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Exact Solitary Wave Solutions for Wick-type
Stochastic (241)-dimensional Coupled KdV
equations

Hossam A. Ghany' and M. Zakarya?
IDepartment of Mathematics, Helwan University, Cairo (11282), Egypt.
h.abdelghany@yahoo.com
2Department of Mathematics, Faculty of Science, Al-Azhar University,
Assiut (71524), Egypt.
mohammed _zakarya@rocketmail.com

Abstract

Variable coefficients and Wick-type stochastic (241)-dimensional coupled KdV equa-
tions are investigated. By using the F-expansion method , Hermite transform and
white noise theory, the white noise functional solutions for Wick-type stochastic (2+1)-
dimensional coupled KdV equations are obtained. The exact travelling wave solutions
are expressed in terms of Jacobi elliptic (JEF), trigonometric and hyperbolic functions.

Keywords: KdV equations; F-expansion method; Hermite transform; Wick product.
PACS No. : 05.40. &+ a, 02.30.Jr.

1 Introduction

In this paper, we shall explore exact solutions for the following variable coefficients (2+1)-
dimensional coupled KdV equations.

U + (bl (t)uvz + ¢2 (t)UUz + ¢3(t)urzz - 07

(1.1)

Uy +vy =0,

where (t,z) € Ry xR and ¢1(t), ¢2(t) and ¢3(t) are bounded measurable or integrable
functions on R, . Random wave is an important subject of stochastic partial differential
equations (PDEs). Many authors have studied this subject. Wadati first introduced and
studied the stochastic KdV equations and gave the diffusion of soliton of the KdV equation
under Gaussian noise in [30, 32| and others [3, 4, 5, 25] also researched stochastic KdV-type

1
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equations. Xie first introduced Wick-type stochastic KdV equations on white noise space
and showed the auto- Backlund transformation and the exact white noise functional solutions
in [37]. Furthermore, Xie [38, 39, 40, 41], Ghany et al. [11, 12, 13, 15, 16, 17, 18, 19, 20]
researched some Wick-type stochastic wave equations using white noise analysis.

In this paper we use F-expansion method for finding new periodic wave solutions of
nonlinear evolution equations in mathematical physics, and we obtain some new periodic
wave solutions for (241)-dimensional coupled KdV equations. This method is more powerful
and will be used in further works to establish more entirely new solutions for other kinds
of nonlinear partial differential equations arising in mathematical physics. The effort in
finding exact solutions to nonlinear equations is important for the understanding of most
nonlinear physical phenomena. For instance, the nonlinear wave phenomena observed in fluid
dynamics, plasma, and optical fibers[24]. Many effective methods have been presented, such
as tanh-function method [34, 42, 8], variational iteration method [6, 7], exp-function method
[22, 23, 36, 43, 44] , homotopy perturbation method [10, 29, 35], homotopy analysis method
[1], tanh-coth method [33, 34, 31], Jacobi elliptic function expansion method [27, 28, 9, 26]
and F-expansion method [45, 46, 47, 48]. The main objective of this paper is using the
F-expansion method to construct white noise functional solutions for wick-type stochastic
(2+1)-dimensional coupled KdV equations via hermite transform, wick-type product and
white noise analysis. If equation (1.1) is considered in a random environment, we can get
stochastic (2+1)-dimensional coupled KdV equations. In order to give the exact solutions of
stochastic (2+1)-dimensional coupled KdV equations, we only consider this problem in white
noise environment. We shall study the following Wick-type stochastic (2+1)-dimensional
coupled KdV equations.

{ U+ @ (1) oUoV, +®y(t) o VolU, + Ps(t) 0 Upgs = 0,

U, +V, =0, (1.2)

13 7

where “o¢” is the Wick product on the Kondratiev distribution space (S)-; which was
defined in [21] and ®(t), P2(¢t) and P5(t) are (S)_; -valued functions.

2 Description of the F-expansion Method

In order to at the same time obtain more periodic wave solutions expressed by various Jacobi
elliptic functions to nonlinear wave equations, we introduce an F-expansion method which
can be thought of as a succinctly over-all generalization of Jacobi elliptic function expansion.
We briefly show what is F-expansion method and how to use it to obtain various periodic
wave solutions to nonlinear wave equations. Suppose a nonlinear wave equation for w(t,x)
is given by

91<U, utauzauyvuzzaumzza---) - 07 (21>
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where u = u(t,x) is an unknown function, #; is a polynomial in u and its various partial
derivatives in which the highest order derivatives and nonlinear terms are involved. In the
following we give the main steps of a deformation F-expansion method.

Step 1. Look for traveling wave solution of Eq.(2.1) by taking

u(t,z,y) =u(§) ,&(t,z,y) = ke +ly+ M/o w(r)dr + ¢, (2.2)

Hence, under the transformation (2.2). Eq.(2.1) can be transformed into the following ordi-
nary differential equation (ODE) as following

Oy (u, pwu, kv, I/, K" k3™ ..) = 0, (2.3)

Step 2. Suppose that u(£) can be expressed by a finite power series of F'(£) of the form

N

ut,z,y) = u(€) = > _ aF(¢), (2.4)

i=1
where ag,aq,...,ay are constants to be determined later, while F’(£) in(2.4) satisfy

[F'(€))* = PF(§) + QF*(¢) + R, (2.5)
and hence holds for F(§)

F'F" = 2PF3F' + QFF',
F" = 2PF3 + QF,

F//l — 6PF2F/ + QF,, (26)

where P,(), and R are constants.

Step 3. The positive integer N can be determined by considering the homogeneous balance
between the highest derivative term and the nonlinear terms appearing in (2.3). Therefore,
we can get the value of N in (2.4).

Step 4. Substituting (2.4) into (2.3) with the condition (2.5), we obtain polynomial in
F{(OIF' () , (i=041,42,...,5 =0,1) . Setting each coefficient of this polynomial to be
zero yields a set of algebraic equations for ag,aq,...,ay, 4 and w.

Step 5. Solving the algebraic equations with the aid of Maple we have ag,ay, ...,ay, u and
w can be expressed by (P, @, R) . Substituting these results into F-expansion (2.4), then a
general form of traveling wave solution of Eq. (2.1) can be obtained.

Step 6. Since the general solutions of (2.4) have been well known for us Choose properly
(P,Q and R.) in ODE (2.5) such that the corresponding solution F'(£) of it is one of
Jacobi elliptic functions. (See Appendices A, B and C'.)[45, 46, 47|
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3 New Exact Wave Solutions of Eq. (1.2)

Taking the Hermite transform, white noise theory, and F-expansion method to explore new
exact wave solutions for Eq.(1.2). Applying Hermite transform to Eq.(1.2), we get the
deterministic equation.

(7,5(75, z,y,2) + &I(t, z)[?(t, x,, 2)1793(25, x,y,2) + a;(t, 2)17(25, x,y, z)ﬁx(t, z,Y,2)
+q>3(taz)Uxxz(tax7yaz) = 07 (31)

ﬁm(t7 :Z:, y?’z) _'_ %(t7x7y, Z) = O?

where z = (z1,2,...) € (CV) is a vector parameter. To look for the travelling wave so-
lution of Eq.(3.1), we make the transformations ®,(t,z) := ¢1(t,z), Paolt, z) := ¢alt, 2),

I

Bot,2) = du(t,2) , U(t,2,y,2) == ult, 2, 2) = u(é(t,2,y,2)) and V(t,a,9,2) = v(t,2,y,2)

v(é(t,z,y, 2)) with

t
E(t,x,y,2) =kx+ly + /L/ w(r, z)dr + ¢,
0

where k,u and c are arbitrary constants which satisfy ku # 0 |, w(7,z) is a nonzero func-
tion of the indicated variables to be determined later. Hence, Eq.(3.1) can be transformed
into the following (ODE).

ptd + kv’ + kgpou + Kpgu” = 0, (3.2)
ku' + v =0, ‘

where the prime denote to the differential with respect to & . In view of F-expansion method,
the solution of Eq. (3.1), can be expressed in the form.

u(t,z,y, 2) = u(€) = TN a4, F(€),
{ v(t,z,y, 2) = v(€) = TM b, F(€), (3.3)

where a; and b; are constants to be determined later. considering homogeneous balance
between the highest order nonlinear terms and the highest order partial derivative of u in
(3.2), then we can obtain N = M =2 so (3.3) can be rewritten as following

u(t, z,y,z) = ap + a1 F(§) + as F* (&), (3.4)
(t,x,y, 2) = by + by F(€) + by F2(€), '

where ag,a1,a9,b9,b; and by are constants to be determined later. Substituting (3.4)
with the conditions (2.5),(2.6) into (3.2) and collecting all terms with the same power of
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FYOIF'(&) , i=0+1,42,....,5=0,1) . as following

[Hway + kagby gy + kaybogs + ka1 d3Q]F

+[2uwa2 + 2ka0b2¢1 + ka1b1¢1 + 2k:a2b0q§2 + ka1b1¢2 + 8k3a2¢3Q]FF/

+k[2a1b2¢1 + asbiy + 2a2b1pa + a1byds + 6k2a1¢3P]F2F' (3.5)
+2kas[bay + baghs + 12k%¢3 P]F?F' =0,

(kay +1b))F 4 2[kay + by FF' = 0.

Setting each coefficients of F'(&)[F(£)) to be zero, we get a system of algebraic equations
which can be expressed by.

[ pway + kagb1¢r + kaibogs + kPar3Q = 0,
2,[1;&)&2 + Qkaob2¢1 + ka1b1¢1 -+ ZkCLQbod)z + kalblgbg + 8/€3a2gb3Q = 0,

k[2a1b21 + asbipr + 2a2b1¢9 + arbide + 6k*ar¢3P] = 0,

(3.6)
Qkag [b2¢1 + b2¢2 + 12k2¢3p] = O,
kal + lbl = O,
L Z[k‘ag + lbg] =0.
with solving by Maple to get the following coefficients
as = by =0, ag ,by = arbitrary constant,
ay = Hhés(t2)P
by = _tap (3.7)
L= ¢2(t,2)
W= k2ao¢1(t,2) —lk[bogo (t,2)+k2¢3(t,2) Q)]
Im :
Substituting by coefficient (3.7) into (3.4) yields general form solutions of Eq. (1.2).
6lkos(t, z) P
u(t,x,y,z) =ayg + ————— F(&), 3.8
(h2,9.2) = ag + o B2 () 39
6k?¢s(t, z) P
ot w,2) = by — BB gy (39

qbg (t, Z)
with

dr.

£t m,y, 2) = kz + ly + /t k2aog: (T, 2) — lk[bogb;(T’ 2) + K2y (r, 2) Q)]
0
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From Appendix A, we give the special cases as following.

Case I:
If we take P =1,Q = # and R = mTz , we have F(&) — ns(§) £ds(€),
ur(t, ,y,2) = ag + %ﬁ’;) _ns (&1 (t, z,y, 2)) £ ds (& (¢t z, v, z))_ , (3.10)
) _ i
Ul(t7xaya Z) = bO - %ﬁt;;) _TLS (é-l(tax7y7z)) +ds (fl(tvaja?%z))_ ) (311)

with

/t { W2agy (7, 2) — Uk [2bota(T, 2) + K2s(7, 2)(m? — 2)] } ir

fl(t,:x,y,z)zkx+ly+ 921

In the limit case when m — o, we have ns(§)+£ds(§) — 2csc(€) , thus (3.10),(3.11) become.

ug(t,x,y, Z) :a0+%tfl:)z) CsC (fz(t,l’,y,Z)), (312)
2
valt, 2y, 2) = by — %ﬁ’;) csc (Ea(t, 2,7, 2)), (3.13)

with

&ty z,y,2) = ke + ly + /t{ K agd (7, 2) - lk[bo(??(ﬂ z) — K*¢3(, 2)] } dr
0

In the limit case when m — 1 we have ns(§) £ ds(§ — coth(§) £ (£) , thus (3.10).(3.11)
become.

it ) = ot Gt feoth a2 = @tan)|, (1)
2
Ug(t,l’,’y, Z) = bO - %t(t;;) {[COth f3(t’l’>y7z) + (63(tax7y7 Z)):| ) (315>

with

&alt,w,y,2) = ko + 1y + / t{ 2K and (7,7) = lk[%zof 2(7,2) = K'éa(7,2) } dr.
0
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Case 1I:
If we take P=1,Q = —(1+m?) and R=m? | then F(§) — ns(§) ,

6lkos(t, 2)

U4(t,.’13,y,2> :CL0+ ¢2(t72) ns (54(75,37,3/,2)), (316)
2
valt, 2,9, 2) = bo — %t“)’ ns (€4(t, 2,9, 2), (3.17)

with

/t { 2h2agdy (7, 2) — Ik [2bota(T, 2) + K2s(7, 2)(m? — 2)] } ir

54(t,x,y,z) :kx+ly+ I

In the limit case when m — o we have ns(§) £ ds(§) — csc(€) , thus (3.10),(3.11) become.

 Glkes(t,2)

u5(t,x,y,z) =ao + qbg(t,z) csC (52(15,:5,3/,2)), (318>
. 6k2¢3(t, Z)

vs(t, z,y,2) = by — ") csc (&(t, x,y, 2)). (3.19)

In the limit case when m — 1 we have ns(§) — coth(§) , thus (3.10).(3.11) become.

 Glkes(t,2)

uﬁ(t,x,y,z) =ao + 2¢2(t,2) coth (55(t,$,y,2)), (320)
. 6k2¢3(t, Z)

Uﬁ(t7xay7z) _bO - W coth ({5(t,l',y,27)), (321)

with

€5t 3,9, 2) = ki + Iy + /t {k2a0¢1(7', 2) — lk[bopa(T, 2) — 2k @3 (T, z)]} "
0

l
Case I1I:
If we take P=1,Q =(2—m?) and R=1—m?, then F(§) — cs(§),
6lkgs(t, 2)
ur(t,x,y,2) = a9 + ——————= ¢s t,z,y,2)), 3.22
7( Y, 2) 0 a(t,2) (& ( y,2)) ( )
7
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6k2¢3(t, 2)

oot 2) cs (&o(t, x,y, 2)), (3.23)

U7(t,$, Y, Z) = bO -
with

56(@37’2/7 Z) = kx =+ ly +

/Ot { Kagdy (7, 2) — lk[2b0¢2(7'l, 2) + K2 gs(, 2) (2 — m?)] } ir

In the limit case when m — o we have c¢s(§) — cot(&) , thus (3.10),(3.11) become.

6lks(t, 2)

ug(t, z,y,2) = ap + ol 2) cot (&(t, z,vy, 2)), (3.24)
2
vs(t, x,y,2) = by — %ﬁ’;) cot (&(t, z,y, 2)), (3.25)
&t x,y, 2) = ko + ly + /t{ kapgy (7, 2) — lk[bocblz(ﬂ z) + 2k ¢3(, 2)] } dr.
0
In the limit case when m — 1 we have ¢s(§) — (§), thus (3.10).(3.11) become.
ug(t, z,y,2) = ag + %ﬁ;) (&(t, z,y, 2)), (3.26)
6k
wnta,.2) =t = O (60,0, 327

with

ety 2) = ko + Iy + /Ot{ k*agps (1, 2) — lk[boclbz(T, 2) + k2ps(r, z)]} o

Obviously, there are another solutions for Eq.(1.2). These solutions come from setting dif-
ferent values for the coefficients P,Q) and R . (see Appendix A, B and C.)[46, 47]. The
above mentioned cases are just to clarify how far our technique is applicable.

4 White Noise Functional Solutions of Eq.(1.2)

In this section, we employ the results of the Section 3 by using Hermite transform to
obtain exact white noise functional solutions for Wick-type stochastic (2+1)-dimensional
coupled KdV equations (1.2). The properties of exponential and trigonometric functions
yield that there exists a bounded open set G C R, x R?, p < oo, A >0 such that the so-

624 Ghany 617-633



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

lution u(t, z,y,z) of Eq. (3.1) and all its partial derivatives which are involved in Eq. (3.1)
are uniformly bounded for (¢,z,y,2) € G x K,(\), continuous with respect to (¢,z,y) € G
for all z € K,(\) and analytic with respect to z € K,(\), for all (t,z,y) € G. From

Theorem 4.1.1 in [21], there exists U(t,z,y, z) € (S)-1 such that u(t,z,y,z) = U(t, z,y)(2)
for all (¢,z,y,2) € Gx K,(\) and U(t,z,y) solves Eq.(1.2) in (S)_;. Hence, by applying
the inverse Hermite transform to the results of Section 3, we get exact white noise functional

solutions of Eq. (1.2) as follows.

e White noise functional solutions of JEF type:

o|ns® (Eu(t, z,y)) £ ds® (Za(t, 2,9))

ons® (Ex(t, v, y)),
ocs® (23(t,x,y)),

< CSQ (53(t7 xZ, y))a

Ui(t,@,y) = ao + %;E’S)

bz, ) =t = %?t(;) © ”3 (Zi(t,z,y)) £ ds® (Ei(t, :E,y)):
Us(t, 2,y) = ao + %ﬁgﬂ ons® (2a(t, x,v)),
Va(t,z,y) = bo — %ﬁgﬂ
Us(t,z,y) = ap + %é()t)
Va(t,z,y) = bo — %ﬁgﬂ

with

21

Ei(t,z,y) = ka + 1y + / t{ 2k%ag®1 (1) — Lk[2bo®o(7) + K*¢3(7)(m” — 2)]
0

Eo(t,z,y) = kx + ly + ;

625

/ t{ 2k>ag®. (1) — Uk[2by@o(7) + K> @4(7) (m* — 2)]

(4.1)
(4.2)
(4.3)
(4.4)

(4.5)

} dr,
} dr,
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Es(t,z,y) = kx 4+ ly + i

e White noise functional solutions of trigonometric type:

31k®D;(t)

t — kbl A 4
U4( 7I7y> a0+ q)z(t)

o CSCO <E4(t7 z, y))7

32 ®s (1)

sz(tw’ﬂay) = by — T(?f)

< CSCO (54(t7 z, y))7

61k D5 (t)

t — oY
U5( ,I’,y) ap + @2(t)

o csc® (24(t, z,y)),

6k2®s(t)

‘/E’)(taxay) :bO_ (1)2(t)

< CSCO (54(t7 z, y))7

61k D5 (t)

t — v EoNY
Uﬁ( 7m7y) ap + (1)2(t)

< COtO (55(t7 z, y))a

6k>D3(t)

Vﬁ(t,ff'?;y) = by — T(t)

< COtO <E5(t7 z, y))7

with

t (1.2 B Y
Eu(t,z,y) = kx +ly + / {k‘ ag®1(7) lk[bolq)z(T) k2®3(7)] } ir,
0

t 2 _ 9
Zs(t, z,y) = kz + ly + / {k ao®1 (1) — lk[bo®(7) + 2k <I>3(T)]} -
0

l

e White noise functional solutions of hyperbolic type:

31k Ds (¢ o o
Ur(t, z,y) = ap + —3()0 coth®(Zg(t, z,y)) £° (Z6(t, z,v)) |,
2P, (t)
3k2D4(t) o o
Va(t,z,y) = bo — mo {COth (Eo(t,z,y)) = (uﬁ(ﬂ%!ﬂ)];
10
626

/t { Fay®y(7) — lh[2by®a(7) + K2 P3() (2 = m?)] } ar.

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)
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Us(t, ,y) = ao + %@%ﬂ o coth® (Z5(t, 2, ), (4.15)
Va(t,z,y) = by — % coth® (24 (t, z, 7)), (4.16)
Us(t, z,y) = ao + %ﬁg” o ° (Zs(t, 2, ), (4.17)
Va(t,z,y) = by — %ﬁg” o ° (Zs(t, 2, ), (4.18)

with

t 2 . 1.2
Bo(t,w,y) = ko + 1y + / {Zk B01{7) lkpzb;%(ﬂ i q)?’(T)]} dr,
0

t (1.2 _ — 92
Er(t,x,y) = ka +ly + / {k a0%:1(7) lk[bo;%(ﬂ 2k (D?’(T)]} dr,
0

t 2 . 9
Seltiny) = ke iy + [ {’f auty(r) = Ilbndalr) + K°0s(r) } .
0

We observe that, for different forms of ®,,®, and @3, we can get different exact white
noise functional solutions of Eq. (1.2) from Eqgs. (4.1)-(4.18).

5 Example

It is well known that Wick version of function is usually difficult to evaluate. So, in this
section, we give non-Wick version of solutions of Eq. (1.2). Let W; = B; be the Gaussian
white noise, where B; is the Brownian motion. We have the Hermite transform W;(z) =
S 2 fo mi(s)ds 21]. Since exp®(B:) = exp(B, — %) we have cot?(By) = cot(B, — £y,
csc®(By) = cse(By — &), coth®(B;) = coth(B, — &) and °(B;) = (B; — %). Suppose
that. q>1<t) = wl(pg(t),q)g(t) = ¢2(I)3(t> and @3(t) = P(t) + ¢3Wt where ¢1,’¢2 and wg
are arbitrary constants and I'(t) is integrable or bounded measurable function on R, .
Therefore, for @, (t)Py(t)P3(t) # 0. thus exact white noise functional solutions of Eq. (1.2)

11
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are as follows.

2

Usolt, ) = ao + ?jj—’“ ese (1, 7,1)), (5.1)

]{72
‘/10(t7ma y) = bO - E CsC (Ql(ta l’,y)), (52)
Ull(ta $7y) =ap + (Z_k csc Ql(t7x7y>7 (53>

2

6k
Vi (t, z,y) = by — To cse (Q(t, x,y)), (5.4)
Usa(t,,y) = ag + f/f—’“ cot (u(t, 7,)), (5.5)

6k
‘/12<t7x7y> = bO - % cot (92(t7x7y))7 (56>

with
2 _ 1.2 t 2
Qu(t,z,y) = ko + Iy + (2000 ll}:[bowz ’ ]){/ T(r)dr + ts[B; — %]}
0
2 . 2 t 2
(ta,y) = ko -+ 1y + (SO Fryir s, - D1,
0
and
31k
UlS(t7 Z, y) = Qo + 2_% |:COth (QS(ta Z, y)) + (QB(tv x, y)):| ) (57)
2

Vis(t.,1) = b0 — 5o [coth (lt,2.y)) + (93<t,x,y>>], (5:)

61k
Una(t, z,y) = ao + 20 coth (u(t, z,v)), (5.9)

12
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2
‘/14(t7xay) = bO - S_ZZ COth (94(t7 x7y))7 (51())
Ul5(t71:ay) :a0+f£_f (Qg,(t,.fll',y)), (511>
6k
Vis(t,z,y) = bo — b (Qs(t,,y)), (5.12)
with
2 . 1.2 t 2
Ot a,9) = kot (ORI [rar i yolp - 1
0

Qult,zy) = bz + Iy + (k2ao¢1 - lk:l[bo% - 2k2]){/ T(7)dr + is[Bs — ﬁ]}7
0

2 . 2 t 2
Os(t,2,) = ki +1y + (-2 ll;[b0¢2+k]>{/ F<T>d7+¢3[Bt—t—]}'
0

6 Conclusion

We have discussed the solutions of (SPDEs) driven by Gaussian white noise. There is a
unitary mapping between the Gaussian white noise space and the Poisson white noise space.
This connection was given by Benth and Gjerde [2]. By the aid of this connection, we can
derive some stochastic exact soliton solutionsfor our problem. In this paper, using Hermite
transformation, white noise theory and F-expansion method, we study the white noise func-
tional solutions of the Wick-type stochastic (2+1)-dimensional coupled KdV equations. This
paper shows that the F-expansion method is sufficient to solve many stochastic nonlinear
equations in mathematical physics. The method which we have proposed in this paper is
standard, direct and computerized method, which allows us to do complicated and tedious
algebraic calculation. It is shown that the algorithm can be also applied to other nonlin-
ear (PDEs) in mathematical physics such as modified Hirota-Satsuma coupled KdV, KdV-
Burgers, modified KdV Burgers, Sawada-Kotera, Zhiber-Shabat equations and Benjamin-
Bona-Mahony equations. Since the equation (1.2) has other solutions if select other values
of P,QQ and R (see Appendices A, B, C), and there are many other of exact solutions for
wick-type stochastic (2+41)-dimensional coupled KdV equations.
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Appendix A. The ODE and Jacobi Elliptic Functions
Relation between values of ( P, @, R) and corresponding F'({) in ODE.

(F')*(§) = PF*(&) + QF*(§) + R,

P Q R F(é)
- 1 m2 1 sng, cdf = 5%
— o — 1 12 cné
] 2 —m? m? — 1 dng
1 1 —m2 m2 nsﬁzs%lg7dcf:2_rrll§
T—m? | 2m®—1 —m? nef = ong
m2_1 2_m2 -1 ndé‘:dLH{
1—m? 2 — m? 1 se§ = (83_%2
—m*(1—m?) | 2m* -1 1 6 = g
1 2 —m? 1—m? ot = Sne
1 2m? —1 | —m?(1 — m?) ds¢ = (SlensE
m? m2—2 1 ST —
v 5 1 1+dne’ vi—m2+dne
2 B 2 ' o o B
. . 8 sné + icné, iv1—m2sné+cne’ 1+dne
1 1—2m?2 1 (L oo
T Zm 1 nsé + csé, VI-mZshérdne’ TECIE
m27]_ m2+1 m271 ﬁ
: . 1 TEmSNE
A . —, . cn
T o m2+1 1 n ncé =+ isc 1isflg
— 5} —(1— 232
- w1 % mené + dné
1 m241 M _SIE__
! 5 1 cne+dne
7 2
%1 m2 2 mT ns{ + de
Appendix B.

the jacobi elliptic functions degenerate into trigonometric functions when m — 0.

sn&é — sin&, cné — cos &, dné — 1, sc€ — tan &, sdé — sin&, cdé — cos&,
ns& — csc&,nc — secE,ndé — 1,¢cs€ — cot &, dsé — csc&, dcé — secé.
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Appendix C.
the jacobi elliptic functions degenerate into hyperbolic functions when m — 1.

sné — tan&, ené — &€, dné — &, sc€ — sinh &, sd§ — sinh &, cdé — 1,
nsé — coth &, ncé — cosh &, ndé — cosh, csé — &, dsé — &, dc€ — 1.
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Abstract
This paper is devoted to give exact solutions of the variable coefficient fractional Zhiber -Shabat
equation with space-time-fractional derivatives. Moreover, by using the Hermite transform and the
homogeneous balance principle, the white noise functional solutions for the Wick-type stochastic
fractional Zhiber-Shabat equation are explicitly shown. Detailed computations and implemented
examples are explicitly provided.
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1 Introduction

The main task of this paper is to explore exact solutions for the following fractional Zhiber-Shabat
equation with variable coeflicients:

Oyor Opost + p(t)e” + q(t)e ™ +r(t)e 2" =0 (1.1)

where Oger, 02 (0 < g, a2 < 0) are the modified Riemann-Liouville fractional derivatives defined
by Jumarie [6] and ¢(t),p(t) and r(t) are bounded measurable or integrable functions on R .
Random waves is an important subject of random fractional partial differential equations. Recently,
both mathematicians and physicists have devoted considerable effort to the study of explicit solu-
tions to nonlinear integer-order differential equation. In the past decades, an important progress
has been made in the research of the exact solutions of nonlinear partial differential equations
(PDEs). To seek various exact solutions of multifarious physical models described by nonlinear
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PDEs, various methods have been proposed. There are many authers studied this subject. Wadati
first introduced and studied the stochastic KdV equation and gave the diffusion of soliton of the
KdV equation under Gaussian noise in ([10]-[12]). Xie firstly researched Wick-type stochastic KAV
equation on white noise space and showed the auto-Bachlund transformation and the exact white
noise functional solutions in [14], furthermore, Chen and Xie ([1]-[3]) and Xie ([15]-[17]) researched
some Wick-type stochastic wave equations using white noise analysis method. Recently, Ugurlu
and Kayal9] gave the tanh function method, Wazzan [13] showed the modified tanh-coth method,
these methods have been applied to derive nonlinear transformations and exact solutions of non-
linear PDEs in mathematical physics. If Eqn.(1.1) is considered in random environment, we can
get random fractional Zhiber-Shabat equation with space-fractional derivatives. In order to give
the exact solutions of random fractional Zhiber-Shabat equation with space-fractional derivatives,
we only consider this problem in white noise environment. Wick-type stochastic generalized frac-
tional Zhiber-Shabat equations with space-fractional derivatives is the perturbation of Eqn.(1.1)
by random force W (t) o R®(U,Uyt) , which represented by:

Opor Dy U + P(t) 0 eV 4+ Q(t) 0 ) 4+ R(1)e*2Y) = W (#) o R°(U, Upor ya2) (1.2)
where W (t) is Gaussian white noise, i.e., W (t) = B'(¢) and B(t) is a Brownian motion, R(u,ugae1se2)
= — 310301 02w — [oet — [Fze™™ — Bue 2% is a functional of u, o1 Dpesu = % = Ugergoo

for some constants f(i,...,04 and R° is the Wick version of the functional R. ” ¢” is the Wick
product on the Kondratiev distribution space (S)—; and P(t),Q(t) and R(t) are white noise
functionals. Eqn.(1.2) can be seen as the perturbation of the coefficients p(t),q(¢t) and r(t) of
Eqn.(1.1) by white noise functionals.

This paper is devoted to give white noise functional solution for Wick-type stochastic general-
ized fractional Zhiber-Shabat equations with space-fractional derivatives. Moreover, the Hermite
transform and the homogenous balance principle are employed to find the exact solution for stochas-
tic fractional Zhiber-Shabat equation with variable coefficient. Finally, implemented examples are
explicitly shown.

2 Preliminaries

There are different definitions for fractional derivatives, for more details (see [5, 6]). In our paper
we use the modified Riemann-Liouville derivative defined by Jumarie [6]:

ey @ =) )~ O, a <o

D} f(z) = ﬁ% JE@ = y) ) - FO)ldy, 0<a <1, (21)
U(a—n)(@ﬂ”% n<a<n+1l, neN

which has merits over the original one, for example, the a-order derivative of a constant is zero.
Some properties of the modified Riemann-Liouville derivative were summarized in [5] , three useful
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formulas of them are

0wpg_ TA+P) LB

Dmxﬁ_—l"(l—kﬁ—a)ﬂ ) ﬂ>0a

(u(a)o(@) = u(z) DE0(@) +v(z) Du(z), (22)
fuw)] = F05uo) = () Diftw)

U

D3
Dz

Now, we outline the main idea of the modified fractional sub-equation method. Many authors
considered nonlinear FPDE, say, in two variables

F(u,ug,ut, Dou, D{u, ...) =0, 0<a<l (2.3)

where F' is a nonlinear function with respect to the indicated variables. To determine the solution
u = u(z,t) explicitly, we first introduce the following transformation

u=u(§), §=E&(x,1) (2.4)
which converts Eq.(2.3) into a fractional ordinary differential equation
G(u, v, u”, D', Dgau, ..)=0. (2.5)
Next we introduce a new variable Y = Y (&) which is a solution of the fractional Riccati equation
DY =ho+mY +hY?, 0<a<l, (2.6)

where hg, h1 and hg are arbitrary constants. Eq.(2.6) is the fractional Riccati differential equation,
where « is a parameter describing the order of the fractional derivative. In the case of a = 1 Eq.(2.6)
is reduced to the classical Riccati differential equation. The importance of this equation usually
arises in the optimal control problems. The feed back gain of the linear quadratic optimal control
depends on a solution of a Riccati differential equation which has to be found for the whole time

horizon of the control process [18, 19]. Then we propose the following series expansion as a solution
of Eq.(2.3)

u(@, t) = u(€) = ap(z, )Y (€) + > bi(x,t)Y *(¢), (2.7)
k=0 k=1

where ai(k = 0,1,...,n),bx(k = 1,...,n) are functions to be determined later and n is a positive
integer which can be determined via the balancing of the highest derivative term with the nonlinear
term in equation Eq.(2.5). Inserting Eq.(2.7) into Eq.(2.5) and using Eq.(2.6) will give an algebraic
equation in powers of Y . Since all coefficients of Y* must vanish, this will give a system of algebraic
equations with respect to ay and by, . With the aid of Mathematica, we can determine a; and by, .
According to the recent paper by Zhang et al. [19], we can deduce the following set of solutions of
Eq.(2.6).

