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*

An iterative algorithm of poles assignment for LDP systems

Lingling Lv I Zhe Zhang ! Lei Zhang ¥ Xianxing Liu ¥

Abstract

The problem of poles assignment and robust poles assignment in linear discrete-time periodic (LDP)
system via periodic state feedback is discussed in this paper. Based on a numerical solution to the
periodic Sylvester matrix equation, an iterative algorithm of computing the periodic feedback gain can be
obtained. By optimizing the free parameter matrix in the proposed algorithm, according to robustness
principle, an algorithm on the minimum norm and robust poles assignment for the LDP systems is
presented. Two numerical examples are worked out to illustrate the effect of the proposed approaches.

Keywords: Linear discrete-time periodic (LDP) systems; poles assignment; robustness.

1 Introduction

Linear discrete-time periodic (LDP) systems are important bridges connecting time-varying systems and
time-invariant systems. In fact, Many natural and engineering phenomena can be reduced to a composite
of periodic systems thus applications of periodic systems would be found in different field, where periodic
controllers could be used to dealing with the problem in which time-invariant controllers is helpless(for
example, [1-3]). Moreover, another major role of the periodic controller is to improve the performance of
the closed-loop system, which has also been extensively studied(one can see [4, 5] and references therein).
Therefore, researches on LDP systems have attracted more and more attentions.

Since poles assignment techniques to modify the dynamic response of linear systems are the most studied
problems among modern control theory, the above mentioned advantages of periodic systems and periodic
controllers provide sufficient impetus for the researchers to carry out the study of poles assignment for
periodic systems (see [6-9] and literatures therein). Due to the constraints of the constant controller in the
periodic system, it is advocated in [6] that linear periodic output feedback is adequate to assign poles of a
linear periodic discrete-time system. By utilizing a computational method on Sylvester equation, [7] proposes
a complete parametric approach for pole assignment via periodic output feedback, in which parameter existed
in the feedback gain could be used to accomplish some properties of plant system, robustness for instance.
Using gradient search methods on the defined cost function, a computational approach is proposed in [8] to
solve the minimum norm and robust pole assignment problem for linear periodic discrete-time system. Based
on the proposed algorithm for parametric pole assignment problem, [9] considers the robust and minimum
norm pole assignment problem and an explicit algorithm is proposed.

In this paper, the problem of poles assignment and robust poles assignment in LDP systems via state feedback
is considered. Based on an iterative algorithm proposed in [13] for periodic Sylvester matrix equation, an
algorithm on the problem of poles assignment in periodic linear discrete-time system with periodic state

*This work is supported by the Programs of National Natural Science Foundation of China (Nos. 11501200, U1604148,
61402149), Innovative Talents of Higher Learning Institutions of Henan (No. 17HASTIT023), China Postdoctoral Science
Foundation (No. 2016M592285).

1. College of Environment and Planning, Henan University, Kaifeng, 475004, P. R. China. 2. Institute of Electric power,
North China University of Water Resources and Electric Power, Zhengzhou 450011, P. R. China. Email: lingling lv@163.com
(Lingling Lv).

Hnstitute of electric power, North China University of Water Resources and Electric Power, Zhengzhou 450011, P. R. China.
Email: zhe_Zhang5218@163.com (Zhe Zhang)

8§Computer and Information Engineering College, Henan University, Kaifeng 475004, P. R. China. Email:
zhanglei@henu.edu.cn (Lei Zhang).

YComputer and Information Engineering College, Henan University, Kaifeng 475004, P. R. China. Email: liuxianx-
ing@henu.edu.cn (Xianxing Liu). Corresponding author.
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feedback is presented. The algorithm can realize accurate configuration of the closed-loop poles and obtain
the numerical solution of the control gain. After solving the basic poles assignment problem, it is tempting
to think: can we improve this algorithm to achieve the robustness of the system? The answer is positive.
By optimizing the free parameter matrix in the proposed algorithm, this paper presents an algorithm on the
minimum norm and robust poles assignment for the periodic linear discrete-time system. This algorithm can
significantly improve the robust performance of closed-loop system. Two numerical examples are worked out
to illustrate the effect of the proposed approaches.

Here, we give descriptions of some symbols which will be encountered in the rest of this paper. tr(A) means
the trace of matrix A. Norm || A|| is a Frobenius norm of matrix A. A(A) means the eigenvalue set of matrix
A and @4, denotes the monodromy matrix Ax_1Ax_o--- Ap.

2 Main Discussions

2.1 Poles Assignment with Periodic State Feedback

Consider the completely reachable LDP systems as:

qr+1 = Arqr + Brug, (1)

where state matrix A, € R™*™ and input matrix By € R™*" are K-periodic. Based on the periodic feedback
law in the form of

uk = Frqg, (2)
where F}, is the K-periodic control gain, the closed-loop system can be obtained as
dk+1 = Ac,qua (3)

where A.j denotes (Ax + By Fy). Then the problem of poles assignment for periodic discrete-time linear
system by control law (2) can be represented as

Problem 1 Consider the completely reachable periodic discrete-time linear system (1), seek the periodic
state feedback gain F), € R™*", k € 0, K — 1, such that the poles of corresponding periodic closed-loop system
(3) are set to the predetermmed position T' = {\1, -+, \,}, where T should be symmetrical about the real
aris.

In the following, we will first present a new poles assignment algorithm via periodic state feedback, then give
strict mathematical argument to show the correctness of the proposed algorithm.

Algorithm 1 (Poles assignment with periodic state feedback)

1. Choose the appropriate K -periodic matrices Ak € R™" k€ 0,K — 1, satisfying A7 ) =1I". Further,

choose G, € R™*" k € 0, K — 1 such that periodic matric pairs (Ak, Gy) are completely observable and
A(‘bgk) NA(®,4,)=0;

2. Set tolerance €, for arbitrary initial matriz X (0) € R**" k€ 0, K — 1, calculate

Q1 (0) :Bka+Aka( ) — Xi41(0)Ay;

Ri(0) = — AL Qr(0) + Qi—1(0) A} _y;
P(0) = _Rk( );
j=0;
2
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3. While |Rr(j)|| < e,k €0,K — 1, calculate

) - — 1£waRRﬁRuﬁ]~ N
o Ak + P () A
Xk(j + 1) = Xe(j) + () Pe(j) € R™™;
Qu(j+1) = BrGr + Ak Xk (G + 1) — Xpy1 (j + 1) A), € R™X™
Re(j+1) = —ALQu( + 1)+ Quoa ( + DAL
S IR G+ DI
Yo 1B (G)I?

PG+1)=-Re(G+1)+ Py(j) € R*™;
j=i+ 1
4. Let X} = Xy (j), calculate the periodic state feedback gain Fy, by
F=Gr(X;) Hke0, K —1.

To verify the validity of the above algorithm, we would provide several necessary lemmas for the problem
under discussion, whose correctness can be easily checked by detail computation or derivation, and their
proof is omitted due to space limitations.

Lemma 1 For k > 0, the following equation holds:

T-1

> tr [REG+1)Pu(5)] =0
k=0

for all {Rx(5)} and {Px(j)} derived from Algorithm 1.

Lemma 2 For k > 0, the following equation holds:
T—1 T—1
. . . 2
>t [REGDP)] = = Y IR
k=0 §=0
for all {Ry(j5)} and {Px(j)} generated by Algorithm 1.

Lemma 3 For k > 0, the following relation holds:
T-1 A i2) 2
> (1= IR G)IP)
K— }
>0 Zk:ol ||Pk(3)||2

for all {R(5)} and {Px(j)} generated by Algorithm 1.

< 00.

Based on these lemmas, we can further draw the following conclusion.

Theorem 1 The matrices X;;,k € 0,17 — 1 generated by Algorithm 1 satisfy periodic Sylvester matric equa-
tion
Aka—Xk+1Ak+Bka =0,ke0,K—1. (4)

Proof. To explain matrices Xi,k € 0, K — 1 generated by Algorithm 1 are solutions to equation (10),
we first illustrate that this problem is related to the convergence of matrix sequence {Ry(j)},k € 0,7 —1
generated by Algorithm 1.
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According to equation (10), construct the following index function:
K1, e
J=3 5| BeGr+ Axi - X A 5
;0 5 || BEGE + Ak k+1Ak (5)

It is easily obtained that for £ € 0, K — 1,

oJ ~ ~ ~
X — A7 (B]gGk + A Xy, — ch-i—lAk) + (Bk—le—1 + Ap—1 Xp—1 — XkAlc—l) Al

So far, if we can find matrices X}, k € 0, K — 1 such that

oJ

X, =0

X=X}

then matrices X,k € 0, K — 1 must be the solution to equation (10) in the meaning of least squares. From
the formulation of sequence {Rk(j)},k € 0,7 — 1 in Algorithm 1, we can see

oJ
00Xk

Ri(j) =

X=X« (7) .

That is to say, if matrix sequence {Ry(j)},k € 0,7 — 1 can converge to zero, matrices X,k € 0,K —1
generated by Algorithm 1 must satisfy periodic matrix equation (10).

In the remaining, we only need proof that, for k € 0, K — 1

lim | Rx ()] = 0.
j—o0

By Lemma 1 and the expressions of Px(j 4+ 1) in Algorithm 1, we have

K-1 K—1 2 2
Z ”Rk( + Dl ,
> PG+ 1) =Z —Rip(j+1) > Pi(j)
k=0 Yo IR
2K 1 K—1
Rk 7j+1 2 .
(Z o | o > 1RO+ X IR+ I
”Rk =0 k=0
Let
R v 15 X0)]
i= 2
(SIS 1RGP
Then the preceding relation can be written as
t t; + ! (6)
J+1 =Y K—1 . 2"
> ko I1Re(+ 1)
equivalently.
We now proceed by contradiction and assume that
K-1
. . 2
Jim, ; IRk (I # 0. (7)

This relation implies that there exists a constant d > 0 such that
K—1
> IR
k=0
for all j > 0. Tt follows from (6) and (7) that
Jj+1

tit1 S to+—5—-
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And it shows that

So we have

This gives a contradiction.
Thus, the correctness of the theorem has been proved. m
As for the effectiveness of Algorithm 1, we have the following conclusion:

Theorem 2 Consider completely reachable periodic discrete-time linear system (1), the K-periodic matrix
Fy generated from Algorithm 1 is a solution of the problem of poles assignment with periodic state feedback.

Proof. Notice that the poles of LDP system (1) are the poles of the monodromy matrix ®4,. According to
algorithm 1, ® 4, Dossesses the desired pole set T'. To assign the poles of the closed-loop system (3) to set

T", we just need find n-order invertible matrices Xy, k € 0, K — 1, such that
X Aa Xy = Ay, (8)

namely

X (Ag + BuFo) Xy = Ay, 9)
Pre-multiplying the above equation by matrix Xy gives
ArXy — Xp1Ap + BeFyXp =0,k €0, K — 1,

Let
Gy = Fr Xy,

then Problem 1 is converted to the problem of solving the periodic Sylvester matrix equation in the form of
ApXy — Xpp1Ar + BrGr =0,k € 0, K — 1. (10)

The step 2-3 in Algorithm 1 involve the solution of this matrix equation, and its correctness has been proved
in [13]. By solving the solution matrix X, the periodic feedback gain can be obtained as

F, =Gy X, ' k€0, K — L. (11)

That is, the periodic feedback gain Fj, derived from (11) is a solution to Problem 1. m

Remark 1 For the periodic matriz gk, it should satisfy A(® z) = I'. This requirement can be achicved by
letting Fy be the real Jordan canonical form of the desired pole set and Fy,k € 1, K — 1 be unit matrices of
corresponding dimension.

Remark 2 If system (1) is completely reachable and A(® 7)NA(P4) = 0, then Xy will be invertible naturally.
That’s why the algorithm requires condition A(® 7) N A(P4) = 0.
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2.2 Robust Consideration

In the previous subsection, the iterative algorithm can provide infinite numerical solutions for the pole
assignment problem via periodic state feedback by choose different parameter matrix Gj. Therefore, by
adding some additional conditions to the feedback gain matrix Fj,,k € 0, K — 1 and transforming matrix
X,k € 0, K — 1, the free parameter matrix Gy can be used to achieve the robustness of the system. In
general, the small feedback gain is robust. Because small gain means small control signals, that is beneficial
to reduce noise amplification. At the same time, in the sense of poles assignment, the closed-loop poles to be
configured should be not as sensitive as possible to disturbances in the system matrix. Thus, the following
robust and minimum norm pole assignment problem via periodic state feedback is proposed.

Problem 2 Consider the completely reachable linear periodic discrete-time system (1), seek the K -periodic
state feedback gain Fy € R™*™  such that

1. the poles of corresponding periodic closed-loop system are set to the predetermined position I' =
{)\17 e 7An};

2. The periodic feedback gain is as small as possible and the closed-loop poles are not as sensitive as
possible to disturbances in the system matrix.

In order to solve Problem 2, the index function in [8] is introduced as follows:

1 K-1 1 K-1
TG =75 3 (X + (1=7)5 3 IR, (12)
k=0 k=0

where 0 < v < 1 is a weighting factor. It is noted that when v = 0, J(Gy) degenerates into the index
function of the minimum norm problem; when v = 1, J(G}) becomes a purely objective function to solve the
robust problem. Obviously, the weight + leads to the combination of these two problems. [8] gives explicit
analytical expressions for the index function J and its gradient. So it’s easy to minimize J(Gy) by using any
gradient-based search method. Therefore, we can present an algorithm for the problem of periodic robust
and minimum norm poles assignment.

Algorithm 2 (Robust and minimum norm poles assignment)

1. Choose the appropriate K -periodic matrices ﬁk € R™™ satisfying A(® 3 ) =T, and initialize G}, €
R™ "™ such that periodic matriz pairs (Zk, Gy) are completely observable and A5 ) NA(DPy,)=0;

2. Set tolerance ¢, for arbitrary initial matriz X;(0) € R™*" k € 0, K — 1, calculate
(0) = B,G + Aka( ) Xk+1(0)Ak;
Ri(0) = —AL Qr(0) + Qi—1(0) A} _5;
Pr(0) = =Ry (0);
j =0
3. While |[R(j)|| < e,k € 0,K — 1, calculate

o) = kot [P () Re(5)] N
0 AP G) + P ()AL
X (G +1) = Xi(j) + a(4) Pr(j) € R™™;
Qr(j +1) = ByGi + ApXp(j + 1) — X1 (j + 1) Ay € R™™,
Ri(j+1) = —AFQr(j +1) + Qror ( + VAT
Zf‘l |7l + D)’
Yico I1REG)I?

P.(j+1)=—-Rp(j+1)+ Pr(5) € R™™"™;

J=j+1L
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4. Based on gradient-based search methods and the index (12), choosing the appropriate weighting factor
v, solve the optimization problem

Minimize J(Gg).
Denote the optimal decision matriz by Gopt i;
5. Substituting Gopr into step 2-8 gives optimization solution Xop 1 (5);

6. Let Xopt ks = Xopt,k(j), calculate the robust and minimum norm periodic state feedback gain Fop o by

Fopt,k = Gopt,kXo_pi,k,k S O,K —1.

3 Numerical examples

Example 1 Consider the completely reachable system described by

q(t+1) = A(t)q(t) + B(t)u(t)

with

[0 e 0O 0 0 0 0 1 0 0
100 0 0 0 1 0 0 0

Ag=|0 0 e 0 0], A=]1 0 e 0 0],
00 0 el 0 0 1—e* 0 et 0
(000 0 1 0 0 0 0 1
1 0 1 0
0 1 0 1

By=|e—1 0 ,Bi=|e—-1 0
0 1—et 0 1
1 0 1 0

Find 2-periodic control law u(t) = F(t)q(t) such that the poles of the periodic close-loop system are assigned
at T'={0.5+0.54,0.7+ 0.7i, —0.6}. Specially, let

e 0 20 1
GO =105 _e1 o0 1 2|t=01
05 05 0 0 0
05 05 0 0 0
0 0 07 07 0 |.t=0
0 0 -07 07 0
O 0 0 0 06

OO O O
OO O = O
OO = OO
O = O OO
_ O O OO

-

Il

—_

The proposed Algorithm 1 applied to the example gives the following 2-periodic feedback gain:

F(0) = 2.8249 —-0.4278 —2.6334 2.3210 0.4035
] 11033 0.2796 —0.8349 1.4695 0.2045 |’

F(1) = —0.2648 —1.0196 —0.7015 —0.2593 —0.0573
] 1.0698 —1.7859 1.4382 —0.7656 —0.2827 |-

What can be verified is that the poles assignment is valid.
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Example 2 This example is borrowed from [12]. The desired close-loop eigenvalues set is

I' ={0.5,0.6,0.7,—0.6, —0.7}. Arbitrarily assigning the parameter matriz Gy, as

03 05 21 0 1.1

G(t):{o.ﬁ 11 07 12 02 | '=0!

gives a group of feedback gains as follows:

1.0000  —0.0000  0.0000  0.0000 0.0000
Frand(o) = |: :| ’

36.9007 —19.7886 93.1374 19.1142 —-9.4571

Frana(1) = —0.0045 0.0419 -1.3397 —-0.0351 0.0476
randl® 70,8356 0.1582  1.9971 0.4532  —0.5408 |~

Applying Algorithm 2 with v = 0.5 gives the following robust feedback gains:

Fropa(0) = 1.0000  0.0000  0.0000 —0.0000 —0.0000
robul™ 70,0289 —2.6601 —0.0603 2.9199  0.0054 |’

[—0.0332 0.0005 —1.2358 —0.0004 0.0200}

Frobu(1) = 0.0042 —0.8145 —0.0068 1.0742 0.0029

Let the close-loop system matrices be perturbed by A € R ™ k = 0,1, which are random perturbations
satisfying ||Ax|| = 1,k = 0,1. Then the close-loop system with perturbations can be represented as:

Ack + ,qulmk = 07 ]-7

where > 0 is a factor representing the disturbance level. According to [14], the following index can be
adopted to measure the robustness of the corresponding close-loop system:

Au(A) = ma [N {(Aer + A1) (Aeo + o)},

where \i{A} denotes the i-th eigenvalue of matriz A. 3,000 randomized trials were performed at u equal to
0.002, 0.003 and 0.005, respectively. The worst and the average value of d,,(Ay) corresponding to Fropu and
Frana respectively are listed in Table 1. Polar plots of the trials are depicted in Fig.1, where the left hand
side refers to Fropu and the right hand side refers to Fiana. As we can see, in the presence of disturbances,
the robust periodic feedback gain Fiopu always performs better than Frang.

Table 1: Comparison between K, on, and Kiang
I 1#=0.002 ©=0.003 1=0.005
d, Fiobu | Frand | Frobu | Frand | Frobu Frand
Worst | 1.0237 | 3.3798 | 1.0197 | 4.7927 | 1.1561 | 10.9309
Mean | 0.7262 | 1.3667 | 0.7244 | 1.5881 | 0.9022 | 2.5102

In terms of minimum norm, we compute the robust periodic feedback gains by minimize the index J(Gy) at

~ equal to 0,0.5 and 1 respectively and the feedback norm | Fol|, |Fy| together with |[F| = /|| Fol® + || Fu|*.
The results can be see in Table 2.

Table 2: Comparison between K,ony and Kiang
Factor | |[Foll | (14l | [IF]l

vy=0 | 2.2230 | 2.2549 | 3.1665
v=0.5 | 4.0751 | 1.8292 | 4.4668
vy=1 | 4.0727 | 1.8289 | 4.4645
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(a) Perturbed eigenvalues of the close-loop system with p = 0.002
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(b) Perturbed eigenvalues of the close-loop system with p = 0.003
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(c¢) Perturbed eigenvalues of the close-loop system with p = 0.005

Figure 1: Perturbed eigenvalues of the close-loop system with different disturbance levels
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4

Conclusions

Poles assignment with periodic state feedback and periodic robust and minimum norm poles assignment are
discussed in this paper. Through mathematical derivation, the poles assignment problem is transformed into
the solution to the periodic Sylvester matrix equation. Based on the recent method of solving the equation,
an algorithm for solving the problem of poles assignment is presented. In this algorithm, the parameter
matrix G can be used for further discussion on robustness. By analyzing the theory of robustness and the
minimum norm, an index function of matrix Gy is adopted. Based on the gradient search algorithm, the
optimization decision matrix is finally given, and the robust and minimum norm gain is thus obtained. Two
examples demonstrate the effectiveness of the proposed approaches.
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C*-ALGEBRA-VALUED MODULAR METRIC SPACES AND
RELATED FIXED POINT RESULTS

BAHMAN MOEINI', ARSLAN HOJAT ANSARI?, CHOONKIL PARK?® AND DONG YUN SHIN*

ABSTRACT. In this paper, a concept of C*-algebra-valued modular metric space is
introduced which is a generalization of a modular metric space of Chistyakov (Folia
Math. 14 (2008), 3-25). Next, some common fixed point theorems are proved for
generalized contraction type mappings on such spaces. Also, to support of our results
an application is provided for existence and uniqueness of solution for a system of
integral equations.

1. INTRODUCTION

One of the main directions in obtaining possible generalizations of fixed point results
is introduced in new types of spaces. The notion of modular spaces, as a generalization
of metric spaces, was introduced by Nakano [18] and was intensively developed by Koshi
and Shimogaki [12], Yamamuro [23] and others. Also, the theory of fixed points in the
content of modular spaces was investigated by Khamsi et al. [11] and many authors
generalized these results [1,2,9,10,15,22].

In 2008, Chistyakov [3] introduced the notion of modular metric spaces generated by
F-modular and developed the theory of this space. In 2010, Chistyakov [4] defined the
notion of modular on an arbitrary set and developed the theory of metric spaces gener-
ated by modular which are t called the modular metric spaces. Recently, Mongkolkeha
et al. [16,17] have introduced some notions and established some fixed point results in
modular metric spaces.

In [14], Ma et al. introduced the concept of C*-algebra-valued metric spaces. The
main idea consists in using the set of all positive elements of a unital C*-algebra instead
of the set of real numbers. They showed that if (X, A, d) is a complete C*-algebra-valued
metric space and T': X — X is a contractive mapping, i.e., there exists an a € A with
|la|| < 1 such that

d(Tz,Ty) < a*d(z,y)a, (Vz,y e X).
Then T has a unique fixed point in X. This line of research was continued in [7,8,
13,21, 24], where several other fixed point results were obtained in the framework of
C*-algebra valued metric, as well as (more general) C*-algebra-valued b-metric spaces.
Recently, Shateri [20] introduced the concept of C*-algebra-valued modular space which
is a generalization of a modular space and next proved some fixed point theorems for
self-mappings with contractive or expansive conditions on such spaces.

In this paper, new type of modular metric space is introduced and by using some ideas
of [19] some common fixed point results are proved for self-mappings with contractive

9Corresponding authors: baak@hanyang.ac.kr (Choonkil Park), dyshin@uos.ac.kr (Dong Yun Shin)

2010 Mathematics Subject Classification. Primary 47H10; 54H25; 46L05.

Key words and phrases. modular metric space, C*-algebra-valued modular metric space, common
fixed point, occasionally weakly compatible, integral equation.
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conditions on such spaces. Also, some examples to elaborate and illustrate our results
are constructed. Finally, as application, existence and uniqueness of solution for a type
of system of nonlinear integral equations is established.

2. BASIC NOTIONS

Let X be a nonempty set, A € (0,00) and due to the disparity of the arguments,
function w : (0,00) x X x X — [0,00] will be written as wy(z,y) = w(A, z,y) for all
A>0and z,y € X.

Definition 2.1. [3] Let X be a nonempty set. A function w : (0,00) x X x X — [0, o0
is said to be a modular metric on X if it satisfies the following three axioms:
(i) given z,y € X, wx(x,y) =0 for all A > 0 if and only if x = y;
(i) wx(z,y) = wr(y,x) for all A > 0 and =,y € X;
(119) wrrp(z,y) <wr(w,2) +wu(z,y) for all A > 0 and z,y,2 € X.

Then (X,w) is called a modular metric space.

Recall that a Banach algebra A (over the field C of complex numbers) is said to be a
C*-algebra if there is an involution  in A (i.e., a mapping * : A — A satisfying a™* = a
for each a € A) such that, for all a,b € A and A\, u € C, the following holds:

(1) (Aa+ pb)* = Aa* + ab*;
(ii) (ab)* = b*a™;

(iid) [la*al| = |la]/2

Note that, from (iii), it follows that |la|| = ||a*|| for each a € A. Moreover, the
pair (A, %) is called a unital *-algebra if A contains the unit element 15. A positive
element of A is an element a € A such that a* = a and its spectrum o(a) C R4, where
o(a) = {\ € R : Ay — a is noninvertible}. The set of all positive elements will be
denoted by A . Such elements allow us to define a partial ordering ‘>’ on the elements
of A. That is,

b>a ifandonlyif b—a e A;.
If a € A is positive, then we write a = 6, where 6 is the zero element of A. Each positive
element a of a C*-algebra A has a unique positive square root. From now on, by A we
mean a unital C*-algebra with unit element 1. Further, Oy = {a € A : a = 0} and

(a*a)? = al.
Lemma 2.2. [5] Suppose that A is a unital C*-algebra with a unit 14.

(1) For any x € Ay, we have x < 15 < ||z]] < 1.

(2) If a € Ay with ||a|| < 3, then 14 — a is invertible and ||a(1y —a)™!|| < 1.

(3) Suppose that a,b € A with a,b = 0 and ab =ba. Then ab > 6.

(4) By A" we denote the set {a € A : ab =ba,Vb € A}. Leta € A'. If b,c € A with
b=c>=0 and 1p, —a € A is an invertible operator, then

(1p —a) b= (14 —a) e
Notice that in a C*-algebra, if 8 < a,b, one cannot conclude that 6 < ab. For ex-

ample, consider the C*-algebra My (C) and set a = < g g >, b= < 1_2 _42 > . Then

ab = ( :i z > Clearly a,b € My(C)., while ab is not.

In the following we begin to introduce and study a new type of modular metric space
that is called a C*-algebra-valued modular metric space.
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Definition 2.3. Let X be a nonempty set. A function w : (0,00) X X x X — A is
said to be a C*-algebra-valued modular metric (briefly, C*.m.m) on X if it satisfies the
following three axioms:
(i) given z,y € X, wy(x,y) = 0 for all A > 0 if and only if x = y;
(i) wx(z,y) = wr(y,x) for all A > 0 and z,y € X;
(119) wrp(z,y) Jwr(e,2) +wu(z,y) for all A\, p >0 and z,y,2 € X.
The truple (X, A, w) is called a C*.m.m space.

If instead of (i), we have the condition
(i) wa(x,z) = 0 for all A > 0 and = € X, then w is said to be a C*-algebra-valued
pseudo modular metric (briefly, C*.p.m.m) on X and if w satisfies (i'), (¢i7) and
(i") given z,y € X, if there exists a number X\ > 0, possibly depending on z and v,
such that wy(z,y) = 0, then z = y, then w is called a C*-algebra-valued strict modular
metric (briefly, C*.s.m.m) on X.

A C*m.m (or C*.p.m.m, C*.s.m.m) w on X is said to be convex if, instead of (ii7),

we replace the following condition:

(iv) wrpulz,y) =2 ﬁwx(w,z) + ﬁ”uwu(z,y) for all \,u > 0 and z,y,2 € X.

Clearly, if w is a C*.s.m.m, then w is a C*.m.m, which in turn implies that w is a
C*.p.m.m on X, and similar implications hold for convex w. The essential property of
a C*.m.m w on a set X is as follows: given z,y € X, the function 0 < A — wy(z,y) € A
is non increasing on (0,00). In fact, if 0 < pu < A, then we have

w/\(x,y) jw/\,#(fl?,.%') +w,u($7y) :w”(x,y). (21)
It follows that at each point A > 0 the right limit wyio(z,y) := limerowrie(x,y)
and the left limit wy_o(z,y) := lime4owx—_c(x,y) exist in A and the following two

inequalities hold:
waro(,y) 2wz, y) 2 wro(z,y).
It can be checked that if ¢y € X, then the set

Xo={reX: AlLrgowA(x,xo) =0}

is a C*-algebra-valued metric space, called a C*-algebra-valued modular space, where
d° : X, x X, — A is given by

d° =1inf{\ > 0: lwr(z,y)|| < A} for all 2,y € X,,.
Moreover, if w is convex, then the set X, is equal to

X5 ={r e X :3X=A(x) > 0such that ||wy(z,x)| < oo}

and df, : X}, x X — A is given by

dy, =1inf{\ > 0: |lwr(z,y)|| <1} for all z,y € X.

It is easy to see that if X is a real linear space, p: X — A and
wi(z,y) = p(%) forall A >0 and z,y € X, (2.2)

then p is a C*-algebra valued modular (convex C*-algebra-valued modular) on X if and
only if w is C*.m.m (convex C*.m.m, respectively) on X. On the other hand, assume
that w satisfies the following two conditions:

(1) wx(pz,0) =wa(z,0) for all \, x> 0 and = € X;
m
(i) wx(z + z,y + 2) = wyr(z,y) for all A > 0 and z,y,z € X.
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If we set p(x) = wi(x,0) with (2.2), where x € X, then X, = X, is a linear
subspace of X and the functional ||z|, = d’(z,0), * € X, is an F-norm on X,.
If w is convex, then X; = X = X, is a linear subspace of X and the functional

2], = di(z,0), x € X}, is a norm on X7.

Similar assertions hold if we replace C*.m.m by C*.p.m.m. If w is C*.m.m in X,
then the set X, is a C*.m.m space.

By the idea of property in C*-algebra-valued metric spaces and C*-algebra-valued
modular spaces, we define the following:

Definition 2.4. Let X, be a C*.m.m space.

(1) The sequence (zy)nen in X, is said to be w-convergent to = € X, with respect
to A if
wx(Tn,x) = 0 as n — oo for all A > 0.
(2) The sequence (z,)nen in X, is said to be w-Cauchy with respect to A if
wx(Tm, n) — 0 as m,n — oo for all A > 0.
(3) A subset C' of X, is said to be w-closed with respect to A if the limit of the
w-convergent sequence of C always belongs to C.
(4) X, is said to be w-complete if any w-Cauchy sequence with respect to A is
w-convergent.
(5) A subset C of X, is said to be w-bounded with respect to A if for all A > 0
3w (C) = sup{|jwr(z, y)||; z,y € C} < 0.

Definition 2.5. Let X, be a C*.m.m space. Let f, g be self-mappings of X,,. A point
z in X, is called a coincidence point of f and ¢ if and only if fx = gx. We shall call
w = fxr = gz a point of coincidence of f and g.

Definition 2.6. Let X, be a C*.m.m space. Two self-mappings f and g of X, are
said to be weakly compatible if they commute at coincidence points.

Definition 2.7. Let X, be a C*.m.m space. Two self-mappings f and g of X, are
occasionally weakly compatible (owc) if and only if there is a point x in X, which is a
coincidence point of f and ¢ at which f and g commute.

Lemma 2.8. [6] Let X, be a C*.m.m space and f,g owc self-mappings of X,,. If f
and g have a unique point of coincidence, w = fxr = gx, then w is a unique common
fized point of f and g.

3. MAIN RESULTS

Theorem 3.1. Let X, be a C*.m.m space and I,J,R, S, T,U : X, — X, be self-
mappings of X, such that the pairs (SR, 1) and (TU,J) are occasionally weakly com-
patible. Suppose there exist a,b,c € A with 0 < ||la]|? + ||b]|* + ||l¢[|> < 1 such that the
following assertion for all x,y € X, and X\ > 0 hold:

(3.1.1) wx(SRz, TUy) <X a*wx(Iz, Jy)a + b*wx(SRx, Jy)b + c*wor(TUy, Ix)c;

(3.1.2) ||wA(SRz, TUy)| < oo.

Then SR,TU,I and J have a common fixed point in X,. Furthermore, if the pairs
(S,R),(S,I),(R,I),(T,J),(T,U),(U,J) are commuting pairs of mappings, then I, J, R, S, T
and U have a unique common fized point in X,,.

Proof. Since the pair (SR, I) and (TU,J) are occasionally weakly compatible, there
exist u,v € X, : SRu = Iu and TUv = Jv. Moreover, SR(Iu) = I(SRu) and
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TU(Jv) = J(TUv). Now we can assert that SRu = TUv. If not then by (3.1.1)
wA(SRu, TUv) = a*wy(Iu, Jv)a + b*wy(SRu, Jv)b+ c*wor(TUv, Tu)c
= a*wy(Tu, Jv)a + b*wy(Tu, Jv)b + c*wop (Jv, Tu)c (3.1)
= a*wy(Tu, Jv)a + b*wx(Lu, Jv)b + c*wap(ITu, Jv)e.
By definition of C*.m.m space and (2.1) and (3.1), we have
WA(SRu, TUv) = a*wy(Iu, Jv)a + b wx(Iu, Jv)b+ c*(wx({u, Tu) + wx({u, Jv))c
= a*wy({u, Jv)a + b*wy(Lu, Jv)b + c*wr(lu, Jv)c
= a*(wr(Tu, Jv))2 (wx(Tu, Jv))2a + b (wy (T, Jv)) 2 (wx (Tu, Jv))
+c* (wx(Tu, Jv))%(wA(Iu, Jv))%c
= (a(wx(Tu, Jv))2)*(a(wr(LTu, Jv
+(b(wr(Lu, Jv))2)*(b(wr(Iu, Jv)
+(c(wr(Lu, Jv))z)*(c(wr(Iu, Jv))
= |a(wr(Tu, J’U))%]2 + [b(wx(Lu, J’U))%\2 + |e(wr(Tu, Jv))%]2
= flalwn(Tu, Jv) 2214 + [[b(wr(Tu, Jv) 2 214 + lle(wr(Tu, Jv) 2 [1a.

N

b

)
1
2
1
2

S—
NI = ~—

)
)

P

*

Thus ) ) )
lwa(SRu, TUW)|| < [lwx(Tu, Jo)||([lal[* + [16]]* + {lc])
< lwr(Tu, Jv)||.
So [|wa(Tu, Jv)|| < |lwx(Lu, Jv)||, which is a contradiction. Hence SRu = TUv and thus
SRu=Iu=TUv = Jv.
Moreover, assume that there is another point z such that SRz = Iz. Using (3.1.1),

wA(SRz, TUv) = a*wx(Iz,Jv)a+ b wr(SRz, Jv)b+ c*wor(TUwv, I12)c
= a*w)(SRz,TUv)a + b*wx(SRz, TUv)b + c*wor(SRz, TUv)c.
(3.2)
By a similar way, ||wx(SRz, TUv)|| < |[|wr(SRz, TUv)||(||lal|? + ||b]|* + ||l¢[|?), which is a
contradiction. Hence we get

SRu=1ITu=TUv = Jv. (3.3)

Thus from (3.2) and (3.3), it follows that SRu = SRz. Hence w = SRu = Iu, for some
w € X, is the unique point of coincidence of SR and I. Then by Lemma 2.8, w is a
unique common fixed point of SR and I. So SRw = [w = w.

Similarly, there is another common fixed point w’ € X, : TUw' = Juw' = w'.

For the uniqueness, suppose w # w’. Then by (3.1.1), we have

WA(SRw, TUW'") = wy(w,w")
=< a*wy(Tw, Jw*wy(SRw, Jw wor(TUw, Iw')c
= a*wy (w, w*wy(w, w*woy (w, w')e.

Thus |Jwy (w, w)|| < |lwx(w, w + ||b]|* + ||c||?), which is a contradiction. Hence w = w'.
So w is a unique common fixed point of SR, TU, I and J.
Furthermore, if (S, R), (S,I), (R,I), (T,J), (T,U), (U,J) are commuting pairs, then
Sw = S(SRw) = S(RS)w = SR(Sw)
Sw = S(Iw) = S(RS)w = I(Sw)
Rw = R(SRw) = RS(Rw) = SR(Rw)
Rw = R(Iw) = (Rw),
which show that Sw and Rw is a common fixed point of (SR, I), which gives SRw =
Sw=Rw=Iw=w.
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Similarly, we have TUw = Tw = Uw = Jw = w. Hence w is a unique common fixed

point of S, R, I, J, T, U. O

Corollary 3.2. Let X, be a C*.m.m space and I,J,S,T : X, — X, be self-mappings
of X, such that the pairs (S,I) and (T, J) are occasionally weakly compatible. Suppose
there exist a,b,c € A with 0 < ||a||>+|b]|*> + ||c[|* < 1 such that the following assertions
for all x,y € X, and X\ > 0 hold:

(3.2.1) wa(Sz, Ty) = a*wr(Iz, Jy)a + b*wx(Sxz, Jy)b + c*wor(Ty, Ix)c;
(3.2.2) |lwa(Sz, Ty)| < oc.
Then S,T,I and J have a unique common fixed point in X,,.

Proof. If we put R = U := Ix, where Ix  is an identity mapping on X, then the
result follows from Theorem 3.1. O

Corollary 3.3. Let X, be a C*.m.m space and S, T : X, — X, be self-mappings of X,
such that S and T are occasionally weakly compatible. Suppose there exist a,b,c € A
with 0 < ||al|? 4 |b]|? + ||c||? < 1 such that the following assertions for all x,y € X,, and
A >0 hold:

(3.3.1) wx(Tx,Ty) = a*wx(Sz, Sy)a + b*wx(Tx, Sy)b + c*wor(Ty, Sx)c;
(3.3.2) ||wA(Tz, Ty)| < oo.
Then S and T have a unique common fized point in X,,.

Proof. If we put I = J : =5 and S := T in (3.2.1) and (3.2.2), then the result follows
from Theorem 3.1. g

Corollary 3.4. Let X, be a C*.m.m space and S,T : X, = X, be self-mappings of
X such that S and T are occasionally weakly compatible. Suppose there exists a € A
with 0 < ||a|| < 1 such that the following assertions for all z,y € X,, and A > 0 hold:
(3.4.1) w\(Tx,Ty) < a*wx(Sx, Sy)a;

(3.4.2) |lwa(Tx, Ty)|| < 0.

Then S and T have a unique common fized point in X,,.

Proof. If we put b = ¢ := 0,4 in (3.3.1), then the result follows from Corollary 3.3. [

4. EXAMPLES
In this section we provide some nontrivial examples in favour of our results.

Example 4.1. Let X = R and consider A = M (R) of all 2 x 2 matrices with the usual
operation of addition, scalar multiplication and matrix multiplication. Define a norm

1
on A by ||A| = <Zz2,j:1 ]aij\z) “and % : A — A, given by A* = A for all A € A, defines

an involution on A. Thus A becomes a C*-algebra. For
al]l ai2 bll b12
A= ,B = € A = My(R),
( az a2 ) ( ba1 Do ) 2(R)

we denote A < B if and only if (a;; — b;;) <0 for all 4,5 =1,2.
Define w : (0,00) x X x X — A by

CII
wi(z,y) = 0 2=y
A

for all z,y € X and A > 0. It is easy to check that w satisfies all the conditions of
Definition 2.3. So (X, A,w) is a C*.m.m space.
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Example 4.2. Let X ={L :n=1,2,---} where 0 < ¢ < 1 and A = My(R). Define
w:(0,00) x X x X — A by

E
nta) = (T s

for all z,y € X, a > 0 and A > 0. Then it is easy to check that w is a C*.m.m. space.

Example 4.3. Let X = L>(FE) and H = L?(E), where E is a Lebesgue measurable
set. By B(H) we denote the set of bounded linear operators on the Hilbert space H.
Clearly, B(H) is a C*-algebra with the usual operator norm.

Define w : (0,00) X X x X — B(H) by

w)\(fag):ﬂw%w (vageX)
Here 7, : H — H is the multiplication operator defined by

Th(¢) =h- ¢

for ¢ € H. Then w is a C*.m.m and (X, B(H),w) is an w-complete C*.m.m space. It
suffices to verify the completeness of X,,. For this, let {f,} be an w-Cauchy sequence
with respect to B(H), that is, for an arbitrary € > 0, there is N € N such that for all
m,n > N,

Jeor U £l = I s [l = 12202 < 2

So {fn} is a Cauchy sequence in Banach space X. Hence there are a function f € X
and N1 € N such that

fon—f

1 e <6 (0> M),

which implies that

fn—f
Jeoa (s £ = Nl sl = 1225
A
Consequently, the sequence {f,} is an w-convergent sequence in X, and so X,, is an

w-complete C*.m.m space.

loo <&, (0= N1).

Example 4.4. Let (X,A,w) be C*.m.m space defined as in Example 4.1. Define
S, T,1,J: X, — X, by

% ifIEE(—OO,l),
Se=Tex=1, Jr=2—x, lx =< 1 if x=1,
0 if v e (1,00)

for all z,y € X, =R and A > 0. Then we have
0 0
o= (5 0 )[=terse i<

For all a,b,c € A with 0 < ||a||? + ||b]|> + ||¢||> < 1, we get

0 0

0 0

x,y € X, and A > 0. Also clearly, the pairs (S, 1) and (7, J) are occasionally weakly

compatible. So all the conditions of Corollary 3.2 are satisfied and z = 1 is a unique
common fixed point of S, T, I and J.

= w)(Sz,Ty) = a*wr({z, Jy)a + b*wy(Sz, Jy)b+ c*war(Ty, [z)c for all
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5. APPLICATION

Remind that if for A > 0 and z,y € L>°(E), we define w : (0, 00) x L (E) x L>*(E) —
B(H) by
wr(z,y) = Tzsy)

where 7, : H — H is defined as in Example 4.3, then (L*°(E),, B(H),w) is an w-
complete C*.m.m space.

Let E be a Lebesgue measurable set, X = L>(E) and H = L?(E) be the Hilbert
space. Consider the following system of nonlinear integral equations:

x(t) = w(t) + ki(t, x(t)) + u/ n(t, s)h;(s,z(s))ds (5.1)

for all t € E, where w € L®(E), is known, k;(t,z(t)), n(t,s), hj(s,z(s)), i,5 = 1,2
and 7 # j are real or complex valued functions that are measurable both in ¢ and s on
E and p is a real or complex number, and assume the following conditions:

(a) supsck fE In(t, s)|dt = M; < 400,
(b) ki(s,z(s)) € L*°(E), for all z € L*°(FE),, and there exists L1 > 1 such that for
all s € E,

k(s 2(s)) — ka(s,y())] > Lila(s) — y(s)| for all 2,y € L¥(E).,

(¢) hi(s,x(s)) € L®(E), for all x € L*(E),, and there exists Ly > 0 such that for
all s € E,

ha(s,2(5)) — ha(s, 9())] < Lala(s) — y(s)] for all 2,y € L®(E),,
(d) there exists z(t) € L>®(FE), such that

x(t) —w(t) — M/En(t, s)hi(s,xz(s))ds = kq(t, x(t)),
which implies

b1 0) () - g, (e b o ()
= K (t, a(t ) MfE hl( (s))ds),
(e) there exists y(t) € L>®(E )w such that

y(t) — w(t) — p / n(t, s)ha(s, y(s))ds = ka(t, y(2)),

E
which implies

ka(t,y(t)) — ufE (5,ka(s,y(s)))ds
= ka(t, y(t ) — [z n( t s h2(8 y(s))ds).

Theorem 5.1. With the assumptions (a)—(e), the system of nonlinear integral equations

(5.1) has a unique solution z* in L*°(E), for each real or complex number pu with
1+|p|Lo My <1
L1 .

Proof. Define
saﬂ:aw—w@—u/n@@m@w@M&

E

Tﬂﬂzﬂﬂ—w@—u/n@@@@w@ﬁ&

E
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Iz(t) = ki (t, 2(t)), Jz(t) = ka(t, z(t)).

Set a = (/T2 b b= ¢ = Op(g). Then a € B(H)1 and 0 < [laf|> + [|b]]% +

el = FHEERE < 1.

