theorem 3.8. Let {A}} ey be a K-g-frame for 7 with respect to {7} jer and {I'j}jey be a
K-dual g-frame of {A\}} jer. Then for every 1 C J and every f € € we have

—_— 3K + I1Fy — Frel?
ZAijf +ReZ<r,f,A,Kf>s Z
Jjel jele
where the operators Fy is defined by F1f = 3 Ajl"jf.

(3.10) %IIKfII2 < 12,

Proof. The left-hand inequality follows from Theorem 3.5 if we consider I ¢ J and

L jel
Y=10 jer.
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We now prove the right-hand inequality of (3.10). For any f € .7 we get

2
DUNTf|| +Re Y Aif, AK )

jel Jjele
= (F1f, F1f) + Re(K f, Fie f)
= (F1f, F1f) + Re(K f, (K = F1) f)
= (F1f, Fif) + (K[, Kf) = Re(Kf, F1f)
= (Kf.Kf) = Re({(K = F1)f, F1f))
=(Kf.Kf) = Re(Fr f, F1f)

1 1
=(Kf.Kf) - §<F]If’ Fref) - §<F]Iff» Fif)

3 1 1 1
= é—tann2 + B + Fief o Fif + Fief) = S(FU P f) = S (Feef Fif)

3 1
= z”Kf”z + {Fi = FOf, (Fi = Fof)

3
< —
4

31K + ||Fy = Fre|?
_ 31Kl +||4E rell LI

This completes the proof. O

1
K1 + IF- FrelPlIAI

Theorem 3.9. Suppose that K is positive and that it has closed range. Let {Aj}jer be a
K-g-frame for 7€ with respect to { %} jey and {I j} jey be a K-dual g-frame of {A}} jey. Then
for every 1 C J and every f € € we have

Re > (T)f A KK ) + <Z KATL Aj.rjf>

Jjel Jele Jel¢
+ * * 3 1
=Re ) ([;f, AjK'Kf)+ <Z K'AT;f Y Ajl"jf>2 JIK AP,
Jjele jel Jjel
Proof. Since K is positive, it is self-adjoint and thus by Lemma 2.4, (K")* = (K*)" = K.

Hence, (K F; f, F1f) and (Kt Fpe f, Frc f) are real numbers for every f € . From Lemma
2.5 it follows that

Re Z(ij, AKTKf) + <Z K'AITSf, Z A;rjf>

jel Jjele Jjel
= Re(F1f, K'Kf) + (K" Fye f, Fre f)
= R(KKFif, )+ (FLK Fie f, f)
= Re(KK'F; + FLK Fo) £, f)
=Re((FLK'K + FIK'F) f, f)
= Re((FL.K'Kf. )+ (F{K'Fif. )
= Re((K'Kf, Fie ) + (K" Fyf, F1f))
= Re(Fre f, K'Kf) + (K Fif, Fof)
=Re ) ([;f, A;K'Kf) + <Z KA A;rjf>.

Jjele jel Jjel
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Again by Lemma 2.4 we have

Re > (Ui f, AjKTKf) + <Z KN A;rjf>
JeI¢ jel Jjel
= Re((KK'F; + FLK'Fr)f, f)
= Re((KK"(K — Fr.) + FLK'F)f, f)
=(Kf, [) — R(KK Fi f, f) + (F3.K'Fy f, f)
= (K2 f.K?f) - Re(K* KK Fof, f) + (K2 K'Fr)' (K2 K Fo) f, f)
3 1 1 | 30
= JUKEAIP + (SKEf - KEK TP fo S KA f = KER P f ) SIKE AP
for each f € 7 and the proof is finished. O

Theorem 3.10. Let {A}} ey be a Parseval K-g-frame for 5€ with respect to {}} jey. If St
commutes with S for every 1 C I, then for every f € 5 we have

1 * * 2 * 2 *
(3.11) SIKK AP < | DS AsAGF] +|> ] AsAE|| < IKK FIP.
Jel Jele
2
. . I
(3.12) 0< Z<Aj1<1< Ay - ZAjAjf < ZIKK"fIP.
Jel jel
Proof. From (3.7) it follows that
2 2
‘ZA’}Ajf HD NN = ISP+ 1S /I = (S1fo S1f) + (S fo 5w )
jel Jjele
2 2 1 2 1 % 12
(3.13) =(ST+Spf. Nz §<(KK YL = EIIKK fi

for every f € 7. Since S1 commutes with S, S1S1 > 0 and
(3.14) 0<S:Se =Sy(KK* - Sy) = S:KK* - S2.
It follows that
S?2+82% =82+ (KK*)* — KK*S; — S1KK* + §?
= (KK*)* +(S? - S:KK*) + (S? — KK*S7)
= (KK*)* — (S:KK* — §%) - S1:S1 < (KK")*.

Hence for every f € .57 we have

2
‘ DIAAF +‘ DIAAF
jel Jjele

This together with (3.13) gives (3.11). We next prove (3.12). Using formula (3.14) we get

DAL
Jel

2

=((S?+ S ) < (KK, ) = IKK* fIP.

2

D UNKK f A = = (SIKK"f, ) = ISufIP = ((S:KK" = SDf. f)
Jjel

= (SUKK" =SDf, ) =(S18ef. /) =0
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for every f € . On the other hand we obtain

2
D UNKK A = | Y AAS| = (KK =SDE )
Jjel jel
- K
RV 4 "
(KK*)* >
< {—
<(Shs
1
= —IKK* fI*.
KK Al
This completes the proof. O
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Abstract. Using the fixed point method, we establish some stability results concerning the following new mixed
type AQ-functional equation

J=z+2y) +2[f(Bx — 2y) + fRx +y) — f(y) — fly —x)] =3[f(z +y) + f(z —y) + f(—2)] + 4f 2z — y)

in matrix non-Archimedean fuzzy normed spaces.

1. INTRODUCTION AND PRELIMINARIES

A basic question in the theory of functional equations is as follows: “When is it true that a function, which
approximately satisfies a functional equation must be close to an act solution of the equation? If the problem
accepts a solution, we say the equation is stable. The first stability problem concerning group homomorphisms was
raised by Ulam [29] in 1940 and affirmatively solved by Hyers [7]. The result of Hyers was generalized by Aoki [1]
for approximate additive mappings and by Rassias [24] for approximate linear mappings by allowing the difference
Cauchy equation || f(z+vy)— f(z) — f(y)]| to be controlled by e(||z||” + ||y||”). In 1994, a generalization of the Rassias
theorem was obtained by Gavruta [6] who replaced e(]|z||”+||y||”) by a general control function x(z,y). In addition,
Rassias [20]—[23] generalized the Hyers-Ulam stability result by introducing two weaker conditions controlled by a
product of different powers of norms and a mixed product sum of powers of norms, respectively. applied to the cases
of other functional equations in various spaces [2, 5, 13, 15, 16, 26, 27]. In particular Mirmostafafe and Moslehian
[14] introduced a notation of non-Archimedean fuzzy normed spaces. They presented the interdisciplinary relation
between the theory of fuzzy spaces, the theory of non-Archimedean spaces and the theory of functional equations.
Many authors [8, 11, 12, 14, 19, 25, 32] investigated the Hyers-Ulam stability in non-Archimedean fuzzy normed
spaces.

Definition 1. [8, 32] Let X be a linear space over a non-Archimedean field K. A function
N : X x R—[0,1] is said to be a non-Archimedean fuzzy norm on X if for all z,y € X and all s,t € R

(N1) N(z,¢) =0 for ¢ < 0;

(N2) x =0« N(z,c) =1 for all ¢ > 0;

(N3) N(cz,t)= N(z, ﬁ) ifc#0;

(N4) N(z + y, max {s+t}) > min {N(z,s), N(y,t)};

(N5) tlggo N(z,t) = 1.

The pair (X, N) is called a non-Archimedean fuzzy normed space. Clearly, if (N4) holds then so does

(N6) N(z+y,s+1t) > min {N(z,s), N(y,t)}. A classical vector space over a complex or real field satisfying (N1)
and (N5) is called fuzzy normed space. It is easy to see that (IN4) is equivalent to the following condition

(N7) N(z +y,t) > min {N(z,t),N(y,t)} (z,y € X;t € R).

N
N

92010 Mathematics Subject Classification: 46540, 46550, 47L25, 47H10, 54C30, 54E70.

9Keywords: Hyers-Ulam stability, fixed point, mixed type additive-quadratic functional equation, matrix non-
Archemedian fuzzy normed space.
*Corresponding authors.

438 Jung-Rye Lee ET AL 438-446



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

J. Lee, G.A. Anastassiou, C. Park, M. Ramdoss, V. Veeramani

Definition 2. Let (X,N) be a non-Archimedean fuzzy normed space. A sequence {z,} in X is said to be

convergent or converge if there exists an € X such that lim N(z, —z,t) = 1 for all ¢ > 0. In this case, z is
n— oo

called the limit of the sequence {z,} and we denote it by N — lim z, =z

n—oo

Definition 3. Let (X,N) be a non-Archimedean fuzzy normed space. A sequence {z,} in X is said to be
Cauchy if for each ¢ > 0 and each ¢ > 0 there exists an no € N such that for all n > no and all p > 0, we
have N(Zn4p — Zn,t) > 1 —e. Due to N(@nyp — Zn,t) > min {N(Zntp — Tntp-1,1), ..., N(Tnt1 — xn,t)} the
sequence {z,} is Cauchy if for each € > 0 and each ¢ > 0 there exists an no € N such that for all n > no we have
N(Zpt1 — Tn,t) > 1—€.

It is well known that every convergent sequence in a (non-Archimedean) fuzzy normed space is Cauchy. If
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the (non-Archimedean) fuzzy
normed space is called a (non-Archimedean) fuzzy Banach space.

The abstract characterization given for linear spaces of bounded Hilbert space operators in terms of matricially
normed spaces [4] implies that quotients, mapping spaces and various tensor products of operator spaces may again
be regarded as operator spaces. Owing in part to this result, the theory of operator spaces is having an increasingly
significant effect on operator algebra theory [18]. Recently, Lee et al. [9] researched the Hyers-Ulam stability of
the Cauchy functional equation and the quadratic functional equation in matrix normed spaces. This terminology
may also be applied to the cases of other functional equations [3, 10, 28, 30, 31].

We will use the following notations:

M, (X) is the set of all n X n-matrices in X;

ej € My »(C) is that jth component is 1 and the other components are zero;

E;; € M, (C) is that (i,j)-component is 1 and the other components are zero;

Eij ® ¢ € M,(X) is that (i,j)-component is = and the other components are zero. For z € M,(X),y €

My (X),
z 0
rDy = (O y).

Note that (X, {||Hn}) is a matrix normed space if and only if (M, (X),||.]|,,) is a normed space for each positive
integer n and ||AzBl||, < ||A||||B| ||z|l, holds for A € My »(C), B € My x(C) and = = (zi;) € Mn(X), and that
(X, {H|\n}) is a matrix Banach space if and only if X is a Banach space and (X, {||||n }) is a matrix normed space.
A matrix normed space (X, {||||n}) is called an L™ -matrix normed space if ||z ® y||,,,, = maz {Hx”n , ||y||k}
holds for all x € M, (X) and all y € M(X). Let E, F be vector spaces. For a given mapping h : £ — F and a
given positive integer n, define hy, : M, (E) — My, (F) by hn([zi;]) = [h(xi;)] for all [z;;] € My (E).

We introduce the concept of matrix non-Archimedean fuzzy normed space.

Definition 4. Let (X, N) be a non-Archimedean fuzzy normed space.
(1) (X, {Nn}) is called a matrix non-Archimedean fuzzy normed space if for each positive integer n, (M,(X), N») isa

non-Archimedean fuzzy normed space and Ny (AzB,t) > N, (ﬂc ) forallt >0, A € My»(R), B € M, r(R)

and z = [z,;] € M, (X) with ||A]| - ||B|| # 0.
(ii) (X,{Nn}) is called a complete matrix non-Archimedean fuzzy normed space if (X, N) is a non-Archimedean

_t
> AN-IBI

fuzzy Banach space and (X, {N,}) is a matrix non-Archimedean fuzzy normed space.

Example 5. Let (X, {HHn}) is a matrix normed space. Let Ny (z,t) = - forallt > 0 and z = [x;;] € M, (X).

t+lz],,
Then
t

t > t _
t+AzBlly, = t+lAl-lzl,-I1BI — ___t
AT B+,

forallt >0, A € My n(R), B € My (R) and = = [z;;] € Mp(X) with ||A| - ||B]| # 0. So (X,{N,}) is a matrix
non-Archimeaden fuzzy normed space.
Definition 6. Let X be a set. A function d: X x X — [0, 00] is called a generalized metric on X if d satisfies
(1) d(z,y) =0 if and only if z = y;
(2) d(z,y) = d(y,z) forall z,y € X;
(3) d(z,2) < d(z,y) + d(y, z) forall z,y,z € X.
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Theorem 7. [17] Let (z,d) be a complete generalized metric space and let J : X — Y be a strictly contractive
mapping with a Lipschitz constant a < 1.Then, for each given element x € X, either d(J"z, J""'z) = co.
for all nonnegative integers n or there exists a positive integer no such that
(1) d(J"z,J"'z) < oo for all n > no;
(2)
(3) yx is the unique fixed pointof J;
(4) d(y,yx) < ﬁd(y, Jy) forally € Y.

the sequence {J"z}converges to a fixed point y* of J;

In this paper, we establish some stability results concerning the following new mixed type AQ-functional equation

=z +2y) + 2[f Bz — 2y) + f(2z +y) — f(y) — f(y — z)] (1.1)
=3[f(z+y) +fl@z—y)+ f(—2)] +4f(2z —y)

in matrix non-Archimedean fuzzy normed spaces by using the fixed point method.
Theorem 8. Let A and B be real vector spaces. If an odd mapping f : A — B satisfies (1.1), then f is additive.
Proof. Suppose that f is an odd mapping. Then (1.1) is equivalent to

—flz=2y)+2[fBz —2y) + fRz +y) — f(y)] =3[f(z +y) - f(@)] + flz —y) +4f (22 —y) (1.2)
for all z,y € A. Replacing z by = + vy in (1.2), we obtain

—f@—y) +20f Bz +y) + f2x +3y) — f(Y)] =3[f(z +2y) — fz +y)] + f(z) +4f (22 +y) (1.3)
for all z,y € A. Replacing (z,y) by (z + vy, —y) in (1.3), we obtain

—fle+2y) + 2Bz +2y) + f2z —y) + f(y)] =3[f(x —y) — f(@)] + flz +y) +4f (22 +y) (1.4)
for all z,y € A. Subtracting (1.3) from (1.4) and then dividing the resulting equation by 2, we get

—fle+2y) + f(z —y)+ (2 +3y) — fBz +2y) + fBz +y) — f(2z — )
=-2f(z+y) +2f(z) +2f(y) (1.5)
for all z,y € A. Interchanging = and y in (1.5) and then adding the resulting equation to (1.5), we get
—fl@e+2y) = fRz+y)+ fBr+y) + flz+3y) — fz —y) + fz - 2y)
=—4f(z+y)+4f(z) +4f(y) (1.6)
for all z,y € A. Replacing x by = —y in (1.6), we obtain
—fle+y) = fQRz —y)+ fBx —2y) + f(z 4+ 2y) — (22 — 3y) + f(z — 3y)
=—Af(z) +4f(z —y) +4f(y) (L.7)
for all z,y € A. Replacing y by —y in (1.7), we obtain
—fle—y) = fQRz+y) + fBr+2y) + f(z — 2y) — f(2x + 3y) + f(z + 3y)
=—Af(z) +4f(z +y) —4f(y) (1.8)
for all z,y € A. Adding (1.7) to (1.8), we get
—fl@+2y) = fQz+y)+ fBx+y)+ flz+3y) — fQRz —y) + f(z — 2y)
==2f(z) +2f(z +y) —2f(y) (1.9)

for all z,y € A. Subtracting (1.9) from (1.6) and then dividing the resulting equation by 6, we get

flz+y)=[fl2)+ fv)
for all z,y € A, as desired. a

Theorem 9. Let A and B be real vector spaces. If an even mapping f : A — B satisfies (1.1), then f is quadratic.
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Proof. Suppose that f is an even mapping. Then (1.1) is equivalent to

flz—2y) +2[f(Bz — 2y) + f 2z +y) — f(y)] (1.10)
=3[fz+y) + f(@)]+5f(x—y) +4f(2z —y)

for all z,y € A. Replacing = by  +y and y by z+y in (1.10) and then comparing the two resulting equations, we
get

2f(z) +4f(x + 2y) — 2f(2z + 3y) (1.11)
=—f@+y) +5f(x—y)+3f(y) — f(2x+y) - 2f(z - 2y)
for all z,y € A. Interchanging = and y in (1.11), we obtain
2f(y) +4f(2x +y) — 2/ 3z + 2y) (1.12)
=—fl@+y) +5f(z —y) +3f(x) - flz +2y) — 2/ (22 —y)
for all z,y € A. Replacing y by —y in (1.12), we get
2f(y) +4f(2z —y) — 2f(3z — 2y) (1.13)
=—flz—y) +5f(z+y) +3f(x) - flz—2y) - 2f(2z +y)
for all z,y € A. Subtracting (1.13) from (1.10) and then dividing the resulting equation by 2, we get

2f(y) +4f 2z —y) —2f(3z —2y) = =3f(z —y) + f(z + ) (1.14)
for all z,y € A. Replacing x by = + y in (1.14), we get
fl+2y) +2[f(Bz +y) — f(y)] = 3f(x) + 4f (22 +y) (1.15)
for all z,y € A. Replacing y by y — z in (1.15), we get
Fla 4 20) + 2020 +9) — f(y - )] = 31(x) + 4f(@ +) (1.16)
for all z,y € A. Replacing y by —y in (1.16), we obtain
Fla 4 2) + 20 (20— y) — fa+9)] = 3£(x) + 4f(x — ) (117
for all z,y € A. Replacing « by y and y by z in (1.16), we obtain that
f@z—y)+2(f(x+2y) — f(z —y)| =3f(y) + 4f(z +y) (1.18)
for all z,y € A. Adding (1.17) to (1.18) and then dividing the resulting equation by 3, we get
fle+2y)+ f2z —y) = f(2) + f(y) + 2f(x +y) + 2f(x —y) (1.19)
for all z,y € A. Subtracting (1.17) from (1.18) and then adding the resulting equation to (1.19), we get
fle+2y) + f(z) =2f(y) + 2f(x +y) (1.20)
for all z,y € A. Replacing z by  — y in (1.20), we obtain f(z +y) + f(z —y) = 2f(z) + 2f(y) for all z,y € A.
This completes the proof. O

2. HYERS-ULAM STABILITY OF THE ADDITIVE-QUADRATIC FUNCTIONAL EQUATION (1.1)

Throughout this paper, we assume that K is a non-Archimedean field, X is a vector space over K and (Y, \,,)
is a complete matrix non-Archimedean fuzzy normed space over K, and (Z,N’) is (an Archimedean or a non-
Archimedean fuzzy) normed space.

For a mapping f: X =Y, define G f: X?> =Y and G fn : M, (X?) = M, (Y) by
Gf(a,b) = f(—a+2b) + 2[f(3a — 2b) + f(2a + b) — f(b) — f(b—a)]
~3[f(a+b) + fla—b) + f(~a)] — 4f (20— b),
Gfnllwis], [yis]) = fall=2is + 2y35]) + 2[fn(B2ij — 2y55]) + fo(2245 + yis]) = fu([yis]) = falyis — 245])]
= 3[fn([mi; + yis]) + ful[@i; — yis]) + fa((=2i])] — 4fn (2255 — vis])
for all a,b € X and all = [z45],y = [ys5] € Mn(X).

In this section, we investigate the Hyers-Ulam stability for the functional equation (1.1) in matrix non-Archimedean

fuzzy normed spaces by using the fixed point method.
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Theorem 10. Let g = 1 be fixed and let ¢ : X x X — Z be a mapping such that for some 1 # 2 with (g)q <1
N'($(2%a,270) > N (¢(a, b),n~"t) (2.1)

for all a,b € X and ¢t > 0, and
Jim N2 FGf(2"a, 25b),t) = 1
—00
for all a,b € X and t > 0. Suppose that an odd mapping f: X — Y satisfies the inequality
NG fn([xis], lyis)) ) > N (Z ¢($ij,yij)7t> V= [zi],y = [yiy] € Mn(X), and £ > 0. (2.2)
1,5=1
Then there exists a unique additive mapping A : X — Y such that
Na(fullzis]) — An([zi]), ) > min {N" (¢(2i5,0), | — 2| n~%t) 14,5 = 1,2,--- ,n} (2.3)
for all x = [x4;] € Mn(X) and ¢ > 0.

Proof. For the cases ¢ = 1 and ¢ = —1, we consider n < 2 and 5 > 2, respectively. Letting n = 1 in (2.2), we
obtain

N(Gf(a,b),t) > N (¢(a,b),t) (2.4)
for all a,b € X and t > 0. Replacing (a,b) by (0,a) in (2.4), we get
N (f(2a) = 2f(a),t) > N (4(0,a),t)
for all a € X and t > 0. Thus

N(f(a)lf(Qqa), 77?(1 t) > N (4(0,a),t) VaeX and t>0. (2.5)

Consider the set M = {f : X — Y} and introduce the generalized metric p on M as follows:
p(f,9) =€ p(f,9) = f{n € Ry : N (f(a) — g(a), ut) > N" (1(0,a),t) ,Ya € X,t > 0}

We will prove that (M, p) is a complete generalized metric, First we will prove that p is a generalized metric on
M. Let p(fvg) = M and p(g7h) = H2. Then N(f(a) _g(a)7/~L1t) 2 N’ (1/1(0711)7t) and N(g(a) - h(a)7ﬂ2t) 2
N (4(0,a),t) for all @ € X and ¢t > 0. Therefore, N (f(a) — h(a), (11 + p2)t) > N’ (¥(0,a),t). By definition of p,
p(fih) < p1 4 p2 = p(f,9) + p(g, h). which means that p satisfies the triangle inequality. One can show that other
properties are satisfied. So p is a generalized metric on M.
Next we will prove that (M, p) is a complete generalized metric.

Suppose that {f.} is p-Cauchy, i.e., for any 7 > 0, there exist ng,n > m > nog, such that p(fn, fm) < 7.
By definition of p, there exists 0 < po < 7, which satisfies

N (fn(a) = fm(a), 7t) = N ((0, a), )
for all a € X and ¢t > 0,n > m > no, i.e., {fn(a)} is a Cauchy sequence in Y. Since Y is complete, there exists
{fo(a)} CY and {fn(a)} — {fo(a)}. Taking the limit as m — oo, we obtain

N(fn(a) = fo(a),7t) > N (¥(0, a), 1)
for all a € X and t > 0,n > ng. Therefore,

p(fn, fo) =inf {/1, € Ry 1 N (fula) = fola), ut) > N (0, a)7t)} <T.

for all n > no, so that {f.} is p-convergent, i.e., (M, p) is a complete generalized metric.
Now consider the mapping P : M — M by

’Pf(a):%lf@qa) VfeMandaceX.

Let f,g € M and v be an arbitrary constant with p(f,g) <v. Then
N (f(a) — g(a),vt) > N (¢(0,a),t) for alla € X and t > 0.
Therefore, using (2.1), we get

N (Pf(a) —Pg(a), 27‘11/15) =N (f(2%) — g(2%a),vt) ,> N’ (1[)(0, a),nfqt)
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q
for all « € X and ¢t > 0. Hence by definition p(Pf, Pg) < (g) v, that is, p(Pf,Pg) < Lp(f,g) for all f,g € M.

q
This means that P is a contractive mapping with Lipschitz constant L = (g) < 1.
qg—1
2
It follows from (2.5) that p(f,Pf) < % Therefore according to Theorem 7, there exists a mapping
12[1 =

A : X — Y which satisfies
(1) A is a unique fixed point of P in the set S = {g € M : p(f,g) < oo}, which satisfies

A(2%) = 27 A(a) VaeX.
In other words, there exists a p > 0 satisfying
N (f(a) — g(a), ut) > N (¢(0,a),t) VaeX andt>0.
(2) p(P*f,Vu) = 0 as k — oco. This implies the equality

Jim Q%q F(2"a) = A(a) VaeX.
3) p(f,A) < 1fln,o(f, Pf), which implies the inequality p(f, A) < |2i777| So
N(f(a)A(a),Qimt) > N’ (1(0,a),t) Va€X andt>0. (2.6)

By (2.4),
N(GA(a,b),t) = lim N(@27MGf(25a,2"b), 1) > Jim N (27 F0p(2% 0, 259b) 1) = 1.
— 00 — 00
Hence by (N2), GA(a,b) = 0. Thus A is additive.
We note that e; € M;,(R) means that the j-th component is 1 and the others are zero,

E;; € M,(X) means that (i,j)-component is 1 and the others are zero, and F;; ® v € M,(X) means that
(4,7)-component is z and the others are zero. Since N(Ey; ® z,t) = N(z,t), we have

n
Nn([acij},t) = N, (Z Eij ®£Eij,t> > min {Nn(E” ®xij,ti]‘) 11,] = 1,2,...,71}
ij=1

=min {N(zi;,ti5) 14, =1,2,...,n},

where t = > ;. So Np([zs;],t) > T{N(xij,%) ti,f=1,2, - ,n}.

ij=1
By (2.6),
) t .
N (fallois]) = An(loi), 1) 2 min { N ($@i) = Alwsy), ) 2isd = 1200+ .}
> min {N' (w(O,xij), |2 —n| n_zt) ti,5=1,2, ,n}
for all x = [x;;] € M,(X) and ¢ > 0. Thus A: X — Y is a unique additive mapping satisfying (2.3). O

Corollary 1. Let ¢ = £1 be fixed and let p be a nonnegative real number with p#1and Y € Z. Let f: X - Y
be an odd mapping such that

Na(Gfalzis) [yis)) ) = D> N (P (Il P + llyeslI?), 1)

i,j=1
for all x = [x45],y = [yi;] € Mn(X) and t > 0. Then there exists a unique additive mapping A : X — Y such that

N (fa([i]) = An([zis)), 1) > min {N"(Je|” T, (2 = 2°[n7%0) 6,5 = 1,2, ,n} (2.7)
for all © = [zi;] € M,(X) and ¢t > 0.

Proof. The proof follows from Theorem 10 by taking ¥ (a,b) = Y(||a||” + ||b]|?) for all a,b € X. Then we can choose
n= 29(P=1) "and we can obtain the required result. a

The following corollary gives the Hyers-Ulam stability for the additive functional equation (1.1).
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Corollary 2. Let ¢ = £1 be fixed and let p be a nonnegative real number with p =v+w # 1 and YT € Z. Let
f: X — Y be an odd mapping such that

Nl Fa(is], lwis)) ) > > N Ol - sl + 175 + lyis 175, 1)
1,j=1
for all © = [z;],y = [yi;] € Mn(X) and t > 0. Then there exists a unique additive mapping A : X — Y satisfying
(2.7).

Proof. The proof follows from Theorem 10 by taking 1 (a,b) = Y(||a]|” - ||6]|" + ||a||” + ||b]|?) for all a,b € X. Then
we can choose n = 2‘1(”71), and we can obtain the required result. O

Theorem 11. Let ¢ = 1 be fixed and let ¢ : X x X — Z be a mapping such that for some 1 # 4 with (g)q <1
N'(9(2%,27b) > N (¥(a,b),n” ) (2.8)

for all a,b € X and t > 0, and klirn N(47F1G f(2%9q,2%b),t) = 1 for all a,b € X and t > 0. Suppose that an even
— oo
mapping f: X — Y with f(0) = 0 satisfies the inequality

NG fullzig), [yig), ) = N (Z w(xmyu),t> Vx = [wi;],y = [yi] € Mn(X), and ¢ > 0. (2.9)

Q=1
Then there exists a unique quadratic mapping Q : X — ) such that
No(Fullzij]) = Qn([w35]), ) = min {N"((0,2i5), In — 4| n~%t) 14,5 = 1,2,--- ,n} (2.10)
for all z = [x;5] € M, (X) and ¢ > 0.

Proof. For the cases ¢ = 1 and ¢ = —1, we consider n < 4 and 5 > 4, respectively. Letting n = 1 in (2.9), we
obtain
N(Gf(a,b),t) = N" (¢(a,b),t) (2.11)
for all a,b € X and t > 0. Replacing (a,b) by (0,a) in (2.11), we get
N (f(2a) — 4f(a),t) = N" (4(0,a),1) (2.12)
for all a € X and ¢t > 0. Thus
g-1
N (f(a) - 4iqf(Qqa), 47(%)15) > N (4(0,a),t) Va€ X andt>0. (2.13)

We consider the set M = {f: X — Y} and introduce the generalized metric p on M as follows:
p(f:9) = inf {u € Ry : N'(f(a) — g(a), pt) > N' (4(0,a),t) ,Ya € X,t > 0}.
It is easy to check that (M, p) is a complete generalized metric (see also Theorem 10).
Define the mapping P : M — M by Pf(a) = 4%]"(2%) for all f € M and a € X.
Let f,g € M and v be an arbitrary constant with p(f,g) <v. Then
N (f(a) = g(a),vt) = N" (¢(0, a),t)
for all @ € X and ¢ > 0. Therefore, using (2.8), we get
N (Pf(a) = Pgla), 4™ vt) = N (f(2a) = g(2"a), vt) , > N' ((0, @), n""t)

q
for all @ € X and t > 0. Hence by definition p(Pf, Pg) < (g) v, that is, p(Pf,Pg) < Lp(f,g) for all f,g € M.

q
This means that P is a contractive mapping with Lipschitz constant L = (g) < 1.

q—1

It follows from (2.13) that p(f,Pf) < %
4=

Therefore according to Theorem 7, there exists a mapping

Q : X — Y which satisfies
(1) Q is a unique fixed point of P, which satisfies Q(2%a) = 47Q(a) for all a € X.
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1

< — So
= 4 -

(2) p(f.Q) < 7= p(J/.P ). which implics the incquality p(f, Q)

N(f(a)Q(a),Mt) >N (¥(0,a),t) VaeX andt>0. (2.14)

By (2.11), N(GQ(a,b),t) = Jim N (4G f(2k1q, 2kb) 1) > [Jim N (47 Fayp(2kaq, 2kap) 1) = 1.
—00 — 00
Hence by (N2), GQ(a,b) = 0. Thus Q is quadratic.
Since N(Ey, ® z,t) = N(z,t), we have

n
N (i), t) = Nn (Z Eij ®xiﬂ'vt> > min {Ny(Eij @ xij,ti5) 24,5 = 1,2,...,n}
ij=1
=min {N(l’ij,tij) : i,j = 172, ...,TL},

where t = Y t;;. So Nnp([zi5],t) > min {N(wij, )i, =1,2, ,n}

ij=1
By (2.14),
; t .
N (i) = Qu(lais)),t) = min { N (f(@) = Qawy) =5 ) id = 1.2+ on.
> min {N" (¥(0,2i;),[4 —n|n~?t) 14,5 =1,2,-- ,n}
for all © = [zi;] € M»(X) and t > 0. Thus Q : X — Y is a unique quadratic mapping satisfying (2.10). O

Corollary 3. Let g = 1 be fixed and let p be a nonnegative real number with p#2and Y € Z . Let f: X - Y
be an even mapping satisfying f(0) = 0 and

Na(Gfalzis], [yis)) ) = N> Tl P + llyeslI?), 1)

ij=1
for all = [x4;],y = [yi;] € Mn(X) and ¢ > 0. Then there exists a unique quadratic mapping Q : X — Y such that

N (fa(li]) = Qu[wi]), t) = min {N"(|lz]” X, 14— 2"|n"%t) 14,5 = 1,2,--- ,n} (2.15)
for all x = [x45] € M, (X) and ¢ > 0.

Proof. The proof follows from Theorem 11 by taking v (a, b) = Y(||al|” + ||b]|”) for all a,b € X. Then we can choose
n = 29?P=2) and we can obtain the required result. |

The following corollary gives the Hyers-Ulam stability for the quadratic functional equation (1.1).

Corollary 4. Let ¢ = £1 be fixed and let p be a nonnegative real number with p = v+ w # 2 and T € Z. Let
f: X — Y be an even mapping satisfying f(0) = 0 and
Na(GFa([is)s i), ) = NTO D Tllwisl” - s+ s 17 + lyas ), )
i,j=1
for all © = [z4;],y = [yi;] € Mn(X) and t > 0. Then there exists a unique quadratic mapping Q : X — Y satisfying
(2.15).

Proof. The proof follows from Theorem 11 by taking v (a,b) = Y(||a]|” - ||b]|* + |la||” + ||b]|?) for all a,b € X. Then
we can choose n = 2‘1(’”72), and we can obtain the required result. O
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Abstract

This paper deals with the existence of continuous selection of a multivalued mapping in
product space. Many authors provided existence of continuous map for lower semicontinuous.
We provide continuous selection for weakly lower semicontinuous. Rhybinski [9] proved the
existence for contraction type mapping. We prove the existence for some general type of
mapping different from contraction mapping.

1 Introduction and preliminaries

Let X be a normed linear space. Then B = {z € X : ||z|| < 1} represents the closed unit ball
and BY = {x € X : ||z|| < 1} represents the open unit ball in X. First we quote some notations
and basic facts that are used in the sequal

P(X)={AC X :A#0D},
Pu(X) ={A e P(X): Ais closed},
Peo(X) ={A € P(X): Ais conver},
Petev(X) ={A € P(X): Ais closed, convex}.

For x € X, A, B € P(X),
d(A, B) =sup{d(z,B) : z € A}.

