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Differential equations and inclusions involving
mixed fractional derivatives with four-point
nonlocal fractional boundary conditions

Bashir Ahmad?®, Sotiris K. Ntouyas®®!, Ahmed Alsaedi®

“Nonlinear Analysis and Applied Mathematics (NAAM)-Research Group,
Department of Mathematics, Faculty of Science, King Abdulaziz University,
P.O. Box 80203, Jeddah 21589, Saudi Arabia

®Department of Mathematics, University of Ioannina, 451 10 Ioannina, Greece

E-mail: bashirahmad_qau@yahoo.com (B. Ahmad), sntouyas@Quoi.gr (S.K. Ntouyas),
aalsaedi@hotmail.com (A. Alsaedi)

Abstract

We study a new class of boundary value problems of mixed fractional differ-
ential equations and inclusions involving both left Caputo and right Riemann-
Liouville fractional derivatives, and nonlocal four-point fractional boundary con-
ditions. We apply the standard tools of the fixed-point theory to obtain the
sufficient criteria for the existence and uniqueness of solutions for the problems
at hand. Illustrative examples for the obtained results are also presented.

Keywords: Fractional differential equations; fractional differential inclusions; frac-
tional derivative; boundary value problem; existence; fixed point theorems.
MSC 2000: 34A08, 34B15, 34A60.

1 Introduction

Fractional calculus deals with the study of fractional order integrals and derivatives
and their diverse applications [1, 2, 3]. Riemann-Liouville and Caputo are kinds of
fractional derivatives. They all generalize the ordinary integral and differential opera-
tors. However, the fractional derivatives have fewer properties than the corresponding
classical ones. As a result, it makes these derivatives very useful at describing the
anomalous phenomena, see [4, 5, 6] and references cited therein.

Some solutions of equations containing left and right fractional derivatives were
investigated [7, 8, 9]. The left and the right derivatives found interesting applications
in fractional variational principles, fractional control theory as well as in fractional
Lagrangian and Hamiltonian dynamics. In [10], the existence of an extremal solution
to a nonlinear system with the right-handed Riemann-Liouville fractional derivative

LCorresponding author
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was discussed. In [11, 12], the authors studied the existence of solutions for fractional
boundary value problems involving both the left Riemann-Liouville and the right Ca-
puto fractional derivatives.

In this paper, we investigate the existence and uniqueness of solutions for a mixed
fractional differential equation involving both left Caputo and right Riemann-Liouville
types fractional derivatives associated with nonlocal four-point fractional boundary
conditions. Precisely, we study the following problems:

{ Dy Dgy(t) = f(ty(t), teJ:=[01],

(1.1)
y(0) =0, Dy, y(&) =0, y(1)=0dy(n), 0<n<l,

and

{ Dy Dy, y(t) € F(t,y(t), teJ:=[01],
(1.2)

y(0) =0, Dy,y(€) =0, y(1)=20y(n), 0<&n<l,

where “D{_ and Dg . denote the left Caputo fractional derivative of order a € (1,2]
and the right Riemann-Liouville fractional derivative of order § € (0, 1] respectively,
f:J xR — Ris a given function, F': [0,1] x R — P(R) is a multivalued map, P(R)
is the family of all nonempty subsets of R and § € R is an appropriate constant. Here
we remark that the problem (1.1) with /(0) = 0 in palce of D, y(¢) = 0, was studied
recently in [13].

The rest of the paper is organized as follows. In Section 2, we recall some basic
definitions of fractional calculus and prove a basic result that plays a key role in the
forthcoming analysis. Section 3 contains the existence and uniqueness results for the
problem (1.1), which rely on fixed point theorems due to Banach, Krasnoselskii and
Leray-Schauder nonlinear alternative. In Section 4, we discuss existence results for the
problem (1.2), which rely on nonlineqar alternative for Kakutani maps and Covitz and
Nadler fixed point theorem. Finally in Section 5 we study illustrative examples for the
obtained results.

2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts [14] that we
need in the sequel.

Definition 2.1 We define the left and right Riemann-Liouville fractional integrals of
order o > 0 of a function g : (0,00) — R as

10.9(t) = / %msms, (2.1)

o) - | %g@)ds, (2.2

818 AHMAD 817-837
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provided the right-hand sides are point-wise defined on (0,00), where I' is the Gamma
function.

Definition 2.2 The left Riemann-Liouville fractional derivative and the right Caputo
fractional derivative of order a > 0 of a continuous function g : (0,00) — R such that
g € C"((0,00),R) are respectively given by

n

(0% d n—o
D0+9(t) = %(IOJF 9)(1),
DY _g(t) = (=1)" 1= (t),
wheren —1 < a < n.

The following lemma, dealing with a linear variant of the problem (1.1), plays an
important role in the forthcoming analysis.

Lemma 2.3 Let h € C(J,R) and P = [(1 — 1) — (B + 1)E(1 — onP)] # 0. The
function y is a solution of the problem

{ DS DY y(t) = h(t), teJ:=]0,1], 23
y(0) =0, DJ,y(€) =0, y(1) =dy(n). 0<E&n<l, |
if and only iof
BH1(1 — §nB) — #8(1 — onPt?
ol0) = 3,12 nte) + ==
B+1 _ 1)¢8
L £I<Dﬂ+ )t7] (S0 T ROy = I T ) (2.4)

where I{ y(s) is defined by (2.2).

Proof. Applying the right fractional integral /7 to both sides of the equation in the
problem (2.3), we get
B _ Ja
Dy, y(t) = I h(t) + co + c1t. (2.5)

Using the condition Dg+y(§) =0 in (2.5), we obtain
Co + le = —Iloih<t)’t:£. (26)
Next we apply the left fractional integral Ig , to the equation (2.5) to get

58 $B+1 51 57
—F(5+1)+61—F(5+2)+C2t ) (2.7)
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Making use of the conditions y(0) = 0 and y(1) = dy(n) in (2.7) yields ¢; = 0 and
(=0 . (=™
TG+ TB+2)

Solving (2.7) and (2.8) for ¢y and ¢;, we find that

M EES (i
P (B +2)
T(+2)

e1 = SI5 I h(t) iy — I3, I (1) 1. (2.8)

I8 ()] + € (5[@1{1;@@);@ _r h(t)lt:1> ]
A e o (]_ — 577/3) N
= P [5Ioﬁ+f1fh<t)’t:n - I(?+]17h(t)|t:1 + mllh@)’t:g] )

Substituting the values of ¢y and ¢; in (2.6), we get the solution (2.4). By direct
computation, we can obtain the converse of this lemma. This completes the proof. O

Remark 2.4 Let ||| = sup,g(o ) |1(t). Then we have the following estimate:

[t% + (14 01°) | p2(2)]] }’ (2.9)

Hyusuhunmx{ﬁiiffﬁumw\+

te0,1] | T(a+ 1) Fa+1)I(B+1)
where
BH1(1 — §nB) — +8(1 — §pbtl B+l _ 18
ft) = Um0 - ST )

Indeed, we have

N el N s g
W@|usA . [j = mwﬂmwwwé—ﬁa_@
n — 5 B—1 1 U—S a—1

a2 [5/0 ( F(B>) / ( F(oz)) duds

*ffﬂﬁgHwa&gH““]

Pt —s)P71 (1 —s)™
o I'(B) Tla+1)
(

U N L A e (e
+MMWWFA ottt | St

W+O+MWMW%
Tla+1)T(B+1) [’

= |[nll

(1-¢)"~
< ||n]l tfg[(% {m%(m +

where we taken (1 —s)* < 1.

For computation convenience, we introduce the notation:

(1-¢)° [t + (1 + 9”) |pa ()]
T(o+ 1)| 1)l T(a+ DB +1) } (2.11)

A:max{

tel0,1]
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3 Existence and uniqueness results for the problem
(1.1)

Let X = C([0, 1], R) denotes the Banach space of all continuous functions from [0, 1] —
R equipped with the norm ||y|| = sup {|y(¢)| : t € [0, 1]}.

In view of Lemma 2.3, we transform the problem (1.1) into a fixed point problem
as

where the operator G : X — X is defined by

t (4 _ g)B-1 L(g_ gyt
Gy(t) — / %Ii"_ﬂs,y(s»dwm(t) /£ %f(&y(s))ds (3.2)

n — g)8-1 1 — 5)8-1
en(®5 [t ptsends - [ UL s (e,

where pi1, p2 are defined by (2.10).

Our first result deals with the existence and uniqueness of solutions for the problem
(1.1).

Theorem 3.1 Let f:[0,1] x R = R be a continuous function such that:
(Hy) |f(t,y) — f(t,2)| < Lly — z|, for allt € ]0,1], y,z € R, L > 0.
Then the problem (1.1) has a unique solution on [0, 1] if
LA <1, (3.3)
where A is defined by (2.11).

MA
Proof. Let us define sup,c(oq;[f(¢,0)] = M and select r > T IA to establish that

GB, C B,, where B, = {y € X : ||y|| < r} and G is defined by (3.2). Using the
condition (H;), we have

[fEy)l = [fty) = f(£0)+ f(£,0)] < [f(ty) — f(£0)| + |f(t,0)]
< Lyl +M < Lr+ M. (3.4)

Then, for y € B,, by using Remark 2.4, we obtain

it —s)P 1 Y (u—s)> ! Vs =&t
Iyl < <Lr+M>{ [ [ s ) [ S

N — g)B-1 [l (y — g)-1
+qu(t)|[5/0 Wﬂﬁ)) /( F(a)) duds
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[ e

_ e (s g
— (Lr—i—M){/O ) F(oz—i—l)ds—i_ml(t)l/g T(0) ds

Y- A—s) [ A= (1)
*'“2“)'[5/0 S A e

}

This show that Gy € B,., y € B,.. Thus GB, C B,. Next we show that G is a contraction.
For that, let y, 2 € X. Then, for each t € [0, 1], we have

< (Lr+ M)A <.

1Gy) - @)
Pt —s)t [t (u—s)! B
< [ [ R ) = () duds

(D) /g %rﬂs,y(s» ~ F(s,2(s))lds

n _8,3—1 1 U_Sa—l
+|u2(t)\[5 [ [ ) = s duds

1 (1 . S)ﬂ—l 1 (u . 8)0‘_1
+/o NE) / Flay M) = flu 2(u))lduds

< LAy ==,

which, in view of the given condition LA < 1, implies that G is a contraction. In
consequence, it follow by the contraction mapping principle that there exists a unique
solution for the problem (1.1) on [0, 1]. This completes the proof. O

Our next existence result for the problem (1.1) relies on Krasnoselskii’s fixed point
theorem.

Lemma 3.2 (Krasnoselskii’s fived point theorem) [15]. Let S be a closed, bounded,
convex and nonempty subset of a Banach space X. Let Y1, Y, be the operators mapping
S into X such that (a) V151 + Vase € S whenever sy, s9 € S; (b) Yy is compact and
continuous; (¢) Yo is a contraction mapping. Then there exists s3 € S such that
s3 = V183 + Vas3.

Theorem 3.3 Let f:[0,1] x R — R be a continuous function satisfying the condition
(Hy). In addition we assume that:

(H2) |f(t,y)] <m(t), for all (t,y) € [0,1] x R and m € C([0, 1], RT).
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Then there ezists at least one solution for the problem (1.1) on [0, 1] provided that

t” (1-¢°
Lo {F(a+ S e 1)} <t (3:5)

Proof. Setting sup;c( ) [m(t)] = |[m]], we fix
0 = [Iml|A, (3.6)

where A is defined by (2.11), and consider B, = {y € & : ||y|| < o}. Introduce the
operators G; and G, on B, as follows:

t(p_ g1 [l (y — g)o-]
Gty = [ 5 [ s

() /g %ﬂs,y(s))ds,

and

n _Sﬁ—l 1 u_sa—l
Guy(t) — uz(t)[5 / (”m)) / ( p<03> £ (u, () duds

L1 —s)t 1t (u—s)e!
1 i Ay (“’““”d“ds]'

Observe that G = G; + G5. Now we verify the hypotheses of Krasnoselskii’s fixed point
theorem in the following steps.
(i) For y, z € B,, we have

1G1y + Gaz|| = sup |(G1y)(t) + (G22)(1)]

te(0,1]

O N U gt
: ”m”ti%%{/o ) / o) d“d”'“l“"/g Ma) "
n _85—1 1U_Sa—1
+|uz(t)|[5 [ [ s

A e }

< |Im|[A < o,

where we used (3.6). Thus Giy + Goz € B,,.

823 AHMAD 817-837



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.5, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

8 B. Ahmad, S. K. Ntouyas, A. Alsaedi

(i1) We show that G, is a contraction. Indeed, by using the assumption (H;) together
with (3.5) and the fact that (1 —s)* < 1,(1 < a < 2) we have

Lt —s)t 1 (u—s)> !
L”y””{/@ SEm e
1 (S _g)afl .
t — s BA—1 1 s — a—1
< L||CU—Z||{/O %dwml(ﬂll %ds}

th (1-9"
< Lti%g]{l“(ajtl)l“(ﬁ—l—l) +|M1(t)|m}||y—z||,

|G1y(t) — Grz(t)]

IN

which implies that

t” (1—9)"
Gy — Giz|| < L sup + ()| =—= —z||.
Hence G is a contraction by (3.5).
(#i) Using the continuity of f, it is easy to show that the operator G, is continuous.
Further, G, is uniformly bounded on B, as

[m|| Ma(6n° + 1)
Goxl|l = su Gy ()| < , My = su t)|.
” 2 ” te[og] ‘( 2y)< )’ ['(a+ 1)P(5 + 1) ? te[O%)ﬂ ’M2( )|

In order to establish that G, is compact, we define sup( ,)cp.1yx5, [f(t y)] = f
Thus, for 0 < t; <ty < 1, we have

N0 a)

(1 —s)f [N (= s)o
_1_/0 ) /S o) duds]
. B
< lpalta) = () 5 jq);(; +1)

_ M g)B-1 1y — )1
[(Gay) (t2) — (Gay)(t1)| < |pa(ta) — palts)|f [5/0 (n ) / ( I ) duds

—>0ast1—>t2,

independent of y. This shows that G, is relatively compact on B,. As all the conditions
of the Arzeld-Ascoli theorem are satisfied, so G, is compact on B,. In view of steps
(i)-(i17), the conclusion of Krasnoselskii’s fixed point theorem applies and hence there
exists at least one solution for the problem (1.1) on [0,1]. The proof is completed. O
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Remark 3.4 Interchanging the roles of the operators G, and Gs in the foregoing result,
we can obtain a second result by requiring the condition:

on? +1
1 <1, M = sup [u(t),

LM
IF(O‘ + I3+ 1) t€[0,1]

instead of (3.5).

The following existence result is based on Leray-Schauder nonlinear alternative.

Lemma 3.5 (Nonlinear alternative for single valued maps)[16]. Let E be a Banach
space, C' a closed, convex subset of E, U an open subset of C and 0 € U. Suppose that
F :U — C is a continuous, compact (that is, F(U) is a relatively compact subset of
C') map. Then either

(i) F has a fized point in U, or
(i1) there is a uw € OU (the boundary of U in C) and X € (0,1) with u = \F(u).
Theorem 3.6 Let f:[0,1] x R — R be a continuous function. Assume that

(H3) There exist a function g € C([0,1],RT), and a nondecreasing function ¢ : R™ —
R* such that |£(t,5) < oo (sl V(t.9) € [0,1] x R

(Hy) There exists a constant K > 0 such that

K
> 1.

gl (E)A

Then the problem (1.1) has at least one solution on [0, 1].

Proof. Consider the operator G : X — X defined by (3.2). We show that G
maps bounded sets into bounded sets in X = C([0, 1], R). For a positive number r, let
B, ={y € C([0,1],R) : ||y|| < r} be a bounded set in C([0,1],R). Then, by using the
fact that (1 —s)*™ 1 <1 (1 < a <2) we have

t_ §)B-1 1 (y — s)e-l P
Gy()] < ||g||¢<r){ / - W)) /- p(a)> duds + | ()] /5 e r@)) *

Ny — Bl [l (g — )1
+qu<t)|[5/0 ("F(ﬁ)) /( F(a)) duds

(1 —s)f ! (u—s)>!
1 i Ay }
lglle(r)A,

IN
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which, on taking the norm for ¢ € [0, 1], yields

1G9yl < llglle(r)A

Next we show that G maps bounded sets into equicontinuous sets of C([0, 1], R). Let
t1,to € [0,1] with ¢t; < to and y € B,, where B, is a bounded set of C([0,1],R). Then,
using the fact that (1—s5)*"! <1 (1 < a < 2) and the computations for G, in previous
theorem, we obtain

Gy(ta) — Gy(t1)|
_ 5)8-1 t2 59— 8 -1
< glle(r {‘/ (ﬁgtl ) ]ds+/t %ds
i a 1 B
+p(t2) — \/ —gdSJF |2(t2) —Mz(tl)‘r(a Jfnl)lf(;Jrl)}
B 5.8 _f)e
< ngwm{z(“ S N ORI

+ DB+ 1)

which tends to zero independently of y € B, as to —t; — 0. As G satisfies the above
assumptions, therefore it follows by the Arzeld-Ascoli theorem that G : C([0,1],R) —
C([0,1],R) is completely continuous.

The result will follow from the Leray-Schauder nonlinear alternative once it is shown
that the set of all solutions to the equation y = AGy is bounded for A € [0, 1]. For that,
let y be a solution of y = AGy for A € [0,1]. Then, for ¢ € [0, 1], we have

_ Nl U i =gt
(0] = NGy(t)] < {/ ) s o] [ gy
n _Sﬁ—l 1 — g)o— 1
+!u2(t)|[6/0 (nF</3)) /( a)) duds

(1 —s)t (u—
[ AT [ } Ol (lyl)
< lglelylA,

B
Hla(ts) = (b0 }

A\

which implies that

ol
ool =

In view of (Hy), there is no solution y such that ||y|| # K. Let us set
U={yeX:|yl <K}
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The operator G : U — X is continuous and completely continuous. From the choice of
U, there is no u € U such that u = A\G(u) for some A € (0,1). Consequently, by the
nonlinear alternative of Leray-Schauder type [16, Theorem 5.2], we deduce that G has
a fixed point u € U which is a solution of the problem (1.1). This completes the proof.

O

4 Existence results for the problem (1.2)

Before presenting the existence results for the problem (1.2), we outline the necessary
concepts on multi-valued maps [17], [18].

For a normed space (X, | - ), let Pu(X) ={Y € P(X) : Y is closed}, Py(X) =
{Y € P(X) : Y is bounded}, P.,(X) = {Y € P(X) : Y is compact}, and P, .(X) =
{Y € P(X) : Y is compact and convex }. A multi-valued map G : X — P(X)
is convex (closed) valued if G(z) is convex (closed) for all x € X. The map G is
bounded on bounded sets if G(B) = U,epG(z) is bounded in X for all B € Py(X)
(i.e. sup,ep{sup{ly| : y € G(z)}} < o0). G is called upper semi-continuous (u.s.c.)
on X if for each zg € X, the set G(z¢) is a nonempty closed subset of X, and if
for each open set N of X containing G(zy), there exists an open neighborhood Ny of
xo such that G(Ny) C N. G is said to be completely continuous if G(B) is relatively
compact for every B € Py(X). If the multi-valued map G is completely continuous
with nonempty compact values, then G is u.s.c. if and only if G has a closed graph,
e, Tn = Tu, Yn — Ys, Yn € G(x,) imply vy, € G(x,). G has a fixed point if there is
x € X such that z € G(z). The fixed point set of the multivalued operator G will be
denoted by FizG. A multivalued map G : [0,1] — Py (R) is said to be measurable if
for every y € R, the function ¢t — d(y,G(t)) = inf{|y — z| : z € G(t)} is measurable.

For each y € X, define the set of selections of F' by

Spy = {v e L'([0,1],R) : v(t) € F(t,y(t)) for ae. t € 0,1]}.

Definition 4.1 A function y € C([0,1],R) is said to be a solution of the boundary
value problem (1.2) if y(0) = 0, Dg+y(§) =0, y(1) =dy(n), 0 < &n < 1, and there
ezists a function v € Sg, such that v(t) € F(t,y(t)) and

t(p_ )1 (g _ gya-1
o = [ %Iﬁv@dsm(t) /5 B O s

n(p— g)8-1 L= g)p-1
+112(1) [5/0 %[?v(s)ds—/{) %Iﬁv(s)ds , tel0,1].

4.1 The upper semicontinuous case

In the case when F' has convex values we prove an existence result based on nonlinear
alternative of Leray-Schauder type.

827 AHMAD 817-837



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.5, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

12 B. Ahmad, S. K. Ntouyas, A. Alsaedi

Definition 4.2 A multivalued map F : [0,1] x R — P(R) is said to be Carathéodory
of

(1) t — F(t,y) is measurable for each y € R;

(17) y — F(t,y) is upper semicontinuous for almost all t € [0, 1].
Further a Carathéodory function F is called L*— Carathéodory if
(iii) for each p > 0, there exists ¢, € L'(]0,1],R") such that

IE @ y)l| = sup{|v] : v e F(t,y)} < @o(t)

for all y € R with ||y|| < p and for a.e. t € [0,1].

We define the graph of G to be the set Gr(G) = {(z,y) € X xY :y € G(x)} and
recall two results for closed graphs and upper-semicontinuity.

Lemma 4.3 ([17, Proposition 1.2]) If G : X — Pu(Y) is w.s.c., then Gr(G) is a
closed subset of X x Y ; i.e., for every sequence {x,}tnen C X and {yn}neny C Y, if
when n — 00, Tn — T, Yo — Ys and y, € G(z,), then y, € G(x,). Conversely, if G
15 completely continuous and has a closed graph, then it is upper semi-continuous.

Lemma 4.4 ([19]) Let X be a separable Banach space. Let F: [0,1] x X — Py (X)
be an L'— Carathéodory multivalued map and let © be a linear continuous mapping
from L'([0,1], X) to C([0,1],X). Then the operator

© 0 Spe : C([0,1], X) = Py o(C([0,1], X)), y = (O 0 Sry)(y) = O(Sky)
is a closed graph operator in C([0,1], X) x C([0, 1], X).
For the forthcoming analysis, we need the following lemma.

Lemma 4.5 (Nonlinear alternative for Kakutani maps)[16]. Let E be a Banach space,
C a closed convex subset of E, U an open subset of C and 0 € U. Suppose that F' :
U = Pepo(C) is a upper semicontinuous compact map. Then either

(i) F has a fized point in U, or
(i) there is a uw € OU and X € (0,1) with u € AF(u).
Theorem 4.6 Assume that:

(By) F:[0,1] xR — P(R) is L'-Carathéodory and has nonempty compact and convex
values;
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(Bsy) there exist a function ¢ € C([0,1],RT), and a nondecreasing function Q@ : Rt —
R* such that

1E(E y)llp = sup{lw] : w e F(t,y)} < o(6)Qyl)
for each (t,y) € [0,1] x R;
(Bs) there exists a constant M > 0 such that

M
1ol ASA(M)

where A is defined by (2.11).

> 1,

Then the boundary value problem (1.2) has at least one solution on [0, 1].
Proof. Define an operator Qp : X — P(X) by
Qp(y) ={h € X h(t) = N(y)(t)}

where
R G l(s—ﬁ)a’lvs .
N0 = [ s ) [ S
1 (y _ 5)81 1] _ g)p-1
+M2(t)[5/o %]f‘_v(s)ds—/o %I{’_U(s)ds].

We will show that (2 satisfies the assumptions of the nonlinear alternative of Leray-
Schauder type. The proof consists of several steps. As a first step, we show that Qp is
convez for each y € X. This step is obvious since Sp,, is convex (F" has convex values),
and therefore we omit the proof.

In the second step, we show that Qr maps bounded sets (balls) into bounded sets
in X. For a positive number p, let B, = {y € & : ||y|| < p} be a bounded ball in X
Then, for each h € Qp(y),y € B,, there exists v € Sp,, such that

tp_ )81 [l (y — )1 (g _ g)o-t
h(t) = /o(t Fw)) /s( F(a)) U(u)dud8+u1(t)/£ %v(s)ds

N () — )1 [ (g — )]
+Ha(t) [5/0 (n F(ﬁ)) / ( F(o?) v(u)duds

1 =)t (M (u—s)?
+/0 NG /S T(a) v(u)duds] )

Then, by using the fact that (1 —s)*! <1 (1 < a < 2) we have

Lt —s)P 1 (Y (u—s)> ! Vs =&t
)| < ||g||ﬂ<r>{ L [ s o [ s
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M — )81 1 (y — )1
+|M2(t)|[5/0 (nF(B)) /< F(oz)) duds

Y1 —s)5t M (u—s)?
el A }
< lloll2(r)A,

which, on taking the norm for ¢ € [0, 1]. yields
121 < lloll€2(r)A.

Now we show that Qr maps bounded sets into equicontinuous sets of X. Let ty,ty € [0, 1]
with #; < ¢y and y € B,. For each h € Qr(y), using the fact that (1 —s)** <1 (1<
a < 2), we obtain

|h(t2) — h(t1)]

Tt —s) T = (0 = 8) ] ? (=)
< ||¢||Q(7“){ /0 T(B)T (o +1) d8+/t1 F(ﬂ)F(a+1)d8
1 5 — a—1 B
() = ()] [ st ate) = o) 1)}
IR T A _ A\
< ||¢||Q(r){2(lfzﬁ ff)r?oi 1;1 + [ (t2) —m(m)l%

B
Hlalts) = () }

which tends to zero independently of y € B, as to —t; — 0. As Qp satisfies the above
assumptions, therefore it follows by the Arzela-Ascoli theorem that Qp : C([0, 1], R) —
C(]0,1],R) is completely continuous.

In our next step, we show that Qp is upper semicontinuous. To this end it is
sufficient to show that Qr has a closed graph, by Lemma 4.3. Let y,, — s, hy, € Qp(yy)
and h,, — h,. Then we need to show that h, € Qp(y.). Associated with h, € Qp(y,),
there exists v, € Sg,, such that for each t € [0, 1],

tiy_ g)B-1 (g gyt
h,(t) = /O%If_vn(s)ds-i-ul(t)/g ¢vn(s)ds

n(p— g)B-1 (] _ )81
+p19(t) [5/0 (nr(—g)lfvn(s)ds—/o %If‘vn(s)ds :

Thus it suffices to show that there exists v, € Sg,, such that for each t € [0, 1],

t(p_ g)B-1 (g _ g)al
mi = [ s+ ) /g Lo (s
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n —g)8-1 1 _ g)8-1
+1uo(t) [5/0 %I?_v*(s)ds—/o %I{“_v*(s)ds :

Let us consider the linear operator © : L'([0, 1], R) — X given by

! (t_s)ﬁ_l ! <S_€)a_11)(8)d8

v O)(t) = /0 Wlf‘_v(s)ds—kul(t)/g o)
n(p— )81 (1 _ )81
+p10() [5/0 %]?_v(s)ds—/{) %I{’_v(s)ds].

Observe that

o) (0] |
a—1
= | / (= )+ n0) | O o =)o

ua(®)[5 /0 ' (";(gflfmn — s = [ UL - v sas] | o0

as n — oo. Thus, it follows by Lemma 4.4 that © o S is a closed graph operator.
Further, we have h,(t) € ©(Sg,,). Since y, — y., therefore, we have

t B—1 (g _ gyt
ho(t) = /%I“ (s )ds+u1(>/f %v*(s)ds’

— 11 - g)8-1
(n (1—2s)
+ 5/ Iafv* S ds—/ — T v,(s)ds]|.
/~L2 ( ) 0 P(ﬁ) 1 ( )
Finally, we show there exists an open set U C X with y ¢ 0Qg(y) for any 0 € (0,1)

and all y € 9U. Let 0 € (0,1) and y € 0Qx(y). Then there exists v € L*([0, 1], R) with
v € Sp, such that, for ¢ € [0, 1], we can obtain

ly(@)] = [0 (y)(2)]
Pt =)t [t (u—s)o!
= ) TB) ) T

n — 5 -1 1 u—s a—1
—HMQ(t)’[(S/O (n F(ﬁ)) / ( F(a)) |v(u)|duds

L1 —s)ft (u—s)>!
i A ’“<“>’d“d$]
< [lell(lyl)A,

which implies that

fo(w)|duds + [y (7) /5 %Ms)ws

vl 1
TeTQ(nA =
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In view of (Bj3), there exists M such that ||y|| # M. Let us set
U={yex: |yl <M}

Note that the operator Qp : U — P(X) is upper semicontinuous and completely
continuous. From the choice of U, there is no y € U such that y € 0Qp(y) for some
0 € (0,1). Consequently, by the nonlinear alternative of Leray-Schauder type (Lemma
4.5), we deduce that Qp has a fixed point y € U which is a solution of the problem
(1.2). This completes the proof. O

4.2 The Lipschitz case

We prove in this subsection the existence of solutions for the problem (1.2) with a
nonconvex valued right-hand side by applying a fixed point theorem for multivalued
maps due to Covitz and Nadler [21].

Let (X, d) be a metric space induced from the normed space (X;||-||). Consider Hy :
P(X)xP(X)— RU{oo} defined by Hyq(A, B) = max{sup,c4 d(a, B),sup,cp d(A,b)},
where d(A,b) = inf,cad(a;b) and d(a, B) = infyepd(a;b). Then (Ppq(X), Hy) is a
metric space and (Py(X), Hy) is a generalized metric space (see [20]).

Definition 4.7 A multivalued operator N : X — Py(X) is called (a) y— Lipschitz if
and only if there exists v > 0 such that Hy(N(x),N(y)) < ~vd(z,y) for each z,y € X
and (b) a contraction if and only if it is y— Lipschitz with v < 1.

Lemma 4.8 (/21]) Let (X,d) be a complete metric space. If N : X — Py(X) is a
contraction, then FizN # ().

Theorem 4.9 Assume that:

(A1) F:]0,1] x R = P.,(R) is such that F(-,y(t)) : [0,1] = P(R) is measurable for
each y € R;

(As) Hy(F(t,y), F(t,y) < q(t)ly — y| for almost all t € [0,1] and y,7 € R with q €
C([0,1],R™) and d(0, F(t,0)) < q(t) for almost all t € [0, 1].

Then the problem (1.2) has at least one solution on [0,1] if
lgllA <1, (4.1)
where A is defined by (2.11).

Proof. Consider the operator Qp : X — P(X) defined in the beginning of the proof of
Theorem 4.6. Observe that the set Sg, is nonempty for each y € X by the assumption
(A1), so F has a measurable selection (see Theorem III.6 [22]). Now we show that the
operator (r satisfies the assumptions of Lemma 4.8. To show that Qr(y) € Pu(X)
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for each y € X, let {uy}tn>0 € Qr(y) be such that w, — v (n — o0) in X'. Then
u € C([0,1],R) and there exists v, € Sg,, such that, for each ¢ € [0, 1],

t(p_ )81 (g _ ¢yo-l
up(t) = /0%If_vn(s)ds—i—,ul(t)/5 %vn(s)ds

n(n— g)B-1 L= g)8-1
+ 119 (%) [5/0 %If_vn(s)ds—/o %[ﬁ_vn(s)ds :

As F has compact values, we pass onto a subsequence (if necessary) to obtain that
v, converges to v in L'([0,1],R). Thus, v € Sk, and for each ¢ € [0, 1], we have

— 5 st

= t(t—o‘vs S 1<—vs s

w) () = [ s ) [ i

n — g)8-1 1 —g)8-1
+M@PAQ%£rﬁw@m—A§%érﬁw@@]

Hence, u € Qp(y). A
Next we show that there exists 6 := ||¢||A < 1 such that

Hy(Qr(y), (@) < 0|y — | for cach y,5 € X.

Let y,y € X and h; € Qp(y). Then there exists v1(t) € F(t,y(t)) such that, for each
t €[0,1],

t(p_ g)B-1 (g _ g)al
mi) = [ s+ ) | I sgas

Ny — )81 1] _ g)8-1
+pa(t) [5/0 %Iﬁvl(s)ds—/o %I?vl(s)ds :

By (As), we have
Hd<F(t7 y)7 F(ta g) < Q(t)|y - g|
So, there exists w € F(t,y) such that
01(2) — w| < q(®)]y(t) —y(@)], ¢ <0,1].
Define U : [0,1] — P(R) by
Ut) ={weR: o (t) —wl < q(®)|y(t) — y(1)[}.

Since the multivalued operator U(t) N F(t,y) is measurable (Proposition I11.4 [22]),
there exists a function v,(t) which is a measurable selection for U(t) N F(t,g). So
vo(t) € F(t,y) and for each t € [0,1], we have |vi(t) — vo(t)| < q(t)|y(t) — y(t)|. For
each t € [0,1], let us define

t(p_ g)B-1 (g _ g)al
i) = [ I (s /g Lo s
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+p1a(t) [(5 /On M[ﬁ_vg(s)ds — /01 %I{“_vg(s)ds :

Thus

|7 (t) = ha(t)]

(t—s)"" —wol(s)ds Nt vy — vo|(s)ds
< [+ ) [ EEE o

n —g)8-1 1 _ g)8-1
+|pa(t)] [5/0 %I{”_]vl — vo|(s)ds +/0 %If‘_h}l — va|(s)ds
< [lqllAlly — gl

which yields ||y — hal| < [lgl|Ally — .
Analogously, interchanging the roles of y and 7, we can obtain

Ha(Qr(y), () < llal[Ally = 7lI

By the condition (4.1), it follows that Q is a contraction and hence it has a fixed point
y by Lemma 4.8, which is a solution of the problem (1.2). This completes the proof.0

CID

5 Examples

(a) We construct examples for the illustration of the results obtained in Section 3. For
that, we consider the following problem:

DIEDY y(t) = f(t,y(t), t € J:=[0,1],

\ (5.1)
y(0) =0, Dy}y(&) =0, y(1) = (5/2)y(2/3),
Here « =7/4,6=3/4,£ =1/3,n=2/3,6 = 5/2, and
_ 1 [l e

With the given data, it is found that

P =[(1-0m") — (B+1)&(1 — 6n?)] = 0.262961 # 0,

(1-¢°
['a+1)

sup } ~ 1.454491,

t t
t€[0,1] {F(oz +1)I(B+1) + | (t)]

and A =~ 4.503584 (A is given by (2.11)). Furthermore, |f(t,v1) — f(t,v2)| < Lly1 — ya|
with L = 1/9 so that LA = 0.0.500398 < 1. Clearly the hypothesis of Theorem 3.1
is satisfied and hence the problem (5.1) has a unique solution by the conclusion of
Theorem 3.1.
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In order to illustrate Theorem 3.3, we notice that (3.5) is satisfied as

t’ (1= _
L{F(a+ SR |u1(t)\m} ~ 0.161610 < 1,
and . o
e
FEy)lsmt) = Zm==+ 77

As all the assumptions of Theorem 3.3 hold true, we deduce from the conclusion of
Theorem 3.3 that the problem (5.1) has at least one solution on [0, 1].
Now we demonstrate the application of Theorem 3.6 by considering the nonlinear

function .

e 2

t,y) = ( + Ztan~! +—>. 5.3

Fty) = ==y + 5 vt 1o (5.3)

Clearly | f(t,y)| < g(t)u(llyll), where g(t) = Sz, ¥(llyl = ({5 + llyll)- By the con-

dition (Hy), we find that K > 3.310535. Thus all the conditions of Theorem 3.6 are

satisfied and consequently, the problem (5.1) with f(¢,y) given by (5.3) has has at least
one solution on [0, 1].

1

(b) Here we illustrate the results obtained in Section 4. Let us consider the following
fractional differential inclusion involving both left Caputo and right Riemann-Liouville
types fractional derivatives equipped with fractional boundary conditions:

DIADYy(t) € F(ty(t)), t e J = 0,1],

(5.4)
y(0) =0, Diy(€) =0, y(1) = (5/2)y(2/3),
In order to illustrate Theorem 4.6, we take
_ ly(0)] N et 1
F(t,y(t) = WTM(Q(1 L@ Ol 3) o (s + )| (65)

Clearly |F(t,y(t))] < ¢()Q([lyll), where ¢(t) = —z—= and Q(|ly[l) = [lyl| + 1. Using
the condition (Bj), we find that M > 1.804018. As the hypothesis of Theorem 4.6 is
satisfied, the problem (5.4) with F'(t,y(t)) given by (5.5) has at least one solution on
[0, 1].

Now we illustrate Theorem 4.9 by considering

, = 5.6

JI00+ 2 (6+¢) ' 50 (5-6)
Obviously ¢(t) = 1(6+t) with ||¢|| = 1/6 and d(0, F'(¢,0)) < ¢(t) for almost all ¢ € [0, 1].
Moreover, ||¢||A ~ 0.750597. Thus all the assumptions of Theorem 4.9 hold true and
consequently its conclusion applies to the problem (5.4) with F'(t,y(t)) given by (5.6).

F(t.2(t)) = [ 1 sinz(t) 1 ]
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1 Introduction

In this paper, we study the existence of solutions and L2-primitive process for the fol-
lowing retarded stochastic neutral functional differential equations in Hilbert spaces:

dlz(t) + g(t, x)] = [Ax(t) + ff’h ai(s)Ax(t + s)ds + k(t)|dt + f(t,x:)dW (t),
z(0) = ¢ € L*(Q, H), z(s) =¢'(s), s € [—h,0).

(1.1)

where t > 0, h > 0, ay(-) is Holder continuous, k is a forcing term, W (t) stands for
K-valued Brownian motion or Winner process with a finite trace nuclear covariance
operator (), and g, f, are given functions satisfying some assumptions. Moreover,
A:D(A) C H— H is unbounded and A, € B(H), where B(X,Y') is the collection
of all bounded linear operators from X into Y, and B(X, X) is simply written as
B(X).

This kind of systems arises in many practical mathematical models, such as,
population dynamics, physical, biological and engineering problems, etc. (see [6, 11,
23)).

Many authors have studied for the theory of stochastic differential equations in
a variety of ways (see [4] [7] and reference therein), impulsive stochastic neutral
differential equations [14, 21|, approximate controllability of stochastic equations
[5, 27, 26].

As for the retarded differential equations, Jeong et al [17, 18], Wang [32], and
Sukavanam et al. [28] have discussed the regularity of solutions and controllability
of the semilinear retarded systems, and see [8, 15, 16, 24] and references therein for
the linear retarded systems.

In [10, 12, 13], the authors have discussed the existence of solutions for mild
solutions for the neutral differential systems with state-dependence delay. Most
studies about the neutral initial value problems governed by retarded semilinear
parabolic equation have been devoted to the control problems.

Recently, second order neutral impulsive integrodifferential systems have been
studied in [2, 25], and Stochastic differential systems with impulsive conditions in
[1, 3, 29]. Further, as for impulsive neutral stochastic differential inclusions with
nonlocal initial conditions have been studied for the existence results by Lin and Hu
[22], and controllability results by [19].

Let (2, F, P) be a complete probability space furnished with complete family
of right continuous increasing sub c-algebras {F;,t € I} satisfying F; C F. An H
valued random variables is an F -measurable function z(t) : Q@ — H. Usually we
suppress the dependence on w € 2 in the stochastic process S = {z(t,w) : Q@ — H :
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t € [0,7]}and write z(t) instead of z(¢t,w) and z(t) : [0,7] — H in the space of S.
Then we have to study on results in connection with solutions of random differential
and integral equations in Hilbert spaces. It should be ensured that z(t,w) is a
H-valued random variable with finite second moments and L?-primitive process of
(1.1) for all ¢t € T in order to study stationary random function, Brownian motion,
Markov process, and etc. But the papers treating the regularity for second moments
of the systems and L2-primitive process for retarded stochastic neutral functional
differential equations in Hilbert spaces are not many.

In this paper, we propose a different approach of the earlier works used Azera-
Ascoli theorem to prove the existence of the mild solutions of functional differential
systems in the Banach space of all continuous functions. Our approach is that regu-
larity results of general differential equations results of the linear cases of Di Blasio
et al. [8] and semilinear cases of [17] remain valid under the above formulation of
the stochastic neutral differential system (1.1) even though the system (1.1) con-
tains unbounded principal operators, delay term and local Lipschitz continuity of
the nonlinear term.

The paper is organized as follows. In Section 2, we construct the strict solution
of the semilinear functional differential equations and introduce basic properties. In
Section 3, by using properties of the strict solutions in dealt in Section 2, we will
obtain the L2-primitive process of (1.1), and a variation of constant formula of L2-
primitive process of (1.1) on the solution space. Finally, we give a simple example
to which our main result can be applied.

2 Preliminaries and Lemmas

The inner product and norm in H are denoted by (-,-) and | - |, respectively. V is
another Hilbert space densely and continuously embedded in H. The notations ||- ||
and || - ||« denote the norms of V and V* as usual, respectively. For brevity we may

regard that
lulls < ul <ul], weV (2.1)

Let a(-, ) be a bounded sesquilinear form defined in V' x V' and satisfying Garding’s
inequality
Re a(u,u) > col|ul|* — eilul>, ¢ >0, ¢ >0. (2.2)

Let A be the operator associated with the sesquilinear form —a(-, -):
((cp — Au,v) = —a(u,v), u, vev.
It follows from (2.2) that for every u € V
Re (Au,u) > collu|*.
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Then A is a bounded linear operator from V to V* according to the Lax-Milgram
theorem, and its realization in H which is the restriction of A to

D(A)={ueV;Auc H}

is also denoted by A. Then A generates an analytic semigroup S(t) = e'* in both
H and V* as in Theorem 3.6.1 of [30]. Moreover, there exists a constant Cj such
that

[ul| < Colul 3l 7, (2:3)

for every u € D(A), where
lullpeay = (JAul? + )/
is the graph norm of D(A). Thus we have the following sequence
D(A)cV CHCcCV*C DA,

where each space is dense in the next one and continuous injection.
Lemma 2.1. With the notations (2.3), (2.4), we have

ViV )1j22 = H,

(D(A), H)1j22 =V,

where (V,V*)1/95 denotes the real interpolation space between V' and V*(Section
1.8.3 of [31]).

If X is a Banach space and 1 < p < oo, LP(0,T; X) is the collection of all strongly
measurable functions from (0,7") into X the p-th powers of norms are integrable.

For the sake of simplicity we assume that the semigroup S(t) generated by A is
uniformly bounded, that is, There exists a constant M such that

My

S|y < Mo, [|JAS®#)||) < e (2.4)

The following lemma is from [30, Lemma 3.6.2].

Lemma 2.2. There exists a constant My such that the following inequalities hold:

1S@)|p(av) <t M, (2.5)
S®)|Bve1y <t My, (2.6)
AS )| Bvy <t/ M. (2.7)
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First, consider the following initial value problem for the abstract linear parabolic
equation

{ O — Az (t) + [0, ar(s)Ava(t + s)ds + k(t), 0<t<T, 28)

2(0) = ¢°, x(s) = ¢*(s) s € [—h,0).

By virtue of Theorem 2.1 of [15] or [8], we have the following result on the
corresponding linear equation of (2.8).

Lemma 2.3. 1) For (¢°,¢') € V x L*(—h,0; D(A)) and k € L*(0,T;H), T > 0,
there exists a unique solution x of (2.8) belonging to

L*(0,T; D(A) nW*2(0,T; H) c C([0,T); V)
and satisfying
2|20, 7:panewr2 o) < Cr(ll@°]] + 10| 2 nospiay + Ikl 20mm), — (2.9)
where Cy is a constant depending on T and

]| L2(0,7;D(a)) w20,y = max{||z||L20,m,pa)), || lwi20.0:m) }

(2) Let (¢°,¢) € H x L*(—=h,0;V) and k € L*(0,T;V*), T > 0. Then there

exists a unique solution x of (2.8) belonging to
L*(0,T; V)N WY (0,T;V*) c C([0,T); H)
and satisfying
Nzl 20y ewr 20,5y < Cr(10°] + 110 2oy + |kl 20,r50+))s (2.10)
where Cy is a constant depending on T.
Let the solution spaces Wy(1') and W, (T) of strong solutions be defined by

Wo(T) = L*(0,T; D(A)) nWH(0,T; H),
Wi(T) = L*(0,T; V)N W0, T; V*).