Yi(€) = Ea(6) — 1, ho=hy =1, hy =0,
Y2(€) = cothy (€) £ cschq (€), Y3(€) = tanhy (€) £ sechq(€), ho=—ha =3, h1 =0, (2.8)
Yi(€) = & tanq (2€), Y5(€) = & cotq(2¢), ho = the =1, by =0,

3
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with the generalized hyperbolic and trigonometric functions

sinh, (z) cosh,, (z) 1 1
tanh, = T N the = T ho = T N h
anba(z) cosh,, (z) cotha(2) sinh,, (z) cscha(w) sinh, (z) secha(w) = coshy (z)’
Ea o _Ea -z Ea @ Ea -z a
() = ZE ) g () = Bl Bl gy () - Sele)
[e% Ea %) — Ea —ix® Eoz ‘ —ix®
COta(l') = Z?ja((i)), sina(a:) = (Z.T ) T ( T ), COSa(iU) _ (lﬂf ) 5 ( 1T )
J
defined by the Mittag-Leffler function E,(y) = >_72, m. For more details about the gener-

alized exponential, hyperbolic and trigonometric functions see [8].

3 Exact Solutions of Eqn. (1.2).

Many authors considered nonlinear equations of the form
P(uautau:muzt:uz:muz:m:a-'-) =0 (31)

where P is a nonlinear function with respect to the indicated variables. Introducing the one wave
variable ¢ =z — ¢t carry out the two independent partial differential equation (3.1) into an ODE

N(u, v ;" u",..) =0 (3.2)

Equation (3.2) is then integrated as long as all terms contain derivatives. The tanh technique is
based on the priori assumption that the travelling wave solutions can be expressed in terms of the
tanh function [7]. We therefor introduce a new independent variable

Y = tanh(u()
that leads to the change of derivatives:
d d
— 1-Y?
dC & )dY
d? 9 d d?
— =1 -Y?)(-2V =+ (1 -V —

The solution can be proposed by the tanh method as a finite power series in Y in the form:

u(pg) = Z a,Y*, (3.3)

limiting them to solitary and shock wave profiles. However, the extended tanh method admits the
use of the finite expansion

u(pl) = Z apY"® + Z arY 7, (3.4)
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where M is a positive integer, in most cases, that will be determined. Expansion (3.4) reduces to
the standard tanh method [7] for ax = 0,1 < k < M . Substituting (3.3) or (3.4) into the ODE
(3.2) results in an algebraic equation in powers of Y. In this section, we will give exact solutions of
Eqn(3.2). Taking the Hermite transform of Eqn.(3.2), we get

Byt By U (2,1, 2) + Aa(t, 2)eV @) 4 2y (¢, 2)e"U@h2) 1 xg(t, 2)e20@h2) — (3.5)

where z = (21, 22,...) € CN is a parameter. Using the transformation

¢ = pxt n vt2
CT(l+a1) T(A+ay)’
that will carry out Eqn.(3.5) into
MU + Aot 2)e7©) 4 25t 2)e~ T2 4 Ay (1, 2)e 720 = 0. (3.6)

where, A\ = uv, /\ =: Aa(t, 2) = ﬁ{ﬁ(t 2)+ 02}, Az =:A3(t,2) = Tlﬂl{@(t,z)-l-ﬁ?,} and
Ay =: Mt 2) = {ﬁ(t 2) + 4} . Denote u(¢,z) = U((,z) and assume that the solutions of
(3.6) is the form

F(¢(¢, 2))

U(C7 Z) - aa—cg + V(C? Z)

Let v((,2) = e%?) | then Eqn.(3.6) becomes

A{vv” — v} 4+ Xv® + Az + My = 0; (3.7)

Considering the homogeneous balance between vv” and v® in (3.7), gives M=2, hence we set the
tanh-coth assumption by

v(z,t,2) = S(Y) = ag(t, 2) + a1(t, 2)Y (¢) + aa(t, 2)Y?(C) + bi(t, 2)Y 7H(¢) + ba(t, 2)Y 2(¢) (3.8)
where Y ({) satisfies the Riccati equation
Y' =¢ 4+ Y + c3Y?, (3.9)

and c¢1,co,c3 are constant to be prescribed later. By virtue of (3.8) and (3.9) with observation of
the linear independence of Y™ (n = —6,—5,...,6) , Eqn.(3.7) implies the following system of linear
equations

638 Ghany 634-644



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

A+ Asaq + Ag[ag(a% + 2a1b1 + 2a2b2) + a1(2a0b1 + 2a1b2) + ag(b% + 2apb2)+

b1(2apay + 2asby) + ba(a? + 2apaz)] + M\1[Doag + Dsay + Drag + D1by + Daby — (aic1 — bics)*+
(a1co + 2agc1)(bica + 2bacs) + (arcs + 2ag¢2)(brey + 2bace) + 4agesbacy] = 0;

Asa1 + Aefag(2apar + 2a2b1) + ai(ad + 2a1by + 2aba) + as(2apby + 2a1bs)+

bl(a% + 2a0a2) + 2a1agbz] + )\1[D0a1 + Diag + Dgas + Dby + D3by

—(a1c1 — bies)(aica + 2az2¢1) + (arcs + 2agc2)(brea + 2bacs)] = 0;

Azaz + Aolag(a? + 2agaz) + a1(2aga; + 2azby) + ag(a% + 2a1by + 2a2b2) + 2a1a2by + aZbs]+
A1[D2ag + +Diaj + Dsby + Db — (a1c1 — bics)(aics + 2azc)

—(a1ca + 2azc1)? + 2azc3(bica + 2bacs)] = 0;

A2[2apaias + a1 (a3 + 2apas) + az(2apar + 2azby) + biad)+

M[Dsag + Daay + Diag + Dby — 2azc3(arct — bicg) — (a1c2 + 2azcr)(a1c3 + 2azc2)] = 0;
Aa[apa3 + 2a2ay + asz(a? + 2apas)] + M\1[Daap + Dsay + Daag — 2asc3(aice + 2asc)
—(CL163 + 2a202)2] = 0

Ao[a1a3 + 2a1a3] + A\1[Dyay + Dsag — 2ascs(aics + 2asc)] = 0;

A2[a3] + A1[Dgaz — 4a3c3] = 0;

Asba + A2ag(b? + 2agbz) + b1(2apby + 2a1bs) + ba(a3 + 2a1by + 2a2be)+

2a1b1by + agb%] + )\1[D0b2 + D7ag + Dgai + Dsas + Dgby — (blcz + 2b263)2+

2bycr(arca + 2ascr) + (arcr — bieg)(bicr + 2baca)] = 0;

Asb1 + A2ag(2agby + 2a1b2) + by (a3 + 2a1by + 2asbs) + b2 (2apay + 2a2b1)+

a1 (b3 + 2agba) + 2a2bab1] + A1[Doby + Dsag + Dray + Dgas+

D1by + (a101 — blcg)(blcz + 2b263) + (alcg + 2a261)(b161 + 2()2(32)} = 0;

A2[2agb1ba + by (b? + 2apb2) + ba(2a0by + 2a1be) + a1b3] + A1[Deao + Dsay + D7by + Dgbo
+2byci(arcr — bies) — (bica + 2bacg)(bicr + 2bac2)] = 0;

A2[agh3 + 2agb?by + by (b? + 2agb2)] + A1[Dsag + Dgby + D7ba — 2bacy (byca + 2bacs)
—(1)161 + 2[)262)2] = 0;

Aa[b1b2 + 2agb1b2] + M [Dsby + Dgba — 2bscy (biet + 2baca)] = 0;

A2[b3] + Ai[Dsby — 4b3c?] = 0.

where, Dy = Cl(a102 + 20,201) + Cg(blcg + 2b263) , D = 02(a162 + 2a201) + 201(0,103 + 2a202) ,
Dy = 03(a102+2a201)+2cz(a103+2a202)+6a20301 , D3 = 263(&1634—2&202)4—6&20302 , Dy = 6&20% R
Dy = 6a2b26% , Dg = 2c1(bic1+2baca)+6bacica , D7 = c1(brea+2bacs)+2c2(bicy+2bace)+6bacser
and Dg = ca(bica + 2bacs) + 2c3(brcy + 2baca) . In the remaining part of this section we will discuss
and solve our problem for some special cases for the Riccati equation as follows:

A. 61262:1,03:0 .
This choice for the constants implies that

Y1(¢) = exp(¢) — 1 (3.10)

6
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By the aid of Maple 12, the above system of equations can be solve for the following cases:

Case 1: M=a =a = 0,A # 0,A # 0,\3 # 0; ag :I:u/)\—‘”’ blzm;
by = 2)‘1 . By virtue of Eqn.(3.8), then Eqn.(3.5) have the solution
| A3 3 1
= In{ti + X ~
da Aot iveds exp(r(ual) + F(1t+;2)) -1
21
- s 2} (3.11)

>‘2(emp(r(1+a1) + F(1+a2)) -1

Case 2: For )\4:a1:agzblzo,)\l#o,)\g#o,)\g#o CL()—:l:’Lq/A2 52:—%.
Eqn.(3.5) have the solution

. /A3 21
up = In{%iy/ — — — } (3.12)
A2 )\2(61’20( (1+oq) + 5 £ )) - 1)2

(1+a2
B. Cl — —C3 = 0.5,62 =0

This choice for the constants implies that

Y2(¢) = coth(¢) + esch(Q) (3.13)
or

Y3(¢) = tanh(¢) £ isech() (3.14)
By the aid of Maple 12, the above system of equations can be solve for the following cases:

Case 3: )\4 = ayp — a1 = ay = b1 = 0,)\1 7& 0,)\2 75 0,)\3 7é 0; b2 == 72>\T12' By virtue
of Eqn.(3.8), then Eqn.(3.5) have the solution

A1
s = Inf— . - } (3.15)
2Xo(coth (w4 (1+a1) + p(ﬂ; )) + esch(gg (1+a y T r(ltJrfyz)))2
or
A1
g = In{— — . — } (3.16)
2X2(tanh (i ary + Tiitagy) £ isech(tliar + tiiram))?

Case 4: For i=ap=a1=b1 =bp =0,A\1 # 0,02 #0,A3 £0; as = —2L . Equ.(3.5) have
the solution
pxrt vt*2 pxrt vt*2

ln{——2(c th( T+ ) + T+ ag)) + csch(r(1 o) + T+ 042)))2} (3.17)
pxt vt*? . paxet vt*?
= In{- )\2( anh(r(1+a1) F(1+a2))i2860h(f‘(1+a1) F(1+a2)))2} (3.18)
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4 White noise functional solutions of (1.2)

In this section, we will use Theorem 2.1 of Xie [17] for d = 1 to obtain white noise functional
solutions of Egs.(1.2). The properties of hyperbolic functions yield that there exists a bounded
openset SC Ry xR,m >0 and n >0 such that u(z,t,z),u.(z,t,2) are uniformally bounded
for all (t,z,z) € S x K;,(n), continuous with respect to (t,z) € S for all z € K,,(n) and
analytic with respect to z € K,,(n) for all (t,z) € S. Using Theorem 2.1 of Xie [17], there
exists a stochastic process U(t,z) such that the Hermite transformation of U(t,z) is wu(t,z,z)
for all S x K,,(n), and U(t,x) is the solution of (1.2). This implies that U(¢,x) is the inverse
Hermite transformation of u(t,z,z) . Hence, for AjA2A3 # 0 the white noise functional solutions
of Eqn.(1.2) as follows:

Ag(t) 3{eacp (I‘(1+a1) + r(lli:iQ)) - 1}_1

Uil t) = I As(t) i Ao (t) £/ Aa(t)As(2) -
2pv o pr®t vt*? _
m{e:ﬂp (F(l + 1) * '+ ag)) -1 (4.1)

As(t)  2uv

Us(,t) = In* {0y | 1255~ AQ(t){ewp%F(’fi St Tarad) 112} (4.2)
Us(a,t) = In{ =500 ){COthQ(r(ﬁa;l) r(1y T;)) * Cscm(r(ff;g r(1y T@))}_Q} (43)
Us(e,t) = In"{=3 (){w ho(r(ﬁa;l) r(1y f;>>i“€ch°<r<ff;l> r(1y T;))}_Z}(‘L‘l)

Us(@,t) = in"{=3 (){“’tho(r(ff;g r(1y Taz))icscmr(?f;g r(f Tag))}Q} (45)
Us(a, 1) = In°{— I o ){ta h°(r(fia;l) 4 F(l”’faz)) + isechO(P(faf;l) 4 P(l”f;))}?} (4.6)

We observe that for different form of As(¢) and As(t) , we can get different solutions of (1.2) from
(3.1)-(3.6).

5 Example and Concluding Remarks

Let B, be the Gaussian white noise, where B; is Brown motion. We have the Hermite trans-
form B(t,z) = Y req %k f(f nk(s)ds . Science exp®(B;) = exp(B; — t2/2) , we have tanh®(B;) =
tanh(By — t2/2) , coth®(B;) = cot(B; — t2/2), sech®(B;) = sech(B; — t?/2) and csch®(B;) =
csch(B; — t2/2) . Suppose A3(t) = alAs(t) and As(t) = Xo(t) + BB, , where «,(3 are arbitrary

8
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constants and Ay(¢) is integrable or bounded measurable function on R, . The white noise func-
tional solutions of (1.2) are as follows: If Aj(t)A2(t)As(t) #0

o v(t—[B:+0.558t2)* —
3ean(rifan + “ ey ) — 11

B . I'(1+as2)
Ur(z,t) = In{Fiva + A(t)(1 + Liy/a)
2uv Tl v(t — BB, + 0.53t2)2 _
A2(t){6$p(r(1 o) T+ o) ) —137%} (5.1)
v i v(t — t . 2)a2 _
Us(o,) = Inlakiva - i feap( =+ ERRERE) 1y (s
B v prt v(t — BBy + 0.55152)0‘2
Usl,t) = In{ =5 o teoth (s o Tita)
pr v(t — BBy + 0.56t%)%2
eseh(E i ayy T(1+ az) 1} (5:3)
_ ny prt v(t — BB + 0.5ﬂi§2)°‘2 .
Uro(z,t) =1 {—m{t nh(m o mt+a2) )i
prt v(t — BBy + 0.58t%)%2
sech(r(1+a1) (1 + o) )} (5.4)
B I pzt v(t — BB + 0.55t2)
Uri(z,t) _ln{_m{COth(F(l+al) + T + as) )+
i v(t — BB + 0.55t2)2
S S o) T(1 + a2) i (5:5)
B J77% [T v(t — BB + 0.5ﬂt2)a2 .
Urz(z,t) _ln{_m{tanh(l“(l—i—al) + T+ an) ) i
prt v(t — BBy + 0.56t2)
sech(F(1 o) T+ o) )32 (5.6)

Finally, we remark that for a; = ag =0, p(t) =1 and ¢(t) = r(t) = 0, Eqn.(1.1) reduces
to the Liouville equation. For a3 = as =0, 7r(t) =0 and ¢(t) = p(¢t) = 1, Eqn.(1.1) reduces to
the Sinh-Gordon equation. For a3 = ap =0, p(t) = r(t) =1 and ¢(¢t) = 0, Eqn.(1.1) reduces
to the the well known Dodd-Bullough-Mikhailov equation. Moreover, for a; = as =0, p(t) =0
, q(t) = =1 and r(t) = 1, gives Tzitzeica-Dodd-Bullough equation. Hence, our results in this
work can be considered as a continuation of our results in our previous papers [4,5], this work gives
directly exact solutions for wick-type stochastic form to each one of the above equations. Also, we
remark that, since the Riccati equation has other solution if select other values of c¢1,co and c3,
there are many other exact solutions of variable coefficient and wick-type stochastic Zhiber-Shabat
equations
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Invariance, solutions, periodicity and asymptotic behavior of a class
of fourth order difference equations
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Abstract
We construct Lie symmetry generators of some fourth order difference
equations. We use these generators to derive similarity variables that
make it possible to obtain exact solutions. In some cases, we study peri-
odicity and asymptotic behavior of the solutions.

2010 Mathematics Subject Classification: 39A11, 39A05.
Key words: Difference equation; symmetry; reduction; group invariant solu-
tions

1 Introduction

Several years back, Sophus Lie studied the invariance property of equations un-
der a group of transformations. The approach used was later known as Lie
symmetry method. This method has been used to solve differential equations,
and recently it has been applied to difference equations. Although Maeda stud-
ied difference equations via Lie symmetry analysis in twentieth century [9, 10],
it is Hydon who really rekindled the interest for solving difference equations via
symmetry. For Hydon’s work, refer to [8].

Most often, difference equations arise as a result of discretizing differential equa-
tions, especially in phenomena that depend on time. There are many ways in
which a differential equation can be discretized (see [4]). Difference equations
have numerous applications. For example, biological systems, population dy-
namics, economics, physics (see [1, 2]). Although difference equations appear
simple, finding their solutions can be incredibly difficult. The symmetry ap-
proach to finding solutions of difference equations is recent and the reader can
refer to [8] and some recent articles [5-7, 11, 12] for further knowledge on this
method.

In this paper, we consider the system of difference equations

TnTp41 (1)

Tnt4 =
xn+3(an + bnxnanrl)

where (an)nen, and (b, )nen, are non-zero sequences of real numbers. For equa-
tion (1), we derive all Lie point symmetries and give formulas for solutions in
closed form. We also discuss periodicity and asymptotic behavior of solutions
in some cases.

*Mensah.Folly-GbetoulaQwits.ac.za
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1.1 Preliminaries

In this section, we give a background on symmetry methods for difference equa-
tions. Our definitions and notation come from [3, 8, 13].
Consider the difference equations

Tn+4 :Q(xn7xn+laxn+3)7 (2)

where n denotes the independent variable; x,, the dependent variable. In this
case Uy4; denotes the ‘i-th shift’ of wu,,.
Consider the group of transformations

(n,xn) = (n, &, = 2 +Q1(n, ) + O(?)), (3)

where @ is the characteristic of the group of point transformations. Let

X = Q(n,xn)% (4)

be the corresponding infinitesimal generator. The group of transformations (3)
is a symmetry group if and only if

Q(n+4,Q)—X(Q) =0, (5)

whenever (2) holds. Here,

0 0
X=Qn,z,)— +Q(n,zx — +Q(n+3,z —_—
Q( n) 8(En Q( n—i—l) a$n+1 Q( n+3) 8$n+3
denotes the prolongation of X to all shifts of x,, appearing in the right hand sides
of equations in (2). Equation (5), known as the linearized symmetry condition,
can be solved for @) by applying the appropriate differential operators. The
characteristic, together with the canonical coordinate

dz,,
s= | ——, 6
/ QU ) ©)
are necessary in the reduction of order of (2). The following definition can be

used to check if a given function is invariant under a given group of transforma-
tions.

Definition 1 [13] Let G be a connected group of transformations acting on a
manifold M. A smooth real-valued function ( : M — R is an invariant function
for G if and only if

X)) =0 for all x € M.
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2 Main results

2.1 Symmetry and difference invariant

To obtain the the criterion which gives the Lie point symmetries of (1), we force
(5) on

TnIn+1 (7)

Tn44 = .
anrS(an + bnxnanrl)

This leads to

xnzn—}-l(an + bnxnxn+l)Q(n + 3, xn+3)
xn+32(an + bn-'L'nx'rLJrl)2
Can[TnQn + 1, Tng1) + Tn1 Q(n, 0] 0 s)
xn+3(an + bnmnxn—&-l)Q

Q(TL + 47 l’n+4) +

The methodology of solving these functional equations is given as follows:

Tnt1 o)
Tn 8{1?71+1

e Firstly, apply the differential operator % + on equation (8).

This leads (after simplification) to

Gnp
anrlQ/(n +1, anrl) - $n+1Q/(n7 xn) - Q(n +1, xn+1) + ;Q(nv xn) =0.
n

e Secondly, differentiate with respect to x,,, separate by powers of x,,;1 and
solve the resulting system of over determining equations for . This gives

Q(n, ) = a(n)zn + B(n)
for some functions « and 8 of n.

e Lastly, substitute the latter in (8) to eliminate any dependency among the
arbitrary functions that appear in ). This leads to the constraints

am)+an+1)=0and p(n)=0. 9)

We have omitted the details in the computation. The constraints in (9) are
readily solved (a(n) = (—1)") and we have

Q= (-1)"zn. (10)
Consequently, Equation (1) admits a one dimensional Lie algebra:
0
X = (—1)"z, -2 11
(~1)an s (1)

The canonical coordinate is given by

Sp = /(dx" = (=1)"In |z, (12)

647 Folly-Gbetoula 645-657



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

and the difference invariant which is inspired by the form of the final constraints
(9) is given by

u, = (—1)"s, + (=1)" s, 1. (13)

It is not difficult to verify, using Definition 1 together with (11), that (13) is
indeed invariant under the group of transformations of (1). For simplicity, we
prefer using the compatible variable

|un| = exp(—up) (14)

which is also invariant. This gives a convenient choice of the change variables
which does not require lucky guesses. With this variable u,,, it follows that

Unt3 = Anplpy + by (15)
whose solution is given by
n—1 n—1 n—1
U3ntj = Uj (H a3k1+j> + Z <b3l+j H a3k2+j> , J=0,1,2. (16)
k1=0 1=0 ka=I+1

To obtain the solutions of (1), we go up the hierarchy created by the changes
of variables. By evaluating (13) as a telescoping series, we have

n—1

(=" = (=1)"" > (=DM, + (=1)"so (= 1Infz,| from (12)), (17)
k1=0

i.e.

Ty = exp {(1)"1 i (=1)*ruy, + (1)n50} ) (18)

k1=0

n—1
= exp{ Z (=1)"*F Inwuy, +Inzg}, (19)
k1=0

where all the ug,’s are obtained using (16).
Note. Equation (19) gives the closed form solution of (1) in a unified manner.
Looking at the form of u; in (16), we rephrase (19) as follows:

6n+j—1
L6ntj :exp{ Z (—1)5m IR gy, + lnxo} , (20)
k1=0

o T (H —— ) 7 (21)

im0 \p—p U6i+j+2r+l
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7 =0,1,...,5. More clearly,

S
|
—

U3(2¢) U3(2i)+2 U3(2i+1)+1

(22a)

ZTen —I0

—

-
I
=}

)
U3(23)+1 U3(2i+1) U3(2i+1)+2

i
L

U3 (24 u3(2; U3(2;
T 3(2i)+1 3(2i+1) 3(2 +1)+2’ (22b)

U3(2i)+2 U3(2i+1)+1  U3(2i42)

<.
Il
=]

S
|
—

Pong2 =72 U3(2i)+2 U3(2i+1)+1 U3(2i42) (22¢)
7 - 9’
- U3(2041) U3(2i4-1)+2 U3(26+2)+1

«
Il
=

i
L

U3 (2 us3(2; U3(2;
Tenis =T3 3(2i+1) 3(2i4+1)+2 U3(2 +2)+1’ (22d)

U3(2i+1)+1 U3(2i+2) U3(2i+2)+2

~
Il
=]

S
|
—

" — U3(2i+1)+1 U3(2i+2) U3(2i+2)+2 (22¢)
6n+4 =T4 ,
0 U3(2i41)42 U3(2i4-2)+1  U3(2i+3)

«
Il
=}

i
L

" — U3(2i4+-1)+2 U3(25+2)+1  U3(2i4-3) (22f)
6n+5 —45 .
o U3(2i42) U3(2i+2)+2 U3(2i+3)+1

o
I

We then substitute the expressions given in (16) in (22) to get

2i—1 2i—1 2i—1 2i—1 2i—1 2i—1
ne1  uo[lasy +3 bs;[]as, uzflau+24*§:bw+2IIakb+2
_ H 11=0 =0 lp=j+1 =0 l2 =j+1
Ten =T0 2i—1 2i—1 2i—1
=0 Ha3l+1 + 255]4-1 [Tasi+1  wo Ha3z + Zbi’)] Haklg
=0 lo=j+1 Jj=0 la=j+1

u1 H asi+1 + Z b3j+1 H Akly41

j=0 la=j+1 )
= - , (23a
U2 H asi+2 + Y bsjr2 [[ ariy+2
j=0 lo=j+1
2i—1 2i—1 2i—1
ne1 Ui lTasi+1 + D bsjrr[lasi+1 wo Hasz + Z b3; Ha312
" — H 11=0 7=0 lo=7+1 j: la J+1
6n+1 =1 2i—1 201 21
=0 g H1131+2 + > bzjro [l asi+2 w Hasz+1 + Zb3]+1 Ha312+1
j=0 la=j+1 j=0 lo=j+1

U2 H asi+2 + Z b3jt2 H a3ly+2

j=0 lo=j+1
2i+1 2i4+1  2i41 ’ (23b)
U H asi + Y bs; [[ asi,
Jj=0 la=j+1
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27—1 27—1
o1 W2 [Tasi 42 + > bs;+2 H a3ly4+2 Ul H asi+1 + E b3j+1 H asly+1
11=0 7—0 l2 =j+1 Jj=0 la= J+1
=0 uo H as; + Z b3; H asi, U2 H asi+2 + E b3jt2 H a3zl +2
Jj=0 la=j+1 Jj=0 la=j+1
2i+1 2i+1  2i+41
Uo H asi + > bs; [Tas,
Jj=0 la=j+1
2141 2i+1 2i+1 ? (230)

{751 H asi+1 + > b1 [ asio+1

j=0 lo=j+1
21

% 2%  2i
ne1  uollasiy, +> bsj[las, ue H asi+2 + Y bajt2 H asiy+2

11=0 j=0 12:j+1 j=0 la=j+1
Ten+3 =T3 H 2i 2i 2i+1 2i+1  2it1
=0 H asi+1 + Y. b3j+1 H asiy+1 Uo H azi + Y bs; [ asi,
j=0 lo=j+1 j=0 la=j+1
2041 241 2i41
u1 H asi+1 + Y bsj+1 [[ asip+1
j=0 lo=j+1 (23d)

2i41 2041 2i41 ’

U2 H asiy2 + > bsjyo [[asin+2
j=0 la=j+1

2i 2i 2 2i+1 2i4+1  2i+1
_qur [Tasi+1 + > bsj+1 [T asis+1 uo H az + ) bsj [[ aa,
H llf j:0 l2:j+1 j=0 la=j+1
Ten+4 —T4 2i+1 2i+1 2i+1
=0 qy H asi+2 + Z b3jt2 H asly+2 U1 H asi+1 + Y b3j4+1 [ ario+1
7=0 lo=j+1 j=0 lo=j+1
2i+4+1 2141 2i+1
Uz H asiy2 + > bsjye [[asio42
=0 la=j+1 ( )
2i+4+2 2i42 242 ’ 236
() H as; + Z bs; H a3,
J=0 la=j+1
21 21 2i+1 2i+1 2i+1
g U2 1'[ asi 12 + > bajro [ asipt2 w1 H asit1 + 2 bja [T asi, 11
z . H 11=0 Jj=0 la=j+1 Jj=0 la=j+1
5 =
6n+5 5 J 2i+1 241 2i+1 2i41 2i+1 2i+1
i=0 U H aszi + > bs; [ asi, U2 H asi+2 + Y bsjt2 [] asig+2
J=0 lo=j+1 =0 Jj=0 la=j+1
242 2142 2i4-2
uo H aszi + > bs; [Tasi,
J=0 la=j+1
242 242 2042 ' (23f)
u H azi+1 + 2 bsjv1 [] asip+1
Jj=0 lo=j+1
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We rewrite (23) in terms of initial conditions only as follows:

27—1 2i—1 2i—1 2¢—1 2i—1
ne1 Iasy +xows 30 bs; [Tase, H asit2 + 2223 ) bajiz [[ w42
JER—— H 11=0 Jj=0 la=j+1 Jj=0 l2 =j+1
6n =10 2i—1 27—1 2i—1 21
=0 H asi41 + x1x2 Y bajr1 [[ asip+1 H az + ox1 Y b3j H Akl
j=0 lo=j+1 Jj=0 la=j+1
21
H asi+1 + T1x2 Y b3j41 H Aklyt1
j=0 lo= J+1
: (24a)

H a3l4+2 + T2x3 Z b3j 42 H Akly+2
j=0 lo=j+1

2i—1 —1 2¢—1 21
ne1 Ll asi+1 + 122 Z bzji1[]asi, 1 H asr + Tox1 Z bs; [ as,
. — Hh— Jj=0 la=j+1 7=0 Iz J+1
6n+1 =1 2i—1 2i—1 2i—1 2i
=0 H asi+2 + T2x3 Y bajt2 [ asip+2 H asi+1 + 122 Y bzjt+1 H a3l5+1
Jj=0 la=j+1 j=0 la=j+1
21 21
H asi+2 + T2x3 Y bgjto [| asig+o

j=0 la=j+1 (24b)

2341 2341 2341 ’

H az + xox1 Y baj [[ as,
Jj=0 la=j+1

2i—1 27—1
ne1 L1 a3, +2 + 23 Z b3;+2 1T asiy+2 H asi+1 + 172 Z b3j+1 H asly+1
- — Hh— Jj=0 l2 =j+1 Jj=0 la=j+1
6n+2 —L2 21 21 21 21
=0 [Tas: + zoz1 > bs; H asi, H asi+2 + 2wz Y bzjta [] asip+2
=0 Jj=0 la=j+1 = Jj=0 la=j+1
2i+1 2i+1  2i+41
H as; + xox1 Y baj [ asi,
Jj=0 la=j+1
, (24c¢)
2i+1 2141 2i+1

H asi+1 + z1x2 Y bgjt1 [[ asip+1

Jj=0 lo=j+1

21 21 27 21
S H asi;, + xox1 Y bsj [[asi, H asi+2 + T2x3 Y b3jt2 [ asio+o
. — H 11=0 j=0 la= J+1 j=0 lo=j+1
6n+3 —L3 2i 201 2041 201
=0 TTagi+1 + z122 Z b3j41 H asiy+1 H asi + zox1 Y bsj [[ asi,
=0 j=0 la=j+1 Jj=0 la=j+1
2i4+1 2i41 2i+1
H aszi+1 + z1x2 Y b3j4+1 [[ asip+1
j=0 lo=j+1 (24d)
2741 2¢+1 2141 ’

H agi+2 + T2x3 Y b3jt2 [ asiy+2
j=0 la=j+1

21 21 21+1 2i4+1  2i4+1
ne1 11 asi+1 + 122 Y bajy1 H a3ly+1 H aszi + zox1 Y bsj [[asi,
Hllf j=0 2 J+1 j=0 la=j+1
Ten+4 =T 2i+1 2it1 2i+1
=0 H asi+2 + T2x3 Z b3jt2 H a3ly+2 H asi+1 + 12 Y b3jt1 [ Grig+1
j=0 lo=j+1 j=0 lo=j+1
2141 21+1 2141
H agi+2 + T2x3 Y b3jt2 [ [ asiy+2
j=0 la=j+1 ( )
2i42 2i42  2i42 ’ 246
H az + xox1 Y bs; [ ] aa,
j=0 la=j+1
7

651 Folly-Gbetoula 645-657



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

2i+1

2i+1 2i+1

n—1 H asp,+2 + 23 Z b3j 2 H a3io+2 [[ a1 + 122 Y bsj1 [T asi41

11=0
Ton+s5 =Ts H 2i 11

j=0

la=j+1

1=0

Jj=0 la=j+1

2i+1

2i+1

2i+1

=0 [Tasi + zoz1 > bs; [ asiy
1=0 =0 lz=j+1
2142 2i4+2  2i+42
H as; + xzox1 Y baj [ asi,
Jj=0 la=j+1
2i+2 2142 2i+2

’

H asi+1 + 12 Y b3jt1 [[ asip+1

where x4

Jj=0 lo=j+1

xor1/(x3(ag + boxox1)) and xj

2i+1 2i+1

H asit2 + T2x3 Y bsjta [ | asig+o
i=

j=0 la=j+1

(24f)

zox3(ag + bowor1)/(zo(ar +

bixz122)). In the following subsections, we study some special cases.