H(A, B) = max{d(A, B),§(B, A)}.
Let us consider the mapping T': X X Y — P ¢(Y). Then the fixed point set is defined as
Pr(z):={yeY :yeT(zx,y)}. See [1,2] for more information on fixed point theory.

Definition 1.1. A multivalued mapping F : X — P(Y) is called lower semicontinuous (l.s.c.)
at xg € X if and only if for every e > 0 and z € F(xq) there exists a neighborhood U, containing
xo with the property that

z€N{F(x)+eB’:x €U}

2010 Mathematics Subject Classification: 47TH04, 47H10.
Keywords: weakly lower semicontinuous map, continuous selection, paracompact space, perfectly normal

space.
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Definition 1.2. A multivalued mapping F' is said to be weakly lower semicontinuous (w.l.s.c.)
at xg € X if ond only if for every € > 0 and for every neighborhood V' containing xq, there exists
a point x1 € V so that for every z € F(x1) there is a neighborhood U, containing xy satifying
the condition that

z€N{F(x)+eB’:x € U,}.

It is well known that F is l.s.c. (w.Ls.c.) if and only if F' is Ls.c. (w.l.s.c.) at every z € X.
Also, it is easy to see that f is l.s.c. implies that F' is w.l.s.c., but the converse is not true [8].

A topological space X is said to be paracompact if every open cover of X has a locally finite
refinement. A cover {Ug}gey is called a refinement of {Wy}aer if for all § € J, there exists
a € I such that Uz C W,. Also, a collection {A; : i € I} of subsets of X is locally finite if and
only if for each x € X there is an open U > z with [{i € I : A; N U # (0} < co. A topological
space X is said to be perfectly normal if it is normal and every closed subset is a G5 subset. A
multivalued mapping T : X X Y — P, (Y) is said to satisfy condition C if there exists K < 1
such that

H(T(xayl)aT(x7y2)) < KHyl - y2H fOT U Xv Y1,Y2 € Y.

In a similar way, a multivalued mapping H : X x Y — P ., (Y) is said to satisfy condition
N if it satisfies

H(T(x, 1), T(z,92)) < |lyr — w2l for x € X, y1,y2 €Y.

In 1956, Michael [6] was the first person to study about continuous selection for a given
multivalued mapping under some suitable conditions. The following theorem is due to Michael.

Theorem 1.3. [6] In a paracompact space X, the lower semi-continuous multivalued mapping
F: X — Puyce(Y) has a continuous selection, where Y is a Banach space.

The importance of the above theorem was first noticed by Browder [4], who used the theo-
rem to prove Fan Browder theorem. Later, many researchers established results on continuous
selections with applications (see [3,5,7,10,11]). Further, in [8], Przeslawski and Rybinski has
generalized Michael selection theorem for weakly lower semicontinuous mapping. They proved
the existence of continuous selection for w.l.s.c. which is weaker than l.s.c. Rybinski [9] proved
the following theorem.

Theorem 1.4. Let X be a paracompact and perfectly normal topological space and Y be a closed
subset of a Banach space (Z,|| - ||). Assume that T : X xY — Py o (Y) satisfies condition C
and also, satisfies the condition that for every y € Y the multivalued mapping T(-,y) is w.l.s.c.
Then there exists a continuous mapping h : X XY — Y such that h(x,y) € Pr(z) for every
(z,y) e X xXY.

In this direction, we study the existence of continuous selection for multivalued mapping
with certain conditions. For that, we need the following lemma and theorem.

Lemma 1.5. [8] Let X and Y be any topological spaces. If T : X — Py (YY) is a w.ls.c.
multivalued mapping and f: X —Y is a continuous and open mapping, then T o f is w.l.s.c.

Theorem 1.6. [8] If X is a paracompact topological space, Y is a normed linear space and
F:X = Pue(Y) is wls.c., then F has a continuous selection.

2 Existence of continuous selections

In this section, we provide continuous selection for some general type of mapping.

Theorem 2.1. Let F': X1 X Xo — X be any multivalued mapping with the property that
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1. F(.,x2) is w.l.s.c for every xo € X,
2. F satisfies property (N).

Then, for a given continuous mapping o : X7 x X9 — Xo, the new mapping (x1,x2) —
F(z1,a(z1,22)) is w.l.s.c.

Proof. Let us define S := X x X5 and define G' : Sx Xy — Py cp(X2) by G(s,u) = F(Px(s),u) =
F(xz1,u) for s € S and u € Xo. Now our aim is to show that the mapping s — G(s, a(s)) is
w.ls.c. By Lemma 1.5, it is clear that G(.,u) is w.Ls.c. for every u € Xj.

Step 1: For an sy € S and an € > 0 and a neighborhood O 3 sg, by continuity of a;, we can
choose a neighborhood V' C O of sy with the property that

la(s) — also)ll < 5

for each s € V.

Step 2: Since G(.,u) is w.l.s.c., by applying the definition of weakly lower semicontinuity
for this V, we can find a point s; so that for any v € G(s1, a(sp)), there exists a neighborhood
U, of sg with

veN{G(s,a(so)) + %BO :s € Uyt (1)
Step 3: Let v1 € G(s1,a(s1)). Since F satisfies property (N), we have
H(G(57u1)7G(87u2)) < ||U1 - UZH

Using the above, we can find v € G(s1, a(sp)) such that
€

lo = vil} < Jla(s1) — also)]| < 3

For such v, applying Step 2, we get U, which satisfies (1). Observe that G(s, a(so)) C G(s, a(s))+
£B°. Hence G(s,a(s0)) + § € G(s, a(s)) +25BY, and so v € N{G(s, a(s)) +25B° : }.
Thus v1 € N{G(s,a(s) +eB® : s € U,NV)}, which gives our claim. O

»
m
X
D
<

Lemma 2.2. Let H : X — Py(Y) be w.l.s.c. and h: X — Y is continuous. Then for every
continuous function d : X — [0,00) such that H(z) N (h(z) + d(z)B) # 0, the multivalued
mapping S : X — Py(Y) defined by S(x) = H(x) N (h(z) + d(z)B) is w.l.s.c.

Proof. Fix any zg € X. If d(zp) = 0, then nothing to prove. Suppose d(xg) > 0. Fix € > 0

and any neighborhood V' of xy. Then choose ¢ > 0 such that § < min{d(x¢), e}. Now, choose a
neighborhood W of zg, W C V, such that for x1,20 € W,

|d(z1) = d(z2)| <

NSNS

1f(z1) = flz2)ll <
Choose a point 2’ in W such that for every z € H ('), there exists U, of zg such that
zen{H(z)+6B°: 2z cU,}. (2)
Now our claim is that this 2’ is the required point. To see this, take any arbitrary

7 e H(z')N (h(z') + d(z")B).
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Since 2/ € H(x'), by (2), there exists U,s > zq such that 2z’ € N{H(x) + §B° : x € U./}. Let us
define W,/ := W N U,,. Then this is our required neighborhood for each z’.

12" = h(@)|| < |2 = h(2")]| + | f (&) — h(z)]]
<d(z2") + g
< d(z)+ 0.
It follows that
2 e n{(H(x) +6B%) N (h(z) +d(x)B+ 6B : 2 € W,1},
2 e N{(H(z) N (h(x) + d(z)B) + 6B" : x € W},
27 en{G(z) + 6B : 2 € W,i}.
Hence 2’ € N{G(x) +€B": 2 € W, }. O

Theorem 2.3. Let a1, as : X1 X Xo — Xo be mappings such that as is a selection of the
multivalued mapping (x1,x2) — F(x1,a(x1,x2)). Then there exists a continuous selection as of
the multivalued mapping (x1,x2) — F(x1, as(x1,x2)) such that

llar (21, 22) — sz, z2)|| < laa(z1, z2) — a1 (x1, z2)]],

1—-A

A
d(az(z1, 22), F21, as(z1,22))) < 7 llea(zr, 22) — ar(z1, 22)|

for all (xz1,z2) € X7 x Xo.

Proof. By hypothesis, we have ay(x1,z2) € F(x1,a1(r1,22)). Then

(o2 (1, w2), F(21, 02(21, 22))) < H(F (21, 00 (21, 22)), F(21, aa (1, 22)))
< Md(ai (w1, z2), F(z1, a1(21, 22)))
+ d(aa(z1, 22), F(21, 00(21, 22)))],

(1 - )\)d(ag(xl,a:Q), F(Il, 042(1‘1,1‘2))) S )\d(al(xl, .TQ), F($1, ozl(xl, .’xg))),

A

d(aa(z1,22), F(z1, an(z1,22))) < ﬁd(al(mhmz),F(x1,a1(:r1,:c2)))

< 7 lea(@, 22) — aa(@, 22)|)-

Now, define a new mapping G : X1 X Xo = Py cp(X2) by G(z1,22) := F(z1,a2(x1,22)) N
(as(z1,22)) + 125 |1 (21, 22) — a2(21, 72)||. Then, clearly, G is well defined and by Lemma 2.2
G is w.l.s.c. By Theorem 1.6, G has a continuous selection a3 : X; x Xo — X . which is our
required mapping. O

Theorem 2.4. Let Xy be a paracompact and perfectly normal topological space and Xo be a
Banach space. Assume that

1. F: X1 x X9 = P cv(X2) satisfies property (N),

2. for a given x € X, the mapping F satifies H(F(x,v1), F(z,v2)) < Ad(v1, F(x,v1)) +
d(va, F(z,v2))], where A < %,
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3. for each x9 € Xy, the mapping F(.,x2) is w.l.s.c.

Then there exists a continuous mapping f : X1 x X9 — Xy such that f(x1,x2) € Pg(x1) for
every (x1,x2) € X1 X Xo.
Proof. Choose ap : X1 X Xo — Xy by ag(z1,22) = xo. Then agp is continuous. Now using
Theorem 2.1, we get (z1,22) = F(x1,ap(r1,22)) is w.l.s.c. Applying Theorem 1.6, we get a
continuous selection g : X1 X X9 — Xy for the mapping (z1, z2) — F(x1, ap(x1, x2)).

By Theorem 2.3, there exists a continuous selection ag : X1 x Xo — Xo for (z1,z2) —
F(x1,a1(x1,x2)) satisfying the following two conditions

A
|!042(5617«’132) - 041($1,962)H < 17!!041(3317332) - a0(9617562)H

d(as(z1, 22), F (21, a2(21,22))) < 7 lea(z1, 22) — ao(a1, 22)l|

1—

for every (z1,x2) € X1 x Xo.
By proceeding the above process, we get a sequence of continuous functions a,, : X1 X X9 —
X5 with the following properties:

lan (21, 22) = an-1(21, 22) | < 7 llon—1(z1, 22) — an—2(21, 22)],

A
d(on (@1, 22), F (21, 0n(21,22))) < 7 llan(21,22) — an-1(21, 22)|

forn = 1,2,..., (z1,22) € X1 x Xo. For a fixed pair (z1,z2), the sequence (ay,(x1,22)) is a
Cauchy sequence. To see this, using the following inequality
A _
lan (21, 22) = an-1(z1, 22) | < (7—5)" Y (@1, 20) — ag(z1, z2)].,

we show that (ay,(z1,z2)) is a Cauchy sequence. Since Xy is complete, this Cauchy sequence

converges.
Now, define f : X1 x X9 — X9 by f(x1,22) = lim an (21, 22). It is clear that f is well-defined.
n oo

Next, our aim is to claim that f is continuous. For that, fix any (2, z}) € X1 x Xs. Then,
consider

1f(z1,2) = f(2h, 23)|| <[ f (21, 22) — an(y, 22)||
+ llan(z1, 22) — an(zy, 25)||
+ llan(zy, 25) = f(z1, 22)].

Since o, s are continuous and ay, (21, x2) is convergent for every (z1,z2) € X1 X Xa, applying all
these in the above inequality, we can conclude f is continuous.
Next, consider

d(f(x1,22), F(z1, f(x1,22))) < || f(21, 22) — an(x, 22)||
+ d(an($1,$2) F(z1, f(z1,72)))

< Z e (1, 22) — ao(z1, z2) ||

)\
Tz )\||Oém($1,562) — am-1(z1, 72)||
< i(iwnamxl 22) — ao(e1, 22)|
—_ = 1 _ )\ Y ?
+ Z )"l (w1, 22) — a1, z2) |-
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Hence f(z1,22) € F(21, f(21, 22)).
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REFINED STABILITY OF SET-VALUED FUNCTIONAL EQUATIONS

HONG-MEI LIANG, HARK-MAHN KIM, AND HWAN-YONG SHIN

ABSTRACT. Recently, stability results of set-valued functional equations on domain of cones
in Banach spaces are obtained by several authors. In this paper, we present the refined
stability results of set-valued functional equations which is stable in the sense of Aoki,

Rassias and Gavrutd on domain of cones.

1. INTRODUCTION

The Hyers—Ulam stability problem was originated by S. M. Ulam [16] in 1940 as follows:
Let Gy be a group and let Go be a metric group with the metric d(-,-). Given e > 0, does there
exist a 6 > 0 such that if a function h : G1 — G2 satisfies the inequality d(h(zy), h(xz)h(y)) < 0
for all z,y € G, then there exists a homomorphism H : G1 — Gy with d(h(z), H(z)) < € for
all z € Gy.

Ulam’s question was partially solved by D. H. Hyers [6] in the case of approximately
additive functions and when the groups in the question are Banach spaces. In fact, Hyers
proved that each solution of the inequality ||f(z+vy)— f(z) — f(y)|| < € for all z and y can be
approximated by an exact solution, say an additive function. In this case, it is said that the
Cauchy additive functional equation f(z+y) = f(z)+ f(y) satisfies Hyers—Ulam stability or
that the equation is stable in the sense of Hyers—Ulam.

Many mathematicians attempted to moderate the condition for the bound of the norm of
the Cauchy difference. First, T. Aoki [1] proved the stability of Cauchy functional equations
by changing the bound of Cauchy difference as follows

1z +y) = f(2) = FWIl < ez’ + lyl”),

where p € (0,1), and Rassias [14] obtained additional linear properties of this results. Fur-
thermore, the control function of Cauchy difference with some regularity conditions has been

employed by Gavruta [5] as follows
1f(z+y) = f(2) = FW)ll < p(z,y).

1991 Mathematics Subject Classification. 39B52, 39B82, 54C65.
Key words and phrases. set-valued functional equation; generalized Hyers—Ulam stability; Cantor intersec-

tion theorem; cone subset in Banach spaces.

t Corresponding author. hyshin31@cnu.ac.kr.

453 HONG-MEI LIANG ET AL 453-462



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

2 HONG-MEI LIANG, HARK-MAHN KIM, AND HWAN-YONG SHIN

Recently, as the development of non-convex analysis, cone sets were investigated by many
authors and were applied for various regions of optimization theory and mathematical physics
[10, 11]. Let X be a real Banach space and P a subset of X. P is called a cone [15] if

(i) P is closed, non-empty and P # {0},
(ii) ax + by € P for all z,y € P and non-negative real numbers a, b,

(iii) PN (=P) ={0}.

Set-valued functions in Banach spaces also have received a lot of attention in the literature
[2]. Functional inclusion is a tool for defining many notions of set-valued analysis, e.g., linear,
affine, convex, concave, subadditive, superadditive set-valued maps. Finding a selection of
such set-valued maps, with some special properties, is one of the main problems of set-valued
analysis (see [2]). The stability theory of functional equations leads in some cases to such
problems and solving them provides Hyers—Ulam stability results [3, 4, 7]. In setting domain
of set-valued functions as a cone, some stability results of set-valued functional equations
were obtained by several authors [9, 13].

In this sequel, we introduce a result concerning with stability of set-valued functional
equations under cone domain. Let Y be a Banach space and P be a cone. We define the
following families of sets :

Po(Y):={ACY : A is nonempty set}
cd(Y):={A e Py(A): A is closed set}
cz(Y) :={A € Py(A) : A is closed set containing zero}.

Theorem 1.1. (C. Park, D. O’Regan, R. Saadati, [13]) If F' : P — cz(Y) is a set-valued
mapping satisfying F(0) = {0},

(1.1) F(z) + F(y) ng(x;y)
and
sup{diam(F(z)) : x € P} < 400

for all x,y € P, then there exists a unique additive mapping g : P —'Y such that g(z) € F(z)
forall x € P.

In view of Theorem 1.1, if diam(F(x)) = ¢, then sup{diam(F(x)) : = € P} < +oo.
So if, in addition, F' satisfies (1.1), we may understand Theorem 1.1 works good in the
sense of Hyers-Ulam. On the other hand, if diam(F(z)) = ||z||P,p # 0, we confirm that
sup{diam(F(x)) : x € P} = 00, and so Theorem 1.1 cannot be favorably applied in this case.

Thus, in this paper, we are devoted to investigate refined stability results of Theorem
1.1, and also we present alternative new stability theorems and examples to provide refined
stability theorems of Theorem 1.1.
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Let A, B be nonempty subsets of a real vector space X and A a real number. We define
A+B={zeX:z=a+bac A be B}
M={zreX :x=Xa,ac A}

Lemma 1.2. [12] Let A and p be real numbers. If A and B are empty subsets of a real vector
space X, then

MA+B)=)A+\B

(A4 u)A C A + pA.
Moreover, if A is convex in X and Ay > 0, then we have

A+ p)A =X A+ pA.

Lemma 1.3. If A, and B, are non-empty subsets of a real vector space X for all nonnegative
positive integer n, then
l l l

ﬂ A, + ﬂ B, = ﬂ(AnJan)
for any given | € N.
The following famous theorem is a crucial tool to prove our main theorems.

Theorem 1.4. (Cantor Intersection Theorem, [8]) Suppose (X,d) is a non-empty complete

metric space, and {Cy}n>0 closed subsets of X which satisfies
01202220n20n+12

If limy, 00 diam(Cy,) = 0, where diam(C,,) is defined by diam(Cy,) = sup{d(z,y)|z,y € Cp},
then (-, Cy, consists of a single point.

From now on, let P be a cone for a Banach space Y. We present a main theorem, which
is an extended Hyers—Ulam stability of a set-valued functional equations on the domain of

cones.

Theorem 1.5. If F': P — cl(Y) is a set-valued mapping satisfying

(1.2) S F(a) € mF(%)
i=1
and
(1.3) lim diam(Fimn$)) =0
n—oo m
forallxy, -+ ,zm,x € P, where m > 1 is a positive integer, then there exists a unique additive

mapping g : P — cl(Y') such that g(x) C F(x) + (—=1)F(0) for all z € P.
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Proof. Since F(0) € cl(Y), F(0) has at least an element, say p € F(0).
Letting 1 = x and z; = 0 for all k # 1, in (1.2), we have

(1.4) F(2) + (m — 1){p} C F(2) + (m — DF(0) S mF ()
and so
(15) F2) + (-1 {p} S m(F() + (~1){p})

for all € P. Replacing z by m™*!z in (1.5), then we obtain

F(m™z) + (=1){p} € m(F(m"z) + (=1){p})
and hence

F(m™a) + (- Dip} o F(m"z) + (=1){p}

mn+1 mn

F(m"z) + (=1){p}

n

for all x € P and all n € NU {0}. Denoting F,(z) := for all z € P and
all n € NU {0}, it results that {F,(x)}>0 is a decreasing sequence of closed subsets of the

Banach space Y. We have also
1
diam(Fy,(x)) = ——diam(F(m"z) + (=1){p}) = —dmm(F(m":c)).
m

By (1.3), we get lim, o diam(F,(z)) = 0 for all + € P. Using the Cantor Intersection
Theorem for the sequence {F,(x)},>0, the intersection (,5q F(x) is a singleton and we
denote this intersection by g(z) for all x € P. Thus we obtain a mapping g : P — cl(Y),
defined as g(x) := 5o Fn(z), which is a singleton from F' because g(x) C Fy(z) = F(z) +
(=1){p} € F(z) + (—1)F(0) for all x € P.

Now, we show that ¢ is additive. It follows from the definition of ¢ and Lemma 1.3 that

) e Ny ’ m oo
;g(m)gz;goﬂ ;) nﬂo;Fn ;) _Q()(an(ij”))

for any | € NU {0}, thus

S ot € () (ma (ZE1))

1= n=

for all z1,---,z,, € P. On the other hand, one obtains vacuously

D1 T ~ D1 T
mg(Z) € () (B (54))
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m
for all z,---, 2y, € P. Thus, since (2, (an(Z]H» is a singleton, we arrive at
m
m Zm oy
=17j
> g(xi) = mg<7j )
; m

for all x1,--- ,x, € P. Thus g is additive since g(0) = {0}. Therefore, we conclude that
there exists an additive mapping g : P — ¢l(Y') such that g(z) C Fy(z) C F(x) + (—1)F(0)
for all z € P.

Next, we will finalize the proof by proving the uniqueness of g. Suppose that ¢’ : P — ¢l(Y)
is another additive mapping such that ¢'(z) C F(z)+ (—1)F(0) for all x € P. Then we have

m"g(x) = g(m"x) C F(m"z) + (-1)F(0)
m"g'(x) = g'(m"x) C F(m"z) + (—~1)F(0)
for all n € NU {0} and all z € P. Thus, we get

m"diam(g(z) — ¢'(z)) = diam(m

which implies

diam(g(z) — ¢'(x)) < ! [diam(F(m"z)) + diam((—1)F(0))]

= mr
for all n € NU {0} and all z € P. Therefore, it follows from lim, W = 0 that
g(x) = ¢'(x) for all x € P, as desired. O

The following corollary is a refined stability result of Theorem 1.1, if we take m = 2.

Corollary 1.6. If F': P — cl(Y) is a set-valued mapping satisfying

- Yo
ZF(:@) - mF(%)
=1
and
sup{diam(F (z)) : x € X} < +00
for all x1,--+ ,xpm,x € P, then there exists a unique additive mapping g : P — cl(Y') such

that g(z) C F(x) + (=1)F(0) for all x € P.

o (m?
Proof. Since sup{diam(F(x)) : = € P} < +o0, hmnﬁoodwm—glmx) = 0 for all x € P.
m

Applying Theorem 1.5, we complete the proof. O
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Now, let us consider the following example with nontrivial set-valued function at zero.
Example 1.7. Let F : [0,00) — ¢l(R) be defined by

[az,ax + bzP], if x#0,

Fle)= [0, ¢], if =0,

where a, b are positive real numbers, ¢ > 0 and p € (—o0,0) U (0, 1). It is easy to see that

x4y . diam(F(2"x))
F(z) + F(y) € 2F( 5 ), Jim =2 =0
for all z,y € [0,00). Also, we can check that
X F(2" ~1)F
A E@a) 0RO
n=0

for all x € [0,00). Therefore, there exists additive mapping ¢ : [0,00) — cl(R) defined by
g(x) = {ax} such that g(z) C F(x) 4+ (—=1)F(0) = [ax — ¢, azx + baP] for all z € [0,00). This
result can be found by applying Theorem 1.5.

However, it is noted that we cannot apply Theorem 1.1 to this example because
sup{diam(F (z)) : x € [0,00)} = +o0.
Next, we provide an alternative main theorem of Theorem 1.5.

Theorem 1.8. If F': P — cl(Y) is a set-valued mapping satisfying

DRI
(1.6) mF (=) € F(a)
m i=1
and
i midiam(F(-E)) =
(1.7) nh_)rgom dzam(F(mn)) =0
for all x1,--- ,xpm,x € P, then there exists a unique additive mapping g : P — cl(Y') such

that g(x) C F(x) + (—=1)F(0) for all x € P.
Proof. By assumption (1.7), one has

lim m"diam(F(0)) =0

n—oo
and so F'(0) is a singleton, say F'(0) = {p}. Taking 1 = z and z} = 0 for all £ # 0 in (1.6),
we obtain

(1.8) m(F(=) + (~1{p}) € F(2) + (~){p}.
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for all x € P. And if we replace x by in in (1.8), then we obtain
m

T

m(F(—2p) + (~D{p}) € F(=7) + (-1}

and so

m" T (F(——) + (=1){p}) C m"(F(an) + (=1){p})

mn-‘rl

for all z € P and all n € NU{0}. Defining F,,(z) = m" (F(-%) + (—=1){p}) for all z € P and
all n € NU {0}, we obtain that {F,(z)}n>0 is a decreasing sequence of closed subsets of the
Banach space Y. It is noted that
diam(F,(z)) = diam(m” (F(%) + (—1){p})) = m"diam(F(%)),

which implies lim,,_, o diam(F,,(z)) = 0 for all z € P by (1.7).

Employing the Cantor Intersection Theorem to the sequence {F},(z) }n>0, (,>0 Fn(z) is a
singleton set and so we may define a mapping g : P — cl(Y) by g(z) := (0,5 Fn(z),z € P,
which satisfies g(z) C Fy(x) = F(z) + (—1){p} € F(x) + (-1)F(0) for all x € P.

Now, we show that g is additive. It follows from Lemma 1.2 that

an<Z;”:1xj> =m- m"(F(i i ) + (—1){19})

m — m"-m
n Ly -
Cm™ Y (F(2)+ (=Dip}) = > Fu(w)
i=1 i=1
for all 1, --- , 2y € P. By the definition of g, we can get
ZT—l g l D e T L&
== 7\ Fn<J;> C F,(z;
) e Qe (ET) e A A
for any € NU{0} and all zy,--- , 2, € P, which yields
o x>
(1.9) mg(zf;b”) c N Ful).
n=0 =1
Moreover, it is easy to show that, for all z1,--- ,z,, € P,

ZQ(%) C Z F.(z;),¥n € NU{0}
i=1 i=1

and so
(1.10) > g(@) S (] Fuli).
=1 n=0 i=1
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Therefore, it follows from (1.9) and (1.10) that
i1 T S
mg( SR =3 g,
m :
=1
that is, g is additive because g(0) = {0}.

Finally, let us prove the uniqueness of g. Suppose that ¢’ : P — cl(Y) is an additive
mapping such that ¢'(x) C F(z) 4+ (—1)F(0) for all z € P. Then we have

o) = (%) € (2 + (F)F(0),
@ =g () S F(E) + (-DF()
for all n € NU {0} and all z € P. Thus, noting singleton F(0), we get
diam(g(e) ~ /() = diam(g(-) ~ ¢/ (-)
< diam (F(%) + (—1)F(0)) = diam (F(%))

for all z € P and all n € NU{0}. It follows from (1.7) that g(z) = ¢'(x) for all x € P, as
desired. O
Corollary 1.9. If F: P — cl(Y) is a set-valued mapping satisfying F(0) = {0},

mp(z% Yy i F(ai)
=1

and
. . x
lim m"diam(F(—)) =0
n—oo mm
for all x1,--- ,xy,x € P, then there exists a unique additive mapping g : P — cl(Y') such

that g(x) C F(x) for all x € P.

Example 1.10. Let F': [0,00) — cl(R) be defined by F(x) = [ax, ax + bzP], where a,b are
positive real numbers and p > 1. Then, since the function zP is convex, it is easily checked
that 2F (2£%) C F(z) + F(y) and lim, o zndmm(F(Qin)) =0 for all ,y € [0,00). Thus,
there exists an additive mapping ¢ : [0,00) — ¢l(R) such that g(z) = {az} C F(z) for all
x € [0,00) by Corollary 1.9.

Example 1.11. Finally, let H : [0,00) — cl(R) be defined by H(z) = [ax,ax + bx], where
a,b are positive real numbers. Then, it follows easily that 2H (*5¥) = H(z) + H(y) for all
z,y € [0,00). However, there are two different additive mappings gi1(z) := {azx}, g2(x) =
{(a + b)z} such that gi(x),g2(z) C H(x) for all z € [0,00). In fact, one notes that either

460 HONG-MEI LIANG ET AL 453-462



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

STABILITY OF SET-VALUED FUNCTIONAL EQUATIONS 9

(1.3) or (1.7) is not satisfied for the function H, and so one cannot apply Theorems 1.5 and
1.8 to this example.

Thus, we remark that the set-valued function F(x) = [ax,ax + bx] has no Hyers—Ulam
stability property for the set-valued Cauchy—Jensen additive functional equation.
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APPROXIMATE CAUCHY-JENSEN AND BI-QUADRATIC MAPPINGS IN
2-BANACH SPACES

WON-GIL PARK AND JAE-HYEONG BAE

ABSTRACT. In this paper, we obtain the stability of the Cauchy-Jensen and bi-quadratic functional
equation
Z+w

2

o (a: +y, ) = Fa.2) + fw) + fy.2) + fw),

fety,z+w)+ flz+yz—w) + flz—y,z+w) + flz —y, 2 —w)
=4[f(z,2) + f(z,w) + f(y,2) + [y, w)],

respectively, in 2-Banach spaces.

1. Introduction

In 1940, Ulam [7] suggested the stability problem of functional equations concerning the stability
of group homomorphisms: Let a group G and a metric group H with the metric p be given. For
each ¢ > 0, the question is whether or not there is a § > 0 such that if f : G — H satisfies
p(f(xy),f(a?)f(y)) < § for all z,y € G, then there exists a group homomorphism h : G — H
satisfying p(f(x),h(x)) < e for all z € G.

We introduce some definitions on 2-Banach spaces [2], [3].

Definition 1. Let X be a real linear space with dim X > 2 and ||-,-|| : X? — R be a function.
Then (X, ||-,-]|) is called a linear 2-normed space if the following conditions hold:
(a) ||z, y|| = 0 if and only if = and y are linearly dependent,

(b) [z, yll = lly, [,

(©) lloz, yll = [l yl],

(d) lz,y + 2[| < ||z, yl| + [, =]]

for all @« € R and z,y,z € X. In this case, the function ||-, || is called a 2-norm on X.

Definition 2. Let {z,} be a sequence in a linear 2-normed space X. The sequence {z,} is said to
convergent in X if there exits an element z € X such that

lim |z, —,y[ =0
n—o00

1991 Mathematics Subject Classification. 39B52, 39B72.
Key words and phrases. linear 2-normed space, Cauchy-Jensen mapping, bi-quadratic mapping.
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for all y € X. In this case, we say that a sequence {z,} converges to the limit =, simply dented by
lim,, o0 Tp, = .

Definition 3. A sequence {x,} in a linear 2-normed space X is called a Cauchy sequence if for any
e > 0, there exists N € N such that for all m,n > N, ||z, — xn,y|| < € for all y € X. For convenience,
we will write limy, n—so0 || Zn, — Zm, y|| = 0 for a Cauchy sequence {z,}. A 2-Banach space is defined to
be a linear 2-normed space in which every Cauchy sequence is convergent.

In the following lemma, we obtain some basic properties in a linear 2-normed space which will be
used to prove the stability results.

Lemma 4. ([1]) Let (X, |-,-||) be a linear 2-normed space and x € X.

(a) If ||z, y|| =0 for all y € X, then z = 0.

(b) [[l2, 21l — lly, 2| < 12 — 9, 2] for all z,, 2 € X.

(c) If a sequence {x,} is convergent in X, then lim, o ||Zn, y|| = || limy,— 00 Tn, y|| for all y € X.

Throughout this paper, let X be a normed space and Y a 2-Banach space. We introduce the
definitions of Cauchy-Jensen and bi-quadratic mappings.

Definition 5. A mapping f : X x X — Y is called a Cauchy-Jensen mapping if f satisfies the
system of equations

(1) f(x—l—y,z):f(x,z)—i-f(y,z),
2f (z,52) = f(z,y) + f(=, 2).

Definition 6. A mapping f : X x X — Y is called bi-quadratic if f satisfies the system of equations

) J(o ) + @ —y,2) = 2f(2,2) +2f (3, 2),
Fy+2) + flay = 2) = 2f (2,) + 2/ (, 2)

For a mapping f: X x X — Y, consider the functional equations:

3) 2f (x+y, ) = 2) + S w) + (5, 2) + Flyw)

and

zZ+w
2

fatyztw)+flz+yz—w)+ fle—yz+w)+ flz—y 2 -w)
When X =Y = R, the function f : R x R — R given by f(z,y) := axy + bxr and f(x,y) := ax’y? are
solutions of (3) and (4), respectively.
In 2011, W.-G. Park [4] investigate approximate additive, Jensen and quadratic mappings in 2-

Banach spaces. In this papaer, we also investigate Cauchy-Jensen and bi-quadratic mappings in
2-Banach spaces with different assumptions from [4].

2. Approximate Cauchy-Jensen mappings
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Let ¢ : X? — [0,00) be a function satisfying
o0

(6)  Plw.y,zw,8) =) [so@]a:, 27y,372, 3w, 5) + 20(2x, 20y, =372, 3w, s)
j=0

+ (P, 2y, =37 2,3 w, s) + 5@(2356, 29y, 39 2, 3Ty, s)
+30(2x, 20y, 32, =3 w, s) + 2| f(27F 2, 0), 8] + 5]/ f (, 0),t|@ <0

for all z,y, z,w,s € X, where t = f(s).
Theorem 7. Suppose that f: X x X —Y is a surjective mapping such that
zZ+w

© (oI5 - s - s - 100 - S

for all x,y,z,w,s € X, where t = f(s). Then there exists a unique Cauchy-Jensen mapping F :
X x X =Y such that

(7) ”f(.’L',y)—f(l',O)—F(IE,y),tH S@(%%%%@
forall x,y,s € X, where t = f(s).