Here, we note that by using interpolation theory, we have
Wo(T) C C([0,T]; V), Wy(T) c C([0,T]; H).
Thus, there exists a constant ¢; > 0 such that

zllcqomvy < allellwemy,  lxlleqomm < allz|lw @) (2.11)
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Lemma 2.4. Suppose that k € L*(0,T; H) and z(t) = [ S(t — s)k(s)ds for 0 <
t <T. Then there exists a constant Cy such that

|2l 201004y < CullEl[ L2078,
lell2oam < CoT k|20, (2.12)

and
12|20,y < CoV'T K| r20,7:m)- (2.13)

Proof. The first assertion is immediately obtained by (2.9). Since

T t
[T / | / S(t — s)k(s)ds|dt

S%K%WMM%
SMO/OTt/Ot|k(s)|2dsdt

T2 T
sm-/mw%,
2 Jo

it follows that
||| L2070y < TN/ Mo /2] |k L2 (0,7;m)- (2.14)
From (2.3), (2.12), and (2.14) it holds that

||| L200,:v) < Cov/ CIT(MO/2)1/4HM|L2(0,T;H)-
So, if we take a constant Cy > 0 such that

Cy = max{+/M,y/2, Co\/a(Mo/2)1/4}>

the proof is complete. O]

In what follows in this section, we assume ¢; = 0 in (2.2) without any loss of
generality. So we have that 0 € p(A) and the closed half plane {\ : ReA > 0} is
contained in the resolvent set of A. In this case, it is possible to define the fractional
power A% for aw > 0. The subspace D(A?%) is dense in H and the expression

|z]lo = [|A%[|, 2 € D(A%)

defines a norm on D(A%). It is also well known that A is a closed operator with
its domain dense and D(A%) D D(A?) for 0 < a < 3. Due to the well known fact
that A~® is a bounded operator, we can assume that there is a constant C'_, > 0
such that

AT ey < Ceay [[A | eqvew) < Caa (2.15)
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Lemma 2.5. For any T > 0, there exists a positive constant C, such that the
following inequalities hold for all t > 0O:

[ Ca a Ca
1A*S Oz < 5 NASWleany) < 557 - (2.16)

Proof. The relation is from the inequalities (2.6) and (2.7) by properties of fractional
power of A and the definition of S(t). O

3 Existence of solutions

In this paper (H,|-|) and (K, |- |x) denote real separable Hilbert spaces. Consider
the following retarded semilinear impulsive neutral differential system in Hilbert
space H:

{ dlz(t) + g(t,z,)] = [Az(t) + [°, ar(s)Ava(t + s)ds + k(t)]dt + f(t,:)dW (¢),
z(0) = ¢ € L*(Q, H), x(s) = ¢'(s), s € [—h,0).
(3.1)

Let (2, F, P) be a complete probability space furnished with complete family of
right continuous increasing sub o-algebras {F;,t € I} satisfying F; C F.

An H valued random variables is an F -measurable function z(t) : @ — H and
the collection of random variables S = {z(t,w) : @ — H : t € [0,7], w € Q}
is a stochastic process. Generally, we just write x(t) instead of z(¢,w) and z(t) :
[0,7] — H in the space of S

Let {e,}22, be a complete orthonormal basis of K, and let Q € B(K, K) be
an operator defined by Qe, = \,e, with finite Tr(Q) = Y o2 VA, = A < oo (Tr
denotes the trace of the operator), where A\, > 0(n =1,2,---), and B(K, K) denotes
the space of all bounded linea operators from K into K.

{W(t) : t > 0} be a cylindrical K-valued Wiener process with a finite trace
nuclear covariance operator () over (2, F, P), which satisfies that

W(t) = f: Vwwi(t)en, >0,

where {w;(¢)}2, be mutually independent one dimensional standard Wiener pro-
cesses over (2, F, P). Then the above K-valued stochastic process W (t) is called a
(Q-Wiener process.
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We assume that F; = o{W(s) : 0 < s <t} is the o-algebra generated by w and
Fr=F. Let v € B(K, H) and define

]G = Tr(Qu™) =Y |V Atben |
n=1

If [¢[3) < oo, then 1 is called a Q-Hilbert-Schmidt operator. Bq(K, H) stands for
the space of all Q)-Hilbert-Schmidt operators. The completion By (K, H) of B(K, H)
with respect to the topology induced by the norm [t|q, where []3, = (1,1)) is a
Hilbert space with the above norm topology.

Let V be a dense subspace of H as mentioned in Section 2. For T" > 0 we define

T
M2(—h,T:V) = {2 [~h,T] - V : E(/ l2(s)|[2ds) < oo}
—h
with norm defined by

T
1/2
lellroy = (B[ ie(o)Pas) "

The spaces M?(—h,0;V), M?(0,T;V), and M?(0,T;V*) are also defined as the
same way and the basic theory of the class of all nonanticipative functions can be
founded in [9]. For h > 0, we assume that ¢' : [—h,0) — V is a given initial value
satisfying

B([ 16 lFas) < e,

that is, ¢! € M?(—h,0;V). In this note, a random variable x(t) : Q — H will be
called an L*-primitive process if x € M?(—h,T; V).
For each s € [0,T], we define =, : [-h,0] — H as
zs(r)=a(s+r), —h<r<o.

We will set
II = M2(—h,0; V).

Definition 3.1. A stochastic process x : [—h,T| x Q — H is called a solution of
(3.1) if

(i) «(t) is measurable and Fi-adapted for each t > 0.
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9
(i) «(t) € H has cddidg paths on t € (0,T) such that
(t) =S()[¢" + 9(0,70)] — g(t,74) + /t AS(t = s)g(s, s)ds (32)
+/O S(t— s) {/ P Ava(s + T)drds + f(s, 20)dW (s))
+/0 S(t — s)k(s)ds,
z(0) o'(s), se[=h,0).
(i) € M20,T:V) ic., B([” |J2(s)|2ds) < o0 and C([0,T]; H).

To establish our results, we introduce the following assumptions on system (3.1).
Assumption (A). We assume that a;(-) is Holder continuous of order p:

a1 (0)] < Hy,  |ai(s) —ai(7)] < Hi(s —7)°.

Assumption (G). Let g:[0,7] x II — H be a nonlinear mapping satisfying
the following conditions hold:

(i) For any x € II, the mapping ¢g(-, z) is strongly measurable.
(ii) There exist positive constants L, and § > 2/3 such that

E|A%g(t,2)]* < Ly(||zlln + 1)%,
E|A%g(t, @) — A%g(t,2)|* < Lyl — &[f,

for all t € [0,T], and z, 2 € II.

Assumption (F). Let f: RxII — B(K, H) be a nonlinear mapping satisfying
the following:

(i) For any x € II, the mapping f(-,z) is strongly measurable.
(ii) There exists a function L; : Ry — R such that
Elf(t,z) = f(t.y)l* < Ly()llz = ylli, €0, 7]

hold for ||z||g < r and ||y||n < 7.
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(iii) The inequality
Elf(t, )" < Ly(r)(|lz|ln + 1)°

holds for every ¢ € [0, 7] and ||z||n < r.

Lemma 3.1. Letx € M?*(—h,T;V). Then the mapping s — x4 belongs to C([0,T];TI),
and for each 0 <t <T

el < Mlllaeenev) = 116 + [zl (3.3)
E(|l2]Z20.4)) = l12ll320.6v);

|2 220,61 < VE||2|[ a2 nvy-

Proof. The first paragraph is easy to verify. In fact, it is from the following inequal-
ity;

0 t
el 2 = E / lalt+ 7lPdr) < B / o) IPdr] < el iy t> 0.

The second paragraph is immediately obtained by definition. From the inequality
(3.3), we have

t t 0
2

[ tiedtzas = [T [ lats + olFan)as
0 0 _h
t s

2
= [(B R s < el
which completes the last paragraph. 0

One of the main useful tools in the proof of existence theorems for nonlinear
functional equations is the following Sadvoskii’s fixed point theorem.

Lemma 3.2. (Krasnoselski [20]) Suppose that X is a closed convexr subset of a
Banach space X. Assume that Ky and Ky are mappings from X into X such that
the following conditions are satisfied:

(i) (K1 + Kp)(¥) C %,
(i1) K is a completely continuous mapping,
(i1i) Ky is a contraction mapping.

Then the operator K1 + Ky has a fized point in 3.

847 Yong Han Kang 838-861



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.5, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

11
From now on, we establish the following results on the solvability of the equation
(3.1).

Theorem 3.1. Let Assumptions (A), (G) and (F) be satisfied. Assume that (¢°,¢') €
L*(Q,H) x IT and k € M*(0,T;V*) for T > 0. Then, there exists a solution x of
the system (3.1) such that

€ M*0,T;V)NC([0,T]; H).

Moreover, there is a constant Cs independent of the initial data (¢°,¢') and the
forcing term k such that

2| [arz—nrvy < Cs(1+ E([¢°1) + 110" |[u + 1|kl vzi0.7)- (3.4)

Proof. Let

1/2
r = 2O Cear/Ty(l16' I + 1) + VECL(BISP) + 161 + M roia) .
and
N =V3C_o/Ly([|¢"||ln + 7+ 1)

+ (38 = 2)712(38) 201/ Lo(16M | + 7 + 1)
+ CoyTr(Q)y/ Ly (r)([[6 |l + 7 + 1),

where 8 > 2/3, C; and Cj is constants in Lemma 2.3 and Lemma 2.4, respectively.
Let

TY = max{T"* T%*}

and choose 0 < T7 < T such that

TN < 5 = G0/ (116'ln + 1) + V3O (VE(SP) + 116" [l + 1kl a0,
(3.5)
and
N =TT {V3C /Ty + (38 — 1)7/2(38)7/2C1_g\/Ty + CaTr(Q)y/ Ly(r)} < 1.
(3.6)
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Let J be the operator on M2(0,T1; V) defined by
(Ja)(t) =St)[6° + g(0,¢")] — g(t, ) + /t AS(t = s)g(s, z5)ds
/ (t—s {/ 7) Az (s + T)drds + f(s, z5)dW (s)}
+ /0 S(t — s)k(s)ds.

It is easily seen that J is continuous from C([0,7}]; H) into itself. Let
Y ={x e M*(=h,T;V) : 2(0) = ¢°, and x(s) = ¢'(s)(s € [~h,0))}.

and
e =A{x e X ||z]lamzomvy) ST}

which is a bounded closed subset of M?(0,T}; V). Now, we give the proof of Theorem
3.1 in the following several steps:

Now, in order to show that the operator J has a fixed point in X, € M?(0,Ty; V),
we take the following steps.

Step 1. J maps Y, into X,.

By (2.10), (2.15) and Assumption (G), and noting x¢ = ¢*, we know

Bl [ 15(0900,20) Fde) = E[CHo(0.0)F] (.7)
= B[CH(IIAll5n|4%9(0, 1)])']
< (C1C-a)" Ly ([ [ln + 1)*.
From (2.10) of Lemma 2.3 it follows
E[/O 1 |5(t)e° + /0 St —s){ /_h ar(17)Arz(s + 7)dr + k(s)}dsH2dt] (3.8)

< EB[CHIl + 110" || 2noivy + 1kl 20,1150+ }]
< 3CT(El°P] + N + Nkl 3z 0.m0)) -

By using Assumption (G) and Lemma 3.1, we have

T
Hg<'7x-)‘|?\/[2(0,T1;V) = E(/o HAi'BABQ(tal’t)Hth) (3.9)

T
< CzaE(/ |Aﬂg(t,xt)\2dt) < C? LTy (||zel [ + 1)2
0

< 3C2, LyTa (165 + ol arz02v) + 1)
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Define Hy : M?(0,Ty;V) — M?(0,Ty; V) by

(Hyz)(t) = /0 AS(t — s)g(s, zs)ds.

Then from Lemma 2.5 and Assumption (G) we have

IAS(t = s)g(s, x5)|| = [|A7S(t = 8)l|p) | A% (s, 2,)]

01 B
< WW 9(s, )|,

and hence, by using Hélder inequality and Assumption (G),

) B Ty t 9
([H1z| 320,10y = E[/ H/ AS(t = s)g(s, xs)ds|| dt] (3.10)
Ty t C
gE[/O (/0 oAl lds) ]
Ty
gE[/ 0%_5(35—2)—11535—2/ |APg(s, xs)*dsdt]
0 0

T
< (35 - 2)_1012—6[’!1(“175“11 + 1>2/ tw_ldt
0

< (38 —2)7'38) O Ly T (|12l vz nmvy + 1)
= (38— 2)7(38) 1O 4L I (|6 I + |2l a2y + 1)°

Let
(Hox)(t) = /0 S(t—s)f(s,zs)dW(s).

For (2.13) of Lemma 2.4 it follows

T gt
\|H2:v||?wg(0’Tl;V) = E[/O }/ S(t — s)f(s,xs)dW(s)fdt] (3.11)
< BICSTe(Q)*Tallf (s, 24) | Z20,2v4))
< C3Tx(Q)* Tl f (s, = )||M2(0TV*)
< CyTr(Q)* T Ly (r) (||l + 1)°
< CyT(Q)* T Ly (r) (|6 | + ||l ar20,m ) + 1)
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Therefore, from (3.7)-(3.11) it follows that

T2l ar2 010y SCLCan/Ly(|16" I + 1)
+ V3O (E[6°P] + 16113 + 1kl ma)
+V3C_a/TiLy (116"l + 2] lar20mv) + 1)
+ (38— 2)72(38) 20 VI TP (16 I + ||zl a0y + 1)
+ CoTr(@Q)\/ T Ly () (16 | + |2l arzoziv) + 1)
<C1C_a/Ly(|[¢" | + 1)
+V3C (Bl P + 116" + 11K 20700+

V2L oN <o,

and so, J maps X, into X,.
Define mapping K; + K, on L*(0,71;V) by the formula

(J2)(t) = (Kyx)(t) + (Ka)(1),
(Ky2)(t) = /0 S(t— s)/o ar (1T — s)Ayz(T)drds,

and

(Kyx)(t) =S (#)[¢° + g(0,20)] — g(t, 7)) + / AS(t — s)g(s,xs)ds
/ (t—s {/ (1 — 8)A1p*(T)d7ds + f(s,,)dW (s)}
+/ S(t — s)k(s)ds.

Step 2. K is a completely continuous mapping.

We can now employ Lemma 3.2 with X,.. Assume that a sequence {z,} of
M?(0,T; V) converges weakly to an element xo, € M?(0,T1; V), i.e., w—1lim, oo T, =
Too. Then we will show that

lim ||K1ZEn — lem||M2(O,T1;V) = O, (312)

n—oo

which is equivalent to the completely continuity of K; since M?(0,T%; V) is reflexive.
For a fixed t € [0,T1], let z}(x) = (Kix)(t) for every x € M?(0,Ty;V). Then
x} € M?(0,Ty; V*) and we have lim,, o, }(7,) = 2} (24 ) since w—1lim,, o T, = Too-
Hence,

lim (Ky2,)(t) = (K12s0)(t), t€[0,T1].

n—oo
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Set

h(s) = / ar (1 — s)Ayz(T)dr.
0
Then by using Holder inequality we obtain the following inequality
|h(s)] < |/ (a1(1 — s) — a1(0)) Ay z(7)dT]| (3.13)
0
+ ‘ / al(O)A1$(T>dT‘
0
—1.2p+1) 1/2 ’ 2 75 \1/2
< {(p+ 1710 VY Al [ Hla(r)l )

Thus, by (2.5) and (3.13) it holds

) D)2 = | / S(t — s)h(s)ds|’
< (Hy|| A1l B /Hg; )[|?dr) H/ 1/2{ (2p+1)"1s@H D2 4 5|

< (HillAllan)? ol Z20) { (20 + 1) 113(1/2 (20 +3)/2)t°"" + B(1/2,3/2)t}".

= ool |zlZ20 v,

where ¢, is a constant and B(-,-) is the Beta function. Here we used

t
B(1/2,(2p + 3)/2)t"t! = / (t — 5)" /2002,
0
And we know

sup ||E[(Ki2) ()| < eallzll3r20,0,0) < 00
0<t<Ty

Therefore, by Lebesgue’s dominated convergence theorem it holds

lim E(/ () (1)) 2d) :E(/ (Ea) (8)]PdE),

ie., limy oo [| K120 a2001:v) = [ EK1%os|[m20,115v). Since M?(0,T7;V) is a reflexive
space, it holds (3.12).

Step 3. K, is a contraction mapping.
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For every x; and x5 € Y., we have
(FKox1)(t) — (Kaxo)(t) =g(t, xo,) — g(t, x1,)

+ /Ot AS(t = s)(g(t, 21,) — g(t, 2.))ds

+ /Ot S(t — s){f(s,z1(s)) — f(s,22(5)) }dW (s).
In a similar way to (3.9)-(3.11) and Proposition 2.3, we have
121 = Kool vy <{C-av/TiLy + (36 = 2)72(36) 201 TV /L,
+ Co/Ti Ly (r)Te(Q) |21 — @2l a0,

SNHfL’l — I2HM2(0,T1§V)’

So by virtue of the condition (3.6) the contraction mapping principle gives that the
solution of (3.1) exists uniquely in M?(0,Ty; V). This has proved the local existence
and uniqueness of the solution of (3.1).

Step 4. We drive a priori estimate of the solution.

To prove the global existence, we establish a variation of constant formula (3.4)
of solution of (3.1). Let = be a solution of (3.1) and ¢° € H. Then we have that
from (3.7)-(3.11) it follows that

|zl azomv) SCrC-av/Ly(l¢!|In + 1)
+V3CUE[ T+ 1815 + 11k R 2010+
+V3C_a/TiLy (¢ + 122023 + 1)
+ (38 = 2)"V2(38) 7 2C1_p /LTy (16 I + el a0y + 1)
+ CyTe(Q)Ta/ T Ly (r) (16 i + 12| [arz 0130y + 1)
SNH$||L2(0,T1;V) + N,

1/2

where
N1 =CiCa/Ly (16" |l + 1)
+V3C1 (B[] + 116 + 1R o my0e)
+V3C_a/TiLy (|16 + 1)
+ (38 = 2)72(38) 720 /LT (|6l + 1)
+ CyTe(Q)\/ TiLy (r)([[¢* I + 1).

1/2
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Taking into account (3.6) there exists a constant C3 such that
] z20,m0) (1= N)7' N,
<Cs(1+ E(|¢"") + 16"l + [l lar20.504)),

which obtain the inequality (3.4).

Now we will prove that E[z(T7)?] < co in order that the solution can be extended
to the interval [T7, 271].

Define a mapping Hj : L*(0,Ty; V) — L*(0,Ty; V) as

t 0
(Ha)(t) = SO0+ 9(0.0) + [ S=9)] [ a(r)dsals + rjdr + k()
0 —h
The from (2.11) and Lemma 2.3 it follows that
E|(Hyz)(Th)|* < 1 B[ Haz|[3y, (3.14)

2
< 3c1CLE{|¢° + g(0,0")| + |0 || 2 (—nov) + Kl 20,1504 }
< e1Ci{E|¢° +g(0,¢")]* + ||¢1||?\42(7h,0;V) + ||k5||?\/12(0,T1;V*)} =1,
and from (2.4) and Assumption (F),

T

E|(Hax)(Tv)|* =E| i S(Ty — 8) f(s,2,)dW ()|’ (3.15)

<M Te(Q)* Ly (r) ([l ln + 1)°
<MTr(Q) Ly (r) (|9 I + llxlarzo,rivy + 1)* =11
Moreover, by using Assumption (G) we have
Elg(Tyxr)]” < B||A APg(t,0n,)||" (3.16)
< C_ALPHAL,(||x,||n + 1)
< C_ALPHA?Ly(||6M | + 12| sy + 1)° := 11,

and

T
E](le)(Tl)]Q:E|/ AS(Ty — 8)g(s, x)ds|? (3.17)

0
T

:E|/ AYTPW(Ty — 8)APg(s, z5)ds|?
0

<E "G AP ds|’

< [ ; (t_s)w\ (9(s,z5)] 3]

t
< B[CE 438 =27 [ |4 (gls. ) Pas)

= C7_ 538 = 27" T Ly (|2l ey + 10 [ar2(—nony +1)% = IV.
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Thus,by (3.14)-(3.17) we have

Elz(Ty)|* = E|(H3a:)(T1) —g(T1,z) —{—/0 1 AS(T) — s)g(s, xs)ds

Ty

+/ S(Ty — s)f(s,2,)dW (s)]
0

STHIT+IIT+1V < 0.

Hence we can solve the equation in [T7,27)] with the initial (z(7}),z7,) and an
analogous estimate to (3.4). Since the condition (3.6) is independent of initial values,
the solution can be extended to the interval [0, nT}] for any natural number n, and
so the proof is complete. O

Remark 3.1. Thanks for Lemma 2.3, we note that the solution of (3.1) with the
conditions of Theorem 3.1 satisfies also that

E( / I (9)fs) < oo,

Here we note that by a simple calculation using the properties of analytic semigroup,
it is immediately seen that x € M*(—h,T; H).

Now, we obtain that the solution mapping is continuous in the following re-
sult, which is useful for the control problem and physical applications of the given
equation.

Theorem 3.2. Let Assumptions (A), (G) and (F) be satisfied. Assuming that the

initial data (¢°, @) € L*(Q, H) x 1T and the forcing term k € M?(0,T;V*). Then

the solution x of the equation (3.1) belongs to x € M?(0,T; V) and the mapping
L*(Q, H) x T x M*(0,T;V*) 2 (¢°, 9", k) = 2 € M*(0,T; V) (3.18)

18 continuous.

Proof. From Theorem 3.1, it follows that if (¢°, ¢', k) € L*(Q, H) x I x M?*(0,T; V*)
then x belongs to M?(0,T;V). Let (¢?, ¢}, k;) and z' be the solution of (3.1) with
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(¢?, &1, k;) in place of (¢°, ¢, k) for i =1, 2. Let z;(i = 1,2) € X,.. Then it holds

@' (t) —a*(t) = S(O)[(61 — ¢2) + (9(0, ) — 9(0,zp))]

(gt ) — glt.a?) + / AS(t - 5)(g(s,21) — glt, 22))ds

—l—/o S(t—s){ /_hal(T)Al(xl(s—l—T) — 2*(s + 7))drds
+/0 S(t — s){((Fz")(s) = (F2*)(s)) + (ku(s) — ka(s)) }ds.
+ /0 S(t — s)(ki(s) — ko(s))ds

Hence, by applying the same argument as in the proof of Theorem 3.1, we have

||$1 - $2||M2(0,T1;V) SNH"TI - 932||L2(0,T1;V) + N2>

where

Ny =CyC_ALPHA\/Ly(||¢7 — ¢}|In)
+VBCL(E) — &I + o1 — 315 + k1 — Ball3r20.myv))
+VB3C_ALPHAV/T,Ly(||6} — é3In)
+ (38 — 2)7V2(38)2C1_p /LI (|61 — bl
+ CyTe(Q)y/ Ty Ly (r)(|| 64 — b3 |m),

1/2

which implies

A

|2 a0,y <No(1— N)~L

Therefore, it implies the inequality (3.18). ]
4 Example
Let

H=L*0,7), V=H0,m), V*=H'0,).
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Consider the following retarded neutral stochastic differential system in Hilbert
space H:

dlz(t,y) + g(t. ze(t,y))] = [Az(t,y) + [, ar(s)Ara(t + s,y)ds + k(t, y)]dt
+E(t,x(t,y)dW(t), (t,y) €[0,T] x [0,7],
2(0,y) = ¢°(y) € L*(Q, H), x(s,y) = d'(s,9), (s,9) € [=h,0) x [0, 7],
(3.19)

where h > 0, a;(+) is Holder continuous, A; € B(H), and W (t) stands for a standard
cylindrical Winner process in H defined on a stochastic basis (2, F, P). Let

a(u,v) = /O“ du(y) dv(y)dy‘

dy  dy
Then
A=0*/0y* with D(A)={x e H*(0,7): 2(0) = 2(7) = 0}.
The eigenvalue and the eigenfunction of A are A, = —n? and z,(y) = (2/7)"/?sinny,

respectively. Moreover,

(al) {z, :n € N} is an orthogonal basis of H and
Stz =Y ez, 2)z, Yo eH, t>0.
n=1

Moreover, there exists a constant M, such that |[S(t)||pw) < Mo.

(a2) Let 0 < @ < 1. Then the fractional power A* : D(A*) C H — H of A is
given by

A% = an(x,zn)zn, D(AY) :={z: A%z € H}.

In particular,

=1
A—1/2 _ - zn d A—1/2 -1
=3 (a7, and [JA7)

n=1

The nonlinear mapping f is a real valued function belong to C?([0, c0)) which sat-
isfies the conditions

(f1) f(0) =0, f(r) >0 for r > 0,
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(f2) |f'(r) <c(r+1)and |f(r)| < cfor r >0 and ¢ > 0.
If we present
F(t,a(t,y) = f (l=(t,y)]M)a(t,y),
Then it is well known that F' is a locally Lipschitz continuous mapping from the
whole V' into H by Sobolev’s imbedding theorem (see [30, Theorem 6.1.6]). As an

example of ¢ in the above, we can choose q(r) = p?r+mn%*r?/2 (u and 7 is constants).
Define g : [0,7] x II — H as

o 0
g(t, ) = Z/ e"Qt(/ as(s)x(t + s)ds, z,)zn, ,t>0.
n=170 —h

Then it can be checked that Assumption (G) is satisfied. Indeed, for = € II, we
know

Ag(t,z2) = (S(t) — T) / as(s)x(t + s)ds,

—h
where [ is the identity operator form H to itself and

laz(0)| < Ha, az(s) — ao(7)| < Hao(s —7)%, s, 7 € [—h,0]

for a constant k > 0. Hence we have

ElAg(t ) <(Mo + 1)2{|/ (ax(s) — as(0))a(t + )dr|*

+|/ z(t + s) dr} }
<(My + )Hz{(2/€+1) 1h2”+1+h}\|xt|\n

It is immediately seen that Assumption (G) has been satisfied. Thus, all the condi-
tions stated in Theorem 3.1 have been satisfied for the equation (3.19), and so there
exists a solution z of the equation (3.19) such that

T

E(/ ||2(s)||*ds) < oo, and E(/ |2 (s)||?ds) < oo

—h —h
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FUZZY STABILITY OF CUBIC FUNCTIONAL EQUATIONS
WITH EXTRA TERMS

CHANG IL KIM AND GILJUN HAN*

ABSTRACT. In this paper, we consider the generalized Hyers-Ulam stability
for the following cubic functional equation

fx+2y) = 3f(z+y) +3f(x) — flx —y) —6f(y) + Gy(z,y) = 0.

with an extra term Gy which is a functional operator of f.

1. INTRODUCTION AND PRELIMINARIES
In 1940, Ulam proposed the following stability problem (cf. [20]):

“Let GG be a group and G5 a metric group with the metric d. Given a constant
0 > 0, does there exist a constant ¢ > 0 such that if a mapping f : G; —
Gq satisfies d(f(zy), f(z)f(y)) < c for all x,y € G, then there exists an unique
homomorphism h : Gy — Gy with d(f(z), h(x)) < § for all x € G17”

In the next year, Hyers [8] gave a partial solution of Ulam’s problem for the case of
approximate additive mappings. Subsequently, his result was generalized by Aoki
([1]) for additive mappings and by Rassias [18] for linear mappings to consider the
stability problem with unbounded Cauchy differences. During the last decades, the
stability problem of functional equations have been extensively investigated by a
number of mathematicians ([3], [4], [5], [7], and [16]).

Katsaras [11] defined a fuzzy norm on a vector space to construct a fuzzy vector
topological structure on the space. Later, some mathematicians have defined fuzzy
norms on a vector space in different points of view. In particular, Bag and Samanta
[2] gave an idea of fuzzy norm in such a manner that the corresponding fuzzy metric
is of Kramosil and Michalek type [13]. In this paper, we use the definition of fuzzy
normed spaces given in [2],[14], [15].

Definition 1.1. Let X be a real vector space. A function N : X x R — [0, 1] is
called a fuzzy norm on X if for any x,y € X and any s,t € R,
(N1) N(z,t) =0 for t <0;
(N2) z =0 if and only if N(z,¢) =1 for all t > 0;
(N3) N(cx,t) = N(z, ﬁ) if ¢ # 05
(N4) N(z +y,s+t) > min{N(z,s), N(y,t)};
(N5) N(z,-) is a nondecreasing function of R and lim;_, o N(z,t) = 1;
(N6) for any = # 0, N(z,-) is continuous on R.
In this case, the pair (X, N) is called a fuzzy normed space.

2010 Mathematics Subject Classification. 39B52, 46540.
Key words and phrases. fuzzy normed space, cubic functional equation.
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Let (X, N) be a fuzzy normed space. (i) A sequence {x,} in X is said to be
convergent in (X, N) if there exists an = € X such that lim,_,oo N(z, — 2,t) =1
for all ¢ > 0. In this case, x is called the limit of the sequence {x,} in X and
one denotes it by N —lim,, o0 2, = 2. (ii) A sequence {z,} in X is said to be
Cauchy in (X, N) if for any € > 0 and any ¢ > 0, there exists an m € N such that
N(zptp — Tp,t) >1— € for all n > m and all positive integer p.

It is well known that every convergent sequence in a fuzzy normed space is
Cauchy. A fuzzy normed space is said to be complete if each Cauchy sequence in it
is convergent and a complete fuzzy normed space is called a fuzzy Banach space.

For example, it is well known that for any normed space (X, || -||), the mapping
Nx : X x R — [0, 1], defined by

0, ift<0
Nx(l‘,t) =

t .
m, ift>0

is a fuzzy norm on X.

In 1996, Isac and Rassias [9] were the first to provide applications of stabil-
ity theory of functional equations for the proof of new fixed point theorems with
applications.

Theorem 1.2. [6] Let (X,d) be a complete generalized metric space and let J :
X — X be a strictly contractive mapping with some Lipschitz constant L with
0 < L < 1. Then for each given element x € X, either d(J"x, J" tx) = co for all
nonnegative integer n or there exists a positive integer ng such that

(1) d(J"z, J"z) < 00 for alln > ng ;

(2) the sequence {J™x} converges to a fized point y* of J ;

(3) y* is the unique fived point of J in the set Y = {y € X | d(J™x,y) < oo} and
(4)

y
1
4) dy,y") < 7= d(y, Jy) forally €Y.

In 2001, Rassias [19] introduced the following cubic functional equation

(1.1) fl@+2y) =3f(x+y) +3f(x) = f(x —y) —6f(y) =0
and the following cubic functional equations were investigated
(1.2) fRe+y)+ fQRr—y) =2f(z +y) +2f(x —y) + 12f(2)

in ([10]). Every solution of a cubic functional equation is called a cubic mapping
and Kim and Han [12] investigated the following cubic functional equation

fl@+2y) =3f(x+y)+3f(x) - flz—y) —6f(y)
+E[f(mz +y) + f(mz —y) —m[f(z+y) + f(x —y)] = 2(m* —m)f(z)] =0
for some rational number m and some real number k& and proved the stability for
it in fuzzy normed spaces.

In this paper, we investigate the following functional equation which is added a
term by Gy to (1.1)

fle+2y) =3f (@ +y) +3f(x) - f(e —y) —6f(y) + G¢(z,y) =0,
where G is a functional operator depending on functions f. The definition of G
is given in section 2 and prove the stability for it in fuzzy normed spaces.
Throughout this paper, we assume that X is a linear space, (Y, N) is a fuzzy
Banach space, and (Z, N') is a fuzzy normed space.
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2. CUBIC FUNCTIONAL EQUATIONS WITH EXTRA TERMS
For given | € N and any ¢ € {1,2,---,{}, let 0, : X x X — X be a binary
operation such that
oi(re,ry) =roi(z,y)
for all z,y € X and all r € R. It is clear that 0;(0,0) = 0.

Also let F:Y! — Y be a linear, continuous function. For a map f: X — Y,
define

Gf(l‘,y) = F(f(al(x,y))7f(02(x,y)), T f(al(x,y)))

Now consider the functional equation

(2.1) fle+2y) =3f(@+y)+3f(x) - flz —y) —6f(y) + Gs(z,y) =0
with the functional operator G'.

Theorem 2.1. Suppose that the mapping f : X — Y is a solution of (2.1) with
f(0) =0. Then f is cubic if and only if f(2z) = 8f(x) and G;(y,x) = G¢(y, —x)
forallz,y € X.

Proof. Suppose that f(2z) = 8f(z) and G(y,x) = Gs(y, —=z) for all z,y € X.
Interchanging x and y in (2.1) , we have

(2.2) fQx+y) =3f(x+y)+3f(y) — fly—2) —6f(x) + Gf(y,z) = 0.
for all z,y € X and letting = —z in (2.2) , we have
(23) f(=2x+y)=3f(-x+y)+3f(y) — fle+y) - 6f(—z) + Gy, —2) = 0.
for all z,y € X. By (2.2) and (2.3), we have
(24) f@2z+y)— f(—22+y) —2f(z +y) +2f(y —z) —6f(2) +6f(—x) =0.
for all z,y € X, because G(y,z) = G(y, —z). Letting y = = in (2.4), we have
(2.5) f(8z) —22f(x) +5f(—x) = 0.
for all z € X and letting y = 2z in (2.4), by (2.5), we have

f(dx) —2f(3z) — 4f(z) + 6(—x) = 16f(x) + 16 f(—z) = 0.
for all x € X, because f(2x) = 8f(z). Hence f is odd and by (2.2) and (2.3), f

satisfies (1.2). Thus f is a cubic mapping. The converse is trivial. O

3. THE GENERALIZED HYERS-ULAM STABILITY FOR (2.1)

In this section, we prove the generalized Hyers-Ulam stability of (2.1) in fuzzy
normed spaces. For any mapping f : X — Y, we define the difference operator
Df:X?—Y by

Df(x,y) = f(z+2y) = 3f(x +y) + 3f(x) — f(x —y) — 6f(y) + Gy(2,y)
for all z,y € X.

Theorem 3.1. Let ¢ : X2 — Z be a function such that there is a real number L
satisfying 0 < L < 1 and

(3.1) N'(¢(2z,2y),t) > N'(8Lp(x,y), 1)

forallx,y € X and allt > 0. Let f: X — Y be a mapping such that f(0) =0
and

(32) N(Df(z,y),t) > N'(¢(z,y),t)
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forallz,y € X and allt >0 and
(33) N(f(Qx) - 8f($),t) Z min{N/(ad)(x’O)at)7N/(b¢(07x)at)a NI(Cd)(;L', 7’1:),t)}

forallx € X, allt > 0 and some nonnegative real numbers a,b, c. Further, assume
that if g satisfies (2.1), then g is a cubic mapping. Then there exists an unique
cubic mapping C : X — Y such that

(3.4)
> min{N’(ad)(x, 0)7 t)a N/(b¢(07 1’), t)) N’(Cd)([ﬁ, —J?), t)}

forallx € X and allt > 0.

Proof. Let ¢(z,t) = min{N'(a¢(z,0),t), N'(b¢(0,z),t), N'(cd(x, —z),t)}. Con-
sider the set S = {g | g : X — Y} and the generalized metric d on S defined
by

d(g,h) = inf{c € [0,00) | N(g(z) — h(z),ct) > (x,t), Vo € X, Vi > 0}.

Then (S,d) is a complete metric space(see [17]). Define a mapping J : S — S by

Jg(z) = 273g(2x) for all x € X and all g € S. Let g,h € S and d(g,h) < ¢ for
some ¢ € [0,00). Then by (3.1), we have

N(Jg(z) — Jh(zx),cLt) > N(273(g(2x) — h(2x)), cLt) > 1(x, 1)
for all z € X and all ¢ > 0. Hence we have d(Jg, Jh) < Ld(g,h) for any g,h € S

and so J is a strictly contractive mapping. By (3.3), d(f,Jf) < % < oo and by

Theorem 1.2, there exists a mapping C': X — Y which is a fixed point of J such
that d(J"f,C) — 0 as n — co. Moreover, C(z) = N — lim,,_,, 273" f(2"x) for all
x € X and d(f,C) < ﬁ and hence we have (3.4).

Replacing z, y, and t by 2"z, 2"y, and 23"t in (3.2), respectively, we have
N(Dy(2",2"y),2°"t) > N'(6(2"2,2"y), 2°"t) > N'(L"¢(w, ), 1)
for all x,y € X and all ¢t > 0. Letting n — oo in the last inequality, we have
C(x +2y)—3C(zx+y)+3C(x) — C(x —y) —6C(y) + Go(z,y) =0

for all z,y € X and thus C is a cubic mapping.
Now, we show the uniqueness of C. Let Cy : X — Y be another cubic mapping
with (3.4). Then Cj is a fixed ponit of J in S and by (3.4), we get

L
d(Jf,Co) <d(Jf,JC) < Ld(f,Cp) < 81-1) <0

and by (3) of Theorem 1.2, we have C' = Cj. O
Similar to Theorem 3.1, we can also have the following theorem.

Theorem 3.2. Let ¢ : X2 — Z be a function such that there is a real number L
satisfying 0 < L < 1 and

(35) N9l y),1) > N (o2, 29) 1)

forallz,y € X and allt > 0. Let f : X — Y be a mapping satisfying f(0) =0,
(3.2), and (3.3). Further, assume that if g satisfies (2.1), then g is a cubic mapping.
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Then there exists an unique cubic mapping C : X — Y such that the inequality

N(f@) - ) gr5t)
> min{N'(a¢(x,0),t), N'(bp(0,z),t), N'(c(z, —x),t)}
forallz € X and all t > 0.

Proof. Let t(x,t) = min{N’(a¢p(x,0),t), N'(bs(0,z),t), N'(c(x,—x),t)}. Con-
sider the set S = {g | g : X — Y} and the generalized metric d on S defined
by

d(g,h) =inf{c € [0,00) | N(g(z) — h(z),ct) > (x,t), Yo € X, Vt > 0}.

(3.6)

Then (S, d) is a complete metric space(see [17]). Define a mapping J : S — S by
Jg(x) = 8g(271z) for all € X and all g € S. Let g,h € S and d(g,h) < ¢ for
some ¢ € [0,00). Then by (3.2) and (3.5), we have

N(Jg(z) — Jh(z),cLt) > N(8(g(27 x) — h(27'2)), cLt) > (1)

for all z € X and all t > 0. Hence we have d(Jg, Jh) < Ld(g,h) for any g,h € S
and so J is a strictly contractive mapping. By (3.3), we get

(3.7) N () - 870 72), 1) 2 v (27w, £) 2 p(e)

for all € X and all ¢ > 0. Hence d(f,Jf) < % < oo and by Theorem 1.2, there
exists a mapping C' : X — Y which is a fixed point of J such that d(J"f,C) — 0
as n — 00. Moreover, C(z) = N —lim,, o 237 f(27"2) for all z € X and d(f,C) <
8(15 ) and hence we have (3.6). The rest of the proof is similar to that of Theorem

3.1. ]

Using Theorem 3.1 and Theorem 3.2, we have the following corollaries.

Corollary 3.3. Let ¢ : X2 — Z be a function with (5.1). Let f : X — Y be
a mapping such that f(0) = 0 and (5.2). Further, assume that if g satisfies (2.1),
then g is a cubic mapping and that

N(Gf(()? 517)7 t) > min{N/(a1¢(x, 0)7 t)v Nl(a2¢(07 1.)7 t)v N/(a3¢(1.7 —.’E), t)}v

(3.8) N(Gy(z,—x),t) > min{N'(b1¢(z,0),t), N'(b29(0, x), t), N' (bsd(z, —x), 1)}

for allx € X, allt > 0 and for some nonnegative real numbers a;,b;(i = 1,2,3).
Then there exists an unique cubic mapping C : X — Y such that

N(1(0) - 0@) 577 =55)
> min{N'(c1¢(z,0),t), N'(cap(0, ), t), N'(c3p(z, —x),t)}

for all x € X and all t > 0, where ¢; = max{ai,b1}, co = max{l,aq,b2}, and
c3 = max{1,as,bs}.

(3.9)

Proof. Setting x =0 and y = z in (3.2), we have

(3.10) N(f(2x) = 9f(z) = f(=z) + G(0,2), 1) = N'(¢(0, ), 1)
for all x € X and all ¢ > 0. Setting y = —x in (3.2), we have
(3.11) N@Bf(z) = 5f(—x) = f(22) + Gy(w, —x), 1) = N'($(x, —x),1)
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for all z € X and all ¢t > 0. Hence by (3.10) and (3.11), we get
N(6f(x) +6f(—=) — G1(0,2) — Grlw, ), 20

> min{N'(¢(0, z), ), N'(¢(z, —), 1)}

for all x € X and all t > 0. Thus by (3.8), (3.10), and (3.12), we get

N(f(2r) - 8f(2), 1)
5

= min { N(f(20) ~ 97(x) ~ (=) + G5(0,2),0), N (2G5(0,2), 21),

N(f(x) + f(=2) - éGf(omc) - %Gf(x, —x), %t),N(%Gf(% —2), ét)}
2 min{N’(Cl(é(x? O)a t)7 N/(CQ¢(O, Ji), t), N’(C3¢(JZ’ —aj)7 t)}

for all z € X and all ¢ > 0. By Theorem 3.1, there exists an unique cubic mapping
C: X — Y with (3.9). O

Corollary 3.4. Let ¢ : X2 — Z be a function with (3.5). Let f : X — Y be
a mapping satisfying f(0) = 0 and (3.2). Further, assume that if g satisfies (2.1),
then g is a cubic mapping and that (3.8) hold. Then there exists an unique cubic
mapping C : X — Y such that the inequality

N(f(@) - C). ﬁt)

= min{N/(Cl(rb(xa O)a t)v N/(CQ¢(07 x)ﬂ t)a NI(03¢(SC, 71‘)7 t)}

holds for all x € X and all t > 0, where ¢; = max{ay,b1}, co = max{1,as, b2}, and
c3 = max{1,as, b3}.

Proof. By (?7), we get

N(f(:r) —8f(2 1), %t) > ¢(2—1x, ét)

> min{N/(Cl¢(x7 O)’ t)7 N/(CQ(b(Oa ZE), t)v N’(C3¢($, —1‘), t)}

for all z € X and all ¢ > 0. By Theorem 3.2, there exists an unique cubic mapping
C: X — Y with (3.13). O

(3.12)

(3.13)

From now on, we consider the following functional equation

f(x+2y) =3f(z+y)+3f(x) — flz —y) —6f(y)
+E[f2r+y) + f2r —y) - 2f(z +y) — 2f(z —y) — 12f(x)] =0
for some positive real number k.

Lemma 3.5. [12] A mapping [ : X — Y satisfies (3.14) if and only if f is a
cubic mapping.

(3.14)

Using Theorem 2.1, Theorem 3.1, and Theorem 3.2, we have the following ex-
ample.
Example 3.6. Let f : X — Y be a mapping such that f(0) =0 and
(3.15)

N(f(z+2y) =3f(x+y) +3f(2) — flx —y) —6f(y) + k[f(2z +y) + f(2z —y)

t
— 2wty —2f@—y) =120 @0 2 T T T
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for all z,y € X, all t > 0 and some positive real numbers k,p with p # % Then
there exists an unique cubic mapping C : X — Y such that

2k|8 — 22|t
1 N — >

for all z € X.

Proof. Let Gy(x,y) = k[f 2z +y)+ f(2e—y) - 2f (x +y) - 2f(x —y) — 12f(2)] and
o(x,y) = |z + Iyl + [« |**[[y||P. Then Gy (y,z) = G(y, —x) for all 2,y € X
and f satisfies (3.2). Letting y = 0 in (3.15), we have

N(f(2r) ~ 87(@).1) > N'(5-6(r,0),1)

for all x € X and all ¢ > 0, where
0, ift <0
Nty =4y .~
W’ lft>0

for all » € R. By Theorem 3.1, and Theorem 3.2, there exists an unique mapping
C:X — Y with (2.1) and (3.16). Since G(y,z) = Gy(y, —z) for all z,y € X ,
Ge(y,z) = Go(y, —x) for all z,y € X and letting y = 0 in Do (z,y) = 0, we have
C(2z) = 8C(x) for all x € X. By Theorem 2.1, we have the result. O

We can use Corollary 3.3 and Corollary 3.4 to get a classical result in the frame-
work of normed spaces. As an example of ¢(z,y) in Corollary 3.3 and Corollary
3.4, we can take ¢(z,y) = e(||z||P|lyl|” +||z||*” + ||y||*). Then we can formulate the
following example.

Example 3.7. Let X be a normed space and Y a Banach space. Suppose that if
g satisfies (2.1), then g is a cubic mapping. Let f : X — Y be a mapping such
that f(0) =0 and

(3.17) IDf (@)l < e(ll|Pllyl” + =% + [ly[I*?)
.. . 3
for all #,y € X and a fixed positive real numbers p, e with p # 5. Suppose that
IG£(0, )| < emax{ay, az, as}|z]|*?, [|G¢(x, —2)|| < emax{by, bz, bs}l|[|*?

for all x € X, all ¢ > 0 and for some nonnegative real numbers a;, b;(i = 1,2, 3).
Then there is an unique cubic mapping C : X — Y such that

Te
1f(z) = C(a)|| < mmax{?”ahaz,3113751717273173}”51”“21)
for all z € X.

Proof. Define a fuzzy norm N’ on R by

L ift>0
NR(m’t):{éﬂl ift<0

for all z € R and all ¢ > 0. Similary we can define a fuzzy norm Ny on Y. Then
(Y, Ny) is a fuzzy Banach space. Let ¢(x,y) = e(||z||?||y||” + ||z]|*” + ||y||*"). Then
by definitions Ny and N’, the following inequality holds :

Ny (Df(x,y),t) = Nr((z,y),t)
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for all z,y € X and all t > 0. By Corollary 3.3 and Corollary 3.4, we have the
result. ([
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DRYGAS FUNCTIONAL EQUATIONS WITH EXTRA TERMS
AND ITS STABILITY

YOUNG JU JEON AND CHANG IL KIM*

ABSTRACT. In this paper, we consider the generalized Hyers-Ulam stability
for the following functional equation with an extra term G

flx+y)+ flz—y) +Gy(z,y) =2f(z) + f(y) + f(~y),

where Gy is a functional operator of f.