For any h € H, we have
|wa(Sz, Ty)|| = Sup||h||:1(7f|w|h7 h)

= sup =1 [ [%‘ y) + p [y n(t,s)(ha(s,y(s) — hl(s,m(s))dsHh(t)%dt
< suppuo Sy [§|@ = 0) + 1 fpnlt, 5) (has,y(s) = ha(s, o(s))ds||[n(0) Pt
< fsup o1 fy IO Pdt |l = ylloo + 0IMi Loz — o]

1+|p| M7 L
< (MHelMibayy )

< (1+|N|M1L2)”k1(t7$( )))\’W(ty lloo

= L1
1 ML
= (LHEML2y ), (T2, Ty)|

= llal*lwx(Iz, Jy)||.
Then
lwa(Sz, Ty) || < llall?[lwa(Iz, Jy)|| + 1b]1*lwx(Sz, Jy) || + [lc]|*[lwan(Ty, Iz)||

for all z,y € L>®(E),, and A > 0. Also by conditions (d) and (e) the pairs (S,1) and
(T, J) are occasionally weakly compatible. Therefore, by Corollary 3.2, there exists a
unique common fixed point z* € L*°(FE), such that z* = Sz* = Ta* = Iz* = Ja¥,
which proves the existence of unique solution of (5.1) in L*°(E),. This completes the
proof. O
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Abstract

We introduced new viscosity rule for nonexpansive mappings in Hilbert Spaces.
The strong convergence theorem of the new rule is proved under certain assumptions
imposed on the sequence of parameters. Moreover, applications of proposed viscosity
rule are also given.
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1 Introduction

In this paper, we shall take H as a real Hilbert space, (-, -) as inner product, || - || as the
induced norm, and C' as a nonempty closed subset of H.

Definition 1.1. Let T': H — H be a mapping. T is called nonexpansive if
[Tz — Tyl < |lz—yll, Vr,yeH.

Definition 1.2. A mapping f : H — H is called a contraction if for all z,y € H and
6 €0,1)
Ifz — fyll < Ollz —y.

* Corresponding authors
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Definition 1.3. P.: H — (' is called a metric projection if for every x € H there exists
a unique nearest point in C, denoted by P.z, such that

lo - Pall <z —yll, Wyec.
The following theorem gives the condition for a projection mapping to be nonexpansive.

Theorem 1.4. Let C be a nonempty closed convex subset of the real Hilbert space H and
P.: H— H a metric projection. Then

(a) [|Pex — Poy||® < (& —y, Pex — Pey) for all z,y € H.

(b) P. is a nonexpansive mapping, that is, |z — Pex|| < ||z —yl| for all y € C.

(¢) (x — Pex,y — Pox) <0 forallx € H andy € C.

In order to verify the weak convergence of an algorithm to a fixed point of a nonex-
pansive mapping we need the demiclosedness principle:

Theorem 1.5. (The demiclosedness principle) ([2]) Let C' be a nonempty closed convex
subset of the real Hilbert space H and T : C — C such that x,, — x* € C and (I —=T)z,, —
0. Then z* = Tx*. (Here — and — denote strong and weak convergence, respectively).

Moreover, the following result gives the conditions for the convergence of a nonnegative
real sequence.

Theorem 1.6. ([9]) Assume that {an} is a sequence of nonnegative real numbers such
that any1 < (1 — yp)an + 0n,Vn > 0, where {v,} is a sequence in (0,1) and {6,} is a
sequence with

(1) 22520 = 0,

(2) limy,—, 00 SUpP f{—: <0 or Y7 |0n] < oc.

Then a, — 0 as n — oo.

The following strong convergence theorem, which is also called the wviscosity approxi-
mation method, for nonexpansive mappings in real Hilbert spaces is given by Moudafi [§]
in 2000.

Theorem 1.7. Let C' be a noneempty closed convexr subset of the real Hilbert space H.
Let T be a nonexpansive mapping of C into itself such that F(T) :={x € H : T(z) = =}
1s nonempty. Let f be a contraction of C into itself. Consider the sequence

€n

Tptl = mf(iﬂn) +

T >0
1+€n (:L'n)v n =4y,

where the sequence {e,} € (0,1) satisfies
(1) limy, o €, = 0,

€n+1 €n
Then {x,} converges strongly to a fized point x* of the nonexpansive mapping T, which

s also the unique solution of the variational inequality

(I-flz,y—=z)>0, VeFT).
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In 2015, Xu et al. [9] applied the viscosity method on the midpoint rule for nonexpan-
sive mappings and give the generalized viscosity implicit rule:

Ty + Tntl

Tntl = anf($n) + (1 - an)T< 2

>, Vn > 0.

This, using contraction, regularizes the implicit midpoint rule for nonexpansive mappings.
They also proved that the sequence generated by the generalized viscosity implicit rule
converges strongly to a fixed point of T. Ke and Ma [6], motivated and inspired by the
idea of Xu et al. [9], proposed two generalized viscosity implicit rules:

Tpp1 = anf(on) + (1 — )T (sprp + (1 — 55)Tpq1)

and
Tnt1 = nZpn + Bf(2n) + T ($nzn + (1 — 8p)Tpt1)-

In [3], Jung et al. presented the following viscosity rule

Tpy1 = T(yn),
Yn = an(wn) + ﬁnf(wn) + 'VnT(wn)a
o -'En+mn+1

In [7], Kwun et al. proved the strong convergence of the following viscosity rule

Tnt+1 = T(yn)a
Yn = an(Tn) + Bnf(zn) + VHT(W#)'

Our contribution in this direction is the following new viscosity rule

Tptl1 = Qp Zn ¥ Tntl + Bnf ot Znpl + T Zat Zoi1 . (1'1)
2 2

2 New viscosity rule

Theorem 2.1. Let C' be a nonempty closed convex subset of the real Hilbert space H.
Let T : C — C be a nonexpansive mapping with F(T) # 0 and f : C — C a contraction
with coefficient § € [0,1). Pick any z¢o € C, let {x,} be a sequence generated by the
new viscosity rule (1.1), where {ay,}, {Bn} and {y,} are sequences in (0, 1) satisfying the
following conditions:

(i) an+Bn+ 90 =1,

(i) limy—oo vy = 0 = limy, o B and limy, o0 vy — 1,

(iti) 32,20 lant1 — an| < oo,

(V) S0 [t — Bl < 0.

Then {x,} converges strongly to a fized point x* of the nonexpansive mapping T, which
is also the unique solution of the variational inequality ((I — f)z,y —x) > 0, Vy € F(T).

In other words, x* is the unique fived point of the contraction Prr)f, that is, Pp(rf(z*)

=z*.
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Proof. This proof is divided into five steps.
STEP 1. ({z,,} is bounded)
Taking an arbitrary point p of F(T'), we have

[Znt1 = pll

a(%) wnf(:w#) ﬂnT(w) _pH

Ty + T Tnt+T
an(%) _anp'i'ﬁnf(nfn—i—l) — Bnp

Tn + X

<$n ‘|‘25L'n+1> _p” + B, f<$n +2$n+1> _p” v

< ap

T<$n ‘|‘25L'n+1> _ p”

« « Tn + Tpaq
< Sllon = ol + G llenss ol + 0] £( 22 1)

2
Ty + Tnt1

+ BallF(p) = 2l + 0| = —

o o Ty + Tnil
< Gllon =+ e =l + 88) 25525 4 Bl 1(0) —

1 1

+m | 5llen = pll 4+ Sllznsy = p
[ On + v+ 006, Qp + Y + 006n
== Jlea—pl+ { ——=— ) lzata =7l

+ Lllenss = pll + Ball £(2) — p

_ (ﬂ) ln ol + (ﬂ) fn =]

5
+ 5 llzntr = pll + Ball £ (p) — Il

It follows that

- B, 0 " — Pn 0 n
(1 . #) lnss — pl < (#) 2 — pll + Ball £(p) — pl

implies
(1+ Bn(1 = 0)lznta — pll < (1= Bu(1 = 0))llzn — pll + 284 f(p) — pl- (2.1)

Since 3,0 € (0,1), 1 — 3,(1 — ) > 0. Moreover, by (2.1) and a, + B, + 7, = 1 we get

[#ni1 — P
1—fn(1-6) 283,
< m”% —pl+ m”f(p) -l

26, (1 — 6) 26,(1 —0) 1
S 1 [ ny .. et BRI
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Thus, we have
||:cn+1—p||Smax{||:cn =i p||}.

By induction we obtain

||:cn+1—p||3max{||:co bl 5 0) - p||}.

Hence, we concluded that {x,} is bounded. Consequently, {f (W#)} and {T (%)}
are bounded.
STEP 2. (limy, o0 || Tn+1 — Zn|| = 0)

|Tnt1 — 20l

o <$n ‘|‘25L'n+1> 4 Buf <$n ‘|‘2:L'n+1 > + 'YnT<:En ‘|‘25L'n+1 >

_ |:Oln—1 <$n +2:L'n—1> +ﬁn—1f<$n + Ty 1> Y 1T<$n—12+ $n>:| H

Qo
2

+ ﬁn< (33" RS

x +x
+7n|: ( n+1 n

1
(an - an—l):En + §(an - an—1)$n—1

("””“ *"””“—1)) (B ﬁn—l)f<L;”_l>
) [ -

(l'n—l—l ) + %( - 517n—1) +

\_/\_/
/\

8

3

H

+

8

3

Qo
2

(1) - g () ) 8 B (e
)

DS |:T<$n+1 +2L'n> _ T(Zﬂn—l + xy
n

(@1 — n) + (n — T01) +

2 2
o (5
< %HZEnH Zn || o ||;17n |
+ %m“ — a1 |||Tn-1 + @y — 2T<"En—12¢>'

+ Bn

Tp + Tpta Tn + Tp—1
() o)

Iy, + Tn—1 Tn + Tn—1
() (2t )|

T Tnt1 + Tn T Tp—1+Tp
2 2

1
||5L'n+1 - $n|| + — n ||517n - l’n—l” + <§|an - an—1| + |ﬁn - ﬁn—1|>M

+ Vn

<_"
-2

Tpt1 + T Tp — Tp—1 Tpt1 + T Tp — Tp—1

2 2

Tn
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Q Q 1
= %2 s = ol + Ll — gt + (Gl — anea| + 16— Bl ) M

9ﬁ ﬁ
@t = zall + 7 en — 2| + 5 L ||$n+1 — |l + 7_n||$n — T ||
2
_an‘i'eﬁn"i"yn an+0ﬁn+7n
= 9 [@pt1 — 517n|| + 27”51% |

1
+ <§|an - an—1| + |ﬁn - ﬁn—1|>M

where M > 0 is a constant such that

M > max{sup Ty + Tp-1 — 2T<w>‘ ’
n>0 2
“p f<w> _T<w>u}
n>0 2 2
It gives
on + 0060 +m
1— f ||517n+1 - :ETLH
o + 08, + 1
< WHJM - 517n—1|| + <§|an - an—1| + |ﬁn - ﬁn—1|>M
implies
) 1 — B+ 05,
— f ||517n+1 - :EnH
1—B,+6 1
< MHJEn_JEn—lH—F <§|Oén_an—1|+|ﬁn_ﬁn—l|>M
implies

(14 Ba(1 = )2t — wall < (1= Bl = 0) |20 — T |
+ (|an - an—1| + 2|ﬁn - ﬁn_1|)M

Thus we have

0
lnsr — 2all < (TN) 2 — 2]
M
+ 1 +ﬁn(1 _ 9) (|Ozn - Ozn_1| - 2|ﬁn - ﬁn—1|)-
Since 0, B, € (0,1), 1 4 3,(1 —6) > 1 and hence
1—fBn(1-9)
m <1-Bu(1-0).

Thus
st — 2all < [1 B e>] ln — 2]

M

4ﬁjﬁﬁj5W%—%4P%%—%4w
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Since
o0 o0 o0
Zﬁn = 00, Z |an+1 - an| < oo, and Z |ﬁn+1 - ﬁn| < 00,

by Theorem 1.6, we have ||z, +1 — z,| — 0 as n — oco.
STEP 3. (||zp, — Txn|| — 0 as — o0)

Consider
-—$n—%ﬂ4%%H—T<&d§ﬁﬂ>+T<ﬂd§ﬁi>_T%
Tn Ty +
< Ntn — g | + ||zns1 — T(fﬁ H i HT(%) T,

< [l — @ngall +

a (iEn +2£L"n+1> n ﬁnf<$n +2!L"n+1>

T Ty + Tntl _T Ty + Tntl + Ty + Tntl —z,
2 2 2
Ay Tn +$n+1
:||$n_$n+1||+ 7($n+$n+l)+ﬁnf f
Tn + Tpt1
S | R
3 « Ty + Tpat
< “llan — gl + |2 (@0 + Tpgr) + B f [ et
2 2 2
Tn + Tpt1
— (an + ﬁ@j(%) H
3 o Ty + Tpai
< lan — zng1 || + =||zn + 21 — 2T Zn T gl
2 2 2
4B, f<£17n +2£L"n+1> B T<$n +2117n+1>H

3 o
< Bewa —anll + (5 4+ 00 )M

Then by lim, 0 ||Zn+1 — 22| = 0 and lim,—00 v, = 1, we get
|xn — Tzy|| — 0.

STEP 4. (limy, oo sup(z* — f(2*), 2" — x,) < 0, where z* = Pp(p) f(z¥))

Indeed, we take a subsequence {z,,} of {z,,} which converges weakly to a fixed point
p of T. Without loss of generality, we may assume that {z,,} — p. From lim, . ||z, —
Tz,|| = 0 and Theorem 1.5 we have p = Tp. This, together with the property of the
metric projection, implies that

lim sup(z* — f(2), 2" — zp) = lim sup(z* — f(z%), 2" — zy,)

= (2" — f(a"), 2" = p)

<0.
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STEP 5. (x, — x* as n — o0)

Now we again take x* € F(T') as the unique fixed point of the contraction Pp(r)f.
Consider

lznr — 212

o (:En +2:En+1> N ﬁnf<$n +2:En+1> N %T<:En +2:En+1> -

a(%) N dw) .

2

Ty + Tpt

+ VnT<f> + (an + ﬁn - 1)$*

2

2

2 2

_a? (:En +2:En+1> _| 2 f<:vn +2:L"n+1> e
2
a2 T(:En +:L"n+1> e
2
+ 2anﬁn<$" T Zntt _ <$" T Tnt1 > >
+ 2omn< I ¥ Tntl <$" i :C"“) >

+2ﬁn7n<f<$n +2517n+1> —:E*,T<$n +2517n+1> . >

Ty + Tntl % 2 Ty + Tntl *
) e =) e

2
2|| Tnt1 + Tp
+ v, —_

2

<aj

+ B2

(2552 e (2222)
T(:En +2:L"n+1> -
o (E2) - gy () )
+ 2ﬁn%<f(:v*) — T(M> ~ :c>

+ 20 Yn |70 — 27|

2
2 2
Ty + T " x +2x "
Tn + Tpt1 " Tnt+1 +2 "
+2ﬁn7n f<%>_f($) %_JE +Kn
2 2
x +2x " T +2x "
S(O‘n‘i"yn)z %_37 +20ﬁn7n %_JE +Kn
Tpntl +T 2
< ((an+%)2+29ﬁn%> %— I+ Ky
Tptl + T 2
< ((1_ﬁn)2+20ﬁn7n> %_JE* +Km
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where )

K, =, f<_$n+12Jr :Cn) -

+ 20énﬁn< <_$n+12+ ZL'n_> _ ZE*, f <$n+12+ :L'n> _ ZL'*>

+ 2ﬁn%<f(:v*) — ", T(M> - :c>

2

It follows that

2

Tnt1 + Tn 2t > et — 2nl? — Kn

[(1 — Bn)? + 29%%]

2
implies
Tpi1 + 2 "
\/(1 — Bn)? + 208070 % | = \/||5En+1 — x| — Ky
implies
1 X %
5 V(1= 802+ 2080 7n ([ on1 = 27| + 1z = 2"l1) 2 Vll#ns1 — 2nl® = Ko
implies
1 2 *12 * (12
7= 60)" + 2080 vn) (|20 1 — 27|17 + |2 — 27
+ 2| znr — 2|Jan — 27)
> |Jzn g1 =zl — Ky
implies
1 2 *12 * (12
7= 60)" + 208070 (lzns1 — 27|17 + |2 — 27
+ (lznrr — 2P + [lzn — 2*[1%))
> |Jzn g1 — 2l — Ky
implies

1= 500 )2+ 285030) o — 2P

< [30= 57+ 208,00 w2+ Ko

Thus we have
[
%((1 — ﬁn)Q + 29ﬁn7n) ||$ _ :L"*||2 n K,
T 1= 5((1= B2 +2080m) 1= 5((1 = B)? + 208,7n)
- %((1 - ﬁn)z + 29ﬁn7n) -1 + ((1 - ﬁn)z + 29ﬁn7n)

— k)12
] T 301 ) + 206,0) o=l
- K
1- %((1 - ﬁn)z + 29ﬁn7n)
1-— ((1 - ﬁn)z + 29ﬁn7n) Kn

= |1- ln — 27|12 +

1- %((1 _ﬁn)2+29ﬁn7n) 1- %((1 _ﬁn)2+29ﬁn7n)'
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Note that
0<1- %((1 - ﬁn)z + 2eﬁn7n) <1

implies
1- ((1 - ﬁn)z + 2eﬁn7n)
1- %((1 - ﬁn)z + 296n7n)

2 11— ((1 - ﬁn)z + 2eﬁn7n)'

Thus we have

2nr1 — (|

K,

< (1= (1= (1= Bn)* + 2080yn))]lon — " |° + 7= 2((1 = Bn)? + 20Bun)
5 n n'In

B B 2 k)12 n

= [(1 = Bn) 208n |l — 2|7 + 1-— %((1 — Bn)? 4+ 208,7n)

Ky

< (1= Ba)llan =" + 1—3((1— Bn)2+20B8,7)

Since 0 < 1 — f3,, < 1, this give (1 — 3,)? < (1 — 3,) and

K,
1- %((1 - ﬁn)z + 2eﬁn7n) '

lzns1 = 2** < (1= Ba) |2 — 2™|* + (2:2)

By lim, 00 ay = limy, o0 B, = 0 and lim,,_, 7, = 1 we have

. Ky
lim T 2
n—oo 1 — 5((1 = Bn)? + 206,7n)
(ﬁ%”f(im”“;m”) — 2|2 20 B {(FE) — @, f(ERE) — %)
1= T((1— Bn)? + 200,7) (2.3)
L 2B () —at T(Esp) - w*>>
1-— %((1 — Bn)? + 208,7n)

= lim

n—oQ

<0.

From (2.2), (2.3), and Theorem 1.6 we have lim,, .o ||Zn11 — 2*||? = 0, which implies that
T, — x* as n — o0o. This completes the proof. O

3 Applications

The scheme can be used to solve problems of system of variational inequalities and con-
strained convex minimization. Moreover, it can be applied to find a fixed point in K-
mappings.

3.1 A more general system of variational inequalities

Let C be a nonempty closed convex subset of the real Hilbert Space H and {4;}Y, :
C — H be a family of mappings. In [1] Cai and Bu considered the problem of finding
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(x},23,...,2%) € C x C x---x C such that

(ANAnzy + 27 — )y, x — ) >0,
(AN_1Ayazy g oy — Ty, — T)y) >0,

(3.1)
(ApdAoxs + 2§ — x5, x — x3) > 0,
(MA2] + a5 — o],z —23) >0, Veel.
The equation (3.1) can be written as
(z1 = (I = ANAN)aly, ¢ — 27) 2 0,
(ay — (I = AN_1ANn-1)zy_, @ — x)y) >0,
(x5 — (I — AAg)xs, v — x3) > 0,
(x5 — (I = MAy)a], x —a5) > 0,
which is a more general system of variational inequalities in Hilbert spaces with A\; > 0
for alli € {1,2,3,..., N}. Moreover, we have some useful results:

Lemma 3.1. ([1]) Let C be a nonempty closed convex subset of the real Hilbert spaces H .
Forie {1,2,3,---,N}, let A; : C' — H be §;-inverse strongly monotone for some positive
real number §;, namely,

(Aiw — Ay, © —y) > 6il| Aix — Aiy|)*,Var,y € C
Let G : C — C be a mapping defined by

G(:E) = Pc(f — /\NAN)Pc(I — /\N—lAN—l) s

3.2
Pc(f — /\QAQ)Pc(I — /\1A1)ZE, Vo e C. ( )

If 0 < \; <26; foralli € {1,2,3,---, N}, then G is nonexpansive.

Lemma 3.2. ([5]) Let C' be a nonempty closed convex subject of the real Hilbert Spaces
H. Let A; : C — H be a nonlinear mapping,where i € {1,2,3,..., N}. For given x} € C,
ie€41,2,3,...,N}, (27,25, 25, ..., xy) is a solution of the problem (3.1) if and only if

x] = Po(I — ANAN)ZN, T}
= Pc(I - /\i—lAi—l)x:_la 1= 2, 3, 4, ceey N,
that is,

:ET = Pc(f — /\NAN)Pc(I — /\N—lAN—l) cee
Pc(f — /\2A2)PC(I — /\1A1)ZE>{, Vo e C.

From Lemma 3.2, we know that 27 = G(z7), that is, 7 is a fixed point of the mapping
G, where G is defined by (3.2). Moreover, if we find the fixed point zj, it is easy to get
the other points by (3.3). Applying Theorem 2.1 we get the result.
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Theorem 3.3. Let C be a nonempty closed convexr subject of the real Hilbert spaces H.
Fori e {1,2,3,....,N}, let A; : C — H be d;-inverse-strongly monotone for some positive
real number &; with F(G) # (), where G : C — C' is defined by

G(:E) = Pc(f — /\NAN)Pc(I — /\N—IAN—l) s
Pc(f — /\QAQ)Pc(I — /\1A1)ZE, Vo € C.

Let f: C — C be a contraction with coefficient 6 € [0,1). Pick any xo € C, let {x,} be a
sequence generated by

Tn+X Tp + Tpt1 Tn + Tpt1
Tnsl = aﬂ(%”“) +ﬁnf<%> +%G<%>’

where {an}, {6Bn} and {v,} are sequences in (0,1) satisfying the conditions (1)-(iv).
Then {x,} converges strongly to a fixed point z* of the nonexpansive mapping G, which
is also the unique solution of the variational inequality ((I — f)z,y —x) > 0, Vy € F(T).
In other words, x* is the unique fized point of the contraction Pp(g) f, that is, PF(G)f(:E*)

= ™.

3.2 The constrained convex minimization problem
Now, we consider the following constrained convex minimization problem;

i 3.4

min ¢(z), (3.4)

where ¢ : C' — R is a real-valued convex function and assumes that the problem (3.4)is

consistent. Let ) denote its solution set. For the minimization problem (3.4), if ¢ is
(Fréchet)differentiable, then we have the following lemma.

Lemma 3.4. (Optimality Condition) ([5]) A necessary condition of optimality for a point
x* € C to be a solution of the minimization problem (3.4) is that x* solves the variational
inequality

(Vo(x*),x —x*) >0, VzeCl. (3.5)

Equivalently, z* € C solves the fized point equation
x* = Peo (:E* - AV(;S(:E*))

for every constant X > 0. If, in a addition ¢ is convex, then the optimality condition (3.5)
1s also sufficient.

It is well known that the mapping Po(I — AA) is nonexpansive when the mapping A
is d-inverse-strongly monotone and 0 < A < 24. We therefore have the following result.

Theorem 3.5. Let C' be a nonempty closed convex subset of the real Hilbert Space H.
For the minimization problem (3.4), assume that ¢ is (Fréchet) differentiable and the
gradient V¢ is a §-inverse-strongly monotone mapping for some positive real number §.
Let f : C — C be a contraction with coefficient 6 € [0,1). Pick any zo € C. Let {x,} be
a sequence generated by

Ty + Ty, Tn + Tp Ty + Tn
Tn1 = o (%) + w(%) +mPo(l = AVo) (%)
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where {an}, {Bn} and {v,} are sequences in (0,1) satisfying the conditions (1)-(iv).
Then {x,} converges strongly to a solution x* of the minimization problem (3.4), which
is also the unique solution of the variational inequality ((I — f)z,y —x) >0, Vy € Q.
In other words, x* is the unique fized point of the contraction Pqf, that is, Pof(z*) =

T*.

3.3 K-mapping

Kangtunyakarn and Suantai [4] in 2009 gave K-mapping generated by 14,75, T3, ..., Tn
and A1, Ao, Ag, ..., Ay as follows.

Definition 3.6. ([4]) Let C' be a nonempty convex subset of real Banach Space. Let
{T:}, be a family of mappings of C into itself and let A1, A2, A3, ..., Ax be real numbers
such that 0 < A\; < 1 for every ¢ = 1,2,3,..., N. We define a mapping K : C — C as
follows;

Uy =M1+ (1 — /\1)1,

Us = M ToUs + (1 — A2)Un,

Un-1=AN 1IN 1Un—2+ (1 = An_1)Un_2,
Uv = ANTNUn_1 + (1 — ANn)Un-1.

Such a mapping is called a K-mapping generated by 17,15, T3, ..., T and A1, Ao, Az, ...,
AN.

In 2014, Kangtunyakarn and Suwannaut [10] established the following result for K-
mapping generated by T3, 15,153, ..., Tn and A1, Ao, A3, ..., An.

Lemma 3.7. ([10]) Let C' be a nonempty closed convexr subset of the real Hilbert space
H. Fori=1,2,3,...N, let {Ti}f\il be a finite family of K;-strictly pseudo-contractive
mapping of C into itself with K; < w; and ﬂf\il F(T;) # (0, namely, there exist constants
K; €0,1) such that

ITix — Tiyll* < |z — y|* + Kill(I - Tz — (I - Ti)yll*, Va,yeC.

Let A1, Mgy A3, ..., AN be real numbers with 0 < A\; < w9, Vi =1,2,3,..., N and wi +ws <
1. Let K be the K-mapping generated by 11,15, T3, ..., Tn and A1, Ao, A3, ..., An. Then the
following properties hold:

(a) F(K) = Y, F(T).

(b) K is a nonexpansive mapping.

On the bases of above lemma, we have the following results.

Theorem 3.8. Let C be a nonempty closed convex subset of the real Hilbert space H. For
i1 =1,2,3,....,N, let {Ti}f\il be a finite family of K;-strictly pseudo-contractive mapping
of C into itself with K; < w; and ﬂf\il F(T;) # 0. Let A\, g, A3, ..., AN be real numbers
with 0 < A\j < wo,Vi=1,2,3,...,N and w1 +wy < 1. Let K be the K-mapping generated
by 11,15, T3, ..., TN and A1, Ao, A, ..., An. Let f: C — C be a contraction with coefficient
0 €10,1). Pick any xo € C, let {x,} be sequence generated by

Tn+X Ty + Tpt1 Ty + Tpt1
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where {an}, {Bn} and {v,} are sequences in (0,1) satisfying the conditions (1)-(iv).
Then {x,} converges strongly to a fized point x* of the mappings {T;}X_,, which is also

the unique solution of the variational inequality ((I — f)z,y—z), Yy € F(K) = ﬂf\il F(T;).
In other words, x* is the unique fized point of the contraction PﬂﬁilF(Ti)f’ that is,

Pmiv:1 F(Tl)f($*) = x*.
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ABSTRACT. We introduce a generalized cubic functional equation with an au-
tomorphism and investigate the generalized stability of the cubic functions as
solutions to the generalized cubic functional equation on a quasi-8 Banach

space by the fixed point of the alternative method.
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1. INTRODUCTION

In a talk before the Mathematics Club of the University of Wisconsin in 1940,
a Polish-American mathematician, S. M. Ulam [25] proposed the stability problem
of the linear functional equation f(x+y) = f(x)+ f(y) where any solution f(x) of
this equation is called a linear function.
To make the statement of the problem precise, let G1 be a group and Go a metric
group with the metric d(-,-). Then given € > 0, does there exist a 6 > 0 such that
if a function f : Gy — G satisfies the inequality d(f(xy), f(z)f(y)) < 0 for all
x,y € G1, then there is a homomorphism F : G1 — Go with d(f(z),F(z)) < €
for all x € G1?. In other words, the question would be generalized as “Under what

conditions a mathematical object satisfying a certain property approximately must
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2 GENERALIZED STABILITY OF CUBIC FUNCTIONAL EQUATIONS

be close to an object satisfying the property exactly?”.

In 1941, the first, affirmative, and partial solution to Ulam’s question was provided
by D. H. Hyers [10]. In his celebrated theorem Hyers explicitly constructed the
linear function (or additive function) in Banach spaces directly from a given ap-
proximate function satisfying the well-known weak Hyers inequality with a positive
constant. The Hyers stability result was first generalized in the stability of additive
mappings by Aoki [1] allowing the Cauchy difference to become unbounded. In 1978
Th. M. Rassias [16] also provided a generalization of Hyers’ theorem with the possi-
bly unbounded Cauchy difference for linear mappings. For the last decades, stability
problems of various functional equations, not only linear case, have been extensively
investigated and generalized by many mathematicians (see [4, 7, 9, 11, 17, 20, 21]).

The functional equation

(1.1) flx+y)+ flx—y) =2f(x) +2f(y)

is called a quadratic functional equation and every solution of this functional equa-
tion is said to be a quadratic function or mapping (e.g. f(z) = cx?). The Hyers-
Ulam stability problem for the quadratic functional equation was first studied by
Skof [23] in a normed space as the domain of a quadracitc mapping of the equa-
tion. Cholewa [6] noticed that the results of Skof still hold in abelian groups. In
[7] Czerwik obtained the Hyers-Ulam-Rassias stability (or generalized Hyers-Ulam
stability) of the quadratic functional equation. See [2, 15, 27] for more results on
the equation (1.1). Also the quadratic equation (1.1) was generalized by Stetkeer
in [24] introducing an involution o of an abelian group G, i.e., an automorphism
o : G — G with 02 = I (I denotes the identity) and considering the following

functional equation

(1.2) fle+y) + fle+o(y) =2f(z) +2f(y)

for all z,y € G. As we already notice the equation (1.1) corresponds to the equation
(1.2) with o = —1I.

Jun and Kim [11] considered the following cubic functional equation

(1.3) fRr+y)+ f2x —y) =2f(z+y) +2f(z —y) + 12f()
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3 is a solution of the equation

since it should be easy to see that a function f(x) = cx
(1.3) as the quadratic equation case. In a year they [12] proved the generalized

Hyers-Ulam stability of a different version of a cubic functional equation

(1.4) flx+2y) + f(z —2y) +6f(x) = f(z +y) +4f(x —y).

Since then the stability of cubic functional equations has been investigated by a
number of authors (see [5, 14] for details). In particular, Najati [14] investigated

the following generalized cubic functional equation

(15)  flsz+y)+ flsz—y)=sfla+y) +sfle—y) +2(s* —s)f(2)

for a positive integer s > 2.

As we might notice there are various definitions for the stability of the cubic
functional equations and here we consider the following definition of a generalized
cubic functional equation

flax +y) = f(z +ay) + ala—1)f(z —y)
=(a=1D(a+1)?*f(z) = (a=1)(a+1)*f(y)

for all @ € Z (a # 0,£1) and generalized the equation (1.6) with the involution o

(1.6)

of a linear space X when a = 2;

(1.7) f@z+y)— flz+2y) +2f(x+o(y) —9f(z) +9f(y) = 0.

In this paper we will study the generalized Hyers-Ulam stability problem of the
equation (1.7).

In order to give our results in Section 3 it is convenient to state the definition
of a generalized metric on a set X and a result on a fixed point theorem of the
alternative by Diaz and Margolis [8].

Let X be a set. A function d : X x X — [0, 00] is called a generalized metric on

X if d satisfies
(1) d(z,y)

Y
(2) d(z,y)
(3) d(z,2) < d(x,y) +d(y, z) for all z,y,z € X.

0 if and only if z = y;

d(y,z) for all x,y € X;

Theorem 1.1. Let (X,d) be a complete generalized metric space and let J : X —

X be a strictly contractive mapping with Lipschitz constant 0 < L < 1. Then for
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each element x € X, either d(J"x, J" tx) = oo for all nonnegative integers n or

there exists a positive ng such that

1) d(J"z, J" z) < oo for all n > ng;
2
3
4

the sequence {J™x} converges to a fized point y* of J;
* is the unique fized point of J in the set Y = {y € X|d(J™x,y) < co};

(
(
(3)y
(4) d(y,y*) < (1/(1 = L))d(y, Jy) for ally €Y.

)
)
)
)

In 2009, Rassias and Kim [18] investigated the Hyers-Ulam stability of Cauchy
and Jensen type additive mappings in quasi-g-normed spaces with the following

definition of a quasi-S-norm:

Definition 1.2. Let 8 be a real number with 0 < § < 1 and K be either R or
C. Let X be a linear space over a field K. A quasi-B-norm || - || is a real-valued

function on X satisfying the following properties:

(1) |jz|]| > 0 for all x € X and ||z|| =0 if and only if 2 =0
(2) ||Az|| = |A|P]|z|| for all A € K and all z € X
(3) There is a constant K > 1 such that ||z + y|| < K(||z|| + [|y|]) for all

z,y € X.
The pair (X, || -||) is called a quasi-3-normed space if || - || is a quasi-S-norm on
X. A smallest possible constant K is called the modulus of concavity of || - ||. A
quasi--Banach space is a complete quasi-S-normed space. A quasi-S-norm || - || is

called a (8, p)-norm (0 < p < 1) if the property (3) of the Definition 1.2 takes the
form ||z + y||? < ||z||P + ||y||P for all z,y € X. In this case, a quasi-S-Banach space
is referred to as a (3, p)-Banach space; see [3, 18, 19] for datails.

In this paper, using the Fixed Point method we prove the generalized Hyers-Ulam
stability of the generalized cubic functional equation (1.7) in a quasi-B-normed
linear space we just defined above (Definition 1.2). In Section 2 we establish the
general solution of the cubic functional equation (1.7) applying the symmetric n-
additive mappings for the cubic functional equation (1.7) that will be explained in
detail in the Section. Finally, we obtain, in Section 3, the generalized Hyers-Ulam
stability of the generalized cubic functional equation (1.7) with the Fixed Point

theorem of the Alternative.
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2. THE GENERAL SOLUTION WITH 0 = —1

In this section we study the general solution of the cubic functional equation
(1.7) with ¢ = —I by introducing and applying n-additive symmetric mappings
and their properties that are found in [22, 26]. Before we proceed, let us give
some basic backgrounds of n-additive symmetric mappings. Let X and Y be real
vector spaces and n a positive integer. A function A, : X” — Y is called n-
additive if it is additive in each of its variables. A function A, : X" — Y is
said to be symmetric if A, (x1,72, - ,2n) = An(To(1), To@), s To(n)) for every
permutation {o(1),0(2), -+ ,0(n)} of {1,2,--- ,n}. If A (21,29, -+ ,2,) is an n-
additive symmetric map, then A™(z) will denote the diagonal A, (z,z,--- ,z) and
A"(rz) = r"A"(x) for all z € X and r € Q. Such a function A™(z) will be called
a monomial function of degree n assuming A™(z) #Z 0. Moreover, the resulting
function after substituting 1 =29 =+ =x; =2 and Ts11,Ts42, - =T, =y in

Ap(z1, 29, -, 2,) will be denoted by A%" 3 (z,y).

Theorem 2.1. A function f : X — Y is a solution of the functional equation
(1.7) with o = —I if and only if f is of the form f(x) = A3(x) for all x € X, where
A3(x) is the diagonal of the 3-additive symmetric mapping Az : X3 — Y.

Proof. Assume that f satisfies the functional equation (1.7). Taking z = y = 0 in
the equation (1.7) it’s not hard to have f(0) = 0 since o(0) = 0. Substituting y =0
in (1.7) also gives

f(2z) — fz) +2f(z) — 9f(x) =0,
that is,
(2.1) f(2z) = 2° f(=)
for all x € X. Similarly, when 2 = 0 in the equation (1.7) we have

2f(y) +2f(o(y)) =0,

i.e.,

(2.2) fly)+ f(=y)) =0

for all y € X since o(y) = —y. This observation leads us to f(—y) = —f(y) for all
y € X and hence f is an odd function. Rewriting the equation (1.7) as
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(23) S - f@ety) g S 2) — 5 fw—y) — fy) =0
and applying Theorems 3.5 and 3.6 in [26] we express f as
(2.4) f(@) = A3(@) + A2(z) + A} () + A°

where A is an arbitrary element in Y and A%(z) is the diagonal of the i-additive
symmetric mapping A; : X* — Y for i = 1,2,3. Since f is odd and f(0) = 0 it
follows that

fla) = A%(@) + Al(x)

for all z € X. By the property (2.1) of f and A™(rx) = r"A"(x) for all x € X
and 7 € Q we should obtain A!(z) = 0 for all z € X. Therefore we conclude that
f(x) = A3(z) for all x € X.

Conversely, let us assume that f(z) = A3(z) for all # € X, where A3(z) is the

diagonal of a 3-additive symmetric mapping Az : X3 — Y. Noting that
Az +ry) = ¢*A%(2) + 3¢°r A (2, ) + 3gr? AV (2,y) + 1A% (y)

and calculating simple computation for the equation (1.7) with 0 = —T in term of
A3(x), we show that the function f satisfies the cubic equation (1.7) with o = —1,

which completes the proof. ([l

3. GENERAL HYERS-ULAM STABILITY IN A QUASI-3 BANACH SPACE: A FIXED

PoOINT THEOREM OF THE ALTERNATIVE APPROACH

In this section we will investigate the generalized Hyers-Ulam stability of the cubic

functional equation (1.7) which is introduced earlier in previous sections

fQRz+y) = flz+2y) +2f(x+0o(y)) —9f(x) +9f(y) = 0.

for all z,y € X by the approach of the fixed point of the alternative. As we used
the notations in the previous sections we assume that X is a vector space and
(Y,|] - 1]) is a quasi-B-Banach space in this section. A set Ry denotes the set of all

nonnegative real numbers.
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Theorem 3.1. Suppose that a function ¢ : X?> — R is given and there erists a

constant L with 0 < L < 1 such that

(3.1) ¢(2x,2y) <2Lé(z,y) and ¢(x+o(x),y+o(y)) < 2Lo(x,y)

for all x,y € X. Furthermore, let f : X — Y be a mapping such that f(0) = 0

and

(3.2) I[f(2z +y) — flz+2y) +2f(z+0(y) —9f(x) + 9f (W] < o(z,y)

for all xz,y € X where o is an automorphism on X with 0> = I where I is the
identity.

Then there exists the unique generalized cubic function C : X — Y defined by

C(x) == limn o0 (2;) (f(2"2) + (2" = 1)f(2" 'z + 2" 1o () such that

(33 15 - c@l < (=) 20)

for all x € X where ®(z) = max{¢(x,0),p(0,2)} for all z € X.
Proof. First, we put y = 0 in the inequality (3.2) to obtain

(3-4) 1f(22) = 2°f(2)]] < é(x,0)

for z € X since o(0) = 0. Similarly we substitute z = 0 into the inequality (3.2)

again to have

(3.5) 10 (y) — f(2y) +2f (o ()] < 6(0,y)
for all y € X. Combining the two inequalities (3.4) and (3.5) we note that
12f(2) +2f (o(2))l] = [110f () — f(22) + 2f(o(x)) + f(22) — 2°f(2)]]
< ¢(x,0) + ¢(0, )

and hence we conclude that

(3.6) 1f (@) + flo(a)]] < % (¢(x,0) + ¢(0, ))

Then we let x = 2 + o(z) in the above inequality (3.6) and we are able to get

(¢(z 4+ 0(2),0) + ¢(0,2 + o(x))) < g (¢(x,0) + ¢(0,2))

NG

B.7) [[f(z+o(2))]] <
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We also define a function T'(f) from X to Y by T'(f)(z) = %(f(Qm) + fz+o(x)))

and we then consider the following estimation

T(f)(z) — fz)]| = ’ 2i(f(zsc) + flz+o(2)) - f(2)
. - ‘ 2%(]0(2:5) — 2 f(z)) + 213f(x+cr(x))H
| < 500+ g5 (5 ) (6.0 + 6(0.2)
< (14 D)3 ()

This idea enables us to define a sequence {T™(f)} in Y for each x € X by

TM(F)@) = g3 (F2"0) + (2 = DF a4 2" o(0))
for a nonnegative integer n with 7°(f) = f and we claim that it should be a Cauchy
sequence in Y. In order to show this we use the inequalities (3.4), (3.7), and (3.8)
to compute the following estimations;
(3.9
1T (f)(@) = T"H(f) (@)l = ||2%(f(2nx) +(2" =1 e+ 2" o (2)))

— S T2V + (2 - 1)@ 2+ 27 2o ()|

= II?,%(f(znz) + @427 o (x) + (27 — 2)F(2" e + 2" o ()
1

)

= Il (@) + 2" 4 20 a) — 25 (2 )

1
2an

(f2" ) + (2" = 1) f(2" %2 + 2" o (2)) ]

+ o5 (2" = 2)f(2" e + 2" o (2)) — 22(2" = 2)f(2" P + 2" P (2)))|

- HQ‘%(NQ%) + f@ e+ 2 o (x)) — 28 F(27 M)

+ % (223_2) (2f(2" e +2" o (x) - 22 (2" 2 + 2" 2o (x))||

< L0+

NS

(6(2""2,0) + 6(0,2" " 2)))

2

2L)" 1 on—1_ 1 ) 1 I\
2%(1 +L)®() + —5—QL)" (1 + L)@(x) = z(1+ L) <2> o(x)

3n
% (27;%2)) (¢(2"2m + 2" 20(x),0) + £(¢>(2“*2x +2"20(x),0) + ¢(0,2" %z + 2”20(3:))))

+
N N

~—~

S 23n
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for all x € X and all nonnegative integer n. Hence we note that

(3.10) (1)) - TN < Y (5) 2

j=m
forallz € X and n >m € N.

With this result in mind we consider the set @ = {g|g: X — Y, ¢(0) =0} and

then define a generalized metric d on () as follows:
d(g,h) =inf {\ € [0,00] : ||lg(x) — h(x)|| < A\®(z) for allz € X}

with inf ) = co. Then (S, d) is a complete generalized metric space; see Lemma 2.1

in [13]. Now we define a mapping T :  — Q by

(311) T(9)(x) = 5(9(20) + 9(a + 0(a)))

for all x € X. We, then, will show that T is strictly contractive on (2.

Given g,h € Q, let A € [0,00] be a constant with d(g,h) < A. Then we have
lg(x) — h(z)|| < A®(x) for all x € X.

By the equation (3.1) we have

IT(9)(w) = T @) = g5 llg(20) ~ h(2z) + gl + 7(a)) — h(z + o(@))]
< llg(2e) ~ hE2)l + gllg(e + o)  hia + o))
A

A 1
< —P(2 —d < -IAN<L
< 53 (x)—|—23 (36—|—0(x))_2 A< L\

for all x € G, which implies

d(T(g), T(h)) < L.

Therefore we may conclude that
d(T(g), T(h)) < Ld(g, h)

for any g, h € Q. Since L is a constant with 0 < L < 1, T is strictly contractive as
claimed.

Also the inequality (3.8) implies that

(3.12) d(T(f),f) <
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By the Alternative of Fixed Point as we introduced in the Introduction Section,
there exists a mapping C : X — Y which is a fixed point of T such that
d(T™(f),C) = 0 as n — oo, that is,

C(x) = lim T"(f)(x)

n—oo

for all x € X. Then we will show that C' is cubic and it would not be hard if we
recall the approximation inequality (3.2) for f where we let x = 2™z, y = 2™y and
r=2""Yz+o(x)),y=2""1(y+0o(y)), respectably, as follows;

|C(2z+y) — C(x 4 2y) +2C(z + o(y)) — 9C(x) + 9C(y)||

n

: 1 n n : 2" -1 n—1 n—1
< lim o5 o272, 2%) + lim —=¢ (2" + 0(2)), 2" (y + 0 (y)))

n— oo

)" n __ L™
< lim (2232 ¢(w,y) + lim %mm
=i (5) oten =0

for all z,y € X, which implies that C' is cubic.
By the Alternative of Fixed Point theorem and the inequality (3.12) we get

1+ L

1
d(f,0) < =7 d(/,T(f)) < PBA-1)

Hence the inequality (3.3) is true for all z € X.
By the uniqueness of the fixed point of T', the cubic function C should be unique,

which completes the proof. ([l

Let us give the classical Cauchy difference type stability of the generalized cubic
functional equation (1.7) when o = —I from Theorem 3.1 as we see the following

Corollary.

1
Corollary 3.2. Lete >0,0<p < E be a real number. Suppose f: X — Y isa
function satisfying f(0) =0 and

I1f(22 +y) — f(o+2y) +2f(z —y) = 9f(z) + 9f ()| < e(l|z]|” + [|yl[")

for all x,y € X. Then there exists the unique cubic function C : X — Y defined
by

O(z) = limy o0 (291,”> F(2nz)
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satisfying
(3.13) 1f(@) - C@)l < ((”L’) e
21— 1)
forallx € X.