2.2 The case where (a,) and (b,) are 3 periodic sequences

Let ap = {a05a1;a2;a0;a1;a27'°'

tions in (23) reduce to

Ten =T0

Ten+1 =T1

Ten+2 —T2

Ten+3 =T3

Ten44 =T4

Ten+5 =I5

} and bn = {bo,bl,bg,bo,bl,bQ,...}. Equa—
2 2i—1 2i—1 241 24
2
w1 Q8 bowoxt Yo ad a3t + boxoxs Y al aP T 4 bizian Y al
H Jj=0 j=0 7=0
2i—1 e 2i a2 )
'— ¥ ¥
=0 g2 4 bizize Y a) al T + bozor1 Y a) a + bazozs Z al
7=0 7=0 7=0
2i—1 20 2i o
¥ ¥
o1 aY Fbiziae Y al a2 + boxox: Y. al a + bazozs Z al
H 7=0 7=0 7=0
2i—1 2_+1 2 . 9it2 2i4+1 7
;— ¥ T
i=0 q2¢ 4 hywows Z a2 T+ bizize Y al ag' " 4 bozox1 Y af)
Jj=0 Jj=0
2i-1 bis1 2 i 241
7 7
w1 @3 bomoxs Yal ¥ 4 bimize Y af a2 4 bowox 3 al)
H j=0 j=0 j=0
2t 2i 2t 2i 2 42 2i4+1
p— 1 1
=0 gt £ bozoxt Y ad a5’ + baxaxs Y a2 bz Y df
§=0 j=0 j=0
bit1 2 bii1 2 i, 241
1 1
no10g o Fbozora 3oah u2ay™ +b23 ay ay" +bamiws Yo ay
H j:O Jj=0 j=0
a2+ a2it? 2l aZit? 2l
; — 7 7 7
=0 + biz122 Z al + bozox Z aO + bozoxs Z a2
j=0 Jj=0 Jj=0
2 1 2642 2i+1 | 2642 2i+1 |
7 7 7
no1 @ —|—b1x1x22a1 + bozox Zao +ng2x32a2
H Jj=0 j=0 j=0
sitt 2i g2 2l 2its 2i12
;— 7 2 X
=0 q3"" + bowoxs Y a2 +bizize Y. al ag’™" + bozox1 Y ad
=0 =0 3=0
2 1 2612 2i+1 | 2643 2i+2 |
7 7 7
n-1@ +52112$32(12 +biziza Y al af " + bowoz1 Y af
Jj=0 Jj=0 Jj=0
2342 2i4+1 2342 2i4+1 2943 2i4+2
— 3 7 7
=0 q&" T 4 bozoxy Zao +b2x2x32a2 al'"™ + bz Y al
j=0 j=0 j=0
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2.3 The case where (a,) and (b,) are real constants

Let a,, = a and b,, = b. Equations in (23) give rise to

2i-1 2i-1 i
2i i 2 i 2041 i
_a¥ +bzors Y. al a® +brazrsd.a’ @® T +briwe Y a?
11 i=0 7=0 i=0
Ten —T0 % % s (25&)
=0 g2 4 br1xe Y, af a1+ bxox Y al a4 broxs Yy a?
3=0 i=0

2¢—1

j=0
0 21

1
ne1 @7+ briz2 )Y d’ a

2% 2%

B 4 brox: S a? o 4 baoas Y af

B i=0 j:
Ten+1 =T1 Py

j=0

T (25b)
=0 20 4 howaxsz » al a1l 4 bryxg Z a’l a2 4+ broxy Y. al

J=0 7=0
2 =y g2+t 242 Range
o1 @2 broxs Y al +b1x1x22a3 + bxoz1 Y’
j=0 j=0
21

j=0

Ten+2 =T2

[Jam

—— (25¢)
21 2i+1 ’ 25C
=0 @21+l 4 hroxy Y, ad a4+ broxws Y al a2 + bz Y al
=0 Jj=0 Jj=0
2i+1 2i+1 2i+2 gy
ne1 @ T ] Z @’ a® ! 4 bozoxs Z @ a®? + brixe Sa’
_ H Jj=0 Jj=0 Jj=0
Ten+3 =T3 27 2i+1

21+1 ,(25d)
i=0 g2+l 4 bixixe > al a2 + broxy Z al a? 2 4 bxoxsy . al
7=0 7=0

Jj=0
g2+l 2642 2i4+2 Tl
0% by Z a? a®2 + bxoxy Z aJ 2 4 braxs S af
J:0 J70 j=0
Ten44 =Ta H

2i4+2 7 (256)
i=0 g2+l 4 hroxs Z a’ a?it2 4+ bxixo Z a’l a?t3 4+ broxy Y af
J=0 j=0

7=0
2441 2i+2 2i+3 2Lz
ey 02T 4 brows Z a? a®? 4 brixo Z a] 3 4 browr Y af
]=0 J—O j=0
Ten+5 =I5 H 272 " (25f)
i=0 q2i+2 4 hroxy Z al a?it2 4 bxoxs Z a’l a3 4+ brixe Y af
j=0

J=0

7=0

2.3.1 The case where a =1
Equations in (25) simplify to
n—1

— H 1 + 2tbxox 1+ 2tbxaxs 1+ (Qi + 1)b$13}2
"m0 A T 20w w14 (20 + Dbzow 1+ (20 + 1)bzazs

(26a)

" — H 1+ 2ibr1z2 1+ (Qi —+ 1)bx0:c1 1+ (Qi —+ 1)bx2:c3
bnl =l 0 1+ 2tbzoxzs 1+ (2’5 + 1)b.’1?1$2 1+ (2’5 + 2)[).’1?01’1

(26b)

14 2ibzoxs 14 (20 + 1)bziza 1 4 (2 + 2)bxoxs 9
n = C
Tont2 =T2 H 14+ (26 4+ Dbzorr 1+ (26 + 1)bzozs 1 + (2 + 2)bzr1z2’ ( 6 )
9
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1+ (20 4+ 1)bzox1 1+ (20 + 1)bzazs 1 + (26 + 2)bx122 26d
Ton+3 =T3 H 14 (20 + 1)bz1zo 1+ (21 + 2)bzoz1 1 + (26 + 2)bz2zs’ ( )

1+ (20 + 1)bzixza 1+ (20 + 2)bzoz1 1 + (26 + 2)bxazs 9
n+4 = &
Tontda =T4 H 1+ (26 + )bzows 1+ (26 + 2)bx1w2 1 + (26 + 3)bxoz1’ ( 6 )
14 (26 4 1)bzozs 1+ (20 + 2)bziza 1 + (20 + 3)bzox: 26f
Tonts =I5 H 1+ (20 + 2)bzoz1 1+ (20 + 2)bwaws 1 + (20 + 3)bxixe ( )
2.3.2 The case where a = —1
Let a, = —1 and b,, = b. Equations in (23) result in
= . $0($11'Qb — 1)” z o ml(momlb — 1)”(2721‘3() — l)n
bn = (:Iioxlb — 1)”(%2%31) — 1)”7 bntl = (331:1}2() — 1)” ’
z o 1‘2(1:11‘2[) — l)n = o xg(l‘ol'lb - 1)"(2721‘3() — l)n
bnt2 = (1‘0$1b — 1)"(1:21)31) — 1)” rents = ($1$2b — 1)" ’
1‘01‘1(1‘11‘2b — 1)” o3 (momlb — 1)n+1(562.1‘3b — ].)n
Ten+4 = Ten+5 =

1’3(1’01’1()— 1)"+1(a:2333b— 1)”’ xo(xﬂtgb— 1)"+1

2.4 Existence of six periodic solutions

From (26), if @ = 1 and b = 0, then the solution of (1) is periodic with period
six as long as ug # x9 or 1 # z3. It should also be noted that the solutions are
periodic with period two when xy = x2 and z; = x3.

The graphs below are cases where the solutions are six periodic.

08

IAVWAY
: JT W\/"W”V\

Figure 1: a = 1,0 = 0,20 = 0.1,z1 = Figure 2: a = 1,0 = 0,20 = 0.7,21 =
0.2,29 = 0.3, x3 = 0.44. —0.2,22 = 0.33, 23 = —0.8.

10
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2.5 Existence of 12-periodic solutions

Using (27), we have that if a = —1 and b = 0, then the solution of (1) is periodic
with period twelve.
The graphs below are cases where the solutions are twelve periodic.

T

Figure 3: a = —1,b= 0,20 = 2.2, 71 = Figure 4: a = —1,b= 0,20 = 0.2, 71 =
1.1, 20 = 0.9, 25 = 0.3. 1.1,20 = —0.9, 25 = 0.3.

3 Asymptotic behavior of the solutions for con-
stant coefficients

Theorem 1 Let {z,}nen be the solution to the sequence in (1) where a, = 1
for allm >0 and b, =b# 0. Then

lim z, = 0.
n— oo

Proof 1 Using (26), we have that

. ”lif 1+ 2ibzozs 1+ 2ibwazs 1+ (20 + 1)baias
O Ll T 2ibaras 1+ (20 + Dbzozs 1+ (20 + 1)bzazs

e H 1+ 2ibxox1 1+ 2ibxoxs 1+ (20 + 1)bz1x2
L T 2i + Dbwozs 1+ (20 + Lbzazs 1+ (20)ba12

b:Eo:El -t b{EQZE;g -t b:E1{E2
= 1 1+ —— 1+ —
o H ( + 1+ Zbeoxl) ( + 14 2ibxazs + 14 2ibx1z2

We know that 1 + 2ixgxpy1 — 00 as © — oco. Hence, there is a sufficiently
large integer t such that for i > t, we have

1+ 2izpxis1 ~ 20Tk Th1-

11
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Thus

s 1\ 1\ 1
ZTen =xol'(t) H (1 + 21,) < + Zi) ( + 22)
i=t+1
1\ " 1\ " 1
=xzol'(¢ H exp ( % ) +1n (1—}—27) +1n (1_‘—27')

i=t+1
t -1 -1
bl‘ol‘l bIzI:; bIlmg
= 1 1+ —— 1+ — .
1;[ ( + 1+ 2zba:ox1) < + 14 Qiblfglfg) ( + 1+ 2ib$1l’2)

Utilizing the expansion In(1+ ) = 2z + O(2?),(1 +2)"! = 1 — x + O(x?), for
x — 0, we obtain

ron sttt T o[£ v0 (1)

i=t+1

—wol(¢) exp [— :z:l (211)] :1:[_:1 exp {o <Zi2)] .

lim zg, =0 as n — oo.
n— oo

where

Therefore,

Similarly,

lim zgp4+; =0 as n — oo,
n—oo

for j=1,2,3,4,5.
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GENERALIZED ZWEIER Z-CONVERGENT SEQUENCE SPACES OF
FUZZY NUMBERS

KAVITA SAINI AND KULDIP RAJ

ABSTRACT. In the present paper we introduce Zweier ideal convergent sequences spaces
of fuzzy numbers by using lacunary sequence, infinite matrix and generalized differ-
ence matrix operator Af. We study some topological and algebraic properties of these
sequence spaces. Some inclusion relations related to these spaces are also establish.

1. Introduction and Preliminaries

Initially the idea of Z-convergence was introduced by Kostyrko et al.[10]. Gurdal [7] studied
the ideal convergence sequences in 2-normed spaces. Later on, it was further studied by
Savas [21], Savas and Hazarika [8], Tripathy and Dutta [25], Tripathy and Hazarika [26],
Raj et al.[17]. Let X be a non-empty set, then a family of sets Z C 2% is called an ideal iff
for each X1, X5 € Z, we have X1 UX, € Z and for each X; € 7 and each Xo C X7, we have
X, € T. A non-empty family of sets U C 2% is a filter on X iff ¢ ¢ U, for each X1, X, € U,
we have X1 N X5 € U and each X; € U and each X; C X5, we have X5 € U. An ideal 7
is said to be non-trivial ideal if Z # ¢ and X ¢ Z. Clearly, Z C 2% is a non-trivial ideal iff
U=U(I)={X —X;:X; €T} is afilter on X. A non-trivial ideal Z C 2% is said to be
admissible iff {z : z € X} C Z. A non-trivial ideal is called maximal if there cannot exists
any non-trivial ideal J # Z containing Z as a subset.

A sequence x = (x1) of points in R is said to be Z-convergent to a real number zq if

{keN:|zy —x0| > €} €T,

for every € > 0 (see [10]). We denote it by Z — limzy, = zo.

Kizmaz [9] introduced the notion of difference sequence spaces and studied o (A), ¢(A)
and ¢o(A). Further this notion generalized by Et and Colak [5] by introducing the spaces
loo(AY), ¢(A?) and co(A?). The new type of generalization of the difference sequence spaces
was introduced by Tripathy and Esi [27] who studied the spaces lo. (A?), c(AL) and c(A?).
Let 4, v be non-negative integers, then for Z = [, ¢, cg we have sequence spaces

Z(AY) = {x = (z1) € w: (Alay) € Z},

where Alz = (Alzy) = (A ey — Ai7legyq) and Az, = x4, for all k € N, which is
equivalent to the following binomial representation

i ;
; i
Ao =3 (=) ( n )
n=0
Bagar and Atlay [2] introduced and studied the generalized difference matrix A(m,n) =
2010 Mathematics Subject Classification. 40A05, 40A30.

Key words and phrases. Musielak-Orlicz function, ideal convergence, generalized difference matrix
operator, fuzzy real number.
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2 KAVITA SAINI AND KULDIP RAJ

(ars(m,n)) which is a generalization of A%l)—difference operator as follows:
m, (s=r);
ars(m,n) =< n, (s=r—1);
0, 0<s<r—1ors>r.
for all r,s € N and m,n € R — {0}.

Bagarir and Kayikgi [3] introduced the generalized difference matrix AP of order p and the
binomial representation of this operator is

p
AP(z) =) <f> mP~n gy,

v=0
where m,n € R — {0} and r € N.
Recently, Bagarir et al.[4] studied the following generalized difference sequence spaces
Z(AY) = {z = (x) € w: (APxy) € Z},

for Z =1, ¢, ¢y, where ¢, ¢y are the sets of statistically convergent and statistically null
convergent respectively and the binomial representation of operator A” is as follows:

P
Af(l’k) = Z (?Z) mp_”n”xk,w.

v=0
Sengoniil [22] defined the sequence y = (yg) which is frequently used as the Z—transformation
of the sequence x = () that is,

Yk = Brg + (1 — B)wg—1,
where z_1 =0, k#0, 1 < k < oo and Z denotes the matrix Z = (z;;) defined by

B, (1 =Fk);
zig=9q 1=B, (i—1=k)(i,keN);
0, otherwise.

Sengoniil [22] introduced the Zweier sequence spaces Z and Z as follows:

Z={x=(xp) Ew: Z(x) € c}
and
Zo={x=(zx) Ew: Z(x) € co}.

An Orlicz function M : [0, 00) — [0, 00) is convex, continuous and non-decreasing function
which also satisfy M(0) = 0, M(x) > 0 for x > 0 and M(z) — oo as * — oo. Linden-
strauss and Tzafriri [11] used the idea of Orlicz function to define the following sequence
space:

KM—{xGw:ZM(W) < 00, forsomep>0},

p

k=1
which is called as an Orlicz sequence space. An Orlicz function is said to satisfy As—condition
if for a constant R, M (Qx) < RQM (x) for all values of x > 0 and for @ > 1. A sequence
M = (My,) of Orlicz functions is called as Musielak-Orlicz function.To know more about
sequence spaces see ([1], [15], [16], [24], [18], [19] and [28]) and references therein.
An increasing non-negative integer sequence 6 = (k) with kg = 0 and k, — k.1 — o
as r — oo is known as lacunary sequence. The intervals determined by € will be denoted

by I, = (ky—1,k.]. We write h, = k.. — k,_1 and ¢, denotes the ratio kkil. The space of
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GENERALIZED ZWEIER Z-CONVERGENT SEQUENCE 3

lacunary strongly convergent sequence was defined by Freedman et al. [6] as follows:

Ng:{m—( k) hm —Z |z — L] =0, for some L}
" kel,
The space Ny is a BK — space with the norm

fell=sup (1 3 faal ).

" kel

Let A = (Ank) be an infinite matrix of real or complex numbers A, where n, k € N Then a
matrix transformation of xz = (xy) is denoted as Az and Az = A, (z)) if A\, ( Z MkTh

converges for each n € N.

The concept of fuzzy numbers and arithmetic operations with these numbers were first
introduced and investigated by Zadeh [29] in 1965. Subsequently many authors have dis-
cussed various aspects of the theory and applications of fuzzy sets such as fuzzy topological
spaces, similarity relations and fuzzy orderings, fuzzy measures of fuzzy events and fuzzy
mathematical programming. The theory of sequences of fuzzy numbers was first studied
by Matloka [12]. He studied some of their properties and showed that every convergent
sequences of fuzzy numbers is bounded. Later on Nanda [13] introduced sequences of fuzzy
numbers and studied that the set of all convergent sequences of fuzzy numbers forms a
complete metric space. Further, the theory of sequences of fuzzy numbers have been dis-
cussed by Savas and Mursaleen [20], Tripathy and Nanda [23], Hazarika and Savas [8] and
many more.

Let B denote the set of all closed bounded intervals U = [uj,ug] on the real line R.
For U,V € B, we define U <V iff u; < v; and us < vy and we define

d(U, V) = max{|u; — v1], |ug, va|}.

It is well known that d defines a metric on B and (B, d) is a complete metric space (see
14)).
A fuzzy number is a function U : R — [0, 1], which satisfy the following conditions:
(i) U is normal i.e there exits an xg such that U(zg) = 1,
(ii) U is convex i.e for z,y e Rand 0 <7 < 1,
U(ra + (1 = 7)y) > min{U(z),U(y)},
(iii) U is upper semi-continuous,
(iv) the closure of the set supp(U) is compact, where supp(U) = {x € R: U(x) > 0} and
it is denoted by [U]°.
The set of all fuzzy numbers are denoted by Rp. Let [U]° = x € R: u(z) > 0 and the
r-level set is [U]" = {x € R: u(x) > r}, (0 <r < 1). The set [U]" is a closed and bounded

interval of R. For any U,V € Ry and A € R, it is positive to define uniquely the sum U oV
and the product U ® V' as follows:

U@ V] =[U] +[V]" and A®UJ" = A[U]".

Now, denote the interval [U]" by [ul”, u{"], where u{” < u{” and u{”,u{” € R, for
r € [0,1].
Now, define d : Rp x Rp — R by

d(U,V) = s a(uy”, [(v17).
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Definition 1.1. A sequence x = (xy) of fuzzy numbers is said to be convergent to a fuzzy
number zq if for every € > 0 there exist a positive integer ng such that

cZ(xk,xo) <€, fork > ng.

Definition 1.2. A sequence x = () of fuzzy numbers is said to be Z- convergent to a
fuzzy number xg if for every € > 0 such that

{k e N:d(zy,z) > et €T
Throughout the article, we denote Zweier fuzzy number sequence Z(x) by 2’ for x € w’'.
Let Z be an admissible ideal of N, M = (Mj) be a Musielak-Orlicz function, ¢ = (qx)
be a bounded sequence of positive real numbers, A = (A,x) be an infinite matrix, 6 be
a lacunary sequence and w® is the set of all sequences of fuzzy real numbers. In the

present paper we define lacunary Zweier Z—convergent, lacunary Zweier Z—null and lacu-
nary Zweier Z—bounded sequence spaces of fuzzy numbers as follows:

() [AZP7 07 )\7M7 Q] =

AAp / qk
{x:(mk)EoJF:{neN llmZ)\nk[Mk(d(’xk’xO)>] ze}EI
T—>00

kel, P
for some p > 0 and z¢ € R]F},

ZEENAP 6,0, M, q] =

{x:(xk) EwF:{nEN TIEEO* ZAM[M,CCW)]% >e} €T

kel, P

for some p > 0}

and

ZZIAP 9,0, M, q] =

{x = (23) €wl 13K >0 s.t. {n eN: Z Ak {Mk( (Apx’“’)ﬂqk > K} €T

" kel,

for some p > O},

where,
= |1, if t=0;
0(t) = { 0, otherwise.
If 0 < qx <supqr = D,C =max(1,2°71). Then
(1.1) ek + dig| ™ < C([er]™ + [di|™),

for all ¢, d, € R and for all k € N.

The main purpose of this paper is to study some classes of lacunary Zweier sequences of
fuzzy numbers defined by means of generalized difference matrix operator, Musielak-Orlicz
function and infinite matrix. We shall make an effort to study some interesting algebraic
and topological properties of concerning sequence spaces. Also, we examine some interre-
lations between these sequence spaces.
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GENERALIZED ZWEIER Z-CONVERGENT SEQUENCE 5

2. MAIN RESULTS

Theorem 2.1. Let M = (My) be a Musielak-Orlicz function, ¢ = (qr) be a bounded
sequence of positive real numbers and 0 be a lacunary sequence. Then the sequence spaces
ZTEAP 0,1, M, q|, Z, I(F) [AF 6,\, M, q] and zZE) [AF 0,\, M, q] are closed under ad-
dition and scalar multzplzcatzon

Proof. Consider z = (zx),y = (yx) € Zg(F)[AZP,O,A,M,q] and «, 3 are scalars. Then
there exist positive numbers p; > 0 and ps > 0 such that

T0 AP qk
{neN lim - Z)‘"k[MkC)WW)} N } .
r—»o0 01 2
kEI
and
p dk
{neN hmZ)\nk{Mk< Ayk’yO)ﬂ >6}eI.
r—oo h Pt o 2

Since A? is linear and by using the continuity of Musielak-Orlicz function M, we have the
following inequality:

JLH;OZAM[ ( (A7 (o <w2>+6<yg>>>)]qk

kel, lalpr + |Blp2
70 AP qx
< D lim i Z An [ o M, (d(Aixlwa))]
rTree hr k |O‘|P1 + |B‘p2 P1
el,
1( AP ax
+ D lim — Z Ank|: |B| Mk(d( zyk7y0)>:|
r—oo h, i |a|p1 + |ﬁ\p2 P2
el,
(AP o
< DK lim — Z Ank {Mk ((zxk’xo))]
T—>00 pl
d(APy, ax
+ DK lim — ZAnk{Mk((zywm))} |
where K = max la]py 18lp2
1, [alp1+1Blp2’ lalpi+]B]p2

Thus, we have

{n CN. );ngo* 5 Ank[ (&(Af(a(x;) +B(y;))>>r’° . 6}

ey |alpr + 18]p2
AAI_? ! qk
C {neN DK lim ZAnk{Mk<wﬂ 26}
r—oo h P1 2
T kel,
T AP, qr
U {nEN DK lim ZAM{M%‘W’C’W)} 26}.
r—00 kGI P2 2

Since the sets on right hand side of above relation belong to Z. Thus, the sequence space
Zg () [AF,0,), M, q] is closed under addition and scalar multiplication . Similarly, we can
prove others. O

Theorem 2.2. Let M = (My) be a Musielak-Orlicz function, ¢ = (qx) and v = (vy) be
two bounded sequences of positive real numbers with 0 < qx < v for each k and ( ) be
bounded. Then
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(i) ZEP (AP 6,0, M, 0], C ZET)[AP 6,0, M, q],
(ii) ZTIVAF 0, X, M, v],C ZTEV AP 0, \, M, q],
(ii1) ZET AP 9.\, M, 0], € ZE[AP 0, ), M, q).
Proof. The proof of the theorem is straightforward, so we omit it. O

Theorem 2.3. Let M = (My,) be a Musielak-Orlicz function and ¢ = (qi) be a bounded se-

quence of positive numbers. Then ZI(F) [AP 0, )\, M, q],C ZTEV[AF 0, )\, M, q] C 2ZE)

[AF 0,\, M, q].

Proof We know that the first inclusion is obvious. Next, we show that ZTU)[AF 9. A\, M, q] C
F)[AP 0,\, M, q]. Let (z1) € ZXF)[A? 0, \, M, q]. Then we have

b3 h (R
. C C 5y Mk< Axk,mo )T

kel,.

3307
o ()]
kel,
Ax , T E
h Z/\nk Mk( Lzl )}

kel,

oo ()}

where supgy = D and C' = max(1,2P~1). Therefore, (1) € ZZ®) (AP0, \, M, g]. This
completes the proof of the theorem. O

Theorem 2.4. Let M = (My) and M’ = (M},) be two Musielak-Orlicz functions. Then
the folowing inclusions holds:

(i) 255142 0,0, M, g 2042, 0,0, M/, ] € ZL1AP 0,0, M+ M, q],
(ii) ZEI[AL, 0, N\, M, q) ) ZTEV[AP 0, X, M, q] C ZTEV[A? 0, A\, M + M’ , q],
(iii) ZE AP 0,0, M, q) N ZETV (AP, 0,0, M, q] € ZE AP 6,0, M+ M, g].

5

IN

Proof. Suppose () € Z F)[Ap 0,\, M, q] ﬂZ F)[Af,ﬁ,/\,./\/l’,q]. Then, we have

Ao [<Mk LMD (<A>

(AP, 0)\ 1% H(AP% D)\ 1%
< C{Ank [Mk(d(xko)ﬂ —S—C’[Ank [Mk<d(xk0>ﬂ |
P P
which consequently implies that

3 e+ aap (DY

kel

7 / qk
. CzAnk[Mm% >)]
" kel P
7 p A qk
" kel, P
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This implies (zx) € ZOI(F) [AP 0, \, M + M, q]. We can prove the other cases in the same

way. O

Theorem 2.5. Let M = (My) and M’ = (M) be two Musielak-Orlicz functions. Then
the folowing inclusion holds:

2,147, 0,0, M, q) € 27 [A7, 0,0, MM .

Proof. For given € > 0 and choose €y such that sup ( Z )\nk) max{el, el’} < e. Choose
" kel

0 < ¢ < 1 such that M (t) < €p, for all k € N. Let © = (ay) € ZOI(F) [AP 0, X\, M, q]. Then

for some p > 0, we have

1 CZAP 0 qk
Bl_{nEN: lim — g Ank{Mé(m’“(D)} ZQOD}EI.
r—00 h,,, . P
kel,
If n ¢ By, then we have

o1 [ d(AVz;, 0)\]™ D
g 30 v (5 e

kel

TAP D qr
[M,Q(Wﬂ <P forallkeN.

This implies

Hence,
d AP2! 0))\ %
M,Q(mk’o)> < forallkeN.
P
Therefore,
ci APz 0 qk
M, (M,@(Mk)» <e forallkeN.
p
Thus, we get
: 1 / dA(AfJJ;c, 6) " h _D
Tlggo e Z Ak {Mk (Mk <p < 5171lp Z Ank | max{ef, ey } < e.
kel, kel,

Now, we have

1 d(APz 0)\\ 1%

Jim o~ > Ak [Mk <M,g(1pk <e

" kel
This implies

AP AL D) qr
neN: lim — 3 | M (M A/, 0) >clep et
r%oohrkelr p

This completes the proof. O
Theorem 2.6. Iflimg;, > 0 and z = (x1) — zo(27F) [AP 0, X\, M, q]), then xq is unique.
Proof. Let limg, = wug. Consider that (z1) — xo(ZTU[A?,0,\, M,q]) and (z}) —
Yo (ZTUIAP 0.\, M, q]). So, there exist py, pa > 0, such that

} T

T AP Qe
(2.1) X1={n€N: lim x Z)\nk[]\/[k<w>} >
r—oo Ry = o1

NN e)
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and
1 d(A?z, o
(2.2) Xy=dneN: lim — 3 A |My CUE T TR R )
r=ee by kel P2 2

Define p = max{2p1,2ps}. Then we have

Sl ()]

kel
(AP ax AP ax
< 03 [ (AR p 5 an (A
p

kel kel, p

Then from (2.1) and (2.2), we have

ren gt

kel,

T( AP ! qx
C {nEN:DZka{Mk(CWW)} ZE}
kel P 2
T30 AP qr
U {nENiDZAnk[Mk((W)] >6}
kel, P2 2
C XjuX,el.

Also,

(5] () e
e (452 )

Thus, o = Yo- [l

Then, we have

Theorem 2.7. Let M = (My,) be a Musielak-Orlicz function and g = (gi) be a bounded
sequence of positive real numbers,

(a) If 0 < inf g < qx < 1 for all k, then Zg 7 [AP, 0,0, M, q] € Z25)[AP, 6,1, M] and
ZEI[AT, 0,0, M, ] € ZFI A7, 0, A, M].

< qr <supgg = < oo Jora , then iUy Ny - i 7y Ny 4
b) If 1 D for all k, then ZE5) AP 0, \, M) € ZEF)[AP 6,1, M
and ZEE)[AP 6\, M] C ZZE)[AP 6, A, M, q].

Proof. (a) Suppose (z1) € ZTU[AP 6, )\, M, q]. Since 0 < inf g, < g < 1, then we have

.1 d(AP2  x
rll>noloh7 Z Ak |:Mk ((lko))]

" kel P

.1 d(AP ), 20) \ 1"
> (A

" kel,
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Thus,
d(A?
foes i & 3 a2 )
T—>00
" kel,
A qk
C {nEN lim — Z /\nk{Mk< I xk,xo))} > e} el
T—>00 k.e[

The other part can be proved in the same way.