1. INTRODUCTION AND PRELIMINARIES

In 1940, Ulam [12] proposed the following stability problem :

“Let GG1 be a group and G5 a metric group with the metric d. Given a constant
0 > 0, does there exist a constant ¢ > 0 such that if a mapping f : Gi —
G4 satisfies d(f(zy), f(z)f(y)) < c for all x,y € G, then there exists an unique
homomorphism h : Gy — G2 with d(f(z), h(x)) < § for all x € G17”

In 1941, Hyers [6] answered this problem under the assumption that the groups are
Banach spaces. Aoki [1] and Rassias [11] generalized the result of Hyers. Rassias
[11] solved the generalized Hyers-Ulam stability of the functional inequality

1f (@ +y) = flz) = FI < ez + llyl”)

for some € > 0 and p with p < 1 and for all z,y € X, where f: X — Y is a
function between Banach spaces. The paper of Rassias [11] has provided a lot of
influence in the development of what we call the generalized Hyers-Ulam stability
or Hyers-Ulam-Rassias stability of functional equations. A generalization of the
Rassias theorem was obtained by Gavruta [5] by replacing the unbounded Cauchy
difference by a general control function in the spirit of Rassis approach.

The functional equation

(1.1) flx+y)+ flz—y) =2f(x) +2f(y)

is called @ quadratic functional equation and a solution of a quadratic functional
equation is called quadratic. A generalized Hyers-Ulam stability problem for the
quadratic functional equation was proved by Skof [10] for mappings f : X — Y,
where X is a normed space and Y is a Banach space. Cholewa [2] noticed that
the theorem of Skof is still true if the relevant domain X is replaced by an Abelian
group. Czerwik [3] proved the generalized Hyers-Ulam stability for the quadratic
functional equation and Park [9] proved the generalized Hyers-Ulam stability of the
quadratic functional eqution in Banach modules over a C*-algebra.

2010 Mathematics Subject Classification. 39B52, 39B82.
Key words and phrases. Hyers-Ulam Stability, Banach Space.
* Corresponding author.
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In this paper, we are interested in what kind of terms can be added to the Drygas
functional equation [4]

fle+y)+fl@—y) =2f(z)+ fy) + f(=y)

while the generalized Hyers-Ulam stability still holds for the new functional equa-
tion. We denote the added term by G (z,y) which can be regarded as a functional
operator depending on the variables x, y, and functions f. Then the new functional
equation can be written as

(1.2) fe+y)+ f(x—y)+ Gz, y) =2f(x) + f(y) + f(~y).

In fact, the functional operator G ¢(x,y) was introduced and considered in the cases
of additive, quadratic functional equations with somewhat different point of view
by the authors([7], [8]).

2. SOLUTIONS OF 1.2 AS ADDITIVE-QUADRATIC MAPPINGS

Let X and Y be normed spacese. For given [ € N and any i € {1,2,---,1}, let
g; : X Xx X — X be a binary operation such that
0 (T.’E, Ty) =T0; (.’E, y)
for all z,y € X and all r € R. It is clear that 0;(0,0) = 0. Also let F: Y! — Y
be a linear, continuous function. For a map f : X — Y, define
Gy(x,y) = F(f(o1(z,y)), flo2(2,y)), - - -, fo(2,9))).
From now on, for any mapping f : X — Y, we deonte
fl@) — f(=x f(@) + f(=x
iy = LI ) S+ S
First, we consider the following functional equation

af(z+y) +bf(x —y)—cfly— =)
=(a+b)f(z) —cf(—z) + (a =) f(y) + bf(~y)

for fixed real numbers a,b,c with a = b — ¢ and a # 0. We can easily show the
following lemma.

(2.1)

Lemma 2.1. Let f: X — Y be a mapping. Then f satisfies (2.1) if and only if
f is an additive-quadratic mapping.

Definition 2.2. The functional operator G is called additive-quadratic if whenever
Gp(z,y) =0 for all z,y € X, h is an additive-quadratic mapping.

Lemma 2.3. Let f : X — Y be a mapping satisfying (1.2) and G additve-
quadratic. Then the following are equivalent :

(1) f is additive-quadratic,

(2) the following equality

holds for all x, y € X, and

(3) there exist real numbers b, ¢ such that b # ¢ and

(2.3) bG¢(x,y) = cGyf(y, )
holds for all x, y € X.
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Proof. (1) (=) (2) (=) (3) are trivial.

(3) (=) (1) By (2.2), we have f(0) = 0 and by (1.2), we have

Gy(z,y) =2f(z) + f(y) + f(=y) = f(z +y) = f(x —y), and

Grly, ) =2f(y) + f(x) + f(-2) = fle+y) - fly— =)
for all z, y € X. Hence by (2.3), we have
(b+c)f(z+y)+bf(z—y) —cf(y—z) = (2b+c) f(z) +cf (—x)+ (b+20) f(y) +bf (—y)
for all z, y € X and by Lemma 2.1, we have that f is additive-quadratic. O

3. THE GENERALIZED HYERS-ULAM STABILITY OF (1.2)

In this section, we deal with the generalized Hyers-Ulam stability of (1.2).
Throughout this paper, assume that G is additive-quadratic and the following in-
equalities hold

t
|G (@, 2)]| < [GR(0, )] + ) il [Gr (85, 0)|| if h: odd,
(3.1) i =1 .
Gz, 2)| <D IpilllGR(0, csz) || + ) lasll|Gr(Aiz, 0)[| if B even

i=1 i=1
for some r,s,t € NU {0}, some real numbers p;, a;, b;, a;, A;, and ¢; and for all
rzeX.

Theorem 3.1. Let ¢ : X? — [0,00) be a function such that
(3.2) > 272", 2My) < o0
n=0

forallz,ye X. Let f : X — Y be an odd mapping such that

(3-3) [z +y) + [z —y) + Gy, y) = 2f(2)]| < o(2,y).

for all x;y € X. Then there exists an odd mapping A : X — X such that A
satisfies (1.2) and

(34) A@) — f@)] < 3277 (2", 2"2) + 9(0,2"2) + Y [bil6(2"8iz,0)] -
n=0 i=1

forallz € X. Further, if Gy satisfies (2.2), then A : X — X is an unique additive
mapping with (3.4).

Proof. By (3.3), we have

1G¢(z,0)]| < ¢(,0), [[G£(0,2)]| < (0, )
for all z,y € X. Setting y = x in (3.3), we have
(3.5) 1f(22) + Gz, x) = 2f(2)]| < p(x, x)

for all x € X. Hence by (3.1) and (3.5), we have
¢

(36)  17(@) ~ 27 0l < 27 6w 2) + 6(0,2) + 3 bilo(5ie, 0)

i=1
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for all z € X. By (3.6), we have

[f(z) —27"f(2")|
n—1 t

<Y okt [¢(2’€x, 2%2) + ¢(0,252) + > [bil$(2* 8, 0)
k=0

i=1

for all z € X and all n € N. For m,n € NU {0} with 0 <m < n,

277 f2" ) — 27" f(2")|
—9—m oM 27(n7m) gn—m om
37) > (2" ) fFer( JL‘))|t|
<Y okt [(b(Qkx, 24) + §(0,252) + 3 |bil6(246:2,0)
k=m

i=1
for all z € X. By (3.2) and (3.7), {27"f(2"z)} is a Cauchy sequence in Y and
since Y is a Banach space, there exists a mapping A : X — Y such that A(xz) =
lim,, 00 27" f(2™x) for all z € X. By (3.7), we have (3.4).
Replacing = and y by 2"z and 2™y in (3.3), respectively and deviding (3.3) by
2™ we have
127"[f "z +y) + f2"(x —y)) + G5 (2"2,2"y) — 2f(2"2)]|| < 27"p(2"x, 2"y)

for all z,y € X and letting n — oo, we can show that A satisfies (1.2). Since f is
odd, A is odd.

Suppose that G satisfies (2.2). Then clearly, we can show that G 4 satisfies (2.2)
and hence by Lemma 2.3, A is an additive-quadratic mapping. Since A is odd, A
is an additive mapping.

Now, we show the uniqueness of A. Let £ : X — Y be an additive mapping
with (3.4). Since A and E are additive,

[A(z) - E(2)]| = |A(2"z) - E(2"2)|
<ok i 27 6270, 2") + 6(0,2") + S (bl 6(275:, 0)
n=0 i=1

for all z € X and all k € N. Hence, letting k — oo, by (3.2), we have A=FE. O

Similar to Theorem 3.1, we have the following theorem.

Theorem 3.2. Let ¢ : X? — [0,00) be a function such that
(3.8) D22 ", 27 y) < oo

forallx,y € X. Let f : X — Y be an odd mapping satisfying (3.3). Then there
exists an odd mapping A : X — X such that A satisfies (1.2) and

(3.9) 1A« |<Z2"1[ "w)+ (0,27 +Z\b\¢ 6,0)

for allz € X. Further, if Gy satisfies (2.2), then A : X — X is an unique additive
mapping with (3.9)
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Proof. By (3.3), we have

1G¢(2,0)[| < &(2,0), [|G£(0,2)| < ¢(0,z)
for all 2,y € X. Setting y = 2 =  in (3.5), we have

(3.10) Hf(x)+Gf<§>g) _Qf@)H S(‘S(gg)

for all z € X. Hence by (3.1), (3.3), and (3.10), we have

(3.11) Hf —2f( )H<¢xﬂc + (0, ) +Z|b|¢5fc0)

for all z € X. By (3.11), we have

() = 2" f(2” ||<Zz’f[ (272, 27%2) + 90,27 +Z\b|¢> “5;2,0)]

forall z € X and all n € N. For m,n € NU{0} with 0 <m < n,

27 f(27 ") — 2" f (27 ") |

— 9m —ma) (n—m) —(n—m) —mg
(3.12) 27|27 ) = 2T S (2 @ ")l

n—1 t
<Y 2 [¢(2—kx, 27k ) + ¢(0,27%2) + 3 [bil¢(2F 8, 0)]
k=m

i=1

for all x € X. By (3.12), {2" f(27™x)} is a Cauchy sequence in Y. The rest of proof
is similar to Theorem 3.1. g

Theorem 3.3. Let ¢ : X? — [0,00) be a function such that

(oo}
(3.13) > 27g(2me, 2My) < oo
n=0

forallz,ye X. Let f : X — Y be an even mapping such that

(3.14) [f(z+y)+ fl@—y)+ Gz, y) = 2f(x) = 2f ()| < d(=,y).

for all x,y € X. Then there exists an even mapping Q : X — X such that
(3.15)

[Q(x )| < 22_% 2{ (2"z,2"z)+ Y |pilo(0, 2" aix) + |ai\¢(2n)\i$,0)]

=1 i=1

for all x € X. Further, if Gy satisfies (2.2), then Q : X — Y is an unique
quadratic mapping with (3.15)

Proof. Setting y = z in (3.14), we have
122 () = f(22) + Gy (z,2)|| < é(z,2)
for all x € X and by (3.14), we have
1G¢(z,0)]] < ¢(x,0), [[G£(0,2) < ¢(0,)
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for all z € X. Since f is even, letting y = x in (3.14), by (3.1), we have

() =272 (20)
<2726, x) + Gy (o,2)]

<272 (@, @) + > [pil |G (0, i) || + D laa |Gy (N, O)H]
) i=1 i=1

<272 [o(2,2) + Y il (0. a5) + D lailo (N, 0)]
) i=1 i=1
for all x € X. Hence we have
1 f(x) — 272" f(2")]|
n—1 r S
< 322 [p(25, 250) + 3 Iilo (0,25 ai) + 3 lailo (2" e, 0)]
k=0

=1 i=1

(3.16)

for all z € X and all n € N. For m,n € NU {0} with 0 <m < n, by (3.16)
22 f(2ma) — 272 f(2a) |
= 27 () — 272 ()|

n—1
<Y 2 [¢ z,2%z) —|—Z|pl|¢ (0, 2%a;z +Z|az\¢ (2% Nz 0)}
k=m

i=1 =

(3.17)

for all z € X. By (3.17), {2727 f(2"x)} is a Cauchy sequence in Y. The rest of
proof is similar to Theorem 3.1. O

Theorem 3.4. Let ¢ : X? — [0,00) be a function such that
oo
(3.18) D 2mg(27 e, 27 y) < oo

forallz,y € X. Let f : X — Y be an even mapping satisfying (3.14). Then there
exists an even mapping Q : X — X such that
(3.19)

Q@) —f (@)l < Z 221 6(27"2, 27" 2)+ Y Ipil(0,2 ")+ D lail6(2 " Az, 0)]
=1

=1

for all x € X. Further, if Gy satisfies (2.2), then Q : X — Y is an unique
quadratic mapping with (3.19)

Proof. Setting y = = £ in (3.14), we have

H22f(§) s@)+65(5.3)| < 0(5:3)
for all z € X. By (3.14), we have

|G (2, 0)] < ¢(,0), [|G(0,z)] < (0,)
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for all z € X and so, we have

() - o] <o(52) o5 7)
<o3:3) S mllosad)] - S50

<o(5, )+Z|pz|¢(o o) + Z|az|¢( i5:0)

for all z € X. Similar to Theorem 3.1, we have the result. (Il

Theorem 3.5. Let ¢ : X2 — [0,00) be a function with (3.2). Let f : X — Y
be a mapping with (3.8). Then there exists a mapping F : X — X such that F
satisfies (1.2) and

[1E(x) = f(2)]]

<3022 g (20, 2%) + Y Ipiln(0.272) + 3 farlér (02", 0)]
(3.20) n—=0 i=1 i=1

oo t
+y 2! [¢1(2"w, 272) + $1(0,272) + Y |bil 1 (8:2"x, 0)}
n=0 i=1
for all x € X, where ¢1(x,y) = [(;S(z y) + o(—x y)} Further, if Gy satisfies
(2.2), then F : X — X is an unique addztwe—quadmtzc mapping with (3.20)
Proof. By (3.3), we have

(3.21) [fe(z +y) + fe(z —y) + Gr. (2, y) = 2fc(x) = 2fe(y)]| < d1(2,y)

for all x,y € X. By Theorem 3.3, there exists an even mapping @ : X — Y such
that Q(z) = lim,, ;o 272" f,(2"x) for all 2 € X,

(3.22) Qlz +y)+ Qz —y) + Golz,y) = 2Q(x) +2Q(y)
for all z,y € X, and
1Q(z) = fe(x)]]
323 < 22—2n 2[ 2n$ on +Z|pl|¢1 2"601‘96)+Z\ai|¢1(2n)\i$,0)}
i=1

for all z € X. Similarly, there exists an odd mapping A : X — Y such that
Az) = lim, 00 27" f,(2"x) for all z € X,

(3.24) Alz+y)+ Az —y) + Galz,y) —2A(x) =
for all z,y € X, and
t
(3.25) ||A(z)—fo ()] < Z g—n-1 [¢1 ", 27) +61(0,2"2)+ Y [bil e (28, 0)
i=1
for all x € X.

Let FF = Q+A. Since Q is even and A is odd, 2Q(y) = F(y)+F(—y) and by (3.22)
and (3.24), F satisfies (1.2). Since ||F(z)— f(z)| < |Q(z) — fe(z) ||+ ||A(z) — fo(2)],
by (3.23) and (3.25), we have (3.20).
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Suppose that Gy satisfies (2.2). Then clearly, we can show that Gp satisfies
(2.2) and hence by Lemma 2.3, F' is an additive-quadratic mapping. The proof of
the uniqueness of F' is similar to Theorem 3.1. (]

Theorem 3.6. Let ¢ : X? — [0,00) be a function such that
> 2mg(27"x,27My) < oo
=0

forall xz,y € X. Let f : X — Y be a mapping with (3.3). Then there exist a
mapping F : X — X such that

(3.26)
£ () = f(2)]l
< Z 92n—2 [¢1 (2_nl‘7 2_”30) + Z |pi\¢1 (0, 2_":5) + Z \ai|¢1 ()\i2_n$, O):|
n=0 =1 =1

o t
302 012727 ) + 60(0,270) + Y [bilen (627", 0)|
n=0 =1

for all x € X, where ¢1(z,y) = [¢($ y) + ¢(—=x y)} Further, if Gy satisfies
(2.2), then F : X — X is an unique addztwe—quadmtzc mapping with (3.26).

4. APPLICAIONS

In this section, we illustrate how the theorems in section 3 work well for the
generalized Hyers-Ulam stability of various additive-quadratic functional equations.

As examples of ¢(z,y) in Theorem 3.5 and Theorem 3.6, we can take ¢(z,y) =
e(||lz||Plly|IP + |z||** + ||ly||?P). Then we can formulate the following theorem :

Theorem 4.1. Assume that all of the conditions in Theorem 3.1 hold and Gy
satisfies (2.2). Let p be a real number with 0 < p < %,1 <p. Let f: X —Y bea
mapping such that
(4.1)
1f (@+y)+ f(x—y)=2f (@)= f ()~ F (=) +Cs(a, )| < e(llelPlyllP+[l]* +[l]*)
forallz,y € X. Then there exists an unique additive-quadratic mapping F : X —
Y such that

1(z), f0<p<3

|F () - (){ o 1

for all x € X, where

Ui(@) = 34+ D Ipil + D lasllnil | = 2l + [4+Z|b|\6|2p] el
=1 1=1
and
p—1,
[3+Z|pz|+2|al||x|2p}4f ol + [4+Z|b||6|2p}4p Nl
i=1

Lemma 4.2. Let G be the operator defined by

Gilz,y) =fQRx+y) — fle+2y) + fla —y) — fly —x) = 3f(x) +3f(y)
for all mapping f: X — Y. Then G is additive-quadratic.
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Proof. Suppose that Gy(z,y) =0 for all z,y € X. Then we have
(4.2) fQRz+y)— flz+2y)+ f(z—y) — fly—2) = 3f(z) +3f(y) = 0.

and so we have

(4.3) fe(2z +y) — fe(x +2y) = 3fe(x) +3fe(y) =0
for all z,y € X and letting y = y — z in (4.3), we have

(44) fe(x"I'y)_fe(m_zy)_3fe(m)+3fe(x_y>:0
for all z,y € X. Letting y = —y in (4.4), we have

(45) fe(x—y)—fe(a?+2y)—3fe(a:)+3fe(x+y)=0

for all z,y € X. By (4.4) and (4.5), we have

fe(x+2y)+fe(x_2y)_2fe($) _gfe(y)_4[fe(x+y)+fe(x_y) _2fe(x)_2fe(y)] =0
for all z,y € X and so f. is quadratic.
Since f, is an odd mapping, by (4.2), we have

(46) fo(2l’ + y) - fo(‘r + 2y) + 2.100(5[j - y) - 3fo(w) + 3f0(y) =0
for all z,y € X and letting y = —x — y in (4.6), we have

(47) fo(‘r - y) + fo(x + 2y) + 2fo(2$ + y) - 3fo(x) - 3fo(x + y) =0
for all x,y € X. By (4.6) and (4.7), we have

(4.8) foQr +y) + folz —y) = 2fo(z) + foly) — folz +y) =0

for all z,y € X and letting y = —y in (4.10), we have

(49) fo(Qm - y) + fo(x + y) - 2fo(x) - fo(y) - fo(x - y) =0

for all x,y € X. By (4.10) and (4.9), we have

(4.10) fo2x +y) + fo(22 —y) —4fo(x) =0

for all z,y € X and hence f, is additive. Thus f is an additive-quadratic mapping.

O
By Lemma 2.3, Theorem 4.1, and Lemma 4.2, we have the following theorem :

Theorem 4.3. Let f: X — Y be a mapping such that
If(@+2y) = fRz+y) + fl@e+y) + fly—2) + f(2) —4f(y) — F(=y)
< e(llz|Pllyll” + [l + ||

for all z,y € X and some a real number p with 0 < p < %, 1 < p. Then there exists
an unique additive-quadratic mapping F : X — 'Y such that

2+ |elal®, fo<p<)
1F(@) ~ )] <

3t 2 e, i1 <p

forallx € X.

Proof. For a mapping h: X — Y | let Gp(z,y) = h(2z +y) — h(z + 2y) + h(z —
y) — h(y — ) — 3h(x) + 3h(y). By Lemma 4.2, G is additive-quadratic and f,G
satisfly (4.1). Since G satisfies (2.2) in Lemma 2.3, by Theorem 4.1, we have the
result. ]
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Abstract

In this paper, we tend to apply the proposed modified Laplace Adomian decomposition
method that is the coupling of Laplace transform and Adomian decomposition method. The
modified Laplace Adomian decomposition method is applied to solve the Fredholm—Volterra
integro—differential equations of the second kind in the space Lyla,b]. The nonlinear term will
simply be handled with the help of Adomian polynomials. The Laplace decomposition technique
is found to be fast and correct. Several examples are tested and also the results of the study are
discussed. The obtained results expressly reveal the complete reliability, efficiency, and accuracy
of the proposed algorithmic rule for solving the Fredholm—Volterra integro—differential equations
and therefore will be extended to other problems of numerous nature.

Mathematics Subject Classification: 41A10, 45J05, 65R20.
Key-Words: Fredholm-Volterra Integro-Differential Equations; Adomian Decomposition Method;
Laplace Transform Method; Laplace Adomian Decomposition Method.

1. Introduction

Mathematical modeling of real-life problems usually results in functional equations, such
as differential, integral, and integro-differential equations. Many mathematical formulations
of physical phenomena reduced to integro-differential equations, like fluid dynamics, biological
models, chemical mechanics and contact problems, see [6,14,19].

Many problems from physics and engineering and alternative disciplines cause linear and
nonlinear integral equations. Now, for the solution of those equations several analytical and nu-
merical methods are introduced, however numerical methods are easier than analytical methods
and most of the time numerical methods are used to solve these equations we refer to [1,2,18].

Laplace Adomians decomposition method was first introduced by Suheil A. Khuri [16,17] and
has been with successfully used to find the solution of differential equations [20]. This method
generates a solution in the form of a series whose terms are determined by a recursive relation

using the Adomian polynomials.
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Most of the nonlinear integro-differential equations don’t have an exact analytic solution,
therefore approximation and numerical technique should be used, there are only a number of
techniques for the solution of integro-differential equations, since it’s relatively a new subject in
arithmetic.

The modified laplace decomposition technique has applied for solving some nonlinear or-
dinary, partial differential equations. Recently, the authors have used many methods for the
numerical or the analytical solution of linear and nonlinear Fredholm and Volterra integral and
integrodifferential equations of the second kind [8,9,11,12, 21].

In this paper, we consider the Fredholm—Volterra integro—differential equations of the sec-
ond kind with continuous kernels with respect to position. We applied Laplace transform and
Adomian polynomials to solve nonlinear Fredholm—Volterra integro—differential equations. Al-
Towaiq and Kasasbeh [7] have applied the modification of Laplace decomposition method to

solve linear interval Fredholm integro—differential equations of the form :

b
u'(z) = f(x) +/ k(x, t)u(t)dt; u(a) = a.

But in this paper, we will study the modification of Laplace Adomian decomposition method to

solve the nonlinear interval Fredholm—Volterra integro—differential equation of the form:

b u
¢(U+Q)=p(U)+>\/ k(u,v)ﬂ(v,¢(v))dv+>\/0 U(u,v)r(v,¢(v))dv; (¢ <<1), (1)

where ¢ is the Phase-Lag is positive, very small and assumed to be intrinsic properties of the
medium. The constant parameter A\ may be complex and has many physical meanings, the
function ¢(u) is unknown in the Banach space and continuous with their derivative with respect to
time in the space Lyla, b], where [a, b] is the domain of integration with respect to the position and
it’s called the potential function of the mixed integral equation. The kernels k(u,v), ¥ (u,v) are
positive and continuous in Ls[a, b] and the known function p(u) is continuous and its derivatives
with respect to position.

Using Taylor Expansion after neglecting the second derivative in the equation (1) we get,

U b u
o)+ 075 = p(w)+ 3 [ k(o o(o)do 4 A [ vl oo (@ <<, @)

with initial condition,
¢(a) = a. (3)
The equation (2) with initial condition (3) is called Integro-Differential Equation for the

Phase-Lag. The Integro-Differential Equation is a kind of functional equation that has associate

integral and derivatives of unknown function. These equations were named after the leading
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mathematicians who have first studied them such as Fredholm, Volterra. Fredholm and Volterra

equations are the most encountered types, see [10]. There is, formally only one difference be-

tween them, in the Fredholm equation the region of integration is fixed where in the Volterra

equation the region is variable. Integro-Differential Equations (IDEs) are given as a combination

of differential and integral equations.

2. Preliminaries

In this section, we give some definitions and properties of the Adomian polynomials and

Laplace transform.
2.1 Laplace transform

Definition 1. The Laplace transform of a function ¢(u);u > 0 is defined as

Lis(u)] = B(s) = /0 " e (u)du,

where s can be either real or complex.

Definition 2. Given two functions ¢ and v, we define, for any u > 0,

@x0)) = [ olo)(u—o)de,
0
the function ¢ * 1 is called the convolution of ¢ and .

Theorem 1. The convolution theorem

Lg * )(u) = Lig(u)] * L (u)].

Lemma 1. Laplace Transform of an Integral: If ®(s) = L[¢(u)] then

L Uou gb(v)dv} - q)is).

Theorem 2. The Laplace transform L|p(u)] of the derivatives are defined by

L[p"™ (w)] = s"Llp(u)] = " 1(0) = s"2¢/(0) — -+ = ¢""(0).
2.2 Adomians Decomposition method

Consider the general functional equation:

¢ =p+ Nigp + N9,
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where Np, Ny are a nonlinear operators, p is a known function, and we are seeking the solution
¢ satisfying (9). We assume that for every p , Eq. (9) has one and only one solution.

The Adomians technique consists of approximating the solution of (9) as an infinite series

n=0

and decomposing the nonlinear operators Ny, Ny as respectively

N1¢:ZAH7 NQQS:ZB?M (1]‘)
n=0 n=0
where A,,, B, are polynomials (called Adomian polynomials)of {¢q, ¢1,...,d,} [4,5] given by
1d [ ()]
L 1=0 42=0
1 dn =
n nl d\n 2 (;A ¢7,> )\_07 n 07 ) 4y

The proofs of the convergence of the series >~ ¢dn, > " A, and > - B, are given in [3,13].
Substituting (10) and (11) into (9) yields, we get

n=0 n=0 n=0

Thus, we can identify

¢0 =p,
¢n+1 :An(¢07 ¢17 v 7¢n) + Bn(¢07 (bla ey ¢n)7 n = 07 17 27 B

Thus all components of ¢ can be calculated once the A,, B, are given. We then define the

n-terms approximate to the solution ¢ by

n—1
Vgl =D ¢ Lwith lim U,[¢] = ¢.
=0

3. Description of the Method

The purpose of this section is to discuss the use of modified Laplace decomposition algo-
rithm for the Fredholm—Volterra integro—differential equation. Applying the Laplace transform
(denoted by L) on the both sides of the equation yield (2), we have

(] + ot | 5| <Lipt) + 3z | ko) o))

AL Uouw(u, U)l/(v,qﬁ(v))dv} ,
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using the differentiation property of Laplace transform (8) we get

Ll + asLiofw)] - 40(0) =L + AL | [k 0t 600

u (13)
+ AL [/0 Y(u, v)v(v, (ﬁ(v))dv} :
Thus, the given equation is equivalent to
2~ 920 | Lip(w)] A . o dlo)\d
gt = 240 4 Sy | [ ot o) »

A

bt | [t o s

The Adomian decomposition method and the Adomian polynomials can be used to handle
(14) and to address the nonlinear terms u(v, ¢(v)), v(v, ¢(v)). We first represent the linear term

¢(u) at the left side by an infinite series of components given by

¢(u) =Y dalu), (15)

where the components ¢,,;n > 0 will be determined recursively. However, the nonlinear terms
(v, d(v)),v(v,¢(v)) at the right side of Eq. (14) will be represented by an infinite series of the

Adomian polynomials A,,, B,, respectively in the form

(v, 0(0)) =Y An(v),  v(v,6(v) =Y Ba(v), (16)

where A,,, B,,;n > 0 are defined by

1d | ()]
An—ﬁw M(Z)\(m) )\707 n—0,1,2,...

1=0

1dn [ (]

=0 A=0

where the so-called Adomian polynomials A,,, B,, can be evaluated for all forms of nonlinearity
[22]. In other words, assuming that the nonlinear function is p(v, ¢(v)), v(v, ¢(v)), therefore the

Adomian polynomials are given by

Ay = (o), By =v(¢o),
Ay = ol (¢o), By = g1/ (¢o),
Ay = 0apl(60) + 500 (o), Ba = 6w/ (o) + 368 (0w)
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Substituting (15) and (16) into (14), we will get

. _q9(0)  Lip(u)] A ’ =
L [; ¢n(u)] = Atgs) + a+gs) + @ +qS)L [/a k(u,v)ZAn(v)dv]

\ ) N ° (17)
+ (1+qS)L[ : ¢(u,v>§0:Bn(v)dv] .
The Adomian decomposition method presents the recursive relation
Ligo(w)] = 7 (i(?s) f{[i(?s]) (1+A 0s) (18)
Ligs(u)] = (HAQS)L [/abk(u,v)Ao(v)dv] +ﬁL {/Ouw(u,v)Bo(v)dv}, (19)
Lida(u)] = (quS)L [/abk(u,v)Al(v)dv] + (quS)L {/Ouw(u,v)Bl(v)dv}. (20)

In general, the recursive relation is given by

A
(1+gs)

I [ / bk(u,v)An(v)dv]
A

S [/Ouw(u, U)Bn(v)dv] =012,

L[¢n+1 (U)] = ( )
21

A necessary condition for Eq. (21) to work is that
A

lim — = 0.
5—00 (1 -+ qs)

Applying inverse Laplace transform to Egs. (18)—(21), so our required recursive relation

go(u) = G(u), (22)

and

Goer(1) =L { A [ / k. v)An(v)de

(1+gs)

+L1{ A L[/Ouw(u,v)Bn(WdU”

(1+gs)

(23)

where G(u) may be a function that arises from the source term and also the prescribed initial
conditions, the initial solution is very important, the choice of (22) as the initial solution always
leads to noise oscillation during the iteration procedure, the modified laplace decomposition

method [15] suggests that the operate G(u) defined above in (18) be rotten into two parts:
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Instead of iteration procedure (22) and (23), we suggest the following modification
Po(u) = Gi(u),

61(1) = Gou) + L [ﬁL [ / b k(u,v)Ao(v)de

+ L {LL [/Ouw(u, U)Bo(v)d”H )

(14 gs)

boes(u) = L1 {%L [ / bk(u,v)An(v)de

14+gs
+ L7t {LL {/uw(u, U)Bn(v)de , n=0,1,2,...
(1+gs) 0
We then define the n-terms approximate to the solution ¢(u) by
n—1
Wa[(u)] = ;@(u), with — lim W, [¢(u)] = ¢(u).

In this paper, the obtained series solution converges to the exact solution.
3.1 A Test of Convergence

In fact, on every interval the inequality ||¢;11]|2 < B]|®:|2 is required to hold for i = 0,1, ..., n,
wherever 0 < < 1 may be a constant and n is that the maximum order of the approximate
used in the computation. Of course, this is often only a necessary condition for convergence, as
a result of it might be necessary to compute ||¢;||2 for each i = 0,1,...,n so as to conclude that

the series is convergent.
4. Application of the Laplace transform—Adomian decomposition method

In this section, the Laplace transform—Adomian decomposition method for solving Fredholm—
Volterra integro—differential equation is illustrated in the two examples given below. To show
the high accuracy of the solution results from applying the present method to our problem (2)

compared with the exact solution, the maximum error is defined as:

Rn = ’|¢Emact(u> - \Ijn[gb(u)m%?

where n = 1,2, ... represents the number of iterations.
Example 1

Consider the nonlinear Fredholm—Volterra integro—differential equation

d(u+0.2) = p(u) + i/ cos(u)¢?(v)dv + /0“ ¢*(v)dv, (24)

0
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where .
p(u) = E(—S — uPcos(u)).
Using Taylor Expansion after neglecting the second derivative in the equation (24) we get,
de(u) 1 2 VR _
d(u) +0.2——= T =p(u) + B cos(u)p”(v)dv + [ ¢°(v)dv;  ¢(0) = 0. (25)
0 0

The exact solution for this problem is

d(u) = cos(u) — sin(u).
First, we apply the Laplace transform to both sides of (25)

Lié(u)] + 0.2 {di)l(u )} — Lp(u)] + %lL [/01 cos(u)¢2(v)dv} 4L VO qﬁg(v)dv} o (20)

Using the property of Laplace transform and the initial conditions, we get

Lio(w)] +0.25L{6(w)] = Lip(w)] + 1L [ / cos(u)? dv]+L[ [ #w } (27)

or equivalently

Ligtu) = P01 L{/Olcos(u)gzﬁz(v)dv}+1+10'28L[/0u¢3(v)dv} (28)

1+02s 4+4+0.8s

Substituting the series assumption for ¢(u) and the Adomian polynomials for ¢?(u), ¢3(u) as
given above in (15) and (16) respectively into Eq. (28) we obtain

[p(u)] .|
[Zd)n ] 1+025+4+O.85L/COS ZA ]

(29)
+ 5 +1O.25L /0 ;Bn(v)dv] .
The recursive relation is given below _
Lfoofu)] = 2
Llou(u)] = 5 +10'88L [ /0 1 cos(u)Ao(v)dv} e +10' L [ /0 ’ BO(U)dv] , (30)
Llonin(w)] = 1 +10_88L [ /0 1 cos<u>An(v)dv] e +10. S [ /0 ' Bn(v)dv] |
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where A, B, are the Adomian polynomials for the nonlinear terms ¢*(u), ¢*(u) respectively.
The Adomian polynomials for u(v, ¢(v)) = ¢*(u), v(v, ¢(v)) = ¢3(u) are given by

Ay =, By = ¢,

A =2¢0¢1, By = 3¢3¢1,

Ay =200 + 1, By = 3¢56s + 3097,

Az = 2¢0¢3 + 2¢1¢2, Bs = 3¢50 + 6¢o¢1¢2 + ¢7.

Taking the inverse Laplace transform of both sides of the first part of (30), and using the recursive

relation (30) gives

=1 —u— Y
¢o(u) u—u”+ 2u + 12u
1 1 1 1
o1(u) = §u2 3 3 8u4 + 6u5 + (31)
Ly 1
Galu) = g0 = g F

Thus the series solution is given by

— 1 1 1, 1.

=0
o(u) = lim W,[g(w)] = lim | (1 — o+ qut 4. ) = (w— g’ + s+ )

that converges to the exact solution
o(u) = cos(u) — sin(u).

Example 2

Consider the nonlinear Fredholm—Volterra integro—differential equation

é(u+0.01) / B(v)dv +/ e "¢ (v)dv, (32)

where
1
pu) =1-— Ze‘“ + 0.0100502¢".

Using Taylor Expansion after neglecting the second derivative in the equation (32) we get,

o(u )+001d¢ / (v dv—l—/ e “¢*(v)dv;  ¢(0) = 1. (33)

The exact solution for this problem is
o(u) = e".
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First, we apply the Laplace transform to both sides of (33)

Lié(w)] + 0.01L {dfli“)} — L) + L [ /0 1 ¢(U)dv} i’ [ /0 ' e_“ng(v)dv} N

using the property of Laplace transform and the initial conditions, we get

Lié(u)] + 0.01sL[6(u)] — 0.01 = Lip(u)] + L [ /O 1 ¢<v)dv] ) [ /0 ' e“¢2<v)dv] S (3)

or equivalently

001 Lip(u)] 1 1
Lot = 1501 " T2 001 T 1100157 Uo qb(v)dv}

1 v
+ T 0008 —i—O.OlsL {/o e ¢2(v)dv] :

Substituting the series assumption for ¢(u) and the Adomian polynomials for ¢?(u) as given

[Zom

(36)

above in (15) and (16) respectively into above equation, we obtain

— 0.01 Llp(u)]
L ()| =
[;M“)l 1+0.013+1+0013+1—|—0013

(37)
1
—L Uy An(v)d
T 001s [/0 ‘ ; n(v) ”]’
the recursive relation is given below
0.01 Lip(u)]
L p—
ol)] = 5015 T T+ 0.015°
1 ! 1 u
L =——L d —L “Ap(v)d
1] = 70015 UO do(v) ”} 17 001s [/0 e Ao(0) ”}’ (38)

1 ! 1 u
L =——19L d — L YA d
o2 (W] = 750015 UO 9n(v) U] T o00Ls [/0 ¢ M) U] ’
where A, are the Adomian polynomials for the nonlinear terms ¢?(u). The Adomian polynomials
for p(v, ¢(v)) = ¢*(u) is given by

Ay = ¢,

A1 =299,

Ay = 2¢0¢ + 97,

Az = 2¢0p3 + 29192,
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Taking the inverse Laplace transform of both sides of the first part of (38), and using the recursive

relation (38) gives

1 1 13
—ldu— st — Wb
¢o(u) +u 2u 2u 4Ou +
1 2 5 7
_ = = _ 39
di(u) = gt + 50’ + put 4 e (39)
1, 11
¢2(U)—§U +EU +.

Thus the series solution is given by

= 1 1 1 1
Uafo(w)] = 3 gi(u) = (1+u+_u+3 T ) n—12 .

21
=0

n—00 n—00 21 3! 4! 5!

é(u) = lim W, [¢(u)] = lim [(1+u+1u SRSV S SV Y )}

that converges to the exact solution

o(u) = e.
5. Conclusions

In this work, the Laplace decomposition technique has been successfully applied to finding
the approximate solution of the nonlinear Fredholm—Volterra integro—differential equation. The
method is extremely powerful and efficient find analytical moreover as numerical solutions for
wide classes of nonlinear Fredholm—Volterra integro—differential equations. It provides a lot of
realistic series solutions that converge very rapidly in real physical issues.

The main advantage of this technique is that the fact that it provides the analytical solution.
Some examples are given and therefore the results reveal that the method is extremely effective.
some of the nonlinear equations are examined by the modified technique to Illustrate the effec-
tiveness and convenience of this technique, and in all cases, the modified technique performed

excellently. The results reveal that the proposed technique is extremely effective and easy.
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Representation of the Matrix for Conversion between Triangular
Bézier Patches and Rectangular Bézier Patches

P. Sabancigil, M. Kara and N. I. Mahmudov
Department of Mathematics
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Famagusta, T.R. North Cyprus
Mersin 10, Turkey

Abstract

In this paper we studied Bézier surfaces that are very famous techniques and widely used in Computer
Aided Geometric Design. Mainly there are two types of Bézier surfaces which are rectangular and
triangular Bézier patches. In this paper we will give a representation for the conversion matrix which
converts one type to another.

1 Introduction

The theory of Bézier curves has an important role and they are numerically the most stable among all
polynomial bases currently used in CAD systems. On the other hand in these days Bézier surfaces are very
famous techniques and widely used in Computer Aided Geometric Design [1]-[13]. Mainly there are two
types of Bézier surfaces which are rectangular and triangular Bézier patches and they are defined in terms
of the univariate Bernstein polynomials Bf'(s) = (")s’(1 — s)"~" and the bivariate Bernstein polynomial
B}, p(u,v,w) = (Z ;.Lk) uvIw® where u+v+w = 1. A triangular Bézier patch of degree n with control points

T;.;x is defined by
T (u,v,w) = Z T jx B (w0, w), u,v,w >0, ut+v+w=1.
i+j+k=n
and a rectangular Bézier patch of degree n x m with control points P; ; is represented by

n n

P(s,t) =Y Y "Py;B(s)B}(t) 0<s,t<1,(see [3])
i=05=0

Since the two patches have different geometric properties it is not easy to use both of them in the same CAD
system and conversion of one type to another is needed.

2 Construction of the Conversion Matrices

The following theorem gives the conversion of degree n triangular Bézier patch to degenerate rectangular
Bézier patch of degree n x n.
Definition 1 For all nonnegative integers = the falling factorial is defined by

n

(@), =z —1D..(z—n+1)=[[(=- (k-1))

k=1
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Theorem 2 A degree n triangular Bézier patch T(u,v,w) can be represented as a degenerate Bézier patch
of degree n x n :

P(s,t) =YY P;Bs)BJ (1), 0<s,t<1
i=04=0

where the control points P;; are determined by

Pi TiO
Pi Til

:AlAQAZ . 5 i:(),l,?,...,n.
Pin CTi,nfi

and A;(i =0,1,...,n) are degree elevation operators in the form

[ 1 0 0 0 0

1 n—Fk

n+l—k n+l—k 0 e 0 0
0 2 == 00 0

Ay = ) meE e

' ' C nk 1
0 0 0 n+l—k n+l—k
0 0 0 0 0 1

L < (n—k+2)x (n—k+1)

Until now no one has studied the generalization of the product Ay As...Ax mentioned in the above theorem
and indeed the product of these matrices is not easy to calculate for different values of n and k. Here we will
give the generalization of this product which will make all the computations easier.

Theorem 3 The following formula is true

A1As. A = Ak = [af’ﬂ s
1l (n41)x (n—k+1)

where

7j=1
1 0 0 0 0 7
1 n—k
n+l—k n+l—k 7271 0 0
A 0 n+l—k n+l—k 0 0
k= . )
n—k 1
0 0 0 0 n+l—k n+l—=k
L0 0 0 0 0 L (n—k+2)x (n—k+1)
Proof. For k =1, -
A=A
Suppose it is true for k, that is -
A1 Ag. A = Ay,

We will show that it also true for k + 1, i.e

ApAgs = Ay
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Let ¢; j be the element at the i row, j* column of the matrix Ay A1 :

n—k+1
- E: =(k) _(k+1)
Cij = ai,mam,j
m=1

k)m—l (kfl)

! (72_—11) (k)i—m (TL -
= >

m=1 (n)i* 1

where i = {1,2,....,n+ 1} and j ={1,2,...,n — k}.
For j =1 (first column)

"t (7i;—11) (k)i (n—

m,)

k
)m—l ag:jl) '

m=1 (n)171
Fori=1and j =1
n—k+1
_(k) (k+1
€11 = Z ag,v)nagn,l )
m=1
_ e (m(ll) (k)l m (TL
m=1 (n)o
k+1 _(k+1
= 5,1 ):1:a§,1 )
Fori=2and j =1,
n—k+1

_(k) (k+1)
C21 = E a2 mQim, 1
m=1

) (k+1)

) n—zkii-l (,,5y) (B)y,, (0 —

1 (n),
_k+1 (k+1),
oon (n);

Fort=n+1and j =1,

m,1

k)m—l (k+1)

n—k+1 n k n—
Cn+1,1 — Z (m—l)( )n+1—m(

(n),

m=1

m,1

(k+ Dk(k - 1)..(k — n+2)

nn—1)(n—2)...1

(k41D
(n),
For j = 2 (second solumn), for s =1 and j = 2
n—k+1
C12 = Z @@nafﬁ;”
m=1

n—k+1 0 k o k
Cro— Z (m—l)( Ji—m (10 )o (k+1)

m=1 (n)o
k+1 _(k+1
C1,2 :a§72 : :Ozag,Q ).
895
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Fori=2and j =2

Fori=n+1and j =2
n—k+1
_ = (k) (k+1)
Cn+1,2 = Z an-}-l,mam,n+l

m=1

_ nfl (mil) (k)n+(1n)m (’I’L - k)mfl asf;l)
n(k + Dk(k — 1) (k-1 +3)(n — k — 1)
n(n—1)(n—2)...1
- ’I’L(k =+ 1)n71 n — k — 1)1 - (_l(k+1)
(n)n - Yn+41,2°

For j =n — k (last column), fori =1 and j =n—k

k+1

Clin—k = A, ,n—k

EK" M??‘
Tl

('mo—l) (k)l—m (TL - k)m—l (k+1)
(n m,n—k

)0
k+1 k+1
W=0=a0

|
)
[

Fori=2and j=n—k%

(k) o EtD)
C2,n—k = ay ,m m,j

(e (mlfl) (K)o (N —K),, 4 (k+1)
(n), ok

Fori=n+1land j=n—k

_(k) (k+1)
Cn4+1,n—k = an+1,m m,n—k

g (mnfl) (k)n—',-l—m (n - k)nz—l a(k+1)
(n)n m,n—k

Wherea( 1 _ (21)(k41),_;(n—k—1); 4

Hence, Axdki1 = [63]ni1)x(nory = [ i anx(n_k) “ o=
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Remark 4 Sum of the elements in each row of the matriz Ay is equal to 1.