Proof. This proof follows from Theorem 3.1 by taking ¢(z,y) = €(||z||P + ||y||P) for
all z,y € X with L = |2[PA~L.
O
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Abstract. In this paper, we discuss two quotient BI-algebras induced by fuzzy normal subalgebras and induced
by fuzzy congruence relations, which are useful in the study of the structural theory of fuzzy quotient BI-algebras.

1. Introduction

Zadeh [14] introduced the notion of a fuzzy subset A of a set X as a function from X into [0,1]. Rosenfeld
[11] applied this concept to the theory of groupoids and groups. Liu [7] introduced and studied the notion of the
fuzzy ideals of a ring. Mukherjee and Sen [9] defined and examined the fuzzy prime ideals of a ring. The concept
of fuzzy ideals was applied to several algebras: BN-algebras [2|, BL-algebras [8], semirings [5] and semigroups
[3]. Recently, Song et al. [13] discussed positive implicative superior ideals induced by superior mappings in
BCK-algebras.

Saeid et al. [12] introduced a new algebra, called a BI-algebra, which is a generalization of a (dual) implication
algebra, and they discussed ideals and congruence relations. Ahn et al. [1] introduced the notion of normal
subalgebras in BI-algebras, and studied its analytic construction.

In this paper, we discuss two quotient BI-algebras induced by fuzzy normal subalgebras and induced by fuzzy

congruence relations, which are useful in the study of the structural theory of fuzzy quotient BI-algebras.

2. Preliminaries

We recall some definitions and results discussed in [12].

An algebra (X, ,0) of type (2, 0) is called a BI-algebra [12] if

(Bl) xxx=0forall z € X,
(B2) zx(yxx)=uxfor all z,y € X.

We introduced a relation “<” on a Bl-algebra X by z < y if and only if z x y = 0. We note that the relation
“ <7 is not a partial order, since it is only reflexive. A non-empty subset S of a Bl-algebra X is said to be a

subalgebra of X if it is closed under the operation “=”. Since x x x = 0 for all x € X, it is clear that 0 € S.

Y2010 Mathematics Subject Classification: 0SA72.
Y Keywords: Bl-algebra; fuzzy (normal) subalgebra; fuzzy congruence relation.

* Correspondence: Tel: +82 2 2260 3410, Fax: 482 2 2266 3409 (S. S. Ahn).
YE-mail: cuiyh@ybu.edu.cn (Y. Cui); sunshine@dongguk.edu (S. S. Ahn).
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Definition 2.1. Let (X, ,0) be a Bl-algebra and let I be a non-empty subset of X. Then [ is called an ideal
[12] of X if

(11) 0 eI,
(I12) zxyelandy € [ imply z € I

for any x,y € X. Obviously, {0} and X are ideals of X. We call {0} and X a zero ideal and a trivial ideal,
respectively. An ideal I is said to be properif I # X.

Example 2.2. Let X :={0,a,b,c} be a BI-algebra [12] with the following table:

o o Q O ¥
o Ve oOolo
ot O O R
o 2 oo
[EES S =1 Ko

b ¢
Then it is easy to check that Iy := {0,a,c} is an ideal of X, but I := {0,a,b} is not an ideal of X, since
cxa=0be€lyand a € I, but ¢ & Is.

Proposition 2.3. [12] Let I be an ideal of a BI-algebra X. If y € I and x <y, then x € I.

Proposition 2.4. [12] Let X be a BI-algebra. Then

ifxx(y*xz)=y=*(xx*z), then X = {0},

)
)
)
(iv) if y*xx =z, then X = {0},
)
) ifxxy =2z, then zxy =z and y x z = y,
)

if (xxy)*(zxu) = (r*2z)*(y*u), then X = {0},

for all x,y,z,u € X.

Definition 2.5. A non-empty subset N of a BI-algebra X is said to be normal (or a normal subalgebra) [1] if
(x*a)*(y+b) € N for any x xy,a*xb € N.

Definition 2.6. A Bl-algebra X is called a BI;-algebra [1] if x xy = 0 = y x x implies x = y for all z,y € X.

3. Quotient BI-algebras induced by fuzzy normal subalgebras

Definition 3.1. A fuzzy set p in a Bl-algebra X is called a fuzzy subalgebra of X if for any z,y € X,

(F0) p(x *y) > min{pu(z), u(y)}.

Example 3.2. Let X :={0,a,b,c} be a Bl-algebra [12] with the following table:
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b
0
0
0
c

QO o Q O| *
o o2 oo
V o o o ol
o o o ola

Define a fuzzy set p: X — [0,1] by u(0) > p(a) = u(b) > p(c). Then p is a fuzzy subalgebra of X.
Proposition 3.3. Let u be a fuzzy subalgebra of a BI-algebra X. Then u(0) > p(zx) for all z € X.

Proof. By (B1), we have z xx = 0 for all z € X. Using (F0), 1(0) = p(x % 2) > min{pu(z), p(z)} = p(x) for all
reX. (]

We denote a notation [["z*x by [["x*z:=2* (x* (x* (- % (x*x))---) for any natural number n.

n

Proposition 3.4. Let p be a fuzzy subalgebra of a BI-algebra X and let n € N. Then
(i) u(IT" z * x) > wu(z) whenever n is odd,

(ii) u(IT" z * ) = p(x) whenever n is even.

Proof. Let x € X and n be an odd natural number. Then n = 2k — 1 for some positive integer k. Then
p((TP* Y wwa) = p(T* o xa) = p([T* 2 x (@ (@52))) = p(T7 "o +2) > p(x) which proves (i).

Similarly we can prove the second part, but we omit it. ([
Definition 3.5. A fuzzy set p in a Bl-algebra X is said to be fuzzy normal if it satisfies the inequality

(@ @)+ (y b)) > min{pa + y), pula +b)}
for all a,b,z,y €X.

Example 3.6. Let X := {0,1,2,3} be a BI-algebra [1] set with the following table:

W N = O *
w N = oo

2
0
1
0
3

w N O o
O NN = OlW

Define a fuzzy set p: X — [0,1] by u(0) > p(1) > pu(2) = p(3). Then it easy to see that p is fuzzy normal of X.
Theorem 3.7 Every fuzzy normal set p in a Bl-algebra X is a fuzzy subalgebra of X.

Proof. Let xz,y € X. Since p is fuzzy normal, we have p(z *y) = p((z * y) * (0% 0)) > min{p(x *0), u(y *0)} =
min{u(z), u(y)}, which shows that p is a fuzzy subalgebra of X. O

The converse of Theorem 3.7 may not be true in general.

Example 3.8. Consider a Bl-algebra X = {0,a,b,c} and a fuzzy set p as in Example 3.2. Then p is a fuzzy
subalgebra of X, but not fuzzy normal, since p((c* b) * (¢ x ¢)) = p(c) # pu(b) = min{u(c*c), p(b*c)}.
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Definition 3.9. A fuzzy set p in a Bl-algebra X is called a fuzzy normal subalgebra of X if it is both a fuzzy

subalgebra and a fuzzy normal subset of X.
Example 3.10. Consider a Bl-algebra X = {0, 1,2,3} as in Example 3.6. Define a fuzzy set v : X — [0,1] by

0.7 ifz e {01},
v(z) =
0.3 ifx e {2,3).

It is easy to show that v is a fuzzy normal subalgebra of X.
Proposition 3.11. If a fuzzy set u in a BI-algebra X is fuzzy normal, then p(z xy) = pu(y * x) for all z,y € X.

Proof. Let x,y € X. Using Proposition 3.3, we have pu(zxy) = p((x*y)*(xxx)) > min{p(zxz), p(y*x)} = p(y*x).
Interchanging = with y, we obtain u(y * x) > u(x * y), which proves the proposition. O

Theorem 3.12. Let p be a fuzzy normal Bl-algebra X. Then the set

X, = { € X|u(x) = p(0)}
is a normal subalgebra of X.

Proof. Let a,b,xz,y € X be such that z xy € X, and a*b € X,,. Then u(z *xy) = p(0) = p(a *b). Since p is
fuzzy normal, we have u((z x a) * (y % b)) > min{u(z * y), u(a x b)} = p(0). It follows from Proposition 3.3 that
p((x xa)* (y*b)) = p(0). Hence (z * a) * (y * b) € X,,. This completes the proof. O

Theorem 3.13. The intersection of a family of fuzzy normal subalgebras of a BI-algebra X is also a fuzzy normal

subalgebra of X .
Proof. Let {uq|a € A} be a family of fuzzy normal subalgebras and let a,b, z,y € X. Then
Aacsta((z % @) s (y +b)) = ik pra(( ) (y b))
2> inf {min{pa(z *y), pa(a*b)}}
ac
= min{ inf (2 *y), nf pa(ab)}
= min{mael\ﬂa (x * y), NaeAla (a * b)}
which shows that Nyeppte is fuzzy normal of X. By Proposition 3.7, we know that Nyeafto is a fuzzy normal

subalgebra of X. O

Suppose that p is a fuzzy normal subalgebra of a Bl-algebra X. Define a binary relation “ ~* ” on X by
putting x ~* y if and only if p(z *y) = p(0) for any z,y € X.

Lemma 3.14. The relation ~" is an equivalence relation on a BI-algebra X.

Proof. Using (B1), pu(xz * ) = u(0) and so  ~* x, which means ~* is reflexive. Suppose that = ~* y for any

x,y € X. Then u(0) = pu(z *y). By Proposition 3.11, u(y * ) = u(0). So y ~* x, which means ~* is symmetric.
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Suppose that x ~* y and y ~* z for any z,y,z € X. Then p(z xy) = u(0), u(y * z) = u(0) = p(z xy) and
p(a* z) =p((x * 2) % 0) = p((z * 2) * (y *y))
Zmin{pu(z *y), u(z *y)}
=min{x(0), x(0)} = 1(0).

Also since p(0) > p(z) for all x € X, u(0) > p(z * 2z) and so p(x * z) = u(0). Hence x ~* 2. Therefore ~* is an

equivalence relation on a BI-algebra X. O
Lemma 3.15. For all x,y,z in a Bl-algebra X, x ~" y implies x * z ~* y* z and z x x ~" z x y.

Proof. Let x ~* y. Then p(x *y) = p(0). Since z x 2 = 0 and p(0) > p(z) for all x € X, we have
(5 2) 5 (y * 2)) > mingpu(z x ), w(= )}
— min{4(0), 1(0)} = p(0).
Since p(0) > p(z) for all z € X, p(0) > p((x * 2) x (y * 2)). Therefore u(0) = u((z * 2) * (y * 2)), 80 T * 2 ~H Yy * 2.

By a similar way, we can prove that z x x ~* z x y. The proof is complete. O
Lemma 3.16. Let X be a Bl-algebra. For any x,y,z,w € X, x ~* y and z ~" w imply x % z ~* y x w.

Proof. Let x ~* y and z ~* w for any z,y,z,w € X. Then p(x *xy) = p(0) and p(z * w) = w(0). Hence

w((z * z) * (y x w)) > min{p(z * y), u(z * w)} = min{p(0), x(0)} = w(0). Since p(0) > p(z) for all x € X,
1(0) > pu((x * 2) * (y *xw)). Thus p(0) = p((x * 2) * (y * w)), so x * z ~* y x w. The proof is complete. O

The above Lemmas 3.14, 3.15 and 3.16 give the following theorem.
Theorem 3.17. The relation “ ~*” is a congruence relation on a BI-algebra X.

Denote by p, the equivalence class containing z, and let X/u be the set of all equivalence classes with respect
to ~* that is, u, = {y € X|y ~* 2} and X/p = {p.|z € X}. Now we define a binary operation “#” in X/u by

putting fiz * fiy 1= flz+y. Theorem 3.17 guarantees that this operation is well defined.
Theorem 3.18. Let p be a fuzzy normal subalgebra in a Bl1-algebra X. Then (X/u, *, po) is a Bl -algebra.

Proof. Let Moy Pys oz € X/:u' Then pig * piy = plase = po and p; = Bax(yxz) = Mz * Hyxz = Kz * (My * :u’93>' It
Mo * [y = po and fuy * iy = o, then fyey = o = Hyser and so xxy = 0 = y x . Hence v = y and therefore

Ho = by Thus (X/p, %, o) is a BIj-algebra. O
Corollary 3.19. Let u be a fuzzy normal subalgebra in a BI-algebra. Then (X/u;*, o) is a BI-algebra.
This algebra X/ is called the quotient BI-algebra of a BI-algebra X induced by a fuzzy normal subalgebra p.

If 41 is a fuzzy normal subalgebra in a Bl-algebra X, then the set X, := {z € X|u(x) = ©(0)} is a normal
subalgebra of X.

Theorem 3.20. Let u be a fuzzy normal subalgebra of a BI-algebra X. The mapping v : X — X/u, given by
Y(x) = pg, is a surjective homomorphism, and kery = {z € X|vy(z) = po} = X,.
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Proof. Let p, € X/u. Then there exists an element xg € g, so 2o € X such that y(xg) = p,. Hence ~ is
surjective. For any z,y € X, y( * y) = flaxy = Pz * fy = Y(x) * ¥(y). Thus v is a homomorphism. And
kery = {z € X|n(x) = o} = {w € X|o ~# 0} = {& € X|s(&) = pu(0)} = X, O

Let X,Y be Bl-algebras. If we define (z1,y1) * (2,y2) := (1 * 22,91 *y2) in X x Y, then (X x Y, x,(0,0))

becomes a Bl-algebra, and we call it a product BI-algebra.

Theorem 3.21. Let p (resp., v) be a fuzzy normal subalgebra in a Bl-algebra X (resp., Y). If we define
(uxv)(z,y) :=min{p(z),v(x)} in X XY forx € X,y € Y, then X v is also a fuzzy normal subalgebra in X X Y.
Proof. Let u (resp., v) be a fuzzy normal subalgebra in X (resp., V). Then
(ke x v)(21,y1)x(22,92)) = (0 X V) (21 * T2, 1 % 2)
= min{p(z1 * 22), v(y1 * y2)}
> min{min{pu(z1), p(x2)}, min{w(y1), v(y2) }}
=min{min{u(z1), v(y1)}, min{p(z2), v(y2)}}
=min{(u x v)(z1,91), (b X v)(22,92)}
for any (z1,y1), (z2,y2) € X x Y. Hence u X v is a fuzzy subalgebra of X x Y. And
(3 v)(((x1,91) * (a1,01)) * (22, y2) * (a2, b2)))
=(u x v)((w1 % ar,y1 * by) * (x2 * az,ya * b))
=(pu x v)((z1 *a1) x (22 % az), (Y1 * b1) * (y2 * b2))
=min{pu((z1 * a) * (w2 * az)), v((y1 * b1) * (y2 * b2)) }
> min{min{p(z1 * x2), p(ar * az)}, min{v(ys * y2), v(b1 * ba) }}
=min{min{u(z1 * 22), v(y1 * y2) }, min{p(ar * az), v(b1 * ba) }}
=min{(p x v)((z1 * x2), (y1 * y2)), (b X V)((a1 * az), (by x b2))}
=min{(p x v)((z1,y1) * (z2,¥2)), (0 x v)((a1,b1) * (az,b2))}.

So p x v is fuzzy normal. Therefore u x v is also a fuzzy normal subalgebra of X x Y. (]

Proposition 3.22. Let i1 be a fuzzy normal subalgebra of a BI-algebra X. If J is a normal subalgebra of X,
then J/u is a normal subalgebra of X/ .
Proof. Let p be a fuzzy normal subalgebra of X and J be a normal subalgebra of X. Then for any z,y € J,
xxy € J. Let pg, py € J/p. Then pg * pry = pgay € J/p. So J/pu = {pg|z € J} is a subalgebra of X/u. For any
rxy,axbe J, (xxa)x(yxb) € J. For any iz * [y, ftq * iy € J/ 1, we have
(K * pa) * (fhy * [15) =Haxa * Hysb

=H(zxa)*(y*b) € J/M

Hence J/p is a normal subalgebra of X/pu. O

Theorem 3.23. If J* is a normal subalgebra of X/, then there exists a normal subalgebra J = U{z € X|u, € J*}
in X such that J/p = J*.
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Proof. Since J* is a normal subalgebra of X/u, we have py %ty = figeyy, € J* for any g, n, € J*. Hence xxy € J
for any x,y € J. And figwa * flysb = f(zra)s(ysb) € J* fOr any figuy, flaxy € J*. Therefore (z * a) x (y * b) € J for
any z *y,a*b € J. Thus J is a normal subalgebra of X. By Theorem 3.20,

Jjn={usli € 7}
={u;|3n, € J* such that j ~* z}
={4;|3pe € J* such that p, = p;}
{ugluy € Y = "

This completes the proof. (I

4. Quotient Bl-algebras induced by fuzzy congruence relations

Definition 4.1. [10] A binary operation 6 from X x X — [0,1] is a fuzzy equivalence relation on X if for all
z,y, 2, u € X

(FC3) 0(x, 2) =2 min{0(z,y),0(y, 2)}-
Moreover, if it satisfies
(FC4) 0(x xu,y xu) > 0(z,y),0(uxz,u*xy) > 0(z,y)

for all ,y,u € X, we say that 6 is a fuzzy congruence relation on (X, *,0).
Let FCo(X) be the set of all fuzzy congruence relations on a BI-algebra X.

Lemma 4.2. If § satisfies the condition (FC2) ~ (FC4) above, then (FC1) is equivalent to 6(0,0) > 6(x,y) for
all z,y € X.

Proof. Suppose that 6(0,0) = 6(z,z). By (FC2) and (FC3), we have 0(0,0) = 0(z,z) > min{f(z,y),0(y,z)} =
O(x,y) for all z,y € X.

Conversely, assume that 0(0,0) > 6(z,y) for all x,y € X. It follows from (FC4) that (0,0) < §(z * 0,2 % 0) =
6(x,x) By assumption, we have 6(0,0) = 6(z,z). Hence (FC1) holds. O

Proposition 4.3. Let 6 be a fuzzy congruence relation on a BI-algebra X. Then 0(x,y) = 0(z x y,0) for all
z,y € X.

Proof. By (FC4) and Lemma 4.2, we have min{6(z, y),0(y,y)} = min{f(x,y),0(0,0)} = 0(x,y) < 0(rxy,y*y) =
O(x*y,0) for all z,y € X. On the other hand, 6(x *xy,0) = 0(zx *y,x*x) > 0(y,x). Hence 8(x,y) = 0(xxy,0) O

For every element z € X, we define 6, := {y € X|0(z,y) = 6(0,0)} of X and X/0 := {6,|z € X}. Define an
operation “e” on the set X/6 by

O 00, =0y
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This operation is well defined. In fact, if §, = 6,» and 6, = 6,/, then we have §(z,z") = 0(y,y’) = 6(0,0). Since
6(0,0) = min{f(x,2"),0(y,y')} < O(x*xy,2" *xy") <6(0,0), we have 0(z * y, 2" *y') = 0(0,0) and S0 Opyy = gy

Hence o is well defined.
Theorem 4.4. If § € FCo(X), where X is a BI-algebra, then (X/0,e,60y) is a BI-algebra.
Proof. Straightforward. O

Proposition 4.5. Let f : X — Y be a homomorphism of Bl-algebras. If 0 is a fuzzy congruence relation of Y,
then 0(z,y) := 0(f(x), f(y)) is a fuzzy congruence relation of X.

Proof. It is obvious that @ is well-defined. Let z,y, z,u € X. Then

(i) 0(z, z) = 0(f (), f(z)) = 6(0,0).

(i) O(z,y) = 0(f(2), f(y)) = 0(f(y), f(x)) = O(y, ).

(iii) It can be shown that 6(z, z) = 0(f(x), f(2)) > min{0(f(z), f(¥)),0(f(v), f(2))} = min{0(z,y),0(y, 2)}.
)

);
(iv) It can be shown that §(zxu, yxu) = 0(f (z*u), f(y*u)) = 0(f (@) f(u), f(y)* f(w)) = 0(f(2), f(y)) = O(z,y).
>

By a similar way, we have §(u * z,u * y) > 0(x,y). Thus 0 is a fuzzy congruence relation. O

Proposition 4.6. Let 6 be a fuzzy congruence relation of a BI-algebra X. Then the mapping v : X — X/0,

given by vy(z) := 0,, is a surjective homomorphism.

Proof. Let 6, € X/6. Then there exists an element g € 6,, such that v(xg) = 6,. Hence + is surjective. For any
z,y € X, y(x*y) = Oy =0, 06, =7v(x) ®y(y). Thus v is a homomorphism. O

Theorem 4.7. Let f : (X,*,0x) — (Y, *,0y) be an epimorphism of BI-algebras and let 6 be a fuzzy congruence
relation of Y. If @ = 6 o f, then the quotient algebra X/0 := (X/(0 o f),ex,0p,) is isomorphic to the quotient
algebraY/0 := (Y/0,ey,00,).

Proof. By Theorem 4.4 and Proposition 4.5, X/(6 o f) := (X/(0 o f),ex,0,) is a Bl-algebra and Y/0 :=
(Y/0,ey,0y,) is a BI-algebra. Define a map

n:X/(0cf)=Y/0, (00 f)e— 0

for all x € X. Then the function 7 is well-defined. In fact, assume that (8 o f), = (8o f), for all z,y € X.
Then we have 0(f(z) *y f(y)) = 0(f(z *x y)) = (B o f)(z*xy) = (0o f)(0x) = 6(f(0x)) = 6(0y) and
OUF(y) v £(2)) = B(F(y x ) = (B0 )y +x 7) = (90 £)(0x) = O(f(0x)) = 6(0y). Hence b, = 05y,

For any (00 )., (60 f), € X/(80 f), we have n((00 f)a ox (00 £)y) = 1((00 ary) = 5ouxs) = Oraren s(5) =
Of(z) @05y =n((0 0 fz)) @y n((0 o f)y). Therefore n is a homomorphism.

Let 0, € Y/6. Then there exists x € X such that f(z) = a, since f is surjective. Hence n((0o f).) = 0f) = ba
and so 7 is surjective.

Let ,y € X be such that ;) = 0(,). Then we have (0o f)(zxxy) = 0(f(z*xy)) = 0(f(x)*y f(y)) = 0(0y) =
0(f(0x)) = (00 f)(0x) and (6o f)(y*x x) = O(f(y *x x)) = 6(f(y) *y f(x)) = 0(0y) = 6(f(0x)) = (6o f)(0x).
It follows that (§ o f), = (6 o f),. Thus 7 is injective. This completes the proof.

O
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Two quotient BI-algebras

The homomorphism 7 : X — X/0, x — 6,, is called the natural homomorphism of X onto X/6. In Theorem
4.7, if we define natural homomorphisms 7x : X — X/f o f and my : Y — Y/, then it is easy to show that

nomwx = my o f, i.e., the following diagram commutes.

x v

‘ﬂ'xl Tryl
X/(0of) —1— Y/6.

The fuzzy subset 0, of a Bl-algebra X, which is defined by 0, (y) := 6(x,y), is called the fuzzy congruence

class containing z and X/6 is the set of all fuzzy congruences classes 6.
Proposition 4.8. Let 6 be a fuzzy congruence relation in a Bl-algebra X. Then 0 is a fuzzy ideal of X.

Proof. Let z,y € X. Then 6y(0) = 6(0,0) > 0(x,y) by Lemma 4.2. Put y := 0 in above inequality. Then
00(0) > 6(z,0) = 6p(z). By (FC3), (FC2) and Proposition 5.3, we have 0y(y) = 6(0,y) > min{0(0,z),0(z,y)} =
min{6(z,0),0(z *xy,0)} = min{fy(x), 0o (x * y)}. Thus by is a fuzzy ideal of X. O
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Abstract. Let f: X — ) be a mapping where X is a quasi-a-normed space and ) is a quasi-S-normed space.
The following quadratic functional equation

S (Yt ) =T e @29) .1

is introduced and solved by giving its general solution.
Moreover, we prove the Hyers-Ulam stability of the functional equation (0.1) by using a direct method.

1. INTRODUCTION AND PRELIMINARIES

Studying functional equations by focusing on their approximate and exact solutions conduces to one of the
most substantial significant study brunches in functional equations, what we call “the theory of stability of
functional equations”. This theory specifically analyzes relationships between approximate and exact solutions
of functional equations. Actually a functional equation is considered to be stable if one can find an exact
solution for any approximate solution of that certain functional equation. Another related and close term in
this area is superstability, which has a similar nature and concept to the stability problem. As a matter of fact,
superstability for a given functional equation occurs when any approximate solution is an exact solution too. In
such this situation the functional equation is called superstable.

In 1940, the most preliminary form of stability problems was proposed by Ulam [35]. He gave a talk and
asked the following: “when and under what conditions does an exact solution of a functional equation near an
approximately solution of that exist?”

In 1941, this question that today is considered as the source of the stability theory, was formulated and solved
by Hyers [13] for the Cauchy’s functional equation in Banach spaces. Then the result of Hyers was generalized
by Aoki [1] for additive mappings and by Rassias [24] for linear mappings by considering an unbounded Cauchy
difference. In 1994, Givruta [12] provided a further generalization of Rassias’ theorem in which he replaced the
unbounded Cauchy difference by a general control function for the existence of a unique linear mapping. For
more epochal information and various aspects about the stability of functional equations theory, we refer the
reader to the monographs [10, 11, 14, 15, 18, 20, 25, 27, 29, 30, 31, 32, 33|, which also include many interesting
results concerning the stability of different functional equations in many various spaces.

Now we present some brief explanations about the functional equation (0.1) and also generally about quadratic

functional equations. Consider the functional equation

fle+y)+ fz—y) =2f(x) + 2f(y) (1.1)

92010 Mathematics Subject Classification: 39B52, 39B72, 46Bxx, 39Bxx.

9Keywords: Hyers-Ulam stability; functional equation; quadratic functional equation; superstability; direct
method.
*Corresponding authors.
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which is called the classic quadratic functional equation. Obviously, the function f(z) = cz? is its solution and
so it is called quadratic. There are some other different types of quadratic functional equations. For examples,

the following n-dimensional quadratic functional equations

n k k+1 n n n—k+1
POIDIID DD D (D S o)
k=2 11=21ip=11+1 tp—k4+1=tn—kt1 i=1 r=1

LSRR Sy S

+f(Zx) - 2"1if(xi),

=1
n

((Xw)+ > faimm) =)y fa)
i=1 1<i<j<n i=1

have been introduced in [9] and [3], respectively. These n-dimensional versions are generalized forms of (1.1),
but each in a different way.

In this paper, we introduce another n-dimensional version as follows:

Sr(Te et =T L) 02, (12)

=1 i=1
JF#i

in which the simplest case (for n = 3) is the functional equation

9

f(x—l—y—g)—|—f<x+z—%>+f(y+z—g) :1[f(m)+f(y)+f(z)] (1.3)

Note that (1.2), for each fixed integer n > 3, is symmetric with respect to any permutation of the variables.

In the next section, we will show that (1.2) is equivalent to (1.1). Nevertheless (1.2) is not a generalization
of (1.1), rather in fact it is a generalized form of (1.3).

The stability problem for the classic quadratic functional equation was first proved by F. Skof [34] and then
generalized by Cholewa [6], Czerwik [7, 8] and others [2, 4, 22, 23, 25, 26]. Many stability problems for some
other versions can be found in [3, 5, 16, 17, 19, 21].

Now we give briefly some useful definitions, preliminary and fundamental results of quasi-8-normed spaces.
Throughout this paper 8 will be a fixed real number with 0 < 8 < 1 and K denotes either R or C.

Definition 1.1. ([28]) Let X be a linear space over K. A quasi-B-norm || - || is a real-valued function on X
satisfying the following conditions:

(C1) |lz|| > 0 for all x € X and ||z|| = 0 if only if x = 0;

(Ca) ||A-z|| = |\|® - ||z|| for all A € K and all z € X;

(Cs) There is a constant K > 1 such that ||z + y|| < K(||z|| + [|y||) for all z,y € X.
The pair (X, ||-||) is called a quasi-3-normed space and the smallest possible K is called the modulus of concavity
of [ .

A complete quasi-B-normed space is a quasi-B-Banach space.

Definition 1.2. ([28]) Let 0 < p < 1 be a real number. A quasi-/-normed space (X, ||-]|) is called a (53, p)-normed
space if
lz+yll” < llzlI” + llyl”

for all z,y € X. In this case, a quasi-S-Banach space is called a (3, p)-Banach space.

2. The general solution

In this section, we give the general solution of the functional equation (0.1) by proving the fact that it is
equivalent to the functional equation (1.1), which implies that it is quadratic too.

First, we prove a useful lemma.
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Lemma 2.1. Let X and Y be linear spaces. If a mapping f : X — Y satisfies the functional equation

fle+y)+ fl@z—y) =2f(z) +2f(y)
for all xz,y € X, then
flrz) =r*f(x)
for all x € X and all r € Q.
Proof. Let n > 2 be a natural number. Replacing (z,y) by (0,0), (0, —z) and (z, (n — 1)z) respectively, we get
f(0) =0, f(z) = f(—=) and
f(nx) =2f(x) +2f((n — V)z) — f((n - 2)z)
for all z € X. This simply implies that

%
T
N
5
N
Il
~
—~
)
]
-
I

2f(a) +2f(x) — £(0) = 4f(x),
f(=82) = f(3c) = 2f(2)+2f(22) — f(x) = 9f(a),
f(—42) = f(4x) = 2f(2)+2f(32) - f(20) = 16f(a),

flkz) = K f(x)

for all z € & and all k € Z. Putting 7 instead of z in the above line, we obtain

/() oo

for all z € X and all k € Z. Therefore, we can conclude for any r € Q that
x

fr) = £ () = mf(£) = ™ f) =5 0)

n
for all x € X and all » € Q, which ends the proof. O

Theorem 2.2. Let X and Y be linear spaces and let n > 3 be a fixed positive integer. A mapping f: X — Y

satisfies the functional equation

Zn:f(i:mﬁzgnxi) :fgf(xi) (2.1)

i
for all x1,x2,- -+ ,xn € X if and only if f satisfies the functional equation
fl@+y)+ fl@z—y) =2f(z) +2f(y) (22)

forallz,y € X.

Proof. Sufficiency. For the ‘only if’ part of the proof, suppose that f : X — Y satisfies (2.1), we will show that
f satisfies the classic quadratic functional equation (2.2).

First we except the cases n = 3,4 and investigate them separately. In the case n = 3, (2.1) is in the form
z T 9
fety=-2)+s(erz-8)+s(vr2-3) = F[f@+ 70+ )] (23)

for all z,y,z € X. Replacing (z,y,z) in (2.3), by (0,0,0), (z,0,0), (z,z,0), (%x, %x, %x) and (%m,—%x,y),
respectively, we obtain f(0) = 0 and

I
—

1(52) = /@, (2.4)
1(30) = 3@ -3f@o), (25)
1(30) = jr@. (26)
1(G) +fern+iw-o = [1(Ge) +1(F0) +1w)] (27)
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for all z,y € X, respectively. By using (2.4) and (2.6), we can rewrite (2.7) as

fe+y)+fly—=z) = fle) + f(—z) +2f(y) (2.8)
for all z,y € X. Letting x = y in (2.8), we see that
f(2z) = 3f(x) + f(—x) (2.9)
for all x € X. From (2.4), (2.5) and (2.9), it follows that
10 = 1(52) = /@) - 30) = $1@) - S @) - 3 f(-2)

for all x € X, which implies that f(z) = f(—=x) for all x € X. So (2.8) can be rewritten as

fle+y)+ f(z—y) =2f(x) + 2f(y)
for all z,y € X, which is exactly (2.2).
Now the case n = 4. In this case we have the functional equation
fety+tz-—w)+ fleatytw-—2)+ fle+z+w-y)
Hf(y+ 2w =) =4[f(2) + f(y) + [(2) + f(w)] (2.10)
for all z,y,z,w € X. Replacing (z,y, z,w) in (2.10), by (0,0,0,0), (¢,0,0,0), (32, 3z,0,0) and (%a:, —%x,y,O),

respectively, we get f(0) =0, f(z) = f(—z), f(32) = 3 f(z) and

0+ 1) + S+ )+ f— o) = 4[7 (52) + £(Fe) + 1))

for all z,y € X, respectively, which can easily be simplified to (2.2).

Now we assume that n > 5.

Replacing the variables in (2.1), by (0, ,0), (,0,--- ,0), (z,2,0, - ,0), (—,--- , ~,0,0) and (2z,--- , 2z),
respectively, we have f(0) = 0 and
(32) - e, (2.11)
(A5) = Sa@+ e, (2.12)
f(4;n‘”> = nZQf(*fE) + %f(@ *n)x), (2.13)
f( ‘”) = % () (2.14)

for all x € X, respectively. Note that n > 5 might be either an odd or an even number. In the cases of oddness

and evenness, if we respectively put

2 2 =2 —2
L1, 3 Tn=1,Tntl, " ,Tn-1,Tn = —Xyr, — T, Ty r,Y |,
2 2 n n n n
2 2 =2 —2
Tly 3 Tn=2,T2, " ,Tpn-2,Tn—-1,Tn = 7337"'771’77:37"'773:73/,0
2 2 n n n n

in (2.1), then we get

1G5 + S fe+n + s -w)] = @[’c(%‘r) wr(5e)] %Qf(y)’

2-n n—2 n*(n —2) 2 -2 n® —4
155 + e fe s -a)| = T2 (Ge) +4(Se) | + W)
for all z,y € X, which both by using (2.11) and (2.14), are easily simplified to (2.8). From (2.8), we obtain (2.9)

again. By using (2.9), we can rewrite (2.12) as

(F50e) = S R )+ 2 () (215)
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for all x € X. Subtracting (2.13) from (2.15), we get

f((2—n)x) _ (2—n)(n 8— 6n+12)f(x)—|— (n—2)(n8+ 2n_4)f(—x)

for all 2 € X'. Putting § instead of x, and then applying (2.11), we obtain
n—2)>2 2—n)(n®—6n+12) ,(z n—2)(n*+2n—4) /-
(n—2) Fo) = ( )( )f<§>+( )( )f( )

4 8 8 2
—n?4+6n-12 ,/x n*+2n—4 (-
fla) = 2(n — 2) f(i) + 2(n — 2) f(?) (2.16)
for all x € X. On the other hand from (2.9), we have
f(z) :3f(g) +f(_7w> (2.17)

for all z € X. Comparing (2.16) and (2.17), we conclude that f(z) = f(—=z) for all x € X, which simply
transforms the form of (2.8) to (2.2).

Necessity. For the ‘f” part of the proof, suppose that f: X — ) satisfies the functional equation (2.2). We
show that f satisfies (2.1) too.

First, we prove the following
21 far )

+ 351 (2.18)

for all 1, -+ ,x, € X and any fixed integer n > 3.

2 —
f(m2+~~+:cn+ 2”:51) gf(m2+~~+xn)+(

Let k € N. Replacing (z,y) in (2.2) by (z, kxz1) respectively, we get

fle—xz) = 2f(x) +2f(z1) — flz +21), (2.19)
flx=2z1) = 2f(z)+2f(2z1) — f(z + 2z1), (2.20)
flx—3z1) = 2f(z)+2f(3z1) — f(z + 3z1), (2.21)
flx—4z) = 2f(x)+2f(4z1) — f(x + 4z1) (2.22)
for all z,z1,€ X. Replacing (z,y) in (2.2) by (z1 + z, kx1), respectively, we get
flx+2z)=flei+z+21) = 2f(x1+2z)+2f(21) — fz),
fl@+3z1) = f(z1+a+221) = 2f(z1+2)+2f(221) — flz —21),
flx+4z) = f(zr+z+3z1) = 2f(v1+2z)+2f(Bz1) — f(2 — 221),
for all z,x1,€ X. Continuous process of the above equations (2.20), (2.21), --- and Lemma 2.1 generally lead
to
fo—kn) = (k+1)f@)+k(s+ 1) f (1) — kf(z +21) (2.23)

for all z,z1 € X, and all k € N. Replacing (z,y) in (2.2), by ( kml, gml), using (2.23) and Lemma 2.1, we
obtain
k 1 1 k
f(x - *ml) = §f(95) + Ef(l’ — kx1) — f(*xl)

2 2
2
= )+ B ) - S ) (224)

for all z,z1 € X, and all k € N.
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Now (2.23) and (2.24) imply that (2.18) holds. The first one proves it for any fixed even integer n. > 4, and
the second one proves it for any fixed odd integer n, > 3. It is done simply by putting z = x2 + - - - + z, in both
(2.23) and (2.24) and by k = 22 k =n, — 2 in (2.23) and (2.24), respectively.

It follows from (2.18) that

f(x2+---+:cn+"’*7”x1) fl@a+-tan) ] F@)

+ T +

- -

f(ler...ernilJr%mn) f(a:1+...+mn,1> | f(zn)
+ FC=m)[f@it )]

for all 21, -+ ,zn € X and any fixed integer n > 3. This signifies that in order to get (2.1), it is just necessary
to show the following
flaa+ -+ xn) f(z1)
+ +
: +(@2—n) f(m1+---+xn)} = (2.25)
+ -
f(x1+---+wn71) f(xn)
for all 1, -+ ,z, € X and any fixed integer n > 3.

As it is clear, the proof of (2.25) directly depends on the specific value of n > 3. Nevertheless, we try to
provide a general idea to prove it.
First assume that n > 3 is an odd number. In this case, by frequently using (2.2), the left hand side of (2.25)

will be in the form

flx1+x2+ 223+ -+ + 225) f(z1 — z2)

+ +

1 ~ 1

2 ) 2 :
+ +

f<2x1 + o+ 2Tn3+ Tn—2+ Tn—1+ 2mn> f@n—2—xn_1)
+f<:v1+~-+mn71) +(2-n) [f(:v1+~-+xn)} (2.26)
for all 1, ,z, € X and any fixed odd number n > 3. Since we have

1 1
5f(m1+x2+2x3+~-+2mn):f(:c1+--'+In)+f(m3+~~~+xn)—§f(ac1 + z2)

for all 1, ,z, € X from (2.2), (2.26) is simplified to

fles -+ an) f(w1 —z2) — f(z1 + 22)
T +
+ 2 n
f($1+"'+1'n73+l'n) f(mn72_mnfl)_f(m’an"_mnfl)
@it aa)+ (?’_Tn) [f(w1+-~+fvn) (2.27)

for all z1, -+ ,z, € X and any odd fixed integer n > 3. For the case n = 3, (2.27) leads to the right hand side
of (2.25), which means that the proof is complete for the case n = 3. So we assume that n > 5 and continue the
proof. We come across two cases:

a) "T_l, which is the number of the terms in the first term of (2.27), is an even integer;
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b) 251 is an odd integer.

In the case a), similar to the process in which we obtain (2.27) from (2.25), we get (2.28) from (2.27), as

follows:
f@s + -+ xn) flx1 —x2) — f(z1 + x2)
+ -
: +5 :
+ +
f(xl +-~-+xn_5+:cn> f(@n—2—2n-1) — f(Tn-2 + Tn-1)
fler+ 22 — 23 — 24) — f21 + -+ + 74)
+
+7 .
+
f(mnfél + Tn-3 — Tn-2 — :Enfl) - f(mnfél + -+ m’nfl)
5 —
+f(x1+ ) + (74n)[f($1+'”+fﬂn)} (2.28)
for all 1, ,z, € X and any fixed n =5,9,13,---. In the case n = 5, (2.28) is in the form
L[ —22) = fzn +a2)
f($5)+§ + +§[f(:r1+9€2*9€3*$4)+f(331+"'+$4)]
J(xs —x4) — f(x3 + 24)
for all z1,--- ,x5 € X, which simply by using (2.2) gives the right hand side of (2.25). By continuing the process

we can obtain the result for n =9,13,---.
Similarly in the case b), we get (2.29) from (2.27), as follows:

fles + - +xn) flx1 —x2) — f(z1 + x2)
+ -
. N 1
- 2 "
f(an 4+t Tp7 F Tn—2 + Tn-1 + mn) f@n—2 —zn_1) — f(@n—2 + Tn-1)
flw1 4+ 22 —x3 —x4) — f@1 4 - 4 24)
Jr
1
+7 .
_l’_
f(l’n—ﬁ + XTpn-5 — Tpn-a — :L’n—3) - f(xn—ﬁ +---+ l’n—f’))
3
+f@xi+ oz + )+ X+ F o) + (Tn> {f(m + ) (2.29)
for all z1,--+ ,x, € X and any fixed n = 7,11,15,---. If we put n =7, in (2.29), then we have

flz1 —x2) — f(z1 + 2)
+

Flws — ) = flas + 1) | + 5 0@+ — a5~ 32)
+

fxs —x6) — f(25 + x6)

—%f(xl+---+x4)+f(x1+-~+x4+x7)+f(x1+~~+x6)—f(x1+---+x7)

flxs +x6 +x7) +

N | =

for all z1,--- ,x7 € X, which could be simplified to the right hand side of (2.25). For n = 11,15, - -, we should

continue the process.
Even cases of n are similar and also easier and so we omit them and the proof is complete. O
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3. Superstability of the general quadratic functional equation (0.1)

In this section, we provide a superstability theorem for the functional equation (0.1). In fact, f: X — Y will
be put in a normed functional inequality instead of an equality which is obviously considered a harder condition
for f, in order to be quadratic. From this point of view, one can say that the obtained result in the previous

section will be gotten stronger and improved in this section.

Theorem 3.1. Let X and Y be linear spaces and % <1 <1 be a fized real number. If f : X — Y satisfies the

functional inequality

’f(y+z—%x>+f(x+z—%y)+f<m+y—%z)

~2rw) - J1@ - 151w < fla-ois@) (31)
for all x,y,z € X, then f is a quadratic mapping.
Proof. Letting (z,y,z) = (0,0,0) in (3.1), we get
Since | > 1, 38=3 > 0 and so f(0) = 0. Letting (z,y,2) = (0,z,y) in (3.1), we have
I(o=50) + 1 (v-32) + @ +y) = 1@+ 11w (32)
for all z,y € X. Replacing (z,y) in (3.2) by (z,0), (z,z) and (z, 2z), respectively, we obtain
i(-30) = /@ (33)
2f(32) +1C2) = Si@) (3.9
1(30) + 160 = i@+ 3s00) (35)

for all x € X, respectively. Using (3.3) and (3.4) we get f(x) = f(—=x) for all z € X. So (3.3) is rewritten as
f(%:v) = 1 f(=) for all z € X. By using this, (3.5) could be simplified to f(3z) = 9f(x), and so

1(5¢) = 5@ (3.6)
for all z € X. Replacing (z,y) in (3.2) by (z —y,—y) and (y — z, —z), we have

(e-gv) = Ha-9+370) - f@+y) - f@—2),

fy-30) = J@—9)+3@ - @+ - fy—20)

for all z,y € X. By putting these two equations in (3.2), we obtain

SH@ =)+ 3@ +y) = [z = 29) + fly — 20)

2
for all z,y € X. Now putting (z,y) = (%ﬁ”, %) in the previous line, we get
1

DA(2) 4 Ltuk ) = )+ )

for all w,v € X, which by (3.6) simply leads to (2.2) as desired. O

Theorem 3.2. Let X and Y be linear spaces and n,k be fized positive integers withn > 4 and 1 < k < n. If
f: X — Y satisfies the functional inequality

H i:f(zn:xj N Q;nx) _ %Qi:f(xi)
=g bty

Jj#i

<[

‘ 3.7)

for all x1,x2, -+ ,x, € X, then f is a quadratic mapping.
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Proof. Note that the functional inequality (3.7) is symmetric with respect to each variable. So we can take k = 1
and only prove this case and then conclude the statement for all cases with 1 < k < n. From now on, assume
that £ = 1.

Letting (1,2, -+ ,xn) = (0,0,---,0) in (3.7), we obtain that

MW 0)[| <o.

Since n® > (2n? 4 4n) for all n > 4, f(0) = 0. Letting z1 = 0 (or x5 = 0) in (3.7), we get

>+f(z ) Zfac, (3.8)

=2 j=2 =2

for all 2, z3,--- ,xn € X.