(ii) Suppose (z3) € ZTE[AP 9, A\, M]. Since 1 < ¢, < supgy = D < oo. Then for
each 0 < € < 1, there exists a positive integer mg such that

d(A?
lim § )\nk[Mk< I %xo)ﬂ <e<l,
T—00 14
" kel,
for all n > mg. This implies

TIEEO* Z Ank {Mk( (A Zk,xo))]qk

kel
d(A
< dm DY {Mk(wkévo)ﬂ
r—00 P
" kel
Thus,
dA AP qk
{n eN: lim — Z Ak {M%Mk%)ﬂ > e}
r—00 h 14
kel
d(APx)
C {neN: lim ZAM{ ((x’fxo))] >e}€I.
r—00 h, P
kel,
The other part can be proved in the same way. O
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Some convergence results using /" iteration
process in C'AT'(0) spaces

Kifayat Ullah, Dong Yun Shin, Choonkil Park and Bakhat Ayaz
Khan

Abstract. In this paper, some strong and A-convergence results for
Suzuki generalized nonexpansive mappings in the setting of complete
CAT(0) spaces are proved. We are using newly introduced K™ iteration
process for approximation of fixed point. We also give an example to
show the efficiency of the K™ iteration process. Our results are exten-
sion, improvement and generalization of many well known results in the
literature of fixed point theory in CAT'(0) spaces.

Mathematics Subject Classification (2010). Primary 47H09, 47H10.

Keywords. Suzuki generalized nonexpansive mapping; CAT(0) space;
K™ iterative process; A-convergence; strong convergence.

1. Introduction

It is well-known that several mathematics problems are naturally formulated
as fixed point problem Tx = x, where T is some suitable mapping, may
be nonlinear. For example, for given functions ¢ : [a,b] C R — R and ¢ :
[a,b] x [a,b] x R — R, the solution of following nonlinear integral equation

b
x(c) = ¢(e) + /5(0, r,x(r))dr,

where z € Cla,b] (the set of all continuous real-valued functions defined on
[a,b] C R), is equivalently to fixed point problems for the following mapping
T : Cla,b] — Cla, b] defined by

0*Corresponding author: Dong Yun Shin (email: dyshin@uos.ac.kr).

This work was supported by Basic Science Research Program through the National Re-
search Foundation of Korea funded by the Ministry of Education, Science and Technology
(NRF-2017R1D1A1B04032937). We would like to thank Prof. Balwant Singh Thakur for
technical assistance.
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b
(Te)(e) = C(c) + / (e, 2(r))dr

for all z € Cla, b].

The well-known Banach contraction theorem uses the Picard iteration
process for approximation of fixed point. Many iterative processes have been
developed to approximate fixed points of contraction type of mapping in
CAT(0) type spaces of ground spaces. Some of the other well-known iter-
ative processes are those of Mann [17], Ishikawa [10], Noor [8], Abbas [1],
Agarwal [2], Phuengrattana and Suantai [19], Karahan and Ozdemir [11],
Chugh, Kumar and Kumar [6], Sahu and Petrusel [20], Khan [14], Gursoy
and Karakaya [9], Thakur, Thakur and Postolache [22] and so on. See also
[13, 23, 25] for more information on C'AT(0) spaces and applications. Re-
cently, Ullah and Arshad [24] introduced a new three steps iteration process
as the K™ iteration process and proved that it is strong and converges fast
as compared to all above mentioned iteration processes. They use uniformly
convex Banach space as a ground space.

Motivated by above, in this paper, first we develop an example of Suzuki
generalized nonexpansive mappings is given which is not nonexpansive. We
compare the speed of convergence of the K* iteration process with the lead-
ing two steps S-iteration process and leading three steps Picard-S-iteration
process for Suzuki generalized nonexpansive mappings, and graphic represen-
tation is also given.

Finally, we prove some strong and A-convergence theorems for Suzuki
generalized nonexpansive mappings in the setting of C AT (0) spaces.

2. Preliminaries

Let (X,d) be a metric space. A geodesic from z to y in X is a mapping
¢ from closed interval [0,!] C R to X such that ¢(0) = z,¢(l) = y, and
d(c(t),e(t)) = |t —t'| for all t,¢ € [0,1]. In particular, ¢ is an isometry and
d(z,y) = l. The image of c¢ is called a geodesic (or metric) segment joining
x and y. The space (X, d) is said to be a geodesic space if every two points
of X is joined by a geodesic and X is said to be uniquely geodesic if there is
exactly one geodesic joining x and y for each z, y € X, which we denote by
[x,y], called the segment joining x to y.

A geodesic triangle A(z x2,x3) in a geodesic metric space (X,d) con-
sists of three points x1, 25, x3 in X (the vertices of A) and a geodesic segment
between each pair of vertices (the edges of A). A comparison triangle for the
triangle A (21 z2,73) in (X, d) is a triangle A(z1 @2 73) := A(Z1 %2, 73) in R?
such that dR2 (CEZ‘,CE]') = d(,I,L',CEj) for ’L,] € {1, 2, 3}

A geodesic space is said be a CAT(0) space if all geodesic triangles of
appropriate size satisfy the following comparison axiom.
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CAT(0): Let A be a geodesic triangle in X and A be a comparison
triangle for A. Then A is said to satisfy the CAT'(0) inequality if for z,y €
A and all comparison points T,y € A,

d(z,y) < dp=(Z,7).
If ©,y1,y2 are points in CAT(0) space and if yo is the midpoint of the
segment [y1,y2], then the C AT (0) inequality implies

1 1 1
d(z, y0)? < §d($7y1)2 + id(l’vm)z - Zd(y1,92)2~ (CN)
This is the (CN) inequality of Burhat and Tits [5].
We recall the following result from Dhompongsa and Panyanak [8].

Lemma 2.1. ([8]) For z,y € X and o € [0,1], there exists a unique point z
€ [z, y] such that

d(z,z) = ad(z,y) and d(y,z) = (1 — a)d(z,y). (2.1)

The notation ((1 — o)z @ ay) is used for the unique point z satisfying

(2.1).

CAT(0) space may be regarded as a metric version of Hilbert space.
For example, in CAT(0) space we have the following extended version of
parallelogram law:

d(z,0x ® (1 — a)y)? = ad(z,2)* + (1 — a)d(z,y)* — a(l — a)d(z,y)* (2.2)

for any a € [0,1], 2,y € X.

If a = 3, then the inequality (2.2) becomes the (C'N) inequality.

In fact, a geodesic space is a CAT(0) space if and only if it satisfies the
(CN) inequality (cf. [5]). Complete C AT'(0) spaces are often called Hadmard
spaces. For more on these spaces, please refer to [3, 4].

Lemma 2.2. ([14, Lemma 2.4]) For z,y,z € X and « € [0, 1], we have
Az, 028 (1 — a)y) < ad(z2) + (1 — a)d(zy).

Let C' be a nonempty closed convex subset of a CAT(0) space X let
{z,} be a bounded sequence in X. For x € X, we set

r(z,{z,}) =lim sup d(x,,z).
n—oo
The asymptotic radius of {z,} relative to C is given by

r(C,{z,}) = inf{r(z,{z,}) :z € C}

and the asymptotic center of {z,} relative to C' is the set

ACAzn}) ={z € Cir(z,{an}) = r(C {zn})}-
It is well known that, in a complete CAT'(0) space, A(C, {zy}) consists
of exactly one point.
We now recall the definition of A-convergence in CAT'(0) space.
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Definition 2.3. A sequence {x,} in a CAT(0) space X is said to be A-
convergent to x € X if x is the unique asymptotic center of {u,} for every
subsequence {u,} of {z,}.

In this case, we write A-lim,z, = z and call x the A-lim of {z,}.

Recall that a bounded sequence {z,} in X is said to be regular if
r({zn}) = r{u,} for every subsequence {u,} of {z,}.

Since in a C'AT(0) space every regular sequence A-converges, we see
that every bounded sequence in X has a A-convergent subsequence.

A CAT(0) space X is said to satisfy the Opial’s property [17] if for each
sequence {z,} in X, A-converges to x € X, we have

limsup d(z,,z) < limsup d(z,,y)

n—oo n— oo

for all y € X such that y # z.

Definition 2.4. A point p is called a fixed point of a mapping T if T'(p) = p
and F(T) represents the set of all fixed points of the mapping 7.

Definition 2.5. Let C' be a nonempty subset of a CAT(0) space X.
(7) A mapping T': C' — C'is called a contraction if there exists a € (0, 1)
such that
d(Tz,Ty) < ad(z,y)
for all z,y € C.
(#4) A mapping T : C' — C' is called nonexpansive if

d(Tx, Ty) < d(x,y)

for all z,y € C.
(7i1) A mapping is a quasi-nonexpansive if for all x € C and p € F(T),
we have
d(Tz,p) < d(z,p).

In 2008, Suzuki [21] introduced the concept of generalized nonexpansive
mappings which is a condition on mappings called condition (C'). A mapping
T:C — C is said to satisfy condition (C) if for all z,y € C, we have

1
§d($c, Tx) < d(x,y) implies d(Tz, Ty) < d(z,y).

Suzuki [21] showed that the mapping satisfying condition (C) is weaker
than nonexpansiveness. The mapping satisfying condition (C) is called a
Suzuki generalized nonexpansive mapping.

Suzuki [21] obtained fixed point theorems and convergence theorems
for Suzuki generalized nonexpansive mapping. In 2011, Phuengrattana [18]
proved convergence theorems for Suzuki generalized nonexpansive mappings
using the Ishikawa iteration in uniformly convex Banach spaces and C'AT'(0)
spaces. Recently, fixed point theorems for Suzuki generalized nonexpansive
mapping have been studied by a number of authors, see, e.g., [22] and refer-
ences therein.
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The following are some basic properties of Suzuki generalized nonexpan-
sive mappings whose proofs in the setup of CAT(0) spaces follow the same
lines as those of [12, Propostions 11, 14, 19] and therefore we omit them.

Proposition 2.6. Let C' be a nonempty subset of a CAT(0) space X and
T:C — C be any mapping.

(i) [21, Proposition 1] If T' is nonexpansive, then T is a Suzuki general-
ized nonexpansive mapping.

(i) |21, Proposition 2] If T is a Suzuki generalized nonexpansive map-
ping and has a fived point, then T is a quasi-nonerpansive mapping.

(i) [21, Lemma 7] If T is a Suzuki generalized nonexpansive mapping,
then

d(z, Ty) < 3d(Tx,x) + d(z,y)

for all x,y € C.

Lemma 2.7. [21, Theorem 5] Let C be a weakly compact convexr subset of
a CAT(0) space X. Let T be a mapping on C. Assume that T is a Suzuki
generalized nonexpansive mapping. Then T has a fized point.

Lemma 2.8. [16, Lemma 2.9] Suppose that X is a complete CAT(0) space
and x € X. If {t,} is a sequence in [b, c] for someb,c € (0,1) and {z,}, {yn}
are sequences in X such that for some r > 0, we have

lim supd(z,,z) < r,
n—oo
lim supd(yn,z) <
n—oo

lim supd(tpz, + (1 — tn)yn, )
n—oo

I
=

then
lim d(zp,yn) = 0.

n—oo

Lemma 2.9. [7, Proposition 2.1] If C is a closed comvex subset of a complete
CAT(0) space X and if {x,} is a bounded sequence in C, then the asymptotic
center of {x,} is in C.

Lemma 2.10. [15] Every bounded sequence in a complete C AT (0) space always
has a A-convergent subsequence.

Lemma 2.11. [15, Proposition 3.7] Let C is a closed comvez subset of a com-
plete CAT(0) space X and T : C — X be a Suzuki generalized nonexpansive
mapping. Then the conditions {x,} A-converges to x and d(Txp,x,) — 0
imply x € C' and Tx = x.

The following is an example of Suzuki generalized nonexpansive map-
ping which is not nonexpansive.

Ezample 1. Define a mapping T : [0,1] — [0,1] by
_J1-zifze 0,1)
re= {0
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We need to prove that T is a Suzuki generalized nonexpansive but not
nonexpansive.

Ifx= 5 and y = =, then we have

Tz, Ty) [Tz — Ty
B ‘1 15 31

L
d(

96 36
5
288
1
96
= d(xa y)

Hence T is not a nonexpansive mapping.

To verify that T is a Suzuki generalized nonexpansive mapping, consider
the following cases:

CaseL: Let z € [0, §). Then 3d(z,Tz) = 1522 € (4
d(x,7), we have 1= 2”” <y-—u,ie., %S and hence y € [2 1].Wehave

) 6xr —1 1
d(Tx,Ty):&—(l x)| = y+obo < =
6 6
and _ )
d —yl>|=z—z|==
(z,y) = |z =yl ’6 2’ G
Hence 1d(z,Tz) < d(z,y) = d(Tz, Ty) <d(z,y).
Case II: Let =z € [% ] Then d( z,Tx) = % % ;v| = 5_5”” €
[0, 23] . For 3d(z,Tx) < d(z,y), we have 252 < |y — x|, which glves two
possibilities:
(@) Let 2 < y. Then 5322 < y—z = y > = — y € [ 1] C
[5.1] . So
6

T+5 y+95 1
B A P <d .
5 5 5 (z,y) < d(z,y)

Hence £d(z,Tz) < d(x,y) = d(Tz,Ty) < d(z,y).
5—bx 5—bx __ 17z—5
(b) Let 2 > y. Then >5* <z —y =y <z — >F* = 5~ =
y € [ %g,l] Since y € [0,1], y < % — € [152, ] So the case is
z €[, 1] and y € [0,1].
Now the case that x € [12, ] and y € [%,1] is the same case as that of
(a). Solet z € [5,1] and y € [0, %). Then

d(Tz,Ty) =

z+5
araty) = 2520
|z t+6y—1
= =% |
For convenience, ﬁrst we consider x € [% %] andy € [O ) Then d(Tz, Ty) <
13 and d(z,y) > 75. Hence d(T'z, Ty) < d(z,y).
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TABLE 1. Some values produced by S, Picard-S and K* TP

K* Picard-S S

o 0.9 0.9 0.9

x1  0.99809713998382 0.99722222222222 0.98333333333333
xo  0.99997729192914 0.99993300629392 0.99758822658104
x3  0.99999985210113 0.99999849779947 0.99967552468466
x4 0.99999999971662 0.99999996779523 0.99995826261755
s 1 0.99999999933035 0.99999479283092
re 1 0.99999999998638  0.99999936458953
7 1 0.99999999999973  0.99999992375668
rg 1 0.99999999999999  0.99999999097156
9 1 1 0.99999999894221
T10 1 1 0.99999999987715

TABLE 2. Some values produced by S, Picard-S and K* 1P

K* Picard-S S

9 0.5 0.5 0.5

1 0.99048569991909 0.99722222222222 0.98333333333333
zo  0.99988645964572 0.99993300629392 0.99758822658104
x3  0.99999926050565 0.99999926050566 0.99967552468466
x4 0.99999999858311 0.99999996779523 0.99995826261755
5 1 0.99999999933035 0.99999479283092
g 1 0.99999999998638 0.99999936458953
7 1 0.99999999999973  0.99999992375668
rg 1 0.99999999999999  0.99999999097156
T 1 1 0.99999999894221
T10 1 1 0.99999999987715

Next consider = € [%, ] and y € [O,%). Then d(Tz,Ty) < % and
d(z,y) > 2. Hence d(Tz,Ty) < d(z,y). So

1
id(x,Tx) <d(z,y) = d(Tz,Ty) < d(z,y).
Hence T is a Suzuki generalized nonexpansive mapping.

In order to show the efficiency of K™* iteration process, we use Exam-
ple 1 with zg = 0.9,2¢9 = 0.5 and get the above Tables 1 and 2. Graphic
representation is given in Figure 1.

Let n > 0 and {a,} and {5,} be real sequences in [0,1]. Ullah and
Arshad [24] introduced a new iteration process known as the K* iteration
process

x9 € C
Yn =T((1 — an)zn + anTzy)

ZTnt1 = Tyn.
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FiGUrE 1. Convergence of iterative sequences generated by
K* (red line), Picard-S (blue line) and S (green line) itera-
tion process to the fixed point 1 of the mapping T defined
in Example 1.

They also proved that the K* iteration process is faster than the Picard-
S iteration and S-iteration processes with the help of a numerical example.

3. Convergence results for Suzuki generalized nonexpansive
mappings

In this section, we prove some strong and A-convergence theorems of a se-
quence generated by a K* iteration process for Suzuki generalized nonexpan-
sive mappings in the setting of C'AT'(0) space. The K* iteration process in
the language of CAT'(0) space is given by

o € C
Zn = (1 - /Bn)zn @ BnT'xy,
Yn =T((1 — an)zn ®anTz,)
Tp+1 = Tyn

(3.1)

Lemma 3.1. Let C be a nonempty closed convex subset of a CAT(0) space X
and T : C — C be a Suzuki generalized nonexpansive mapping with F(T) # ().
For arbitrarily chosen xg € C, let the sequence {x,} be generated by (3.1).
Then nler;od(xn7p) exists for any p € F(T).

Proof. Let p € F(T) and z € C. Since T is a Suzuki generalized nonexpansive
mapping,

1
id(p7 Tp) =0 < d(p, z) implies that d(Tp,Tz) < d(p, 2).

By Proposition 2.6 (ii), we have
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d(zn,p) = d(((1 = Bn)Tn @ BpTxn),p)
< (1= Bu)d(xn,p) + Bud(Tzn,p)
< (1= Bn)d(zn,p) + Bud(wn, p)
= d(zpn,p). (3.2)
Using (3.2), we get
d(Yn,p) = d(T(1 - an)zn & anTzn),p)
< d(((1 — an)zn @ anTzn),p)
< (1= apn)d(zn,p) + and(Tzpn,p)
< (I —an)d(xn,p) + and(zn, p)
< (1= an)d(wn, p) + and(zn,p)

d(xp, D). (3.3)

Similarly by using (3.3), we have

d(@nt1,9) = d(Tyn.p)
< d(Ynp)
< d(@n,p).
This implies that {d(z,,p)} is bounded and nonincreasing for all p €
F(T). Hence lim d(x,,p) exists, as required. O
n—oo

Theorem 3.2. Let C be a nonempty closed convex subset of a CAT(0) space X
and T : C — C be a Suzuki generalized nonexpansive mapping. For arbitrary
chosen xy € C, let the sequence {x,} be generated by (3.1) for allm > 1,
where {a,} and {B,} are sequences of real numbers in [a,b] for some a,b
with 0 < a < b < 1. Then F(T) # 0 if and only if {x,} is bounded and
lim d(T'zy,x,) = 0.

n—oo

Proof. Suppose F(T) # @ and let p € F(T). Then, by Theorem 3.2, li_>m d(Zn,p)

exists and {z,} is bounded. Put

lim d(z,,p) =1 (3.4)

n—oo

From (3.2) and (3.4), we have

lim supd(zy,, p) < limsupd(z,,,p) = r. (3.5)

n— oo n—oo
By Proposition 2.6 (i) we have

lim supd(yy,p) < limsupd(z,,p) = r. (3.6)

n—oo n— oo
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On the other hand, by using (3.2), we have

d(@n+1,p) = d(Tyn,p)

d(Yn, p)

d(T(1 — an)zn ® apnTz,),p)

d((1 — an)zn ® anTz,),p)

(1 — ap)d(zn,p) + and(T2n,Dp)

(1 — an)d(zn, p) + and(2n, p)
d(Tpn, p) — And(Tp, p) + and(zn, p).

IN

VAN VAN VAN

This implies that

d(90n+17p) - d(xnap)
Qp

< d(zrup) - d(l',mp).

So

d(l'n—&-l ) p) — d(Imp)
n

d(mn—&-lap) - d(l'n;p) < < d(Zn,p) - d(xnap)v

which implies that
d(Tnt1,p) < d(zn,p).
Therefore,
r < linrggréfd(zn,p). (3.7

By (3.5) and (3.7), we get
ro= nler;Od(zn,p)
=l d((1- Bo)a + BT).p)
=l d(B, (T, p) + (1= B) (@) (38)

From (3.4), (3.6), (3.8) and Lemma 2.8, we have that lim d(Tx,,z,) =

n—oQ

Conversely, suppose that {x,} is bounded and lim d(Tx,,z,) = 0. Let
n—oo
p € A(C,{z,}). By Proposition 2.6 (iii), we have

r(Tp{r,}) = limsupd(z,,Tp)

n— oo

lim sup(3d(Tzy, ) + d(xn, p))

n— oo

< limsupd(z,,p)

= 7(p{zn}).

This implies that Tp € A(C, {z,}). Since X is uniformly convex, A(C, {z,})
is a singleton and hence we have Tp = p. So F(T') # 0. O

IN

Now we are in the position to prove A-convergence theorem.
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Theorem 3.3. Let C' be a nonempty closed convex subset of a complete C AT (0)
space X and T : C — C be a Suzuki generalized nonexpansive mapping with
F(T) # 0. Let {tn,} and {sn} be sequences in [0,1] such that {t,} € [a,b] and
{sn} €[0,b] or{t,} € [a,1] and {s,} € [a,b for some a,b with0 < a <b < 1.
For an arbitrary element 1 € C, {x,} A-converges to a fized point of T'.

Proof. Since F(T') # 0, by Theorem 3.3, we have that {z,} is bounded and
lim d(Txy,x,) = 0. We now let wy,{z,} = |JA({un}) where the union is
n—oo

taken over all subsequences {u,} of {z,}. We claim that w,,{x,} C F(T).
Let w € wy{z,}. Then there exists a subsequence {uy} of {x,} such that
A({un}) = {u}. By Lemmas 2.9 and 2.10, there exists a subsequence {v,,} of
{un} such that A-lim, {v,} = v € C. Since nli_{I;Od(UmTUn) =0,veFT)
by Lemma 2.11. We claim that w = v. Suppose not. Since T is a Suzuki
generalized nonexpansive mapping and v € F(T), lim,, d(x,,v) exists by
Theorem 3.2. Then by uniqueness of asymptotic centers,

lim supd(v,,v) < lim supd(v,,u
n—oo n—oo

n— oo

n— o0

)
< lim supd(uy,,w)
)
)

= lim supd(xy,,v))
n— 00

(

< lim supd(up,v
(
(

= lim supd(v,,v),
n—oo

which is a contradiction and hence v = v € F(T). To show that {z,} A-
converges to a fixed point of T, it is sufices to show that w,,{z,} consists of
exactly one point. Let {u,} be a subsequence of {z,}. By Lemmas 2.9 and
2.10, there exists a subsequence {v, } of {u,} such that A-lim,, {v, =v € C.
Let A({un}) = {u} and A({z,}) = {z}. We have seen that ¢ € F(T). We
can complete the proof by showing that z = v. Suppose not. Since {d(x,,v)}
is convergent, by the uniqueness of asymptotic centers,

lim supd(v,,v) < lim supd(v,,z

n— oo

)
< lim supd(z,,x)
< lim supd(zy,v)
n—oo
= lim supd(v,,v),
n—roo
which is a contradiction and hence the conclusion follows. ([l
Next we prove the strong convergence theorem.

Theorem 3.4. Let C be a nonempty compact convex subset of a CAT(0)
space X and T : C — C be a Suzuki generalized nonexpansive mapping. For
arbitrary chosen xg € C, let the sequence {x,} be generated by (3.1) for all
n > 1, where {a,} and {B,} are sequences of real numbers in [a,b] for some
a,b with 0 < a < b < 1. Then {x,} converges strongly to a fized point of T.
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Proof. By Lemma 2.7, we have that F(T) # () and so by Theorem 3.2 we
have lim d(Txy,,z,) = 0. Since C is compact, there exists a subsequence
n— oo

{zn,} of {xn} such that {x,, } converges strongly to p for some p € C. By
Proposition 2.6 (iii), we have

d(xn, ,Tp) < 3d(Txp,, xn,) + d(xy,,p), for all n > 1.

Letting k& — oo, we get Tp = p, i.e., p € F(T). By Theorem 3.2,
lim d(z,,p) exists for every p € F(T) and so {z,} converges strongly to
n—oo

p. ([

Senter and Dotson [22] introduced the notion of a mappings satisfying
condition (I) as follows.

A mapping T : C' — C is said to satisfy condition (I) if there exists a
nondecreasing function f : [0, 00) — [0, 00) with f(0) = 0 and f(r) > 0 for all
r > 0 such that d(z,Tz) > f(d(x, F(T))) for all z € C, where d(x, F(T)) =
infpe () d(z,p).

Now we prove the strong convergence theorem using condition (I).

Theorem 3.5. Let C' be a nonempty closed convex subset of a CAT(0) space X
and T : C — C be a Suzuki generalized nonexpansive mapping. For arbitrary
chosen xg € C, let the sequence {x,} be generated by (3.1) for all n > 1,
where {a,} and {B,} are sequences of real numbers in [a,b] for some a,b
with 0 < a < b < 1 such that F(T) # 0. If T satisfies condition (I), then
{xn} converges strongly to a fixed point of T

Proof. By Lemma 3.1, we see that lim d(x,,p) exists for all p € F(T) and
n— oo
so lim d(x,, F(T)) exists. Assume that lim d(z,,p) = r for some r > 0. If
n—oo n— oo

r = 0, then the result follows. Suppose 7 > 0. Then from the hypothesis and
condition (1),

fd(zn, F(T))) < d(Twn, ). (3.9)

Since F(T') # 0, by Theorem 3.3, we have li_>m d(Txp,zy) = 0. So (3.9)
implies that

1Lm f(d(zn, F(T))) = 0. (3.10)

Since f is a nondecreasing function, from (3.10), we have 1Lm d(x,, F(T)) =

0. Thus we have a subsequence {x,,, } of {x,,} and a sequence {yx}, yx € F(T),
such that

1
A(xn,,, yr) < o8 for all k € N.

So using (3.4), we get

d(‘rnk_'_l?yk) é d(xnkayk) < 27]‘;
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Hence
dYr+1,9k) < d(Yrt1, Ther) + d(Trr1, i)
1 1
= e TR

1
< F%O,ask%oo.

This shows that {yi} is a Cauchy sequence in F'(T') and so it converges
to a point p. Since F(T) is closed, p € F(T) and then {x,,} converges
strongly to p. Since lim d(z,,p) exists, we have that x,, — p € F(T'). Hence

n—oQ
the proof is complete. O
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ABSTRACT

In this paper, first we derive some nonlinear discrete inequalities, and then as
an application, we study the Ulam stability of the first order nonlinear difference
equation

Ay(n) = f(n,y(n), n > no,
where f is a given function. The obtained result on Ulam stability is new to the
literature in the sense that our approach does not require the explicit form of solu-
tions of the investigated equations.
2010 Mathematics Subject Classification: 39A30,39B82
Keywords and Phrases: Ulam stability, discrete inequality, nonlinear difference

equation.

1. INTRODUCTION

In the passed years, the Ulam stability of functional equations received a great

attention.In general, we say that an equation is stable in the sense of Ulam if for
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2
every approximate solution of that equation there exists an exact solution of the
equation near it. For more details on Ulam stability, one can refer to [13].

The problem of the Ulam stability of difference equations is related to the notion
of the perturbation of discrete dynamical systems. In [2-5, 7-9, 11, 12, 14, 17], the
authors studied Ulam stability of linear difference equations and in [16], the authors
obtained some results on Ulam stability for some second order linear difference
equations. In all these papers, the authors studied the Ulam stability of first and
second order linear difference equations and it seems that no results dealing with
Ulam stability for the nonlinear difference equations are available in the literature.

Therefore the purpose of this paper is to study that Ulam stability of the following

first order nonlinear difference equation

Ay(n) = f(n,y(n)), n = N, (1.1)
where f € C(N,R) and N denotes the set of all non-negative integers, without using
the explicit form of the solutions.

Next, we present the definition of the Ulam stability for difference equations.

Definition 1.1. The equation (1.1) is called stable in Ulam sense if there exists a

constant L > 0 such that for every e > 0 and every {y(n)} in R satisfying
[Ay(n) = f(n,y(n))[ <e n=0 (1.2)
there exists a sequence {x(n)} in R with the properties
Ax(n) = f(n,z(n)), n >0 (1.3)
and

ly(n) —x(n)| < Le, n > 0. (1.4)

A sequence {y(n)} which satisfies (1.2) for some ¢ > 0 is called an approximate
solution of the nonlinear difference equation (1.1), and we reformulate the above
definition as: the equation (1.1) is called Ulam stable if for every approximate

solution of it there exists an exact solutions close to it. If in Definition 1.1, the
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3
number e is replaced by a sequence of positive numbers {e(n)} and Le from (1.4)by
a sequence of positive numbers {n(n)} the equation (1.1) is called genelized stable
in the Ulam sense.

In this paper first we derive some nonlinear discrete inequalities, and as an appli-

cation we investigate the Ulam stability of equations (1.1).

2. NONLINEAR DISCRETE INEQUALITIES

In this section, we present some nonlinear discrete inequalities which provide us a
powerful tool for investigating the Ulam stability of a nonlinear first order difference
equations.

We begin with the following results which can be found in: [[6], Theorem 41,
pp-39].
Lemma 2.1. Ifa >0 and 0 < o < 1, then
a* < aa+ (1-a)

and the equality holds if o = 1.

Theorem 2.2. Let {u(n)}, {f(n)}, {g(n)} and {h(n)} be nonnegative real se-

quences defined for alln € N, and

u(n) < F() + gn) S R (o), 1)
where 0 < a < 1. Then -
u(n) < () + g(n) A(s)(af(s) + (1 — a)) exp (Z af(t)g(t)> @)
Proof. Defining a sequence R(n) by
R(n) = jz_éus)ua(s),

then R(0) =0 and u(n) < f(n) + g(n)R(n). Now using Lemma 2.1, one can obtain
AR(n) = h(n)u®(n) < h(n)(f(n) + g(n)R(n))"

< (ah(n)f(n) + (a — a)h(n)) + ah(n)g(n)R(n)
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R(n+1)— (1+ah(n)g(n))R(n) < h(n)(af(n)+ (1 —a)). (2.3)

Multiplying (2.3) by []r_,(1 + ah(s)g(s))"", we have

A <R(n) [T+ ah(S)g(S))1> < h(n)(af(n) + (1 - a) [J(1 +an(s)g(s)) "

s=0 s=0

Summing up the last inequality from 0 to n — 1, we obtain

Rin) < 3 his)(af(s) + (1 —a)) J] (1 +ah()g(t))
< S h(s)(af(s) + (1 a)) (exp 3 ah(t)gw) )

Using (2.4) in u(n) < f(n) + g(n)R(n), we have the desired inequality (2.2). This

completes the proof. |

Corollary 2.3. Let u(n) and p(n) be non-negative real sequences defined for all

n € N such that
u(n) < c+ Zp(s)ua(s) (2.5)

where ¢ > 0 and 0 < o < 1. Then
n—1
1—
u(n) < (m) exp ( ozp(s)) . (2.6)

Proof. Let f(n) =c¢ >0, g(n) =1 and h(n) = p(n) in (2.2), we have

u(n) < c+ ;p(S)(ac +1-a) tzll(l + ap(t))
A Cl S —a)) nz:iozp(s) ﬁ (1+ ap(t))
_ . lact S ~ ) (111 4 ap(s) 1)
< (=) (i)
The proof is now complete. m
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5

Theorem 2.4. Let u(n),p(n) and h(n) be non-negative real sequences for alln € N

and
u(n) < e 3 p(s)uls) + 3 hlshu(s) (2.7

where ¢ > 0 and 0 < o« < 1. Then

u(n) < (c +(1—-a) i h(s)) exp (Z(p(s) + ah(s))) . (2.8)

Proof. Let R(n) be the right hand side of (2.7). Then R(0) = ¢ and u(n) < R(n)

and

AR(n) p(n)u(n) + h(n)u®(n)

IN

p(n)R(n) + h(n)R*(n)

IN

p(n)R(n) + h(n)(aR(n) + (1 - a))

(p(n) + ah(n))R(n) + (1 — a)h(n) (2.9)
where we have used Lemma 2.1. Now from (2.9), we have
R(n+1) — (1 +p(n) + ah(n))R(n) < (1 —a)h(n).