Now in the following theorem we consider the inverse process

Theorem 5 A rectangular Bézier patch P(s,t) of degree n X n can be represented as a Triangular Bézier
patch T(u,v,w) of degree n :

T(u,v,w) = Z T jx Bl (u,v,w), u,v,w >0, u+v+w=1
i+j+h=n

where the control points T; ; . are determined by

Tio Py
T Py

. :BiBifl---Bl . i:O,l,Q,...,n
T n—i Pin

and B;(i =0,1,...,n) are degree elevation operators in the form

[ 11—t ¢t 0 0o - 0 01
0 1—t ¢t 0o - 0 0
0 o 1-t t - 0 0
By = ) . . .
0 0 0 0 1—¢t t 0
L 0 0 0 0 0 1=t t ] k)
Proof. Indeed
=> "N "Pi;Bls)B} (1)
i=05=0
=D > PuyBls) (tBiT (1) + (1 - )BT (1)}
i=04=0
n n
=> BJ'(s) tZPJB" N+ (1=1)) P BTNt
=0 j=0
n n—r
_ ZZPT Bn Bn r( )
1=075=0
where . .
PAL(t)=PY =P, »
PZ7j (ﬁ) tPT]+1 + ( t)PiT,j :
Let r =1,
P(s,t) =) > PliBI(s)B] (1)
i=05=0
=> > P, (n> (n R Z) s'(1—s)" " (1L—t)y" "
i=05=0 ¢ J
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if we use the following reparametrization

we get

P(s,t) = ZX_:P7 (’;) (” B Z) w(1 —u)"? ( - )j (1= —2 _yn=i=i,

i=05=0 J
Now ifi+j+k=n
R\ (=i , v ) v
=0i=0 RN 7 v+ w v+ w

n
E 15,5k By 1 (u, v, w)
i+j+k=n

P(s,1)

n n—i

Tijg = Zzpfg(t)

i=045=0

For each value of i, we obtain (n —i 4 1) X (n — ¢ + 2) matrix B;. m

Theorem 6 The product of the matrices in the above theorem ByBy_1...B1 can be generalized as follows

bro bri bro o brr—1 brk 0 0 0 0

0 bro bra1 bro - brrk—1  brg 0 0 0

. 0 0 bro br1  brp e o bpk—1 bek 0 0

2" = ByBk-1..B1 = 0 0 0 bro bra bi,2 bik—1 brk 0
| O 0 0 0 0 br,0 br1 bra 0 brr—1 brix |

where by, ; = (];.)tj(l —t)*=7 and Z* is (n — k + 1) x (n+ 1) matriz.

Proof. For k=1,
Zl = Bla
suppose it is true for k, that is
BypBj_1..B1 = Z*,

we will show that it also true for k+ 1, i.e
Bj41ByBj_1...By = ZF1

Let 2; ; be the element at the i" row, j'* column of the matrix Bj1ByBy—_1...B1,

n—k+1

Zij = bgfﬂgl)b%?j
1

m—
where bl(.’knfl) is the element at the i** row, m! column of the matrix B, bgj’)j is the element at the mt"
row, j* column of the matrix ByBy_1...B1, i = {1,2,...,n —k} and j = {1,2,....,n + 1}.

For ¢ = 1(first row)
n—k+1

2= 0 Wb

m=1
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Fori=1land j=1

n—k+1

aa= Y b
m=1
k+1),(k k+1),(k k+1 k
= by O+ bR

=(1—t)bo=(1—8)""" = Z8H).

Fori=1and j =2,

n—k+1
21,2 = Z bglfntl)bfﬁ,)z

m=1

k1), (k k1), (k k1 k
= bgf )bg,Q) + bg; )bg,z) +o+ bg,ﬁiﬂbfﬁkﬂ,z
=(1—1¢)bg1 +thrpo
= bk+l71 = Zéclfgl)-

Fori=1and j=n+1,

n—k+1
k+1),(k
g =y b0
m=1

k1), (k k1), (k k+1 k
= b§,1 )bg,'r)z+1 + bg,z )bg,v)zﬂ +.t b(l,n—ze-',-lbi—)k-&-l,n—i-l
=0 = Zk+1

(1,n+1)"

,m m,n+1

For ¢ = 2 (second row)

n—k+1
z,, = Z bé]fﬂtl)b(k)

m,j*

m=1
Fori=2and j=1,
n—k+1
k+1),(k
a= ) b b
m=1

k+1), (k k+1); (k k+1 k
= b 0+ 050 4 b6

=0=Z¢])).
Fori=2and j =2
n—k+1
Ry2 = Z b(QI,Cr—nH)bgj,)Q
m=1

= OB + I B
= (1 — t)b]“o
(- =z

Fori=2and j=n+1,

n—k+1
_ 2: (k+1) 1 (k)
Z2,n+1 - b2,m bm,n+1
m=1

k+1), (k k+1), (k k+1 k
= bé,1 )bg,’r)ﬂrl + bg,2 )bé,'r)LJrl tot bg,7z—36+1b£L—)k+1,n+1

_ _ k+1
= bk = Z3 111

899
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Fori=n—-k+1
n—k+1

(k+1) (k)
Zn—k+1,j = E : bn k+1 mbm1

Fori=n—kandj=1

n—k+1
Zn—k,1 = Z bffjkl)
g e
=0= Zﬁii,l.
Fori=n—kand j =2
n—k+1

k+1) ;(k)
Z bgz k, mbgn 2

b(k+1) b(k) + b(k+1) b(k) 4o+ b(kJFl) b(k)

Zn—k,2

n—k,1 n—k,2 n—kn—k+1"n—k+1,2
_ k41
=0= Zn k,2"
Fori=n—kand j=n+1
n—k+
_ § : (k+1) 5 (k)
Z”*k,nﬁLl - bn k mbm n+1
m=1

(k+1) , (k) (k+1) 5. (k) (k+1) (k)
=0, 11011 T 0 k505 i T O e k1O k1

_ _ r7k+1
- tbkyk - Zn—k:,n-l—l'

i 1 0
k+1 n—k—1
(k41K 2(k+1)(n—k—1)
n(n—1) n(n—1)
(k+1)(k)(k—1) 3(k+1)k(n—k—1)
n(n—1)(n—2) n(n—1)(n—2)
B B (k+1)k(k=1)(k=2) 4(k+D)k(k=1)(n—k—1)
Ap Ay = A = (k—ﬁ)k(k)—(l)(k)—(Q)(k)—fi) 5(k+?§£(7cl—)§gl(22—)2(%?i)k—1)
n(n—1)(n—2)(n—3) n(n—1)(n—2)(n—3)(n—4)
(k+1)k...-(k—n+3) (n—l)(k+1)k.4.(l.c—n+4)(n—k—1)
n(n—1)(n—2)...2 n(nfl)(nf2g...2
(k+1)k...(k—n+2) n(k+1)k...(k—n+3)(n—k—1)
L n(n—1)(n—2)...1 n(n—1)(n—2)...1
0 0
0 0
(n—k—1)(n—k—2) 0
n(n—1)
3(k+1)(n—k—1)(n—k—2) (n—k—1)(n—k—2)(n—k—3)
n(n—1)(n—2) n(n—1)(n—2)
6(k+1)k(n—k—1)(n—k—2) 4(k+1)(n— e )(n—k—=2)(n—k—3)
n(n—1)(n—2)(n—3) n(n—1)(n—2)(n—3)
10(k+1D)k(k—1)(n—k—1)(n—k—2) 10(k+Dk(n—k—1)(n—k—2)(n—k—3)
n(n—1)(n—2)(n—3)(n—4) n(n—1)(n—2)(n—3)(n—4)
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0 0 )
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
(n—k—1)(n—k—2)(n—k—3)(n—k—4) 0 0 0 0

n(n—1)(n—2)(n
5(k+1)(n—k (1)(n)(k— ))((n—lg) 3)(n—k—4) (n—k—1)(n—k—2)(n—k—3)(n—k—4)(n—k—5) 0 0 0
n(n—1)(n— )( —3)(n—4) n(n—1)(n—2)(n—3)(n—4) 0 0 0
0 0
n—k—1 k41

n n

0 1|

Conclusion 7 As we mentioned before, mainly there are two types of Bézier surfaces which are rectangular
and triangular Bézier patches. These two types of patches have different geometric properties so it is difficult
to use both of them in the same CAD system. One may need to convert one type to another and here in this
paper we studied on the conversion matriz to convert triangular Bézier patch to a rectangular Bézier patch
and a rectangular Bézier patch to a triangular Bézier patch. We found simple representations for these two
matrices which will allow the conversion in one step.
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Abstract. The notions of energetic subsets and (anti) permeable values are introduced, and related properties are

investigated. These notions are applied to the theory of BE-algebras. Regarding (anti) fuzzy subalgebras/filters
and energetic subsets are investigated.

1. INTRODUCTION

As a generalization of a BC K-algebra, the notion of BFE-algebras has been introduced by H.
S. Kim and Y. H. Kim in [5]. The study of BFE-algebras has been continued in papers [1], [2],
and [6]. Jun et al. [3] introduced the notions of S-energetic subsets and [-energetic subsets in
BCK/BC1I-algebras, and investigated several properties. Jun et.al [4] defined the notions of
a C-energetic subset and (anti) permeable C-value in BC' K-algebras and studied some related
properties of them.

In this paper, we introduce the notions of energetic subsets and (anti) permeable values, and
investigate some related properties. These notions are applied to the theory of BFE-algebras.
Regarding (anti) fuzzy subalgebras/filters and energetic subsets are investigated.

2. PRELIMINARIES

We display basic notions on BE-algebras. We refer the reader to the papers [2, B] for further
information regarding B FE-algebras.

By a BE-algebra [5] we mean a system (X%, 1) of type (2,0) which the following axioms hold:

(BE1) (Vx € X) (x*xa2=1),
(BE2) (Vz € X)(zx1=1),
(BE3) (Vx € X) (1 xx =x),
(BE4) (Vz,y,z € X) (x x (y*2) =y * (x * 2)) (exchange).
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We introduce a relation “ <” on X by z <y if and only if z xy = 1.

A BFE-algebra (X;*,1) is said to be transitive if it satisfies: for any z,y,z € X, y* z <
(x *y) * (x * z). A BE-algebra (X;*,1) is said to be self distributive if it satisfies: for any
x,y,z € X, xx(y*z) = (x*y)*(xxz). Note that every self distributive BF-algebra is transitive,
but the converse is not true in general [5].

Every self distributive BFE-algebra (X x, 1) satisfies the following properties:
(2.1) (Ve,y,z€ X)(z<y=zxx<zxyand y*xz < xx*z),
(22) (Vo,y € X) (zx (zxy) =2 xy),
(2.3) (Vo,y,z € X)(z*xy < (z*x) % (2*xy)).
Definition 2.1. Let (X;x*,1) be a BE-algebra and let F' be a non-empty subset of X. Then F
is a filter [0] of X if
(i) 1 € F;
(ii) (Ve,y € X)(z*xy,x € F=y€EF).
The concept of fuzzy sets was introduced by Zadeh [7]. Let X be a set. The mapping f : X —

[0, 1] is called a fuzzy setin X. A fuzzy set f in a BFE-algebra X is called a fuzzy subalgebra of X
if it satisfies

(Fo) (Va,y € X)(f(z*y) = min{f(z), f(y)})-
A fuzzy set f in a BFE-algebra X is called a fuzzy filter of X if it satisfies

(F1) (Ve e X)(f(1) = f(2));
(F2) (Vz,y € X)(f(y) > min{f(z *y), f(2)}).
Note that every fuzzy filter f of a BFE-algebra X satisfies

(Vz,y € X)(x <y = fly) > f(2)).

For a fuzzy set f in X and ¢t € [0, 1], the (strong) upper (resp. lower) t-level sets are defined as
follows:

U(f:t) = {o € XIf(@) 2 0}, U*(fi) = o € X|f(x) > 1}
L(f;t) = {w € X|f(z) <1}, L*(f;t) = {w € X|f(x) < t}.
3. ENERGETIC SUBSETS
In what follows, let X denote a BFE-algebra unless otherwise specified.

Definition 3.1. A nonempty subset A of a BF-algebra X is said to be S-energetic if it satisfies
(S) (Va,be X)(axbe A= {a,b} NA#0D).

Definition 3.2. A nonempty subset A of a BFE-algebra X is said to be F-energetic if it satisfies
(F) Vz,ye X)(ye A= {z*xy,z} N A#0D).
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Example 3.3. (1) Let X := {1,a,b,c} be a BE-algebra with the following Cayley table:

x|1 a b c
111 a b ¢
all 1 a a
b1 1 1 a
c|ll 1 a 1

It is easy to show that A := {b,c} is a S-energetic subset of X. But B := {a} is not an S-
energetic subset of X since cxb = a € B and {¢,b} N B = (. It is routine to verify that
C := {c} is an S-energetic subset of X. But it is not an F-energetic subset of X, since ¢ € C'
and {b*c,b} NC = 0.

(2) Let X :={1,a,b,c} be a BE-algebra with the following Cayley table:

x|1 a b ¢
111 a b ¢
all 1 a a
b1 1 1 «a
c|ll a a 1

It is easy to show that A := {a,b} is an F-energetic subset of X.

Theorem 3.4. For any nonempty subset A of X, if A is a subalgebra of a BE-algebra X, then
X \ A is an S-energetic a subset of X.

Proof. Let a,b € X be such that axb € X \ A. If {a,b} N (X \ A) = 0, then a,b € A and
so a*b € A since A is a subalgebra of X. This is a contradiction. Thus {a,b} N (X \ A) # 0.
Therefore X \ A is an S-energetic subset of X. O

Theorem 3.5. For any nonempty subset A of X, if A is a filter of a BE-algebra X, then X \ A
is an F-energetic a subset of X.

Proof. Let z,y € X be such that y € X \ A. If {zxy,2} N X\ A =0, then z xy,z € A and so
y € A, since A is a filter of X. This is a contradiction. Therefore {z * y,z} N X \ A # (). Thus
X \ A is an F-energetic subset of X. O

Theorem 3.6. Let A be a nonempty subset of a BE-algebra X with 1 ¢ A. If A is F-energetic,
then X \ A is a filter of X.

Proof. Obviously, 1 € X \ A. Let z,y € X be such that x xy,x € X \ A. Assume that y € A.
Then {z xy,z} N A # 0 by (F). Hence zxy € A or x € A, which is a contradiction. Therefore
y € X \ A. This completes the proof. O

Theorem 3.7. If f is a fuzzy filter of a BFE-algebra X, then the nonempty lower t-level set
L(f;t) is an F-energetic subset of X for all t € [0, 1].
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Proof. Assume that L(f;t) # 0 for t € [0,1] and let z,y € X be such that y € L(f;t). Then
t > f(y) > min{f(xxy), f(x)}. Hence f(zxy) <tor f(z) <t ie,xzxy € L(f;t) or x € L(f;t).
Thus {x xy,z} N L(f;t) # (0. Therefore L(f;t) is an F-energetic subset of X. O

Corollary 3.8. If f is a fuzzy filter of a BE-algebra X, then the nonempty stronger lower t-level
set L*(f;t) is an F-energetic subset of X.

Since L(f;t) UU*(f;t) = X and L(f;t) N U*(f;t) = 0 for all ¢ € [0, 1], we have the following
corollary.

Corollary 3.9. If f is a fuzzy filter of a BE-algebra X, then U*(f;t) is empty set or a filter of
X for all t € [0,1].

For any a,b € X, we consider sets
Xl:={reX|ax(b*z)=1}and A° := X\ X"

Obviously, a,b ¢ A% Ab = A? and 1 ¢ Ab. In the following example, we know that there exist
a,b € X such that A® may not be F-energetic.

Example 3.10. Let X :={1,a,b,¢,d,0} be a BE-algebra [2] with the following Cayley table

x|1 a b ¢ d 0
111 a b ¢ d 0
all 1 a ¢ ¢ d
b1l 1 1 ¢ ¢ c
c|ll a b1 a b
dil 1 al 1l a
0/1 11111

Then A4 = {0,b} and it is not F-energetic since b € A? but {a * b,a} N A% = ().
We consider conditions for the set A% to be F-energetic.
Theorem 3.11. If X is a self distributive BE-algebra X, then A% is F-energetic for all a,b € X.

Proof. Let y € A% for any a,b,y € X. Assume that {z *xy,2} N A% = () for any 2 € X. Then
rxy ¢ AL and v ¢ A% and so ax (b* (x xy)) =1 and a * (b* x) = 1. Using (BE3) and the self
distributivity of X, we have
l=ax(bx(xxy)=ax((bxx)x*(bxy))
=(ax(bxx))*(ax(bxy))=1x%x(ax(bxy))=ax*(bxy)
and so y ¢ A, This is a contradiction, and therefore {a * b,a} N A2 # (. Hence A% is an
F-energetic subset of X for all a,b € X. O
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Definition 3.12. A fuzzy set f in a BFE-algebra X is called an anti fuzzy subalgebra of X if
flzxy) < max{f(x), f(y)} for all x,y € X. A fuzzy set f in a BE-algebra X is called an anti
fuzzy filter of X if it satisfies

(AFy) (Vo € X)(f(1) < f(=));
(AFy) (Va,y € X)(f(y) < max{f(z*y), f(x)}).

Proposition 3.13. For any anti fuzzy filter of a BFE-algebra X, then following are valid.

(i) (Vo,y € X)(x <y = f(y) < f(2));
(i) (Vo,y,2 € X)(f (2 * 2) < max{f(z* (y * 2)), f(y)});
(iii) (Va,z € X)(f((axz)*xx) < f(a)).

Proof. (i) Let z,y € X be such that < y. Then xxy = 1. It follows from Definition 3.12 that

fy) < max{f(z*y), f(z)} = max{f(1), f(x)} = f(x).

(i) Using (AF,) and (BE4), we have f(zxz) < max{f(y*(zx2)), f(y)} = max{f(z*(y*z)), f(v)}
for any z,y,2z € X.

(iii) Taking y := (a*x) * x and x := a in (AF,), we have f((a*x)*x) < max{f(a * ((a * x) *
x)), f(a)} = max{f((a * z) * (a x x)), f(a)} = max{f(1), f(a)} = f(a) for any a,z € X O

Theorem 3.14. Any fuzzy set of a BE-algebra X satisfying (AF) and Proposition 3.13 (ii) is
an anti fuzzy filter of X.

Proof. Taking = := 1 in Proposition 3.13 (ii) and (BE3), we have f(z) = f(1 % z) < max{f(1 *
(y*2)), f(y)} = max{f(y % 2), f(y)} for all y,z € X. Hence f is an anti fuzzy filter of X. O

Corollary 3.15. For any fuzzy set f of a BE-algebra X, f is an anti fuzzy filter of X if and
only if it satisfies (AF};) and Proposition 3.13 (ii).

Theorem 3.16. Any fuzzy set f of a BE-algebra X is an anti fuzzy filter of X if and only if it
satisfies the following conditions:

(i) (Vo,y € X)(fy*2) < f(2));
(i) (Vz,a,b € X)(f((a* (bxx))*z) <max{f(a), f(b)}).

Proof. Assume that f is an anti fuzzy filter of X. It follows from Definition 3.12 that f(y*x) <
max{ f(z* (y*x)), f(x)} = max{f(1), f(x)} = f(x) for all z,y € X. Using Proposition 3.13, we
have f((ax (bxx))*x) < max{f((a*x(bxz))*(bxx)), f(b)} < max{f(a), f(b)} for any a,b,z € X.

Conversely, let f be a fuzzy set satisfying conditions (i) and (ii). Setting y := x in (i), we have
flzxx) = f(1) < f(z) for all z € X. Using (ii), we obtain f(y) = f(1xy) = f((z*xy)*(zxy))*y) <
max{ f(z xy), f(y)} for all x,y € X. Hence f is an anti fuzzy filter of X. O

Proposition 3.17. For any fuzzy set of a BE-algebra X, then f is an anti fuzzy filter of X if
and only if

(%) (Vo,y,2 € X)(z Swxy = f(y) <max{f(z), f(2)}).
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Proof. Assume that f is an anti fuzzy filter of X. Let z,y,2 € X be such that z < x xy. By
Proposition 3.13, we have f(y) < max{f(z *y), f(z)} < max{f(2), f(z)}.

Conversely, suppose that f satisfies (x). By (BE2), we have < z 1 = 1. Using (), we have
f(1) < f(z) for all x € X. It follows from (BE1) and (BE4) that « < (z*y) *y for all z,y € X.
Using (%), we have f(y) < max{f(z *vy), f(z)}. Therefore f is an anti fuzzy filter of X. O

4. PERMEABLE VALUES IN BF-ALGEBRAS

Definition 4.1. Let f be a fuzzy set in a BE-algebra X. A number ¢ € [0, 1] is called a permeable
S-value for fif U(f;t) # () and the following assertion is valid.

(4.1) (Va,b € X)(f(a*b) >t = max{f(a), f(b)} >1).

Example 4.2. Consider a BE-algebra X = {1,a,b,c} as in Example 3.3 (1). Let f be a fuzzy
set of X defined by f(1) = 0.2, f(a) = 0.3, and f(b) = f(c) = 0.6. Take ¢t € (0.3,0.6]. Then
U(f;t) ={b,c}. It is easy to check that t is a permeable S-value for f.

Theorem 4.3. Let f be a fuzzy subalgebra of a BE-algebra X. If t € [0,1] is a permeable
S-value for f, then the nonempty upper t-level set U(f;t) is an S-energetic subset of X.

Proof. Let a,b € X be such that axb € U(f;t). Then f(a*b) >t and so max{f(a), f(b)} > t.
Therefore f(a) >t or f(b) >t, ie, a € U(f;t) or b € U(f;t). Hence {a,b} NU(f;t) # 0. Thus
U(f;t) is an S-energetic subset of X. O

Since U(f;t) U L*(f;t) = X and U(f;t) N L*(f;t) = 0 for all t € [0, 1], we have the following
corollary.

Corollary 4.4. Let f be a fuzzy subalgebra of a BE-algebra X. Ift € [0,1] is a permeable
S-value for f, then L*(f;t) is empty or a subalgebra of X.

Definition 4.5. Let f be a fuzzy set in a BFE-algebra X. A number ¢ € [0, 1] is called an anti
permeable S-value for f if L(f;t) # () and the following assertion is valid.

(4.2) (Va,b e X)(f(axb) <t = min{f(a), f(b)} <1).

Example 4.6. Consider a BE-algebra X = {1,a,b,c} as in Example 3.3 (1). Let f be a fuzzy
set of X defined by f(1) = 0.4, f(a) = f(b) = 0.5, and f(c) = 0.3. Take ¢t € [0.3,0.4). Then
L(f;t) = {c}. It is easy to check that ¢ is an anti permeable S-value for f.

Theorem 4.7. Let f be an anti fuzzy subalgebra of a BFE-algebra X. For any anti permeable
S-value t € [0,1] for f, we have L(f;t) # (0 = L(f;t) is an S-energetic subset of X.

Proof. Let a,b € X be such that axb € L(f;t). Then f(a*b) <t and so min{f(a), f(b)} < t.
Thus f(a) < tor f(b) <t ie,a€ L(f;t)orbe L(f;t). Hence {a,b} N L(f;t) # 0. Therefore
L(f;t) is an S-energetic subset of X. O
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Theorem 4.8. Let f be a fuzzy subalgebra of a BE-algebra X and let t € [0, 1] be such that
L(f;t) # 0. Then t is an anti permeable S-value for f.

Proof. Let a,b € X besuch that f(axb) < tforallt € [0,1]. Then min{f(a), f(b)} < f(axb) <t.
Therefore t is an anti permeable S-value for f. O

Definition 4.9. Let f be a fuzzy set in a BE-algebra X. A number ¢ € [0, 1] is called a permeable
F-value for fif U(f;t) # () and the following assertion is valid.

(4.3) (Vo,y € X)(f(y) = t = max{f(z *y), f(z)} = 1)
Example 4.10. Consider the BFE-algebra X = {1,a,b,¢,d,0} as in Example 3.10. Let f be
a fuzzy set in X defined by f(1) = 0.2, f(a) = f(b) = 0.4, and f(c¢) = f(d) = f(0) = 0.7. If
t € (0.4,0.7], then U(f;t) = {0, ¢,d} and it is easy to check that ¢ is a permeable F-value for f.

Theorem 4.11. Let f be a fuzzy filter of a BE-algebra X. Ift € [0, 1] is a permeable F-value
for f, then the nonempty upper t-level set U(f;t) is an F-energetic subset of X.

Proof. Assume that U(f;t) # 0 for t € [0,1]. Let y € X be such that y € U(f;t). Then
t < f(y). It follows from (4.3) that ¢ < max{f(x xy), f(z)} for all x € X. Hence f(z*y) >t or
f(x) >t e, xxy e U(f;t) orx € U(f;t). Hence {x xy,x} NU(f;t) # 0. Therefore U(f;t) is
an F-energetic subset of X. U

Since U(f;t) U L*(f;t) = X and U(f;t) N L*(f;t) = 0 for all ¢ € [0, 1], we have the following
corollary.

Corollary 4.12. Let f be a fuzzy filter of a BE-algebra X. Ift € [0,1] is a permeable F-value
for f, then L*(f;t) is empty or a filter of X.

Theorem 4.13. For a fuzzy set f in a BE-algebra X, if there exists a subset K of [0, 1] such
that {U(f;t),L*(f;t)} is a partition of X and L*(f;t) is a filter of X for all t € K, then t is a
permeable F-value for f.

Proof. Assume that f(y) > ¢ for any y € X. Then y € U(f;t) and so {x xy, 2} NU(f;t) # 0
for any z € X, since U(f;t) is an F-energetic subset of X. Hence x xy € U(f;t) or x € U(f;1)
and so max{f(z xy), f(x)} > t. Therefore t is a permeable F-value for f. O

Theorem 4.14. Let f be a fuzzy set in a BE-algebra X with U(f;t) # () for t € [0,1]. If f is
an anti fuzzy filter of X, then t is a permeable F-value for f.

Proof. Let y € X be such that f(y) > ¢. Then t < f(y) < max{f(z *y), f(x)} for all z € X.
Hence t is a permeable F-value for f. U

Theorem 4.15. Let f be an anti fuzzy filter of a BE-algebra X. Then the following assertion
is valid.

(Vt € [0,1)(U(f;t) # 0 = U(f;t) is an F-energetic subset of X).
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Proof. Let y € X be such that y € U(f;t). Then f(y) > t. By (AF3y), we have t < f(y) <
max{ f(z xy), f(z)} for all x € X. Hence f(x xy) > t or f(x) > t, ie., zxy € U(f;t) or
x € U(f;t). Therefore {z xy,z} NU(f;t) # (0. Thus U(f;t) is an F-energetic subset of X. [

Definition 4.16. Let f be a fuzzy set in a BE-algebra X. A number ¢ € [0, 1] is called an anti
permeable F-value for f if L(f;t) # () and the following assertion is valid.

(4.4) (Vo,y € X)(f(y) <t = min{f(z xy), f(x)} <1).

Theorem 4.17. Let f be a fuzzy set in a BE-algebra X with L(f;t) # 0 fort € [0,1]. If f is a
fuzzy filter of X, then t is an anti permeable F-value for f.

Proof. Let y € X be such that f(y) < t. Then min{f(x xy), f(x)} < f(y) <t for all x € X.
Hence t is an anti permeable F-value for f. 0

Theorem 4.18. Let f be an anti fuzzy filter of a BE-algebra X. Ift € [0, 1] is an anti permeable
F-value for f, then the lower t-level set L(f;t) is an F-energetic subset of X.

Proof. Let y € X be such that y € L(f;¢). Then f(y) <t. It follows from (4.4) that min{ f(z *
y), f(z)} <t forall z € X. Hence x xy € L(f;t) or & € L(f;t) and so {z xy,x} N L(f;t) # 0.
Therefore L(f;t) is an F-energetic subset of X. O

Corollary 4.19. Let f be an anti fuzzy filter of a BE-algebra X. Ift € [0, 1] is an anti permeable
F-value for f, then U*(f;t) is empty or a filter of X.

Theorem 4.20. For a fuzzy set f in a BE-algebra X, if there exists a subset K of [0, 1] such
that {U*(f;t), L(f;t)} is a partition of X and U*(f;t) is a filter of X for all t € K, then t is an

anti permeable F-value for f.

Proof. Assume that f(y) <t for any y € X. Then y € L(f;t) and so {z *y,x} N L(f;t)} # 0
for all z € X, since L(f;t) is an F-energetic subset of X. Hence f(x *y) <t or f(x) <t and so
min{ f(z x y), f(x)} < t. Therefore ¢ is anti permeable F-value for f. O
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Abstract

The purposes of this paper are to establish and study the convergence of a new gradient scheme
with penalization terms called rapid gradient penalty algorithm (RGPA) for minimizing a convex
differentiable function over the set of minimizers of a convex differentiable constrained function.
Under the observation of some appropriate choices for the available properties of the considered
functions and scalars, we can generate a suitable algorithm that weakly converges to a minimal
solution of the considered constraint minimization problem. Further, we also provide a numerical
example to compare the rapid gradient penalty algorithm (RGPA) and the algorithm introduced
by Peypouquet [20].

Keywords: Rapid gradient penalty algorithm, penalization, constraint minimization, fenchel
conjugate
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1. Introduction

Let H be a real Hilbert space with the norm and inner product given by ||| and (-, -}, respectively.
Let f:H — Rand g: H — R be convex and (Fréchet) differentiable functions on the space H and
the gradients V f and Vg are Lipschitz continuous operators with constants L and L, respectively.
We consider the following constrained convex optimization problem

min  f(x). (1.1)
xrE€arg min g
Throughout the paper, we also assume that the solution set § := argmin{f(z) : * € argming} is
a nonempty set. Further, without loss of generality, we may assume that ming = 0.

Due to the interesting applications of (1.1) in many branches of mathematics and sciences, many
researchers have paid attention to solve the problem (1.1) which can be mentioned briefly as follows:
In 2010, Attouch and Czarnecki [1] initially presented and studied a numerical algorithm called the
multiscale asymptotic gradient (MAG) for solving general constrained convex optimization prob-
lem. They proved that every sequence generated by (MAG) converges weakly to a solution of their

*Corresponding author. Tel.:4-66 55963250; fax:+66 55963201.
Email addresses: kasamsuku@nu.ac.th (Kasamsuk Ungchittrakool), na_tta_pon@hotmail.com
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considered problem. It seems that their representation is the starting point for the development
of numerical algorithms in the context of solving type of constrained convex optimization problem
(see, for instance [2—4, 7-10, 18]) and the references therein. Inspired by Attouch and Czarnecki
[1], in 2012 Peypouquet [20] proposed and analyzed an algorithm called diagonal gradient scheme
(DGS) via gradient method and exterior penalization scheme for constrained minimization of con-
vex functions. He also provided a weak convergence to find a solution of the considered constrained
minimization of convex functions. Several applications are provided such as relaxed feasibility,
mathematical programming with convex inequality constraints, and Stokes equation and signal
reconstruction, etc. In 2013, Shehu et al. [21] studied the problem (1.1) in the case when the
constrained set is simple enough and also proposed an algorithm for solving (1.1). In the last two
decades, intensive research efforts dedicated to algorithms of inertial type and their convergence
behavior can be noticed (see [6, 11, 13-17, 19]). In 2017, Bot et al. [9] considered the problem of
minimizing a smooth convex objective function subject to the set of minima of another differentiable
convex function. They proposed a new algorithm called gradient-type penalty with inertial effects
method (GPIM) for solving the problem (1.1). They also illustrated the usability of their method
via a numerical experiment for image classification via support vector machines.

In the remaining part of this section, we recall some elements of convex analysis. For a function
h:H — R:=RU{—o00,+cc} we denote by dom h = {x € H : h(z) < +oo} its effective domain
and say that h is proper, if dom h # () and h(z) # —oo for all € H. The Fenchel conjugate of h
is h* : H — R, which is defined by

h*(z) = jgg{(Z,m) — h(z)} for all z € H.

The subdifferential of h at x € H, with h(z) € R, is the set
Oh(z) :={veH:h(ly)—h(z)> v,y —z) Yy € H}.

We take by convention dh(z) := 0, if h(x) € {oo}.

The convex and differentiable function 7" : H — R has a Lipschitz continuous gradient with
Lipschitz constant Ly > 0, if ||VT(z) — VT'(y)|| < Lr||x — y|| for all z,y € H.

Let C C H be a nonempty closed convex set. The indicator function is defined as:

66(:6):{0 ifzeC

+o00 otherwise.

The support function of C is defined as: o¢(x) := sup.cc(z,c) for all z € H. The normal cone C at
a point x is

Ne(x) {ZTeH: (T,c—x)<0 forallceC}, ifzel
x) =
¢ 0, otherwise.

We denote by Ran(N¢) for the range of N¢. Notice that 65 = o¢. Moreover, it holds that T € N¢(x)
if and only if o¢(Z) = (T, x).

Inspired by the research works in this direction, we are interested in the development and
improvement of the method for finding solutions of the considered problem, that is, we wish to
establish the algorithm called rapid gradient penalty algorithm (RGPA) for solving (1.1) which is
generated by a controlling sequence of scalars together with the gradient of objective and feasibility
gap functions as follows:

T, € H;
Tnt1 = Yn + 0n(Yn — Tn) for all n > 1,
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where {\,} and {8,} are sequences of positive parameters and {«,} C (0, 1).

For n > 1, we write Q,, := f + 8,9, which is also (Fréchet) differentiable function. Therefore,
VI, is Lipschitz continuous with constant L,, := L¢ + 8, L4. In particular, if we setting o, = 0 for
all n > 1, the algorithm (RGPA) can be reduced to (DGS) in Peypouquet [20].

In order to support our ideas, we also provide a numerical example to simulate an event for
solving problem (1.1). We also compare the time and the iteration between two algorithms including
(RGPA) and (DGS).

2. The Hypotheses

In this section, we will carry out the main assumptions to prove the convergence results for
rapid gradient penalty algorithm (RGPA). In order to prove the convergence results, the following
assumptions will be proposed.

Assumption A

(I) The function f is bounded from below;
(IT) There exists a positive K > 0 such that 8,11 — fn < KAnt18n+1, Ln _ 1, < —K and

2
a2n)\;1 + (1 + O‘n)ZK <0 forall n > 1’

2\ 71 o .. )
I10) {a,} e ®\ 1, Z;An = +o0 and liminf A, B, > 0;

(IV) For each p € Ran(Nargming), We have Z AnBn [g* (;) — Oargmin g (;)} < 400.
n:1 n n

Remark 2.1. The conditions in Assumption A sparsely extend the hypotheses in [20]. The
differences are given by the second and third inequality in (IT), which here involves a sequence {c, }
which controls the inertial terms, and by {a,,} € 1?\ I*.

In the following remark, we present some situations where Assumption A is verified.

Remark 2.2. Let K >0, ¢ € (0,1), 6 >0 and v € (0, i) be any given. Then we set a,, := n%ﬂ

for all n > 1, which implies that lim «, =0, Z ai < 400 and a,, < % for all n > 1. We also set,
n—oo =1
3y[Ly + 2(K +6)]

B = [ +~vKn? and M\, := g—n for all n > 1.

3y[Ls+2(K+96)]

Since (3, > i=aT,

, we have for each n > 1
Bn(1—=3yLg) 2 3y[Ls + 2(K +6)].

It follows that

1
T BnLg > Ly +2(K16) foralln>1,
which implies that
L 1
— (K > _— foralln>1. 2.1

( +5)_2 o or all n > (2.1)
According to (2.1), we obtain that

L, 1 1

—K>——— and - >2)\,K foralln>1.
2 2\ 3
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Let us consider, for each n > 1

a? —1 -3+ 922,k 3432
n 1 2p <« _4 1 4% 171 _ g
oy Tt K = < — =0

On the other hand,
Bni1 = Pn = 7K[(n+ 1)7 = n] <K = KAng1Bn41.
Hence, we can conclude that Assumption A (II) holds.

o0 1 o0
Since ¢ € (0,1), we obtain that Z — = 400, SO Z An = +00. Notice that A\,3, = v for all
n=1

n=1""

n > 1. Tt follows that liminf A, 8,, = liminfy > 0. Thus Assumption A (III) holds.
n—oQ n—oo

Finally, since ¢* — Gargming > 0. If g(z) > gdistZ(x,arg min g) where k& > 0, then ¢*(z) —
aargming(m) < i”JTHQ for all z € H.
Therefore, for each p € Ran(Narg min g), We obtain that

An
)\nﬂn |:g>'< <§n> — Oargming (Bpn)] S 2k6n”p||2

oo (oo}
ATI/ . . .
Thus, E AnBn [g* (ﬂp) — Carg min g (;)} converges, if g — converges, which is equivalently
n=1 n n n=1""

— 1
to Z £ converges. This holds for the above choices of {,} and {\,} when ¢ € (3,1).
n=1

3. Convergence analysis for convexity

In this section, we will prove the convergence of the sequence of {z,} generated by (RGPA)
and of the sequence of objective values {f(x,)}.
We start the convergence analysis of this section with three technical lemmas.

Lemma 3.1. Let x* be an arbitrary element in S and set p* := —V f(z*). Then for each n > 1

|Zn+1 — x*Hz - Hxn - .%'*||2 +(1+ an))‘nﬂng(xn) <(1+ O‘n)2||xn - yn”2

+ (1 +Oén)>\nﬁn {g* (2ﬂp*> — Oargming <2ﬂp*>:| . (31)

Proof. Applying to the first-order optimality condition, we have

0 e Vf(x*) + Nargming(x*)'
It follows that
p* = —Vf(x*) S Nargrning(z*)'

Note that for each n > 1, =28 — 3, Vg(z,) = V f(zn).
By monotonicity of V f, we obtain that

Tn — Yn * * * *

(B = ) #0700 = 2 ) = (V5() = V(@) )
>0 ,vn2>1,

and hence, for each n > 1

2(xy — Yn, Tn — ") = 220,00 (Vg(xn), T — x*) — 20, (P, 2, — ™). (3.2)
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Since g is convex and differentiable, we have for each n > 1
(Vg(zn), 2" —an) + g(zn) < g(z") =0,

whence

On the other hand,
2ty = Yn, T — &) = |20 = yal® + 2 — 2|7 = llyn — 27| (3.4)
Combining (3.2), (3.3) and (3.4), we get that
[yn = 2" 1* < llzn = yull® + 120 — 2"|* = 220 Bag(@n) + 22 (p", 20 — 27). (3.5)
Since z* € S and p* € Nagmin g(2*), we have
Targming(P") = (P*, 27).
In (3.5), we observe that

2)\n<p*,mn - l‘*> - )\nﬁng(xn) = 2)\ p mn - nﬁng('rn) =2\, < >

() ()
o () o (D]

. . « (207 2p”
Hyn - ||2 < Hxn - yn”2 + ”xn - H2 - )‘nIBng(xn) + )\nﬁn |:g ( ) ~ Oargming <):| :

Combining (3.6) and (3.5), we obtain that

B Bn
(3.7)
On the other hand, we observe that
[Znt1 = 2| = llyn + an(yn — 20) — 2| = (1 + an) (yn — 2*) + an(z” — z,)|
= 1+ an)llyn — 2*[1° = anllzn — 2™ + an (1 + an)l|lzn — yall*. (3.8)
By (3.7) and (3.8), we obtain the desired result. O

Lemma 3.2. For all n > 1, we have

Qn+1(xn+1> < Qn(mn) + (ﬂnJrl - ﬁn)g(xn+l) + ST

L, 1 ,
+ 2 " on, [#nt1 — @nll”

Proof. Since V is L,-Lipschitz continuous and by Descent Lemma (see [5, Theorem 18.15]), we
obtain that

L,
Qn(Tnt1) < Qu(zn) + (V0 (20), Tny1 — o) + ?”xn—&-l - an2

Recall that —¥2=22 = VQ, (z,,).
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It follows that
f(anrl) + ﬁng(wil)

Sf@w+@w@m<

Yn — T
An

L
y Tn4+1 — xn> + 7n||l'n+1 - zn”2

1 L
7741 _an2+ I\ ||yn_xn+1||2+7n”xn+l _anQ
n

1 9 1
= f(xn) + Bng(xn) — m”yn ] m|

a2 —1 L, 1
= flan) + Bglon) 4 Bl =l + | 52 = o] o -
n n

Adding B,+19(xn41) to both sides, we have

f(xn—i-l) + /Bn—i-lg(xn-&-l) < f(xn) + Bng(mn) + (Bn-‘rl - 6n)g(mn+1)

T e L &
2>\n Yn Tp 2 2)\n Tn+1 Tnll
which means that
o? —1 L 1
Qn-{—l(xn—&-l) < Qn(xn) + (/87L+1 - Bn)g(xn—&-l) + ;T‘lyn - xn||2 + |:2n - 2)\:| ||xn+1 - anQ-

O
For n > 1 and z* € S, we denote by

Ap = f(@) + (1= (14 an) KXn)Brg(@n) + Kz, — 2*|?
= Qn(xn) - (1 + an)K)\nﬁng(xn) + Kllxn - m*HQ

Lemma 3.3. Let z* € S and set p* := =V f(x*). Then there exists 0 > 0 such that for each n > 1

2p* 2p*
A"“’l — Ay +9||yn 71’71“2 < (1 +O‘n)K>\an |:g* (ﬁp > — Oargming <ﬂp):| .

Proof. From Lemma 3.2 and Assumption A (II), we obtain that

a2 —1

Qn+1(mn+1) - Qn(xn) S K)\nJranJrlg(anrl) + %”yn - -/L'n”2
ap —1 2
S (]- + an+1)K)\n+1ﬁn+lg(xn+1) + 2\ ||yn - fn” . (39)
n

On the other hand, multiplying (3.1) by K, we have
Kl|zp1 — x*||2 - Kz, — x*||2 + (L4 an) KA Bng(zn)

< (14 02K [on — gl + (1 + an) KA B [g* (Z{”) ~ Gargming <2ﬁp>] . (3.10)

Combining (3.9) and (3.10), we have

aZ -1 2p* 2p*
App1 — Ay < 121/\ +(1+ O‘n)QK yn — anQ + (1 + an) KA fBn |:g* (;) ~ Oargming (;)] .
(3.11)
For each n > 1, 0‘2%);1 + (1 + a,)?K < 0, we have there exists # > 0 such that
a2 —1
n 14 a,)*K < —0.
. +(1+an)’K <
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From (3.11), we have

2p* 2p*
An+1 - An +9||yn - sEnH2 S (]- +Oén)K>\nﬂn |:g>.< (ﬁp > - Uargming <ﬂp):| .

This completes the proof. O

The next lemma is an important role in convergence analysis (see in [3, Lemma 2] or [12, Lemma
3.1]).

Lemma 3.4. Let {v,}, {6n} and {e,} be real sequences. Assume that {v,} is bounded from below,
{6, } is non-negative and Z en < 400 such that
n=1

Y+l — Vn + 0n < &, forall n>1.

oo
Then lim -+, ezists and Zén < +o0.
n—oo

n=1
Lemma 3.5. Let * € §. Then the following statements hold:

(1) The sequence {A,} is bounded from below and li_)m A, exists;
n—oo

o0
(i) 3 lyn — @al® < +00;

n=1

(o)
(iii) nl;rréo |2 — 2*||? exists and zzlx\nﬂng(xn) < 400;
n—=

(iv) nlgr;o Qp(zy,) exists;

(v) lim g(x,) =0 and every weak cluster point of the sequence {x,} lies in argmin g.
n—oo

Proof. We set p* := =V f(z*).
(i). From Assumption A (II) implies 1 — (14, ) K\, > 0. Since f is convex and differentiable,
we have for each n > 1

An = f(xn) + (1 - (1 + an)K)\n)Bng(mn) + KHCEn - x*”Q > f(xﬂ) + KHLL‘n - m*HQ
> )+ (V1) = 27) 4 Kl = = J07) = (e VIR (20 = 07)) + Kl = o7
”p*”2 * 12 *12 * ||p*H2

Therefore, {A,} is bounded from below.
Next, we set v, = Ay, 5, = 0|y, — 2,]|* and

2p* R
en = (1+ an) K\ By {9* <3p ) ~ Gargming (Bpﬂ '

Recall that mlng = 0. Thus g < 6argming~ Therefore Oargming — (6arg ming)ﬂ< < g* and hence,
G* — Oargming > 0. It follows that

en = (14 an) K AnBs [g* (Zp) — Gargming (25)} < 2620 {9* (?) T Jmeming (2,5” '

By using Assumption A (IV) and p* € Nargming(2*), we have an < +4o00. Applying Lemma

n=1

> f(a7)

3.3 and Lemma 3.4, we obtain that lim A, exists.
n—oo
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(ii). Follows immediately from Lemmas 3.3 and 3.4.
(iii). We set v, = [|2n, — 2%]|?, 0n = (1 + @) A\ Bng(r,) and

2p* 2p”
o = 0k 0Pl = 2l + 1 o [0 () = s (5]

From statement (ii), Lemma 3.4 and Lemma 3.1, we get that
(o)
nl;ngo |z, — x*|| exists and Z AnBng(xy) < +o00.
n=1
For (iv) since for each n > 1 Q,(x,) = A + (1 + ) KX Bng(2n) — K|z, — 2*||?, by using (i), (iii)

and lim «a, =0, we have lim Q,(z,) exists.
n—

oo n—00
(v). It follows from Assumption A (III) that liminf A\, 3, > 0. According to statement (iii)
n—oo
implies lim g(x,) = 0. Let T be any weak cluster point of the sequence {x,,}. Therefore, there exists
n—oo

subsequence {x,, } of {z,} converges weakly to T as k — oo. By the weak lower semicontinuity of
g, we get that

g(f) < hmlnfg(xnk) < lim g(xn) = 07
k—o0 n— 00
which means that T € argmin g. This completes the proof. U

Lemma 3.6. Let 2* € S. Then
S A Q@) — f()] < +oo.
n=1

Proof. Since f is differentiable and convex function, we obtain that for each n > 1
f@) 2 f(on) +(VF(zn), 2" — zn).
Since g is differentiable, convex function and ming = 0 , we obtain that for each n > 1
0=yg(x") > g(wn) + (Vg(zn), 2" — zn),

which implies that
0> Bng(zn) + (B Vg(zy), 2" — ), foralln>1.