S SO(‘%.7 y7 z? w? S)

Proof. Let t = f(s). Letting y = x in (6), we gain

(8) HQf (295, z +2 “’) —2f(w,2) — 2f(:c,w),tH < (@, 2, 2,1, 3)

for all x,z,w,s € X. Putting w = —z in (8), we get
(9) | —2f(22,0) +2f(z, 2) + 2f (x, —=2),t| < p(z,2,2,—2,5)
for all z,z,s € X. Replacing z by —z and w by —z in (8), we have
(10) 152, =2) = 2/ (2,2, 1] £ 5(a,2,—2,—2,5)
for all z,z,s € X. By (9) and (10),
(11) | f(2x,—2) + 2f(x,2) — 2f(22,0),t]| < %cp(x,x, —z,—2,8) + p(z,x,2,—2,5)
for all z,z,s € X. Setting w = —3z in (8),
12f(2x, —2z) — 2f(z,2) — 2f(x, —3%2), ]| < p(z,x,2,—32,5)
for all z,z,s € X. By (11) and the above inequality,
(12) |6f(z,2) +2f(x, —32) —4f(22,0),t|| < p(x,x,—2,—2,8) + 2p(z,z, 2, —2,8) + p(x, 2, 2z, =32, 5)
for all x,z,s € X. Replacing z by 3z in (10),

1
||f(21:7 _3Z) - Qf(fl/’, _32)7t|| < 5@(337'7:7 _325 _327 S)
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for all z,z,s € X. By (12) and the above inequality,

1
<plx,z,—2,—2,8) +2p(x,z,2,—2,8) + p(z,x,2,—32,5) + 5g0(x, x,—3z,—32,5)
for all x, z,s € X. Replacing z by —z in the above inequality,
||6f(ﬂ§‘, _Z) + f(2xa 32) - 4f(2337 0)7t”
1
< p(x,z,2,2,8) +20(x,2,—2,2,8) + p(x,x,—2,32,8) + 5g0(x,x, 32,3z, )
for all z,z,s € X. By (9) and the above inequality,
”6f('1"a Z) - f(21:a 32) - 2f(2$7 0)7t||

1
<oz, z,2,2,8) + 2p(x,2,—2,2,8) + p(x,x,—2,32,8) + 54,0(3:,1’, 32,3z,8) + 3p(x,z,2,—2,5)
for all z,z,s € X. Replacing = by 2/2 and z by 37y in the above inequality and dividing 671!,
E |

. . 1 . . 2 ;
41, oj+1 +1
& [z, 3y) - Wf(y z,3 " y) - Wf(w z,0),1
< &1 [cp(QJx, 2x,3y, 3y, s)+ 2020z, 22, -3y, 3y,s)

(2w, X, =8y, 3Ty, 5) + Sp(2w, P, 37y, 3y, 5) + 3p(2w, 2w, By, ~3y, )

for all z,y,s € X. For given integers [,m(0 <1 < m),

m—1

1 2
(13) af( z,3ly) — —f (2™, 3™y) 6— f(27 1 0), ¢
7=l

m—1

< Z w [‘P(QJ% 2jxa 3]1/7 3]y7 S) + 290(2jx7 2]1'7 —3]% 3Jy7 8)
g=l

(2w, 2w, =3y, 3y, 5) + Sp(20w, 20w, 3y, 8Ty, 5) + 3p(2, 2, 8Ty, =3y, 5)

forall z,y,s € X. By (14) and (13), the sequence {éf(ij, 37y)} is a Cauchy sequence for all 2,y € X.
Since Y is complete, the sequence {éf(Qj:c, 37y)} converges for all z,y € X. Define F: X x X =Y
by

for all z,y € X.
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By (6),
1 3 (z +w) 1 S 1 S
j SETWN L i aiy L 4(9i. ai
6Jf<2 (r+y), 5 ) 6jf(2 z,372) 6jf(2 z, 3 w)

1 1
_ J ) _ J J
5 [y, 32) = 5 f(2y, 3w), ¢

for all z,y,z,w,s € X. Letting j — oo and using (14), F satisfies (3). By Theorem 4 in [6], F is a
Cauchy-Jensen mapping. Setting [ = 0 and taking m — oo in (13), one can obtain the inequality (7).
If G: X x X =Y is another Cauchy-Jensen mapping satisfying (7),

1
‘ < 4 ©(27x, 27y, 372, 37w, 5)

1 n n n n
1F(z,y) = Gz, y).t] = GlIF(2",3%) - G2",3"),1|
1 n n n n n

1
P, 2) + F(2,0) — G2, 3. 1]
2
< 67@(2”35, 2"x,3"y,3"y,s) = 0 as n — oo
for all z,y,s € X. Hence the mapping F' is the unique Cauchy-Jensen mapping, as desired. [

Corollary 8. Let € > 0. Suppose that f : X x X =Y s a surjective mapping satisfying
zZ4+w
|2 (w40 55 ) = f02) = o) = F02) = e

forallz,y, z,w,s € X, wheret = f(s) and ps(x, s) := %E—FHf(x,O),tH—i—Zjio M%Hf(Qjﬂx,O),tH < 00
forall x,s € X, where t = f(s). Then there exists a unique Cauchy-Jensen mapping F : X x X =Y
such that

Se,

||f(l’,y) - f(l‘,O) - F(.%’,y),t” < ¢€(x>5)
forall x,y,s € X, where t = f(s).

Proof. Taking ¢(z,y, z,w,s) := ¢ in Theorem 7, we have
P(r,2,y,y,8) = *€+ 1f(z,0), ]| +Z +1Hf (2712, 0),t]| = pe(x, )

for all ,y, z,w,s € X, where t = f(s). O

3. Approximate bi-quadratic mappings

From now on, let ¢ : X® — [0, 00) be a function satisfying

o0

1 ) ) . .
(14) By, 2 w,8) =) T (2, 2y, 272,270, 5) < 00
§=0

for all z,y,z,w,s € X.
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Theorem 9. Let f : X x X — Y be a surjective mapping such that
lfz+y,z+w)+fle+y,z-w)+ flz -y z+w) + flz -y 2-w)
(15) —A[f(z,2) = f(z,w0) = f(y,2) = [y, w)], ]| < o(z,y,2,w,5)

and let f(2,0) =0 and f(0,y) =0 for all x,y,z,w,s € X, where t = f(s). Then there exists a unique
bi-quadratic mapping F : X x X =Y such that

(16) 1f(@,y) = F(z, )t < ¢(x, 2, y,y, )
forall x,y,s € X, where t = f(s).
Proof. Let t = f(s). Putting y = z and w = z in (15), we have

flz,2) — %f@m, 22),t

< Lo )
>~ 16()0 XT,T,2,2,8

for all x,z,s € X. Thus we obtain

Tﬁjf( ) 165+1 f(21+11’, 2J+lz)7t < 164+1 ¢(2J1‘, 2J-T) 2]27 2325 S)

for all x,z,s € X and all j. Replacing z by y in the above inequality, we see that

(2T, 20y) -

169 e/ @ e 2y

< 1T e(Pe 22,27y, 27y, 5)

for all z,y,s € X and all j. For given integers [, m(0 < < m), we get

(17)

‘ m—1

1 . . . .
<D e e(Pm 2, 27y, 20y, 5)
j=l

1
— (2™, 2™
el (272, 27y)

|

for all z,y,s € X. By (17), the sequence {%f@jx, 27y)} is a Cauchy sequence for all z,y € X. Since
Y is complete, the sequence {%f@jw, 27y)} converges for all 2,y € X. Define F : X x X — Y by

Fla.y) = lim 10 f(20,27y)

for all x,y € X. By (15), we have

“fﬁaww)ww+wﬂ+ﬂW®+y)W@—wD

167 167
+ﬂ§ﬂww—rxWQ+w»+ﬂ§ﬂwm—fxw@fw»

4 S 4 o 4 o
-1 P 202) = 1 1, 20) = 15 F 2. 215) = 1 12wt

1
< ﬁgo(QJx 299,272,270, 5)

for all z,y,z,w,s € X and all j. Letting j — oo and using (14), we see that F' satisfies (4). By
Theorem 4 in [5], we obtain that F' is bi-quadratic. Setting [ = 0 and taking m — oo in (17), one
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can obtain the inequality (16). If G : X x X — Y is another bi-quadratic mapping satisfying (16), we
obtain

HF(.’L’,y) - G(Ji,y),tH

1

= WHF(Q"QZ, 2"y) — G(2"x, 2"y), t||
1 1
2

< 1o p(2"x, 2" x, 2™y, 2™y, )

—0asn— o0
for all x,y,s € X. Hence the mapping F is the unique bi-quadratic mapping, as desired. []

Corollary 10. Let ¢ > 0. Suppose that f: X x X =Y is a surjective mapping satisfying
[flz+y,z+w)+ flty,z—w)+ flz-y,z+w)+ f(z-y,z—-w)
—4[f(1'72) - f(x,w) - f(y7 Z) - f(y,w)],tH < g,

forallx,y,z,w,s € X, wheret = f(s). Then there exists a unique bi-quadratic mapping F: X x X —

Y such that 1
forall x,y,s € X, where t = f(s).

Proof. Taking ¢(z,y, z,w,s) := € in Theorem 9, we have ¢(x,z,y,y,s) = %55 for all z,y,z,w,s €
X, where t = f(s). O
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Abstract. By using the KAM theory and time reversal symmetries we investigate the stability of the equilibrium

solutions of the system:
a
Tn+Yn

Tn41 -
. n=0,1,2,...,

Ynt1 = P&
where the parameter a > 0, and initial conditions x¢ and yo are positive numbers. We obtain the Birkhoff normal form
for this system and prove the existence of periodic points with arbitrarily large periods in every neighborhood of the
unique positive equilibrium. We also use the time reversal symmetry method to find effectively some feasible periods and
the corresponding periodic orbits. Finally, we give computational procedure for finding an infinite number of periodic
solutions with the given period. The second order difference equation obtained by eliminating x, from this system is an
equation of the type ynt+1 = f(yn,Yn—1), where f is decreasing in both variables. Such equation can be embedded into
fifth order difference equation which is increasing in all its arguments and it exhibits chaotic behavior.

Keywords. area preserving map, Birkhoff normal form, difference equation, KAM theory, periodic solutions, symmetry,
time reversal, competitive map, global stable manifold, monotonicity, period-two solution.
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1 Introduction

In this paper we consider the following rational system of difference equations

a

Tn+1

Tn+Yn
T n=0,1,2,..., (1)
Ynt+1 = %
and the corresponding equation
Yni1 = a . n=0,1,2,..., (2)

YnYn—1(1+ yn)
where the parameter a > 0, and initial conditions zo and yo are positive numbers. System (1) was first considered in [6],
where boundedness of all its solutions was proved using the invariant. We will use this invariant in Section 3 to prove the
stability of the unique equilibrium. Equation (2) gives an example of second order difference equation where transition
function decreases in both variables and yet equation exhibits complicated dynamics. First such example was given in
[5]. We will use similar techniques as in [5] with the addition of the new computational procedure from [7], which uses
an invariant of the system to find effectively continua of periodic solutions of certain feasible periods.

We will show that the corresponding map can be transformed into an area preserving map and using Birkhoff Normal
form we will apply the KAM theorem to prove stability of the unique positive equilibrium and the existence of periodic
points with arbitrarily large period in every neighborhood of the unique positive equilibrium. In addition, we will prove
that the corresponding map is conjugate to its inverse map through the involution map and then use this conjugacy
to find some feasible periods of this map. The method of invariants for proving stability of the equilibrium solution
for all values of parameter a will be used along with Morse’s lemma to prove that the level sets of the invariants are
diffeomorphic with circles. This method was used successfully in [11, 12] and the KAM theory was used for the same
objective in [8, 10, 13, 14].

Let T be the map associated to the system (1), i.e.,

LCorresponding author, e-mail: mkulenovic@uri.edu
2Partially supported by Maitland P. Simmons Foundation
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The map (3) has the unique fixed point (72, 7) in the positive quadrant, where
7I+1)=a
An invertible mapping T is area preserving if the area of T'(A) coincides with the area of A for all measurable subsets
A [9, 12, 18]. We claim that in logarithmic coordinates, i.e., v = In (2/§%), v = In (y/¥) the map (3) is area preserving.

Lemma 1 The map (3) is area preserving in the logarithmic coordinates.

Proof. The Jacobian matrix of the corresponding transformation T is

Jr(z,y) = ( @t Gy? > (4)

y y?
with
@
vz +y)
We substitute v = In (z/5?), v = In (y/g) and rewrite the map in (u,v) coordinates to obtain the transformation

(s) N (lna —3In i - 13(;ye” + e”)) (5)

detJr(x,y) =

The Jacobian of this transformation is

_eug e
Huw) = (T T ) ©)

It is easy to see that detJ(u,v) = 1. O
A point (Z,9) is a fixed point of T' if T(Z,y) = (Z, 7). A fixed point is elliptic if the eigenvalues of Jr(Z,y) form a
complex conjugate pair A\, A on the unit circle and is hyperbolic if the the modulus of the eigenvalues is different from 1,

see [9, 12].

Lemma 2 The map T in the (x,y) coordinates has elliptic fixed point (§*,§). In the logarithmic coordinates, the
corresponding fized points is (0,0).

Proof. For the fixed points in (x, y) coordinates, solving a/(Z + ) = = and Z/j = § yields the fixed points (2, 7) where
7 (7 + 1) = a. Evaluating the Jacobian matrix (4) of T at (72, 7) gives

i) = (~E @) o

By using a = 7°(1 + §) we obtain that the eigenvalues of Jr (77, %) are A and X where

No L2 +ivAT£3
N 2 + 2 ‘

(8)

It is easy to see that |A| = 1 and so (§?,7) is an elliptic fixed point.
Under the logarithmic coordinate change (z,y) — (u,v), the fixed point (7%,%) becomes (0,0). Evaluating the
Jacobian matrix (6) of T at (0,0) gives

—_ <

__v __1
J(0,0) = ( o ) (9)
with eigenvalues which are given by (8). a

This paper is organized as follows. In section 2 the KAM theorem is explained in some detail and Birkhoff normal
form for map 7T is derived. By using the KAM theory stability of the unique equilibrium and existence of infinite number
of periodic solution is proven except for a single value of the parameter a. Section 3 uses the invariant of the equation
(2) in proving stability for all values of a. In section 4 by using symmetries it is shown that the map 7' is conjugate to its
inverse through an involution. Then by using time reversal symmetry method some feasible periods and corresponding
orbits of the map T are found. Finally in Section 5 we use the recent method of Gasull and al. [7] to find continua of
p-periodic points lying on the level sets of the invariant I. The method is based on use of resultants and is implemented
by Mathematica. The special attention is given to period-seven solution.
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2 The KAM theory and Birkhoff normal form

The KAM Theorem asserts that in any sufficiently small neighborhood of a non degenerate elliptic fixed point of a
smooth area-preserving map there exists many invariant closed curves.We explain this theorem in some detail. Consider
a smooth, area-preserving mapping (x,y) — T(z,y) of the plane that has (0,0) as an elliptic fixed point. After a linear
transformation one can put the map in the form

z—= Az+g(z,2)

where A is the eigenvalue of the elliptic fixed point, z = z + iy and Z = x — iy are complex variables, and g vanishes
with its derivative at z = 0. Assume that the eigenvalue A of the elliptic fixed point satisfies the non-resonance condition
M £ 1fork=1,...,q, for some ¢ > 4. Then Birkhoff showed that there exist new, canonical complex coordinates (C, $)
relative to which the mapping takes the normal form

¢ = AT 4 h(¢, Q)

in a neighborhood of the elliptic fixed point, where 7(¢C) = 71|¢|> +. . . +75|¢|*® is a real polynomial, s = [(¢—2)/2], and h
vanishes with its derivatives up to order ¢ — 1. The numbers 71, ..., 7s are called twist coefficients. Consider an invariant
annulus € < |¢| < 2¢ in a neighborhood of the elliptic fixed point, for € a very small positive number. Note that under
the neglect of the remainder h, the normal form approximation ¢ — A(e!™(¢%) leaves invariant all circles I¢|? = const.
The motion restricted to each of these circles is a rotation by some angle. Also note that if at least one of the twist
coefficients 7; is nonzero, the angle of rotation will vary from circle to circle. A radial line through the fixed point will
undergo twisting under the mapping. The KAM theorem (Moser’s twist theorem) says that, under the addition of the
remainder term, most of these invariant circles will survive as invariant closed curves under the full map.

Theorem 1 Assuming that 7'((5) is not identically zero and € is sufficiently small, then the map T has a set of invariant
closed curves of positive Lebesque measure close to the original invariant circles. Moreover the relative measure of the
set of surviving invariant curves approaches full measure as € approaches 0. The surviving invariant closed curves are
filled with dense irrational orbits.

The KAM theorem requires that the elliptic fixed point be non-resonant and non degenerate. Note that for ¢ = 4
the non-resonance condition A\* # 1 requires that A # £1 or A # +i. The above normal form yields the approximation

¢ = A +al*C+oc¢h

with ¢1 = 4A1; and 71 being the first twist coefficient. We will call an elliptic fixed point non-degenerate if 71 # 0.
Consider a general map T that has a fixed point at the origin with complex eigenvalues A and X satisfying [A| = 1
and I'm(\) # 0. By putting the linear part of such a map into Jordan Canonical form, we may assume 7' to have the

following form near the origin
()= (i) ) () + (o) 10

One can now switch to the complex coordinates z = x1 + ix2 to obtain the complex form of the system
2 . -2 3 2 -2 -3 4
2= Az + E202° + €122 + £02Z° + E302° + €212°Z + E1222° + £03Z” + O(]2]7)

The coefficient ¢; can be computed directly using the formula below derived by Wan in the context of Hopf bifurcation
theory [19]. In [16] it is shown that when one uses area-preserving coordinate changes this formula by Wan yields the
twist coefficient 71 that is used to verify the non-degeneracy condition necessary to apply the KAM theorem. We use
the formula:

A+22-3 > 2léef?
o = 08 +23-3)  Jgul” | 2le["

A2 —AN=1) ' 1-2x ey T (11)

where 1
520 = g {(91)2111 - (91)1212 + 2(92)1122 +1 [(92)1111 - (92)2212 - 2(91)1112]}7

= % {(gl)rlwl + (91)wows + 1 [(92)%1931 + (92)302962]}7
§o2 = é {(91) 2121 = (91)w2ws — 2(92) w120 + 1 [(92) 2121 — (92)w2ws + 2(91)a122]}

1 .
§o1 = 16 {(g1) 212121 + (91212205 + (92) 212125 + (92)w23030 + 1 [(92) 210121 + (92) 010020 — (91)z12120 — (91)w20025]} -
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Theorem 2 The elliptic fized point (0,0), in the (u,v) coordinates, is non-degenerate for a # 1—36 and non-resonant for
a>0.

Proof.
Let F' be the function defined by
F(u) _ (lna—31ny—ln(ye +e )) (12)
v u—v

Then F has the unique elliptic fixed point (0,0). The Jacobian matrix of F' is given by

JF(U,U) — ( T eugtev T eugtev ) . (13)

1 -1
At (0,0), Jr(u,v) has the form
v __1
Jo = Jr(0,0) = ( ??1 ! _17{1 ) . (14)

The eigenvalues of (14) are A and X where
N —1—-2y+i4y+3

2y + 2 (15)
One can prove that
Al =1,
oW -l iR+ ) VAT +3
2(7+1)° 2(p+1)*
3 _J((B-29)y+6)+2  ig/4y+3(35+2)
A" = 3 + e, (16)
2(g+1) 2(g+1)
N _2E(@-Dg-8) -4 -1 25+ 1)VITF+3 (25"~ 1)
2(y+1)°* 2(y+1)* ’

rom which follows that or k =1,2,3,4and a > 0.
f hich foll hat A\¥ # 1 for k = 1,2,3,4 and 0

Then we have that - ( )
u —z —ﬁ u f1(8,u,v
F (v) - ( 1 —.-{ ) (v) + (f;((iu,v)) ’ (7)

U — v ug v —
fildu,v)=—In(e“g+e")+ —— + —— —3Iny+Ina
( ) ( ) y+1 y+1 (18)

where

f2(6,u,v) =0.

The system (un41, Vn+1) = F(un,vn) takes the form

()= (7 7 ) () (), (0

Let
()= ()
Un O,
where
1 1 _ V4g+3
P=— 29+2 27+2
VD 0
and
_ 0
P = \/5( 2942 1 ) )
VAg+3  VAg+3
with
o VT3
25427
Then the system (un+1,vnt+1) = F(un, vs) becomes
. —2g-1 VAGT3 . _
Un+1) _ 2512 T 2542 Un -1 Un
(’D’rrl*l) N < \/ii@ﬁ 72,571 ) (ﬁn) +PH (P (677,)) ’ (20)
2542 2542
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i (1) =(F)

where
Let

The straightforward calculation yields
g1(u,v) =0
7 () — = w—2Dv(G+1) w
g2(u,v) = — L In (%) - y(u=2Dv(y j D) + Lln (ge 2vD(g+1) 4 eVD
vD \¥ 2D (§+1) vD
By straightforward calculation we obtain that
7 (20 (VA +3 +1iy) + VA + 3 — i)
8(7+1)° /D4y +3)
iy
2(5+1) /D5 +3)
iy (29 (74 ivAG +3) +iv/Aj+3—1)
8(y+1)° /D (45 +3)
- 1)y (205 + VAT + 3+ 1)
16D (5 +1)° Va5 +3

(21)

&20|u=v=0 = ,

&11|u=v=0 =

(22)

&o2|u=v=0 = ,

€21 u=v=0 =

Since

iy (29 (VA + 3+ iy) + /Ay + 3 — 0)
16D (5 + 1)* (47 + 3)
—2

= _ )
&11é11 G E (5 13) (23)

£21611 =

I

=2

— J
S22 =16 G+ 10245 +3)

the simplification of the expression for ¢; yields

_ Gobn(A+20—-3) | &) n 2|€o2/
TR0 -1 T1-x a2
_ §(2y—1)(2y+2) (25 + VAT + 3+ 1)

8(7+1)° (45 + 3)°

+ &o1
(24)

One can prove that

T1 = 72'5\81 = 7731
2

which implies that 7 # 0 for a # 13—6 since 7*(1 + §) = a.

The following result is a consequence of Moser’s twist map theorem [8, 15, 17, 18].
Theorem 3 Let T be a map (3) associated to the system (1), and (Z,7) a non-degenerate elliptic fized point. If a # 3

then there exist periodic points with arbitrarily large period in every neighbourhood of (Z,y). In adition, (Z,y) is a stable
fized point.

3 Invariant

In this section we prove that the restriction a # 1% is not necessary for stability of the equilibrium solution.
The system (1) possesses the invariant given by
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Figure 1: Some orbits of the map T for (a) a = 0.5 and (b) a = 10.0

a  Tn
Tn Yn

Indeed, it is easy to see that I is continuous and that I(zn+1,Yn+1) = I(Tn,yn). In this section we use the invariant I

to find a Lyapunov function and prove stability of the equilibrium point for all values of parameter a > 0, see[11, 12].

The partial derivatives of the function I(z,y) are given with

(25)

ol a 1

= = 2 4+Z411 2
Oz a:2+y+’ (26)
or _ ,_ =&

oy y?

The unique positive equilibrium of (1) satisfies that Z = §® and (7 + 1) = a. Equation (26) implies that any
critical point (z,y) of (25) satisfies the system

2
r =y

'ty = a
Hance, (7%, §) of (1) is the unique positive solution of this system and (72, 7) is critical point of the invariant (25). Thus

the unique equilibrium (72, 7) is critical point of the invariant (25).

Lemma 3 The graph of the function I(x,y) associated with (25) is a simple closed curve in a neighborhood of the
equilibrium point of (1). The equilibrium point (§*,7) is stabile.

day — z?

Proof. The Hessian matrix assosiated with I(x,y) is

2

H(%w)—(“’

e

-
e
m"“

<
N

Y
with determinant

det(H(z,y)) = o

For the equilibrium (7%, §) we have

day — 2 455 +9°) — 7' _ 47° +35" _ 45 +3
i.2g4 - gS - gS - g4

Thus, in view of Morse’s lema, [9], the level sets of the function I(z,y) are diffeomorphic to circles in the neighborhood

of (%, 7). In adition, the function

det(H(7%,7)) = >0

is Lyapunov function, and so the equilibrium point (Z,7) is stable, see [11]. |
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4 Symmetries

In this section we will show that mat 7' is conjugate to its inverse map and use this conjugacy to find some feasible
periods of T' and corresponding periodic orbits. A transformation R of the plane is said to be a time reversal symmetry
for T if

R 'oToR=T"".
If the time reversal symmetry R is an involution, i.e. R? = I, where I is identity map then the time reversal symmetry
condition is equivalent to

RoToR=T7",

and T can be written as the composition of two involutions 17" = I1 o Ip where Ip = R and I; = T o R. Let us note here
that if Ip = R is reversor then so is I; = T o R. Also, the jth involution defined as I; = T o R is also a reversor.
The invariant sets of the involution maps

Soa = {(z,y)[lo1(z,y) = (z,9)}

are one-dimensional sets called the symmetry lines of the map. When the sets Sp,1 are known the search for periodic
orbits can be reduced to one-dimensional root finding problem using the following result, see [2, 8]

Theorem 4 If (z,y) € So,1 then T"(x,y) = (z,y) if and only if

T"?(z,y) € So, for n even
TUED2 (4 y) € S10,  for n odd.

Figure 2: a) The first fourteen iterations of symmetry line Sy of the map 7" for a = 0.02 (b) The first
twelve iterations of symmetry line S; of the map T for a = 0.02 (c¢) The periodic orbits of period 14
(blue) and 17 (red)

The inverse map of the map T is

T (z,y) = (m(yai 1)’ m(ycfk 1)> .

The involution R = (CE, 5) is reversor for T'. Indeed,

et Re = (o) (2 5) =R (5t ) = (55 ) =T

Thus T = I o Iy where Iy(z,y) = R(z,y) and

Li(z,y) =ToR= (%y)

The symmetry lines corresponding to Iy and I; are

So={(z,y):x=9"}, Si={(z,9):ay=2"(y+1)}
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Periodic orbits of different orders can be found at the intersection of the symmetry lines S;, 7 = 1,2, ... associated
to the jth involution. So if (z,y) € S; N Sy, then T9~*(z,y) = (z,y). The symmetry lines are also related to each other
by the relation ‘

Soji = T7(S:), Saj—s = IL;(Si), Vi, j.

Now we start with the point (zo,/To) € So in search for periodic orbits on the symmetry line So with even period
n and impose that (z,/2,yn/2) € So, where

(fﬂn/Q, yn/2) = Tn/Q(mo, Vo).

This reduces to one-dimensional root finding for the equation x,/5 = yi/2, where the unknown is xg.
Periodic orbits on Sy with odd period n are obtained by solving for z¢ the equation

2
aY(n+1)/2 = T(nt1)/2(Yn+1)/2 + 1),

where
(Z(nt1)/2: Yenr1yy2) = T2 (0, \/Z0).
For example, for a = 0.02 in Figure 2 we have an intersection between the symmetry lines So and S14 = T77(So),
S4 = TZ(So) and S13 = TQ(SO), S5 = T2(S1) and 519 = TQ(S1), and 511 = T5(Sl) and 525 = TlQ(Sl) Of the map T.
The intersection points of these lines correspond to the periodic orbits of period 14.

5 Continua of periodic points for map T'

In this section we use resultants and technique from [7] for finding continua of p-periodic points lying on the level sets
of the invariant I.
Let

T (z,y) = (T7 (z, ), T3 (2,)) -
The idea is to find the values of h for which the system

TP (z,y) = =
1(z,y) (27)
I(z,y) = h
has continua of solutions. Let
F(y,h) := Res(numerator (T7(z,y) — ), numerator (I(z,y) — h)), (28)

where Res denote the resultant of corresponding expressions. The values of h have to be such that F(y,h) vanishes
identically. We need to collect the factors of the above resultant that only depend on h. Denote by Dy (a, h) the product
of these factors. We introduce the functions dp(a, h) as those factors of Dy(a, h) that remain after removing from this
polynomial all the factors that already appear in some Dy(a,h) where k is either 1 or a proper divisor of p. We call
the conditions d,(a,h) = 0 the resultant p-periodicity conditions associated to the invariant I (RPC from now on), see
[7]. The main fact is that the energy levels filled with periodic points must satisfy the RPC what gives us the necessary
condition for periodic point because the resultant (28) can contain some spurious factors. We will prove in our examples
that the RPC we obtain actually give continua of p-periodic points.

Theorem 5 The RPC of the map T associated to the invariant I for p < 10 are given by dp(a,h) = 0, where:

=2a® — ah® — 5ah — 4a+ h* + 2h + 1

= —3+4a — 3a® + a® — 12h + 9ah — 3a’h
—19h% + 6ah® — 15h° + ah® — 6h* — h°

dio(a, h) =1+ 5a — 5a°> 4+ a® + 5h + 15ah — 8a*h + 10
+ 16ah® — 3a*h® + 10h* + 7ah® + 5h* + ah* + B®

S
)

RS

da(a,h) =a

ds(a,h) =1

di(a,h) =1+h

ds(a,h) =a—h—1

de(a,h) =a—h> —3h —2

d7(a,h) =a® —ah —a—h® —3h* —3h —1
(a,h)
(a,h)

=
©

L
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Proof. For p = 2 we obtain

numerator(T{ (z,y) — ) = —2° — 2%y + ay®,

and

Res(numerator(T{ (x,y) — x), numerator(I(x,y) — h),z) =
ay®(a® + day + 4ahy + 4ay® + 3ahy® — h*y® — B*y® + 2ay® + 2hy® + 20%y° — y* + ay* — hy?).
So there is no factor of resultant without dependence on the variable y that can be equal to zero since a > 0 so

we can ensure there are no energy levels formed by continua of period-two points. We come to the same conclusion for
p = 3, so we continue with p = 4 where we have
numerator(Tf(ar7 y) —x) = —z" + az'y — az’y — 42%y — 27y + 2a°2%y* + 2az®y? — 2ax’y? — 625y — 425y +
@®y® + 2022y + azy® + a22y® — az®y® — dzty® — 65°y° + alayt — 20yt — datyt — 2%y,
and

Res(numerator (T (z,y) — z), numerator(I(z,y) — h),z) = a®*(1 4+ h)*y*(1 + y)
(a— 20 4+ a® + 2ah — 2d*h + ah® + 8ay — 4a2y + 20ahy — 4a2hy + 16ah2y + 4ah3y + 8ay2 - 4a2y2 - hy2 + 22ahy2—
5a2hy2 - 4h2y2 + 19ath2 - 6h3y2 + 5ah3y2 — 4h4y2 - h5y2 + 2y3 - 4ay3 + 2a2y3 + 8hy3 - 6ahy3 + 12h2y3 — 2ah2y3+
8h3y? + 20ty — gt — ay® + a®y* — 3hy® — ahy® — 3Ryt — R3yY).
The only factor independent of y is 1 + h which gives d4(a,h) = 1+ h. In an analogous way we compute ds(a, h) and

ds(a, h). For p =7 we consider the equation
T (2,y) =T "(z,y)

so we obtain

Res(numerator(Ty (z,y) — Ty °(x,y)), numerator(I(x,y) — h),z) =
a4(—1 —a+a>—3h—ah—3h*— h3)2y11(1 + y)3(a + day + 4ay® — hy® — h2y® + 24° + 2hy3),
and dr(a,h) = —1 — a4+ a®> — 3h — ah — 3h® — h3. The computation of dg(a, h),ds(a, h) and dio(a, k) is analogous to the

previous computation. O

Let us now determine the feasibility region R of a map T, that is those pairs (a, h) € R? that satisfy the condition
{I(z,y) = h} NR* = {2® + ay — hay + 2°y + 2> = 0} NR* £ 0.

From the property of the invariant I in Lemma 3 we obtain that the equilibrium point (7, 7) is the absolute minimum
of the invariant (25). Let us denote the value of I in the absolute minimum with
he(y) = 1(*,9) = (25 + 3)
and therefore the region
R ={(a,h),a>0and h > h.(7) and a = 7°(5 + 1)}

is a feasibility region for the map 7.

5.1 Analysis of the 7-periodic RPC

In this section we will determine the number of the level curves associated to the 7-periodic RPC. We will use the
following Lemma from [7],

Lemma 4 Let
Ga(h) = gn(@)h"™ + gn-1(a)h" " + ... + gi(a)h + go(a),

be a family of real polynomials depending also polynomially on a real parameter a. Set I, = (¢(a), +00) where ¢(a) is a
continuous function. Suppose that there exists an open interval A C R such that

i) There exists ag € A such that Ga,(h) has exactly r > 0 simple roots in I, .
it) For all a € A, Ga(é(a)) - gn(a) # 0.
i11) For all a € A, Ap(Ga) # 0, where Ap(Ga) is disriminant of the polynomial Ga(h).
Then for all a € A, Ga(h) has exactly r > 0 simple roots in I,.
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The disriminant Ay, (Gq) of the polynomial G4 (h) is given as

n(n—1) ]
An(Ga) = (~1) "5 L Res(Ga(h), GL(h) h).
Let us now for the sake of the convenience rewrite d7(a,h) as one-parametric family of polynomials in h depending on
the parameter § where a = 7°(1 + 7):

Gy(h) := dr(a,h) = gs(F)h° + g2(P)R* + g1 (D) h + g0(7),

where g3(7) = —1, g2(9) = =3, 1(y) = =3 —7°(1 +9) and go(y) = ¥*(y + 1) (y* + y* — 1) — 1. Since (a,h) € R if and
only if h € [he(7), +00) = [§(27 + 3), +00) and a = (1 + §), we have to study the number of real roots of Gy(h) = 0 in
the feasibility region. Let us note that

An(Gy(h) =31 +1)° (275" +275° +4) > 0,

so hypotheses (iii) of the Lemma 4 is satisfied.
Further, according to Lemma 4, since g3(3) # 0, the number of real simple roots in Gy(h) is constant on any open
interval where Gq(hc(g)) # 0. We have

Gy(H(25+3)=@+1)° (5> -35° —45—1),

and it vanishes in §o ~ 4.04892, which is the only positive root of > — 37? — 43 — 1 = 0. Hence, the map T has a constant
number of real roots in Iy = [he(§), +00) = [§(27 + 3),+00) for § in each of the intervals (0,%o) and (go,0). So we
have to determine the number of roots of Gy in Iy = [§(27 + 3), +00) for the intervals (0, o) and (Zo,+00). We can
reduce the problem to study one concrete value of § in each of the intervals mentioned above. Let us consider the value
g =2 € (0,%o0). We can compute
Go(h) = —h® — 3h* — 27Th + 551,
and it is easy to see that G2(h) has no simple roots in Ij. By Lemma 4 we have that Gy(h) has no simple roots in
I; = [§(27 + 3), 400) for 7 € (0,%), i.e. for a € (0,75(go + 1)). Similarly, one can see that G (h) has one simple root in
Iy = [§(2§ + 3), +00) for §j € (§o, +00), i.e. a € (F5(Jo + 1), +00).
From the previous discussion we obtain the following theorem:

Theorem 6 Consider the map T given by (3) with positive parameter a and value ao = Fg(go + 1) ~ 335.13213. The
set of real 7-periodic points is empty set for a € (0,a0) and it is given by smooth non-empty level sets Io(x,y) = h for
the values of h satisfying d7(a,h) = 0 for a > ao, with d7 given in Theorem 5 and it is formed by one closed curve
diffeomorphic to S*.