Arguing as in the proof of Theorem 2.2, one can easily obtain the desired result and

hence the details are omitted. [ |

Remark 2.1. (a) If « = 1 in Theorem 2.2, then it reduced to the well-known
Pachpatte inequality [10], in 2002. For 0 < o < 1 the estimate (2.2) of Theorem
2.2 is mew to the literature.

(b) If a« = 1 and g(n) = 1, then Theorem 2.2 reduced to a well-known result due to
Sugiyama [15], in 1969.

Remark 2.2. If « =1 in Corollary 2.3, then it reduced to the discrete analogue of
the well-known Gronwall-Bellman inequality [1].

Remark 2.3. The result obtained in Theorem 2.4 is different from that one by
Willet and Wong [18] for the case 0 < a < 1.
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3. ULAM STABILITY

As an application of the discrete inequalities established in Section 2, we investi-

gate the Ulam stability of equation (1.1).

Theorem 3.1. Let p(n) be a positive real sequence for all n € N such that

|f(n,u) = f(n,v)] < pn)|u—v|* (3.1)
where 0 < a < 1, and
> p(n) < oo (3.2)
n=0

If for a positive real sequence ¢(n) such that Y ", (n) < oo, and
|Ay(n) — f(n,y(n))| < ¢(n) (3.3)
then there exists a real sequence x(n) and a constant k > 0 satisfying
Az(n) = f(n,z(n)) (3.4)

such that |y(n) — x(n)| < k; that is, equation (1.1) has the Ulam stability.

Proof. From the inequality (3.3), we have

ym) < y(0) + 3 Flsu() + 3 6(s) (3.5)

z(n) = z(0) + nz:i f (s, (s)) (3.6)
Combining (3.5) and (3.6) yields -
ly(n) —2(n)] < [y(0) — 2(0)| + ni £ (s,9(5)) = f(s,2(s))] + nzl (s).
Using the condition (3.1) in the above Sinoequality, we have -
ly(n) — x(n)| < My + nip(s)ly(S) — z(s)|" + My (3.7)

s=0
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7
where M; = |y(0) — z(0)| and Y~ ¢(n) < M, by hypothesis. Now applying
Corollary 2.3 in (3.7), we obtain

() — ()] < LR T 20D (ij ap<s>> NEE

«
s=0

It follows from (3.2) that there is a constant Mz > 0 such that Y > p(n) < M,

and using this in (3.8), one obtains
ly(n) —x(n)| < k

where k = (M1tMa)a+(1-0a))

exp(aMs). This completes the proof. |

4. CONCLUSION

In this paper, first we have obtained some new nonlinear discrete inequalities and
then as an application we investigate the Ulam stability of a nonlinear first order
difference equation. In this approach, we do not need to require the explicit form of
the solution of the studied equation, where as in [3,4,7-9,11,12,14] the authors used

the explicit form of the solutions to prove their established results.
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Abstract. In this paper we introduce the notion of a B@-algebra and show that is is equivalent to an abelian
group. For deep investigations of several algebraic structures, we introduce the notions of a Smarandache V-
algebra-type U-algebra and a Smarandache V-algebra-trans-type U-algebra, and apply the notions to several

algebras.

1. INTRODUCTION

W. B. Vasantha Kandasamy ([8]) studied the concept of Smarandache groupoids, ideals of
groupoids, Smarandache Bol groupoids and strong Bol groupoids, and obtained many interesting
results about them. Smarandace semigroups are very important for the study of congruences,
and it was studied by R. Padilla ([18]). It will be very interesting to study the Smarandache
structure in general algebraic structures. Kim et al. ([11]) defined the concept of a Smarndache
d-algebra and investigated some related properties of it. Seo et al. ([19]) introduced the concept
of a Smarndache fuzzy BC'I-algebra and investigated some related properties of it. Neggers et
al. ([17]) defined the notion of a B-algebra and investigated some related properties of it. Some
properties of B-algebra are studied in ([3, 12, 13]).

In this paper, we introduce the notion of a BQ-algebras and show that it is equivalent to an
abelian group. Moreover, we introduce the notions of a Smarandache V-algebra-type U-algebra
and a Smarandache V-algebra-trans-type U-algebra, and apply the notions to several algebras.

2. PRELIMINARIES

Wy

A B-algebra ([17]) is a non-empty set X with a selected point 0 and a binary operation “x
satisfying the following axioms: (i) zxx =0, (ii) %0 =z, (ili) (x*y)*z = x* (2% (0*y)) for any
x,y,z € X. A B-algebra (X, *,0) is said to be 0-commutative ([2]) if z* (0*y) =y * (0% x) for
any z,y € X. Let (X, *,0) be a B-algebra and let g € X. We define gl := 0, g/ := ¢gl% % (0% g) =
0% (0%g) =g and g"l := gI"1 % (0 % g) where n > 1.

92010 Mathematics Subject Classification: 06F35; 03G25.
YKeywords: Smarandache algebra, point algebra, p-derived algebra.
* The corresponding author. Tel: +82 2 2260 3410, Fax: +82 2 2266 3409
YE-mail: jmko@gwnu.ac.kr (J. M. Ko); sunshine@dongguk.edu (S. S. Ahn)
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Theorem 2.1. Let (X, *,0) be a B-algebra and let g € X. Then

ml gl = {97 il m >,
g g = 0% g™ otherwise.

Theorem 2.2. ([10]) Every 0-commutative B-algebra is a BC'I-algebra.

Theorem 2.3. ([10]) The following are equivalent:

(i) X is an abelian group,
(ii) X is a p-semisimple BC'I-algebra,
(iii) X is a 0-commutative B-algebra.

Let (X,*,0) be a B-algebra. Given z,y € X, we define z 'V y := zxy, 2+ y := (x % y) *
y, z % gy = (x %"V ) xy where n > 3. For general references for BOK/BCI-algebras, we refer
to [5, 6, 14].

3. SEVERAL ALGEBRAS

Let (X, %) be a groupoid (or a binary system, an algebra), i.e., X is a set and “«” is a binary
operation on X. If we take an element p in X which plays an important role in (X, %), then we
say that p is a selected point and we write it by (X, *,p). Such an algebra (X, *,p) is said to be
a pointed algebra.

Example 3.1. Let (X, *) be a group with identity e. The identity element e plays an important
role in (X, *) and hence we may write it by (X, *,e) and e becomes a selected point in (X, x).

We regard all algebras below as pointed algebras without loss of generality. For simplicity’s
sake, we shall write p = 0, not intending 0 to have the usual meaning. Thus, in Example 3.1,
(X, *, e) becomes (X, x,0) unless it is important to distinguish the algebra (X, , 0) which contains
the subalgebra (not necessary a subgroup) (Y, *) with its selected point p to produce (Y, %, p).

Example 3.2. Consider X := {a,b, ¢,d} with the following table:

xla b ¢ d
ala a a a
bjla a a b
cla b ¢ ¢
dla b ¢ d
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Then (X, *,d) is an pointed algebra and the selected point d is the right identity. Consider
Y :={a,c} and Z := {a,d} with the following tables:

d
a

O | %
S e

c x| a
a a|a
¢ dja d

Then (Y, %, ¢) is a pointed algebra with a selected point ¢ is the right identity, and (Z, *, d) is also
a pointed algebra with a special point d is the left identity.

K7

Definition 3.3. Let (X, *,p) be a pointed algebra. Define a binary operation “e” on X by

rey:=xx*(pxy)
for any x,y € X. Then the algebra (X, e, p) is called a p-derived algebra from (X, *,p).

Example 3.4. (i) Let (X, *,e) be a group with identity e. If (X, e, ¢e) is an e-derived algebra of
(X, *,e), then (X, e) = (X, %), since e is the identity, we have z ey = x % (e x y) = z * y for all
z,y € X.

(ii) Let (X, %, p) be a left-zero-semigroup with a selected point p. If (X, e, p) is a p-derived algebra
of (X, *,p), then (X, *) = (X, e).

Let X be a d-algebra and 2 € X. Define z x X := {z xala € X}. X is said to be edge ([16]) if
for any z € X, x * X = {z,0}.

Lemma 3.5. ([16]) Let X be an edge d-algebra. Then

(i) zx0=x for all x € X.
(i) (xx(x*xy))*xy=0 forall z,y € X.

Example 3.6. (i) Let (X, *,0) be an edge d-algebra. If (X, e,0) is an e-derived algebra of
(X, *,0), then (X, e) is a left-zero-semigroup.

(i) Let (X, *,0) be a BCK-algebra. If (X,e,0) is an e-derived algebra of (X, *,0), then (X, e)
is a left-zero-semigroup. In fact, rey =x % (0xy) =2+ 0=z for all z,y € X.

In terms of list of axioms to be used to describe the various algebra types we note the following
section of axioms:

(1) xxx=0forall z € X.

(2) %0 =z for all z € X.

(3) Oz =z forall z € X.

(4) zxy=yx*x for all z,y € X.

(5) zxy=y*xx=0<x=yforall z,y € X.
6) zxy=y*xx=0=x=yforal z,y € X.
() zxy=y*xx=x=yforall z,y € X.

(8)

8) O0xx=0{forall z € X.
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(9) (zxy)*z=(xxz)xyforall z,y,z € X.

(10) (xxy)*xz=xx (z*y) for all x,y,z € X.

(11) (x*xy)*xz=x* (2% (0xy)) for all z,y,z € X.
(12) (zxy)*xz=(x*x2)*(yx*z) for all z,y,z € X.
(13) (zxy)* (0xy) =z for all z,y € X.

(14) z*x (y*2) = (x*xy) * 2z for all z,y,z € X.

(15) (x*x (xxy))*y =0 for all z,y € X.

(16) ((x*xy)* (x*2))* (rxy)=0for all z,y,z € X.
(17) for any = € X, there exists y € X with z xy = 0.
(18) for any = € X, there exists y € X with y xz = 0.

An algebra (X, ,0) is called a group if it satisfies (2),(3), (14), (17), and (18). An algebra (X *)
is called a semigroup if it satisfies (14). An algebra (X, *,0) is called a semigroup with identity if
it satisfies (2),(3), and (14). An algebra (X, *,0) is called a B-algebra ([17]) if it satisfies (1),(2),
and (11). An algebra (X,*,0) is called a BG-algebra ([9]) if it satisfies (1),(2), and (13). An
algebra (X, x,0) is called a BH -algebra ([7]) if it satisfies (1), (2), and (6). An algebra (X, *,0) is
called a Q-algebra ([15]) if it satisfies (1), (2), and (9). An algebra (X, *,0) is called a d-algebra
([16]) if it satisfies (1), (5), and (8). An algebra (X,x*,0) is called a BCK -algebra ([14]) if it
satisfies (1), (5), (8), (15), and (16). An algebra (X, x*,0) is called a gBCK -algebra ([4]) if it
satisfies (1), (2), (9) and (12). An algebra (X, x,0) is called an abelian group if it satisfies (2),
(3), (4), (14), (17), and (18). An algebra (X, *,0) is called a commutative semigroup if it satisfies
(4) and (14).

4. BQ-ALGEBRAS

In this section, we introduce the notion of a B@-algebra and we show that it is equivalent to
an abelian group. An algebra (X, *,0) is said to be a BQ-algebra if it satisfies the conditions (1),

(2), (9) and (11).
Theorem 4.1. Let (X, %,0) be a BQ-algebra. If we define x @ y := x * (0 x y) for any x,y € X,
then (X, e,0) is an abelian group.

Proof. Since (X, *,0) is a BQ-algebra, it is both a B-algebra and a @Q-algebra. It was proved that
if (X,*,0) is a B-algebra, then (X, e,0) is a group ([1]). By (9) we obtain (z % (0 y)) * (0% z) =
(x*x(0%z))*(0xy) for any x,y, z € X. It follows that (zey)ez = (vez)ey for any z,y,z € X. If we
take x := 0, then (Oey)ez = (Dez)ey. Since (X, *,0) is a B-algebra, we have oy = 0% (0xy) =y
for any y € X. Hence we obtain y e z = z e y for any y,z € X. This proves that (X, e,0) is an
abelian group. O

Theorem 4.2. Let (X, e,0) be an abelian group. If we define x xy := v e y~! for any z,y € X,
then (X, *,0) is a BQ-algebra.
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Proof. (1) For any x € X, we have vz = rex~ ' = 0. (2) Forany z € X, %0 = 16071 = 760 = x.
(9) Given z,y,z € X, since (X, e,0) is a group, we obtain

(xxy)xz = (vey ')ez!

— (e ey
= (zx*2)xy.
(11) Given z,y,z € X, since (X, e,0) is a group, we have

vx(zx(0xy)) = zelze[y ') e ]!
= zelze(ye0)”

(2o )

o(y o)

-1

I
&
°

I
8

Similarly, we prove that (z *xy) * 2 = (v ey ') ez Since (X,e,0) is a group, we obtain
(xxy)*xz=2x%* (2% (0xy)). Hence (X, *,0) is a BQ-algebra. O

By Theorems 4.1 and 4.2, we conclude that the class of all BQ-algebras is equivalent to the
class of all abelian groups.

The interesting fact to note is that we are able to take advantage of the relationship = e y =
x % (0 % y) to understand better what the meaning of the class of BQ-algebra is. Other such
questions around in this setting as well as others. E.q., what class of B-algebras corresponds to
the class of solvable groups ? Can it be considered to be of the form: B“V”-algebras corresponds
to solvable groups where “V/”-algebras is some nicely identifiable class, as the same as the class
for BQ-algebras 7

5. SMARANDACHE TYPES

Let (X, %) be an U-algebra. Then (X, *) is said to be a Smarandache V -algebra-type U-algebra
if there exists Y C X such that (Y, %) is a non-trivial subalgebra of (X, x) and |Y| > 2, and (Y, *)
is a V-algebra. For example, a B-algebra (X, *,0) is said to be a Smarandache Q-algebra-type
B-algebra it it contains a non-trivial sub-B-algebra (Y, *,0) of (X, *,0) and |Y| > 2, and (Y, *,0)
is a Q-algebra. Similarly, a Q-algebra (X, *,0) is called a Smarandache group-type Q-algebra if it
contains a non-trivial sub-Q-algebra (Y, x,0) of (X, *,0), and (Y, ,0) is a group where |Y| > 2.

Theorem 5.1. There is no Smarandache d-algebra-type commutative groupoid.

Proof. Assume that there is a Smarandache d-algebra-type commutative groupoid (X, ,0). Then
there exists Y C X such that (Y,x*,0) is a non-trivial subgroupoid of a commutative groupoid
(X, %,0), Y| > 2and (Y, *,0) is a d-algebra. It follows that 0%y = 0 for all y € Y. Since (X, *,0)
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is a commutative groupoid and Y C X, we obtain 0 xy =y *0 =0 for all y € Y. Since (X, *,0)
is a d-algebra and Y C X, we obtain y = 0, i.e., |Y'| = 1, a contradiction. O

Theorem 5.2. There is no Smarandache semigroup-type d-algebra.

Proof. Assume that there is a Smarandache semigroup-type d-algebra (X, *,0). Then there exists
Y C X such that (Y, *,0) is a non-trivial subalgebra of a d-algebra (X, ,0), |Y| > 2 and (Y, ,0)
is a semigroup. It follows that 0 (y *x 0) = 0 for any y € Y, since Y C X and (X,*,0) is a
d-algebra. Hence

y*0=yx(0x*(yx*0))
= (y*0) * (y*0)
= 0.

Since Y C X and (X, *,0) is a d-algebra, we obtain 0 xy = 0 for all y € Y. By (6), we have
y =0, ie, |Y| =1, a contradiction. O

Theorem 5.3. A Smarandache group-type B-algebra is equal to a Smarandache Boolean-group-
type B-algebra.

Proof. Since every Boolean group is a group, it is enough to show that every Smarandache group-
type B-algebra is a Smarandache Boolean-group-type B-algebra. Assume (X, %,0) is a Smaran-
dache group-type B-algebra. Then there exists Y C X such that |Y| > 2, (Y, *,0) is a non-trivial
subalgebra of a B-algebra and (Y, *,0) is a group. For any y € Y, since Y C X and (X, %,0) is
a B-algebra, we obtain y x y = 0. Since (Y, *) is a group, the order of y is 2 in the group (Y, *)
for any y # 0 in Y and hence (Y, *,0) is a Boolean group, proving the theorem. U

Corollary 5.4. A Smarandache group-type Q-algebra is equal to a Smarandache Boolean-group-
type Q-algebra.

Proof. Every QQ-algebra has also the condition (1), and the proof is similar to the proof of Theorem
5.3. O

Theorem 5.5. Every Smarandache B-algebra-type group is a Smarandache Boolean-group-type
group.

Proof. Let (X,%,0) be a Smarandache B-algebra-type group. Then there exists ¥ C X such
that |Y| > 2, (Y,%,0) is a non-trivial subgroup of a group (X, *,0) and (Y,*,0) is a B-algebra.
It follows that y xy = 0 for all y € Y. Since ¥ C X and (X, x*,0) is a group, we obtain
y = y~ ! in the group. Hence z x y~! = x xy € Y, which shows that (Y,*) is a subgroup of
(X, *) and the order of y is 2. Thus (Y,x*) is a Boolean group. This proves that (X, *,0) is a
Smarandache Boolean-group-type group. U

696 Jung Mi Ko 691-699



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Algebras and Smarandache Types

Theorem 5.6. Let (X, *,0) be a Smarandache L-algebra-type M-algebra. If every L-algebra is
an N-algebra, then (X,x*,0) is a Smarandache N-algebra-type M-algebra.

Proof. 1t is easy and omit the proof. O

Theorem 5.7. Let (X, *,0) be a Smarandache 0-commutative-B-algebra-type M-algebra. Then
(X, *,0) is a Smarandache BC'I-algebra-type M-algebra, where M-algebra is any algebra.

Proof. By applying Theorems 2.2 and 5.6, we prove the theorem. U

Theorem 5.8. Let (X, *,0) be an M-algebra. Then the following are equivalent:

(i) X is a Smarandache abelian-group-type M-algebra
(ii) X is a Smarandache p-semisimple BC'I-algebra-type M-algebra,
(iii) X is a Smarandache O-commutative B-algebra-type M-algebra.

Proof. 1t follows immediately from Theorems 2.3 and 5.6. U

Proposition 5.9. If (X, %,0) is a Smarandache QQ-algebra-type group, then it is a Smarandache
Boolean-group-type group.

Proof. Let (X,*,0) be a Smarandache Q-algebra-type group. Then there exists ¥ C X such
that |[Y| > 2, (Y,%,0) is a non-trivial subgroup of a group (X, *,0) and (Y, *,0) is a Q-algebra.
Since Y is a Q-algebra, we have y x y = 0 for any y € Y. This means the order of y is 2 in the
group (Y, %), i.e., y = y~1, which shows that (Y, x,0) is a Boolean-group. Hence (X, *,0) is a
Smarandache Boolean-group-type group. 0

Theorem 5.10. Any non-trivial d-algebra cannot be a Smarandache group-type d-algebra.

Proof. Assume there exists a Smarandache group-type d-algebra (X,*,0). Then there exists
Y C X such that (Y] *,0) is a non-trivial sub-d-algebra of (X, *,0) and (Y, *,0) is a group where
|Y'| > 2. Since (Y, *,0) is a group and (X, %, 0) is a d-algebra, we have y = 0xy =0 forally € Y.
It follows that |Y| = 1, a contradiction. O
Theorem 5.11. Any non-trivial group cannot be a Smarandache d-algebra-type group.

Proof. Assume that there exists a Smarandache d-algebra-type group (X, %,0). Then there exists
Y C X such that (Y, %, 0) is a non-trivial subgroup of a group (X, *,0), and (Y, *,0) is a d-algebra
and |Y| > 2. Then 0%z = 0 for all z € Y. Since (Y, *,0) is a group, we obtain z = 0 for all
x €Y, proving that |Y| =1, a contradiction. O

Theorem 5.12. Any non-trivial gBC K-algebra cannot be a Smarandache group-type gBCK -
algebra.

Proof. Let (X, x,0) be a Smarandache group-type g BC' K-algebra. Then there exists Y C X such
that (Y, *,0) is a non-trivial sub-gBC K-algebra of (X, ,0), and (Y, ,0) is a group and |Y| > 2.
Since Y C X and (X, %,0) is a ¢ BC K-algebra, we obtain yxy = 0 for all y € Y. It follows from
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(Y, *,0) is a group that the order of y is 2, i.e., (Y, *,0) is a Boolean group. Now, since (Y, *,0)
is a gBCK-algebra, we have (z xy) *x z = (x * 2) * (y * 2) for all x,y,z € X. It follows that
(x*xx)*xx = (x*xx)*(x*xx) for all x € X. Since (X, *,0) is a group, we obtain z = 0 for all
x € X, proving that |X| = 1, a contradiction. O

Corollary 5.13. Any non-trivial group cannot be a Smarandache g BC' K -algebra-type group.
Proof. The proof is similar to Theorem 5.12, and we omit it. (Il

Definition 5.14. Let (X,*,p) be an L-algebra and let (Y, *,p) be both a sub-L-algebra of
(X, *,p) and an M-algebra. (X, x*,p) is said to be a Smarandache N -algebra-trans-type L-algebra
if (Y, *,p) is isomorphic with an N-algebra (Y, ®, q).

(X, *,p)

(=23

(Y, *,p)

where L—, M —, N— algebras are arbitrary algebras.

(Y, ®,q)

Theorem 5.15. If (X, x,0) is a Smarandache B-algebra-type QQ-algebra, then it is a Smarandache
abelian-group-trans-type ()-algebra.

Proof. Let (X, *,0) be a Smarandache B-algebra-type -algebra. Then there exists Y C X such
that (Y,*,0) is a non-trivial sub-Q-algebra of a @Q-algebra (X, x,0), |Y| > 2 and (Y, %,0) is a
B-algebra. Define z ey := z % (0xy) for any z,y € Y. Then (Y, e,0) is an abelian group. In fact,
since Y is both a @Q-algebra and B-algebra, (Y, *,0) is a BQ-algebra. By Theorem 4.1, (Y, e,0)
is an abelian group. By Theorems 4.1 and 4.2, (Y, *,0) = (Y, e,0). This shows that (X, *,0) is a
Smarandache abelian-group-trans-type ()-algebra. 0

Corollary 5.16. If (X, x,0) is a Smaradache Q-algebra-type B-algebra, then it is a Smarandache
abelian-group-trans-type B-algebra.

Proof. 1t is similar to Theorem 5.15. O
Proposition 5.17. Every B-algebra is a Smarandache B(Q)-algebra-trans-type B-algebra.

Proof. Let (X,*,0) be a B-algebra. Define z ey := z % (0 xy) for all x,y € X. Then (X,e,0)
is a group. Let # € X such that x # 0. Let (z) be a cyclic group generated by x. Then
(r) is a non-trivial abelian subgroup of (X,e,0). If we let Y, := {z ™ (0% z)|n € Z}, then
Y, = (z). By Theorems 4.1 and 4.2, Y, is a non-trivial BQ-algebra. This shows that X is a
Smarandache BQ-algebra-trans-type B-algebra. U
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6. CONCLUSION

We introduced the notion of a BQ-algebra and proved that it is equivalent to an abelian
group. For detailed investigations among several algebraic structures, we introduced the notions
of a Smarandache V-type U-algebra and a Smarandache V-trans-type U-algebra, and applied
this notions to several algebras. For further investigations, we will apply the notions of a hyper
structure theory and several fuzzy related algebras to the notions of a Smarandache V-type U-
algebra and a Smarandache V-trans-type U-algebra.

REFERENCES

[1] P. J. Allen, J. Neggers and H. S. Kim, B-algebras and groups, Sci. Math. Japo. 59(2004), 23-29.

[2] J. R. Cho and H. S. Kim, On B-algebras and quasigroups, Quasigroups and Related Systems 8(2001), 1-6.

[3] J. S. Han and S. S. Ahn, Quotient B-algebras induced by an int-soft normal subalgebras, J. Comput. Anal.
Appl. 26(2019), no. 5, 791-801.

[4] S. M. Hong, Y. B. Jun and M. A. Ozturk, Generalizations of BCK -algebras, Sci. Math. Japo. 58(2003),
603-611.

[5] Y. Huang, BCI-algebras, Science Press, Beijing, 2006.
[6] A. Iorgulescu, Algebras of logic as BC K-algebras, Editura ASE, Bucharest, 2008.
[7] Y. B. Jun, E. H. Roh and H. S. Kim, On BH -algebras, Sci. Mathematicae 1(1998), 347-354.
[8] W. B. V. Kandasamy, Smarandache groupoids, http://www.gallwp.unm.edu/~smarandache/Groupoids.pdf.
[9] C. B. Kim and H. S. Kim, On BG-algebras, Demonstratio Math. 41(2008), 497-505.
[10] H. S. Kim and H. G. Park, On 0-commutative B-algebras, Sci. Math. Japo. 62(2005), 31-36.
[11] Y. H. Kim, Y. H. Kim and S. S. Ahn, Smarandache d-algebras, Honam Math. J. 40(2018), no.3, 539-548.
[12] J. M. Ko and S. S. Ahn, On fuzzy B-algebras over t-norm, J. Comput. Anal. Appl. 19(2015), no. 6, 975-983.
[13] J. M. Ko and S. S. Ahn, Hesitant fuzzy normal subalgebras in B-algebras, J. Comput. Anal. Appl. 26(2019),
no. 6, 1084-1094.
[14] J. Meng and Y. B. Jun, BC K-algebras, Kyungmoon Sa, Seoul, 1994.
[15] J. Neggers, S. S. Ahn and H. S. Kim, On Q-algebras, Int. J. Math. & Math. Sci. 27(2001), 749-757.
[16] J. Neggers, and H. S. Kim, On d-algebras, Math. Slovaca 49(1999), 19-26.
[17] J. Neggers and H. S. Kim, On B-algebras, Mate. Vesnik 54(2002), 21-29.
[18] R. Padilla, Smarandache algebric structures, Bull. Pure Appl. Sci., 1998, 17E, 119-121.
[19] Y. J. Seo and S. S. Ahn, Smarndache fuzzy BCI-algebras, J. Comput. Anal. Appl. 24(2018), no. 4, 619-627.

699 Jung Mi Ko 691-699



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Nonlinear differential equations associated with degenerate
(h,q)-tangent numbers

Cheon Seoung Ryoo

Department of Mathematics, Hannam University, Daejeon 34430, Korea
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1. Introduction

Recently, many mathematicians have studied in the area of the degenerate Euler numbers and
polynomials, degenerate Bernoulli numbers and polynomials, degenerate Genocchi numbers and
polynomials, and degenerate tangent numbers and polynomials(see [1, 2, 3, 4, 5, 6, 7]). In [1], L.
Carlitz introduced the degenerate Bernoulli polynomials. Recently, Feng Qi et al.[2] studied the
partially degenerate Bernoull polynomials of the first kind in p-adic field. The degenerate (h,q)-
tangent numbers 771(};)()\) are defined by the generating function:

oo

2
TN = = . 1.1
Z nl h(1+)\t)2/)\+1 ( )

The degenerate (h, q)-tangent numbers of higher order, 7;(11’};) are defined by means of the following

generating function

2 k o m
(WQ+A®WLHJ =D T N (12

n=0
We recall that the classical Stirling numbers of the first kind S;(n, k) and Sa(n, k) are defined by
the relations(see [7])
)y = Z Sy (n, k)z® and 2" = Z Sa(n, k) (z)k
=0 k=0
respectively. Here (z), = z(x —1)--- (z —n+ 1) denotes the falling factorial polynomial of order n.
We also have

3 Sg(n,m)% B ) L Z Sy (nymy L = (ogL £ D)™ (1.3)

m! n! m!
n=m n=m

The generalized falling factorial (z|A),, with increment X is defined by

n—1

(@[A)n =[] (@ = 2k) (1.4)

k=0

for positive integer n, with the convention (z|\)g = 1. We also need the binomial theorem: for a

variable x,
xT - tn
(14 At)*/A = Z(xu)na. (1.5)
n=0
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Many mathematicians have studied in the area of the linear and nonlinear differential equations
arising from the generating functions of special numbers and polynomials in order to give explicit
identities for special polynomials. In this paper, we study nonlinear differential equations arising
from the generating functions of degenerate (h, ¢)-tangent numbers . We give explicit identities for

the degenerate (h, ¢)-tangent numbers .
2. Nonlinear differential equations associated with degenerate (h,¢)-tangent numbers

In this section, we study nonlinear differential equations arising from the generating functions

of degenerate twisted (h, ¢)-tangent numbers. Let

2 s tn
F=F(t\qh)= = (h)(\)—. 2.1
(thah) = G e ;m( ) (2.1)
Then, by (2.1), we have
0 B) 2
FO = ZF(t,\qh) = =
8t (7 7qa ) 8t qh(1+>\t)2//\+l
- - P 2 i (2.2)
IR AV E B AN T+ At \gh(1+ M)2/> +1
_ 2P
IR ESDY,
By (2.2), we have
F2=2F + (14 Mx)FW, (2.3)

Taking the derivative with respect to ¢ in (2.3), we obtain

2FFW = 2F® 4 \FW 4 (1 4 X)FP

(2.4)
=M\ +2)FY + 1+ ) FP.
From (2.2), (2.3), and (2.4), we have
2F3 = 4F + (1 + N1+ M)FD 4 (14 Xt)2F3.
Continuing this process, we can guess that
N . .
NIFNFTE =3 "a;(N, A g, h)(1+ M) FO, (N =0,1,2,...), (2.5)
i=0
AN , - .
where F() = pn F(t, )\, q,h). Differentiating (2.5) with respect to ¢, we have
(N+)IFNFD =3 "ixa; (N, g, B)(1+ M) T FO +3 " a; (N, g, h)(1+ M) FEFD - (2.6)
i=0 1=0
and
—2F + F? FN+2 _ gpN+1
N+D)FNFO = (N4 1) PV [ ———— ) =N+ 1) [ —————— ). 2.7
(N+1) (N+1) 1+ M (N+1) 14Xt 27)
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By (2.5), (2.6), and (2.7), we have

(N +DIFNT2 = (N + 1)IFNHL

N N
+ ) Niai (N, A g, h)(1+ M) FO £ " a;(N, ) (1+ M) RO
i=0 1=0

=2(N +1)Y " ai(N, A, q,h)(1+ )’ FO

M=

?