First we investigate the case n = 4 separately. In this case, by putting (z2,x3,24) = (,¥, ) in (3.8), we have
flytz—a)+fla+z—y)+flet+y—2)
+f(z+y+2z) =4f(@) + fy) + [(2)]

for all z,y,z € X. Replacing (z,y, z) in the above equation by (z,0,0) and (z,y,0), we obtain f(z) = f(—x)

and
fly—2)+ fl@—y) +2f(z+y) =4f(x) +4f(y)
for all z,y € X, which simply mean that (2.2) holds.
Now the case n > 5. Replacing (z2,z3, -+ ,2») in (3.8) by = (,0,---,0), (z,2,0,---,0) and (z,--- ,x,0),

respectively, we obtain

(250) = ), (39)
(A0 - ”—Qf@) + 25" s(om) (3.10)
f(n;4x> = f( )+—f((n—2)x> (3.11)
for all z € X, respectively. In the case of evenness and oddness of n > 5, we respectively put
1 (3.8), to get
5+ 2 s - ) (2]
S PR RO Y K TR §) B
for all #,y € X, which both by (3.9) are simplified to
fa )+ 50 -2 = "1 (20) + £(T2e)] +20) (3.12)

for all z,y € X. Letting y = 0 in (3.12), we have

n

Fla)+ flox) =
for all x € X. By this, (3.12) is equivalent to

fle+y)+ fly—x) = f(x) + f(—=z) + 2f(y) (3.13)

I
N
—
[
/~
SRR
8
~—
+
~
e
\
[
8
~—
—
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forall z,y € X. Now by (3.10), (3.11), (3.13) and a similar argument used in the last part of the proof of Theorem
3.2, we can obtain f(z) = f(—=z) for all z,y € X. This changes (3.13) to f(z +vy) + f(y — z) = 2f(z) + 2f(y)
for all z,y € X', which finally ends the proof. O

4. Hyers-Ulam stability of the general quadratic functional equation (0.1)

In this section, we prove the Hyers-Ulam stability of the functional equation (0.1). Throughout this section
X denotes a quasi-a-normed space and ) a quasi-$-Banach space. For a given mapping f : X — ), we define

the difference operator:

" " 2—n A2n? &
Dxf(x1, @2, , an) :Zf(Z)\fUH- 3 Mfi)— 1 > f@)
i=1 j=1 i=1

J#i

for all z1, 22, ,xn € X and all A € R.

Theorem 4.1. Let ¢ : X™ — [0,00) be a function with ©(0,---,0) =0, where n > 3 is a fized integer. Denote
by ¢ a function such that

N[ 4™ n" n'™ n" P
¢(IE1,$2,"' 7x"7~) = Z |:n2mﬁ%0(2mx17 om o L2, 727mx77-):| < oo (41)
m=0

for all x1,x2, -+ ,x, € X. Suppose that f : X — Y is a mapping satisfying

||D1f(CC1,(L’2, e 7x")||y S @(xh T2, 7=Tn) (42)
for all x1,x2, -+ ,x, € X. Then there exists a unique quadratic mapping Q : X — Y such that
4,
| £(x) - Q(x)“y <—5 oz, 2z, ) (4.3)
forallz € X.
Proof. Letting ©1 =22 = -+ =z, = 0 in (4.2), we get f(0) =
Letting 1 = 22 = --- = x,, = z in (4.2), we have

|

©
5
B
&
B
=

s (52) - o0

R

for all 2 € X. Replacing = by (2)'z, we get

H (%1) ( )H —nsa‘/’(zj ’Qix> (4.4)

for all z € X and all nonnegative integers i. Assume that m,[ are positive integers with m > [. From the
iterative method and (4.4), it follows that

1 m—1

4qm n™ 4t n
| <271x) T (?”’)

P qi+1 nitl 4 n »
y = Ll ) -t (52
i=1

7=

—1 4Pp

m
= D
=1

i=

P

4 ni+1 ni
! () =1 ()
45;0 m—1

48 ni n p
w2 (5o 5| (45)
i=1

1=

<

for all x € X, in which by (4.1) the right-hand side tends to zero as m,l — oco. This clarifies that the sequence

{n2m f ( ) } is Cauchy in the complete space ) and therefore convergent. So we can define for all x € X,
the mapping Q : X — ) by

Q(z) := lim ;;—mm (Z%m)

m— oo
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Now letting | = 0, passing the limit m — oo in (4.5) and then using (4.1), we obtain (4.3), as desired.
Lastly, we prove that Q is unique. Let Q' : X — ) be another quadratic mapping satisfying (4.3). Then we

have
, » 4mﬂp nm nm P 4mﬂp (™ nm »
HQ(QJ)_Q(aj)H)} = p2mfp Q om T _f(27m33) y+m Q om T —f s y
4mPp 4Pp n™ nm
S 2 e e (2711/’ 275”)
4mﬁp 451’ > 4Sﬂ m-+s m+s )
= 2. . Z Y (L
n mpBp n3ﬁp nQSﬁ 9Qm+s oQm-+s
s=0
4ﬁp o 456 n’ n® p
> [nw(?q; 7%)]
s=m

for all z € X. Now by (4.1), the right-hand side tends to zero as m — oo, and therefore Q : X — Y is unique
and the proof is complete. O

Theorem 4.2. Let ¢ : X" — [0,00) be a function with ¢(0,---,0) =0, where n > 3 is a fized integer. Denote
by ¢ a function such that

0 2mp m+1 m+1
n 2 2 p
A1, T, ) 1= E [4mﬁ ¢<th... ’an)} < 00 (4.6)

m=

for all x1,xz2,--- ,xn € X. Suppose that f : X — Y is a mapping satisfying (4.2). Then there exists a unique

quadratic mapping Q : X — Y such that
1 »

forallx e X.
Proof. Letting x1 = x2 = --- = x, = 0 in (4.2), we get f(0) = 0.
Letting x1 = @2 = +-- = o, = %a: in (4.2), we have

IN

B2, = o(ndne 2e)

n® /2 1 2 2 2
—fl = — < = T S ... =
‘ 1 f(nm) f(x)‘y < nﬁw(nw,nw, naz)

for all z € X. By the same method used in the previous theorem, we can obtain

m—1 . . .
D 1 n2zﬁ 21+1 21+1 D
D> l e (e )| (48)

2m m 21 l
n 2 n 2
|1 Ge) =t ()

for positive integers m,l with m > [ and all x € X, in which by (4.6) the right-hand side tends to zero as

y 1=
m,l — oo.
Now similar to the pervious theorem, the mapping Q : X — ) is definable as

Q(z) := lim anf(Z%x)

m—oo 4™

for all © € X, which by letting | = 0, passing the limit m — oo in (4.8) and then using (4.6), satisfies (4.7).

The proof of the uniqueness of Q is similar to the previous theorem. O

Corollary 4.3. Let 9 be a nonnegative real number and q a positive real number with q < 2%. Let f: X =Y
be a mapping satisfying

D1 f (@, @2, za) ||, < Ollzally + - + lealk) (4.9)
for all x1,x2, -+ ,x, € X. Then there exists a unique quadratic mapping Q : X — Y such that
1—ag—pB

n
\/np(2B—aq) _ 2p(2B—aq)

1%

/(@) = Q)| <479
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forallz € X.
Proof. Defining ¢(z1,- -+ ,x,) 1= 19(||a:1\|qX + -t Hang() and applying Theorem 4.1, we get the result. O

Corollary 4.4. Let ¥ be a nonnegative real number and q a positive real number with q > 25. Let f: X = )Y
be a mapping satisfying (4.9). Then there exists a unique quadratic mapping Q : X — Y such that

nl—38
- < 2419 4

#@) - Q@) < 20 el
forallz € X.
Proof. Defining ¢(z1, - ,zn) := 19(||3131HfY + -+ Hxn”‘f‘) and applying Theorem 4.2, we get the result. O
Corollary 4.5. Let 9 be a nonnegative real number and qi, . . ., qn positive real numbers with g1 +-- -4 qn < 2%.
Let f: X — Y be a mapping satisfying

[D1f (@1, @2,y zn) ||, < O(lzal R - a2l % - llzall ¥ (4.10)
for all x1,x2, -+ ,x, € X. Then there exists a unique quadratic mapping Q : X — Y such that

4P Y9p—lart+an) =B HxH()?l‘*”""q”)

[f(@) - Q@)]|,, <

f/np(QB—a(Q1+~~+qn)) — 2p(2B8—a(qi+-+qn))

forallz € X.
Proof. Defining @(z1,- -+ ,&n) := ’19(H$1||qX1 Az |% - - ||mn||g(") and applying Theorem 4.1, we get the result. [
Corollary 4.6. Let ¢ be a nonnegative real number and q1,- - - , qn positive real numbers with g1 +- - -+ qn > 25

Let f : X — Y be a mapping satisfying (4.10). Then there exists a unique quadratic mapping Q : X — Y such

that
go(ait+-+an) 9y, —38

(q1++an)

— <

l7) = @], < PP aai T an)—2P) — gp(alait Tdn)—2P) lzll

forallz € X.

Proof. Defining p(z1,-++ ,Tpn) := 19(“3:1 1% - Nl2|% - ||xn||§§‘) and applying Theorem 4.2, we get the result. [0
Note that in Corollary 4.5 and 4.6, we can put ¢1 = - -+ = ¢», = ¢ and make simpler results.
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On Impulsive Sequential Fractional Differential Equations

N. I. Mahmudov and B. Sami
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Abstract

This paper aims to study the existence of the solutions for an Impulsive Sequential Fractional Differ-
ential Equations of order 1 < ¢ < 2 involving separate boundary conditions. Our analysis relies on some
fixed point theorems. In addition, an example is provided to illustrate the results of this study.

Keywords
Impulsive sequential fractional differential equations, Caputo fractional derivative, fixed point theorem.

1 Introduction

Fractional differential equations have recently proved to be strong tools in the modeling of many physical
phenomena. It gives a great application in nonlinear oscillations of earthquakes, many physical phenomena
such as seepage flow in porous media and in fluid dynamic traffic model. Impulsive Fractional Differential
Equations (IFDEs), and Sequential Fractional Differential Equations (SFDEs) have attracted the attention
of many researchers, see [1]-[21]. To the best of our knowledge, the study of impulsive sequential fractional
differential equations (ISFDE) supplemented with separated boundary conditions has yet to be initiated.

In [15] Tian and Bai studied the existence solutions for the following IFDEs with boundary conditions,
by using Banach’s fixed point theorem and Schauder’s fixed point theorem:

“Diul(t) = f(t, u(?)), qge (1,2),t €[0.1],t # ty,
Auli—s, = I (u(ty)), Au'\/t:tk =Tp(u(ty), k=1,2,....,p, k=1,...p,
u(0) +u (0) = 0,u(l) +u (§) =0,

with the Caputo fractional derivative °D?, f € [0,1] X R — R is a continuous function, Iy, I,:R— R,0=

t0<t1<"'<tk<...<tp<tp+1:1.
In [16] Wang investigated the existence of the solutions of the problem which is given as follows :

¢Du(t) = f(t,u(t)), 1<g<2,teJ,
Au(tk) k( tk)) Au,(tk) :/ Ik‘(u(tk))ﬂ k= 17 sy Dy k= 1, ~ Dy
au(0) + bu' (0) = zq, cu(1) + du' (1) = z1.

Mahmudov and Unul, [17] provided existence of solutions for the following IFDEs of order ¢ with mixed
BVP :

*Dgu(t) = f(t,u(t)), l<g<2tel,
Aufty) = Tp(u(tn) = u(ty) —ulty), Au'(te) = Je(u(ts) = /() —w'(ty), k=1,...p,
w(0) + pw (1) = o1, 2(0) + pox (1) = o2,
with ©D? is the Caputo derivative of order ¢, and f € (J x R, R), ¢k, I € C(RxR),J=10,1,0=1 <
t< e <t < <ty <tpir =1 Au(ty) =u(ty) —u(ty), Ad (ty) =u () — (t,;)
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In [20], Ahmad and Ntouyas obtained new existence results by using standard fixed point theorems.

¢DS(D + X )z(t) € fi(t, x(t)), O0<t<ln<{<n-—1,
z(0) = 0.2 (0) = 0,
2 (0)=0,...,2"1(0) = 0.2(1) = ax(o),
where F': [0.1] x R — F (R) is a multivalued map, F (R) is the family of all subsets of R.
Sequential fractional integral-differential were studied, in [20]:

(“DT+ X DI Nz (t) = f(t,2(t),” DPx (t), Mz (1)), te€0,1],2<¢<3,0< B,y <1,k>0,
2(0) = 0,/(0) = 0,
S ag( Q—Af”(”s 2(s)ds, 0 >1,0<n<(<..<(<1,

Here f: [0,1] x R® — R is a given continuous function satisfying some natural conditions.
Alsaedi, et al, [21], used fixed point theorems to develop the existence theory for the following problem:

(DY + k <D u(t) = f(t,u(?t), 1<q<2,tel0,T],
aru(0) + 357 au (n;) + nu(T) = B,
o’ (0) + 301, biw! (i) + 2t (T) = Ba, s’ (0) + o7 e (mi) + st (T) = Bs.

This paper is motivated from some recent papers treating the problem of the existence of solutions for
ISFDEs with separated boundary conditions:

(D9 + X DI V)x(t) = f(t,z(t),0 <t < T 1<p<2,
a12(0) + frz (0) = m1, aga(T) + oz (T) = na, (1)
Azlizt, = pr(@(tr)), AZ|i=t, = pi(2(tr)), k=1,..p,

where D7 is the Caputo derivative of order g € (1,2], and f : [0T] x R — R, ﬁ, q,m, a1, a9, 81, 81,m1,M2 €
RX € RT o, 07 € C(R,R), and Ax|y—y, = z () —z (t,), A2'|y=, = (t+) 2 (). = (tf) and
z (t;) represent the right and the left hand limits of the function x(t), at ¢ = ¢ respectively.

The rest of the paper is organized as follows. In Section 2, we recall some basic concepts of fractional
calculus and obtain the integral solution for the linear variants of the given problems. Section 3 contains
the existence results for problem (1) obtained by applying Leray-Schauder’s nonlinear alternative, Banach’s
contraction mapping principle and Krasnoselskii’s fixed point theorem. In Section 4, the main result is
illustrated with the aid of an example.

2 Basic materials

I

The basic concepts of fractional calculus are presented in this section [13
a‘]p (tva] J\{t17~-~7tp}a0:

Denote that, J = [0, T] ,to = O, tp+1 T y JO = [0, tl], J1 (tl, tQ]
to <t1 <---<t, <tpy1 =T, and insert the spaces:
PC(J)={z:J— R|zeC(J'),and z(t)),z(t;) exist, and z(t;) = z(t),1 < k < p},

with the norm ||z|| p = sup;c; |(t)| and PC(J) is a Banach space.

Definition 1 The fractional integral of order ¢ > 0 of a function p: [0,00) — R is given by

Lo[f o)
Iq =
0+p(x) F(q) /0 (m _ r)lfqdr’ T > 0 yq > 07

provided the right side is point-wise defined on [0, 00).
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Definition 2 The Caputo fractional derivative of order ¢ > 0, of a function p : [0,00) — R is defined by
1 /x )
- T — )4 pnd,r’
gy "

whenever the right-hand side is defined on [0, 00).

Dg. p(z) =

Lemma 3 Let g > 0, then the differential equation
‘Dp(t) =0,

has solutions
1

p(x) = ap + a1z + agx® + ...+ ap,_12"
where a; € R, i =0,1,2,3,...,n—1; n=[8]+ 1.
Lemma 4 The set F C PC ([0,T], R™) is relatively compact if and only if
(i) F is bounded , that ||z|| < C for each x € F and some C > 0;
(ii) F is quasi-equicontinuous in [0,T]. That is, to say that for any e > 0 there exist v > 0 such that
if ©€ F;k€ Njsy,8€ (tk—1,tk], and |s1 — sa| < 7, |x(51) — l‘(Sg)’ <e.
Lemma 5 For p € PC(J,R), the solution of the following ISFDEs
(=D + X DI )a(t) = pl(t),
Axli=y, = (Pkl(x(tk)>7 Ax'|i=t, = @Z(/ﬂtk))a (2)
a1z(0) + Bz (0) = 1, c0x(T) + oz (T) =m2, k=1,...,p,

18 given by
T (t) _ /t e*/\(tfs)]qflp(s)ds —+ v (t) /T e*/\(Tfs)qulp(s)ds (3)
0 0
+ua ()19 p(T) + 0s(8) > s (a(ty) +va(t) Y @5 (a(t)
j=1 k=1
+D 2 W@ @t) + D 2 () @5t)) = Y i) + 2 (),
j=1 j=k+1 j=k+1
t e [tk,tk+1) s k= 0, ].7 ey D,y

where

A= (a1 — M) s — (age_’\T — )\ﬁge_/\T) ag # 0,
(ale_)‘t —o1 + )\ﬁ1) (g — A\B2)

U1 (t) =

A )
-t _ by
va(t) = (ale Zl - 61) 627
ity 02 v (o 2
3 - A A )
Y P s
A AA ’
_ Y —A\T __ A —A\T
21,5 (¢) = —e’\tfe_’\tw +eMi (a1 — ABy) (OQ)Q\A Pae )’
1 1
29,5 (t) = e_Atxektj DY
AT AT
(e (a2e = ABpe?) o —wen (= AB)
z3 (t) = (e A A m NN T T A )
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Proof. Assume that z is a solution of
(D% + A “DI)a(t) = p(t),

on (tx,trs1], (K =1,2...,p). Applying the operator I¢~! operator to both sides of the above equation, we
get

I97HDY + X DI Ha(t) = 171 p(1),
(D + ) x(t) = co + 17 p(t).
This can be expressed as
A (D + N2 (1)) = & (e + 17 p(1))

Solving the above equation, we see that the general solution of (1) on each interval (¢, tx11], (k =1,2...p),
can be written as

t
z(t) = e A, + By, —I—/ e M1 y(5)ds b € J.
0

Next, solving the obtained linear equation on Jy, we get
t
z(t) = e A+ By —|—/ e_/\(t_S)Iq_lp(s)ds, t € Jo, (4)
0

where Ay and By are arbitrary constants. Taking the derivative to (4), we get
, t

z (1) = —Ae MAg— A [ e NI p(s)ds + I p(t), t € Jy. (5)
0

Now, applying the boundary condition, we have
(a1 = AB1) Ao + 1By = n1. (6)

In general, for ¢ € [tg,tx41), we find

t
z(t) = e MA, + By, +/ e M= () ds, (7)
0

t
z (1) = —de MA, — )\/ e NI p(5)ds + 1971 p(t).
0

Now, applying the boundary condition at 541 =7, we have

T
(ae™T = NBoe ™) Ay + 2B, = 1o — (an — ABQ)/ e MNI=I1971 (5)ds — Bo107 1 p(T). (8)
0

From Az'(ty) = ¢ (x(tx)), we have
(@ (tr) = —Aep " Ay + A 1" Ap-t,

1 *
i (ty), k=1,....p. 9)

Ap — Ap—1 3

Similarly, from Az (t;) = vr(x(tk)), we get

on(z(ty)) = e M Ay — e MY Ay + By, — By_1,

Bi— By = aula(t) + 36k (a(tr), k=1, (10)
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Next, it follows from (9) and (10) that

A - :77 Z ]SO‘] ’ (11)
] k+1
P 1 &
By=Bi= Y ¢i(a(ty)+5 Y, #alt), k=01,..p-1 (12)
j=k+1 j=k+1

It follows that for £ = 0 from (7 — AB1) Ao + @1 By = 11 that
1 N
(@1 =AB1) Ap + 1By =m — 1 (e = AB) Y Mgl (a +a1Z<Pg )+ a12%
j=1

Solving the last equation together(8), for A, and B, we get

T
A, = (al (azA— A&)) /O e AT=91971 p(5)ds + (O‘fQ) 171 p(T)

+(2292) 3 otty)) + (252) 3 piatt) - (Aﬂ> T

J
+ %nl - %7723
and
- -\ T -
e e B e e P Cy

ar (ame=>T — AT p ay (e — e A L
_< 1aae =05 >>Z¢j<x<tj>>—< e )>Z*"§(“W

o — e T NGy AT P e T — NGy AT a1 — A8y
+ << 1= M) ( 2)\A APz )> ;BAth;(l‘(tj)) - <( - A)\ﬂz )> m + <( AAﬁ )> n2,

where A = (a1 — A\B1) as — (aze ™ — ABae ) ay # 0. Now, from the equations (11) and (12) it follows
that

1 & o
A= 4p+ 5 D eMipr(a(ty),

j=k+1
p 1 p
j=k+1 j=k+1

So
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Multiplying the above equation by e, we get
—\t _ T —At
eiAtAk _ (6 aq (Oé2 )\52)) / 67A(Tfs)1q71p(5)d5 + <6O‘152) qulp(T)
A 0 A
e Mayan )\ — e Maja . e Mag (a; — A3 b -
() Sustat + (552 ) vt - () ST oty
j=1 j=1 j=1
e Mgy e~ Mgy e~ p .
+ ( A 2) m — ( A 1> N2 + ()\ ) Z €At]'¢j (Q?(tj))
j=k+1

and

B = — ((ozl — )\le&z — Aﬁz)) /OT e ANT=01 p(5)ds — (W) =1 p(T)

ar (ane= T — AT P o (age M — e M L
_< 1 (a2 < A ))Z%@j(z(tj))—< (o2 )\AA& )>Z@;(‘T(tﬂ'))

Jj=1

+ <(a1 —AB) (g™ — Aﬁ?e—”>> zp: eMigs (x(ty)) — ((aze‘” —A>\526_AT)> m

j=1

AA

P (2, S at)) (5) > ).

j=k+1

Combining the last two equations, we get
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e MAy + By, = ( az — ABQ)) /OT e M1 p(s)ds + (W) 17 p(T)
oz (6] 67>\t0l «
+ ( : ) 2 ilat (m) D vite)
( W)Z Mot (a(ty)

j=1

( A > <Aa)”+<A>Z ] (a(t)))

j=k+1

( —A61) ( CY2 - )\52)> / e /\(T—S)I‘I—lp(s)ds
0
( /\51 62) =1 p(T) — <a1 (age—ATA_ )\ﬁ26—>‘T)> zi: w;(z(t}))

)\ —>\T P
( (a2e™ — Mie )Zgo;fcc(m)
j=1
_ AT P AT _ —AT
( = 24) OQEA s )>26Atj¢;(x(tj))— <(a26 A>\526 )>771
j=1

+

+

T P
e MAL 4 By, = v (1) / e MT=1971 () ds + vy ()19 p(T) + vs(t Z (13)
0 =

Foa(t) D @h(alty) + >z ()@ @t) + D 2 () @) (a(ty))
j=1 j=1 j=k+1

= Y eilelty) + ().

j=k+1

Inserting (13) into (7), thus we obtain the desired formula (3).
The converse of the lemma follows by direct computation. This completes the proof. m

3 Main results

This section deals with the existence and uniqueness of solutions for the problem (1). Before stating and
proving the main results, we introduce the following hypotheses.

(H;) the function f:J x R — R is jointly continuous .
(H3) there exists a constant Ly > 0 such that

|f(t,$)—f(t,y)|SLf|$—y|, tEJa xay€R~
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(H3) There exist a positive constants L, L+, M, M- such that
k(@) — er(y)| < Lo |z =yl |k (z) — 0k(Y)] < Lo

From (Gq)-(Gs) it follows that

yls lew(@)] < Mo, |y (2)] < M-

|f (t,x)] < Lylx|+ My, teJ, x€R, My :=sup{|f(t0)]:0<t<T},
lor()] < Ly x| + My, |ox(@)| < Ly-

Theorem 6 Suppose that (Hy), (Hz) and (Hs) hold. If

L= (s =) (U lal) + Es el ) £ (1)

+ (L + sl pL, + (lvall + 12051 + l[z25 1) pLee < 1,

then the equation (1) has a unique solution on J.

Proof. In view of Lemma 5, we can transform problem (1) into a fixed point problem. Consider the
operator ¥ : PC (J,R) — PC (J, R) defined by

(ZTx)(t) := /0 e NI f (s, (5))ds + vy (t)/o e M9 (5, 2 (s5))ds (15)
o ()L (T, 2 (T)) +U3(t)ZLpJ( )+ va(t Z«pj
+ Y 2 (W Et)) + Y () = > pia(ty) + 23 (t)
j=1 j=k+1 j=k+1

,te€Jy, k=0,1,...p

It is obvious that ¥ is well defined due to (H;) and sends PC (J, R) into itself.
Step 1. ¥ maps B, = {z € PC ([0,T],R), ||z|| < r} into itself for some r > 0.
Let

T9-1 71
1— L) 1—e (1 - E
r> =20 (5 0 e ) Wt Il + s el
Il Lo+ M)+ (ol + gl + el p (Lier + M) + 3]

Forte Jy,k=0,1,...,p; x € B,, we have

() (B)] < ﬁ /Ot e ) (/0 (s =) |f(r ()| d7> ds
* 1“|(q(_t)|1) /OT e ( / (5= () dT) ds

la(t)] [T o P
+ﬁ/o (T =) |f(37$(3))|d3+|Us(t)|j;|<pj($(tg))

p

ECOMELCTED EMEIEE

+ > e O]9 (=(t)))] Z s ()] + |23 (8)]

j=k+1 j=k+1
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Thus
! —\t Tt —AT
[(Zz)(t)] < Q) (1 —e ) (Lyr+ My) + |v1(2)] N (@) (1 —e ) (Lyr+ My)
ua0)] oy (L + My) + u3(0) (L + M) + [oa (0] (Lr + 1,

+ 215 (&) p (Lor + M) + |205 (t)|p (L + My) + p (Lyr + My) + |25 ()]
Ta-1 Ta-1

<(Gpt-eha T Ly + Mp) + (1 Lor+ M,

< (Ar(q)( e ) ( +HV1II)+F(q) IIVz|>( 54 M)+ (1 + ||lws]) p (Lor + My)

+ (lvall + 2151l + 225D p (L7 + M=) + || 23]]

We use the following estimation in what follows

b te_’\(t_s) | s—1)2p(r)dr ) ds —e M
o [ ([ -t ) af < s 0-eMale (9
= )?(q) (1 _e_)\T) lollpe,p € PC(J, R)

‘We obtain that

(€01 < (357 (- W+ Il + Ty Il ) (L4 Mg) + (14 Ioal)p (Lo -+ M)

+ (lvall + [zl + 225 ) p (L= + M) + [|z3]| < 7

This implies that Tz € B,.. Thus B, C B,.
Step 2. T is a contraction operator on PC (J, R).
Let x,y € B,. Then For each t € J , we have

(T2)(t) — (Ty) (1) = / e AT f (s 2 (5))ds + vn (8) / AT § (5 2 (s))ds

p

+ oI (T, (T)) +vs(t) Y 5 (a(ty) + valt Zap]

Jj=1
+Y 2 (O @ t)) + Yz (@) @i (@(ty) = D wi(aty) + 25 (D)
j=1 j=k+1 j=k+1

: T
/ e—A(t—S)Iq—lf(s, y(s))ds + v1(t) / e_A(T_S)Iq_lf(Sa y(s))ds
0 0

+U2(t)fq_lf(T7y(T))+03(t)230j( ) +oalt ZQDJ
j=1

+Y O Ri ) + Y 2 (@5 wE) + Y eiuty) + 25 (1)
j=1 j=k+1 j=k+1
9
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t

(T2)(t) — (Ty) ()] = / eI [ (5,2 (s)) — s,y (s))] ds
T
+ Joa (8) / AT | f(s, 2 (5)) — F(5y ()] ds
0

+ o I (T, 2 (T) = f(T,y (T))] + |us(t)] Z |0 ((t5)) — ¢4 (y(E5))]
+ va(?) Z |07 (x(ts) — @5 (y(t;))]| + Z 2151 () |5 (2(5)) — @5 (y(t)))]

+ > el () |93 (@(t5) = D]+ D les(a(t)]-

j=k+1 j=k+1

Therefore,

qg—1 qg—1
()0 - 0] = (3 0~ W+ Il + s Ioal) Iy

+ (4 [lwsl)) pLg + ([[vall + ll21l + [l2251)) PLe-)

=Lz ||z — yll pe -

[z =Yl po

Thus, ¥ is a contraction mapping on PC(J, R) due to condition (14). By applying the well-known Banach’s
contraction mapping we see that the operator ¥ has a unique fixed point on PC(J, R ). Therefore, the
problem (1) has a unique solution. This completes the proof. m

The second result is based on a known result due to Krasnoselskii. We state the Krasnoselskii theorem
which is needed to prove the existence of at least one solution of (1).

Theorem 7 . Let M be a closed conver and nonempty subset of a Banach space X. Let T1, To be the
operators such that:

1. Tix + Toy € M whenever x,y € M,
2. %1 18 compact and continuous;
3. %5 is a contraction mapping. Then there exists z € M such that z = T1z + Toz.
Now, we replace (Hs) into the following condition:
(Hy) |f(t,z)| < p(t) for (t,x) € J x R where p € L= (J),0 € (0,q—1).

Theorem 8 Suppose that (H1),(Hs) and (H;) hold. If
(L4 [l pLy, + (loall + 2050l + [12251)) pLg+ < 1.
Then (1) has at least one solution on J.

Proof. Let B, = {x € PC(J,R), ||| pc < r}. We choose

lpell o [ 7771 (1= ) Ti—o-1
- ( L+ o) + ———3=5 llv2l

"= I'(q) )\(%{:1)1_0 (q;igl)

+ (L4 llwsl) pLy, + (lvall + [[225 ] + ll22511) L~

The operators €1 and Ty on B, are defined as:

10
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t T
(Tyw)(t) = / NI (s 1 (5))ds + 01 (1) / NI f (5 3 (5))ds + va()19 L £(T, 2 (T)),

and

(Ta)(t) == vs(t Z )+ valt Z z(ty) + Y 215 () 9} ()
+ Z 2 () @3 (@(t;) = D @i(@(t;),t € Je,k=0,1,...,p.
j=k+1 j=k+1

Step 1. T1x + Toy € B, whenever z,y € B,.
For any z,y € B, and t € Jy, using the assumption (Hy) with the Holder inequality we get

)F(ql—l) /Ot e ( /0 s =) |f(ra(e)) dT) ds

l1—0o 1 o

q—2
# tef)‘(tfs) SS*TI_ T ’ 7, 2(1))|o dr s
<lrs /| | e=nizear| | [ ifayie ar)

1 ol (1 e M)

T (q) )\(M)l 7

IN

Il 2

1—0o

. < q—2 o—1 —A\T
_ 1 719 1-
/ o~ AT=3) /&f(ﬂx(ﬂ)df ds| < e )Ilull 1
; o T(a—1 T (q) A(q;oifl) Lo
and
’()Q(t) /T 9 1 Ta—o— 1
=\ T —5)T7%f(s,z(s))ds| < o K] L
FooD |, =8 s w(e)ds| < g =8 e
Therefore,
1 Tq—o—l 1— e—)\T Tq70'71
%12 + Tyl po < llpll 2 e ( )(1 + ) + ———= Il

M) (522)

+ (1 + [Jws]]) pMy + ([[vall + [z + [|225]]) pPMp= < 7.

Thus, ||Z12 + Tayl| <7, so T12 4+ Tay € B,.
Step 2. ¥, is compact and continuous.
The continuity of f implies ¥; is continuous, also ¥ is uniformly bounded on B, as

Ti—o-1 1_67>\T Ta—o—1
( )(1+||V1||)+71<,IIV2|| <.

M) (=)

1
Tz < |lpf,
N

11
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For equicontinuity on [0, 1], let € B, and for any s1,s2 € [0,t1],$1 < s2, we have

826_)‘(52—8) 87(8_7—)(1_2 T,x(7))dr | ds
/ (/ e <>>d>d

T s —r q—2
‘f'Ul(SQ)‘/0 e M=) (/0 (; (q—)l) f(rz(r ))dT> ds

UQ(SQ)

— ' — )12 f(s,2(s))ds
s [T = s st

/0 Asr=s) (/O F_q -y x(T))dT> ds
vl(sl) e~ MT=5) (/o T q—l f(T,x(T))dT) ds

71]2(31) ! —8)172f(s,z(s))ds
s [T — ey s e

[(T17)(s2) — (Taw)(s1)] < (e—A(sg) _ e_)\(sl)) /Osl e (/OS (;(_(17-_)‘11_)1d7> .
= s9—s S (5 _ T)q—l
+/316A( )(/OF(ql)dT>ds

T
+ |v2(s2) — va(s1)] I‘U(Zq(s—l)l)A (T — S)q72ds.

[(Tr)(s2) — (Taz)(s1)| =

+

)

Tt tends to zero as s; — s3. This implies that 7 is equicontinuous on the interval [0,¢1]. In general, for
the time interval (tg,tg+1], we similarly obtain the same inequality, which yields that ¥ is equicontinuous
on interval (t,tgx+1]. Together with the PC-type Arzela-Ascoli (Lemma 4) theorem, we can conclude that
%1 : B, — B, is continuous and compact.

Step 3. It is clearly that ¥5 is contraction mapping.

Thus all the assumptions of the Krasnoselskii theorem are satisfied. In consequence, the the Krasnoselskii
theorem is applied and hence the problem (1) has at least one solution on J. m

Our second existence result is based on the nonlinear alternative of Leray-Schauder type. Assume that

(Hs) There exist ¥y € PC (J,R) and ¥ : Rt — R* continuous and nondecreasing such that

|f(t,z)| <If(t)¥(]|x]),for all (t,z) € J x R,
(Hg) There exist an number N > 0 such that

N

—— > 1.
L [0 ¥(N)

Theorem 9 Suppose that (Hy), (Hz), (Hs),(Hg) are hold. Then our BVP in (1) has at least one solution
on J.

Proof. Consider the operator ¥ : PC (J, R) — PC (J,R) defined by (15). It can be easily shown that ¥ is
continuous and compact. maps bounded sets into bounded sets in PC (J, R). Repeating the same process

12
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in Step 2 of Theorem 8, we get

t T
(€)1 < [ I s ()] ds + o (0) / NI s (5) ds

P

+ o2 (] T p(T)] + |vs( IZI% DI Jvalt

+ D1z (O]9 (=) + Z 205 ()] |0 (2(t5))| + Z loj(z(tj))] + 123 ()],
j=1 j=k+1 j=k+1

Theorem 10 Proof.
t T
< / e AT (6) W ([2])) ds + Jon (8) / e NT=IT0Lg ()W (|]]) ds
0

+ o2 (T [p(T)| 95 (5) @ ([|]]) + lvs( IZ\% DI+ [va(t IZI@J

P

+Z|Zu O @)+ D =2 15 ()] + Z s (2 ()] + |28 ()],

j=k+1 j=k+1

qg—o—1 _ e—)\T q—o—1
l2(®)] < |(T2)(1)] < qu) d u )(1 ) + el | 191 @ (]

A(mzt) (522)

+ (14 [wsll) pMy + (lvall + 2051l + 225 ]) pM~ + [l 23]] -

Now, construct the set A = {x € PC (J,R) : ||z|| < N}.The operator T :A — PC (J, R) is continuous and
completely continuous. From the choice of A, there is no x € A such that = X%z, 0 < A < 1. As a
consequence of the nonlinear alternative of Leray—Schauder type, we deduce that € has a fized point x € OA,
which implies that the problem (1) has at least one solution. This completes the proof. m

4 Example

In this section we give some examples to illustrate the usefulness of our main results.
Example 1. Consider the following ISFDE:

(°D? +2°D*)x (t) = 0.01 (2 +sint + 1 + tan~" (1)), ¢ € [0,1],
2(0) + ' (0) = 12, (1) + ' (1) = 12,

EIRN [l
Az'(=) =0.01 k=1,2,...,p. 1
e A () =00 k=12 (7

Ax( 1

) = Az(ty,) = 0.01

A~ =

Here t € [0,1], let a1 = Laz = 1,81 = 1,8, = 1, 8 = 3,A = 2T = Ln,n2 = 0, Ly, Ly, = 0.01,
f(t,z)) =L (*+sint+1+tan"'z).
A simple calculations show that

T:-1 131
Lg = ( (- ?)(142312) + Fz(3> 2. 312) 0.01+ (1 + 1.312) 0.01+(0.656 + 1.152 + 0.002) 0.01 < 1,
2

13
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where we used the inequality 0.88 < I'(2) < 0.89.

To apply Theorem 6 we need to show conditions (H;)—(Hgz) are satisfied. Indeed, f is jointly continuous

and

(Hy) [f(t, ) — f(t,y)| = 0.01|tan"'z — tan~'y| < 0.01]z — y|.
(Hy) L = 0.042 +0.248 < 1.
Therefore, by (6), ISFDE (17) has a unique solution on [0, 1].
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The Differentiability and Gradient for Fuzzy Mappings
Based on The Generalized Difference of Fuzzy

Numbers *

Shexiang Hai! Fangdi Kong
@ School of Science, Lanzhou University of Technology, Lanzhou, 730050, P.R. China

Abstract In this paper, the concepts of differentiability and gradient for fuzzy mappings are presented
and discussed using the characteristic theorem for generalized difference of n dimensional fuzzy numbers.
The relationships of gradient, support- function-wise gradient and level-wise gradient are characterized.
Keywords: Fuzzy numbers, Fuzzy mappings, Differentiability, Gradient.

1. Introduction

Since the concept and operations of fuzzy set were introduced by Zadeh [1], many studies have focused
on the theoretical aspects and applications of fuzzy sets. Soon after, Zadeh proposed the notion of fuzzy
numbers in [2, 3, 4]. Since then, fuzzy numbers have been extensively investigated by many authors. Since
then, fuzzy numbers have been extensively investigated by many authors. Fuzzy numbers are a powerful
tool for modeling uncertainty and for processing vague or subjective information in mathematical models.

As part of the development of theories about fuzzy numbers and its applications, researchers began to
study the differentiability and integrability of fuzzy mappings. Initially, the derivative for fuzzy mappings
from an open subset of a normed space into the n dimension fuzzy number space E™ was developed by
Puri and Ralescu [5], which generalized and extended the concept of Hukuhara differentiability for set-
valued mappings. In 1987, Kaleva [6] discussed the G-derivative, and obtained a sufficient condition for
the H-differentiability of the fuzzy mappings from [a, b] into E™ as well as a necessary condition for the H-
differentiability of fuzzy mapping from [a, b] into E*. In 2003, Wang and Wu [7] put forward the concepts of
directional derivative, differential and sub-differential of fuzzy mappings from R™ into E! by using Hukuhara
difference. However, the Hukuhara difference between two fuzzy numbers exists only under very restrictive
conditions [6] and the H-difference of two fuzzy numbers does not always exist [8]. The g-difference proposed
in [8, 9] overcomes these shortcomings of the above discussed concepts and the g-difference of two fuzzy
numbers always exists. Based on the novel generalizations of the Hukuhara difference for fuzzy sets, Bede
[10] introduced and studied new generalized differentiability concepts for fuzzy valued functions in 2013.

The purpose of the present paper is to use the fuzzy g-difference introduced in [10] to define and study
differentiability and gradient for fuzzy mappings. First of all, we give the preliminary terminology used in
the present paper. And then, in Section 3, the differentiability and gradient were presented and the relations
among gradient, support- function-wise gradient and level-wise gradient for fuzzy mappings are examined.

2. Preliminaries

In this section, basic definitions and operations for fuzzy numbers are presented [11, 12, 13, 14].
Throughout this paper, F(R™) denote the set of all fuzzy subsets on n dimensional Euclidean space R™.
A fuzzy subset @ (in short, a fuzzy set) on R™ is a function @ : R™ — [0,1]. For each fuzzy sets u, we

*This work is supported by National Natural Science Fund of China (11761047).
fCorresponding author. Tel.: 486 931 2973590. E-mail address: haishexiang@lut.cn.
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denote its r-level set as [u]” = {z € R" : u(z) > r} for any r € (0,1]. The support of & is denoted by
suppt = {z € R™ : u(z) > 0}. The closure of suppu defines the O-level of @, i.e. [4]® = cl(suppu). Here
cl(M) denotes the closure of set M. Fuzzy set u € F(R™) is called a fuzzy number if

(1) @ is a normal fuzzy set, i.e., there exists an 2o € R™ such that u(zg) = 1,

(2) w is a convex fuzzy set, i.e., u(Az + (1 — A)y) > min{u(x), u(y)} for any z,y € R™ and X € [0, 1],

3)u

(4) [u

u is upper semicontinuous ,

We will denote E™ the set of fuzzy numbers [11, 12, 13].

It is clear that any u € R™ can be regarded as a fuzzy number @ defined by

E(m):{ 1, z=u,

0, otherwise.

In particular, the fuzzy number 0 is defined as 0(z) = 1 if 2 = 0, and 0(z) = 0 otherwise.
Theorem 2.1.[6, 13] If w € E™, then

(1) [a]" is a nonempty compact convex subset of R™ for any r € (0, 1],

(2) [u]™ C [u]™, whenever 0 < ry <1 <1,

(3) if r,, > 0 and 7y, is a nondecreasing sequence converging to r € (0
Conversely, if {[A]" € R™ : r € [0, 1]} satisfies the conditions (1)-

such that [u]" = [A]" for each r € (0,1] and [@]® = cl(U, (o [@") C

1], then (¢, [a]™ = [u]".
), then there exists a unique u € E™
0

(3
A°.

Let u, v € E™ and k € R. For any = € R", the addition u+v and scalar multiplication ku can be defined,
respectively, as:

(w+7v)(x) = sup min{u(s),v(t)},
s+t=x

(k) (w) = (). k 70,

(07) () = { R

1, =z=0.

It is well known that for any u,v € E™ and k € R, the addition @ + v and the scalar multiplication ku have
the level sets

[ii+3]" = @+ ) = {e+y:2e @yl
ki) = Kfal" = {ka : @ € i)'},
for any r € [0, 1].
The Hausdorff distance D : E™ x E™ — [0, +00) on E" is defined by

D(u,v) = sup d([a]", [0]"),

rel0,1]

where d is the Hausdorff metric given by
d([u]”,[0]") = inf{e:[u]” C N([0]",¢), [0]" C N([u]",€)}
= max{sup,c[g- ifrefr la — bll, supyep)r infacgmy (@ — 0|}

N([u]",e) = {x € R : d(z,[u]") = inf @ d(v,y) < e} is the e-neighborhood of [u]". Then (E™, D) is a
complete metric space, and satisfies D(u + w,v + w) = D(u,v), D(ku, kv) = |k|D(u,v) for any @, v, w € E™
and k € R.
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Let S"~! = {z € R™ : ||z|]| = 1} be the unit sphere of R™ and (-,-) be the inner product in R", i.e.
<:c,y> = Z?:l ZiYi, where z = ($1,$2,‘ : '75En) € Rna Yy = (yhy?a’ : ,yn) € R"™. Suppose u < Ena e [071]
and x € S"~!, the support function of % is defined by

u*(r,z) = sup {(a,x).

a€lu]”

Theorem 2.2.[14] Suppose u € E™, r € [0,1], then
[W]" ={y e R": (y,x) <@*(r,z),z € S"'}.

The theorem below will give some basic properties of the support function.

Theorem 2.3.[14, 15] Suppose u € E™, then

() @(r,z 1 y) < @ (r,2) + @ (r,9),

(2) @*(r,x) < sup,epm- u*(r,z) is bounded on S"~1 for each fixed r € [0, 1],

(3) @*(r,z) is nonincreasing and left continuous in r € [0,1], right continuous at r = 0, for each fixed
x €S,

(4) w*(r,x) is Lipschitz continuous in z, i.e.

@ (r,z) —a*(r,y)| < (sup [lal)]lz —yl,

a€u]”
(5) if w,v € E™, r € 0,1], then

d([a]", [0]") = sup |u"(r,x) — 0" (r,z)],

zesSn—1

)" (r, ) = u*(r, x) + 0% (r, ),
ryx) = ku*(r,x), for any k > 0,
y —%& ) < u (’I“,l‘),

9) (—w)*(r,z) = u*(r, —x).

/\/\
T
x &4
PRGN

Definition 2.1. [10] The generalized difference (g-difference for short) of two fuzzy numbers u,v € E™ is
given by its level sets as

[@e, 0" = d(|J ([@° egn [17)), re0,1],

Bzr

where the gH-difference O,y is with interval operands [u]? and [0]”.

Remark 2.1. A necessary condition for @&, v to exist is that either [u]” contains a translate of [v]" or [0]"
contains a translate of [u]” for any r € [0, 1].