References

[1] A. M. Amleh, E. Camouzis, and G. Ladas, On the Dynamics of a Rational Difference Equation, Part I, Int. J.
Difference Equ. 3(2008), 1-35.

[2] D. del-Castillo-Negrete, J. M. Greene, E. J. Morrison, Area preserving nontwist maps: periodic orbits and transition
to chaos, Physica D, 91(1996), 1-23.

[3] A. Cima, A. Gasull, V. Manosa, Studying discrete dynamical systems through differential equations, J. Differential
Equations 244 (2008), 630-648.

[4] A. Cima, A. Gasull, V. Manosa, Non-autonomus 2-periodic Gumovski-Mira difference equations, Internat. J. Bifur.
Chaos Appl. Sci. Engrg. 22, (2012), 1250264, 14 pp.

[5] E. Denette, M. R. S. Kulenovié¢ and E. Pilav, Birkhoff normal forms, KAM theory and time reversal symmetry for
certain rational map, Mathematics, MDPI, 2016; 4(1):20.

[6] E. Drymmonis, E. Camouzis, G. Ladas, G. and W. Tikjha, Patterns of boundedness of the rational system x,4+1 =

m and yp41 = %’%. J. Difference Equ. Appl. 18 (2012), 89-110.

[7] A. Gasull, M. Liorens, V. Manosa, Continua of periodic points for planar integrable rational maps, Int. J. Difference
Equ., 11(2016), 37-63.

[8] M. Gidea, J. D. Meiss, I. Ugarcovici, H. Weiss, Applications of KAM Theory to Population Dynamics, J. Biological
Dynamics 5:1,44-63 (2011).

[9] J. K. Hale and H. Kocak, Dynamics and Bifurcation, Springer-Verlag, New York, (1991).

[10] V. L. Kocic, G. Ladas, G. Tzanetopoulos, and E. Thomas, On the stability of Lyness’ equation, Dynam. Contin.
Discrete Impuls. Systems, 1(1995), 245-254.

479 M. R. S. Kulenovic et al 470-480



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

M. R. S. Kulenovié, Invariants and related Liapunov functions for difference equations, Appl. Math. Lett. 13(2000),
1-8.

M. R. S. Kulenovi¢ and O. Merino, Discrete Dynamical Systems and Difference Equations with Mathematica,
Chapman and Hall/CRC, Boca Raton, London, 2002.

M. R. S. Kulenovi¢ and Z. Nurkanovié¢, Stability of Lyness’ Equation with Period-Two Coefficient via KAM Theory,
J. Concr. Appl. Math., 6(2008), 229-245.

G. Ladas, G. Tzanetopoulos, and A. Tovbis, On May’s host parasitoid model, J. Difference Equ. Appl. 2 (1996),
195-204.

R. S. MacKay, Renormalization in Area-Preserving Maps, World Scientific, River Edge, NJ, 1993.
R. Moeckel, Generic bifurcations of the twist coefficient, Ergodic Theory Dyn. Syst. 10(1) (1990), pp. 185-195.
C. Siegel and J. Moser, Lectures on Celestial Mechanics, Springer-Varlag, New York, 1971.

M. Tabor, Chaos and integrability in nonlinear dynamics. An introduction. A Wiley-Interscience Publication. John
Wiley & Sons, Inc., New York, 1989.

Y. H. Wan, Computation of the stability condition for the Hopf bifurcation of diffeomorphisms on R?, SIAM J.
Appl. Math. 34(1) (1978), pp. 167-175.

480 M. R. S. Kulenovic et al 470-480



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Durrmeyer type (p, q)-Baskakov operators for
functions of one and two variables

Qing-Bo Cai® and Guorong Zhou*
2School of Mathematics and Computer Science, Quanzhou Normal University,
Quanzhou 362000, China
®School of Applied Mathematics, Xiamen University of Technology,
Xiamen 361024, China

E-mail: gbcai@126.com, goonchow@xmut.edu.cn.

Abstract. In this paper, we construct a generalization of Durrmeyer type Baskakov
operators based on the concept of (p, ¢)-integers and bivariate tensor product form. For
the univariate case, we obtain the estimates of moments and central moments of these
operators, establish a local approximation theorem, obtain the estimates on the rate of
convergence and weighted approximation of those operators. For the bivariate case, we
give the rate of convergence by using the weighted modulus of continuity, give some
graphs and numerical examples to illustrate the convergent properties of these operators
to certain functions. We also compare these operators D, , , with another forms.
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Key words and phrases: (p, ¢)-integers, Baskakov operators, modulus of continuity,
rate of convergence, bivariate tensor product.

1 Introduction

In recent years, (p, q)-integers have been introduced to linear positive operators to
construct new approximation processes. A sequence of (p, ¢)-analogue of Bernstein opera-
tors was first introduced by Mursaleen [1, 2]. Besides, (p, ¢)-analogues of Szdsz-Mirakyan
operators [3] , (p, q)-Baskakov Kantorovich operators [4, 5|, (p, q)-Baskakov-Beta opera-
tors [6] and Kantorovich-type Bernstein-Stancu-Schurer operators [7] were also considered.
For further developments, one can also refer to [8, 9, 28]. These operators are double pa-
rameters corresponding to p and ¢ versus single parameter g-type operators [11, 12, 13].
The aim of these generalizations is to provide appropriate and powerful tools to these
application areas such as numerical analysis, CAGD and solutions of differential equations
(see, e. g., [14]).

*Corresponding author.
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In 2010, Aral and Gupta [15], Gupta [16] introduced certain Durrmeyer type g¢-
Baskakov operators and got some important approximation properties, motivated by them,
in 2012, Cai and Zeng [17] introduced a new modification of Durrmeyer type one. Re-
cently, Acar et al. [18] introduced a generalization of Durrmeyer type (p, ¢)-Baskakov
operators which having Baskakov and Szasz basis functions defined by

> 0 k(k—1 k — k+n—1
BPA(fsz) — [n]pqubnvk(p’ " x)/ » (b=1) ([n]p.qt) i?q (' Q[n]pvqﬂf (p — t> dyot, (1)
k=0 0 p.q° q

where

k

bnk(p, g3 ) = (2)

n+k—1 g n(n=1) k(1) x
prq
k P (1+2)pq

From [5], we know > 77 by x(p, ¢; ) = 1. In 2016, Mishra and Pandey [19] introduced the
Stancu type base on operators (1).

Inspired by these results, in this paper, we introduce a generalization of Durrmeyer
type (p, q)-Baskakov operators D,, , o(f;x) as

o0 o 00 o
Dnpq(fiz) =[n—1lpq > buk(p g plx)) /0 bk (D, ¢ pu) f (p* ) dp gu, (3)
k=0
n—2(,,2 _ _
where p(z) =2 (v q[g]lp’j]p’qx 1), x € [qu[nlﬁ]p,q’OO)? 0<g<p<1and
— n+k—1 =D+ (1) (k+2)  K2—1 xk
bnk(p, ¢ ) = ] 1 q 2 ——- (4)
L (1+2)pg"

The paper is organized as follows: In section 2, we give some basic definitions regard-
ing (p, q)-integers and (p, q)-calculus. In section 3, we estimate the moments and central
moments of these operators (3). In section 4, we establish a local approximation theorem,
obtain the estimates on the rate of convergence and weighted approximation. In section
5, we give some graphs and numerical examples to illustrate the convergent properties for
one variable functions. In section 6-7, we propose the bivariate case, give the rate of con-
vergence by using the weighted modulus of continuity and give some graphs and numerical
analysis for two variables functions. In the last section, we compare the operators D, ;4

with D, ;, 4, and show the former operators give better approximation to f than the latter
ones by graphs.

2 Some notations

We mention some definitions based on (p, ¢)-integers, details can be found in [20, 21,
22, 23, 24]. For any fixed real number 0 < ¢ < p < 1 and each nonnegative integer k, we
denote (p, q)-integers by [k], 4, where
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Also (p, q)-factorial and (p, g)-binomial coefficients are defined as follows:

W= { Blpglk = Upgo-[Upgs kb =1,2, ...
p,q: -0

" n)p,q!
[ k ] N [k]p,qE[T]L— Klpq!’ (n>k>0).

)

Let n be a non-negative integer, the (p, ¢)-Gamma function is defined as

(p - Q)Z,q o

Fp,q(n +1) = —q)" = [”]p,qla

where (p —q)j, = (0 — ) (P* — ¢*)-. (0" — ¢").
For m,n € N, the (p, q)-Beta function of second kind is given by

00 tm—l
B, (m,n) = S —
p,q( ) /O (1+pt)m+n P,q

where the (p, q)-power basis is given by

(L+pt)pa™ = (L+pt)(p + pat) (p° + pg?t)...(p" "7 + pg™ ).
The relationship by the (p, ¢)-Beta and Gamma functions is shown as follows

qlpq(m)Ty 4(n)

By, q(m n) = ,
(pm+1gm=1)""2 T, (m + n)

Fr(zn)i(n))'
The improper (p, ¢)-integral of f(x) on [0,00) is defined to be

if p=1,q — 17, it reduces to the classic type B(m,n) =

o

RIS qu dar=p-0) > s ().

j=—00 Jj=—00

When p = 1, all the definitions of (p, ¢)-calculus above are reduced to g-calculus.

3 Auxiliary results

Lemma 3.1. For x € [0,00) and sufficiently large n, the following equalities hold

D”,qu(t; x) = x’ (6)
—2 1 4 q° 2p" 2
Dyt z) = [”2 Ip.aln + 1pg 22 3(1’; 7°) p— P "
q*[n — 3}pyq[n]p,q PP¢i[n — 3]:mqr ¢n — 3]p,q[n]p7q
pn74 1
+— ; (7)

q*[n — 2]pq[n — 3lp,q[nlp,q - PPgtn — 2pqln — 3pq
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Dn,p,q(t?); )
[0+ 1p g0+ 2]pgn — 2];%,(1 3 4 ([5]1)41 + [2]§,qpq) pn_Q[z]p,q[n + 1pgln +2lpq 22
[n — 3]p,q[n - 4]p,q[n];27,q ptq” [N]ﬁ,q[n - 3]p,q[n - 4]p,q
" ([5]p,qq2 + [2]12),qpq3 - 3102) [n + 1]p,q[n + 2]p,q[n - 2]1%(1 2 q5 + 3P3q2 - P5
p4q7[n]12,,q[n = 3lpqln —4lpq p'q"[n — 3lp,aln — 4lp,q

3p2n74[2]p7q pn—G (2p4 + 2q4 + 4pq3 4 p3q)

TR = el g Plpaln — Slpgln — Alpg

) 212, L P (Blna + 2)pare’)
@°[nlp,gln = 2lpgln — 3lpgln — 4lpq

X

p7q7[n - 2]p,q[n - 3]1%(1[” - 4]p,q
2n+4-3
PP 2]p,
5 P ; (8)

_pgqg [n]p,q[” — 2pg[n = 3lpqln —4lpq

[n 4+ 1pq[n + 2]pg[n + 3p,qln — 2]23;7(] ot 1
q'%[n — 3lpgln — 4lpqgln — 5]p,q[”]135,q O <[”]p,q

Dn,p,q(t4§ T) =

) o(a), (9)

where ¢(x) is depend on x.

Proof. Since

/ (1“(1 = By k+1n—1)="1 pa(k+ 1D g(n — 1)
0

% @p.qt )
+ pu)py (PP 2g%) > Tpg(n + k)

q[k]p,q! [n — 2]p,q!

(k4+1)(k+2)  k(k+1) ’
2

¢ 2 [n+k—1),

p

we have

Dppg(Liz) = [n—1pq Y bui(p, q;u(l‘))/o b ge(p, 4 ) dpqu
k=0

n+k—1],, nro-D+EinE+2) K21
4

= [n—1lpq ;) b/n\,;(pa q; () K]p.q'[n — 1}]O:q| ¢

PkQ[k]p,q![” - Q]p,q!
(k+1)(k+2) k(k+1)
2

¢ 2 [n+k—1)

p

= > bor(p, g () = 1.
k=0

Similarly, we get

/OO utt! d qlk + 1pq'[n = 3lp,q!
———d,u = ,
o (I+ pU)E;k i p<k+2>2(k+3) q(k+1)2<k+2> [n+k— 1]p7q!
thus,
o o 00 o
Dupg(t;z) = [n=1)pg > bk, ¢ plx)) / b 1o (P, 43 pu)p"udy, qu
k=0 0
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m+k—1)p! ne-DrGEnGr2) K21

= [ —1pg Y bup(p. g pu(z)) =P 1 q 2
k=0

[K]p.g!n — 1]p.q!
2kq[k + l]p,q![” - 3]p,q!

(k+2)(k+3)  (k+1)(k+2)
2 2 [nt k-1

nn=D+k+1)(k+2) KE2-1
4 2

2k
— gk + 1]pqp
bn,k(pv q; () (h+2)(k+3) (b1 (k+2)
p 2 q 2 [n— 24

[
e < 7

B
I
o

Since [k + 1], 4 = ¢* + p[k],.4, by simple computations, we have

[n]p qM(fE) [e'S) n+k pk+n(n2+1) qk(k;l) (M(x))k
Dnpg(tiz) = 50 Z ntkt1
prq [TL - 2]17#1 k=0 k P,q (1 + M(x))p,q
o0
" b k p7q H
p*qln — 2y kzo " ")
_ [nlpqn() + 1 —
pg*[n — 2lp,q p*q[n — 2lp,q
Next,
/OO uht? do o= qlk + 2]pq![n — 4lp,q!
kP4 )( ) (k ’
0 (1 + pu)n+ p(k+32k+4) q(k+22k+3) [n + k- l]p’ql
we get
Dn,p,q(t2§ )
o o 00 o
= [n=1lpg Y bni(p, g p(x)) / bk (D, @ pu)p**uPdp qu
k=0 0

= [Tl - 1]p,q Z bn,k(p7(ﬁ ,U,(LL’))
00 3k, k+2
“ / g
o (1 +pU)”

= n—1pg Z b k(P @3 11(x))

k=0
SkQ[k’ + 2]pg![n — 4]p.q!

k

n—i—k—l] n(n=1)+(k+1)(k+2) k2-1
4 q 2
p.q

2
k

n+k—1 ] n(n=1)+(k+1)(k+2) k2-1
4
pq

X
(59) 1) q(k+2)2(k+3) k1],
n(n—1)+(k+1)(k+2)
- i n+k—1 (“(x))k p 2 P3qu2 [k + 1pqlk + 2lpq (10)
2 T R T EEE (=2, = 3],

Using [k + 1],4 = ¢* + p[k],4 and some computations, we obtain

[k + pglk + 2]pq = [2]p, qq o+ P[2]§,qqk_1 [Klpq + p4[k]p,q[k —1pg- (11)
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Since

and

and

n(n=1)+(k+1)(k+2) 2
i n+ k -1 (1 (x)) p 2 p*Fe" P4[k]p,q[k —1pgq
e I EEE 2]y
nlpqln + 1)pqga? n+k+1 (pu(a))" pht ) Ko
Pl Zpaln a2z | k| (T )i
2
[nlpgln + 1pg (1(2)) (12)
P*"q%[n = 2lpqln — 3lpq
n(n—1)+(k+1)(k+2) 2 _
i n+k—1 HC) P 2 p*Fe " 1[k]p,q
— k (1+ u(x ) ik p<k+3>2(k+4) q<k+2>2(k+3) [n = 2pg[n — 3lpq
k
[]p,qh( w) i": n+k (u(x)) e
PG - gl g 2 | k| (T )
[nlp,qn(z) (13)

PGS —2]p 400 — 3lpg’

n(n— 1)+(k+1)(k+2) 3k k2

n+k—1 (u(@)"  p p**q [2]p.40>*
(14 p(x))ntk p<k+3)(k+4) q(k+2)2(k+3) [n = 2]pqln — 3lpq

>

k=0

p7
2]p.q -
: bn k pa q; K )
P°¢*[n = 2Jpqln — 3lpg k,Z:O
[2];07(1 (14)

Pog3n — 2}p,q[” - 3]17,q7

combining (10), (11), (12), (13) and (14), we have

Dn,p,q(#% )
[Plpgln + Upg (1(x)* 2 glrlpars) 2
g% = 2]p4ln = 3lpq P3P = 2peln —3lpg PPN — 2peln —3lpg
[n —2]pq[n +1pg 22 (p2 + q2) r— 2p" 2 "
@*[n — 3lpqg[nlp,q PPa3n —3lpq @*[n — 3lpg[np,q
pt 1

+

q*[n —2lpq[n — 3pqlnlpg P [n = 2]pg[n = 3lpg

Using the same methods, we have

Dn,p,q(t?); )

= 1pg > buklp, g () /0 bk (P, ¢; pu)p* P dy qu

k=0
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A+p@d? - ! 1 — 2]pgln — 3lpgln — 4’

n+k—1 ] (u(w))k n(n—1)+2k—18 k2—72k—12 [k 4+ 1)pqlk + 2]pqglk + 3lpq
p.q

since

[k + Lpglk + 2]pq[k + 3lpq
= Pg[k]p,q[k — 1pqglk = 2]pq + p4qk 2 ([5]p,q + [2];27,qPQ) [K]p.glk — 1pg
"‘PQ%_Q[Q]p,q ([5]p,q + [2]p,qpq) [Klp,q + q3k[2]p7q[3]p,qa

by some computations, we have

Dn,p,q(t?)% )
[n]p,q[n + 1p,gln + 2pq (/i(x))g ([5]12 gt [2 ]p qpq) [n]p,qln + 1]y, (M(f’«"))Q
p*q'2n — 2pq[n — 3lpgln —4lpg p?rHagttn — 2, g[n — 3]y q[n — 4]pq
2]p,q ([5]1341 + [2]§,qPQ) []p,gie() [2p.q[3lp.q
P — 2pqln = Blpgln —4lpg P40 — 2pgln — lpgln — 4lpgq
[0+ 1pq[n +2peln — 2]}27,q 3 4 ([5]p,q + [2]12,,qpq) P2 2lpqln + Upgln +2pg 22

[ —3]pqln — 4]1&(1[”];%7(1 pq” [n],%,q[n — 3lpgln —4lpg
n ([5]p,qq2 + [2]12),qpq3 - 3102) [n + 1]p,q[n + 2]p,q[” - 2]p,q 2 (15 + 3P3q2 - P5 "
p4q7[n]12,7q[n = 3lpaln —4lpyq P'q [n = 3lpgln —4lpg
N 3p2n74[2]p7q pn—ﬁ (2p4 + 2q4 + 4pq3 4 p3q)
x —
q® [n]]%,q[n - 3]p,q[n - 4]13,(1 s [n]p,q[n - 3]1341[” - 4]p,q
_ [2];2),(1 n pe ([5]1741 + [2]p,qpq2)
p'q"n = 2lpg[n = 3lpqln —4lpg  PMnlpgln — 2pgln — 3lpgln —4lpg
B p2n+3[2 v
p2q° [n];%,q[” = 2]pqln = 3lpgln —4lpq
Finally,
Dn,p,q(#; )
oo o 00 o
= = 1pg ) bus(p. ¢ () / b i (p, ¢ pu)p™utdy qu
k=0 0
_ i n+ k -1 n(n=1)42k=28 k2-0k=20 [k + p.glk + 2lp.qlk + 3lpalk + 4lpq
- P ! (1= 2p.gln — 3lpaln — Ay gln — Bl
kZO p’q b b bl b
k
)

(1 + u())pd™

since

[k 4 1pglk + 2]pqlk + 3lp.qlk + 4]pq
= p16[k]p7q[k — pglk — 2lp,qlk — 3lp,g + ([7];0,11 + pa[blpq + [2]§,qp2q2) pqu_g[k]nq
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x[k — 1]p,q[k‘ - 2]p,q + p4q2k_4 ([5]p,q + [2]122,qpq) ([6]p,q + p2q2 [2]p,q) [k]p,q[k' - 1]p,q
+pq3k73[2]p,q ([5];27,(1 + [2];2;,q[5]p,qpq + p3q3 [3]1941) [klpq + q4k 2]p,q[3]p.q[4lp.q>

we have

Dy pg(th; z)
_ [n]pq[n + 1pgln + 2]pg[n + 3]y )
= P — 2yl — gl — Al — 5l )
([7]19761 + pq[5lp.q + [2]1207qp2q2) [n]pgln + 1pgln + 2pg ( ($)3)
pPtogl[n — 2], g[n — 3]pq[n — 4]pqln — 5lp,q
([ Ip.a [Q}p qPQ) ([ Ip.a +1%q [2}10,11) )2
p*tiq 17[” — 2lp,g[n = 3]pgln — 4]pq[n —5lpg (n()’)
[2] ([ ] + [2] [ ]p qPq +p3q3[3]p,q) [n]nq
ptiZg 14[” —2lpgq [ 3lpgln — 4]pq[n —5lpq
[2]p.q[3]p.a[4]p.q
pq'0n — 2], g[n = 3lpg[n — 4lp,g[n — 5lpq
_ [+ Ypgln + 2pgln + 3lpgln — 24 1 .
= S S O () 4

Lemma 3.1 is proved. O

()

Lemma 3.2. For sufficiently large n, we have

Dy pq(t —z52) =0, (15)
Dy pq((t — )% )
B anL’Z N pn—3x2 p2n—3x2 (p2 4 q2) T B 2pn—2x
qnlpg  aln—3lpg ¢*[n — 3lp.alnlp.q PP¢3n — 3lp.q 3 — 3lp.alnlpq
n—4
p 1
+ B ; (:E) (16)
q*n — 2]p.aln = 3lp.alnlpg PPgtn — 2lp,q[n = 3lpg P
1
_ o< )@7+x+1) (17)
[”]p,q
Dypq((t— = ( ) at+ a2t 2 1), (18)
Proof. (15) is obtained by (5) and (6). Since
[n —2]pq[n +1]p, _ ( n3 q[n — 3]p,q) (P" +qlnlpq)
> [n — 3}p,q[n]p,q q> [n — 3]p7q[n]p,q
n n—3 2n—3
S [ AR + 5t ,

a[nlpg  aln—3lpq  @*n —3lpglnlpg

using lemma 3.1, we have

Dy pq((t — )% )
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= Dn,p,q(#% x) — 20 Mppq(t;z) + x?
= Dn,p,q<t2§ T) — a?
[n —2]pqln +1]p, 2 (p2 + q2) 2p" 2
= 5 —1|z=+ 33 r—— T
7?[n = 3pqlnlpq P3P —3]pq ¢*[n — 3]p.q[nlpg
n—4
1
+3 E T34
q*[n — 2]13&1[” - 3]p,q[n]p,q pigtn — 2]1%61[” - 3]p,q
B pnxQ N pn—S:L,Q an—S:L,Q (p2 4 q2) T B 2pn—21:
q[nlpqg  aln —3lpg ¢*[n — 3lp,alnlp.q P*¢*In — 3lp.q ¢ — 3lp.alnlp.q
pTL—4 1
+

¢*[n = 2lpqln — 3lpqlnlpq Pl 2pgn = 3lpg

Similarly, by some computations, we can obtain (18). O

Lemma 3.3. (See theorem 2.1 of [25]). For0 < g, < pn <1, set ¢, := 1—ay,, pp := 1—0,
such that 0 < B, < an < 1, ap = 0, B, = 0 as n — oo. The following statements are
true

(A) If lim e"Bn=n) =1 and €™ /n — 0, then []pn,gn — 00

n—oo

(B) If lim e"Brn—an) 1 gnd enﬂn(an — Bn) — 0, then [n]p, 4, — 0.

n—oo

(C) If lim, , e"P=n) <1, Tim e"Pn=n) =1 and max{e" /n, e (ay, — Bn)}

n—oo
— 0, then [n]p, ¢, — 00.

4 Approximation properties

In this section, we establish a local approximation theorem. We give the following
definitions at first, the space of all real valued continuous bounded functions f defined
on the interval [0,00) is denoted by Cp[0,00). The norm on Cp[0,00) is defined by
|| f|| = sup{|f(z)| : x € [0,00)}. The Peetre’s K-functional is given by

K (f;0) = inf {|If —gll+dllg"lI}, (19)
geW

where § > 0, W2 = {g € Cg[0,) : ¢, 9" € Cp[0,00)}. For f € Cy[0,c), the second
order modulus of smoothness is defined as

wa(f; V) = sup sup |f(z+2h) = 2f(x+h)+ f(x)]. (20)
0<h<8 z€[0,00)

By [27], there exists a constant C' > 0, such that
Ks(f36) < Cuwa(f; V6). (21)

In order to obtain the convergence of operators defined in (3), in the sequel, let p = {p, }
and ¢ = {g,} be sequences satisfying p!! — 1(n — oo) and the conditions of lemma 3.3

(A), (B) or (C).

489 Qing-Bo Cai et al 481-501



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Theorem 4.1. For f € Cgl0,00) and n > 6, we have

Dupa(fiz) — f@)] < Cs (f; Brpals >/2) (22)

where C' is a positive constant, By, p 4(z) is defined in (16).

Proof. Let g € W2, by Taylor’s expansion, we have

9(t) = gla) + ¢/ (@)(t — 2) + / (t — u)g"(u)du, (23)

applying Dy, , , to (23), using (15), we get

t

Drpq(g;7) — (%) = Dnp g ( /x (t —u)g" (u)du; x> .

Thus, we have,
Dnpale: ) — g(a)] = ] ( () x>‘
n,p,q

( / 1t — ullg” (u)|du:

2 )
Dipg ((t = 2)%2) |1g"]
B, q(x)llg”l\- (24)

IN

IN

On the other hand, by (3) and (5), we have

Dnpq(fiz) = pqzbnk P g / bk (P, @ )| £ (PF0)|dpqu < |IfI|. (25)

Now (24) and (25) imply

’Dn,p,q(f; .T) - f($)|

IN

|Dnpq(f —gi2) = (f = 9)(2)| + [Dnpglg; z) — g()]
2|[f =gl +Bn,p,q($)H9”H7

IN

from (19), taking infimum on the right hand side over all g € W?2, we obtain

|Dn,p,q(f§$) - fl@)] < 2K3(f; ,pq( z)/2).

Finally, using (21), we get

Dupalfi) = £@)] = Coo(Fiy/Bupale2).

Theorem 4.1 is proved. O
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Let B,2[0,00) be the set of all functions f defined on [0, 00) satisfying the condition
|f(z)] < M;(1+ %), where M; is the constant depending only on f. We denote the
subspace of all continuous functions belonging to B,:2[0,00) by C,2[0,00). Let C?,[0, 00)
be the subspace of all functions f € C,2[0, 00), for which lim,_, 1]1%)2 is finite. The norm

on C7,[0,00) is

1 fllz2 = sup

We denote the usual modulus of continuity of f on the closed interval [0, a] (a > 0) by

wa(f;0) = sup sup |f(t) — f(z)|.

[t—z| <8 z,t€[0,a]
Obviously, for a function f € C,2[0,00), the modulus of continuity w,(f,d) tends to zero.
Theorem 4.2. Let f € C,2[0,00), wat1(f;9) be the modulus of continuity on the finite
interval [0,a + 1] C [0, 00), where a > 0. Then for n > 6, we have

|wwAﬁ—ﬂ@mmsmau+fww¢w+mle;BWA@)

where By, q(a) is defined in (16).
Proof. For z € [0,a] and t > a + 1, we have
1f(t) — f(2)] < My (2+ 2 + %) < My (2432 +2(t — 2)?).

Since t —x >t —a > 1, then (t —2)? > 1. Thus 2+ 322 +2(t —2)2 < (2+32?)(t —x)® +
2(t —x)? = (4 +32%)(t — 2)? < (4 +3a?)(t — 2)? < 4(1 + a®)(t — x)%2. Thus, we obtain

£0) — F@)] < 4My(1 +a?) (0 — )" (26)
For z € [0,a] and t < a + 1, we have
10 - J@) < wntrili-ah < (145 wnion 620 en
From (26) and (27), we get
16 = @) < a0ty + e = af + (14 ) atrio) (29)

For z € [0,a] and t > 0, by Schwarz’s inequality and lemma 3.2, we have

|Dn,p,q(f; ‘T) - f(x)‘
< Dapg(lf(t) = f(@)]; 2)

4Mf(1 + GQ)DMLQ ((t - $)25 x) + wat1(f;90) (1 + %\/Dn,p,q ((t—=x)% 5U)>

A

IA

IN

AM (1 + 02) By pg(x) + was1(f3 ) (1 4 B";“”) |

By taking 0 = /By pq(x), we get the assertion of theorem 4.2. O
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Now we discuss the weighted approximation theorem.

Theorem 4.3. For f € C7,[0,00) and n > 6, we have

i {| Dy p, g, (f) = fllo2 = 0. (29)

n—o0

Proof. By using the Korovkin theorem, we see that it is sufficient to verify the following
three conditions

lim || Dy p, g0 (t552) — 2|2 =0, i=0,1,2. (30)

n—o0

Since Dy, p,..q,(1;2) = 1 and Dy, 5, 4. (t; ) = x, equality (30) holds true for ¢ = 0 and i = 1.
Finally, for ¢ = 2, from lemma 3.2, we have

HDnvpnaQn (t27 ‘T) - CC2H$2

’Dn,pn,qn (tQS T) — $2’

=  sup
z€[0,00) 1+ 22
7 n—3 2n—3 2
S < pn + pn > pn > sup s .
Wlnlpngn  WIn = 3lppgn  GI" — 3lpn.gnlmlpn.gn z€[0,00) 1+x
( P+ dp 205 ) sup
paapn — 3] pn.an gy — 3lpngn [Pl pn.an z€[0,00) 1422
—4
Dy 1 ) 1
+ ( + sup
galn — 2lpnga[? = 3lpngn [Mpn.gn paanln — 2lpp.gn [ = 3lpn.gn z€[0,00) 14 22
_ _Dh Pyt ap tonan DR e + 20 1
B dn [n]pnaQn p%q% [n - 3]pn:(In q?t [n - 3]pn:(In [n]pn7Qn p?tq% [n - 2]pn¢1n [n - 3]pn7(In
n—4
I Pn '
q’éL [n - 2];07“!]71 [n - 3]pn7Q7’L [n]pn7Qn
We can obtain limy, 0 || Dnp, g (% 7) — 2%|| = 0 by using lemma 3.3 and lim,, . p? = 1,
theorem 4.3 is proved. O

Table 1: The errors of the approximation of D, ,, .. (t%;2) with p, = 0.999999 and different
values of ¢, and n .

17(2) ~ Dopn (1)l

n =10 n =20 n =30 n = 50
0.95 0.756459 | 0.471385 | 0.396404 | 0.348978
0.99 0.545694 | 0.264869 | 0.185654 | 0.126539
0.999 | 0.502874 | 0.224749 | 0.146152 | 0.087113
0.9999 | 0.498679 | 0.220856 | 0.142352 | 0.083372
0.99999 | 0.498261 | 0.220468 | 0.141973 | 0.083000

an
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Table 2: The errors of the approximation of D,, p, ,. (t%;z) with g, = 0.99 and different values of

pn and n .

pn=1—1/10™

1/ (@) = Drppgn (F3 )0

n =10

n =20

n =30

n = 50

333 3 3
Il
N - NI S SISO OV

0.545703746
0.545694253
0.545693781
0.545693738
0.545693733

0.264908767
0.264872541
0.264869729
0.264869456
0.264869429

0.185736472
0.185660670
0.185654271
0.185653644
0.185653581

0.126723749
0.126555374
0.126540622
0.126539167
0.126539022

1 1 ) 1 1 1 1 ]
0.8 0.9 1 0.1 0.2 0.3 0.8 0.9 1

0.1 0.2 0.3 0.4 0.5 0.6 0.7
x (n=50, p=0.99999)

04 05 06 07
X (p = 0.99999, q=0.9999)

Figure 1: The figures of D,, ;. 4. (t%; ) for n =
50, p, = 0.99999 and different values of g,,.

Figure 2: The figures of D, 4. (t% ) for
pn = 0.99999, ¢, = 0.9999 and different val-

ues of n.

5 Graphical and numerical analysis for one variable func-
tions

In this section, we give several graphs and numerical examples to show the convergence
of Dy p, q.(f;2) to f(z) with different values of parameters which satisfy the conclusions
of lemma 3.3.