Therefore, we can conclude that

(&™) > Qu(wn) + (VQu(zn), 2% — 2n) = Qp(20) + <$"/\_ny”x - mn> : (3.12)

From (3.12), we obtain that
220 [ (@) = F(@)] < 220 = Yo, @0 — %) = |l = yl* + o = 2" = llyn —2*|7. (3.13)

On the other hand, for each n > 1

[
= |Znt1 — an(yn — zn) — $*||2 = [|[Tn+1 — x*HQ + aiHyn - mnHQ — 2(n(Tng1 — 27), Y — Tn)
= [[@n1 — 2** + o llyn — zull® — ol nsr — 2*)° = lyn — 2l + llan(@ng1 — &%) — (yn — 2a) |
> [lzngr — 2*1? + adllyn — zall® — @i llents — 2*)° = [lyn — zal?,
which implies that
—llyn = 2*? < —llznis — 2*1* = aillyn — zall® + @l @na — 217 + [lyn — zall®. (3.14)
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Combining (3.13) and (3.14), we have for all n > 1

2 [0 () = F(&) € (2= 025 — ynll® + 2 — 2712 = omsr — 272 + @2 g1 — 212
< 2fzn =yl + lon — 27 = llznsr — 27|* + ag onss — 2™
Therefore, according to Lemma 3.5 (iii), we get that the sequence {||z,, — z*||} is bounded, which

means that there exists M > 0 such that ||z, —z*|| < M for all n > 1.
By Assumption A (III) and Lemma 3.5, we obtain that

2> Al Qn(@n) = F@)] <23 Ny — zal® + [lzn — 2|2+ M2 02 < +oo.
n=1

n=1 n=1
O

The following proposition will play an important role in convergence analysis, which is the main
result of this paper.

Proposition 3.7 ([5, Opial Lemmal). Let H be a real Hilbert space, C C H be nonempty set and
{zn} be any given sequence such that:
(i) For every z € C, lim ||z, — z|| exists;
n— oo
(ii) Fvery weak cluster point of the sequence {x,} lies in C.

Then the sequence {x,} converges weakly to a point in C.

Let {x,} be define by (RGPA). Then {z,} converges weakly to a point in S. Moreover, the
sequence {f(x,)} converges to the optimal objective value of the optimization problem (1.1).

Proof. From Lemma 3.5 (iii), lim ||z, — || exists for all z* € S. Let T be any weak cluster point
n—oo

of {z,}. Then there exists a subsequence {x,, } of {z,} such that {x,, } converges weakly to T as
k — 0o. According to Lemma 3.5 (v) implies T € argmin g. It suffices to show that f(Z) < f(x) for

all x € argmin g. Since Z An = +00, and by Lemma 3.6 and Lemma 3.5 (iv), we have
n=1

lim Q,(z,) — f(z*) <0 forall z* € S.

n—oo
Therefore, f(Z) < lim inf f(an,) < lim Q(zn) < f(z"), V2" € S, which implies that T € S.
— 00 n—o0

Applying Opial Lemma, we obtain that {z,} converges weakly to a point in S. The last statement
follows immediately from the above. O

4. Numerical experiments

In this section, we present the convergence of the algorithm proposed (RGPA) in this paper by
the minimization problem with linear equality constraints. Firstly, we are given a linear system of
the form

Ax =Db,

where A € R™*™ and b € R™. In addition, we assume that n > m. In this section, the system
has many solutions. This leads us to the question of which solution should be considered. As a
result, we may consider the following problem, say, the minimization problem with linear equality
constraints.

1
minimize B |||

subject to Ax = b,
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Table 1: Comparison of the convergence of (RGPA) and (DGS) for the parameters K = 0.001 and ¢q € (%, 1).

(RGPA) (DGS)

7 "Time (sec)  #(Iters) Time (sec) #(Iters)
0.6 2.38 566 10.23 2221
0.7 2.31 568 107.78 25336
0.8 2.46 581 384.00 90636
0.9 44.96 11458 447.11 103487

or , equivalently,
minimize %Hx”2
subject to x € arg min %HA() —b|?.
The above problem can be written in the form of the problem (1.1) as
minimize f(z):= %Hac”2
subject to g(z) := %HA(CL‘) —b|%

In this setting, we have V f(z) = « and notice that V f is 1-Lipschitz continuous.

Furthermore, we get that Vg(z) = AT (Az—b) and notice that Vg is || A ||?-Lipschitz continuous.

All the numerical experiments were performed under MATLAB (R2015b). We begin with the
problem by random matrix A in R™*" | vector x; € R™ and b € R™ with m = 1000 and n = 4000
generated by using MATLAB command randi, which the entries of A, x; and b are integer in
[-10,10]. Next, we are going to compare a performance of the algorithms (RGPA) and (DGS).
The choice of the parameters for the computational experiment is based on Remark 2.2. We chooses
v = W and § = 1. We consider different choices of the parameters K € (0,1] and ¢ € (3,1). We
will terminate the algorithms (RGPA) and (DGS) when the errors become small, i.e.,

lzn — 2™ < 107°,

where z* = AT(AAT) " 'b.

In Table 1 we present a comparison of the convergence between two algorithms including
(RGPA) and (DGS) for the parameters K = 0.001 and different choices for the parameters
q € (3,1). We observe that when ¢ = 0.6 leads to lowest computation time for (RGPA) and
(DGS) with 2.38 second and 10.23 second, respectively. Furthermore, we also observe that (DGS)
hit a big number of iterations than (RGPA) for all choices of parameter gq.

In Table 2 we present a comparison of the convergence of (RGPA) and (DGS) for the pa-
rameters ¢ = 0.6 and K € (0,1]. We observe that the number of iterations and computation time
for (RGPA) smaller than the number of iterations for (DGS) for each choice of parameters K.
Furthermore, (RGPA) needs tiny computation time to reach the optimality tolerance than (DGS)
for each choice of parameter K.

We observe that our algorithm (RGPA) performs an advantage behavior when comparing
with algorithm (DGS) for all different choices of parameters. Note that the number of iterations
for (RGPA) smaller than the number of iterations for (DGS). Furthermore, (RGPA) needs tiny
computation time to reach optimality tolerance than (DGS) for each different choice of parameters.

5. Conclusions

We have presented a new gradient penalty scheme, say, rapid gradient penalty algorithm (RGPA).
We provide sufficient conditions to guarantee the convergences of (RGPA) for the considered con-
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Table 2: Comparison of the convergence of (RGPA) and (DGS) for the parameters ¢ = 0.6 and K € (0, 1].
(RGPA) (DGS)

Time (sec) #(Iters) Time (sec) #(Iters)
0.001 2.38 566 10.23 2221
0.005 2.40 585 171.46 40888
0.01 6.63 1612 254.93 64469
0.05 83.22 20480 288.39 65722
0.1 107.41 26257 212.02 52464
0.5 79.95 18606 100.33 24419
1 51.46 13414 67.20 16616

strained convex optimization problem (1.1). We also provide a numerical example to compare the
performance of the algorithms (RGPA) and (DGS). As a result, we observe that our algorithm
(RGPA) performs an advantage behavior when comparing with (DGS) for all different choices of
parameters.

Acknowledgements

The second author would like to thank Naresuan University and The Thailand Research Fund
for financial support. Moreover, N. Artsawang is also supported by The Royal Golden Jubilee
Program under Grant PHD/0158/2557, Thailand.

Disclosure statement

The authors declare that there is no conflict of interests regarding the publication of this paper.

Funding

N. Artsawang was supported by the Thailand Research Fund through the Royal Golden Jubilee
PhD Program under Grant PHD/0158/2557, Thailand.
References

[1] H. Attouch, M-O. Czarnecki, Asymptotic behavior of coupled dynamical systems with multiscale
aspects, J. Differ. Equat. 248 (2010), 1315-1344.

[2] H. Attouch, M-O. Czarnecki and J. Peypouquet, Coupling forward-backward with penalty
schemes and parallel splitting for constrained variational inequalities, SIAM J. Optim. 21
(2011), 1251-1274.

[3] H. Attouch, M-O. Czarnecki and J. Peypouquet, Proz-penalization and splitting methods for
constrained variational problems, STAM J. Optim. 21 (2011), 149-173.

[4] S. Banert, RI. Bot, Backward penalty schemes for monotone inclusion problems, J. Optim.
Theory Appl. 166 (2015), 930-948.

[5] HH. Bauschke and PL. Combettes, Convex Analysis and Monotone Operator Theory in Hilbert
Spaces, CMS Books in Mathematics. New York:Springer 2011.

[6] A. Beck and M. Teboulle, A fast iterative shrinkage-thresholding algorithm for linear inverse
problems, STAM J. Imag. Sci. 2 (2009), 183-202.

920 Artsawang 910-921



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.5, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

[7] RI. Bot and ER. Csetnek, Forward-backward and Tseng’s type penalty schemes for monotone
inclusion problems, Set-Valued Var. Anal. 22 (2014), 313-331.

[8] RI. Bot and ER. Csetnek, Approaching the solving of constrained variational inequalities via
penalty term-based dynamical systems, J. Math. Anal. Appl. 435 (2016), 1688-1700.

[9] RI Bot, ER. Csetnek and N. Nimana, Gradient-type penalty method with inertial effects for
solving constrained convex optimization problems with smooth data, Optim. Lett. 12(1) (2018),
17-33.

[10] RI. Bot, ER. Csetnek and N. Nimana, An Inertial Prozimal-Gradient Penalization Scheme for
Constrained Convex Optimization Problems, Vietnam J. Math. 46(1) (2018), 53-71.

[11] C. Chen, RH. Chan, S. Ma and J. Yang, Inertial proximal ADMM for linearly constrained
separable convex optimization, SIAM J. Imaging Sci. 8(4) (2015), 2239-2267.

[12] PL. Combettes, Quasi-Fejérian analysis of some optimization algorithms, In: Butnariu, D.,
Censor, Y., Reich, S. (eds.) Inherently Parallel Algorithms for Feasibility and Optimization.
pp. 115-152. Elsevier: Amsterdam ;(2001).

[13] P-E. Maingé, Convergence theorems for inertial KM-type algorithms, J. Comput. Appl. Math.
219 (2008), 223-236.

[14] P-E. Maingé and A. Moudafi, Convergence of new inertial proximal methods for DC program-
ming, STAM J. Optim. 19(1) (2008), 397-413.

[15] A. Moudafi and M. Oliny, Convergence of a splitting inertial proximal method for monotone
operators, J. Comput. Appl. Math. 155 (2003), 447-454.

[16] Y. Nesterov, A method for solving the convexr programming problem with convergence rate
O(1/k2), Dokl. Akad. Nauk SSSR 269(3) (1984), 543-547.

[17] Y. Nesterov, Gradient methods for minimizing composite objective function, Technical report,
CORE DISCUSSION PAPER (2007).

[18] N. Noun and J. Peypouquet, Forward-backward penalty scheme for constrained convex mini-
mization without inf-compactness, J. Optim. Theory Appl. 158 (2013), 787-795.

[19] P. Ochs, Y. Chen, T. Brox and T. Pock, iPiano:Inertial proxzimal algorithm for non-convex
optimization, STAM J. Imaging Sci. 7(2) (2014), 1388-1419.

[20] J. Peypouquet, Coupling the gradient method with a general exterior penalization scheme for
convex minimization, J. Optim. Theory Appl. 153 (2012), 123-138.

[21] Y. Shehu, OS. Iyiola and CD. Enyi, Iterative approzimation of solutions for constrained convex
minimization problem, Arab. J. Math. 2(4) (2013), 393-402.

921 Artsawang 910-921



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.5, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Approximation by modified Lupas operators
based on (p, g)—integers

Asif Khan!, Zaheer Abbas?, Mohd Qasim? and M. Mursaleen!3*
Department of Mathematics, Aligarh Muslim University, Aligarh-202002, India
2Department of Mathematical Sciences , Baba Ghulam Shah Badshah
University, Rajouri-185234, India
3Department of Medical Research, China Medical University Hospital, China
Medical University (Taiwan), Taichung, Taiwan
‘Department of Computer Science and Information Engineering, Asia
University, Taichung, Taiwan
asifjnu07@gmail.com; az11292000@yahoo.co.in; bgsbuqasim@gmail.com;
mursaleenm@gmail.com

Abstract

The purpose of this paper is to introduce a new modification of Lupag operators in the
frame of post quantum setting and to investigate their approximation properties. First using
the relations between g-calculus and post quantum calculus, the post quantum analogue of op-
erators constructed will be linear and positive but will not follow Korovkin’s theorem. Hence a
new modification of g-Lupag operators is constructed which will preserve test functions. Based
on these modification of operators, approximation properties have been investigated. Further,
the rate of convergence of operators by mean of modulus of continuity and functions belonging
to the Lipschitz class as well as Peetre’s K-functional are studied.

Keywords and phrases: Lupag operators; Post quantum analogue; ¢ analogue; Peetre’s
K-functional; Korovkin’s type theorem; Convergence theorems.
AMS Subject Classification (2010): 41A10, 41A25, 41A36.

1. INTRODUCTION AND PRELIMINARIES

A. Lupas [17] introduced the linear positive operators at the International Dortmund
Meeting held in Witten (Germany, March, 1995) as follows:

ad mu al
Lnfin) = (1= oy Y P (1) (1)

m
=0

with f : [0,00) — R. If we impose Ly, (u) = u, we get a = 5. Thus operators (1.1) becomes

Lnpi) =2 S U (1) w0, (12)

=0

where (mu); is the rising factorial defined as:

(mu)o =1, (mu); = mu(mu+ 1)(mu+2)---(mu+1-1), 1 >0.
The g-analogue of Lupag operators (1.2) is defined in [26] as:

oo

p(fin) =2 S gy (M) o (13)
=0

1
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2. CONSTRUCTION OF NEW OPERATORS AND AUXILIARY RESULTS

Let us recall certain notations and definitions of (p, ¢)-calculus. Let p > 0, ¢ > 0. For
each non negative integer I, m, m > 1 > 0, the (p, ¢)-integer, (p, ¢)-binomial are defined, as

J_qd
Pot when pgl,
Ul =0 L+ 0 2q 4+ P32 4 b pg 2 gt = JPT whenp=gq#1
ire when p = 1,
J, when p=¢q=1.

where [j], denotes the g-integers and m =0,1,2,---.

The formula for (p, ¢)-binomial expansion is as follows:

m

(m=l)(m—-1-1) -1 | m _ _

(au+bv),', = g D z q 2 [ ! } a™plym !t
1=0 P,

(u+ U);:q = (u+v)(pu+ qv)(pzu + q2v) ... (pmflu + qulv),
1 —wp, =0 —=u)p—qu)p® —¢u)-- (™" —¢" ),

where (p, ¢)-binomial coefficients are defined by

)

Details on (p, ¢)-calculus can be found in [9, 11, 21].

In the case of p = 1, the above notations reduce to g-analogues and one can easily see that
[m]p,q = p™ ' [m]g/p- Mursaleen et al. [21] introduced (p, ¢)-calculus in approximation theory
and constructed post quantum analogue of Bernstein operators. On the other hand Khalid and
Lobiyal defined the (p, q)- analogue of Lupag Bernstein operators in [12] and have shown its
application in computer aided geometric design for construction of Beizer curves and surfaces.
For another applications of extra parameters p in the field of approximation on compact disk,
one can refer [4]. For related literature, one can refer [1, 2, 9, 3, 13, 14, 18, 19, 20, 22, 23, 25, 24]
papers based on ¢ and (p, ¢) integers in approximation theory and CAGD. Motivated by the
above mentioned work, we introduce a new analogue of Lupag operators. The post quantum
analogue of (1.3) are as follows:

Definition 2.1. Let f : [0,00) - R, 0 < ¢ < p < 1 and for any m € N. we define the
(p, ¢)-analogue of Lupas operators as

> ([m],.ou f=m
Mﬁ@mo_z[an§j“m“gﬁf(pm$mﬂ>7uzo (2.1)
=0 p,q° p.q

The operators (2.1) are linear and positive. For p = 1, the operators (2.1) turn out to be
g-Lupag operators defined in (1.3). Next, we prove some auxiliary results for (2.1).
Lemma 2.2. Let0 < g<p<1and m e N. We have

(i) LB9(150) = 1,

(ll) LPa(t;u) = pm_l(z_;)[m]p,qu-ua

2
D42, — u qu qu
(lll) Lm (t 7U/) [m]p,qum_Q(2—p3)[m]p’qu+l + p2m_4(2_p2)[m]p,qu+2 + p2m—4(2_p2)[m]p,qu+2[m]qu :

Proof. we have
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9—[mlp quz mlp,q)i -1

LPA(1;u) = 11
Up.q!

(i)

D2 (4 —  9—[mlp,qu = ([m]p,qu)lpl_m[l]p,q
U D D s T
9—[mlp.qu — ([m Ip.g®) ([M]p,qu + 1)i— 17! ""lpg

= [l]p,qll = 1]p,q!2" [m]p,q

_ —[m]p,qu - ([m}Paqu + 1)l [+1—m
= 2 UIZ U2t P
—0 )

= 27 U i ([m]p,qu + 1)lpl
pt =0 [1]p.q'2"
U

(pmil)(2 - p)([m]P,q“""l) ’

(iii)

o0

2_[m]p,q“ Z ([

=0
[eS]

mlp,qu) P

2l—2m [”12)7(1

[pq2" [m]7

p.q

2l—2m[l]12)}q

_ 9—[mlpqu (Imlp,qu)([m]p,qu+ 1)1-1 P
- ; [l]p gll = 1p,qlal - [ml 4

+ 1 lp21+2 Qm[l + 1]
= 927 [m]p, quuz q'LL

1] p7q'21+1 [m]p.q
2*[7”]:0-,11“71 Z ([m]p,qu + l)l p2l [l + 1]p,q

u
prm? =0 []p.q!2" [mlp.q

B 9—[m]p,qu—1 ui (Im]p,qu+1); p? [pl + q[l]pq]
P~ S T [mlp.g

(Im]p,qu + 1) P!
0 [l]pﬂ!zl [mlp,q

(Im]p,qu + 1), p2lQ[l]p,q
[1]p,q!2" [Mlp,q

2—[m]p,q“_1

= p2m—2 u

M8

l

2*[7”]11-,(1“*1

= p2m—2 u

WK

l

I
=

= I + Ir(say),
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we find that I; and I are

92— [m]p,qu—1 ’U,+1 pSI
Il = u q
prm=? ; [m]p.q
u

[l 22 (2 — p3) [t

WS [mlpqu + 19l
=0 []p.q!2" [mlp.q

2*[m]p,qu*1

I = p2m—2

oo

2*[7”]?41“71([ pqu+1 Z mpqu+2l 1p [l]

pm=2 [Up,qll = 1]p,q'2" [m]p,q
_ 2~ [mlp.av=1(Im], Ju + 1) qui ([m]p,qu + 2)1—1p*
[mlp,qp>™ 2 = (- 1];?41!2[
272 ()], 4 1) “i Mu + 2
- 2m—4 q
[m}p,qp
= qu’ I qu
p2m—4(2 _pz)["“b]m?H-2 p2n—4(2 —p )[m}p,quﬂ[m]nq
On adding I1and I, we get
U qu? qu

LEA(tu) =

+ + .
[m]p.qp?™—2(2 — pg)[m]p,quﬂ p2m—4(2 — pz)[m]p,qU+2 p2m—4(2 — p2)[m]”"‘“+2[m]p,q

The sequence of (p,q)-Lupag operators constructed in (2.1) however do not preserve the test
functions ¢ and ¢2. Hence one can not guarantee approximation via these operators. Therefore,
we construct the modified (p, ¢)- Lupas operators as follows:

Lemma 2.3. Let 0 < g <p<1andméeN. For f:[0,00) = R, we define the (p, q)-analogue
of Lupas operators as:

IPa(fiu) "i Mlp.q) <[[l]”’q ) L u>0. (2.2)

14!
=0 lpqla mp.q

The operators (2.2) are linear and positive. For p = 1, the operators (2.2) turn out to be
g-Lupag operator defined in (1.3).
We shall investigate approximation properties of the operators (2.2). We obtain rate of conver-
gence of the operators via modulus of continuities. We also obtain approximation behaviors of
the operators for functions belonging to Lipschitz spaces.

Lemma 2.4. Let 0 < g <p <1 and m € N. We have
(i) Lha(13u) = 1,
(i) L3 (tu) = u,
(iii) Lfn‘l(ﬂ u) = P p)(m]pqm)[ — + [m]u + quZ.

Proof. We have
(i)

oo
IPa(lu) =2~ [mmuz p"f“ ~1.
1=0 [p.4'2
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(i)
.4 (4. _ o—[m]pqu — ([mlp.qui [Up.q
ittty = 270 ) S o

_ o—[mlpqu - (Imlp,qw)([m]p,qu + 1)i=1 [p,q
-2 ; [l]p gll = 1]p,q!2" - [mlp.q

o0

- 9- [m]p,qu— IUE qu+1
=0 p7q

= U.

(iii)

2 —[m]p qu o Mp.gt [1]12),11
Lha(t*u) = 27t Zw[m}gq

=0

_  o9—lmlpqu o ([m]p,qw) ([m]p,qu +1)i-1 [l]z%,q
D D A Th - T

=1 p,q

= 2*[m]p,quuz ([m]p,qu :_11)l [+ 1]pq
=0 []p.q'2 [mlp.q

= 9~ [mlpqu-1,, i ([m]p,qu + 1 [p' + q[l]p,q]
e [[]p.q2" [m]p.q
_ 9—[m]p,qu— 1u§: (Imlpqu+1)
e [l
N 9—[mlp,qu—1 o i (Im]p.qu+ 1)ill]pq
[mlp,q =0 [l]p,qml
= I]_ + Ig(Say)
After solving I; and Iy, we get
2*[m]zuq“*1 > u + 1
Il — m P q pl
[m]p.q ;
B U
a (2 - P)([m]p‘unrl)[ ]p,q.
—[mlp,qu—1 u+1) [l]
I, = qu p,q p.q
]p q Z Up, q'Ql

9—[mlp.gu—1 pqu+1 ([m]p,qu + 2)i-1[U]p,q
- eyt ’

[ pyq ]p q[l - 1]17 q'2l
_ 27[m]quu72([m]p7qU + 1)qu Z ([m]py(lu + 2)l
[1]p,q 1=0 [l]p’q!2l
— qu + qu2.
[m]p.q

On adding I1and I, we get

LPA(2y) = mu + + qu?.
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6
Corollary 2.5. Using Lemma 2.4, we get the following central moments.

LPa(t — usu) = 0
LEA((t — u); u)

ot qu® —u? = 6,,(u) (say).

= 2—p)Tmlp,qvtDm], o + [m]p,

Remark 2.6. One can observe that
0, p.q € (0,1),
lim [m],, =
meee 1%61, p=1andqe€ (0,1).
Thus for approximation processes, one need to choose convergent sequences (p,,) and (g, ) such
that for each n, 0 < ¢, < P, < 1 and pp, ¢ — 1 so that [m],,, 4. — 00 as m — oo.

Theorem 2.7. Let f € Cp[0,00) and g, € (0,1), pm € (¢m, 1] such that ¢ — 1, pm — 1,as
m — 0o. Then for each u € [0,00) we have

lim LErt(f;u) = f(u).

n— oo

Proof. By Korovkin’s theorem it is enough to show that

lim Eg;m% "™ u) =u™, m=0,1,2.
m— o0

By Lemma 2.4, it is clear that

lim LPmdm(1;u) = 1
m—r oo

lim LPmdm(1;u) = u

m—00
and
s TPmam (42,0 — T u Gmu 2
Dt () = i o a0y o g T
=’
This completes the proof. O
3. DIRECT RESULTS
Let Cg[0,00) be the space of real-valued continuous and bounded functions f defined on
the interval [0,00). The norm || - || on the space Cg[0,00) is given by
| fll= sup | f(z)].
0<z <00

Let us consider the K-functional as:
Ks(f,8)= inf {| f—s|+3s |},
seW?2

where § > 0 and W2 = {s € Cp[0,00) : 5 ,s € Cp[0,00)}.
Then as in ([4], p. 177, Theorem 2.4), there euists an absolute constant C' > 0 such that

Ks(f,8) < Cuwa(f, V). (3.1)
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Second order modulus of smoothness of f € Cg[0,00) is as follows

WQ(f,\/g): sup sup | f(u+2h) —2f(u+h)+ f(u)|.

0<h<V/3 u€[0,00)

The usual modulus of continuity of f € Cg[0,00) is defined by
w(f,6)= sup  sup | flu+h)—f(u)].

0<h<8 u€[0,00)

Theorem 3.1. Let f € Cg[0,00), p,q € (0,1) such that 0 < q¢ < p < 1. Then for every
u € [0,00) we have

| L2 (f1u) — f(u) |< Cwa(f;0m(u)),

where

52 _ U qu 2_ 2
m (1) @ = )Tt D[], . g T T

Proof. Let s € W?. Then from Taylor’s expansion, we get

t

s(t) = s(u) + s (u)(t —u) —|—/ (t —u)s”(u)du, t €[0,A], A>0.

u

Now by Corollary 2.5, we have

L89(s;u) = s(u) + Li¢ ( / (i u)s"(u)du;u) :

@

L (6= w)*u) || 8"

|L8:9(s3u) (53 0) = s(w)]

IN

(t—u)||s"(u)|du;u

)

IN

hence we get

U qu 9 9
L2 (55 u(s; ) — s(u)] <|| s || ( + +qu® —u >
(2 *p)([m]”‘quﬂ)[m]pﬂ [mlp,q

By Lemma 2.3, we have

P 0 —[mlp,qu - ([m]p,qu)i [lp.q
i <2ty Qe (e | g

Thus, we have

L5 (Fiu)l < T LRI ((f = 8)u) = (f = 8)(w) | +IL5(s5u) — s(u)].

After substituting all values, we get

TPaf. ” U qu
Bt = 1) <07 =51+ 15 (G * s )

By taking the infimum on the right hand side over all s € W2, we get

L5 (fy0) = f(w)] < CKa (f,67,(w).
By using the property of K-functional, we have

L5 (f5u) = ()| < Cws (f, 6m(w).
This completes the proof. O
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4. POINTWISE ESTIMATES

Theorem 4.1. Let 0 < a <1 and E be any bounded subset of the interval [0,00). If f €
Cpl0,00), is locally Lip(c), i.e., the condition

If(v) = f(u)] < Ev—ul|® veEandue€0,00) (4.1)
holds, then, for each u € [0,00), we have

T () = f)] < 2{6m()® +2(d(u, B)* }, u e [0,00)
where L is a constant depending on o and f and d(u; E) is the distance between v and E defined
by

d(u, B) = inf {|t — ul;t € E} and 8, (u) = LPA((t — u)?;u).
Proof. Let E be the closure of E in [0,1). Then, there exists a point t, € E such that d(u,E) =
|u — to‘.
Using the triangle inequality, we have

|F(t) = fQu)| < |f(8) = f(o)l + [f (o) — f(uw)].

By using (4.1) we get,

Z29(fs0) — ()] < IRO(F(E) — F(to)lsw) + 2 (1 (w) — F(to)]; )
< L{TRT (1t~ to] ) + (Ju— tol 5 w) + Ju — to]* }
< L{Egﬂ(|t—u|a;u)+2|u—t0\a}.

By choosing p = % and ¢ = ﬁ, we get % + é = 1. Then by using Holder’s inequality we get

Lrafin) - Sl < L{TE (- ulrsw)? (L7055 w]F + 2d(wB)° }

IN
jun
— =
ol
33
_Q
N
-
I
£
\.l\')
<
=

IN
jun
— =
(=%}
3
£
[N)
+
L\Z
&
S
&
5

Hence the proof is completed. O

Now, we recall local approximation in terms of « order Lipschitz-type maximal function
given by Lenze [16] as

i~ sy MO =)

~——, u € [0,00) and a € (0, 1]. (4.2)
t#u,t€(0,00) |t - ’LL|

Then we get the next result

Theorem 4.2. Let f € Cp[0,00) and o € (0,1]. Then, for all u € [0,00), we have

Ns)

L (frw) = f@)] < Balf;0) (0m(w)
where 6, (u) is defined in Corollary 2.5.
Proof. We know that
(Lot (Fru) = fw)] - < Diptm () = f(w)l;w).
From equation (4.2), we have
Lo (fiu) = fu)] < @alfsu)Lhyom ([t —ul; ).

From Hélder’s inequality with p = % and g = ﬁ, we have

[Tt (Fr) = f)] < Balfiu) (L (

o3
2

t— u|2;u)) )
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which proves the desired result. O

5. WEIGHTED APPROXIMATION BY LP-4

In this section we shall discuss weighted approximation theorems for the operators Ef,’,;q
on the interval [0, c0).

Theorem 5.1 (cf. [5, 15]). Let (T),,) be the sequence of linear positive operators from C,,z2[0, c0)
to By,2[0,00) satisfy
lim H Tmﬁli — K ||u2: 0, 1= 0, 1,2.
m—r o0
Then for any function f € C¥,[0,00)
m—r oo
Theorem 5.2 (cf. [6, 7]). Let (¢m) and (pm) be two sequences such that 0 < g, < pm < 1, for
all nand both converge to 1. Then for each function f € C¥,[0,00), we get

lim [ L7 f = f [lu2= 0

Proof. By Theorem 5.1, it is enough to show
lim || me g — Ky llee = 0, 1=0,1,2. (5.1)

m—0o0

By Lemma 2.4 (i) and (ii), it is clear that
I @) =1 e =
I Zhmim (tu) = e = 0

and by Lemma 2.4 (iii), we have

1 qm —1 2
| Lo (8%5u) —u® |l2 = sup (T * )+ (an — D
m ’ -

u€[0,00) 1+ u?

((2 —pm)l[m]pm,qm " [m}Zj,qm) + (gm — 1)

Last inequality means that (5.1) holds for ¢ = 2. By Theorem 5.1, the proof is completed. [

Theorem 5.3. Let g, € (0,1), pm € (q,1] such that ¢, — 1, ppy — 1 as m — oo. Let
f e C]0,00), and its modulus of continuity wqi1(f;9) be defined on [0,d+1] C [0,00). Then,
we have

Lozt (£0) = f ()| cpoa < 6Mp(1+ d2)dm(d) + 2wass (F; /5 (d)),
where §(d) = LES((t = w)% ) = Gy ey + ey T 40° — .

Proof. From ([10] p. 378), for u € [0,d] and t € [0, 00), we have

0= ] < 601501+ )t - w2+ (14 5 w201,

Applying Z‘fﬁq both the sides, we have

LPa (|t — ul;u

Z20(0) = o] < 00070+ TG0 — )+ (14 U Yo ),

Applying Cauchy-Schwarz inequality,for u € [0,d] and ¢ > 0, we get

LB (fru) — f(u)] < q<|< w) — f(u)];u)
< 6Mp(1+d?)IEI((t — u)*u)
+  wat1(fs )<1+§Lp’q((tu)2;u);).
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Thus, from Lemma 2.4, for u € [0, d], we get

LB f3u) = f(u)] < 6Mp(1+d*)6m(d) + was1 (f9) (1 + W)

5
By Choosing § = /d,,(d), we get the required result. O

Now, we prove a theorem to approximate all functions in C¥, Such type of results are
given in [8] for locally integrable functions.

Theorem 5.4. Let 0 < g, < Py < 1 such that ¢y — 1, py — 1 as m — oo. Then for each
function f € C*,[0,00), and a > 1

| Lomam (fiu) — f(u) |

lim  sup =0.
M= ,€[0,00) (1 + u2)a
Proof. Let for any fixed ug > 0,
| Lyt (f50) — f(u) | | Lt (f5w) — f(u) | | Lyt (fru) — f(w) |

IN

sup sup + sup
u€[0,00) (1 + u2)o¢ u<ug (1 + uZ)a uS>ug (1 + ’U,Q)O‘

| Lbptm (1+ 4% 0) |
Lp'rnvqm — 5 =
DLE (1) = F lieomo) + 11 e sup =5 2
| f(u) |

. 5.2
T e 2

Since, | f(u) |< Mf(1+ u?) we have,
| f(u) | My My
< < .
iy (LF W) = 2y (T w2)e T = (L)

Let € > 0, and let us choose ug large then we have

IN

Mf €
— < = 5.3
(1 4+up?)e—t 3 (5:3)
and in view of (2.4), we get,
| LRt (14 25 0) | 1+ u?
1 m = —
I f 1l e (1+u2)e I f llu2 1+ u2)e
S Nl
- (14wt
S Nl
= 1+ up2)o !
€
< - 5.4
< (5.4
By using Theorem 5.3, the first term of inequality (5.2) becomes
~ €
L3 (F) = f Nlfeo,uo) < 5588 m — 00 (5.5)
Hence we get the required proof by combining (5.3)-(5.5)
Epman . —
wp DU~ f)]
u€[0,00) (1 +u )
U
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ADDITIVE-QUADRATIC FUNCTIONAL INEQUALITIES IN
FUZZY NORMED SPACES AND STABILITY

YOUNG JU JEON AND CHANG IL KIM*

ABSTRACT. In this paper, we investigate the following functional inequality
N(f(@—y)+ fly—2) + fz — =) = 2[f(2) + f(y) + £(2)]
= f(=z) = f(=y) = f(=2),t) Z N(f(z + y + 2),1)

and prove the generalized Hyers-Ulam stability for it in fuzzy Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

The concept of a fuzzy norm on a linear space was introduced by Katsaras [11]
in 1984. Later, Cheng and Mordeson [3] gave a new definition of a fuzzy norm in
such a manner that the corresponding fuzzy metric is of Kramosil and Michalek
type [13].

Definition 1.1. Let X be a real vector space. A function N : X x R — [0, 1] is

called a fuzzy norm on X if for all z,y € X and all ¢,s,t € R,
(N1) N(z, t) =0 for all t <O0;

(N )x—OlfandonlylfN(sc t) =1 for all t > 0;

(N3) N(cx,t) = N(z, \CI) if ¢ # 0;

(N4) N(z +y,s+t) > min{N(z,s), N(y,t)};

(N5) N(z,-) is a nondecreasing function on R and lim; ., N(x,t) = 1;
(N6) for any x # 0, N(z,-) is continuous on R.

In this case, the pair (X, N) is called a fuzzy mormed space.

Let (X, N) be a fuzzy normed space. A sequence {z,} in X is said to be con-
vergent if there exists an x € X such that lim, o N(x, —z,t) = 1 for all ¢t > 0.
In this case, x is called the limit of the sequence {x,} in (X, N) and one denotes
it by N —limy, o0 T, = x. A sequence {x,} in (X, N) is said to be Cauchy if for
any € > 0, there is an m € N such that for any n > m and any positive integer p,
N(zpyp — Tn,t) > 1—€ forallt > 0. A fuzzy normed space is said to be complete
if each Cauchy sequence in it is convergent and a complete fuzzy normed space is
called a fuzzy Banach space.

In 1940, Ulam proposed the following stability problem (cf.[21]):

“Let G1 be a group and Gy a metric group with the metric d. Given a constant
d > 0, does there exist a constant ¢ > 0 such that if a mapping f : G1 —
G2 satisfies d(f(xzy), f(x)f(y)) < ¢ for all z,y € G, then there exists an unique
homomorphism h : Gy — G with d(f(z),h(z)) < § for all x € G1?7

2010 Mathematics Subject Classification. 39B62, 39B72, 54A40, 47H10.

Key words and phrases. Hyers-Ulam stability, additive-quadratic functional inequality, fuzzy
normed space, fixed point theorem.
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In the next year, Hyers [10] gave a partial solution of Ulamvs problem for the case
of approzimate additive mappings. Subsequently, his result was generalized by Aoki
[1] for additive mappings, and by Rassias [17] for linear mappings, to consider
the stability problem with unbounded Cauchy differences. A generalization of the
Rassias’ theorem was obtained by Gavruta [7] by replacing the unbounded Cauchy
difference by a general control function in the spirit of the Rassias’ approach. In
2008, for the first time, Mirmostafaee and Moslehian [14], [15] used the definition
of a fuzzy norm in [2] to obtain a fuzzy version of stability for the Cauchy functional

equation

(1.1) fx+y) = fz)+ fy)

and the quadratic functional equation

(1.2) fle+y) + fl@e—y) =2f(z) +2f(y).

Gldnyi [8] and Rdtz [18] showed that if a mapping f : X — Y satisfies the
following functional inequality

(1.3) 12f(2) +2f (y) = flay ) < I f @),

then f satisfies the following Jordan-Von Neumann functional equation

2f (@) +2f(y) — flzy™') = flay).

for an abelian group X divisible by 2 into an inner product space Y. Gldnyi [9]
and Fechner [6] proved the Hyers-Ulam stability of (1.3). The stability problems of
several functional equations and inequalities have been extensively investigated by a
number of authors and there are many interesting results concerning the stability
of various functional equations and inequalities.

Now, we consider the following fixed point theorem on generalized metric spaces.

Definition 1.2. Let X be a non-empty set. Then a mapping d : X2 — [0, o0] is
called a generalized metric on X if d satisfies the following conditions:

(D1) d(x,y) =0 if and only if x = y,

(D2) d(z,y) = d(y,x), and

(D3) d(z,y) < d(z, 2) + d(z,y).
In case, (X,d) is called a generalized metric space.

Theorem 1.3. [4] Let (X,d) be a complete generalized metric space and let J :
X — X a strictly contractive mapping with some Lipschitz constant L with 0 <
L < 1. Then for each given element x € X, either d(J"z, J" 'z) = oo for all
nonnegative integers n or there exists a positive integer ng such that

(1) d(J"z, J"lz) < 00 for alln > ng ;

(2) the sequence {J™x} converges to a fized point y* of J ;

(3) y* is the unique fived point of J in the set Y = {y € X | d(J™=x,y) < oo} and
(4)

Yy
1
4) d(y,y*) < 1-1 d(y, Jy) for ally €Y.

The following function equation f : X — Y is called the Drygas functional
equation :

flx+y)+ fle—y)=2f(2) + f(y) + f(~y)
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for allz,y € X. The Drygas functional equation has been studied by Szabo [20] and
Ebanks, Faiziev and Sahoo [5]. The solutions of the Drygas functional equation in
abelian group are obtained by H. Stetker in [19].

In this paper, we investigate the following functional inequality which is related
with the Drygas type functional equation

N(f(@x—y)+ fly—2)+ f(z —2) = 2[f (=) + f(y) + f(2)]
—f(=2) = f(=y) = f(=2),t) = N(f(z +y + 2),1)

and prove the generalized Hyers-Ulam stability for it in fuzzy Banach spaces.
Throughout this paper, we assume that X is a linear space, (Y,N) is a fuzzy
Banach space, and (R, N') is a fuzzy normed space.

(1.4)

2. SOLUTIONS AND THE STABILITY FOR (1.4)

In this section, we investigate the functional equation (1.4) and prove the gen-
eralized Hyers-Ulam stability for it in fuzzy Banach spaces. For any mapping
f: X —Y, let

fo(x) = Ma fe(x) =

In [12], the authors proved the following theorem:

[@)+ f(=2)
2

Lemma 2.1. [12] Let f : X — Y be a mapping with f(0) = 0. Then f is quadratic
if and only if f satisfies the following functional equation

flaz+by) + f(ax —by) —2a f (x) = 20° f(y) = k[f(z +y) + f(z —y) = 2f () = 2 ()]
for all z,y € X, a fized nonzero rational number a and fixed real numbers b, k with
a?® # b2,

Using this, we have the following theorem:

Theorem 2.2. If a mapping f : X — Y saisfies (1.4), then f is an additive-
quadratic mapping.

Proof. Suppose that f satisfies (1.4). Setting x =y = z = 0 in (1.4), by (N3), we
have

N(f(0),t) < N(6£(0),t) = N(f(o), E)

6
for all ¢ > 0 and by (N5), N(f(0), £) < N(f(0),t) for all ¢ > 0. Hence we have

for all ¢ > 0. By induction, we get
N(f(0),t) = N(f(0),6"t)
for all t > 0 and all n € N. By (N5), we get
N(f(0).8) = Tim N(f(0).6") = 1
for all t > 0 and hence by (N2), f(0) = 0. Letting z = —z — y in (1.4), we have
N(f(z—y)+ fz+2y) + f(=22 —y) = 2f(2) = 2f(y) = 2f(—2z —y)
—f(=2) = f(=y) = f(z+y), 1) = N(0,1) = 1
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for all z,y € X and all ¢ > 0 and so by (N2), we get

fl@—y)+ flz+2y) + f(—22 —y)
=2f(x) +2f(y) +2f(—z —y) + f(z +y) + f(—2) + f(-y)
for all z,y € X. By (2.1), we have

(2.1)

(2.2) folx —y) + folx +2y) — fo(2x +y) = —fo(z +y) + fo(x) + fo(y)
for all z,y € X and interchanging = and y in (2.2), we have
(23) Sl —y)+ fo(2r +y) = folz +2y) = —folz +y) + fo(z) + fo(y)

for all x,y € X. By (2.2) and (2.3), we have

fo(z +y) = folx) + fo(y)

for all 2,y € X and hence f, is an additive mapping. By (2.1), we have
(24) fc(‘x - y) + fe(QiC + y) + fe(x + Qy) - 3fe(1' + y) + 3fe($) + 3fe(y)
for all z,y € X and letting y = —y in (2.4), we have
(2'5) fe(x + y) + fe(2m - y) + fe(x - 2y) = Sfe(x - y) + 3fe<x) + Sfe(y>
for all z,y € X. By (2.4) and (2.5), we have

fe(Qx + y) + fe(Qx - y) + fe(x + 2y) + fe(x - Qy)
=2fe(z +y) +2fe(z —y) +6fc(x) +6fc(y)
for all 2,y € X. Letting y = 0 in (2.6), we get
(27) fe(Qx) = 4fe(x)
for all x € X and letting y = 2y in (2.6), by (2.7), we have

Afe(z +y) +4fe(z —y) + fe(z + 4y) + fe(z — 4y)
= Qfe(x + 2y) + 2fe(x - 2y) + 6fe(-75) + 24fe(y)
for all z,y € X. By (2.6) and (2.8), we have
(2.9) 2fe(2z +y) +2fc(2x — y) + fe(x + 4y) + fe(x — 4y) = 18fc(x) + 36 fc(v)
for all z,y € X. Letting y = 2y in (2.9), by (2.7), we have

fe(x + Sy) + fe(m - 8y) + 8fe(x + y) + Sfe(x - y) = 18fe(x) + 144fe(y)

for all z,y € X. By Lemma 2.1, f. is a quadratic mapping. Thus f is an additive-
quadratic mapping. O

(2.6)

(2.8)

Now, we will prove the generalized Hyers-Ulam stability of (1.4) in fuzzy normed
spaces. For any mapping f: X — Y, let

Df(z,y,2) = fa—y)+f(y—2)+f(z—z)=2[f (@)+f () +f(2)]-f(—z)—-f(=y)— [ (==).
Theorem 2.3. Assume that ¢ : X3 — [0,00) is a function such that

, Ty z , (L
(2.10) N'(o(5.2.2).1) = N'(Folw.y,2).1)

for all x,y,z € X, t > 0 and some L with 0 < L < 1. Let f : X — Y be a
mapping such that f(0) =0 and

(2.11) N(Df(x,y,2),t) = min{N(f(z +y + 2),£), N'(¢(z,y, 2), 1)}
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for all x,y,z € X and allt > 0. Then there exists an unique additive-quadratic
mapping F : X — 'Y such that

(2.12) N( f(z) — F(z), > min{N'(¢(z, -z, 0), ), N'(¢(—z, ,0), )}

L t)
4(1-1L)
for allx € X and allt > 0. Further, we have

(2.13) Flz) = N — lim {wf(ﬁ) +wf(_£)}

n—00 2 2n

forallx € X.

Proof. Consider the set S ={g | g: X — Y} and the generalized metric d on S
defined by

d(g, h) = inf{c € [0, 00)| N(g(z) — h(z),ct) > min{N'(¢(z, —2,0),t), N'(¢(~=,2,0),1)},
Vo € X,Vt > 0}.

