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On common fixed point theorems of weakly compatible
mappings in fuzzy metric spaces
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Abstract: The purpose of this paper is to obtain common fixed point theorem in-
volving two pair of weakly compatible mappings in complete fuzzy metric spaces. Some
related results and illustrative examples are also discussed.

Keywords: common fixed point; weakly compatible mapping; complete fuzzy metric space; coinci-
dence point; point of coincidence

2010 MSC: 47H10, 54E50, 54E40, 46S50.

1. INTRODUCTION AND PRELIMINARIES

Let (X, d) be a metric space. A mapping T : X — X is said to be contraction if
there exists « € (0, 1) such that for all z,y € X,
d(Tz, Ty) < ad(z,y). (1)

If the metric space (X, d) is complete, then the mapping satisfying (1) has a unique
fixed point.
Rhoades [11] assumed a weakly contractive mapping f : X — X which satisfies the
condition

d(fz, fy) < d(z,y) — o(d(z,y)), (2)
where z,y € X and ¢ : [0,00) — [0,00) is a continuous and nondecreasing function
such that ¢(t) = 0 if and only if ¢ = 0. Rhoades [11] obtained the following extension.

Theorem 1.1. ([11]) Let T : X — X be a weakly contractive mapping, where (X,d) is
a complete metric space. Then T has a unique fixed point.

Dutta and Choudhury [7] introduced a new generalization of contraction principle
in the following theorem.

Theorem 1.2. ([7]) Let (X,d) be a complete metric space and let T : X — X be a
self-mapping satisfying the inequality
bld(fx, fy)) < Pd(z,y)) — pld(z,y)) (3)

for all z,y € X, where ¢, : [0,00) [ ,00) are both continuous and monotone
nondecreasing functions with ¥(t) = ¢(t) = 0 if and only if t = 0. Then T has a unique
fixed point.

9Corresponding authors: dyshin@uos.ac.kr (Dong Yun Shin), baak@hanyang.ac.kr (Choonkil Park)
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Common fixed point theorems of weakly compatible mappings

Several researchers have studied the existence of fixed points and common fixed points
of mappings (see [1, 2, 3, 4, 5, 6, 8, 9, 10, 12]).

In this article, we give a fixed point theorem for contraction maps in complete fuzzy
metric space, which improves and generalizes the above-mentioned result of Dutta and
Choudhury.

We recall some definitions before giving the main result of this article.

Definition 1.3. A binary operation * : [0,1]> — [0, 1] is called a continuous t-norm if
([0,1],%) is an Abelian topological monoid, i.e.,

1) % is associative and commutative;

) * is continuous;

)ax1=a for all a € ]0,1];

) axb < cxd whenever a < c and b <d for all a,b,c,d € [0, 1].

AAW\K\
W N

Definition 1.4. A 3-tuple (X, M, ) is called a fuzzy metric space if X is an arbitrary
set, * is a continuous t-norm and M is a fuzzy set on X?*x (0, 00) satisfying the following
conditions:

(1) M(z,y,t) >0,

(2) M(z,y,t) =1 if and only if x =y,
(3) M(z,y,t) = M(y,z,1),

(4) M(z,y,t) * M(y, 2,8) < M(z,2,t +s),
(5) M(z,y,.):(0,00) = [0,1] is continuous,
forallxy,zeXandt,s>0.

Definition 1.5. Let f and g be self-maps on a set X. If w = fx = gx for some x € X,
then x is called coincidence point of f and g, and w is called a point of coincidence of

f andg.

Definition 1.6. Let f and g be two self-maps on a set X. Then f and g are said to
be weakly compatible if they commute at every coincidence point.

2. MAIN RESULTS

Theorem 2.1. Let (X, M,t) be a complete fuzzy metric space, and let E be a nonempty
closed subset of X. Let S, T : E — E and I,J : E — X be mappings satisfying
T(E) C I(E) and S(E) C J(E) and for every z,y € X,

P(M(Sz, Ty, 1)) <P (Mi(x,y)) = e(Mr(2,y)), (4)

where 1 : [0,00) — [0,00) is a continuous and nondecreasing function such that ¢ (t) = 0

if and only if t = 0. ¢ :[0,00) = [0,00) is a lower semi-continuous function such that
o(t) =0 if and only if t =0, and

Myy(a.y) = max {M(Lz, Jy,t), M(Lz, Sz, ), M(Jy, Ty, ), (5)

%(M(I:z:, Ty, t) + M(Jy, S, t)) }

12 BATOOL ET AL 11-18
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If one of S(E), T(E), I(E), JE is a closed subset of X, then {S,I} and {T,J} have a
unique point of coincidence in X. Moreover, if {S, I} and {T,J} are weakly compatible,
then S, T, I and J have a unique common fixed point in X.

Proof. Let xy be an arbitrary point in X. Since T'(F) C I(E) and S(E) C J(FE), we
can define the sequences {z,} and {y,} in X by

Yon—1 = STopn_o = JTon_1, Yo = TTop_1 = [Ty, n=12-:-.

Suppose that ¢, = Yn,+1 for some ng. Then the sequence {y,} is constant for n > ny.
Indeed, let ng = 2k. Then yop = yor+1 and it follows from (4) that

(M (Yoks1, Yokr2, t)) = W(M(Sxo, Txopi1,t)) 6
< w(MI,J@zk,JJ%H)) - SO(MI,J(x%, I2k+1)),

where

My j(zok, Tog41)

= max {M(yzk, Yor+1, 1), M (Yor, STk, t), M (yort1, Txop41, 1),

1
3 (M(y%, Txopi1,t) + M(yors1, S, t)) }
1
= max {0, 0, M (yok+1, Y22, 1), 3 <M<y2k7 Yokt2,t) + 0) }
1
= max {M(y2k+1> Yok+2: 1), §M(y2k, Y2k425 t)}

= M (Yort1, Y2rs2, 1)
By (6), we get
V(M (Yokt1, Yor2, 1)) <YM (Yort1, Yort2, 1)) — (M (Yort1, Yort2, t)),

and 50 (M (Yak+1, Yort2,1)) < 0 and yopy1 = Yopro-

Similarly, if ng = 2k 4 1, then one easily obtains that yor1o2 = yor13 and the sequence
{yn} is constant (starting from some ng). Therefore, {S, I} and {7, J} have a point of
coincidence in X.

Now, suppose that M(y,,yni1,t) > 0 for each n. We shall show that for each

n=0,1,--,
M(yn+17 Yn+2, t) < MI,J<xna xn+1) = M(ynv Yn+1, t)' (7)
Using (4), we obtain that
V(M (Y2ni1, Yontost) = V(M (Sxan, TTon11,1))
< My, 1(x2n, Tant1)) — (M (T2, Tont1)) (8)
< Y(My 1 (22n, Tant1))-

On the other hand, the control function ¢ is nondecreasing. Then

M (yon+1, Yont2,t) < My (225, Tont1)- 9)
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Moreover, we have

M (22, Toni1)

= Inax {M(an, Yon+1, t)7 M(yzn, Sxoy, t); M(y2n+1, Twon41, t),

1

5 (M(an, Tx2n+1a t) + M<y2n+17 Sx?n? t)) }

= max {M(QQm Yon+1, t)v M

—~

Yon Yon+1, t)a

M<y2n+17 Yon+2, t)a M<y2n> Yon+2, t)}

DO | —

—~

Yont1, Yant2;t),
1
5 (M(y2n7 Yon+1, t) + M(y2n+17 y2n+2>) }

< max {M(me Yont1,t), M (Yon+1, Yoni2, t) }

< max {M(me Yon+1, t)v M

If M(yon+1,Yonso,t) = M(Yon, Yont1,t), then by using the last inequality and (9), we
have M j(z2n, Zont1) = M (Y2n+1, Yont2,t) and (8) implies that

w(M(an—H? Yon+2, t)) = ¢(M(Sx2n7 Tx2n+la t))
< 77Z)(M(y2n+17 Yons2, 1)) — SO(M(?J%H; Yon+2, t)>7

which is only possible when M (ya,11,Yons2,t) = 0. It is a contradiction. Hence
M (Y2n11, Yant2;t) < M(Yan, Yonir, 1) and My j(an, Toni1) < M (Yan, Yony1,t). By defi-
nition, My j(Ton, T2nt1) > M (Y2n, Y2nt1,t), and so (7) is proved for {M (Y2n11, Yon+2, 1) }-
In a similar way, one can obtain that
M (Yan+i3, Yanta,t) < MI,J($2n+2, Tont1) = M (Y2nt2, Yont1, 1)

So (7) holds for each n € N.
It follows that the sequence {M (y,, yn+1,t)} is nondecreasing and the limit

lim M(y’m Yn+1, t) = lim M[,J(x’m xn—l—l)

n—o0 n—oo

exists. We denote this limit by d*. We have d* > 0.
Suppose that d* > 0. Then

V(M (Yni1, Yny2, 1) <YMy (20, ng1)) — @(Mp g (20, Tnir))-
Passing to the (upper) limit when n — oo, we get

P(d) < () — T inf o(My (2, 701)) < (d°) = o(d),

i.e., p(d*) < 0. Using the properties of control functions, we get that d* = 0, which is
a contradiction. Hence we have lim,, oo M (Ypn, Yns1,t) = 0.

Now we show that {y,} is a Cauchy sequence in X.

It is enough to prove that {y.,} is a Cauchy sequence. Suppose the contrary. Then,
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for some € > 0, there exist subsequences {yon)} and {yom} of {y2n} such that n(k)
is the smallest index satisfying

n(k‘) > m(k) and M(yn(k), ym(k),t) > €.

In particular, M (yn(k),g,ym(k),t) < €. Using the triangle inequality and the known
relation |d(x, z) — d(x,y)| < d(z, z), we obtain that

lim M — lim M —1,t) = lim M
= lim M(an(k)+17 y2m(k)—17 t) = €

k—o0

By the definition of M(x,y,t) and by using the previous limits, we get that

lim M _1) = €.
Jim 1,7 (T2n(k), Tam@ky—1) = €

Indeed,
MI,J($2n(k)> $2m(k)—1)

= max {M(an(k)7 Yom(k)—1> 1)y M (Yan(k)> Yone)+15 1), M (Y2mk) -1, Yam(k), L),

1

B (M(?hn(k), Yom(k), t) + M(y2n(k:)+17 Yom(k)—1, t)) }

1
— max {6,0,0, 5(6 + e)} =€
Applying (4), we obtain
V(M (Yan(k)+1, Yom(k) 1)) = V(M (STanm)s TTomr)-1,t))
< UMy (Zank), Tamk)—1)) — LM77 (Tonk), Tamk)—1))-

Passing to the limit £ — oo, we obtain that ¢ (e) < ¢(e) —¢(€), which is a contradiction.
Therefore, {y,} is a Cauchy sequence in the complete metric (X, d). So there exists
u € X such that lim,, . y, = u.

On the other hand, F is closed and {y,} C E. Then u € E. Suppose that I(E) is
closed. Then there exists v € E such that

u=1Tv. (10)
We claim that Sv = u. Using (4) and (10), we have
(S0, g, 1)) = S (S0, T, 1)) < My (0, 2301)) — (M (0, 2302)), (11)
where

MI,J(Uax2nfl) - maX{M(y2nflau7t)aM(ua vat)>M(y2nflaTx2nflat)a
1
S (Mgt S0,6) + M(w, Tz 1,1)) |

1
— max {O,M(u,Sv,t),O, §M(u,5’v,t)} = M (u, Sv,t).

15 BATOOL ET AL 11-18



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.1, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Common fixed point theorems of weakly compatible mappings

Passing to the limit when n — oo in (11), we get
¢(M(Ua SU, t)) < @Z)(M(U, SU7 t)) - @(M(uu SU, t))
It follows that

u = Sv. (12)
Since u = Sv € SE C JE, there exists w € E such that
u=Juw. (13)

We claim that Tw = u. By (4), we get
V(M (u, Tw,t)) = p(M(Sv, Tw, 1)) < (M (v, w)) — o(My(v,w)),
where

My (v, w) = max {M(u, u,t), M(Iv, Sv,t), M(Jw, Tw,t),

%(M(Jw, Sv,t) + M(1v, Tw, t)) }

1
= max {O, 0, M (u, Tw,t), §M(U,Tw,t)} = M(u, Tw,t).
Hence (2) implies that
It follows that

u="Tw. (14)
Combining (10) and (12) yields
u=1Iv=Sv, (15)
that is, u is a point of coincidence of I and S. Combining (13) and (14) yields
u=Jw="Tw, (16)

that is, u is a point of coincidence of J and T.
To prove the uniqueness property of u, suppose that v is another point of coincidence
of I and S, that is,

! ! I

u =1Iv =5v
for some v' € E. By (4), we have
(M (U u, 1)) = (M(SV', Tw, 1) < G(Myy (v, w)) = (M (v, w)),
where

/7 ! 1 ’ !
M (v, w) :maX{M(u,u,t),0,0,§<M(u,u,t)—l—M(u,u,t))}

= M(u',u,t).

It follows from (2) that v’ = u.
Now, suppose that w is another point of coincidence of J and T', that is,

I /

u=jw =Tw
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for some w’ € E. Using (4), we obtain

(M (@, u, 1)) = (M (Sv, Tw, 1)) < (Mg (v,w)) = o(Mp(v,0)),
where
/ 1
My j(v,w ) = max {M(ﬂ,u, t),0,0, §<M(E, u,t) + M(w, u,t))}
= M(u,u,t).
It follows from (2) that @ = u.
Therefore, u is the unique point of coincidence of {S, 1} and {T', J}.
Now, if {S,I} and {T,J} are weakly compatible, then by (15) and (16), we have

Su = S(Iv) = I(Sv) = [u = w; and Tu = T(Jw) = J(Tw) = Ju = wy. By (4), we
have

Y(M (wy, wy, 1)) = (M (Su, Tu,t)) <My s(u,u)) — o(M; 5 (u,u)),

where
My j(u,u) = max {M(wl, wa, t),0,0, %(M(wl,wg,t) + M (wy, wg,t)>}
= M(wy,ws,t).
It follows that w; = w», that is,
Su=1Tu=Tu=Ju. (17)

By (4) and (17), we have
V(M (Sv, Tu, t) < (My,y(v,u) — (Mg (v, u)),
where

My j(v,u) = max{M([v, Ju,t), M(Iv, Sv,t), M(Ju,Tu,t),

% <M(Iv, Tu,t) + M(Sv, Tu, t)> }

= max {M(Sv, Tu,t),0,0, %(M(Sv, Tu,t) + M(Sv, Tu, t)> }
= M(Sv,Tu,t).
Therefore, we deduce that Sv = T'u, that is, u = Tu. It follows from (17) that
u=>Su=1Iu="Tu=Ju.

Then u is the unique common fixed point of S, I, J and T
The rest of the proof is similar to the above case and so the rest will be omitted. [J

Example 2.2. Let X = [0, 1] be equipped with the natural metric d(z,y) = | —y|. Now
fort € [0,00) define

Oift=0andz,y € X
M(%y,t):{ —Lt— ift#£0and z,y € X.

t+|z—y|
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Clearly, (X, M, *) is a fuzzy metric on X, where % is defined as a x b = ab. This fuzzy
metric space is complete.

1

Let E ={0,3,1} and we define T,S : E — E as
T0=T1=0 andT%zl, Sr = 0.
We also define I,J: E — X as
I0=T1=0and IL=1,J0=J1=0 and JL = 1.
The functions ¥ : ¢ : [0,00) — [0,00) are defined as
Y(t) =t and p(t) = L.
Then
77Z)(M<S$’Tyut)) < 77Z)(MI,J<x7y)) - @(MI,J(I7y))'
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Abstract

This paper proposes a latent Chikungunya viral infection model with saturated incidence rate. To take
into account the time lag between the initial viral contacts uninfected monocytes and the production of new
active CHIKYV particles the model is incorporated by intracellular discrete or distributed time delays. We
study the qualitative behavior of the model. Using the method of Lyapunov function, we established the
global stability of the steady states of the model. The effect of the time delay on the stability of the steady
states has also been shown by numerical simulations.

Keywords: Chikungunya virus infection; Latency; Time delay; Global stability; Lyapunov function.

1 Introduction

Mathematical analysis of viral infection models plays a substantial role in understanding the dynamics of human
viruses (such as HIV, HCV, HBV, HTLV and Chikungunya virus). The models have been developed to mainly
describe the relation among virus particles, uninfected target cells and infected cells [1]-[15]. The effect of
Cytotoxic T Lymphocytes (CTL) immune response or humoral immune response has also been modeled (see

g. [10]-[15]. Two main classes of mathematical models of viral infection have been proposed in the literature.
The first class of models are given by ordinary differential equations. The second class of models is given by
delay differential equations which incorporate the time lag between the initial viral contacts a target cell and
the production of new active viruses. Modeling the virus dynamics with two types of infected cells, latently
infected cells and actively infected cells has been studied by several researchers (see e.g. [2] and [14]). The

latent viral infection model has been formulated as [2]:

S(t) = p—aS(t) — bV (1)S(t), (1)
L(t) = (1= p)bV ()S(t) — (6 + NL(t), (2)
1(t) = pbV (t)S(t) + AL(t) — el (t), (3)
V(t) =mlI(t) —rV(b), (4)

where, S, L, I and V are the concentrations of uninfected cells, latently infected cells, actively infected cells and
free virus particles. Parameters a and p represent the death rate and birth rate constants of the uninfected cells,
respectively. The uninfected cells become infected at rate bSV, where b is a constant. The parameters 6, € and
r denote the death rate constants of the latently infected cells, actively infected cells and free virus particles,
respectively. An actively infected cell produces an average number m of virus particles. The parameter A is the
latent to active transmission rate constant. A fraction (1 — p) of infected cells is assumed to be latently infected

cells and the remaining p becomes actively infected cells, where 0 < p < 1.
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Chikungunya virus (CHIKV) is an alphavirus and is transmitted to humans by Aedes aegypti and Aedes
albopictus mosquitos. In the CHIKYV literature, most of the mathematical models have been presented to
describe the disease transmission in mosquito and human populations (see e.g. [17]-[22]). However, only few
works have devoted for mathematical modeling of the dynamics of the CHIKV within host. In 2017, Wang
and Liu [16] have presented a mathematical model for in host CHIKV infection model without considering the
latent infection.

The objective of this paper is to propose a CHIKV infection model which improves the model presented in
[16] by taking into account (i) two types of infected monocytes, latently infected monocytes and actively infected
monocytes, (ii) two types of discrete or distributed time delays (iii) saturated incidence rate which is suitable
to model the nonlinear dynamics of the CHIKV especially when its concentration is high. We investigate the
nonnegativity and boundedness of the solutions of the CHIKV dynamics model. We show that the CHIKV
dynamics is governed by one bifurcation parameter (the basic reproduction numbers Ry). We use Lyapunov

direct method to establish the global stability of the model’s equilibria.

2 CHIKY model with discrete time delays

We consider a within-host CHIKV dynamics model with latently infected monocytes taking into account two

discrete time delays.

S(t) = p—aS(t) — m (5)
. — ple 1M1 -7 -7
b = BT o4 i) ©

p676272bV(t — TQ)S(t — Tg)
L+ 7V (t—7)

V(t) =mI(t) —rV(t) — ¢B{t)V (1), (8)

B(t) = n+ cB(t)V(t) — 6B(t),

I(t) = + AL(t) — el(t), (7)

where, S, L, I, V, and B are the concentrations of uninfected monocytes, latently infected monocytes, actively
infected monocytes CHIKV particles and B cells, respectively. The CHIKV particles are attacked by the B
cells at rate ¢qVVB. The B cells are produced at constant rate n, proliferated at rate cBV and die at rate
0B. 711 denotes the time between the CHIKV contacts the uninfected monocytes and latent infection, while 75
denotes the time between monocytes infection and the production of active CHIKV particles. The probability
of latently and actively infected monocytes surviving to the age of 71 and 7, are represented by e~1™ and

e~%7  respectively, where §; and do are. We consider the following initial conditions:

S() = p1(?), L(¥) = p2(?), 1(9) = ¢3(9), V(¥) = @a(¥), B(¥) = ¢s5(1),
0i(¥) > 0,9 € [-7,0] and ¢; € C([-7,0],R>¢), ¢=1,2,...,5, (10)
where 7 = max {71, 72} and C is the Banach space of continuous functions mapping the interval [—7,0] into

R>o with norm ||¢;|| = sup |¢;(¥)|. Then the uniqueness of the solution for ¢ > 0 is guaranteed [23].
—7<9<0

2.1 Preliminaries

In this subsection we show the nonnegativity and boundedness of solutions as well as the existence of the steady
states of system (5)-(9).
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Lemma 1. The solutions of system (5)-(9) with the initial states (10) are nonnegative and ultimately
bounded.

Proof. From Egs. (5) and (9) we have S’S S H > 0 and B‘B =7 > 0. Thus, S(t) > 0 and B(t) > 0
for all ¢ > 0. Moreover, for t € [0, 7] we have -

L(t) = ¢2(0)e~ @+t 4 /t ((1 —p)e S —m)Viw - ﬁ)) e (O+NE=) g, > ),
0

1+ 7V(w—11)
¢ —0272b8(w — 1)V (w — T

t
— [(c+qgB(u)u c+ B(u))du
V()= pa()e 0 / ml(w)e = dw >0

By recursive argument, we get L(t) > 0,1(¢t) > 0 and V(¢) > 0 for all ¢ > 0.
Next, we establish the boundedness of the model’s solutions. The nonnegativity of the model’s solution
ds(t) < p — aS(t), which yields tlim sup S(t) < £. Let us define
— 00

X1(t) = (1—p)e " 8(t — 1) + L(t),
then

—517'1

. bV (t —11)S(t — 1) bV (t —1)S(t —11)
6171
X1(t) =1 —p)e (u aS(t—m) 1 (t ) ) 1 t .

[1,(1 —p)e_élﬁ — 01 ((1 —p) _517—15(15—7'1) +L( ) <pu 1— )—Ule( )

— 0+ N)L(t)

where o1 = min{a, 6 + A}. Then, tlim sup X1 (t) < My, and tlim sup L(t) < My, where M; = @. Let
—00 00 1

Xa(t) = pe™ TS (t = ) + I(t) + 53—V (8) + 5= B(t),

then we get

)AL — el ()

Xo(t) = pe 2™ (N —aS(t— 1) — bV (t —m)S(t — Tz)> + petors bV (t — 12)S(t — 7o

1+7V(t—72) 1+ 7V(t—12)
5 (mI(t) =TV (1) = V() BW) + 5 (1 + cBOV(E) — 0B(1))
= pue %2 — pe=%22qS(t — 1) + AL(t) — %I(t) + 265;70 26; (t) — Eq(scB(t)
< pp+ AM; + 2%7@ — oy (pe—52T25(t —m) +I(t) + %v q )

= pu + AMl + ﬂ — O'QXQ(t),
2me

where 0y = min{a, §,7,d}. It follows that lim supI(t) < M, lim supV(t) < M3z and lim sup B(t) <
t—o0 t—o00 t—o0
My, where My = % + %;2, Ms 2%’ and M, = 22’;0. This shows the ultimate boundedness of

S(t), L(t), I(t),V(t) and B(t). O
Lemma 2. For system (5)-(9) there exists a threshold parameter Ry > 0, such that
(i) if Rg < 1, then there exists only one positive steady state, virus-free steady state Q.
(i) if Rp > 1, then in addition to @, there exists an endemic steady state Q4
Proof.
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To calculate the steady states we let the R.H.S of system (5)-(9) be equal zero

bV S
g 11
0=p—aS- 17— (11)
e~ N1mpy S
=1-p)—— (0 L 12
0=(1-p) 02— O+ N, (12)
—0oT
pe 272pV S
=———+ AL —€l 1
e el, (13)
0=ml—rV —qVB, (14)
0=1n+cBV — 0B. (15)
From Egs. (11)-(15) we obtain
_ —0171
g p(l+7V) ,L:(l pe bVS’I: bBvV'S B= n_ (16)
bV +a(l+xV) (I+7V)(O+N) e(l+7V)(O0+N) d—cVv
where 8= A(1 — p)e %™ 4 pe~%72(f + \). Substituting Eq. (16) into Eq. (14) we have
mubp qn
—r— V =0. 17
c@+NOV +a(d+aV)) | s—cV (17
Equation (17) has two possibilities:
(i) V' = 0 which gives the virus-free steady state Qo = (So, Lo, lo, Vo, Bo) = (£,0,0,0, %),
(ii) V # 0 which gives
mubf a1 (18)
€@+ N (BV +a(l+7V)) 0—cV
Equation (18) takes the form PV? — P,V + P3 = 0, where
Py =rec(§ 4+ \)(b+ ma),
Py = —reca(f + N) + mubce(8) + € (rd + qn) (0 + \)(b+ wa),
Py = mpbpud (0 + N)e %™ 4 mubAd(1 — p)e 1™ — ea (rd + qn) (6 + N).
The constants Py, P, and P3 can be rewritten as
Py =rec(@ 4+ N)(b+ ma),
0 0
P, = 60“(7"“?7)( ) Ry — 1) + € (16 + qn) (0 + N) (b + ma) + w
Py =ca(rd+qn) (@ + M) (Ro—1),
where
R — mubd S
O ea(ré+ a0+ N
Let
0.1(V)=PV? - PV 4+ Py =0. (19)

If Rg > 1, then P, > 0 and Py > 0. We have ©,(0) = P3 > 0, ©; (&) = —2nl@tN(catdlbina)) o apq
©7(0) = —P, < 0. Then, Eq. (19) has two positive roots

P, — \/P? — 4P, P 0 P, + /P — 4P, P 0
V1:2 3 s 0 d Vy = 2+ 3 13>E'

2P1 C 2P1
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If V.= V3, then from Eq. (16) we get By = 5=k~ cV < 0. Thus, when Rg > 1, a positive endemic steady state
Q1 = (51, L1, I, V1, By) will appear, where

g n(+7h) _ b - plem I buBVA
YT a(l+aa) T 0+ NV +a(l+7) T €0+ A)OVE+a(l+aVh))
Vlzm—\/p%—ﬁlmps B "

2p1 ’ ! o — CV1 '

The parameter R represents the basic reproduction number. [J

2.2 Global stability

We define H(z) = x — Inx — 1. Clearly, H(1) = 0 and H(u) > 0 for v > 0. Denote (S,L,I,V,B) =
(S(8), L), 1(1), V (2), B(Y)):

Theorem 1. Suppose that Ry < 1, then Qg is globally asymptotically stable (GAS).

Proof. We define a Lyapunov functional Y} as:

YO(S,L,I,V,B):< b >SO (S>+)\L+I+ V+BOH<B>

0+ A So 0+ A By
A1 — p)e=m /Tl bV (t —9)S(t — ) s /” bV (t —9)S(t — 1)
272 do. 20
R L aaavi—g) Wtee o 1tav(E—v) (20)

dY(
Note that, Yy(S,L,I1,V,B) > 0 for all S,L,I,V,B > 0 and Y;(Sy,0,0,0, By) = 0. Calculating dito along the
trajectories of (5)-(9) we get

Yo B (1S (, .5 VS
dt 0+ A s )\! L+ vV
A ((1 —p)e TV (t —1)S(t — 1)
_|_
0+ A

Y S
pe 22 pV (t — 1) S(t — 2)
1+7V(t—m7) 6+ >+ L+7V(t— 7o)

B
+AL—eI+6(mI—rV—qVB)+€q(1—0) (n+cBV — §B)
m mce B

+ )\(1 — p)e*islﬁ bVS . bV(t - Tl)S(t - Tl) + 67627—2 bVS . bV(t - TQ)S(t - T2)
0+ A 1+7V 1+7V(t—m) p 1+7V 1+ 7V (t— 1)

aﬁ (S - 50)2 ﬁ bSOV erV GQB()V €q BO
- _er (129 (5B, - 6B
ES Giritny  m om o me\' B )PP
0B (S-S0 (B By lri+a) mpubo Dy
04 S me B md ea(rd +qn)(@ + (1 +7V)
aB (S—S0)% g (B—By)? e(rd+qn) e(rd + qn)RomV?
=- - —)V - 21
0+ S me B + mo (Ro = 1)V md(l+ V) (21)

Therefore, % < 0 holds if Ry < 1. Further, % = 0 if and only if S = Sy, B = By and V = 0. By LaSalle’s
invariance principle, Qo is GAS. O

In the next theorem we show the global stability of Q.

Theorem 2. Suppose that Ry > 1, then @ is GAS.
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Proof. Consider

B S A L I 14 €q B
Y] L 1,V.B)= L H L1 H —BH|—
1(5, ) 7‘/7 ) 0+)\Sl Sl +9+/\ 1 Ll +4h Il + ‘/1 ‘/1 +mC ! Bl

A1 —=ple nm SV [T (t—9)S(t—9)(1+7V1)

+ 0+ \ 1+17r11/1/0 H( SiVi (14 7V (t—1 ))1)%
Cogry DSV [T V(= 09)S(t —0)(1 4+ 7V1)

’ 1+7TV1/ H( SiVi (14 7V (t—19)) )dﬁ.

+ pe

dY;
We have Y1(S,L,I,V,B) >0 for all S,L,I,V,B > 0 and Y1(51, L1, 1, V1, B1) = 0. Calculating d—tl along the

trajectories of (5)-(9) we get

B (5 a5 VS
T ES) s ) \! 1+av

LA <1_ L1> ((lp)eélnbV(tﬁ)S(tTl) B (9+A)L>

0+ A L L+ 7V(t—7)
I\ [ pe 22720V (t — 79)S(t — T2) € Vi
1- = L—el)+—(1-— I—rV —qVB
+( I)< T V(=) +AL—€l) + v (mI —7rV —qVB)

e (o B M1 —ple=am BV S bV —m)S(t—11)
+mc<1 B>(U+CBV oB) + 0+ A 1+7V 1+7V(t—m)

+ )\(1 —p)ei(;l‘rl bSlVl ln V(t—Tl)S(t—Tl)(l—Fﬂ'V) + — 8372 bVS . bv(t_TQ)S(t—TQ)
6+x  1+aW VSA+aV(t—m)) pe 1tV 1+aV(t-m)

_ bS1V; V(t—12)S{t—m)(1+7V)
Sor 1V1 2 2
272 | . 22
e T n( VS +aV(t—1)) (22)
Applying
S1V;
p=aS+ 1ﬂl/1, n=0By — cB WA,
we obtain
vy, B S1 8 bS1V; S1 8 bS1V
at 0+>\<1 5>(S Bl Sl Gy R S e v
/\(1 — ,0)6_517-1 bV(t — Tl)S(t — T1)L1 _s bV(t — TQ)S(t — Tg)[l AL eIV
_ Ly — 272 _ I —
0+ A AL e 1+ aV(t— )l 7 e
- ﬂ n reVi n eqBV; L& €q 1 E (6B1 — 0B) — eqBV 7 eqB1 V1 n eqB1Vy &
m m m mc B m m m B

bS1 Vi [A(1L = ple=0im Vit—7)S{t—m)(1+7V) b Vit —12)S{t—1)(1+xV)
1+7TV1{ Y 1“( VSA+aV(t—m)) )”eé ln( VS +aV(t—m)) )]

Using the equilibrium conditions for @Q1:

_s.m DS1V] s DSV
(1—pe 51 1ﬁ7ﬂ1/1 = (0 + ALy, pe 5171 : +17r‘1/1 + ALy =¢ely, mly =rVi 4+ qB1 V1,
we get
6[1 _ B bSlvl T€V1 _ ﬁ bSlVl B qu1V1

O0+X(1+7V1)" m 0+ X(1+7Vy) m
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and
i aB (S-S Ml-pe T WSV (S
d  60+Xx S 6+ X (1+7V) S

som DSIVA Sy B bSivi ((L+7V)V  V
+ pe” 72 1—— 1]+ -
1+7W S 0+X) 1+7Vi \Q+7aV)Vi W,

)\(1 — p)e*‘slﬁ bSlVl V(t — Tl)S(t — 7'1)(]. + 7TV1)L1 )\(1 — p)eiélﬁ b51V1

6+ \ 1+7vi  (1+7aV(t—m))SiViL 0+ A (1+7V1)
IR bS1 V4 V(t—Tz)S(t—Tg)(l-‘rTf‘/l)Il _ )\(1 —p)€_617—1 bS1Vq E
1—|—7TV1 (1+7TV(t—7’2))S1V1[ 9+)\ 1+7T‘/1 Lll
n /\(1 — p) 6_617—1 bS1V; n 6_527_2 bS1 V4 B /\(1 — p)@—5171 bS1V; ﬁ
0+ A A+m) P 1+ V1) 0+x  1+aVi LV
B 676272 bS1 V1 ﬁ /\(1 — p)eialﬂ bS1 V4 4 Y S, bS1 V4
P 1+ LV b+x  (Q+mn) P 1+ )
2¢qB1Vi  €qBV, eqB1V; (Bl> €q0 (B — B1)?
m m m B mc B
b51V1 A(l—p)eiéln V(t—Tl)S(t—Tl)(1+7TV) Y V(t—Tz)S(t—Tg)(l-’-’/’TV)
In + pe~ 272 1n .
1+7V; 0+ A VSA+4+xV(t—m)) VS14+nV(t—1))

Using the following equalities:

V(t—7)St—7)1+7V)\
1“( VSA+aV({t—m)) >_ln

S1 A% Ll 1+7V
V(f*Tl)S(thl)(].*F’]TVl)Ll
(1+7TV(t—Tl))51V1L ’

é
1n<V(t—Tg)S(t—TQ)(1+7TV)> mé&) in (IV1> +ln<1+ﬂ/)

VS +aV(t—1)) 5 nLv 1+7V;
V(t - TQ)S(t - Tg)(l + 7TV1)11
(1+7I'V(t7T2))51V1] ’

we get

dY1 CLB (5—81)2 B bSlVl (_1 (1+7TV1)V %4 1+7TV)

A S L Ny & g A+mV)Vi Vi 1+

A1 —=ple=am pSiV T S1 S1 M1 —=ple=0m pS1V; JA% v
: HI—)i—))\ (1+7V1) _1S+1n(5ﬂJr : 91—0&—))\ (1+7V1) {1W+ln<h‘/>}
N A1 —=ple=a™ bSIV; _1_ V(it—7)S{t—m)(1+7V1)Ly I (V(t—Tl)S(t—T1)(1+7TV1)L1>:|
0+ A (I+7V1) | (I+7V(t—m))S1ViL (I+7V(Et—m))S1ViL
ML —ple am bS1Vy [ 147V 1+7V
0+x (1+7V) | 1+7W (1+7TV1>:|
A1 —ple ™ bSiVy [, LI LI
S a1 (7))
s BV [ Sy S, AT v v
+ pe %2 T, _1— g—&-ln (S)} +pe? D) {l—j_lv—&-ln (W)}
L peiem bS1 V1 '1 V(t—m)St-m)(1+7V)h i (V(t —7)S(t — 7o) (1 + m/l)h)]
1+7V1 | (I+7V(t—m))51 Vi1 (1+7V(t—m12))51 V11T
bV [ 14V ln(1+wv)] @ (B-B)?  eBVi {2 B Bl}
1+7V1 | 14+ 7V; 14+ 7V;

+

+

—8272

B, B

+ pe

me B m
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_af(S=51)* en (B-B1)* B TS (V-Vi)*? A1 - ple~m bS 1y I S1
B @+ NS meBy B O+ A (1+7V)1+7Vp)? 0+ A (1+7W) S

() o () oo (U e )+ ()

e o (5) e () (228 ()

dY dY;
It can be seen that if Rg > 1, then ditl <0 forall S,L,I,V,B > 0 and d—tl = 0 if and only if S = 57,
L=I1,,1=1,V =V, and B = B;. It follows from LaSalle’s invariance principle that, @}, is GAS. O

3 CHIKY model with delay-distributed

We suggest a dynamical model for within-host CHIKV infection with latently infected monocytes taking into
account the distributed delays.

o bV(t)S(t)
e V=TSt —7)
(1-p / e L e = (04 ML), (25)
p—bar V(= T)S(t —7) B
—pb/ & T dr + AL(t) — el (t), (26)
V(t) =mlI(t) —rV(t) = qV()B(), (27)
B(t) =n+cB)V(t) — §B(t). (28)
where, & (7) and & (7) are probability distribution functions which satisfy &;(7) > 0 and &(7) > 0, and
/ON1 &i(T)dr = /0'*@2 &(r)dr =1, /OK1 &1(u)e™du < oo, /0“2 &a(u)e™du < oo, (29)
where n is a positive number. Let
_ [ 7)e~ 7 dr an = b T)e 2T dr
- [ a@etrarmd K= [ ame
Then 0 < £ <1, 0 < K <1. The initial conditions for model (24)-(28) take the form
S(p) =1(e), Llp) =v2(p), 1(p) = ¥3(p),
V(e) = valp), Bly) = %(@)
1/).7(90) >0, pe [_67 O] =1,..,5 (30)

where ¢ = max{r1, K2}, ¥; € C([—¢,0],R>0). This guarantees the uniqueness of solution of the system [23].

3.1 Preliminaries

Lemma 3. The solutions of system (24)-(28) with the initial states (30) are nonnegative and ultimately
bounded.
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Proof. From Lemma 1 we have S(¢) > 0 and B(t) > 0 for all ¢ > 0. Moreover, one can show that for ¢ > 0

- _ _ S(u—7)V(u—r1)
— (0Nt _ (04X (t—u) 6T
L(t) = =0+t (0) + (1 b/ / e () e drdu > 0
_ _ Su—71)V(u—1)
_ et —e(t—u) ST
I(t)=e wg()+pb/ (/ &o(7) V) dr 4+ AL(u) | du > 0,
V(t) . bf(c+qB u))u / m[ —{(c—Q—qB(u))dudw > 0.

From (24), we have t1i>I£o sup S(t) < £ Let Ty(t) = (1 — p) [ &4 (r)e 7 S(t — 7)dr + L(t), then
i) - w/ ’“W‘”T( R L

s V(= T)S(E = 7)
R e P20

< (1 - p)E — o ((1 -0 [ @@t - nar+ 1)
0
< u(l —p) — o1 Ta(t).
It follows that, tlim sup 11 (t) < My. Since [; & (7)e™7S(t — 7)dr > 0, then tlim sup L(t) < M. Let
—00 —00

Ty(t) = p/om Ea(T)e 2T S(t — T)dT + I(t) + %V( )+ ﬂB( ),

then we have

e [t oD

+ pb /ON2 Eo(T)e™ %7 Vl(:_;ai(t__r;) dr+ AL(E) — el ()

+ 5 (mI(t) =TV (t) = qV()B() + 5 (n+ cBOV (1) - 6B(1))

< pupK + ALy — 0 (p /Om E(r)e 027 S(t — 7)dr + I(t) + —V(t) + — B(t))

2m 2me

< pup+ AL, — 02T2(t).

Then tlggo supT>(t) < My. It follows that hm supI(t) < My, hm sup V(t) < M3 and tlggo sup B(t) < My.
Therefore S(t), L(t), I(t), V(t), and B(t) are ultlmately bounded D

Lemma 4. For system (24)-(28) there exists a threshold parameter R > 0, such that

(i) if RY < 1, then there exists only one positive steady state, virus-free steady state Q.

(i) if ROD > 1, then in addition to Qq, there exists an endemic steady state @1

Proof. Similar to the proof of Lemma 2 we can show that if RY < 1 then there exists Qo = (S, 0, 0,0, By),
where Sp = £ and By = 1, and if RE > 1 then there exists Q; = (S1, L1, I1, Vi, By), with

p(l+7vy) I E(1 — p)bul; I buViy
WVita(l+avi) ' 0+NOVI+a(l+aVa) T @+ N0V +a(l+7V))
2
PP\ (PP)’ —4PPPP 4

Ui
¢ g=_"T_
2PP Tt T s —eny

Sy =

‘/1:
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where
y=FEX1—p)+Kp@+)N), PP =re(@+N\(b+ma),
pp =" (’““g") OFN RE 1) 4 ¢ (15 + qu) (0-+ N (b + ma) +
PP =ea(rd+qn) (0 +N)(Rg —1).

caqen(0 + X)
6 b

The basic reproduction number for system (24)-(28) is defined as
mubdy
ea(ré +qn)(0+N)’

Ry =

3.2 Global stability

In this section we construct suitable Lyapunov functions to prove that the steady states Q¢ and @ of system
(24)-(28) are GAS.

Theorem 3. Suppose that RY < 1, then Qg is GAS.

Proof. Let us define Y’ (S,L,I,V, B) as

s A B
) 7 o L+1 V —B H
0 0+>\S° (50)+9+A TR T e <Bo>

e (tfﬂ)S(tfﬁ) 2 Csyr [T V(E—=0)S(t =)
9+)\ / fune” /0 L+ 7V (t—9) dﬁdT”b/O G(r)e? /0 Lr v —g) @i Bl

ayy
Note that, Y?(S,L,I,V,B) > 0 for all S,L,1,V,B > 0 and Y;”(Sy,0,0,0, By) = 0. Calculating —>

the trajectories of (24)-(28) we get

Py (S g VS
dt O+ A s ) \HT Ty

(0 [ IS )

along

5 V(E—=T)S(t—T) B € o
+pb/ §a(T)e e ) dr + AL — el + (mI rV —qVB)

+€q( —%)(ﬁJchV 5B) + 9 3 / &(r “‘”(bvs —bV(t_T)S(t_T)>dT

me 1+7V 1+7aV(t—r1)
2 _ bV S bV (t—1)S(t—71)
627’
b 0 &2(r)e <1+7TV 1+7aV(t—r1) dr

_ 2
SIS (o Y Vb (B g,

0+ A S 64+XN) ) 14+7V  m m mce

_ay (8=50)° eqd(B—Bo)*  erd+aqn) p .., €rd+gnRETV?