Let f(z) = 2%, the graphs of Dy, p, 4. (f;x) with n = 50, p, = 0.99999 and different
values of ¢, is shown in Figure 1. The graphs of D, ,, 4. (f;2) with p, = 0.99999, ¢, =
0.9999 and different values of n is shown in Figure 2. The graphs of D,, p,, 4. (f;2) with
n =50, ¢, = 0.95 and different values of p,, is shown in Figure 3. Moreover, we give the

errors of the approximation of D, ;. 4.(f;2) to f(x) with different parameters in Table 1
and Table 2.
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—y=x2
—p=099
12l|—p=0.9999

0.8

(t% %)

0.4 -

0.2

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
x (n =50, g = 0.95)

Figure 3: The figures of Dy, . 4, (t% 2) for n =50, ¢, = 0.95 and different values of p,,.
6 Construction of bivariate operators and approximation

properties

We introduce the bivariate tensor product (p, ¢)-analogue of Durrmeyer type Baskakov
operators as follows

ni,n .
.Dp'rx ,q2n1 "Pngsdng (f, Z, y)

o0 o0 o o o0 [ee]
= 1= g 12— oy 33 b s (P G 1505y (s s #(9) /0 /
k

1 =0 ky=0 0
By ton (D> s Py )by s (P G P ) f (pﬁllu, pféU) ey gny Wpry gy Vs (31)
where
() pZ}_Qin (p%lqm [n1 — 2]pn1 Ang T 1) (:17 > 1 ) ’
[”l]pnl,qnl p%l Gny (01 — 2]pn17qn1

no—2

l/(y) = Pry —n2 (p%‘Qan [712 B 2]pn27Qn2y o 1) Y > 1
[nZ]Pnz s4ng ’ = p%2QH2 [n2 - 2]pn27qn2 )

0 < Gnysny < PnysPny < 1 and I;nv,k(p,q; x) is defined in (4).

Lemma 6.1. Let ¢; j(z,y) = 2'y/,i,j € N, (z,y) € ([0,00) x [0,00)) be the two dimen-
stonal test functions and ni,ne > 6, using lemma 3.1, we easily obtain the following

equalities
Dgnli";bgnl yPngsdng (60’0; T, y) = 17 (32)
Dn17n2 (6]_70; x, y) =z, (33)

Pnqsqnq:Pngqng
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Dt Doy (€015 T Y) = (34)
o Praging (ELL T3 Y) = TY, (35)
gim; P> (52 05T, y) = [n21 — 2]pn17qn1 [nl - Hpnl’qnl 2 (P%l - qgl)
Pt qz, [ — 3]pn1 Jny [nl]pnl ny psap,[n1 — 3}pn11q'n1
_ 2p; - it
q?n [n1 — 3]pn1,qn1 [nl]pnl,qnl qél [n1 — 2]pn17Qn1 [n1 — 3]pn17Qn1 [nl]pnl,qnl
1
P30 [ — 2y g (71— Bl g (36)
o D sng (€020 T, Y) = [n; — ooy g2 4 oy g (P + )
e Gy (12 = 3lpny sy [12]png s P,y (M2 — R]
2pp2? Pt
002~ By 2Ly 022~ 2y (12— Bl 12y
1
" P8,05 112 = py 40y 72 = Slpgan, (37)

Lemma 6.2. For sufficiently large n1 and no, using lemma 6.1 and lemma 3.2, we have

the following statements

ni,n2 _ .
Dpnl ydnq,Pngqng (t x;T, y)

ni,n2 o .

pnlvqnlyp’ﬂqung (S y? x? y)

K 2'
D;Lil?(?nl yPng,dng ((t - :Z:) L y)
D;L’r:’,};nl yPng,dng ((S - y)27 €, y)
Dyine ((t—a)2,y)

Pnqs49nq,Pngq9ny

n1,n2 ((
Pnys4nq,Pngsqng

-ty

0,
1 2
(@) x +24+1) =0 —— | (x+1)%,
”1 Pnqdng [nl]pnl Any
1
O VP +y+1) =0 —— | (y+1)?
an Wy [”2]pn2 Angy
(0] a? +2°+ 22+ +1)
p’ﬂ17qn1
0] (x + 1
pTL17Qn1
0] (v +y* + v +y+1)
pTL27Q’rL2

([nQ]p q )y—i—l)

Let B, be the space of all functions f defined on [0, 00) x [0, 00) satisfying the condition
|f(x)] < Mgp(x,y), where My is a positive constant depending only on f and p(z,y) =
14224y is a weighted function. We denote the subspace of all continuous functions belong

to B, by C,. Let C} be the subspace of all functions f € C), for which lim

is finite. The norm on C7 is || f|], = sup, ye(0,00)

f(z.y)
z2+y2—o00 p(z,y)

Lf (=)
p(z,y) -

For the infinite interval [0, 00),
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J € C} and 61,02 > 0, Ispir and Atakut [28] introduced the weighted modulus of continuity
as

Qp(f:01,02) = sup sup @+ by + k) = f@y)l

2,y€[0,00) 0<|k1|<81,0< k2| <6 p(x,y)p(k1, k2)

which satisfy the following inequality
Q,(f;d101,d2d2) < 4(1+d1)(1+da)(1 + 67)(1 + 63)Q,(f;61,02), di,d2>0.  (38)
From the definition of €2,, we have

[f(t,s) = f(z,y)]
< plxy)p(lt =zl |s =y (f; [t — [, |s — yl)

< (1+224+y%) (1+ @t —2)) 1+ (s —9)?) Q(fi 1t — 2|, |s —y]) (39)
Now, we establish the degree approximation of operators D;ifgnl,pnyq@ in the weighted

space Cj by the weighted modulus of continuity 2.

Theorem 6.3. For f € C7, then for sufficiently large ni,n2, we have the following in-

equality
sup D;L'r:’?‘;nlvpng sqng (f7 z, y) - f(l', y) <00 f 1 1
3 = P ) ) )
@,y€[0,00) (’0(1" y)) \/[nl]Pn17Qn1 \/[nQ]Pn27Qn2

where C' is a positive constant.
Proof. From (38) and (39), for dy,,dn, > 0, we get
’f(ta S) - f(xvy”
_ 2 2 N2 N2 |t — x| s —yl 2
= 4(1+22+2) 1+ (-2 1+ 6-n?) 1+ 1+ ) (1+67,)
na
X (1 + 57%2) Qp(f; 571175712)
Ll

= 4(1+22+9%) (1+62) (1+62,) <1+5+(t—x)2+‘t5_x|(t—:n)2>
ni ni

s — S —
><<1—|—| 5 y’+(8—y)2+| 5 y’(s_y)z) Qp(f3 0n15 0ns ),
no n2

applying the operators Dy, "¢, .. 4., on the above inequality, we have

D2 pyany (f125Y) = f(2,9)]

< Dy oy an, L (E8) = f(z9) 2, 9)
t—x
< A0+’ +y7) (140,) (1400,) DRie o ans <1+ | 5 (-
ni

|t — | 2. n1,n2 s =y 2, Is—yl 2,
+ 5n1 (t_x) Y DPannlangv‘lng 1+ 5712 +(8—y) + 6712 (S_y) 1L, Y
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X (f50ny50n,)

2, 2 2 2 sy Dy ([T =[5 2, 9)
= 4(1+2°+y°) (1+62) (1+62) 1+ 5
ni
Dg’iﬂvlgn yPng,dn (’t - x‘(t - $)2, x, y)
+ Dgi:;nl,}?ng sqno ((t - 17)2, Ty y) + = S K>
ni
‘Dgiﬂgn yPng,dn (‘8 - y|7 z, y)
* <1 A — + D pnyany (8 = 9)%52,9)

Dg’r}.irjgnlapng sqno (|8 - y|(8 - y)27 x, y)

+ 5 ) Qp(f;énlaéng)-
n2

Using Cauchy-Schwarz inequality, we get
1Dy o any S50 0) = f(@,9)]

DR v ((E— D2,3)
) 14 1:4n1>Png-dng + prunz ((t_x)2;$7y)

5711 Pn1 7q711 ,an 711n2

< 41 +2* 4y

\/Dg’nlirvl;nl sPng dng ((t - x)27 z, y) \/Dgnli’?;nl sPng dng ((t - x)47 xz, y)
On,y

\/D;)L:Lf};nl »Png,dngy ((S - y)Q’ Zz, y)
Ony

_l’_

) () (14

+ Dg’r:rf;nlapng ydng ((S - y)27 T, y) + \/Dgi;’r};nlvpngﬂnz ((S - y)27 xz, y)

VDb oy (5 = )5 2.9)
X
Ons

Qp(f; 5711’ 5n2)

Using lemma 6.2, we have

’Dg'rt;?};nl sPng dny (f? z, y) - f(x7 y)’

< 40+ 22 +y) (1 +02)(1 +42,) 1+5L O([m]1> (z+1)2

ni Pnysqng

1 5 1 1 1
o ([nl]pnl »Gny > (IE " 1) " g © ([nl]pnl,qnl ) (CU i 1)2 o ([nl]pnl,qnl ) (37 " 1)4
1 1 1 9
x [1+ . O <[n2]pn2’qn2 > (y+1)2+0 <[n2]pn27qn2 ) (y+1)

_i_i 0] # (y—|—1)2 O # (y—|—1)4 Qp(f;5n176n2)'
Onsy [n2] [n2]Pn2 o

PngsQdngy
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Then, we have

’Dg'r},;?;nl sPng dng (f? z, y) - f(x7 y)’

1 Ch Ch
< A +22+)A+32)A+32) 1+ —, [ —————(z+1) +
( ! 2) Ony [nl]pnl Any ( [nl]pnl Any

1 C? Cs Cs
5—1/ (z+1) ><1+5n2 (y+1) + —=—(y+ 1)
pn1 »dnq [ ]pnqunz [ ]pn27Qn2

1 / 02
57 y+1 ) f 671176712)-
pn27(In2

1

———=—— and 0, = ——=——, we have
V [nl]PnlxlI'nl V [nQ}p’rLQanQ

‘D;giirvl;nl 7pn27%1,2 (f7 w’ y) - f(w7 y)|

1 1
< A0+ + ) [ 1+ —— | [ 1+ | O+ 2>+ y*) 2 (f; 00y, Ony),
[ 1]pn17Qn1 [ 2]pn27Qn2

(z+1)>

Let 6,, =

where C' is a positive constant. Theorem 6.3 is proved. O

7 Graphical and numerical analysis for two variables func-
tions

In this section, we give several graphs and numerical examples to show the convergence
of Dpt"2 (f;x,y) to f(x,y) with different values of parameters which satisfy the

Pn1 aqnl )pn2 7qn2
conclusions of lemma 3.3.

Let f(z,y) = 2%y?, the graphs of D,}"? (f;z,y) with ny = ng = 30, p,, =

Pnq:9nq,Png4qny
Py = 0.9999, ¢, = Gn, = 0.999 and f(z,y) = 2%y? are shown in Figure 4. The graphs of
Dy iny pngany (F32,y) With ny = ng = 50, ppy = pny = 0.99999, g, = gn, = 0.9999 and
f(x,y) = 2%y? are shown in Figure 5. Moreover, we give the errors of the approximation

of Dpt"2 (f;x,y) to f(x,y) with different parameters in Table 3 and Table 4.

Pnys4nq:Pngqng

Table 3: The errors of the approximation of Dj*: Py (f;z,y) with p,, = pn, = 0.99999

and different values of ¢,, = ¢n, =qand ny =ng =n .
1f () = Dipa} sdny pag any (f3 2, 9) [l
n =10 n =20 n =30 n = 50
0.95 | 2.085144 | 1.164978 | 0.949957 | 0.819780
0.99 1.389169 | 0.599895 | 0.405776 | 0.269094
0.999 | 1.258631 | 0.500011 | 0.313666 | 0.181816
0.9999 | 1.246041 | 0.490490 | 0.3049678 | 0.173697

q
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Figure 4:

ny,n2

Dpnl sdnq sPngqny (f? &€, y)
307 pnl = an = 09999, qm = an = 0999’

The figures of (the upper one)

for

ny = N9

and (the below one) f(z,y) = z%y? .

Table 4: The errors of the approximation of D772

Figure 5: The figures of (the upper one)
- Dgiﬁqznlypnz,qw (fizy) for mp = ny =
50, Pp, = Pn, = 0.99999, ¢, = gn, = 0.9999,
and (the below one) f(z,y) = 2%y? .

(f;2,y) with g5, = gn, = 0.999 and

Pnqs9nq:Pngsdng

different values of p,, =pp, =pandny =ng =n.

m 1/ (2) = Dpn Gy by gy (f5 25 9)lloo
p=1-1/10 n =10 n=20 | n=30 n =50
m — 4 1.25863727 | 0.50001245 | 0.31366763 | 0.18181861
m="5 1.25863086 | 0.50001052 | 0.31366566 | 0.18181572
m =6 1.25863023 | 0.50001034 | 0.31366548 | 0.18181546
m="71 1.25863016 | 0.50001033 | 0.31366546 | 0.18181544

8 Further discussion

P

If we consider the following modified forms D, 5 4,

— S 0
Drpg(fiz) =[n—1pg Y bni(p, ;) /0 bk (D, ¢ pu).f (P* ) dp qu,

k=0

(40)

where x € [0,00), by k(p, ¢; ) is defined in (4). Here we omit the bivariate forms of oper-
ators (40). By similar computations in section 3, we know these operators (40) reproduce
only constant functions, but not linear functions. We also provide two graphs to show that
the operators D,, ;4 give a better approximation to f than Z/);;;, and so is the bivariate
case (See Figure 6 and Figure 7), hence it is more appropriate to consider the operators
D,, 4 and the bivariate ones defined in (31).
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1 1 )
0.8 0.9 1

f 1
0.1 0.2 0.3

0.4 0.5 0.6 0.7
x (n=50, p=0.99999, q=0.999)

Figure 6: The figures of D,, p, 4. (f;x) (the Figure 7: The figures of (the mid-

red one), D:’;,n/,qn(f;x) (the yellow one)for dle one) Dﬁifénppm,q@ (f;z,y) and

n = 5032Pn = 0.99999, ¢, = 0.999, and Dy pnginy (f32,y) (the upper one) for

f(x) = z* (the blue one). ny = ny = 50, Pp, = Pnp, = 0.99999, ¢, =
Gn, = 0.9999, and f(x,y) = 2%y? (the
below one).
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Abstract
Making use the fractional integral associated with the convolution product of Salagean operator and
Ruscheweyh derivative, we introduce a new class of analytic functions D(u, A, @, 3) defined on the open unit
disc, and investigate its various characteristics. Further we obtain distortion bounds, extreme points and
radii of close-to-convexity, starlikeness and convexity for functions belonging to the class D(u, A, a, 8).

Keywords: Analytic functions, univalent functions, radii of starlikeness and convexity, neighborhood property,
Salagean operator, Ruscheweyh operator.
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40.

1 Introduction

Denote by U the unit disc of the complex plane, U = {z € C: |z| < 1} and H(U) the space of holomorphic
functions in U.

Let A(p,t) ={f € H(U): f(z) = zp+2ﬁp+tajzj, z € U}, with A(1,t) = Ay and Hla,t] = {f € H(U) :
f(z)=a+ a2t + a2+ ..., 2 €U}, where p,t €N, a € C.

Definition 1.1 (Saldagean [4]) For f € Ai, and n € N, the operator S™ is defined by S™ : Ay — Ay,
Sf(2)=F(2), S (2) = 2f'(2),s S™Hf(2) = 2(8"f (2)), z€U.
Remark 1.1 If f € Ay, f(2) =2+ 3270, a;27, then S"f (2) = 2+ 372, j"a;27, 2 € U.
Definition 1.2 (Ruscheweyh [3]) For f € A; and n € N, the operator R™ is defined by R™ : Ay — Ay,
Rf(2)=f(2), R f(2)=2f (2),..., (n+1)R"T'f(2)=2(R"f(2) +nR"f(2), z€U.

Remark 1.2 If f € Ay, f(2) = Z+Z;O:t+1 ajzl, then R"f (2) = z+Z] i1 F(F%%ajzj for z e U.

Definition 1.3 Let n,m € N. Denote by SRY"" : Ay — A; the operator given by the Hadamard product of the
Salagean operator S™ and the Ruscheweyh derivative R™, SR™"f (z) = (S™ x R"™) f (2), for any z € U and
each nonnegative integers m,n.

Remark 1.3 If f € A; and f(2) = 2+ 372, a;27, then SR™" f (2) = 2 + Z;’;Hljm%a?ﬂ, zeU.

Deﬁnition 1.4 ([2]) The fractional integral of order A (A > 0) is defined for a function f by DI f(z) =
)\) fo G ft()tl) <dt, where f is an analytic function in a simply-connected region of the z-plane containing the
origin, and the multiplicity of (z — t)’\fl is removed by requiring log (z — t) to be real, when (z —t) > 0.
From Definition 1.3 and Definition 1.4, we get the fractional integral associated with the convolution product
of Salagean operator and Ruscheweyh derivative, which has the following form

1 m+1F(n+j) A
Df)\SRm,n )\+1 + 2 j+)\’

for a function f(2) =z + 372, ajzl € A
Following the work from [1] we can define the class D(u, A, «, 3) as follows.
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Definition 1.5 For p >0, A€ N, a € C—{0} and 0 < 8 <1, let D(u, A, o, B) be the subclass of A; consisting
of functions that satisfying the inequality

)\(1 _ M) D;XSRZ"L’"f(Z) +u (D—)\SRm,nf (z )
T IE
A1 = o) P 4 (DS R f (7)) — a

<B (1.1)

2 Coefficient bounds

In this section we obtain coefficient bounds and extreme points for functions is D(u, A, a, B).

Theorem 2.1 Let the function f € A;. Then f € D(u, A, o, B) if and only if

i (B+1) A+ pj) j" T (n+4) 5 (B+1)(A+p)

FCn+1)T(G+A+1) aj < Blal= r(A+2) (2.1)

j=t+1

BERCTND (n+1)T(j+A+1)

The result is sharp for the function F(z) defined by F(z) = z + \/(Bal(

DO T2 J 2 t+ L
Proof. Suppose f satisfies (2.1). Then for |z| < 1, we have
A1 — p) RESENG) 4 (DIASRIF (2 ‘—B‘A p) DESETHE L —ASRmmf())’_a‘:
FE\;J:L2)Z/\+Z;O”1%M&2ZJH 1’ F()\/\JrﬁQ)Z + 2o %a?wﬂ I_al <
I e R e e PO - PR
GG = Blal + 52y TR e <0

Hence, by us1ng the maximum modulus Theorem and (1.1), f € D(p, A\, 0, B). Conversely, assume that

D3 SR"’”f() - ’ O4pi™ T (n+5) 2 j+r—1

A(1—p) Z+u(D7ASR™ f(2)) 1"(>\+2)Z A5 r(gif)r(ﬁxinj afz’ <B,2€U

_ . - A+p4)imHIT(n+5) ) :

“’WWML(DZ NSRS (2)) —a ot e TG 43 # T -
Ap Z/\-‘!-E?i (/\+HJ)Jm+1F(ﬂ+1)a2z1+/\ 1
Since Re(z) < |2 for all z € U, we have Re { —2+2 =t Lt DEGIATD < . By choosing
’ A tp AL A +pig)i L(ntd) p2, 4+x—1_4
T+2) j=t+1 " TnF DTGIAFD %

choose values of z on the real axis so that A (1 — u) %ﬂz) +u (D7ASR™" f (z)) is real and letting z — 1
through real values, we obtain the desired inequality (2.1). ®

Corollary 2.2 If f € A; be in D(p, A\, o, 8), then

A .
_ | (lal - ERE) T TG+
a;

N (B+1) (A + pg) 7 HT (n + j) Szt (22)

with equality only for functions of the form F(z).

B+ (A+pg) g™ H T (n+j)
a € C—{0} and 0 < 5 < 1. Then f(2) is in the class D(p, A\, o, B) if and only Zf it can be expressed in the form

ol — BN+ \ e,
Theorem 2.3 Let fi(z) = z and fj(z) =z — \/(Bl ‘( vexsimIll PTG j=t+1, foru>0 AeN,

2) = wifi(2), (2.3)
j=1

where w; > 0 and Z‘;‘;l wj = 1.

ol — BEDOEW Yoy, 4
Proof. Suppose f(z) can be written as in (2.3). Then f(z) = 2372, wj\/(m ‘( 055 )P DEG+A+)

J

BFDOHa) T (ntg)  ©
Now, Y% (B+DOctg)i™ T (-+5) (Plol— TFEE P DIGED) oo )y <
I=tHLA S (Blal - CEREHH ) D (n+1)D(+2+1) wi (B+D)(A+p3)j ™ FIT(n+]) J=t+1%7 = 1=

1. Thus f € D(u, A, o, 8).

GO0\ L,
Conversely, let f € D(u, A\, o, 3). Then by using (2.2), setting w; = \/(ﬂl o~ rGeg )L DG A+

BFOOFa) L)
j>t+landw =1-37,w;, we have f(z) = 3272, w;f;(2). And this completes the proof of Theorem 2.3.
]
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3 Distortion bounds
In this section we obtain distortion bounds for the class D(u, A, a, B).

Theorem 3.1 If f € D(p, A\, a0, 8), then

(ﬁ\a| W)r(nﬂ)r(tmm)

r- P+l . .
B+ A+ pt+p) (t+1D)™ T+t +1) < 1f(2)] (3.1)

(6|a| W)r(mgr@mm)

t+1
- B+ AN+pt+p) t+1)"T"T(n+t+1)
holds if the sequence {o;(j1, A, @, 8)}32, . is non-decreasing, and
(Blal - CEEEGHIT (0 + 1T (¢4 A +2)
1—(t+1) — < |f'(2)] (32)
B+ A +put+p)E+1)" T (n+t+1)
(ma| %)F(rﬂ—mf(zﬂr)H—Q)
<1+ (t+1)

m—+1 r
B+ A +pt+p)E+1)" T (n+t+1)

(B+1) A +pg)j™ 1T (n+5)
T(nt+ )L (G+AFL)

(Blol = SFREFT(HITEMD) 4y

(B41) (A +pt+p) (t+1)" T T (n+t41) ’

holds if the sequence {aJ 1A, ﬂ)}

41 is mon- decreasing, where (i, A, B) = \/

The bounds in (3.1) and (3.2) are sharp, for f(z) given by f(z) = z+\/
z = *Er.

(ﬁla\—%)l“(n-&-l)l“(t-‘rk-ﬁ-m
(B A Fpt+p) (t+1) T D (ntt41) ©

Proof. In view of Theorem 2.1, we have ZJ 15 < \/

t+1 t+1
27 e a S ()] < el + 127 X724 aj. Thus

We obtain |z| —

(ma| W)F(vﬁl)r(wwﬂ)

r—= P+l 5 .
B+ A+ pt+p)E+ D)™ T (n4t41) < |f(2)] (3.3)

(ﬁ|a|—%)r(n+1)r(t+A+2)
B+ A+pt+p) (E+D)" T T (n+t+1)

<r4+ t+1

(Bla|— LERAHI D (04 1)T (t42+2)

B+ AHpt+p) (¢+1)" T IT (n4t+1)

Hence (3.1) follows from (3.3). Further, Z;’;H_l ja; < \/ Hence (3.2) follows

from 1 —r* Z;C:t+1 Ja; < lf'(z) <1 +rt Ejo‘it+1jaj~ u

4 Radius of starlikeness and convexity
The radii of close-to-convexity, starlikeness and convexity for the class D(p, A, v, 8) are given in this section.

Theorem 4.1 Let the function f € A; belong to the class D(u, A\, o, B), Then f(z) is close -to-convex of order
1

6,0 <6 <1 in the disc |z| <1, where r := inf;>; 11 [\/(5(|L| 5)@(?3}:&)@8}#()7:1);F(Er:;i)l) . The result is sharp,
)

with extremal function f(z) given by (2.2).
Proof. For given f € A; we must show that

|f'(z) =1 <1-0. (4.1)
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By a simple calculation we have |f'(z) —1] < Z;it-u jaj|z|". The last expression is less than 1 — ¢ if

S A : , eymoo (B+1) (A1) ™ T (n+5) 2
Zj:t+1 i2sa; 2| < 1. Using the fact that f € D(u, A, a, ) if and only if Zj:t—i—l (Pl oo )F(n+1)F(j+>\+1)a]

1, (4.1) holds true if 115 |2 < 322 (B+D)Otpug)gm 10 (ntg)
; (4.1) holds true if t15 |2[" <372, ., (Blal— CECE M )T G+ A T)

2 N im—1 :
0 ivalentl t o g (1=0)*(B+1)(A+pj)j I(n+j) hich letes th f m
T, equivalently, \Z| > ZJ:tJrl (Bla\—w?a‘f;g”)F(7z+1)r(j+>\+1) , which completes the proo

Theorem 4.2 Let f € D(u, A\, o, 8). Then
1. f is starlike of order 6, 0 < § < 1, in the disc |z| < r1 where,
1
— inf, (1=0)(B+1) (A+p1)j ™ 1T (n+5) '
rL = infjzen {\/([ﬂa_(B;r(lg\(J:;gu))F(7L+1)(j+5—2)21—‘(j+)\+1)} ’
2. [ is convez of order §, 0 < § < 1, in the disc |z| < ro where,
1
—inf. (1=6)*(B+1) (A+114)j™ ~' T (n+5) '
r2 = infjze {\/(ma<‘3¢3§$5“>)r<n+1><j1)2r<j+x+1>} '
Each of these results is sharp for the extremal function f(z) given by (2.5).

Proof. 1. For 0 < § < 1 we need to show that

2f'(2)
f(2)

—1‘<1—5. (4.2)

We have

2f'(2) 352 (G—Daylzl* - S (G+5=2) |t
O 1’ < ‘W . The last expresion is less than 1 — ¢ if > .7, | =5~ a; (2] < 1.

Using the fact that f € D(u, A, «, 8) if and only if Z;itﬂ (ﬂla‘(_5(;1)(1?%%))jl:’::‘l()rl:-é-jl/\_k1)a? < 1, (4.2) holds
(A2

true if 1H0=2 |Z\t < \/( (B+1)(A+p5)i™ 1T (n+5)

1-3 Blo|- EEREHN P (n+ )P (j4+A+1)

. t (1=8)2(B4+1) A +pj)jm+10(n45) i i i i
Or, equivalently, |z|" < \/(Bla EERO L (1) (+3-2) 2T AT D) which yields the starlikeness of the family.

2. Using the fact that f is convex if and only zf’ is starlike, we can prove (2) with a similar way of the proof
of (1). The function f is convex if and only if

l2f" (z)| < 1—4. (4.3)

We have |zf" (z)] < z;’;tﬂj(j —1a, |z|t_1‘ < 1-14, ie. Z‘;’;Hl j(lj__él)aj |2|'"" < 1. Using the fact that

; if S (B+1) (Atpug)j™ 1T () 2 0 JG=1) |1
f €D(u, A\ a, B) if and only if Zj=t+1 (5|a\—wﬁa(j;;“))F(n+1)1‘(j+)\+1)aj < 1, (4.3) holds true if &=*[2]"" <

(1-0)*(B+1) (A tpug)j™ ' T(n+7)
Bla| - CEDCEDVD (04 1) (j—1)°T (j+A+1)

\/ ( (B+1)A+44)j™+1T (n+) which yields

Bla| - EERZE D (n+ 1) T (j+A+1)

the convexity of the family. m

or, equivalently, |Z|t71 < \/(
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Abstract

In this paper we have introduced and studied the subclass L(\,d, «, §) using the fractional integral as-
sociated with the convolution product of Salagean operator and Ruscheweyh derivative. The main object is
to investigate several properties such as coefficient estimates, distortion theorems, closure theorems, neigh-
borhoods and the radii of starlikeness, convexity and close-to-convexity of functions belonging to the class

LA d,a, ).

Keywords: Analytic functions, univalent functions, radii of starlikeness and convexity, neighborhood property,
Salagean operator, Ruscheweyh operator.
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1 Introduction

Denote by U the unit disc of the complex plane, U = {z € C: |z| < 1} and H(U) the space of holomorphic
functions in U.

Let A(p,t) ={f e HU): f(z)= zp—l—Z;ipHajzj, z € U}, with A(1,1) = A and Hla,t] = {f € H(U) :
f(z)=a+azt + a2+ ..., 2€ U}, where p,t €N, a € C.

Definition 1.1 (Sdlagean [4/]) For f € A, and n € N, the operator S™ is defined by S™: A — A,
Sf(2)=F(2), S'f(2) = 2f'(2), .., S"THf(2) =2(S"f(2)), =2€U.

Remark 1.1 If fe A, f(z) =z + Z;‘; a;jz?, then S"f (z) = z + Z?izj"ajzj, zeU.

Definition 1.2 (Ruscheweyh [3]) For f € A and n € N, the operator R™ is defined by R" : A — A,

Rf(2)=f(2), R f(z)=2f(2), .. (n+1)R"'f(2)=2(R"f(2)) +nR"f(z), z€U.
Remark 1.2 If f € A, f(2) = 2+ > 72y a;27, then R*f (2) = 2+ 372, F(nfi%ajzj forz€U.

Definition 1.3 Let m,n € N. Denote by SR"" : A — A the operator given by the Hadamard product of the
Sdlagean operator S™ and the Ruscheweyh derivative R™, SR™"f (z) = (S™ x R™) f (2) ,for any z € U and
each nonnegative integers m,n.

Remark 1.3 If f € A and f(2) = 2+ > 72y a;27, then SR™" f (z) = 2 + 372 2]'”#&{)@)(122 ,z€eU.
Definition 1.4 (/2]) The fractional integral of order X (A > 0) is defined for a function f by D7 f (z) =

ﬁ foz %dt, where f is an analytic function in a simply-connected region of the z-plane containing the

origin, and the multiplicity of (z — t)* ™" is removed by requiring log (z — t) to be real, when (z — t) > 0.

From Definition 1.3 and Definition 1.4, we get the fractional integral associated with the convolution product
of Silagean operator and Ruscheweyh derivative, which has the following form D;A*SR™" f (z) = AL

o D) o g4 _ o i
dimti1 Wajz] , for a function f(2) = 2+ 327, a2 € A.

We follow the works from [1]

1
TO+2) ¢
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Definition 1.5 Let the function f € A. Then f(z) is said to be in the class L(\ d,«, ) if it satisfies the
following criterion:

‘1( 2(DASR™f (2)) + az?(DIASR™" f (2))" 1)‘ <3 (1.1)

d \ (1 —a)D;*SR™"f (2) + az(D; *SR™" f (2))
where A\ >0, e C—{0},0<a<1,0<p<1,mneN, zeU.

In this paper we shall first deduce a necessary and sufficient condition for a function f(z) to be in the class
L(A\ d,a, ). Then obtain the distortion and growth theorems, closure theorems, neighborhood and radii of
univalent starlikeness, convexity and close-to-convexity of order §, 0 < § < 1, for these functions.

2 Coefficient Inequality

Theorem 2.1 Let the function f € A. Then f(z) is said to be in the class L(\, d,a, B) if and only if

oo

T ]HH) {047'2+[04(2Af2+6|dl)+1]j+[a(Afl)H]( —1+B1d|)}a? <

h

I'(n+1)
ra+2)’

where A\>0, e C—{0},0<a<1,0<f8<1l,mneN, zel.

(@A +1) (Bld] = X)

Proof. Let f(z) € L(A,d,a, 5). Assume that inequality (2.1) holds true. Then we find that
2(DZPSR™ ™ f(2)) +az?(DZXSR™ " f(2)" 4| _

(1— oz)D’ASRm"f(z)-&-ozer(D ASR™ . f(2))!

Aleddb) Aty sree | ITUTOE) f057 1 20 (A— 1)+ 1]j+(A—D)[a(A-1)+1] }a22I T

At1 iMFLIT(ntj) i
Foar ML rorrs g e (A= D+ adzi

jm+1 . .
AF(FAA++2§)+Z?;2 r(Jn+1)FF((Jn++AJ«21>{O‘J +2a(A-1)+1lj+(A-1)[a(A-1)+1]paF |27 1|

At1 JMIT (n4y) 2| ,5—
T2y~ 2ge2 T DTGiagD [edta(A—1)+1]aF]27 1]

Choosing values of z on real axis and letting z — 17, we have

oo mHip(p .
S S {aj? +fa (2A =2+ Bld) + 1]+ [a (A= 1) + 1] (A= 1+ Bd]) } a2 <

(A +1) (Bld] = ) T3
Conversely, assume that f(z) € L(A, d, «, 8), then we get the following inequality

2(D7NSR™™ f(2)) +az?(DIASR™ M f(2))" } _
Re{(l @)Dz SR f(2)+az(Dz “SR™ (=) Ly > —pldl

< gld).

jmtl . ) .
o { CRABID A, R ot e
mI1 , - -
D T, riR G 00 Fo0— D I
a m+1 n
R RS Ay ety {0 Ha(A - 24 Bl + L HaO- D14 Bld] ol
€ Xl 41 jmHIC(ntg) +2 > U
, rofn 2 T e tarnraFarD [0 te(A-1)+1]adzd
Since Re(—e'?) > —|e??| = —1, the above inequality reduces to

m+41 i 3 PR
(oA RIEI=2) p 2t Z%WM{W Flo@A—24B]d) + 1]+ [a(A—1)+1](A—145]d]) ya2ri +2I

> 0.

@ m+1p(p . A
FEn T - S5 mhrnrs o edHa(A=1)+1adri e
Letting » — 1~ and by the mean value theorem we have desired inequality (2.1). This completes the proof

of Theorem 2.1 m

Corollary 2.2 Let the function f € A be in the class L(A,d, «, 3).