Then (S5,d) is a complete metric space([16]). Define a mapping J : § — S by
Jg(x) = 39(5) + g(=%) for all g € S and all z € X. Let g,h € S and d(g,h) < ¢
for some ¢ € [0,00). Then by (2.10), we have

N(Jg(z) — Jh(x), cLt)

=N(30(3) +o(-3) ~3n(3) ~#(~3)-Lt)
2 min {N(s(3) = 1(3). icﬂf) No(=3) (- 5) 51}
2 min {V(6(5,-5:0): 524)- N (6= 5. 5.0). 524)}

> min{N'(¢(z, —,0),t), N'(¢(—,2,0),1)}

for all z € X and all t > 0. Hence we have d(Jg, Jh) < Ld(g,h) for any g,h € S
and so J is a strictly contractive mapping.
Putting y = —x and z = 0 in (2.11), we get

(214) N(f(?:L‘) - 3f(x) - f(faj)at) > N/(¢(xa 71‘70)7”
for all x € X, ¢ > 0 and hence
L L
N(f@) = af@). 7t) =N (@) -3f(5) - (- 5)- 7t)
> N'(6(2,-2.0), 21) = min{N'(6(z, ~2,0),6), N'(9(~=,,0), 1))
for all z € X, t > 0 and so we have d(f, Jf) < % < oo. By Theorem 1.3, there

exists a mapping F' : X — Y which is a fixed point of J such that d(J"f, F) — 0
as n — o0o. By induction, we have

i =)+ P ()

for all x € X and all n € N and hence we have (2.13).
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Replacing x, y, z, and t by 5%, 5%, 57, and 22n in (2.11), respectively, by (2.11),

we have
Y oz 1
D 6( 7) ’ 7t)

(215) 5 [N(Dr(o L.~ 2) Lt) N(pr(- &L 2) Lt)}

Z mun f on’ Qn’ on )’ 92n " )7 f on’  9n’9n )’ 92n

> min{N'(L"¢(z,y,2),t), N'(L"¢(—x, —y, 2),t)}
for all z,y,z € X and all n € N. Letting n — oo in (2.15), we have

-DFe(xuyvz) =0

for all z,y,z € X and by Lemma 2.1, F, is an quadratic mapping. Similarly,
F, is an additive mapping and thus F' is an additive-quadratic mapping. Since
d(f,Jf) < %, by Theorem 1.3, we have (2.12).

Now, we show the uniqueness of F'. Let G be another additive-quadratic mapping
with (2.12). Then clearly, G is a fixed point of J and

12
(2.16) d(Jf,G)=d(Jf,JG) < Ld(f,G) < -0 < o0
and hence by (3) in Theorem 1.3, F' = G. O
Similar to Theorem 2.3, we have the following threoem:
Theorem 2.4. Assume that ¢ : X3 — [0,00) is a function such that
(2.17) N'(¢(2x,2y,22),t) > N'(2Lé(z,y, 2), t)

forall z,y,z € X, t >0 and some L with 0 < L < 1. Let f : X — Y be a
mapping with f(0) =0 and (2.11). Then there exists an unique additive-quadratic
mapping F : X — Y such that

(2.18) N(f(x) ~ F(z), ﬁt)

for all x € X and allt > 0. Further, we have

> min{N'(¢(z, —x,0),t), N'(¢(—x,2,0),t)}

)= tim [2 5L p@re) — 2L i(-oma)
forallx € X.
Proof. Consider the set S = {g | g: X — Y} and the generalized metric d on S
defined by
d(g,h) = inf{c € [0,00)| N(g(z) — h(z),ct) > min{N'(¢(z, —z,0),t), N'(¢(—x,z,0),t)},
Ve € X,Vt > 0}
Then (5,d) is a complete metric space([16]). Define a mapping J : S — S by

d)
Jg(x) = %g(Qx)f tg(—2z) forallg € Sand allz € X. Let g,h € S and d(g,h) < ¢
for some ¢ € [0,00). Then by (2.10), we have

N(Jg(z) — Jh(z),cLt)

= N(Zo(20) — o(-22) — 2h(2a) + Sh(-2u),cLt)
> min{N(g(2z) — h(2x), 2th)7 N(g(—2z) — h(—2z),2¢cLt)}
> min{N'(¢(2x, —2x,0),2Lt), N'(¢(—2x,22,0),2Lt)}

> min{N'¢(z, —z,0),t), N'(¢(—z,z,0),t)}
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for all x € X. Hence we have d(Jg, Jh) < Ld(g,h) for any g,h € S and since
0 < L <1, J is a strictly contractive mapping. By (2.14), we get

N(f@) - I5), 5)

= V(5120 — 3f(2) — f(=0)) - 51 (-20) = 3f(=2) — F()) 5)

2 min{N/<d)(x7 7‘%7 0)7 t)’ N/((b(ix’ x’ 0)7 t)}

for all x € X and all ¢t > 0. Thus d(f, Jf) < % < 00. The rest of proof the proof is
similar to Theorem 2.3. (]

As examples of ¢(x,y,z) and N'(z,t) in Theorem 2.8 and Theorem 2.4, we can
take ¢(z,y,z) = e(llz||” + [[y[” + [|2]") and

N, t) = e >0
’ 0, ift<0

forallz € R, t > 0, and for some € > 0, where k = 1,2. Then we can formulate
the following corollary:

Corollary 2.5. Let X be a normed space and (Y, N) a fuzzy Banach space. Let
f: X —Y be a mapping such that

t
N(Df(a,y.2).t) > min { N(f(z+y+2).1), }
b+ ke([lz ]| + [yl + [|=[17)
forallx,y,z € X, t >0, a fired real number p with 0 < p < 1 or 2 < p. Then there
is an unique additive-quadratic mapping F' : X — Y such that
(2P — 4)t
(2P — 4)t + 2kel|z||P’

if 2<p
(2.19) N(f(x) — F(x),t) >
(2 — 27)1
(2 — 2P)t + 2ke||x||P’

fo0<p<l1

forallz € X and allt > 0.

Forany f: X — Y, let
Dy f(z,y) =f(z—y) + f(z+2y) + f(—22 —y)

—2f(x) = 2f(y) = 2f(—x —y) — f(—2) = f(=y) = fe +y)
Using Corollary 2.5, we have the following corollary:

(2.20)

Corollary 2.6. Let X be a normed space and (Y,N) a fuzzy Banach space. Let
f: X —Y be a mapping such that

t
>
—t+ ke(llz]]P + lyllP + llz + yP)

forallx,y,z € X, t >0, a fizred real number p with 0 < p < 1 or 2 < p. Then there
is an unique additive-quadratic mapping F : X — Y with (2.19).

(2.21) N(D:f(z,y),t)

We remark that the functional inequality (1.4) is not stable for p =1 in Corollary
2.6. The following example shows that the inequality (2.21) is not stable for p = 1.
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Example 2.7. Define mappings ¢,s: R — R by

z, if|zl<1
tz)=¢9-1, ifx<-1
1, if1<ua,

z?, if x| < 1
s(z) = :
1, ortherwise
and a mapping f : R — R by

0= 3 [+ 5]

n=0

We will show that f satisfies the following inequality
(2.22) D1 f (2, y)| < 112(|2] + [y + = + y])

for all z,y € R and so f satisfies (2.21). But there do not exist an additive-quadratic
mapping F': R — R and a non-negative constant K such that

(2.23) |[F(z) — f(2)] < K]z
for all x € R.

Proof. Note that t,(x) = t(z), so(x) = 0, and |f,(z)| < 2 for all x € R. First,
suppose that § < ||+ [y[+ |z +y|. Then [D1 fo(z,y)| < 48(|z|+|y[+ |z +y|). Now
suppose that § > |z| + |y| + |z + y|. Then there is a non-negative integer m such

that
1 1
W§\$|+|y\+|x+y\<m
and so
1 1 1
2m — 2m — 2m —.
2l < 7 vl <3 o +yl < 7

Hence we have
{27, 2™y, 2" (x —y), 2™ (x +y), 2™(x +2y), 2" (2 +y)} € (=1, 1)
and so for any n =0,1,2,---,m,
|Dito(2"z,2"y)| = 0,
because ¢(x) = t,(x) = x on (—1,1). Thus

D1 folany)| = |3 5 Dito(2"2,2")

n=0

IA

1 =1
‘ZZ—nDlto(Q x,2 y)’ —|—‘ Z 2—nD1to(2 x,2"y)
n=0 n=m-+1

12
< S S 48(1z] +lyl + fz + ),

because |Dito(2"x,2"y)| < 6.
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Note that t.(z) = 0, sc(z) = s(z), and |fe(z)| < 3 for all z € R. First, suppose
that § < |z[+|y|+ |z +y|. Then [Di fe(z,y)| < 64(|z|+ |y|+ |z +y]). Now suppose
that + > |z| + |y| + |z + y|. Then there is a non-negative integer k such that

1 1
WS\$|+|ZJ\+|$+ZJ\<W

and so

1
2%]y| <

1
22k < -
‘xl 47

T 22k |z 49| < i
Hence we have
{28z, 2%y, 2% (2 —y), 2% +y), 25(x +2y), 2" +y)} C (-1, 1)
and so for any n =0,1,2,-- - k,
|Dys. (272, 27)] = 0.

Thus

— 1
D1 fela )] = | S 52 Dise(270,27)|
n=0

k ]
< ’ Z %Dlse(Z"m, 2”y)’ + ‘ Z %Dlse@"z, 2"y)
n=0 n=k+1
<0 <6u(jal +|
< g S yl + =z +yl),

because |D1.(2"x,2"y)| < 12. Hence we have
[D1folw,y)| < 48(1x| + [yl + [z + yl), [D1fe(e,y)l < 64(|z] + |y + |z + )

for all z,y € X and so we have (2.22).
Suppose that there exist an additive mapping A : R — R, a quadratic mapping
Q@ : R — R, and a non-negative constant K such that A+ @ satisfies (2.23). Since
|f(z)] < 22, by (2.23), we have
10 lz| _ A(z) 10 ||
——— —K— < — <=+ K—
3n? n - n +Q(m)_3n2+ n
for all x € X and all positive integers n and so Q(z) = 0 for all z € X. Since A is
additive,
10 10
—— —Klz| < Az) £ — + K
S - Kl < A(@) < 31+ Klal

for all x € X and all n € N and hence |A(z)| < K|z|. By (2.23), we have

(2.24) |f(z)] < 2K|z|

for all 2 € X. Take a positive integer I such that [ > 2K and 2 € Rwith 0 < 22 < 1.
Since = > 0,

0o -1
t(2"x) t(2"x)
> > =1 2K
f(x) = ; on = nz:% on x> x
which contradicts to (2.24). O
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GENERALIZED ADDITIVE-CUBIC FUCNTIONAL EQUATION
AND ITS STABILITY

CHANG IL KIM

ABSTRACT. In this paper, we establish some stability results for the following
additive-cubic functional equation with an extra term G ¢

FQz+y)+ f(2x —y) + Gy(x,y) = 2f(z +y) + 2f(xz — y) + 2f(2x) — 4f(x).

in Banach spaces, where G is a functional operator of f. Using these, we give
new additive-cubic functional equations and prove their stability.

1. INTRODUCTION

In 1940, Ulam [12] raised the following question concerning the stability of group

homomorphisms: “Under what conditions does there is an additive mapping near
an approximately additive mapping between a group and a metric group 7 ”
In the next year, Hyers [5] gave a partial solution of Ulam’s problem for the case of
additive mappings. Hyers ’s result, using unbounded Cauchy different, was gener-
alized for additive mappings in [1] and for a linera mapping in [11]. Some stability
results for additive, quardartic and mixed additve-cubic functional equations were
investigated ([2], 3], [4], [6], [7], [8], [9], [10]).

The generalized Hyers—Ulam stability for the mixed additive-cubic functional
equation

(1.1) fQRx+y)+ f2r —y) =2f(x +y) +2f(x —y) +2f(2x) — 4f(z)

in quasi-Banach spaces has been investigated by Najati and Eskandani [8]. Func-
tional equation (1.1) is called an additive-cubic functional equation, since the func-
tion f(x) = ax® + bx is its solution. Every solution of this mixed additive-cubic
functional equation is said to be an additive-cubic mapping.

In this paper, we are interested in what kind of a term G¢(z,y) can be added
to (1.1) while the solution of the new functional equation is also an additive-cubic
funtional equation and the generalized Hyers-Ulam stability for it still holds, where
Gy(z,y) is a functional operator depending on the variables z,y, and function f.
The new functional equation can be written as

(1.2) fQRz+y)+fQ2z—y)+Gy(z,y) = 2f(x+y) +2f(z —y) + 2/ (2z) — 4f ().

We give some new functional equations in section 3 as examples of our results and
prove the generalized Hyers-Ulam stability for these.

2010 Mathematics Subject Classification. 39B62, 39B72.
Key words and phrases. Hyers-Ulam stability, additive-cubic functional inequality.
* Corresponding author.
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2. THE GENERALIZED HYERS-ULAM STABILITY FOR (1.2)

Let X be a real normed linear space and Y a real Banach space. For given [ € N
and any ¢ € {1,2,---,1}, let 0; : X Xx X — X be a binary operation such that

g (T.’ﬂ, ry) =To; ((t, y)

for all z,y € X and all € R. Also let F : Y' — Y be a linear, continuous
function. For a map f: X — Y, define

Gf(l‘,y) = F(f(ol(x,y)),f(crg(x,y)), ) f(O'l(I,y)))

Throughout this section we always assume that G'; satisfies the following two con-
ditions unless a specific expression for G is given.

Condition P;: Suppose that f: X — Y is a mapping satisfying f(2x) = 2f(x)
and

(2.1) fRz+y) + fQ2r —y) + Gy(z,y) =2f(z +y) +2f(x —y)
for all z,y € X. Then f is an additive mapping.

Condition Ps: Suppose that f: X — Y is a mapping satisfying f(2z) = 8f(x)
and

(22)  fx+y)+ f2x—y)+Gyz,y) =2f(x +y) + 2f(x —y) + 12f(2)
for all x,y € X. Then f is a cubic mapping.

Forany f: X — Y, let

4 1 1 1
fol@) = 37(@) = 25 (20), (&) = ~5 (@) + £ /(22)
Now, we prove the following main theorem.

Theorem 2.1. Let Gy be a functional operator satisfying Condition P; and
Condition Ps. Further, suppose that there is a real number A\(A # —1) such that

(2.3) Gi(z,22) + 2G(z,2) — 2G(0, z) = A[t(4z) — 10t(2x) + 16t(z)]

for all x € X and all mapping t : X — Y. Let ¢ : X?> — [0,00) be a function
such that

(2.4) > 272", 2My) < o0
n=0

forallz,y € X. Let f : X — Y be a mapping such that f(0) =0 and
1f(2z +y) + f(2z —y) + Gs(z,y)
—2f(z+y) —2f(z —y) — 2f(22) + 4f(2)|| < é(z,y)

for all x,y € X. Then there exists an unique additive-cubic mapping F : X — Y
such that

(2.5)

[Fa(2) = fa(@)]]

(26) 1 i —n n n+1 n " "
= m;:%? [p(2"z, 2" ) + 2¢(2"2, 2" x) 4+ 2¢(0, 2™x)]

945 CHANG IL KIM 944-953



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.5, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

GENERALIZED ADDITIVE-CUBIC FUCNTIONAL EQUATION AND ITS STABILITY 3

and

IIF() fe(@)]

(2.7) g 2731 ntl N on .
- 48|>\+ 1| & Z 2", 2" ) 4 2¢(2"x, 2"x) + 2¢(0, 2" z)]

forallx € X.
Proof. By (2.5), we have
(2.8) 1f (@) + f(=2) = G;(0,2)|| < ¢(0,),

(2.9) 1f(3x) = 4f(2x) + 5f () + Gz, 2)|| < ¢(x, 2),

and

(2.10)  [If(4z) = 2f(3z) — 2f(22) — 2f(—=x) + 4f (2) + G (x, 22)[| < P(x, 22)
for all x € X. By (2.3), (2.8), (2.9), and (2.10), we have

—1 1
(2.11) 127" fa(22) = fa(@)| < Tor7y[9(@,22) + 20(2, @) + 26(0, 7))

for all x € X. By (2.11), for m,n € NU {0} with 0 < m < n, we have
127" fa(2"2) = 27" fa (2" )|

—9—m 2—(7L—m)fa gn—m _gm.,.\ _ fa oM 4
(2.12) | ( ) = fa(2"2)]|

1 K —k k.. ok+1 k.. ok k
P —
< i k:Em2 [@(2%, 2% ) + 2¢(2%x, 2%x) + 2¢(0, 2%x)]

for all z € X. By (2.12), {27 f,(2"z)} is a Cauchy sequence in Y and since Y is
a Banach space, there exists a mapping A : X — Y such that

Ax) = nhﬁngo 27" (2" x)
for all z € X . Moreover, by (2.12), we have

[A(z) = fa(2)]|

(213) 1 - —-n n n+1 n n n
= mnz::oQ [p(2"x, 2" ) 4 2¢(27 2, 2" x) + 2¢(0,2"x)]

for all x € X. By (2.5), we have
Hfa(2£€ + y) + fa(Q:L' - y) + Gfa(xay) - Qfa(x + y) - 2fa(x - y)
~2£,(22) + 4fa @) < 50(r,) + 6(22,2)

for all z,y € X. Replacing z and y by 2"z and 2"y in (2.14), respectively and
deviding (2.5) by 2", we have

127" fa (2" (22 +y)) + 27" (2" (22 — y)) + 27" G, (2"2, 2"y)
=2:27"fo(2"(x +y)) — 2- 27" fa(2M(x — ) — 227" fu (2" a)

4 1
+4. 2fnfa(2nx)” < g . 27n¢(2nl,, Qny) + 6 . 2fn¢(2n+lx, 2n+1y)

(2.14)
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for all z,y € X. Letting n — oo in the last inequality, we have

AQx+y)+ A2z —y) + lim 27"Gy, (2"2,2"y)

(2.15) 100
—2A(z +y) — 2A(x — y) — 2A(2x) + 4A(z) =0

for all z,y € X and since F' is continuous,
nl;rrgo 27"Gy, (2", 2"y)

= lim P (201 (2,9)), 27 fu(20a 1) 27 ful2 1 (.9)

= Ga(z,y)
for all z,y € X. Hence by (2.15), we have
(2.16) A2z +y)+AQ2z—y)+Ga(z,y) = 2A(z+y) +2A(x —y) + 2A(22) — 4A(x)
for all z,y € X. Relpacing = by 2"z in (2.11) and deviding (2.11) by 2", we have

127" fa(2 - 22) — 27" fo(2"2) |

9—n
< ———[p(2"x, 2" 2¢(2"x, 2" 2¢(0,2™
< g 2 ) + 20(2°. 2°5) + 20(0.270)
for all x € X and letting n — oo in the above inequality, we have
(2.17) A(2z) = 2A(x)

for all x,y € X. By (2.16) and (2.17), A satisfies (2.1). By Condition P, A is
an additive mapping .

By (2.3), (2.8), (2.9), and (2.10), we have
Q18) S A20) — @) < gy 9o 20) + 20(e.2) + 26(0,2)

for all x € X. By (2.18), for m,n € NU {0} with 0 < m < n, we have
270 (2) — 277 fo(27)|
= g g £ (7 g — (27|

(2.19) , .
G 273k p(2F g, 2R T 20 (282, 2F 26(0, 2%
_48‘“”;” [6(2"2, 2" 7) + 26(2"x, 2°2) + 20(0, 2"2)]

for all z € X. By (2.19), {273"f.(2"x)} is a Cauchy sequence in Y and since Y is
a Banach space, there exists a mapping C' : X — Y such that

I T —3n n
C(z) = nlgI;OQ h(2"x)

for all x € X . Moreover, by (2.19), we have

IC(@) = fe(@)]
(2.20) 1 o o304 (o, on o .
< m;g 3n(p(2mx, 2" a) + 20(2"x, 2™2) + 26(0, 2"x)]

for all x € X. By (2.5), we have
||fc(2$ + y) + fc(zr -y

—2fe(22) + 4f.(2)] <

+ ch({L‘,y) - 2fc($ + y) - 2fc(x - y)

220 B(r.y) + 56(20,29)

Wl =~
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for all z,y € X. Replacing x and y by 2"z and 2"y in (2.21), respectively and
deviding (2.21) by 237, we have

12727 fe(2" (22 + y)) + 27" fu(27 (22 — ) + 277" G p, (2", 2"y)
—2:27" fo (2@ +y)) = 2- 27" fo(2"(x — ) = 2- 27" fu(2" T )
+4-273"f (2"2)|| < % 278 (2" 2, 2"y) + % 2782 g, 2y
for all z,y € X. Letting n — oo in the last inequality, we have
C(2z +y) + C(2z —y) + lim 27°"Gy (2", 2"y)
(2.22) n—»00
—2C(x+y) —2C(x —y) —2C(2z) +4C(x) =0
for all z,y € X and since F' is continuous,
lim 273Gy, (2™, 2™y)
= lim P27 h(2 0 (2,)). 277 h(2 a0, )). - 2 (2 (2. )))
= Ge(z,y)
for all z,y € X. Hence by (2.22), we have
(2.23) C(2z+y)+C(2x—y)+Ge(x,y) = 2C(x+y) +2C(x —y) +2C(2x) —4C(x)
for all 2,y € X. Relpacing by 2"z in (2.18) and deviding (2.18) by 23", we have

2732790 £ (2" - 2) — 2700 £ (2")|
27377,
< [p(2"m, 2" 2¢(2"x, 2" 2¢(0,2"
< P02 2 ) + 202", ') +20(0, ')
for all x € X and letting n — oo in the above inequality, we have

(2.24) C(2z) = 8C(x)

for all z,y € X. By (2.23) and (2.24), C satisifes (2.2). By Condition P3, C'is a
cubic mapping.

Let F = A+ C. Then F is an additive-cubic mapping, F, = A, and F. = C. By
(2.13) and (2.20), we have (2.6) and (2.7).

For the uniqueness of F', let H be another additive-cubic mapping with (2.6)
and (2.7). Then F, and H, are additive mappings and hence

HFa(x) - Ha(x)” = 2_kHFa(2kx) _ Ha(2k$)||
1 N e e oo :
= m;ﬁ [6(2"z, 2" 7) + 26(2" 2, 2"x) + 26(0, 2" )]

for all z € X. Hence, letting £ — oo in the above inequality, we have F, = H, and
similarly, we have F, = H.. Thus F = H. (I

Similarly, we have the following theorem:

Theorem 2.2. Let Gy be a functional operator satisfying Condition Py,
Condition Ps, and

(2.25) Gi(2,0) = —G4(0, z).
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for oll x € X and all mapping t : X — Y. Further, suppose that there are real
numbers A\, 6 (A # —1) such that

Gi(x,2x) + 2G¢(z, x) — 2G¢(0, 2)
= At(4z) — 10¢(2z) + 16t(x)] + O[f (z) + f(—=)]

for all x € X and all mappingt: X — Y. Let ¢ : X? — [0,00) be a function with
(2.4). Let f: X — Y be a mapping with f(0) =0 and (2.5). Then there exists
an unique additive-cubic mapping F' : X — Y such that

1 - —n n n
||Fa(l’) - fa(I)H < m;2 [¢(2 x,2 +11‘)

+26(27, 272) + |8]6(272, 0) + (2 + |8])(0, 27 )]

(2.26)

and

Sn n+1
|1Fe(w) = fela)] < 48|A+1‘ 22 2"z, 2"* )

+20(2"x, 2"z) + [0]6(2", 0) + (2 +16)#(0,2"x)]
forallx € X.
Proof. By (2.8) and (2.25), we have

£ () + f(=z)]| < &(z,0) + ¢(0,2)

for all x € X, because ||G(z,0)|| < ¢(z,0) and G(z,0) = —G;(0,z). Similar to
the proof of Theorem 2.1, we have

(1 +X)[f(4x) — 10f(22) + 16f (2)]|
< ¢(z,22) +2¢(z, ) + 26(0, ) + |0][|f (=) + f (=)
< ¢(x,22) + 2¢(x, ) + [6]d(2,0) + (2 + 0])¢(0, )

for all x € X and so we get

_ 1
127" fa(22) = fa(@)]| < m[(ﬁ(% 2z) + 2¢(z, x) + [6]¢(x,0) + (2 + |0])$(0, )]
for all x € X. The rest of this proof is similar to the proof of Theorem 2.1. O

3. APPLICATIONS

In this section, using Theorem 2.1 and Theorem 2.2, we will prove the generalized
Hyers-Ulam stability for some additive-cubic functional equations.
First, we consider the following functional equation :

(3.1) fRx+y)+ f2r —y) — f(4z) = 2f(x +y) + 2f(z —y) — 8f(22) + 12f ().

Theorem 3.1. Let ¢ : X2 — [0,00) be a function with (2.4). Let f: X — Y be
a mapping such that f(0) =0 and

1f2z +y) + f(2r —y) — f(4z) = 2f(z +y) — 2f(z — y)
+8f(2z) — 12f(x)|| < ¢(=,y)

for all x,y € X. Then there exists an unique additive-cubic mapping F : X — Y
such that

(33) 1Fa(@) ~ o) < 5 32 lo(2"a, 2 ) + 202, 2'5) + 26(0.2'5)

(3.2)
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and
(3.4) ||F.(z) = fo(x)]| < % Z 273 (20, 27 ) + 2¢(2"x, 2 ) + 2¢(0, 27 )]
forallx € X.

Proof. Let Gy(z,y) = —f(4x) + 10f(2x) — 16 f(x). Then f satisfies (2.5) and
Gi(x,2x) 4+ 2Ge(x, x) — 2G+(0, ) = —3[t(4x) — 10t(2z) + 16t(x)]

for all x € X and all mapping ¢t : X — Y. If ¢t : X — Y is a mapping with
t(2z) = 2t(x) for all x € X and (2.1), then G¢(z,y) = 0 for all z,y € X and
so t is an additive mapping. Hence G; satifies Condition P; and similarly G,
satifies Condition P3. By Theroem 2.1, there is an unique additive-cubic mapping
F: X — Y with (3.3) and (3.4). (]

Using the above theorem, we have the following corollaries:

Corollary 3.2. Let f: X — Y be a mapping. Then [ satisfies (3.1) if and only
if [ is an additive-cubic mapping.

Ostadbashi and Kazemzadeh [9] investigated the following additive-cubic functi-
nal equation :

[z +y) + f(22 —y) — f(4x)
=2f(z+y)+2f(x—y) —8f(2z) +10f(z) — 2f(—=).
Corollary 3.3. Let ¢ : X2 — [0,00) be a function with (2.4). Let f : X — Y
be a mapping such that f(0) =0 and
If 2z +y) + f(2z —y) — f(dz) = 2f(x +y) — 2f(z —y)
+8f(2x) = 10f () + 2f(—=)|| < é(x,y)

for all x,y € X. Then there exists an unique additive-cubic mapping F : X — Y
such that

(3.5)

(3.6)

B.7) [IFa(x) = fa(x)ll < %Z "1 (2", 2" ) + 201 (2", 2"2) + 261 (0, 2"2))]

and
(89) 1F-e) = o) < g 327 60(20,2"4 ) +260(210,2'0) 2000, 2")

for all x € X, where ¢1(x,y) = ¢(x,y) + ¢(0,x).
Proof. By (3.6), we have
1f (@) + f(==)|| < ¢(0,x)
for all x € X and hence we have
1f Rz +y) + f(2z —y) — f(dz) = 2f(x +y) — 2f(z —y)
+8f(22) — 12f(2)|| < ¢(x,y) + ¢(0,2) = ¢1(x,y)
for all z,y € X. By Theorem 3.3, we have the results. [
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Finally, we consider the following new functional equation :
fRr+y)+ f2r—y) = 2f(x+y) +3f(z —y) = 5f(y —x)

—10(z) + 14f(y) — 2f(2y) = 0.

Lemma 3.4. Let Gy be a functional operator such that

(3.10) G(2,y) = —Grly )

for all mapping f : X — Y and all x,y € X. Then Condition P; and
Condition Ps hold.

(3.9)

Proof. Suppose that f : X — Y is a mapping with f(2z) = 2f(z) and (2.1).
Letting y = 0 in (2.1), we have

(3.11) Gy(z,0)=0
for all z € X and by (3.10) and (3.11), we get
Gy(2,0) = =G£(0,2) = =[f(z) + f(—x)] = 0
for all x € X. Hence
(3.12) f(=z) =—f(z)
for all z € X. Interchaging « and y in (2.1), by (3.12), we have
(3.13) fle+2y) = fle—2y) + Gy, 2) = 2f(x +y) - 2f(x —y)
for all z,y € X and by (2.1), (3.10), and (3.13), we have
(3.14) fQr+y)+ f2r—y)+ flz+2y) — f(z - 2y) = 4f(z +y)
for all z,y € X. Letting y = —y in (3.14), we have
(3.15) fx+y)+ f2r —y)+ f(z —2y) — f(z 4+ 2y) = 4f(z —y)
for all z,y € X. By (3.14) and (3.15), we have
(3.16) f@ty)+fl@—y)=fle+2y) + f(z - 2y)
for all z,y € X. Letting x = = + y in (3.16), we get
(3.17) flz+2y) + f(x) = f(z+3y) + flz —v)
for all z,y € X and letting = 2z in (3.16), we get
(3.18) fRe+y)+ f2r—y) =2f(x+y) +2f(z —y)
for all z,y € X. Letting y = 4+ y in (3.18), we get
(3.19) fBr+y)+ flx—y) =2f(2x+y) —2f(y)
for all z,y € X and interchaging x and y in (3.19), we have
(3.20) fla+3y) = fle—y)=2f(z+2y) — 2f(x)
for all z,y € X. By (3.17) and (3.20), we have
(3.21) flx+2y)—3f(x)+2f(x—y)=0
for all z,y € X. Letting x = x — y in (3.21), we get
(3.22) fle+y)=3f(x—y)+2f(x-2y) =0
for all z,y € X and letting y = —y in (3.22), we get
(3.23) flx—y)=3f(x+y)+2f(x+2y)=0
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for all z,y € X. By (3.21) and (3.23), we have
fle+y) + fl@e—y) —2f(z) =
for all z,y € X and hence f is an additive mapping. Thus Condition P; holds.

(2) Suppose that f : X — Y is a mapping with f(2z) = 8f(x) and (2.2).
Similar to (1), we have

for all z,y € X. Interchaging  and y in (2.2), we have
(324)  fle+2y) — flz—2y) + Gy, x) =2f(z +y) — 2f(z —y) + 12f(y)
for all x,y € X and by (2.2), (3.10), and (3.24), we have
(3.25) f(2zx4y)+f(2x—y)+ flx+2y) — flx—2y) = 4f (z +y) +12f(z) + 12f(y)
for all z,y € X. Letting y = —y in (3.25), we have
(3.26) f(2z+y)+f(2z—y)+ flx—2y) — flz+2y) = 4f(z —y) +12f(x) —12f(y)
for all z,y € X. By (3.25) and (3.26), we have
fRx+y) + fQRr—y) =2f(z+y) +2f(x —y) + 12/ (z)
for all z,y € X and hence f is a cubic mapping. Thus Condition P5 holds. O

Using Lemma 3.4, we investigate solutions and the generalized Hyers-Ulam sta-
bility for (3.9).

Theorem 3.5. Let ¢ : X2 — [0,00) be a function with (2.4). Let f: X — Y be
a mapping such that f(0) =0 and

1f 2z +y) + [z —y) = 2f(z +y) +3f(z —y) = 5f(y — x)

—10(z) + 14f(y) — 2/ 2y)l| < o(z,y)

for all x,y € X. Then there exists an unique additive-cubic mapping F : X — Y

(3.27)

such that
’fl n+1 n n
(3.28) 1Fa(z) = fa(@)ll < ﬁ ZQ 272, 2" ) + 2¢(2"w, 2" )
+5¢(2"x,0) + 76(0,2"z)]
and
(3.29) 1Fe(z) = fe(@)] < % ;2‘3” [p(2"z, 2" a) + 26(2"x, 2" )
+56(2"x,0) + 76(0, 2" z)]
forallz e X.

Proof. Let Gy(x,y) = 5[f(x —y) — f(y — )] = 14[f () — f(y)] + 2[f (22) — f(2y)].
Then f satisfies (2.5) and

Gi(x,2x) + 2Gi(x, ) — 2G4(0, x)
—2[t(4x) — 10t(2z) 4+ 16t(x)] — 5[f (z) + f(—=)]
for all z € X and all mapping ¢ : X — Y. Since G satifies (3.10), by Lemma 3.4,

Condition P; and Condition Pj satisfy. By Theroem 2.2, there is an unique
additive-cubic mapping F': X — Y with (3.28) and (3.29). O
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Corollary 3.6. Let f: X — Y be a mapping. Then [ satisfies (3.9) if and only
if f is an additive-cubic mapping.
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TOEPLITZ DUALS OF FIBONACCI SEQUENCE SPACES

KULDIP RAJ, SURUCHI PANDOH AND KAVITA SAINI

ABSTRACT. In this paper we introduce and study some classes of almost strongly
convergent difference sequences of Fibonacci numbers defined by a sequence of modulus
functions. We also make an effort to study some topological properties and inclusion
relations between these classes of sequences. Further, we compute toeplitz duals of
theses classes and study matrix transformations on these classes of sequences.

1. INTRODUCTION AND PRELIMINARIES

Let w be the vector space of all real sequences. We shall write ¢, ¢y and [, for the sequence
spaces of all convergent, null and bounded sequences. Moreover, we write bs and cs for
the spaces of all bounded and convergent series, respectively. Also, we use the conventions
that e = (1,1,1,...) and e(™ is the sequence whose only non-zero term is 1 in the nth
place for each n € N.

Let X and Y be two sequence spaces and A = (a,x) be an infinite matrix of real numbers
ank, where n, k € N. Then we say that A defines a matrix transformation from X into Y
and we denote it by writing A : X — Y if for every sequence x = (x) € X, the sequence
Az = {A,(x)} and the A-transform of z is in Y, where

(1.1) An(z) = anpzy (n€N).

k=0
By (X,Y) we denote the class of all matrices A such that A: X — Y. Thus, A € (X,Y)
if and only if the series on the right-hand side of (1.1) converges for each n € N and every
x € X, and we have Ax € Y for all x € X. The matrix domain X4 of an infinite matrix
A in a sequence space X is defined by

(1.2) Xa={ox=(ap) cw: Az € X}

which is a sequence space. By using the matrix domain of a triangle infinite matrix, so
many sequence spaces have recently been defined by several authors, (see [1], [2], [15],
[25]). In the literature, the matrix domain X is called the difference sequence space
whenever X is a normed or paranormed sequence space, where A denotes the backward
difference matrix A = (A,;) and A’ = (A! ) denotes the forward difference matrix (the
transpose of the matrix A), which are defined by

A — (_1)nik7 n_lgklgna
nk = 0 , 0<k<n—-1lork>n

;o _ (=D <k <n41,
nk — 0 , 0<k<nork>n+1

2010 Mathematics Subject Classification. 11B39, 46A45, 46B45.
Key words and phrases. Fibonacci numbers, difference matrix, modulus function, paranorm space,
a—, B—,v— duals, matrix transformations.
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for all k,n € N respectively. The notion of difference sequence spaces was introduced by
Kizmaz [16], who defined the sequence spaces

X(A)={z=(zx) ew: (v —Tp41) € X}

for X = lo,c and ¢g. The difference space by, consisting of all sequences (z) such that
(xr — xk—1) is in the sequence space [,, was studied in the case 0 < p < 1 by Altay and
Bagar [3] and in the case 1 < p < oo by Bagar and Altay [7] and Colak et al. [9]. Kiriggi
and Bagar [15] have been introduced and studied the generalized difference sequence spaces

X ={x=(x) €w: B(r,s)z € X}

where X denotes any of the spaces I, Ip, ¢ and cp, (1 < p < 00) and B(r, s)x = (sTp—1+
ray) with r, s € R\{0}. Following Kirigci and Bagar [15], Sonmez [31] have been examined
the sequence space X (B) as the set of all sequences whose B(r, s, t)-transforms are in
the space X € {lw,lp, ¢, co}, where B(r,s,t) denotes the triple band matrix B(r,s,t) =
{bnk(r,s,t)} defined by

r, n=k
s, n=k—+1
b5 ) =3 4 = k2

0, otherwise

for all k,n € Nand r,s,t € R\{0}. Also in ([10-13], [26]) authors studied certain difference
sequence spaces.

A B-space is a complete normed space. A topological sequence space in which all co-
ordinate functionals 7y, i (z) = xj, are continuous is called a K-space. A BK-space is
defined as a K-space which is also a B-space, that is, a BK-space is a Banach space
with continuous coordinates. For example, the space [,,(1 < p < 00) is a BK-space with

o0 1
llzll, = (Z |mk|p) " and cg, ¢ and I, are BK-spaces with ||2||oc = sup |zx|. The sequence
k
k=0
space X is said to be solid (see [17, p. 48]) if and only if
X = {(v) € w: I(xy) € X such that |vy| < |24 for all k € N} C X.

A sequence (b,) in a normed space X is called a Schauder basis for X if for every
x € X there is a unique sequence (o) of scalars such that x =) ayby, ie., lim,, ||z —

i apby| = 0.
n=0

The following lemma (known as the Toeplitz Theorem) contains necessary and sufficient
condition for regularity of a matrix.

Lemma 1.1. (Wilansky, 1984): Matriz A = (ank);x—y s regular if and only if the
following three conditions hold:
(1) There exists M > 0 such that for every n = 1,2, ... the following inequality holds:

o0

Z|ank‘ S M,

k=1

(2) lim ap, =0 for every k =1,2, ...
n—oo

(3) nlLH;oZank =1.
k=1
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The sequence {f,, }52, of Fibonacci numbers is given by the linear recurrence relations
fo=fi=1and f, = fn_1 + fu_2, n > 2. Fibonacci numbers have many interesting
properties and applications in arts, sciences and architecture. For example, the ratio se-
quences of Fibonacci numbers converges to the golden ratio which is important in sciences
and arts. Also, in [18] some basic properties of Fibonacci numbers are given as follows:

n 1
lime— +\/5:

¢ (golden ratio),

n—oo  fp 2
n
Y fi=fara—1(nEN),
k=0
Z 1 converges
— converges,
— Jr

fooifor1— f2=(=1)""t  (n>1) (Cassini formula).
Substituting for f,, 11 in Cassini’s formula yields f2_; + fnfn_1 — f2 = (—1)"*L.

Now, let A = (anx) be an infinite matrix and list the following conditions:

(1.3) sup ank| < 00
neN L
(1.4) lim api =0 for each k € N
n—oo
(1.5) Ja,, € C> lim anr = ap for each k € N
n— o0
(1.6) nh—{go;a”k =0
(1.7) JaeC> nh—{r;o%a"k =«

(1.8) sup Z ‘ Z Ank

keM keK

< 0

where C and H denote the set of all complex numbers and the collection of all finite sub-
sets of N, respectively.

Now, we may give the following lemma on the characterization of the matrix transforma-
tions between some classical sequence spaces.

Lemma 1.2. The following statements hold:

(a) A = (ank) € (co,co) if and only if (1.3) and (1.4) hold.

(b) A= (ank) € (co,¢) if and only if (1.3) and (1.5) hold.

(¢) A= (ank) € (¢c,co) if and only if (1.3), (1.4) and (1.6) hold.

(d) A= (ank) € (c,c) if and only if (1.8), (1.5) and (1.7) hold.

(e) A= (ank) € (co,loo) = (¢,100) if and only if condition (1.8) holds.
(f) A= (ank) € (co,l1) = (¢,l1) if and only if condition (1.8) holds.

Recently, Kara [19] has defined the sequence spaces I,,(E) as follows:

L(F)={zew:Frel,}, (1<p< o)
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where F' = (f,x) is the double band matrix defined by the sequence (f,,) of Fibonacci
numbers as follows

frk = ff—::l, k=n, (k,n € N).
0, 0<k<n—1lork>n

Also, in [20] Kara et al. have characterized some classes of compact operators on the

spaces I,(F) and I (F), where 1 < p < oo.
The inverse F'~! = (g,x) of the Fibonacci matrix F is given by

faa
Ink = frefre1’ OS]CS’I’L, (k‘,TLGN)
0 , k>n

that is,

el e
| Qolviaels ©
- olRo|Boic © ©
TR o o ©
- BRo oo o

OO O OO

It is obvious that the matrix F' is a triangular matrix, that is, fnn # 0 and f, = 0 for
kE>n(n=1,2,3..). Also, it follows by Lemma 1.1 that the method Fis regular.

In [8] Basarir et al. introduce the Fibonacci difference sequence spaces ¢o(F) and ¢(F) as
the set of all sequences whose F-transforms are in the spaces cg and c¢, respectively, i.e.,

cO(F):{x:(xn)ew: lim ( In xn—fnﬂx 1)20},

n—oo fn+1 fn "

and

n—00 \ fp i1 fn

Define the sequence y = (y,,) by the EF-transform of a sequence z = (z,,), i.e.,

c(ﬁ'):{x:(xn)ewzﬂle((ja lim ( Fn xn—fnﬂxn,l) :l},

. To , n=20
(1.9) Yn = Fp(z) = { fﬁlxn_%xn_h n>1 (n € N).
A linear functional L on [, is said to be a Banach limit if it has the following properties:
(1) L(z) > 0if n > 0 (i.e. &, > 0 for all n),
(2) L(e) =1, where e = (1,1, ...),
(3) L(Dx) = L(w),
where the shift operator D is defined by D(z,,) = {zn+1} (see [6]).
Let B be the set of all Banach limits on lo,. A sequence x = (x) € l is said to be almost
convergent if all Banach limits of = (z}) coincide. In [22], it was shown that

5 SR . : :
¢ = {x = (zg) : nh%rrgo - ’; ZTpis exits, uniformly in s}
In ([23], [24]) Maddox defined strongly almost convergent sequences. Recall that a se-
quence x = (xy) is strongly almost convergent if there is a number [ such that

RS . :
lim — g |zk+s — ] =0, uniformly in s.
n—oo n —
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Let X be a linear metric space. A function p : X — R is called paranorm, if

(1) p(xz) >0 for all z € X,

(2) p(—z) =p(z) for all z € X,

(3) p(x +y) < p(z) +p(y) for all z,y € X,

(4) if (A\,) is a sequence of scalars with A\,, = A as n — oo and (z,) is a sequence of
vectors with p(z, —z) — 0 as n — oo, then p(A\,z, — Az) - 0 asn — oo.

A paranorm p for which p(z) = 0 implies = 0 is called total paranorm and the pair
(X, p) is called a total paranormed space. It is well known that the metric of any linear
metric space is given by some total paranorm (see [33], Theorem 10.4.2, pp. 183).

A modulus function is a function f : [0,00) — [0, 00) such that

(1) f(z) =0 if and only if z =0,

(2) f(z+y) < flx)+ f(y), for all 2,y >0,
(3) f is increasing,
(4) f is continuous from the right at 0.

It follows that f must be continuous everywhere on [0, c0). The modulus function may
be bounded or unbounded. For example, if we take f(z) = 77, then f(x) is bounded.
If f(x) = 2P,0 < p < 1 then the modulus function f(x) is unbounded. Subsequently,
modulus functlon has been discussed in ([4], [27], [28], [29], [30]) and references therein.

Let F = (Fy) be a sequence of modulus functions, p = (pg) be any bounded sequence of
positive real numbers and u = (uy) be a sequence of strictly positive real numbers. In this

paper we define the following sequence spaces:
Pk
Tk Tk
ug F ap — T fk—l‘ =0,
k+ k

n

~ . 1
co(F, F,u,p) = {:r (71) Gw'nlggoﬁz

k=1

and

n

n—00 n

- 1
c(F,F,u,p) = {:c: () Ew:3IN€C> lim —

Pk
_ Jem _
L fk 1 fr xk_l” B }

If Fy(z) = z, for all k € N. Then above sequence spaces reduces to co(F,u,p) and
c(F,u,p).

By taking pr = 1 and ug = 1, for all k£ € N, then we get the sequence spaces co(ﬁ,}") and
o(F,F).

With the notation of (1.2), the sequence spaces co(ﬁ',f,u,p) and c(ﬁ',]—", u,p) can be
redefined as follows:

k=1

(1.10) Co(F,]:,u,p) = {co(F,u,p)}p and c(ﬁ,]—',u,p) = {c(F,u,p)} -

The following inequality will be used throughout the paper. If 0 < py < suppy = H,
K = max(1,27-1) then

(1.11) |lak + b [P* < K{|ax["* + [bg[7*}

for all k and ay, b, € C. Also |a|P* < max(1, |a|f) for all a € C.

In this paper, we introduce the sequence spaces co(ﬁ',f,u,p) and c(ﬁ,]—", u,p). We in-
vestigate some topological properties of these new sequence spaces and establish some
inclusion relations between these spaces. Also we determine the a—, 83— and y— duals of
these spaces and construct the matrix transformation of the spaces (CO(F ,Fyu,p), X) and
(¢(F, F,u,p), X), where X denote the spaces loo, f, ¢, fo, o, bs, fs and I.
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2. Some topological properties of the spaces co(ﬁ',]-',u,p) and c(ﬁ’,}",u,p)

Theorem 2.1. Let F = (F}) be a sequence of modulus functions, p = (px) be a bounded
sequence of positive real numbers and u = (uy) be a sequence of strictly positive real
numbers. Then co(F,F,u,p) and c¢(F,F,u,p) are linear spaces over the field R of real

numbers.