CES) S me B + mo (Ro" =DV mé(l+7V) (32)
D D

dY,
< 0 holds if RY < 1. Further, 9 — 0if and only if S = Sy, B = By, V = 0. Applying
LaSalle’s invariance principle, we get that Qg is GAS . [J
Theorem 4. Suppose that RY > 1, then Q; is GAS.

Proof. Consider

vy S A L 1 1%
L, 1,V.B WH | — L1H I1H
(S V,B) = 0T )\S (S1>+9+>\ 1 (L1>+ 1 <I1)+ —ViH (V1>

e B\ A(l-p) bSiVi / _61T/ V(t—9)S(t —9)(1+ W)
+chlH(B1)+ i irav ), 9O SVaravi—w) )W

pb51V1 . S( 19)(1+7TV1)
+1+7TV1/0 Ea(m)e /OH< SV L+ AV =) >dﬁd7’
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D
We have Y;P(S,L,I,V,B) > 0 for all S,L,I,V,B > 0 and Y{”(Sy, L1, I;,V1, B;) = 0. Calculating dzl/; along
the trajectories of (24)-(28) we get
YD
avit _ 7 1_ﬂ u—aS—ﬂ
dt 0+ S 14+7V
A Ly - V(t—1)S(t—71)
1—-— 1—0p 7 dr—(0+\)L
+9+A( L)( / &l e e L G
L s V(t—T)S(t— 1) Vi
+ <1 I> (pb ; &(1)e . +7TV(t— . dr+ AL — el 1 v (mI —rV —qVB)

B b1 bV S bV(t—7)S({t—71)
+mc(1‘3>(’7+CBV OB) + 9+>\ / &7 (1+7rv_ 1T+ aV{i—1) )dT
AM1—p) bS1V; s (t—7)S(t—7)L+7V)
+ CESN 1+7rV1/ & o ( VSA+7V(t—1)) )dT

—_ bV S _bV(t—T)S(t—T)
+p/ &(7 (1+7rv 1+ aV({t—r1) )dT

prlVl/ £(r)e="" In < (tT)S(tT)(1+7TV)>dT. (33)

1+7rV1 VSA+nV(t—r1))
Applying
bS,V;
o= a51 + 1 +17T‘1/17 n = 5B1 — cBlVl,
we obtain
dyy” gl S1 v bS1 Vi Sy
— 17 i . I =
at 9+)\< s)(asl QS)+<9+)\)1+7TV1< s)
Yy bSﬂ/ 1 / _5 V(t— ) ( T)L1
17T L
GrALrav 0+>\ &l AT )L T
sVt —7)S({t—1)1 )\Lfl elVi reV  reVy  eqBV;
— pb 027 dr — el -—
'D/ &7 (1+7TV(t—T))I I Ty m m T m
+(1_3) (0B, — 0B) — qulV_qulm+qulV1 (Bl)
mc B m m B

A1 —p) bS1 — t—7)S{t—71)(1+7V)
0+ \ 1+7TV1/ Ga(r)e”’ 1( VS +aV(t—r1) )dT

L SV sar (V=TS = )1+ V)
1+7rV/ &(r)e” i < VS +aV(t—r1) >d7'

The components of the steady state )1 satisfy

bS1V; bS1V;
E(1 - p); ;ﬂ% (0+NLi, Kpp— ! ‘1/ + ALy = elh, mI, = rVi + qB1 VA,
then
I Yy bSlVl 7‘6‘/1 Y bSlVl Gquvl
€ = = —
! O+ X(1+7Vy)’ m 0+ X\ (1+4+xV) m
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and

ayP ay (S—51)2 EX1-p) bS1V) <1 B Sl)

7 T N - TR W a1 S

bS1Vi S1 0 bSivi ((l+a)V V

Kp—2tt (2L -z

+ p(1+wv1)< S>+(9+>\>1+7rV1 <(1+7rV)V1 Vi
A1 —p) bSIW; NSt~ (L + V)L, EXL=p) bSiVa

— —617’ (
0+X 1+7V / &l (1+aV(t—7)SViL 0+x (1+aVi)
pr1‘/1 / 5 7527_ ( — )S(t—T)(1+7TV1)Ild EA(l —p) bSl‘/l IlL
2 P,

A+aVt—m)SIViI 0+ r 1+av Ll

147V
EX1—p) bSiW; bSiVi EA(1—p) bSiVi IV} SV IV;
0+x (I+av) A+ T 0+x 1+anLv P Iravi LV
EX1—p) b0S iV} L Kp bSiVi  2eqB1V3 N quVl L «4BiM (Bl)
0+Xx (1+71) (14 xV4) m m B
_ €qd (B - Bl)2 A1 —=p) bS1; )57 In (t—7)S{t—7)(147V) d
me @+ X 1+7rV1/ &l < VSA+nV(t—r1)) ) g

prlVl e t—7)St—7)1+7V)
1—|—7TV1/ &a(r)e” 1( VS(I+aV(t—r) )dT'

Utilizing the following equalities

V(it—7)St—7)1+aV)\
1“( VS +aV(t—r1) )‘ln

Sl) +In (Ivl) +In (HW‘/) +n <Ml>

S Lv 1+7V; IRV

Vit—7)S(t—7)(1+7V1)Ly
(1+7TV(t—T>)51V1L >’

|
hl(V(t—T)S(t—T)(l—!—ﬁV)) ln§51> o (11/1) . <1+ﬁv>

VS(A+aV(t—1)) Lv 1+7V;
V(t—7)S(t—7)(1+ wvml)
(14+7V(Et—1))S1 VI ’

we have

dyP ay (S—51)2 v bSiWh (_1 1+7Wn)V V 1+71'V>

S 0+A1+7V I+aV)Vi Vi 147V

EX1—p) bSiV; Sy Sy EX1-p) bSiV; Vi v
(6(+>\))(1+7rV1) [1_S+ln (S)] * (9(+/\) 1 +7Vi) [1_I1V+IH (EV)]
EX1—p) bS1Vy e Vit—-7)St—7)1+7V1)Ly
Y 1+7TV1E/ & { A +aV(t—T1)S VL
Vit—7)St—7)(1+7V1)Ly
(e ﬂd
EX1—p) b Vi [ 14wV ln<1+wv>} EX1-p) bSV; {I_Lhﬂn(mﬂ
0+ 14+71; 1+7V; 1+7V; 0+ (1+7V) LI LI

bS1Vy S1 S1 bS1 W1 JA%] JA%]
ol (el )
b51V1 _527_ V(t—T)S(t—’T)(l-i‘ﬂ'Vvl)Il
T K/ &(r [ A4V —T1)SII
Vit—-—7m)St—7m)1+7V1)h
Hn( L+ 7V({—7)SVil ﬂ !
% {1_ 147V 1n(l—i—wV)] €qd (B — B1)?  eqB1V; {2_ B Bl}
(1+7V4) 1+7V; 1+ 7V,

_|_

By B

me B m

+ Kp
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¢ (9 1 >\> = _551)2 - (9 1 A) 1 Zbiif(;ﬁmjm

eqn (B — Bl>2 E)\(l — p) bS1 V4 S A% 147V Ll
- - H| — H| — H H| —
meBy B 0+Xx 14+aV; S + LV + 1+7V; + LI

1 [ oy (VE—T)SE—T)A +7V1) L4
+E/O &i(r)e™ H( (1+7aV(t—1))S$iViL >d7}

bS1 V1 S1 IV 1+7V
—Kp——— |H | —= H| — H
p<1+wv1>{ (S)+ (LV)+ (val)

By Sy e e )

dyP
It can be seen that if RY > 1, then Sy, Ly, I;,Vi,B; > 0 and d; < 0 for all S,L,I,V,B > 0. We have
ay;P
d; =0ifand only if S =5, L =L, I =1,V =V;,B = B; and H = 0. Then using from LaSalle’s

invariance principle, we show that Q7 is GAS. O

4 Numerical simulations

Next we conduct numerical simulations for system (5)-(9). The values of the parameters are listed in Table 1.

We let 7; = 7, = 75. The following initial conditions are used:
01(9) = 1.7, 02(9) = 0.4, p3(F) = 0.6, 4 () = 0.6, o5(¢) = 1.6, ¢ € [—7;,0]

In Figures 1-5, we show the evolution of the five states of the system S, L, I, V and B with respect to the
time. The effect of 7; on the stability of Q¢ and @1 is also shown. We can see that, for smaller values of 7;
e.g. 7, = 0.0,0.5,1.0 and 2.0, the corresponding values of R satisfy Ry > 1, and the trajectory of the system
converges to the steady states Q1. This confirm the results of Theorem 2 that @1 is GAS. On the the other
hand, when 7; become larger e.g. 7, = 3.0 and 5.0, then Ry < 1, and the system has one steady state @Qy. and
according to Theorem 1 it is GAS. For this case, the concentrations of the uninfected monocytes and B cells
return to their values Sy = £ = 2.2885 and By = ¥ = 1.1207, respectively, while the CHIKV particles are
cleared from the body.

Let 7" be the critical value of the parameter 7;, such that

~bmop(A(1— p)e= T + p(6+ N)e 07

R
0 ea(rd + qn)(0 + N

=1

Using the data given in Table 1 we obtain 7¢" = 2.01206. The value of Ry for different values of 7; are listed in
Table 2. We can observed that as 7; is increased then Rg is decreased. Moreover, we have the following cases:

(i) if 0 < 7; < 2.01206, then @)y exists and it is GAS,

(ii) if 7, > 2.01206, then Qg is GAS. It is clearly seen that, an increasing in time delay will stabilize the
system around @Qg. Biologicaly, the time delay has a similar effect as the antiviral treatment which can be used
to eliminate the CHIKV. We observe that, when the delay period is sufficiently long the CHIKV replication will
be cleared.
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Table 1: The values of the parameters of model (5)-(9).

H Parameter H Value H Parameter H Value H
[ » w| o o]
= [ o | 4 Jowe]
| c | 12129 | r [ 0.4418 |
I a | 0.7979 | n | 1402 |
v [ | o [ o]
0 Lo | n ]
I € |oasa1 | = | varied ||
o [ v ] os |
1o 1

Table 2: The values of steady states, Ro for model (5)-(9) with different values of 7.

T Steady states Ry
0.0 = (1.6788,0.4054, 0.6390, 0.6152,2.7772) | 2.7347
0.5 Q1 = (1.7636,0.2718,0.4284,0.4986,2.1694) | 2.1298
1.0 Ql = (1.8827,0.1637,0.2580, 0.3562, 1.7120) | 1.6587
1.5 = (2.0497,0.0750,0.1182,0.1895,1.3729) | 1.2918
2.0 = (2.2819,0.0016,0.0025, 0.0046, 1.1257) | 1.0060
2.01206 Qo = (2.2885,0,0,0,1.1207) 1.0000
2.5 Qo = (2.2885,0,0,0,1.1207 0.7835
3.0 = (2.2885,0,0,0,1.1207 0.6102
3.5 = (2.2885,0,0,0,1.1207 0.4752
4.0 Qo = (2.2885,0,0,0,1.1207 0.3701
4.5 = (2.2885,0,0,0,1.1207 0.2882
5.0 = (2.2885,0,0,0,1.1207 0.2245
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Figure 1: The evolution of uninfected monocytes.
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Figure 2: The evolution of latently infected monocytes.
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Figure 3: The evolution of actively infected monocytes.
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Figure 4: The evolution of free CHIKV particles.
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Figure 5: The evolution of B cells.

5 Acknowledgment

This article was funded by the Deanship of Scientific Research (DSR) at King Abdulaziz University, Jeddah.
The authors, therefore, acknowledge with thanks DSR for technical and financial support.

References

[1] M. A. Nowak and C. R. M. Bangham, Population dynamics of immune responses to persistent viruses,
Science, 272 (1996) 74-79.

[2] D.S. Callaway, and A.S. Perelson, HIV-1 infection and low steady state viral loads, Bull. Math. Biol., 64
(2002), 29-64.

[3] C. Connell McCluskey, Y. Yang, Global stability of a diffusive virus dynamics model with general incidence
function and time delay, Nonlinear Analysis: Real World Applications, 25 (2015), 64-78.

[4] A. M. Elaiw and S.A. Azoz, Global properties of a class of HIV infection models with Beddington-DeAngelis
functional response, Mathematical Methods in the Applied Sciences, 36 (2013), 383-394.

[5] A. M. Elaiw, Global properties of a class of HIV models, Nonlinear Analysis: Real World Applications, 11
(2010), 2253-2263.

[6] G. Huang, Y. Takeuchi and W. Ma, Lyapunov functionals for delay differential equations model of wviral
infections, STAM J. Appl. Math., 70(7) (2010), 2693-2708.

[7] D. Huang, X. Zhang, Y. Guo, and H. Wang, Analysis of an HIV infection model with treatments and
delayed immune response, Applied Mathematical Modelling, 40(4) (2016), 3081-3089.

35 ELAIW ET AL 19-36



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.1, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

8]

[9]

[10]

[11]

[12]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

K. Wang, A. Fan, and A. Torres, Global properties of an improved hepatitis B virus model, Nonlinear
Analysis: Real World Applications, 11 (2010), 3131-3138.

A. U. Neumann, N. P. Lam, H. Dahari, D. R. Gretch, T. E. Wiley, T. J, Layden, and A. S. Perelson,
Hepatitis C viral dynamics in vivo and the antiviral efficacy of interferon-alpha therapy, Science, 282
(1998), 103-107.

A. M. Elaiw, A. A. Raezah and A. S. Alofi, Stability of delay-distributed virus dynamics model with cell-to-
cell transmission and CTL immune response, Journal of Computational Analysis and Applications, 25(8)
(2018), 1518-1531.

X. Shi, X. Zhou, and X. Son, Dynamical behavior of a delay virus dynamics model with CTL immune
response, Nonlinear Analysis: Real World Applications, 11 (2010), 1795-1809.

H. Shu, L. Wang and J. Watmough, Global stability of a nonlinear viral infection model with infinitely
distributed intracellular delays and CTL imune responses, SITAM Journal of Applied Mathematics, 73(3)
(2013), 1280-1302.

A. M. Elaiw, A. M. Althiabi, M. A. Alghamdi and N. Bellomo, Dynamical behavior of a general HIV-1
infection model with HAART and cellular reservoirs, Journal of Computational Analysis and Applications,
24(4) (2018), 728-743.

A. M. Elaiw and N. H. AlShamrani, Global stability of humoral immunity virus dynamics models with
nonlinear infection rate and removal, Nonlinear Analysis: Real World Applications, 26, (2015), 161-190.

A. M. Elaiw and N. H. AlShamrani, Stability of a general delay-distributed virus dynamics model with
multi-staged infected progression and immune response, Mathematical Methods in the Applied Sciences,
40(3) (2017), 699-719.

Y. Wang, X. Liu, Stability and Hopf bifurcation of a within-host chikungunya virus infection model with
two delays, Mathematics and Computers in Simulation, 138 (2017), 31-48.

Y. Dumont, F. Chiroleu, Vector control for the chikungunya disease, Mathematical Biosciences and Engi-
neering, 7 (2010), 313-345.

Y. Dumont, J. M. Tchuenche, Mathematical studies on the sterile insect technique for the chikungunya
disease and aedes albopictus, Journal of Mathematical Biology 65(5) (2012), 809-854.

D. Moulay, M. Aziz-Alaoui, M.Cadivel, The chikungunya disease: modeling, vector and transmission global
dynamics, Mathematical Biosciences, 229 (2011) 50-63.

C. A. Manore, K. S. Hickmann, S. Xu, H. J. Wearing, J. M. Hyman, Comparing dengue and chikungunya
emergence and endemic transmission in A. aegypti and A. albopictus, Journal of Theoretical Biology 356
(2014), 174-191.

L. Yakob, A.C. Clements, A mathematical model of chikungunya dynamics and control: the major epidemic
on Reunion Island, PLoS One, 8 (2013), e57448.

X. Liu, and P. Stechlinski, Application of control strategies to a seasonal model of chikungunya disease,

Applied Mathematical Modelling, 39 (2015), 3194-3220.

J. K. Hale and S. M. Verduyn Lunel, Introduction to Functional Differential Equations, Springer Verlag,
New York, 1993.

36 ELAIW ET AL 19-36



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.1, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Dynamical behavior of MERS-CoV model with discrete delays

H. Batarfi, A. Elaiw and A. Alshareef
Department of Mathematics, Faculty of Science, King Abdulaziz University,
P.O. Box 80203, Jeddah 21589, Saudi Arabia
Emails: hbatarfi@kau.edu.sa (H. Batarfi),
a-m_elaiw@yahoo.com (A. Elaiw),
3beer23sh@gmail.com (A. Alshareef)

Abstract

A nonlinear mathematical model for Middle East Respiratory Syndrome Corona Virus (MERS-CoV)
with two discrete time delays is proposed and analyzed. We show that the solutions of the model are
nonnegative and bounded. We derive the basic reproduction number for the MERS-CoV model, Ry. we
prove that if Ry < 1 then there exists a disease-free equilibrium Py and Ry > 1 then in addition to Py
the model has an endemic equilibrium P*. Utilizing Lyapunov method, the global asymptotic stability of
disease-free equilibrium of the proposed model is obtained. The dynamical behaviour of the model is also

shown by numerical simulations.

Keywords: Infectious diseases; global stability; Lyapunov functional.

1 Introduction

Mathematical of infectious diseases have received the attention of several researchers during the past decides.
Some of the models are given by a set of ODEs (see e.g. [1]-[12]). For some disease such as influenza, on
adequate contact with an infective, a susceptible individual becomes exposed, that is, infected but not infective.
This individual stays in exposed class for a certain latent period before becoming infective. This period can been
described as delays on the spread of infectious diseases, and thus, delays should be incorporated into infection
term in the system. As a result, the models are given by DDEs (see e.g. [13]-[19]). There are two types of time
delays: (i) discrete delay, where the time delay is assumed to be constant (see e.g. [13]-[15]), (ii) distributed
delays, where the time delay is assumed to be random parameter taken from probability distributed function
(see e.g. [16]-[19]). Recently, Chowell et al. [20] have studied the spread of a Middle East Respiratory Syndrome
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Corona virus (MERS-CoV) by using a SEIR-type compartmental transmission model as:

dS  BSLi+I,+¢H)

e 1
dt N @ (1)
dE;
a T hE 2)
dE, BS(L;+1s+(H)

= _kEsa
dt N (3)
dl;
— =kpei B —vali — 14 1 4
dt Pe, v Vi, (4)
dA;

=k(1—- c,i Eia
= k(1 pes) )
dl,

=k csEs_ aIs_ sISa
dt Pe, v VI, (6)
dAg

=k(1- c,s E87
o=k (1 pe) ™)
dH
E:’Ya(-[i'i_-[s)_’%“H? (8)
dR
s =Y H +yr: Ii + 1,6 1s. 9)

In model (1)-(9), the populations divided into 9 compartment: susceptible individuals S, individuals exposed
to the zoonotic reservoir F; or to infectious humans Ej, infectious and symptomatic individuals arising from
reservoir I;, or from human-to-human transmission [, asymptomatic and non-infectious individuals arising from
environmental/animal exposure A; or arising from human-to-human transmission Ay, hospitalized individuals
H, and removed individuals after recovery or disease-induced death R [20]. Susceptible individuals are infected
uniformly at random from the zoonotic reservoir at rate «. The parameter § is the mean human-to-human
transmission rate per day, £ is relative transmissibility of hospitalized cases, % mean latent period (days), pc.;
is proportion of symptomatic and infectious cases among index cases, p; ; denote to proportion of symptomatic
and infectious cases among secondary cases, pp, ; proportion of hospitalized individuals among symptomatic and
infectious index cases, py, s is proportion of hospitalized individuals among symptomatic and infectious secondary
% represent the mean infectious period among primary cases (days), ,y% is the mean infectious period

, A{% is the mean time from symptom onset to hospital admission (days) and 71r

denote to mean length of hospital stay (days). Chowell et al., assume that the asymptomatic individuals do not

cases,

among secondary cases (days)

contribute to the transmission process. Moreover, the basic properties of model (1)-(9) are not well studied.
Therefore, the aim of this paper is to study the effect of asymptomatic individuals on the transmission of MERS-
CoV. Our proposed model is a modification of model (1)-(9) by incorporate the asymptomatic individuals as
a carrier individuals. We assume that the first scenario describes only the carrier cases and the second one
describes the infected cases which demonstrate symptoms. We introduce two types of discrete time delays into
the MERS-CoV model. We study the basic properties of the model such as nonnegativity and boundedness of

the solutions, stability analysis of the equilibria. At the end we perform some numerical simulations.

2 The MERS-CoV model

In this section, we propose a MERS-CoV model with two discrete delays . Let us define

T(t) = SE)(BLe(t) + yIm(t) + LH(L)).
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Then we propose the following model:

St =b—"T(t) - dS(t), (10)
E.(t) =pe Y (t — 1) — (kp1 + d2) Ec(1), (11)
Ep(t) = (1= p)e #2™X(t = 72) — (kpa + d3) B (2), (12)
L(t) = k py Be(t) = vale(t) — qle(t) — mIe(t) — dal.(t), (13)
L (t) = k p2 B (t) = VoL (t) = Y2 L (t) + gL (t) — ds I (1), (14)
H(t) = 7a(Le(t) + In(t)) — - H(t) — deH (2), (15)
R(t) =y 1o(t) + 2 lm(t) + - H(t) — d7 R(2), (16)

where S is susceptible individuals, E. exposed individuals to carrier, F,, exposed individuals to infected, I
carrier individuals, I,,, infected individuals, H hospitalized infected and R recovered individuals. The parameters
71 > 0 and 75 > 0 represents for the time between contact the susceptible individuals with exposed to carrier E.
and exposed to infected F,,, respectively. The factors e ™ and e #272 are the probability that an individuals
survives during the delay periods [0, 7] and [0, 73], respectively. The other parameters are defined in section 6.

The initial conditions of system (10)-(16) are given by

S(0) = 1(0), Ec(0) = p2(0), Em(0) = ps(0),
1c(0) = ¢a(0), Im(0) = @5(0), H(0) = ¢6(0), R(0) = ©7(0), (17)
0i(0) >0, 0 € [—0,0], i=1,...,7,
where, o = max {11, 72| and (¢1(0), ©2(0), ..., 07(0)) € C(]—e0,0], R7>0) where C is the Banach space of con-

tinuous functions mapping the interval [—p, 0] into R720- By the fundamental theory of functional differential

equations [21], system (10)-(16) has a unique solution satisfying the initial conditions.

3 Nonnegativity and boundedness

In this section, we will study the nonnegativity and boundedness of the model’s solutions.

Theorem 1. The solutions of system (10)-(16) are nonnegative and there exist a positive number @ such
that the compact set:
I ={(S, Ee, Em, I, I,, HHR)eRL ,:0< S, E., B, I, I,, H, R < Q}
is positively invariant. -

Proof First, we show the nonnegativity solutions, we will write the system in the matrix form as Y = oY),
where Y = (S, E., Ep, Lo, I, H, R)T and ¢ = (¢1, ¢2, ¢3, ¢4, G5, ¢, ¢7)°. Then,

$1(Y) b—"_(t) —d1 S(t)

p2(Y) pe—‘““T(t—Tl)—kplEc(t)—dQ ( )
¢3(Y) (I—p)e 2™ YX(t —12) — kpa Ep(t) — ds En (1)
oa(Y) | = | kp1 Ec(t) —vale(t) — qLe(t) — 71 Le(t) — d4I (t)
¢5(Y) k p2 Em(t> — Ya Im(t) -2 Im(t) + ch( ) —ds Im(t)
¢6(Y) Ya (Le(t) + I () — v H(t) — do H(2)

¢7(Y) Y1 Le(t) + v2 I (t) + v H(t) — d7 R(t)

It is easy to see that functions ¢; satisfies the following condition

¢i(Y (1))

Yi(t)=0,Y (t)eRr7, = V-

39 Batarfi ET AL 37-49



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.1, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Due to lemma 2 in [22], any solution of (10 )-(16) with initial (17) is such that Y'(t) € R%, for all ¢ > 0. Next,
we prove the ultimate bound of the solutions of system (10)-(16). Let us define
L(t)y=pe mn St —1)+ (1 —p)e H225(t — 7o) + E.(t) + En(t) + I.(t) + Ln(t) + H(t) + R(t).
Then,
L(t)=pe ™™ (b—="Y(t —7) —diS(t — 1))

+AQ=pe (b -"T{t—1)—d1 St —72))

+pe MTY(t — 1) — kp1 Ec(t) — do Ec(t)

(L= p)e T Tt — ) — ko B (1) — ds Bt

+kpr Ee(t) = va Le(t) — q1e(t) — 71 Le(t) — da Ie(t)

+kp2 Em(t) = Yo Im(t) — 72 L (t) + q Le(t) — ds5 I (t) + Yo (Le(t) + In(t))

=Y H(t) = de H(t) + 71 1c(t) + 72 I (t) + v H(t) — d7 R(2),

=(pe M+ (1-—ple"2)b—pe M dy S(t—m1)— (1 —p)e 272dy S(t — 72)

— doE.(t) — d3 Ep,(t) — dal(t) — dsIp(t) — deH(t) — d7 R(t)

<b—dL(t),

where d = min{d;}, i =1,..,7. It follows that, limsup,_, ., L(t) < Q, where Q = %. Then,
hm Supt—)oo S(t) S Q7 hIIl Supt—>oo E('(t) S Q7 llIIl Supt—>oo Em (t) S Qa hIIl Supt—>oo Ic(t) S
Q, limsup,_, . I, (t) < Q, limsup,_, . H(t) < @, and limsup,_,  R(t) < Q. O

4 Equilibria and biological thresholds
To calculated the equilibria of model (10)-(16), we put the R.H.S of Egs. (10)-(16) equals zero, we get

b—S(di+BIL+7 I+ (H) =0, (18)

pe M S(BI.+~y1,+{¢H)—a E. =0, (19)
(1=p) e S((B L+ I + LH) — a3 Ep, =0, (20
ME,—asl. =0, (21)

Xo By —agIm +ql, =0, (22)

Yo (Ie + In) —as H =0, (23)

Y1 le+72 I+ H —d7 R =0, (24)

where

a; = kp1 +da, az =kpz +d3
a3 =Y +tm+q+ds, as=7v +7+ds,
as = r + de, A1 =kp1, A2 = kpa.

Solving system (18)-(24), we find that the system has two equilibria

e The disease-free equilibrium

b
Py = (S0, 0,0,0,0,0,0) = <d, 0,0,0,0,0, 0> . (25)
1
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e The endemic equilibrium

(S* E* E:H,I:,I:n,H*,R*), (26)
where
gr_ G0 pu_PAz—aodie™) o, (1-p)(As—aodie™)
A1 ’ ¢ a1 A3 ’ m ag A3 ’
I M p(Ag —agdie™) o As 4 az (Ag —2ay a3 A7)
¢ aq as A3 ’ m a1 Gz as a4 A3 ’
g Ja (2a1as (a2 Ao+ Ag) — As) R — Ay —ay a3 (Aiz + az Ais)
ag As ’ dy ag As 7
and

ap = a1 a2 a3 aq as,

Al = ((aaB + 7 q)as + Yal(q + as))azy pe ™) + (1 — p)Aa az ay (asy + Lya) e H27),
= ((aaB + 7 q)as + Yal(q + as))az s pbe =" H1272) 4 (1 — p)Xy bag ar (asy + £va),
= ((a1B + v @)as + val(q + as))azhi pe 2™ + (1 — p)Aa az ar (as5y + ly,) 1™,

A4 = ((a1B + v @)as + val(q + as))azhi pb + (1 — p)Aa az a1 b (asy + Ly,) elm7#272),

As =bA3at a2 (p—1)% (asy + ly,) e 71272

Ag =qbA} ((asB+vq) as + €74 (q+ as)) pPag e M7 HH2T2,

1 1
Ar = -5 didgajagagas (p—1)e™ + ) (2 die"™ qagasas
1 1
+0 <<2 a45+’YQ> as + £ (Q+ 2614)) (p— 1)>\2) Ds

Ag = bAT ((asB+v4q) as + €7a (q + as)) (q + as) pPa3 e T HH2T2,

1
Ag = =5 (bASaraz (p—1)* (as7 + £7a) e“m"“‘m),

1
A = —sdidsarazagas (p— 1) e ™ + A d1 as as as (¢ + as) ™

2
+b(p—1) <<<;ﬁ+;v> a4+v> as + lyq (q+a4)> A2 D,

A = b A ((aam1 +729) a5 + ¥Ya (¢ + aa)) p* a3 ((aafB + 7 Q) a5 + (ya (g + ag)) e T HH2T2,
Arg = —bA3araz (p — 1) (a572 +Yayr) (asy + £y) 177122,
Az = —didaarazagas (p—1) (asv2 + 7o) €™ + A1 (@41 +729) as

+ %0 (g + as)) asaz ag di €™ + Ao b (((By2 + ) as + 2y 72 ) a3

+ % (B4 )7 + L0 +72) as + 2 (v +720)) as + 20957, (q + as)) (p— 1)) p.

4.1 Calculating the basic reproduction number

We will apply the next generation method [23] to determine the basic reproduction number Ry for system
(10)-(16). We follow the following steps
(i) We evaluated the matrix F at Py as:

0 0 pe H1TL 3 d—bl pe Ty % pe MY %

00 (I-p)empl (1—plemyk (1-peenil
F=10 0 0 0 0

0 0 0 0 0

0 0 0 0 0
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(ii) We get the matrix V at Py as:

o
S
o
o
o O o O

(iii) Finally, the basic reproduction number is given by

Ry = p(FV~!) = AL,

ao

4.2 Existence of equilibria

Theorem 2. For system (10)-(16), we have

(i) If Ry < 1, then there exists only one positive equilibria P,.

(ii) If Rp > 1, then there exist two positive equilibria Py and P*.
Proof We have

aq SO
S* = — = —
Al Ry’

. DP(A2—agdie?™)  p Ay D B o
Ee = a1 As T a1 Az \emam odi ) = a1 As (bA1 —agdi) =
g LD wdienn) () (A

m as As as As eH1T1 0% )

(1-p) (1-p)
as As (bAr —ao ) as As (Fo )
From Eq. (13)-(16), we have
* )\1 * A1 P )\1p
="~ = 1) = 1
° ag az a1 As (o —1) a1 az As (o —1),
I, = —M B}, +q17) = Ci(Ry — 1),
1
H" = ;('Ya(I: +1,,)) = C2(Ry — 1)),

* 1 * * *
R* = d77(71]c +72Im +vH ) = 03(R0 - 1)7

where,

1 1- A
Cl _ ()\2 ( p) 1p ’
ay az Az ayaz Az
0, A 1 1-— A
cy —Ja_Mp_ 1 (1-p) g MP
as aipas A3 a4 a2 A3 ap as Ag
C —i( MNP o+ Cy)
3 _d7 T a1 a3 As Y2 L1 T L2).
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5 Global stability analysis of F,

In this section, we use Lyapunov function and LaSalle’s invariance principle to establish the global stability of
py.

Theorem 3. For system (10)-(16), if Ry < 1, then Py is GAS.
Proof We define the following Lyapunov functional

S S
Wo=So|=——-1-In— | +e1E.+e3E,, + e3l. +¢e4l,, + esH
So So

e / S(t — $)(BL(t — 5) + YT (t — ) + CH(t — 5)) ds
0
+g7/ S(t— ) (BL(t — )+ yIm(t — 5) + LH(t — 5)) ds.
0
The time derivative of Wy along the trajectory of system (10)-(16) is given by

T = (1- o) 0= SOELO + 7 1nlt) + £HO) — a1 50)
+er(pe ™M St —7)(BI(t — 1)+ v It —T11) +HLH({t —71)) — a1 E.(t))
+ea((I1=—p)e St —1) (BI(t —12) + Y Im({t — 1) + LH(t — T2)) — az B, (1)) (32)

+e3 (ME(t) —aslo(t) + 4 Mo En(t) — aaly (t) + g I.(t)) + €5 (va (Ie(t) + I) — as H(t))

+e6 {(S(t) (BLe(t) + 7 Im(t) + LH())) — (S(t —71) (BLe(t — 1) + 7 Im(t — 1) + LH(t — 71)))}
+er {(S(t) (BLe(t) + 7 Im(t) + LH(1))) — (S(t —72) (BLe(t — T2) + 7 Im(t — 72) + LH(t — 72)))},
The parameters ¢;, i = 1,...,7 are chosen such that

e +er =1, (33)
pere M7 —gg =0, (34)
(1—p)ege ™2™ —e; =0, (35)
—e1a1 + Mgz =0, (36)
—€9ag + Aagg = 0, (37)
—az€3 +qes+vac5+ BSo =0, (38)
—a4€4+ Va5 + 750 = 0. (39)

Solving Egs. (33)-(39), we get
G(1— Ry) + £

as

€5 =
where
(102030405
Ya(A1paz (ag + q) e~ M1 + Mg e k22 qy a3 (1 —p))’
We can see that e5 > 0 if Ry < 1.
From Eqgs. (34)-(38) we get

G:
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1
(’Ya 55+'VSO) > 0.

Eqp = —
Qg

1
= (gea + Yags + B8So) > 0.

)\64
Eg = 2 > 0.
a2

)\1 €3

g1 = > 0.
ai

g7 = (1 — p) eqe H2T2 > ().

€3

gg =pere M > 0,

Thus, Eq. (32) becomes

dW, S — Sp)?
dto _ 5 o) | (£Sy — ases) H, (40)
we have
ESO — a5€5 = G(RO — 1)
. Then p S-S C
Wo — So
=— — —1)H 41
dt b S + as (RO ) ) ( )
From Eq (41), % < 0 if Ry < 1. Then, d};‘;" equal to zero if S = SpandH = 0. Let Q =

{(S,Ee, By, I, Iy, H,R) : S = Sy, H = 0}. From system (10)-(16), if H = 0, then H = 0 and 0 = v, (I. + I,,,).
Since, I.> 0,1I,, > Othenl.=0,1,, =0, = I.=1,, = 0. From system (10)-(16), we have 0 = I.=\E, =
E, = 0. Similarly, we have 0 = I, = \oE,, = E,, = 0. Finally, R(t) = —d7R it follows that R — 0 as t — oc.
From LaSalle’s invariance principle, Py is GAS in I'. [J

6 Numerical simulations and discussions

In this section, we introduce the numerical results of system (10)-(16). We consider the following initial condi-
tions

IC:5(0) =600, E.(0) = 30, E,,(0) =80, I.(0) = 3, I,,(0) = 12, H(#) = 8, R(#) = 40,

0 € [—max{7y, 72}, 0]. we use the values of the parameters in Table 1. In addition we choose p; = p2 = 1.

We study the following cases:

6.1 Effect of parameters 3, yand /¢ on the stability of equilibria:
In this case, we fix the values 71 = 79 = 0.01. Figure 1 shows the evaluation of system states for two scenarios:
i) Ry < 1. We choose 8 = 0.002, v = 0.0001, and ¢ = 0.0001 then we compute Rg = 0.23. We can see from

the figure that the states of the system approach Py = (1000,0,0,0,0,0,0). This means that according to
Theorem 3 Py is GAS.

ii) Ry > 1. We choose f = 0.02, v = 0.001, and ¢ = 0.001 then we compute Ry = 2.37 and P* =
(421.6,55.4,129.2,5.08,20.9,14.5,72.4). Then P* exists and this confirm the results of Theorem 2. Figure

1 shows that the states of the system converge to P*.
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Table 1: The parameters values of MERS-CoV model

Symbol Parameter Value
b Rate of generation of new susceptible individuals 100
B Rate constant of transmission for carriers Varied
¥ Rate constant of symptomatically infected individuals Varied
l Relative transmissibility of hospitalized cases Varied
Ya Mean time from carrier and infected to hospital admission (days) 0.3
dy Death rate of susceptible individuals 0.1
dsy Death rate of exposed to carrier 0.2
ds Death rate of exposed to infected individuals 0.2
da Death rate of carrier individuals 0.2
ds Death rate of infected individuals 0.3
dg Death rate of hospitalized individuals 0.4
dr Death rate of recovered individuals 0.1
k Mean latent period 0.19
p1 = P2 Proportion of carrier and infected cases 0.58
T = V2 Mean infectious period 0.2
Yy Mean length of hospital stay 0.14
P Rate of infected individual who becomes carrier 0.3
q Rate of carrier individual who becomes infected 0.5

6.2 Effect of the time delays on the asymptotic behaviour of the equilibria:

In this case, we take the values g = 0.02, v = 0.001, and ¢ = 0.001. Let us consider the case 71 = o = T.
In Table 2, we present the values of Ry and the equilibria of system (10)-(16) with different values of 7.From

Table 2: Values of Ry and steady states of system (10)-(16) with different values of 7

T Ry Steady states
0.067 2.24 | P* = (446.37,50.07,116.83,4.6,18.97,13.09, 65.46)
0.082 2.21 | P* = (453.12,48.73,113.69,4.47,18.97,12.74,63.70)
0.67 1.23 P* = (815.79,9.12,21.27,0.84, 3.45,2.38,11.92)
0.8735928143 | 1.00 P, = (1000,0,0,0,0,0,0)
1.2 0.72 Py, = (1000,0,0,0,0,0,0)
1.5 0.5 P, = (1000, 0,0,0,0,0,0)
2.5 0.19 Py = (1000,0,0,0,0,0,0)
3.1 0.11 P, = (1000, 0,0,0,0,0,0)
3.5 0.07 Py = (1000,0,0,0,0,0,0)

Table 2, we can observe that the value of Ry is decreased as 7 is increased. Moreover, for small values of 7,
P* exists and for large values of 7 the system moved from P* to Py with is GAS. Figures 2 shows the effect of
the parameter 7 on the evaluation of the states of the system. We can see that as the time delay parameter is
increased, the number of susceptible individuals are increased and tend to its normal number, while the number
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of individuals in other groups is reduced and tends to zero. It means that, the time delay play the role of

controlling the disease transmission.
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Figure 1: The evaluations of the system states (10)-(16) with two delays 71 = 72 = 0.01.
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7

Conclusion

We have proposed a MERS-CoV model with two times delay. We have obtained the biological threshold, the

basic reproduction number Ry. The existence of the model’s equilibria has been proven. The global asymptotic

stability of the disease free equilibria Py has been investigated by constructing Lyapunov functional and using

LaSalle’s invariance principle. To support our theoretical results, we have presented the numerical simulations.
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CONVEXITY AND HYPERCONVEXITY IN FUZZY METRIC
SPACE

EBRU YIGIT AND HAKAN EFE

ABSTRACT. In this paper, firstly we give the definion of fuzzy convex met-
ric, in a different way. Then we introduce the concept of hyperconvexity in
fuzzy metric space and prove that every fuzzy hyperconvex metric space is
complete. Also it is proved that for m—seperable fuzzy metric spaces, fuzzy
m—hyperconvexity is equivalent to fuzzy hyperconvexity.

1. INTRODUCTION

The concept of convex metric space has been studied by many authors, in some
different ways [7, 9, 11, 14, 15]. After that, some authors examined this concept
for fuzzy metric space by using the definition of fuzzy metric which is introduced
by George and Veeremani [1], for example; Thanithamil [4] introduced the convex
structure in fuzzy metric spaces and Vosoughi and Hosseni [8] gave the definion
of metrically convex fuzzy metric space (X, M, *). The other common concept for
metric space is hyperconvexity which was introduced by Aronszajn and Panitch-
pakdi [10] in 1956. Since then many interesting works have been appeared for
hyperconvex spaces [5, 11, 13].

In this paper, we give the notion of fuzzy convex metric space by using the closed
balls, in a different way. Also, we introduce a new notion for fuzzy metric space
which is called fuzzy hyperconvex metric space. One of the main result of this
paper is that every fuzzy hyperconvex metric space is complete. Also, the fuzzy
m—hyperconvexity is introduced for any cardinal m > 3, which is a weaker property
than fuzzy hyperconvexity. The definition m—seperability for fuzzy metric space is
used, so the other result for this paper is that for any m—seperable fuzzy metric
spaces, fuzzy m—hyperconvexity is equivalent to fuzzy hyperconvexity.

2. PRELIMINARIES

Definition 1. [6] A binary operation * : [0,1] x [0,1] — [0, 1] s continuous t-norm
if * satisfies the following conditions:

(i) * is commutative and associative;

(1) * is continuous;

(i1i) ax 1 =a for all a € [0,1];

(iv) axb < cxd whenever a < ¢ and b < d, for a,b,c,d € [0,1].

Remark 1. [1] (i) For any r1 € (0,1) with r1 > ro, there exist rs € (0,1) such that

kT3 > To.

Date: July 8, 2017.
1991 Mathematics Subject Classification. 46540, 54A40 .
Key words and phrases. convexity, hyperconvexity, fuzzy metric space.
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2 EBRU YIGIT AND HAKAN EFE

(ii) For any r4 € (0,1), there exist r5 € (0,1) such that s x r5 > r4.