Theorem 2.4. [15] Let u,v € E". If the g-difference u ©, v of w and v exists, then for any r € [0,1] and
xz € 8", we have

a ;l‘)’* r.ox — (1) Sup6>r(U*( ) (B? ))7
(g 0)7(r,) or (2) supgar((—5)*(B.2) — ()" (B.)).
L) s @B - (3),
or (2) supyo(*(8, —z) — (8, —)).

Theorem 2.5.[15] Let @w,v € E™. Then
(1) if the g-difference exists, it is unique,
(2)usyu=0,

(3) (@+7) 0y 5= T, (7 +7) 0, =7,
(4) U6y v =—(VE,u).
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3. The differentiability and gradient for fuzzy mappings

In [5], Puri and Ralescu defined the g-derivative of fuzzy mappings from an open subset of a normed space
into n-dimension fuzzy number space E™ by using Hukuhara difference. In [7], Wang and Wu defined the
directional g-derivative of fuzzy mappings from R"™ into E'. Based on the generalizations of the Hukuhara
difference for fuzzy sets, Bede [10] introduced and studied new generalized differentiability concepts for fuzzy
valued functions from R into E'. The new generalized differentiability concept is a useful and applicable
tool dealing with fuzzy differential equations and fuzzy optimization problems. In the following, using the
characteristic theorem for generalized difference of n dimensional fuzzy numbers introduced in [15], we define
and study differentiability and gradient for fuzzy mappings.

Definition 3.1. Let F : M — E" to = (t9,49,--- 1) € intM and t = (t1,ts, - ,tm) € intM. If
g-difference F'(t) ©4 F(to) exists and there exist u; € E™ (j =1,2,--- ,m), such that

1o D) &4 F(to), X257 (¢ — 1)
= d(t, to)

:0’

then we say that F is differentiable at to and the fuzzy vector (uy, Usg,- - ,Un) is the gradient of F at to,
denoted by Vﬁ(to), ie., Vﬁ(to) = (Up, U,y Um).

Remark 3.1. Let F : M — E" t, = (19, (49,5t € intM and h € R with ¢ = (,--- 9 +

h,---,19) € intM. Then the gradient VF(to) exists at to if and only if F(t) Sy F(ty) exists and there are
u; € E™ (j=1,2,--- ,m), such that

~ . F(t(l)aat9+h77t70n)6gF(t(1)77t?7atgn)
u; = lim .
h—0 h

Here the limit is taken in the metric space (E™, D).

Theorem 3.1. The gradient Vﬁ(t) of fuzzy mapping F:M — E" is unique if it exists.

Proof. Suppose we have two gradients (U1, Uz, -, Up) and (01, Vs, -+, Up) for fuzzy mapping F at to.
For any € > 0, according to Remark 3.1, there exist two positive real numbers 0; and do, when |h| < d1, we
have h|

D(F(Y,- - ) 4 hy-- 1) ©g F(t], -+, ), 19,), hit;) < 5 ¢ (j=1,2,---,m),

when |h| < 2, we have

DFM, - 0+ hyo  t0) 0 F(t9, -+, 9, 19), 1)) < L;”g (G=1,2,--,m).
Setting |h| < min(dy,d2), we obtain,
D(uj,v;)
= ‘—}”D(hﬂj,h@)
< DR, A0+ by 10) ©g F(19, -+, 19, , 19,), hiiy)
+ ‘—}LlD(ﬁ(t?,--- A0 Ry 80) 0y F(10, -, 19, 19,),hT))
< e

Then u; =v; (j =1,2,---,m), which implies that the gradient Vﬁ'(t) of fuzzy mapping F at tg is unique.

Definition 3.2. Let F : M — E™, ty = (t9,19,-- ,t%,) € intM and ¢ = (ty,ts,--- ,tm) € intM. If there
exist u; € E" (j =1,2,--- ,m), such that
[F(t)"(r, @) = Fto)* (r,m) = 301, U5 (r, @) (¢ — )]

li =0
5t d(t, to) ’
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uniformly for any r € [0,1] and x € S"~1, then we say that Fis support- function-wise differentiable (s-
differentiable for short) at ty and the fuzzy vector (uy, s, - ,Uy,) is the support- function-wise gradient
of F at tg, denoted by Vi F(tg), i.e., Vs F(to) = (Ur, Uz, 5 Um)-

Remark 3.2. Let F: M — E" to = (t9,-- ,¢9,--- 10) € intM and h € R with ¢ = (9, % +
hy--- ,t9) € intM. Then the support-function-wise-gradient Vsﬁ(to) exists at to if and only if there are
u; € E™ (j=1,2,--- ,m), such that
N . f(t?,m7t?+h,-~-,t%)*(r,x)—ﬁ(t?,-“,t?w“,tgl)*(r,a:)
wi(r,xz) = lim )
J h—0 h

uniformly for any r € [0,1] any € S"~1.
Theorem 3.2. The support- function-wise gradient V,F (t) of fuzzy mapping Fis unique if it exists.

Theorem 3.3. If fuzzy mapping F : M — E" is s-differentiable at ¢, € intM, then —F is s-differentiable
at to and
Vs(=F(to)) = =V F(to)

Proof. If [': M — E" is s-differentiable at to, then there exist u; € E™ (j =1,2,--- ,m), such that

[F(1)" (rya) = F(to)*(r,x) = 300, @ (r, @) (85 — 19)|

li =0
it d(t, o) ’
uniformly for any r € [0,1] and x € S"~!, where t = (t1, t2, -+, t,) € intM, then

F(t)"(r,x) = F(to)* (r,x) = 5 (r,x)(t; — 1) + o(d(t, to)),
j=1

uniformly for any » € [0,1] and 2 € S"~1. It follows from Theorem 2.3 that

(=F(®)"(r,x) = (=F(t0))* (r,z)

= F(t)*(r,—z) — F(to)*(r, —)
= Y ai(r,—x)(t; —9) + o(d(t, to))
= 2 (=) (r @) (t; — 9) + o(d(t, 1)),

uniformly for any r € [0,1] and x € S"~!. Thus

R0 00) — (SR () = S () ) - )
t—to d(t,to) o

uniformly for any r € [0,1] and 2 € ", which implies that —F is s-differentiable at to and V4 (—F(tg)) =
—VF(to).

Theorem 3.4. Let F : M — E", tg = (19, ,4%,--- ,19,) € intM and h € R with ¢ = (9, 9 +
hy--,t9) € intM. If the support-function-wise gradient V,F(t) exists at to € intM and g-difference

F(to + h) ©, F(to) exists, then the gradient VF(t) of F exists at ty and we have

ﬁJ:aj (j:1527 vm)a

where VF(to) = (@, Ua, -+, Um), VsF(to) = (U1, Tay -+, ).
a 5 B0 o 40 b 0 ) F(H0, e 40 ,er 10 N
Proof. Let F(t)@ﬁF(t") _ Bl tyth, ’tm)f"F(tl’ s ) (@) € E™. We can show that the class of

sets

A ={yeR": (y,z) < hm(w

* n—1
Lim Y ) (ryz),x € S}
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satisfies the conditions of Theorem 2.1.
(1) It follows from Theorem 2.1 that

[(@)n])" ={y € R": (y,z) < (w?(r, x),x € S

is a nonempty compact convex subset of R™ for any r € (0, 1], then

Ar={yeR": (y,2) < ’ym(w

* n—1
m h Y(ryz),z € S"}

is also a nonempty compact convex subset of R" for any r € (0, 1].
(2) When 0 <ry <7 <1, [(u;)n]™ C [(w;)n]™, then

EOCs Eo) ey, 4y < EO S0 EW)) o)

for any x € S"~!. Thus,

F(t) o4 F(to)

. « <1 N
}1L1_>IHO( h ) (Tl’x) —= %li)l%)( L ) (T271'),
which implies that
A, = {yeR":(yz)< limhﬁo(wy(ﬁ,x),x € sn1}

{y € R": (y,2) < limy_o(ED22EC0)ye (1) 1y 4 e g1}

N

A,,.

(3) For any ry, increasing to r € (0,1], since (o, [(@;)n]™ = [(@;)s]", that

i (PG ) = (PO ),

for any x € S"~1. Thus

kgngo ]’11,1~>H10( h ) (Tk,l') = }{L}n%( h ) (T71’)7
which implies that
() Ar, = A
k=1
Then, there are w; € E", such that [u;]" = A, and [u;]° = Ureo@l™ € 4o (j = 1,2, ,m) for any

r € (0,1].
When h > 0, it follows from Theorem 2.3 that,

(W)*m z) = %(fw Sy F(t0))"(r, ),

for any r € [0,1] and z € S"~L. For any r € [0,1] and x € S"~!, if taking

(F'(t) ©g F(to))*(r,x) = ZliB(F(t)*(ﬁ’x) — F(to)"(8,)),

then _ _
@i(r,z) = limyo(FOS )y )

= limy_yosuppy, L0 E)=Ft0) (B)

= supg>, U5(5, ).
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According to Theorem 2.3, for any ¢ > 0, there is § > 0, when h < §, we have

D( ﬁ(t)eﬁﬁ(to) , ﬂj)

(FOSEED) (1, ) — it )|

= SUPpgjo,1) SUPgegsn—1 j

ﬁ(t)*(&w)—hﬁ(to)*(ﬁﬂi)

= SUP,¢[p,1) SUPzegn—1 |supg,. — SUPg>, 5;(B,x)|

< e

Then, the gradient VF(tg) = (i1, s, - , Um) of F exists at to and we have

uj(r, x) = sup vy (8, ) = v (r, ),
p>r

for any r € [0,1] and € S"~1. On the other hand, for any r € [0,1] and z € S™~!, if taking

(F(t) &g F(to))"(r,z) = ZI;E(F(to)*(ﬂ, —z) = F()"(8, —x)),

we have from Theorem 2.3 and Theorem 2.5 that

Tj(ra) = limoo( M5 1)

= limyo £(F(t) 8, F(to))*(r,)

=ty H[~(Flto) 8y F(0)]*(r.2)

= limy0 2 (F(to) ©4 F(t))*(r, —2)

= limy_yoSuppy, L0 E2)-Ft0) (Be)

= supgs, limy_0 ﬁ(t)*(ﬁ’w)zﬁ(to)*(ﬁvm)

= supgs, U;(5,7).
According to Theorem 2.3, for any € > 0, there is § > 0, when h < 6, we have

D( ﬁ(t)eﬁﬁ(to) , ﬂj)

(FOSEED) (1, ) — it . )|

= SUPrgo,1) SUPgegsn—1 j

ﬁ(t)*(&w)—hﬁ(to)*(ﬂw)

= SUP,¢[p,1) SUPzegn—1 |supg,. — SUPg>, 5;(B,x)|

< e

Then, the gradient VF(tg) = (i1, s, - , Um) of F exists at to and we have

uj(r, x) = sup vy (8, ) = vj(r, ),
p>r

for any r € [0,1] and z € S"~!. When h < 0, it follows from Theorem 2.3 and Theorem 2.5 that,

(w)*(r’x) = —%(—(ﬁ(t) @g F(to)))*(r,x)

= —1(F(t) &4 F(t)*(r,z),

3

for any r € [0,1] and z € S"~L. For any r € [0,1] and x € S"~ ! if taking

(F(t) &g F(to))"(r,x) = Z‘iE(F(t)*(B’ ) = F(to)*(8,2)),
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(F(to) 84 F())"(r,2) = ;gg(ﬁ@o)*(@, z) — F(1)*(8,2)),
then _ _
Wi(rz) = limy (TS )y )

ﬁ(t)*(ﬁ,mf(to)*(ﬂ,w)

limy,_,o SUpg>
= supgs, U; (5, 7).
According to Theorem 2.3, for any € > 0, there is 6 > 0, when —h < §, we have

D(ﬁ(t)eﬁﬁ(to)7ﬂj)

F()o,F(to) \x ~
= Sup,c(1] SWPpegn 1 |[(FDZEC ) (1 ) — 5 (r, )|

ﬁ(t)*(&z)f(to)*m,x)

= SUP,¢[,1) SUPzegn—1 \SUPﬂzr — SUPg>,. 6;(ﬂ,x)|

< e

Then, the gradient Vﬁ(to) = (U1, Uz, -+, Um) of F exists at to and

uj(r, x) = sup vy (8, ) = vj (r, ),
Bzr

for any r € [0,1] and 2 € S"~1. On the other hand, for any r € [0,1] and € S™~!, if taking

(F'(t) ©g F(t0))*(r, ) = sup(F(to)" (8, —z) — F(£)"(8, —2)),

B=>r
we have from Theorem 2.3 that
(F(t)@;:F(tO) )*(

ui(r,z) = limpy T, )

= limh_)o[—%(F(t) @g ﬁ(tO))*(T’ l‘)]

= limy o[ supgs, (F(to)*(8, —) — F(t)*(8, —x))]

ﬁ(t)*(&r)*hﬁ(to)*(&w)

= limp_o Supg>

= supps, limy_g ZO Ea)=Fto) (B)

= supgs, Uj (53, ).
According to Theorem 2.3, for any € > 0, there is § > 0, when —h < §, we have
F(t)eyF(ty) ~
D(FOSE) i)
F(t)8, F(to) \x ~y
(RS ), 2) — 5 (r, )|

ﬁ(t)*(m)—hﬁuo)*(ﬁx)

= SUPrgo,1) SUPgegn—1

= SUP,¢[o,1) SUPzegn—1 \ SUDPg>, — SUPg>, 5;-‘(6, x)|

< E&.

Then, the gradient VF(to) = (i1, s, - , Um) of F exists at o and

uj(r,x) = supv; (8, x) = v (r,z),
B=r

for any r € [0,1] and z € S"1.
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The converse result of Theorem 3.4 is not necessarily true, and hence the g-differentiability and the
s-differentiability are not equivalent concepts.

Definition 3.3. Let F: M — E™, tg = (19,19, -+ ,1%,) € intM and t = (t1,t9,--- ,tm,) € intM. If for any
re[0,1), Fu(t) ©4m Fr(to) (Fr(t) = [F(t)]") exist and there exist 4; € E™ (j =1,2,--- ,m), such that
d(ﬁr(t) OgH ﬁr(tO)v Z;’L:l[aj]r(tj - t?))

li =0
1=+ d(t, o) ’

uniformly for any r € [0,1], then we say that F is level-wise differentiable at to and the fuzzy vector
(U1, Ug, - ,Ump) is the level-wise gradient of F' at g, denoted by V,F(tg), i.e., ViF(to) = (U1, U2, ,Up).

Remark 3.3. Let F : M — E" ty = (9, (49,5 ty,) € intM and h € R with t = (t,--- 9 +

hy---,t9) € intM. Then the level-wise gradient V,F(t) exists at to if and only if for any r € [0,1],
F,(t) ©gm Fr(to) exist and there are u; € E™ (j =1,2,--- ,m), such that

@I = Tim Fo(t, - 0+ Ry 19) Sgp E (19, 19, 19)
J h—0 h ’

uniformly for any r € [0, 1].

Here the limit is taken in the metric space (K7, d).
Theorem 3.5. The level-wise gradient Vsﬁ(t) of fuzzy mapping F:M — E" is unique if it exists.
Theorem 3.6. Let F : M — E" to = (t9,---,29,--- ,#%) € intM and h € R with ¢t = (&9,--- 0 +

) ]7

» A%
hy--- %) € intM. If the level-wise gradient V,F(ty) exists at ty € intM and g-difference F(t) &, F(to)
exists, then the gradient VF(t) of F exists at top and we have

where VE(to) = (U1, Uz, , Upm), ViF(to) = (@1, T2, -+, Um).
Proof. According to Definition 2.1, for any ¢ > 0, there is § > 0, when |h| < 8, we have

P19, t04h, - 40 )0, F(t9, -+, 19, 10) )

D( B , U5

Fs(t)o,uF S
= sup,cp ) d(cl(Ugs, 202alElo)y [ )

Fg(t)SenFs(to) [~
< SUPe(o.] SUPg, d<w» [7,]8)
< E&.
Then, the gradient Vﬁ(to) = (U, Ug,- -, Upm) of F exists at to and u;=v; (j=1,2,---,m).

4. Conclusion

This article is to use the generalized difference of n dimensional fuzzy numbers introduced in Bede and
Stefanini [10] to define the differentiability and gradient for fuzzy mappings. Additionally, we have examined
the relationships between the concepts of gradient, support- function-wise gradient and level-wise gradient
for fuzzy mappings. The results from our study can be applied directly to fuzzy differential equations. The
next step for the continuation of the research direction proposed here is to investigate the sub-differential of

n dimensional fuzzy mappings and applications in the convex fuzzy programming.
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ABSTRACT

Our aim in this paper is to study the global stability character and the periodic nature of the solutions of the
difference equation

b+ cty—_k
Tp4l =Ty + ———, n=01,..,
dmnfs + ETn—t
where the initial conditions z_,, £_,t1, T_ry2, ..., Zg are arbitrary positive real numbers, r = max{l, k, s, t} is

nonnegative integer and a, b, ¢, d, e are positive constants.Finally, some numerical examples are presented and
graphed by Matlab.

Keywords: stability, periodic solutions, global attractor, difference equations.

Mathematics Subject Classification: 39A10; 40A05.

1. INTRODUCTION

Difference equations or discrete dynamical systems are diversed field which impact almost every branch of pure
and applied mathematics. Every dynamical system a,+1 = f(a,) determines a difference equation and vice
versa. Recently many researchers have studied the global attractivity, boundedness character and the periodic
nature of nonlinear difference equations see for example [1-42]. One of the reasons for this is a prerequisite for
some approaches, which can be used in inspecting equations arising in real life situations that can be model
mathematically. The theory of difference equations and dynamical systems is developed during the last thirty
years and there is no doubt that it will continue to play an important role in mathematical models describing
real life situations and in many applied sciences, such as biology, physiology, ecology, engineering, economics,
physics, probability theory, genetics, computers and resource allocation.

It is very interesting and attractive for the researcher to study the behavior and solution of nonlinear rational
difference equations .Most of the real life phenomana has been solved by using these equations, examples include
in [3,7,11,12] . Recently, many researchers have investigated the asymptotic behavior and periodic nature of
rational difference equations for example in [36] R. Khallaf Allah investigated the asymptotic behavior and
periodic nature of the following difference equation

Tpn—2

Tpil1=—""—"—""".
* 1+ TnTn—1Tn—2

G. Ladas et. al [8], investigated the asymptotic behavior and boundedness of the solution of the difference
equation

(a+ Bzn + 7201y

(A+ Bz + Cxpq)’

Tp =
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E. M. E. Zayed [33] studied thequalitative properties of the nonlinear difference equation

ALp—§

Tpp1 = ————.
T Bt vz, ,

Yalginkaya [32] has studied the following difference equation

xnfm

Tnt1 = & + Il?k
n

Taixiang Sun et al [39] considered the class of nonlinear delay difference equation

Af1(@ny s @) + Bfo(@n, ooy Tk f3(Xny ooy Tng) + C
afi(Tny o Tn_k) f2(XTny s T k) + Bf3(Tn, ooy Tng) +7

Tn41 =

The goal of this paper is to determine the global stability character and the periodicity of the solutions of

the difference equation

b+ CTn—k
= St =0, 1, .. 1
Tn41 AQTpn—| da?n,s T ed,_; , N s by ) ( )

where the initial conditions z_,, _,11, _r42,..., Zo are arbitrary positive real numbers, r = max{l, k, s, t} is
nonnegative integer and a, b, ¢, d, e are positive constants.

" Here, we recall some basic definitions and some theorems that we need in the sequel.

Let I be some interval of real numbers and let

F:Imt -7,
be a continuously differentiable function. Then for every set of initial conditions z_,, _,11, ..., xg € I, the
difference equation
Tl = F@p, Tp—1, ey Zn—r)y, n=0,1 .., (2)

has a unique solution {x, }>2 _ .

A point T € I is called an equilibrium point of Eq. (2) if

T = f(z, T, ..., T).

That is, z,, = T for n > 0, is a solution of Eq. (2), or equivalently T is a fixed point of f.

DEFINITION 1.1. (Periodicity) A sequence {x,}° _, is said to be periodic with period p if pi, = xy for all
n > —k.

DEFINITION 1.2. (Stability) (i) The equilibrium point T of Eq. (2) is locally stable if for every e > 0, there
exists § > 0 such that for all x_,., ©_.y1, ..., x_1, ¢ € I with

|T—p — T+ |T—py1 — T+ ... + |z — T| < 6,

we have
|z, — | <e  forall n>—r
(ii) The equilibrium point T of Eq. (2) is locally asymptotically stable if T is locally stable solution of Eq.(2)
and there exists v > 0, such that for all x_,., x_,.+1, ...,x_1, xg € I with
|T_p — T+ |T—pi1 — T+ ... + |0 — | < 7,
we have

lim =z, =7.
n—oo
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(11i) The equilibrium point T of Eq. (2) is global attractor if for all x_,., ®_,11, ...,x_1, xo € I, we have

lim =z, =7.

n—oo

(iv) The equilibrium point T of Eq. (2) is globally asymptotically stable if T is locally stable, and T is also a
global attractor of Eq. (2).
(v) The equilibrium point T of Eq.(2) is unstable if T is not locally stable.

The linearized equation of Eq. (2) about the equilibrium Z is the linear difference equation

" OF(ZE,....T
Yor1 = 2 PETZ)y (3)

Theorem A [26]: Assume that p, ¢ € Randr € {0, 1, 2, ...}. Then
Pl +lal <1,
is a sufficient condition for the asymptotic stability of the difference equation

xn-‘rl +pmn+qxn—r :0, Tl:O, 1,

REMARK 1. Theorem A can be easily extended to a general linear equations of the form
Tppr + P1Tpgr—1 + .+ 0rxy =0, n=0,1,.., (4)

where p1,pa,...,pr € Randr € {1,2,...}. Then Eq.(4) is asymptotically stable provided that

.,
> Ipil < 1.
=1

Consider the following equation
Tpt1 = 9(Tn, Tn_1, -, Th-k), n=0,1,2, ... (5)

The following theorem will be useful for the proof of our results in this paper.

Theorem B [27]: Let [o, (] be an interval of real numbers and assume that
g:la, BF = [a, ]

is a continuous function satisfying the following properties :
(a) g(x1, ®a, ..., Tx+1) is non-increasing in one component (for example z,) for each z, (r # o) in [, ],
and is non-increasing in the remaining components for each z, € [a, 0]

(b) If (m, M) € [, f] x [, B] is a solution of the system

M=g(m, m, ..., m; M, m, ... m, m) and m=g(M, M, ... M, m, M, ... M, M),

then
m = M.

Then Eq. (5) has a unique equilibrium Z € [«, ] and every solution of Eq. (5) converges to Z."
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2. LOCAL STABILITY OF THE EQUILIBRIUM POINT OF EQ. (1)

In this section we study the local stability character of the solutions of Eq. (1). The equilibrium points of Eq.
(1) are given by the relation
b+ cxT
dT + €T’

T =axT +

If a#1, d+e—ae— ad#0, then the positive equilibrium point of Eq. (1) is given by

—c¢ + VV4be + 4bd + ¢2 — 4abe — 4abd
2(a—1)(d+e)

T =

Let f:(0, o0)* — (0, co) be a function defined by

_ b+ cuy
f(ug, u1, ua, uz) =auy+ F—

Then we see that at T = _c+\/4b62—|(r311d1—§(c;_;:)ab5_4abd
of(z, Z, T, T) . . of(z, =, T, T) 2¢c(a(d+e) —1) .
_— = = —Cop, = = —C1

duo Oy (—c + +/(4be + 4bd + 2 — 4abe — 4abd)) (d+e)
8f(z, T, T, T) (2(a(d+e) —1))d (c\/(4be + 4bd + 2 — dabe — 4abd) + 2ba(d + €) — ¢ — Qb)

> 7 - = —Ca,

Duz (d+e)? (—c+ V4be + 4bd + ¢ — 4abe — 4abd)2
of(z, z, T, T) (2(a(d + e) — 1))e(cy/(4be + 4bd + c2 — 4abe — 4abd) + 2ba(d + €) — c? — 2b) .
g L b L) — —¢3

us (d+€)? (—c + v/Abe + 4bd + ¢ — dabe — dabd)”
Then the linearized equation of Eq.(1) about T is

Ynt1 + CoYn—1 + C1Yn—k + C2Yn—s + C3Yn—t = 0.
3. EXISTENCE OF PERIODIC SOLUTIONS
In this section we study the existence of periodic solutions of Eq. (1).
THEOREM 3.1. Eq. (1) has a prime period two solutions if and only if
A(a+1)—4a®b(d +e) > 0, k, 1, s, t — even. (7)

Proof: First suppose that there exists a prime period two solution

A p’ q7 p7 q7 A

of Eq. (1). We will prove that Condition (7) holds.
We see from Eq. (1) ( when &, [, s, t—even ) that

n b+ cq L b+ cp
= Qa 5 = Q
4 9 dq + eq 4 p dp + ep
Then
n b+cq n b+cp
=a , =a
p 4 (d+e)q 4=ap (d+e)p
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(d+e)pg = a(d + €)q* + b+ cq,
and

(d+ e)pq = a(d + e)p* + b + cp.
Subtracting (9) from (8) gives

0=a(d+e)p* —¢*) +clp—q).
Since p # q, it follows that

Pra= arey

Again, adding (8) and (9) yields
2(d+ e)pg = a(d + €)(p + q)* — 2a(d + e)pg + 2b + c(p + q)
It follows by (10), (11) and the relation p? + ¢? = (p + q)? — 2pq for all p, ¢ € R that

b

PI= i Dd+e)

(12)

Now it is clear from Eq. (10) and Eq. (12) that p and ¢ are the two positive distinct roots of the quadratic

equation
2 c b —
e (u<d+e>) t+ ((a+1>(d+e)) =0,
a(d+e)(a+1)t2 +c(a+ 1)t +ab=0,
and so
(c(a+1))? —4a®b(d+e)(a+1) >0
thus

la+1) —4a®b(d+¢€) >0
Therefore Inequality (7) holds.

(13)

Second suppose that Inequality (7) is true. We will show that Eq. (1) has a prime period two solution.

Assume that
_ —cla+1)+vB  —cA+/B
P= 2a(a+1)(d+e)  2aAB '’

and
—cA—/B
2aAB

where 8 = c¢?(a + 1) — 4a?b(a + 1)(d + e).
We see from Inequality (7) that

, where A=(a+1), B=(d+e)

(c(a+1))?* —4a®b(d+e)(a+1) > 0

then after dividing by (a + 1)we see that
= > 4a*b(d + e)

Therefore p and ¢ are distinct real numbers.
Set

r—; = P, Ty4+1=9¢, ;T =P, T_k+1 =4,

T_s = P, Tosy1=¢q, T4=p, T_ty1 =qand zg=Dp.
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We wish to show that
r1=x_1=¢q and 1x9=2x9=0p.

It follows from Eq. (1) that

n b+ cx_y n b+ cp b+ cp
1 = ar— _— =q = Q _—
! T dr_, + ery P dp + ep P (d+e)p

b+ o(=yB)

(@+e) (=5242)

Multiplying the denominator and numerator of the right side by 2aAB gives

:ap—|—

2abAB+c(—cA+/B)
(d+e)(—cA+VB)

T1 =ap+
Multiplying the denominator and numerator of the right side by (—cA — /)

and by Replacing A = (a+1), B = (d+e) and 8 = c*(a + 1)? — 4a®b(a + 1)(d + e)in denominator and
numerator of above equation gives

2abAB(—cA—/B)+c(c?A%— B)

o= apt [@tel(Az—5)
_ + 2ab(a+1)(d+e)(—cA—/B)+e(c? (a+1)2—c? (a+1)>+4a? b(a+1)(d+e))
= ap (d+e)(c2(a+1)2—c2(a+1)2+4a2b(at1)(d+e))

_ 2ab(a+1)(d+e)(—cA—+/B)+4a> I)c(a+1)(d+e)
=ap+ 167b(aF1)(dFe)?

Dividing numerator and denominator by (2ab(a + 1)(d + ¢)) we get

_ —cA—\/B+2
=ap+ cZa(d+e) =

_ 2a? (d+e)p—cA—+/B+2ac

2a(d+e)
Now inserting the value of p we get
. _ 1 (—ca(a+1)+a\/ﬁ—c(a+1)2—(a+1)\/B+2ac(a+1))
! 2a(d+e) (a+1)
1
rrEsyrEasl QUG CRRNERCICESS
~VB—cla+1)

2a(a+1)(d+e)

But (a+1) = A and (d+ ¢) = B we get

_ —cA-VB _
1= —5.ap — 4

Similarly as before one can easily show that
T2 = P.

Then it follows by induction that

Top=p and xopy1=¢q forall n>-1.
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Thus Eq. (1) has the positive prime period two solution

A p7 q) p? q’ AR

where p and ¢ are the distinct roots of the quadratic equation (13) and the proof is completed.
The following Theorems can be proved similarly.

THEOREM 3.2. Eq. (1) has a prime period two solutions if and only if

4 4b(d+e)(1—a) >0 (I, k, s, t— odd).

THEOREM 3.3. Eq. (1) has a prime period two solutions if and only if

A(d—e)(1+a) —4(b(ad + €)* — ec?) > 0 (I, k, s — even and t — odd).

THEOREM 3.4. Eq. (1) has a prime period two solutions if and only if

e —d)(1+a)—4(b(ae +d)? — *d) >0 (I, k, t — even and s — odd).

THEOREM 3.5. Eq. (1) has a prime period two solutions if and only if

(14 a) —4a(ab(d+e) +c*) >0 (I, s, t — even and k — odd).

THEOREM 3.6. Eq. (1) has a prime period two solutions if and only if

(e —d) —4bd*(1 —a) >0 (I, k, s— odd and t — even).

THEOREM 3.7. Eq. (1) has a prime period two solutions if and only if

A(d—e) — 4be*(1 —a) > 0 (I, k, t — odd and s — even).

THEOREM 3.8. Eq. (1) has a prime period two solutions if and only if

A —4(b(d+e)(a—1)+c*) >0 (I, s, t— odd and k — even).

THEOREM 3.9. Eq. (1) has a prime period two solutions if and only if

A(1+4a)+4b(d+e) >0 (k, s, t— odd and | — even).

THEOREM 3.10. Eq. (1) has a prime period two solutions if and only if

AA(1+a)—4(c*—b(d+e) >0 (I, k — even and s, t — odd).

THEOREM 3.11. Eq. (1) has a prime period two solutions if and only if

A(1+a)(d—e)—4(b(ad + €)* + ac*d) > 0 (I, s — even and k, t — odd).
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THEOREM 3.12. Eq. (1) has a prime period two solutions if and only if

(e —d) — de(be(a—1) +c*) >0 (s, k—even and 1, t— odd).

THEOREM 3.13. Eq. (1) has a prime period two solutions if and only if

A(d—e)—4d(bd(a—1)+c*) >0 (I, s — odd and k, t — even,).

THEOREM 3.14. Eq. (1) has a prime period two solutions if and only if

A(a+1)(e—d) — 4(b(ae + d)* + ac*e) > 0 (s, k— odd and 1, t — even).

THEOREM 3.15. Eq. (1) has no prime period two solutions if one of the following statements holds
(1) ¢c#£0 (k, s, t— even and 1 — odd),

(i) c#0 (s, t —even and 1, k— odd).

4. GLOBAL ATTRACTIVITY OF THE EQUILIBRIUM POINT OF EQ. (1)

In this section we investigate the global attractivity character of solutions of Eq. (1).
THEOREM 4.1. The equilibrium point T of Eq. (1) is global attractor.
Proof: Let p, ¢ are a real numbers and assume that f : [p, ¢]* — [p, ¢] be a function defined by

b+ cuy

Ug, U1, U2, U3) = AU + ———.
f( 0, 1, 29 3) 0 d’ll,2+6’l,l,3

We can easily see that the function f(ug, w1, ue, uz) increasing in ug, u; and decreasing in ug, ug.
Suppose that (m, M) is a solution of the system
m= f(m, m, M, M) and M = f(M, M, m, m).

Then from Eq. (1), we see that

b+cm b+cM
At M Mt A eom
That is - bt M
cm c
1-— = l-aM = ————
( a)m (d_"_e)M’ ( a’) (d+€)m7
or,

b+em=b+cM

Thus m = M. It follows by the Theorem B that T is a global attractor of Eq. (1) and then the proof is
complete.
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5. NUMERICAL EXAMPLES

For confirming the results of this paper, we consider numerical examples which represent different types of
solutions to Eq. (1).

Example 1. We assume [ =5, k=4, s=3,t=5, z_5=06, 2_4=9, . 3=8, _2=9, x_1 =12, x_1 =
4, a=0.1,b=0.2, ¢=0.9, d=0.7 e=0.8. [See Fig. 1

plot of x(n+1)= a.X(n-)+((b+c.X(n-k))/((d.X(n-s)+e.X(n-t)))) 14 w186t of x(n+1)= a.X(n-)+((b+c.X(n-k))/((d.X(n-s)+e.X(n-t))))

16
12

14

101
12

= =
E X

8 ‘ 6

6

| I

i |

2l i 1R 1R 1 2f

0 50 100 150 200 250 300 350 400 450 500 0 10 20 30 40 50 60 70 80 90 100

n n
Figure 1. Figure 2.

Example 2. See Fig. 2, sincel =1, k=2, s=1,t=3, z_3=12, x_9=07, 21 =85, zg =5, a =
1.6, b=0.2, ¢c=0.9, d=0.09, e = 0.01.

Example 3. See Fig. 3,sincel =1, k=2,s=1,t=12x_3=12, x_o=7, z_1 =8, 20 =3, a=0.1, b=
0.2, c=0.5, d=0.6, e=0.2.

Example 4. Fig. 4. shows the solutions when a = 0.1, b =0.2, ¢ =0.5, d =0.6,e =09, | =4, k=2, s =
47 t:27 T_y=p, T-3=4¢,T—2=DPpP, T_1=¢, Tog=DP.

Since (p,q — _C(G+1):|:\/02(a+1)2—4a2b(a+1)(d+e)>

2a(a+1)(d+e)

plot of x(n+1)= a.X(n-1)+((b+c.X(n-k))/((d.X(n-s)+e.X(n-t)))) o plot of x(n+1)= a.X(n-1)+((b+c.X(n-k))/((d.X(n-s)+e.X(n-t))))
05
20 [
ak
15
151
c <
x x
2+
10
25k
5 H
3t
0 35
0 10 20 30 40 50 60 70 80 90 100 0 5 10 15 20 25 30 35 40 45 50
n n
Figure 3. Figure 4.
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Asymptotic Representations for Fourier Approximation of
Functions on the Unit Square *

Zhihua Zhang
College of Global Change and Earth System Science, Beijing Normal University, Beijing, China, 100875

E-mail: zhangzh@bnu.edu.cn

Abstract. In this paper, for any smooth function on [0,1]%, we give an asymptotic representation
of hyperbolic cross approximations of its Fourier series whose principal part is determined by the values
of the function at vertexes of [0,1]? and present a novel approach to estimates of the upper bounds of
approximation errors. At the same time, we also give an asymptotic formula of partial sum approxima-
tions whose principal part is determined by not only partial derivatives at vertexes of [0, 1]?, but also
mean values on each side. Comparing asymptotic representations of these two kinds of approximation,
we find that although in general the hyperbolic cross approximation is better than the partial sum ap-
proximation, the partial sum approximation possibly work better under some cases, and we also give the

corresponding necessary and sufficient condition to characterize these cases.

1. Introduction
For a function f on [0, 1]?, regardless of how smooth it is, by the Riemann-Lebesgue lemma, we only
know that its Fourier coeflicients ¢, (f) = o(1). In this paper, we first obtain a precise asymptotic

formula of the Fourier coefficients (see Theorem 2.2) by using our novel decomposition formula of f:
q(zy) +7(x,y) (z,y) €[0,1)%

q(z,y) (z,y) € 9([0,1]?),

f(x,y) =

where ¢(x,y) is a combination of the boundary function and four simple polynomial factors z,1 — z,y,
and 1 —y. After that, we will discuss further two kinds of Fourier approximations of functions on the
unit square.

The sparse approximation has received much attention in recent years [1,6,7,8]. As an approximation

tool, hyperbolic cross truncations of Fourier series has obvious advantages over partial sums of Fourier

*Zhihua Zhang is a full professor at Beijing Normal University, China. He has published more than 50 first-authored
papers in applied mathematics, signal processing and climate change. His research is supported by National Key Science
Program No.2013CB956604; Fundamental Research Funds for the Central Universities (Key Program) No.105565GK; Bei-
jing Young Talent fund and Scientific Research Foundation for the Returned Overseas Chinese Scholars, State Education
Ministry. Zhihua Zhang is an associate editor of “CURASIP Journal on Advances in Signal Processing” (Springer, SCI-
indexed), an editorial board member in applied mathematics of “SpringerPlus” (Springer, SCI-indexed) and an editorial
board member of “Journal of Applied Mathematics” (Hindawi).
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series since the hyperbolic cross truncations [8]:

N N
sSW(fzy) = Y emo(H ™™+ Y con() ™™ 4 N epn(f) T (1)
|m|=0 |n|=1 1<|mn|<N

can make full use of the decay of Fourier coefficients to reconstruct the target function f.

Throughout this paper, we always assume that f € C3%)([0,1]?) which means that gzégyjj (0<i,j<

3) are continuous on [0, 1]2. We will show that, for the hyperbolic cross truncations of its Fourier series,

the following asymptotic representation holds (see Theorem 3.1):

(1.2)

log” N, log N,
1= S00) IB= g (F0.0) + 70,1 = £0.1) = FL0)PREE 1 0 (25,

where Ny is the number of Fourier coefficients in sg\};)(f) and || F ||3= fol fol |F(z,y)|?dzdy.

For the partial sum approximation of the Fourier series of f on [0, 1], we will give another asymptotic
representation. The corresponding principal part will become more complicated. It depends on not only
values of function f and its partial derivatives g—i and % at vertexes of [0,1]%, but also the mean values
of f on each side of the boundary 9([0, 1]?) (in detail, see Theorem 4.1).

Comparing asymptotic representations of two kinds of Fourier approximations, we find that for hyper-

2
bolic cross approximation, the approximation order is IogNiN“", while for the partial sum approximation,
d

in general the approximation order is \/%, and under some cases the approximation order is Nid More-
d

over, we further give a corresponding necessary and sufficient condition for these cases (see Corollary 4.2).

2. Asymptotic representation of Fourier coefficients
Let f € C®3)(]0,1]?). Expand f into Fourier series: f(z,9) = 3. cmp €27Hm#T79)  where
m,n

1,1
cmn(f):/o /0 f(x,y)e*%l(mx*"y)dzdy

and Y means Y. > . We extend f from [0,1]2 to R2. Then f is a function on the whole plane

R? vx:tfl period T anilm} is Occiiscontinuous at the integral points {m,n}m, nez. By the Riemann-Lebesgue
lemma, we only know that ¢, (f) = o(1) as m — 0 or n — oo, where “0” means high-order infinitesimal.
To obtain the precise asymptotic formula of Fourier coefficients, we construct a combination ¢(z,y) of the
boundary functions f(x,0), f(z,1), f(0,y), f(1,y) and factors x, (1 — ), y, (1 —y) such that the difference
f(z,y) — q(x,y) vanishes on the boundary 9([0, 1]?).

Now we define three functions as follows.

Q1(xay) - (f(l’,(]) - f(070)(1 - ‘T) - f(l,())x)(l - y) + (f(xa 1) - f(Oa 1)(1 - I‘) - f(]‘ﬂ l)x)ya
g2(,y) = (f(0,9) = £(0,0)(1 —y) = f(0, )y)(1 —2) + (f(1,y) = F(1,0) (1 —y) = F(1, Dy)z,  (2.1)

g3(z,y) = £(0,0)(1 —2)(1 —y) + f(0,1)(1 = z)y + f(1,0)z(1 —y) + f(1,1)zy.

Then q(z,y) = q1(z,y) + q2(x,y) + g3(x, y) is the desired function, i.e., we have the following theorem.
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Theorem 2.1. Let f be defined on [0, 1]? and ¢(z,y) be stated as above. Then 7(z,y) = f(z,y) —
q(z,y) vanished on the boundary 9([0,1]?).

From this, we deduce that if f € C32)([0,1]?), then 7(x,y) € C33([0,1]?) and satisfies that for
i=1,2,3,

D7 (3,0)=2T(z,1)=0 (0<az<1),

oz’ Oz’
v v (2.2)
Gr0y)=GrLy)=0 (0<y<1).
Now we further explain the relationship between ¢(x,y) and f(z,y). By (2.1), it follows that
gt (@,y) = 5Lz, 001 —y) + Gz, Ly — f(0,9) + f(1,y)
+(f(0,0) = f(1,0))(1 —y) + (f(0,1) — f(1,1))y,
S y) = 350,91 =) + F (L y)w = f(2,0) + f(,1)
+(f(0,0) = £(0,1))(1 — z) + (f(1,0) — f(1,1))z,
24 (w,y) = — %L (2,0) + 8 (2,1) — 3L(0,9) + L (1,y)
—f(0,0) + f(1,0) + f(0,1) = f(1,1),
posty (@.y) = — 5 (x.0) + G (. 1),
o () = —540,9) + 34 (Ly),
s (@, ) = 0.
From this, we get
azay(l 1) — (1 0) — amy(o 1)+ 57 (O 0) =0,
%ﬁLw—%mww=@aLm—%mﬂ0u—m (3an-40.n). (2.3)
% (z,1) — 92(z,0) = (%(o, 1) — %(0,0)) (1—z)+ (%(1, 1) - %(1,0)) -
Since cmn(f) = Cmn (q) + Cmn (7—) and ¢mn (Q) = cmn(q1> + Cmn ((I2) + Cmn (q3)7 by (21)7
Cmn(‘]l) = Cm(R(xa 0))071(]- - y) + Cm(R(xv 1))Cn(y)7 (24)
where
R(z,v) = f(x,v) — f(O,v)(1 —z) — f(1,v)z (v=0,1). (2.5)
Since R(0,v) = R(1,v),
em(R(z,v)) = fol R(z,v) e ?mimedy = L 01 98 (g, v) e~ 2mimady

— b (B0 - B0~ | G ) e mez) (£ 0),

4m2m?2 ox 0 Ox2

co(R(z,v)) = [y flz,v)dz — L(f(0,v) + f(1,0)).
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Noticing that 3R w,v) = 6—f(x,l/) + £(0,0) — f(1,v), we get

of o
9B (1,v) - 98 (0,v) = 9L (1,v) — 2L(0,v),

2
OR(zx,v)=2L(x,v)  (v=0,1).

1
2mim

1 0 0 L 52 '
em(R(z,v)) = <af;(1,z/) — %(O,V) 7/0 Tg(x’y) e?ﬂ'zmzdm>

and —

Since mth Fourier coefficients of (1 —z) and x are (m # 0), respectively, we get by (2.5)

27'rzm

472m2
while
Lo2f

—27rimxd _
el =
0 (9x

(z,v)e

*f Of Lo3f i
(W(l’y> - w(O, v) —/0 @(sc,u) e? dx) )

2mim

So
CMW@WDZE%p@ﬂLW—%@WD+OC#) (m £0),

co(R = Jo f(@,v)dz = 5(£(0,0) + £(1,v)).
From this and (2.4), it follows that

Emn(@1) =~ (2£1,0)+2(0,1) = 220,00~ Z(1,1)) + O () (m#0,n £0),
%ﬂm:g%ﬁ%@mf%mnf%mm+%@nwvﬁ% (m #0),

conlar) = =55 (Jo (F(,0) = f(e, D)de = J(F0,1) + F(1,0) = £(0,1) = f(L,1)))  (n#0).