Il
o

N N
+ ) Xiai(N, A, g, h)(1+ M) FD +> " a;(N, A, g, h)(1+ M) H FEFD
i=0 1=0
N+1

i i=1

Now replacing N by N + 1 in (2.5), we find

N+1
(N+ N2 =3 " a;(N +1,A, ¢, h)(1+ M) F.
=0

By (2.8) and (2.9), we have

N+1 N
> ai(N +1,0,¢,h)(1+ M) FD =" (2(N + 1) + M) a;(N, A, ¢, h) (1 + At)' FO)
i=0 i=0
N+1 o
+ Z ai*l(Nv )‘u q, h’)(l + )\t)lF(Z)
i=1
Comparing the coefficients on both sides of (2.10), we obtain
aN—l-l(N + 15 /\7 q, h) = aN(N7 )‘a q, h)a

and
az(‘]\f+ 13)‘7(]3 h) = (2(N+ 1) + )‘Z) ai(Na Aa‘Lh) +ai—1(N7>‘aQ7h)ﬂ (]— S { S N)

In addition, by (2.5), we have
F= a0(07 >‘a q, h)Fa

which gives
ap(0, A, q,h) = 1.

It is not difficult to show that
F2? =ag(1,\, ¢, h)F +ay(1,\, ¢, h) (1 + M) FY = 2F 4+ (1 + M) FD),
Thus, by (2.15), we also find
ap(1,\,q,h) =2, ai1(l,A q,h)=1.
From (2.11), we note that

ag(N +1,\,q,h) =2(N + 1)ag(N, A\, q,h) =4(N + 1)Nag(N — 1, A, q,h)
=...=2Nt(N L 1)

N
=3 QN + 1) + M) a; (N, A g, h) (1 + Xt) FO + Y " a; 1 (N, X, g, h)(1+ M) FO.
=0

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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and
aN+1(N+1a)‘7Q7h):aN(Nu)‘vq7h):"':1' (218)

For ¢ =1,2,3 in (2.11), then we find that

I
] =

al(N + 17)‘7Q7 h)

A
2k <N+1+ 2) aO(N_kv)‘vqah)v
k

2??‘
' 1

1
a2(N + 1a)‘7Qv h)

ok (N+1+; ><2> ai(N —k,\ q,h),
k

i
LL

A
az(N+1,\,¢q,h) =Y 2~ <N+1+2><3> az(N =k, A, q, h).
=0 k

b

Continuing this process, we can deduce that, for 1 <i < N,

N—i+1
A
a,-(N+ 1,)\,q, h) = Z Zk (N+ 1+ 5 X Z) ai_l(N — k,)\,q,h). (219)
k=0 k

Note that, here the matrix a;(j, A, ¢, h)o<i j<n+1 is given by

2122 3123 ... (N 41)12N+1

2
1
0 1
0

S O O =

00 O 0o - 1

Now, we give explicit expressions for a;(N + 1, A, q, k). By (2.17), (2.18), and (2.19), we have

N

Z A

al(N+17)‘7qvh): 2k1 <N+1+2> aO(N_klvAa(Lh)
k1=0 k1

a A
:Z2N(N—k’1)!(N+1+) ;
2 Ky

k1=0

N-1
aQ(N+1,/\,q,h):22’“2 (N+1+;><2> a1(N — ko, A, q, h)
ko=0 k2

N—1N—kgo—1 A A
=> > 2N‘1(N—k2—k1—1)!<N+1+><2> <N—k2+> ,
2 ' 2/

ko=0 k1=0

and
N-2

A
a3(N+17)‘>qah):22k3 <N+1+2X3> a2(N7k37>‘aQ7h)
k3=0 ks
N—k3—2 N—ks—ko—2

k

Z Z 2N_2(N—k3—k2—k1—2)!(N+1+;><3)
k3

k3
5=0 k1=0

N—-2
k3=0

A A

x-oox (N—ks+ 2 x2 N—ky—ky—1+2
2 . 2),
2 1
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Continuing this process, we have

N—i+1 N—k;—i+1 N—Fki_1—-—ko—i+1
ZEESSVEED YD VI VI

ki= ki—1=0 k1=0

X (N—ki—ki_l—"'—kg—kl—i+1)!

A A
x(N—i—l—i—xi) (N—ki—kx(i—l))
2 ki 2 ki1

i

X (N—ki—ki1—1+)\X(i—2>>
2 ki_2

X (N—kji—ki_l—k‘i_g—Z—‘r;X(i—3)>

ki—3

X (N—k‘i—kji_l—k‘i_g—"'—k‘g—i-i-Q—l—2)

Therefore, by (2.20), we obtain the following theorem.

Theorem 1. For N =0,1,2,..., the nonlinear functional equation
N . .
NIFNTE =% "a;(N, A, q,h)(1+ At)' F)

has a solution )

F=F(t,\qh) =
(7 7qa> qh(1+>\t)2//\—|—17

where
ao(N, X\, q,h) = 2V N1,

G/N<N,)\,q,h):1,

N—i N—k;—1 N—k;—-—ko—1
Whah)=>, > - >, @ -t
ki=0 k;—1=0 k1=0
X (N—k‘i—k'i_l—-"—k‘g—k‘l—i)!

><(N+)\><i> (N—ki—l—k/\x(z'—l))
2 ks 2 ks

i

A
X (N—kz—k11—2+X(Z—2)>
2 ki_2

A
X (N—ki—kil——ki2—3+2 X (@—3))
ki—3

A
X (N—ki—ki1—]{3i2—~--—]€2—i+1+2>
k1

From (1.1) and (1.2), we note that

NIFN+L _ 1 2 A — N! ZT(N+1 h)
' (14 A2+ 1 n!'

From (2.5), we note that

) 6 ; o0 tl
FO = () F(t A a.n) =Y T8, 05

704

k1

(2.20)

(2.21)

(2.22)
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From Theorem 1, (1.5), (2.21), and (2.22), we can derive the following equation:

) N
n S
NIFN Y- 7;<g+1ah>(x)ﬁ = ai(N, X, q,h)(1+ xt)'FD
n=0 : =0
N [e%s) t tl
=0 k=0 =0

N , i
(ZZ( ) (N X g ) (AT O >> =
=0

By comparing the coefficients on both sides of (2.23), we obtain the following theorem.

Theorem 2. For k, N =0,1,2,..., we have

N n
n .
NITEH ) =30 ( k) ai(N, A g W)X T (),

where
ao(N,\) = N2V an(N,\) =1

N—i N—k;—1i N—k;——ko—1
P MDD M
ki=0 k;—1=0 k1=0
><(N—ki—kifl—"'—kg—kl—i)!
A
X(N—ki—k¢_1——]€i_2—3—|—X(i—3)>
2 ki_3
. A
X N—ki—ki_l—ki_g—"'—kg—l+1—|—§
k1
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1. Introduction

Bernoulli numbers, Bernoulli polynomials, g-Bernoulli numbers, ¢g-Bernoulli polynomials, the
second kind Bernoulli number and the second kind Bernoulli polynomials were studied by many
authors(see [1-8]). Bernoulli numbers and polynomials posses many interesting properties and arising
in many areas of mathematics and physics. In [5], by using the second kind Bernoulli numbers B; and
polynomials Bj(x), we investigated the g-analogue of sums of powers of consecutive odd integers(see
[6]). Let k be a positive integer. Then we obtain

n—1
Or(n—1) = ;(22' + 1)kt = W.

In [4], we introduced the second kind (h, ¢)-Bernoulli numbers ij@ and polynomials Bﬁ,hg(x) By

using computer, we observed an interesting phenomenon of ‘scattering’ of the zeros of the second kind
(h, q)-Bernoulli polynomials B,(ffg (z) in complex plane. Also we carried out computer experiments
for doing demonstrate a remarkably regular structure of the complex roots of the second kind
(h, q)-Bernoulli polynomials B;hg(x) In this paper, we give recurrence identities the second kind
(h, g)-Bernoulli polynomials and the sums of powers of consecutive (h, ¢)-odd integers.

Throughout this paper, we always make use of the following notations: N = {1,2,3,---}
denotes the set of natural numbers, Z denotes the set of integers, R denotes the set of real numbers,
C denotes the set of complex numbers, Z, denotes the ring of p-adic rational integers, Q, denotes
the field of p-adic rational numbers, and C, denotes the completion of algebraic closure of Q. Let
v, be the normalized exponential valuation of C, with |p|, = p~**® = p~'. When one talks of
g-extension, ¢ is considered in many ways such as an indeterminate, a complex number g € C, or
p-adic number ¢ € C,. If ¢ € C one normally assume that |¢| < 1. If ¢ € C,, we normally assume

that |¢ — 1], < p_ﬁ so that ¢” = exp(zloggq) for |z|, < 1. For
g € UD(Z,) = {glg : Z, — C,, is uniformly differentiable function},

the p-adic ¢g-integral was defined by [2, 5]

I,(9) :/Z g(x)dpg(z) = lim 1 Z g(x)q”.
=0

P
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The bosonic integral was considered from a physical point of view to the bosonic limit ¢ — 1, as

follows: 1 v
hig) = iy I9) = [ g()dun(a) = Jim 3 gla) (see 2) (L.1).
By (1.1), we easily see that
g1) = Ii(g9) + 4'(0), (1.2)

I(
dg(x)

where g1(z) = g(xz + 1) and ¢'(0) = |z:0'
First, we introduce the second kind Bernoulli numbers B,, and polynomials B, (x). The second
kind Bernoulli numbers B,, and polynomials B,,(z) are defined by means of the following generating

functions (see [3]):

2te! o~ _ t"
e2t—1 ; B"H
and -
2tet ot "
(ezt_1>e ngn(x)a
respectively.

The second kind (h, g)-Bernoulli polynomials, Bﬁlhg(cc) are defined by means of the generating

(o) e - > B (3

qhth -1

function:

The second kind (h, ¢)-Bernoulli numbers E,(th are defined by means of the generating function:

(hloggq+2t)et = g t"
—_— = B~ 1.4
T 222 e (1.4)
In (1.2), if we take g(x) = ¢"*e(*TD then we have
v (2 hlogq + 2t)e
/ ¢ e(2 +1)td,u1($) — % (1.5)
7z qtest —1

P

for |t| < p_ﬁ,h € Z. In (1.2), if we take g(z) = e?"**, then we also have

2nt
2nxt _

D

for |t < p_ﬁ. It will be more convenient to write (1.2) as the equivalent bosonic integral form
[ sta s Dam@) = [ a@dmn(@) +50), (e 2. (1.7

For n € N, we also derive the following bosonic integral form by (1.7),

[ st mdmie) = [ gt + Y o0, where g = L2

p Zy k=0

In [4], we introduced the second kind (h, ¢)-Bernoulli numbers B ¢ and polynomials B 3( )
and investigate their properties. The following elementary properties of the second kind (h,
3)

(h)

Bernoulli numbers B(,q and polynomials By, 4(x) are readily derived form (1.1), (1.2), (1. and

(1.4). We, therefore, choose to omit details involved.
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Theorem 1. For h € Z,q € C,, with |1 —¢|, < p 71, we have

B =/ ¢"* (2x + 1)"dp (z),

Zp

B{)(x) = /Z q"(x + 2y + 1)"dpr (y).

P

Theorem 2. For any positive integer n, we have

) - n h) n—
Bfi&(x):Z(lg)Bé’gm k.

k=0

Theorem 3. For any positive integer m, we obtain

n,q m

m—1 .
B(h) (x) — m’ﬂ*l E thB'r(L}Zm (Z‘f’fﬂ"‘Tﬂ) for n Z 0.
=0

2. On the symmetries of the second kind (A, ¢)-Bernoulli polynomials

In this section, we assume that ¢ € C, and h € Z. We investigate interesting properties of
symmetry p-adic invariant integral on Z,, for the second kind (h, ¢)-Bernoulli polynomials. W also
obtain recurrence identities the second kind (h, ¢)-Bernoulli polynomials.

By (1.7), we obtain

1 hz hn ,(2z+2n+1)t / hz (2z+1)t
hlogq+ 2t (/Zq e o) = | are i 2) o)
2.1
B anp qhxe(2x+1)tdul(x)
pr qhnx€2ntxdul (l‘)
By (1.8), we obtain
1 hx hn (2z4+2n+1)t / hx (2z+41)t
—_ "e 4 duy(z) — e dp (x
hlogq 120 (/qu q i1 () qu fi1()
(2.2)

00 n—1 k
=Y (Z q"(2i + 1)’“) %

=0 \:=0

For each integer k > 0, let
O/(gh(j(”) — 1k Jrqh3k +QO5k +q:3h71c T+t qnh(2n+ 1)1@'

The above sum O,(Jz (n) is called the sums of powers of consecutive (h,q)-odd integers. From the

above and (2.2), we obtain

1 hx hn (2z+2n+1)t / h 2z+1 tr
o hr d _ vz (224 )td v
hlogq + 2t </Zq 7 () 2 e @) | 4
- (2.3)
0 t*
=> 0y (n— Do
k=0
Thus, we have
= h h k h k tr - (h) th
Z q ”/ ¢ (2x + 2n + 1)"duq (z) —/ q" (2 + 1)"dpq (x) i Z(hlogq—FQt)Ok’q(n—l)y
k=0 Zp Zp T k=0 ’
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k

By comparing coefficients in the above equation, we have

k!
(hlogq +2t)0y") (n — 1)

:/ th(2x+2n+1)kdu1(x)—/ (22 + VFdp ()
Z Z

P ¥

By using the above equation we arrive at the following theorem:

Theorem 4. Let k be a positive integer. Then we obtain

¢""B{M (2n) — B = hlogqOy") (n — 1) + 2k0(", (n —1). (2.4)

Remark 5. For the alternating sums of powers of consecutive integers, we have

n—1
: (h) (h) _ : k-1
lim (h log gO\") (n — 1) + 2kO™, (n — 1)) - ;(21 +1)
Br(2n) — B
= %, for k € N.
By using (2.1) and (2.3), we arrive at the following theorem:
Theorem 6. Let n be positive integer. Then we have

n [y @ ()

tm
pr qhnm62ntzd'u1 (’I) 2 : (Om,q (n 1)) m! (25)

m=0

Let w; and we be positive integers. By using (1.5) and (1.6), we have

fZ fZ qh(w1x1+w2x2)€(w1 (2951+1)+w2(212+1)+w1w21)td,u1 (xl)dul (iEQ)

f qhwlngelewgztdul(x)

(h 1qu + 2t) wit wztewlwzxt(qhwlwzelewgt _ 1)
(qhwle2w1t _ 1)(qhw2€2w2t _ 1)

By using (2.4) and (2.6), after calculations, we obtain

hwaws ,(222+1)(wat)
1 wy [, q e dpy (x2)
S = ( / qhwlxle(w1(2z1+1)+w1w2z)tdul($1)> ( Zp
Ly

wq pr qhwlngeleth:cdul (l‘)

™\ 3 o mt"
<w1 Z Bm g1 (Waz)wy m!) (Z O,y s (W1 — 1wy m') .

m=0 m=0

By using Cauchy product in the above, we have

e’} m e tm
S = Z Z (]) ](};)wl (wax)w] 1Om ez (w1 — Dwy"™? — (2.8)

=0

By using the symmetry in (2.7), we have

s( /
Wo Zp

(h) mt"
<w2 Z Bm g (W1 D)W ) (Z O, qur (w2 — Dwy m') .

ws [y, qh“’”“6(2””1“)““1%#1@1))

hwazo (w2 (2z2+1)+wiwax)t
q e dm(m)) ( fzp ghwiweze2wiwstzdy ()
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Thus we have
tm

5= 3 (3 () ke twssred 0 st 0 ) 1 29)

tm
By comparing coefficients —; in the both sides of (2.8) and (2.9), we arrive at the following theorem:
m!

Theorem 7. Let w; and ws be positive integers. Then we obtain

Z ( )B( wy (Waz)w?] O;f) Jqua (W1 — Dwy ™

Jj=

i—1 (k) m—j
= Z < > . qu (wiz)wy Oy, 25 (w2 — Dwy™ ™7,

where B,(C]?; (x) and O,(,}f,)q(k) denote the second kind (h, ¢)-Bernoulli polynomials and the sums of

powers of consecutive (h, ¢)-odd integers, respectively.
By using Theorem 2, we have the following corollary:

Corollary 8. Let w; and wy be positive integers. Then we have

( )( ) m—k J 1 I kB]E:h(])w2O£:Zj,qwl(w2_1)

m j .
h h
Z < >( )w{ wgn/ ¥ J kB]E} 3’“1 O'Sn)]q“@ (wl - 1)7
0

J=0 k=

3

J
0 k=0

k

By using (2.6), we have

(2
hwsxo (2x2+1)(w2t)d
1 wy [, ¢ pi1 (2)
S = (ewlwgzt/ qhwlazl6(2x1+1)w1td‘u1(xl)> < pr >
Z

wq pr qhw1w2162w1w2tzdﬂl(z)

D

wi—1
_ (;ewlwzwt/ qhwlml6(2I1+1)w1td/1,1($1)> Z qwzhje(2j+1)(w2t)
1 VA -
7=0

P

(2.10)
wi—1 y \ (2L1+1+w2x+(23+1)—)(w1t)
= > [ e i) (o)

=0 Zp

wi—1 n

o0
t
=3 X B <w2$ +(2 + 1)”) wp™h ) =
X w1 n'
n=0 3=0
By using the symmetry property in (2.10), we also have

hwixy (2£E1+1)(’u)1t)d
1 we [, q e 11 (1)
S = ( ewlwgmt/ qhwgmge(Qrg—i-l)wgtdul(m2)> < fZP >
wo Zp

fZ qhwleIBlewgtmdul(l‘)
P
1 wo—1
_ 7€w1w2wt/ qhw2w26(2w2+1)w2td/1,1(1'2) Z qwlhje(2j+1)(w1t)
w2 Zp =0

wy (2.11)
w21 <2z2+1+w1x+(2j+1)—

w1 hj hwax >(w2t)
=Zq”/q’“e w2 dpy (x2)
j=0

Zp

1,U2—1

> w . w1 n— t"
=50 (30 B (w02 g ) B

n=0 j=0

710 RYOO 706-711



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

n

t
By comparing coefficients — in the both sides of (2.10) and (2.11), we have the following theorem.
n!

Theorem 9. Let w; and ws be positive integers. Then we obtain

wlfl

) ) w e
Z q“’thBr(f;wl (ng + (25 + 1)11)?) wy 1
j=0

(2.12)

’LU21

w
= Z q“’l’”Bﬁb g, <w1x + (27 + 1)w1> wy
2

Observe that if h = 1, then (2.12) reduces to Theorem 5 in [9](see [5, 9]). Substituting wy = 1 into

(2.12), we arrive at the following corollary.

Corollary 10. Let wy be positive integer. Then we obtain

wa—1 .
— 2 1
B®) () = wh 12 hi g (wwﬁﬁ) (2.13)

w2
"q n,q Wy

The Corollary 10 is shown to yield the known distribution relation of the second kind (h, ¢)-
Bernoulli polynomials(see Theorem 3). Note that if ¢ — 1, then (2.13) reduces to distribution

relation of the second kind Bernoulli polynomials(see [8]).

Corollary 11. Let wy be positive integer. Then we have

wo—1 .
— 2 1
Bo(z) = ! 123 (fcwwtﬁ)
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SOME NEW FUZZY BEST PROXIMITY POINT THEOREMS IN
NON-ARCHIMEDEAN FUZZY METRIC SPACES

MUZEYYEN SANGURLU SEZEN !, HUSEYIN ISIK 2

ABSTRACT. In this paper, we define fuzzy weak P-property. Then we prove a fuzzy best
proximity point theorems for «-contractions with condition fuzzy weak P-property. Later,
we give definition of fuzzy isometric distance between two functions in non-Archimedean
fuzzy metric spaces. Also, we introduce ~y-proximal contraction type-1 and type-2 con-
traction respectively via functions preserving fuzzy isometric distance and providing
fuzzy isometry. Then, we obtain some fuzzy best proximity results for ~-proximal con-
tractions types in non-Archimedean fuzzy metric spaces. Finally, we present some ex-
amples to illustrate the validity of the definitions and results obtained in the paper.

1. INTRODUCTION AND PRELIMINARIES

The Banach contraction principle found by Banach has an important resonance in
mathematics as well as in other fields |1]. Later, the subject of fixed point theory attracted
the attention of many aouthors and caused this subject to be discussed in different areas of
mathematics and different topological spaces. Then, authors intensively introduced many
works regarding the fixed point theory. On the other hand, the concept of fuzzy metric
space was introduced in different ways by some authors (see [2|7]). Importantly, Gregori
and Sapena [5] introduced the notion of fuzzy contractive mapping and gave some fixed
point theorems for complete fuzzy metric spaces in the sense of George and Veeramani,
and also for Kramosil and Michalek’s fuzzy metric spaces which are complete in Grabiec’s
sense. At the same time, there are presented by many authors by expanding the Banach’s
result in the literature (see [9-11}14}16,20,121]).

In this work, we prove some fuzzy best proximity point results for mappings providing
~v-proximal contractions. Then, we give some examples are supplied in order to support
the useability of our results. Also, we show that our main results are more general than
known results in the existing literature.

2010 Mathematics Subject Classification. 47TH10,54H25.
Key words and phrases. ~y-proximal contraction, fuzzy best proximity point, non-Archimedean fuzzy

metric space.
fCorresponding author.
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2 M. SANGURLU SEZEN, H. ISIK

Definition 1. [12] A binary operation * : [0,1] x [0,1] — [0,1] is called a continuous
triangular norm (in short, continuous t—norm) if it satisfies the following conditions:
(TN-1) * is commutative and associative,

(TN-2) * is continuous,

(TN-3) *(a,1) = a for every a € [0, 1],

(TN-4) *(a,b) < *(c,d) whenever a < ¢, b<d and a,b,c,d € [0,1].

An arbitrary t—norm * can be extended (by associativity) in a unique way to an nary
operator taking for (z1,xs,...,2,) € [0,1]", n € N, the value *(z1,xs, ..., x,) is defined,

in [4], by #)_ zi =1, +7_ x; = *(*’I:llxz,xn) = *(T1, Ty .y Tp).

Definition 2. /3] A fuzzy metric space is an ordered triple (X, M,*) such that X is a
nonempty set, * is a continuous t-norm and M is a fuzzy set on X? x (0,00), satisfying
the following conditions, for all x,y,z € X, s,t >0 :

(FM-1) M(z,y,t) > 0,

(FM-2) M(z,y,t) = 1 iff = =y,

(FM-3) M(z,y,t) = M(y,z,1),

(FM-4) M(z,z,t+s) > M(x,y,t) « M(y, z,s),
(FM-5) M(x,y,-): (0,00) — [0, 1] is continuous.

If, in the above definition, the triangular inequality (FM-4) is replaced by
(NA) M(z,z,max{t,s}) > M(x,y,t) « M(y, z,s) for all z,y,z € X, s,t > 0, or equiva-
lently,
M(z,z,t) > M(z,y,t) * M(y, z,t)
then the triple (X, M, ) is called a non-Archimedean fuzzy metric space [6].

Definition 3. Let (X, M, ) be a fuzzy metric space (or non-Archimedean fuzzy metric
space). Then

(i) A sequence {x,} in X is said to converge to x in X, denoted by x, — x, if and
only if JL%OM(xn,x,t) =1 forallt >0, i.e. for eachr € (0,1) and t > 0, there
exists ng € N such that M (x,,x,t) > 1 —r for alln > ng [7,[15)].

(ii) A sequence {x,} is a M-Cauchy sequence if and only if for alle € (0,1) and t > 0,
there exists ng € N such that M (xp, xpm,t) > 1 —¢ for allm >n > ng (3,/15]. A
sequence {x,} is a G-Cauchy sequence if and only if JEEOM(x”’x"“’t) =1 for
any p>0 andt >0 [4,5,|15].

(iii) The fuzzy metric space (X, M, %) is called M-complete (G-complete) if every M-
Cauchy (G-Cauchy)sequence is convergent.

713 SEZEN 712-726



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

FUZZY BEST PROXIMITY POINT THEOREMS 3

Definition 4. [18,19] Let A, B be a non-empty subset of a non-Archimedean fuzzy metric
space (X, M, x). The mapping g : A — A is said to be a fuzzy isometric if

M(gz1, g2, t) = M(z1,22,1)
for all x1,x9 € A.
Definition 5. [17/ Fort > 0, a non-empty subset A of a fuzzy metric space (X, M, *) is
said to be t-approrimatively compact if for each x in X and each sequence y, in A with

M (yn,x,t) — M(A, x,t), there exists a subsequence yy,, of y, converging to an element
Yo in A.

Definition 6. [22/ Let v : [0,1) — R be a strictly increasing, continuous mapping and

for each sequence {a, }nen of positive numbers lim a, = 1 if and only if lim vy(a,) = +o0.
n—oo n—oo

Let T us the family of all v functions.
A mapping T : X — X is said to be a y-contraction if there exists a § € (0,1) such that

M(Tz,Ty,t) <1=~(M(Tx,Ty,t)) > v(M(z,y,t)) + 6 (1.1)
forallx,y € X and v €.

2. MAIN RESULTS

In this section, we present some definitions and deduce some best proximity point
results in non-Archimedean fuzzy metric spaces.
Let Ao(t) and By(t) two nonempty subsets of a fuzzy metric space (X, M, *). We will
use the following notations:
M(A, B,t) = sup{M(x,y,t) :x € A,y € B};
Ao(t) ={x € A: M(x,y,t) = M(A, B,t) for some y € B};
By(t) ={y € B: M(z,y,t) = M(A, B,t) for some z € A}.

Now, let us state our main results.

Definition 7. Let (A, B) be a pair of nonempty subsets of a non-Archimedean fuzzy metric
space X with Ag # 0. Then the pair (A, B) is said to have the fuzzy weak P-property if
and ony if

{ M<$1,y17t) = M(A7B’t) — M(ﬂj’l,.fsz,t) Z M(y17y27t)

M(l’Q,yQ,t) = M(A,B,t)

where x1,19 € Ay and y1,ys € By.
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Example 8. Let X = RxR and M : X x X x (0,00) — (0,1] be the non-Archimedean
fuzzy metric given by

M ) 7t = T N

(z9,1) t+d(z,y)
for allt > 0, where d : X x X — [0,00) is the standart metric d(x,y) = |x —y| for all
r e X. Let A=1{(0,0)}, B=1{(1,0),(—1,0)}. Then here, d(A,B) =1 and M(A, B,t) =
i Let us consider
M(Ul,l'l,t) = M(A,B,t)

M(UQ,Q?Q,t) = M(A,B,t)

Herefrom, we have
(ula 931) = ((07 0)7 (17 0)) and (uanQ) = ((07 0)7 (_17 0))
t
M(Ul, Ug, t) = M((O, O), (O, 0), t) =1> t—l——2 = M(Il, X9, t)
Then it is easy to see that (A, B) is said to have the fuzzy weak P-property.

Definition 9. Let A, B be a nonempty subset of a non-Archimedean fuzzy metric space
(X, M,%). Given T : A — B and a fuzzy isometry g : A — A, the mapping T is said to
preserve fuzzy isometric distance with respect to g if

M(Tgxy,Tgxq,t) = M(Txy, Txo,t)
for all x1,x9 € A.

Example 10. Let X = Rx [0,1] and M : X x X x(0,00) — (0, 1] be the non-Archimedean
fuzzy metric given by

_ t

C t+d(z,y)

for allt > 0, where d : X x X — [0,00) is the standart metric d(x,y) = |x —y| for all
r € X. Let A = {(2,0) : for all x € R}. Define g : A — A by g(x,0) = (—x,0). Then
M(z,y,t) = Wtw) = M(gz, gy,t), where x = (x1,0) and y = (y1,0) € A. Therefore, g
18 a fuzzy isometry.

M(z,y,t)

Theorem 11. Let A and B be two nonempty, closed subsets of a non-Archimedean fuzzy
metric space (X, M, x) such that Ay(t) is nonempty. Let T : A — B be y-contraction such
that T(Ao(t)) C By(t). Suppose that the pair (A, B) has the fuzzy P-property. Then, there
exists a unique x* in A such that M(x*,Tx* t) = M(A, B,t).
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Proof. Let we choose an element zg in Ag(t). Since T'(Ag(t)) € By(t), we can find x; €
Ap(t) such that M(xy,Txo,t) = M(A, B,t). Further, since T(Ay(t)) C By(t), it follows
that there is an element x5 in Ay(t) such that M(zy, Tzy,t) = M(A, B,t). Recursively,
we obtain a sequence {x,} in Ay(t) satisfying

M(xpi1, T2y, t) = M(A, B,t), forallne N. (2.1)
(A, B) satisfies the fuzzy weak P-property, therefore from (2.1) we obtain

M(zp, xpy1,t) > M(Txyq, Txy,,t), forallne N. (2.2)

Now we will prove that the sequence {x,} is convergent in Ag(¢). If there exists ng € N
such that M (T, 1, Txp,,t) = 1, then by (2.2)) we get M (x,,,, Tpyr1,t) = 1 which implies
Tpy = Tpy+1. Lherefore, we get

Txn, =Txpg1 = M(Txpy, Tap41,t) = 1. (2.3)
From and , we have that

M (Tpgr2, Tngs1,t) = M(Txpgs1, T2ng,t) =1 = Tpgio = Tngr1-
Therefore, x,, = x,,, for all n > ng and {x,} is convergent in Ay(t). Also, we obtain

M (Zpy, TTpg, t) = M(2pg41, TTpg, t) = M(A, B, t).

This shows that x,,, is a fuzzy best proximity point of 7" and the proof is completed. Due
to this reason, we suppose that M(Tx,_1,Tx,,t) # 1, for all n € N. In view of (1.1 and

by (2.2), we get
VM (0, Ti1,1)) 2 AM (21,00, )) +6

>
> V(M(‘Tn—% Tpn—-1, t)) + 20

v(M (xg,x1,t)) + nd. (2.4)

>
Letting n — oo , from ([2.4) we get
JLIQOW(M(xm Txpyq,t)) = +00.
Then, we have
lim M (x,, piq,t) = 1. (2.5)

n—o0

Now, we want to show that {z,} is a Cauchy sequence. Suppose to the contrary, that
{z,} is not a Cauchy sequence. Then there are ¢ € (0,1) and ¢, > 0 such that for all
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k € N there exist n(k), m(k) € N with n(k) > m(k) > k and
M (Zn(kys Ty, to) < 1 —€ . (2.6)

Assume that m(k) is the least integer exceeding n(k) satisfying the inequality (2.6)). Then,
we have

M (2 (k)=1, Tn(k), to) > 1 —€

and so, for all k£ € N, we get

L—e > M(Zn@), Tmk), to)
> M(Zm(k)—1, Tm(k) to) * M(Zpk)—1, Tn(k), Lo)
> M(Zpk)—1, Tm@), to) ¥ (1 —€ ). (2.7)
By taking & — oo in (2.7]) and using ([2.5)), we obtain
lim M (2 k), Tm(r), to) = 1 — €. (2.8)

k—o0

From (FM-4), we get

M (Zm@k) 41> Tnk)+1,t0) = M (Zm@k) 41, Tm(k), to)
* M (L (k) Tn(k), Lo)

$ M (T (k)1 Tr(k)+15 to)-

(2.9)
Taking the limit as k£ — oo in ([2.9]), we obtain
]}LIEOM(LCn(k)_,_l, Ton(k)+15 t))=1—¢. (2.10)
By applying the inequality (1.1)) with = = 4 and y = 2,
V(M (k)15 Tme)+1: 1)) = V(M (i) Tmr), 1)) + 0. (2.11)

Taking the limit as k& — oo in (2.11)), applying (|1.1)), from (2.8]), (2.10)) and continuitiy of

v, we obtain

Y1 —e)>y(1—¢)+4
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which is a contradiction. Thus {x,} is a Cauchy sequence in X. Since Ay(t) is a closed
subset of the complete non-Archimedean fuzzy metric space (X, M, %), there exists z* €
Ap(t) such that

lim z, = x*.
n—oo

Since T is continuous, we obtain Tz, — Tz*. Also, from continuity of the fuzzy met-
ric function M, we have M(zn41, T, t) = M(x*, Tx*,t). From 2.1)), M(z*,Tz* t) =
M (A, B,t). So, we prove that z* is a fuzzy best proximity point of 7. The uniqueness of
the best proximity point of T'. From the condition that T is y-contraction, we get

x1, Ty € A such that xy # x9 and M (xy, Txy,t) = M(xo, Txo,t) = M(A, B,t).