Definition 2. [1] The S-tuple (X, M,x*) is said to be a fuzzy metric space if X is
an arbitrary set, * is a continuous t-norm and M is a fuzzy set on X2 x (0,00)
satisfying the following conditions, for all x,y,z € X and s,t > 0:

FMl) M(z,y,t) > 0,
M(z,y,t) =1if and only if =y,
M(.’E Y, ) - M(y,x t)
M(z,z,t+s) > M(z,y,t) « M(y, z,5),
M(z,y,.): (0,00) = [0,1] is continuous.
Example 1. [1] (Induced fuzzy metric). Let (X,d) be a metric space. Define
a*b = min{a,b} for all Va,b € [0,1] and let M be fuzzy set on X x X x (0,00) as
follows:

kt"
ktr + md(z,y)’
Then (X, M, x) is a fuzzy metric space. In this example by taking k =m =n =1,
we get

M(z,y,t) = k,m,n € RT.

t
t+d(z,y)

We call this fuzzy metric induced by a metric d the standard fuzzy metric.

M(z,y,t) =

Definition 3. [1] Let (X, M, *) be a fuzzy metric space and let r € (0,1), t > 0 and
x € X. The open ball and the closed ball with center x and radius r with respect to
t are defined as follows, respectively

Busla,r,t) = {y € X : M(z,y,t) > 1 -1}
Basla,rt) = {y € X : M(a,y,t) > 1 -1},

Remark 2. [1] Fvery open ball is an open set and every closed ball is a closed set
in a fuzzy metric space (X, M, ).

Theorem 1. [1] Let (X, M, *) be a fuzzy metric space. Define
m={ACX:VazeA FIre(0,1) andt >0 > Bpy(z,rt)CA}.
Then Tp; is a topology on X.

Definition 4. [1] Let (X, M, ) be a fuzzy metric space. Then
(a) A sequence {x,} in X is said to be Cauchy sequence if for each € > 0 and
each t > 0, there exists ng € N such that M (zpn, Tm,t) > 1 —¢, for all n,m > ny.
(b) (X, M, ) is called complete if every Cauchy sequence is convergent with re-
spect to Tas.

Definition 5. [3] Let (X, M,x) be a fuzzy melric space. A collection of sets
{Fo} ey is said to have fuzzy diameter zero if and only if for each pair r,t > 0,
(r € (0,1) and t > 0), there exists n € N such that M(z,y,t) > 1 —r for all
z,y € F,.

Remark 3. [3] A non-empty subset F' of a fuzzy metric space X has fuzzy diameter
zero if and only if F' is a singleton set.
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Theorem 2. [3] A necessary and sufficient condition that a fuzzy metric space

(X, M, x) be complete is that every nested sequence of non-empty closed sets { F), }n 1

with fuzzy diameter zero have non-empty intersection. And the element x € (| Fy,
neN

18 unique.

Definition 6. [12] Let (X, M, *) be a fuzzy metric space. Let the mappings 04(t) :

(0,00) — [0,1] be defined as

da(t) = inf supM(z,y,¢).
T,YEA <t

The constant 04 = sup5A( ) will be called fuzzy diameter of set A. If 64 = 1 the
set A will be called F stmngly bounded.

Definition 7. [11] Let (X, d) be a metric space. We say that X is metrically convex
if for any points x1,x2 € X and positive numbers o and B such that d(z1,z2) <
a + B, there exists z € X such that d(x1,2) < a and d(z2,2) < 8, or equivalently
z € B(z1,a) N B(xy, B).

Definition 8. [11] Let (X, d) be a metric space and T be an index set. The metric

space X is said to has the ball intersection property (BIP in short) if () Bo # @
acl

for any collection of closed balls (By)aer such that () Bs # 9, for any finite
agcl'y

subset I'y C T,

Definition 9. [11] Let (X, d) be a metric space and I' be an index set. The metric

space X is said to be hyperconvex if () B(rqa,7a) # @ for any collection of points
acl
{Za}aer in X and positive numbers {rq} cp such that d(xq,xg) < ro+1g for any

aand B inT.
Example 2. [11] The real line R is hyperconvexr with the usual metric d.
Example 3. [11] The infinite dimensional Banach space lo is hyperconvex.

Definition 10. [10] A metric space (X,d) is called m—seperable if it contains a
dense subset of cardinal < m.

3. MAIN RESULTS

Before we give the definition of fuzzy metrically convexity, we give the following
Lemma for the definition to be clear.

Lemma 1. Let (X, M, *) be a fuzzy metric space, x1,22 € X, 11,72 € (0,1) and
t17t2 (S (0,00) [f BM(Z‘l,Tl,tl) ﬂBM(l‘Q,TQ,tQ) 7é o then M(l‘l,xg,tl —|—t2) >
(1 =7r1) % (1 — 7o) for any x1,22 € X and each pair of r1,t; > 0 and rq,t2 > 0.
Proof. Let By(w1,71,t1) N Bar(wa, 72, t2) # @. Then there exists z € X such that
z € B (1,71, t1) N B (w2, 72, t2)
= ZGBM(I’l,Tl,tl) a,ndZEB]w(l‘g,TQ,tg)
=  M(x1,2,t1) > (1 —r1) and M(x9,2,t3) > (1 —13).

By the Definition 1-(vi) we have M (x1, z, t1)* M (x2, 2, t3) > (1—r1)*(1—7r2) and by
the condition (FM-4) of fuzzy metric we get M (1, x2,t1+t2) > (1—71)*(1—r2). O
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The converse of Lemma 1 may not be true. Example 4 explain this situation.

Example 4. Let X = N. Define a*b = a.b for allVa,b € [0,1] and let M be fuzzy
set on N x N x (0,00) as follows:

min {z,y} +¢

M t) = .
(@,9,%) max {z,y} +1t

In this case we know that M is a fuzzy metric on N. If we choose t;1 = 1, to =1,
r1 = 0.3, ro = 0.5, z1 = 3 and xo = 10 then the inequality M (x1,xz2,t1 + t2) >
(1—71)*(1—ra) is satisfied but By (3,0.3,1)N By (10,0.5,1) = & and so we can not
find any point z € X such that M (x1,z,t1) > (1 —r1) and M(xa,z,t2) > (1 —ra).

Consequently, when the converse of Lemma 1 also be true, we give Definition 11.

Definition 11. Let (X, M, *) be a fuzzy metric space. We say that X is fuzzy
metrically convez if for any points x1,x2 € X and for each pair ri,t1 > 0 and
ro,to > 0 (r1,m9 € (0,1) and t1,ty € (0,00)) such that M(x1,22,t1 + t2) > (1 —
r1)*(1—r2), there exists z € X such that M(z1, z,t1) > (1—r1) and M (x2,2,t2) >
(1 —73) or equivalently z € Byr(z1,71,t1) N Bar(z2,72,t2).

Example 5. Let the metric space (X,d) be metrically convex. Define continuous
t-norm as axb = a.b for all Va,b € [0,1] and let M be fuzzy set on X x X x (0,0)

as follows:
—d(z,y)
t

M(z,y,t) =e
Then the 3-tuple (X, M, %) is a fuzzy metric space and under these conditions
(X, M, *) is fuzzy metrically convex. Indeed, let (X, d) be metrically convex then for
any points x1,x2 € X and positive numbers a and B such that d(z1,2z2) < a+ S,
there exists z € X such that d(x1,z) < « and d(xa,2z) < B, or equivalently
z € B(zy,a) N B(xg, B). Take o = —t11In(1 —r1) and f = —t21n(l — r3). By
the choices of o, B, the inequality M (z1,za,t1 +1t2) > (1 —71) *x (1 — o) is satisfied
and also r1, r9 € (0,1). By using the metrically convezity of (X,d);

d(l’l, Z) S 7t1 111(1 — ’I"l) and d(l‘g, Z) S 7t2 111(1 — 7"2)

=  —d(z1,2) > t1In(1 —7r1) and — d(x2,2) > taIn(1 —ry)
— efd(zl,z) > etlln(lf'rl) and efd(xg,z) > et? In(1—7r2)
=

—d(z,2) d(zg,2)

e 1 >(1—r) and e > (1—r9)
=  M(z1,2,t1) > (1 —r1) and M(x2,z,t2) > (1 —r9).

This implies that z € Bpy(wy,71,t1) N Bar(wa,72,t2), then the fuzzy metric space
(X, M, *) is fuzzy metrically convez.

Definition 12. Let (X, M,*) be a metric space, T' be an index set, r; € (0,1)

and t; € (0,00) for all i € T'. The fuzzy metric space X is said to has the ball

intersection property (BIP in short) if () Bar(xi,7i,t;) # & for any collection of
=

closed balls (Bpy (2,74, t;))ier such that (| Bar(zi,ri,t;) # @ for any finite subset
i€l y

Ff crl.

Definition 13. Let (X, M, *) be a metric space, T be an indez set, r; € (0,1) and
t; € (0,00) for allt € T'. The fuzzy metric space X is said to be fuzzy hyperconvex
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if for any indexed class of closed balls Bys(xi,7i,t;) in X, satifying the condition
that

M(xi,xj7ti —l-tj) > (1 — Ti) * (1 - Tj)
for alli,j € T, the intersection () Bar(zs,7i,t;) # 9.

i€l

Theorem 3. Let (X = R, d) be the usual metric space. Consider the standard fuzzy
metric M where M(x,y,t) = m with a * b = min {a, b} for all a,b € (0,1).
Then (X, M, %) is fuzzy metrically hyperconvex (or fuzzy hyperconvex).

Proof. Since (R,d) is hyperconvex, for any collection of closed balls B(zq,74)
satisfying the condition that d(zq,zg) < 7o + 73 for any a and S in I', the in-

tersection QQFB(:EQ,TQ) # @. Now choose Ry = "2~ ve Ry = t,;r-frﬂ' It

is clear that R., Rg € (0,1) and by these choices and the minimum t-norm,
M(zo,xp,ta +1t3) > (1 — Ry) * (1 — Rg) = min{(1 — R,), (1= Rg)} = (1 — Ry)
(without lost generality we can take R, > Rg) is satisfied. By the hyperconvexity

of (R,d);
ﬂ B(za,re) # @, foralla €T, then there exsists z € X such that
acTl
z € ﬂ B(24,74)
ael
=  d(z4,2) <7Tq
=  tot+d(Ta,2) <to+ra
N 123 > 123
to +d(x0,2) ~ to+ 74
= M(za,2,ta) >1— R,
=  2¢€ By(Ta,Tata), foralla €T
= 2€(\Bu(@a:Tasta).
i€l
So (R, M, %) is fuzzy hyperconvex. d

Example 6. In particular if we take t = 1 in the Theorem 3 M becomes M (z,y) =

m, M s stationary fuzzy metric on R with the continuous minimum t-norm

and (R, M, x) is fuzzy hyperconvez.

Proposition 1. If the space (X, M, *) is fuzzy hyperconvex then it has the ball
intersection property.

Proof. Let (X, M, *) be fuzzy hyperconvex and be [\ Bps(z;,7i,t;) # @ for any
iGFf
finite subset I'y C I'. Then it follows that
ﬂ Bor(zi,7i,t;) # @, then there exists z € X such that
iGFf
z € ﬂ Bu(zi,mi,t;) for i = {1,2, ..., n}
iEFf
- zZ € BM(-Thrhtl) N BM(.Z‘Q,TQ,tQ) n...N BM(:En,Tn,tn)
=  M(x1,2,t1) > (1 —711),M(z2,2,t2) > (1 —1r3), ... M(xp, 2,tn) > (1 — 74)
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so M(x;, z,t;) > (1 —1;) and M(z,, 2,t;) > (1 —r;) for arbitrary 4,5 € I'y. By the
condition (FM-4)

(3.1) M(,’Ei,fL‘j,ti + tj) Z M(mi7z,ti) * M(ij,z,tj) Z (1 — 7“7;) * (1 — rj).

Since (X, M, x) is fuzzy hyperconvex and the inequality (3.1) is satisfied for all
i,7 € T, then (N By (wi,r4,t;) # @ for all @ € T and so (X, M, x) has the ball
iel
intersection property. [l
Theorem 4. Any fuzzy metric space (X, M, %) which has the ball intersection prop-
erty is complete. In particular any fuzzy hyperconvex metric space is complete.

Proof. Let (X, M, *) be a fuzzy metric space which has ball intersection property
and let {z,} be a Cauchy sequence in X. For any n > 1, take the set

Pp——— { inf {Sup {M(xn,mm,s)}}}.

t,>0 (m2n s<t,

Consider the collection of closed balls (BM (xn,rn,tn))n>1. Since {x,} is Cauchy

and by the choice of 7, for m > n we have M (2, Tm,tn) > 1 — 1y ie {r,} has
fuzzy diameter zero. Now we examine this situation for any finite index ny < ng <
... < ng. For ng <ng < ... < ng, we have

M(xnpxnmtnl) > 1_Tn17 M(xnyxnmtng) > 1_Tn27 ceey M(,Tnk,l‘nk,tnk) > 1_7"nk

which means that

(Enlu'rnw “wxnk S BM<$n17Tn17tn1)
t

Tngy ey Ty, € BM(xnzvrnw n2)

Tn, € BM(xnk7rnk7tnk)

therefore

Ty € Bar(@ny s Trystny) 0 Bar(@nys Trg s tng ) N eee O Bag (T s Tny sty )-
Since X has the ball intersection property, then we may conclude that (1 B (2,7, tn) #
n>1
@ for any n € N. Since {z,} is a Cauchy sequence and {r,} has fuzzy diameter

zero, the intersection () Bas(Zn,7n,t,) is reduced to one point z which is the limit
n>1

of the sequence {z,}. So indeed, the point z € () Bas(%n,7n,tn) then for each
n>1

pair of 7, t, > 0 there exists n; € N such that M (z,, z,t,) > 1—r, for all n > n;.

Therefore, M (z,,, z, t,,) converges to 1 when n — oo, for each t,, > 0 and (X, M, x)

is complete. O

Proposition 2. Fuzzy hyperconvexity is equivalent to the ball intersection property
and fuzzy metrically convezity.

Proof. Tt (X, M, ) is fuzzy hyperconvex, by Proposition 1 X satisfies the ball in-
tersection property and it is easy to see that X is fuzzy convex metric space.
Conversely, if two closed balls Byy(x;,7,t;) and By (z,7;,t;) satisfy the relation
M(x;, xz;,t;+t;) > (1—r;)*(1—r;), they must intersect since X has ball intersection
property. (I
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Now we give the definition of fuzzy m—hyperconvexity. Note that fuzzy m-
hyperconvexity is a weaker property than fuzzy hyperconvexity. The definitions of
fuzzy hyperconvexity and fuzzy m—hyperconvexity can be considered structurally
similar.

Definition 14. Let (X, M,x) be a metric space, I' be an index set such that
card(T )< m, r; € (0,1) and t; € (0,00) for alli € T'. The fuzzy metric space X is
said to be fuzzy m—hyperconvex if for any indexed class of closed balls Byr(x;,7,t;)
in X, satifying the condition that

M(.’Ei,.’tjﬂfi -I-tj) 2 (1 — T‘i) * (]. — Tj)
for alli,j € T, the intersection (\ Bar(zi,7i,t:) # 9.
iel
Proposition 3. (i) It is clear that fuzzy hyperconvexity is stronger than fuzzy

m—hyperconvezity, which is stronger than fuzzy n—hyperconvezity if n < m.
(i) It is easy to see that every fuzzy metric space (X, M, %) is fuzzy 1—hyperconvet.

Theorem 5. For m = 3, fuzzy 3—hyperconvexity is equivalent to fuzzy metrically
convexity.

Proof. Let (X, M, *) be fuzzy 3—hyperconvex. Since card(I')< m = 3, the index set
LisT = {1,2}. It follows that for any points x1,x2 € X and for each pair r1,t; > 0
and ro,t2 > 0 (r1,72 € (0,1) and ¢1,t2 € (0,00)) such that M(x1,x9,t1 + t2) >
(I —r1) % (1 — re), there exists z € X such that M(x1,2,t1) > (1 —ry) and
M (x2,z,t2) > (1 — r2). This means that (X, M, ) is fuzzy metrically convex.

Conversely, Let (X, M, *) be fuzzy metrically convex. Then for I' = {1,2}, we
have Bys(x1,71,t1) N Bar(wa,72,t2) # @. So for any indexed class of closed balls
By (s, m4,t;) in X, satifying the condition that

2 _
for all 4,5 € I' = {1, 2}, the intersection (| Bps (i, r4,t;) # &. So (X, M, ) is fuzzy
i=1
3—hyperconvex. ([
Definition 15. A fuzzy metric space (X, M, ) is called m—seperable if it contains
a dense subset of cardinal (K) < m where K C T, T is index set. (This definition
is the same with Definition 10 except for the spaces.)

Note that when n < m, m—seperability is weaker than n—seperability for any
fuzzy metric space (X, M, *). m—seperability for a finite cardinal m means that
the fuzzy metric space (X, M, *) is a finite set, and at the same time it contains at
most m — 1 points.

Theorem 6. If the fuzzy metric space (X, M,*) is fuzzy m—hyperconvex and at
the same time m—seperable, then it is fuzzy hyperconvex.

Proof. Consider an arbitrary indexed family of closed balls By (x;,7;,t;) satisfying

the condition that M (z;,x;,t; +t;) > (1 —1;) * (1 —rj), for all ¢, j € I'. Let X be

fuzzy m-hyperconvex and let {p;}, k € K with card(K)< m, be an indexed set of

points, which is dense in X. Take the pair of r;c, t;c > ( as follows, respectively

(3.2) i t, = "the infimum of all 7 € (0,1) and the infimum of all £ > 0
such that 3i € T with By(x;,74,t;) C Bar(pr,7,t)".
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Now we claim that the class of closed balls BM(pk,r;,t;), k € K, satisfies the
requirement of fuzzy m—hyperconvexity. So indeed, take any indices k,! € K and
arbitrary ¢ € (0,1) and arbitrary ¢ > 0. By (3.2) there exist i, j € I such that

(33) BM(xi,ri,ti) C BM(pk,T;€+€,t;€+€,)
and
(34) BM(a:j,rj,tj) CB]y[(pl,Tl/"‘rE,t;-i-&/).

Since X is fuzzy m—hyperconvex, there exist a point ¢ in By, (4,74, ti)ﬂBM (xj,75,t5),
at the same time by (3.3), (3.4) g is in Bas(pr, 7y, +&,t, +€ )N Bar(pr,m 4,6, +€').
Then,

¢ € Byprrytet,+e)NBuylp,r+et; +¢)

= M(pp, gty +¢)>1—(r,+e) and M(p,q,t, +¢) > 1~ (1, +¢)
(35) = M(pp,pi,ty +1t,+2)> [1 — (ry +5)} * {1 —(n +€)} .
Since ¢ € (0,1) and & > 0 are arbitrary, by (3.5) we find the requirement for

m—hyperconvexity for the collection of closed balls BM(pk,r;C,t;c), k € K. So,
there is a point @ in () Bar(pk, ., t)-

keK B
Now we need to show that x € Bys(x;,7i,t;), foralli € T, ie. M(x,x;,t;) > 1—r;
to see the fuzzy hyperconvexity of X. For this, take an arbitrary ¢ € (0,1) and

arbitrary ¢ > 0. Since the set {py}, k € K is dense in X, there exists a point py
for each x; € X such that
(3.6) M(z;, pr,e') >1—c¢.
Therefore
Bur(i,75,t) € Ba(pr,ri + &, +€).
Due to the choices of T;c and t;w it follows that B (pg, r;g, t;c) C Bar(pr,ri+e, ti+e')

and so, we get that r;ﬂ <r;+¢ and tlk < t; + ¢’ . Therefore, by the triangle inequality
for fuzzy metric (i.e. the condition (FM-4)),

M (x, x4, t; + 25,) > M(z,pg,t; + El) x M (pr, zi,€")

> M(x7pk7tk)*M(pk7xi75/)

> (1—r;€)*(1—&:)

> [1—(ri+e)]*(l—e).
Since ¢ and ¢’ is arbitrary, M (z, z;,t;) > 1—r;. This means that x € () By (4,74, t;)

iel
and so X is fuzzy hyperconvex. ([
Remark 4. It is clear that if the fuzzy metric space (X, M, *) is m—seperable and
the space X has finite number of points, then we can not mention fuzzy m—hyperconvezity.
So indeed, since fuzzy m—hyperconvexity (m > 3) implies the fuzzy metrically con-
vexity (Proposition 2), X can not be a finite set except when the set is reduced to a
single point.
Consequently, Teorem 6 indicate this situation i.e. if the fuzzy metric space

(X, M, %) is fuzzy m— hyperconvex and m—seperable then (X, M, x) is fuzzy hyper-
convex.
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ON GENERALIZATIONS OF A REVERSE HARDY-HILBERT’S
TYPE INEQUALITY

ZHENGPING ZHANG, GAOWEN XI

ABSTRACT. By introducing a parameter o and using the expression of the 8 function
establishing the inequality of the weight coefficient, a generalizations of the reverse
Hardy-Hilbert’s type inequality is proved. As applications, some equivalent form and
a number of particular cases are obtained.

1. INTRODUCTION

Let p > 1, = —|———1an206>0and0<z P <00, 0< Y7, b < oo,

n=0 n n=0 "n
then
0o oo b 0 1/p 00 1/q
a T
nr < P be , 1.1
Syt () (3n) )
and

3=

(54 -

where the constant —"= and pq is best possible for each inequality respectively.

Z Z max{m < {i aﬁ}

n=1 m=1 n=1

Inequality (1.1) is Hardy—ilﬂbert’s inequality. Inequality (1.2) is a Hilbert’s type in-
equality [1].

For (1.1), Yang et al. [7], [8], [9], [10] and [11] gave some strengthened versions and
extensions as follows:

[e o]

sz+n+1 {Z[ \/_+3)]ag‘§:[ﬂm}bi}1/2; (1:3)

n

. 1/p
T n2—-C )
TLZO7nZOm+n+ 1 < {nZ:O Lin(ﬂ'/p) - (2n + 1)1+1/p] an}
- 1/q
l In2-C .
’ {nzzo [Sin(ﬂ/p) C(@2n+ 1)1+1/q] bn} , o (14)

2010 Mathematics Subject Classification: 26D15.
Key Words:Hardy-Hilbert’s inequality; weight coefficient; 8 function; reverse; generalizations .
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where In2 — C' = 0.1159315" (C is the Euler constant).

co 00 0 1/p
ambn p+)‘_2 q+)‘_2 11—)\p
33 et (P2 AT [ o

n=0

00 l/q
x{}2@+%f“%} : (1.5)

n=0

where the constant B (W, %) is the best possible ( 2 — min{p, ¢} < A <2).

oo 00 00 1/p
amb AA 1

E E — " ___ < B(=, = E 4 D)plmAgp

n=0 m=0 (m T 1))\ <p q) { (n 2) an}

n=0
- 1 1/q
x{}jm+§v*”%} : (1.6)
n=0

where the constant B(%7 2) is the best possible ( 0 < A < min{p, q}).

0o o0 0o 1/p

Z Z A by, (r—=2)t+X (s—=2)t+ A Lo g 2t=ay_q
_— K B , (n —+ _)p(l i+ T ) ap
(m+n+1)> ( r s Z 2 "

n=0

00 1/q
1 -
S g 07

n=0

where the constant B(= 22t+A (o= 2)H’\) is the best possible (r > 1,1+ =1, ¢ € [0, 1],
2 —min{r, s}t <A <2 —min{r, s}t + min{r, s}).
In [5] and [6], Xi gave a generalizations and reinforcements of inequalities (1.2:

n=1 m=1 n=1 3C]n q
0 1 q
x{Z[n(A) ,,M]nl—*bz . (1Y)
n=1 3pn P

« {i [m) _ % <3ip _ HLA)] n“bg}; , (1.9)

n=1 n

where k(\) = m >0,2—min{p,q} <A <2,0<A<B< min{Tal, Tl—l}
For the reverse Hardy-Hilbert’s inequality, recently, Yang [12] gave a reverse form of
inequalities (1.5), (1.6) and (1.7) for A = 2. In [4], Xi gave an extension of the above

Yang’s work for 1.5 < A\ < 3:
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0o 00 e _ 1/p
S S| (U} RRCCS A
< 0m+n~|—1) A=1 | 2n+3-A dn+1)2] "
1/q
X {Z %%bz} : (1.10)
n=0

Where0<p<1,§+%:1 1.5 < A< 3and a, > 0,0, > 0, such that 0 <

0o (n+1)2~*db 0o (n+1)27*vd
Dot st < 00,0 < 30 < 0.

2n+3—X
In this paper, by introducing a parameter o and using the expression of the 3 function
establishing the inequality of the weight coefficient. The purpose of this paper is to
give a generalization of inequality (1.10).

For this, we need the following expression of the § function B(p, ¢) (see [3])

B 0) =Bl ) = | g he g>0. (11D
and the following inequality [8]:
/ f(z)dx + f Z /0 f(x)dx + %f(O) - 1—12]”(0) (1.12)

where f(z) € C*[0, o0), and [;° f(z)dz < oo, (=1)"f"(x) > 0, f("(c0) = O(n =
0, 1, 2, 3).

2. MAIN RESULTS

Lemma 2.1. Let Ny be the set of non-negative integers, N be the set of positive
integers and R be the set of real numbers. The weight coefficient wy(n, «) is defined by

[e.9]

w,\(n,a):mzom, ne Ny, 1.5<A<3,a>1.
Then we have
2-) 12
O 1)2((221052 D) { - %] <w(n,a)
< 2n+a) (2.1)

A—D2n+2a—A+1)

Proof Ifn e Ny, let f(z) = m, z € [0, o0). By (1.12), we obtain

( ) > /OO dzx n 1 1 n 1
wr(n, o = .
A o (@+n+a) 2n+a) A=-Dn+a)! 2(n+a)

(n,a) < /oo L g A
wi(n, a T
A o (@+n+a) 2(n+ o) 12(n+ a)M?
1 1 A

D—Dnta)t  2mta)  2mtapt
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Since we find

1 1 2 A—1

| 2+ ap= = 3= D+ ) =

D—Dnt o) 2nta)y =1 2nta)

1 1 1 1 2

(A= 1)(n+ a)M! + 2(n + a)* + 12(”—1—&))‘“} [2(n+o¢)/\_ —(A=1D(n+a) ]
2 22-3 M1

A—1 6(n+taZ 12(n+a)

Then we obtain

1 N 1 B 2(n + a)?* [ (=1 }
A=Dn+a)t  2(n+a)  A=1)2n+2a—A+1) 4(n+a)?|’
1 1 1 2(n + a)?*

D—Dnta) " 2mta) " R2orat  A—D@nt 20— At 1)

@A=3)A—1) A\ —1)?
% ll T T 2m+a)2 24nt oz)3] '

: 2(nta)?~? (2A—3)(A—1) A(A—1)2
Sine 1.5 <A <3, a>1,s0 0D @nt2a—3TT) > O, o0t a)? >0, STl > 0. Then we

have (2.1). The lemma is proved.

Theorem 2.2. Let0<p<1, 141 =115<A<3,a>1, anda, > 0,b, >0, such
that 0 < > 7 %[1—(’\1)}ap<oo 0< > 0 2 pa oo, Then we

n=0 2n+2a—A+1 4(n+a)? n=0 2n+2a—X+1"n
have
ZZ ST S )l PR L)l
o ars m+n—|—a A=l | 2n+2a—-A+1 dn+a)?] "
00 1/q
(n+ )™

X bd ) 2.2
{;Qn—l—Zoz—)\—i-l" (2:2)

Proof By the reverse Holder ’s inequality [2], we have

ZZ m+n+a B ZZ 3 3

n=0 m=0 n=0 m=0 (m +n+ Oé)

W,
NE
[M]#

E
Tla
TIET
2
>
A

/_/.H
NE
NE

E)
+
3 :%
_l_
=
>
|

Since 0 < p < 1 and ¢ < 0, then by (2.1), we obtain (2.2). The theorem is proved.
In Theorem 2.2, for « = 1 we have
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Corollary 2.3. Let0<p<1 1—1—1:1, 1.5 <A< 3 and a, > 0,b, > 0, such that

0< >0 n2+n1+3 xS 00, 0<y 2 o%<oo. Then we have
) DL T | el PR il ’
- a

n:0m:0(m+n+1)>\ A—1 n102n+3—)\ 4n4+1)2] "

00 1/q

(n+1)%A
" {Z i3 A (23)
n=0

Remark. Inequality (2.3) is inequality (1.10). Hence, inequality (2.2) is an
extension inequality (1.10)

Theorem 2.4. Let0<p<1, lJrlzl 1.5 <A< 3,0 >1, and a, > 0, such that
0<% lnta)® Rk

n=0 2n+2a—X\+1

i (n+ ) o i .
—2n+2a-A+1 = (m+n+a)

() Satmrari [ e @9

Inequalities (2.4) and (2.2) are equivalent.

< 00. Then we have

p

Proof Let

b [ o i U
2n 4+ 20— A+ 1 = (m+n+a)

By (2.2), we have

i m+1)2 |7 [ 1 i am
—~2n+2a-A+1 B 2n 420 —A+1 = (m+n+a)

(]

=0

o0 [e’e) p
:{ OZ:O m+n+a }

NERES

2 ) (n + a)?>A {1_ (A —1)2 ] o
p—1
(n + a)> b
X{;Qn—i-%z—/\—i-l

>/

“2n+ 20— A+1 A4(n + «a)?

Then we obtain

i (n+ )2 be —i (n+a)?> 17 Z g
n:02n+2a—)\+1_n n+2a—A+1 m0m+n+a

2 V<= (m+a)*?
> (= — 2.5
_()\—1) ;Qn—FQa—)\—i—l{ n—i—a (2:5)
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(nda)2— bl . .
If Zn -0 m = 0Q, then in view Of

[e o]

0<Z (n+ «a)? [1_ (A—1)2}§Z (n+ a)?*ak e

2n+2a—>\+1 4(n + «a)? — 2n+20—A+1

and (2.5), we have
00 2-\ I=p | oo p
m 2
Z { (n+a) } Z a |- ( )
—[2n+2a—-A+1 = (m+n+a) A—1

= (nta)r? (A —1)2
1— p.
Xz2n+2a—)\+1[ 4(n+ «)? %n)

n=0

p

if0<d om—xﬂ<oo then by (2.2), we find

o0 2\ l—p oo p
+ 2

Z{ (n+a) ] 3 U i >( )

—[2n+20—A+1 = (m+n+a) A—1

Xni (n + ) [1_@—1)221@%

—~ 2n+20—A+1 4(n+ «)

p

Hence we obtain (2.4).
On the other-hand, by the reverse Holder ’s inequality [2], we have

ZZ m—l—n—l—a = [Z(n—i—a} i« (2n+4+20—A+1) Z m—i—n—l—a

»Q\’—‘

n=0 m=0 n=0 m=0
bn
X 1
(n—l—a) a (2n+2a—)\+1)5
1
— Py
- (n+a)2> 177 S am g
> _m
- {;{Qn—l—Qa—)\—l—l} mZ:O(WerH—Oz)A

1

n+oz2 ’\bq }q

2n+2a—X+1

/—L
Mg

n=0

Hence by (2.4), it follows

co oo 9 oo 22\, p _1)2 %

ZZ < Z (n+a)*al 1_ (A-=1)
m+n+a A=l |5 2n+2a—-A+1 4(n + a)?

n=0 m=0
1
— (n+a)y oz |
X{;2n+2a—)\+l ’

Then, (2.4) and (2.2) are equivalent. The theorem is proved.
In (2.4), for a = 1, we have
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Corollary 2.5. Let1.5<A<3,0<p<1, L+l=1a,>00<y 0, e o
oo, Then we have

() S Lo, 29

n=0

Inequalities (2.6) and (2.3) are equivalent.
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Abstract

The purpose of this paper is to introduce a modification of g-Dunkl generalization of
exponential functions. These types of operators modification enables better error estimation
on the interval [%7 o0) than the classical ones. We obtain some approximation results via well
known Korovkin’s type theorem. Convergence properties by using the modulus of continuity
and the rate of convergence of the operators for functions belonging to the Lipschitz class are
also presented.

Keywords and phrases: g-integers; Dunkl analogue; Szdsz operator; ¢- Szasz-Mirakjan-
Kantrovich; modulus of continuity; Peetre’s K-functional.
AMS Subject Classification (2010): 41A25, 41A36, 33C45.

1. INTRODUCTION AND PRELIMINARIES

In 1912, S.N Bernstein [1] introduced the following sequence of operators
B, : C[0,1] — €0, 1] defined by

Bu(fi) =Y (Z) (1= )t g (%) zel01] (1.1)

k=0

forn € Nand f € C[0,1].
In 1950, for > 0, Szész [17] introduced the operators

oy e )k
S.(fiz)=e ; 7 (n) feC0,00). (1.2)

In the field of approximation theory, the application of g-calculus emerged
as a new area in the field of approximation theory. The first g-analogue of
the well-known Bernstein polynomials was introduced by Lupas by applying
the idea of g-integers [5]. In 1997 Phillips [14] considered another g-analogue
of the classical Bernstein polynomials. Later on, many authors introduced g¢-

generalizations of various operators and investigated several approximation prop-
erties [6, 7, 8, 9, 10, 11, 12, 13].
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We now present some basic definitions and concept details of the g-calculus
which are used in this paper.

Let k € Ny and ¢ € (0,1) then g-integer [k], is defined as

—g :
S if g #1,
k], =
k if g =1.
The g-factorial [k],! is defined as
[kl [k —1]4- - [1]4 if k e N,
! =
1 it k=0,

and for k£ € N, g-binomial coefficient [ l; } is defined by
q

B = aEEl

With|:18:| zland{ﬁ} =0 for r > k.
q q

There are two g-analogue of the exponential function e*

=3 = ! o< Jgl <1
e,lx) = = y 1T —, |q )
T T U - (- gy =g
and

k(k—1) :pk .

k=0 7

where

(1—a) = [ - o).

§=0

Our investigation is to construct a linear positive operators generated by
generalization of exponential function for defined by [15]

eu(x) = Z &

n

n=0 ,yﬂ(n)

Here o ( 1)

2%k (K + p+ 5

2k) = 2
and 2k+1 ( 3)
25T (k 4+ p+ 2
2k +1) = 2

7#( ) F(,u-i-%)

The recursion formula for «, is given by

7H(k + 1) - (k +1+ 2M0k+1)%¢<k)7 k= 0,1,2,---,
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where p > —% and

1 it k € 2N+ 1.

Sucu [16] defined a Dunkl analogue of Széasz operators via a generalization of the
exponential function [15] as follows:

1 & (na)* | (k+2uby

Si(fi0) = f( , (13)
e, (nw) kZ:O Y (k) n

where x >0, f € C[0,00),u >0, n € N.

Cheikh et al., [2] stated the g-Dunkl classical g-Hermite type polynomials and gave

definitions of ¢g-Dunkl analogues of exponential functions and recursion relations

foru>—%and0<q<1.

if ke 2
ek:{o if k € 2N

o0 n

X

2 —qu(n), x € [0,00) (1.4)

€uq(T) =

00 n(n—1) n
¢ 7
B =3 L e 0oo) (15)
" nz; Vua(n)
_ 2u9n+1+n+1

Vug(n+1) = (1 ql e ) Vug(n), n €N, (1.6)

0 — 0 if n € 2N,
"1 ifne2N+1.

An explicit formula for v, ,(n) is

(@, ) ey (¢ @)z
Vua(n) = (1 —2q)” “Yug(n), n €N,

And some of the special cases of 7, ,(n) are defined as:

1 g - g (1-¢
0)=1 )= —— 2) =
’Yu,q<) ;%uq() 1—¢ 7%&(}() 1—¢q 1—q )’

1— 2u+1 1_2 1— 2pu+3
= (525 (122) (522°)
I—gq I—gq 1—gq
y (4): 1_q2u+1 1_q2 1_q2u+3 1_q4
ol 1—gq 1—gq 1—gq 1—q )"

In [4], Giirhan I¢oz gave the Dunkl generalization of Szész operators via
g-calculus as:

L () (1
Drglfiz) = euq([n]qx) kz:; Vg () / ( I—q" ) ’ (.7

forp>3, >0, 0<¢g<1land f e C[0,00).
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Previous studies demonstrate that providing a better error estimation for
positive linear operators plays an important role in approximation theory, which
allows us to approximate much faster to the function being approximated.

Motivated essentially by by I¢oz [4] the recent investigation of Dunkl gen-
eralization of Szdsz-Mirakjan operators via g-calculus we have showed that our
modified operators have better error estimation than [4]. We have proved several
approximation results. We have successfully extended these results and modifying
the results of papers [4].

2. CONSTRUCTION OF OPERATORS AND MOMENTS ESTIMATION

We modify the ¢ Dunkl analogue of Szasz-operators [4].

Let {rp,,(z)} be a sequence of real-valued continuous functions defined on
[0, 00) with 0 < rp,, < 0o. Then we define

(Il e (2))E btk
Dy (f5 ) = L Z([ Ja71n, () f(l gt ) (2.1)

eug([Mlgrp, (2)) = Yua(k) L —q"

Now, if we replace rp,, (7) as

1
T[n]q(x):‘r—rn]qa Where%§x< =g and n € N. (2.2)
Themforany2 <r< i qn, 0<qg<l, ,u>%andn€Nwehave
1 L (2] — 1)F (1 — @0tk
D; (fiz) = >y ! S (23
™ n|qr— k —qn
Guyq (MT:l) k=0 2 leM](k') 1 q

where e, 4(x), 7,4 are defined in (1.4),(1.6) by [16] and f € C¢[0,00) with
¢ >0 and

Cel0,00) = {f € C[0,00) :| f(t) |< M(1+1)°, for some M >0, ( >0}. (2.4)

Lemma 2. 1 Let Dy (. ; .) be the operators given by (2.3). Then for each

§ r< = qn, n € N, we have we have the following identities:

(1) D} (Liz) =1,
<> D; (tx) =r m ) == g
3) 271 (g1 - 2y, 2 1) & (201 — 2y, 2] 1) <

q
Ha eua([nlgrmq (%)) [nlq 4[n]2 Hla e larn, @)

D; <t2,x><x ([ 20l — 1) 5 — i (2420, 1),

n,q

. ([nlg7nyq (2))*
Proof. (1) Dy, (Lz) = ew([n]qr (x)Zk 0 qu(]Z) =1
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(2)
o . 1 — 200, +k
D:(tx) = Z qr[ 1q ( 1q_qn )

elu‘»q ( [ qT[n =0

_ 1 - ([ ]qr[n]q(x))
B aTlnly (%)) ; Yulk —1)

[n]g€u.q([n]
1
2[”](1

- B 2 ([n)grmy, ()F /1 — g?rostk
Dn,q(t ,.T) - Z (k’) (

elMJ([ ] T[n]q —0 1— q

1 L ([nlgrpm, ()5 (1 — g?Hontk
[n]geu,q([n]qﬂn]q(m)) =0 (k) 1) ( 1—gq )

1 — ([n]yr ](q:))k-H( q2“9k+1+k+1)

0 '7/1(]{3) l—gq

[n]geu,q([n]qr[n]q (7)) .

From [4] we know that
201+ b+ 1], = 21l + Ky + @521 + 1], (25)
Now by separating to the even and odd terms and using (2.5), we get

2x) = 1 — ([, ()" /1 = ronthil
(#'52) [n]geu,q([n]qr[n]q@)) o Yu(k) ( 1—gq )

D*

n?q

[1+2p),
[nzena([nlgrm, (2)) =

([n]qr[n}q ({E 20021 +2k

+

(]

=

—

DO
S— | ~— 5\./

L

[1 —2u], f: ([n)grm), (= )2+ g2k F2RHL
[n]geu,q([n]qr[n]q(x» PR Yu(2k

We know the inequality

1= 20, < [1+ 24, (26)
Therefore by using (2.6) we have
" 2 T, (2)[1 — — (a[n]grp, ()"
Dn,Q<t 7$> 2 (T[n]q (I‘)) + [n]qey,qqn]qr[n ZO '7/,; 2]€
¢, (€)1 = 20]g = (g[n)grpm, ()
i [nlgepq([n]qrm, (2)) ; Vu(2k +1)
Z (T[n]q (l‘))Q 4 q2,u[1 o 2:“] e##](q[n]qr[n]q(x)) T[”]q<x>.

! euq([n]grim, () [nlg
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Similarly on the other hand we have

Tl (%)

D}, (%) < (ri, () + [1 + 24, .

Which completes the proof.
OJ

Lemma 2.2. Let the operators Dy, (. ; .) be given by (2.3). Then for each
x> 5, n €N, we have

(1) Dyt —wi2) = =,

2[n]q”’

(2) Dy ((t —2)%2) < [1+ 2 — e (201 + 201, — 1),

3. MAIN RESULTS
We obtain the Korovkin’s type approximation properties for our operators
defined by (2.3).

Let Cg(R™*) be the set of all bounded and continuous functions on RT =
[0, 00), which is linear normed space with

I flles= sup | f(z) |-

Let
f(z)
1+ 22

H:={f:2¢€][0,00), is convergent as © — oo}.

Remark 3.1. By lemma 2.1, it is clear that the positive liner operators D},
given by (2.3) preserve a linear functions, that is for ¢(y) = cy + d, ¢,d €
R(Real numbers), Dy, (¢;x) = ¢(x) for all 2 > 5~ n € N.

Now, fix b > 1 and consider the lattice homomorphism H, : C[0, 0] — C|0, b]

defined by Hy(f) = f|[0’b] for every f € C|0, oc|, where f’[o,b] denotes the restric-

tion of the domain of f to the interval [0,b]. In this case for each j = 0, 1,2, we

have
1
lim H, (D}, (e;)) = Hy(e;) uniformly on [5, b]. (3.1)
Thus, by using (3.1) and with the universal Korovkin-type property with
respect to the monotone operators. And hence we have the following Korovkin-
type approximation result.