Similarly, we have

Cmn(@2) = ~ v (551,00 + 3£0.1) = £(0,0) = £ (1,1)) + O (2s)  (m #0,n £0),

con(@2) = 52 (350,1) = 351,00 = 80,00+ 3£ (1, 1)) +O (&) (n#0),

emoa2) = — 55 (I3 (F0.9) = F(1L,y)dy = $(0,0) + £(0,1) = F(1,0) = F(1,1)))  (m #0).

and

Cmn(43) = grzmy (F(1,0) + £(0,1) = f(0,0) = f(1,1))  (m#0, n#0),
emo(g3) = — 157 (£(0,0) = £(0,1) = f(1,0) + f(1,1))  (m #0),

con(@3) = — 15 (f(0,0) = £(0,1) + f(1,0) - f(1,1))  (n#0).
From this, we get an asymptotic representation of ¢,,,(q) by ¢(z,y) = q1(z,y)+q2(z,y) +g¢3(z, y). Finally,
we write out the asymptotic representation of ¢, (7).
Using the integration by parts, it follows by Theorem 2.1, (2,2) and (2.4) that
(i) For m # 0,n # 0,

1 0% f 0% f 0*f 0% f 1 1Y
1674 m?2n? (817334(17 DA 3x3y(170)  dxdy (0.1)+ Oxdy (0’0)> +0 <m2n2> (m + n) ’

Cmn(T) =
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(i) For m # 0,

(iii) For n # 0,

CM014%;2(A (gz( U*g£< m)d +2<g£m(n gzm]q gzu(ngia19)+o(;g.

From this and ¢pn(f) = cmn(q) + cmn(7), we get the following asymptotic representation of Fourier

coefficients of f(z,y).
Theorem 2.2. Let f € C33)([0,1]?). Then Fourier coefficients of f(x,y) satisfy

(i) for m # 0, n # 0,
1 B Y 1 L
Cmn(f)_ 47-‘-2mn( a+2277m+Z27‘rn+4772mn)+0(m2n) <m+n)7

Oé:f(O,O)—f(o;l)_f(170)+f(171)a

where

B=39L(0,0)— 9L(0,1) — 9L(1,0) + 4L(1,1),

v:%wm—%mn—%@m+%@m

£(1,1);

2
= aargy (0’ 0) aray (O 1) az(’)y <]‘ O)

Cmo(f) = i +b+0<éﬁ,

2mm  4m2m?2

(ii) for m # 0,

where

= £(0,1) = £(1,0) = [y (f(0,9) — f(1,))dy,
b=Jy (%(Ly) - % 0.p) ay

COTL(f):iC+d+O<n13>a

2mn  4m2n?

(iii) for n # 0,

where

= £(1,0) — £(0,1) — [ (f(2,0) — f(z,1))da,
d= fo (81/ z, %(m,O)) dz + O (75) -

Now we compute |c,,(f)|?. Since f is a real-valued function, it is clear that «, 3,7, and a, b, c,d in

Theorem 2.2 are all real numbers. So we get the following corollary.

Corollary 2.3. Let f € C3%([0,1]?). Then

—ad 2
lemn(£)I2 = Torrbmmr (02 + 2522 + Thor + ) + O () (R + 1),

lemo (F)? = 7293 + O ()

lcon(f)? = 552 + O (%),
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where «a, 3,7, and a,b, ¢, d are stated as above.

3. Asymptotic representation of hyperbolic cross approximation
Let f € C®3)([0,1]?). We expand it into a Fourier series. Consider the hyperbolic cross truncations

of its Fourier series:

(h) N 2mima X 27N
sy (fiz,y) = 22 cmo(f)e + > con(f) ey

|m|=0 In|=1

N
4 E E Cmn(f) e27ri(mr+ny)’

Inl=1 " |m|<Zh
where comn(f) = [y [i f(z,y) e 2T dady. So

Py =8 (fem) = X eno(N)FTE L S con(f) e

|m|>N+1 [n|=N+1

S N
+ Z Z Cmn(f) 627ri(mx+ny) + Z Z Cmn(f) e?ﬂ’i(mz«kny).

[n|>N+1|m|=1 [n|=1|m|>

[nf

Using the Parseval identity [4,5,9] of bivariate Fourier series,

1F=sW 13 = X (eonl ) +leno(F))

[n|>N+1

Y S PSS Jem (NP (3.1)

[n|>N+1 |m|=1 |n|=1 |m\>%

=: Pxn + QN + Rn.

2
2__ ¥ 131 1)L
|Cmn(f)‘ T 16m4m2n2 +0 <m3> n? O <7’LS) m?

We first compute Ry:

By Corollary 2.3,

N
Ry = Z E |Cmn(f)|2
[n|=1 |m\>%
o X 1 1 ol 1 1 ol 1 1 (3-2)
= T 2 o7z 2 q2tO00) X x> sm+0(01) X a5 o
[n|=1 lm|> 5 Inl=1 " |m|>3&; [nl=1 " |m|>:;
= :RY +RY +RY
Note that
W _ a2 % 1
RN 1674 Z n? Z m2)
Inl=1 " |m|>75h
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This implies that

Similarly, RE\?) =0 (y) and Rg\?f)) =0 (%) So
a?log N 1
Bv =~y T° (N>

By |¢mn|?> = O (#), it follows that

m?2n?

ov=om| ¥ L) +o(]§2>:o<;]>.

[n|>N+1 |m|=1

From |co, (f)[> = O (%) and |emo(f)[> = O (222), it is easy to deduce that

m?2

Pyv= 3 lenlP+ Y |Cm0<f>'20(zif>'

In|>N+1 |m|>N+1

Therefore, by (3,1),

2
RO 5 a‘log N i
17 =0 =" +0 (5 )

(R)

The number Ny of Fourier coefficients in the hyperbolic cross truncation sy’ (f) is equal to

N
Z N
1

n1:1

Theorem 3.1. Let f € C33)([0,1]?). Then the asymptotic representation of the hyperbolic cross

approximation of Fourier series of f is

2 2
0 s« log® Ny 1
17 =00 1= (140 (1w ) ) (33)

where Ny is the number of Fourier coefficients in hyperbolic cross truncation sg\lfl)(f) and a = f(0,0) —
f(0,1) = F(1,0) + f(1,1).

Corollary 3.2. Let f € C32([0,1]?). Then

() 117 = 580 3= 0 (252 it and only if £(0.0)+ £(1,1) = £(0.1) + £(1.0).

(i) when F(z,y) = f(z,y) + (f(0,1) + f(1,0) = £(0,0) — f(1,1))zy,

log Ny
Ny ’

| F— s (F) 3= 0(

Now we show an approach to estimates of the bound of the term “ O” in Theorem 3.1 using the

Sobolev norm. For %gf, € C([0,1]?), its Sobolev norm is defined as

ot
M(f)= max |2
z,y€8([0,1]2) awlayj
1,7=0,1,2,3
7
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By Theorem 2.1 and (2.2), and (2.4), we get

; )
— —27rz(mac+ny)d dy = J
Cmn(T) /0 /0 T(z,9)e wdy = Ty + Joms

where 82f 82f 32f 32f
0= 6x6y(0’0) a 8x8y( 1) - axay( 0+ axay(l’l)

and
_ 1

Jmn = 3275m2n3 <8ac6y (1 1) 8$8y (0 1) 6$0y (1 0) + Bxay (O O))

1 o
—gzv izt Jo (azay (Ly) — amay z(0, y)) e 2Ty dy

+32i7r51m3n2 (8w26y(1 O) 0w28y (0 0))

1 o
_32i7r51m3n2 0 (amzay (1,y) - amzay 2 (0, y)) e 2mnydy

; o 8 —2mimx
+5zmrmrz Jo <3$3£y (2,1) — 8z36y(1‘ 0)> A g

1,1 88 oo
g Jo o s () e 2T Om ) ddy
So

6M(f) TM(f) 13M(f) 1 1
Jmn > - < — — .
| < 32w m?2n3 + 32mOm3n2 — 3275m?2n? +

For ¢,,0 and cg,,, we have

m n

enmo(7) = iz (Jy (B 0) = 350.9)) dy+ 38) + T,

con(T) = W (fol (g?};((p, 1) — gi(x’(])) dz + %7) LT,

where
T o (ZE0w - S, y)) dy
— 2y (gwg(l 0) = 2:4(0,0) = 22 (1, 1) + 324 (0, 1))
3 3
27rm fO fo (? €T,Yy)— %8#})‘ (1'70) - %%({E, 1)) d.’Edy
2 2.
Té = (27rn)3 fO (By Z, ]‘) - gyg ((E,O)) dz
1 ﬁOl—ﬁOO—ﬁll ﬂlO
2(2mn)3 8y2( ’ ) 8y2( ) ) 31/2( 5 )"‘ ayg( s )
3 3
— e o Jy (5@ - 35509 — $54(1,y) dady.
So

|T(1)| < 6M(f)

(2rm)3>

2) 6M
|T( |< 271'7(1J)C)
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Now we estimate ¢, (q). Note that

1 of of ,
cm(R(z,v)) = T2me <6x(1’ v)— O%(Ov’/)> +LY) (v=0,1),
where 1 82f 82f 1 83f
e e — —2mimz _
Ly’ = g 5.3; (8952 (L,v) = 55(0,v) N (z,v)e dx) (v=0,1).

Then |L%)| < 3MU)  This implies that

— 8m3m3 "

Cmn(‘]l) 87r3m i + Hv(rgn

Cmn(qZ) 87r3mn 3 + HT(Y%)7

where

|Hltin| < e

8mim3n?

|Hital < o

8nimn3 "

From this and ¢, (g3) = we get

_a
4m2mn’

Cmn(q) = ! <O[— ﬁ . J ) +Hmn7

4m2mn 2mmi  2mni

where |Hpy,| < Sﬁfﬂ (2 + 52)-

Similarly, we may estimate ¢,,0(q) and cop,(q). Using ¢mn(f) = cmn(q) + ¢mn(7) and the above esti-

mates, we easily obtain the estimates of upper bounds of |¢,, (f)|?

in Theorem 3.1, we finally can give the bound of the term “ O ” in (3.3).

4. Asymptotic representation of square errors of partial sums

Let f € C33)(]0,1]%). Consider the partial sums of its Fourier series:

f,l‘ y Z Z Cmn 27ri(mm+ny).

|m|<N |n|<N
Then the square errors are equal to

If=sn(H) 3= > leon(HP+ X lemo(HI?

In|>N+1 Im|>N+1

EY S eSS oA

In|>N+1|m[=1 In[=1 |m|>N+1
:KN+LN+IN+JN

By Corollary 2,3 (ii) and (iii),

. Again, using the method of argument
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By Corollary 2.3 (i),

NG — SRS i oy
Cmn T 167tm?2n2 @ 4m2m?2 - 4m2n? m3n3 )’

and so

2 2 2
In = 4gﬂ2 ( 7112> + 6571'6 ( Z n12> C(4) + 19’\5774 ( Z n14> +0 (#)
In|>N |n|>N |n|>N

n=1
N 1 = 1 1 w2 1
lz‘zlﬁ:‘zlzlﬁ_l%NF:?"’O(ﬁ)’
N )
Y= X o 2 o =C@)+0(5m)
|n|=1 In|=1 [n|>N

Then

Finally, by (4.1), we get the following theorem.
Theorem 4.1. Let f € C3)(]0,1]?). Then the partial sums sy (f) of its Fourier series satisfy

2 2 2 2 2
| £ = snf) 2= ( S el <<4>)1+0< ! )

272 2472 876 N N2

where a, ¢, «, 3,7 are stated in Theorem 2.2 and ((4) is the Riemann-Zeta function.
Note that the number Ny of Fourier coefficients in the sum sy (f) is (2N + 1)2. From Theorem 4.1,

it follows that
1

VN

If = sn(f) I3~

Again, by Theorem 4.1, we get the following corollary.
Corollary 4.2. Let f € C®3)([0,1]?). Then the partial sums sy (f) of its Fourier series satisfy

175D 180 53)

10
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ifandonlyifa=c=a=08=v=0, ie.,

F(1,0) = £(0,1) = [y (£(,0) = f(x,1))da,

£0,1) = £1,0) = [5(f(0.9) = F(1,y))dy,

F(0,1) + £(1,0) = £(0,0) + f(1,1), (4.2)
95(0,1) + 2L(1,0) = 2L(0,0) + 2L(1,1),

5L(0,1) + %£(1,0) = §£(0,0) + 8L (1, 1).
Since the number of Fourier coefficients is 2N + 1 in sy (f), it is clear that when (4.2) holds,

7= sx(n18=0(5;)-

Comparing it with Theorem 3.1, we see that in this case the partial sum approximation is better than

the hyperbolic cross approximation.
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Abstract
We develop further theory for Khatri-Rao products of Hilbert space
operators in connections with selection operators. We provide two con-
structions related to selection operators. Then we establish certain iden-
tities and inequalities involving Khatri-Rao and Tracy-Singh products.
As consequences, we obtain some characterizations for the mixed product
property concerning the Khatri-Rao product of operators.

Keywords: tensor product, Khatri-Rao product, Tracy-Singh product, opera-
tor matrix
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1 Introduction

This paper concerns operator extensions of certain matrix products, namely,
the Kronecker (tensor) product, the Tracy-Singh product, and the Khatri-Rao
product. Fundamental theory for these matrix products are collected, for in-
stance, in [1, 2, 4, 5, 10, 11, 12] and references therein. Denote by M, ,,(C)
the algebra of m-by-n complex matrices. Recall that the Kronecker product of
A = [a;;] € M, n(C) and B € M, 4(C) is given by

A®B = [aijB]ij .
Consider partitioned matrices A and B such that the (¢, j)th block of A is A;;
and the (k,1)th block of B is By;. The Tracy-Singh product [9] of A and B is
defined by

AXB = [[Ai;®Bu],],;- (1)

The Khatri-Rao product [3] is defined for two partitioned matrices A = [A;;]
and B = [B;;] as follows
AGB = [A;&By] (2)

ij "

*Corresponding author. Email: pattrawut.ch@kmitl.ac.th
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Khatri-Rao Products and Selection Operators

The tensor product of Hilbert space operators can be viewed as an extension
of the Kronecker product of complex matrices. Recall that the tensor product
of A€ B(H,H') and B € B(K,K’) is the unique bounded linear operator from
H ® K into H' ® K’ such that (A® B)(x ® y) = Az ® By for all x € H and
y € K. Recently, the Tracy-Singh product and the Khatri-Rao product for
matrices were generalized to those for operators acting on the direct sum of
Hilbert spaces, see [6, 7, 8]. Fundamental algebraic and order properties of
operator Khatri-Rao products are investigated in [8]. That paper also provides
a construction of a unital positive linear map taking the Tracy-Singh product
of two operators to their Khatri-Rao product. Such a linear map appears in
the form X — Z*AZ where Z is an isometry, called a selection operator. See
details in Section 2.

The present paper contains further development on operator Khatri-Rao
products in relations with Tracy-Singh products and selection operators. First,
we provide two constructions related to selection operators (see Section 3).
Consequently, we establish some operator identities and inequalities involving
Khatri-Rao and Tracy-Singh products (see Section 4). Finally, we obtain some
characterizations for the mixed product property concerning the Khatri-Rao
product of operators (see Section 5).

2 Tracy-Singh products and Khatri-Rao prod-
ucts for operators

Throughout this paper, let H, H', K and K’ be complex separable Hilbert
spaces. When X and ) are Hilbert spaces, let us denote by B(X,)) the space
of all bounded linear operators from X into ) and abbreviate B(X', X') to B(X).
Capital letters always denote a Hilbert space operator. In particular, I and O
stand for the identity and the zero operator, respectively.

In order to define Tracy-Singh products of operators, we fix the following
decompositions

n m q p
n=H, " =pH, K=K, K =K. (3)
j=1 =1 Jj=1 i=1

where all of H;, H}, K;, K}, are Hilbert spaces. For each j and [, let M, : H; — H
and N; : K; — K be the canonical injections. For each i and k, let P, : H' — H,,
and Qi : K’ — Kj, be the canonical projections. Given A € B(#H,H’), put
A;; = P,AM; € B(H;, H;) for each 4,j. Thus we can write A in the operator-
matrix form A = [Al]]znjzl Similarly, given B € B(K,K'), let By, = QBN €
B(K;,K},) for each k =1,...,pand | = 1,...,¢q. We can identify B with the
operator matrix B = [Bp]}'_;.

Definition 1. The Tracy-Singh product of A and B is defined to be the bounded
linear operator from @7, H; @ K; to @7, Hi @ K|, represented by

AX B = [[AU X Bkl]kl] i (4)
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If both factor A and B consist of only one block, then AX B =A® B.

Lemma 2 ([6]). The following properties of the Tracy-Singh product for oper-
ators hold (provided that each term is well-defined):

1. Compatibility with adjoints: (AKX B)* = A*X B*.

2. Mized-product property: (AKX B)(C X D) = ACX BD.

8. Monotonicity: if A>B>0and C>D >0, then AXB>CXD > 0.
From now on, we fix the decomposition (3), and assume n = ¢ and m = p.

Definition 3. The Khatri-Rao product of A = [A;]i52, and B = [Bi;]i"jZ, is

defined to be a bounded linear operator from @?:1 H; @K, to @ie, Hi @ K]

represented by the operator matriz

ABB = [A;; ® By} )L, - (5)
Lemma 4 ([8]). For A € B(H,H') and B € B(K,K’), we have (AEQ B)* =

A* [ B*.
Fix an ordered tuple (H,H’,KC,K’) of Hilbert spaces. Define the ordered
pair (Z1, Z3) of selection operators associated with (H,H',K,K’) by [8]:

Ey F
Zy=|: and Zp= | |. (6)
E, E,
Here, for each r =1, ..., m

m,m m m
E, — [E;ﬂ " k@m@)m - PH. ek
=1

h=1
9, =1

with E;’;l) is an identity operator if g = h = r and the others are zero operators.
For each s =1, ..., n, the operator Fy is defined by

n

n n n
Fs = |:F-‘§}L):|g’h:1 : §H1®’CZ — @Hs(@]cj

with Fé;‘? is an identity operator if ¢ = h = s and the others are zero operators.
From the construction, the operator Z; is an isometry and Z;Z; < I fori =1,2.
When H = H' and K = K’, we have Z; = Z5.

Lemma 5 ([8]). Let (Z1, Z3) be the ordered pair of selection operators associated
with the ordered tuple (H,H',IC,K’). For any operator matrices A € B(H,H’)
and B € B(K,K'), we have

ABB = Z{ (AR B)Z,. (7)

For the case H = H' and K = K', we have Z1 = Z5 := Z and hence for any
A € B(H) and B € B(K),

ABB = Z*(AX B)Z. (8)
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3 Two constructions related to selection opera-
tors
In this section, we construct certain operators related to selection operators.

Theorem 6. Let (Z1,Z3) be the ordered pair of selection operators associated
with an ordered tuple (H,H',K,K"). Then there exist operators

m—1 m m m

v PPrier -~ DDH K
i=1 j=1 i=1 j=1
n—1 n n n

W Hiok; - PPH oK,
i=1 j=1 i=1 j=1

such that ZyV =0, ZZW =0, Z1Z7 +VV* =1 and ZZ5 + WW* =1. If, in
addition, H = H' and K =K', we have V =W.

Proof. Let
Vi
Vi=|: (9)
Vin
where
(r) _ (r) T T / / T ’ ’
v = [v ]kl o QB Hi®ICiHEBH,,®ICi
=1 j=1 =1
z+j<m2

for r =1,...,m, with Vk(lr) is an identity operator if k # r and l = m(r — 1) + k
and the others are zero operators. Note that

EiVy
1 0 0 0 0 0 0 0 0 0 0 0
00 0 0 I 0 0 0 0 0 0 0
00 0 0 0 I 0 0 0 0 0 0
= 0.
For each r, we have
0 0 0
0 I 0
v = |
0 0 I
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Then we obtain

Vi
Vo
7V = [Bf BE5 - Eil| .| = BIVi+EVat .+ EpVi = 0,
Vi
VAR A
[E\Ef  E\E; -+ FEL\E} 0% wvy . WnvE
EsE}  EsE5 -+ ELED, %% |72 7 7o) Vi
7 o0 --- 0 00 --- 0 7 0 --- 0
00 --- 0 o1 --- 0 o1 --- 0
= |. . . |+ . =
0 0 0 0 0 1 0 O 1
Now, let
Wy
W = ; (10)
W
where
n,n2_1 n n n
(s) — ()™ . ) ) )
W _[WMLJZI @1 @1 Hz®/cz—>§|91%s®/cz
= j= i=
i+j<n?

for s =1,...,n, with W,Els) is an identity operator if k # s and [ = n(s — 1) + k
and others are zero operators. A direct computation shows that Z;W = 0 and
Z9Z5 + WW* = I. When H = H' and K = K, we have V; = W, for all
i=1,...,m,ie. V=W. O

Theorem 7. Fiz the decomposition (3) with n = q and m = p. Suppose
further that H; = X, K; =Y, H; = X' and K; =)' for all i = 1,...,n and
j=1,...,m. Let (Z1,Z3) be the ordered pair of associated selection operators.
Then there exist operators

m—1 m m m

o0 DOV Y > P ey
i=1 j=1 i=1 j=1
n—1 n n n

Q2 : @@X@j) — @@X@)y
i=1 j=1 i=1 j=1
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such that Z7Q; = 0,Q;Q; = I and Z; Z +Q;Q; = I fori =1,2. If, in addition,

H=H and K =K', we have Q1 = Q5.
Proof. Consider

E>; Es3 E,, Fy, Fj3 F,
Es Ey Ey I3 Fy F
Q= | . : : ;o Q= | : (11)
B, E En1 I By F,_
Then calculations reveal that
E>, FEs E,,
E3 by E,
Z;iQ, = [Ef Ej Enl L. : =10 o 0],
Ey Fj B
_E; E;f: Eik E2 E3 Em
E; Ej E3 Es E, Eq
Q1Q1 = : : : : : :
_E:n ET Er*n—l El E2 Em—l
> EE; 0 0
0 S EE; 0
= . . . =1,
| 0 0 S EfE;
Qi + 2177
[E;  Ej Ey Ey, Ej3 E,, Ey
E3  Ej E3 Es Ey E, E,
=1 . . . . o+ [EF OB E:]
_E’;kn ET Ejn—l El E2 Em—l Em
-Zi;él EiE} 0 0 E\E} 0 0
0 2#2 EZE; 0 0 EE3 0
= . . + . .
L 0 0 Z#m EZEJ"‘ 0 0 E.E},
> E,E} 0 0
0 S E,E 0
= . = I
| 0 0 S E,E}

Similarly, we have Z5Q2 =0, Q5Q2 = I and Z275 + Q2Q5 = 1. When H =H’
and K =K', we have F; = F; foralli =1,...,m, i.e. Q1 = Q2.
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4 Operator identities and inequalities concern-
ing Khatri-Rao products, Tracy-Singh prod-
ucts, and selection operators

In this section, we apply the construction in Section 3 to establish certain op-
erator identities and inequalities concerning Khatri-Rao products, Tracy-Singh
products, and selection operators.

Theorem 8. Let (Z1,Z3) be the ordered pair of selection operators associated
with an ordered tuple (H,H',K,K'). Let V and W be operator matrices defined
by (9) and (10). For any operator matrices A € B(H,H') and B € B(K,K'),
we have
AA*EBB* = (AOB)(A*OB) + Z (AR B)WW*(A* R B*)Z;, (12)
A*"ABDB'B = (A"EB)(AQUB) + Z;(A* BB )WV (AR B)Z,.  (13)
Proof. Since AA* € B(H') and BB* € B(K’), the ordered pair of selection
operators associated with (H', H',K', K') is given by (Z1, Z1). By using Lemmas
2 and 5, and Theorem 6, we get
AA*OBB* = Z} (AA* X BB*) Z,

= Z{ (AR B)(AX B)*Z;

= Z{ (AR B) (Z:Z; + WW*) (AKX B)*Z;

= ZNARB)Z:Z3(AR B)' Z, + Z} (AR B)WW* (AR B)* 7,

= (AUB)(AUB)" "+ Z{ (AR B)WW* (AKX B)* Z;.
Now, for inequality (13), note that A*A € B(H) and B*B € B(K). In this case,
the pair of associated selection operators is (Z3, Z3). It follows that

A*AOB*B = Z; (A*AX B*B) Z,

= Z}(AK B)*(AK B)Z,

= Z}(ARB)* (Z12; + VV*) (AR B)Z,

= Z3(ARB)*Z1Z7(AXR B)Zys + Z5 (AR B)*VV* (AKX B)Zs

= (AU B")(AUB)+ Z;(A* X B )VV* (AKX B)Z,. O

Corollary 9. Let A € B(H,H') and B € B(K,K') be operator matrices. Then
AA*EBB* > (AQB)(A* G BY). (14)

Proof. 1t follows immediately from Theorem 8. O

Theorem 10. Assume the hypothesis of Theorem 7. For any A € B(H,H')
and B € B(K,K'), we have

AA*EOBB* = (AQB)(A*EB*) + Z} (AR B)Q2Q5(A* K B*)Z,,  (15)
A*ADB*B = (A*EOB*)(AQB) + Z;(A* R B)Q1Q1(AK B)Z,,  (16)

where Q1 and Qo are operator matrices in (11).
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Proof. The proof is similar to that of Theorem 8. Instead of Theorem 6, we
apply Theorem 7. O

5 Characterizations of the mixed product prop-
erty for Khatri-Rao products

In general, the mixed product property
(A B)(CED) = ACEBD

does not hold for compatible operator matrices A, B,C, D. It is interesting to
find necessary and sufficient conditions for which this property holds. Indeed,
we have the following assertions.

Theorem 11. Assume the notations in Theorem 8. For any operator matrices
AeB(H,H') and B € B(K,K'), the following statements are equivalent:

(i) ACEBD = (AQB)(CED) for all C € B(H',H) and D € B(K',K),
(ii) AA*0BB* = (A1 B)(A* [ B*),
(iti) Z (AR B)W = 0.

Proof. Tt is clear that (i)=-(ii). To prove (ii)=-(iii), suppose (ii). By Theorem
8, (ii) holds only if

(Z7 (AR B)W] [W*(A* R B*)Zy] = 0,

ie., ZH (AR B)W = 0.
(iii)=-(i): Assume the condition (iii) holds. Note that by Theorem 6 we have

ZHARB)I - Zs23) = ZHARB)WW* = 0,

and hence Z7(AX B) = Z; (AKX B)Z3Z%. For any C € B(H',H) and D €
B(K',K), we have by Lemmas 2 and 5 that

ACEBD = Z;}(ACK BD)Z,
= Z}(ARB)(CRD)Z,
= Z{ (AR B)ZyZ;(C K D)Z;
= (AL B(COD).
Thus we arrive at (i). O

Theorem 12. Assume the notations in Theorem 8. For any operator matrices
A e€eB(H,H') and B € B(K,K'), the following statements are equivalent:

(i) CADDB = (CED)(AQB) for all C € B(H',H) and D € B(K',K),
(ii) A*AQB*B = (A*EB*)(AQB),
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(iii) V(AR B)Zy = 0.

Proof. Clearly,(i)=-(ii). The assertion (ii)=-(iii) follows from Theorem 8. Now,
suppose that (iii) holds. Then VV*(AK B)Z; = 0. Using Theorem 6, we get

(I-2,Z)(ARB)Z, = VV*(ARB)Z; = 0

which implies (AX B)Z; = Z1Zf(AX B)Z,. For any C € B(H',H) and D €
B(K’,K), we have by Lemmas 2 and 5 that

CAEDB = Z;}(CAR DB)Z,
= Z;(CRD)(AR B)Z,
= Z;(CRD)Z,Z; (AR B) Z
— (CEOD)(ADB). O

Theorem 13. Assume the hypothesis of Theorem 7. For any operator matrices
AeB(H,H) and B € B(K,K'), the following conditions are equivalent:

(i) ACOBD = (AQB)(CED) for all C € B(H',H) and D € B(K',K),
(ii) AA* D BB* = (AU B)(A* O B*),

(iii) Zf(AK B)Q2 = 0.

Proof. The proof is similar to that of Theorem 11. O

Theorem 14. Assume the hypothesis of Theorem 7. For any operator matrices
A eB(H,H') and B € B(K,K'), the following statements are equivalent:

(i) CALDB = (CEUD)(AUB) for all C € B(H',H) and D € B(K',K),
(ii) AxXALOB*B = (A* B*)(AQB),

(iii) Qi (AR B)Zy = 0.

Proof. The proof is similar to that of Theorem 12. O
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Abstract. In this paper, we study the mapping satisfying mixed g-monotone property in
partially ordered complete Menger probabilistic G-metric spaces. By weakening the notion
of ¥, we prove some new coupled coincidence point theorems and coupled common fixed

point theorems. Finally, we provide an example to illustrate our results.

Keywords: partially ordered; coupled fixed point; mixed g-monotone mapping; Menger

PGM-space

1 Introduction

The notions of mixed monotone mappings and coupled fixed point were first introduced by Bhaskar
and Lakshmikantham [1], which was extended to the partially ordered metric spaces. Since then, some
results have been presented about the existence and uniqueness of coupled fixed points (see [2]-[8]). In
2009, Lakshmikantham and Cirié [7] introduced the concept of a mixed g-monotone mapping, which
generalized and extended the notion of mixed monotone mappings and the coupled fixed point in [1].
In 2010, Jachymski [9] established a fixed point theorem for p-contractions and gave a characterization
of a function ¢, satisfying probabilistic p-contraction. On the other hand, Choudhury and Das [2] gave
a fixed point theorem by using an altering distance function. In addition, by taking advantage of the
notion of the notion of p-contractive mapping in Menger PM-spaces, some fixed point theorems were
brought by Ktbi and Gopal [6]. And Jin [10] put forward a new fixed point theorems for ¢-contraction

in KM fuzzy metric spaces. For other results in the direction, we refer to [11]-[14].
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TSupported by the National Natural Science Foundation of China (11361042,11461045,11071108) and the Provincial
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In this paper, we generalize the results of other scholars ([8],[14]) by weakening the notion of ¥
in [4]. We study compatibility of the mappings ¢ and T, where T' is a mixed g-monotone mapping.
We also establish some new coupled coincidences point theorems and coupled common fixed point
theorems in partially ordered Menger probabilistic G-metric spaces. Finally, an example is given to

illustrate our main results.

2 preliminaries

At this stage, we recall some well-known definitions and results in the theory of partially ordered

set and PGM-space.

Let R be the set of all real numbers, RT be the set of all nonnegative real numbers, Z™ be the set

of all positive integers.

A mapping F : R — R7T is called a distribution function if it is nondecreasing and left continuous

with sup F'(t) = 1 and tinlg F(t) = 1. We will denote D by the set of all distributions function.
teR €

Let H denote the specific distribution function defined by

0, if £ <0,
H(t) =

1, if t > 0.

Definition 2.1 ([9]). A function A : [0,1] x [0,1] — [0,1] is called a triangular norm (for short,
t — norm) if the following conditions are satisfied for any a, b, c,d € [0, 1] :

(A=1) Aa,1) =a;

(D -2) Ala,b) = Ab,a);

(A —=3) Aa,b) > A(e,d), for a > ¢,b > d;

( ) A(A(a,b),c) = Ala, A(b, ).

Definition 2.2 ([2]). Let ® denote the class of all functions ¢ : R™ — R* satisfies the following
conditions:

(i) ¢(t) = 0 if and only if ¢ = 0;

(ii) ¢(t) is strictly increasing and ¢(t) — oo as t — oo;

(iii) ¢ is left continuous in (0, +00);
(

iv) ¢ is continuous at 0.

Definition 2.3 ([8]). Let ¥ denote the class of all functions ¢ : Rt — R™ satisfies the follow-

ing conditions:
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(1)1 is non-decreasing;

(2) P(t+s) < () +¢(s) forall t,s €[0,1).

Remark 2.1 ([8]). ¥ also satisfies that ¥ is continuous and ¥(¢) = 0 if and only if ¢ = 0. It is
easy to see that the notion of W is stronger than Definition 2.3 in [8]. And it is obvious that the

following condition holds:

(3) v(+qg+t+s) <P +Y(g) +¥(t) +9(s) for all p,g,t,s €[0,1).

Definition 2.4 ([18]). A Menger probabilistic G-metric space (briefly, a PGM-space) is a triple
(X,G*, A), where X is a nonempty set, A is a continuous t-norm, and G* is a mapping from X x X x X

into 2% (G%, , denotes the value of G* at the point (x,y,z)) satisfying the following conditions:

T,Y,%
(PGM-1) xyz()—lforx y,z € X and t > 0 if and only if x =y = z;
(PGM-2) G y(t)>G;yz()forx,y,zeXwithz;éyandt>0;

(PGM-3) G3 , .(t) =G, (1) = G} . .(t) = - -+ (symmetry in all three variables);
(PGM-4) xyz(t+ s) > NG} 04(t), Gy 2(8)) for z,y,2,a € X and s, > 0.

Definition 2.5 ([1]). Let (X,G*,A) be a PGM-space, and {x,} is a sequence in X. (1) {z,} is
said to be convergent to z € X (write x,, — x), if for any € > 0 and 0 < § < 1, there exists a positive
integer M, ) such that x,, € N, (e, \) whenever n > M, y;

(2) {zy} is said to be Cauchy sequence, if for any € > 0 and 0 < 6 < 1, there exists a positive integer

M. ) such that G > 1 — 6 whenever n,m,l > M, y;

T,y Tm,X]

(3) (X,G*,A) is said to be complete, if every Cauchy sequence in X converges to a point in X.

Definition 2.6 ([7]). Let X be a non-empty set and F' : X x X — X and g : X — X. We say

F and g are commutative if

9(F(z,y)) = F(g9(x),9(y)) forallz,ye X.

Definition 2.7 ([7]). Let (X, <) be a partially ordered set and F' : X x X — X is said to possess
the mixed monotone property if F' is monotone non-decreasing in its first argument and is monotone

non-increasing in its second argument, that is, for any z,y € X,

x1,22 € X, x1 < w0 = F(x1,y) < F(22,y)

and

yi, 2 € X, y1 <y = F(z,y2) < F(z,y1)
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Definition 2.8 ([11]). Let (X, <) be a partially ordered set and F' : X x X — X is said to have the
mixed g—monotone property if F' is monotone g—non-decreasing in its first argument and is monotone

g—non-decreasing in its second argument, that is, for any z,y € X.
z1,72 € X, g(71) < g(72) = F(z1,9) < F(72,9)
and

y,y2 € X, g(y1) < 9(y2) = F(x,y2) < F(z,11).

3 Coupled coincidence point results in partially ordered complete

Menger probabilistic G-metric spaces

In this section, We begin with the following definition which is useful to prove some new coupled
coincidence point theorems and coupled fixed point theorems in partially ordered complete Menger

probabilistic G-metric spaces.

Definition 3.1 Let (X, G*, A\) be a Menger PGM-space with A (a continuous t —norm), T : X* — X
and g : X — X be two mappings satisfying the following condition:

i 1 —1) < 2o ! —1+ ! —1
G;(x,y,z,w),T(u,v,p,q),T(a,bﬁ,d) (qb()\t)) 4 G;(x),g(u),g(a) (¢(t)) G;(y),g(v),g(b) (¢(t))
1 1
+ = -1+ —; —1).
G900 (P(0) G ) (@) .g(a (O(D))
(3.1)

for all ¢ > 0, and z,y, 2, w,u,v,p,q,a,b,¢,d € X,g(x) < g(u) < g(a),g(y) = g(v) = g(b),9(2) <
g(p) < g(c) and g(w) > g(q) > g(d), where X € (0,1),p € ¥ and ¢ € . Then mappings T and g are

said to satisfy v-contractive condition.

Theorem 3.1 Let(X, <) be a partially ordered set and (X,G*, AA) be a complete PGM-space with
a continuous ¢ — norm. suppose that T : X* — X and g : X — X are the mappings with mixed
g—monotone property and satisfy 1-contractive condition, such that G;(:v),g(u),g(a) > 0, G;(y)’g(v),g(b) >
0, GZ(Z)g(p)g(C) >0, G;(w)g(q),g(d) > 0. Suppose T(X*) C g(X), g is continuous and commutes with 7.
Assuming that either

(a) T is continuous, or

(b) X has the following properties:

(I) If a non-decreasing sequence x,, — x, z, — z, then z, < z, 2, < z for all n;
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i i n 9 n 9 n = ) n = .
(IT) If a non-increasing sequence y, — y, w, — w, then y, <y, w, < w for all n

If there exist xo,%0,20,wo € X, such that g(xo) < T(x0,y0,20, wo),9(20) < T(20,wo0,Z0,Yo0),

9(yo) > T'(yo, 20, wo, zo) and g(wo) > T (wo, xo, Yo, 20), then there exist z,y, z, w € X, such that

g(ac) = T(x,y, Z>w)ag(y) = T(yvz7w7$)ag(z) = T(z,w,:ﬁ,y),g(w) = T(wvxayv Z)?

that is, T and g have a coupled coincidence point.

Proof Let xo,y0,20,wo € X, such that g(zo) < T'(x0,¥o, 20, w0),9(20) < T(20,wo,x0,y0) and
9(y0) > T(yo, z0, wo, o), g(wo) > T (wo, o, Yo, 20), since T(X?*) C g(X), we can choose x1,y1, 21, w1 €
X, such that

g(z1) = T(x0, Yo, 20, wo), 9(y1) = T (y0, 20, wo, o), (3.2)

9(z1) = T'(z0, wo, 0, Y0), g(w1) = T (wo, o, Yo, 20)- (3.3)

Continuing this process we can construct sequences {z,}, {yn}, {zn} and {w,} in X, such that

g(-rn—&—l) = T(.Tn, Yn» Zn,s wn)v g(yn—H) = T(yny Zn,y Wn, 1'71) for all n > 0,

g(ZnJrl) = T(zn,wn,:vn,yn),g(wnH) = T(wmxna Yn, Zn) for all n > 0,

we shall show that
9(@n) < g@ni1), 9Wn) = 9(Wni1), 9(zn) < g(znt1), gwn) > glwnir). (3.4)

We shall use the mathematical induction to show that (3.4) holds.

Let n = 0, since

g(z0) < T(x0, Yo, 20, wo), 9(y0) = T (yo, 20, wo, Zo),

9(20) S T(207w05I05y0)7g(w0) Z T(w07$0)y0720))

by (3.2) and (3.3), we have
g(wo) < g(x1), 9(yo) > 9(y1), 9(20) < g(21), g(wo) > g(wr).

Thus (3.4) holds for n = 0.

Now we suppose that (3.4) holds for some n =i,i € Z*, we get

9(wi) < g(@iv1), 9(yi) > g(Wiv1),9(zi) < g(2i+1), g(wi) > g(wiyr).
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Let n =44 1, owing to the property of mixed g-monotone, we have

9(@it2) = T(Tit1, Yit1, Zit1, Wit1) > T(xi, Yig1, 26, wit1) > T(24, Y, 23, wi) = g(Xig1),

9(Wir2) = T(Wit1, zit1, Wir1, Tiv1) < T(Yi, Zig1, Wis Tiv1) < T(Yiy 20, Wi, ©3) = g(Yiy1)-
Similarly, we obtain
9(zi+2) > 9(zi+1), g(wit2) < g(wit1).

By the mathematical induction, we conclude that (3.4) holds for all n > 0. Therefore

9(@o) < g(z1) < g(@2) < ... < g(an) < g(@ny1) <+
9(wo) = 9(y1) 2 9(y2) =2 - 2 9(n) = 9(ynt1) < - -
9(20) < g(21) < g(22) < ... < g(zn) < g(2n41) < -+

g(wo) > g(wr) > g(wz) > ... > g(wn) > g(wn41) <

In view of the fact, we have

igﬂg G*( )g(xl),g(xo)( ) 1 iu[g G*(yQ),g(yl),g(yo)(t) — 1’

SUD G g(er) o)) = 1o 89D Gy o) o) () = 1

and by (ii) of Definition 2.2, we can find some ¢ > 0, such that

Gg(aa).g(ar).g(xo) (D) > 00 Gy gn) a(ye) (2(E) > 0,
Gg(z).g(z1).9(z0) (P(8) > 05 Gty gun) g(wo) (8(8)) >0,

for

9(wo) < g(z1) < g(22),9(yo) = g(y1) = 9(y2),
9(z0) < g(21) < g(22, 9(wo) > g(w1) > g(ws),
which implies that

Gy g g (P()) > 0, Goiy) o) gt0) (A(5)) > 0,

9(:2).91.90) (9(3)) > 00 Ggtann) gw) (o) ($(3)) > 0-

Then by (3.1), we get

1 1
V(= 1) =9(~ —-1)
Gg(waa)yg(m)vg(wl)(qs(t)) GT($27y27227w2)7T(3?1,y1,Z1,w1)7T($o,y0720,w0)(d)(t))
1, . t . t 3.5
< G5 gt a0 (G5 = 1+ Gy gy g @) — 1 )

. t . t
+ Gylan) o060 (A(3)) = 1+ Gl gwn).gwo) (P(5)) = 1)-

6
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Similarly,
1 1 t t
¢(G* 60 ~ 1) < 1¢(G;(y2)7g(y1)7g(y0)(QS(X)) -1+ G;(z2)7g(z1)7g(z0)(¢(x)) -1
9(y3),9(y2),9(y1)
+ GZ(szg(wl),g(wo)((?(%)) —1+ G?m»g(m,g(xo)((ﬁ(%)) -1,
U gz~ D < 19 anatennaten @5 = 1+ Gttt (95)) ~ 1
9(23),9(22),9(21)
+ Gonygtonaten 5 ~ 14 Gl g g (@(5)) —
w(GZ(wg),g(wg)l,g(wl)(¢(t)) -1 < %/J(GZ(wz),g(wl),g(wo)(¢(§)) -1+ G;(m),g(m),g(z())w(%)) -1

* t . +
+ Gatatun ot (P(3) = 14 Gl e g (9(3)) = 1
From (3.5)-(3.8), we have
! 1 R 1 1)+ 1 1)
Gs).g(as),9(an) (P(1) Gus) g (w2),0m) (P(1)) Ges) g(z2).g(zn) (B(F)
+ ( ! ~1)
G;(w3)vg(w2),g(wl)(¢(t))
=¥ 1 1+ ! 1+ ! 1
s . Ny ” — - - _—
Goangan o PR Goaagunown (O Gop g o (9(3)
1
T o — —1).
G wa).g(wr),g(wo) (P(X))
By (3) of Remark 2.1, we have
" e -1+ & —1
oas).a(a2) g(a) (O(H) N0 RN 7 0)
1
+ = _ 1)
Gg(w3) g(wz),g(wl)(¢( )
= 1 R 1 1)+ 1 1)
T Goas) g(ea).gten (91) Gotys) aua) () (P(8)) Go(zs).a(z2).0(z) (P(E)
1
Gg(w3)7g(w2),g(w1)(¢<t>)
which implies that
1 . 1
e e — 14+ — —1
Cgtas) gtaa) gten) (90) o) atw)a) (PLE) o) ate)atan (P(1)
1
e ~1)
Gy (ass) g (w2),g(wn) (P(2)
=¥ 1 1+ . 14 ! 1
< " Y " — — - -
Gg(xz):g(m),g(:vo)(¢(X)) Gg(yg),g(yl),g(yo)(¢(x)) Gg(z2),g(21),g(z0)(¢(X))
1
T ~1).

t
G wa).g(w1).g(wo) (P(X))
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Using the fact that ¢ is non-decreasing, we get

1 1 1
G a@o@n @) G gm0 (S0 o) gien g (P1)

1

+— .
Cgtus) o) o) (P8
1 . 1

G oa).@1).000) (9(3) G otwa) gt o) (9(3) oz g1 9(z0) (P R)

1
+ ~1.

* t
GQ(WZ)»g(wl),g(wo) W(x))

From the above inequalities we deduce that

a(e3).9(@2),g(an) (P(8) > 0, Gy o) () (2(8)) >0,
Gzs).9(22).9(z0) (P(8) > 0, Gy ) gun) (2(E)) > 0,

and

. t , t
Goea).g@a)at@n) (P(3)) > 0, Gory) g(4a).g0u) (9(5)) > 0,

* t *
Goeagza) e (P(3)) > 0, Ggug) gwa) glwn) (2(5)) > 0.

Again, by using (3.1), we have

1 1 1
g e —lt —1
Gy g@s)aten (9(1) Gty a(ws)atae) (S(D)) RN 0)
1
+ = -1
G 1) g (ws) gwn) (D (D))
-~ * t - ¥ 7 — " ; o
Gg(ws),g(rz),g(m)((b(x)) Gg(yS)’g(QZ)’g(yl)((b(X)) Gg(zS),g(ZZ),g(zl)W(x))
1
+ = — — 1
Gg(ws),g(wz),g(wl)@(x))
1 1+ ! 1+ 1 1
= * t - - P _ ” - B
Cataaten e (@15) G owa) g atao) ($(37)) o) g(e)000) (P (37)
1
+ * t - 1
G 12) () g (o) (P(32))
Repeating the above procedure successively, we obtain
. —1+ 1 s 1 »
G;($n+2)7g($n+1)7g(ﬂ7n)(¢(t)) G;(yn+2)7g(yn+1),g(yn)(¢(t)) G;(zn+2),9(2n+1),g(zn)(¢(t))
1
+ = -1
Gg(wn+2)79(wn+1),g(wn)(d)(t))
1 - 1 . 1 1
— * t - « n — ” 7 —
Coten ot atzo) (Oi)) o) a0 (P(37)) Goen)ate),gz0) (P )
1
+ —1.