Then by the fuzzy weak P-property of (A, B), we have M (xy,xo,t) > M(Txy, Txo,t).
Also

Ty # xg => M (x1,x9,t) # 1.
Hence,

V(M (21, 22,)) 2 Y(M(T21, Ts,t)) = v(M(21,22,t)) + 6 > (M(21, 22, )
which is a contradiction. Therefore the fuzzy best proximity point is unique. U

Corollary 12. Let (X, M,*) be a non-Archimedean fuzzy metric space and Ay(t) a
nonempty closed subsets of X. Let T : A — A be a y-contraction. Then, there exists
a unique xr* in A.

Example 13. Let X = [0,1]x R and M : X x X x(0,00) — (0, 1] be the non-Archimedean
fuzzy metric given by as in Example[10, Let A = {(0,z) : for all z € R}, B = {(1,y) :
for all y € R}. Then here Ay(t) = A, Bo(t) = B, d(A,B) = 1 and M(A, B,t) = 5.
Let v : [0,1) — R such that v = — for all z € X . Now, define T : A — B by

11—z

T(0,7) = (1,%). Then, we get T(Ao(t)) = Bo(t) . Let us consider

M(Ul,Tl’l, t) =
M(’LLQ, TiIZ'Q, t) =

(A, B,t)

M
M(A, B, t).
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Herefrom, we have (uy,z1) = ((0,—%), (0, —21)) or (uz, x2) = ((0, —=%2),(0, —22)). Then
from , we obtain,

—z —z t
M, t)) = A0, 72, (0,52), 1) = 7(——)
t 4 szl
1 1 t
= > = )
- H_szgzﬂ 1- t+|zf—z2| t+ |Zl - 22|

= y(M(z1,x9,1)).
That s,
V(M (u, up, 1)) > (M (21, 22,1)).
Therefore, there exizts a 6 € (0,1) such that
(M (uy,ug, t)) > ~v(M(xy1,29,t)) + 0
Then it is easy to see that T is a ~y-contraction and (0,0) is a unique fuzzy best prozimity
point of T.

Definition 14. (~y-prozimal contraction of Type-1) Let A and B be two nonempty subsets
of a non-Archimedean fuzzy metric space (X, M, *) such that Ay(t) is nonempty. Suppose
that a mapping T : A — B is said to be a y-proximal contraction if there exists a 6 € (0,1)
for all uy,ug, x1, 20 € X such that

M(Ul,T.CL’l,t) = M(A,B,t)

M(UQ, T.CL’Q, t) = M(A, B, t) — ’Y(M(Ul, Usg, t)) 2 ’}/(M(Zlfl, T, t)) + 0. (212)

M(ul,u%t), M(l’l,SEQ,t) <1
Definition 15. (y-prozimal contraction of Type-2) Let A and B be two nonempty subsets
of a non-Archimedean fuzzy metric space (X, M, x) such that Ay(t) is nonempty. Suppose

that a mapping T : A — B is said to be a y-proximal contraction if there exists a 6 € (0,1)
for all uy,us, x1, 20 € X such that

M(Ul,TJ}l,t) = M(Aa B7t)

M(UQ,TCCQ,t) = M(A, B,t) — ’Y(M(Tul,T'U,Q,t)) > 7(M(TI1,TI2,t))+(S

M(Tul, Tus, t), M(TIl, Tz, t) <1
(2.13)

Theorem 16. Let A and B be two nonempty, closed subsets of a non-Archimedean fuzzy
metric space (X, M,*) such that Ay(t) is nonempty. Suppose that T : A — B and
g : A — A satisfy the following conditions:
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(1) T(Ao(t)) € Bo(t),

)
(ii) T : A — B is a continuous y-proximal contraction of type-1,
(131) g is a fuzzy isometry,

(1v) Ao(t) S g(Ao(?)).

Then, there ezists a unique element x in A such that M(gx, Tx,t) = M(A, B,t).

Proof. Let we choose an element zy in Ag(t). Since T'(Ag(t)) C By(t) and Ag(t) C
g(Ao(t)), we can find x; € Ay(t) such that M(gxq,Tzo,t) = M(A, B,t). Further, since
Txy € T(Ap(t)) C By(t) and and Ag(t) C g(Ap(t)), it follows that there is an element o
in Ay(t) such that M (gxza, Tx1,t) = M(A, B,t). Recursively, we obtain a sequence {x,}
in Ag(t) satisfying

M(gzpi1, Tr,, t) = M(A, B,t), forallneN. (2.14)
Now we will prove that the sequence {x,} is convergent in Ay(t). If there exists no € N

such that M (gzp,, Txpy+1,t) = 1, then it is clear that sequence {z,} is convergent. Hence,
let M(gxpny, gTng+1,t) # 1, for all n € N. From T is a y-proximal contraction of type-1

and (2.14)), we have

Y(M(gn, gTni1,t)) = V(M (Tn_1,2n,t)) +0
= ’y(M(xnvxn—‘rl)t)) > /V(M(In—laxnvt)) +9
> y(M(wo, 71,t)) + nd. (2.15)

Letting n — oo , from ([2.15)) we get
lim ’Y(M(l‘na Txn-i—la t)) = +00.
n—oo

Then, if we similarly continue as the process in the proof of Theorem |11} we have {z,} is
a Cauchy sequence.
Since is a closed subset of the complete non-Archimedean fuzzy metric space (X, M, x),

there exists © € Ay(t) such that lim z,, = .
n—oo

Since T',g and M are continuous, passing to the limit n — oo, we have
Mgz, Tx,t) = M(A, B,t).

Let 2* be in Ay(t) such that M (gz*, Tx*,t) = M (A, B,t). Now, we will show that = = x*.
Suppose to the contrary, let = # z*. Therefore, M (z,x*,t) # 1. Since T is a 7-proximal
contraction of type-1 and ¢ is an isometry, we have

V(M (z,27,1)) = v(M(gz, ga*, 1)) = (M (2,27, 1)) + 6 > (M (z, 2", 1))
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which is a contradiction. Hence, = z*. Therefore, the proof of Theorem [I6]is completed.
O

If we take ¢ is the identity mapping, we obtain the following result.

Corollary 17. Let A and B be two nonempty, closed subsets of a non-Archimedean fuzzy

metric space (X, M,*) such that Ao(t) is nonempty. Assume that A is approximatively

compact with respect to B. Also, suppose that'T' : A — B satisfy the following conditions:
(1) T(Ao(t)) S Bo(t),

(ii) T : A — B is a continuous y-proximal contraction of type-1,

Then, T has a unique fuzzy best proximity point in A.

Example 18. Let X = Rx[-2,2] and M : X x X x (0,00) — (0,1] be the non-
Archimedean fuzzy metric given by

M = —
(z,y,t) I+ d(o.y)

for all t > 0, where d : X x X — [0,00) is the standart metric d(z,y) = |x —y| for
all v € X. Let A = {(x,—2) : for allz € R}, B = {(y,2) : for ally € R}. Then here
Ao(t) = A, Bo(t) = B, d(A,B) = 4 and M(A,B,t) = 5. Let v : [0,1) — R such that

’yzﬁfarallxe)( . Now, defineT : A— B andg: A— A by
T(ZL’, _2) - (g72) and g(l’, _2> = (_1‘” _2>

Clearly, g is fuzzy isometry. Then, we have, we get T(Ao(t)) = Bo(t) and Ay(t) =
g(Ao(t)). Let us consider

M(gulaTl‘at) = M(AaB7t)
M(gUQ,TI,t) = M(AvB7t)

Herefrom, we have (uy,z1) = ((—%, —2), (21, —2)) or (ug,x2) = ((—%2,—2), (22, —2)). We

9 9
claim that T is a ~y-proximal contraction type-1. Now, putting uy = (—%,—2),11 =

2
(21,—2), up = (—%,—-2) and vy = (2, —2) in , we have

V(M (gur, gun,t) = Y(M((Z—2), (2, 2),) = 5(—

t+ —'“g”')
1 1 ¢

1_(t+@)2 1-(@)2 t+ |21 — 22|

= (M (z1,22,t)).
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That is, we have
V(M (w1, us, 1)) > (M (21, 22, 1)).
Therefore, there exizts a 0 € (0,1) such that
V(M (uy, ug, t) > y(M(xq,22,1)) + 0.

Then it is easy to see that T is a ~y-proximal contraction type-1. It now follows from
Theorem 16| that (0, —2) is a unique fuzzy best proximity point of T.

Theorem 19. Let A and B be two nonempty, closed subsets of a non-Archimedean fuzzy
metric space (X, M, *) such that Ay(t) is nonempty. Assume that A is approximatively
compact with respect to B. Also, suppose that T : A — B and g : A — Asatisfy the
following conditions:
(1) T(Ao(t)) € Bol(t),

(15) T : A — B is a continuous y-prozimal contraction of type-2,

(1ii) g is a fuzzy isometry,

(iv) Ao(t) S g(Ao(?)),
(v) T preserves fuzzy isometric distance with respect to g.
Then, there exists an element x in A such that M (gz,Tx,t) = M(A, B,t). Moreover, if
x* is another element of A such that M (gx*, Tx*,t) = M(A, B,t).

Proof. Let we choose an element T'xzy in T'(Ag(t)). Since Txy € T(Ao(t)) C By(t) and
Ap(t) € g(Ap(t)), we can find x; € Ag(t) such that M(gx,, Txg,t) = M(A, B,t). Further,
since T'(Ap(t)) € By(t) and and Ay(t) C g(Ap(t)), it follows that there is an element
in Ay(t) such that M (gza, Tx1,t) = M(A, B,t). Recursively, we obtain a sequence {x,}
in Ag(t) satisfying
M(gxpi1, Tx,, t) = M(A, B,t), forallne N. (2.16)
Now we will prove that the sequence {Tx,} is convergent in B. If there exists ny € N
such that M(Tgz,,, Tgrp,s1,t) = 1, then it is clear that sequence {Tx,} is convergent.
Hence, let M (T gxy,, Tgxn,11,t) # 1, for all n € N. From T is a y-proximal contraction
of type-2, T preserves fuzzy isometric distance with respect to g and (2.16]), we have
y(M(Tgzy, Tgrpi1,t) > Y(M(Txp_q,Ta,,t))+0
= Y(M(Txy, Trpi,t) > y(M(Txp—1,Tx,,t)) +9

v

;(M(TJCO, Tx1,t)) + nd. (2.17)
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Letting n — oo , from (2.17) we get
lim (M (T, Txpy1,t)) = +00.
n—oo
Then, if we similarly continue as the process in the proof of Theorem [11], we have {T'z,,}
is a Cauchy sequence in B.

Since B is a closed subset of the complete non-Archimedean fuzzy metric space (X, M, ),

there exists y € B such that lim T'x,, = y. From the triangular inequality, we obtain
n— oo

My, A, t) > M(y, gz, t) > M(y, Txp_q,t) * M(Tzp_1, gx,,t)
= M(y,Tzp_1,t)« M(A, B,t)
> M(y, Tx,_1,t) * M(y, A, t). (2.18)
Passing to the limit as n — oo in ([2.18]), we have

lim M (y, gx,,t) = M(y, A, t).

n—oo
Since Ay(t) is approximatively compact with respect to B, there exists a subsequence
{92y, } of {gz,} such that converges to some z in Ay(t). Therefore, we have

M(z,y,t) = klim M(gxpn,, Tgx,, —1,t) = M(y, A, t).

—00
Hence, it implies that z € Ay(t). Since Ag(t) C g(Ao(t)), there exists x € Ay(t) such that
z = gx. Taking to the limit as klim 9Ty, = gz and g is a fuzzy isometry, we obtain
—00

lim z,, = x.

k—oo
Since T is continuous and {T'z,} is convergent to y, we have

lim Tz, =Tx =vy.

k—oo
Hence, it follows that

M(gz,Tx,t) = klim M(gzn,, Tz, t) = M(A, B,t).

—00

Let x* be in Ag(t) such that M (gz*, Tx*,t) = M(A, B,t). Now, we will show that Tx =
Tx*. Suppose to the contrary, let Tz # Tx*. Therefore, M(x,Tz*,t) # 1. Since T is a

~-proximal contraction of type-2 and T' preserves fuzzy isometric distance with respect to
g, we have

V(M (T, Ta* 1)) = v(M(Tge, Tga" £)) > 1(M(x,2°,1)) + 8 > y(M(z, 2", 1))

which is a contradiction. Hence, T'x = Tx*. Therefore, the proof of Theorem is
completed. 0
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If we take ¢ is the identity mapping, we obtain the following result.

Corollary 20. Let A and B be two nonempty, closed subsets of a non-Archimedean fuzzy
metric space (X, M,*) such that Ay(t) is nonempty. Assume that A is approximatively
compact with respect to B. Also, suppose that T : A — B satisfy the following conditions:
(1) T(Ao(t)) € Bo(t),
(ii) T : A — B is a continuous y-proximal contraction of type-2,
Then, T has a unique fuzzy best proximity point in A. Moreover, if x* is another fuzzy
best proximity point T', then Tx = Tx*.

Example 21. Let X = [0,1]x R and M : X x X x(0,00) — (0, 1] be the non-Archimedean
fuzzy metric given by

- t

Ct+d(z,y)

for allt > 0, where d : X x X — [0,00) is the standart metric d(x,y) = |x —y| for
all x € X. Let A = {(0,z) : for all x € R}, B = {(1,y) : for ally € R}. Then here
Ao(t) = A, By(t) = B, d(A,B) =1 and M(A, B,t) = . Let v : [0,1) — R such that

41
forallx € X . Now, defineT : A— B andg: A— A by

M(z,y,t)

V=
T(0,z) = (1, %) and g(0,z) = (0, —x)
Clearly, g is a fuzzy isometry. Then, we have, we get T(Ao(t)) = Bo(t) and Ap(t) =
g(Ao(t)). Let us consider
M(guy,Tzy,t) = M(A, B,t)
M (gus, Txo,t) = M(A, B,t).

. Clearly, T is preserve isometric distance with respect to g. That is M(Tgxy, Tgxs,t) =
M (Txq,Txy,t). We claim that T is a y—proximal contraction type-2. Now, putting u; =

(0,=3),21 = (0,21), 1y = (0,=%,) and 23 = (0,2) in (213, we have

t
V(M(Tguy, Tguy,t) = V(M(la%%(l;%),t):V(W)
9

t

1 - 1 (

=7
t z |21 —22]
\/1_t+IZ1;zz\ \/1_t+|Z1;Z2\ t+ 132

= N(M(Tx1,Tx,1)).

)

Since, T preserves isometric distance with respect to g, we have

Y(M(Tuy, Tusg, t)) > v(M(Txy, Txs,t)).
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Therefore, there exixzts a 0 € (0,1) such that
(M (Tuy, Tug, t)) > y(M(Txy, Tao,t)) + 6.

Then it is easy to see that T is a ~y-proximal contraction type-2. It now follows from
Theorem (19 that (0,0) is a unique fuzzy best proximity point of T.
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Abstract: The aim of this paper is to find exact solutions for the conformable fractional Harry Dym
Equation. In this work we deal with three different forms of conformable fractional Harry Dym Equation
and for each form a suitable wave variable substitution is found. Each substitution transform its
corresponding problem to an ordinary differential equation, What is more, the resulted ordinary
differential equations in the three cases are the same. General solutions are obtained by applying the
direct integration method on the resulted ordinary differential equation. These obtained solutions are
found for some particular choices for the constants values. The behavior of every solution is discussed
and illustrated in graphs. The tedious integrals and difficult computations associated with calculations in
this paper are performed and simplified by using Mathematica 9.0.

Keywords: Conformable fractional derivative, Harry Dym Equation, Conformable Harry Dym Equation,
Exact solutions.

1. Introduction

Recently, differential equations with fractional derivatives attracted the interest of many researchers;
since such equations describe effectively many phenomena in applied sciences such as physics, biology,
technology, and engineering [3, 7, 14].

Harry Dym equation (HD) was so named related to the name of its discoverer Harry Dym in his
unpublished paper 1973-1974, although it appeared to first time in Kruskal and Moser [9]. HD equation
represents a system which gathers non-linearity and dispersion, also it is a completely integrable
nonlinear evolution equation which obeys an infinite number of conservation laws, but it does not have
the Painleve property. More properties for HD equation discussed in details can be found in the reference
[4]. Moreover HD equation can be connected to the Korteweg-ge Vries equation which has many
applications in hydrodynamics [4, 15].

Many efforts have been done to find exact and approximate solutions for both HD equation and
fractional HD equation like algebraic geometric solution of the HD equation[13], solitions solutions of the
(2+1) dimensional HD equation via Darboux transformation [2], explicit solutions for HD equation [1],
exact solution of the HD equation [12], an efficient approach for fractional HD equation by using sumudu
transform [10], symmetries and exact solutions of the time fractional HD equation with Rieman-Liouville
derivative [5], and a fractional model of HD equation and its approximate solution [11].

Fractional derivatives have many definitions [14] but the most used of these definitions are Riemann-
Liouville derivative and Caputo derivative. They were defined as follows:

(i) Riemann - Liouville Definition. For a € [n-1, n), the a derivative of f is:
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DEF(E) = [ Ly

I'(n—a)dt™ (t—x)a—n+1

(i) Caputo Definition. For a € [n-1, n), the a derivative of f is:

S ARIC)

(Tl — CZ) a (t — x)a—n+1

DEf(t) = T dx

Recently, a new definition called conformable fractional derivative was introduced by authors in
[6], Since then the interest of it keeps growing and many equations were solved using such definition [8].
In this paper we intend to find exact solutions for fractional HD equation in the sense of this definition
rather than Rieman-Liouville definition or Caputo definition. The rest of the paper is organized as
follows: Basics of conformable fractional derivative are stated in section 2, in section 3 solutions for
conformable fractional HD equation are found, in section 4 some examples are discussed.

2. Basic results on conformable fractional derivatives.
Now, Let us summarize the basic properties of the conformable fractional derivative definition.

Definition [6]: Given a functionf: [0,00) - R. And t > 0, € (0, 1], then the conformable fractional
derivative of order a is defined as

. t+et170)—f(t)
T, (F)(t) = lim_q %
T, is called the conformable fractional derivative of f of order « .

d*f
dte -’

Let f*(t) stands for T, (f)(t) =
If £ is a-differentiable in some(0, b), b > 0, and lim,_,,+ f*(t) exists, then by definition:
£(0) = lim, g+ £*(¢)
Theorem 1 [6]: Let a € (0,1] and f, g be a-differentiable at a point ¢ > 0. Then
1.T,(af +bg)=aT,(f)+bT,(g), foralla,b € R.
2.T, (tP) = ptP~® forallp € R.
3. T, (A) =0 for all constants functions f(t) = A

4-Ta(fg)=fTa(g)+gTa(f)'

5. T, (g)zw

6. If, in addition, £ is differentiable, then T,, (f)(t) = t1=¢ %.
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Theorem 2 [8]: let f be an a-differentiable function in conformable sense and differentiable and suppose
that g is also differentiable and defined in the range of f. Then

T, (fog) (t) = t'=% g’ ®Of (g(®)).

More properties, definitions and theorems as Roll’s Theorem and Mean Value Theorem for
conformable fractional derivative are expressed in the work [6],

3. Fractional Harry Dym Equation.
The classical HD equation is:

ut = u3 uxxx (*)

Where u(x, t) is a function of two real variables x and t.

Let us write:

uf =Tfu=—— uf =Tiu = , u,(fa) = Tx(ga)u =TI TE T u.

Now we will solve three fractional forms of(x):

() Ul = Wy - 1)
() u =udul. 2)
i) uf = udul. 3)

Where a € (0, 1].

Using suitable wave variable substitution in each form will transform the equation to an ordinary
differential equation as follows:

1. For form (i) let the wave variable substitutionn = x + 2 t* and u(x,t) = v(n) . So one can write

u = von, now apply Theorem 2 to find uf . You will getthat uf = t'=% 5" (t)v (n(®)) =

cv',alsou® = v3and u,,, =v . Hence equation (1) is transformed to:

cv =v°v 4

2. For form (ii) let the wave variable substitution n = ix“ +ctandu(x,t) =v(n) =ven. so

(Ba)

3 =v3and u;°® = v" . Then equation (2) is transformed to:

uf =cv,u

cv =v3v” 4)
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3. For form (iii) let the wave variable substitution n = éx“ + 5 t*and u(x,t) =v(n). souf =

3 Ba) _

cv',ud = viand u v"" . Then equation (3) is transformed to:

cv =v3v” 4

Now to solve the resulted ordinary differential equation (4), rewrite it as:

nr C
" (W) =0 (5)
Integrate (5) with respect to n, gets
" + C _ Cl 6
VT T2 ©)

Multiply (6) by v’ then integrate with respect to n yields
’ C
(v)2=;+c1v +c, (7N

Using the separation of variables changes (7) to

/ v
dn=+ |— d 8
n=* civ? +cv+c v ®)

Integrate both sides of (8) using Mathematica 9.0 you will obtain

v
-+ f—d + 9
1 __f civ? +cv+c voTe )

D
[Elliptic E(i sinh='(G),K) — Elliptic F(i sinh™1(G),K)]+c; (10)

= +i
=+ —

A ’ v __ — 2 — 2o
Where: A = v +evtc ] B Cz+ deert 6t € \/1 + ca—y/—4ccites?
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D= |1+ 2c,v G = 2c,v and K = Caty —4ccitcy?
cp++/ —4ccytcs? ' cpt++ —4ccytcs? co—J—4ccitc?

Elliptic F and Elliptic E are elliptic integrals of the first and second kind respectively.

For some particular choices to the constants c, ¢, and ¢, in equation (9) one can get simpler solutions as

follows:

) Letc1=c2=0,thenn=i3v\/§ + c3, hence

w

v=(G e an

/ 2
o Let ¢;=0,c;#0,thenn = i(M - % log( 2coVv + 24/vca? + cyc )) +c3

Cc2 sz
Other suggested constants are:

1. Letc, = 2+/ccy.
2. Letc, = —24/ccq.

You can easily using Mathematica 9.0 to perform the integration of equation (9) to get formula of n
after you determine the suggested constants, however the difficulty that faces is how to get v with
respect to n explicitly , except the formula in (11), this what was discussed in [12], Hence it seems that
formula (11) is the only explicit solution for equations (1), (2) and (3). So results can be summarized as

follows:
2
- The solution of equation (1) is u(x, t) = (c3 t %x/E (x + 5 t“))E.
2
- The solution of equation (2) is u(x,t) = (c3 = %x/E (%x“ +ct) )3 .

2
- The solution of equation (3) isu(x,t) = (c3 + %\/E (éx“ + it“) )3.
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Remarks:

1. The same ordinary differential equation is obtained from the three different forms of conformable

fractional Harry Dym- Equation after using special wave variable for each form.

2. A function could be a-differentiable at a point but not differentiable, illustrating example was discussed

in [6].
4. Examples.

2
Example 1: Let « = 0.7, for the graph of equation (1) solution u(x,t) = (c3 + %x/E (x + it“))i with

respect to x and t, with c; = 4 and ¢ = 1 see Figure 1.

2
Fig. 1 The graph of u(x,t) = (4 +§ (x + it“)ﬁ at @ = 0.7
for example 1

2
Example 2: The graph of equation (1) solution u(x, t) = (c3 + %\/E (x + it“))i versusxatt =1,

c3 = 4 and c = 1 for different values of « is in Figure 2.
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a=0.9

o=0.T

2
Fig. 2 The graph of u(x,t) = (4 + % ( x + %))5 versusxatt =1at a =1,0.9 and 0.7

for example 2

2
Example 3: Let = 0.9, for the graph of equation (2) solution u(x,t) = (c3 + %\/E (ix“ +ct))3

with respect to x and t, with c; = 4 and ¢ = 1 see Figure 3.

2
Fig. 3 The graph of u(x,t) = (4 +% (%x“ + t))§ at @ =09
for example 3
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2
. . 3 (1 3
Example 4: The graph of equation (2) solution u(x, t) = (4 +3 (Ex“ + t)) versusxatt = 0,c3 =

4 and c = 1 for different values of a is in Figure 4.

wx, )

=09

=07

2
Fig. 4 The graph of u(x,t) = (4 +§(§ x* + t))§ versus xatt=0at @« = 1,0.9 and 0.7

for example 4

2
Example 5: Leta = 0.9, for the graph of equation (3) solution u(x, t) = (c3 + %\/E (ix“ + it“) )3

with respect to x and t, with ¢c; = 4 and ¢ = 1 see Figure 5.

. _ 3 (1. a.1,a\\2 _
Fig. 5 The graph of u(x,t) = (4+E (;x +t ))3 at «a =09
for example 5
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. . 3 1 2
Example 6: The graph of equation (3) solution u(x,t) = (c3 + 5\/5 (;x“ +§t“) )3 versusx att =1

,c3 =4 and c = 1 for different values of a is in Figure 6.

a=0.9

a=0.7

2
Fig. 6 The graph of u(x,t) = (4 +;(§x“ + ét“)ﬁ versus x att=1at @« = 1,0.9 and 0.7 for
example 6
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Abstract. This paper aims to investigate some striking properties of the g-exponential functions more profound-
ly. To achieve this, at first, the Gauss g-binomial formula is generalized and based on the formula, important
properties of the g-exponential functions are established.
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1 Introduction

The g-analogue of any real number ¢ is defined as [t], = 1%‘{; and the g-factorial, denoted by [n],!, is

T
defined [1, 2] as
1 if n =0,
[nlq! = { (1)

g xn—1]gx---x[1], fn=12,....

The g-analogue of (a + z)", denoted by (a + )y, is defined [3] as

IL.—ola+qmz) n=12....

It is also defined for any complex number « as

(a+a)7 = {1 n=0 ()

(a+z)3° 3)

a+2x)f=—""-—"—,
(a2 (@ +goa)g

where (a + 2)7° := lim,, 1 —o(a+ ¢™z), and the principal value of ¢* is considered, 0 < ¢ < 1.

Yet, the g-Maclaurin series expansion of (a + z)7 is

" /n
(ata)y=3" (k) a"Fatqls) (4)

k=0 q
where (Z)q = % are called g-binomial coefficients. Expression (4) is called Gauss g-binomial
formula (see [3], p. 15). In the ¢g-binomial coefficients, if |¢| < 1 and n tends to infinity (see [3], p. 30) we
obtain lim,, oo (Z)q = ﬁ. More details about the identities involving g-binomial coefficients can be

found in reference [4].
Omne can also recall definitions of the ¢g-functions [2, 5, 6] as follows:

oo

R AT ®

1
n),!

n

EF = (14 (1-q)2)F = aq(3),  zec. (6)

M8 1

n=0

It can be seen that e; E;* =1 and e] , = Ej. The product of the two functions are investigated in a
more detailed way in [6, 7, 8]. The contribution of the corresponding references can be summarized in
the following theorem:

Theorem 1. For all z,y € C the following equation holds

T = 1 n T
B = X gl T = e g
n=0 "1

where (x +y)7 is defined in (4).

In the light of aforementioned preliminaries, this paper aims at studying about the g-exponential functions
more closely. At first, the Gauss g-binomial formula is generalized and based on the formula, some
properties of the g-exponential functions are established.
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2 ¢-Exponential Functions

First, let us generalize the g-binomial formula given in (4). The generalization of the ¢-binomial can then
be carried out as follows.

Theorem 2. For any x,y,z € C and positive integer n, the following identity holds:
" /n
@ =3 (1) @ty ()
k=0 q

Proof. The induction is used to prove the theorem. Equation (8) is valid for n = 1. Assuming that (8)
holds for any n and we show that it holds for n + 1. Then

@+t =@+ ez +a" ") + (@ — ¢"2))

=§(Z)qq (x—2)i(z+y)ot k+zn:<)q D (24 y)nk

k=0

=t 4 Y (7) e e
k=1 q
n Py n+l1—k
#30( ) o

=§(”Zl)q<x D+ )y

k=0
Thus, the proof is complete. O
It is realized that the identity in Theorem 2 can be re-written as

@t =Y (1) @2t st ©

k=0

Its proof can be readily derived form the proof of Theorem 2.

Theorem 2 and its re-expression (9) allow one to conclude the striking identities given as follows:

e For y =0 and z = 1, the ¢-Taylor expansion of 2™ about x = 1, (see [3], p. 23) becomes

Z" = En: (Z)q(m — 1)k

k=0

For x =1, y = —ab and z = a, the following identity (see [2], p. 25 ) is obtained

(1—ab)? = i: (Z)qa"—ku —a)ka -,

k=0

e For y = —x, the identity
Z() r—2) (z—x)”kzo.
k=0 q

is found.

For the case of z = 0 in (9), the ¢-binomial formula in (4) is reached.

For x =1, y = —ab and z = b in (9); the identity (see [2], p. 25 )

n

A-ab)g=3 (Z)qbk(l —a)h(1—b)n "

k=0

is stated.
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Theorem 3. For z,y,z € C, the following equations hold

o o k z—z
(37 + y)q _ Z 1 (:’E - Z)q i _ e((l—q;(zl (10)
z+y), SRS a—gF
and .
(%s) 00 (z+y)q4
l‘+y)q _ Z 1 (Z“Fy)qi — oD (11)
x—2); — [k],! (1—q)far

(x+y)y

[
T
85
/_\
> 3
\_/

H

|

N
’Q

+
S

3

3‘

Dividing both sides of the last equation by (z + y)go gives

(x+y)zo_ooi(xfz)];i
Sl '

(x—2)g
By using Theorem 1, the right hand side of the previous equation can be re-written as e;' ¥ which
completes the proof of equation (10). In a similar manner, the latter can be proven. O

Example 1. If we take x =1 and y = —az in equation (11), we will get (see [2], p. 8 )

(l—az * 1 (z- az)k_oo (l—a)s . o
(1—2’ ZW (1— —kz_omz = 160 (a;—3¢,2).