Theorem 3.2. Let D;, (. ; .) be the operators defined by (2.3). Then for any
function f € C¢[0,00) N H, ¢ >2,

lim D} (f;2) = f(x)

n—oo

L ph< .

is uniformly on each compact subset of [0,00), where x € [%, bl, 5
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Proof. The proof is based on Lemma 2.1 and well known Korovkin’s theorem
regarding the convergence of a sequence of linear and positive operators, so it is
enough to prove the conditions

lim D ((t52) =27, j=0,1,2, {as n — oo}

uniformly on [0, 1].

Clearly = — 0 (n — oo) we have

[n]q
nh—>nolo Dy (t;z) =, nh_}rrolo D;q(t2;x) = 22
Which complete the proof. O

We recall the weighted spaces of the functions on Rt which are defined as
follows:

P(RY) = {f:] f(z)|< Msp(2)},
Q,RY) = {f:feP,R")NC[0,00)},

ERY) = {f: R*) and lim 28 — ki tant
Qp(R™) {f f€Q,(RT) an Im () (k is a constant) ¢ ,
where p(z) = 14 2? is a weight function and M; is a constant depending only

on f. Note that Q,(R") is a normed space with the norm || f ||,= sup,~g %.

Lemma 3.3. ([3]) The linear positive operators L,, n > 1 act from Q,(RT) —
P,(R*) if and only if

I Ln(p; ) [[< Kop(2),
where p(z) =1+ 2%, x € R" and K is a positive constant.

Theorem 3.4. ([3]) Let { L, }n>1 be a sequence of positive linear operators acting
from Q,(RT) — P,(R™) and satisfying the condition

Tim || Lo (p7) = p" [le=0, 7=0,1,2.
Then for any function f € Q’;(Rﬂ, we have
tim | Lo(fi2) — f = 0
Theorem 3.5. Let D}, (. ; .) be the operators defined by (2.3). Then for each
function f € QFR"Y) we have
T || D, (fs2) — f = 0.

Proof. From Lemma 2.1 and Theorem 3.4 for 7 = 0, the first condition is fulfilled.
Therefore

lim || D5, (132) =1 ,= 0.

n— 00 ’

Similarly From Lemma 2.1 and Theorem 3.4 for 7 = 1,2 we have that

| Dy, (t;2) — | 1 1
sup 5 < sup 3
z€[0,00) I+ 2[n)q zefo,00) 1 + @
B 1
2[”](17
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which imply that
lim || D, (t:2) — o [l,= 0.
n—00 ’

Dy (%) — x? 1+42p), — 1
Sup ‘ n,q( )2 ’ < | [ + /'L]q | sup x _
z€[0,00) I+ [n]q z€,00) L T
+ [+ 2], —1] !
— su
Aln]2 Ma =21 S T+
which imply that
lim || D, (#50) o [, =
This complete the proof. 0

4. Rate of Convergence

Here we calculate the rate of convergence of operators (2.3) by means of
modulus of continuity and Lipschitz type maximal functions.

Let f € Cp[0,00], the space of all bounded and continuous functions on
[0,00) and = > %, n € N. Then for § > 0, the modulus of continuity of f
denoted by w(f,d) gives the maximum oscillation of f in any interval of length
not exceeding ¢ > 0 and it is given by

w(f,0) = sup [ f(t) = f(z) ] t€0,00). (4.1)

jt—a|<s

It is known that lims o4 w(f,d) = 0 for f € Cp[0,00) and for any 6 > 0 one has
t—x

0~ s 1< (M5

Theorem 4.1. Let D; (. ; .) be the operators defined by (2.3). Then for f €

Cpl0,00), > 5 and n € N we have

| Dy, (fi2) = f(z) < 2w (f;0na)

where Cp[0,00) is the space of uniformly continuous bounded functions on R,
w(f,d) is the modulus of continuity of the function f € Cpl0,00) defined in (4.1)
and

+&>wﬁﬁ) (4.2)

q

o = \/ 1+ 20— 4[}1]2 (21 + 24], — 1). (4.3)

Proof. We prove it by using (4.1), (4.2) and Cauchy-Schwarz inequality we can
easily get

SIS

}W(f;5)

if we choose § = 6, , and by applying the result (2) of Lemma 2.2 complete the
proof. O

I DLfi0) - 1) | < {145 (Dl - 0%a)
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Remark 4.2. For the operators D, ,(. ; .) defined by (1.7) we may write that, for
every f € Cp[0,00), 2 >0and n € N

| Dng(f52) = f(2) |< 20 (f; An) (4.4)

where by [4] we have

x
Me =/ Dugl(t = 2)%2) < 11+ 20 (4.5)
[n]q
Now we claim that the error estimation in Theorem 4.1 is better than that
of (4.4) provided f € Cg[0,00) and = > 5-, n € N. Indeed, for z > -, > 5
and n € N, it is guarantees that

Dy, ((t = 2)*2) < Dy g((t — 2)%2), (4.6)
x 1 x
[1+ 2/1]11@ - 4[”]2 2L +2p),—1) <1+ 2M]qm‘ (4.7)
Which imply that
x 1 x
\/[1 + 2#](1@ - A[n]2 CL+2u,-1) <\ /0 + Qﬂ]q@- (4.8)

Now we give the rate of convergence of the operators D;, (f;x) defined in
(2.3) in terms of the elements of the usual Lipschitz class Lipys(v).
Let f € Cp[0,00), M >0 and 0 < v < 1. The class Lipy(v) is defined as

Lipy(v) = {f | f(Q1) = f(G) [SM [ =G| (C.¢e[0,00))} (4.9)

Theorem 4.3. Let Dj (. ; .) be the operator defined in (2.3).Then for each
f € Lipy(v), (M >0, 0<v<1) satisfying (4.9) we have

where 0,5 1s given in Theorem 4.1.

Proof. We prove it by using (4.9) and Hélder inequality.

| Dr o (f(1) = f(x);2) |
Dy ([ f(8) = f(z) |;2)
| MD; ([t = [%).

| D}, (f52) = f(z) |

(VAR VAN VAN

Therefore
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[

10
| Dy, (fi2) — f(2) |
00 k11 _ o 2ube+k v
euq(n ]qr[n]q k:o ’qu ) L—qn
2.
9 T[n] )k) 2
< M ( :
enqlln qr[n]q )kz:% Vg (K
P 2] _ 20kt v
( ] > q — x| dt
Vg (K L—q"
2—v
n ([, (2))" -\ °
< M ? dt
(61141([”](17“ nlq (z)) kz:% Vi q(k)
s k 2+ 2\ 2
) O S (0 A o
enql[nlgrml, (7)) 0 Vyua(F) L—q"
= M (D} (t — )% 1:)% :
O

Which complete the proof
Let Cp[0,00) denote the space of all bounded and continuous functions on
(4.10)

R* = [0,00) and
{9€ Cs(R"):¢.¢" € Cp(RT)}

CH(RT) =
with the norm
I9 lezn=ll g loa@n) + 11 9" lesms) + 11 9" lepm) (4.11)
also
19 llos@n= sup | g(z) | (4.12)
z€RT
. Then for any

) be the operator defined in (2.3)

Theorem 4.4. Let D;, (. ;
g € C4(R™) we have
D (f; < 1 Ona
’ n,q(fvx) - f(ilf) ’— _2[n]q 9 H g HC}QB(]R*')a

where 0,4 1s given in Theorem 4.1
Proof. Let g € C%(R™), then by using the generalized mean value theorem in the

(t—x)Q’ Y € (x,t).

Taylor series expansion we have

9(t) = g(2) + ¢'(@)(t — 2) + 9" (V)5
By applying linearity property on Dy, ,, we have
Dy (9.2) — (@) = 4 (£) D (¢ — 7)) + TNy (¢ = 22
n,q ) n,q 9 2 n,q 9 9
Alotaibi ET AL 66-76
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which imply that
i} N [P [p—
| Dy (g:2)—9(@) 1< (=5 ) 110" Nowmey + (11 + 2ulagh — i QU1+ 20l — 1)) 2282,

From (4.11) we have |[ ¢ [|cz0.00)<Il 9 llc210,00)-

Hg||C2B(R+)

| Dy (g 2)—9(2) 1< (=5 ) 119 legeeny + (114 2o — o 211+ 2y — 1)) =5
This completes the proof from 2 of Lemma 2.2.
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Abstract

This paper studies pointwise error estimates for spherical hybrid interpolation, which com-
bines spherical polynomials together with spherical radial basis functions constructed by a
strictly positive definite zonal kernel. The study is first carried out in the native space asso-
ciated with the kernel, and then refined error estimates for a target function in a still smaller
space are established.

MSC(2000): 41A17, 41A30
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1 Introduction

In recent years, fitting a surface to scattered data arising from sampling an unknown function
defined on an underlying manifold comes up frequently in applied problems. If the underlying
manifold is S2, the unit sphere embedded in the Euclidean space R3, then there are applications to
astrophysics, meteorology, geodesy, geophysics and other areas (see [5, [0 27]). Amongst approach-
es for scattered data interpolation and approximation on S?, many authors have used spherical
polynomials or spherical radial basis functions (see [5] [6], O [12] 18| 20, 25 26], 27, 13| 2]). Moti-
vated by the fact that the spherical radial basis functions are helpful to handle scattered data and
rapid changes, at the same time, the spherical polynomials contribute to handle the slowly varying
large-scale features, a hybrid interpolation scheme was given in [23].

The hybrid interpolation scheme combines spherical radial basis functions together with spher-
ical polynomials, that is a little different from interpolation by radial basis functions constructed
from conditionally positive definite kernels (in which case a polynomial part is needed to make the
theory work, see [§]). Sloan and Sommariva [23] restricted their attention to the case of strictly
positive definite kernels, so that the polynomial component is voluntary rather than forced.

This paper studies the hybrid interpolation problem in an appropriate native space N of
continuous functions on S?, which is defined by an underlying strictly positive definite kernel ¢.
We use the method in [23] to get the pointwise error estimate for the hybrid interpolation.

It is known that if ¢ is smooth, the native space N is small in the sense that it is composed
of very smooth functions. That is so called “native space barrier” problem and there are several
literatures focus on it. We refer the readers to [10] [IT], 15 16, [I7] for more details. In this paper,
we combine the approach which was used by Levesley and Sun in [I0] with the techniques in [24],
and embed the smooth radial basis functions in a larger native space generated by a less smooth
kernel v and still use the hybrid interpolation associated with the smooth kernel ¢ to interpolate
the target function from the larger native space. In the process of obtaining the corresponding
error estimates, we will use the “norming set” method developed by Jetter in [9] and a special case
of the general Bernstein-type inequality established by Ditzian [4].

This paper is organized as follows. In Section[2] we give some notations and preliminary results.
The hybrid interpolation is introduced and the crucial condition for the scheme to be well defined

*Supported by the National Natural Science Foundation of China (No. 61672477)
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and discussed in Subsection [2.2] and native space and Sobolev space are introduced in Subsection
Finally, the pointwise errors are estimated in Section

In the following, we adopt the following convention regarding symbols. Let C be a positive
constant, whose value will be different at different occurrence even within the same formula. The
symbol A ~ B means that there exist positive constant C; and Cy such that C1B < A < (3 B.

2 Preliminaries

Let S? be the unit sphere embedded in the Euclidean space R3, i.e.,
S? = {z = (21, 22,23) ER® 1 2} + 25 + 25 =1} .

For integer [ > 0, the restriction to S? of a homogeneous harmonic polynomial with degree [ is
called a spherical harmonic of degree [. The class of all spherical harmonics with degree [ is denoted
by H;, and it is well know that spherical harmonics of different degrees are orthogonal with respect
to the Ly(S?) inner product

()= [ S@()date),

where dw denotes surface measure on S2. Hence, if we choose an orthogonal basis Y k=
1,...,2l + 1} for each H;, then the set {Y;x : I = 0,1,..., k =1,...,2l 4+ 1} is an orthogonal
basis for Lo(S?). The class of all spherical harmonics with total degree [ < L is denoted by Pr.
Of course, Pr, = @ZLZO H,;, and the dimension of H; is 21 + 1 and that of Py, is (L + 1)2.

We denote by L, (S?) the space of p-integrable functions on S? endowed with the norms

[flloo == I fll Lo (s2) == esssup |f(z)], p= o0,
z€S?

and U
£l = ey = { [ @Pds)]} <o 120 <

The well known addition formula is given by (see [14])

20+1

Z Yik(@)Yik(y) =
k=1

where P; is the Legendre polynomial with degree | and dimension three, which is normalized such
that P;(1) = 1, and satisfies the orthogonality relation (see [14])

1
2
P (t)P;(t)dt = ——— 0 4
| PP = 5o,
where the symbol 6y ; denotes the usual Kronecker symbol.
The addition formula also yields the following useful relation

21+1 21+1

2041
D M@y < Y Yi(e) =
k=1 k=1

==, z,yc$% (2.1)
47

2.1 Strictly positive definite kernel

Definition 2.1 (see [27]). A continuous and symmetric function ¢ : S* x S — R s called

positive definite kernel, if, for any N € Ny, a = (a;)i=1,...n € RY and {x1,...,2n} C $?, we
have

N N

ZZ OziOtjqb(LL'i,LL'j) Z 0.

i=1j=1
When for any N distinct points {x1,...,zn}, the above quadratic form is positive for all o =

(a;)iz1,...~n € RNV /{0}, then ¢ is called strictly positive definite kernel.
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A kernel ¢ is called rotational invariant, if ¢(px,py) = ¢(z,y) for all 2,y € S? and for all
rotations p. It can be shown that a continuous rotational invariant kernel depends only on the
distance between = and y, that is, there is a function ¢ : [-1,1] = R, such that p(zy) = ¢(z,y)
for all z,y € S? (see [22]). Therefore, a rotational invariant kernel is also called a zonal kernel in
the literature.

Schoenberg characterized the positive definite zonal kernels in [2I] and the notation of strictly
positive definiteness on spheres was first introduced by Xu and Cheney [28]. It is important to
characterize all the strictly positive definite functions on spheres and such an endeavor has been
taken by Ron and Sun in [19]. In [3], Chen et al. established a necessary and sufficient condition
for strictly positive definite zonal kernels: the kernel ¢ is strictly positive definite and zonal if and
only if

) 20+1 o

o(z, ZalZYlk )Yk (y Z 2l+1alpl$ Y),

=0 k=1 =0

with a; > 0 for all [, ;2 la; < oo and a; > 0 for infinitely many even values of | and infinitely
many odd values of [.

2.2 The hybrid interpolation

Assume that we are given a strictly positive definite kernel ¢(-,-) and a set of distinct points
X ={x1,...,2x} CS? Then for a target function f € C(S?) we can take the hybrid interpolation

for f in the form
L 2l+1

Ixof = ZOéJ(ﬁ SUJ +ZZBlleka

=0 k=1

where we fix L > 0 as the desired degree of the polynomial component of the hybrid interpola-
tion and the coefficients {ozj};v:l » Bk k=1, 2141, 1=0,...,, are determined by the interpolation
conditions

IX,Lf('TZ) :f(xz)v i = ]-ava (22)

and also (in order to give a square linear system) the side conditions

N
Z ajp(xj) =0, VpePr.
j=1
In order to give the conditions which will make sure that the interpolation is exist and unique,
we shall impose a condition on the point set X.

Definition 2.2 (see [23, Definition 3.1]). The set X = {z1,...,zy} C S? is said to be Py,
-unisolvent if
p€Pr, p(z;) =0 forj=1,...,N=p=0.

For the analysis of the interpolation error in the later sections it is convenient to define a
finite-dimensional space Vx,; within the interpolation Ix 1, f lies.

N N
Vx.r = { Zajgb(o,mj) +q:qg€Pr,a;eRforj=1,...,N, andZajp(xj) =0, VpePr }
j=1 j=1

The following Theorem [2.1] gives a crucial condition for the interpolation to be well defined,
whose proof can be find in [23].

Theorem 2.1 Let ¢(-,-) be a strictly positive definite kernel, let L > 0 and X = {x1,...,ox} C S?
be a set of distinct points which is P -unisolvent. Then for each f € C(S?) there exists a unique
Ix f € Vx 1 that satisfies the interpolation conditions in (2.2)).
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2.3 Native space and Sobolev space

Here and in the other sections we assume that the strictly positive definite kernel ¢ is zonal and
has the expansion

0o 2141

y) = Zal Z Yie(2)Yik(y) (2.3)
=0 k=1

with a; > 0 for all I, ;2 la; < oo, in which case the series of the right side in (2.3)) converges
uniformly for z,y € S2.
For f,g € L2(S?), they can be represented by their Fourier series

o 2041 0o 241
f= Z Z JtYi ke, 9= Z Z G,k Y1k
=0 k=1 =0 k=1

respectively. With respect to the inner product expressed as (see [27])

oo 2l+1

( szlkglk

1=0 k=1
the native space N, which is the subspace of L(S?), can be defined by
oo 20+1

N r={f€Lz(S2) IR, =Y oo}.
=0 k=1

It is easy to verify that the native space N is a reproducing kernel Hilbert space with reproducing
kernel ¢(-,-), that is,

(f7¢('71'))N¢ = f(x)v T e 827 f € N¢'

When a; ~ (I +1)72% for [ = 0,1,..., the native space Ny is norm equivalent to the Sobolev
space Hy:

oo 21+1
H, = { FeLa(SY) 1, =D (+ 1> funl < oo} :
=0 k=1

and the Sobolev embedding theorem in [7] implies that if s > 1, then the space H; is continuously
embedded in C(S?), so that H, is a reproducing kernel Hilbert space.

3 Pointwise error estimates

As we can see that the uniqueness result in Theorem ensures the existence and uniqueness of
the lagrangians [; :=[; x.1, : S* — R, which is defined by

leVX,L7 lj(:ri):éi’j, i,7=1,...,N.

The following Theorem is a little different from the obtained result in [23] and it is the
difference that helps us to extend the error estimates for hybrid interpolation to L, norm in the
next section.

Theorem 3.1 Let ¢ € C(S? x S?) be a strictly positive definite kernel defined in ([2.3)), and let
X ={x1,...,25} CS? be a Pr-unisolvent set of distinct points on S*. For f € Ny, let Ix . f €
Vx,1 be the hybrid interpolation defined in Section . Then for a fized x € S?, we have

|f(x) = Ix..f(2)| < If — Ix.nflln, Pox.o(z),
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where Py x 1, 15 the power function defined by
N N N 1/2

Py x,p(z) = | ¢(z,x) — 2le($)¢(9€a xj) + Z Zli(x)lj($)¢($u%’)

Jj=1 i=1 j=1
Proof. With the help of the reproducing property of ¢, we can rewrite the form of I'x . f as

N N
L f() = fl@)l(@) =D (f,o(,2))n,1(@) = f,Z¢> ,25)l , west

J J N4>

Since we also have f(z) = (f, ¢(-,2))n,, =€ S?, from the reproducing property of ¢, for Ix . f €
Vx 1, we have, since Vx 1, C N¢,

N N
IX,Lfa¢('7T/)*Zéb('axj)lj(x) = Ixrf(z le Mx,pf(z;) =0,
J=1

Jj= N</>

—

here the Lagrange representation of Ix 1 f € Vx 1 ensures that
N
> @) Ix L f(z)) = Ixof(x), VzeS
j=1

So the pointwise error turns into

N
f@) = Ixpf(@) = | f—Ixof 0(.2) = > (- x;) : (34)

j=1 Nd>
and by the Cauchy-Schwarz inequality, we have
|f(x) = I f(@)| < ||If = Ix,nflln, Py x,n(2), x €S2

where Py x 1, is the power function defined by

N
P¢"X,L(w) = ||¢( 2) _Z¢("$j)lj(x) » X €s?
j=1 N¢
On using the definition || - || = (-, )%j and the reproducing property of ¢, the power function turns
into
1/2
N N
Py x (z)= | é(z,x) — 22[ o(x, xj) ZZli(x)lj(ac)cé(mi,mj) ,
i=1 j=1

completing the proof of Theorem
The following Lemma [3.1]is taken from [27] and it is also established by Sloan and Sommariva
n [23].

Lemma 3.1 (see [23, Lemma 5.3]). Let ¢ € C(S* x S?) be a strictly positive definite kernel on
S?, and assume that X = {x1,..., 25} C S? is a Pr- unisolvent set of distinct points on S*>. For
a fired x € S?, we define the quadratic functional L, : RN — R by

L(a) = ¢(z,x) 220@(;5 (x, ;) —&—ZZ@Z%Q& (@i, zj), a=(o,...,an).

=1 j=1
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Then the minimum of L,(a) on the set

N
Mr,L = a e RN : Zajp(xj) = p(i), vp € PL )
j=1

is achieved by the vector (l1(z), ..., In(x)), that is, Lo(li(z),...,In(x)) < Ly(a), foralla € M, 1.
Follows from Theorem [3.1] and we can easily obtain the next Theorem

Theorem 3.2 Under the conditions of Theorem for a fized x € S%, we have
@) = Lo f @) < IIf = Ix.ofllv, (Lo(@)?,

for any real number o = a(x), j =1,...,N, such that Z;\f:l a;p(x;) = p(x), for allp € Pr,
and

L. () := ¢z, ) ZZa]¢ (x,25) +ZZC¥ZQJ¢ (i, 25).

=1 j=1

The error estimates are general expressed in terms of the mesh norm of X = {x1,..., 25} C S?,
which is defined by

hx :=sup inf d(z,z;),
xES? r;e€X

where d(x,x;) = arccos(z - ;) is the geodesic distance between z; and z.
Next, we state the following Lemma whose proof can be found in |27, Corollary 17.12].

Lemma 3.2 Suppose that X = {z1,...,xnx} C S? has mesh norm hx < i for some integer
L > 1. Then there exist functions oj : S* = R for j =1,...,N such that

(i) S0 aj(@)p(a;) = p(x), Vp € Pr, Va €S2,
(i) Z;\Izl loj(z)| <2, VxeS2

With the above obtained results we can provide the following crucial result about the pointwise
error estimate for the hybrid interpolation.

Theorem 3.3 Let ¢ € C(S? x S?) be a strictly positive definite kernel defined by and aj ~
(14+1)72%,5 > 1. Assume that integer L > 1 and that X = {x1,...,2n} C S? is a set of distinct
points on S? with mesh norm 1/(2L +2) < hx < 1/(2L). For f € Ny, let Ix f € Vx,1 be the
hybrid interpolation defined in Section . Then for a fived x € S?, we have

[f(@) = Ix.of(@)] < Ch I = Ix L fllw,-

Proof. Because hx < 2L’ it follows that for each x € S? there exists a = a(z) € RY satisfying
(i) and (ii) in Lemma[3.2] For (i), it means that a polynomial p € Py, that vanishes at z1,..., 2y
must vanish identically, which verify that X = {x1,..., 25} C S?is a Py, -unisolvent set of distinct

points on S2. By using Theorem we only have to give the estimate of the factor (Er (a))l/Q,

Lo(a) == d(z,z) — 2Zaj¢mz] +Zzala3¢> i, ;)

1=1 j=1
o)
1

N N
= 2 20+ 1)y [Pl x-x) Za]PI x-x;) Z: Pl x-x;) Zaipl(ﬂfi -a:j))},

in which the terms with [ < L vanish by property (i) of Lemma Hence

- Z 2l+1al<Plx x —2ZajPl:U xj) +ZZaza]Pl (x4 - :EJ))

lL+1 i=1 j=1
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and since |P(2)] <1, Y0 Jay| <2 and a; ~ (I +1)72%, we have

o0

N N N
1
[Lola)] = @+ Dar [ 1+2> |+ D> Jaillay]
j=1

I=L+1 i=1 j=1

C Y @+Day<C Y (1+1)>H

I=L+1 I=L+1

: C/ (x+1)"2de = C(L+ 1) < Ch 2.
L

IN

With the help of Theorem we see that

1f(x) = Ix.of(@)] < CRH f = Ix.pflln,-

This completes the proof of Theorem
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INVESTIGATING DYNAMICS OF THE RATIONAL DIFFERENCE EQUATION

Tn—1

A+ BxpTn_1

Tn+1 =

MALEK GHAZEL, TAHER S. HASSAN, AND AHMED M. MOSALLEM

ABsTtracT. This paper is devoted to investigate the dynamics of the rational difference equation

Tn—1
A+ BrnTn_1
with arbitrary initial conditions A and B as nonzero real numbers. The solution is obtained and analyt-
ical study and asymptotic behavior are investigated. The forbidden set is determined. The existence of
periodic and oscillatory solutions are discussed. Our results are illustrated with numerical simulations.

Tn4+1 =

1. INTRODUCTION

The study of difference equation has been of great interest and many spectacular developments have
been witnessed in the last decade. They are also used to present many numerical schemes in an easiest
manner [1-16]. This is largely due to the fact that it appears as direct mathematical models describing
real life situations in physics and engineering [5,6], biology [§|, game theory |7,/9,/10}/12}(13,|19] and
economy [14,/15]. Therefore, the study of behavior and global stability of nonlinear difference equations
is of paramount importance and rational difference equations are one of the most practical classes of
equations. Immense literature is available on the second order difference equations of the form

o+ ﬁxn + YTn—1
A+ Bz, +Czp_1’

where «, 3, v, A, B and C and the initial conditions x_1, xy are real numbers. In a particular case when
v = C = 0, this equation is known as the first order Riccati difference equation which can also be written

Tn41 =

b

in the form x,+; = a + —. The results such as Agarwal et al [17], investigated the global stability,
T

periodic nature and solved Some particular cases of the difference equation

ATy 12—

Tyl =a+ An—tTn-k

b—cxp_s

Elsayed [18] studied the dynamical behavior and gave the solution of the difference equation

Tn—5
+1+ Lp—2Ln_5 '

Alogeili [11] found the solution of the difference equation

Tnt+1 =

Tpi1 = _Ino1
a4 — TpTn—1
Cinar [20] determined the global stability and obtained the positive solutions of the following difference
equation
Tpg1 = __%n1
1+bx,xn—1

1991 Mathematics Subject Classification. 34K13, 34K05, 34K20, 39A10.
Key words and phrases. Rational difference equations, Stability, Infinite products, Forbidden set, Asymptotic behavior,
Periodicity, Oscillation, Numerical Simulation.
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Elabbasy et al |21},]22] obtained the solution in some particular cases and studied the global stability,
periodicity of the following difference equations

bx,, q ALy
and Tp41 = o7 -
5 + ’YHp:()In—p

The problem of existence of solutions for a given difference equation is of great importance. The primary
aim is to find the set F of all initial values at which the solution of the given equation is not defined for all
natural number n. The set of this nature is called the forbidden set of the equation. In order to avoid the
appearance of the forbidden set, the common assumption used by some authors, while studying rational
difference equations, is to choose positive initial values and coefficients. The interest of this problem has
increased in the literature recently [23-25]. Azizi [26] found the forbidden set of the second order rational
Riccati difference equation. Also, Balibrea et al [27] gave sufficient conditions for a rational difference
equation of order two to be not uniformly eventually positive outside a bounded set. Camouzis et al 28]
described the forbidden set of the difference equation

Tyl = ATy — ———————
cTy — dTy,—1

Tn—1

Tpy1 =p+ P

In [29] Sedaghat studied the existence of solutions of certain singular difference equations. Stevie [30]
studied the domains for which the solutions of some equations and systems of difference equations are
not well-defined.

The study of existence of oscillatory solutions (periodic or aperiodic) of difference equations is in a
great concern and it is extremely useful in the behavior of mathematical models describing real live
situations, for some results in this area. Ladas [31] studied the oscillation of positive solutions about the
positive steady state N in the delay logistic difference equation

m
Npty1=Npexp | r— eran,j ,
=0

which describes that the population growth is not continuous but seasonal.
Matti [32] studied the oscillations in some nonlinear economic relationships modeled by a difference
equations. Sedaghat [33] studied the oscillations and chaos in a discrete model of combat. See also
related results [34137].

Motivated by above, in this paper, we will present complete analytical study and asymptotic behavior
of the solutions of the more general second order difference equation
(1.1) Tpy1 = =t

A+ BxpTn_1

with arbitrary parameters A and B. To the best of our knowledge, the analysis for convergence, oscil-
lation and periodicity of equation (1.1) have not been considered till now and other results extend and
improve existing results in the literature, especially those established in [11}20].

,xg=cand z_; =d,

m m
Throughout the paper we use the convention that N = {0,1,2,...}, H ap, =1 and Z ap, = 0, where
p=n p=n
(ap)p is a sequence of real numbers and m < n for m,n € Z and the cases when AB=0and A+ B #0
are trivial, therefore we will assume that A # 0 and B # 0.
2. STABILITY ANALYSIS OF THE EQUILIBRIUM POINTS

Before stating stability analysis of the equilibrium points, we begin with the following theorem which
will given equilibrium points of Eq. (1.1).

Theorem 1. Let (zy),~_; be a solution of Eq. (1.1).
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(1) If B(1—A) <0, then the Eq. (1.1)) has a unique equilibrium point T; = 0.
(2) If B(1—A) > 0, then the Eq. (1.1)) has exactly three equilibrium points

_ _ 1-A
Z1=0 and Zo3== 5
Proof. Let  be a equilibrium point of Eq. (L.1)). It is easy to see that
1-A
T =0 e
T or T 5
This completes the proof. [ |

Now, we will prove the following stability analysis of the equilibrium points for equation (1.1).
Theorem 2. Let (x,,),~_, be a solution of Eq. (1.1). Then:

(1) For A <0, the characteristic equation about the equilibrium point T1 has no real roots.
(2) For 0 < A < 1, the equilibrium point T1 is a repeller.
(3) For A =1, the equilibrium point T, is nonhyperbolic.
(4) For A > 1, the equilibrium point Ty is locally asymptotically stable.
Moreover, for B(1 — A) > 0,

(i) The equilibrium points To 3 are nonhyperbolic.
(ii) If 0 < |A| < 1, then the equilibrium points Ta 3 are unstable.

Proof. Denote by U := (ug,u1) an arbitrary point in the good set of Eq. ([1.1) and Z be an equilibrium
point of Eq. (1.1, recall that the characteristic equation about the equilibrium point Z is defined as

(2.2) A —god —q1 =0,
where g = a—F(f %), k= 0,1 with F(up,u1) = " Since the partial derivative of the function
Qk_aUk ) ) — Y 0, 41 _A—I—Buoul' p
F are
8F —Bu1 8F A
2.3 - = d —= =
( ) 8”0 (A + BU0u1)2 a 8711 (A + BUOU1)2 ’
F
so, for the equilibrium point Z; = 0, the coefficients of the characteristic equation are ¢y = 8—(07 0)=0
o
F 1
and ¢; = g—(O, 0) = 1 Hence the characteristic equation about the equilibrium point Z; is
U1
(2.4) ve_l_g
. 1-0

Thus, we have the following cases:
(1) If A <0, then the Eq. (2.4) has no real roots.

1
(2) If 0 < A < 1, then the real roots of Eq. (2.4) are £/ 1 their absolute values are greater than

one which implies that the equilibrium point Z; is a repeller.

(3) If A =1, then the real roots of Eq. (2.4)) are +1, so Z; is nonhyperbolic.
(4) If A > 1, then all real roots of Eq. (2.4) have absolute value less than one, so Z; is locally

asymptotically stable.

In the case when B(1 — A) > 0, two new equilibrium points appear s and Zs. According to the
Eq. (2.3), the coefficients gg and ¢; of their characteristic equations are the same and they are given as
go = A—1 and ¢; = A, so the characteristic equation about Zy, k = 2,3 is

M—(A-DA-A=0,
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which has —1 and A as real roots, then Zy and Z3 are nonhyperbolic. Furthermore, if |A| < 1, then Zo
and Z3 are unstable. This completes the proof. [ |

3. ANALYTICAL EXPRESSIONS OF (Zp),~_;

In this section, we give some analytical expressions of the sequence (z,)n>—_1, where (z,)p>_1 is a

solution of Eq. (1.1).

Theorem 3. Let (2,)n>—1 be a solution of Eq. (1.1). Then for all integer n € N,

2p—1
| A+ Bed > A
_ k=0
(35) Top—1 — d U 2 5
P70 A4 Bed Y AF
k=0
and
2p
| AP Bead ) AF
k=0
(3.6) Top =C H 2ol
P=0| A2tz 4 Bed 3 aF
k=0
Proof. We show it by induction. First we have
2p—1
| A*®+Bcd ) A*
_ k=0 .
z o =d]] ” =d
P A4 Bed Y AF
k=0
and
2p
| AT+ Bad)y A"
k=0
Top=c H ST 1 =c
P A2 4 Bed Y AP
k=0
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This shows that (3.5) and (3.6) hold for n = 0. Assume (3.5) and (3.6) hold with n replaced by some
k € N. From Eq. (1.1) we get

ZTok—1
A+ Bropxop—1

_ (d H (AZP + Bed zpzl Ak) ]:[1 (A2p+2 + Bed 2p§ Ak)) /

T2(k+1)—1 = T2k+1 =

=0 k=0
(:H: (A2p+1 + Bch;JA’“)
[A H (A2P+2 + Bed QPf:l Ak) n Bcdﬁ (AQP + Bed szl Ak)])
k=0 k=0

k 2 1
A?P 4 Bed Y 3P 0 AR
_ dH ( + bc Z )

A2+ | Bed zil’ o A¥

and
" - - Tk
2(k+1) 2k+1+1 A—|—Bx2k+1xgk
k—1 k 2p
_ ( I1 (A2P+1 + BchAk) I1 (A2P+1 + BchAk))/
p=0 k=0 p=0 k=0
k 2p—1
(H (A2p + Bed Z Ak)
p=1
k k-1
[A I1 (A2p+1 + Bed Z Ak) +Bed [ (A2P+1 + Bed Z Ak)})
p=0 k=0 p=0 k=0
2p
2p+1 k
. AP 4 Bed) A
_ k=0
= ¢ H ( 2p+1 )
PO A2 Bed Y AF
k=0
This shows that (3.5) and (3.6) hold for k + 1. Therefore, (3.5) and (3.6) hold for n € N. This completes
the proof. [ ]
Corollary 4. Let (,)n>—1 be a solution of Eq. (1.1)). Then:
(1) for A£1,
n—1
(A—1+ Bed)A* — Bed
. n—1 — d )
(3:7) Fan-t ,1;[0 (A—1+ Bed)A2+1 — Bed
and
n—1

o 1:[ (A—1+ Bed)A** — Bed
e (A—1+ Bed)A2+2 — Bed'
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(2) for A=1
n—1
1+ 2pBed
| ] ()
(38) Pan-1 = H 1+ (2p+ 1)Bed

and

1+ (2p+1)Bed
=c H [ (T 2)5ea)

Proof. Tt is sufficient to use in the (3.5) and @ the identity

— b+l

Zm 1-z

where p is a nonnegative integer and x is a real numbers different of one, and the proof is directly obtained.
|

4. MAIN RESULTS

4.1. The forbidden set. The determination of the set of all initial conditions through which the solution
of a given difference equation is defined for all n € N is in general a problem of great difficulty. This
problem leads to introduce the notion of forbidden set.

Definition 1. Consider a difference equation of order k in N
(4.9) Tpy1 = F(Tn, Tn1, ..., Tp_(x—1)) forn eN,

where F' = F(ug, uy, ..., us_1) is a function that maps on some subset Q in R*, and let (zg,z_1,...,2_p11) €
Q be the vector of initial conditions of the Eq. (4.9). The forbidden set of Eq. is the set denoted
F defined as the set of all vectors of initial conditions (zg,z_1,...,Z_k+1) through which the solution
of Eq. is not defined for all positive integer n. The good set G is the complementary in € of the
forbidden set, consequently, the solution (x,), of Eq. is well defined for all n € N if and only if
(.ZEQ, L _qyenny 1'—k+1) eg.

When we obtain the analytic expression of the solution for a given difference equation, the determina-
tion of the forbidden set becomes more easy to obtain. However it can be gotten in some particular cases
by the mean of substitution, in the following Theorem, we give the forbidden set in the case when A = 1.

Theorem 5. Let (:vn)nz_1 be a solution of the Eq. (1.1) and F be the forbidden set of the sequence
(@n)n>—1- If A =1, then

F = {(c,d) € R? such that cd € {%, n e N}}

Proof. The sequence (z,),~_; satisfies the equation

Bzp iz, = #‘%, r_1 =d, x0 =c,
Hence,
(4.10) A4+ Bxpiixn,=A+1— $
A+ BxpTn_1
Let (y5),>o be the sequence defined as
(4.11) Yn = A+ Brprn_1,

90 MALEK GHAZEL ET AL 85-103



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.1, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

INVESTIGATING DYNAMICS 7
So the Eq. (4.10) can be written as
A
Yn+1 = A+1— )
Yn

which is a first order Ricatti difference equation. If A =1, then

1
Yny1 =2 — — forneN.
Y

n

Let n € N, for y, to exist a necessary and sufficient condition are that for all integer 0 < k < n — 1,
yr 7 0,

-1
yo # 0 is equivalent to cd # 5

1
y1 # 0 is equivalent to yo # 0 and yo # 3
and
. 1 2
Y2 7& 0 Zﬁyo ¢ {07575}

By induction, we can easily prove that for all n € N,

-1
Yn £ 0 iff for allk <n+1, yoyékT,

—1 —1
So the forbidden set of the sequence Y = (y,,)n>0 is Fy = {nT, n € N}. Now, let n € N, yo = n
-1 -1
is equivalent to 1+ Bed = i which is equivalent to cd = 5 Thus, the forbidden set of the sequence
n n
(Tn)n>—1 is given by
-1
F= {(c, d) € R? such that cd € {—, n e N}}
nB
The proof is complete. ]

This results can be immediately found by using Corollary ] Also, in the case when A # 1, the
forbidden set F of Eq. (1.1 can be easily obtained by using Corollary 4| as in the following theorem.

Theorem 6. Let (z,,)n>—_1 be a solution of the Eq. (1.1). Suppose that A # 1, then the forbidden set of
the sequence (Tn)p>—1 is

1
A=-1 and cd= 5
F =< (c,d) € R? such that { or (- A4
1— n
A?é—l and Cde{m,neN},

4.2. Convergence. In this section, we study the asymptotic behavior of a solution of the difference Eq.

D).

4.2.1. The case when 0 < |A| < 1.

Theorem 7. Let (zy,)n>—1 be a solution of the Eq. (L.1). Assume that |A| < 1, then the subsequences
(x2n—1) and (x2,) converge.
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Proof. Using Corollary [d] we obtain

" (A—1+ Bed)A? — Bed

n— = d
Ton—1 H _1+Bcd)A2p+1 Bed

_ A-— 1+Bch2p
- dH _ A- 1+Bch2p+1

= d 1:[ Uy,
p=0

where

B 1— A% .  A—1+ Bced

T 1 adi @ Bed
One of the following cases holds: For p big enough, U, is always is in (0,1) or lies greater than one, this
allows us to apply of the Taylor expansion to the sequence (U,),>o which gives that

U, is asymptotically equivalent to 1 — (A — 1) A%,

which is the general term of convergent infinite product, thus (zs,—1) converges.
Again by using Corollary [ we get

B ’ﬁ (A—1+ Bed) A%+ — Bed
T = M AT T Bed) A%+ — Bed
n—1 1— A— ]13—&-Bch2p+1

C I[) 1_ A— 1+Bch2p+2
p=

= c 1:[ Ty,
p=0

where
1 —aA?Ptt A—1+4 Bed
T = e MO = T
Hence,
T, is asymptotically equivalent to 1 — (1 — A) AT
the last term is the general term of convergent infinite product, then (zs,), converges. This completed
the proof. [ ]

4.2.2. The case when A = —1.

Lemma 8. Let (x,)n>—1 be a solution of the Eq. . Assume that A = —1, then

(1) The subsequence (x2n—1)n converges iff Bed € (—o0,0) U [2,00).
(2) The subsequence (x2y), converges iff Bed € (0,2].

Proof. 1. Replacing A by —1 in Corollary (4), for the subsequence (z2,_1)n, We obtain
-2 "
v = dg—5p)
_ d
(Bed —1)™’
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then
|Bed — 1] > 1,
(an—1)n converges iff < or
Bed—-1=1,

the last system is equivalent to Bed € (—00,0) U [2, 00).
2. To prove the second part of the Theorem, we replace A by (—1) in Corollary for the subse-
quence (Zap)n, we get

2Bcd — 2\
Ton C( ) )
= ¢(1 — Bed)",
then
|Bed — 1] < 1,
(zan)n converges iff < or
Bed—-1=1,

the last system holds iff Bed € (0,2]. As a result, the proof is completed.
|

Remark 1. Using the computation in the proof of Lemma , we can easily deduce that when A = —1,
we have

(1) If Bed € (—00,0) U (2,00), then (z2,-1) converges to zero and (|z2,|) goes to infinity.
(2) If Bed € (0,2), then (|z2,—1]) goes to infinity and (x2,) converges to zero.
(3) If Bed = 2, then the subsequences (z2,—1) and (z2,) are constant, 2,1 = d and zg, = c.

The following theorem is now proved.
Theorem 9. Let (x,,),>—1 be a solution of the Eq. . Assume that A = —1, then

2
The whole sequence (xy,)n>—1 converges iff B> 0 and c=d ==+ 5

2
In this case, (1y,)n>—_1 is constant and equal %/ 5

4.2.3. The case when A =1.

Theorem 10. Let (zy,),>_1 be a solution of the Eq. . Assume that A =1, then (z,)n>_1 converges
to zero.