*

t
G () g (wn) () (P(37)
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If we replace x¢ with z in the previous inequalities, then for all n > k, we get

1 1
—1+ ~1
* k ¥ %
G ) s glan) (PAT)) G ) g yms) o) (D))
1 1
G9(2n+2)79(2n+1),9(2n)(¢()‘ t)) Gg(wn+2),g(wn+1)7g(wn)(¢()‘ t))
1 1
1+
* Akt * Akt
Gg(xk+2)7g(xk+l)79(xk) (¢( An—k )) Gg(yk+2)7g(yk+1),g(yk) (¢( \n—k ))
1 1
G* Mkt o 1 + G* et - 1
9(2k+2),9(2k+1),9(2k) (¢(52=%)) 9(Wit2),9(We+1),9(wk) (6(55=%))
Since ¢():\n—’i'5,€) — 00 asn — oo for all 0 < k < n, we have
. X Mkt . . Mot
nh—>nolo G9($k+2)79(zk+1)79(75k)(¢( )\n—k)) =1 nh_,ngo Gg(yk+2)7g(yk+1)7g(yk)(gb(w)) =1
nl—>ngo G9(2k+2)79(zk+1)»9(zk)(¢( )\nfk)) =1, nl_{Eo Gg(wm—z),g(wkﬂ),g(wk)(QS(W)) =L
Thus,
1
lim (= — — 1)
nree 9($n+2)7g($n+1)7g($n)((b()\ t))
< lim ( ! 1+ ! 1
- nlnolo * k o * k -
- Gg(xn+2)7g(xn+1)7g(xn)(¢()\ t)) Gg(yn+2),g(yn+1)7g(yn)(d)()\ t))
1 1
T * k -1+ * k - 1) < 07
G (ns2),9(om 1)) (PATE)) G wn12).9(wns1),g(wn) (PATE))
Jim ( ! 1)
im _
n—00 * k
=% G lyin) gy o) (PA)
1 1
< lim ( L+ 1
noree 9(yn+2)79(yn+1),g(yn)(d)()\ t)) Gg(zn+2),g(zn+1)7g(zn)(d)()\ t))
1 1
T o Er)) L+ = P 1) <0,
G (wns2).9(wns1),9wn) (PAT)) G eni2).gens1)a(an) (OATD)
similarly
Jim ( ! 1)<0, lim ( ! 1) <0
nlngo " oy L= nlIIolo " — —1) <0,
220 G i2) g (en) (PATE) 2% G 12)90m 1), (wa) (PX))
which implies that
: * k _ . * k .
nILHQO(Gg(rnH),g(mnH),g(wn)(¢()‘ t)) = 1’HILH(}O(Gg(ymz),g(ynﬂ),g(yn)(QS()‘ t) =1, (3.9)
; * k _ : * k .
A0 (G (e s2).90on 1) gza) (PATE) = 1o I (Gga, ) gum41)9000a) (PATE) = 1. (3.10)

Now, let € > 0 be given, by (i) and (iv) of Definition 2.2, we can find k € Z* such that ¢p(\*t) < e,
it follows from (3.9) and (3.10) that

. * . * k _
A (Coann) gt o) (@) 2 B0 (G, ) gl gl (PXT) =1,

. % . X kv
nILHSO(Gg(ynJrz%g(ynH),g(yn)(6)) = nll_{rolo(Gg(yn+2),g(yn+1)7g(yn)(gb()‘ t) =1,

9
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similarly,
lim (G >1

(G, ), g0was1),000) (€) 2 Lo B (G ) i), 900y (€)) 2 1

By using Menger triangle inequality, we obtain

g(a:n-s-p):g(xnﬂ),g(zn)(6) > A(Gg(xn+p),g(xn+p_1)79(%“’_1)(5), A(Gg(l“n-s-p—1)7g(xn+p_2),g(xn+p_2)(5)
X €
-, Gg(zn+2),g(xn+1),g(xn) (];))

Thus, letting n — oo and making use of (3.9) and (3.10), for any integer, we get

A0 G i) glansa)gten) (€) = 1 for every € > 0.

Hence g(z,,) is a Cauchy sequence. Similarly, we can prove that g(yy), g(2n), g(wy,) are also Cauchy

sequences. Since (X, G*, A) is complete, there exist x,y, z,w € X such that
lim g(zn) =2, lim g(yn) =y, lim g(zy) =z, lim g(w,) = w. (3.11)
From (3.11) and the continuity of g, we have
lim g(g(zn)) = g(x), lim g(g(yn)) = g(y), lim g(g(zn)) = g(z), lim g(g(wn)) = g(w).

n—oo n—oo n—oo

From (3.2), (3.3) and the commutativity of 7" and g, we have

) = 9(T(xn, Yn; 2ns wn)) = T(9(xn), 9(Yn), 9(zn), g(wn)), (3.12)
9(9(Yn+1)) = 9(T(Yn, 20, wn, T0)) = T(9(Yn), 9(2n), 9(wn), g(zn)), (3.13)
9(9(zn+1)) = 9(T (2, wn, Tn, yn)) = T(9(zn), 9(wn), 9(xn), 9(yn)), (3.14)
9(9(wn41)) = 9(T(wn, Tns Yn, 2n)) = T(g(wn), 9(@n), 9(Yn); 9(zn))- (3.15)

Now,we show that
g(x) = T(x7 y? Z? w)? g(y) = T(y? Z? w? m)? g(Z) = T(Z’ w’ .Z’ y)’ g(w) = T(w7 :L', y’ Z)'

Suppose that the assumption (a) holds. Taking the limit of (3.11) as n — oo, by (3.12) ~ (3.15)
and the continuity of T', we get

g(x) = lim g(g(zn+1)) = lm T(g(@n, yn, 2n, wn)) = T(im g(zn), lim g(yn), lim g(z,), lim g(wn))

n—oo n—oo

- T(.’I,', Y, Z,U]),

10
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9(y) = lim g(g(yn+1)) = Hm T(g(yn, zn, wn, ¥n)) = T(lim_g(yn), lim g(z,), lim g(wy,), lim g(z,))
=T(y,z,w,x).

Similarly,
9(2) = T(z,w, z,y), g(w) =T(w,z,y,2).
Thus we prove that
9(x) =T(z,y,2z,w), gly) =T(y,z,w,x), 9(2) =T(z,w,2,y), g(w) =T (w,z,y,2).

Suppose now that (b) holds, since

€

* * € *
@) T @ 0) T gz0) () Z ACga),g(g(@n11)).900@n1) (5) Colg@ni) T(@pew) Tayzw) (3))- (3:16)

and using (i) of Definition 2.2, we find some s > 0 such that ¢(s) < §, since

lim g(g(zn)) = g(x), lim g(g(yn)) = g(y), lim g(g(zn)) = g(2), lim g(g(wy,)) = g(w).

n—o0 n—oo n—o0 n—o0

then there exists ng € Z*, such that

Goglen)) ool (P(8)) > 05 G o) g (2(s) > 0,
G g(g(zn))0(2).9(2) (P(5)) > 05 Gig,)) g(w).g(w) (D(8)) > 0.

for all n > ng. Since {g(xn)}, {g(zn)} is non-decreasing and as {g(y»)}, {g(wy)} is non-increasing and
9(@n) =z, g(yn) = ¥, 9(zn) = 2, g(wn) = w.

By (3.1) and (3.12)-(3,15), we get

1 1
V(=3 - 1) =¢(=; —1)
G g(@n 1)) T (w.20) T y,z0) (P(5)) G (0(n) 99 (20) g (wn) T, 20). T, 20) (P (5)
<y 1 14 1 14 L 1
T4 Gl a(@).e@) (P(R)) Golawm) g () Goa(n)) (2)9(n) (P(3)
1
+ = — — 1).
G ogwn)) g(w).g(w) (X))
By the same way, we obtain
1
(= —1)
Gg(g(yn+1)),T(y,z,w,x),T(y,z,w,x) (¢(S))
| 1 | 1
S,d}( * s -1+ * S -1+ * S -1
47 Gl 9@ a@P(3) Golatwm)) o g (X Golazn))a(2).0(2) P(R)
1
+ * S - ]‘)’
G (gwn)).gw).g(w) P (X)

11
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1

V(=5 —1)
Gg(g(zn+1))7T(z’w’xvy)7T(Z7w7x7y) (¢(S))
1 1 1 1
< 71#( * s\ 1+ * s\ 1+ ¥ s\ 1
4 Gl a@ @3 G o)) 9w g P(R) Goa(zn)) a(2)a(xP(3)
1
+ * s\ 1)7
G (a(wn)).g(w).g(w) ()
1
V(=5 —1)
Gg(g(wnJrl))7T(w7x’yfz)7T(w’xvy’z) (¢(S>)
<L 1 1+ 1 1+ L 1
T4 Gl g@).e@ (R) G ayn)) a(w).a() P (X Golazn))a(2).9(2) P(R)
1

+ —1).

*

Gg(g(w7l))7g(w),g(w)¢(§)

By the above inequalities and (3) of Remark 2.1, we have
L —1< 1 —1
G;(g(xn+1))’T(xvyvsz)vT(x7yvsz) (qb(%)) a ;(g(xn+1))7T(x7yasz)7T(xvy,ZﬂU) (gb(s))

1 1

a G;(g(anrl)))T(xuyfzuw)vT(zvyusz)(¢(S)) ;(g(ynJrl))’T(yvszfm)vT(yfzuwur)(¢(S))
1 1
Gg(g(zn-Fl))7T(z’w’zvy)7T(szvxvy) (¢(S)) Gg(g(wn+1))»T(wvwvyzz)vT(wvxry’Z) (¢(S))
1 1 1
< * s\Y 1+ * Y I+ * s\Y 1
G o) a(@)a) (9(3)) Gt s o) (P(3)) Gt aa(:) (P(3)
1

+ " .
G ) a(w).g(w) ()

—1.

Letting n — oo in above inequalities (3.17), we obtain

. * € _
A0 G0, 0)) T (,0) T @) (5) = 1 (3.18)
From (3.16) and (3.18), we get G;(i)7T($7yvz7w)’T(%y,sz)(6) = 1 for every ¢ > 0, which implies
that g(x) = T'(x,y,z,w). Similarly, we show that ¢g(y) = T'(y, z,w,x),9(2) = T(z,w,z,y),g9(w) =

T(w,x,y, z). Thus we prove that g and T have a coupled coincidence point.

Corollary 3.1 Let (X, <) be a partially ordered set and (X, G*, ) be a complete PGM-space with
a continuous t — norm. Assume that 7' : X* — X has the mixed monotone property, and satisfying

the following:

L 1< 1( 1 14+ L 1+ L 1+ L 1)
ty = A\ () e (5 k(1) e 1y
G’?(w,y,z,w),T(u,v,p,q),T(a,b,c,d)(5) 4 Gx7u7a(t) Gy’v’b(t) Gz7p’c(t) Gw’q’d(t)
for t >0, G, .(t) > O,Gz’ub(t) > 0,G% () > O,va7q7d(t) > 0 and z,vy, 2, w,u,v,p,q,a,b,c,d € X

satisfying r <u <a,z<p<c,y>v>band w>q>d. Suppose that either
(a) T is continuous, or
(b) X has the following properties:

12

337 Gang Wang ET AL 326-344



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

(I) if non-decreasing sequences {z,} — =, {2} — 2z, then z, < z,2, < z for all n,
(IT) if non-increasing sequences {y,} — y, {w,} — w, then y,, <y, w, < w for all n.
If there exist xg,yo, 20, wy € X, such that zy < T'(xo,yo, 20, wo), 20 < T(z0, w0, To,yo) and yo >
T (yo, 20, wo, o), wo > T (wo, o, Yo, z0), then their exist x,y, z,w € X, such that
T = T(xa Y, z, w)7 Yy = T(yv Z, W, ZC), = T(Za w,zx, y)a w = T<w> z,Y, Z),

that is, T has a coupled coincidence point.

Proof Taking g = Ix(the identity mapping on X), A = 3 and ¢(t) = ¢(t) =t for all ¢ > 0 in

Theorem 3.1, we can easily obtain the above corollary.

4 Coupled common fixed point results in partially ordered complete

Menger probabilistic G-metric spaces

In the section, we prove the existence and uniqueness theorem of a coupled fixed point in partially

ordered complete Menger probabilistic G-metric spaces.

Theorem 3.2 In addition to the hypotheses of Theorem 3.1, suppose that for every (z,y, z, w), (z*, y*,
2%, w*) € X* there exists a (u,v,p, q) € X*, such that (T(u,v,p,q),T(v,p,q,u), T(p,q,u,v),T(q,u,v,p))
are comparable to (T'(z,y, z,w), T(y, z,w,z), T(z,w,z,y), T(w, z,y, z)) and (T'(z*, y*, z*,w*), T'(y*, 2*,
w*, *), T (2", w*, x*, y*), T(w*,z*,y*, 2*)). Then T and g have a unique coupled common fixed point,

that is, there exists a unique (z,y, z,w) € X*, such that

T = g(ﬂ?) = T(l‘,y, z,w),y = g(y) = T(y,z,w,x),z = g(Z) = T(z,w,w,y),w = g(w) = T(w,x,y,z).

Proof From Theorem 3.1, the set of coupled coincidences is non-empty, we shall first show that if

(z,y,z,w) and (z*,y*, z*,w*) are coupled coincidence points, that is, if

g(:v) = T($7y>zaw)> g(y) = T(yazawvx)v g(z) = T(Z7w7$vy)7 g(w) = T(wvxa% Z)

and
g(x") =T(a*,y*, 2%, w"), g(y*) = T(y", 2", w*, z%),
9(z*) = T(z",w*, 2", y*), g(w*) = T(w*, z*,y*, ),
then
g(x) = g(z"), gly) =9"), 9(z) =g(z*), g(w)=g(w"). (4.1)
13
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By assumption, there exists a (u,v,p, q¢) € X*, such that (T'(u, v, p,q),T(v,p, q,u), T(p, q,u,v), T(q,
u,v,p)) is comparable to (T(x,y, z,w), T(y, z,w,x), T (z,w, x,y), T (w,x,y, z)) and (T'(z*,y*, z*, w*),
T(y*, 2%, w*, %), T(z*, w*, x*, y*), T(w*, z*, y*, z%)). Putting up = u,v9 = v,pgp = p,q0 = ¢q and
u1,v1,p1,q1 € X, such that g(ur) = T'(uo, vo, po; 90), 9(v1) = T'(vo, po, g0, u0), 9(p1) = T'(po, g0, wo; Vo),
9(q1) = T(qo,u0,v0,p0). The proof of Theorems is similar to Theorem 3.1. We inductively define

sequences {g(un)}, {g(vn)};{9(Pn)},{9(gn)}, such that

g(un+1) = T(UnavnapnaQn)a g(vn+1) = T(UmpnaQnaun)v

g(pn—H) = T(Z%L:Qn;“m”n)v Q(Qn—H) = T(Qnyumvmpn)-

Similarly, setting xo = z,y0 = ¥, 20 = 2, wo = w, and x{, = ¥, y5 = y*, 25 = 2", wy; = w*. We also

define sequences {g(zn)}, {9(yn)}, {9(2n)}, {g(wn)} and {g(z})}, {g(vn)}, {9(z5)}, {g(wy,)}, then it is

easy to show that

g(gjn) - T(%Qa%“’)a g(yn) = T(yuz7w7x)a g(zn) - T(Zawax)y)a g(wn) - T(wwr)y?'z)
and

glay) = T(x%y", 25 w"), glyn) = T(y", 25, w", 2"),
9(zn) =T (" w, 2" y"), g(wy) = T(w", 2%, y", 2%).

Since (T'(z,y, z,w), T(y, 2, w, 2), T'(z,w, 2, y), T(w, 2,y, 2)) = (9(21), 9(41), g(21), g(w1)) = (g(),
9(y),9(2),9(w)) and (T'(u,v,p,q),T(v,p,q,u),T(p,q,u,v), T(q,u,v,p)) = (g9(u1),g(v1),9(p1),9(q1))
are comparable, then we have g(x) < g(u1),9(2) < g(p1), 9(y) > g(v1) and g(w) > g(q1). It is easy
to show that (g(z),g(y),g9(w),g(z)) and (g(un),g(vn),9(pPn),9(qn)) are comparable, that is, g(z) <
9(zn),9(2) < g(zn), 9(y) > g(yn) and g(w) > g(wy,), for all n > 1. Following the proof of Theorem
3.1, we can find some ¢t > 0 such that

* 3 . t
Gg(l‘),g(un,g(un)(¢(x)) > 0, Gg(y),g(vn,g(vn)((ﬁ(x)) >0 fOI" all n Z 0,

. t , t
G299 (P(5)) > 0, Gga) g(gu g(q) (#(5)) > 0 for all n > 0.

Thus from (3.1)
1 1

(=5 -1 =v(+ -1
Gg(w)vg(un+l)7g(un+1)((Zs(t)) GT(w,y,z,w),T(un,vn,pn,qn),T(un,vn,pn,qn)(¢(t))
S S S S S S S
T AT, (0(3)) G o vn (0(%)) G2 ppn (%)) Grgnan(@(X) 7
14
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By Remark 2.4, we get

1 ) 1
* -1+ = PP _1
Gg(x)vg(“nﬂ)y(unﬂ)(¢(t)) Gg(y)yg(vnﬂ),g(vnﬂ)(d)(t)) Gg(z)vg(l?nﬂ),g(pnﬂ)(¢(t))
1
* —1
G 9(w),g(gn+1), g(‘]n+1)(¢(t))
! 1+ 1 14 1 )
= * t - - ; _ . : B
Gg(x)’g(u")’g(u”) (qb(x)) Gg(y),g(vn),g(vn) (¢(X)) Gg(z),g(pn),g(pn) (¢(X))
1
G 0 (4.2)
Gg(m)»g(qn),g(qn)(¢(x))
1 1+ 1 - ) 1
= * t - . ; _ . : -
Gg(x),g(uo)yg(uo)(qb(ﬁ)) Gg(y),g(vo),g(vo)(qs(ﬁ)) GQ(Z),g(po),g(pO)(qs()\T))
1
+ —1.

*

T
9(w),9(q0),9(q0) (¢(A7))

We replace uy with ug in (4.2), we get

1 1 1
14 1
* k * k * k
Go().0(uns1)guns 1) PAT) G goms)glons ) PN e 9(2).9(pns1).g(pns) PO
1
+ = "
Gg(w),g(qnﬂ)ag(qnﬂ)d)()\ t)
= vk A<t o * <t o ¥ A<t o
G (@).g(un).glur) (P(x=r) Gt awn) gl (Pn=r)) Go2).an).glon) (P=r))
1
_ 1,

+
* Met
Gg(w),g(qk),g(qk) (o An—k )

for all n > k. Letting n — oo, we obtain

nlgl(}o Gg( ),9(un+1,9(un+1)(6(AF)) — 1 nh%n;o Gg(y) 9(Vnt1,9(Ont1) (GOAFL)) = 1.
nlgroloG (2):9(Prt1,9(Pnt1) (9N1)) =1 nlLI&G (w),9(an+1,9(an+1)(S(NF)) — 1.

Let € > 0 be given. By (i) and (iv) of Definition 2.2, there exists k € ZT, such that ¢p(A\*t) < &.

Then we have

€ kgyy
A0 G0 )9 (5) 2 B Gy g glunsn) (PAT)) =1, (4.3)
* € k _
A Go) g sens)(3) 2 T Gow) gvnsn,gtensn) (PATE) = 1. (4:4)
Similarly, we prove that
* € _
Jim G, )g(un+1>,,g<un+1>(2) L, Hm Gy g(unsn)ag(onsn) (3) = 1 (4.5)
* €\ _
nh_>H;oG ( )79(pn+1)”g(pn+1)(2) 1 nll_)rlgoG ( *)7g(qn+1)7vg(qn+1)(§) - 1 (46)
15
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By using Menger triangle inequality, and (4.3)-(4.6), we get

Gite) gm0 2 D301 g g0 (5) Gy sty oten) (5)) = 1 a1 = o0,
G;(y),g(vnﬂ)g(y*)(e) = A(G;(y)vg(’vnﬂ),g(vn+1)(g)’ G;(Un+l)79(vn+l)ag(y*)(%)) =1 asn— oo,

52000 () Z DG g 060 (5 Catn)atoms o) (5) = 1 as = 00,
GZ(w),g(an),g(w*)(e) = A(C’Y;(w),g(qn+1)79(qn+1)(g)’ G;(qn+1)7g(qn+1),g(w*)(g)) — 1 asn— oo

Hence g(z) = g(z%),9(y) = 9(y7),9(2) = g(z%),9(w) = g(w"), thus (4.1) holds. Since g(z) =

g, we have
9(9(z)) = g(T(z,y,2z,w)) =T(g9(x),9(y), 9(2), g(w)),
9(9(y)) = 9(T'(y, 2, w,x)) = T(9(y), 9(2), g(w), g(x)),
9(9(2)) = 9(T(z,w,z,y)) = T(g(2), g(w), 9(x), g(v)),
9(9(w)) = g(T(w, z,y, 2)) = T(g9(w), (), 9(v), 9(2))

Denote g(z) = a, g(y) = B,9(2) =7, 9(w) = 0. From (4.7)-(4.10), we obtain

gla) =T(o, B,7,0),9(8) =T(B,7,0,a),9(y) =T(v,0,a,8),9(c) = T(o,, 3,7),

thus (a, 8,7,0) is a coupled coincidence point. Owing to (4.1) with z* = a,y* = f,2" = v, and

w* = o, it follows

that is

From (4.11) and (4.12), we have

(4.12)

a=g(a)=T(a,B,7,0),8=9(B) =T(B,7,0,0),y=9g(7) =T(v,0,a,8),0 = g(o) = T(o,a,B,7).

Therefore, («, 8,7,0) is a coupled common fixed point of 7" and g. Suppose that (a*, 8*,v*,0%) is

another coupled common fixed point. By (4.1), we have

which implies that T and g has a unique coupled common fixed point.

This completes the proof.

16
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5 An example

In this section, an example are presented to verify the effectiveness and applicability of Theorem
3.1.
Example 5.1 Let X = [0,1] be given. Define G(z,y,2) = |z —y| + |y — 2| + |z — z|. A mapping
T : X* — X define by T(x1, 2, 23, x4) = LF2E23424  And g: X — X define by g(z) = . Define
G ()= m, if ¢t >0,
0, if t <O0.

for x1, 29, 13,24, 7,9,2 € X, where T(X*) C g(X). Then (X,G*, A,,) is a complete Menger PGM-

space with a continuous t-norm Ap,. Let A = 3, ¢(t) = 2 and ¢(¢) = § be given for all ¢ > 0. Then

we have
1 1
sz)( * - ]-) = w(i(G(T(‘/L‘a Y, =, w)? T(ua v, p, Q)v T(CL, b7 C, d))))
GT(x,y,z,w)7T(u,v,p,q),T(a,b,c,d)(gb(At)) Cf)()\t)
9
= 4—Ot(|x+y+z+w—u—v—p—qy+|u+v+p+q—a—b—c—dy
+la+b+c+d—az—y—2z—w|),
(5.1)
1 1 1 1 1
—( =3 -1+ = -1+ = -1+ = -1)
4 Gg(w),g(um(a)gé(t) Gg(y),g(v%g(b)qb(t) Gg(Z)y(p)y(C)qb(t) Gg(w)vg(q)y(d)gb(t)
9
= fm(\fc—u\+!u—a|+\a—w\+\y—v\+\v—b!+Ib—y!+!z—p|+\p—61+lc—Z|
+ lw — ¢ + |g — d| + |d — w]).
(5.2)
By (5.1) and (5.2), we obtain
1 1 1 1
V(= —1) <-9(=; -1+ = —1
G (e, 2) T (.p.a) T bre.t) (P AL)) 47 Gl g(u) g0 9D) G0, 9(0)
1
+ =5 -1+ = - 1),
Go2).900(0 (1) G w) g(a),9(@?(0)

which implies that T and g satisfy ¢-contractive condition. Thus, all the conditions of Theorem 3.1

are satisfied. And (0,0,0,0) is the coupled coincidence point of 7" and g.
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FOURIER SERIES OF SUMS OF PRODUCTS OF
HIGHER-ORDER EULER FUNCTIONS

TAEKYUN KIM!, DAE SAN KIM?2, GWAN-WOO JANG3, AND JONGKYUM KWON%:*

ABSTRACT. In this paper, we consider three types of functions given by sums
of products of higher-order Euler functions and derive their Fourier series ex-
pansions. Moreover, we express each of them in terms of Bernoulli functions.

1. INTRODUCTION

Let r be a nonnegative integer. The Euler polynomials ET(,Z;)(x) of order r are
defined by the generating function (see [2,9-12,17,19])

2 " Tt _ . (r) "

When x = 0, ET(,:) = ET(Z,T)(O) are called the Euler numbers of order r. For r = 1,
E.,.(z) = Eﬁ)(x), and E,, = B are called Euler polynomials and numbers, re-
spectively.

From (1.1), it is immediate to see that

%Eﬁ;)(m) =mE") (x), m > 1, ED (a4 1)+ E) () = 2B (z), m > 0. (1.2)
These in turn imply that
ER (1) =2EG"D — E, (m>0), (1.3)
and
! 2 _
| @ = =5 (B - L) > 0) (1.4)

For any real number z, the fractional part of = is denoted by
<z>=zx—[z] €]0,1). (1.5)

We will need the following facts about the Fourier series expansion of the Bernoulli
function B, (< z >):

2010 Mathematics Subject Classification. 11B68, 42A16.
Key words and phrases. Fourier series, sums of products of higher-order Euler functions.
* corresponding author.
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2 Fourier series of sums of products of higher-order Euler functions
(a) for m > 2,
e eZTrin:r
— I
Bp(<z>)=-ml > Gy (1.6)
n=—o00,n#0

(b) for m =1,

i e2minz {Bl(<x>), for « ¢ Z, (1.7)

et 2min 0, for z € Z.

In the present paper, we will study the following three types of sums of products
of higher-order Euler functions and find Fourier series expansions for them. Fur-
thermore, we will express them in terms of Bernoulli functions. In the following,
we let 7, s be positive integers.

(1) am(< 7 >) = 4y B (< @ >) B (<@ >), (m > 1);
(2) Bm(< @ >) = iy o By (< 2 >) B (< 2 >), (m > 1);

m—k

(3) (< 2 >) = L1 s BV (< 2 >)EL) (<2 >), (m > 2).

m—k

For elementary facts about Fourier analysis, the reader may refer to any book (for
example, see [1,20]).

As to v, (< x >), we note that the polynomial identity (1.8) follows immediately
from the Fourier series expansion of v,,(< z >) in Theorems 4.1 and 4.2:

m—1
1 (r) (s)
S ) E
k=1
1 & /m 2(Hp—1 — Hpy—) (1.8)
— A
mkz_o<k;>{ S i |

r—1 s—1 T s
X (Er(nfk)+1 + E7(nfk)+1 - E7(n)7k+1 - Er(n)karl)}Bk(x)?

where, for each integer [ > 2,
-1
2 r—1 s—1 r s—1 r—1 s
A= Z k(l— k) (QEI(C BV - BBV - B )El(f)k)a (1.9)
k=1

and H,, = Z;”:l % are the harmonic numbers.
The obvious polynomial identities can be derived also for ., (< z >) and ,,(<
x >) from Theorems 2.1 and 2.2, and Theorems 3.1 and 3.2, respectively. It is

noteworthy that from the Fourier series expansion of the function

1
— k(m —k)

we can derive the famous Faber-Pandharipande-Zagier identity (see [4,7,8]) and
the Miki’s identity (see [3,5,7,8,18]). Hence our problem here is a natural exten-
sion of the previous works which lead to a simple proof for the important Faber-
Pandharipande-Zagier and Miki’s identities (see [15]). Some related recent works
can be found in [6,13-16].

By ((x)) Bm -1 ((x)) (1.10)
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2. THE FUNCTION (< z >)

Let ap(z) = Y e, E,gr)(x)Efrflk(x), (m > 1). Then we will consider the func-
tion
m(<x>) ZE (<z>)EY) (<z>), (m>1), (2.1)

defined on R, which is perlodlc with period 1.

The Fourier series of a,, (< z >) is

Z Agm)eQﬂ'imc7 (22)
n=—oo
where
A :/ am (< x >)6727”mdx=/ ()72 e, (2.3)
0 0

To proceed further, we need to observe the following.

() = 30 (KB @B () + (m = B @B, (2)

k=0
m—1
—ZkEm VES (@) + > (m— KBS (2)ES) ()
k= k=0
m—1 m—1 (24)
=Y k+DEP@EY @)+ Y (m—k)E] (@)BS | ()
k=0 k=0
=(m+1) ZEO 7; 11 (@)
=(m+ 1)am,1(x).
From this, we have
O‘m-&-l(x) '
— 2.
(2229 —ano) (25)
and
! 1
| on@)s = = (@) = 0 (0). (2.6)
For m > 1, we put
A = ap (1) — @, (0)
=3 (B WES. (1) - BVE,)
k=0
" _ _ 2.7
=3 (™ — BB — By B EL) 27
k=

(r—1 s—1 r s—1 r—1 s
QZ(ZE "B - BUESTY - BUTVES,).
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4 Fourier series of sums of products of higher-order Euler functions

‘We now see that

am(0) = ap(l) <= A, =0, (2.8)
and
! 1

Next, we want to determine the Fourier coefficients ASZ").

Case 1: n#0.

1
Alm) :/ U (x)e ™27 g
0

1 , 1 ! ,
— _ . [am(x)e—Qm,nz]l 4 i / a;n(x)e—Q-mnmdx
27';-7,71 0 2min 10 X (210)
m + omi
_ . 1) — o . _ ‘n'znwd
2min (m (1) = am(0)) + 2min /0 am-1(w)e “
_m + IA(m 1) _ A,
2min " 2rin
from which by induction on m, we can easily derive that
m L (m+ 2);
A = _m +2 Z (2min)i Am—j+1: (2.11)
Jj=1
Case 2 : n=0.
my _ [ 1
0

am (< x >), (m > 1) is piecewise C*°. In addition, a,, (<  >) is continuous for
those positive integers m with A,,, = 0, and discontinuous with jump discontinuities
at integers for those positive integers with A,, # 0.

Assume first that A,, = 0, for a positive integer m. Then «,,,(0) = ., (1). Hence
am (< >) is piecewise C*°, and continuous. Thus the Fourier series of o, (< z >)
converges uniformly to o, (< = >) , and

1 > 1 N (m+2); i
m < >) = 7Am ; mf' TiNnT
am(< T >) m+ 2 1t Z m+22 (2min)J e
n=—o00,n#0 Jj=1
1 1 o~ (m+2 —  erine
m+2 " + m+2 Z ( J > AR Z (2min)i
Jj=1 n=—o00,n#0
1 1 & (m+2
=—A, —_ Ap_iv1B;
maomttt +2Z< j ) Bi(<e>)
LA x Bi(<z>), forx¢lZ,
0, for x € Z.
(2.13)
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We are now going to state our first result.

Theorem 2.1. For each positive integer [, we let

1
A=Y (BB EDEED B
k=0
Assume that A,, =0, for a positive integer m. Then we have the following.
(a) >, E,gr)( >)E(S w(< x >) has the Fourier series expansion

m

S B (<a>)EY (< x>)

k=0
. - . +a), (2.14)
(m .
— A . 2minx
m+ 2 mt1 ¥ Z m+2z (2min)J Am—ji1 | € ’
n=—o00,n#0 j=1
for all x € R, where the convergence is uniform.
= 1 " (m+2
O B (<aB (<o) =g Y (") anabco>),
k=0 §=0,j#1 J
(2.15)

for all z in R.

Assume next that A, # 0, for a positive integer m. Then a;,(0) # an,(1).
Hence o, (< x >) is piecewise C*°, and discontinuous with jump discontinuities at

integers.
Then the Fourier series of a,,(< x >) converges pointwise to ay,(< = >) , for
x ¢ Z,
and converges to
1 1
5 (@n(0) + an (1)) = an(0) + 3 A, (2.16)

for x € Z.
Now, we are going to state our second result.
Theorem 2.2. For each positive integer [, we let

l
av=23" (280 VB - BB - BUTVER).

Assume that A,, # 0, for a positive integer m. Then we have the following.

1 - N (m+2); ;
Am m . 2minx
(a)m+2 it 72 m—|—2Z1 2min)I e
n=—00,n#0 Jj= (217)
Py O N<a>)EY (<z>), fora¢,
Yoo E E(S AP Vi forz € Z.
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6 Fourier series of sums of products of higher-order Euler functions

1 = /m+2 L .
(b)m—|—22( j )Am—f+13j<<x>>=§ZE£><<x>>Efn’k<<x>>, fora ¢ Z;
Jj=0 k=0

(2.18)

1 L /m+2 ) (s 1
P TID Dl (i ISR S I e e

i=0g#1 N 7 =0
(2.19)

3. THE FUNCTION f3,,(< z >)

Let Bm(z) = Y1ty mEér)(x)Exlk(x), (m > 1). Then we will consider
the function

i 1 T S
Bu(<a>)=>" m@(@ (<o >)BY ((<z>), (m>1),
k=0 " ’
defined on R, which is periodic with period 1.
The Fourier series of 3,,(< x >) is

Z Bgn)e%m’nx’ (3.1)
n=—oo
where
1 ‘ 1 ‘
B(™) :/ Bm (< x >)e*2’”mdx:/ B (z)e™ 2™ g, (3.2)
0 0
Before continuing further, we need to note the following.
e k r s (m _ k) T s
B () = kZ {,MEzi)l(x)Eﬁn)k(x) + mﬂi )(x)Efn)kl(x)}
=0
N 1 ™) (g
= Z (k—1)(m — k)|Ek—1($)Em—k(x)
k=1 ) ’
m—1 1 ( )
+ mEﬁ(m)Eﬁi_k_l(m)
k=0
— 1 () () )
= k'(m _1— k)'Ekr (m)Enfflfk(x)
k=0 ’
m—1 1
+ Z kl(m — 1= k)'E’E;’)( )E'r(yj) 1—k(x)
k=0
= 2Bpm-1()
(3.3)
From this, we have
/
(2= = pa), (3.4
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and

[ i@tz = 5 (Bmia®) - 50 (0). (35)

For m > 1, we set

N 1 r s r s
= Z m (BB (1) - BEY)

r—1 r s—1 s r s (36)
- Z won g (B = BB - B - BB
-3 g BB — BB - B )
Now, it is immediate to see that
Bm(0) = Bn(1) <= Q,, =0, (3.7)
and
! 1
/ ﬂm(l’)dl’ = §Qm+1~ (38)
0
We now would like to determine the Fourier coefficients B,Sm)
Case 1:n # 0
1
B’Slm) — / Bm(z)672ﬂinm’dz
= [6 ( ) —27Tinac}1 + 1 /1 B/ (x)e—Qwinacdx
) A
— - - 0 ) : . 727rznwd
277271(5 ( ) b ( ) +271'm/0 B 1(x)e o
2 1
= 7B(m71) 5. Yim
2min~ " 2min
from which by induction on m gives
m ]‘71
B = Z (2min)J Qn—js1. (3.10)
Case 2: n=0
y_ [ 1
By = / Bm(z)dz = EQm+1' (3.11)
0

Bm(< x >), (m > 1) is piecewise C*°. Further, f,,(< = >) is continuous for
those positive integers m with €2, = 0, and discontinuous with jump discontinuities
at integers for those positive integers m with ,, # 0 .
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8 Fourier series of sums of products of higher-order Euler functions

Assume first that Q,, = 0, for a positive integer m. Then 3,,(0) = 5,,(1). Hence
Bm (< x >) is piecewise C*°, and continuous. Thus the Fourier series of 8, (< z >)
converges uniformly to 5, (< z >), and

B (< x>)
2/~1

1 oo m )
— *Qm (_ i Qm, X ) 2minT
2 + Z Z (2mwin)J j+1)e

n=—o00,n#0 Jj=1

= gttmy1 F . m—j+1(—.7- ‘ )
2 j=1 ‘]! n=—o00,n#0 (27TZTL)J (312)
1 o 20
= §Qm+1 + Z B Qm—jr1Bj(<z>)
j=2 7
Q% Bi(<xz>), forz¢?Z,
0, for x € Z.
Now, we are going to state our first result.
Theorem 3.1. For each positive integer [, we let
r—1 s—1 r s—1 r—1 s
Z AT QE( JECY —ENECY —EITVED,). (3.13)

Assume that Qn =0, for a positive integer m. Then we have the following.

(a) > ey mEm(< x >)E7(:)_k(< x >) has the Fourier series expansion

Zk'm i EN(<z>)EY) (<2 >)

. m i (3.14)
— 2minx
o QQmH + Z ( Z (2min)J Qi ]H) ’
n=—o00,n#0
for all x € R, where the convergence is umform.
1 () (5)
b E, E,
3 A (< o B <)
m g (3.15)
= Z —Om—j1Bj(<z >),
J=0,j#1

for all x € R.

Assume next that Q,, # 0, for a positive integer m. Then, 5,,(0) # Bmn(1).
Hence B, (< x >) is piecewise C*°, and discontinuous with jump discontinuities at
integers. Then the Fourier series of §,,(< x >) converges pointwise to S,,(< x >),
for x ¢ Z, and converges to

5 (Bl0) + (1) = B0) + 3 (3.16)

for x € Z.
Next, we are going to state our second result.
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Theorem 3.2. For each positive integer [, we let
r—1 1 T s—1 r—1 s
Z i - G CEVESY - EUESY - EIVED). (A7)

Assume that Q.,, # 0, for a positive integer m. Then we have the following.

1 (%) m 2]’71 .
(@) 53%mi+ Y (—Z iy Qm,m)ezﬁm

n=—o00,n#0 j=1
. ) ") 9 (3.18)
_ 2kmo won—i B (Sx >)EpL (< >),  forx ¢ Z,
> ko k!(mlfk)!ElE:T)Er(rj)fk + 5Qm, forzeZ
0) Y L s By(< )
7=0
= i éEm(< x >)E( <) (<x>), forx¢lZ;
P El(m — k)! m=k
i (3.19)
Z ' Qm J+1B (< X >)
Jj=0,j#1
:iéE(T)E(S) +EQ forx eZ
El(m — k)1 TF Tmok T ogmm '
k=0
4. THE FUNCTION 7, (< z >)
Let ym(z) = Y00 11 k(m ) E(T)( )Er(rj)_k(x), (m > 2). Then we will consider
the function
m—1
m(< @ >) Z R E,gr)(< x >)ES)_,C(< x>,
k=1
defined on R, which is periodic with period 1.
The Fourier series of v, (< x >) is
Z va(Lm)e27rinm, (41)
where
o :/ V(< @ >)e 2T dy :/ Yo ()27 g, (4.2)
0 0
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10 Fourier series of sums of products of higher-order Euler functions
To proceed further, we need to observe the following.
m—1 1 m—1 1
Mal@) = D7 BV @B () + - B (@B ()
k=1 k=1
m—2 1 m—1 1
= e B @B @)+ Y LB @B (@)
k=0 k=1
= 1 (") (2 7o) 1 o) 1 oo
= -1 E’ EY — E° — EV
(m—1) 2 k(m—1—Fk) * (@)E,_1 k(@) + m_1 me1(T) + m—1 mo1(T)
1 1
= (m— Dy (2) + —= By (o) + —— B (a).
(4.3)
From this, we easily see that
1 1 ) 1 () /
L L - = ymlz), (4.4
(- Omirl0) = B ) = LB @) ) =), (40)
and
1
/ Y (z)dx
0
1 1 (r) 1 (s) T
= — - - E - -
m[7m+1(l‘) m(m+1) m+1(x) m(m+1) m+1($) o
1 1 (r) (r)
= (Y1 (D) = Ynz1(0) = ——— (B (1) = EY) (0
s O () = 31 (0) = s (B (1) = B (0)) s
1 S S ’
i T En () - B 0)
1 2 r—1 r
= <7m+1(1) — Ym+1(0) — W(Er(nH) - Eq(nll)
2 (s—1) _ po(s)
- m(Em-i-l - Em+1))'
Let A; =0, and for m > 2, we let
Am = 'Ym(]-) - 'Ym(o)
m—1 1
=2 km—%k) (EOMES. () - BUESL,)
k=1
m—1
1 r—1 r s—1 S r s (46)
S (e - B e - ) - )
k=1
= 2 (r=1) o(s=1) () (s—1) _ po(r—1) ()
r—1 s—1 r s—1 r—1
= m(QEk B —E; )E'nj—k - E; ij—k)
k=1
Then we have
Ym(0) =ym(1) & Ay =0, (m>2), (4.7)

and
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1 1 2 (r=1) (r) 2 (s—1) ()
/O Y (T)dz = - (Am+1 Tt D) (Em+1 - Em+1> Tmlm 1) (Em—H - Em+1))
(4.8)

We now want to determine the Fourier coefficients C,(Lm).
Case 1: n#£0

1
Cém) _ / ,Ym(x)ef%rinzdx
0

_ 1 —2minx 1 ! / —2minx
- 2min [’ym( Je }0 27rin/0 Tm(@)e de
1
(a0 0)
+ 1 1{( 1) ( )+ 1 E(T) ( )+ 1 E(S) ( )} —27rinwd
2min Jg m Tm—1{& m—1 m—1\¥ m—1 m—1\")5¢ x
1 1 1 ! ,
_ m 7(Lm71) : — / E211($)672W2n1d$
2min 2min 2min(m — 1) Jo
1 (5) —2
E W?n'Ed
2min(m — 1) m-1(T)e *
m—1 1 1
— (m—1) _ (q)(T) @s))
2min " 2min” " 2min(m — 1)\ " )
(4.9)
where
S 2m-1) (-1 _
) — ;H(Er—l _ g )
m ; (27Tin)k m—k m—k )?
e :
/ E" (z)e 2™ dg; (4.10)
0
l D -1
)~ D k=1 (22(7312)}‘ (El(ik-i-)l - El(i)k-&-l)’ for n 7 0,
- r—1 r
Z%(EI(H ) _ Ez(+)1>7 for n = 0.
Thus we have shown that
-1 1 1
L 12/ S S (Y ) N PRT
" 2win " 2min 2rin(m — 1)\ ™ +®m (4.11)

An easy induction on m now gives

-1

m—1
my _ N~ (m—1) o (m=1j1 o) ()
Cn ; (2min)J A1 Z (2min)i (m — j) (Pt + Prnn)

(4.12)
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12 Fourier series of sums of products of higher-order Euler functions

To find a more explicit expression for C,(Lm)7 we need to observe the following.

m—1

(m=1);-1 = 2(m— k-1, 1 )
=> 2 . ( T(n_j)_kﬂ - E1(—n—j—lc+1)

(m 1) +k: 2 r—1 r
(Er(n—j)—k+1 - Efn) Jj— k+1)

N 1 - (m—1)k—2 r—1
=2 i Z (7(E7(n—k'l-l *Ex)—kﬂ) (4.13)

S (m_ 1)]€—2 r—1 T
=2 Z : (Efn k)+1 - E7(n) k1)

S m — 1)k—2 r—1 T
:22 (7(Ev(n lc)+1 E7(n) k+1) (Hm—1 — Hp)

=1
m (r—1) (r)
:z Z (M) Epii1 = Eppn (H _H )
m (2min)k m—k+1 mel ek

Recalling that A; = 0, we get the following expression of C,(zm): for n # 0,

2(I_Im—l - Hm—k)

1o~ _(m)y
O G
m; (27rm)’f< i m—k+1 (4.14)

r—1 s—1 T s
X (Ev(nfkll + E7(n k) 1 ~ B 1k+1 - Er(n) k+1))

Case2: n=0

m ! 1 2 . . s
C(() )= /0 Ym(x)dr = - <Am+1 G E) 1)(Er(n+11) +E( 1) E( ) - Ef(nzrl))
(4.15)

Ym (< z >), (m > 2) is piecewise C*°. Furthermore, 7,,(< x >) is continuous
for those integers m > 2 with A,,, = 0, and discontinuous with jump discontinuities
at integers for those integer m > 2 with A,, # 0.