(ax+1)(Bld|—X) 5313 .
Then a; <\ | vy e ,J 22
Toragy (e’ Hla@A=2+8ld) +1]j+[a(A-1)+1](A-1+8]d]) }

3 Distortion Theorems

Theorem 3.1 Let the function f € A be in the class L(\,d,«, B). Then for |z] =r < 1, we have

(@t DO 2) (Bl —N) 2 (@t DO 2) B 2
" \/2m+1<n+1>{(A+1>[a<A+1+md\>+u+md\}’" < f@) =7+ s or D iaOr 1 B T AT

The result is sharp for the function f(z) given by f(z) =z + \/2m+1(n+1()?g\/\+ji§[\a—zi)+(€f‘ﬁ\d)\\§+1]+ﬂ\dl} 2
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Proof. Given that f(z) € L(A, d, @, 8), from the equation (2.1) and since
2m (4 1) {(A+ 1) [a (A + 1+ Bd|) + 1] + B]d|} is non decreasing and positive for j > 2, then we have
V2t i+ D{A+ D fa A+ 1+ Bd]) + 1]+ Bld]} 72 a5 <

m,+1 n . .
S I {ag? + o (20— 2+ Bld]) + 1]+ [a (A — 1) + 1] (A= 1+ Bd]) }a; <
T(n+1) o . oo (M) (A 12)(Bld—N)
\/(a)\ +1)(Bld] =) & K+2)’ Wthhlls equivalent to, 377, a; < \/2m+1(n+1)(z(>\+1)[a()\+1‘+}3\d\)+1]+ﬂld|}'
We obtain for f(z) =z + EJZQ a;z7,
00 : oo ; oo ad+1)(A+2)(B]d]—X
[fF)] < 2l + 2500 azl2l <r+ 32 am <r+r? 32 sa; <r+ \/2m+1(n+1(){()\+1§[a()\)wslleg\d\nglH»ﬁ\d\} %,

. al A d|—X\ .
Similarly, |f(z)] > r — \/2m+1(n+1(){(/\Jr-:ig[ati)-sgf‘-s-g\d\§+1}+5\d|} . This completes the proof of Theorem 3.1. m

Theorem 3.2 Let the function f € A be in the class L(\,d, o, B). Then for |z| = r < 1, we have

(aX+1)(A+2)(Bld]|—N) (aXA+1) (M 2)(Bld|—N)
~V i e T < (] < | s T

The result is sharp for the function f(z) given by f(z) =z + \/2m+1(n+18??;jig?a—?i)+(ffg\d/\\§+1]+6\dl} .

Proof. We have f'(2) =1+ 72, jajz~! and
g jaglzlT © jari— (@) (2 (BN
1F(2)] €1=300, jaglzl ™t <1+ 30, jagri =t <1+ \/2m DO D e OA AT T AT

- A1) (A+2)(8]d|—A
Similarly, [f'(2)[ > 1 — \/2%1(n+1()?(x++i§[a(A)+(€|+|ﬁ|d|§+1]+ﬁ|d|}7“~ This completes the proof of Theorem 3.2. =

4 Closure Theorems

Theorem 4.1 Let the functions fi, k =1,2,....1, defined by fr(z) =z + Z;’;Q aj iz, aj >0, be in the class
L(A d,a,8). Then the function h(z) defined by h(z) = 22:1 i fr(2), px >0, is also in the class L\, d, o, ),
where 22:1 e = 1.

Proof. We can write h(z) = b _ iz + b, D kiR = 2402, S pkaj k7). Furthermore,
since the functions fy(z), k =1,2,...,1, are in the class L()\, d, «, 8), then from Corollary 2.2 we have

jm+il(n . .

S\ i fag? + o (20— 2+ B1d]) + 1]+ [a (A — 1) + 1] (A= 1+ Bd]) }a; <
V0ex+1) (8l - ) F5.

Thus it is enough to prove that

0o jmEin . m
Yo e {ad? + [ @A =24 Bld]) + 1] +[a (A= 1) + 1] (A = 1+ 8d))} (S, mwajw) =

Stk Y0 o/ L) {aj? + o (20 — 2+ Bd]) + 1] 5+ [ (A= 1) + 1] (A — 1+ Bd]) b <

D oheq Mk \/(a)\ +1)(Bld| — N EEZE% = \/(a)\ +1)(Bld] — N }:E;i;g Hence the proof is complete. m

Corollary 4.2 Let the functions fr, k = 1,2, defined by fr(z) = z + Z;’i2 ajrz’, ajr > 0 be in the class
L(\,d,a,8). Then the function h(z) defined by h(z) = (1 — ) f1(2) + (f2(2), 0 < ¢ < 1, is also in the class
ﬁ(A7 d’ a) /8)'

(ax+1)(Bd]—X) Bl

I {02t [a(2A—2+Bld) 1]+ a(A—1)+ 1] (A= 1+Bld])}

Then the function f(z) is in the class L(A,d,a, B) if and only if it can be expressed in the form f(z) =
pfi(z) + 2270, wi fi(2), where py >0, py >0, j > 2 and py + 37775 py = 1.

Theorem 4.3 Let f1(z) = z, and f;j(z) = z+ 2,5 >2

Proof. Assume that f(z) can be expressed in the form
(@A+1)(Bld|—N) £33

= © . : T(A+2)
JE = mhE)+ 2 iy (6) = 24 e Crag (ag? Ha(2A =2+ Bld)+ 1j+la(A= 1)+ (A= 1+5]d])}

pjz?. Thus

S (a2 +a(2A=2+Bld]) +1]j+[a (A= D+ A=1+5]d])}

TG+HAHD)
2= (aA+1)(Bld| =) Foy)
(@A+1)(8ld - FEEE) o0
_ ‘ =Y —op; =1—py <1.Hence f(z) € L(\,d,a, ).
\/-7 PTG (05 + [a(2A— 2+ Bld]) + g HaO— D)+ O 146ld])} 2 22 My Hr = flz) € L b)
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w{aj2+[a(zx—2+md|)+uj+[a<x—1>+1]<A—1+md\>}a

Conversely, assume that f(z) € L(),d, o, 5). Setting p; = LUAAD)

(@A+1)(Bld|—N) TS

since pu; = 1 — Zjo:2 pi. Thus f(z) = p1fi(z) + E;‘;Q w; fi(2). Hence the proof is complete. m

Corollary 4.4 The extreme points of the class L£(d, o, ) are the functions fi(z) = z, and fj(z) = z +

\/ (eA+1)(Bld]-)) Bt 25>

L) {02 +a(2A—2+B1d]) +1l+ (A= D)+ 1] (A—1+8]d])}

5 Inclusion and Neighborhood Results

We define the - neighborhood of a function f(2) € A by N5(f) = {g € A:g(2) = 2+ 372, bjzd and
> jo dla; — bjl < 6} '

In particular, for e(z) = 2, Ns(e) = {g € A: g(2) = 2+ 3 ;2, b;27 and 3272, j|b;| < d}.

Furthermore, a function f € A is said to be in the class £&()\,d,, ) if there exists a function h(z) €

L(\,d,a, B) such that ’,fgg —1‘ <1-¢ 2€U, 0<€<1.

_ (aA+1)(A+2)(B]d|—))
Theorem 5.1 If§ = \/Zm—l(7l+1){()\+1)[(X(A+1+B|d|)+1]+ﬂ|d‘}7 then L(A,d,a, B) C Ns(e).

Proof. Let f € L(\,d,a, ). Then in view of assertion of Corollary 2.2 and since

imALp 1 . .
o) fag? +fa @A =2+ Bld) + 15+ [a(A— 1) + 1] (A~ 1+ Bd)} >

2 (A 1) fa (A + 1+ Bd]) + 1] + Bd]} for j > 2, we get
VErEEED (A 1) [ (A + L+ B1d]) + 1+ B} Ty 0, <

SV e {aj? + [a(2A =2+ Bld) + 1]+ [a (A= 1) + 1] (A= 1+ Bd])}a; <

I'(n+1 . . . oo ad+1)(A+2)(B|d]|—\
V(@A + 1) (81d] = ) Fi3). which implise 5%, a; < /g S e T AT ATT-

Applying assertion of Corollary 2.2, we obtain 3272, ja; < \/2m71(n+1()??;+1{Sf\atiiff‘ﬁmgﬂ]+5\d\} = §, 50 we

have f € Ns(e). This completes the proof of the Theorem 5.1. m

Theorem 5.2 If h € L(\,d,a, ) and

(5.1)

L R [0 WA ey e

5\/ (X +1) (A +2) (B]d| — )
then Ns(h) C L8(d, a, ).

Proof. Suppose that f € Ns(h), we then find that E;izﬂaj — b;| < ¢, which readily implies the following
coefficient inequality Y72, |a; — b;| < §.

; o0 (aA+1)(A+2)(Bld[—]) f(z)
Next, since h € L(d, «, 8), we have ijz b; < \/2m+1(n+1){(/\+1)[a(>\+1+5\d\)+1]+6\d|} and we get ‘h(z) - 1‘ <
252 la;—b; s -1 _ i is oi
1’,2?12 5, S 2(17\/ PSS ) = 1— ¢, provided that £ is given by (5.1), thus f €
2 F Ty D {OF DlaOA+1+81d) T 11+ 81d]}

L8(\, d, a, B), where ¢ is given by (5.1). m

6 Radii of Starlikeness, Convexity and Close-to-Convexity

Theorem 6.1 Let the function f € A be in the class L(\,d,a, B). Then f is univalent starlike of order ¢,

1
imALR g . X 3G =1
(1-0)? LBt L2 4 [a(20—2+8]d])+1]j+[a(A—1)+1](A—1+5]d]) } } 2=y

(eA+1)(Bld|—\) Fo) (7—-0)2

0<9d <1, in|z| <ri, where ry =inf;

The result is sharp for the function f(z) given by

(aX+1) (Bld] - \) Tty ;

i =z 4+ T e : . , 7>2. (6.1
i) =2 T a2 4 [a(@A—2+ Bl + 117+ la(A— D+ —1+4Md)} ° (61)
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S5 (= 1)ay 2!

Proof. It suffices to show that S, 4T

) —1‘ < 1-9, |z| <. Since ’Zf/(z) —1’ =

f(z) f(z)
Sa(i—Daylz)
TS S0

(j —&)aj|z[P~! <1 -6, using Theorem 2.1, we obtain

| <

oo i—1a; j—1

%. To prove the theorem, we must show that
j=2 %

o0

It is equivalent to > =2

1
imA+1r (g . ) 3G-1)
2| < {<1—6>2M{a32+[a<2x—2+6d)+1]a+[a<x—1>+u(x—1+ﬁd)}}z“ R

(eA+1)(Bld|—\) Fo) (7—-0)2

. Hence the proof is complete. m

Theorem 6.2 Let the function f € A be in the class L(\,d,a, ). Then f is univalent convexr of order o,

1
(176)2%{aj2+[a(2/\72+6\d|)+1]j+[a()\71)+1](/\71+B\d\)} } 2G-D

0<9d <1, in|z| < rg, where ro = inf; =
SOl infz <, S (@A+1)(81d|=A) FE33 (-9)2

The result is sharp for the function f(z) given by (6.1).

zf" (2) 2f"(2)| _ Z_?izj(jfl)ajzj_l < Z]o‘c:2j(j*1)aj|z|j_l

Proof. It suffices to show that

< 1-94, |z| < rq. Since

f
F'(2)) f(2) 43252, da;27~ 0 | = 1=-32725daglzp—t

52, (i —aylzl’ !

1= 272z dayl=)P

JmAIC () g _ ; _ _
Theorem 2.1, we obtain [z]7~1 < R \/JF(HHUJ T or

To prove the theorem, we must show that

<19, ie 3370, 5() — 0)ajlzl! " <14, using

S 5G-9) (ax+1)(Bld|—X) Tt D ’

2] < {(1—6)2m{a3’2+[a(2z\—2+6d)+1]j+[a(>\—1)+1](/\—1+ﬂ|d)}

(aA+1)(Bld| =) TR (—0)?

1
3G-D
. Hence the proof is complete. m
T(A+2)

Theorem 6.3 Let the function f € A be in the class L(\,d,«, 8). Then f is univalent close-to-convex of order

1
I S . . 5G-1)
(15)2W{aj2+[a(2)\2+ﬁ|d|)+1]j+[a()\1)+1]()\1+Bd|)}}2(J D

(ax+1)(Bld|— ) Tt

0,0 <6 <1, in|z| <rs, wherers = inf,
The result is sharp for the function f(z) given by (6.1).

Proof. It suffices to show that |f'(z) — 1] < 1 =4, |z| < r3. Then |f'(z) — 1| = }Z;izjajzjfl‘ <
Z(f:? jajlzlPt. Thus |f'(z) — 1] < 1-§ if Z;}iz lji_{;|z|j‘1 < 1. Using Theorem 2.1, the above inequality holds

(ax+1)(Bld—>) FoED

,'7n+11—~("+,-> . .
frue if |21 < (1j5)\/w{aJ2+[a(2/\—2+Bd)+1]J+[a(/\—1)+1](/\—1+ﬂ|d)} or

@ 1) (Bld)—») =D . Hence the proof is complete. m

_1
2] < {(16)2m{aj2+[a(2)\2+5d)+1]j+[o¢()\1)+1]()\1+ﬁ|d)}}2(’1)
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Abstract

In this paper, we mainly investigate the problem of normal families of meromorphic
functions concerning shared functions, and obtain some normality criteria of meromor-
phic functions sharing a holomorphic function. Our results generalize or extend the

previous theorems given by Ding J. J., Ding L. W. and Yuan W. J..

1 Introduction and main results

Let # be a family of meromorphic functions defined in a domain D. In the sense

of Montel, .# is said to be normal in D, if for any sequence {f,} C % there exists a
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subsequence { f,,} which converges spherically locally uniformly in D, to a meromorphic
function or oo. For simplicity, we take — to stand for convergence, = for convergence
spherically locally uniformly, and M(D) (resp. A(D)) for the set of meromorphic (resp.
holomorphic) functions on D. Let F' and G two non-constant meromorphic functions defined
in D. Then we say that f and g share a IM if F' — a and G — a assume the same zeros

ignoring multiplicity. The zeros of F' — a mean the poles of F' when a = oo .

In 1959, Hayman [9] proposed a conjecture: if F' € M(C) is transcendental, then F™F’
assumes every finite non-zero complex number infinitely often for any positive integer n.
The conjecture is showed to be true by many authors, such as Hayman [10], Mues [17],
Clunie [6], Bergweiler and Eremenko [2], Chen and Fang [4]. Accordingly, Hayman [10]
conjectured that if % is the family of M(D) such that each f € .7 satisfies f"f’ # a for a
positive integer n and a non-zero complex number a, then .% is normal. This conjecture has
been confirmed by some authors, such as Yang and Zhang [26] , Gu [8], Pang [20], Oshkin
[18] and Pang [20]. In 2008, from the point of shared values, Zhang [29] concluded that
if Z is the family of M(D) such that each pair (f,g) of .7 satisfies that f"f" and ¢"¢’
share a finite non-zero complex number a IM for n > 2, then .% is normal. Recently, Jiang
and Gao [12] generalized Zhang’s result based on the ideas of shared functions. For other

generations, we can refer to [3, 15, 24].

For the case of F"F*) Zhang and Li [31] proved that if F € M(C) is transcendental,
then F"L[F] — a has infinitely many zeros for n > 2 and a # 0, 0o, where L[F] = axF*) +
ap_1 F*ED 4 ... 4 qyF in which a; (1t =0,1,2,--- k) are small functions of F. Pang
and Zalcman [22] further obtained the corresponding normality criterion as follows: If %
is the family of A(D) such that zeros of each f € % have multiplicities at least k and
such that each f € .Z satisfies f"f*) +£ q for a non-zero complex number a, then .Z is
normal. Recently, Meng and Hu [16] extended Pang’s result, by replacing f" f (k) £ ¢ into
the condition that f”f* and ¢"¢* share a IM. Similarly, we also have analogues related to
some conditions of f (f(k))l for a positive integer [ (refer to [1, 11, 13, 30]).

In 2013, considering the general case of F"(F (k))l from the view of shared values, Ding,
Ding and Yuan [7] proved a normality criterion as follows: Let a be a non-zero value, if %
is the family of M(D) such that each pair (f,g) of .7 satisfies that f*(f*))! and g"(g(*))!
share a non-zero value a, where each f € F has only zeros of multiplicity at least maz(k,2),
then % is normal. Naturally we ask: whether there exists normality theorem when a is a
function?

Take four integers £ > 1, m > 0, n > 1 and [ > 2. Let a (£ 0) be a holomorphic
function in a domain D such that multiplicities of zeros of a are at most m and divisible by

n + [. In this paper, we prove the following normality criterion:
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Theorem 1.1. Let .F be the family of M(D) such that multiplicities of zeros of each f € F
are at least k +m + 1 and such that multiplicities of poles of f are at least m + 1 whenever
f have zeros and poles. If each pair (f,g) of F satisfies that f*(f¥) and g"(g™)! share

a IM, then % is normal in D.
In special, when k£ = 1, we may modify Theorem 1.1 as follows:

Theorem 1.2. Suppose a = a(z) as in Theorem 1.1, if F is the family of M(D) such that
each f € F satisfies that f*(f')! # a, then F is normal in D.

Similar to the proof of Theorem 1.2, we conclude the following result:

Theorem 1.3. Suppose a = a(z) as in Theorem 1.1, if F is the family of M(D) such that
each f € F satisfies that f*(f'(2)) = a implies |f(z)| > A for a positive number A, then

F is normal in D.

As a matter of fact, Theorem 1.3 is inspired by the ideas of papers [11, 13] initially.

2 Preliminary lemmas

First of all, we introduce the following Zalcman’s lemma [28]:

Lemma 2.1. Toke a positive integer k. Let % be a family of meromorphic functions in
the unit disc /\ with the property that zeros of each f € % are of multiplicity at least k. If
F is not normal at a point zy € A, then for 0 < o < k, there exist a sequence {z,} C A
of complex numbers with z, — zy; a sequence {f,} of F; and a sequence {p,} of positive
numbers with p, — 0 such that gn(§) = p, " fn(zn + pn&) locally uniformly (with respect
to the spherical metric) to a nonconstant meromorphic function g(§) on C. Moreover, the
zeros of g(§) are of multiplicity at least k, and the function g(&) may be taken to satisfy the
normalization g*(¢) < ¢*(0) = 1 for any € € C. In particular, g(€¢) has at most order 2.

This Lemma is Pang’s generalization [19, 21, 25] to the Main Lemma in [27] (where «
is taken to be 0), with improvements due to Schwick [23], Chen and Gu [5].

Next, by applying the results from [1, 14, 31, 30] we can deduce the following lemma:

Lemma 2.2. Let f be a transcendental meromorphic function in the complex plane. Let
n, 1, k be three positive integers and a = a(z) # 0 be a polynomial. Then forl > 2, f*(f*)—

a has infinitely many zeros.

Finally, we investigate the zeros of f(f*))! — a if f is rational, and thus give Lemma
2.3 and 2.4:
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Lemma 2.3. Let p > 0, n,k > 1 and | > 2 be four integers, and let a be a non-zero
polynomial of degree p. If f is a mon-constant rational function which has only zeros of
multiplicity at least k+p+1 and has only poles of multiplicity at least p+1, then f”(f(k))l—a

has at least two distinct zeros.

Proof. Firstly, we assume that f is a non-constant polynomial. It follows that f®*) % 0

from f has only zeros of multiplicity at least k + p 4+ 1. Hence we have
deg (f"(f(k))l) >nlk+p+1)+1lp+1) > p=deg(a).

Therefore, it follows that f(f*))!—a is also a non-constant polynomial, and hence f™( f*))!—
a has at least one zero.
Further, we claim that f™(f(*®))! —a has at least two distinct zeros if f is a non-constant

polynomial. To the contrary, suppose that f"(f ('“))l — a has only one zero zy, which means

FrEP) (2) = a(z) = A'(z = 20)",

where A’ is a non-zero constant and d is a positive integer. Since f is a non-constant
polynomial which has only zeros of multiplicity at least k + p + 1, we find f*) £ 0, and
hence

d = deg(f*(f®)' —a) > deg(f") > n(k+p+1) > p+2.

By computing we find
{fﬂ(f(k’))l}(l’"‘” (Z) _ A/d(d _ 1)(d _p)(z N Zo)d_p_l,

(p+1)
hence {f”(f(k))l} g has a unique zero zy. Take a zero &y of f, then it is a zero of f™

with multiplicity at least n(k + p 4+ 1). It follows that & is a zero of {f”(f(k))l}(p) and

{f”(f(k))l}(p+1), which further implies that g = z9. Therefore, we obtain {f"(f(k))l}(p) (z0) =

0. On the other hand, we get {f”(f(k))l}(p) (2) =b+ Ald(d—1)...(d — p+1)(z — 20)*7P, in

which b is a non-zero constant such that b = a?)(z). This yields that {f”(f(k))l}(p) (20) =

b # 0, which is contradictory to {f"(f(k))l}(p) (20) = 0. The claim is proved.
Secondly, we assume that f has poles, and then set

Alz —a1)™(z — )™ -+ (z — ag)™s

(Z — 61)n1 (z — 52)n2 ... (Z _ ,Bt)nt ’

where A is a non-zero constant, «; distinct zeroes of f with s > 0, and j; distinct poles of

f(z) = (2.1)

f with ¢t > 1. For simplicity, we put

m1+m2+--'+ms:M2(k+p+l)s, (2.2)
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ni+ng+---+n.=N2>(p+1)t. (2.3)
From (2.1), we obtain

(z — al)m1—k’(z — az)m2—k (2 — Oés)ms_kg(z)

(k) () =
FP ) (2 — B1)mtk(z — Bo)nathk ... (z — B,)utk ’ (24)
where ¢ is a polynomial of degree < kl(s + ¢ —1). From (2.1) and (2.4), we get
n Az —a))Mi(z —ag)M2 - (2 — a)Megl(2
W) - EZasE el B m o) tal), @5)
(2 = B1)Ni(z = B)N2 -+ (2 — By) e
in which
M;=n+0)m; —kl, i=1,2,--- s,
N; = (n+l)nj+k:l, j=12---t.
Differentiating (2.5) yields
(p+1) z— o) MimPl(z — ag)M2P=l L (z — g )MsmPlgg(2
{fn(f(k))l} (Z) _ ( 1) ( - 2) - ( . )1 90( )’ (2.6)
(Z — 61) 1+p+1... (Z — /Bt) t+p+

where go(z) is a polynomial of degree < (p+ Kkl + 1)(s+t —1).
We claim that f"( f(k))l — a has at least one zero if f is a non-polynomial rational

function. In order to prove this claim, suppose the contrary holds, thus we set

C

n (k)\I _
) =) + e mG = S (2.7)
where C' is a non-zero constant. Subsequently, (2.7) yields
" (p+1)
{f (f(k))l} (2) = (z— 51)N1+p+?1.(.7f)(z — By Netpt1? (2.8)

where ¢1(z) is a polynomial of degree < (p+ 1)(t — 1). Comparing (2.6) with (2.8), we get
(p+ 1)t —1) > deg(g1) = (n + )M — kls — (p+ 1)s,

and hence

p+kl+1 p+1
S t.
n—+1 n—+1

On the other hand, from (2.5) and (2.7) we have

M <

(2.9)

(n+ )N + kit +p = (n+ )M — kls + deg(g").

Since deg(g') < ki(s +t — 1), we find

(mn+ )N <(n+1)M —Fkls+kl(s+t—1)—klt —p,
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implying that (n + )N < (n+ )M, and thus we have
N < M. (2.10)

By (2.9), (2.10) and noting that M > (k+p+1)s, N > (p + 1)t, we deduce that

M <

1 1 1 1
p+kl+ LPt <{( p+kl+ }M‘ (2.11)

ntl T nr S\ Dk rpr D)
Noting that [ > 2 we immediately obtain

prkl+1 1 (1+D)k+2p+2

(n+0D(k+p+1) i (n+0)k+p+1) —

Hence it follows from (2.11) that M < M, which is a contradiction. The claim is proved.
Now we suppose that f™(f (k))l — a has only one zero zg, where f is a non-polynomial
rational function, then we find
C'(z — z)?
(Z — /Bl)Nl (z — 52)1\72 PR (Z — ﬂt)Nt ’

where C” is a non-zero constant and d is a positive integer. We distinguish two cases to

FM M) () = alz) +

(2.12)

deduce contradictions.
Case 1. p > d. Since p > d, the expression (2.5) together with (2.12) imply that

(n+ )N + kit +p=(n+1)M — ks + deg(g").
Therefore, we can also conclude (2.10), that is, N < M. Differentiating (2.12), we obtain

(p+1) z
{fﬂ(f(k))l} (2) = (2 — 51)N1+p+?2.(. )(z — By)Netpt+1?

where gs(z) is a polynomial of degree at most (p + 1)t — (p+ 1) + d, and hence

p+1Dt—(p+1)+d>deg(ge) > (n+1)M — kls — (p+ 1)s.

Then we have

1-d kl+1 1 kl+1 1
p+ L PRI+ Pt t—Mg{ p+kl+

-1, M (21
n+l — n+l n+1 (n+l)(k+p+1)+n+l } (2.13)

since M > (k+p+1)s,N > (p+ 1)t, M > N. It follows that

prkl+1 1

+ <1
n+)k+p+1) n+l

p+1-d

since [ > 2. Therefore, from (2.13) we conclude that *.25

< 0, a contradiction with the

assumption p > d.
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Case 2. d > p. The expression (2.12) yields

[y} = Lol " el (2.14)

(Z _ 51)N1+p+1 - (Z _ IBt)Nt-HD-i-l’

where g3(z) is a polynomial with deg(gs) < (p + 1)t. We claim that zy # «; for each 1.
Otherwise, if zgp = a; for some 4, then (2.12) yields

n (») n (»)

a® (z0) = { D)} z0) = {7 (PO} (i) = 0

because each o is a zero of f7(f*))! of multiplicity > n(k+p+1) > p+2. This is impossible
since deg(a) = p. Hence (z — 2)¢ P!

and (2.14), we conclude that

is a factor of the polynomial gg in (2.6). By (2.6)

(p+ 1)t > deg(gs) > (n+1)M — kls — (p+ 1)s,

which is equivalent to
Sp+kHJ3+p+1t
n+1 n+1
If d# (n+1)N + kit + p, then (2.5) together with (2.12) implies

M

(2.15)

(n+1N + kit +p < (n+1)M — ks + deg(g"),

so we get N < M from deg(g') < kl(s +t — 1). Therefore, by using the facts M >
(k+p+1)s,N > (p+1)t, (2.15) implies a contradiction

p+kl+1 1
M
{(n+l)(/€+p+1)+n+l

}MgM.

Hence d = (n + )N + klt + p.
Now we must have N > M, otherwise, when N < M, we can deduce the contradiction
M < M from (2.15). Comparing (2.6) with (2.14), we find

(p+kl+1)(s+t—1)>deg(go) >d—p—1
since (z — 20)""P7!|go, and hence
(n+UN +klt+p=d<(p+kl+1)s+(p+kl+1)t -kl

which further yields

p+k+1 p+1
< S t.
n+1 n+1
Since M > (k+p+1)s and N > (p+ 1)t, it follows from that

p+kl+1

+ N.
n+D)k+p+1) " nti

7
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Hence N > M yields

p+ki+1 1 }
N < + N. 2.16
{(n+l)(k‘—|—p+1) ntl (2.16)

Since | > 2, we obtain consequently

p+kl+1 1

+ <1.
(n+D(k+p+1)  n+l—

Hence (2.16) yields N < N. This is a contradiction. Proof of Lemma 2.3 is completed. [J

Lemma 2.4. Let p > 0,n > 1 and l > 2 be three integers such that p is divisible by n + 1,
and let a be a non-zero polynomial of degree p. If f is a non-constant rational function,

then f*(f)! — a has at least one zero.

Proof. 1If f is a non-constant polynomial, then f’ # 0. We consequently conclude that
deg (f"(£)') = (n+1) deg(f) =1 #p

since p is divisible by n + 1. It follows that f™(f")! — a is also a non-constant polynomial,
so that f(f’)! — a has at least one zero.
If f has poles, we can express f by (2.1) again, and then, by differentiating (2.1), we
deduce that
(z—a)™ Yz —ag)™2 Lo (2 — ag)™Lh(z)
(Z_ﬁl)n1+1(z_l62)n2+l(z_ﬂt)nt"‘l ’

where h(z) is a polynomial of form

(=) = (2.17)

h(z) = (M — N)z5Tt1 4.
From (2.1) and (2.17), we obtain

Ut =

I

Ol

in which
P(Z) _ An(z o al)(n-i-l)ml—l(z o OQ)(n-H)mz—l . (Z o as)(n+l)ms—lhl(z>,
Q(Z) — (Z - ﬁl)(nJrl)nlJrl(Z _ Bz)(n+l)n2+l . (Z - /Bt)(nJrl)ntJrl.
We suppose, to the contrary, that f™f’ — a has no zero. When M # N, we have
B P
fnf/ =a+ == o
QR Q
where B is a non-zero constant. Therefore, we obtain

deg(P) = deg(Qa + B) = deg(Q) + p.

518 Da-Wei Meng et al 511-526



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Note deg(h!) > (s 4+t — 1) implies that
(n+DM —ls+1(s+t—1)> (n+ )N +1t+p,

or equivalently
(n+ )M =N > (p+1),

which further yields M > N and deg(h) = s+t — 1. It follows that
m+)M —lIs+l(s+t—1)=(n+1)N + 1t +p.

Thus we immediately obtain

M_N=PTl
n 4+

which is impossible since M — N is an integer. Therefore, f™ f' —a has at least one zero. [

3 Proof of Theorem 1.1

Without loss of generality, we may assume that D = {z € C | |z] < 1}. For any point z
in D, either a(zy) = 0 or a(zp) # 0 holds. For simplicity, we assume zy = 0 and distinguish
two cases.

Case 1. a(0) # 0. To the contrary, we suppose that .% is not normal at zg = 0. Then,
by Lemma 2.1, there exist a sequence {z;} of complex numbers with z; — 0 (j — o0); a
sequence {f;} of .#; and a sequence {p;} of positive numbers with p; — 0 (j — oo) such
that e

9;(&) = p; " filzj + pi€)
converges uniformly to a non-constant meromorphic function g(¢) in C with respect to the
spherical metric. Moreover, g(£) is of order at most 2. By Hurwitz’s theorem, the zeros of
g(&) have at least multiplicity &+ m + 1.

On every compact subset of C which contains no poles of g, we have uniformly
I+ 0 (5 + 09 = alzj + pi6)
= G1(©(g”(©) —alz +9;6) = g"(©) (g™ () ~ a(0). (3.1)

If g"(g")! = a(0), then g has no zeros and poles. Then there exist constants ¢; such that

a
(c1,¢2) # (0,0), and
gl€) = cvrercreat

since ¢ is a non-constant meromorphic function of order at most 2. Obviously, this is

contrary to the case ¢"(g™)! = a(0). Hence we have ¢"(g™*))! # a(0).
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By Lemma 2.2 and Lemma 2.3, the function g”(¢*)! — a(0) has two distinct zeros &
and &j. We choose a positive number ¢ small enough such that D; N Dy = () and such that
g™ (g™ — a(0) has no other zeros in Dy U Dy except for & and &, where

Dy ={§eC||¢—¢&l| <6}, Da={6eC|[f—-&| <o}

By (3.1) and Hurwitz’s theorem, there exist points §; € D1, £ € Dy such that

fi(z + pjﬁj)(f}k)(zy' + ;&) — alz + pi&;) = 0,

and
n * k * *
17+ P i+ pi€)) = alzj + p€)) = 0
for sufficiently large j.
By the assumption in Theorem 1.1, f?(fl(k))l and f;l(fj(k))l share a IM for each j. It
follows

PRz + 0 ) (1 (25 + pi€))! — alzy + psés) = 0,

and

11z + 0 ) FP (25 + 0,€)) = alz; + pi€}) = 0.

By letting j — oo, and noting z; + p;§; — 0, z; + p;§; — 0, we obtain

O (0)! — a(0) = 0.

Since the zeros of fln(f)(fl(k) (6))! — a(€) has no accumulation points, in fact we have
%+ i€ =0, 2 + p;§5 =0,

or equivalently B B
J * J
= p;’ §= 7

This contradicts with the facts that §; € Dy, f; € Dy, D1 N Dy = (. Thus .% is normal at
zZ20 — 0.

Case 2. a(0) = 0. We assume that zp = 0 is a zero of a of multiplicity p. Then we have
p < m by the assumption. Write a(z) = 2Pb(z), in which b(0) = b, # 0. Since multiplicities

p

of all zeros of a are divisible by n + [, then d = ;i is just a positive integer. Thus we

obtain a new family of M (D) as follows
H = {f(j) ’ feF } )
z

We claim that .7# is normal at 0.