Proof. Let & = (x1), y = (yx) € co(F, F,u,p) and A, u € C. Then there exist integers
M)y and N, such that |A] < M) and |p| < N,. Using inequality (1.11) and definition of

modulus function, we have
n

Pk
% Uka’A( — fk+1 ) +,u( fk Yk — fk+1yk 1)’
Pt Fipt fx fe1 Tk
1| f 1 & f f "
<= uF)\’ kxfkﬂx_’ +— ugF ‘ ky*kﬂy—’
n};_kkaka F TR n; kk|H|fk+1k F YL
n T Pk n 1 PE
1 1
< K- up . M), I T — fk+1$ 1) +K*Z ukaNp’i @yk 1‘
(et Jrt1 Tk n i~ f Ix |
Pk 7 Pk
1
< KM Z uka‘fk f’“: ‘ +ENI- uka‘fLyk_fk%yk—l‘
k=1 i

— 0 asn — oo.

Thus \x + py € co(p7 F,u,p). This proves that co(ﬁ,}", u,p) is a linear space. Similarly
we can prove that c(ﬁ,]—", u, p) is a linear space over the real field R. O
Theorem 2.2. Let F = (F},) be a sequence of modulus functions and p = (px) be a bounded
sequence of positive real numbers and u = (uy) be a sequence of strictly positive real
Then CO(F,}',u,p) and C(F,]-',u,p) are paranormed space with the paranorm

$k1” >

Proof Since the proof is similar for the space C(F F,u,p), we consider only the space

numbers.
defined by

n

e

Jr

upFy,

g(x) = sup (i

f

where 0 < pp, <suppp = H, M =max(1,H).

k=1

co(F, F,u,p). Clearly g(—z) = g(x), for all z € co(F,F,u,p). It is trivial that fl{«l:lxk -
f’}:lxk 1 =0, for # = 0. Hence we get g(0) = 0. Since & < 1, using Minkowski’s
inequality, we have
n Pk ﬁ
1 Jr S+ fr fr+1
- ukaK T — !Ekﬂ) + ( k— Yk— 1)’
< kZ:l Jrt1 Tk Jet1 Jr
n Pk ﬁ
< % k i Tk — fir xkfl‘ + ug Fy, L Y — Lﬁ“ykq‘
— frt1 fr fe1 Jr
< % wp Fy| =, — k+1$k—1’ + *Z upFy, k— kHyk 1’ .
Pt fre41 Jr n i~ Jr41 fr
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Now it follows that g(z) is subadditive. Finally to check the continuity of scalar multipli-
cation let us take any real number p. By definition of modulus function Fj, we have

1 n
bl;p (n Z
Cp7g(x).

where C, is a positive integer such that |p| < C,. Now, Let p — 0 for any fixed = with
g(x) = 0. By definition for |p| < 1, we have
fres1

(2.1) 72 ka T =

Also for 1 <n < N , taklng p small enough. Since Fj, is continuous, we have

Pk
uka‘ fk Ti — fk+1$k1"| < €.

g(pz)

IN

Pk
<€ forn > N(e).

T ,1‘

n

(2.2) Z

k=1

Jrer1 Ji
Now from equation (2.1) and (2.2), we have

g(pr) = 0 as p — 0.
This completes the proof. O

Theorem 2.3. Let F = (Fy) be a sequence of modulus functions, u = (uy) be a sequence
of strictly positive real numbers. If p = (pr) and ¢ = (q) are bounded sequences of positive
real numbers with 0 < px, < qx < oo for each k, then co(F,F,u,p) C ¢(F, F,u,q).

Proof. Let x € CO(F,]:, u,p). Then
3

n
k=1

This implies that

fr Jr41
uka T —
Jr+1 Ir

Dk
mk_lﬂ — Q0asn — oo.

for sufficiently large values of k. Since F} is increasing and py < g we have

qk n Pk
1 k k 1 k kit1
- upF / Ty — / +1$k71‘ < =D |wF J Ty — L xkfl‘
Pt Jresr Jr n i~ Jr41 i
—> 0Oasn — oo.
Hence x € c(ﬁ7 F,u,q). This completes the proof. O

> 0.

Fi(t

Theorem 2.4. Let F = (Fy) be a sequence of modulus functions and o = tlim %
—00

Then co(F, F,u,p) C co(F,u,p).

Proof. In order to prove that CO(F, F,u,p) C co(ﬁ, u,p). Let o > 0. By definition of g, we
have Fy(t) > o(t), for all t > 0. Since ¢ > 0, we have ¢ < %Fk(t) for all £ > 0.

Let x = (z1) € co(ﬁ7.7-', u, p). Thus, we have
Pk
uka‘ Jr . fk+1xk_lw

Pk n
1 < Jr+1 1
— Ug T — wk—l‘ < — k—
n s [ fk+1 Tk on ,; Jra1 Ir

which implies that © = (zx) € o (F, u,p). This completes the proof. O
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Theorem 2.5. Let F' = (F}) and F" = (F}) are sequences of modulus functions, then
CO(F7‘F/7U7P) N co(ﬁ,}"”,u,p) C CO(F)F/ + ‘Fllauyp)'

Proof. Let z = (x3,) € co(F, F',u,p) Nco(F, F", u,p). Therefore

n [ 1Pk
1
,Z uy Fj, L Tp — fk“sck,l‘ — 0asn — oo.
"= L Fr i
and
1 n [ f f 7 Pk
Z —k — k+1xk_1‘ —> 0 asn — oo.
"= L Fi |
Then we have
f f Pk
k k
55 e | e T\
Pk
1 Jr+1
< upFy T — Tk— ‘
n Pk
Jr frs1
+ K up Fy! k— Jﬂk—1’
{n ,;1 "1 g f
— QOasn — o
P
Thus L Jr fet1
usgz w(F} + FY) xTp — I, Tp—1 — 0 asn — oo.
Therefore = (z1) € co(F, F' + F",u,p) and this completes the proof. O

Theorem 2.6. Let F = (Fy,) and F' = (FY}) be two sequences of modulus functions, then
co(E, F' u,p) C co(F, FoF',u,p).
Proof. Let & = (23) € co(F, F',u,p). Then we have

L T fk“ ” " =0.

fori © f
Let € > 0 and choose 0 > 0 with 0 < ¢ < 1 such that F(t) < e for 0 <t <.

Write gy, = ukF’ and consider

fk T — f’}“xk 1‘

S AP = - SR+ S Rl
k=1 1 2

where the first summation is over y, < ¢ and second summation is over y; > d. Since F},
is continuous, we have

1
2.3 =) [Fi(yn)]s < €
(2.3) . zl:[ k(yr)]PE <€
and for y, > 4§, we use the fact that
Yk
LANPS -
Y < 5 —|— 5
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By the definition, we have for y; > §

Fr(ye) < 2B() %

SRS

(2.4 S IR < mas (1, 2E (D6 ) 3l

2 k

From equation (2.3) and (2.4), we have
co(F, F' u,p) C co(F, FoF',u,p).

This completes the proof. O

Theorem 2.7. The sets co(ﬁ,]-", u,p) and c(ﬁ,]—", u,p) are BK-spaces with the norm

||x||co(ﬁ‘7]:7u7p) = ||"I’1H(;(F7]:7u7p) = ||FI||DO'

Proof. Since (1.10) holds, ¢y and ¢ are the BK-spaces with respect to their natural norms
and the matrix F' is a triangle; Theorem 4.3.12 of Wilansky [33, p.63] gives the fact that the
spaces co(ﬁ, F,u,p) and C(F, F,u,p) are BK-spaces with the given norms. This completes
the proof. a

Remark 2.8. One can easily check that the absolute property does not hold on the spaces
co(F, F,u,p) and c¢(F, F,u,p), that is, ||x||60(l;ﬂ’}-’u’p) % |||£E|HCO(F',]:,u,p) and Hx||c(p’]_-’u’p) +
|||m|HC(F Fou,p) for at least one sequence in the spaces co(F, F,u,p) and c¢(F,F,u,p), and

this shows that co(ﬁ',]:, u,p) and c(ﬁ',]:,u,p) are the sequence spaces of non-absolute
type, where |z| = (Jzg])-

Theorem 2.9. The Fibonacci difference sequence spaces CO(F,]:,u,p) and c(ﬁ',]—',u,p)
of mon-absolute type are linearly isomorphic to the spaces cg and c respectively, i.e.,
co(F, F,p,u) 2 co and c(F, F,p,u) = c.

Proof. To prove this, we should show the existence of a linear bijection between the spaces
co(F, F,u,p) and cy. Consider the transformation T' defined with the notation of (1.9),
from co(F, F,u,p) to ¢o by & — y = Tx. The linearity of T is clear. Further it is trivial
that x = 0 whenever Tx = 0 and hence T is injective.

We assume that y = (yg) € co, for 1 < p < 0o and defined the sequence x = (z) by

k

Z k+1 y;, forall ke N.
fi+1

Then we have

1 n
li —
sz;o{nZ

k=1

2

fiin o fea 4 " — lim o —
up Fy, Zf]fjﬂ fogﬂ ” }—kl_woyk-—()

fk+1
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which shows that xz € co(]:_',}',p, u). Additionally, we have for every z € CO(F,}',p, u)
that

'rl

'fL
k=1

1 n
= sup 72
k=1

keN [TV —

lellcoiirr iy = 0

f Pk
k+1
upF) x_‘
kkf e kl]

firr  frern s 4pk
et Zf]fm fom ”

fk+1

= sup (kal”’“)

kEN
= [[ylloo < oo
Consequently, we see from here that T is surjective and norm preserving. Hence, T is a
linear bijection which shows that the spaces co(F, F,u,p) and ¢q are linearly isomorphic.
It is clear here that if the spaces co(F, F,u,p) and ¢y are respectively replaced by the

spaces C(F',}', u,p) and ¢, then we obtain the fact that C(F,}",p, u) = ¢. This concludes
the proof. O]

Now, we give some inclusion relations concerning with the space cg (F, F,u,p) and C(F, F,u,p).
Theorem 2.10. The inclusion co(ﬁ',}', u,p) C c(ﬁ',}', u,p) strictly holds.
Proof. 1t is clear that the inclusion co(ﬁ, F,u,p) C c(ﬁ,]—",u,p) holds. Further, to show

that this inclusion is strict, consider the sequence x = (x) = Z fk“. Then, we obtain

17
(1.9) for all k£ € N that
n — Pk n Pk
1 fk+1 fk+1 R 1 Jr+1
— g ug E g ’ = — g ug
n P fk+ fe = f7 n & F ( fx )

k

ug F (ffﬂ)] — ¢, as k — co. This is to say that F(x) € ¢\co.
k

n

which shows that % Z

k=1
Thus, the sequence z is in the ¢(F, F,u,p) but not in ¢o(F, F,u,p). Hence, the inclusion
co(F, F,u,p) C c(F,F,u,p) is strict. O

Theorem 2.11. The space lo, does not include the spaces CO(F,]:, u,p) and C(F, F,u,p).

Proof. Let us consider the sequence = = (x3) = (f2,). Since fZ,; — oo as k — oo and
F(JU) = ¢ = (1,0,0,...), the sequence z is in the space CQ(F,]:,U,])) but is not in the
space l. This shows that the space I, does not include the space CO(F,]-", u,p) and the
space c(ﬁ,}",u,p), as desired. O

Theorem 2.12. The inclusions cog C co(ﬁ,}", u,p) and ¢ C c(F,]—',u,p) strictly holds.

Proof. Let X = ¢y or c¢. Since the matrix F= (fnk) satisfies the conditions

W o 1 5
SugZifnu Sup(f +f“):2+f=f
ne k

fn+1 fn 2 2’
lim fnk =0,
n—oo

. . L) 1
Jim =t (- ) = 0w
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we conclude by parts (a) and (c) of Lemma 1.2 that (F, F,u,p) € (X, X). This leads that
(F,]—',u,p)x € X for any x € X. Thus, x € X(l;ﬂ’}-yu’p). This shows that X C X(F,}‘,u,p)'

Now, let @ = (xx) = (fZ,1)- Then, it is clear that x € X Fup) \X. This says that the
inclusion X C X(F,}‘,u,p) is strict. O

Theorem 2.13. The spaces co(ﬁ',}', u,p) and C(F,}', u,p) are not solid.

Proof. Consider the sequences r = (r) and s = (sj) defined by rp = f2,, and s, =
(—=1)k*1! for all k € N. Then, it is clear that r € Co(F,]:,u,p) and s € lo. Nevertheless
rs = {(—1)*T1f2,.,} is not in the space co(F,F,u, p), since

Pk
k Tk
*Z uka‘f DM - le(—l)kﬁ?”
Pk
f§:1%ﬂs —1)F 1 fifiyr)|  forall keN.

This shows that the multlphcatlon looco(F F,u,p) of the spaces o, and ¢ (F,}", u,p) is
not a subset of ¢o(F, F,u,p). Hence, the space co(F, F,u,p) is not solid.

It is clear here that if the spaces co(F F,u,p) is replaced by the space c(F F,u,p), then
we obtain the fact c(F7 F,u,p) is not solid. This completes the proof. O

It is known from Theorem 2.3 of Jarrah and Malkowsky [14] that the domain Xt of an
infinite matrix 7" = (¢,x) in a normed sequence space X has a basis if and only if X has
a basis, if T' is a triangle. As a direct consequence of this fact, we have

Corollary 2.14. Define the sequences ¢{=1) = {c,(f been and ™) = {c )}keN for every
fixzed n € N by

k 2
(-1 _ N~ e (n) _
¢, = E - — and ¢ f2

= fitin Fufor B2

{ 0 ,0<k<n-1

Then, the following statements hold:

(a) The sequence {c™M}22 is a basis for the space Co(F,]:, u,p) and every sequence T €
co(E, F,u,p) has a unique representation x = 3., Fy()c™.

(b) The sequence {c™}2 | is a basis for the space c¢(F, F,u,p) and every sequence z =
(zn) € ¢(F,F,u,p) has a unique representation z = lc(=1) + Zn[ﬁn(z) —1]c™) | where
I= lim Fy,(z).

n— oo

3. The a—,5— and y— duals of the spaces CO(F,f,u,p) and c(ﬁ',]—",u,p) and
some matrix transformations
The a—, f— and y— duals of the sequence space X are respectively defined by
X*={a=(ar) €w:azx = (agry) €l forallz = (z;) € X},
XP ={a=(ax) € w:ax = (apzy) € cs for all x = (z3) € X}

and

X7 ={a=(ar) € w:ax = (arxy) € bs for allz = (z3) € X}
In this section, we determine a—, 83— and y— duals of the sequence spaces co(ﬁ'7 F,u,p)and
C(F , F,u,p), and characterize the classes of infinite matrices from the spaces CO(F , Fyu,p)
and C(F,]:,u,p) to the spaces c¢g, ¢, loo, f, f0, s, fs,cs and [;, and from the space f to the

964 KULDIP RAJ 954-969



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.5, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

12 KULDIP RAJ, SURUCHI PANDOH AND KAVITA SAINI
spaces ¢o(F, F,u,p) and ¢(F, F,u,p).
The following two lemmas are essential for our results.

Lemma 3.1. [8] Let X be any of the spaces co or ¢ and a = (a,) € w, and the matriz
B = (bni) be defined by B, = a, F71, that is

b o= Angnk, OSkSn,
" 0 , k>n

for all k,n € N. Then a € X7 if and only if B € (X,h,).

Lemma 3.2 (5, Theorem 3.1). Let C' = (cui) be defined via a sequence a = (a) € w and
the inverse matrix V = (vnk) of the triangle matriz Z = (z,1) by

n
o = D ik AUk, 0 <k <m,
0 , k>n

for all k,n € N. Then for any sequence space X,

X} ={a=(a) ew:Ce (X,lx)},

Xg ={a=(ay) ew:C e (X,0)}.
Combining Lemmas (1.2), (3.1), and (3.2), we have
Corollary 3.3. Consider the sets dy,ds,ds and d4 defined as follows:

Pk
dy=4qa=(ag) € w: sup upFy, ntl < 00y,
o= S 8 a3 fe,
n 1 n n Pk
dy=qa=(ag) € w:sup — U, jH j < 00 p,
{ (a) neNanZ:l kafk-H
1 n n f Pr
ds=<¢qa=(ag) €w: lim — uF sl j exists for each k € N 3,
3 { ( k) n%oon; R Zkflckarl f
J
n 1 n n Pk
dy=<a=(a;) €w: lim u F) J+1 ; exists p.
4 { w32 a3 e,

Then the following statements hold:

(a) {co(F, Fyu,p)}* = {c(F, Fu,p)}* = di.

(b) {co(F, F,u p)Y =dyNds and {c(F, F,u,p)}? =dy NdsNdy.
(¢) {co(F, Fou,p)}? = {c(F, F u,p)} = da.

Theorem 3.4. Let X = cg or ¢ and Y be an arbitrary subset of w. Then, we have
A= (ank) € (Xz,Y) if and only if

(3.1) D™ = (d") € (X, ¢) for alln € N,
(3.2) D = (dni) € (X,Y),
where

n m 2 Pk

1 7j+1
(m n ug Fy, T 7 Onj ) 0<k<m
dnk) = prt ( Jz:,; Sefrgr )
0 , k>m
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and

oo
J+1 _
Z fk nj

fr+1

dp = ! Z (Uka

k 1

Pk
) for allk,m,n € N.

By changing the roles of the spaces X and X with Y in Theorem 3.4, we have

Theorem 3.5. Suppose that the elements of the infinite matrices A = (ang) and B = (byi)
are connected with the relation

(33) bnk = %Z

k=1

Pk

- OGnk

Uka’ - %an—l,k +

fn+1

for all k,n € N and Y be any given sequence space. Then, A € (Y,X) if and only if
Be (Y, X).

Proof. Let z = (z) € Y. Then, by taking into account the relation (3.3) one can easily
derive the following equality

Sea-3 (13

frt1 In
uka‘— 1k A

P
] )zk for all m,n € N

k=0 k—1 fn ' fn+1
which yields as m — oo that (Bz), = [F(Az)],. Therefore, we conclude that Az € Xz
whenever z € Y if and only if Bz € X whenever z € Y. This completes the proof. O

By fo, f and fs we denote the spaces of almost null and almost convergent sequences and
series respectively. Now, the following two lemmas characterizing the strongly and almost
conservative matrices:

Lemma 3.6. (see [32]) A = (ank) € (f,c) if and only if (1.3), (1.5), and (1.7) hold, and
(3.4) lim " A(ans — ax) =0

n—oo

also holds, where A(any — ag) = ank — o — (A k41 — agy1) for all k,n € N,

Lemma 3.7. (see [21]) A= (ank) € (c, f) if and only if (1.8) holds, and

(3.5) Jap € C> f —limay,, = ag for each fixed k € N,
(3.6) Ja €C3 f—lm)  an = a.
k

Now, we list the following conditions:

(3.7) sup Z ‘di:,z < 00
meN k=0

(3.8) A, € C3 lim d) = dyy for each k,n € N

m—0o0

(3.9) sup Z |dnk| < 00
neN &

(3.10) Jo, € C> lim d,, = oy, for each k € N
n—oo
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(3.11) sup ‘ Z Z dpi| < 00
NKEH ' N kek
()
(3.12) 36, € C> lim ;Odmk = B, foreachn e N
(3.13) JaeC> lim ) du=a
k

It is trivial that Theorem 3.4 and Theorem 3.5 have several consequences. Indeed, com-
bining Theorem 3.4, 3.5 and Lemmas 1.1, 3.6 and 3.7 we derive the following results:

Corollary 3.8. Let A = (ank) be an infinite matriz and a(n, k) = Z ajn for all k,n € N.
=0

Then, the following statements hold: ’

(a) A = (an) € (co(F, F,u,p),co) if and only if (3.7), (3.8), (3.9) hold and (3.10) also

holds with o, = 0 for all k € N.

(b) A = (ank) € (co(F, F,u,p),cso) if and only if (3.7), (3.8), (3.9) hold and (3.10) also

holds with ap, = 0 for all k € N with a(n, k) instead of any.

(¢) A= (ank) € (co(F,F,u,p),c) if and only if (3.7), (3.8), (3.9) and (3.10) hold.

(d) A= (ank) € (co(F,F,u,p),cs) if and only if (3.7), (3.8), (3.9) and (3.10) hold with

a(n, k) instead of ang.

(e) A= (ank) € (co(F,F,u,p),ls) if and only if (3.7), (3.8) and (3.9) hold.

(f) A = (ank) € (co(F, F,u,p),bs) if and only if (3.7), (3.8) and (3.9) hold with a(n, k)

instead of ang.

(9) A= (ank) € (co(F,F,u,p),lr) if and only if (3.7), (3.8) and (3.11) hold.

(h) A = (ans) € (co(F,F,u,p),bv1) if and only if (3.7), (3.8) and (3.11) hold with

Qpk — Qn—1, nstead of any.

Corollary 3.9. Let A = (ang) be an infinite matriz. Then, the following statements hold:
(a) A= (ank) € (c(F, F,u,p),loo) if and only if (3.7), (3.8), (3.9) and (3.12) hold.

(b) A = (ank) € (¢(F, F,u,p),bs) if and only if (3.7), (3.8), (3.9) and (3.12) hold with
a(n, k) instead of any.

(¢c) A = (ank) € (c(F,F,u,p),c) if and only if (3.7), (3.8), (3.9), (3.10), (3.12) and
(3.13) hold.

(d) A = (ank) € (¢(F,F,u,p),cs) if and only if (3.7), (3.8), (3.9), (3.10), (3.12) and
(8.13) hold with a(n, k) instead of an.

(e) A = (ank) € (¢(F,F,u,p),co) if and only if (3.7), (3.8), (3.9) and (3.10) hold with
ap =0 forallk €N, (8.12) and (3.13) also hold with o = 0.

(f) A = (ani) € (c(F,F,u,p),cso) if and only if (3.7), (3.8), (3.9) and (3.10) hold with
ap =0 forallk €N, (3.12) and (3.13) also hold with o = 0 with a(n, k) instead of any.
(9) A= (ank) € (c(F,F,u,p),l) if and only if (3.7), (3.8), (3.11) and (3.12)hold.

(h) A= (ant) € (¢(F, F,u,p),bvy) if and only if (3.7), (3.8), (3.11) and (3.12) hold with
Qpk — Qn—1.% instead of any..

Corollary 3.10. A = (ani) € (c(F,F,u,p), f) if and only if (3.7), (3.8), (3.12) and
(8.13) hold, and (3.9), (3.10) also hold with d instead of ang.

Corollary 3.11. A = (aui) € (¢(F, F,u,p), fo) if and only if (3.7), (3.8), (3.12) and
(3.13) hold, and (3.9), (3.10) also hold with dj, instead of any and oy, =0 for all k € N.
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Corollary 3.12. A = (an) € (¢(F, F,u,p), fs) if and only if (3.7), (3.8), (3.9), (3.10),
(3.12) and (3.13) hold with a(n, k) instead of ani and (3.9), (3.10) also hold with d(n, k)
instead of dn-

Corollary 3.13. A = (an;) € (f,¢(F, F,u,p)) if and only if (1.8), (1.5), (1.7) and (3.8)
hold with by, instead of ank, where b(n, k) is defined by (3.3) .

Corollary 3.14. A = (ani) € (f,co(F, F,u,p)) if and only if (1.3) and (1.7) hold, (1.5)
and (3.8) also hold with by, instead of anr and ag, = 0 for all k € N, where b(n, k) is
defined by (3.5).
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Abstract

In this paper, we prove the complete monotonicity of some functions involving Bateman’s
G—function and show that

1 1 1

L G-t 0
222 + « (z) :v<2302—|—ﬂ7 v

where o = 1 and 8 = 0 are the best possible constants, which is a refinement of a recent
result. Then, we give a new proof of Slavi¢ inequality about Wallis ratio W,,, and provide
a new inequality for W,,. Our new inequality improves some recent related works. We also
present two inequalities for the hyperbolic tangent function.

2010 Mathematics Subject Classification: 26A48, 26D15, 33B15.
Key Words: Bateman’s G—function, completely monotonic, best possible constant, Bernoulli
numbers, Wallis ratio, hyperbolic tangent function.

1 Introduction

A function H : J — R is said to be completely monotonic (see [45] and [11]), if H(™ (x) exists
on J for all m > 0 and
(=1)™H™ () >0 e J;m>0. (1)
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For z > 0, the necessary and sufficient condition for the function H(x) to be completely mono-
tonic is the convergence of the following integral

H(z) = /OOO e "du(t), (2)

where v(t) is a nonnegative measure on t > 0. The function H(x) is said to be strictly completely
monotonic if the inequality (1) is strict for all € J and m > 0. The concept of completely
monotonic function is the continuous analogue of the totally monotone sequence presented by
Hausdorff in 1921 [15] (see also [45]). These functions find applications in several diverse fields
such as in the theory of special functions, asymptotic analysis, probability, physics, and the list
continues, see [2], [5], [6], [12] , [13], [32], [34], [35], [38], [44] and the references therein.

The Bateman’s G—function is defined by (see Erdélyi [10])

G(t):¢(%+%) —¢<%>, E£0,—1,-2, . (3)

where 9(t) is the digamma (Psi) function which is defined by

d

Y(t) = - InT(?)

and I'(z) is the classical Euler gamma function which is defined for Re(z) > 0 by

F(z):/ e w* tdw.
0

For more details on bounds, identities, properties and applications of Bateman’s G—function,
refer to [10], [21]-[25], [31], [39] and the references therein. The following relations hold for the
function G(z) [10]:

Glr+1) = =G(r) + 27", (4)
o0 2%V
G(ZE) - /0 1+ 6_vd1}, x>0 (5)
1
6o =27 o8 (1151 +aig) )
where ) k
lFm(/Ul, ey U3 Wey oeey Wiy ,2,’) = Z MZ_

is the generalized hypergeometric function [3] defined for I,m € N, v;, w; € C, w; # 0, -1, -2, ...
and

k=0

r
(v)o=1 and (v), = %, n € N.
Qiu and Vuorinen [39] established the inequality
(6 —41n4) 11
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and Mortici [25] improved the inequality (7) to the double inequality
0<¢(x+h)—¢x) <¢(h)+y—h+h, x>1; he(0,1) (8)

where 7 is the Euler constant. Mahmoud and Agarwal [21] deduced the following asymptotic

formula for z — oo .
I (2% —1)By _
ORI Ph-it 0

T
k=1
where B,,’s are the Bernoulli numbers [17] and they also presented the following inequality

#3<G(31:)—9c’1<L x>0 (10)

222 + 35 272’

which improves the lower bound of the inequality (7) for = > (196_1111221_11121)1/2. In [22] Mahmoud
and Almuashi proved the following inequality

2m 2m—1
2" =1, 1 =10,
—— DBy, " < G(x) — < —— DBy, ", eN 11
2 - onT (x) —x nz:; on T m (11)
where (222—_1)32,1 are the best possible constants. Also, Mahmoud, Talat and Moustafa [23]
studied the following family of approximations of Bateman’s G—function
(p,z)=In(1+ ! + 2 1<p<2,2>0
,x) =In : <p<2x
X T+p z(x+1) P

which is asymptotically equivalent to the function G(z) for z — co.

Recently, Mahmoud and Almuashi [24] presented some identities, functional equations and
an asymptotic expansion of the generalized Bateman’s G—function G,(z) defined by

Gy () :¢<x—;—0) —w<g>, r# —=2r,=2r —o; o € (0,2); for r=0,1,2,....

Also, they presented the double inequality
o 20
In({l+——) <G,(x) —
n( +$+¢) (z) z(r+ o)

m and # = 1 are the best possible constants.

ag
z+0

<1n<1+ >, x>0; 0€(0,2)

where ¢ =

In this paper, we will study the complete monotonicity of some functions involving the func-
tion G(x) and as a consequence, we will deduce a double inequality of it. Also, we will prove

that the function )

r) = —— — 227 x>0
is strictly increasing and present a refinement of the lower bound of the inequality (10). We will
apply our results to present a new proof of Slavié¢ inequality about Wallis ratio W,,, = %

for m € N. We will also present a new inequality of W,,, which improves some recent results.
Further, we will present two inequalities involving the hyperbolic tangent function.
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2 Main Results

We begin by proving some auxiliary results involving Bernoulli numbers.

Lemma 2.1. For any positive integer s > 1, we have

s—1

1
By, = 2(2
(25— 1) [ 2s+1;

and

1 s—1 )
Bgszm[S—Z(Qk_l)(

k=1
Proof. The identity [30]

B = 1_2m§

can be rewritten as

(754

1

Bp=——
2(1 — 2m

J=1

where By,.,; = 0 for » € N and hence

22% 24 By, = 25, s>1

ot Y2 (5) B

2s
2k

2s+1 ) ng

) Bok

m €N

Z 2% (22) By = (25— 1) +2(1 — 2%) By,

Also, Bernoulli numbers satisty [4]

VA
I
[S—Y
I
~~
N N
>
~—
Sy
N
o

From the two identities (15) and (17), we get

2(2% — 1) (557") Bop, = 25 + 1

k=1

and the two identities (16) and (18) give us

2(2%° — 1) By, + Z (2% —1) (%) Bay = s

973

s> 2.
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Lemma 2.2. Forv=2,3,4,---, Bernoulli numbers satisfy

(22012 — 1) 2 | Ba, |
(220 —1) | Boya]

Proof. The function

(22v+2 - 1)
(221} _ 1)

(2u+1)(2v+2) < (m* +1). (21)

2 4 A2 4
f(x) =2(8x — (9 +37%)) +1, x> 943"+ 196+5 ™+ 97 ~ 4.80006...

is increasing and positive, and hence

2271 (2272 — (9 + 37%)) +1 > 0, v > 2.
Then
T+ - =1 — - —1)>0, (e
2 1 22'u+2 1 221} 1 1 2 221}+1 1 22’1) 1 0 2
" (-1, @1
— 1) 2 — 2
(051 _ 1)7T < Oy (7% + 1), v > 2. (22)
From the Qi’s result [36]
(22v+2 _ 1) 7T2 _ |Bzv| (22v+1 _ 1) 7T2 - (23)
v
(22 —1) 2v+1)(2v+2)  |Baya| (2% 1—1)2v+1)(2v+2) -
and the inequality (22), we complete the proof. O

Now we will prove the complete monotonicity of some functions involving the function G(x).

Lemma 2.3. For a positive integer m, the function

2m ook
F(z) :G(x)—i—z:%, T 0 (24)

18 strictly completely monotonic.

Proof. Using the formula [1]

1 1 o
— = th=le=otqt keN 25
o (k—1) /0 o (25)
and the integral representation of G(x), we get
2m
00 22k _ 1 B t?k 1 e—ast
F(z) = f-1-1(1 dt
(@) /0 [e e ; Bk—1)1 | 1+e

00 e—mt
= t dt
A ()0( ) 1 + et b
where

. 2(2% — 1)B2kt2k 1

¢(t):et—1—(1+et)zw -1 (26)
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Now
° 2m 2m 00
t" 2(22k — 1)B2k 2%—1 2(22k _ 1>B2k tr+2k71
=1 k=1 k=1 r=0
_ iﬁ_fwtm_i“w S
ol = (2k) (2K A (s—2k+1)
SN SR DB, R N
ol = (2k) — (2k) 4= (s—2k+ 1)
0 2m o
t 2(2%" — 1) By ts
T DI et LT o
r=4m+1 r! k=1 (Zk)' s—dm1 (5 — 2k + 1)'

Rewrite infinite summations from 0 and split finite summations by even and odd power of t we
obtain

2m 2m 2m
t2571 2(225 B2s 2 L 22k B2k t2371
t) = —_— ST
2 (t) ; (25— 1)! Z_: (29)! Z Z (25 — 2Kk)!
. 2m 428 in: 2(22k _ 1)BQk Z 2s N i psHam+1
— (2s)! — (2k)! (2s — 2/<: +1! = (s+4m+1)!
oo 2m
Z Z 2(2* — 1) By ts+4m+1’
— = (2k)!(s + 4m — 2k + 2)!
which can be rewritten as
2m 2m
251 2(2 — 1) Bog (251 22k — 1)(2s!)Bak 5 4
) = - _ I S e A 12—
) ; (25— 1)! ; (29)! Z 25 ' Z (25 — 2k)!
2m t?s 2m 0 755—&—4m—i—1

2%—1 23+1))B2k2
t°° _—
+Z (29)! Zl 2s+1'Z (25 — 2k + 1)! +§(8+4m+1)!

— 1)By, 2(2%2 — 1) By s+dm+1
D) < s—|—4 (m—k)+2 <4k—2)!<s+4<m—k>+4>!)t

s=0 k=1

2m s—1 t2s_1
_ _ 2s 2k v
— Z [25 4(2% — 1) By, — ZQ (2 +) Bax @)

s=1 k=1

ok . 2s 0 ts+4m+1
2 1— 2(2°%" — 1) (53 Bsy,
+Z o ; ( )(2k ) 25+ +SZ s+4m +1)!

(2452 _ 1)(4k)(4k — 1) Ba_»
S5 [(l ' (2% —1)(s +4(m — k) +3)(s +4(m — k) + 4)B4k)
2(2% _ 1)psamiig,,
(4k)(s +4(m — k) + 2)!}
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Using the identities (12) and (13) with the relation
(—=1)"*1 By, >0, reN (27)

we obtain

o m (22 — 1)(4k)(4k — 1)|Byp_s|
o(t) = ZZ {(1 2% —1)(s+4(m—Fk)+3)(s+4(m — k) + 4)\B4k\)

2(24k - 1)’B4k|ts+4m+1 o Z55—1—4777,—1—1
(4k)! (s +4(m — k) + 2)! — (s +4m+ 1)l

For s > 0 and m > k > 1, we have

(s+4(m—Fk)+3)(s+4(m—k)+4) > (s+3)(s+4) > 12

and then
L 24k — 1)| By (24k_2 — 1)(4k)(4k — 1)| Bx—2|
A0 = 22 TR+ G - k)+2)( e )
o ts+4m+1
* ; (s+4m+1
R i Zm: 24k — 1)| Bay| (1 B (24k=2 — 1)(ik)(4/€ — 1)]B4k—2|) pstam+1
s=0 k=2 5+4m k>+2) 12(2 _1)|B4k|

755—1—4771—5—1

> 30|B4 |Ba|
1— ts+4m+1
Z )(5 + dm — 2))( 5|Bi| +Z G+am+ 1)

s=

_|_

Using inequality (21) with v = 2k — 1 for k € N, we get

o m 24k: N 1)|B4k| 7_(2 + 1 ts+4m+1
N 1— ts+4m+1 > 0’

>3 Gt i ()
which complete the proof. O
Lemma 2.4. For a positive integer m, the function

2m—1
1 22k _1)B
M(z) = = — G(z) + ( ) B x>0 (28)

x ka2k ’
k=1

18 strictly completely monotonic.

Proof. Using the formula (25) and the integral representation of G(x), we have

M(z) = /000 2

00 67mt
= t dt
/0 /’L( ) 1 + et Y

2m—1 (22k _ 1>BZkt2k_1 e—t

e D ey
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where -
o 2(2% —1)By,
_ t 2%k—1 .
pt) = (1+e) > o t (el —1).
k=1
Now
2m—1 2m—1

tr+2k7 1 S tT‘

2(2%% — 1)Bog op_4 2(22F — 1) By, <~
(2k)! D (2k)! > ol _Zﬁ”@)

x
=
I
]

k=1 k=1 r=0 ’ r=1
2m—1 2m—1 o) [e%¢]
2(2% — 1)Bok 051 2(22’“ — 1) By ts tr
e B e e D I
_ | |
— (2k)! Pt (2k)! S s=2k+1)1 =l
_ i 202 — 1) By jﬁf 2(2% — 1) By, ‘“”22 v ’”Zt_
p (2k)! p (2k)! S (s —2k+1)! — rl
fe’e) 2m—1 [e’e)
2(2% — 1) By, ts tr
+ > D -2
S = (2k)! (s —2k+1)! L 7!

Rewrite infinite summations from 0 and split finite summations by even and odd power of £, we
obtain

2m—1 t?s—l 2m—1 7527“—1

P22 — 1) Bajy oy = 2(2% — 1) By,
t) = e’ I o
u(t) Z 25! * Z 25! ; (25 — 2k)! ; 2r — 1)
2m—1 tQS 2m—1 t2r

2(22% — 1) By,
* ; (2k;)! Z 25 —2k+ 1) Z 2r)!
53

s=0

2m—1 2 sz ts+4m—1 o tr+4m 1
k=

Z (s + 4m — 2k)! Z’r’—|—4m—1

1 r=0

which can be rewritten as
2m—1 2m—1

2(225 —1)Bas 554 RN 2(22k — 1)(25)) Bok 1 S

oo 22 = 1)By s, $25-1
(1) Z (25)! + Sz: (25)! Z_; (2k)!(2s — 2k)! ; (25 = 1)!
2% —1)(2s + 1)! By 425 —
+Z(23+1IZ S—2/€+1 _Z 23

002m1

Py A oy
e k)! (s +4m — 2k)! (s +4m —1)!

2m—1

_ Z [2(225 —1)Bys — s+ 273(22’C —1) (3;) Bax

s=1 k=1

2m—1

+Z[ (25 +1) +Z 2(2% — 1) (5:7) Bay,
k=1

+Z

tQS
(254 1)!

2m—1

(

t8+4m—1
s—|—4m—1). 2k)!(s + 4m — 2k)! '
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Using the identities (12) and (13) with the relation (27), u(t) satisfies

>

f:m : 24k — 1)B4k 2(24k+2 - 1)B4k+2 ts+4m—1
1 B 2)

= (4k) (s +4(m —k))! ~ (4k +2)I(s + 4(m — k)

oo m—1 (2% — 1)(4k 4 1)(4k + 2)| Buy|
> Lz:z; < 24k+2_1)(3_|_4(m k)—l)(s+4(m k’))|B4k+2|)

2(24k+2 o 1)|B4k+2|t8+4m_1
4k +2)I(s +4(m — k) — 2)!

For s > 0 and m — k > 1, we have
(s+4(m—Fk)—=1)(s+4(m—k)) > (s+3)(s+4) > 12

and then p satisfies

oo m—1
>y < w + ) ( ' )| Bik2| o,
s=0 k=1 12 (4k + 2)(8 + 4(m — k) _ 2)
which complete the proof. -

From the complete monotonicity of the two functions F'(z) and M (x) with the asymptotic
expansion (9), we get the following double inequality which posed as a conjecture in [21].

Lemma 2.5. The following double inequality holds

2m 2[—-1
22k —1)B 22k — 1B
(27 = 1) B 2 ) P < Gz) - < Z 27 =B ’ ) 2k 2k,

k=1 k=1

l,me N; x> 0. (29)
From the positivity of the two functions p(t) and p(t) in the proofs of Lemmas 2.3 and 2.4,

we obtain the following result:

Lemma 2.6. The following double inequality holds

2m 22k(22k o

(2F)!

1)B2k Qk; 1 <tanh — 2% 2% B2k 2k—1

M

, I,meN; >0 (30)

k=1 k=1

and the inequality is reversed if x < 0. Fquality holds if x = 0.

Remark 1. In the case |z| < § and [ or m = tends to oo, in the inequality (30) in fact equality

holds, since

- 2%(2% — 1)3% 2k—1
I )

(2k)!

2| < <.

tanh(z) =
anh(z) 5

k=1

Elbert and Laforgia established the following lemma to study the monotonicity of some
functions involving gamma function [9] (see also [48]).
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Lemma 2.7. Let K be a real-valued function defined on x > a, a € R with lim,_,., K(z) = 0.
Then K(x) > 0, if K(z) > K(x+ 1) for all x > a and K(z) < 0, if K(x) < K(z + 1) for all
x> a.

To present our next result, we can easily prove the following simple modification on Lemma

2.7:

Corollary 2.8. Let K be a real-valued function defined on x > a, a € R with lim,_,., K(x) = 0.
Then form € N, K(z) > 0, if K(z) > K(z+m) forallx > a and K(x) <0, if K(z) < K(z+m)
for all x > a.

Proof. For m € N, if we have K(z) > K(z +m) and lim, ,,, K(z) = 0, then

K(x)>K@+m)>..>K(x+rm)>..> lim K(z+rm)= lim K(y) =0.

r—00 y—00
The other case is similarly treated. O]
Lemma 2.9. The function
1 2

q(m):m—%v, x>0 (31)
18 strictly increasing.
Proof. For x > 0, we have

/0= i1
where
L(z) = —G'(z) — 42G*(x) + 8G(x) — (42——;1)

Now,

Lix4+1)—L(z) = G'(z)—-G(z+1)+42 [G*(z) - G*(z + 1)] —4G*(z + 1)

422 + 62 + 1
— 8[G(x) -G 1 _—
(6le) — o+ 1)+ T
and using equation (4) and its derivative, we get
622 + 102 + 3

Lz +1) — L(x) = 2G'(z) — 4G*(x + 1) + £ Ly(z).

22(z + 1)2
Consider the difference

Li(z+2)— Li(z) = 2[G'(z+2) -G (2)] —4[G*(z +3) — G*(z + 1)]
4(27 + 135z + 2202% + 1582° + 51z* + 62°)
vz + 1) (x +2)%(z + 3)?
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and using equation (4) and its derivative, we obtain

16 425 4+ 342* + 9823 + 9922 +3x — 9
L 2) — L G 1) —
1w +2) = Ln(2) (x+1)(1:+2){ (z+1) 12(z +1)(x + 2)(z + 3)2 }
16

S Trnary @

Using equation (4), the function Ls(x) satisfies

B 3(72 + 15)(7z + 20) 4
222(x + 1) (z + 2)%(z + 3)%(x + 4)(x + 5)2 :

From the asymptotic formula (9) and its derivative

I =2(2% —1)By,
k=1

we have

lim L(z) = lim Ly(z) = lim Ls(x) = 0.
T—00 T—00

T—00

Hence, using Corollary 2.8, we get that L(x) > 0 for all x > 0 which completes the proof. m

As a consequence of the monotonicity of the function ¢(x) with the asymptotic expansion
(9), we obtain the following inequality:

Lemma 2.10. The following double inequality holds

1 1 1
<Gzr) -~ < =—5—
202 4+ « (z) x 2224

x>0 (33)

where a = 1 and B = 0 are the best possible constants.
Remark 2. The double inequality (33) is a refinement of the double inequality (10).
Lemma 2.11. The function

1
- — >0 34
xr 22241 o (34)
18 strictly completely monotonic.

Proof. Using the formula (25), the integral representation of G(z) and the Laplace transform of
sine function, we have

Ux) = /000 A(t)e *dt,

where

Mw:gi%—;%gnQ%>.
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Since sin z < 1, we get

A(t) >

t_1 1 2+1
T~ 20, t>In V2
et+1 /2 V2 -1

Also, from the generalization of Redheffer-Williams’s inequality [40], [41], [42], [46]

) ~ 1.76275 .

w2 — 2 sinx< 12 — 22

<
w422 oz T 12422 O<wsm

and the inequality (30) for m = 4, we obtain A(f) > t5(233§;02é(ﬁ;;7t4) > 0 for 0 < t <

/120 o, 9 58051, O

As a consequence of the Lemma 2.11, we get
Lemma 2.12.

1. For odd positive integer v , we have

r+1

G(r)(x) - 7! N rl(v2)" i<_1)z (gl+_11) (ﬂx>r—2l+2 >0 (35)

Sl 2 r+1
x (222 + 1) —

2. For even positive integer r , we have

G(r)(x) - 7! N ( ri(vV2)" 22:(_1)1“ (;lJr_11) (\/ﬁx)rﬂlﬂ >0 (36)

r+1 2 r+1
x 2224 1) —

Also, as a consequence of the proof of Lemma 2.11, we obtain the following inequality:

Lemma 2.13. The following double inequality holds

tanh(z) > sin(v/2z), x> 0. (37)

Sl

FEquality holds iff x = 0.

3 Applications: Some inequalities of Wallis ratio

The Wallis ratio
B 1.3.5...(2m — 1) B I'(m+1/2)

Wi = = ;
2.4.6...(2m) VrT(m+1)
plays an important role in mathematics especially in special functions, combinatorics, graph

theory and many other branches. For further details about its history and applications, we refer

me N (38)
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Guo, Xu and Qi [14] deduced the inequality

&

m

(1—L) \/m—1<Wm§9(1——) m—1, m>2 (39)
m

with the best possible constants C = \/E and Cy = %.
Recently, Qi and Mortici [37] presented the following improvement of the double inequality

(39)
c 1 m+1/3 . 1 m+1/3
S | < W <4/ 1— THin € N.
T™m [ 2(m—|—1/3)] T™m { 2(m+1/3)1 e mn

(40)
Also, Zhang, Xu and Situ [47] presented the inequality
1 1\" 1 1 \™ =
12m 12m+1
R <W,, < 14+ — : € N. 41
verm ( - 2m) — Jemm ( - 2m> " (41)
Recently, Cristea [8] improved the upper bound of the inequality (41) by
1 1 m_m+m_2ssom3
Wi < (1 + —) , meN (42)
emrm 2m

which is better than the upper bound of the inequality (40).