Proof. Replacing A by 1, then by Eq. (3.8),

n—1

1+ 2pBed
=l G ropa)
Fan-t pl;[o 1+ (2p+1)Bed
n—1
= d[[ Ve
p=0
where (V,)p>1 is the sequence defined as

_ Bed
1+ (2p+1)Bed’

It can be easily verified that there exists a positive integer ro such that for all p > 7y, we have V,, € (0,1).
Therefore, if p is big enough, the x5, is then written in infinite series form as

(4.12) V,=1
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ro—1 n—1

(4.13) Top_1 = d( H Vp> exp( g In Vp).
p=0 p=ro

-1
We have In 'V}, is equivalent to > which is a general term divergence infinite series, since for all p > rg
p

Vp € (0,1), then the infinite series Z In'V,, goes to —oo, consequently (z2,—1), converges to zero.

p>To
Although the proof of the convergence of the subsequence (z2y,), to zero can be done similarly, we describe
in order to use its notations in the sequel, from Eq. (3.7), we can see that

T2on

_ 0”1:[1 <1 + (2p + l)Bcd)

L \L+ (29 +2)Bed

n—1
= c H W,
p=0
where (W),)p>0 is the sequence defined as

Bed

4.14 =1-— .
(4.14) W 14+ (2p+2)Bed

Similarly, it can be easily checked that there exist a positive integer sg such that for all p > sg, we have
W, € (0,1). Hence if p is big enough, the subsequence za,, is then written as

so—1 n—1

(4.15) Top = c( H Wp) exp ( Z In Wp).
p=0

P=so

-1
We have In W, is equivalent to > which is a general term divergence infinite series, since for all p > sq

n—1
W, € (0,1), then the infinite series Z In W, goes to —oco, consequently (za,,), converges to zero. This

p=so

complete the proof of Theorem. ]

4.2.4. The case when |A| > 1.

Theorem 11. Let (2,)n>—1 be a solution of the Eq. (1.1). Assume that |A| > 1, then

(1) The subsequences (x2n—1)n and (Tan)n converges.
(2) The whole sequence (xy,)n>—1 converge iff

A—14+Bed#0
or

1-A
(1-A)B>0andc=d== 5

Proof. We distinguish two cases:
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(1) (I) If A— 1+ Bed # 0, then using Corollary (),

(4.16)

n—1 _ o
Top—1 = d H ((1(414 1 4 Bed)A*P — Bed )
p=0

— 14 Bed)A?r+1 — Bed
1 Bed

n—1

_ (A—1+ Bed)A?r

= d H ( Bed )
p=0 A

(1= (A—1+ Bcd)A2P+1)
n—1
d
= 1%
p=0

where (Y},)p>0 is the sequence defined as

-2 Bed
A2p C
Y, = — AP andf=—"___
B and f = =5
T A2p+1

It can be easily verified that for p big enough, always Y, is in the interval (0,1) or lies in the
interval (1,00). The Taylor expansion applied to the sequence (Y}),>0 gives

. . 1 1
(Yp)p>o0 is equivalent to 1 + B(Z — 1)ﬁ’
the last term is a general term of convergent infinite product so (z2,—1), converges to zero. An
easy calculus gives that

n—1
c
Lon = An H Zp,
p=0
where (Z,)p>0 is the sequence defined as
B
A2p+1
Ly = —>—F—,
B
A2p+2
we have
. . ) 1 1
(Zp)p>0 is asymptotically equivalent to 1 + ﬁ(z — 1)W’

the last term is a general term of convergent infinite product, so (z2,), converges to zero.

(IT) If A—1+ Bed = 0, then the subsequences (z2,—1), and (z2,), are constant xo,_1 = d and
ZTon = ¢, so they converge. By the calculus in the preview part of the proof, if A — 1+ Bed # 0,
then the whole sequence (x,,),>_1 converges to zero. When A — 1+ Bed = 0 that is

1—-A
cd = ———,
B
the subsequences (z2,—1), and (x2,), are constant equal d and c¢ respectively, then the whole
sequence (z,)p>—1 converges if and only if ¢ = d, using Eq. (4.16) the last proposition is
[1—A
equivalent toc =d = + 5 for this to can hold it is necessary and sufficient that (1— A)B >
0. Hence, the proof is achieved.
| |
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4.3. Oscillation about the equilibrium point 7; = 0. In this section, we study the oscillation the
solution of difference Eq. (|1.1) about the equilibrium point Z; = 0.

Theorem 12. Let (2,)n>—1 be a solution of the Eq. (1.1). Assume that |A| <1, then the subsequences
(on—1)n and (zap), converge, then

(1)

Proof.

. For A = —1, in this case x9,_1 =

For |Al <1
710—1 mo—l
(Tn)n>—1 is oscillatory about zero iff cd( H Up>( H Tp> <0,
p=0 p=0

where (Up)p, (Tp)p are the sequences defined in the proof of Theorem (@) and ng, my, are integers
such that, for all p > ng, U, is positive and for all p > my, T}, is positive.
For A =—1, (zn)n>—_1 is oscillatory about zero.
For A=1,
ro—1 sop—1
(Tn)n>—1 is oscillatory about zero iff cd H Vp H W, <0,
p=0 p=0
where (Vy)p>1, (Wp)p>0, ro and sq are defined in the proof of Theorem (10).
For |A| > 1,

(@n)n>—1 is oscillatory about zero iff
A—1+Bed=0 and cd <0,

or
A< -1,
or

A—1+ Bed #0 and po—1  go—1
A>1 and cdHYpHZp<O,

p=0 p=0

where (Yp)p>1, (Zp)p>0, Do and qo are defined in the proof of Theorem .

1. For |A] < 1 The sequences (22,—1)n and (z2,), have a constant signs which are these of

’I’L()fl mofl

d H U, and c H Ty,
p=0 p=0

respectively, so we can immediately obtain the aimed result.

d
m and Ton—1 = C(l — Bcd)n Hence7 if Bed —1 < O,
then (x2,-1)n and therefore (z,,), is oscillatory about zero. If Bed — 1 > 0, then (x2,), and
therefore (x,,), is oscillatory about zero.

For A =1, the Eq. (4.13) and (4.15) give

ro—1 n—1
Top_1 =d H Vp exp ( Z anp),
p=0 P=ro
and
go—1 n—1
ZTop =C H W, exp ( Z anp),
p=0 P=qo

in this case the sequences (x2,—1), and (z2,), have a constant signs which are these of
ro—1 qo—1

d H Vp and ¢ H W,
p=0 p=0
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respectively, we find that (x,,), is oscillatory about zero iff

To—l qofl

cd [T Ve [T Ws <.
p=0 p=0

4. For |A| > 1, if A— 1+ Bed = 0, then the subsequences are constant (x2,—1), and (z2,), equal
d and c respectively, so (z,), is oscillatory about zero iff ed < 0. If A — 1+ Bed # 0, the the
sequence (2, ),>_1 converges to zero and we have

d n—1 c n—1
Top—1 — ﬂ H Yp and Top = E H Zp,
p=0 p=0
where (Y,), and (Z,), are the sequences defined in the proof of Theorem (TI)). It has been seen
that there exists integers py and go such that for all p > pg, Y, is positive and for all p > qo, Z,

n—1 n—1

is positive, then for n big enough, the sign of d H Y, and ¢ H Z, are constant. Then, we have
p=0 p=0

the following cases:

(a) When A < —1, the sequence (z2,_1), and consequently (z,),>_1 are oscillatory about zero.

po—1 qo—1
(b) When A > 1, the sign of xs,_1 is that of d H Y, and the sign of xs, is that of ¢ H Zy,.
p=0 p=0

Thus, we can immediately have the target result and the proof is complete.
|

4.4. Periodicity. Firstly, we recall the following Lemma, which describes sufficient conditions for Eq.
(1.1) to have a periodic solution.

Lemma 13. Let (z,)n>—k+1 be a solution of Eq. . Suppose that there are real numbers l,., r =
0,1,....,p — 1 such that

nh—>120 Tpntr =l forall »=0,1,...,p—1.

Finally, let (yn)n>—k+1 be the periodic-p sequence such that
Yr =1 forall r=0,1,....,p—1.
Then (Yn)n>—k+1 s a periodic-p solution of Eq. .

Note that the zero sequence is a solution of Eq. (|1.1) corresponding to the initial conditions z_1 = 0
and xg = 0, this solution is called trivial solution of of Eq. (1.1). The periodicity results are given by the
following Theorem
Theorem 14. Let (z,)n>—_1 be a solution of the Eq. .

(1) For |A| <1, Eq. has a nontrivial periodic-2 solution.

2
(2) For A= -1, Eq. has a nontrivial periodic-2 solution if and only if cd = B
(3) For A=1, Eq. has no nontrivial periodic-2 solution.
1-A
(4) For |A| > 1, Eq. has a nontrivial periodic-2 solution if and only if cd = 5
Proof. 1. If |A] < 1, then by Theorem (7)), the subsequences (z2,—1)» and (z2,), converge, let [,

and [y be their limits respectively. Applying Lemma , it follow that the sequence

llal())llvl()?

is a periodic-2 solution of Eq. (1.1).
2. Suppose that A = —1, we distinguish two cases:
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(a) If Bed # 2, then using Lemma , every solution of Eq. is unbounded, so Eq.
has no periodic solutions.

(b) If Bed = 2, then using Lemma , the subsequences (z2,—1), and (z2,), are constant
ZTon—1 = d and za, = ¢, therefore (x,,),>_1 is the periodic-2 solution

d,c,d,c, ... .

If A =1, then by using the proof of Theorem ([10)), every solution of of Eq. converges to

zero, so Eq. has no nontrivial solution.

If |A| > 1, we distinguish two cases:

(a) If A—1+ Bed # 0, then by using the proof of Theorem (1)), every solution of Eq.
converges to zero, so Eq. has no nontrivial solution.

(b) If A—1+Becd = 0, then by Theorem (1)), the subsequences (22,—1), and (22,), are constant
Zon—1 = d and x9, = ¢, consequently (z,)n>—_1 is the periodic-2 solution d, ¢, d,¢c,. ..

achieves the proof. ]

5. Numerical simulation
1
The case |A| < 1 is illustrated in Fig. , in which we set A = 3 B=4,c=3and d=2.
The subsequences (z2,—1)n and (z2y,), converge. This is coherent with Theorem .
1
In Fig. (case A = —1 and Bed € (—00,0) U (2,00), we choose A = —1, B = 3

and d = —2. The subsequence (z2,-1), converges to zero and the subsequence (|z2,|), goes to
infinity and oscillates about zero which matches Lemma (8), Remark and Theorem (T12)).

The case A = —1 and Bed € (0,2) is studied using the parameters values A = —1, B = > c=3

,c=1

and d = 1. The subsequence (|x2,-1|),» goes to infinity and the subsequence (x2,), converges to
zero as depicted in Fig. which is coherent to Lemma (8), Remark (I and Theorem (12).

In order to illustrate the case A = —1 and Bed = 2, we choose A = —1, B = %, ¢ =1 and

d = 4. In Fig. , it is shown that the subsequences (22,,—1)n and (22, ), are constant xs,_1 = d
and x2, = ¢ which agrees Lemma (8) and Remark (1), consequently (2,)n>—1 is the periodic-2
solution

d,c,d,c, ... .
This is in harmony with Theorem .
The case A =1 is investigated using the parameters values A =1, B=3,c=0.5and d =3. In
Fig. , the simulation results show that the whole sequence (z,),>_1 converges to zero which
matches Theorem .
The case |A| > 1 and A—1+ Bed # 0 can be taken by choosing A =5, B=1,c=3and d = 0.5.
The whole sequence (x,,),>_1 converges to zero as depicted in Fig. @ which is coherent to
Theorem .
Fig. illustrates the case |[A| > 1 and A — 14 Bed = 0, we choose A =5, B=1, ¢ =2 and
d = —2, the subsequences (z2,—1), and (za,), are constant: xzs,_1 = d and x,, = ¢, we obtain
a periodic-2 solution. This case is justified analytically in the proofs of Theorems , and
[T4).
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Abstract

This paper discusses L, approximation error estimates for hybrid interpolation on the unit
sphere. This interpolation scheme is integrated by spherical polynomials and radial basis
functions. The smooth radial basis functions generated by a strictly positive definite zonal
kernel are embedded in a larger native space generated by a less smooth kernel, and the error
estimates for hybrid interpolation to a target function from the larger native space are given.
In a sense, the results of this paper show that the hybrid interpolation associated with the
smooth kernel enjoys the same order of error estimate as hybrid interpolation associated with
the less smooth kernel for a target function from the rough native space.

MSC(2000): 41A17, 41A30

Keywords: Sphere; Interpolation; Approximation; Error

1 Introduction

Recently, fitting spherical scattered data comes up in many application areas, such as astrophysics,
meteorology, geodesy, geophysics, and so on [5, [6l 29]. As interpolation or approximation tools,
spherical polynomials or spherical radial basis functions were used to handle spherical scattered
data in more studies [Bl 6], [TT], T4} 20, 22} 27, 28] 29, 5], 2]. Since spherical polynomials can handle
the slowly varying large-scale features, and spherical radial basis functions are helpful to handle
scattered and rapidly changed data, Sloan and Sommariv [25] introduced a hybrid interpolation
scheme, which combines spherical radial basis functions together with spherical polynomials, and
restricts the radial basis functions to the case of strictly positive definite kernels, so that the
polynomial component is voluntary rather than forced.

This paper studies the hybrid interpolation in an appropriate native space Ny of continuous
functions on the unit sphere, which is defined by a underlying strictly positive definite kernel ¢.
We apply the approach used by Hubbert and Morton [J, [I0] to obtain error estimates in L, norm.
However, if the target function is from a subspace of the native space Ny, we then adopt the inf-sup
condition [26] and the method of constructing a convolution kernel to improve the error estimates.

So called “native space barrier” problem means that if ¢ is smooth, then the native space N
is small. There have been much literature to focus on it, for example, [12] 13, 07, 08, 19]. In
this paper, we employ the approach in [I2] and the techniques in [26], and embed the smooth
radial basis functions in a larger native space generated by a less smooth kernel 1. At same time,
we utilize the hybrid interpolation associated with the smooth kernel ¢ to interpolate the target
function from the larger native space. In the process of error estimates, the “norming set” method
developed by Jetter [11] and a special case of the general Bernstein-type inequality in [4] are used.

This paper is organized as follows. Section [2] is preliminary, which is related to introducing
notations, hybrid interpolation and its crucial condition, native space, and Sobolev space. The L,
approximation error estimates are established in Section [3] In Section |4} for a target function f

*Supported by the National Natural Science Foundation of China (No. 61672477)
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in a subspace of the original native space, we improve the global L,-error estimates. In Section @
we still use the hybrid interpolation defined in Section [2] to interpolate and approximate a target
function f from a larger native space generated by a less smooth kernel.

2 Preliminaries

This paper uses C' to denote a positive constant, whose value may be different at different occur-
rence even within the same formula. The symbol A ~ B means that there exist positive constant
C1 and C5 such that (1B < A< (3B

We use S? := {m = (z1,22,73) €ER3 1 22 + 23 + 23 = 1} to denote the unit sphere embedded
in the Euclidean space R?, and denote by L,(S?) the space of p-integrable functions on S? endowed
with the norms [|flec i= [|fl0@2) = esssup,ces [F@)|(p = 00), and [|flp = |l =

{ Jeo | f (@) |Pdew( )}Up < 0o(l < p < o0). The so called spherical harmonic with degree [ is the
restriction to S? of a homogeneous harmonic polynomial with degree [ > 0. The class of all
spherical harmonics with degree [ is denoted by H;, and the class of all spherical harmonics with
total degree I < L is denoted by Pr. Clearly, spherical harmonics with different degrees are
orthogonal with respect to the Ly(S?) inner product: (f,g) := fg2 z)dw(x), where dw is
surface measure on S2.

The famous addition formula E2l+ Yiu(@)Yik(y) = 2ZHP (x - y) yields the following useful

relation [16]:
2041 2041

21+1
ka Yoy |<ZYlk z, y € S% (2.1)

Here P, is the Legendre polynomial with degree | and dimension three, which is normalized such
that P;(1) = 1, and satisfies the orthogonality relation: fil Py (t)P;(t)dt = Ok.;, where the
symbol dy ; denotes the usual Kronecker symbol.

The definition of strictly positive definite kernel is given by

21+1

Definition 2.1 (see [29]). A continuous and symmetric function ¢ : S?> x S> — R is called

positive definite kernel, if, for any N € Ny, a = (;)i=1...~ € RY and {21,...,25} C S?, we
have

N N

Z Z aia](é(xi, .Z‘j) Z 0

i=1j=1
When for any N distinct points {x1,...,xN}, the above quadratic form is positive for all o =

(vi)i=1,..N € RN /{0}, then ¢ is called strictly positive definite kernel.

We say that a kernel ¢ is called rotational invariant if ¢(px, py) = ¢(x,y) for all z,y € S?
and for all rotations p. So a continuous rotational invariant kernel depends only on the distance
between x and y [24], that is, there is a function ¢ : [-1,1] — R, such that p(zy) = ¢(x,y) for all
x,y € S?. Therefore, a rotational invariant kernel is also called a zonal kernel. In [23], Schoenberg
characterized the positive definite zonal kernels. In [30], Xu and Cheney introduced the notation
of strictly positive definiteness on the sphere. Clearly, it is important to characterize all the strictly
positive definite functions on the sphere, and such an endeavor has been taken by Ron and Sun in
[21]. In [3], Chen et al. established a necessary and sufficient condition for strictly positive definite
zonal kernels: the kernel ¢ is strictly positive definite and zonal if and only if

oo 2014+1 o)

o(x, ZalZYlk )Y (y ZQH_lal Pz -y),

=0 = =0

with a; > 0 for all [, ;7 la; < oo and a; > 0 for infinitely many even values of | and infinitely
many odd values of [.
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For given strictly positive definite kernel ¢(-,-), a set of distinct points X = {x1,..., 2y} C S?,
and target function f € C(S?), we take the hybrid interpolation for f in the form

L 2i+1

Ixof = Za;¢ ,T5) +ZZBH€YH€,

1=0 k=1
where we fix L > 0 as the desired degree of the polynomial component of the hybrid interpola-
tion and the coefficients {aj}évzl . Bk k=1, 2041, 1=0,...,. are determined by the interpolation
conditions

Ixpf(z:) = f(z;), i=1,...,N, (2.2)

and also (in order to give a square linear system) the side conditions Z —o5p(xj) =0, Vp € Pr.
Now we give a condition on the point set X, which makes sure that the interpolation is exist
and unique.

Definition 2.2 (see [25, Definition 3.1]). The set X = {x1,...,an} C S? is said to be Pr
-unisolvent if
p€Pr, plj)=0forj=1,...,N=p=0.

In order to analyze the interpolation error in the later sections it is convenient to define a
finite-dimensional space Vx, within the interpolation Ix 1, f lies.

N N
Vx 1= { Zozj(b(-,xj) +q: qePr,a€Rforj=1,...,N, andZajp(xj) =0, VpePg }
j=1 j=1
The following Theorem gives a crucial condition for the interpolation to be well defined,
whose proof can be find in [25].

Theorem 2.1 Let ¢(-,-) be a strictly positive definite kernel, and X = {x1,...,xn} C S? be a
set of distinct points which is P -unisolvent for L > 0. Then for each f € C(S?) there exists a
unique Ix 1f € Vx 1 that satisfies the interpolation conditions in (2.2)).

In this paper, we assume that the strictly positive definite kernel ¢ is zonal and has the expansion
o) 2[1+1

Y=Y a Yy Y)Yy (2.3)
=0 k=1

with a; > 0 for all [, Zzo la; < oo, in which case the series of the right side in (2.3)) converges
uniformly for z,y € S2.
For f,g € LQ(S2) they can be represented by their Fourier series f = > 77, Z fl &Yk

and g = Z?OoZil 1 G1,kY1k, respectively. With respect to the inner product eXpressed as (see
29)) (f,9)n, = D0 ZQZH Iz, ’“?’ £ the native space N, which is the subspace of L2(S?), can be
defined by

oo 2141

No :{fELz(SQ)illfH?\@:Z 00}-
1=0 k=1

It is easy to verify that the native space N is a reproducing kernel Hilbert space with reproducing
kernel ¢(-,-), that is, (f,¢(-,z))n;, = f(2), © € S?, f € Nj.

When a; ~ (I +1)72 for [ = 0,1,..., the native space Ny is norm equivalent to the Sobolev
space Hy:

oo 2l+1
H, = { Fe Lo s I =30 S+ 12|l < oo} ,
1=0 k=1
and the Sobolev embedding theorem in [7] implies that if s > 1, then the space H; is continuously
embedded in C(S?), so that H, is a reproducing kernel Hilbert space.
The error estimates are general expressed in terms of the mesh norm of X = {x,...,2x5} C S?,
which is defined by hx := sup, g2 inf;,ex d(z,2;), where d(x,z;) = arccos(x - ;) is the geodesic
distance between x; and x.
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3 Global error estimates for L, norm
We first give the following three lemmas, which can be found in [9] and [10].

Lemma 3.1 Letd > 1 be an integer and set M := 2v/d and 04 1= W.
positive number, 0 € (0, %) and set hg := M++1+6d' Then for any h € (0, hg), there exists a set of
points Z, C S¢ such that ST = U.cz, D(z, Mh). Here we denote by D(xo,7) the spherical cap with
center xg and angle v, i.e., D(xg,7) := {x €S?:x-x9 > cos 7} , and then denote by A(xg,) the
volume of D(xg,7), i.e., A(xo,7) := Qq fg sin=1 0dl, where Q4 denotes the volume of S%. Let Fa
denote the characteristic function of a set A C S%. There exists a positive integer Q independent

of h such that

Let My be an arbitrary

Z Fpeomn < Q, where M = M+ M.
2E€EZp,

Further, the cardinality of Z, is bounded above by Coh~%, where Cq is independent of h.

Lemma 3.2 Let z € S and X = {x;}, denote a set of distinct points on S. Let s € [k, k + 1],

where k > % is a positive integer. There exist positive numbers Cy and Cy such that if we let

My > max{C; — 2d'/?,0} be a fized positive number and let

C
ho = ﬁ, where My = 2d"/? + M,
then, assuming that X has mesh norm h := hx € (0,hg), there exists an extension operator

Epzn) : Ho(D(z, Mah)) — H,(S?%) satisfying

(1) (Epzavon) )| Dzamny = f, for all f € Hy(D(z, Mah)),
(2) there exists a positive constant C, independent of h and z such that

1Dz ntamy fll i, sy < Cll Il . (D2, M2b))s
for all f € Hy(D(z, Mah)) such that f(§) =0 for & € X D(z, M2h).

Lemma 3.3 Let s > 0 and let My be any positive number. Let h € (0,hg) and let Zy, denote the
corresponding quasi-uniform mesh for S* from Lemma . Then, for any f € Hy(S?), we have

> ]

zZE€EZp

(D)) < QIS ?qﬂ(sd)a

where Q is the constant (independent of h) from Lemma .

We are now ready to state the main results for the error estimates of the hybrid interpolation
in L, norm.

Theorem 3.1 Let ¢ € C(S? x S?) be a strictly positive definite kernel on S?, having the represen-
tation in and a; ~ (1+1)72%. Assume that integer L > 1 and X = {z1,...,xn} C S? is a set
of distinct points on S® with mesh norm 1/(2L+2) < hx < 1/(2L). For f € Ny, let Ix .f € Vx 1,
be the hybrid interpolation defined in Section[4 Then we have

2 451
If—Ixoflo, s <Chyx  |f —Ixifln,, pE€I2,+00),

and
If = Ixcfllo,s2) < ChXIf = Ixcfln,, peEIL2),

where the constant C is independent of f and hx.
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Proof. For the case S?, we can take d = 2 in Lemma Lemma and Lemma By
using Lemma for arbitrary 1 < p < oo, we have

If—Ixofl} (5% /\f Ix,pf)(&)[Pdw(§) Z/D I(f = Ix,. ) [Pdw(§), (3.4)

z2E€Zn (z,Mh)

where M = 23/2. This step motivates us to consider the error estimates locally. In particular,
f — Ixf is continuous on D(z, Mh), which is a compact subset of S, so there exists a point
&, € D(z, Mh) where f — Ix 1 f attains its mazimum. Now we can write

1f = Ix o fI oo < 37 N(F = Lo )OI / dw(€) < CR% S 1(f = Ixc HEOP, (35)

2€Z D(z,Mh) 2€Zp

where the constant C satisfies A(z, Mh) < Ch%. We know that f — Ix 1 f € Ny and N, is norm
equivalent to the Sobolev space Hs. Now, rather than consider f — Ix 1 f, we choose instead to
consider the restriction f — IXva|D(z,M2h)’ where My = 23/2 4+ M;.

We should choose a suitable M; to fit the conditions of Lemma[3.2] because we can find constant

C4, Cy such that
2C5 L 205L

Cy, 22> 032
3 > (Ch, 3 >
So set hg = 2L’ M, = 2032L 23/2 and M, QC;L then it is easy to prove that Lemmaﬁholds.
If we let v, := f — IX,Lf|D(z,M2h) and use Lemma we have
(El) ED(Z,Mgh)UZ c HS(SQ),
(E2) Ep(z,anmv=(§) = 0 for all £ € X (N D(z, Mah),
(E3) there exists a positive constant C, independent of hx and z such that

| Epemanyv= y < Cllvllm, (D2, Man))-

Hence, with the help of Theorem and (E3) we can obtain

(7 = T £ = | Epe v (6)] < ORS | Epie pramyes
< Ohit HED(z,Mzh)UzHHS =

Substituting this into (3.5 gives

24+p(s—1
1 = Tx 1 oy < OB D7 0l (e (3.6)
2EZy

For p € [2,00) we use Jensen’s inequality [I] Efv Lal < (ZN 1 Z)E followed by Lemmato
give

p/2
24p(s—1) 2
If = Ixefllz, @) < Chy (Z Hf_IX’Lf’Du»Mzh)HH (D(= Mzh)))
z€Zy, s ’
. p/2 s
< Y (IF = Ixad s ) < ORPETOIS = I fIR, -

Finally, taking the p-th root gives

2451
Hf - IX)Lf||Lp(S2) < Ch;{ Hf - IX,Lf||N4>7 pe [27+OO)’ (37)

where the constant C' is independent of f and hx.
For p € [1,2) we conduct the same steps as above, however we replace Jensen’s inequality with

Za < N1-% (Za )
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Moreover, we use the fact that the cardinality of Z; is bounded by C’Qif2 (see Lemma , and
we obtain

p/2
2
_ p ps _
TRSANURREIC ] § o) TS N
ps 2 »/2 ps P
< oy (I = Ixad W) < CWRIS = Ixnf I,

Finally, taking the p-th root gives

If = Ix.ofllL,e < ChxIf = Ixofln,, pell,2), (3.8)

where the constant C' is independent of f and hx.

Combining (3.7)) and (3.8]) yields Theorem 3.1

4 Inf-sup condition and improved global error estimates

As we can see that the factor || f — Ix 1 f||»;, in Theorem [3.1|may be harder to estimate than factor
[l flla,- Considering the fact that the hybrid interpolation defined in Section [2[is different from
the interpolation scheme only by radial basis functions constructed from strictly positive definite
kernels or conditionally positive definite kernels (see [I0} ]), we should find the other method to
characterize the relationship between || f — Ix 1. f|lx;, and ||f||a;,.- The following Inf-sup condition
is quoted from [26], whose method is helpful to “tidy up” the error results in Theorem [3.1

Theorem 4.1 (see [20, Theorem 6.1]). Let ¢ € C(S? x S?) be a strictly positive definite kernel
on S?, having the representation in and a; ~ (I +1)72%. Then there exist constants v > 0
and 7 > 0 depending only on s such that for all L > 1 and all X = {x1,...,xx} C S? satisfying
hx < 7/L, the following inequality holds:

(P, V),
sup = >7|]p|ln,, p€ P, (4.9)
verx\{oy lIvln,

where Rx = span{d(-,x1),..., (-, zn)}.

In order to use the same method in [26], we simply denote that Ix . f = ux r + px,r, where
L 20+1 N
PXL = D0 oney BukYik and ux g = > =1 90 j).
For a given f € Ny, the interpolation conditions Ix 1 f(z;) = f(x;), i =1,...,N, and the side
conditions Z;V:;L a;q(z;) =0, Vg € Pyp, are equivalent to

(UX,L7’UX)N¢ + (pX,vaX)N¢ = (fa rUX)./\ﬁpa vx € Rx, (410)

and
(¢, ux,)nv, =0, Vg€ Pr. (4.11)

Now we can write the target function f € N, in an analogous way to Ix f as f := u+p,
where p € Pr, and u € Ny are defined by (p,¢)n, = (f,q)n;,,q € Pr, which means that p is the
Ny-orthogonal project of f onto Pr.

Similar to (4.10) and (4.11), we have

(w, 0)n, + (V)N = (F;0)n,5 vx € Rx, (4.12)

and
(qa U)N¢ = 07 q € PL~ (413)
By subtracting (4.10)) from (4.12) (with v replaced by vx) and (4.11)) from (4.13]), we can obtain
(u—ux,r,vx)N, + (P —px,0,vx)N, =0, vx € Rx, (4.14)
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and
((],11,—'1.L)(7L)/\/’q> =0, q€Pr. (415)
Now we define iy € Rx to be the Ny-orthogonal project of u onto Ry, that is,
(ﬁx,vx)_/w) Z('Ll,,l))()/\[¢7 vx € Rx. (416)
From (4.14)), (4.15) and (4.16)), we clearly have
(ax — UX,L7'UX)N¢ +(p — PX,L; UX)./\/'¢ =0, vx € Rx, (4~17)
and
(¢,ux —ux )N, = (¢, x —u)N,, q€ PrL. (4.18)
With the help of Theorem [£.1] we have
1 (p = px,L,vX)N,
lp—pxcln, < —  sup
Y vxeRx\{0} x|,
(ux,r —Ux,vx)n, _ 1 .
= — sup < —lux,L —ix|a-
Y wxeRx\{0} lvx |, gl
By using (4.17) with vy = ax —ux,r and (4.18), we also have
llix — UX,LH?\[qb = —(p—px,0,Ux —ux)N, = —(P— Px,0,Ux — U)N;,
- 1 - -
< e —pxclnllix —uln, < ;HUX,L — x|, lix = ullw,-
So we obtain that 1
lax —ux,cln, < ;Hﬂx —ulln, < Cllix —ullw,, (4.19)
and 1
P —px,Llln, < ﬁllﬂx —ulln, < Cllix — ulln;,- (4.20)

With the above inequalities (4.19) and (4.20), we can establish the following Theorem [4.2
which indicates the relationship between || f — Ix r flla;, and || f[|ar,.

Theorem 4.2 Let ¢ € C(S? x S?) be a strictly positive definite kernel on S?, having the represen-
tation in and a; ~ (14+1)72%, s > 1. Assume that integer L > 1 and X = {z1,..., 2y} C S?
is a set of distinct points on S? with mesh norm hx < 7/L, where T is as in Theorem . For
feNy, let Ix 1 f € Vx 1, be the hybrid interpolation defined in Section[ Then we have

If = Ix.oflln, <C inf [If —qllnv, < Cllflln,-
q€PL

Proof. Using the representation Ix rf = ux . +px.1, f = v+ p and (4.19), (4.20) we have

If—Ixzfln, < llu—uxzln, +Illp—pxcln,
< lax —ullw, + llax —ux,clia, + 0 — px.cln, < Cllix — ulln,.

and also we have [|ix — ullnx, < |lulln, = [If = plla, = infgep, [|f — qlla;,, Which yields || f —
Ix,oflln, < Cinfeep, [|f —qlla, < CJlflla,, and the proof of Theorem is completed.

Combining Theorem with Theorem we can easily verify the following Corollary

Corollary 4.1 Under the conditions of Theorem apart from the mesh norm 1/(2L + 2) <
hx < min{1/(2L),7/L}, where T is as in Theorem |4.1 For f € Ny, let Ix f € Vx, be the
hybrid interpolation defined in Section[d Then we have
245-1
If = Ix.efllL,e2) < Chx fllng, p € [2,+00),

and
Hf - IX,Lf”Lp(SQ) < ChSX”fH/\/.¢7 pe [172)a
where the constant C' is independent of f and hx.
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In the rest part of this section, unlike the above arguments we used to perform the “cleaner”
error estimates in Corollary we will show that improved global error estimates are available,
provided that the target function f belongs to a certain subspace of Ny, which defined by Ny..e.
This procedure is the same as in [10] and the following Definition is about the convolution
kernel of ¢, which generates the corresponding native space Nysq.

Definition 4.1 Let ¢ be a strictly positive definite zonal kernel that defined in (2.3)) We define
the convolution kernel of ¢ by

(05 0)a) = [ oo 0l. duz), vy €S

Working in terms of Fourier expansions, we have (¢ x ¢)(z,y) :== > o, IZZZlH Yk (2)Y 1 (y).
Executing the same arguments as in Section [2] we know that the native space Ny, associated
with kernel (¢ * ¢)(+,-) can be defined by

oo 2141 |f |
N¢*¢ = {fGLQ(Sz) : Hf||.3\/’¢*¢ 722 lk }’

=0 k=1

and it is a reproducing kernel Hilbert space with the reproducing kernel (¢ * ¢)(-,-).

When a; ~ (I +1)7% for | = 0,1,... and s > 1, we know that the native space Ny is
norm equivalent to the Sobolev space H;. So N¢*¢ >~ Hyy C Hy = N¢, where = denotes norm
equivalence. Obviously, we see Ny C Np.

The following Lemma [£.T] gives a crucial inequality, which is helpful to improve the global error
estimates of the hybrid interpolation for a target function f € Nye.

Lemma 4.1 Let u € ./\/’¢*¢ and Ux € Rx be the N¢-0rthog0nal project of u onto Rx, which has
the property as in , then we have

lax —ulli, < lulln., - [ax = ullL,s2), (4.21)
where Rx is the same as in Theorem [{.1}

Proof. By using (4.16)), the definition of (-, -),,,, and Cauchy-Schwarz inequality respectively,
we have

o0
lax —ullk, = (wax —uw, =)

a
1=0 k=1
oo 2l+1 /2 / o 2141 ) 1/2
(Z ) <Z (ﬁlvk - (ax)l,k) ) < ullwguy - lx = ullLys2)
1=0 k=1 1=0 k=1

With this in place we can provide the following improved global error estimates.

Theorem 4.3 Under the conditions of C’omllary and assume further that f € Ny, we have

+29 1

||f IX LfHL (S2) < Chp ||f||./\f¢*¢7 p S [27+OO)7 (422)

and
If = Ix.fllL, ) < ChENflING.,, pE(L2), (4.23)

where the constant C' is independent of f and hx.
Proof. First we have, from Theorem with p = 2, that

[ax —ullLys2) < Chllux —ulln,.
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Substituting this into (4.21) gives
lax —ulli, < Chllully,., - lix — ullx,- (4.24)

So,
lix = ullx, < Chx (lulln.,- (4.25)

Using the same procedure as in the proof of Theorem we see that
If = Ix,ofllnv, < llv—ux.clla, + [l — px.clln, < Cllix —ullv, < Chkllulla,.,-

Clearly,
lullnges = I1f = Pling.s = f [If = alln.s < 1flng.s (4.26)
q€PL

which implies
With the help of Theorem [3.1] we see

+23 1

If = Ixfllo,e < Chk ™ 1f N P € [2,400),

and
If = Ix fllL, ) < ChEflIN.,, pe(L2),

where the constant C' is independent of f and hx.

5 Hybrid interpolation for rough native space

In order to generate a larger native space than Ny, we should give a new kernel defined in the form

00 21+1

szzym WYir(y), (5.28)
=0 k=1

with b, > 0 for all [, and Z?io lb; < o0.

With respect to the inner product expressed as (f, g)n, = 21— Z2l+1 ok ’“gl k  the native space
Ny may alternatively be characterized as the following set

oo 2041 ;7 9
Ny = {fELz(S2 11, = Zzlﬁéfl <OO}.

1=0 k=1

Assuming that b > a;, for all { =0,1,..., we then see that N, C Ny.
Next, we will consider the error estimates for the hybrid interpolation of a target function
[ € Ny D Ny. Obviously, if we take the hybrid interpolation associated with the less smooth

kernel ¢ in the form Ix p 4f = Zjvzl a; (-, zj) + Zl OZk 1 ﬂl 5Y1x, then Theorem above
still holds for f € Ny. However, motivated by the idea in [12], we still take the initial hybrid
interpolation Ix 1, 4f in the form

L 2041

IXL¢f ZO@Qﬁ 37] +ZZBZ kY—l k> (529)

1=0 k=1
and consider the error estimate ||f — Ix 1o f|lL,(s?)-

Lemma 5.1 Let o be a nonnegative real number, and let M be the multiplier operator defined
on Py, (embedded in C(S?)) by M(p) = ZZL:O()\Z)O‘ Zilill ¢1,kY1 |, where p = ZLL:O Zil:f kYl k-
Then we have ||M(p)|| < C(AL)%|pll, where C is a constant independent of p and L.
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Lemma |5.1|is a special case of Theorem 3.2 in [4].

Lemma 5.2 Let X = {z1,...,ox} C S? satisfying hx < 1/(2L), then for any linear functional
o on Py, (embedded in C(S?)), such that ||o||. =1, there exist N real numbers a; := aj(z) (x is

fized) with Z _1laj] €2, so that o(f) = Z;V 1@;0;(f) for all f € Py, where §; denotes the point
evaluation functzonal at the point x; in X.

The proof of the following Lemma can be found in [29, Corollary 17.12].

Lemma 5.3 Suppose that X = {z1,...,2x} C S? has mesh norm hx < i for some integer
L > 1. Then there exist functions oj : S* = R for j =1,...,N such that

(i) SN aj(@)p(x;) = p(x), VpePr, Voes?,
(i) " loy(2)] <2, VoeS

The following Theorem [5.1]is about the pointwise error estimate |f(z) — Ix 1 4f ()|, by which
we can obtain the global error estimate ||f — Ix 1o fllL,s2)-

Theorem 5.1 Let ¢ € C(S? x S?) be a strictly positive definite kernel defined by ([2.3)), let ¢ €
C(S? xS?) be a strictly positive definite kernel on S?, having the representation in Jbifap =N

forl>1and b ~ (I+1)72%,5>1,1>0. Assume that integer L > 1 and X = {x1,..., x5} C S?
is a set of distinct points on S* with mesh norm 1/(2L +2) < hx < 1/(2L). For f € Ny, let
Ix 1.sf € Vx, 1 be the hybrid interpolation defined in . Then for a fived x € S?, we have

|f (@) = Ix,pof(2)] < CRHIf — Ixrefln,-

Proof. ForVf € N, we simply take the hybrid interpolation associated with the smooth kernel
N
¢ by Ixpof(®) = ux,Le +px,L, Where ux pg = 3, ;d(-,x5), x; € X ={21,29,...,2n5},
L 21+1 .

and px,.L =30 2y BukYin, such that Ix,pf(x;) = f(2;)(j =1,2,..., N).