10
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Otherwise, if . is not normal at 0, then by lemma 2.1 there exist a sequence {z;} of
complex numbers with z; — 0 (j — 00); a sequence {h;} of #; and a sequence {p;} of
positive numbers with p; — 0 (7 — oo) such that

Ik

95(€) = p; " hi(z + pjé) (3:2)

converges uniformly to a non-constant meromorphic function g(¢) in C with respect to the

spherical metric, where g*(¢) < 1, ord(g) < 2, and h; has the following form

hj(z) = sz(f)-

We will deduce contradiction by distinguishing two cases.
Subcase 2.1. There exists a subsequence of , for simplicity we still denote it as %,
J

such that . — ¢ as j] — 00, where c is a finite number Thus we have

Fi(pse)  (Pi€) (= + pi(€ = 1))

Fj(g): Ik g = ( ) (pi)"a ik :;fdg(f—c):h(f),
p;LH Pj P n+l
and
(o FE 0N — al o
FJn(f)(F](k)(f))l _ a(pjg) _ fj (pjg)(f] (p]f)) (pjg) = hn(f)(h(k)(f))l _ pfp. (33)

A o

Noting p < m, it follows from Lemma 2.2 and Lemma 2.3 that h"(€)(h(*)(€))! —b,&P has
at least two distinct zeros. Similar to the proof of Casel we can obtain a contradiction.
Subcase 2.2. There exists a subsequence of , for simplicity we still denote it as Z—j,

such that p; — o0 as j — oo. Then we deduce that

(k)
19 +08) = {Gi+m&Mil+ 00}

k
(e
Z]"‘p] +Zaz Z]"'pj dzh;
i=1

k)

= (z+p; &) V(2 + ps€)

k nk s
i () d—i ~RA (ki
= (5 +pi€); e g€+ D @iz + p) o, T g g,
=1

in which a;(¢ = 1,2, ..., k) are all constants. Thus the expansion of (f](k)(zj + p;€))! can be

stated as

nlk

B ok k s pi Doiq il
(95°(€))' (25 + £3&)"ps8) ™1 + 3 T [ ag ()" (25 + 038)!(p8) 7 (5) ,

lo<li=0 %+ P
where [;(i = 0,1, ..., k) are arbitrary non-negative integers satisfying Z?:o I =1.

11
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Since ;—; — 00, b(z; + p;&) — by as j — oo, it follows that

) 1+ pi&) () (2 + pi€))!
P a(zj + p;€)
bp(z; + ;€)™ HDegn(€) (1P (6))!
b(zj + pi€)(2 + ps€)P
s bp(z; + p€) DR (€) TTE g (asgl ™" ()" < o; >z§;1 .
b(z; + pi€)(z5 + pi&)P zj + p;é b

= g"(€) (g™ (©) - b, (3.4)

_bp

lo<l

on every compact subset of C which contains no poles of g.

Since all zeros of f; € . have at least multiplicity k4+m+1, then multiplicities of zeros of
g are at least k+ 1. Then from Lemma 2.2 and Lemma 2.3, the function g"(£)(g*) (¢))! —b,
has at least two distinct zeros. With similar discussion to the proof of Casel, we can get a
contradiction.

Hence the claim is proved, that is, # is normal at zg = 0. Therefore, for any sequence
{f:} C F thereexist A, = {2 : |z| < r} and a subsequence {hy, } of {h(2) = fi(2)/2?} C H#
such that h;, = I or co in A, where I is a meromorphic function. Next we distinguish two
cases.

Case A. Assume f;, (0) # 0 when £ is sufficiently large. Then I(0) = oo, and hence for
arbitrary R > 0, there exists a positive number ¢ with 0 < § < r such that |I(z)| > R when
z € As. Hence when k is sufficiently large, we have |hy, (2)| > &, which means that i is

holomorphic in Ag. In fact, when |z| = 2

=3,
1 1 2d+1
e
fr.(2) h, (2)z Ré
By applying maximum principle, we have
1
<M
ftk (Z)

for 2 € As/p. It follows from Motel’s normal criterion that there exists a convergent subse-
quence of {f:, }, that is, .# is normal at 0.

Case B. There exists a subsequence of f, , for simplicity we still denote it as f;, , such
that f;, (0) = 0. Then we get I(0) = 0 since hy, (2) = ft’;gz) = I(z), and hence there exists

a positive number p with 0 < p < r such that I(z) is holomorphic in A, and has a unique

zero z = 0 in A,. Therefore, we have f;, (2) = 2%1(z) in A, since h¢, converges spherically
locally uniformly to a holomorphic function I in A,. Thus .% is normal at 0.

Similarly, we can prove that % is normal at arbitrary zo € D, hence % is normal in D.

12
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4 Proof of Theorem 1.2

Similar to the proof of Theorem 1.1, we assume that D = {z € C | |z| < 1} and z9 = 0,
and then distinguish two cases by either a(0) = 0 or a(0) # 0.
Case 1. a(0) # 0. To the contrary, we suppose that .# is not normal at 0. By using

the notations in the proof of Theorem 1.1, we also obtain

£z + ps€) (i (25 + pi©)) = alzj + pjé) (4.1)
= gHEOG(9)) — alz + p&) = g"(€)(d' () — al0),

where g™ (gt # a(0).

By Lemma 2.2 and Lemma 2.4, the function ¢g"(¢')! — a(0) has a zero n9. By (4.1) and
Hurwitz’s theorem, there exist points n; — 19 (j — o0) such that for sufficiently large j,
zj + pjn; € D and

£z 4 pmi) (Fi (25 + pimy))! = alz; + pymy) =0,

which contradicts the assumption that f*(f")! # a.
Case 2. a(0) = 0. By using the notations in the proof of Theorem 1.1, we also get the
formulas (3.1)—(3.4). Therefore, with the similar method in Case 1, we can prove that %

is normal at zy = 0, and hence .% is normal in D.

5 Proof of Theorem 1.3

We also take the assumptions in the proof of Theorem 1.1, distinguishing two cases as
follows:

Case 1. a(0) # 0. Similar to the proof of proof of Theorem 1.2, we get that ¢"(¢')! —a(0)
has a zero ng. By Hurwitz’s theorem, there exist points n; — 79 (j — o0) such that
for sufficiently large j, z; + pjn; € D and fI'(2; + pjm;)(fi(zj + pimi))t = a(z; + pim;)-
Consequently, we have |g;(n;)| = ]pj_’%fj(zj—l—pjnj)] > \p»_"% | A, which implies that g(ng) =
o0. This contradicts the assumption that ¢"(¢'(n))! = a(0). Hence .Z is normal at zy = 0.

Case 2. a(0) = 0. We also obtain the formulas (3.1)—(3.4), thus we can prove that .#

is normal by using the similar method of Case 1.
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Abstract: In this note, the notion of a mixed weakly monotone pair of mappings is invoked to prove some coupled
common fixed point theorems in partially ordered b-metric spaces. Results proved in this note are authenticated by
some innovative examples. Demonstrative surfaces leading to better understanding of calculation done. Moreover
as an application our results are utilized to establish existence of solutions of system of integral equations which is
also substantiated by an example.

Key Words. Cauchy sequence, Partially ordered b-metric Space, mixed weakly monotone mappings, coupled
common fixed point, integral equation.
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1 Introduction and Preliminaries

In 1989, Bakhtin [2] introduced the notion of b-metric spaces and studied the concept of b-metric spaces as a
generalization of metric spaces. Also he proved the Banach contraction principle in b-metric spaces. After that the
study of fixed point theorems in b-metric spaces is followed by some other mathematicians (see [/1]], [S], [13]).

In 2011, Ran and Rarings [12]] introduced the existence of fixed point in partially ordered metric spaces and studied
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some applications to matrix equations.

Guo and Lakshmikantham [8|] introduced the concept of coupled fixed point. later on Bhaskar and Lakshmikan-
tham [3]] introduced the notions of a mixed monotone mappings and then established some coupled fixed point
theorems for mixed monotone mappings. They also discussed the existence and uniqueness of the solution for
periodic boundary value problems.

In 2009, Lakshmikantham and Ciric [9] defined g- monotone property and proved coupled coincidence and cou-
pled common fixed points theorems for nonlinear mappings satisfying certain contractive conditions in partially
ordered metric spaces. Some remarkable contributions on this line can be seen in [4], [[10], [11]].

In 2012, Gordji et al. [7]], proved some coupled fixed point theorems for a contractive-type mappings with the
mixed weakly monotone property in partially ordered metric spaces. In this article, utilizing the notion of a mixed
weakly monotone pair of mappings we prove coupled common fixed points theorems for mappings on partially
ordered b-metric spaces.

First we recall some basic definitions, notions, lemmas, and examples which will be needed in the sequel.

Definition 1.1. /5| Let X be a (nonempty) set and s > 1 be a given real number. A functiond : X x X — [0, 00)

is called a b-metric on X if, for all x,y, z € X, the following conditions hold:
(i) d(z,y) = 0 ifand only if x = y;

(i) d(z,y) = d(y, x);

(iii) d(z, z) < s[d(z,y) + d(y, 2)]-

In this case, the pair (X, d) is called a b-metric space. If (X, 3) is still a partially ordered set, then (X, 3, d) is

Y~

called a partially ordered b-metric space.

Definition 1.2. /3] An element (x,y) € X x X is called coupled fixed point of a mapping F : X x X — X if
v = F,y) and y=F(y,z).
Definition 1.3. [3|] Let (X, d, 3) be a partially ordered set and f : X x X — X be mapping. We say that f has
the mixed monotone property on X if, forall z,y € X,
T1,T2 € X7.’E1 j Ty = f(xlay) j f(x27y)
and  y1,y2 € X,y Zy2 = fla,y) Z f(@,92).

Definition 1.4. [7]] let (X, 3) be a partially ordered set and f,g : X x X — X be mappings. We say that a pair

(f, g) has the mixed weakly monotone property on X, if for all x,y € X,we have

r 3 kf(x,y), f(y,x) Zy implies f(x,y) 3 9(f(z,y), f(y,7)),9(f(y, ), f(z,y)) T fy,z)

and 3 g9(z,y),9(y,x) Jy implies g(x,y) 3 f(9(,y),9(y,z)), f(9(y,x),9(z,y)) T g(y,z).
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For mixed weakly monotone property related examples one is suggested to refer 7]

Remark 1.1. [7] Let (X, 3) be a partially ordered set, f : X x X — X be a map with the mixed monotone

property on X. Then for all n € N, the pair (f™, ™) has the mixed weakly monotone property on X.

Lemma 1.1. [|[7] Let (X,d) be a metric space. Then X x X is a metric space with the metric Dy given by

Da((2,y), (u,v)) = d(x,u) +d(y, v), forall z,y,u,v € X.

2 Main result

In this section, some fixed point theorems for contraction conditions described by rational expressions are proved.

Lemma 2.1. Let (X, d) be a b-metric space. Then X x X is a b-metric space with the b-metric D given by

D((z,y), (u,v)) = d(x,u) + d(y,v), forall z,y,u,v,w,t € X.

Proof. Forall z,y,u,v,w,t € X, we have D((z,y), (u,v)) € [0, 00) and
D((z,y), (u,v)) = 0 if and only if d(z, u) + d(y, v) = 0
if and only if z = w,y = v, that is (z,y) = (u,v) and
D((x,y), (u,v)) = d(z,u) + d(y, v)
=d(u,z) + d(v,y) = D((v,v), (z,y)).
Also, D((z,y),(u,v)) = d(z,u) + d(y,v)
< sld(x,w) + d(w, u)] + s[d(y,t) + d(t,v)]
< sld(xz, w) + d(y, )] + s[d(w, u) + d(t,v)]
< s[D((,y), (w, 1)) + D((w, 1), (u, v))].
Hence, D is a b-metric on X x X. O

Let (X,d,3) be a partially ordered complete metric space. We consider the product space X x X with the

following partial order, for all (z,y), (u,v) € X x X
(,9) 3 (w,0) &z Juy Zo
Also let (X x X, D) be a b-metric space with the following metric

D((z,y), (u,v)) = d(z,u) +d(y,v), forall (z,y),(u,v) € X x X.
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Theorem 2.1. Let (X, d, 3) be a partially ordered complete b-metric space. Let f,g : X x X — X be the
mappings such that the pair ( f, g) has the mixed weakly monotone property on X. Suppose there exists o, 3,7, €

[0,1) with a + 8+ 2s(y + 0) < & such that

1+ D((z,9), (f(z,y), fy,2)))]-D((u,v), (g(u,v), g(v,u)))
d(f(x,y),9(u,v)) 3 a 11 D((x.y). (0] + BD((,y), (u,v))

+(D((x,9), (f(2,9), f(y,2))) + D((u, ), (9(u, v), g(v,u)))]

+0[D((u, v), (f (2, 9), f(y,2))) + D((2,9), (9(u, v), (v, u)))]

2.1)

forall x,y,u,v € X withx X uwandy 7, v and D is defined as in Lemma Let xg,y0 € X be such that
zo 3 f(@0,90),50 Z f(yo, o) or xo < g(x0,y0): Y0 Z 9(yo. o). If f or g is continuous, then f and g have a
coupled common fixed point in X.

Proof. We construct two Cauchy sequence in X. Let 2, yo € X, be such that 2o 3 f(z0, ¥0), yo 2= f (Yo, Zo)-

Put z1 = f(x0,40),y1 = f(Yo,%0), 22 = g(x1,91), Y2 = 9(y1, 21)

Continuing this, way  Zon+1 = f(2n, Yon)s Yont+1 = f(Yan, Tan),

Ton+2 = §(Tant1,Y2n+1)s Y2nt2 = 9(Y2n+1, T2nt1) for allm € N.
From the choice of ¢, yo and the (f, g) has mixed weakly monotone property, we have

r1 =f(20,%0) 3 9(f(x0,0), f (Yo, z0) = g(w1,91) = v2 = 71 T T2,
z2 =g(z1,91) 3 f(9(x1,91),9(y1, 21) = f(22,92) = 23 = 22 T 3.
Similarly, y1 =f(yo,z0) Z 9(f (Yo, o), f(z0,y0) = g(y1,21) = y2 = y1 Z Y2,
y2 =9(y1,21) Z f(9(y1,21), 9(z1,91) = f(y2,22) = y3 = y2 T ys.
Therefore, we acquire

o301 32930 Ty DS Tpa1 3

~ e

Yoo YL ZY2 D Yn S Ynt1 -

the sequences {x,, } and {y,,} are monotone increasing and decreasing respectively. Applying (2-1)), we obtain

d($2n+17 $2n+2) = d(f(x?nv y2n)ag(x2n+la y2n+1))

< o 14+ D((z2n,y2n), (f (T2n,Y2n ), f (Y2n,T2n) DD (B2n41,¥2n41),(9(T2n+1,Y2n+1),9(Y2n41,%2n+1)))
e
~ [1+D((z2n,y2n),(T2n+1,Y2n+1))]

+ BD((z2n,Y2n), (T2n+1, Y2n+1))
+ W[D((xzm y2n)» (f(x2n7 an)v f(me mzn))) + D(($2n+1, y2n+1), (9($2n+1, y2n+1)a 9(y2n+1, $2n+1)))]

+ 5[D((‘772n+17 y2n+1)7 (f(xQna an)a f(yZna x2n))) + D((xZna yZn); (g(x2n+1a y2n+1); g(y2n+la x2n+1)))]
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1+ D((22n, Y2n), (T2nt15 Y2n+1)) [ D(Z2n+1, Yon+1)s (T2n+2, Y2n+2))
1+ D((z2n, Y2n), (Z2n+1, Y2n+1))]

+ ﬁD(((E?m y2n)7 ($2n+17 y2n+1))+

d(Ton+t1, Tont2) S @

YD (22n; Y2n)s (T2n+1; Y2nt1)) + D((@2n41, Y2n+1), (T2nt2, Yont2))]+

§[D((5E2n+17 y2n+1)7 ($2n+1, y2n+1)) + D((IQm yzn), (I2n+2, y2n+2))]

d(@on+1, Tany2) Z(a +7)D((Z2n41, Yon+1), (T2nt2, Yons2))+
(B + ) D((z2n, y2n), (T2n+1, Y2n+1)) + 0D (20, Y2n), (T2n42, Y2n+2))
S(a+7)D(#2n41, Y2n+1), (T2nt2, Y2nv2))+
(B +7)D((w20, y20), (T2n41, Y2n+1))+
s6[D((2n, Y2n), (T2n+1,Y2n+1)) + D((@2n41, Y2n+1), (T2n+2, Y2n+2))]
Sla+7)[d(@2n+1, 22n+2) + d(Y2n+1, Yont2)]+
(B +v)d(x2n, T2nt1) + d(Y2n, Y2ni1)]+

50[d(w2p, Tont1) + d(T2ny1, Tant2) + d(Yon, Yont1) + d(Y2nt1, Y2nt2)]

d(Tan+t1, Tant2) S(a+ 5+ s0)[d(@ont1, Tant2) + Ad(Y2nt1, Yont2)]+ 22

(B+7 +s0)[d(z2n, Tant1) + d(Y2n, Y2nt1)] for all n € N.

Similarly, we have

d(Yan+1, Yont2) Sl 4y + 80)[d(Y2nt1, Yont2) + d(T2ni1, Ton o)+ @3
(ﬂ +v+ 55)[d(y2n7 y2n+1) + d(xQn, fEQnJrl)] fOT all n € N.

Thus it follows from (2:2) and (2:3) that

d(Zont1, Tant2) + d(Yont1, Yonyo) J2(a + v 4 50)[d(T241, Tant2) + d(Yont1, Yoni2)]+
2(5 + v+ s(S)[d(.’L‘Qn, .’L‘2n+1) + d(ana y2n+1)]

or

2(8 4+ v+ s9)
1—2(a+ v+ s6)

[d(z2n, Zont+1) + d(Y2n, Yont1)] for all n € N.
(2.4)

d(xon+1, Tant2) + d(Y2nt1, Yont2) S

Moreover, if we apply (2.I)), then we have

d(zant2, Tant3) = d(g(2n+1, Yon+1), f(T2n+2, Yont2))

< o P (E2n41,92041),(9(Z2n41,Y20+1),9 W2nt1,@2n+ DNID(@2n+2,¥2n+2), ([ (@2n+2,Y2042),f (Y2n+2,22042)))
~ [1+D((z2n+1:Y2n+1),(Z2n+2,Y2n+2))]

+BD((z2n+1, Y2n+1)s (Ton+2, Yoant2)) + Y[D(Z2n+15 Y2n+1), (9(T2n41, Y2nt+1)s 9(Y2n+1, Tant1)))

+D((l‘2n+2, y2n+2)7 (f($2n+2, y2n+2)a f(y2n+2, x2n+2)))]+6[D(($2n+27 y2n+2)a (9($2n+17 y2n+1)a 9(y2n+1, $2n+1)))

531 Deepak Singh et al 527-543



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

+D((332n+1, y2n+1)7 (f($2n+2, an+2)a f(y2n+27 $2n+2)))]

1+ D((2n+1, Y2n+1); (T2n+t2, Yon+2)) D((T2n+2, Y2n+2), (T2n+3, Y2n+3))
1+ D((z2n+1,Y2n+1)s (T2n+2, Y2nt2))]

d(Ton+t2, Toants) S @

+ BD((T2n+1, Y2n+1), (T2n+t2, Yont2))+
YD (Z2n+1, Y2n+1), (X2n+2, Yon+2)) + D((T2n+2, Y2nt2)s (T2n+3, Yon+3))]+

O[D((x2n+2, Y2n+2), (T2n+2, Yon+2)) + D((T2n+1, Yont1)s (T2n+3, Y2n+3))]

d(T2n42, Tant3) S +7)D((X2n+2, Y2nt2), (T2n+3, Y2nt3))+
(B +7)D((z20+1, Y2n+1), (T2n42, Y2n+2)) + ID((Z2n+1, Y2n+1), (T2n+3, Y2n+3))
Z(a+7)D((r2n+2, Yant2), (T2nt3, Y2n+3))+
(B+7)D((22n41,Y2n+1), (T2nt2, Yoni2))+
s0[D((T2n+1,Y2nt1), (Tant2, Y2nt2)) + D((T2n42, Yont2)s (T2n43, Y2nt3))]
(o474 s0)[D(x2n+2, Y2nt2), A(T2n+3, Yon+3)]+

(B+ 7+ s0)[D(z2n+1,Y2n+1), A(T2nt2, Yant2)]

d(T2nt2, T2nt3) S+ + s8)[d(z2nt2, Tants) + d(Yant2, Yon+3)]+ °s5)

(B4 v+ s0)[d(x2n+1, Tont2) + A(Y2n+1, Yont2)], for all n € N.

Similarly, we have

d(Yon+2, Yon+s) S+ v+ 80)[d(Y2n+2, Yont3) + d(T2n42, Tants)|+ 2.6
(B4~ + 80)[d(Y2nt1, Yant2) + d(T2ny1, Tant2)], for all n € N.

Thus it follows from (2:3) and (2:6)) that

d(T2nt2, Tang3) + d(Yant2, Yont3) 32(a + v+ 80)[d(T2n12, Tant3) + d(Yant2, Yont3)]+
2(8 + v+ 80)[d(w2n11, Tant2) + d(Y2nt1, Y2nt2)]

or

2(8 + v + s9)
1—2(a+v+sé

d(T2n+2, Tant3)+d(Y2n+2, Y2n+3) I )[d($2n+17$2n+2)+d(y2n+17y2n+2)], for all n € N.
2.7
Moreover, it follows from (2.4) and (2.7) that
2084+ v+sd) 12
1—2(a+ v+ s6)

[d(xQ’ru $2n+1)+d(y2na y2n+1)}7 fO’I" all n €N.
2.8)

d(Ton+2, Tant3)+d(Yant2, Yon+3) 2 {
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_ _2(B+n+s9)
Let A = Tm.ThenOS A < 1and

d(z2n+1, Tant2) + d(Y2n+1, Yont2) IAd(Zon, Tant1) + d(Y2n, Y2nt1)]+

&N

Nd(22n-2,T2n-1) + d(Y2n—2, Y2n—1)]

2N [d(z2n—a, T2n—3) + d(Y2n—1,Y2n—3)]

SN d(20, 21) + d(Yo, y1)]
and d(T2n+2, Tan+3) + d(Y2nt2: Y2nts) SAA(T2nt1, Tant2) + d(Y2nt1, Y2nt2)]+
AN d(20, 1) 4 d(yo, y1)]

j)\Q"“[d(aBo, x1) + d(yo,y1)] for all n € N.

Now, for all m,n > 1 with n < m, we have

d(z2n+1, Tamt1) + d(Y2nt1, Yom+1) 3 8[d(T2n+1, Tant2) + d(T2n2, Tam+1)]

+ sld(Y2n+1, Y2n+2) + d(Y2n+2, Tamt1)]

3sl(@2n+1, Tont2) + d(Yont1, Yont2] + 8[Tont2, Tamr1) + d(Y2n+2, Y2mt1]

3sl(@ant1, Tant2) + d(Yant1, Yanta] + 8 [Tant2, Tants) + d(Y2nt2, Yants]
+ 82 [d(xant3, am1) + d(Y2nt3; Yami1)]

Z5[(@ans1, Tant2) + d(Yant1s Yonta] + S [Tant2, Tonts) + d(Yany2, Yonts)
+ ot ST [d(2gm, Tamg1) + A(Y2m s Y2m 1)

2N d (o, 1) + d(yo, y1)] + 82N [d (w0, 1) + d(yo, y1)]
+ o 4 S2TINI A (20, x1) + d(yo, y1)]

ZSATFHL 4 sA + (sA)? + ...+ (sA) 2™ Y [d(zo, 1) + d(yo, y1)]
s)\2n+1
~1—s\

[d(zo,21) + d(yo,y1)]-

Similarly, we have

A(T2n, Tami1) + d(Yans Yama1) ZATL+ A+ (sN)2 + ...+ (sN) 2™ [d (0, 21) + d(yo, y1)]

2n
< SA
~1—sA

[d(z0, 1) + d(yo, y1)]-

d(Z2n, Tam) + d(Yon, Yam) SSAZ L4 sA + (sN)2 + ...+ (sN) 2 Y[d(20, 21) + d(yo, y1)]

5)\2n

=<
~1—sA

[d(z0, 1) + d(yo0,y1)]
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and

d(an—i—la me) + d(an—O—la me) js}‘szrl [1 + S)\ + (SA)2 +
2n+1
< SA
~1—sA

Hence for all m,n > 1 with n < m, it follows that

SA"
1— s\

d(mnvgjm) + d(ynaym) =3

Since 0 < X < 1, we can conclude that

[d(z0, 1) + d(yo,y1)]-

+ (sA)2m D [d (2, 21) + d(yo, y1))]

[d(z0,21) + d(yo,y1)]-

A(xp, Tm) + d(Yn, Ym) — 0 as n — oo, which implies that d(z,, x,,) — 0 and d(yn, ym) — 0 as m,n — oco.

Therefore the sequences {z, } and {y, } are Cauchy sequence in X.

Since (X, d) be a partially ordered complete b-metric space, then there exist z,y € X such that x,, — = and

Yn —> Y aS N —> 00.

Suppose that f is a continuous then we have

= lim Ton+1 — lim f(‘r2nvy2n) - f(xvy)
n—00 n—00

and y= lm yony1 = lim f(yon,x2n) = f(y, ).
n— o0 n— oo

this implies (z, y) is coupled fixed point of f.
Taking v = x and v = y in (2.I), we have

d(f(z,y), 9(x,y)) + d(f(y,2), 9(y, x))

< a[1+D((x>y),(f(x[i/)+J;§za ))))]l(?((x,)i/]) (9(z,9),9(y,2))) + 8D (5 9), (2 1)
+ D@, y), (f(z,9), f(y,2))) + D((z,y), (9(z,y), 9(y, x)))]

k+6[D((z,y), (f(z,y), f(y, %)) + D((z,y), (9(z, ), 9(y, )))]
+a[1+D((y,w),(f(y7[11LJ2(( )))]?;fm))]),( 9y, @ ),g(m/)))+ﬂD((y7x)7(y7x))
+[D((y, ), (f(y,2), f(2,9))) + D((y,2), (9(y, x), 9(x,)))]
+0[D((y, x), (f(y, 2), f(z,y))) + D((y, ), (9(y, ), 9(,y)))]
S a[l+D((z,y), (z,y)]D((z,y), (9(x,9), 9(y, 2)))
+7[D((2,9), (2,9))) + D((z,y), (9(z,y), 9(y, 2)))]
+6[D((z,y), (z,9))) + D((z, ), (9(x,y), 9(y, 2)))]

+ a1l + D((y,
+9[D((y, x), (y,2)) + D((v,

+4[D((y, ), (y, 7)) + D((v,

534

z), (y,2))]D((y, x), (9(y, x), 9(x,y)))
), (9(y, ), g(x,y)))]
), (9(y, ), 9(,y)))].
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Hence, we have

d(z, g(x,y)) +d(y,, 9(y, %)) 3 (a+ 7+ 0)[D((z,y), (9(=,y), 9(y, x)))+
D((y,z), (9(y, 2), 9(z,y)))]
< 2(a+y +9)ld(x, g(z,y)) + dy, 9(y, ©))]
Since 2(a + v +96) < 1,we getd(z,g(z,y)) =0, d(y,9(y,z)) =0 =z=g(z,y), y=g9(y,x)).
This implies (x, y) is a coupled fixed point of g. Hence (z, y) is a coupled common fixed point of f and g when f
is continuous.

Similarly, we can prove that (z,y) is a coupled common fixed point of f and g when g is continuous. O
Next result is proved, relaxing continuity.

Theorem 2.2. Letr (X, d,3) be a partially ordered complete b-metric space. Assume that X has the following
property:

1 if {z,} is a increasing sequence with x,, — x, then x,, 3 x for alln € N,

2 if {yn} is a decreasing sequence with y,, — y, then y, - y foralln € N.

Let f,g: X x X — X be the mappings such that the pair (f, g) has the mixed weakly monotone property on X.
Also, Suppose there exists o, 8,7, € [0,1) with .+ 5+ 2s(y + ) < % such that

[1+ D((2,9), (f(z,), f(y, 2)))]-D((u, v), (9(u,v), g(v, u)))
[1+D((z,y), (u,v))]

+(D((2, ), (f(2,9), f(y,2))) + D((u, ), (9(u,v), g(v, u)))]
+0[D((w,0), (f(,9), f(y,2))) + D((2, 1), (9(u, ), g(v, w)))]

forall x,y,u,v € X withx X wandy 7, v and D is defined as in Lemma Let xg,y0 € X be such that

d(f(z,y),9(u,v)) 3 a +B8D((x,y), (u, v))

zo 3 f(@o,90), 90 Z f (Yo, x0) or xo 3 g(x0,40): Y0 Z 9(yo, o), then [ and g have a coupled common fixed

point in X.

Proof. Following the proof of Theorem 2.1} we only have to show that

fz,y) =g(x,y) ==, f(y,z) = g(y,z) = y.
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10
It is clear that
D((ZC, y)7 (f(SC, y)v f(yv 1‘))) j S[D((:Ca y); (x2n+27 y2n+2)) =+ D((‘T2n+27 y2n+2)7 (f(xa y): .f(y7 1‘)))]
= sD((z,y), (x2n+2, Y2n+2)) + sD((9(22n+1, Y2n+1): 9(Y2nt1, T2nt1)), (f (@, 9), f(y, 2)))
= sD((,y), (T2n+2, Yan+2)) + sd(f (2, y), 9(@2n11, Y2nt1)) + sd(f (¥, @), 9(Y2n+1, Tant1))
3 sD((z,y), (Tant2, Y2nt2))+
sa{ [1+D((z,y), (f(x,y), f(y,2))|D(T2n11, Y2n+1); (9(X2nt1,Y2n+1), 9(Y2nt1, T2ni1))) 4
14+ D((z,y), (®2n+1, Y2n+1))
BD((w,y), (T2n+1, Y2nt1))+
2.9)

V[D((‘ra y)’ (f(.% y)’ f(yv x))) + D((x2n+1a y2n+1)7 (g(‘r2n+1a y2n+1)7g(y2n+17 x2n+1)))]+

S[D((w2n+1,y2n+1), (f(2,9), f(y,2))) + D((2,y), (9(T2n+1, Y2n+1): 9(Y2n+1, $2n+1)))}}

L sa{ [1+ D((z,y), (f(z,y), f(y, 2))D(Y2n+1, T2n+1); (9(Y2nt1, T2n+1), 9(T2n+1, Y2nt1)))

+
1+ D((ya 513), (y2n+17 $2n+1))

BD((y, ), (Y2n+1, T2ny1))+
YID((y, ), (f(y, ), f(z,9))) + D((Y2n+1, Tant1), (9(Y2n+1, T2nt1); 9(Tant1, Yon+1)))]+

5[D((y2n+1’ x2n+1)7 (f(y’ .13), f(l‘, y))) + D((yv Jf), (g(y2n+17 $2n+1)’ g(x2n+17 y2n+1)))}}'

Letting n — oo in (2.9), we obtain

d(z, f(z,y) +d(y, f(y,2))) T syD((x,y), (f (@, y), f(y,2)))+
s0D((y2n+1, T2nt1), (f (@, 9), fy, 2)))+
svD((y, ), (f(y, x), f(z,y)))+
s0D((y2n+1, T2ant1), (f(y, ), f(2,9)))
3 2s(y 4+ 0)[d(z, f(z,y) + d(y, f(y, ©)))]
and, since 2s(y 4 0) < %, we have d(z, f(z,y)) + d(y, f(y,z)) = 0 and so f(z,y) =z, f(y,z)=y.

Similarly we can show that g(z,y) = = and g(y,x) = y. Therefore (z,y) is a coupled common fixed point of f

and g. O
Following example establishes validity of Theorem[2.1]

Examplex 2.1. Consider (R, d, <), where < represents the b-metric with usual order relation and metric d(x,y) =
(lz —y))? = (x — y)? on R, where s = 2.
Let f,g: R x R — R be two functions defined by

fag) = E=yrlls L 16z =8y 184
W= @y =g
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Then the pair (f, g) has the mixed weakly monotone property.

In order to verify the condition 2.1)), first we notice that

[1+ D((z,y), (f(z,y), fy, 2)))]-D((u, v), (g(u, v), g(v, u)))
[1+ D((2,9), (u,v))] ’
(

Y
0 <~[D((z,y), (f(2,9), f(y, %)) + D((u,v), (9(u,v), g(v,u)))],

0 < 8[D((u,v), (f(2,9), f(y,2))) + D((,9), (9(u,v), g(v,w)))] for all z,y € R.

0<«

Thus it is sufficient to show that d(f(x,y), g(u,v)) < BD((z,y), (y,v)).

Now, d(f(z,y),g(u,v)) =(f(2,y) — g(u,v)|)?

(|10z =5y + 115 16u—8v+184[\?
B 120 192

<(1|x—u|+1| —v|)2<(1(|m—u|+| —v|))2
=\ 12 241 =\12 4
<[3le—uP+ly-op)] . woyer

<BD((z,y), (y,v))-

For g = % and choosing o, 7,6 > 0 such that o + 8+ 2s(y+0) < % Thus condition 2.1)) is satisfied. Following

Figure 1 and Figure 2 show that (1, 1) is the coupled fixed point of mapping f.

z=f(x,y) axis

Point showing f(x,v)=x=1 I

surface f(x,y)=1

surface f(x,y)

el Y- axis
X-axis

surface x=1

Figure 1: [Figure showing x=f(x,y)]
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axis z=f(y,x)

/

Point showing
fly,x)=y=1

surface fly,x)=1
Surface fly,x)

e——y-axis

Figure 2: [Figure showing y=f(y,x)]

Next two Figure 3 and Figure 4 are demonstrating that (1,1) is coupled fixed point of mapping g also.