3.1 New proof of Slavi¢ inequality
Slavié [43] presented the following double inequality

20—1 2m
1 — 272k ng (l’ + 1/2) (1 — 2_2k)B2k
= = e 43
vz P (Z K1—26)221) = T+l \/zeXp 2 k(1 — 2k)aT | (43)

where x > 0 and I,mm € N. In the following sequel, we will present a new proof of Slavié
inequality (43). Consider the two functions

-1
(x—i—l/? . 1—2%Bk
Sp(r) = —————= Tatl) VI exp g E x%Ql , le N

and

et o (1 — 27\ By,
= N.
Sulw) = T(z+1) Vizexp k; 2k — 1)a2k=1 |7 me

Using Lemma 2.5, we obtain

L) _ gy - L (%%) <0, €N

Sr(x) 2z
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and ,
Sy(x) 1 T (1 — 27%) By,

Then the function Sy, (x) is decreasing and the function Sy(x) is increasing and using the asymp-
totic expansion of the ratio of two gamma functions [19]

Peta) [, (@=ba+b-1)
T(z+b) b{” 2

as r — 00, we have

+ O(aﬂ)] . a,b>0 (44)

lim Sp(z) = lim Sy(z) = 1.

T—>r00 T—r00
Hence we get
Sp(x) >1 and Spy(z) <1,
which complete the proof of Slavié¢ inequality (43).
Remark 3. In the case of [ = 1, m = 1 and & = m, the inequality (43) will gives

Ty, O N 45
— < Wy, < ———,
Vmm Vm me (45)
which is better than inequality (40) of Qi and Mortici [37].
3.2 New upper bound of W,
Consider the function
F 1 2 —L |tan— x)—ZT
My (z) = éfl(f;r {))\/562“15[t evioEl g s,
Using the inequality (33), we get
M (x) 1 1
—G21) - — ————— >0
M (z) (22) 20 82241

and using the expansion (44), we have lim, ,, My (x) = 1. Then
M7y, (%) <1
and we obtain the following result:

Lemma 3.1. The following double inequality holds

1

Plot1/2)  cmalo@vio-g]

< > 0. 46
T(z+1) Nz : v (46)
Remark 4. In the case of x = m in the inequality (46), we have
eﬁ[tanfl(%/im)—g]
Wy, < , me N (47)

Jam

which is better than inequality (42) of Cristea [§].
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Abstract

In this paper, we present the following new asymptotic formula of factorial n

n 1
n!N\/E(g) §/8n3+4n2+n+30—U(n), n — 00

_ (240 9480 | 919466 1455925 639130140029 -1 .
where U(n) = ( 11t a7 T 65219 n T 5021863 n2 92804028240 n3 ) depending on Ra-

manujan’s approximation formula for n! and we deduce the following upper bound for

1/6
gamma function I'(x + 1) < /7 (z/e)” {8933 +4a? + 2+ 55 + @] , x> 0.
11

847

2010 Mathematics Subject Classification: 41A60, 41A25, 33B15.

Key Words: Factorial, Ramanujan’s formula, asymptotic formula, best possible constant,
rate of convergence,bounds.

Introduction.

In many science branches, we need estimations of big factorials. Stirling’s formula

18

n n
nl ~ 27rn<—> , n— 0o
e

the most well known and used approximation formula for factorial n, which is satisfactory in
many branches such as statistical physics and statistics but we need more precise estimates in
many pure mathematics studies. For more details about Stirling’s formula refinements and its

related inequalities, we refer to [2], [12], [22].

Other known formula for estimating n! for large values of n is Ramanujan formula:

n 1
n!~ﬁ(%> \6/8n3+4n2+n+%,
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which is a refinement of Stirling’s formula and was recorded in the book ”"The lost notebook
and other unpublished papers” as a conjecture of Srinivasa Ramanujan based on some numerical
evidence. For more details please refer to [1], [4], [13], [24], [29].

Starting from Ramanujan formula (1), Karatsuba presented the following asymptotic formula
[13]

1 11 79 3539 1/6
r 1) ~ C 1823 + 42? — — 2
(1) ~ V7 (x/e) { O 0 T 2202 T 336022 T 20160088 ] - @)

where I'(z) = [ e "r*"!dr, x > 0 is the ordinary gamma function and n! =I'(n+1) for n € N.
Mortici [23] improve the Ramanujan formula by establishing the following asymptotic formula:

11Y6 11 13 1
F 1) ~ x 8 3 4 2 . _
(z+1) ~ V7 (z/e) [m A +“301 eXp{ 1152028 © 344025 | 69120020 }
(3)

which is faster than formula (2).

Dumitrescu and Mortici [9] introduced the following class of approximations:

r(x+1)~\/%<x/e)r\6/1+2<xl_§)+2(£5)2+2(ﬁ(5>3, a,f,0€ R (4)

which is a generalization of the Ramanujan’s formula (1) at § =0, « = 1/8 and § = 1/240.

More various results involving approximations for the gamma function and the factorial can
be found in [7], [8], [15], [16], [25], [26], [30] and the references therein.

In sequel, we need the following important Lemma, which is due to Mortici in 2010 and is a
very useful tool for constructing asymptotic expansions and measuring the convergence rate of
a family of null sequences [19]:

Lemma 1.1. If {0, }men @s a null sequence and there is s € R and n > 1 such that

lim m" (o, — Omi1) = 8, (5)
m—00
then we have 5
lim m" o, = )
m—00 n — 1

From Lemma (1.1), we can conclude that the convergence rate of the sequence {0, }men will
increase with the increasing of the value of n in relation (5). Several approximations, formulas
and inequalities have been produced using the technique developed by this Lemma. For more
details please refer to [5], [6], [11], [14], [17], [20], [21], [28] and the references therein.

In the rest of this paper, we will present a new asymptotic formula of n! depending on
Ramanujan’s asymptotic formula (1) and we deduce a new upper bound for the ordinary gamma
function related to our new asymptotic formula.
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2 Main results.

In our first step, we will try to find the best possible constants k; and ks in the approximation
formula

n 1 1
I~ — 8n3 + 4n? —_ - — 6
n \/7_r<6) \/n—l— n—l—n+30 . n — oo (6)
by defining a sequence A,, satisfies
n':ﬁ<2> \/8n3+4n2+n+i—;e‘4" n>1
' e 30 kin+ ke ’ -

Then

oL MmN Bk 25 201
n T T 12k, 2880 ) w 48k2 ~ 06k, | 2016 ) nf
—9031K% + 158200k + 100800k, ks + 33600%2\ 1

— +0n®).

* ( 26880047 +0(™)

n?

If (1%1 2880) # 0 and ( 458k,j — 9(?21 + 2016) # 0, then the sequence A, — A, 11 has a rate of

worse than n=%. So, we will consider

1 —
5k12k1 2880 O
_Okp 29 _
48k3 96k1 + 2016 0

that is, k1 = 222 and k, = 220 Now by Lemma (1.1), we obtain the following result:

Lemma 2.1. The sequence

1 1 1
Anzlnn!—lnﬁ—nlnn—n—élnn<8n3+4n2+n+%—m) (7)
847

has a rate of convergence equal to n=%, where

459733
lim 07 (A, — Appy) = — o2
dim ' (An = Ani1) = 5735600

In our second step, we will try to find the best possible constants 77,75 and 73 in the
approximation formula

n\" 1 1
| ~ ) 6/8n3 + 4n? - , — 8
" ‘E<J ¢”*‘”+”+m) ezr- g oy A ®)
by defining a sequence B,, satisfies
nh:VEngﬁ&ﬁ+®#+n+-£— ! e% n>1.
c 30 240 n+ 9;1570 i T1 + + ’ =
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Hence

(919466 — 6521977) . (454576431, — 100437267, — 637955952)
248371200 n” 32784998400 n®

1
425351796172 — 1277759560770T, + 4664306354407T:
265066712064000 n9< 1 1t 5

— 9280402824075 + 16394247383595)

1
F1127031543308000 7710 (—5933657555595T7 + 1965125297982T, T,
n

75073579806248177 — 36154053973653075 + 11846434204836075

— 8420494064916176)

1
—277410187898459T°% 4 14313602614438281077
* 301743462878871552000 n“( 1t 1

— 791552470027149607175 + 121051718355691207175

— 105500477122314928507} + 60525859177845607T + 61805521364571969607%
— 267999751163556720073 + 101393364617835255540)

+ O(n™ ).

Bn - Bn+l =

+

+ o+

To obtain the best possible values of the constants 77,7, and T3, we put

6521977 = 919466
4545764317 — 100437267, = 637955952 ,
4253517961772 — 1277759560770T; + 4664306354407, — 9280402824073 = —16394247383595

: _ 919466 _ 1455925 _ 639130140029
that is, T1 = %515 1o = s59ia5 and T3 = —%occioosaio - Hence by Lemma (1.1), we get the

following result:

Lemma 2.2. The sequence

1 1
anlnn!—lnﬁ—nlnn—n—élnn <8n3+4n2+n+%

11 847 65219 n 5021863 n? 02804028240 n3

has a rate of convergence equal to n=?, where

lim n10(B, — B, ;) — L42070656174130
novoo 108854063087616000

In our third step, we can follow the same technique to get the following result:

Lemma 2.3. The sequence C,, defined by

n 1
n!zﬁ(ﬁ) €/8n3+4n2—|—n+——V(n) e,
e

30
where
v 1
(n) = 240, 0480 | 910466 | 1455025 639130140029 Ty | Ty | Tp’
11 847 | 65210n ' 5021863 n2 02804028240 n3 | nt | pd 1 b
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converges to zero as n~'2 with the best possible constants T, = %, T = 22828080@703343%17232948120301
and T — — 5422052608484409095873 . .,
6 396565429333244371200
384377015548794481311979
li B, —-C) =— .
Jim n +1) = ~19111950578859903335600000
Hence, we get the asymptotic formula
n\" ¢ 1
n!~ﬁ<—) \/8n3+4n2+n+%—U(n), n — 0o (10)
e

Uln) @n+9480+ 919466 n 1455925 639130140029 n 142970656174139
S\ 847  65219n 5021863 n2 92804028240 n? = 42875461046880 n*

288878734012247231 5422052608484409095873 n -
22009403337398400 n®  396565429333244371200 n6 '

3 An inequality of Gamma function.

In this section, we will follow a method presented by Elbert and Laforgia in their paper [10] (see
also, [3], [27], [32] and its simple modification in [18]):

Corollary 3.1. Let T(t) be a real-valued function defined on t > ty € R with lim,_,, T'(t) = 0.
Then T(t) >0, if T(t) > T(t+ 1) for allt >ty and T(t) <0, if T(t) < T(t+ 1) for all t > tq.

Now, Consider the following function

1 1 1
F(z)=—=1In (8x3 +42° + T+ oo + —) +r—zIn(z)+InT(x+1)—In(y/7), x>0
6 1w s 30
which satisfies
lim F(z)=0.
T—r00
-1 847 1
F(x) = Fz+1) = —1 4 4o — ) -2l 1 1
(z) - Fle+1) 6 n(8x T +$+18480x+9480+30) vlne) + oln(z +1)
1 847 31
—In (8 1)° +4 1)? — | -
% n( (z+ 17 +4(z+1) +x+18480x+27960+30)
= H(z)
The function H(x) satisfies
H,(x)
H'(z) = <0, x>0
T
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where
Hi(r) = — 1.84724 x 10%2'% — 2.37023 x 10*°2"° — 1.39723 x 10*'2'* — 5.01631 x 103'2'?
— 1.22596 x 103222 — 2.15964 x 10322 — 2.83269 x 10%22'° — 2.81806 x 10%?z°
—  2.14586 x 10%22% — 1.25283 x 10%?2" — 5.57791 x 10*' 2% — 1.86841 x 10*'2°
— 4.59618 x 10%%2* — 7.9786 x 10%°23 — 9.149 x 10%2% — 6.15185 x 10*"x
— 1.83421 x 10*° < 0
and

Hy(x) = 3x(x+1)%(1542+79)%(1542+233) (1478402 + 1497602” + 5640022 + 10096z + 1163)°

(1478402 + 7411202° + 139272022 + 11635362 + 365259)° .

Then H(z) is strictly concave function satisfies
1 28855461
lim H(z) == (1 ———— | —6 0
Jiy H () =5 <°g< 270979 ) ) <

lim H(z)=0.

T—r00

and

So, F(z) < 0 for z > 0 and hence we get the following inequality

Lemma 3.2.

) ] ) 1/6
F(l‘+1)<ﬁ(l’/€) {81334-41’24-1‘4-%4-@ , x > 0. (11)
11 847
Remark 1. In 2018, Yang and Tian [31] presented the inequality
72
xz + 26’7 Tr2712’y
Mr4+1) < [ —Z=2 . 0<z<1 (12)
6y
T+ T2—12v

which is not included in inequality (11).

Remark 2. From the spirit of the previous inequality (11), we can suggest the following inequality:

9480 1 1 1/6
I 1) > ) — T18x% + 412 S >0
(x+1) 1163(9(;/6) {x + 4z +x+30+%+9480 ) x

847
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Abstract

In this paper, we propose an algorithm by combining an inertial term with the extragradient
subgradient method for finding some solutions of bilevel equilibrium problems in a real Hilbert
space. Then, we establish a strongly convergent theorem of the proposed algorithm under some
sufficient assumptions on the bifunctions involving pseudomonotone and Lipschitz-type conditions.
Some numerical experiments are tested to illustrate the advantage performance of our algorithm.

Keywords: Bilevel equilibrium problem; Extragradient subgradient method; Inertial method;
Strong convergence

1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H, and let f and g be
bifunctions from H x H to R such that f(z,2) =0 and g(z,z) = 0 for all z € H. The equilibrium
problem associated with g and C' is denoted by EP(C,g) : Find z* € C such that

g(z*,y) >0 forevery ye€C, (1.1)

which was considered by Blum and Oettli [4]. The solution set of problem (1.1)) is denoted by €.

It can be seen that the equilibrium problem is related to science in various fields and is very
important because many problems arise in applied areas such as the fixed point problem, the
(generalized) Nash equilibrium problem in game theory, the saddle point problem, the variational
inequality problem, the optimization problem and others.

The simple basic method for solving some monotone equilibrium problems is the proximal point
method (see [20} 22, 27]). In 2008, Tran et al. [37] proposed the extragradient algorithm for solving
the equilibrium problem by using the strongly convex minimization problem to solve at each iter-
ation. Furthermore, Hieu [16] introduced subgradient extragradient methods for pseudomonotone
equilibrium problem and the other methods (see the details in [1], 12 21, 23] 31} [39]).

In this paper, we consider the bilevel equilibrium problems, that is, the equilibrium problem
whose constraints are the solution sets of equilibrium problems: Find z* € £ such that

fl@*,y) >0 for every y € Q. (1.2)

The solution set of problem (1.2)) is denoted by Q*.

*Corresponding author. Tel.:466 55963250; fax:4+66 55963201.
Email addresses: kasamsuku@nu.ac.th (Kasamsuk Ungchittrakool), Jiraprapab6@hotmail.com
(Jiraprapa Munkong), faraj1348@yahoo.com (Ali Farajzadeh)
ISupported by The Royal Golden Jubilee Project Grant no. PHD/0219/2556, Thailand.
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The bilevel equilibrium problems were introduced by Chadli et al. [7] in 2000. This kind of
problems is very important and interesting because it is a generalization class of problems such
as optimization problems over equilibrium constraints, variational inequality over equilibrium con-
straints, hierarchical minimization problems, and complementarity problems. Furthermore, the
particular case of the bilevel equilibrium can be applied to a real word model such as the varia-
tional inequality over the fixed point set of a firmly nonexpansive mapping applied to the power
control problem of CDMA networks which were introduced by Iiduka [18]. For more on the relation
of bilevel equilibrium with particular cases, see [10] 19, 30].

Methods for solving bilevel equilibrium problems have been studied extensively by many authors.
In 2010, Moudafi [28] introduced a simple proximal method and proved the weak convergence
to a solution of problem (1.2). In 2014, Quy [33] introduced the algorithm by combining the
proximal method with the Halpern method for solving bilevel monotone equilibrium and fixed point
problem. For more details and most recent works on the methods for solving bilevel equilibrium
problems, we refer the reader to [2 [, [36]. The authors considered the method for monotone and
pseudoparamonotone equilibrium problem. If a bifunction is more generally monotone, we cannot
use the above methods for solving bilevel equilibrium problem, for example, the pseudomonotone
property.

In 2018, Yuying et. al [40] proposed a method for finding the solution for bilevel equilibrium
problems where f is strongly monotone and ¢ is pseudomonotone and Lipschitz-type continuous.
They obtained the convergent sequence by combining an extragradient subgradient method with
the Halpern method.

On the other hand, an inertial-type algorithm was first proposed by Polyak [32] as an acceleration
process in solving a smooth convex minimisation problem. An inertial-type algorithm is a two-step
iterative method in which the next iterate is defined by making use of the previous two iterates. It
is well known that incorporating an inertial term in an algorithm speeds up or accelerates the rate
of convergence of the sequence generated by the algorithm. Consequently, a lot of research interest
is now devoted to the inertial-type algorithm(see e.g. [5, 13, 24] and the references contained in
them).

Motivated and inspired by the research work in this direction, in this work, we provide an algo-
rithm which is generated by an inertial term and the extragradient subgradient method for solving
bilevel equilibrium problems in a real Hilbert space. Then, the strong convergence theorem of the
proposed algorithm are established under some sufficient assumptions on the bifunctions involv-
ing pseudomonotone and Lipschitz-type conditions. The numerical experiments are investigated to
illustrate the advantage performance together with some improvement of our algorithm.

2. Preliminaries

Throughout this paper, H is a real Hilbert space, C is a nonempty closed convex subset of
H. Denote that z,, = = and z,, — = are the weak convergence and the strong convergence of a
sequence {z,} to x, respectively. For every x € H, there exists a unique element Poa defined by

Pox = argmin{||z — y|| : y € C},

which can be found, e.g., in [[6], Sect. 1.2.2, Theorem 1.7], [[11], Theorem 3.4(2)], [[14], Theorem
7.43], [[17], Chap. III, Sect. 3.1] or [[29], Theorem 8.25].

Lemma 2.1 ([15]). The metric projection Pc has the following basic properties:

() lz —yl? > ||z — Pex|* + ||y — Pox||? for allx € H and y € C;
(ii) (x — Pex,Pcx —y) >0 for allz € H and y € C;
(i) |Pe(x) — Po(w)ll < 1o — |l for all 2,y € H.
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We now recall the concept of proximity operator introduced by Moreau [26]. For a proper,
convex and lower semicontinuous function g : H — (—o0,00] and v > 0, the Moreau envelope of g
of parameter 7y is the convex function

1
g(e) = inf {g<y> + ol - x||2} Vo e .

For all z € H, the function y — g(y)—i—% |ly—x||? is proper, strongly convex and lowe semicontinuous,
thus the infimum is attained, i.e. 7g : H — R.
The unique minimum of y — ¢(y) + %Hy — z||? is called proximal point of g at x and it is
denoted by proxg(x). The operator
prox,(z): H — H

) 1 2
x — argmin < g(y) + ;IIy — ||
yeH i

is well-defined and is said to be the proximity operator of g. When g = i¢ (the indicator function
of the convex set ('), one has

prox; . (v) = Pc(x)
for all x € H.

We also recall that the subdifferential of g : H — (—00,00] at « € domg is defined as the set of
all subgradient of g at x

dg(w) :={w e H :g(y) —g(z) > (w,y —x)Vy € H}.

The function g is called subdifferentiable at = if dg(x) # 0, g is said to be subdifferentiable on
a subset C' C H if it is subdifferentiable at each point z € C', and it is said to be subdifferentiable,
if it is subdifferentiable at each point = € H, i.e., if dom(dg) = H.

The normal cone of C' at & € C' is defined by

Ne(z) :={qe H:{(qy—x) <0,y € C}.

Definition 2.2 ([34, [35]). A bifunction ¢ : H x H — R is called:
(i) [B-strongly monotone on C if there exists 8 > 0 such that

U@, y) + Yy, ) < —Bllz —y|> Yo,y e C;

(ii) monotone on C if
Y(z,y) + 9y, ) <0 Vo,y e C;

(iii) pseudomonotone on C' if
Y(z,y) > 0=¢(y,x2) <0 Vx,yeC.

(iv) B-strongly pseudomonotone on C' if there exists 3 > 0 such that
U(z,y) 2 0= Uy, 2) < —Blle—yl* Vo,yeC.

It is easy to see from the aforementioned definitions that the following implications hold,
(i) = (i) = (iii) and (i) = (iv) = (ii)

The converses in general are not true.
In this paper, we consider the bifunctions f and g under the following conditions.
Condition A
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(A1) f(z,-) is convex, weakly lower semicontinuous and subdifferentiable on H for every fixed
xc H.

(A2) f(-,y) is weakly upper semicontinuous on H for every fixed y € H.

(A3) f is B-strongly monotone on H x H.

(A4) For each z,y € H, there exists L > 0 such that

lw—vl| < Lljz —yll, Ywedf(z,)(x),vedf(y,)y)

(A5) The function x +— 9f(x,-)(z) is bounded on the bounded subsets of H.
Condition B

(B1) g(x,-) is convex, weakly lower semicontinuous and subdifferentiable on H for every fixed
r € H.

(B2) g(-,y) is weakly upper semicontinuous on H for every fixed y € H.

(B3) g is pseudomonotone on C with respect to Q, i.e.,

g(z,z*) <0, Vel z*e.
(B4) g is Lipschitz-type continuous, i.e., there exist two positive constants L1, Lo such that
9(@,y) +9(y.2) = g(x,2) — Lillz —yl* = L2|ly — 2|*, Vo, y,2 € H.

(B5) g is jointly weakly continuous on H x H in the sense that, if z,y € H and {z,},{yn} € H
converge weakly to x and y, respectively, then g(x,,y,) — g(z,y) as n — +oo.

Example 2.3 ([40]). Let f,g: R x R — R be defined by f(z,y) = 5y?> — 72 + 2zy and g(x,y) =
2y% — T22 4 5xy. It follows that f and g satisfy Condition A and Condition B, respectively.

Lemma 2.4 (3], Propositions 3.1, 3.2). If the bifunction g satisfies Assumptions (B1), (B2), and
(B3), then the solution set 2 is closed and convez.

Remark 2.5. Let the bifunction f satisfy Condition A and the bifunction g satisfy Condition B.
If Q # (), then the bilevel equilibrium problem (1.2)) has a unique solution, see the details in [33].

Lemma 2.6 ([9]). Let ¢ : C — R be a convex, lower semicontinuous, and subdifferentiable function
on C. Then x* is a solution to the convexr optimization problem

min{f(z) : z € C}

if and only if
0 € 9¢(z*) + Ne(z™).

The following lemmas will be used in the proof of the convergence result.

Lemma 2.7 ([38]). Let {a,} be a sequence of nonnegative real numbers, {a,} be a sequence in
(0,1), and {&,} be a sequence in R satisfying the condition

nt1 < (1 —an)an + anén, Vn >0,
where 2 o, = o0 and limsup,, . &, < 0. Then lim, .o a, = 0.

Lemma 2.8 ([25]). Let {a,} be a sequence of real numbers that does not decrease at infinity, in
the sense that there exists a subsequence {ay,} of {a,} such that

Un; < Qn,+1 forall j>0.
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Also consider the sequence of integers {T(n)}n>n, defined, for all n > ng, by
T(n) = max{k <n|ar < ags1}-
Then {1(n)}n>n, i a nondecreasing sequence verifying
lim 7(n) = oo,
n—0o0
and, for all n > ng, the following two estimates hold:
Ar(n) < Gr(n)4+1 and  an < Grin)41-

Lemma 2.9 ([40]). Suppose that f is 5-strongly monotone on H and satisfies (A4). Let0 < a < 1,
0<np<l—-a,and0<pu< i—@ For each z,y € H, w € 8f (z,-)(x), and v € df(y,-)(y), we have

(1 —mn)x—apw—[(1—n)y—aw]|]| < (1—n—aoc)|z—yl,
where o =1 — /1 — p(20 — uL?) € (0,1].

3. Main Result

In this section, we propose the algorithm for finding the solution of a bilevel equilibrium problem
under the strong monotonicity of f and the pseudomonotonicity and Lipschitztype continuous
conditions on g.

Algorithm 3.1. Initialization: Choose zg,z1 € H, 0 < pu < i—& 6 € [0,1), the sequences
{an} € (0,1), {en} C [0,400) and {7, } are such that
lim,, o, =0, ano Qy, = 00,

0<n, <1l—a,Vn >0, lim,oon, =1n<1,

>
€, < OQ.
n=0 "

Select initial zg,z; € C and set n > 1.
Step 1.: Given z,,_1 and z, (n > 1), choose 6,, such that 0 < 6,, < 6,,, where

. €n .
ming 0, ———— if x Tp_1,
6, — { ||xn—xn1|} n# Tn-1 (3.1)

0 if otherwise.

Choose {\,} such that

- 1+6, 1+0,
0<)\§)\n§)\<min< + + )

2L, ' 2L»
Compute

Sp = Tp + an(xn - :En—l)a

. 1
Yn = argiin {)\ng(gjn,y) + 7Hy - SnHQ} )
yeC 2

. 1 )
Zp, = arg min {/\ng(yn,y) + §||y — | } .
yeC
Step 2. Compute w,, € df(zp,)(2z,) and
Tnt1 = Mn&n + (1 — 0n)2n — Qppiwy,.

Set n :=n + 1 and return to Step 1.
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Remark 3.2. Some remarks on the algorithm are in order now.

(1) Evidently, we have from (3.1) that

oo
ano Oz — zn_1]| < 00, (3.2)

due to O, ||z — Tn_1|| < OnllTn — 2n1| < €n-
(2) When 0,, = 0, Algorithm 3.1 reduces to Algorithm 1 of [40].

Theorem 3.3. Let bifunctions f and g satisfy Condition A and Condition B, respectively. Assume
that Q # 0. Then the sequence {x,} generated by Algorithm [3.1 converges strongly to the unique
solution of the bilevel equilibrium problem (1.2).

Proof. Under assumptions of two bifunctions f and g, we get the unique solution of the bilevel
equilibrium problem (1.2)), denoted by z*.
Step 1: Show that

Hzn—x*HQ < Hxn_33*”2_(1+9n_2/\nL1)Hxn_ynHZ_(1+9n_2)‘n[’2)Hyn_ZnHZ_Hn”xn_xn—lHQ-

(3.3)
The definition of y,, and Lemma 2.6/ imply that
00 {g(n.) + 5l = 5ull | () + Ne)
There are w € 9g(xy, ) (yn) and @ € Ne(y,) such that
AW + Y — Sp +w = 0. (3.4)
Since w € N¢(yn), we have
(W,y —yn) <0 forally € C. (3.5)

By using (3.4) and (3.5), we obtain A\, (w,y — Yn) > ($n — Yn,y — yn) for all y € C. Since z, € C,
we have

An (W, 20 = Yn) 2 (Sn = Yn: Zn = Yn)- (3.6)
It follows from w € dg(xy, -)(yn) that

9(&n,y) = 9(xn,yn) = (w,y —yn) for ally € H. 3.7)
By using (3.6) and (3.7), we get

Md9(@n, 2n) = 9(@nsyn)} = (S0 — Yn, 20 — Yn)- (3.8)

Similarly, the definition of z,, implies that

00 {hglun9) + gl = aull | () + No (o),
There are u € 9g(yn,-)(zn) and @ € N (x) such that

Aplh+ 2 — Ty +1u = 0. (3.9)
Since % € N (zy,), we have

(U,y — zn) <0 forally € C. (3.10)
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By using (3.9) and (3.10)), we obtain A, (u,y — 2z,) > (®y — 2n,y — 25, for all y € C. Since z* € C,
we have

AU, & — 2) > (Ty, — 2n, " — 2p) (3.11)
It follows from w € Og(yn, -)(z,) that

9Wn>y) = 9(Yns 2n) = (u,y — 2n)  for ally € H. (3.12)
By using (3.11) and (3.12)), we get

A 9(Yn, %) — 9(Yns 2n)} = (Xn — 20, &% — 23).

Since z* € Q, we have g(z*,y,) > 0. If follows from the pseudomonotonicity of g on C' with respect
to  that g(y,,z*) < 0. This implies that

(T, — 2y 2n — %) 2> Ang(Yn, 2n)- (3.13)
Since g is Lipschitz-type continuous, there exist two positive constants Li, Lo such that

9(Wns2n) 2 9(@n. 20) = 9(@n,yn) — Lillzn — ynl® = Lollyn — 2. (3.14)
By using (3.13) and (3.14), we get

(@n = 2y 20 — %) 2 M{9(@ns 20) = 9(@n, yn)} = AnLallen = yall? = AaLollyn — za >
From (3.8) and the above inequality, we obtain

2Ly — Zny 2n — %) > 2(80 = Yns Zn — Yn) — 2An L1 |1Tn — Yn > — 200 Lallyn — 2a?. (3.15)
By the definition of s,,, we have that

2<5n —Yn,2n — yn> = 2<wn + en(xn - $n71> —Yn,2n — yn>
= _2<xn —YnyYn — Zn> + 29n<xn — Tn—1,%n — yn>
We know that
*H2

2n = 2,20 = 2°) = o = %7 = ll2n = @nll* = llzn — 2*|1?

—2(Tp = YnrYn — Zn) = —||Tn — Zn||2 +[|zn — ynH2 +lyn — Zn||2

20, (T — Tn—1,2n — Yn) = On(||lTn — yn||2 —lzn — mn+1||2 — |lyn — ZnHQ)

From (3.15), we can conclude that

lzn—2*(1? < ll2n =™ = (1400 =200 L1) |20 = Ynl|® = (1400 =220 L2) [ yn — 2n|* = On |20 =201 ]|

(3.16)
Step 2: The sequences {z,}, {wn}, {yn} and {z,} are bounded.
Since 0 < \,, < a, where a = min 1;;:91", 12+L02" , we have
(146, —2\,L;) >0 and (1486, —2A\,L2) > 0.
It follows from (3.3) and the above inequalities that
lzn — 2*|| < ||@n —2*|] for alln € N. (3.17)
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By Lemma 2.9 and (3.17)), we obtain

|Zn+1 = 2| = [[Mazn + (1 = nn)2n — qpwy, — 2° + 02" = 2™ + appv — appo||
=[[(1 = mn)2n — anpwn — (L= 0n)2" + anpv + u(z — 27) — ap ||
S = nn)zn — anpwn = [(1=m0)2" + anpol | + nallzn — 27| + anpllv]
< (0 =1mm = ano)llzn = 2| + mnllen — 2" 4+ cnplv]|
< (A =nn = ano)llzn — 2| + nallen — 27| + anplvl|

= (1 — ano)||zn — z*|| + ant (“”””), (3.18)
g

where wy, € 0f(zn,)(2n) and v € Of (x*,-)(x*). This implies that

v
fons -l < max - o7, 2

By induction, we obtain
lm — 2] < max{|xo x*n,“””'}.
ag

Thus the sequence {z,} is bounded. By using (3.17)), we have {z,}, and using Condition (A5), we
can conclude that {w,} is also bounded.

Step 3: Show that the sequence {x,} converges strongly to z*.

Since z* € Q*, we have f(z*,y) > 0 for all y € Q. Note that f(z*,2*) = 0. Thus z* is a minimum
of the convex function f(z*,-) over 2. By Lemma 2.6, we obtain 0 € df(z*,-)(z*) + Nq(«*). Then
there exists v € df(z*,-)(z*) such that

(v,z—2%) >0 forallz € Q. (3.19)
Note that
lz —yl> < ||z|* - 2(y,z —y) forallz,yc H. (3.20)

From Lemma 2.9 and (3.20), we obtain

nss — 22

= |Mnxn + (1 = 1n)2n — qpw, — x*”Q

= (1 = nn)2n — anpwn — [(1 = n)2™ + anpv] + 0o (vn — %) — O‘n/LWH2

<N = 00)2n = anpavn, = [(1 = np)z* + anpo] + 1o (@0 — 2)|? = 200 4(0, Tpp1 — %)

< {”(1 = 1) Zn — iy, — [(1 = np)a™ + o o] + np (2, — *T*)||2} = 200 (v, Tn1 — 7)
<A = — ano)lzn — || + |z — 2|17 = 2000, 241 — 27)

(1 — T — Oan)HZn - x*HQ + 7771”1'71 - 1'*”2 - 2an“<vvxn+1 —z¥)
(

IAIA

L —nn — ano) ||z, — ‘T*H2 + N lzn — x*||2 = 20,1V, T g1 — )

= (1 — ano)||zn — 2*||* = 20 (v, Tpyy — x*) (3.21)
It follows that
lzns1 — 21> < (1 = ano)||zn — %)% 4 20 p{v, % — Tpyq). (3.22)

Let us consider two cases.
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Case 1: There exists ng such that ||z, — z*|| is decreasing for n > ng. Therefore the limit of
sequence ||z, — z*|| exists. By using (3.17) and (3.22)), we obtain

0 < flon — 2™|* = [lzn — 2*|?

a0 2 20, 1 .
< _ _ - _
<o =21 - T, 2 - a”)

1 *
+ (lzn — 2*)1* = llensa — 2*|?).

1—mn,
Since limy, 00 = 1y, < 1, limy, 00 @, = 0 and the limit of ||x, — 2*|| exists, we have

lim (||z, — 1’*”2 —|lzn — :c*||2) = 0. (3.23)

n—oo
From 0 < \,, < a and inequality (3.3), we get
(1+0n —a)|lzn — yn||2 < (1 +6, — 20 L) | — yn”2 <&y — x*HQ —lzn — 1'*”2
By using (3.23)), we obtain lim,,_« ||#n, — yn|| = 0. Next, we show that

limsup(v, 2" — zp41) < 0. (3.24)

n— o0

Take a subsequence {zy, } of {z,} such that

limsup(v, 2™ — 2p41) = limsup(v, z* — x,, ).

n— 00 k—oo

Since {z,, } is bounded, we may assume that {z,, } converges weakly to some Z € H. Therefore

limsup(v, 2* — zp41) = limsup(v, 2™ — z,,, ) = (v, 2" — T). (3.25)
n— oo k—oo
Since limy, o || Zn, — ynl| = 0 and z,, — Z, we have y,, — Z. Let us consider that

Hm ||sy, — ynl < lim ||, — x| + lm ||z, — -

n—oo n—oo n—oo
By the definition of s,,, we have that

lm ||s, — 2,| = Um ||, — 0p(Tn — 2p—1) — 24|

n—oo n—oo

= lim 0,||z, — zp—1]|.
n—oo

Using the assumption Y~ 0, ]|z, — 2n_1| < 00, it implies that lim,,_, e O ||2n — 25—1]| = 0. Thus
lim, oo ||Sn, — Tn|| = 0. Since lim,, o ||Sn, — 25| = 0 and z,, — Z, we have s,, — Z. Since C is

closed and convex, it is also weakly closed and thus T € C. Next, we show that £ € 2. From the
definition of {y,} and Lemma 2.6, we obtain

00 {g(nn) + 5lsn oI | () + N
There exist @ € Ne¢(yn) and w € dg(xy, ) (yn) such that

AW + Yp — S +w = 0. (3.26)
Since @ € N¢(yn), we have (0, y — y,) < 0 for all y € C. From (3.26), we obtain

AW,y — yn) > (S — Yn,y — yn) forally € C. (3.27)
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Since w € dg(xy, ) (yn), we have

9(@n,y) = 9(xn,yn) = (w,y —yn) forally € H. (3.28)
Combining (3.27) and (3.28), we get

)\n{g(xnvy) - g(xnvyn)} Z <5n —Yn Y — y7l> for auy eC. (329)

Taking n = ny, and k — oo in (3.29), the assumption of A, and (B5), we obtain ¢(Z,y) = 0 for all
y € C. This implies that Z € Q. By inequality (3.19), we obtain (v,Z — 2*) > 0. It follows from
(3.25)) that

limsup(v, 2" — zp41) < 0. (3.30)

n—oo
We can write inequality (3.22) in the following form:

[zns1 = 2*|* < (1 = ano)l|an — 2% + anon,

where &, = %7”
can conclude that lim, . ||z, —

Case 2: There exists a subsequence {x,,} of {z,} such that |z, —z*|| <||z,,,, —2*| for all
j € N. By Lemma 2.8 there exists a nondecreasing sequence {7(n)} of N such that lim, ., 7(n) =
o0, and for each sufficiently large n € N, we have

(v,2* — py1). Tt follows from (3.30) that limsup,, . & < 0. By Lemma 2.7, we
*||> = 0. Hence z,, — z* as n — oo.

||$7-(n) -zt < Hx‘r(n)—&-l —2"|| and [z, — 27| < ||1'7-(n)+1 -z (3.31)
Combining (3.18) and (3.31)), we have
27y = 2| < l2r(ny41 — 27|
< (1 —Nr(n) — aT(n)U)HZT(H) - IC*H + nT(n)Hx'r(n) - LU*H + O“r(n):“'”v”' (332)
From (3.17) and (3.32), we get

* * A7 (n)9 Ar(n)?
OS Lr(n) — L _”ZTn -z || §_7|Z7n7w*”+7”q}”' (333)
27y = 27l (n) 1_T]T(n)l (n) T

Since limy, oo @y = 0, limy, oo 7 =1 < 1, {2,,} is bounded, and (3.33), we have lim,, oo (||Z+(7) —
|| = ||2r(n) — 2*||) = 0. It follows from the boundedness of {x,} and {z,} that

lim () — 2*|* = [|27(n) — 2"[*) = 0. (3.34)
By using the assumption of {\,}, we get the following two inequalities:

1+60n —2X; () L1 > 1+ 0, —2aL; >0 and 146, — 2\, ()L2 > 1+ 0, —2aly > 0.
From (3.3), we obtain

27ty = 2117 < @7y — 2112 = (1 + 00 = 20 () L) %7 (n) — Yo I
— (140, — 20 () L) |Yr(n) — 2 1
<Nwrmy = 212 = (14 00 = 2aL0) |27(n) = Yr(m) 1
— (14 0, — 2aLa) [yr(n) — 2r(m) 1.

This implies that

0< (1 + en - 2aL1)HxT(ﬂ) - y‘r(n)H2 + (]- + gn - 2aL2)”y7‘(n) - ZT(’H,)HQ

< Hm'r(n) - x*HQ - Hz'r(n) - m*HQ
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Tt follows from (3.34) and the above inequality that

n—oo

Note that ”xT(n) - Z'r(n)” < ”‘TT(n) - yT(n)” + ||y'r(n) - ZT(n)” From (3'35)7 we have
nlggo ||‘:UT('IL) — Z7(n) | =o0. (3.36)
By using the definition of z,,+1 and Lemma 2.9, we obtain

%741 = o) 1P = [0r()Trny + (1= Dr(n)) 2r(n) = Cr(n)bitr(n) — Tr(m) |

= [[(1 = Nr(n)) 27 (n) — Qr(n) Wtz (n)
— (X = ()T (n) = Qr(n) Wr(n)] — Q) Wr ()|l

< = 0r(n)) 2r(n) — Xr(m)tr(n)
— (1= 1) Tr(n) — Wy Wr ()]l + r ) [ we ()l

< (I =7rm) = A0 2r(n) = Tr(m) |l + Qr(myllwemy |

< Mzrn) = Trmyll + r@ylwr@m Il

where t () € Of (2r(n)s ) (2r(n)) a0d Wy (n) € Of (T7(n), ) (Tr(n)). Since limy, o0 v = 0, the bound-

edness of {w,(,)} and (3.36), we have lim, oo ||7+(n)4+1 — Trn)|l = 0. As proved in the first case,
we can conclude that

lim sup(v, £ — Z7(n)41) = limsup(v, z* — 2,(,y) < 0. (3.37)

n—oo n—oo

Combining (3.22)) and (3.31)), we obtain

2rny+1 — P < (1- U (r) )| @7 (n) — a*|* + 20,7y (0, T = Ty (n)41)
< (1 - an(r)o—>”x‘r(n)+l - .’L'*H2 + 2O[n(7)/1,<’l)71'* - xr(n)+1>~
By using (3.31) again, we have

2u< .

||xn - x*HQ < H-T'r(n)+1 - x*HQ < ? v, T — x'r(n)+1>'

From (3.37), we can conclude that limsup,, ., ||z, — 2*[|> < 0. Hence z,, — x* as n — oo. This
completes the proof. |

4. Numerical example

In this section, we provide a numerical example to test our algorithm. All Matlab colds were
performed on a computer with CPU Intel Core i7-7500U, up to 3.5GHz, 4GB of RAM under
version MATLAB R2015b. In the following example, we use the standard Euclidean norm and
inner product.

Example 4.1. We compare our algorithm with Algorithm 1 proposed in Yuying et al. [40]. Let
us consider a problem when H = R"™ and C = {o € R" : =5 < x; < 5,Vi € {1,2,...,n}}. Let the
bifunction g : R® x R™ — R be defined by

g(x,y) = (Px+ Qy,y —x) forall z,yeR",

where P and @ are randomly symmetric positive semidefinite matrices such that P — @Q is positive
semidefinite. Then g is pseudomonotone on R™. Next, we obtain that g is Lipschitz-type continuous

with Ly = Ly = 3||P — Q||. Furthermore, we define the bifunction f: R" x R" — R as

f(z,y) =(Az + By,y —x) forall z,yeR",
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Table 1: Comparison: proposed Algorithm 3.1l and Yuying et al. [40] with zog = 21 € {z € R" : z; = 1,Vi =
1,2,...,n}.

Algorithm 3.1 Yuying et al. Algorithm
0=0.6 #=0.9
" "No. of Tter. CPU (Time) No. of Iter. CPU (Time) No. of Iter. CPU (Time)
5 29 1.0015 28 1.0178 34 1.3618
10 43 1.7310 38 1.3645 54 1.9099
50 90 4.3222 88 4.6822 98 5.5028

Table 2: Comparison: proposed Algorithm [3.1 and Yuying et al. [40] with 290 = 21 € {z € R" : z; = 3, Vi =
1,2,..,n}.

Algorithm 3.1 Yuying et al. Algorithm
0 60=0.6 6=0.9
No. of Iter. CPU (Time) No. of Iter. CPU (Time) No. of Iter. CPU (Time)
5 32 1.1074 30 1.0388 37 1.3528
10 50 1.8239 45 1.8472 61 2.3260
50 108 6.6858 105 6.5254 116 6.7247

with A and B being positive definite matices defined by
B=NTN+nl, and A=B+ M"'M +nI,, (4.1)

where M, N are randomly n x n matrices and I, is the identity matrix.
Moreover, Of (z,-)(z) = {(A+ B)z} and ||[(A+ B)z — (A+ B)y|| < ||A+ Bl|||z —y|| for all z,y € R™.
Thus the mapping © — 9f(z,-)(z) is bounded and || A+ B||-Lipschitz continuous on every bounded
subset of H.

It is easy to see that all the conditions of Theorem [3.3/ and of Theorem 3.1 in [40] are satisfied.
New, we compare the performance of our algorithm and algorithm of Yuying et al. [40], we take

1 E+1

)\kim’a *m,nkfg(k_i_él)a,u* ||A+B||2’
R*:z;,=1,Vi=1,2,..,n}and g =1 € {x e R" : x; = i,Vi=1,2,...,n} for all the algorithms.

6 €[0,1) and 6y, such that 0 < 6, < 6, where

A the same starting point g = 1 € {x €

For Algorithm 3.1, we choose € = BT

1
min{f, ——— if © Th_1,
b = { R xkxk_ln} b7 Tho1

0 if otherwise.

To terminate the algorithm, we used the stopping criteria ||zx;1 — 71| < € with ¢ = 1076 is
a tolerance. The results are reported in the Table 1 and Table 2, we can see that the number of
iterations (No. of Iter.) by Algorithm 3.1 with different inertial parameters (§ = 0.6 and 6 = 0.9)
is less than that of Yuying et al. Algorithm [40], for two different starting points, we can see
that in this example the starting points zg = 1 € {# € R" : x; = 1,Vi = 1,2,...,n} give better
performance than g = 21 € { € R" : z; = i,Vi = 1,2,...,n}. Moreover, Figure 1 and Figure 2
illustrate the numerical behavior of both algorithms. In these figures, the value of errors ||xg+1 — k||
is represented by the y-axis, number of iterations is represented by the x-axis.
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Figure 1: Comparison of proposed Algorithm 3.1 and Yuying et al. [40] with 2o = (1,1, ....,1)7 and n=>50.
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Figure 2: Comparison of proposed Algorithm 3.1 and Yuying et al. [40] with zo = (1,2, ....,50)7 and n=>50.

5. Conclusions

In this article, we introduced an iterative algorithm for finding the solution of a bilevel equi-
librium problem in real Hilbert space. Under some suitable conditions imposed on parameters, we
proved the strong convergence of the algorithm. We showed the efficiency of the proposed algorithm
is verified by a numerical experiment and preliminary comparison. These numerical results have
also confirmed that the algorithm with inertial effects seems to work better than without inertial
effects.
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