However, if we just use the hybrid interpolation Ie\mfssociated with the less smooth kernel ¢, we
have Ix 1.4 f(z) = ux 1 ¢+p'X7L, where ux ry =3, v¥(25), 25 € X = {z1,22,...,2n}, and

2l+1

p/X7L Zz ozk 1 lk

First, we consider the estlmate of [¢(,2) —ux,rylln,. Using the same method as that in [12],
we have

[9( @) —uxpylnv, = sup ($(,2) —ux L)y,
’UGNw
lolle, =1
201+1
= SI}\I; Zb va sz%YEk (xj) = Y k()
IS
o, =1 =0
oo 20+1

= sup szm Z%sz% Yi k()

VENY 120 k=1
o], =1

By using Lemma for a fixed x, we see that there exist N real numbers ~; with Zj 1l <2
such that

D iYir(r) =Yig(@), 1=0,1,.... L, (5.30)
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which yields

oo 21+1
||’(/J(,LI?) —uX)Lﬂ[,HNw = Sup Z Z Uik Z’Vj}/l k x] ( )
ve v I=L4L k=1
ol =
oo 2l+1 oo 2l+1
= sup E Vi E g O Yo (i) — E ZUZkYZk
vENy ST 1S4 k=1 I=L+1 k=1
Iollx, =1 L
N 0o 20+1 oo 2041
< sup E Iv;] E E O kYo k(zs)|| +  sup Z Z@l,le,k(l")
vENdL j=1 I=L+1 k=1 UEN I=L+1 k=1
lolla,=1 L vl

By using the Cauchy-Schwarz inequality, (5.30) and the relation in (2.1)), we see that

2041 3 co 241 g2 \ 2
Lk
o) ol <l (35 03] (3 53

j=1 I=L+1 k=1 ! ”HGM/’_ I=L+1 k=1
VA, =
00 20+1 B oo 2041 52 3
(i) o (33
I=L+1 k=1 veNy  \ I =1
l[ollar, =1
} } 3
= 20+1 =241 =
2(2 b= ) +<Z b= ) <01<Z (2l+1)bl>
l=L+1 l=L+1 l=L+1
1
[e'e] 2
<G ( > (z+1)—25+1> <L +1) < ohi (5.31)
I=L+1

Next we consider the estimate of [|9(-,x) — ux L ¢l , in which we will use Lemma and
Lemma [5.2]

[0(s2) —uxrely, = sup ((,2) —ux.r6,0)y,
veENy,
loll, =1
oo 20+1 N
= sup > b bk (@ Y aYik(e) — biYie()
veNy 120 k= j=1
lollx, =1
2041 by
= sup Zb azzvlk Z%YM% —*Ym()
veNy 5,
loll, =1

Let Ty, be the multiplier operator defined on Py, (embedded in C(S?)) by Tt (Y,.x) = Z—i 1.k, for
eachl=0,1,...,Land all k =1,2,...,2[4+ 1, and extended linearly throughout Py. Let o be the
linear functional on Py, defined by o = §, o Tr,. That is o(p) = (Tr(p))(x) for each p € P,. B
Lemma with a = 1 and the assumption that b;/a; = A;, I > 1, we have

lo(p)| = [(Tr(p))(x)] < 1T ()| < CAL|pll = beLlelv

in which C'i 1s a constant independent of p and L. Then by Lemma[5.2] there exist N real numbers
a; with Zj 1ley] < QCbi such that

b
> o Vin(ay) = ailyl,k(xy 1=0,1,...,L. (5.32)

114 Chunmei Ding ET AL 104-117



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.1, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

C. Ding et al.: L, approximation error for hybrid interpolation on the unit sphere

With the help of (5.32)), we see that
20+1 N

by
(@) —ux,Lellnv, = sup Z by alzvlk Z%Ylk% **Ylk( )

veNy ST

llvlla, =1
2U+1 oo 2041
= sup E aj E b, alE O kY1 R(2)) — E E O kY1 (2
veNy 153 1l I=L+1 k=1
ey =1 L
o 252 s 2041
z
< sup E || E E Ok Yok (25) sup E E O Yo k(T
vENy 1= L+1 k=1 veNy . S0 =1
lollx, =1 L ol =1

Using the Cauchy-Schwarz inequality, we see that

N o 2 21+1 oo 20+1 o2 3
lk
o) sl <o (3 S ) e (33
v P

j=1 I=L+1 * k=1 I=L+1 k=1
llvllar, =1

N

2041 3 co 24152 \ 2
(5 S i) o (£E%)
v

I=L+1 k=1 o]l I=L+1 k=1

With the help of Zjvzl la;| < 20%, by > a; and the relation in ([2.1)), we have

1 1
b [ = a?20+1)° X 2+1)°
||¢(',$)_UX,L,¢>”Nw < QC(Z bfl = + Z by I

ar,

I=L+1 I=L+1
1 1
bL( <9141 <9141
< 205 Y by )4—(21)1 )
AL\, 275 An I=L+1 An
1 1
o0 2 oo 2
< Oy ( > (2l+1)bl> <Oy < > (z+1)—25+1>
I=L+1 I=L+1
< Co(L+1)75T < Ouhict. (5.33)

With the above obtained results, we can provide the following pointwise error estimate:

F@) = Lerof @) = |(f = Ixpof 00, 20)y,
= ’ (f = Ix,pof,0(,2) — UX,L,(;S)M/, +(f = Ixpofrux,y)

+(f = Ixrof ux.Le —ux.Law)y, ‘ =L+ I + I3].

It is easy to verify that

N
(f = Ixrofuxiwly, = | = Ixpof, ) wd(e

—
J Nﬂf’

IQZ

= Z% — Ix o f(x5)) = 0.

With the help of (5.33)), we have
|| = ‘ (f = Ixrofi 0 x) —ux o)y, | < I = Ixpefln, 100, 2) —ux Lo
< CobM I = Ixnof v,

N,
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We denote Iy := (f — Ixpof, (- x) — uXvaw)M,, so that we have Is = I, — I.
With the help of (5.31]) we can see that

4| =

(f = IxLofd(2) —uxpuy, | < I = Ixcofln 00 @) — ux Lylln,
<O = Ixonofllng
which yields |I3] < (Cy 4+ C2)h% || f — Ix,1.6f a7, - Then
f(2) = Ix,0f (@) < L]+ L] + |I5] < (C1 +202)h5 7| f — Lx, .o flIns,
< ChS — Ixof v, -

This completes the proof of Theorem [5.1

Having the pointwise error estimate in Theorem[5.1] we can perform the same steps in Theorem
where the local-global strategy is the key to establish the error estimates. So we are now ready
to state the error estimates of the hybrid interpolation for a target function f € N, for L, norm.

Theorem 5.2 Under the conditions of Theorem[5.1], we have

2451
|f = Ixzefll,c2) <Ch%  |If —IxrLefllng,, pEI2+00), (5.34)

and
| f=IxLof lL,s)< Chx | f = Ixef Ny, p€[L,2), (5.35)

where the constant C is independent of f and hx.
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Abstract

In the paper, the authors established two best approximation formulas for the Bateman’s
G—function. Also, they studied the completely monotonicity of some functions involving
G(z). Some new inequalities are deduced for the function and its derivative such as

1 2 1 2 b
e PO L e 0P RO P ek )
2 x? +2r+ 3 2 2 4224 3
where a = 3 and b = 641_216 are the best possible constants. Our results improve some recent

inequalities about the function G(x).
2010 Mathematics Subject Classification: 33B15, 26D15, 41A25, 26A48.

Key Words: Digamma function, Bateman G'—function , best approximation, completely
monotonic, monotonicity, bounds, rate of convergence, best possible constant.

1 Introduction.

In 2010, Mortici [21] presented the following Lemma which is considered as a powerful tool to
constructing asymptotic expansions and to measure the rate of convergence:

Lemma 1.1. If {75}sen is convergent to zero and there exist h in R and k > 1 such that

lim Sk<7—s - Ts+1) = h: (1>

§—00
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then we get
h
li k—1 =
SRt T
It is clear from lemma (1.1) that, the sequence {7, }scny will converge more quickly when the

value of k is large in the relation (1). This Lemma has been applied successfully to produce
several approximations and inequalities in several papers such as [6], [7], [11], [15], [16], [22], [24],
[28]. In this paper, Lemma (1.1) will be an effectively tool in producing best approximations of
the Bateman’s G—function defined by [9]

r+1 x
G(x)—l/}( 5 )_1/1<§)7 r#0,—1,-2, .. (2)
where 9(x) is the digamma or Psi function which is defined by
vle) = 2T
Cda

and I'(z) is the classical Euler gamma given for x > 0 by

['(x) :/ e w dw.
0

The hypergeometric representation of the function G(z) is given by

1

x
and it satisfies the following relations [9]:
2
Glx+1)+G(x) = - (4)
and -
6—1"[1)
G(x) =2 d 0. 5
@ =2 {ode. > )
Qiu and Vuorinen [30] established the inequality
2+ (6 — 41n4) x4+ 1/2
p <G(x) < PO x>1/2 (6)
and Mortici [23] presented the general inequality
0 <l +j)—v@) <vG)+y—i+i" w21 j€(01) (7)

where 7y is Euler—Mascheroni constant (also called Euler’s constant) defined by
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Mahmoud and Agarwal [17] deduced the following asymptotic formula for z — oo

e 2211) o

1 ng L,
L w 8
- wz::l Sy (8)

where B,’s are the Bernoulli numbers [1] defined by the generating series

ZB 1.

They also presented the following double inequality

1 1/2
5 3<G(x)<x+/
2x +5

1
-+ : x>0 9)
T

x2

which improves the lower bound of the inequality (6) for = > (196_1321_11121)1/ ’ In [18] Mahmoud
and Almuashi proved the following inequality

2r—1

2r
22w_l-Bw 22w_ Bw
Zg 20 < G(x) —a” <Z 2w reN (10)

w wa x2w
w=1

where (221;_1)3211, are the best possible constants. In [19], Mahmoud, Talat and Moustafa pre-
sented the following approximations of the Bateman’s G—function

G(:L')%ln(l%— ! )+x( 2 , cell,2], x>0 (11)

x+c r+1)

and they deduced the following double inequality

1 2 1 2
In(1 <Gz)<In(1 - >0 (12
n( +x+042)+x(9c+1) (x) n( +:U+041>+x(x+1) x (12)

where the constants a; = 1 and ap =

= 2 —; are the best possible constants.

Recently, Mahmoud, Talat, Moustafa and Agarwal [20] improved the double inequality (9)

by
1 1 1 1
— 1
+2$2+G<G()< +2x2+b x>0 (13)

where a = 1 and b = 0 are the best possible constants.

A function T defined on an interval [ is said to be completely monotonic if it possesses
derivatives T*) () for all s =0, 1,2, ... such that

(=1)*T®(z) >0 rel; s=0,1,2, ... (14)

Such functions occur in several areas such as numerical analysis, elasticity and probability theory,
for more details see [2], [5], [12]-[14], [26], [27], [29]. According to Bernstein theorem [31],
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the necessary and sufficient condition for the function 7'(x) to be completely monotonic for
0 <z < oo is that

T(z) = /0 " emtan(D), (15)

where A(t) is non-decreasing and the integral converges for 0 < z < oc.

In this paper, we presented two best approximation formulas of the Bateman’s G—function
and some completely monotonic functions involving it. Some new inequalities of G(x) and its
derivative will be deduced, which improve some pervious results.

2 Auxiliary Results

We can easily prove the following simple modification of Lemma (1.1):

Lemma 2.1. If {7, }sen is convergent to zero and there exist h € R, m € N and k > 1 such that

: k _ : k-1, _ h/m
limg o0 8°(Ts — Tsim) = h, then we get limg_,o0 8" 175 = #

Proof. Using the relation

m—1 m—1
lim s*(7, — Toym) = lim s* Z Tewi — Tsrit1) = lim (5 + )% (Togi — Toiv1)
5—00 5—00 P 5—+00 P S
m—1 m—1
= Zo slggo(s T z) (s+ i)k<Ts+i — Totigl) = ; Sli_}rgo(s + i)k<Ts+i — Tstitl)
1= 1=
m—1
= lim v*(7, — Tyy1) = m lim o*(7, — 711),
i—0 V— 00 V—>00
then lim v*(7, — 741) = % Applying Lemma (1.1) to get lim,_,., s* 17, = % O
V—00

Lemma 2.2.

2+1)(3—v/6+3w V3
1. For x > xo ~ 4.02361, we have N(z) = In <((x112))((?1\/66j3?;))> - (m(HS) < 0.

N (#+ =) (3+/6+32) (1—\/2)
2. For x > x) ~ 2.02059, we have M (z) = In ((33+1+;4_4)(\/6'+3$)) — S >0

= (V643)2 (13+122+322) (1—\/2)
3. For x >0, we have H(z) = In <(3+\/g+3x)2(4+6x+3$2)> + 2~ > 0.

Proof.

2 / 923 —(9414v6)22 — (64+11V6)z—2v6 A ni(x)
L Forz > /3, N'(z) = 22(@+1)2(212)(32—/0) (32 +3—v6)  na(@)’

is positive for x > % and ni(x) is a polynomial of degree 3 has only one positive real
root x; ~ 5.49455 and ny(x) > (<) 0 for x > (<) ;. Then N'(z) > 0 for x > z; with

where the polynomial ng(z)
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lim, 00 N(z) = 0 and hence N(z) < 0 for x > z;. Also, N(x) is decreasing on <\/§,x1
with N(4.023) ~ 0.0000005 > 0 and N(4.024) ~ —0.0000003 < 0. Then N(z) has only
one real root zg ~ 4.02361 € (\/g, xl) and N(x) < 0 for zy < z < 1. Hence, N(z) <0

for x > xy.

/ _ m(z)
2. For o> 0, M'(2) = Gy vman 6rvessn (r@— Dy @r@—1s) Vhere

m(z) = 4V6e> + (—16\/6 + (=12 +20V6)e? + \/664) x + (576 — 216¢* + 18¢*) 2

+ (144 —16V6 — (72 + 20V/6)e? + (3 + 9\/6)64) 22
+ (3844 22476 — (144 +160VB)e? + (12 + 20V6)e ) o
+ (432 +384v/6 — (252 + 144V/6)e” + (27 + 12\/6)e4> z!

and

m'(z) = 5(576 — 216> 4 18¢*) a* + (—16\/6 + (=12 + 20v6)e? + \/664)

+ 4 (432 + 3846 + (—252 — 144V/6)e? + (27 + 12\/6)e4> 2

+ 3 (384 +224v/6 + (—144 — 160v/6)e? + (12 + 20\/6)64) 22

(

+ 2(144 = 16V6 + (=72 — 20v/6)e? + (3 + 9\/6)e4) z.

The polynomial m’(x) of fourth degree has only one positive real root z, ~ 2.57862 also
m'(x) < 0 for > x, and m/(z) > 0 for 0 < x < z,. Hence m(x) is increasing on (0, x,)
and is decreasing on (z,,00) with m(0) > 0, m(3.453) ~ 22.157 > 0 and m(3.455) =~
—6.01919 < 0. Then m(z) has only one positive real root xs ~ 3.45457 with m(z) < 0
for x > x5 and m(z) > 0 for 0 < = < xg. Now M(z) is decreasing on (xz,00) and
lim M(z) = 0, then M(xz) > 0 for x > x3. Also, M(z) is increasing on (0,z5) with

T—00

M(2.0205) ~ —0.0000006 < 0 and M (2.0206) ~ 0.0000001 > 0, then M (z) has only one
positive real root ) ~ 2.02059. Hence, M (z) > 0 for > z,.

—4h(x)
22(1 4 2)2(v/6 + 32)(3 + V6 + 32) (4 + 62 + 322)(13 + 122 + 322)’

H'(x) =
where
h(z) = 26v/6 + (=78 + 193v/6)x + (—300 + 477v/6)2? + (—324 + 498v/6)2”

+(—126 + 234V6)z* 4+ 36v62° >0, >0,
Hence H'(x) < 0 for all > 0 with lim H(z) =0, then H(z) >0 for z > 0 .

T—00
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The following result is considered as a method presented by Elbert and Laforgia in [8] (see
also, [4], [25] and [32]):

Corollary 2.3. Let K be a real-valued function defined on x > a, a € R with lim,_,., K(z) = 0.
Then K(z) > 0, if K(xz) > K(x + 1) for allx > a and K(z) <0, if K(z) < K(x + 1) for all
T > a.

This result has the following simple modification [20]:

Corollary 2.4. Let K be a real-valued function defined on x > a, a € R with lim,_,,, K(z) = 0.
Then form € N, K(x) > 0, if K(z) > K(x+m) for allz > a and K(z) <0, if K(x) < K(z+m)
for all x > a.

3 First formula of the best approximations and some its
related inequalities

With the help of Mortici’s technique in Lemma(1.1), we provide the first best approximation
formula of the Bateman’s G—function.

Lemma 3.1. The best approzimation

1 b
G(n) %ln(1+n+a)+n(n+c) (16)
holds for
a:—91+32_5,b:a+1 and CZQ%+Q%+2§Z+292_21, (17)
where 01,05 = /91 £ 63v/2 and the sequence G(n) — In(1 + n%ra) — ﬁ converges to zero with
speed estimated by n=>.
Proof. Define the error sequence by v, = G(n) — In (1 + n-lm) — n(nb+c). Using the functional

equation (4), we get

vomve = S e 2 @ ek (a8 (a2) (a1

+ c;]/r -2}
_ 4la—b+1) 2(7+3a(a+3)—3b(c+2)
N 4(a(1%+a(9+2a)) — 2(—5—7—6(4—1—0(3+c))))
326/3 + 10a(3 + a)(7 j—l a(3+a)) —106(2+c)(4+c(2+¢))

- +0(n™").

no
According to Lemma (2.1), the three parameters a, b and ¢ which produce the fastest convergence
of the sequence v,, satisfy the system

a—b+1=0
3a> +9a — 3b(c+2) +7=0

9
a3+§a2+8a+5—b(02+30+4):O.
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Now, the values of a,b and ¢ determined in (17) form solution of this system and the sequence
v, converges to zero with speed estimated by n=°. O

Now we will prove the complete monotonicity of some functions involving the function G(z)
depending on the approximation formula (16).

Lemma 3.2.

1. For the values of a and c in (17), the function L(z) = In (1 + xia) + le;::‘,-lc) — G(x) s

completely monotonic on (0, 00).

/2
2. The function Ls(x) = In (1 + m—l\/§> —1—(91:(36\{1;)) —G(z) is completely monotonic on (\/g, oo).

2
3. The function Lz(x) = G(x) —1In (1 + x+1\/z) - (glcz;\ﬁ;)) is completely monotonic on (0, c0).

Proof. 1. Using the formula [1]

1 1 %
— = tFle=tqt keN 1
* T Eo D) /0 ¢d, ke (18)

and the integral representation (5) of G'(z), we get

, d>€4(x+a+lﬁ
Li(x) :/0 W’h(t)df,

where

= [@- )+ 2k + CRa+1-0f + (a+2- 0 — (a+ DY - &5

l/l(t) _ Z ¢ I ]tk—H

k=0

> (a+2)k[Cy (k)] — (at1) (a+1)* 2k
_ 5 6 7 c

= —0.0316¢ 0.0381¢ 0.243t" + E X t
=7

a+1—c K a+2—c k
+ | — .
a—+2 a—+ 2

The sequences (2H=¢)% and (“t2¢)* are decreasing for k > 7, hence

with

Cl(k:):<2—a+1)+a+1

c

Cc

a+2 a+2
1 1 1—c\’ 2-¢c\"
Ok < (2= 52) ¢ S () () |~ 005248 < 0
c c a—+ 2 a+ 2

and consequently v;(t) < 0. Then —L/(x) is completely monotonic. The function L,(z)
is decreasing on (0,00) and lim L;(x) = 0, then L;(z) > 0 and hence L,(x) is completely
T—r00

monotonic on (0, o).
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2. , 00 o—(z+1)t
L) = [ Gt
where
et | () 1 Fl 11
0o 2 (75) —<7€+1) +(/<:+1)(7g+5)
wt) = > P tht

k=3 (k+1)!
Now, consider the following sequence for k = 3,4, 5, ...

1\ /1 wH 11

Colk) = (—=) —(—=+1) +E+1)(—=+3
w = (55) (G e ()
k r
1 1 1
k+1
= - N (=) ++1)(—=+=
>0 () 0 (5+3)
& 1\ 11 1
k+1
< - )l—=) tkk+){—=+5) <—5k—=2)(k-3) <O0.
Hence 15(t) < 0 and —Lj(x) is completely monotonic. The function Ls(x) is decreasing on
<\/§, oo) with lim Ly(z) = 0 and then Ly(z) > 0. Hence Lo(x) is completely monotonic
Tr—00
on <\/g, oo)
3.

where

<0, k=3,4,5,....

Then v3(t) < 0 and hence —Lj5(x) is completely monotonic . The function Lz(x) is de-
(

creasing for all x > 0 with lim Lj(z) = 0. and hence Lz(x) > 0 for all z > 0. Then Lj(x)

T—r 00
is completely monotonic on (0, 00).

]
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From the complete monotonicity of the functions Li(x), Lo(z) and Lz(x), we deduce the
following result:

Lemma 3.3. 1.

x+\/, (1I+E><G(a¢)<ln 1—x_1\/g +<;(;J:/1;)>, (19)

where the upper bound holds for x > \/g and the lower bound holds for x > 0.

1 1
G(:L‘)<ln(1—|— )—i— ra : x>0 (20)
T+a z(x +c)

where the values of a and ¢ are in (17)

Remark 1. From Lemma (2.2), we can conclude that the inequality (19) improves the lower bound
of the inequality (12) for x > x, ~ 2.02059 and improves its upper bound for x > xy ~ 4.02361.

Lemma 3.4. The following inequality holds

(”\/) 1 1 (1—\/2)_ 1

+ <Gz)<In|1+ + ,
x—i-\/’ z(r+1) 6+/624 x_\/g z(r+1) 6+/624

where the upper bound holds for x > \/g and the lower bound holds for x > 2.

1 (1—\@) L ), 2

_l’_ —_
x — \/g z(r +1) 6v/624

In

Proof. Consider the function

T(x)=In|1+

and use the functional equation (4) to obtain

T'(z+2) — T'(z) = 2U(z) ,
8125(1 4 2)2(2 + 2)>(3 + 2)2 30, (ff +i— %)

where

l(2) = (25920 - 10080\/6) + <197856 . 75408\/6) .
+ <677952 - 257008\/6> 2 + <1367472 - 520800\@) 2
(1777284 666478/6 ) o+ (1535268 502094v/6 )
+ (879720 — 127639v/6 ) 28+ <321960 + 145938V/6 )
+ (66960 + 180403v/6) 2* + (4596 + 957426 ) «°
+(-

864 + 28431\/6) 210 4 (—144 n 4590\/6> 2 4+ 315v6212 > 0, 2> 0.
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Then 7"(x +2) — T"(x) > 0 for x > \/> and also lim 7"(x) = 0. Using Corollary (2.4), we get

T—r00

that T"(z) < 0 for all x > \/; Hence T'(x) is decreasing on (\/g, oo) with lim T'(z) = 0, thus

T—r00

T(x) >0 forall z € <\/;, ) Now consider the function

) - 1+\/> 1

T) = , x>0.
Q( ) . \/’ x + 1 6\/6:184
Then 5 5
Qe +2) - Q) - uz = 2) ,
SLo%(1+ 2)2(2 + @) (3 + )2 Ly (w4 + \/g)
where
u(z) = (207466560 + 1134321606 ) + ) (—585268704 + 582357840\/6) z

729011328 + 1250421968\/6) 2%+ (—523396080 n 1539421184\/6) .
935803516 + 1231511026\/6) o+ (—67175076 + 680979590\/6) 2

<—10943256 + 268473813\/6) 25 + (—465384 ¥ 76331554\/6> 27
(195912 + 15574939\/6> 28+ (44364 n 2228562\/6> 20

4032 + 212571\/6) 210 ¢ (144 + 12150\/6) 2 4 315v6212 > 0, 2> 0.

Thus Q'(z +2) — Q'(x) > 0 for x > 2 and also lim @’(x) = 0. Using Corollary (2.4), we obtain
Tr—r00
that @'(z) < 0 for all x > 2. and then Q(x) is decreasing on [2,00) with lim Q(z) = 0. Then
T—00
Q(z) > 0 for all z > 2. O

4 Second formula of the best approximations and some
of its related inequalities

In this section, we will present the best constants of the approximation of formula
Py(n) n(n+1)’

where P;(n) and P2(n) are two polynomials of degrees one and two (resp.). Also, some inequalities
of the function G(x) will provided, which improve some results of the previous section.

G(n) ~ neN

1

Lemma 4.1. The best approzimation of the formula

an + 3 2
n+pr+o| nn+1)

G(n) = 1ln [1 +

5 neN (21)
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holds for a =2, B =3, p=2 and o = 4/3 and the sequence G(n) — 5 In [1 + n;fp;ig] - n(n2+1)

converges to zero with speed estimated by n=°.

Proof. Consider the error sequence x, = G(n) — 3 In [1 + nﬂ’;ﬁg] - n(n2+1), then we have
1 1
Xn = Xntz = 5(2—a)+ 5 (=205 +8) + a2+ a+2p))
+ %(38 —a® = 3a*(1+p) + 382+ p) + a(—4+ 38 — 3p(2 + p) + 30))
+ %(cf‘ +40*(1+p) +2(—65+ 82 —28(4 + p(3 + p) — 7))
+ o® (8—4B+6p(2+p) —40) +4a(2 — B(3+2p) + p(4+ p(3 + p) — 20) — 30))
+;%@m—aﬁ—mﬂ1+m+ﬁm2+mu—5+p@+m—Q@
+ 5/303(=8 438 — 6p(2 + p) + 30) + 52 (B(4 +3p) — 2(1 + p)(2+ p(2 + p))
+ (4+3p)a) — a(16 + 58 — 58(8 + p(8 + 3p) — 20) — 400 + 5(p(2 + p)(4
+ p(24p) = p(8+3p)o+ %))+ O(n™").

According to Lemma (2.1), the fastest convergence of the sequence Y, satisfies if « = 2, § = 3,
p=2and o = 4/3 with speed estimated by n=°. O

Lemma 4.2. For x > —1, the function

R(z) = (2@ —1)(2? + 22 + g) — 2z (22)

is strictly decreasing and convex. As consequence, we have

el—16
2x + B

1412
a2 + 2z + 3

—1In
2

2
[1+ TS L x>0 (23)

1
_ 2 =1
x2+2x+§}<G(x+ )<2n

et—16

where the constants 3 and

Proof.

;21 are the best possible.
1 4
éR/(gj) =—x—2+ [(:UQ 42+ g)G/(l' + 2) + ({lf + 1)]€2G(w+2),

%R’%w) =—1+2[(” + 22 + g)G’(x +2) + ( + )]G (z + 2)e266+2)

+2(z + )G (x +2) + (2* + 22 + %)G”(m +2) + 1]e2¢ @+

and

1 " - 2 4 ! 3 ! 2
—262G($+2)R () = 4(z°+2x+ §><G (x4+2))°+12(z + 1)(G'(x + 2))
4
+ 6(z* 422 + g)G’(gc +2)G"(z +2)

+ 6(x +1)G"(x +2) +6G (z +2) + (2 + 2z + g)GW(J} +2) £ U(x).

128 Ahmed Hegazi ET AL 118-135



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.1, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Now,

Ulx+2)—Ux) =

+

_I_

16(z + 2)(G'(x +2))* + 4(z + 2)G"(x + 2) + 24(z + 2)G'(z + 2)G" (z + 2)
8(4 + z)(62 + 66 + 2422 + 323)
G'(x +2))?
(x +2)%(z + 3)? (G +2))
8(1448 + 2564z + 200822 + 9152° + 2587 + 422° + 329)
(x +2)*(z + 3)4
4 2 2412 3
4(4 + x)(62 + 66z + 242* + 3z )G,,($+2)
(z +2)*(x + 3)?
1
3(2+x)%(3 + )¢
3602° 4 7052° + 13827 + 92°).

G'(z+2)

4(—33056 — 88128z — 921122% — 469762° — 105482*

Also, let V(x) = %, then

Vie+2)=V(z) =

+ o+ +

o+ + o+

Using the completely monotonicity of the functions X;(z) = i — G(x) + Z

Xo(w) = G(z) — 3 —

T

—4
(24+2)3(3+x)2(4+ x)3(5 + x)?
+271522* 4 66982° + 10052° + 842" + 32°)(G'(z + 2))?

4
BT 2B+ A2 6 1) [376528768 4 16429420162 + 329759004827

40316146882 + 33544745922 4+ 2010658592 + 89618419245
302070808z + 774571902 + 150517802

2183975z + 229624z + 1654822 + 7322 + 152G’ (z + 2)
2

2+ 2303+ )24+ 2)3(5 + x)?
685202° 4 27152z 4 66982° + 10052° + 8427 4 32%)G" (z + 2)
2

324+ 2)"(34 2)5(4 + x)" (5 + x)8
24078469545984 2% + 605443263232002> + 991751100597762*
1160674023532802° + 1023603412112322° + 703561640815362"
385411660230242° 4 170807733071362° + 61841240044202°
1839407553792z 4 4504038762832 + 9066945391823 4 149305980722
19924539322 + 2122555982'¢ + 176351042'" + 11017562 + 487082
13592 + 182°")]

[34576 + 911362 + 10539222 + 685202°

(34576 + 911362 + 10539222

(331346962432 + 5157549202432

2m—1
(2% —1)Byy

- and

T T, for z > 0 (see [20]), we get the following mequahmes. G'(x) > -2,

6 5 4_9..3 2
(G'(x))* > [%ﬂxﬁl and G (z) > 2Bel2e t1207 20767 tl) g1 2 > (). Hence,

z2(2x2+1)

z3(2z2+1)3

V(z+2)—V(z) < F(z), x>0
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where
—2A(z + 1)

F“0:3@+mﬁ@+xﬁu+xﬁ®+xﬁw+8x+%ﬂ4

A(x) = 74586749184 + 1263034988928z + 939861059760027 4 429437245139522°
138441396784472x* + 339577282357568x° + 66383752823929625
1065966556249164x7 + 14342842696317832° 4+ 1638094930661455x°
16006628709502882'° + 13440781979174562 + 971670315225407 22
6047542355433312" 4 3235638027599562* 4 148404632743888x1°
581093724962012 4 193150959383612'7 + 54089990704162*®
1263403407224z + 2428381600532 + 377073133932 + 4608156812222
42632550022 + 280441002 + 11679722% + 231362,

o+ o+ o+ + o+

Using A(z) > 0 for all z > 0, then we obtain F'(z) < 0 for all z > —1 and hence V(z+2)—V (z) <
0 for all z > —1. Using the asymptotic expansion (8) and its derivatives, we have

G'(z) = — — —+——x—+x—+0(x*“) (24)

GH(JJ) = E—FE—E‘FE—W—FO(xim), (25)
and 6 12 30 168 1530
G”’(m) = — — E + ? — F + F —+ O(x’l?’).

(26)
Then

, , 642 o
AV =\ T TOV)) 70

and hence V(z) > 0 for all z > —1. Now, U(x + 2) — U(z) > 0 with

. . —6422 7
lim U(z) = lim (m +O(x )) =0

and so U(z) < 0 for all z > —1. Thus, R”(z) < 0 and

128 448 2368 s
(wm?_ﬁﬁ%_mx7+cxx 0"0

Then R"(z) > 0 for all > —1 and so the function R(z) is convex for x € (—1,00). Also,

lim R'(z) = lim

T—00 T—00

3 s LS4 688 L0L o 0
1524 " 4525 6326 6327 | 81z )T

and thus R'(z) < 0 for all x > —1. Hence we conclude that R(z) is decreasing on (—1, 00) with
R(0) = €216 and

12

: : 32 112 1184 i
tiy 1) = Jn (3 552~ 5+ e+ 067 =
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Then A i1
3< (20 (@2 4224 2) -2z < c - ;
3 12
where the constants 3 and 641_216 are the best possible. O]
Lemma 4.3. For every x > 0, we have
1 4
S Inf L | <Gle+2)
(22 4 6z + B)e” T — (22 + 22 + 3)
1 4z +b
< Inf i ] (27)

27 (22 4 60+ D) THE — (22 4 20 + 1)

10
Te3 —et

where a = B

and b =12 are the best possible constants.

Proof. For x > 0, consider f(z) = R(z + 2) — R(z), where R(z) defined in (22). Then f'(z) =

R'(z +2) — R'(z) and R(z) is convex function for x € (—1,00). Hence f(x) is increasing with
0

10 10
f(0) =1 3’12_64 —12 and lim f(x) =0, where lim R(z) = 3. Then % —12< f(z) <0or

T—r00 T—r00
Tes — ¢ 28 4 4
% < XD (4?4 62 + ?)e TGS — (2 + 22 + g)} — 4z < 12,
10
where % 312’64 and 12 are the best possible constants. O

Lemma 4.4. For every x > 0, then we have

(22 + 22+ 3)

(z + B)e”20+) — (2 + 1)
(22 42z +3)

<G(z+2) < , (28)

(272 —15)et

where o = i

and 3 = 2 are the best possible constants.

Proof. The function R(x) defined in (22) is convex for x € (—1, 00) and hence R'(x) is increasing.

Then R'(0) < R'(z) < lim R'(x) with R'(0) = % —4 and lim R'(z) = 0. Hence

% < —z+ (2 422 + g)G’(Q; +2) + (z + 1)]€2G(z+2) <2,
(272 —15)et )
where “=—~— and 2 are the best possible constants. .

Lemma 4.5. The following inequality holds

<G@)<im

z(x+1) 2 - (29)

2

1 20+ 3 2
r? + 21 + 3

2 + 3 ] 9

1+
2?2 + 21 + o z(r +1)

where the upper bound holds for x > x5 ~ 0.575833 and the lower bound holds for x > 0.
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Proof. Consider the function F(z) = G(z +2) — 1 1n [1 + mzf;;ié} , then
3

Fllz+2)—F(z) = G(z+4) -G (z+2)
54(5 + 2)(56 + 140z + 10322 + 302® + 3z*)
(4 + 6z + 322)(13 4+ 12z + 322)(28 4 18z + 322)(49 + 24x + 322)

Using the functional equation (4) and its derivative, we get

F'l(x+2)— F'(z) =

32(5 + 22)(1057 + 1680z + 101122 + 27023 + 272%)
(24 2)2(3 + x)%(4 + 62 + 322)(13 + 122 + 322)(28 + 18z + 322)(49 + 24z + 322)

Thus F'(x +2) — F'(z) > 0, for x > 0 and also xh_}ralo F'(x) = 0. Using Corollary (2.4), we get
that F'(xz) < 0 for all x > 0. Then F(x) is decreasing function on (0, co) with xh_)rglo F(x) =0,
thus F'(x) > 0 for x > 0. Now, let

1
S(x) = Gz +2) = Sl |1+

2+ 3
2+ 2z + eésm

and then
—8(5 + 2z)W (x)
(e* —16)4(2 4+ 2)2(3 + 2)2(22 + 22 + 52) (a2 + 4z + £5) D(x)

Y

S'(x+2)—5"(x) =

where
D(z) = ((x+2)2+2(x+2)+ 448 ) ((x+2)2+4(x+2)—|— 3! ) >0, x>0
et —16 et — 16
and
W(z) = (21233664 — 6856704¢* + 720576¢® — 28944e' + 324¢'°)
+ (100270080 — 26173440¢* + 2361600e® — 84240e'* 4- 900e'®) z
+ (152764416 — 35570688¢* + 2920320e® — 96948 + 1005¢'%) 2
+ (106332160 — 23142400¢" + 1795200¢® — 57040¢'? + 580¢'°) z*
+ (37257216 — 7818240¢* + 587520¢® — 18204¢'* + 183¢'°) 2*
+ (6389760 — 1320960¢* 4 97920¢" — 3000¢" + 30¢'%) 2°
+ (425984 — 88064e” 4 6528¢® — 200e'? + 2¢'°) z°
Then

W'(z) = (100270080 — 26173440¢* + 2361600e® — 84240¢'* + 900¢'°)
+2 (152764416 — 35570688¢* + 2920320¢® — 96948¢'* + 1005¢'°) =
3 (106332160 — 23142400¢* 4 1795200€” — 57040¢'* + 580¢'%) 2
4 (37257216 — 7818240¢* + 587520¢® — 18204¢'? + 183¢'°) 2
+5 (6389760 — 1320960e" + 97920¢® — 3000e'? + 30e'®)
6 (425984 — 88064¢” + 6528¢° — 200e'® + 2¢'°) 2°
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and

W”(z) = 2(152764416 — 35570688¢" 4 2920320e® — 96948¢"* + 1005¢'°)
+6 (106332160 — 23142400e* + 1795200€® — 57040e'* + 580e'°)
+12 (37257216 — 7818240¢* + 587520¢" — 18204¢" + 183¢'%) 2
+20 (6389760 — 1320960¢* + 97920¢® — 3000¢'* + 30e'°) z*
+30 (425984 — 88064¢* + 6528¢° — 200e' + 2¢'%) 2* > 0, = > 0.

Thus W' (z) is increasing on (0, 00) which implies that W'(x) > W’(0.1) > 0. Then W (x) is
increasing on (0.1, 00) with W(0.57583) ~ —475.425 < 0 and W (0.57584) ~ 1147.33 > 0. Hence
W (x) has only one positive root on (0.57583, 00) say zs ~ 0.575833 and then W (x) > 0 for
x > 0.575833. Now, S’(x +2) — S’(x) < 0 for z > 0.575833 and also lim S'(z) = 0. Using

Tr—00
Corollary (2.4), then S’(z) > 0 for all > 0.575833 or S(x) is increasing on (0.575833, 00) with
lim S(x) = 0. Thus S(z) < 0 for all z > 0.575833. O
T—r00

Remark 2. Using the inequalities
1+ (22 +3)/(2* + 22 +48/(e* —16)) < (1 + 1/(x +1))*), x>0

and

T+ 2e+3)/(x* + 20 +4/3) > (1 +1/(x +4/(e* — 4)))?, x>z,
where z,, = _112+68€2_764‘V5§E*§2f’:f’20€220f“;i;r667264_66466”5@8 ~ (.465586, we can conclude that the
inequality (29) improves the lower bound of the inequality (12) for z > z, and improves its
upper bound for z > 0.

Remark 3. The inequality (29) improves the lower bound of the inequality (19) for x > 0.
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A new g-extension of Euler polynomial of the second kind
and some related polynomials

R. P. Agarwal !, J. Y. Kang?", C. S. Ryoo®

Abstract : We define ¢g-Euler polynomials of the second kind using g-analogue within exponential
function. We have some basic properties of this polynomials such as addition, alternative finite sum,
and symmetry property. We also investigate some relations of g-Euler, g-Bernoulli, and g-tangent

polynomials using g-Euler polynomials of the second kind including two parameters.

Key words : ¢-Euler polynomials of the second kind, ¢-Euler polynomials, g-Bernoulli polynomials,

g-tangent polynomials
2000 Mathematics Subject Classification : 11B68, 11B75, 12D10
1. Introduction

The main aim of this paper is to extend Euler numbers and polynomials of the second kind,
and study some of their properties. Our paper is organised as follows: in Section 2, we define g-Euler
numbers and polynomials of the second kind. From this definition we investigate some interesting
properties of these numbers and polynomials using g-analogue of exponential function. In Section
3, we consider ¢g-Euler polynomials of the second kind in two parameters and make some relations
between g-Euler polynomials of the second kind and g-Euler , g-Bernoulli, ¢g-tangent polynomials.
Furthermore, we derive a symmetric relation, multiple g-derivative, and multiple g-integral.

For any n € C, the g-number is defined by

[nlg = =D d=1tg+g g

0<i<n

An intensive and somewhat surprising interest in g-numbers appeared in many areas of mathematics
and applications including g¢-difference equations, special functions, g-combinatorics, g-integrable
systems, variational g-calculus, g-series, and so on. In this paper, we introduce some basic definitions
and theorems(see [1-18]).

Definition 1.1.[1,3-5,10-13] The Gaussian binomial coefficients are defined by

m\ |m| 0 ifr>m
/g R q R e e <m

(1-¢)(1—¢?)--(1—q")

where m and r are non-negative integers. For r = 0 the value is 1 since the numerator and the
denominator are both empty products. Like the classical binomial coefficients, the Gaussian binomial
coeflicients are center-symmetric. There are analogues of the binomial formula, and this definition

has a number of properties.
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3 Department of Mathematics, Hanman University, Daejeon, KOREA
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Theorem 1.2.[5] Let n, k be non-negative integers. Then we get

o TMavdn-3a0)) -
. = n+k—1
o a2 ]tk.

q

Definition 1.3.[1,4,12-13] Let z be any complex numbers with |z| < 1.

exponential functions are defined by

o
Q
O
I
\MS
EARS

eq-1(2) = Z [n]z, ;= Zq(g) [z]
n=0 q n=0 q

n=0

Two forms of ¢-

Definition 1.4.[4,10-11,13] The g-derivative operator of any function f is defined by

f(x) — flqz)

e = 7

D,f(x) =

and D, f(0) = f(0). We can prove that f is differentiable at 0, and it is clear that D,z™ = [n],z" 1.

Definition 1.5.[4,10-11,13] We define the g-integral as

b oo
JRCLES D Sr:
=0

If this function, f(z), is differentiable on the point x, the g-derivative in Definition 1.4 goes to the

ordinary derivative in the classical analysis when ¢ — 1.

In 1961, L.Calitz introduced several properties of the Bernoulli and Fuler polynomials of the

second kind(see [6]). Euler numbers of the second kind was expanded, and C. S. Ryoo have studied

these numbers and polynomials of the second kind in [17]. He also developed several properties of

these numbers and polynomials.

Definition 1.6.[7-8, 6, 17] The classical Euler numbers, E,, and the classical Euler polynomi-

als, En(az:)7 of the second kind are defined by means of the generating functions

2 =t 2 N & 2 .
T;E"a:et—i—e—t’ T;E"(I)a:et—i—e—te '

Theorem 1.7.[17] For any positive integer n, we have

(1) For any positive integer m(=odd),

m—1

~ (2 1-
Eu(@)=m" > (-1)'E, <m+m> for n > 0,
1=0

m
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2. Some basic properties of the g-Euler polynomials of the second kind

In this section, we define the g-Euler numbers and polynomials of the second kind, and investi-
gate basic properties of these numbers and polynomials. Furthermore, we find the alternative finite

sum which is related to the g-Euler numbers and polynomials of second kind.

Definition 2.1. Let n be any non-negative integer. For |¢| < 1,z € C, we define ¢-Euler
numbers and polynomials of the second kind as

i g o 2
ne0 nlg! eq(t) +eq(—t)

§5n,q(x) = e e eq(tz).

Substituting « = 0 in the g-Euler polynomials of the second kind, they can be simplified as follows:

> Enq(0)
n=0

where gn,q is g-Euler numbers of the second kind. If ¢ — 1, then we can find the classical Euler

— 2 1
- nz:%gn,q [n]g!  eq(t) +eq(—t)  coshy(t)’

polynomials of the second kind in &, ,(z)(see [6,17]).

Theorem 2.2. Let |¢| < 1,z be any complex numbers. Then, we have

Proof. From the generating function of the ¢g-Euler polynomials of second kind, gn,q(a:), we can find

— t" 2
;&Lq(l‘) [n}q' - €q(t) +€q(

,n o0

b o
iH‘e’”” )

[e'S)
n=0
[e%S)
n=0

which gives the required result.