Assume first that A, = 0, for an integer m > 2. Then 7,,(0) = ¥, (1). Hence
Ym (< x >) is piecewise C*°, and continuous. Thus the Fourier series of v, (< z >)
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converges uniformly to v,,(< z >), and
Ym (< @ >)
1 2 (r=1) | p(s=1) _ p(r) (s)
= <Am+1 - W(E'm,—i-l + B — B — Enla)
1 = " (m 2(Hyp—1 — Hyp—
S {3 e (g + S )

mo e o (2min)k m—k+1
r—1 s—1 r s TINT

X (Er(n,—kl-l + Efn—k)+1 - Ev(n)—k+1 - Er(n)—k+1))}62

1 2 (r=1) | pa(s=1) _ pa(r) (5)
= % (Am+1 - m(m ¥ 1) (Em+1 + Em+1 - Em+1 - Em+1)

1 < /m 2(Hm-1— Hpm—x)

— A,
+m;<k>{ m—k+1 + m—k+1

oo 2minT
(r—1) (s—1) (r) (s) €
X (Emfk+1 + B 1 — Bl — Emkarl)} (‘k’! Z (Qm'n)k)

n=—oo,n
1 2 (r—1) (s—1) (r) (s) (4.16)
= (Mo = S B+ B = A = B
1 <~ /m 2(Hyyy—y — Hyp—)
- A,
+me=2<k>{ k1t m—k+1

r—1 s—1 s
X (E'r(n—kzi-l + Ev(:—k)ﬂ - Efrt)—kﬂ - Er(n)—k-s-l)}Bk(< T >)

LA x Bi(<z>), forx¢Z,
" 0, forx € Z

_ 1 L m Z(Hnl—l - Hm—k)
T m Z <k>{Am_k+1+ m—k+1

M Z0k£1
r—1 s—1 r s
X (Ev(nfkll + Efnszrl - Efn)fk+1 - Efnlk+1)}3k(< T >)

AL x Bi(<x>), forx¢?Z,
" 0, for x € Z.

Now, we can state our first result.
Theorem 4.1. For each integer I > 2, we let
-1

2 -1 -1 s—1 —1
M= OB VBN - BOENY - BUVED), ()
k=1

with Ay = 0. Assume that A,, = 0, for an integer m > 2. Then we have the
following.

(a) Z;’:ll mE,(:)(< x >)E7(;)_k(< x >) has the Fourier series expansion
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14 Fourier series of sums of products of higher-order Euler functions
m—1 1
EN<z>)EY (<z>
k=1
1 2 r—1) (S ) (7‘) (s)
= Am YN E( E - F
m ( T m(m + 1)( it mt) (4.18)
RS {i (m) 2(Hy—1 — Hit)
LS T
" k( m—k-+1 —
Mmoo (2min) m—k+1
(r—1) (s—1) (r) (s) minz
X (B 1+ By — B s E7rj—k+1))}e2 )
for all x € R, where the convergence is uniform.
m—1
Zk EN(<z>)EY) (<2 >)
k=1
_ 1 e 2(I{m—l - Hm—k) (419)
m Z ( >{mk+1+ m—k+1

k=0,k+
r—1 r
(Efn klrl + E( k)+1 E7(n)fk - E7(n) k+1>}Bk(< z >)
for all x € R.

Assume next that A,, # 0, for an integers m > 2. Then ~,,(0) # vm(1).
Hence 7,,(< x >) is piecewise C*°, and discontinuous with jump discontinuities at
integers. Thus the Fourier series of 7., (< & >) converges pointwise to vy, (< x >),
for x ¢ Z, and converges to

£ (3 0) + 73 (1) = 7 0) + 5 Ao (4.20)

for x € Z.
We can now state our second result.

Theorem 4.2. For each integer | > 2, let

-1

2 r—1 s—1 r s— r—1 s

A = Z k(l _ k) (2El(c )El(fk ) E( )Ez( k 2 E](C )El(f)k)a (4.21)
k=1

with Ay = 0. Assume that A, # 0, for an integer m > 2.
Then we have the following.

1 2 r—1 s—1 T s
(a) p— (Am+1 - m(Er(n-H) + E7(n+1) E7(n2‘rl Ev(nzﬂ))
& {i m) ( 2(Hm—1 — Hyi)
— Z Am k+1 +
m n=—oo,n#0 k= (27TZTL) m =k 1

(4.22)

X

r—1 s—1 T s TINT
(E7(n kz‘r1+E7(n kl—l E7(n) k+1 Efn)—kﬂ))}e?
i k( )E(T)(< x >)E(s) (<ax>), forzé¢Z,
m—1 s
k=1 T(m )E(T)E( ) Tt 1Am, forx € Z.
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L

r—1 s— r s
x (B} *kll + Er(nflill - Ev(n)—kﬂ - E?Sz)fk+1)}Bk(< T >)

m—1
1 r S
- 2 mEé (<o >)EY) (<o >), fora¢
R o o) (4.23)
m> {A m—1 — m—k
- Z m—k-+1 +
mk_o’k#(k m—k+1
_1 _1 3
X (Er(;—kzrl + Ef(i—k)ﬂ - Er(r:)—k-&-l - Ef;)_k+1)}3k(< T >)
m—1
L Mg 1
- - _EWE “A,, Z.
2 =y o et g Jora €
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Some symmetric identities for (p,q)-Euler zeta function
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Abstract : In this paper we obtain several symmetric identities of the (p, ¢)-Euler zeta function. We
also give some new interesting properties, explicit formulas, a connection with (p, ¢)-Euler numbers

and polynomials.

Key words : Euler numbers and polynomials, g-Euler numbers and polynomials, (p, ¢)-Euler num-

bers and polynomials, (p, ¢)-analogue of Euler zeta function.
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1. Introduction

Many mathematicians have studied in the area of the Bernoulli numbers and polynomials,
Euler numbers and polynomials, Genocchi numbers and polynomials, tangent numbers and polyno-
mials(see [1-10]). The Euler numbers and the Euler polynomials have been extensively worked in
many different contexts in such branches of mathematics as, for instance, complex analytic number
theory, elementary number theory, differential topology, g-adic analytic number theory and quan-
tum physics. In this paper, we obtain symmetric properties of the (p,q)-Euler zeta function. As
applications of these properties, we study some interesting identities for the (p, ¢)-Euler polynomials
and numbers.

Throughout this paper, we always make use of the following notations: N denotes the set of
natural numbers, Z; = N U {0} denotes the set of nonnegative integers, Z; = {0,-1,-2,-2,...}
denotes the set of nonpositive integers, Z denotes the set of integers, R denotes the set of real
numbers, and C denotes the set of complex numbers. We remember that the classical Euler numbers

E,, and Euler polynomials E, (x) are defined by the following generating functions

oo

2 tr
= E,—, t . 1.1
1= X By (<) (1)
and
2 Vet =3 B, (<) (1.2)
_ = () —, ). .
et +1 = n!
respectively.

Some interesting properties of the (p, ¢)-Euler numbers and polynomials were first investigated
by Ryool[6]. The (p, g)-number is defined by
P —q"
[n]p,q = ﬂ'
It is clear that (p, ¢)-number contains symmetric property, and this number is g-number when p = 1.
In particular, we can see limg_,1[n], ¢ = n with p = 1.

By using (p, ¢)-number, we introduced the (p, ¢)-Euler polynomials and numbers, which gener-

alized the previously known numbers and polynomials, including the Carlitz’s type g-Euler numbers
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and polynomials. We begin by recalling here the Carlitz’s type (p, ¢)-Euler numbers and polynomi-
als(see [2]).

Definition 1. For 0 < ¢ < p < 1, the Carlitz’s type (p, ¢)-Euler numbers E, , , and polyno-

mials E, , ,(z) are defined by means of the generating functions

- tn - m
Fpqlt) = ZEnm,qg = [2], Z(_l)mq elmlp.at, (1.1)
n=0 ’ m=0
and - -
tn m . m m-rx
Fpqlt,z) = Z En,p,q(x)g = [2], Z(_l) g"elm et (1.2)
n=0 ’ m=0
respectively.

The following elementary properties of Carlitz’s type (p, ¢)-Euler numbers E,, , , and polyno-
mials E, , ,(z) are readily derived from (1.1) and (1.2). We, therefore, choose to omit the details

involved. More studies and results in this subject we may see reference [6].

Theorem 2. For n € Z, we have

1 V'~ /n 1
h I xl, (n—1)x
ER) (@) =12, () Z(l)(—l)q e TR

P=47 15
Theorem 3 (Distribution relation). For any positive integer m(=odd), we have

a+x

S S 1" B

a=0

En,p,q(x) = ) , n € Ng.

Next, we introduce Carlitz’s type (h,p,q)-Euler polynomials Egh,),q(x) The Carlitz’s type
(h, p, q)-Euler polynomials ng;,q(x) are defined by

E) (@) = [2]g D (=1)"q"p"" m + ]y .
m=0
By (p, q)-number, we have the following theorem.
Theorem 4. For n € Z, we have
E ( )_i n [ ]n—l le("*l)
n,p,q\T) = 1) Fpa @ Fipg
1=0
By using Carlitz’s type (p, ¢)-Euler numbers and polynomials, (p,q)-Euler zeta function and
Hurwitz (p, ¢)-Euler zeta functions are defined. These functions interpolate the Carlitz’s type (p, q)-
Euler numbers E,, , 4, and polynomials E,, ,, ,(x), respectively. From (1.1), we note that

dk
ﬁFp,q(t)

=0 e,

t m=0

= Ek7p7q, ke N)

By using the above equation, we are now ready to define (p, ¢)-Euler zeta function.
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Definition 5. Let s € C with Re(s) > 0.

nn

Cpg(s Z (1.3)

Note that (, 4(s) is a meromorphic function on C. Note that, if p =1,¢ — 1, then {, 4(s) = (r(s)
which is the Euler zeta function(see [3, 4]). Relation between ¢, 4(s) and Ej ,, is given by the

following theorem.

Theorem 6. For k£ € N, we have
Cp,q(_k) = Ekpq

Observe that ¢, 4(s) function interpolates Ej ,, numbers at non-negative integers. By using
(1.2), we note that
dk
dik Fpq(t, @)

20, Y (—=1)"g"m + =]k, (1.4)

t=0 m=0

<z>k<§w>:>

By (1.4) and (1.5), we are now ready to define the Hurwitz (p, ¢)-Euler zeta function.

and

= Ejpq(x), for k€N, (1.5)
t=0

Definition 7. Let s € C with Re(s) > 0 and z ¢ Z .

Cp.g(s, ) Z n—i—x (1.6)

Note that ¢, 4(s,2) is a meromorphic function on C.
Obverse that, if p = 1 and ¢ — 1, then (, (s, z) = (g(s,z) which is the Hurwitz Euler zeta
function(see [3, 4]). Relation between (, 4(s, ) and Ej , 4(x) is given by the following theorem.

Theorem 8. For k € N, we have

Czuq(_ka T) = Ek,p,q(@-

Observe that ¢, ,(—Fk, z) function interpolates E , ,(x) numbers at non-negative integers.
2. Symmetric properties about (p, g)-analogue of Euler zeta functions

In this section, we are going to obtain the main results of (p,q)-Euler zeta function. We also
establish some interesting symmetric identities for (p, ¢)-Euler polynomials by using (p, ¢)-Euler zeta
function.

Observe that [zylpq = [7] 4 4 [V]p,q for any z,y € C.

By substitute wix + %12’ for x in Definition 7, replace p by p“2 and replace ¢ by ¢"“2, respectively,

wli
pr27qw2 S, W1T + —
w2

i nqwzn

we derive

wlx—i— “’” + 1wy gws

(_1)nq’w2n
= 2 w
[ ] 2 [U}?]p,qnzo [wlex + wyt + wzn]

o0

p.q
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Since for any non-negative integer m and odd positive integer wy, there exist unique non-negative
integer r such that m = wyr 4+ j with 0 < 5 < w; — 1. Hence, this can be written as

w1t
CpW27qw2 <S wir + >

w2

oo

’ (—1)wrr+i gwz(wir+s)
= 2 w S
[ ]q 2 [w2]p’q Z [we(wir + ) + wiwex + w1il3

wyr+j=0 p.q
0<j<w;—1
wi—1 oo w1T+jqwz(w1r+J)
= Bgmawaly ZZ [wiwa(r + ) +wii + wajls ,
It follows from the above equation that
’u}gfl wl?[
[2]gws [wl]nq Z (_1)2 o Cp’”’“ qv2 (S Wt w)
_ 2
=0 (2.1)
w2—lwi—1 oo ’I"+'L+jq (wiwar4writwsay)
= (2], wq 2], w s
Plge Plgvs [wnlp glwelpg - Zzw1w2r+x + w1i + wagls
=0 j=0 r= 0
From the similar method, we can have that
o0
waj (=D"grn
Cpwr qu1 (3 Wol + ) = [2]4u1
pe w1y ! ,;) [wam + 222 + nfSu; gu
o0
(_1)nqw1n
= [2|w w1 s
[ ]q 1[ ]p»qnzo [w1w2x+w2j+w1n]pq
After some calculations in the above, we have
wi—1 j
w3
[2)gua [w2]3 g S (=1)7q“27¢0 o <s wyw + )
7=0 b
(2.2)

wz—1wi—1 oo )r+7,+jq(w1w27‘+UJ1l+w2])
2

= [Q]q“’l [2] w2 [wl]p q w2 p7q Z Z Z wlzj) (7’ + gg) + wit + 'LUQ]]

=0 4j=0 r= 0
Thus, we have the following theorem from (2.1) and (2.2).

Theorem 9. Let s € C with Re(s) > 0 and wy, ws : odd positive integers. Then one has
w2l w1
Q]qwl ['LUl];’q Z (*1)2qw12<pw2,qw2 (S w1T + ’LUl>
i=0 2

wi—1

Z 2]
= qw2 w2 P q 2J<pw1 qw1 <S waX + w)

1

In Theorem 9, we get the following formulas for the (p, ¢)-tangent zeta function.

Corollary 10. Let wy =1 in Theorem 9. Then we get

wlfl .
o T+
Gralsct) = fonlyy 3 (-1 06 (5,520,
7=0

Corollary 11. Let w; = 2,w2 = 1 in Theorem 9. Then we have

1
G (5:5) = G2 (s, x; ) — 20,2 (205 (2150 o, ).
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For n € N, we have
Cpg(—n, ) = By p 4(2), (see Theorem 8).

By substituting E,, , 4(z) for {, 4(s, ) in Theorem 9, we can derive that

1,U2—1
- i 3 ’11}12
Q]quq [’LUl];mZ Z (—1)lqw1chw27qw2 < n,w1T + w72
wa—1 ;
g [wilpg Z 7R p—— <w1x + 1)
and
wi—1 . . w J
Q]qwz [U/Q];Z Z (—]_)quz]é'pwl qv1 <—n’ Wl + 2>
Jj=0 w
w1 1 w .
= [2} wo [wﬂp)g Z (_1)qu2jEn,p“’1 g1 (UJQZC + 11)2‘7>
j 1
7=0

Thus, we obtain the following theorem from Theorem 9.

Theorem 12. Let wp, w2 be any odd positive integer. Then for non-negative integers n, one

has
we ! Wit
1
qv1 U)Q p q E Z wlen P2 qw2 <U)1Z + ’LU2>
wi—1 w j
2
wz]
qw2 ’(1)1 En w] w1 ’U.)QiL'+ _— .
p q E : g wn

Considering wy = 1 in the Theorem 12, we obtain as below equation(see Theorem 3).

wo—1 .
() = [2[]23‘1 o]y S (1Y g7 B o gus <x+a).

w
Jj=1 2

We obtain another result by applying the addition theorem for the Carlitz’s type (h,p,q)-

tangent polynomials Eﬁlh;q(x) From the Theorem 12, we have

U)z*l .
. . w1t
[2]gun [wal}y 4 Z (=1)"q“" En pra gva (wlx + u;)
=0
wa—1 n n ( )i 0 [wl] !
_ n i w1t wi(n—1)i, wiwazl P,q 11
= [2}11“’1 [’IUQ]p,q lz:; (—1) q 1 ; (l)q 1 P 1w2 En 1,pw2 qw2 (w1x) <[U}2]pﬂ> [Z]pw17qw1

! UJ271
! Cwyi (n—Dwiir
= |2]gw1 w2 p q Z < > < p q) pw1w2IlE7(l) P (’LUl.T) Z (_l)zqwlzq(n l)wu[z];}w1 -

i=0

Therefore, we obtain that

wa—1
. . w1t
[Q]qwl [wQ]Z,q Z (—1)1qw”En,p“’2,q“’2 <w1$ + 1)
=0

w2

n

n n— w1 wWwaT l
= [2]g1 Z <l) [wl];q[wﬂp,q P lEr(z)lsz qv2 (W12)En 1, pw1 g1 (w2),
1=0
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and
wi—1

[2]gva [wl]qu (_1)jqw2jEn,p'“’1,qw1 <w2$ + wz]>
=0 1

J
i n
n—1, wiwsxl (1)
2 Z (l) wo] P q wl]p qP En—l,p’“’l,qwl (w2x)En 1 pw2 gz (W1).
=

0
where &, 1 p (k) = Z ( 1)igt+n=be “li]l, , is called as the sums of powers.

Hence, from (2.3) and (2.4), we have the following theorem.

Theorem 13. Let wy,wy be any odd positive integer. Then we have

n
l
qwz Z ( > ’LU2 P q wl]p q prW2xlE£L) l,p¥1,q®1 (wQSC)gn’l,pr’qu (wl)
=

n
n n— w1 W2T l
= [2]qu Z <l> [wr]},  [wa ]y p* 12 ZE,(l)lpwz g2 (W1T)En 1 prr o1 (W2).
1=0
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ADDITIVE (p1, p2)-FUNCTIONAL INEQUALITIES IN COMPLEX BANACH
SPACES

CHOONKIL PARK, DONG YUN SHIN*, AND GEORGE A. ANASTASSIOU

ABSTRACT. In this paper, we introduce and solve the following additive (p1, p2)-functional in-
equalities
If(@+y+2z)—flz)— fly) = fRI =l (flz+y—2) = f(z) = fly) + ()
+llp2 (fx =y +2) = f(=) + f(y) — F(2)I, (0.1)

where p; and p2 are fixed complex numbers with |p1] - |p2| > 1, and

If(z+y—2)—f(x)=fy)+ > lp(flz+y+2) = fx) = fly) = F))
+lp2 (f(x —y+2) = f(z) + fly) — (=)l (0.2)
where p1 and ps are fixed complex numbers with |p1] > 1.

Using the fixed point method and the direct method, we prove the Hyers-Ulam stability of
the additive (p1, p2)-functional inequalities (0.1) and (0.2) in complex Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations originated from a question of Ulam [29] concern-
ing the stability of group homomorphisms.

The functional equation f(x 4+ y) = f(x) + f(y) is called the Cauchy equation. In particular,
every solution of the Cauchy equation is said to be an additive mapping. Hyers [13] gave a
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem was
generalized by Aoki [2] for additive mappings and by Rassias [23] for linear mappings by con-
sidering an unbounded Cauchy difference. A generalization of the Rassias theorem was obtained
by Gavruta [12] by replacing the unbounded Cauchy difference by a general control function in
the spirit of Rassias’ approach. The stability of quadratic functional equation was proved by
Skof [28] for mappings f : Ey — FEs, where E; is a normed space and Es is a Banach space.
Cholewa [8] noticed that the theorem of Skof is still true if the relevant domain FE; is replaced
by an Abelian group.

Park [18, 19] defined additive p-functional inequalities and proved the Hyers-Ulam stability
of the additive p-functional inequalities in Banach spaces and non-Archimedean Banach spaces.
The stability problems of various functional equations have been extensively investigated by a
number of authors (see [1, 3, 7, 10, 11, 15, 17, 20, 21, 24, 25, 26, 27, 30, 31, 32]).

We recall a fundamental result in fixed point theory.

Theorem 1.1. [4, 9] Let (X,d) be a complete generalized metric space and let J : X — X be a
strictly contractive mapping with Lipschitz constant o < 1. Then for each given element x € X,
either
d(Jz, J" ) = 0o
for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"x, J""r) < o0, Vn > ng;
(2) the sequence {J"x} converges to a fized point y* of J;

2010 Mathematics Subject Classification. Primary 39B62, 47H10, 39B52.

Key words and phrases. Hyers-Ulam stability; additive (p1, p2)-functional inequality; fixed point method; direct
method; Banach space.
*Corresponding author (Dong Yun Shin).
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(3) y* is the unique fized point of J in the set Y = {y € X | d(J™z,y) < 0o};
(4) d(y,y*) < 125d(y, Jy) for ally €Y.

In 1996, G. Isac and Th.M. Rassias [14] were the first to provide applications of stability theory
of functional equations for the proof of new fixed point theorems with applications. By using
fixed point methods, the stability problems of several functional equations have been extensively
investigated by a number of authors (see [5, 6, 22]).

In Section 2, we solve the additive (pi, p2)-functional inequality (0.1) and prove the Hyers-
Ulam stability of the additive (p1, p2)-functional inequality (0.1) in Banach spaces by using the
fixed point method.

In Section 3, we prove the Hyers-Ulam stability of the additive (pi, p2)-functional inequality
(0.1) in Banach spaces by using the direct method.

In Section 4, we solve the additive (p1, p2)-functional inequality (0.1) and prove the Hyers-
Ulam stability of the additive (p1, p2)-functional inequality (0.1) in Banach spaces by using the
fixed point method.

In Section 5, we prove the Hyers-Ulam stability of the additive (pi, p2)-functional inequality
(0.1) in Banach spaces by using the direct method.

Throughout this paper, let X be a real or complex normed space with norm || - || and YV a
complex Banach space with norm || - ||. Assume that p; and ps are fixed complex numbers with
o1l - lp2| > 1.

2. ADDITIVE (p1, p2)-FUNCTIONAL INEQUALITY (0.1): A FIXED POINT METHOD

In this section, we solve and investigate the additive (p1, p2)-functional inequality (0.1) in
complex Banach spaces.

Lemma 2.1. If a mapping f : X — 'Y satisfies f(0) =0 and
If (@+y+2)—fla) = fly) = FEI = ln(flz+y—2) = flz) - fly) + F(2)]
o2 (fl@ =y +2) = flz)+ fy) = f(2)]l (2.1)
forallx,y,z € X, then f: X — Y is additive.
Proof. Assume that f: X — Y satisfies (2.1).

Since |p1] - |p2| > 1, |p1] > 1 or |p2| > 1.
(i) Assume that |p1]| > 1. Letting z = 0 in (4.1), we get

(I =lpDIlf (@ +y) = f(@) = FW = |p2lllf (2 —y) = f(z) + FW)]

for all z,y € X. So f(x +y) = f(z) + f(y) for all z,y € X, since |p1| > 1. So f is additive.
(ii) Assume that |p2| > 1. Letting y = 0 in (4.1), we get

(I =1p2Dlf (x + 2) = f(2) = ) = ol f (2 = 2) = f(2) + F(2)]]
for all z,z € X. So f(z+ 2) = f(x) + f(z) for all z,z € X, since |p2| > 1. So f is additive. O

Using the fixed point method, we prove the Hyers-Ulam stability of the additive (p1,p2)-
functional inequality (2.1) in complex Banach spaces.

Since |p1] - |p2| > 1, |p1] > 1 or |p2]| > 1. One can exchange y and z and from now on, one can
assume that [p1]| > 1.

Theorem 2.2. Let ¢ : X3 — [0,00) be a function such that there exists an L < 1 with

o(5:43) < 3o (22)
forall z,y,z € X. Let f: X =Y be a mapping satisfying f(0) =0 and
lor(f@ 4y —2) = flz) = fy) + FE + o2 (f(@ =y +2) = f(@) + fy) — F(2))]l
<|f@+y+2z)—fl@) = fly) = )+ el,y,2) (2.3)
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for all z,y,z € X. Then there exists a unique additive mapping A : X — Y such that

L

f xXr) — A X S @ x,x,O

1@ - A@) < =g =g @)
forallx € X.
Proof. Letting z =0 and y = x in (2.3), we get

1
1S (22) = 2f ()] < mﬂ%%o) (2.4)

for all x € X.

Consider the set
S:={h: X =Y, h(0)=0}
and introduce the generalized metric on S:
d(g,h) = inf {1 € Ry : |lg(ax) — h(w)]| < pgp (,2,0), ¥ € X},

where, as usual, inf ¢ = +o00. It is easy to show that (5, d) is complete (see [16]).
Now we consider the linear mapping J : S — S such that

x

=29 =
Jg(x) g(2>
for all z € X.

Let g,h € S be given such that d(g,h) = €. Then
lg(z) = h(z)]| < ep(z,2,0)

X X r X
i i < oz
H29(2> 2’1(2)“—2{5“’(2’2’0)

L
< 265(10 (.I,ZL‘, 0) = LS(,D (1‘,1’, 0)

for all x € X. Hence

17g(x) — Jh(x)]|

for all z € X. So d(g,h) = ¢ implies that d(Jg, Jh) < Le. This means that
d(Jg,Jh) < Ld(g, h)

for all g,h € S.
It follows from (2.4) that

-1(5)] < 2o (550 = st

for all x € X So d(f,Jf) < m.
By Theorem 1.1, there exists a mapping A : X — Y satisfying the following:

(1) A is a fixed point of J, i.e.,

A(z) =24 ("’26) (2.5)
for all z € X. The mapping A is a unique fixed point of J in the set
M ={geS:d(f g) <oo}.

This implies that A is a unique mapping satisfying (2.5) such that there exists a p € (0, 00)
satisfying

1f(z) = Al@)| < pe(z,z,0)
for all x € X;
(2) d(J'f, A) — 0 as | — oo. This implies the equality
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27 (57) = 462
for all x € X;
(3) d(f,A) < 2-d(f, Jf), which implies
L
(1 =L)(|pa] = 1)

If (@) = Al)] < 5 ¢ (z,z,0)

for all z € X.
It follows from (2.2) and (2.3) that

[A(z+y+2) - Alz) — A(y) — A(Z)|
(225 1(2) 1 (2) 1 3)
(2 1(3)
() -(3)
= [lp1(A(z +y — 2) = A(z) — A(y) + A(2)) ||
Fllp2 (Al —y + 2) — A(z) + A(y) — A(2))]

for all x,y,z € X. So

[A(z+y+2) - Alx) — Aly) — A2)|| = o1 (A(z +y — 2) — A(z) — A(y) + A(2))]
Flp2 (Al —y + 2) — Az) + Ay) — A(2))|l
for all z,y,z € X. By Lemma 2.1, the mapping A : X — Y is additive. O

= lim 2"
n—oo

: n
=153, 2" len]

EIRNMES
N——

_|_

[
VRS
2]
~

: n
+ lim 2%|py|

Corollary 2.3. Let r > 1 and 0 be nonnegative real numbers, and let f: X — Y be a mapping
satisfying f(0) =0 and

[p1(f(x+y—2)— flx) = fly) + FE)I+ o2 (f(x —y+2) — flz) + f(y) — f(2))]

<Wf@+y+z)—flx) = fly) = FEOI+H ="+ [yl + 1=]") (2.6)
for all x,y,z € X. Then there exists a unique additive mapping A : X — Y such that
20
1f(z) = Az)] < [l]]"
(27 =2)(lpr] - 1)
forallx € X.
Proof. The proof follows from Theorem 2.2 by taking ¢(x,y,2) = 0(||z||” + [|y||” + ||z||") for all
x,y,z € X. Choosing L = 2", we obtain the desired result. O
Theorem 2.4. Let ¢ : X3 — [0,00) be a function such that there exists an L < 1 with
Ty z
<2Lp|=,%,= 2.
e (2,y,2) < @(2,2,2) (2.7)

forallx,y,z € X. Let f: X =Y be a mapping satisfying f(0) =0 and (2.3). Then there exists
a unique additive mapping A : X — Y such that

1

)go(ﬂs,:l:,O)

forallx € X.
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Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2.
Now we consider the linear mapping J : S — S such that

Jg(z) == £g (22)

2
for all z € X.
It follows from (2.4) that
1 1
fx) = zfQ22)|| £ —p(z,z,0
0= B = gy et ?
for all x € X.
The rest of the proof is similar to the proof of Theorem 2.2. O

Corollary 2.5. Let r < 1 and 0 be positive real numbers, and let f : X — Y be a mapping
satisfying f(0) = 0 and (2.6). Then there exists a unique additive mapping A : X — Y such that

26
@) =A@ < =g

)"

forallx € X.

Proof. The proof follows from Theorem 2.4 by taking ¢(z,y,z) = 0(||z||” + ||y||” + ||]|") for all
x,y, 2 € X. Choosing L = 2"~!, we obtain the desired result. O

Remark 2.6. If p; and po are real numbers such that |pi| - |p2| > 1 and Y is a real Banach
space, then all the assertions in this section remain valid.

3. ADDITIVE (p1, p2)-FUNCTIONAL INEQUALITY (0.1): A DIRECT METHOD

In this section, we prove the Hyers-Ulam stability of the additive (p1, p2)-functional inequality
(2.1) in complex Banach spaces by using the direct method.

Theorem 3.1. Let ¢ : X2 — [0,00) be a function such that

U(z,y, z) ::§32jg0<$ i Z><oo (3.1)

: 27237 21
7=1

forallz,y,z € X. Let f: X =Y be a mapping satisfying f(0) =0 and (2.3). Then there exists
a unique additive mapping A : X — 'Y such that

1
[f(z) — A(2)]| < m‘l’(%ﬂ%o) (3.2)
forallx € X.
Proof. Letting z =y and x = 0 in (2.3), we get
If (2z) = 2f (@)[| £ ————¢(z,,0) (3.3)
1| =1

and so

lr@-2(3)| < or=e (5:50)

r(5) -2 ()] e

27 <:J: x 0>
{ o] —17 \27e0 25T

for all z € X. Thus

Pr(z) - ()] =

3

™

3

IA

J
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for all nonnegative integers m and [ with m > [ and all x € X. It follows from (3.4) that the
sequence {2¥ (%)} is Cauchy for all # € X. Since Y is a Banach space, the sequence {2 f(%)}
converges. So one can define the mapping A : X — Y by

o= 1 (3)

for all z € X. Moreover, letting { = 0 and passing the limit m — oo in (3.4), we get (3.2).
It follows from (2.3) and (3.1) that

[A(z+y+2)—Alx) - Aly) — A

() o

)l

) 1(2)1(3)

+ lim 2% (myz>

(

lim p n—00 on’ gn’ gn
> lim 2"[py] f<3T> f(x) <2y"> ( )‘
+££gﬂm|f<wi;+z>—f(x) (%) f(%)H
= |lpr(A(z +y — 2) — A(z) — A(y) + A(2)

)l
+ llp2 (Alz —y + 2) — A(z) + A(y) — A(2))|
for all x,y,z € X. So
[A(z+y+2z)— Alz) — Aly) — A2)|| = llp1(A(z +y — 2) — A(z) — Ay) + A(2))||
+llp2 (A(x —y + 2) — A(z) + A(y) — A(2))||

for all x,y,z € X. By Lemma 2.1, the mapping A : X — Y is additive.
Now, let T': X — Y be another additive mapping satisfying (3.2). Then we have

|A(z) = T()| = |294 (2”“;) _ ap (;q)
1(5) - (5)

ag (2 _oap (2
24 () 21 ()] +
Yy (w xz O) ,
lpa| =1 \29" 24
which tends to zero as ¢ — oo for all x € X. So we can conclude that A(z) = T'(x) for all z € X.
This proves the uniqueness of A. O

IN

Corollary 3.2. Let r > 1 and 0 be nonnegative real numbers, and let f : X — 'Y be a mapping
satisfying f(0) = 0 and (2.6). Then there exists a unique additive mapping A : X — Y such that

20 .
15) =A@ < gyl

forallx € X.

Theorem 3.3. Let ¢ : X? — [0,00) be a function and let f : X — Y be a mapping satisfying
f(0)=0, (2.3) and

o
1 o
(z,y, 2 z:: 2— ©(2x,27y,272) < 00 (3.5)
for all x,y,z € X. Then there exists a unique additive mapping A : X — 'Y such that
1
1f(z) = A)|| < 57— ¥(2,2,0)
2(lp1| = 1)

forallx € X.
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Proof. Tt follows from (3.3) that
1 1
Hf(x) -5 f22)) < WW(%@

for all x € X. Hence

IN

X 551 () = gt (212

1

1
< —_—
<2 2% (lpr| = 1)

J=l

©(2z,22,0) (3.6)

m—1
7=l
m—

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (3.6) that the
sequence {2% f(2"x)} is a Cauchy sequence for all x € X. Since Y is complete, the sequence
{5 f(2"z)} converges. So one can define the mapping A : X — Y by
. 1
A(z) := lim Q—nf(Q”x)

n—oo
for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.6), we get (3.6).
The rest of the proof is similar to the proof of Theorem 3.1. (]

Corollary 3.4. Let r < 1 and 0 be positive real numbers, and let f : X — Y be a mapping
satisfying f(0) = 0 and (2.6). Then there exists a unique additive mapping A : X — Y such that

20
I7(@) =A@ < G5 1m=1)

[l]]"
forallx € X.

4. ADDITIVE (p1, p2)-FUNCTIONAL INEQUALITY (0.2): A FIXED POINT METHOD

In this section, we solve and investigate the additive (p1, p2)-functional inequality (0.2) in
complex Banach spaces.
From now on, assume that p;| > 1.

Lemma 4.1. If a mapping [ : X — Y satisfies f(0) =0 and
[f(x+y—2)=flx) = fW)+ fEI = lp(fl@+y+2) = flz) - fly) = F(2)I
+llp2 (flx—y+2) = f(z) + fly) = f(2)]] (4.1)
forallx,y,z € X, then f: X — Y is additive.

Proof. Assume that f: X — Y satisfies (4.1).
Letting z = 0 in (4.1), we get

(L= 1pDIlf (@ +y) = f(2) = W = |p2lllf(z — y) — fz) + f(W)]]
for all z,y € X. So f(x +y) = f(x)+ f(y) for all z,y € X, since |p1| > 1. So f is additive. 0

Using the fixed point method, we prove the Hyers-Ulam stability of the additive (p1, p2)-
functional inequality (4.1) in complex Banach spaces.

Theorem 4.2. Let ¢ : X® — [0,00) be a function such that there exists an L < 1 with

© (;, %, ;) < gsO(x,y,Z) (4.2)

forallx,y,z € X. Let f: X =Y be a mapping satisfying f(0) =0 and
lor(fz+y+2) = f2) = fly) = FE)I + o2 (Flz —y +2) — f(z) + fy) = f(2)]
<|f@+y—2)—flz) = fy) + F@) +elz,y,2) (4.3)
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for all z,y,z € X. Then there exists a unique additive mapping A : X — Y such that

L

f ) — A X S @ x,x,O

1@ - A@) < =g =g @)
forallx € X.
Proof. Letting y = z and z = 0 in (4.3), we get

1
1S (22) = 2f ()] < mﬂ%%o) (4.4)

for all x € X.

Consider the set
S:={h: X =Y, h(0)=0}
and introduce the generalized metric on S:
d(g,h) = inf {1 € Ry : |lg(ax) — h(w)]| < pgp (,2,0), ¥ € X},

where, as usual, inf ¢ = +o00. It is easy to show that (5, d) is complete (see [16]).
Now we consider the linear mapping J : S — S such that

x

=29 =
Jg(x) g<2>
for all z € X.

Let g,h € S be given such that d(g,h) = €. Then
lg(z) = h(z)]| < ep(z,2,0)

X X r X
i i < oz
H29(2> 2h(2)H—2w(2’2’0)

L
< 26590 ($,ZL‘, 0) = LS(,D (l',l’, 0)

for all x € X. Hence

17g(x) — Jh(x)]|

for all z € X. So d(g,h) = ¢ implies that d(Jg, Jh) < Le. This means that
d(Jg,Jh) < Ld(g, h)

for all g,h € S.
It follows from (4.4) that

-21(5)] < 2o (550 = st

for all x € X So d(f,Jf) < m.
By Theorem 1.1, there exists a mapping A : X — Y satisfying the following:

(1) A is a fixed point of J, i.e.,

A(z) =24 ("’26) (4.5)
for all z € X. The mapping A is a unique fixed point of J in the set
M ={geS:d(f g) <oo}.

This implies that A is a unique mapping satisfying (4.5) such that there exists a p € (0, 00)
satisfying

1f(z) = Al@)| < pe(z,z,0)
for all x € X;
(2) d(J'f, A) — 0 as | — oo. This implies the equality
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lim 2" f (””) = Az)
l—00 2n
for all x € X;
(3) d(f,A) < 2-d(f, Jf), which implies

L
I9) =A@ < 5= gy =P

x,z,0)

for all z € X.

It follows from (4.2) and (4.3) that
[A(z+y—2)—Alz) - Aly) +

() 1(2)-1(2) 1 (3)

() o) () o ()]

) () (3 (]

= llp1(Alz +y + 2) — A(z) — A(y) — A(2))]|

+lp2 (Alx —y+2) — A(z) + Ay) — A(2))]

for all x,y,z € X. So

[A(z+y —2) = Alz) — A(y) + A(2)[| = o1 (A(z +y + 2) — A(z) — A(y) — A(2))]
F o2 (Al —y + 2) — Az) + A(y) — A(2))|l
for all z,y,z € X. By Lemma 4.1, the mapping A : X — Y is additive. O

= lim 2"
n—oo

PALVALVAL

+ hm 2" <x7y’z>

: n
> lim 2"|py|

3

: n
+ lim 2%|py|

Corollary 4.3. Let r > 1 and 0 be nonnegative real numbers, and let f: X — Y be a mapping
satisfying f(0) =0 and

lor(fz+y+2) = f2) = fly) = FE)I + o2 (Flz =y +2) — f(2) + fy) = f2)]
<|f@+y—2z) = fl@) = fly) + FEI+ 6"+ [[ylI" + [[z]") (4.6)
for all x,y,z € X. Then there exists a unique additive mapping A : X — Y such that
20

1f(z) = A(z)]| < ]|
2" =2)(Ip| = 1)
forallx € X.
Proof. The proof follows from Theorem 4.2 by taking ¢(x,y,2) = 0(||z||” + [|y||” + ||z||") for all
x,y,z € X. Choosing L = 2", we obtain the desired result. O

Theorem 4.4. Let ¢ : X3 — [0,00) be a function such that there exists an L < 1 with

¢ (x,y,2) < 2Ly (‘; Z ;) (4.7)

forallx,y,z € X. Let f: X =Y be a mapping satisfying f(0) =0 and (4.3). Then there exists
a unique additive mapping A : X — Y such that

1

)go(ﬂs,:l:,O)

forallx € X.
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Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem 4.2.
Now we consider the linear mapping J : S — S such that

Jg(z) == £g (22)

2
for all z € X.
It follows from (4.4) that
1 1
fx) = zfQ22)|| £ —p(z,z,0
0= B = gy et ?
for all x € X.
The rest of the proof is similar to the proof of Theorem 4.2. O

Corollary 4.5. Let r < 1 and 0 be positive real numbers, and let f : X — Y be a mapping
satisfying f(0) = 0 and (4.6). Then there exists a unique additive mapping A : X — Y such that

26
@) =A@ < =g

)"

forallx € X.

Proof. The proof follows from Theorem 4.4 by taking ¢(z,y,z) = 0(||z||” + ||y||” + ||2]|") for all
x,y, 2 € X. Choosing L = 2"~!, we obtain the desired result. O

Remark 4.6. If p; and py are real numbers such that |p1| > 1 and Y is a real Banach space,
then all the assertions in this section remain valid.

5. ADDITIVE (p1, p2)-FUNCTIONAL INEQUALITY (0.2): A DIRECT METHOD

In this section, we prove the Hyers-Ulam stability of the additive (p1, p2)-functional inequality
(4.1) in complex Banach spaces by using the direct method.

Theorem 5.1. Let ¢ : X2 — [0,00) be a function such that

U(z,y, z) ::§32jg0<$ i Z><oo (5.1)

: 27237 21
7=1

forallz,y,z € X. Let f: X =Y be a mapping satisfying f(0) =0 and (4.3). Then there exists
a unique additive mapping A : X — 'Y such that

1
[f(z) — A(2)]| < m‘l’(%ﬂ%o) (5.2)
forallx € X.
Proof. Letting y = z and z = 0 in (4.3), we get
If 2z) = 2f(2)|| < ———=(z,2,0) (5.3)
1| —1

and so

lr@-2(3)| < or=e (5:50)

r(5) -2 () e

27 <:J: x 0>
{ o] —17 \27e0 25T

for all z € X. Thus

Pr(z) - ()] =

3

™

3

IA

J

376 CHOONKIL PARK ET AL 367-379



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

ADDITIVE (p1, p2)-FUNCTIONAL INEQUALITY

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (5.4) that the
sequence {2¥ (%)} is Cauchy for all # € X. Since Y is a Banach space, the sequence {2 f(%)}
converges. So one can define the mapping A : X — Y by

A(z) = kl;ngo ok f (;)
for all z € X. Moreover, letting { = 0 and passing the limit m — oo in (5.4), we get (5.2).
It follows from (5.4) and (5.1) that
[A(z+y—2)—Alz) — Ay) + A2
r+y—=z x Y z
(=) -1(3) - () ()
rT+y+=z T
(=) 15
rT—y+z T
(=) (3
=l (Alz +y +2) — A(z) — A(y) — A(2))|
+llp2 (Al —y + 2) — A(z) + A(y) — A(2))]]
for all x,y,z € X. So
4G4y~ 2) — Aw) ~ Aly) + AG) > 1Al +y+2) ~ A) — Aly) — AG)|
+llp2 (Alz —y + 2) — A(z) + A(y) — A(2))|

for all x,y,z € X. By Lemma 4.1, the mapping A : X — Y is additive.
Now, let T': X — Y be another additive mapping satisfying (5.2). Then we have

|A(z) = T()| = |294 (2”“;) _ ap (;q)
1(5) - (5)

ag (2 _oap (2
24 () 21 ()] +
Yy (w xz O) ,
lpa| =1 \29" 24
which tends to zero as ¢ — oo for all x € X. So we can conclude that A(z) = T'(x) for all z € X.
This proves the uniqueness of A. O

= lim 2"
n—oo

+ lim 2% (m z Z)

n—00 on’ gn’ on

: n
> lim 2%[p1|

NMEENIS
N———
|
-
N
2]
~—

: n
+ lim 27[py|

IN

Corollary 5.2. Let r > 1 and 0 be nonnegative real numbers, and let f : X — Y be a mapping
satisfying f(0) = 0 and (4.6). Then there exists a unique additive mapping A : X — Y such that

20 .
15) =A@ < gyl

forallx € X.

Theorem 5.3. Let ¢ : X® — [0,00) be a function and let f : X — Y be a mapping satisfying
f(0)=0, (4.3) and

o
1 o
(z,y, 2 z:: 2— ©(2x,27y,272) < 00 (5.5)
for all x,y,z € X. Then there exists a unique additive mapping A : X — 'Y such that
1
1f(z) = A)|| < 57— ¥(2,2,0)
2(lp1| = 1)

forallx € X.
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Proof. Tt follows from (5.3) that

1 1
@) = 510 < grr—pyete.a0)
for all x € X. Hence
1, - 1 .
|50~ gosena] < ; ORI
< ZWSD(?%?%O) (5.6)

for all nonnegative integers m and [ with m > [ and all z € X. It follows from (5.6) that the
sequence {% f(2"x)} is a Cauchy sequence for all x € X. Since Y is complete, the sequence
{5 f(2"2)} converges. So one can define the mapping A: X — Y by
N
A(z) := nh—>ngo27 (2"x)

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (5.6), we get (5.6).
The rest of the proof is similar to the proof of Theorem 5.1. U

Corollary 5.4. Let r < 1 and 0 be positive real numbers, and let f : X — Y be a mapping
satisfying f(0) = 0 and (4.6). Then there exists a unique additive mapping A : X — Y such that

26
1£) =A@ < g

[l]l"
forallx e X.
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