Point showing

et axis z=g(x,y)

Surface g(x,y)=1

urface g{x, y)

Surface x=1

Figure 3: [Figure showing x=g(x,y)]

Thus we conclude that (1,1) is a coupled common fixed point of f and g.
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Axis z=g(y,x)

Surface g(y x)=1

Point g(x,y)=y=1

Surface gy,x) /

X-axis

Surface y=1

Figure 4: [Figure showing y=g(y,x)]
Theorem 2.3. In Theoremsand - if X is a total ordered set with ordering =%, then a coupled common fixed
point of f and g is unique and x = y.
Proof. If (z*,y*) € X x X is another coupled common fixed point of f and g, then, invoking (2.1)), we have

d(x, ") +d(y, y*) = d(f(z, ), 9(z",y")) + d(f(y, ), 9(y", 27))

< 1 D(,y), (f(2,9), fly,2)))]-D((@", y"), (92", 5"), 9(y", 2)))
~ 1+ D((z,y), (z*,y"))]

+

BD((z,y), (z*,y"))+
YDz, y), (f(z,y), f(y,2))) + D((z*,y), (9(z*,y"), g(y", %)) |+

S[D((=", "), (f(2,9), f(y,2))) + D((,9), (9(«",y7), 9(y", 2")))]+
)

oL+ Dy, ), (f(y, 2), [z, 9)))].D((y", 2"), (9(y", «7), g(2", y")))
(14 D((y,2), (y*,x*))]

BD((y,x), (y",z"))+

VD((y, z), (f (y, ), f(2,9))) + D((y", 2"), (9(y", 27), g (2", y"))) ]+
SID((y", "), (f (y, @), f(z,9))) + D((y, 2), (9(y", ="), g(z", y7)))]
=2B(d(z,z") + d(y, "))+

26(d(x”, f(z,y)) +d(y*, f(y, ) +d(z, 9«7, y")) + d(y, g(y", z")))
= (28 +40)(d(z,2") + d(y,y"))

and hence d(z,z") +d(y,y") = (26 +46)(d(z, ") + d(y,y"))

+
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Since, (23 + 46) < 3, we have d(z,2*) + d(y,y*) = 0 which implies that z = z* and y = y*. On the other

hand, we have

d(z,y) = d(f(z,y),9(y,x))

oL+ D2 y), (f(z,9), fly, 2)))]. D((y, ©), (9(y, 2), 9(=, 9)))
B (14 D((x,y), (y,2))]

+9[D((=,y), (f(z,9), f(y,2))) + D((y,2), (9(y, ), 9(z, y)))]
+0[D((y,z), (f(=,y), f(y,7))) + D((x,y), (9(y,2), 9(z,y)))]
= (B +20)(d(z,y) + d(y,x))

=< (28 +46)d(z, y).

+ BD((x,y), (y,))

Since (23 + 46) < 1, we have d(z, y) = 0 and = = y. This complete the proof. O

Let f : X x X — X be a mapping. Now we denote f"*!(x,y) = f(f*(z,y), f*(y,z)), forall z,y € X
andn € N k8

3 Application to metric space

Taking s =1, f = g and @ = v = § = 0 in Theorem [2.1} we get the following:

Corollary 3.1. Let (X, d, 3) be a partially ordered complete metric space. Let f : X x X — X be the mapping

such that f has the mixed monotone property on X. Suppose there exists 5 € [0,1) with § < % such that

d(f(z,y), f(u,v)) 3 BD((z,y), (u,v))

Jorall x,y,u,v € X withx X uwandy ¥, v and D is defined as in Lemma Let xg,yo € X be such that

20 2 f(0,v0), Y0 Z f(yo,xo). If f is continuous, then f has a coupled fixed point in X.

3.1 Application to system of integral equations

Consider the following system of integral equations:

T
ult) = p(t) + / A(t ) [f1 (5, u(s)) + fa(s,0(s)))ds
(3.1)

T
u(t) = p(t) + / AL, 5)[f1(s,0(s)) + fa(s, u(s))]ds.
0
We consider the space X = C([0,T],R) of continuous functions defined on [0, T]. Obviously, the space with the

metric given by

d(u,v) = trer[l(i}%] lu(t) —v(t)], u,ve C([0,T],R)
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is a complete metric space. Consider on X = C([0, T, R) the natural partial order relation, that is,
u,v € C([0,T],R), u<v < u(t) <wv(t), t€][0,T].
Theorem 3.1. Consider the problem and assume that the following conditions are satisfied:
(i) f1, f2 1 [0,T] x R — R are continuous;
(ii) p : [0, T] — R is continuous;
(iii) A : [0,T) x R — [0, 00) is continuous;
(iv) there exists ¢ > 0 and € [0, 1) with § < % such that for all u,v € R, v > u,
0< fi(s,0) — fi(s,0) < ¢ Bv— u)
0 < fa(s,u) — fa(s,v) < ¢ B(v — u);
(v) assume that ¢ max,c(o 1 fol At, s)ds < 1;

(vi) there exists xq,yo € X such that

T
ro(t) > plt) + / At )1 (5,20(5)) + Fa(s. vo(s))]ds

T
yo(t) < p(t) + / A, 8)[f1(s,90(5)) + f2(s, zo(s))]ds.
0
Then the system of integral equation has a unique solution in X? with (X = C([0,T],R)).

Proof. Consider the mapping F': X x X — X defined by

T
F(u,v)(t) = p(t) —i-/o Aty $)[f1(s,u(s)) + fa(s,v(s))]ds, (3.2)

forall u,v € X and ¢t € [0, T]. Now, we shall show that all the conditions of Corollary are satisfied. From the
condition (iv) of the Theorem[3.] it is easy to prove that F* has mixed monotone property.

Now, for z, y,u,v € X withz > u, y < v we have

d(F(z,y), F(u,v)) = max [F(z,y)(t) — F(u,v)(t)]

te[0,T]
- max | | A8 [0, (6) + ol ()]s / At 8) [ o) + oo, o)) s
< max [ [ 1100, #(6) — A ) NG s + / Ao — Ao v(DLIAGE Sl
= max e 8 [ ote) — ) NG )lds + / " y(e) — oo Atk ]
< [ mase o(0) = (o) + mase o) =) e 5 e s

< Bld(x, u) + d(y, v))

= BD((z,y), (ua ’U))
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Which implies d(F (z, y), F(u,v)) < 8D((x,y), (u,v)).
Which is just the contractive condition given in Corollary 3.1 Therefore, from Corollary [3.1] we deduce that, F

has a coupled fixed point (z, y) in X, that is the system of integral equations has a solution. O
The following example shows that the superiority of Theorem3.1]

Examplex 3.1. Consider the following integral equation in X = C([0, 1], R)

t2+8 ! s2 1

It is easy to verify that the aforesaid equation is the special case of equation[3.2] in which

t2+8 52 1
5 ) >\(t75)—m, fl(S,t)—t, fQ(S,t)_m_

p(t) =

Indeed, the function p, )\, f1 and fo are continuous. Hence the assumption (i)-(iii) are fulfilled. Further, for all

u,v € R,v > u there exist C =16 > 0 and 5 = % €[0,1) with 8 < %suchthat
0< fl(S,U) - fl(S,U) < Cﬁ(’U - U),
0< fg(S,U) - f2(57v) < Cﬁ(’l) - u)

Thus the condition (iv) of Theorem@ is satisfied. For condition (v), we have

1 2
s 16
/\t )ds = 16 _ T = 5
¢ max | Al s)ds =16 max /0 35(t+4) " ielon) 105( + 4) =

shows the validity of condition (v).

Consider xo(t) = 1 and yo(t) = 1, then we get

p(0)+ [ N (20(5) + olso(sDlds = 24 [ ol 1) + ol Dlds

248 b2 1
= d
5 +A %@+®{ }S

_t2+8Jr 3 (3)
5 70(t+4)\ 3 /o
t? 48 3

= +
5 70(t +4)

>1

that is zo > f(z0, Yo).
Similarly, one can show that yo < f(yo,xo). It follows that all the conditions are satisfied. Thus the integral

equation (3:3) has a solution in X* with X = C([0, 1], R).
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FUNCTIONAL INEQUALITIES IN FUZZY NORMED SPACES
AND ITS STABILITY

GILJUN HAN AND CHANG IL KIM*

ABSTRACT. In this paper, we investigate the functional inequality
N(f(z+2y) = 3f(x+y) +3f(z) - f(z —y) — 6f(y), 1)
> N(fQ2z+y) + f(2z —y) — 2f(z +y) — 2f(z —y) — 12f(2), kt)

for some fixed nonzero real number k and prove the generalized Hyers-Ulam
stability for it in fuzzy Banach spaces by fixed point methods.

1. INTRODUCTION

In 1940, Ulam proposed the following stability problem (cf. [25]):

“Let G be a group and G5 a metric group with the metric d. Given a constant
0 > 0, does there exist a constant ¢ > 0 such that if a mapping f : G —
Go satisfies d(f(zy), f(x)f(y)) < c for all z,y € Gy, then there exists a unique
homomorphism h : Gy — Gy with d(f(z), h(x)) < § for all x € G177

In the next year, Hyers [12] gave a partial solution of Ulam’s problem for the case of
approximate additive mappings. Subsequently, his result was generalized by Aoki
([1]) for additive mappings and by Rassias [24] for linear mappings to consider the
stability problem with unbounded Cauchy differences. During the last decades, the
stability problem of functional equations have been extensively investigated by a
number of mathematicians (see [4], [5], [6], [9], and [19]).

In 2001, Rassias [23] introduced the following cubic functional equation

(1.1) fle+2y) =3f(x+y)+3f(x) - fl—y) —6f(y) =0
and every solution of the cubic functional equation is called a cubic mapping and
in ([14]), the following cubic functional equation was investigated

(1.2) fQx+y)+ f2r —y) =2f(z +y) +2f(z —y) + 12f(2).

Katsaras [15] defined a fuzzy norm on a vector space to construct a fuzzy vector
topological structure on the space. Later, some mathematicians have defined fuzzy
norms on a vector space in different points of view. In particular, Bag and Samanta
[2], following Cheng and Mordeson [3], gave an idea of fuzzy norm in such a manner
that the corresponding fuzzy metric is of Kramosil and Michalek type [16].

n [10], Glanyi showed that if a mapping f : X — Y satisfies the following
functional inequality

(1.3) 12f () +2f (y) = flay™ ) < I (@y)ll,

2010 Mathematics Subject Classification. 39B62, 39B72, 54A40, 47H10.

Key words and phrases. Hyers-Ulam stability, fuzzy normed space, fixed point theorem.
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then f satisfies the Jordan-Von Neumann functional equation

2f(z) +2f(y) = flay™") = f(ay).
Glényi [11] and Fechner [8] proved the Hyers-Ulam stability of (1.3). Park, Cho,
and Han [22] proved the Hyers-Ulam stability of the following functional inequality:
(14 1£(@) + ) + SN < 15+ -+ 2],

Further, Park [21] proved the generalized Hyers-Ulam stability of the Cauchy addi-
tive functional inequality (1.4) in fuzzy Banach spaces using the fixed point method
if f is an odd mapping.

In this paper, we investigate the following functional inequality related by (1.1)
and (1.2)

N(f(x+2y) = 3f(x+y) +3f(x) — f(x —y) —6f(y),t)
> N(fRx+y)+ f2r —y) —2f(x +y) —2f(x —y) — 12f(x), kt)

for some fixed nonzero real number k and prove the generalized Hyers-Ulam stability
for (1.5) in fuzzy Banach spaces by fixed point methods.

(1.5)

2. PRELIMINARIES

In this paper, we use the definition of fuzzy normed spaces given in [2], [17], and
[18].

Definition 2.1. Let X be a real vector space. A function N : X x R — [0, 1] is
called a fuzzy norm on X if for any x,y € X and any s,t € R,
(N1) N(z,t) =0 for t < 0;
)x—OlfandonlylfN(:c t) =1 for all t > 0;
N3) N(cx,t) = N(x ,‘c)lfc#O
N4) Nz +y,5+1) > min{N(z, ), N(3,0)};
N5) N(z,-) is a nondecreasing function of R and lim;_,o N(z,t) = 1;
N6) for any x # 0, N(z,-) is continuous on R.
In this case, the pair (X SN ) is called a fuzzy mormed space.

(N
(
(
(
(

Let (X, N) be a fuzzy normed space and {z,,} a sequence in X. Then (i) {z,}
is said to be Cauchy in (X, N) if for any € > 0, there exists an m € N such that
N(@ptp — 2n,t) > 1 — € for all n > m, all positive integer p, and any ¢t > 0 and
(i) {zn} is said to be convergent in (X, N) if there exists an # € X such that
lim, oo N(z, —2,t) = 1 for all t > 0. In this case, z is called the limit of the
sequence {x,} in X and one denotes it by N — lim,, o 2, = .

Example 2.2. For example, it is well known that for any normed space (X, || - ||)
and any nonnegative real number ¢, the mapping Nx : X x R — [0, 1], defined by
Moy~ {® it <0
X x7 = t .
m, if ¢ >0 5

is a fuzzy norm on X ([17], [18], and [19]).

It is well known that every convergent sequence in a fuzzy normed space is
Cauchy. A fuzzy normed space is said to be complete if each Cauchy sequence in it
is convergent and a complete fuzzy normed space is called a fuzzy Banach space.
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In 1996, Isac and Rassias [13] were the first to provide applications of stabil-
ity theory of functional equations for the proof of new fixed point theorems with
applications.

Theorem 2.3. [7] Let (X,d) be a complete generalized metric space and let J :
X — X be a strictly contractive mapping with some Lipschitz constant L with
0 < L < 1. Then for each given element x € X, either d(J"x, J" tx) = co for all
nonnegative integer n or there exists a positive integer ng such that

(1) d(J"z, J"z) < 00 for alln > ng ;

(2) the sequence {J™x} converges to a fized point y* of J ;

(3) y* is the unique fived point of J in the set Y = {y € X | d(J™x,y) < oo};

(4)

Yy
1
4) d(y,y*) < 7 dly, Jy) forally €Y.
Throughout this paper, we assume that X is a linear space, (Y, N) is a fuzzy
Banach space, and (Z, N') is a fuzzy normed space.
3. SOLUTIONS OF (1.5)

In this section, we investigate the solution and prove the generalized Hyers-Ulam
stability of the functional inequality (1.5) in fuzzy Banach spaces. For any mapping
f: X —Y, let

Ap(z,y) = f(2r +y) + f2zr —y) = 2f(x +y) — 2f(x —y) — 12f(2)
and
By(z,y) = f(z +2y) = 3f(x +y) + 3f(z) — flx—y) = 6/(y).
By (N5), we can easily shown the following lemma.

Lemma 3.1. Let o; : [0,00) — [0,00)(i = 1,2,- - -,n) be a mapping and r a
positive real numbers with v > 1 and y, z, 21, 22, *, 2, € Y. Suppose that

N(y,t) > min{N(z,r"t), N(z1,01(t)), N(22, a2(t)), - -, N(zn, an(t))}
for allt >0 and alln € N. Then
N(y,t) > min{N (z1, a1 (), N(z2, aa(t)),- - - N(zn, an(t))}

for allt > 0.

By Lemma 3.1, we have the following corollary.
Corollary 3.2. Let r be a real number with r > 1 and y € Y. Suppose that

N(y,t) > N(y,rt)

forallt > 0. Then y=0.

Using Lemma 3.1 and Corollary 3.2, we will prove the following theorem :

Theorem 3.3. Let f: X — Y be a mapping. Suppose that k is a real number
with k > 4. Then f is cubic if and only if f is a solution of (1.5).

Proof. Letting z =0 and y = 0 in (1.5), we have
3
N(f(0).8) = N(£(0), Zkt)
for all ¢ > 0 and sicne %k > 1, by Corollary 3.2, we get f(0) = 0.
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Suppose that f is a solution of (1.5). Letting x = 0 in (1.5), we have
(3.1) N(f(2y) = 9f(y) — f(=y),t) = N(f(y) + f(—y), kt)
for all y € X and all ¢ > 0 and letting y = —z in (1.5), we have
(3-2) N(f(22) = 3f(2) +5f(—a),t) > N(f(3z) — 2f(2x) — 11f(x), kt)
for all x € X and all ¢ > 0. Letting y = « in (1.5), we have
(3-3) N(f(3z) = 3f(2z) = 3f(x),t) = N(f(3z) — 2f(2x) — 11f(x), kt)
for all x € X and all £ > 0. By (3.1) and (3.2), we get

N(6f(z) +6f(—x),t)
> min { N (f(20) = 9/ () = f(~2), 5), N (f(22) = 3 (x) + 57(~), 5 )}

2
> min { N (f(2) + f(~a), kt) N(7(32) - 2/(20) = 11 (@), k;)}

for all x € X and all £ > 0 and so we obtain
N(f(z) + f(=x),t)
> min{ N(f(x) + f(—z), 3kt), N (f(32) — 2f(22) — 11 (x), 3kt)}
for all x € X and all £ > 0. For any = € X, let
G(z) = f(3z) — 2f(2z) — 11f(z), H(z)= f(z)+ f(-=)
for all z € X. By (3.1), (3.4), and (N5), we have

(3.4)

N(§(20) =87 (0).0) 2 min {V (1(22) =91 (0) = (=) ). N (). )}
(3.5) > min{N(H(w)’%)W(H(”C)’g?m)’N(G(x)’%m)}
> win (N (112, 5), ¥ (e, %)

for all x € X and all ¢ > 0. Further, by (3.3), (3.5), and (N5), we have
N(G(x),t)zmin{N(f(?,:c)—:af(zx ~3f(x ) F(22) — 8f(x )}
(3.6) > min { N (G(a), %) N(H(z). ) N(Gw), 3’“)}

< i {6100 2, 0, )}

for all z € X and all ¢ > 0 and since k > 4, by (3.6) and (N5), we have
) ()

> i {600, 50 8 (1100, 20, v (110, 21 )

2 i (000, 20, 0, )

for all x € X and all ¢ > 0. Hence by induction, we get
k™t

) . 2}

N(G(z),t) > min {N(G(m),

(3.7) N(G(z),t) > min {N(G(x)
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for all z € X, all t > 0 and all n € N. By Lemma 3.1 and (3.7), we obtain
kt
N(G(x),1) = N(H(x), )

4
for all x € X and all t > 0. By (3.4) and (N5), we have

(v B ) e )
> min { N (H(e t),N(G 3k) t),N(G(x)a (3%) t)}
(. 5)

2
N(H ¢

(0 B2 o, )

for all z € X and all t > 0. By mductlon nd (3.8),
(

(3.9) N(G(@).1) = N(G(a), =3

for all z € X and all t > 0. By (3.9) and Corollary 3.2, we get
(3.10) G(z) = f(3x) —2f(2z) — 11f(x) =0
for all x € X. By (3.4) and (3.10), we get

(3.11) N(H(z),t) > N(H(x),3kt)

for all x € X and by Corollary 3.2, we have

(3.12) H(z) = f(z) + f(~2) =
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for all x € X. Hence f is an odd mapping. Further, by (3.5), (3.10), and (3.12),

we get
(3.13) 7(20) = 81 ()
for all z € X. Now, letting = = 2y in (1.5), by (3.13), we have
NBf(z+y) —3f(2z+y) +24f(x) — f(2z —y) —6f(y), 1)
> N(f(dz +y) + f(de —y) —2f(2z +y) — 2f (22 — y) — 96 f(x), kt)
for all z,y € X and all ¢ > 0 and letting y = —y in (3.14), by (3.12), we have
N@f(x—y) =3f(2x —y) +24f(x) — f2z +y) + 6/ (y),1)
> N(f(dz +y) + f(dz —y) — 2f (22 +y) — 2f(2x — y) — 96 f(2), kt)
for all z,y € X and all t > 0. By (3.14) and (3.15), we have

N(As(r,9).0) > N(4;(22,9), )
for all z,y € X and all ¢t > 0 and so we have
(3.16) N(Af(z,y),t) > N(Af(22,y), 2kt)
for all z,y € X and all ¢t > 0. Letting y = 2y in (1.5), we have
N(f(z+4y) = 3f(z +2y) +3f(z) — fz — 2y) — 48f(y), 1)
> N@f(z+y) +8f(z —y) = 2f(x +2y) = 2f(x — 2y) — 12f(2), ki)

(3.14)

(3.15)

(3.17)
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for all z,y € X and all ¢ > 0 and interchang = and y in (3.17), by (3.12) and (1.5),
we get

N(f(4zx +y) = 3f(2x +y) +3f(y) + f(2x —y) — 48 (x),t)
N@f(z+y) —8f(r —y) —2f(2z +y) + 2f(2x — y) — 12f(y), kt)
= N(72Af(x>y) - 4Bf(y’ 7£B), kt)
(318) = min{N(4s(y), %) N (By(y, ~a), %)}
> min {N(Af(x, Y), %),N(Af(y; —x), %)}

. k k?
> min {N(Af(x, Y), Et),N(Af(y, x), ?t)}
for all z,y € X and all t > 0. Letting y = —y in (3.18), we get
N(f(dz —y) —3f(2z —y) = 3f(y) + f(2z +y) — 48f(2),1)
k k2
(3.19) > min {N(Af(x, —y),%),N(Af(—y, —x),?t)}

> min {N(Af(x,y), %)7]\[(14]“(:9,33)7 %Qt)}

for all z,y € X. By (3.16), (3.18), (3.19), and (N5), we have

N(Af(z,y),t) > N(As(22,y),2kt) > min {N(Af(gc,y), %%);N(Af(y,x), l%”t)}

for all z,y € X and all ¢ > 0. By Lemma 3.1 and induction, we get
Ap(z,y) = f2r +y) + f(22 —y) = 2f(x +y) — 2f(x —y) — 12f(z) =0
for all x,y € X. Thus f is a cubic mapping. O
By Theorem 3.3, we have the following corollaries :

Corollary 3.4. Let f: X — Y be a mapping. Suppose that a,b are real numbers
with |a| > 4]b] > 0. Then f is cubic if and only if f satisfies the following inequlaity

(3.20) N(aBs(z,y),t) > N(bAs(z,y),t)
forallz,y € X and all t > 0.

Corollary 3.5. Let f : X — Y be a mapping. Suppose that a is a real number
with |a| > 8. Then f is cubic if and only if f satisfies the following inequlaity

(3.21) N(aBy(z,y) + Af(x,y),t) = N(Af(2,9),t)
forallx,y € X and all t > 0.
Proof. By (3.21) and (N5), we have

N(Bj(x,y),t) = N(aBj(z,y),|alt)

la]

> min {N(an(x,y) +A(2,y), 775) : N(Af(x,y), | |t)}
= N(Af(x,y), %t)
for all z,y € X and all ¢t > 0. Hence by Theorem 3.3, we have the result. [

549 GILJUN HAN ET AL 544-555



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

FUNCTIONAL INEQUALITIES IN FUZZY NORMED SPACES AND ITS STABILITY 7

Using the fuzzy norm Ny : X xR — [0, 1] in Exmaple 2.2, we have the following
corollary :

Corollary 3.6. Let (X,||-||) be a normed space and f : X — Y a mapping.
Suppose that a is a real number with |a] > 8. Then f is cubic if and only if f
satisfies the following inequlaity

(3.22) laBy(z,y) + Af(z,y)ll < [|As(z, y)||

forallz,y e X.

4. THE GENERALIZED HYERS-ULAM STABILITY FOR (1.5)

Now, we will prove the generalized Hyers-Ulam stability for (1.5) in fuzzy normed
spaces.

Theorem 4.1. Assume that ¢ : X3 — [0,00) is a function such that
(4.1) N'(¢(2x,2y),t) > N'(8Lo(x,y), 1)

forall x,y € X, t > 0 and some real number L with 0 < L < 1. Let f: X — Y
be a mapping such that f(0) =0 and

(4.2) N(By(z,y),t) > min{N(As(z,y), kt), N'(¢(z,y), )}
forall x,y € X and t > 0. Then there exists a unique cubic mapping C : X — Y
such that
1
4. N — — ) >
(4.3) (f(z) = C(x), T L)t) > V(z,t)

forallz € X, t >0, and some real number k with k > 4,

where W(z,t) = min {N' (gb(sc.x), %’W) N’ (¢(z. —2), %) N’ (¢(o, z), g) }
Proof. Letting « = 0 in (4.2), by (N2), we have

(44)  N(f(2y) = 9f(y) — f(=y),t) > min{N(H (y), kt), N'(#(0, ), )}

for all y € X and ¢ > 0 and letting y = —z in (4.2), by (N2), we have

(45)  N(f(22) +5f(—) = 3f(2),t) = min{N(G(x), kt), N'(¢(. — 2), )}

for all zx € X and t > 0. Letting y = = in (4.2), we have

(4.6) N(f(3z) — 3f(22) — 3f(x),t) > min{N(G(z), kt), N'(¢(z.2), )}
for all z € X and all ¢ > 0. By (4.4) and (4.5), we get
(47) N(H(z),1t)

for all z € X and all ¢ > 0. Similar to the proof of Theorem 3.3, by (4.7), we have
(4.8) N(H(z),t) > min{N(G(z), 3kt), N'(¢(0, x), 3t), N'(¢(z. — x),3t)}
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for all x € X and all t > 0. By (4.4), (4.8), and (N5), we get

(4.9)
N(f(22) = 8(x),1) > min { N (H(2), ), N (1(22) ~f(=o).5)}
> min { N (H(z), %),N(H(x) ) ( (0,2), )}
2 min {N (60, %) ¥ (ot =), 5). ¥/ (000.2). )}
for all x € X and all t > 0 and by (4.6), (4.9), and (N5), we get
(4.10)
N(G(w), 1) > min { N (£(32) - 322) + 57 (~2), 7). N (f(20) - 8/(2). 5 )}

i (600, ). (s, (st ). (10,

for all x € X and all t > 0. Since k > 4, by (4.10) and (N5), we obtain

(411)  N(@G@), 1) > min {N'(o(a.), L), N (0. — ), 5 ), N (6(0,2), 1)}
for all z € X and all ¢ > 0. By (4.9), (4.11), and (N5), we get
N(f(22) - 8f(x),1)

> min {N’ ((b(x.a:), STM),N’(M;E. — ), 9]8<5t) N’ (¢(0 x), %kt);

¥ (om0 %) (s0.0.2)}
> min {N’ ((b(xx) 3Zt) N’ (¢( —z), %) N’ (¢(07 z), %)}
for all x € X and all £ > 0.

Consider the set S = {g | g : X — Y} and the generalized metric d on S
defined by

d(g,h) = inf{c € [0,00) | N(g(x) — h(x),ct) > ¥(x,t),Vz € X,Vt > 0}.

Then (5, d) is a complete metric space(See [20]). Define a mapping J : S — S by
Jg(z) = £g(2x) for all z € X and all g € S.
Let g,h € S and d(g, h) < ¢ for some ¢ € [0,00). Then by (4.1), we have

N(Jg(x) — Jh(z),ct) = N(g(2x) — h(2x),8ct) > ¥(2x,8t) > U(x, %)

for all x € X and t > 0. Hence N(Jg(z) — Jh(z),cLt) > U(x,t) for all x € X and
t > 0 and thus d(Jg, Jh) < Ld(g,h) for any g, h € S. Moreover, by (4.12), we have
d(Jf,f) < § < oo. By Theorem 2.3, there exists a mapping C': X — Y which is
a fixed point of J such that d(J" f, A) — 0 as n — oo. That is,

f(2"x)

(4.13) C(z) =N — 711320 KD
for all z € X. Replacing z, and y by 2"z and 2"y in (4.2), respectively, by (4.1),
we have
N(Bg(2"z,2m),2°"t)
(4.14)

> min {N(Af(Q"x, 2"y), 257t), N’ (qﬁ(:r, Y), %t) }
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for all z,y € X and all n € N. Letting n — oo in (4.14), C is a solution of (1.5) and
so by Theorem 3.3, C is a cubic mapping. Since d(f,Jf) < %, by Theorem 2.3, we
have (4.17).

Now, we show the uniqueness of C. Let Cy be another cubic mapping with
(4.17). Then for any positive integer n,

cw) = S0 gy = D20)

for all x € X. Hence by (4.17), (N3) and (N4), we have
N(C(z) — Co(x),t) = N(C(2"x) — Co(2"x), 25"t) > W(2"x, 25"8(1 — L)t)

8(1— L)t
= \I’(m In )
for all x € X, t > 0, and all n € N. Hence, letting n — oo in the above inequality,
we have C(z) = Cy(x) for all z € X. O

By Corollary 3.5 and Theorem 4.1, we can show that the following corollaries:

Corollary 4.2. Let € and p be real numbers with € > 0 and 0 < p < 3. Let

2
f: X — Y be a mapping such that

. t
(415) N(By(a,),) 2 min AN A0 M), s o el )

for all x,y € X, allt > 0 and some real number k with k > 4. Then there exists a
unique cubic mapping C : X — Y such that
(8 —22P)t

N(f(@) = C@):1) 2 Tomyadalpe

forallz € X and all t > 0.

Corollary 4.3. Assume that ¢ : X3 — [0,00) is a function with (4.1) Let f :
X —'Y be a mapping such that f(0) =0 and

(4.16) N(aBy(z,y) + Af(2,y),t) > min{N(Ay(z,y),t), N'(¢(z,y), 1)}

forallz,y € X, allt > 0 and some real numbers a with |a| > 8. Then there exists

a unique cubic mapping C : X — Y such that
1

8(1—-1L)

forallz € X, t >0, and some fized real number k with k > 4,

where V(x,t) = min {N’ ((b(x.x), 3';“),N’ (qb(x — ), %),N’ ((b(O,x), %)}

Proof. By (N5) and (4.16), we have

(4.17) N(f(z) - C(x), t) > W(x,t)

N(By (o)1) = min N (B (r,) + A, 0), 121), N (472,99, 121)}

2
la]

> min {N(Af(a:,y), ?t),N’ ((;S(a:,y), —t)}

. |a| ’
> !
> mln{N(Af(x7y), 5 t),N ((ﬁ(;my),t)}
for all z,y € X, all t > 0. Hence we have the results. [
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Corollary 4.4. Let € and p be real numbers with ¢ > 0 and 0 < p < % Let
f: X — Y be a mapping such that

N(aBy(z,y) + Ag(z,y),t)
t
> min { N(Af(2,), 1), }

! t+ (el + Tyl + [l2ll”lly[7)
forallz,y € X, allt > 0 and some real number a with |a| > 8. Then there exists
a unique cubic mapping C : X — Y such that

(8 —22P)t
(8 —22P)t + 2¢||z||?P

(4.18)

N(f(z) = C(x),t) =

forallx € X and allt > 0.

Related with Theorem 4.1, we can also have the following theorem. And the
proof is similar to that of Theorem 4.1.

Theorem 4.5. Assume that ¢ : X3 — [0,00) is a function such that

L
4.19 N'(6(3.2).t) = (5 t)
(4.19) ¢(3:3)1t)2 g ¢@9),
forallz,y e X,t >0 and some L with0 < L < 1. Let f: X — Y be a mapping

with f(0) = 0 and (4.2). Then there exists a unique cubic mapping C : X — Y
such that
L
(4.20) N (@) = Cla), T=7t) = Wola,t)
forallz € X, t >0, and some fized real number k with k > 4,

where Ug(z,t) = min {N’ (¢(x.x), 6kt> , N’ <¢(x — ), 12t) , N’ ((;5(07 x), 4t> }
Proof. By (4.12) in Theorem 4.1, we get

N1 -3/(3).1)
> min {N’ (gb(zx), 6Tkt>,]\7' (gb(:c —x), 1T%),N' (d)(O, x), %)}

for all z € X and all ¢t > 0.
Consider the set S = {g | g : X — Y} and the generalized metric d on S
defined by

d(g,h) = inf{c € [0,00) | N(g(x) — h(x),ct) > Uo(x,t),Vr € X,Vt > 0}.

(4.21)

Then (5, d) is a complete metric space(See [20]). Define a mapping J : S — S by
Jg(z) = Sg(%m) forallz € X and all g € S.
Let g,h € S and d(g, h) < ¢ for some ¢ € [0,00). Then by (4.19), we have
1 1 1 ¢ t
—_ — ) — - > Ze 2) > -
N(Jg(x) — Jh(x), ct) N(Sg(2m) 8h(2:c>,ct) > \Ilo(zm, 8) > \I/O(x, L)

for all z € X and t > 0. Hence N(Jg(x) — Jh(x),cLt) > ¥y(x,t) for all x € X and
t > 0 and thus d(Jg, Jh) < Ld(g, h) for any g,h € S. Moreover, by (4.21) we have
d(f,Jf) < L < co. The rest of the proof is similar to Theorem 4.1. a

By Corollary 3.6 and Theorem 4.5, we can show that the following corollaries:
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Corollary 4.6. Let € and p be real numbers with ¢ > 0 and p > % Let f: X — Y
be a mapping such that

. t
(4:22) N(By(a,9).8) 2 min {N(As (2.9): K, ¢ oo o T T o) )

forall x,y € X, allt > 0 and some real number k with k > 4. Then there exists a
unique cubic mapping C : X — Y such that

N(f(z) — C(x),t)
forallz € X and allt > 0.

Corollary 4.7. Assume that ¢ : X3 — [0,00) is a function with (4.1) Let f :
X —'Y be a mapping such that f(0) =0 and
(4.23) N(aBj(z,y) + Ap(z,y),t) > min{N(As(z,y),t), N'(¢(z,y), 1)}

for all xz,y € X, allt > 0 and some real numbers a,b with |a| > 8. Then there
ezists a unique cubic mapping C : X — Y such that

(227 — 8)t
(22P — 8)t + 2¢||z||?P

v

(4.24) N(f(x) ~ O(a), T2=1) > Vol 1

forallz € X, t >0, and some fized real number k with k > 4,
where Ug(z,t) = min {N’ (qb(x.x), 3|a|t) , N/ (qﬁ(az —x), 12t) , N’ (qb(O, x), 4t) }

Corollary 4.8. Let € and p be real numbers with e > 0 and p > % Letf: X —Y
be a mapping such that

N(an(.T, y) + Af(xay)at)
. t
= min NS00, g Ty TP
for all xz,y € X, all t > 0 and some real number a with |a| > 8. Then there exists
a unique cubic mapping C' : X — 'Y such that
(220 — 8)t
(22P — 8)t + 2¢||z||?»

(4.25)

N(f(z) = C(x),t) =
forallx € X and allt > 0.
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