Theorem 2.3. For |¢| < 1, the following holds:

Dqgnyq (z) = [n}qgnfl-,q@)

Proof. Considering g-derivative of 2”~* in Theorem 2.2, we get

~ n ~
Dy&nq(z) = [0 — k]gEr gz 0
o Lk
=0L"1q
Transforming a binomial operation of ¢ and using Theorem 2.2 again, we obtain

Ergt" ™" = [0+ 1]gEn q(2).

NE

Dyg&ni1q(z) = [n+ 1],

£
Il
=

Ldg

The required relation now follows at once.

138 AGARWAL ET AL 136-148



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.1, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

Theorem 2.4. Let n be any non-negative integer. Then, the following holds:

T Ent1 q(x) —Enilyg
Eng(x)dsx = : =
A #I( ) q [n_|_ 1]q

where gn,q(O) = gn,q is g-Euler numbers of the second kind.

Proof. Using g-integral in Theorem 2.2, we have

C _ N ny s n—k _ - nl s 1 n—k+1
/0 g"’q(x)dqx_/ 2 k] Y M e
q q

xT

0 k=0 k=0 0
n+1
1 n+1| s z 1 /= -
_ g n—k+1‘ — (Sn —-&, ) ,
n+1], kz_o k kat 0 [nt1], \7 (@) +la
- q

and we obtain the required relation at once.
Corollary 2.5. In Theorem 2.4, we get

b
~ Erirg(0) = Ens1q(a
/ 5n7q($)dq$ = +1g ([TL)+1] +1q( )
a q

Now we find some properties of g-exponential function to obtain the next theorem. From Definition
1.3 and Theorem 1.2, we find that

(i) -1t = q~ Gy,
o aoneo-Sa S-S (S 0)
n=0 V"1 pn=o V9" n=0 \ k=0 4
zii m_ﬂ+qﬂ ﬂ,
n=0 k=0 [n]q'
(i) eq(t)eq1(—t)_z[1:;!2[(n]t):_z Zm (—1)kq(®) ;n'
n=0 7" n=0 q n=0 \ k=0 q q

n=0 \k=0 a
(iv) eq<—t>eq-1<t>=2([;]tjfZ[nfnl,=Z <—1>"Zm (1t ) o
n=0 n=0 q n=0 k=0 q q
=S (e [a-a) A
n=0 k=0 [n]q
(v) eq(—t)eq1(—75):2([?1]0:12[(”]15)::2 (—1)" m ¢®) ;;'
n=0 9" pn=0 q- n=0 k=0 q q-
S (o TJa v
n=0 k=0 [n]q
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Theorem 2.6. For |¢| < 1, we find

n n—I n—I
() ;m ];[”;l] <—1>’“+Z[”;l] (1) | &g = 201",

k=0

.. " |n n! n—1 n-! n—1 e -
. 1=0 LL k—O[ k L(—l)k‘FZl k L(_l) ) @

k=0

Proof. (i) Loading eq(t)eq(—t) + eq(—t)eq(—

t) # 0 for the generating function of ¢-Euler numbers of
the second kind, one obtains

3 fn,q%(eq(ﬂeﬁ—t) T eq(—t)eq(—1)) = 2e4(~t),
n=0 a:

and we can transform such as

> Engrry(ealtley(=0) + eo(—1)ey( 1)
n=0 q

The required relation now follows at once.

(ii) We omit a proof of the g-Euler polynomials of the second kind due to its similarity to (i)
Corollary 2.7. For ¢ — 1, in Theorem 2.6, one holds

0 g(’}) (Z (e S (”,;Z)H)”l) B =2(-1)"

k=0 =

(i) é(?)(g(”kl)<—1>’“+";(”kl)<—1>) Z()

k= =0

3

=
(=)

where E,(z) is the classical Euler polynomials of the second kind and E, is the classical Euler
numbers of the second kind(see [16]).

Theorem 2.8. Let |¢| < 1. Then we have

n—Il—1 n—Il—1
6 ZH (H (1+d"+ 0" ] <1qk>> E1q =24,
1=0 q 0

n—Il-1 n—Il—1 n
o X[ (oeoscr T a-o) =23 1] e
1=0 k=0 k=0 =0 L',
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Proof. (i) For eq(t)e,~1(t) + eq(—t)e,-1(t) # 0, we have
>
n=0

To obtain the result, we can calculate the above equation as

t’ﬂ

eq(t)eq-1(t) +eq(—t)e,-1(t)) = 2e,-1(t).

EZéW[”x%uwfmw+ex—w%4u»
n=0 q
=§}méﬂz<ﬁuwﬂﬂlwﬁuﬂm%g,

n=0 9" n=0 \k=0 k=0 q

co n n—i—1 n—i—1 n
= n} (H(1+qk)+( ! H(l_qk)>§lqt ,

n=0 1=0 ! q \ k=0 k=0 [n]q
ot

22 Ve

The required relation now follows on comparing the coefficients of t” on both sides.

(ii) Using the same method as (i) we can find the required result, so we omit the proof.

Corollary 2.9. In Theorem 2.8, we can see
n n—l—1 n—Il—1 B
e i ] ( I )+ T =) &
q

2 =0 k=0 k=0
n n n—Il—1
(i) Z[ ] [7 ( IT a+e")+ =
1=0 1=0 g \ k=0

Theorem 2.10. For |g| < 1,k € N, one holds

n n—-l-1 n—Il—1
(®) > M ( IITa-d+cy I a+ qk)> Erg =2(=1)"q(3),

bl

k=0

iQ
[\:J\r—l

a—q%>ég@»

=0 k=0 k=0
n n—I—1 n—1—1
(ii) Z |\T[| ( H 1 qk) + (_1)n—l H (1 +q ) gl q = QZ [ ‘| (";l)xl.
=0 q k=0 k=0 q

Proof. (i) Let eq(t)e,—1(—t) +eq(—t)e,—1(—t) # 0. From the generating function of g-Euler numbers
of the second kind, we can find

EI&wﬁgﬂ%@wrw—w+ea—w%4«¢»=2%ac%»
n=0 a:

or, equivalently,

Ejéwéig%awqm—w+ax%wqw—w>

=3 G 2 (ﬁu qk>+<—1>nn<1+qk>) T
n=0 9" n=0 \k=0 k=0 q
0 n n—Il—1 n—Il—1 n
=> 4> m IIa-+Eom I (1+qk)> &g —22 y
n=0 =0 q k=0 k=0 q.
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Comparing the coefficients of #nql, the proof is complete.
(ii) We omit the proof of the g-Euler polynomials because we can derive it in the same method as
(i)
Corollary 2.11. In Theorem 2.10, we get
) 1 n n n—{—1 n—{—1
. n (%) _ k n—I k o
(i) (~1)"q: —QZH ( ITa-&+En J] +4 )) ELqs
1=0 g \ k=0 k=0
n n . 1 n n n—l—1 n—l—1 ~
(ii) > H (—1)g("2 ) gt = 52 H < I[HTa-&H+o ] @ —l—qk)) E1.q().
1=0 q 1=0 g \ k=0 k=0

Theorem 2.12. For z € C, we hold

UNDY [Z

~ 2 ifn=0
A+ (1" kg = { :
q

Pt 0 ifn#0
W Y [Z (At (CD)M)Epgx) = 227
k=0 L1,

Proof. (i) From Definition 2.1, we can represent ¢g-Euler numbers, gn,m as

ZE[,;, S+ (-1)7)

n=0 n=0

n

[”}q! =

Now using the Cauchy’s product, we find the relation,

> (3]

n=0 \ k=0

1+ (—1D)"E k4 = 2,
q

and the proof is done.
(ii) We omit a proof of (ii) since we can obtain (ii) using Cauchy’s product and the method of

coefficient comparison for Definition 2.1 using the same method (i).
Theorem 2.13. Let € C and |¢g| < 1. Then, the following holds:

n (3]
OIS [Z

~ n ~
(1 + (_1)k>gn*k,q =2 [ ‘| €n72k,qa
k=0 q k=0 q

i >

ln
kOk

where [z] is the greatest integer not exceeding x.
Proof. (i) In Theorem 2.12. (i), the left-side is changed as:

(1+(—1)k)5nk,q($)=22[ ! 1gn2k,q(x)»

En, 1+ (-1)") =2) &,
ngo *[nld! n=0 [n]q! ;::0 *[nly! nz;:) [2n],!
> ? fon k| - 12—k o [ [3] n B i
7;) I;O [ k ] ) T2n = k! ; = |n—2k Sl N
= — a — | = .
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The required relation now follows on comparing the coefficients of t” on both sides.

(ii) Now following the same procedure as (i), we find (ii).
Corollary 2.14. From the Theorem 2.12 and Theorem 2.13, the following relations hold:

3] .
. n ~ 1 ifn=0
(1) En—QkJI = . s
n — 2k . 0 ifn#0

k=0
(3 N

(i) [ " ]al_%,q(x)_xn,

sl [ 2k

where [z] is the greatest integer not exceeding x.

Theorem 2.15. For x € C, the following relation holds

Enal@) = (~1)"Enq(—2).

Proof. Replacing t, x with —t, —x, respectively, we get

S LA E— O S A ) Ny
2 ] 2 Enar)

[n]4! eq(—1) +eq(t

which on comparing the coefficients immediately gives the required relation.

Corollary 2.16. Putting = 1 in Theorem 2.15, we see

Enq(l) = (=1)"Enq(=1).
3. Some special properties of the ¢g-Euler polynomials of the second kind

In this section, we define the g-Euler polynomials of the second kind in two parameters. From
these polynomials, we can find some relations between these polynomials and other polynomials.

We can also observe a symmetric property of the g-Euler polynomials of the second kind.

Definition 3.1. Let z,y € C. We then define the ¢-Euler polynomials of the second kind in

two parameters as:
— " 2
Eng(@,y) T = eq(ta)eq(ty).
7;) i (]! eq(t) +eq(=t) * !

For y = 0, we can see that &, 4(z,0) = &, (z).

Theorem 3.2. Let x be any complex numbers. Then we hold

(i) gn,q(x,y) = Z [n] glc,q@)yn_ka

k=0 k
n 1
~ ~ l
(i) Engley) =T &S || 2yt
=0 ! k=0 k
q q

Proof. From Definition 3.1, we find

S gl y) o = 2 e (ta)ey(ty)
n=0 [ t)

njy! eq(t) +eq(—

SILHEILED vt ol ol L FEVE e
n=0 ’ q ’

[n]4!
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The required relation now follows immediately.

Theorem 3.3. For z € C, we hold

Eng(@,1) + Epgla, —1) = 22"
Proof. Setting y = 1 and —1, we can get

o " m 9 92
HZ:O (57“1(95, 1)+ &gz, —1)) ) = oD T el eq(tr)eq(t) + ————

2

- Weq(tx) (eq(t) 4 eq(—t)) = 2e,(

and the proof is complete on comparing the coefficient of both sides.

Corollary 3.4. From Theorem 3.3, we see

" = % <§n,q(aﬁ, 1) + &gl —1)) :

To investigate some relations of other polynomials, we define g-Euler, g-Bernoulli, and g¢-tangent

polynomials. These polynomials have a lot of properties, applications, and identities.

Definition 3.5. We define ¢-tangent polynomials, T (x); g-Euler polynomials, £(x); and ¢-
Bernoulli polynomials, B(x) as

> Ennl®) ]y = e, <

e’} m 9 . -

3 Tl At <5

Y Buylz) [:;q! = eq(;_ ceq(te), [t <2m,  (see [7, 14-15]).

Theorem 3.6. For z,y € C, the following relation holds:

n = n—I
~ 1 n n l n—I gk )
5"’q(x’y)[21q2[z1 e +Zl 1 i )
=0 q k=0 q

where &, 4(z) is g-Euler polynomials.

Proof. Transforming the g-Euler polynomials of the second kind containing two parameters, we have

T eyttt = ((,[j]m ) (* (’fé]): ) (Garamse®):

For the relation between ¢-Euler polynomials of the second kind containing two parameters and

g-Euler polynomials, we get

n—k

n=0 \ 1=0 k=0 m [n]q!
1 <[ |n Ent1q(x) ) t"
+ o gl-, (my) . )
o 2 | 2 H T O
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which, on comparing the coefficients, immediately gives the required relation.
Corollary 3.7. For ¢ — 1 in Theorem 3.6, we have

Bo(e.y) = ;; (}) (fsml(””) s e ) Ei(my),

k=0

where E,(z) is the classical Euler polynomials of the second kind, and E, () is the classical Euler

polynomials(see [17]).

Theorem 3.8. Let z,y € C and |g| < 1. Then we get

_ 1
gn,q(x7y) = W Z |]

4 1=0

QIgn_l7q(a:)+”i:l[n—l‘| kg (x) ("
q

ml i mn—k 59)7

k=0

where T, () is g-tangent polynomials.
Proof. To obtain the relation between ¢-Euler polynomials of the second kind and g-tangent poly-

nomials, we can make

From the above equation, we hold

X = 1 [ n m -1 20 kg J(2) |t
e o M RZED Y S
L& (] s 2T e
+[2L17;)(l_0 H ot

which, on comparing the coefficients, the required relation at once.
Corollary 3.9. For ¢ — 1 in Theorem 3.8, we see
~ 1< /n\ (2B, i(z) -1 2k B (x) m
E S Zomt A S I o G
A(@.9) 2;@)( Sy () g,

where E,(z) is the classical Euler polynomials of the second kind, and Tj(z) is the classical tangent
polynomials(see [6, 13-14, 17]).

Theorem 3.10. Let |g| < 1 and z,y be any complex numbers. Then we hold

n n—I & &
o) = m > [”kl] Sral®) =l gy oy,

mn—k ml
=0 k=0

Proof. Multiplying the generating function of g-Euler polynomials of the second kind in two param-
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eters by a suitable function, we have

,ign"’<x’y) [,j;q! - (eq(;; - 16‘1(“’)) (%(Ttnt) - 1) (eq(t) +2eq(—t)eq<m)>

I
VR
[~
&
3
=}
3
s
3
S~
=3
N
3
HM8
HE
S| L
|
~+ | =
N——
VR
[~
R
Q
&
3| =+
= 3
N——

n=0 0 n=0
S (5[] B 3] B )
_nzzjo ([n]q e [ZLBM( y)kz_ol k L mn—k) [ —1],!
o0 1 n n n—lqgn, e tnfl
5 ([ ) g

Comparing the coefficients of both sides leads to

00 n © n n nl n — & X n-— - r
Z[n}qgn,l,q(x,y)[%]q! = Z Z [l‘| [ . l} i’;ggk) | l]qrirlt Lq(T) Bi.o(my) [;]q!’

n=0 n=0 | (=0 k=0

which gives the required result.

Corollary 3.11. For ¢ — 1, in Theorem 3.10, we see

pliEate) =3 () (Zl REm lfjﬁ‘“”) Bi(my),

=0 k=0

where E, (z) is the classical Euler polynomials of the second kind, and B, (z) is the classical Bernoulli
polynomials(see [6-9, 12, 15, 17]).

Theorem 3.12. For g,z and y € C, the ¢g-Euler polynomials of the second kind have

S0 e () 1] )7 () (o)

k=0
Proof. Consider that
deq(tx)eq(ty)

(eq(2t) +eq(—21)) (eq(1) +eq(—1))

A:

The form A can turn to

n=0 b " n=0
B ) n n b n—Zkg a _ b n
S AX[) () e (G98a (G))
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or, equivalently,

() S (00 5

n=0 n=0
5 (S0, 6 e ()59 i
n=0 \ k=0 q

and the theorem is proved in (3.1) and (3.2).
Corollary 3.13. If ¢ — 1 in Theorem 3.12, then we see
n n—2k n
n\ (b ~ a N\ = (b n\ (a\"2k ~ b\ =~ ra
) ()5 (20) -5 (1) () B () B ()

LEE) A G)R G =R 06 A () B G

k=0 k=0
where E,(z) is the classical Euler polynomials of the second kind(see [6, 17)).

Theorem 3.14. For k € N, we get

[k]q!gnfk,q (z).

q

~ n
Dt(zk)gn’q(x) = [k

Proof. To make this result we have to remember Theorem 2.2,

Englz) ="
k=

0

n| _
k‘| gk,qxn k?
q

and Theorem 2.3,

DIE, 4(w) = 1] &1 4(2).

Repeating g-derivative for Theorem 2.3, we can see

D 2)571 q(®) = [n]g[n — 1]qgn72,q(m)

3

(
D)€ (@) = Inlgln — Ugln — 2]4€n-s,q(2)
(

DIVE, o(x) = [n]gln — Ug[n — 2gln — 3],En—aq(@)

For k € N, we find g-derivative of k-times such as
DE, o(x) = [nlgln — Ugln — Agln — 3y -1k + UgEup ()
k

= [n] [k]q!gn*k,q(f)v

and it is proved.
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Abstract

This paper proposes a pointwise approximation scheme on the unit sphere S?, which aims
to handle spherical scattered data with high level noise by using a regularized moving least
squares (RMLS) approximation with Laplace-Beltrami operator. The pointwise errors of ap-
proximation by the RMLS are estimated, and some numerical examples are designed to ex-
amine the obtained theoretical results. Also, the given numerical examples illustrate that the
different choices for the order of Laplace-Beltrami operator and regularized parameter can
provide different pointwise approximation results.

MSC(2000): 65D32, 65H10, 41A17

Keywords Sphere; Moving least squares; Pointwise approximation; Laplace-Beltrami op-
erator

1 Introduction

In recent years, scattered data approximation on the unit sphere S? has been widely applied to
astrophysics, meteorology, geodesy, geophysics, and other areas (see [9, [T, B36]). In the approxima-
tion, spherical polynomials and spherical radial basis functions are usually taken as approximation
tools. We refer the reader to [12, 13 14 [16, 17, 25, 24} 26| 36} B30} BT, 32].

Moving least squares (MLS) scheme for scattered data approximation in Euclidean space R™
was proposed in [34] and [36] several years ago, which is actually a scheme to approximate target
functions by using polynomials. Its simplest form coincides with Shepards interpolation method
[29]. And, in terms of Backus-Gilbert method and constructive way of computing MLS approx-
imation, it is also called as Backus-Gilbert optimal [4, [5 [6, [8]. Afterwards MLS was extended
by McLain [21], 22], Franke [10], and Lancaster [I5]. Meanwhile, MLS approximation has been
frequently applied to potential energy surfaces [20], surface reconstruction [I5], and partial dif-
ferential equations [7]. In addition, several errors of approximation of MLS were estimated by
different ways in [2] 3] [18] 34} [36].

In the MLS method, the highlight is process of MLS approximation involving the local polyno-
mial reproduction property and the key ingredient in depriving error estimates. Based on the idea,
Wendland [35] studied MLS approximation on the sphere to estimate the function value f(z) by
solving a local weighted least squares problem for every point x on the sphere which seems to be
better than the method of spherical radial basis functions (SBFs) interpolation, because it does not
require solving a large linear system. Li [I9] developed a theoretical analysis of the generalization
performances of regularized least square regression algorithm with spherical polynomial kernels.
An et al. [I] considered regularized least squares scheme by using spherical designs, which can
be used to handle the data set with high level noise when the regularized operator is chosen as
spherical Laplace-Beltrami operator.

Based on the denoising effect of the Laplace-Beltrami operator and the superiority of MLS
approximation, this paper proposes an approximation scheme of regularized moving least squares

*Supported by the National Natural Science Foundation of China (No. 61672477)
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(RMLS) with the Laplace-Beltrami operator. A pointwise approximation issue on the unit sphere
S?, which aims to handle data set with high level noise, is considered, and the errors of approxi-
mation by the proposed RMLS are estimated. The numerical experiments are designed to further
show the effectiveness of the proposed new method.

This paper is organized as follows. In Section 2, the necessary backgrounds about spherical
harmonics, sphere function spaces, and Laplace-Beltrami operator are reviewed. The MLS approx-
imation on the sphere is stated in Section 3. In Section 4, we propose the RMLS approximation
scheme. Section 5 devotes to give the error estimation for RMLS approximation. Numerical ex-
periments are given in Section 6 to demonstrate the effectiveness of RMLS approximation scheme
for data with high level noise.

2 Preliminaries

2.1 Spherical harmonics, sphere function spaces, and sphere point sets

In this section, we introduce some notations about spherical harmonics, sphere function spaces,
and sphere point sets, which can be found in [23] and [33].
Let S? be the unit sphere embedded in the Euclidean space R3?, i.e.,

S* i= {z = (21,22, 23) ER® ¢ ||2||5 == 2] + 25 + 23 =1}.

For integer [ > 0, the restriction to S? of a homogeneous harmonic polynomial with degree [
is called a spherical harmonic with degree [. The class of all spherical harmonics with degree [ is
denoted by H;, and it is well-known that spherical harmonics of different degree are orthogonal
with respect to the inner product (f,g), = s f(2)g(2)dw(x),where dw denotes surface measure
on S2. Hence, if we choose an orthogonal basis {Y;j : k = 1,...,2l + 1} for each H,, then the set
{Yip:1=0,1,..., k=1,...,2l + 1} is an orthogonal basis for L2(S?). The class of all spherical
harmonics with total degree [ < L is denoted by Pr. Of course, Py, = @leo H;, and the dimension
of H; is 21 + 1 and that of Pz, is (L + 1)2. The well-known addition formula is given by (see [23])

2l+1

20+1
S Vir(e)ialy) = = Pila- ), 2.1)
k=1

where P is the Legendre polynomial with degree [ and dimension 3, which is normalized such that
A1) =1.

For every p € Pr, we have
L 20+1

p) =Y > aiYix(x), (2.2)

1=0 k=1
where a;x = o p(y) Y1,k (y)dw(y).

We denote by C(S?) the space of continuous functions on S? endowed with the uniform (supre-
mum) norm || f|lcs2) := sup,esz |f(x)|.The geodesic distance between two points on the unit
sphere S? is defined by d(z,y) := arccos({z, y))(z,y € S?),where (z,y) denotes the Euclidean inner
product.

Let o1,22,...,2x € S?, which are pairwise distinct. Then X := {x1,x2,..., 2y} is called as a
centers set. The mesh norm of X is denoted by

hx g2 := sup min d(z,z;),
zeS? zr;€X

and the separation radius is defined to be
1 .
Gx2 = 5 min d(zs, ;)
that is half of the smallest geodesic distance between any two distinct points in X. It is easy to

see that hx g2 > gx g2, where equality can hold only for a uniform distribution of points on the
circle St.
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For a given point set X, if there exists a constant ¢; > 1, such that

gxs2 < hxgse < cigx s, (2.3)

then X is called quasi-uniform.
In addition, the set X is said to be Pp-unisolvent (see [32]), if

pePr, pleg;))=0 for i=1,2,.... N=p=0.

2.2 Laplace-Beltrami operator

In this subsection, we introduce Laplace-Beltrami operator on S? (see [23, [33]). The Laplace-
Beltrami operator is defined by
T
o) =1 ().
’ l[=[l2

llzll2=1
In fact, the Laplace-Beltrami operator is the angular part of the Laplace operator in three dimen-
sions

0? 0? 0?
0z Oz% 02’
Giving point = := (x1, 22, 23) on S?, then the related spherical polar coordinate system is (6, @),
0<0<70<p<2m, in terms of polar coordinate transformation
21 =sinfcosp, xo =sinfsinp, x3 = cosb,

the Laplace-Beltrami operator acting as a differential operator can be written by

1 0 0 1 0?

sin 0 %(81116‘%) + sin? 93702.

The literature has pointed an intrinsic characterization of spherical harmonics, which is every
element of H; is an eigenfunction corresponding to the eigenvalue —I(l+1) of the Laplace-Beltrami
operator A, namely that

AY 4(x) = —I(I + 1)Yi 4 (2).

In fact, A is a semi-positive operator, and for any s > 0 we can define (—A)® as
(=A)* Yy, = (I + 1) Yii(z) = BiYi k().
So, for p(z) € Pr, (—A)®p(z) can be represented by
L 2041

L
(-)p) = 4 Y Vs Vi) =61 [ R upn)d (o).
=0 k=1 = /82 T

where 8, = (u(p+1))%, £ =0,1,...,L, and P, is the Legendre polynomial with degree [.

3 Moving least squares

Moving least squares (MLS) approximation has been frequently applied to potential energy sur-
faces [20], surface reconstruction [I5], and partial differential equations [7]. In order to propose
regularized moving least squares (RMLS) in the next section, we should first review some details
about MLS approximation on the sphere [35].

The issue of MLS approximation on the sphere has been given some detailed discussions by
Wendland in [34] [35, 36]. Suppose an unknown continuous function f € C(S?) and z € S?,
we can construct an approximation of f(z) from values {f(z;)}Y; of f on a given point set
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X ={x1,...,2zn} C S% Then the approximate value p*(x) of f(z) can be obtained by the solution
of following minimization problem

N
min {Z(f(wi) = p(@))?w(z, ;) : p € 7’} ; (3.4)
i=1

where P C C(S?) is a finite dimensional subspace, usually spanned by spherical harmonics, and
w:S? x S? — [0, 00) is a continuous function. Since we consider a local process, we choose w(z, )
as a radial and compactly supported function, even if it is not really necessary. So Wendland
[34, B35, [36] chose continuous function ¢ : [0, 00) — [0, 00) with

e o(r)>0,0<r<1,

o ¢(r)=0,r>1,

and define 1

where 6 > 0 is a scale. Then above weight function w(z, z;) has the following form

w(z, @) = —— :d)(d(x,y)).

eé(l.ay) = T,y € Sza (35)

0s5(z, ;) ]
For X = {x1,x9,...,2n}, we further define the index set I(x) as
Iz):=1(z,0,X)={i €{1,2,...,N} : d(z, ;) < d}, (3.6)

which contains the subscripts of points within the spherical cap of radius ¢ centered at z. And we
choose P = Pr. Then the MLS approximation (3.4) takes the form (see [I8] [34] [35] [36])

spx(e) =Y ai(@)f(x),
i€l(x)

where the coefficients af (z) are determined by minimizing

= Z x)0s(x, ;) (3.7)

zEI

under the constraints

Z a;(x)p(z;) = p(z), p € PL. (3.8)

i€l(x)

If X satisfies certain conditions, then we have the following theorem [35].

Theorem 3.1 Assume that Z = {x; € X : i € I(x,0,X)} is Pr-unisolvent. Then the minimiza-
tion problem with constraint (@) has an unique solution af(x):

T, T L 2p+1
@) =0 () 33 Al

pn=0 v=1

where ¢ € I(x),z; € Z, and the Lagrange multipliers X\ have unique solution by solving the
following system of equations:

S5 v ("

p=0 v=1 iel(x)
with0 <1< L,1<k<2u+1.

) (@) Yis(:) = Yin(a)

Since Z = {x;,, Tipy ..., Tiy, } = {24,4 € I(x)} C X involves the choice of scale §, so it is also an
interesting research direction. From [36] we know that if « lies in a region with a high data density,
then the § should be chosen small. However, we should choose a bigger d, since our method is
local. Therefore, we often choose

0 =0x = Cihx, (3.9)

where (7 is a constant.
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4 Regularized moving least squares with Laplace-Beltrami
operator

In this section, we propose a category of local polynomial approximation on the unit sphere S? in
terms of an improvement of MLS, and give the model of the RMLS.

For an unknown continuous function f € C(S?), X = {z1,22, -, 2y} C S?, and x € S%, we
can get an approximate value p(z) of f(x) from values {f(x;)}X; by the solution p of following
minimization problem

. N 2 s 2 d(gc,xi) .
win d 3 (o) = ple)* + 22y o (A5 ) spepuy. (@)

=1

where (—A)® and ¢ is defined as above, A > 0 is a regularization parameter.

Similar to [18 [34} [35] [36], we want to use polynomial local reconstruction to estimate approx-
imation order. So, the new approximation form can be constructed and it is the same as the
solution of . We construct the new approximation form:

spx ()= > ai(@)f(x), (4.11)

iel(x)

where the coefficients are determined by minimizing

_ Z (95 CL' m) (4.12)

ZGI(I
under the constraints
> ai()p(ai) = q(x), p € Pr, (4.13)
i€l (x)
where
L 2p+1
=3 D A BunYiw (@),
p=0 v=1

Du,v is the Fourier coefficient of p, and £, = (u(p 4+ 1))°. The following (2) of Theorem [4.1| shows
that the constructed approximation form (4.11)) and constrained optimization problems (4.12)-

(4.13)) are valid.

In the following, we focus on how to solve the new constrained optimization problem, where
Z ={%i,, Tiyy ..., xiy, } = {wi,i € I(x)} C X. We need the following notations:

f=(fx), flz2),..., flaa)T;
a=(a

T(@), a3 (2),. .. a5 (2)";
o = (04071, ey aL72L+1)T;
o= o1(2), .., Yo or41(2))T;

o (2520) o (221) o (220

B = diag{ﬁ(ﬁﬂlvﬁhﬁla v 75,1“ v 75,1“ v 7B2L+1a v 7ﬁ2L+1};
—_———

2pu+1
Yo,i(z1)  Yii(z1) Yie(z1) - Yiorqi(zr)
v Yoi(xze) Yia(me) Yia(me) -+ Yrorpya(zo)
Yoi(za) Yia(ea) Yie(ra) - Yiorsi(owm)

The following Theorem [£.1] will give the concrete form of the solution of RMLS approximation,
and proves that the solution of (4.10) is equivalent to the solution of the minimization problem

(4.12)) with constraint (4.13). Namely, the constructions (4.11))-(4.13)) are valid.
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Theorem 4.1 The following statements hold.
(1). For a given point set X = {x1,...,an} CS? if Z ={x; € X :i € I(x,6,X)} is PL-
unisolvent, then the minimization problem with constraint has unique solution af(x):

L 2u+1

aj(z) = ¢ ( )Zzzwwxz ieI(x), (4.14)

pn=0 v=1

where z1 3, can be obtained by solving the following system of equations:

zLjhfzu, Z ¢(

pn=0 v=1 i€l(x)

) (@) Yia(as) = (1+ ABD) Vi) (4.15)

with 0 <I<L1<kEZ<20+1, A>0;
(2). The solution of is equivalent to the solution of the minimization problem with

constraint .

Proof. We first prove (1). Similar to [34], [35] and [36], we introduce Lagrange multiplies
z=1(%01,-.-,2L,2+1) to solve the optimal problem (4.12)) with constraint (4.13]). Let

L 2p+1
1 _
J=3 ‘Z a2(x)0s(z, x;) Z Z v ‘Z ai(2)Yup (@) — (L+ AB2) " 'Yau(2) |,
i€l(x) p=0 v=1 1€l(x)

where 2, = Z,,,Du,,. We solve partial derivatives about a;(x) and 2z for J, respectively,

L 2u+1

aJ
= Os(x,x;) — ZuYyuu(2) =0, 4¢€l
Bar(n) ~ G (@)0s( ;)Zlu Yiuw (i) (),
= - z)Y) 1 7)Y, = <I<L1<k<2+1
8Zlk Z ai(2)Yyg(2i) + (L+AB) " Yip(z) =0, 0<I< L1 <k <20+1,

then, solving the above equations, we can get (4.14) and (4.15).
In order to prove equivalent conditions, the solution (4.14]) of the optimal problem (4.12]) under
constraint (4.13]) can be written as matrix form

a=WYYTWY + \BTYTWYB) 'y

Next, we prove the uniqueness of the solution. In fact, we only need to prove that YTWY +
ABTYTWY B is a positive definite matrix. For any vector

T L+1)2
r=(ro1,---rront1)! € REFDT

and for ¢ € I(z),w(x,z;) > 0,
rT(YTWY + ABTYTWYB)r = (Yr)TW(Y7r) + rTABTYTWY Br

-y () (55« 5 o(452) (5 )

i€l(x) 1=0 k=1 i€l(x) =0 k=1
> 0.
Since the entries of diagonal line of matrix B are not all 0, and Z is Pr-unisolvent, we see that

> o )(ZZY) + Y o (1 )(ZZM) -0,

i€l(x) 1=0 k=1 i€l(x) =0 k=1

implies r = 0. So YTWY + ABTYTWY B is a positive definite matrix.

154 Chunmei Ding ET AL 149-161



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.1, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

C. Ding et al.: Regularized moving least squares approximation on the sphere

We now prove property (2). Let {Yo1,...,Yz 2541} be a set of the spherical harmonics in Prp,.
Then the minimizer of (4.10) can be written as

L 2p+1
p*(z) = Z Z Y (@).
p=0 v=1
Thus
of = WY YTwy + ABTYTWYB)™1,
hence
L 2p+1
P = YD auYuu(e) =a’yp
pn=0 v=1
= ffTwyYT™wy + \ABTYTwWYB) 'y = fTa
= srx(z)

The proof of Theorem [.1]is complete. [
The following Theorem devotes that p(z) of the solution of the minimization problem (4.12))
with constraint (4.13)) uniformly converges to “s-smoothed” solution f;:

oo 1 20+1 oo

N 1 1
fs(@) = Z T+ 1)) kz foeYie(z) = Z TE A0+ D) in /S2 Pz - y) f(y)dw(y),

=0 =1 =0

where the last equation uses the addition theorem (2.1)).

Theorem 4.2 Assume that the order of Laplace-Beltrami operator s > 1/2, p(x) is the solution
of the minimization problem with constraints , and L is the order of p(z), then we
have limLHOO ||p — szC(S?) =0.

This theorem has been proved in [I].

5 Error estimates

In this section, we will give an error estimate for RMLS approximation, which ensures the fact
that RMLS approximation scheme is reasonable (see Theorem 6 below). But before starting the
error analysis, we need to collect a few auxiliary results. The following Lemma 4 indicates the
local polynomial reproduction on the sphere, which is quoted from [35]. We also refer the reader
to [I8] and [34] for a general form of the local polynomial reproduction property, and it plays an
important role in the error estimates for RMLS approximation.

Lemma 5.1 There exist constants hg, Ca, C5 > 0 such that for every point set X = {x1,z2,...,25} C
S? with hx g2 < ho and every x € S, there exist a3 (), a3 (z),...,ax(z) satisfying that

(1) Sy af (2)p(a:) = g(x), for any p € Py;

(2) aiX(x) =0,if d(x,x;) > Cohxg2;

(3) XL laf (@) < O,

where
L 2p+1

q(z) = Z Z (L+ A7) ™ B Y (@).

p=0 v=1

The following Lemma is quoted from [35], which shows that |I(x)| is uniformly bounded
in terms of packing argument from [27], and it plays an important role in the error estimates for
RMLS and MLS approximation.
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Lemma 5.2 Assume that X = {x1,22,...,xn} C S? is quasi-uniform with hx g2 < ho, I(z) =

{ie{l,2,...,N}:d(z,z;) <6}, and § = Crhxg2. Then

qx +0
ax

[(z)] <

S (1 + ClCl)a

where the ¢; and Cy are constants which associate with and (@, respectively.

From Lemmal[5.1]and Lemma we use the similar techniques of [35], and obtain the following
Theorem [5.1] which is an error estimate for RMLS approximation.

Theorem 5.1 Let C1,Cs5,9 be given in (@, Lemma and Lemma , Suppose that X =
{z1,22,...,an} C S? is quasi-uniform, and sx,; is the RMLS approzimation of f € C(S?) by
mainimaization under the constraint . Then there exist constants hg and C which are
independent of f and X, such that for every X with hxg» < ho and every x € S?, the error between
f and sx ; can be bounded by

|f(2) = sx s (2)] < CepCH R G-

Proof. Let ¢ € P and B(x,8) = {y € S%;d(z,y) < §}. We adopt the standard arguments to
estimate the error of RMLS approximation:
[f(z) = sx, 7 ()] [f(x) = q(z) + q(z) = sx ()| < [f(2x) - ( )+ la(x) = sx f(2)]
< |If(@) = (@)oo, B(z.6) + Z |la; (@) (@) = p() || oo, B(x.6)

i€l(x)

A

where the relationship between p(x) and ¢(x) is g(z) = Zu o 22“+1(1 +AB2) T P Yo (), Py
is the Fourier coefficient of p, and 8, = (u(p+1))°. So we can write

max {[[f(z) = ¢(&) e, B(2.5); |1 f () = P(@) |0, Bw.) } = [/ (2) = G(2) |0, B(2.5):

then
f(z) = sx @) < (14 D lai@DIf(x) = G(@) o Ba.s)-

i€l(x)
For > icr(z) laj (z)], using Cauchy inequality we have
1/2 1/2

(5.16)

STlar@)l < | Y] lay(@)*0s(x, z)

i€l(x) iel(x) i€l (x)

Now we prove that the first term of the right of (5.16) is bounded. According to hx g2 < ho,

we can get a;(z) that reproduces spherical harmonics and vanishes if d(z,z;) > . We set I(z) =
{i:d(x,z;) < %}, then, by the minimization condition it is not difficult for us to obtain that

S ek @) s ) <Y Jai(@)6s(em) < () > lai(

i€l(z) il (z) Min;e ) ¢ iel(z)
N ’ 1 1
< Iai(w)> —— < Cj —,
(Zl minyez ¢(2%Y) minyez ¢(422)

and

Z¢>

zEI(a:)
From Lemma we see that |I(x)| is uniformly bounded, which implies that (5.16)) is bounded.
Therefore, there exists a constant C, such that ( + Y ierw) lai (@ )|> <C.

) < [ (@)[[[4]]co-
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Next, we prove that || f(z) — G(2)||eo,z is bounded. According to [35], without loss of generality,
we suppose that z = (0,0,1)”. Then

B(z,0) = {y € S* : d(z,y) < 6} = {y € S* : y3 > cos}.

We define the bijective map T : U — B(x,68) by § — (9,1/1 — ||7]|2)T, where U = {§ € R? : |73 <
1 — cos? d}. Obviously, the inverse of T is T~(y) = 7 = (y1,%2)7. Then, the Taylor expansion of

g around T = 0 is
(@) ()
o g (0) 9\ ()
)= Z o Y + ol

o<t ' la|=1+1
So
g
f@)=goT (W)= cat®+ >
|| <1 |a|=1+1
and
|| <t
Hence
f() =Gl < erllgllb™ = ep(1—3) T2 < ep(1 = cos® §) 1T/ = cp(sing)
< epdh = e CihllL.
Therefore,

f (@) = sx,7(2)] < C|If = Glloo,Ba.s) < CerCrH A L.
The proof of Theorem [5.1]is complete. [

6 Numerical experiments

In order to further validate our theoretical results derived in the previous sections, this section
presents some numerical experiments handling data set with high level noise. In our experiments,
we choose two test functions, where the Franke function f(z,y, z) is chosen as the first test function
which has been frequently used in the other literature (for example, [28, [35]),

_ 2 _ 2 _ 9
filz,y,z) = %exp ( (933 2) (Qy - 2) B (92 . 2) )
+Z exp ( 0 _ n )
+§ exp ( _ 1 _ y >
f% exp( (9z — — 9y —7)? = (92 — 5)2) . (wy,2) €S2

This function is shown in the Figure [2| (a), and it is C°°(S?). The second test function is spherical
cap function which is a sum of the Franke function f; and an other function feap (see [38]), which
is defined by fo := f1 + fcap,where

7 arccos({x., T
P COS (M) , ¢ € Clxe,r);
feap = 2r
0, otherwise,
and p is a positive number. We set z. = (—%, —%, \/g), p=2,and r = % in the experiment. This

function is shown in the Figure [3] (a).
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In the RMLS approximation, the weight function plays an important role. We choose a famous
radial basis function ¢(r) as weight function in our numerical experiments, that is

¢(r) = (1 =)L (4r + 1),

which is called Wendland function (see [37]). The uniform error of the approximation is estimated
by
If = pllee) = mnat [f (i) = p(a:)].

In our numerical experiments, we choose X to be a set of 1024 points generated from the equal
area algorithm [30], which is shown in Figure

05

-05

Figure 1: A set of 1024 points generated from the equal area algorithm

Next, we consider two groups of numerical experiments reconstructing the test function f; and
f2 in terms of RMLS and MLS, where the data set X has been contaminated by high levels of noise.
In the experiment 1 and 2, X = {x1,29,...,2x}, and N = 1024, meanwhile, 30% noise have been
used in X, where the noise is a sample of a normal random variable with mean 0 and standard
deviation ¢ = 0.1. In order to achieve uniform standard of comparison, we take polynomial degree
L = 2 and scale 6 = 0.25.

Experiment 1. We want to reconstruct the Frank function f; from contaminated data and
compare approximation results of RMLS (A = 0.2) and MLS (A = 0), meanwhile, s is set as 2.

Figure 2] illustrates that RMLS exists more obvious advantages than MLS when we reconstruct
test function f; from data set with high level noise. The Figure 2] (a) shows original function fi,
the Figure 2| (b) reports f; with high level noise, and the Figure c) reveals approximation result
of RMLS for reconstructing f;, and the uniform error of RMLS approximation is 0.0868. At last,
the Figure [2| (d) shows approximation result of MLS for reconstructing f, and the uniform error
of MLS approximation is 0.1363.

As we known, the test function f; called Franke function is C*°(S?), however, test function fo
is continuous on the unit sphere S? but not differentiable on the boundary of spherical cap C(x., r).
In order to show the effect of RMLS approximation for reconstructing function, we reconstruct fo
from data set with high level noise in the following experiments.

Experiment 2. Test function f5 is reconstructed from data set with high level noise, and its
designing approach is similar with Experiment 1. First of all, we fix the order of Laplace-Beltrami
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(a) original Frank function

0.4
03
0.2

0.1

-0.1

(c) RMLSapproximation poly function

04

103

0.2

0.1

-0.1

(b} noise Frank function

(d) MLS approximation poly function

Figure 2: A result of test function f; in experiment 1

(a) original spherical cap function

(b)noise spherical cap function

Figure 3: A result of test function f5 in experiment 2
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Table 1: The uniform error of MLS and RMLS for f; and f; when A and s were changed

A uniform error for f; uniform error for f;
§=2 s=4 s=2 s=4
0 0.1363 0.1363 0.1303 0.1303
0.2 0.0868 0.0805 0.0991 0.0958
0.4 0.0909 0.0881 0.0990 0.0818
0.6 0.0936 0.0839 0.0851 0.0755
0.8 0.0936 0.0832 0.0836 0.0801
1.0 0.0900 0.0933 0.0905 0.0829
1.2 0.0983 0.0929 0.0932 0.0932
14 0.0847 0.0902 0.0934 0.0758
1.6 0.0834 0.0845 0.0899 0.0791
1.8 0.1033 0.0854 0.0982 0.0863
2.0 0.0900 0.0844 0.0833 0.0830

operator s = 4. Secondly, in order to compare RMLS with MLS, we let A =0 (MLS) and A =14
(RMLS). At last, we show the superiority in terms of uniform error.

Figure [3illustrates that RMLS exists more obvious advantages than MLS when we reconstruct
test function fo from data set with high level noise. The Figure [3| (a) shows original function fa,
the Figure 3| (b) reports fo with high level noise, and the Figure c) reveals approximation result
of RMLS for reconstructing fs, and the uniform error of RMLS approximation 0.0758. Finally,
the Figure [3| (d) shows approximation result of MLS for reconstructing f2, and the uniform error
of MLS approximation 0.1330.

Table [1] gives the values of uniform error for Experiment 1 and 2, when we choose different
regularized parameter \ and order of Lplace-Beltrami operator s for . The results indicate
that the choosing method of A and s are uncertain, and the optimal combination of A and s is A =
0.2, s = 4 for approximation f;. However, the optimal combination of A and s is A = 1.4, s = 4 for
approximation fy . The different choices for the order of Lplace-Beltrami operator and regularlized
parameter can provide different pointwise approximation results.

From what has been discussed above, the RMLS is better than the MLS for recoving a function
from data set with high level noise. However, the choice of A and s is critical. How to automatically
choose the proper A and s is a challenging problem.
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ABSTRACT

In this paper, a Noval chaotic dynamical system is proposed and the basic properties of the system are investi-
gated. Linear feedback control technique is used to suppress chaos. The controlled system is stable under some
conditions on the parameters of the system determined by Lyapunov direct method. In addition, a function
projective synchronization of two identical Noval system is presented. Lyapunov method of stability is used to
prove the asymptotic stability of solutions for the error dynamical system. Numerical simulations results are
included to show the effectiveness of the proposed schemes.

1. INTRODUCTION

Chaos has been developed and thoroughly studied over the past two decades. A chaotic system is a nonlinear
deterministic system that displays complex and unpredictable behavior. The sensitive dependence on the initial
conditions and on the system’s parameter variation is a prominent characteristic of chaotic behavior. Research
efforts have investigated chaos control and chaos synchronization problems in many physical chaotic systems.

Controlling chaos has become a challenging topic in nonlinear dynamics. Feedback control methods are used
to control chaos by stabilizing a desired unstable periodic solution which is embedded in a chaotic attractor
[1-12].

Generalized synchronization is another interesting chaos synchronization technique. Li considered a new type
of projective synchronization method, called a modified projective synchronization (MPS). Chen et al. introduced
another new projective synchronization which is called a function projective synchronization (FPS), where the
response of the synchronized dynamical states synchronizes up to scaling function factor [11-29].

The object of this paper is to study the function project synchronization (FPS) of two identical Noval chaotic
system with known parameters.

The paper is organized as follows. In Section 2, presented the model of Noval chaotic system. In Section 3, the
dissipation, symmetry, equilibrium points and lyapunov exponents. In Section 4, the feedback control method
is applied to Noval system and numerical simulations are presented to show the effectiveness of the proposed
method. In Section 5, the proposed scheme is applied to function projective synchronize two identical Noval
chaotic systems. Also numerical simulations are presented in order to validate the proposed synchronization
approach. Finally, in Section 6 the conclusion of the paper is given.
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2. THE MODEL OF NOVAL CHAOTIC SYSTEM
The Noval chaotic system [30] is described by the following system of differential equations:

. 1
S (—a+5)x+xy+z

—by — a? (1)
z = —xr—cz

Where the parameters a, b, ¢ are positive real constants.
A new chaotic attractor for the parameters a =2, b = 0.1, ¢ =1 is shown in Fig. 1.

)

Figure 1: Noval Chaotic System at a =2,6=0.1,c = 1.

3. DYNAMICAL BEHAVIOR OF THE NOVAL CHAOTIC SYSTEM
3.1. The dissipation
The divergence of Noval system is given by;
0i , 0y 0

1
VVf£+ay+az——a+E+y—b—c.

When y <a+b+c— —ll), then Noval system is dissipative.

3.2. Symmetry

The relation of (z,y, z) — ( —x,y, —z) is transformed, the system remains unchanged. The system trajectory in
the x,z plane symmetry of y axis.

3.3. Equilibrium points and stability

By putting the right side of equation of system (1) equal to zero, that is;

1
(—a+5)x+xy+z =

0
~by—2* = 0
—x—cz = 0

This system has three equilibrium points:

Py =(0, 0, 0), Py =(++/1—ab—b/c, a—1/b+1/c, FL\/1—ab—b/c)

The eigenvalues at each equilibrium point can be obtained as shown in Table 1. And all the equilibrium
points are unstable, since at least one eigenvalue has positive real part for each equilibrium point.
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Table 1. Eigenvalues and stability of equilibrium points

Equilibrium points FEigenvalues Stable/Unstable
P, A =—0.1, A =—0.887, A3 = 7.887 Unstable
P, A = —0.7446 , Ay = 0.32+1.33¢ , A3 = 0.32 — 1.33¢ Unstable
Ps A = —0.7446 , Ay = 0.32+ 1.33i , A3 = 0.32 — 1.33¢ Unstable

3.4. Lyapunov exponents and its dimension

By using singular value decomposition method and we may get three Lyapunov exponents of system,\; =
0.13, Ay =0, A3 = —0.52. and the Lyapunov dimension of the new chaotic system is as follows:

Dy =

1
}:Af2+AT+M:iHJL§i9:22M

|)‘]+1| | A3 | —0.52]

Thus, the Lyapunov dimension is the fractal dimension, shows that the system is a chaotic system

4. CONTROLLING NOVAL SYSTEM

In order to control the Noval system to the unstable fixed point (x;, y;, 2;), we introduce the feedback control
to guide the chaotic trajectory (x(t), y(t), z(¢)) to the unstable fixed point (x;, yi, 2;).
let system (1) be controlled by the following form:

. 1
z = (fa+g)x+xy+szi1(x—xi)

—by — 2* — kia(y — i) (2)
z = —x—cz—ki(z—2)

where 1 =1, 2, 3.

4.1. First

For i = 1, the controlled system (2) has one equilibrium point (z1, y1, z1) = (0, 0, 0). Let system (2) be
controlled by a linear feedback control of the form:

. 1
T = (fa+5)x+xy+z—k11(x—x1)

= —by—a®—ki2(y —y1) (3)
z = —x—cz—kizs(z—21)

The controlled system (3) has one equilibrium point (1, y1, 21). We linearize (3) about this equilibrium point.
Then the linearized system is given by:
. 1
X:(*CL‘FB fk11+y1)X+x1Y+Z
*(b+k12)Y *2501X (4)
Z=-X—(c+ks)Z

where (21, y1, z1) = (0, 0, 0), that is;

. 1
X:(—a+g—k11)X+Z
=—(b+k)Y (5)

Z=-X-— (C+k13)Z
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To prove the asymptotic stability we use the direct method of Lyapunov. Define the Lyapunov function for
system (5) by:

1
VX, Y, Z)= 5(X2 +Y?%+ Z?) (6)
The function Vsatisfied:

i V(,0,0=0
it V(X,Y, Z)>0for X, Y and Z in the neighbourhood of the origin.

So, V(X, Y, Z) is positive definite. Also, we have:

dv 1
O = —lla— +h)X? 4 (b+ ki)Y + (e+ kg 2%) (7)

therefore, the derivative %S 0 if,

1
ki1 > T kig > =b, ki3 > —c (8)
i.e. dV/dt is negative definite under condition (8). We deduce the following lemma,
LEMMA 4.1. The equilibrium solution (x1, y1, z1) of the controlled system (3) is asymptotically stable such that
the feedback control gain K satisfy: ki1 > 71) —a and k1o = k13 = 0.
4.2. Second

we introduce the conventional feedback control to guide the chaotic trajectory (x(t), y(t), z(t)) to the second
unstable equilibrium point (22, y2, 22) = (/1 —ab—b/c, a—3 + 1, —1/1—ab—1b/c)

1
j::(fa+g)x+:cy+sz21(x—x2)
§=—by — 2% — kaa(y — y2) 9)

2=—x—cz—ko(z— 22)
The controlled system (9) has one equilibrium point (2, ya, z2). We linearize (9) about this equilibrium point.
Then the linearized system is given by:
. 1
X:(—CL—FB fk21+y2)X+x2Y+Z

Y = —(b+ ka2)Y — 222X (10)
Z = 7X — (C+ kgg)Z

where (22,y2,22) = (/1 —ab—b/c,a— 3 + 1, —1/1—ab—b/c), that is;
. 1
X:( kzl)X+(\/1*ab*b/C)Y+Z

L
Y = —(b+ kan)Y — 2(yI—ab—b)X (1)

Z=-X— (c+ko3)Z

To prove the asymptotic stability we use the direct method of Lyapunov. Define the Lyapunov function for
system(10) by:

VX, Y, Z)= %(XQ +Y?%+ Z?) (12)

The function V satisfied:
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i V(0,0,0)=0
it V(X,Y,Z) >0 for X,Y and Z in the neighbourhood of the origin.

So, V(X,Y, Z) is positive definite. Also, we have:

av 1
o= —{2(koy — E)X2 + (b + ko) Y? 4+ 2(c + ko3) Z%} (13)
therefore, the derivative £2< 0 if,
1
ko1 > o koo > =b, kg > —c (14)
ie. % is negative definite under condition (14). We deduce the following lemma,

LEMMA 4.2. The equilibrium solution (x2, ya, 22) of the controlled system (9) is asymptotically stable such that
the feedback control gain K has the simple choice ko1 > % and koo = koz = 0.

4.3. Thaird
we introduce the conventional feedback control to guide the chaotic trajectory (x(t),y(t),z(t)) to the third unstable

equilibrium point(xs, ys, 23) = (— /1 —ab—"b/c, a — 71) + 71:, 71:\/1 —ab—1b/c)

1
x':(—a+g)x+xy+z—k31(x—x3)

§=—by —a® — ksa(y — y3)
2=—x—cz—ks3(z— z3)

(15)

The controlled system (14) has one equilibrium point (x3,ys, z3). We linearize (14) about this equilibrium point.
Then the linearized system is given by:

. 1
X:(—a+g—k31+y3)X+x3Y+Z

Y = —(b+ksp)Y — 223X (16)
Z=-X-— (C+ kgg)Z

where (23,y3,23) = (— /1 —ab—b/c,a—§ +1,1/1—ab—b/c), that is;

X = (% —k3)X — (/1 —ab—b/c)Y +Z
Y = —(b+ks2)Y +2(/1—ab—b/c)X (17)

Z = 7X — (C+k33)Z

To prove the asymptotic stability we use the direct method of Lyapunov. Define the Lyapunov function for
system(16) by:

V(X, Y, Z) = %(X2 FY? 422 (18)

The function V satisfied:

i V(0,0,0)=0
it V(X,Y,Z) >0 for X,Y and Z in the neighbourhood of the origin.
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So, V(X,Y, Z) is positive definite. Also, we have:

dV 1
% = 7{2(/{131 — E)X2+(b+k32)Y2+2(C+k33)Z2} (19)
therefore, the derivative %S 0 if,
1
k31 > P k32 > —=b, k33 > —c (20)

ie. % is negative definite under condition (20). We deduce the following lemma,

LEMMA 4.3. The equilibrium solution (x3, y3, z3) of the controlled system (15) is asymptotically stable such
that the feedback control gain K has the simple choice k31 > % and kso = k33 = 0.

5. THE SCHEME OF GENERALIZED FUNCTION PROJECTIVE
SYNCHRONIZATION OF CHAOTIC SYSTEMS

The chaotic (master and slave) systems can be given in the following form:

X = F(X) (21)
Y =GY)+U(X,Y,t) (22)

Where X = (z1,22,...,20) .Y = (y1,92,-..,yn)’ € R™ are state vectors of the system (20) and (21),
respectively; F,G : R™® — R™ are two continuous vector functions and U : (R",R",R™) — R" is a controller
which will be designed later.

DEFINITION 5.1. For the master system (20) and the slave system (21), there is said to be generalized function
projective synchronization (GFPS) if there exists a vector function U(X, Y, t)such that; im0 [|[Y — AX) X || =
0 where A(X) = diag{h1(X), ha(X), ..., h(X)} where h;(X) are continuous functions, ||.|| represents a vector
norm induced by the matriz norm.

REMARK 1. We define e =Y —A(X)X which is called the error vector between systems (20) and (21) for GE'PS,
where e = (e, €2, . .. ,en)T,and
€; = K - h’L(X)X’H(Z = 1727' . 7n)

REMARK 2.

If A = ol,0 € R, the GFPS problem will be reduced to projective synchronization, where I is an n X n
identity matrixz. In particular if o = land — 1 the problem is further simplified to complete synchronization and
antiphase synchronization, respectively. And if A = diag{ai,as,...,a,},the modified projective synchronization
will appear.

We will study the FPS of novel system with known parameters and determine controller function for the FPS
of the derive and response systems. Our aim is to design a controller and make the response system trace the
drive system and become ultimately. The Noval system as a drive system is given as below;

i1 =(—a+{)z +zip1 + 21
1 = —byy —a} (23)
2:’1 = —X1 —Cz1

the Noval system as the response system is also given by;

iy =(—a+ i)+ 222+ 20+ W
o = —bys — 23 +us (24)
Zog = —X9 — CZy + U3
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According to the FPS scheme presented in the previous section, without loss of generality,we choose the
scaling function matrix
AN(X) = diag{di171 + d12,d21y1 + d22,d3121 + d32} where d;;(i = 1,2,3;j = 1,2) are constant numbers. The
error vector can be defined as

ex =2 — (diiz1 + di2)z
ey =y2— (dayr + do2)yn (25)
e;: =20 — (dsiz1 +ds2)z

The error dynamical system between (23) and (24) is;

ém :(*a+%)em+x2y2+22fdll(faJr%):cfoduxlzl
—2dyxiy — digziyr — dizz +ug (26)
éy = —bey — SC% + dzlby% + 2d21y1$% + dzziﬁ% =+ U9
é, = —ce, — Ty + dglczf + 2d312121 + d3ax1 + U3
we can get the controller
ur = ey — Tays — 22+ din( — a+ )2? + 2di1w1 21 + 2dnaiyn + disziyn + diaz
Ug = SU% — dzlby% — 2d21y1$% - dzz%% (27)
us =T — dglczf — 2d3121$1 — d32$1
then the error dynamical system is described by
ér = —(a+1)es
éy, = —bey (28)
e, = —ce,

for this choice, the closed loop system (28) has three negative eigenvalues —(a + ), —b, —c which implies that
the error state e,, e, and e, converge to zero as time t tends to infinity.
Hence the FPS between the identical Noval chaotic system is achieved.

5.1. Numerical Results

In this section, some numerical simulation results are presented to verify the previous analytical results where
a=2,b=0.1,c= 1. Figure 2: shows the convergence of the trajectory of the controlled system to the unstable
equilibrium point (1, y1, 21) = (0, 0, 0) of the uncontrolled system (1). Figure 3: shows the convergence of
the trajectory of the controlled system to the unstable equilibrium point (2, ya2, 22) = (/1 —ab—b/c, a— % +
1 —1,/1—ab—b/c) of the uncontrolled system (1). Figure 4: shows the convergence of the trajectory of thec
ontrolled system to the unstable equilibrium point (23, ys, 23) = (—+/1 —ab—b/c, a—3+1, /1 —ab—b/c)

of the uncontrolled system (1).

[ (O [Z) z(O |

Figure 2: The time responses for the states of the controlled Noval system to a fixed point (x1,y1,21).

168 El-Dessoky ET AL 162-172



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.1, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC

o - 3
w 10 15 20
z
— 1

>

x, v,z —3

—a

-5

_6

[ (D ) Z(O |

Figure 3: The time responses for the states of the controlled Noval system to a fixed point (x2,y2, 22).
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Figure 4: The time responses for the states of the controlled Noval system to a fixed point (x3,ys, 23).

The initial values of the drive system and response system are taken as:
(€1(0),31(0),21(0))" = (1,-6,0.1)", (22(0), 42(0), 22(0))" = (10,12, -3)".
We choose the scaling function factors as:
hy =x1 4+ 2,ho = —2y; — 2 and hg = 21 — 2.

Figure 5: show the FPS between two identical Noval systems. When the scaling factors are simplified as
h; = 1(i = 1,2,3), the complete synchronization between two identical Noval systems are shown in Figure
6. Furthermore, when the scaling factors are simplified as h; = —1 (¢ = 1,2,3), the anti synchronization
between two identical Noval systems are shown in Figure 7. Finally, when the scaling factors are simplified
as hy = 1.5, ha = 2 and hs = 2.5, the modified projective synchronization (MPS) between two identical Noval
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systems are shown in Figure 8.
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Figure 5: The behaviour of the trajectories e,, e, and e, of the error system tends to zero for FPS.
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Figure 6: The behaviour of the trajectories e, e, and e, of the error system tends to zero for complete synchronization
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Figure 7: The behaviour of the trajectories e, e, and e, of the error system tends to zero for anti synchronization
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Figure 8: The behaviour of the trajectories e, e, and e, of the error system tends to zero for MPS.

6. CONCLUSION

The paper has studied the noval chaotic dynamical system, including some basic dynamical properties, Lyapunov
exponents, Lyapunov dimension. A feedback control has been proposed to the noval chaotic dynamical system.
The controlling conditions are derived from the Lyapunov direct method. The function projective synchronization
has been used to synchronize two identical chaotic systems with known parameters. By the Lyapunov stability
theory, the sufficient condition of the function projective synchronization has been obtained. Finally, numerical
simulations are provided to verify the effectiveness of the results obtained.
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UMBRAL CALCULUS APPROACH TO r-STIRLING NUMBERS
OF THE SECOND KIND AND r-BELL POLYNOMIALS

TAEKYUN KIM!, DAE SAN KIM?, HYUCK-IN KWON3, AND JONGKYUM KWON%:*

ABSTRACT. In this paper, we would like to use umbral calculus in order to
derive some properties, recurrence relations and identities related to r-Stirling
numbers of second kind and r-Bell polynomials. In particular, we will express
the r-Bell polynomials as linear combinations of many well-known families of
special polynomials.

1. INTRODUCTION

The Stirling numbers Sa(n, k) of the second kind counts the number of partitions
of the set [n] = {1,2,--- ,n} into k nonempty disjoint subsets.

The Sy(n, k), (n, k > 0) are given by the recurrence relation

Sa(n, k) = kSa(n—1,k) + Se(n—1,k—1), (n,k>1), (1.1)
with the initial conditions
Sa(n,0) = don, S2(0, k) = dok.- (1.2)
They are also given by
= Sa(n, k) (@), (1.3)
k=0

with (2)o =1, (x)y =x(x—1)---(x — k+ 1), for £ > 1, and by

1
k'e—l ZSan (1.4)

More explicitly, they are given by

1k
i) =5 2 () o
1
ok

where AFO" = AFz"|,._o, and Af(z) = f(z + 1) — f(z) is the forward difference
operator. For these well known facts, one may refer to [3,4].

AR, (n > k),

2010 Mathematics Subject Classification. 05A19, 05A40, 11B73, 11B83.
Key words and phrases. r-Stirling numbers of the second kind, r-Bell polynomials, umbral
calculus.

* corresponding author.
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2 Umbral calculus approach to r-Stirling numbers of the second kind and r-Bell polynomials

Let r be any positive integer. These ’classical’ Stirling numbers Ss(n, k) of the
second kind were generalized to the r-Stirling numbers Sy ,.(n,k) of the second
kind (see, [1,2,7]). The Ss.(n,k) enumerates the number of partitions of the set
[n] = {1,2,--- ,n} into k nonempty disjoint subsets in such a way that 1,2,-- - r
are in distinct subsets.

They are given by the recurrence relation

Sar(n, k) =kSa,(n—1,k)+ Sa,(n—1,k—1), (n>1), (1.6)
with the initial conditions
Sor(n, k) =0,(n <r);Sa.(n,k) =0k, (n=r1). (1.7)
The Ss,-(n, k) are also given by
@+r)" =Y Sor(n+rk+r) (@) (1.8)
k=0
and by
1 rt( t k S tn
e (e =1) 225277~(n—|—7“,k+7“)a. (1.9)
n=k
Analogously to the classical case, they are explicitly given by
1 o= (k .
Sor(n+rk+r)= o Z < ) (=)= (r 4+ j)"
im0 M (1.10)

1 k,.n
= EA o, (7’L > k)7
where ARy = Akgn|,_,.
For more details about r-Stirling numbers of the second kind, one may refer to
[1,2,7].
The Bell polynomials Bel, (z) (also called exponential or Touchard polynomials)
are defined by

- - t"
prlet=1) ZBeln(x)a, (see [3,4,8,9]). (1.11)
n=0
Then it is immediate to see that
Bel,(z) = Z So(n, k)x®. (1.12)
k=0
For z = 1, Bel, = Bel, (1) = Y_}'_, S2(n, k) are called Bell numbers so that
: - t"
e'—1 __
el = Z{)Belna. (1.13)

Further, the Bell polynomial is given by Dobinski’s formula
—x — k" k

H.’II .
k=0

Bel,(z)=e¢ (1.14)
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On the other hand, the r-Bell polynomials Bel, ,.(z) are defined by

’fl

et (e =1 = ZBelnT —, (see [5]). (1.15)
Then it is easy to see that

Belyp(z) = Spp(n+rk+r)ak. (1.16)
k=0

Moreover, they satisfy the generalized Dobinski’s formula

o (B,
Bel,, () =" Z Txk. (1.17)
k=0
When z = 1, Bel,, = Bel, (1) = >} _;S2,-(n + 7k +r) are called r-Bell
numbers so that

e It — ZBezm : (1.18)

We note here, in passing, that T—Bell numbers were called in another name,
namely extended Bell numbers,(see [6]).

In this paper, we would like to use umbral calculus in order to derive some prop-
erties, recurrence relations and identities related to r-Stirling numbers of the second
kind and r-Bell polynomials. In particular, we will express the r-Bell polynomials
as linear combinations of many well-known families of special polynomials.

2. Review on umbral calculus

Here we will go over some of the basic facts about umbral calculus. For a
complete treatment, the reader may refer to [4].
Let F be the algebra of all formal power series in the single variable ¢ with the
coefficients in the field C of complex numbers:

F= {f(t) =D ary
k=0

Let P = Clx] denote the ring of polynomials in x with the coefficients in C, and
let P* be the vector space of all linear functionals on P. For L € P*, p(x) € P,
< L|p(z) > denotes the action of the linear functional L on p(z). For f(t) =

>orco ak% € F, the linear functional < f(¢)|- > on P is defined by
< f@t)|z" >=an, (n>0). (2.2)

ap € (C} . (2.1)

For L € P*,let fL(t) = > pep <L|xk>';€—k, € F. Then we evidently have <fL(t)\x"> =

<L|x”>, and the map L — fr,(t) is a vector space isomorphism from P* to F. Thus
F may be viewed as the vector space of all linear functionals on P as well as the
algebra of formal power series in ¢. So an element f(t) € F will be thought of as
both a formal power series and a linear functional on P. F is called the umbral
algebra, the study of which is the umbral calculus.
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4 Umbral calculus approach to r-Stirling numbers of the second kind and r-Bell polynomials

The order o(f(t)) of 0 # f(t) € F is the smallest integer k such that the coeffi-
cients of t* does not vanish. In particular, for 0 # f(t) € F, it is called an invertible
series if o(f(t)) = 0 and a delta series if o(f(t)) = 1.

Let f(t),g(t) € F, with o(g(t)) = 0, o(f(¢t)) = 1. Then there exists a unique
sequence of polynomials S, (z) (degS,(x) = n) such that <g(t)f(t)k|Sn(x)> =
nldy, i, for n,k > 0. Such a sequence is called the Sheffer sequence for the Sheffer
pair (g(t), f(t)), which is concisely denoted by S, (z) ~ (g(¢), f(t)).

It is known that S, (z) ~ (g(¢), f(¢)) if and only if

L afe) _ ot
PUCIN ) 29

where f(t) is the compositional inverse of f(t) satisfying f(f(t)) = f(f(t)) = t.
Let p,(x) ~ (1, f(t)), gn(x) ~ (1,1(t)). Then the transfer formula says that

gn(x) =2 (J;((tt))> z pn(x), (n>1). (2.4)

Let Sy (x) ~ (g(t)), f(t)). Then we have the Sheffer identity:

Wz +y) = Zn:( ) T)pn—k(Y), (2.5)

where pp(z) = g(t)Sn () ~ (1, f(t)).
The derivative of S, (x) is given by

Ls@=5 (D) (For)sie). oz 1) 26)

k=0

Also, we have the recurrence formula:

Assume that S, (x) ~ (g(¢), f(t)), rn(z) ~ (h(t),1(t)). Then

= Z Ch ik (2), (2.8)
k=0

where

= L),
SCAVTFG)

Finally, we also need the following: for any h(t) € F, p(x) € P,

(n®lap(@)) = (an(Ip(a)). (2.10)

(@) a). (2.9)
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3. Main Results

As we can see from (1.15) and (2.3), we see that

Betn ) ~ (o1 40)) = (900 £0). (31)

Let n > 1. Then, using (2.10), we have

Bel,, »(y) = < i Belmm(y)%m!\x">

m=0
_ <ert6y(et1)|xn>
= (Bu(erten D)zt (3.2)
_ <re7'tey(et—1) _’_ertey(et—l)yet‘xn—1>
_ T<ertey(et71)‘xnfl> i y<e(r+1)t6y(et71)|xn71>
=rBely,_1,(y) +yBel,_1,+1(y).
Thus we obtain the following recurrence relation for r-Bell polynomials.
Theorem 3.1. For all integers n > 1, we have the recurrence relation.
Bel,, »(z) = rBely,—1,(x) + zBely_1,41(z), (n>1).

From (2.6), we have

3
|
—

4
dzx

Bel,, ()

o

<n) <et B 1|xn*k>Belk,r($)

1T
= O

I
(]
PO
> 3

)(1 — (Sn’k)Belk’r(l') (33)

it
= O

<Z) Bely,(z), (n>1).

el
Il
o

Using (2.7), we obtain

1
Belpi1,(2) = (z + "1 n t)(l + t)Belyr(2)
= z(1+t)Bel, () + rBel, ,(x) (3.4)
= zBel,  (v) + xdiBeln’r(x) + rBelp r(z),
T

from which it follows that

%Belnm (z)

_ Belm_l,r(x) _ TBeln,r(m)
x x

— Bel, »(z).

This agrees with the result in [2].
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Noting that p,(z) = g(t)Bel, (x) ~ (1,log(1 +t)), we have p,(z) = Bel,(z).
Hence from (2.5), we get the following Sheffer identity

n

Bel, . (z +y) = Z( >Belkr )Bel,_1(y). (3.6)

k=0

Hence we get
n n B
Bel,, ,(z) = ( )r” ™ Bely, (). (3.8)
0

Here we apply the transfer formula in (2.4) to 2™ ~ (1,t),

(1,1og((1 4+ t)).
For n > 1, we have

ﬁBeln_’T(l’) ~

1 t "
-~ B lnr _ s —1,.n
@t o (@) x(log(1+t)) v

(n n—
=z Z b @ (3.9)

—1
-1 n —
= (nk )b,($ ) gk,
0

o

Here b,(:') are the Bernoulli numbers of the second kind of order n defined by

<log 1+t ) Zbkn);;,- (3.10)
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Here, as is well known, b,(gn) = B,(Ck_"ﬂ)(l), with B,(gn) (x) denoting the Bernoulli
polynomials of order n. Thus we obtain

n—1

Bely ,(z) = <“ ; 1)1)(”)(1 )T

<n - 1) by <;>t1x"k o
0 zjo <n ; 1) (z) (n — k) bW an =kt

Bely, r(x) = Bely(z) = 377 Sa(n, j)a?, we can proceed as follows.

53-
HO

|
M1

33-
»—AO

=

Il
M

As (1+t)r

Bel,, ,(z) =

Jj=0

Z Sa(n, 7)(j)na™ k (3.12)

)
;mg
);
>

k + 1)k Sa(n, k + l)) !

Also, from Bel, ,(z) = t)" Bel,(x),
(1 +t) Beln,r(m> = Beln,r+s(x)a (5 > 0) (313)
In particular, for s = 1, we have
d
Bel,, r+1(z) = Bely »(z) + d—Belnvr(x). (3.14)
i

Hence in addition to (3.3) and (3.4) we obtain another expression for the deriv-
ative of Bel,, ,(z), namely

d

%Belnw(x) = Bely, r+1(z) — Bel,, »(z). (3.15)
Combining this with (3.3), we get
" /n
Belpr41(z) = kZ:O (k) Bely, (). (3.16)

We are now going to summarize the results obtained so far as the following three
theorems. Theorem 2 follows from (3.3), (3.5) and (3.15), Theorem 3 from (3.6),
(3.8) and (3.16), and Theorem 4 from (3.11) and (3.12).
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Theorem 3.2. For all integers n > 1, the derivative of r-Bell polynomials can be
given as follows:

d “/n
@Belnyr(x) = Z <k‘> Bely, »(z)

k=0
_ Belpy1,(x)  rBely,(x)
N T B T
= Bely, r+1(z) — Bel,, »(z).

— Bely, r(z)

Theorem 3.3. For all integers n > 0, the following identities hold true.

n> Bely, »(z)Bel,—r(y),

Ea

Bel, (x+y) = (
k=0
nr = Z ( ) nimBelm(I),
m=0
n r+1 Z ( )Belk r

k=0

Theorem 3.4. For all integers n > 0, we have the following expressions of r-Bell
polynomials.

ps- B () (-

k=0 (=0

3 nz< ) k+ 1) Sa(n, k+l)>

where b,(qn) are the Bernoulli numbers of the second kind of order n given by (3.10).

From now on, we will apply the formula (2.9) in order to express Bel, ,(x) as
linear combinations of well-known families of special polynomials. For this, let us
remind you of the fact in (3.1), namely

Bel,, () ~ og(1+ t)) . (3.17)

(o

Noting that the Bernoulli polynomial B, (z) is Sheffer for (ett_l,t), we write
Bel,, (x) = > 1_g Cpn.x B (x).Then

t_1
. e’ -11 rty t k_n
Chi = <7et — ge (e =)z >

etfl_l tl
:<ee |§S2TZ+T‘]€+’/‘)Z' > (318)
n et—l_l o
:§(7>Sg)r(l+r,k+r)<eetlx l>.
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Here we observe that

< t et —1
t [ele]
e® —1 1 tm
= < | Z By, —z"
|
L m=0

(3.19)

_ ; n—I B <eet—1_1|xn—l—m+1>
n—l—m+1\ m "

n—1
= _ B, Bely_j—m+1.
n—l—m—l—l(m) Cn-lomid

Thus we see that

n n-—lI
n+1\/n-101+1
R ZZ( )( m >527T(l+r’k”) (3.20)

=k m=0
X B Beln_i—mi1.

- n+ 1> (n -1+ 1)
Sor(l+rk+1)
A () o2
X By, Bely—i—m+1)Bi(z).

Finally, we obtain
n—I

m=0

n

Bel,, »(z) =

Let Bel, () = > }_oCnxEx(x). Here E,(z) are the Euler polynomials with
E.(z) ~ (etT'H,t). Then

, 1
et —1 + 1|78rt(et _ 1)kxn>

P
gy

i( )SQTZ'FT k+r)< 1+1|x”_l> (3.22)

l

x>

1 n
— 52 ( )Sgr ((+rk+r)(Belo—i+dn,).

=k

Hence we get

Bel,, (z) = % > <Z (7) Sy r(L+ 7,k +7)(Bel,_; + on, 1)) Ep(z). (3.23)

k=0 \l=k

We summarize the expressions of Bel,, »(z) in (3.21) and (3.23) as a theorem.
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Theorem 3.5. For all integers n > 0, we have the following expressions.

Bel,, »(x)

n n—l

x B Beln,l,erl)Bk ({E)

= %i (Zn: ( >Sz +(+rk+r)(Bel,— +§n,l)> Ey(z).

Write Bel, »(z)
(@)n ~

As in (3.24), we let Bel,, . (z) =

2 k=0 Ok ()

coefficients C),  in a way different from (3.24). Then

Cn,k =

%<ert|(eet_1 _ 1)kxn>
rt : k k l l(e —1)
mle 2 (l> ! >

182

(Z) Sg(l,k)SQ(mJ)r"_m) ().

n+1\/n—-1+1
:n+1k20l§;7;)< )( . )Sg,r(l+r,k+r)

A Ti > heo Cnk(2)k, where (z), are the falling factorials with
,et —1). Then

(3.24)

(3.25)

But here we compute the

(3.26)

(3.27)
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Combining (3.25) and (3.27), we get the following theorem.

Theorem 3.6. For all integers n > 0, we have the following expressions.

Bl (a) = 3. ( Z( )52(1 ) (m, "~ m) @:
i( k ano — (k> (Z)r”mBelm(l)> ().

We recall here that the Abel polynomial A, (z;a)(a # 0) is the associated se-
quence for te®, namely A, (z;a) ~ (1,te®). Let Bel, () = Y ;_q CnrAk(z;a).
Then

L= <erteak(et71)|%(et _ 1)kxn>
_ <e7-teak-(et—1)| g So(l, k)%:c”>
n ( >52 LK) < i gak(e' 1) yn— l>
(?) Sa(1, k) <e”| Z Bel,, ak >

l

k
(3.28)

- 20 2L

7;) Sa(l, k) nil (nn_l l) Bely (ak)r"—=m

m=0
—1

> (7) <nml Sa (1, k)r" '™ Bel,y, (ak).

=k m=0

l

s |
ol

Thus we have the following result.
Theorem 3.7. For all integers n > 0, we have the following expression.

Bel, ,(z) = zn: <zn: Zl ( )(” )52(1 k)= l_mBelm(ak)> Ap(z; a),

k=0 \l=k m=0

where A, (z;a) are the Abel polynomials.

The ordered Bell polynomials Ob,,(z) are the Appell polynomial with Ob,,(z) ~
(2 — €', t). Write Bely, ,(z) = Y.}y Cn kObg(z). Then

On,k’ =

PR

4,1
9 _ et 71‘@6”(& o 1)kl,n>

- n ef— n—
:;<Z)Sg,r(l+r,k+r)<2—e Ya l> (3.29)
-y (7) Sy (14 7,k +7) (200, — Bely_1).

=k

Hence we obtain the following theorem.
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Theorem 3.8. For all integers n > 0, we have the following expression.

Belyp(z) =) <Z <’Z) Sor(l+ 1,k +7) (20, — Belnl)> Oby (),
k=0 \Il=k

where Oby,(x) are the ordered Bell polynomials.

In (3.29), we saw that the ordered Bell polynomials Ob,,(z) are given by gener-
ating function

o et Z Ob,y, (3.30)

m=0

More generally, the ordered Bell polynomials Obg,’f) (x) of order « are defined by

m

1 e oo
<2—et> = 0b(x (3.31)
m=0

For z =0, ObY) = OBl ( ) are called the ordered Bell numbers of order o and

given by
1 «@ o0 tm
— (@)
(2 e"'> = E,OObm p— (3.32)

Let Belyr(z) = >, C kL(a)( ). Here Lﬁf‘)(x) are the Laguerre polynomials
of order o with L{™ () ~ (1 =¢) 7', 7). Then

1 camt (et =1\
Crg = k'<(2_6) et<€t_2> x>

= (12— ) O et (e 1))
= (—l)k lzj; (7) Sor(L+7k+ 7«)<(2 _ et)—(k+a+1) a:"_l> (3.33)

n

= (=" (?) Sy (L + 7,k 4+ r)ObFHTD.

=k

Then we have the following theorem.

Theorem 3.9. For all integers n > 0, we have the following expression.

Bel,  (z) = > (Z(—l)’“ (flb) So (I 47k +71)

k=0 \ l=k

x Obﬁf*ﬁ“’) LY (),

where Obﬁf‘)(z) and Lﬁi’)(z) are the higher-order ordered Bell polynomials and the
Laguerre polynomials of order a, respectively.
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Let Bel,, ,(x) =
t_
Dn(.%') ~ (e - 1, t

). Then
ef—1 _ 1

1 t e
Cn < rt
P\ —1° t

13

> r—o Cn.iDi(z), where D,,(z) are the Dachee polynomials with

B 1 1 t rtr et—1 et—1 n+1
BT v LGRS Gt VN L
o k"’l t rt 1 et 1 k+1 n+1
_n—|—1<et—1e (k+1)!(e D >
E+1 t 1 I nt1
- e
I=k+1 (3.34)
k+1 n+1 nal
l=k+1
_k+1 e, n+1 b vt] nti-m
=0 > Sallk+1) Z( - >Sg(m,l)<et_1e >
I=k+1 =1
n+1 n+l1
k+1(n+1>
= SQ(Z, kE+ 1)52(7717 l)Bn+1—m(T)'

Thus we have the following theorem.

Theorem 3.10.

5

k=0

n+1 n+l1

> >

l=k+1m=I

kE+1

Bel,,
ln.r(@ n+1

where Dy, (x) are the Daehee polynomials.

Write Bel,, ()

als with Hr(ly)(a:) ~ (e%,t). Then

For all integers n > 0, we have the following expression.

(") stk 1atm l>BnHm<r>> D(a),

=> o Cn’kH,E”)(x). Here H") (z) are the Hermite polynomi-

(et 71)2 1 . kE o,
Cni = < E t(et - 1) T >

_ - n U(et;])2 n—I1
_Z(Z>Sgrl+rk;+ )<e T >

1=k
B n n > m (et_ 1)2m .
_Z(l>52”“l+r’k+r)<zm!2m T >

=k m=0

n [n;l]
_ n (2m)11/m 1 t 2m|,.n—l (335)
_Z(Z>Sgrl+rk+ Ny e <(2m)!(e 12|t

=k m=0

n (23] 00 -

n @em) v, . ) )

zz(l>s&rl+r,k+r) —(3) <Z Sali 2m) = | )

=k m=0 i=2m

71 l

SN 2m)!
= Z (”) ( m,) (Y™ Sy, (1 + 7,k + 1) Sa(n — 1, 2m).

== l m! "2

185
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Hence we obtain the following result.

Theorem 3.11. For all integers n > 0, we have the following expression.

)mS Fl+rk+T)

-5 (53 (1)

k=0 =0 m=0

x Sa(n — 1, 2m)> HY (z),

where H" (z) are the Hermite polynomials.

Let Bely, (x) = Y 1_o Cnkpi(z). Here pp(z) = 2"yn—1(2) ~ (1,t — 5t?), where
yn(z) =Y 1, n”:’;, = (z)]C are called Bessel polynomials and satisfy the differential

equation
2%y’ + (20 +2)y +n(n+ 1)y =0. (3:36)
o= (-3) (=9 e - ")
ni =73 ) (e we !
1 k. n k| n—t
3) 2 1) St rken{(e =9 )

Y (3.37)
m=0
k

Sowlltrk+1) Y (Z) (3t

m=0

9
<7l‘> Sa.r(l 47,k + 1) Xk: (:fl) (=3)" e
(1)

_ @) éi <’Z> (Z)(;)mm”lsg,r(l+r,k+r).

Hence we have the following result.

Theorem 3.12. For all integers n > 0, we have the following expression.

st =2 (£ 2 () () () e

X Sor(l+m1k+ T))pk(x),

where p,(z) = 2"y,—1(L), with y,(x) the Bessel polynomials.
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Let Bely,  (z) = Y 1_o Cnrbr(z), where b,(x) are the Bernoulli polynomials of
the second kind with b, (x) ~ ( =i, et — 1)

t

ef—1 1
Cn,k: = <ﬁ67

E(ee -1 _ 1)kmn>

t__ 1 . 00 1 .
- <66—T16 ' ;5'2(17/{)5(& -1l >
:Zsz(l7k)< — 11 "y (m,z)% n>
=k p—
n n n , et 1 -
= ;SQ(ZJ“) 2 <m> 52(m7l)<6 t ) 1m >
; 3.38
=" S(lk)> <:;>52 <e (e~ 1) m> (3.38)

Sa (1, k) Sz (m, 1) ZB

i=0 =i

(") <” - m) Sa(l, K)Sa(m, 1) S (G, i)™ I B,.

m

3
go
UE
3
/
3
o
3
~—
n
[\
<
3
<

Thus we get the final result of this paper.

Theorem 3.13. For all integers n > 0, we have the following expression.

=3 (35555 (1) ()

k=0 \l=k m=l i=0 j=t
X Sa(l,k)S2(m, 1)Sa (4, d)r" ™I B; | by (),
where b, (x) are the Bernoulli polynomials of the second kind.
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