—o Mg Q) q

The function on the right hand side of the above equation is called basic hypergeometric series and more
details about it can be found in [2].

Now we concentrate about the g-exponential functions. At first, product of the g-exponential functions
is given in the next theorem and then some properties of the g-exponential functions are derived.

Remark 1. For |z| <1 and |q| < 1, the following identity holds

Theorem 4. For z,y,z € C, the following identity holds

egﬂc‘i‘y)q — e((]'t_z)q egz"l‘y)q_ (13)

Proof. The identity (7) is taken to expand the g-exponential functions on the right hand side of (13), and
thus

R S (Z %(x —2)7)( Z L’(z +9)g)

= [nlq = [nlg!
= Lo (n x—2),(z n-k
=2 s (1) e o
_ i Loty =
"0 [n]q!

739 Belaghi 737-741



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Corollary 1. For z,z, € C, the following identity holds

oty 1
q e((zz+:c)q
Proof. By taking y := —x and z := —z in Theorem 4, the requirement can be easily carried out. O

Theorem 5. For x € C and m,n € Z, the following identity

H J+1 —3)q% Zf m>n
(m—n)qz _ Jj=n
q n—1

(J (J+1))qz if m<n

H:]

holds.

Proof. First, consider the case of m > n. The theorem is proven by induction. For the basis step,
m = n + 1, the theorem is valid. Take the case m = k, k > n. Then it needs to be proven that it holds
for the case m = k + 1. By using identity (13) and the induction, it can be reached

k—1 k
e((](k-l—l)—n)qw _ e(g(k-i—l)—k)q;ve‘(]k—n)qw _ e((](k-l—l)—k:)q:r H e((](j-i—l)—j)q;v _ H e((](j-i—l)—j)qz
j=n ‘
which completes the proof of the first part.
For the case of m < n, Corollary 1 is used. Then the result of the first part is applied to get

1 n—1
(m—n)qz _ - (I—(+1))q
€q - n—m)g(z) —+1 x H 6
61(1 )a () HJ - E](] )=3)a ;

which completes the proof. O

Corollary 2. For x € C, and positive integers m and n, the following identities hold:

m—1
E H e((](j'i'l)_j)qx’ (14)
n—1 ) )
B = H e(gj—(]"rl))qx (15)

Proof. Consideration of (7) with n = 0 and m any positive integer in Theorem 5 leads to the complete
proof of the first identity. Replacing m and n values between each other in the first identity gives the
proof of the second one. O

Now then, the n-th g-derivative of the g-exponential functions is found in the next theorem.
Theorem 6. For o, 3,z € C and positive integer n,

D;zega—&-,@)q:v = (a +B) a+q "B)aT (16)

Proof. We use the induction to prove the theorem. For the case of n = 1, we need to get the g-derivative

of ef{HB )17 " So we use equation (7) and then take the g-derivative to obtain

© ©
qu((za—‘rﬁ)qx = Dq(kzo Wq'(a —+ ﬁ)§$k> — (O{ 4 ﬁ) ];J W( qﬁ)k k (O( +ﬁ) ((1044-(15):11

Assuming that (16) holds for a given k and to prove that it holds for k + 1, we need to obtain the

(QJFB)LI

g-derivative of Dk . Hence

Dttt Ma — D (Dhel M) = (a + B)k Dy e+ D) = (a4 B+ efota™™ Das,

Thus the proof is complete. O
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Theorem 7. For |z| < 1, |¢| < 1 and any arbitrary «, the following identity holds
o 1
eyl 1t = - (—gae (17)
Proof. To prove the theorem, we use equations (3), (5), (6) and (7). Then we have
i et = L g gpeae= L
(1—=(1=qz)g -0 -ga)g
which completes the proof. O
Remark 2. Equation (17) can be rewritten as e,gqa_l)“x =(1-(01-q).

In the next example, we show that the g-binomial theorem (see: [1] P. 247 or [9] P. 488) can be proven
shortly by using Theorem 1.

Example 2. For |z| <1 and |g| < 1,

Yt D o Ut YRE N G T Ut
LTk T Ty (1-a)F

Note that to reach this result; (7) in the second and third equations, and (5) and (6) in the last equation
have been considered.

3 Conclusions and Recommendation

Some striking properties of the g-exponential functions have been analyzed in detail. In doing so, the
Gauss g-binomial identity has generalized and based on it, remarkable properties of the g-exponential
have been established. For further studies, similar discussion can be carried out for g-trigonometric
functions.
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Abstract. Neutrosophic quadruple structure is used to study BCI-implicative ideal in BCI-algebra. The conceot
of neutrosophic quadruple BCI-implicative ideal based on nonempty subsets in BCI-algebra is introduced, and their
related properties are investigated. Relationship between neutrosophic quadruple ideal, neutrosophic quadruple
BClI-implicative ideal, neutrosophic quadruple BCI-positive implicative ideal and neutrosophic quadruple BCI-
commutative ideal are consulted. Conditions for the neutrosophic quadruple set to be neutrosophic quadruple
BCl-implicative ideal are provided. A characterization of a neutrosophic quadruple BCl-implicative ideal is
displayed, and the extension property of neutrosophic quadruple BCI-implicative ideal is established.

1. Introduction

In [T4], Smarandche has introduced the neutrosophic quadruple numbers for the first time. Using the notion
of Smarandache’s neutrosophic quadruple numbers, Akinleye et al. [2] presented the notion of neutrosophic
quadruple algebraic structures. In particular, they studied neutrosophic quadruple rings. Agboola et al. [I]
studied neutrosophic quadruple algebraic hyperstructures, in particular, they developed neutrosophic quadruple
semihypergroups, neutrosophic quadruple canonical hypergroups and neutrosophic quadruple hyperrings. Using
BCK/BCl-algebras, Jun et al. [7] have established neutrosophic quadruple BCK/BClI-algebra, and have studied
neutrosophic quadruple (positive implicative) ideal in neutrosophic quadruple BCK-algebra and neutrosophic
quadruple closed ideal in neutrosophic quadruple BCI-algebra. Muhiuddin et al. [I3] have studied neutrosophic
quadruple g-ideal and (regular) neutrosophic quadruple ideal in neutrosophic quadruple BCI-algebra. Muhiuddin
et al. [I2] also have studied implicative neutrosophic quadruple ideal in neutrosophic quadruple BCK-algebra.

In this article, we study BCI-implicative ideal in BCI-algebra using neutrosophic quadruple structure. We
define neutrosophic quadruple BCI-implicative ideal based on nonempty subsets in BCl-algebra, and investigate
their related properties. We consult relationship between neutrosophic quadruple ideal, neutrosophic quadruple
BCl-implicative ideal, neutrosophic quadruple BCI-positive implicative ideal and neutrosophic quadruple BCI-
commutative ideal. We provide conditions for the neutrosophic quadruple set to be neutrosophic quadruple
BCl-implicative ideal. We discuss a characterization of an neutrosophic quadruple BCI-implicative ideal, and

establish the extension property of neutrosophic quadruple BCI-implicative ideal.
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YKeywords: neutrosophic quadruple BCK/BCl-algebra; neutrosophic quadruple BCI-implicative ideal; neu-
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2. Preliminaries

A BCK/BCl-algebra, which is an important class of logical algebras, is introduced by K. Iséki (see [, [B]) and
it is being studied by many researchers.

W

A BCl-algebra is a set X with a binary operation and a special element “0” that satisfies the following

conditions:

@) (Vz,y,2€ X) ((z-y) - (z-2)) - (z-y) =0),
() (Va,y € X) ((z- (z-y))-y=0),
(II1) (Vz € X) (z-z=0),
(IV) Ve,ye X) (z-y=0,y-2=0 = z=y).
If a BCI-algebra X satisfies the following identity:
(V) VzeX) (0-2=0),
then X is called a BCK-algebra. Any BCK/BCI-algebra X satisfies the following conditions:

Vze X)(z-0=ux), (2.1)
Ve,y,zeX)(e<y=2-2<y-z,z-y<z-x), (2.2)
(Va,y,2 € X) ((z- ) =(z-2)-y), (2.3)
(Va,y,z€ X)((x-2)-(y-2) <z -y) (2.4)
where x < y if and only if z - y = 0.
Any BCl-algebra X satisfies the following conditions (see [3]):
(Vz,y € X)(a- (- (z-y)) =2 y), (2.5)
(Va,y € X)(0-(z-y) = (0-2)-(0-y)), (2.6)
(Va,y € X)(0-(0-(z-y)) = (0-y)- (0-2)). (2.7)
An element a in a BCl-algebra X is said to be minimal (see [3]) if the following assertion is valid.
VreX)(z<a = z=a). (2.8)

Note that the zero element 0 in a BCI-algebra X is minimal (see [3]).
A nonempty subset S of a BCK/BCI-algebra X is called a subalgebra of X if x -y € S for all z,y € S. A subset
G of a BCK/BCl-algebra X is called an ideal of X if it satisfies:

0€egG, (2.9)
VeeX)Vye@)(z-ye G = z€Qq). (2.10)
A subset G of a BCI-algebra X is called
e a closed ideal of X (see [3]) if it is an ideal of X which satisfies:

VMreX)(zeG@ = 0-z€q), (2.11)
e a BCIl-positive implicative ideal of X (see [8[9]) if it satisfies (2.9) and

Ve,y,ze€e X)(((x-2)-2)-(y-2)€eG,ye G = z-2€ @), (2.12)
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e a BCI-commutative ideal of X (see [I0]) if it satisfies (2.9) and
(z-y)-2€G,z€ G

2.13
= 2o ((y- (v-2) (0 (0- (e ) € G (219
for all z,y,z € X,
e a BCI-implicative ideal of X (see [§]) if it satisfies ((2.9) and
((z-y)-y)-(0-y)-2€G, 2z€C (2.14)

= z-((y-(y ) (0-(0-(z-y)) €CG
for all z,y,z € X.

Note that every BCI-implicative ideal is an ideal, but the converse is not true (see [§]).

Lemma 2.1 ([8]). A subset K of X is a BCl-implicative ideal of a BCI-algebra X if and only if it is an ideal of
X that satisfies the following condition.

(z-9)-9)-0-y)e K = z-((y-(y-2)-(0-(0-(z-y)))) € K (2.15)
forallxz,y € X.
Lemma 2.2 ([I0]). An ideal K of X is a BCI-commutative ideal of X if and only if it satisfies:
zyeK = - ((y-(y-2) (0-(0-(z-y)))) € K (2.16)
forall x,y,z € X.
Lemma 2.3 ([9]). An ideal K of X is a BCI-positive implicative ideal of X if and only if it satisfies:
((z-y)y) - 0-yyeK = z-yeK (2.17)
forall x,y,z € X.

We refer the reader to the books [3| [I1] for further information regarding BCK/BCI-algebras, and to the site
“http://fs.gallup.unm.edu/neutrosophy.htm” for further information regarding neutrosophic set theory.

We consider neutrosophic quadruple numbers based on a set instead of real or complex numbers.

Let X be a set. A neutrosophic quadruple X -number is an ordered quadruple (a, 2T, yI, zF) where a, z,y,z € X
and T, I, F have their usual neutrosophic logic meanings (see [1]).

The set of all neutrosophic quadruple X-numbers is denoted by N, (X), that is,

and it is called the neutrosophic quadruple set based on X. If X is a BCK/BCl-algebra, a neutrosophic quadruple
X-number is called a neutrosophic quadruple BCK/BCI-number and we say that N, (X) is the neutrosophic
quadruple BCK/BCI-set.

Let X be a BCK/BCI-algebra. We define a binary operation [J on N, (X) by

(a, 2T, yl, zF) O (b,uT,vI,wF) = (a-b,(z-u)T,(y-v)I,(z - w)F)

for all (a,zT,yl, zF), (b,ul,vI,wF) € Ny(X). Given a1, as,as,as € X, the neutrosophic quadruple BCK/BCI-

number (a1, a7, as3l,asF) is denoted by a, that is,
a= (al, OQT, CL3], CL4F’)7
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and the zero neutrosophic quadruple BCK/BCI-number (0,07,01,0F) is denoted by 0, that is,
0 = (0,0T,0I,0F).
Then (N,(X);[3,0) is a BCK/BCl-algebra (see [7]), which is called neutrosophic quadruple BCK/BClI-algebra,
and it is simply denoted by Ny (X).
We define an order relation “<” and the equality “=" on N,(X) as follows:
F< e a <y fori=1234,
=g x, =y fori=1,23,4
for all Z,§ € Ny(X). It is easy to verify that “<” is an equivalence relation on N, (X).
Let X be a BCK/BCl-algebra. Given nonempty subsets K and J of X, consider the set

Ny(K,J):={(a,zT,yl,zF) € Ny(X) |a,z € K & y,z € J},

which is called the neutrosophic quadruple set based on K and J.
The set Ny (K, K) is denoted by N,(K), and it is called the neutrosophic quadruple set based on K.

3. Neutrosophic quadruple BCI-implicative ideals

In what follows, let X denote a BCl-algebra unless otherwise specified.
Definition 3.1. Let K and J be nonempty subsets of X. Then the neutrosophic quadruple set based on K and
J is called a neutrosophic quadruple BCI-implicative ideal (briefly, NQ-BCI-implicative ideal) over (X, K, J) if it
is a BCI-implicative ideal of N, (X). If K = J, then we say that it is an NQ-BCI-implicative ideal over (X, K).

Example 3.2. Consider a BCl-algebra X = {0,1,2,3,4,5} with the binary operation -, which is given in Table
m

W

TABLE 1. Cayley table for the binary operation

[ N =)

U W N~ OO
W W wNn o ol
TR WO~ Ol
_ =0 W W Wwlw
— O O W W Wk
S OO W W w|w

Then the neutrosophic quadruple BCI-algebra N,(X) has 6? elements. If we take K = {0, 1,2}, then the neutro-
sophic quadruple set based on K has 81-elements, that is,

Ny(K)=1{0,¢;|i=1,2,---,80},

and it is an NQ-BCI-implicative ideal over (X, K) where
0 = (0,07,0I,0F), ¢ = (0,0T,0I,1F), ¢y = (0,0T, 01, 2F),
(s = (0,07, 11,0F), {4 = (0,07, 11,1F), {5 = (0,07, 11, 2F),
G = (0,0T,21,0F), & = (0,07, 21,1F), (s = (0,07, 21, 2F),
(o = (0,17,0I,0F), 10 = (0,17,01,1F), (11 = (0,17, 01, 2F),
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Ci2 = (0,17, 11,0F
Ci5 = (0,17, 21,0F),
Cis = (0,27,01,0F),
Cor = (0,27, 11,0F), Con =
Coa = (0,27, 21,0F), (o5 =
Cor = (1,07, 01,0F), Cog
Cs0 = (1,07, 11,0F), (s
ng_ 1,07, 21,0F), (s

1,17,0I,0F), (37

G
‘o
o

19

)

( )

( )

( )

( )

(1, )

( )

( )

= ( )

439 = (1,17, 11,0F), (a0

442 (1,17, 21,0F), (43
= (1,2T,0I,0F), (46

448 (1,2T,11,0F), (49 =
= (1,2T,2I,0F), (5o

454 = (2,07T,0I,0F), (55 =

Cs7 = (2,07, 11,0F), (s =

cﬁo = (2,07,21,0F), {s1 =
= (2,1T,01,0F), (os =
(2, )
= (2, )
(2, )
(2, )
(2, )

466 2,17, 11,0F), (o7 =

2,17, 21,0F), Czo =
C72 2,2T,01,0F), (73 =
Crs = (2,27, 11,0F), ”7

478 2 2T 21 OF, 79 =

0,17,1I,1F),
0,17,2I,1F),

514
lir =
0,27,01,1F), (o =
0,27,11,1F), (o5 =
0,27,21,1F), Cog =
1,07,01,1F), (o9 =
1,07, 11,1F), (30 =

1,07, 21,1F), (35 =

1,17,01,1F), (38 =

11T, 11,1F), 4y =

=( )
= ( )
= ( )
( )
( )
(1, )
(1, )
( )
( )
( )
(1,17,21,1F), (4q =
(1,2T,01,1F), (47 =
(1,2T,11,1F), (50 =
(1,2T,21,1F), (53 =
(2,0T,01,1F), (56 =
(2,07, 11,1F), (59 =
(2,0T,21,1F), (g2 =
(2,17,01,1F), (g5 =
(2,1T,11,1F), (g5 =
(2,17,21,1F), {71 =
(2,2T,01,1F), (74 =
(2,2T,11,1F), }
= (2,27,21,1F), ¢

780:

(
(
(
(
(
(
(
= (
(
(
(
(
(
=
(
(
(
(
(
(
(
(
(

0,17, 11,2F),
0,17, 21,2F),
0,2T,01,2F),
0,2T,11,2F),
0,27, 21,2F),
1,0T,01,2F),
1,07, 11,2F),
1,07, 21,2F),
1,17,01,2F),
1,17, 11,2F),
1,17, 21,2F),
1,27T,01,2F),
1,27, 11,2F)
1,2T,21,2F),
2,07, 01,2F),
2,07, 11,2F),
2,07, 21,2F),
2,17, 01, 2F),
2,17, 11,2F),
2,17, 21, 2F)
2,2T,01,2F),
2,2T,11,2F),
2,2T,21,2F).

)

)

Theorem 3.3. Every NQ-BCI-implicative ideal is a neutrosophic quadruple ideal.

Proof. 1t is straightforward since every BCI-implicative ideal is an ideal in BCI-algebras.

The converse of Theorem [3.3]is not true in general as seen in the following example.

Example 3.4. Let X = {0,1

TABLE 2. Cayley table for the binary operation “.”

,2,3,4} be a set with the binary operation -,

which is given in Table

B W RO

=W N = oo

= W N O O

=N O O OoOfN

= O O O Oolw

=T N OGN N
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Then X is a BCI-algebra (see [§]), and the neutrosophic quadruple BCI-algebra N,(X) has 625 elements. If we
take K = {0, 1}, then the neutrosophic quadruple set based on K has 16-elements, that is,

Nq(K):{67§Z|Z:172a 715}7

and it is a neutrosophic quadruple ideal over (X, K') where
0 = (0,07,0I,0F), { = (0,07,0I,1F),
(o = (0,07, 11,0F), 53 =(0,07,1I,1F),
(4 = (0,1T,01,0F), 5 = (0,17,01,1F),
(6 = (0,17, 11,0F), 47 =(0,17,11,1F),
= (1,0T,0I,0F), {y = (1,0T,0I,1F),
glo = (1,07, 11,0F), 5 = (1,0T,11,1F
G2 = (1,1T,01,0F), Cy3 = (1, 17,01, 1F
Cia = (1,1T,11,0F), Ci5 = (1,17, 11, 1F).
If we take T = (2,27,2I,2F) and § = (3,37, 31,3F) in Ny (X), then

),
)

b

(302073 031)E0

= ((((3,3T,31,3F) [ (2,2T,21,2F)) (1 (2, 2T, 21, 2F))C]
((0,0T,01,0F) [ (2,2T,21,2F))) & (0,07, 0I,0F)

= (0,0T,0I,0F) € N,(K).

But

gE(EDELY)) D OB 0EEET)))

= (3,37,31,3F) 3 (((2,2T,21,2F) 3 ((2,2T,21,2F) [ (3,3T,31,3F)))3
((0,07,01,0F) @ ((0,07,01,0F) 3 ((3,3T,31,3F) [ (2,2T,2I,2F)))))
= (2,2T,21,2F) ¢ N,(K).

Hence N, (K) is not a BCI-implicative ideal of N,(X), and so it is not an NQ-BCI-implicative ideal over (X, K).

Lemma 3.5 ([7]). If K and J are ideals of X, then the neutrosophic quadruple set based on K and J is a
neutrosophic quadruple ideal over (X, K, J).

Theorem 3.6. The neutrosophic quadruple set based on BCIl-implicative ideals K and J of X is an NQ-BCI-
implicative ideal over (X, K, J).

Proof. Let K and J be BCI-implicative ideals of X. Since 0 € K N J, we get 0 € N, (K, J). Let & = (21, 22T,
x3l, 2aF), § = (y1, Y21, y3I, yaF) and Z = (21, 20T, 231, z4F) be elements of N,(X) such that

(209 D7) B OD7) 2 e Ny(K,J)
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and Z € Ny (K, J). Then Z = (21, 22T, 231, z24F) € Ny(K, J) and

(z0y) Dy D 007) 02

= ((((z1, 22T, 231, 24 F) O (y1, 92T, y3 1, ya F)) B (y1, 21, ys I, ya F) )11

((0,0T,01,0F) B (y1,y2T, ysI,ysF))) [ (21, 22T, 231, 24 F)

= (((((z1-y1) - 91) - (0-91)) - 21), (w2 - y2) - y2) - (0 y2)) - 22)7T,

((((23-y3) - ys3) - (0-y3)) - z3) L, (w4 ya) - ya) - (0~ ya)) - z4) F)
N,(K, J).

Hence z; € K and (((z; - v:) - vi) - (0-95)) -z € K for i =1,2; and z; € J and (((z; - y;) -y;) - (0-y;)) - z; € K for
j =3,4. Since K and J are BCI-implicative ideals of X, it follows that x; - ((y; - (y; - 24)) - (0-(0- (25 - y3)))) € K
and ;- ((ys - (93 23)) - (0 (0 (7)) € J for i = 1,2 and j = 3,4, Thus

FO(FEEHD)- (0000 (@07))

= (z1, 22T, 231, 24 F) - ((y1, 2T, ys L, yaF) - (Y1, 92T, ys 1, yaF'):
(21, 22T, 231, 24 F))) - ((0,0T,01,0F) - ((0,0T’,01,0F)-

((z1, 22T, 231, 24 F) - (y1, 92T, y31, yaF)))))
(0- (0 (z1-91)))),
0-(0 (z2-y2)))T,
0- (0 (z3-y3))))I,
0 (0 (z4-ya))))F)

= (z1-((y1 - (y1 - 71)

) -
(
(
(

Hence Ny (K, J) is a BCI-implicative ideal of N4(X), and therefore the neutrosophic quadruple set based on K
and J is an NQ-BCI-implicative ideal over (X, K, J). O

Corollary 3.7. The neutrosophic quadruple set based on a BCI-implicative ideal K of X is an NQ-BCI-implicative
ideal over (X, K).

Proposition 3.8. FEvery neutrosophic quadruple set based on BCIl-implicative ideals K and J of X satisfies the

following condition.

for all 2,9, 2 € Ny(X).
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Proof. Let (zE0¢)E9) D (08 §) € N,(K,J) for all Z,7,7 € Ny(X). Then

(@1 -y1) -91) - (0-91)) - 0, (22 - y2) - y2) - (0~ y2)) - 0)T,

(23 - y3) -ys) - (0-93)) - O)I, ((((z4 - ya) - ya) - (0~ 54)) - 0)F)

= (((@1-y1) - y1) - (0- 1), (w2 - y2) - y2) - (0~ 92))T,

(23 - y3) - ys) - (0-ys))L, (((x4 - ya) - ya) - (0~ ya)) F)

= (@1, 22T, w5l 24 F) L (y1, 92T ys L, yaF)) B (g1, 2T, ysd, yaF)) 1D
((0,07,0I,0F) & (y1, 92T, y3I, ys F))

=((z0y) By E0Eg) € Ny(K,J),

((
((

and so (((@;i-yi)-yi)-(0-y;))-0€ K fori =1,2 and (((z; -y;)-y;)-(0-y;))-0 € J for j =3,4. Since 0 € KN J,
and since K and J are BCI-implicative ideals of X, it follows that z; - ((y; - (y; - #;)) - (0- (0 (25 - ¥;)))) € K for
i=1,2, and ;- (395 (u5 - 23)) - (0 (0- (w3 - y;)))) € J for j = 3,4. Hence we have

(IO (EED)E OO (7))
= (z1- (91 - (Y1 -21)) - (0- (0 (21 - 1)),
ya - a2)) - (0-(0- (22 - 92))T,
ys-a3)) - (0-(0- (z3-y3))1,
(0- (0 (24 -y4))))F)

(@2 - ((y2 - (
(z3 - ( (
(@4 (Y2 (ya - 24)) -
e Ny(K,.J).

(
(y3 :
(

This completes the proof. (I
We provide conditions for a neutrosophic quadruple set to be an NQ-BCI-implicative ideal.

Theorem 3.9. Let K and J be ideals of X such that
((@-y)-y)-(0-y) € K (resp., J) (3.2)
= z-((y-(y-2))-(0-(0-(z-y)))) € K (resp., J)
for all x,y € X. Then the neutrosophic quadruple set based on K and J is an NQ-BCIl-implicative ideal over
(X, K,J).

Proof. Assume that (((x -y)-y)-(0-vy)) -2z € K (resp., J) for all z,y € X and z € K (resp., J). Then
((x-y)-y) - (0-y) € K (resp., J) since K and J are ideals of X. It follows from the condition that
z-((y-(y-x))-(0-(0-(x-y)))) € K (resp., J). Hence K and J are BCI-implicative ideals of X, and therefore the
neutrosophic quadruple set based on K and J is an NQ-BCI-implicative ideal over (X, K, J) by Theorem ([

Corollary 3.10. Let K be an ideal of X such that

((z-y)-y)-(0-y) € K
= z-((y-(y-2)-(0-0-(x-y)) €K

for all z,y € X. Then the neutrosophic quadruple set based on K is an NQ-BCI-implicative ideal over (X, K).

(3.3)

749 Young Bae Jun 742-757



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

BClI-implicative ideals of BCI-algebras using neutrosophic quadruple structure

Theorem 3.11. Let K and J be ideals of X such that

0-z € K (resp., J), (3.4)
((z-y)-y)-(0-y) € K (resp., J) = z-(y-(y-2)) € K (resp., J) (3.5)

for all x,y € X. Then the neutrosophic quadruple set based on K and J is an NQ-BCIl-implicative ideal over
(X, K, J).

Proof. Assume that ((z-y)-y)-(0-y) € K (resp., J) for all z,y € X. Then x- (y- (y-z)) € K (resp., J) by (3.5).
Using (I)a (H)v " " " and ‘ , we have

<0-(0-(z-y))

=0-((0-2)-(0-y))
=0-((((0-y)-2)-(0-9))-(0-y))
=0-((((0-(0-(0-9)))-x)-(0-y))-(0-9))
=0-((((0-2)-(0-9))- (0-y))-(0-(0-y)))
=0-(((0-(z-y))-(0-9))- (0-(0-y)))
=0-(0-(((z-y)-y)-(0-9)))

€ K (resp., J)

It follows that - ((y - (y-x)) - (0-(0- (z-y)))) € K (resp., J). Hence K and J are BCI-implicative ideals of X
by Lemma [2:1] Therefore the neutrosophic quadruple set based on K and J is an NQ-BCI-implicative ideal over
(X, K, J) by Theorem [3.6] O

Corollary 3.12. Let K be an ideal of X such that

0-z €K, (3.6)

(z-y)-y)-(0-y)eK = x-(y-(y-x) €K (3.7)
for all x,y € X. Then the neutrosophic quadruple set based on K is an NQ-BCIl-implicative ideal over (X, K).

Theorem 3.13. Let X be a BCIl-algebra satisfying the conditions:

(Vo,y € X)(z-y=((z-y)-y)-(0-y)), (3.8)
(Ve,y e X)(-(z-y)=y-(y-(z-(z-y)))). (3.9)
If K and J are closed ideals of X, then the neutrosophic quadruple set based on K and J is an NQ-BCI-implicative

ideal over (X, K, J).
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Proof. Let K and J be closed ideals of X. Assume that ((ch) y)-(0-y) € K (resp., J). Then 0-(((z-y)-y)-(0-y)) €
K (resp., J). Using the conditions (3.8), (3.9), (2.3), (2.5), (I) and (III), we have
(x'(y-(y~if)))'((($-y)' y)-(0-y))

=@ (y-(y-2)) (z-y)

B
s
—~
<
—
=

8
S~—

= (z-

=

@

(
(
(@ (zy) - (y-2)
=W (y (y-2) @y (2 (zy)
=y 2) (y (z-(z-y))

(- (z-y)

@

(3.10)

IA
Qd
&

0-(z-y)

0-(((-y)-y)-(0-9))

€ K (resp., J).

It follows that z - (y - (y - z)) € K (resp., J), and so that
z-((y-(y-2)-(0-(0-(z-y)))) € K (resp., J)

in the proof of Theorem Thus K and J are BCI-implicative ideals of X by Lemma 2.1} and therefore the
neutrosophic quadruple set based on K and J is an NQ-BCI-implicative ideal over (X, K, J) by Theorem |

Corollary 3.14. Let X be a BCI-algebra satisfying the conditions (3.8)) and (3.9). If K is a closed ideal of X,
then the neutrosophic quadruple set based on K is an NQ-BCI-implicative ideal over (X, K).

Corollary 3.15. Let X be a BCI-algebra satisfying the condition:

(Vo,y € X)((z-(z-y) - (y-z) =y (y-z)) (3.11)
If K and J are closed ideals of X, then the neutrosophic quadruple set based on K and J is an NQ-BCI-implicative
ideal over (X, K, J).

Proof. If X satisfies the condition , then it satisfies two conditions and ( . (see [?, ?]). Hence the
result is induced from Theorem m O

Corollary 3.16. Let X be a BCI-algebra satisfying the condition (3.11). If K is a closed ideal of X, then the
neutrosophic quadruple set based on K is an NQ-BCIl-implicative ideal over (X, K).

Theorem 3.17. Let X be a BCI-algebra satisfying the condition (3.9) and
(Ve,y € X)((z- (y-2)) - (0-(y-2)) =) (3.12)

If K and J are closed ideals of X, then the neutrosophic quadruple set based on K and J is an NQ-BCI-implicative
ideal over (X, K, J).

Proof. Let K and J be closed ideals of X. The conditions (3.12)) and (III) lead to the following fact.
(z-y)- (((z-y)- (z-(z-9)) - (0- (2 (2-9)))) = 0. (3.13)
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It follows from ([2.1] ., and (TIT) that
(Z’y)'((( y)-y)-(0-y)=((z-9) - (((z-y)-y)-(0-y))-0

=((z-9)-((z-9)-9) - (0-9) - ((z-9) - (((z-9) - (z- (- 9)))-

(0-(z-(z-9))))
<((zy) (2 (2-9) - (0-(z-(z-9) (((z-y) - y) - (0-y)) (3.14)
<((zy)y)-(0-(z-(z-9)) (((z-y) y)- (0-y))
<0-9)-(0-(z-(2-9)))
<(z-(z-9)y
=(z-y) (z-y) =0.
Hence (z-y) - (((z-9)-y) - (0-y)) = 0 since 0 is a minimal element of X, that is,
2y <((z-y)-y) (0-y). (3.15)
On the other hand, we get
(99 0-9)-(z-y)=(((z-9) - y)- (z-9)) - (0-9)
=(((z-y)-(z-9)-y)-(0-y)=(0-y)-(0-y) =0
by and (III), that is,
((z-y)-y) (0-y)<z-y. (3.16)

Conditions ([3.15) and (3.16) induce

zoy=((z-9)-y) (0-y)
Therefore the neutrosophic quadruple set based on K and J is an NQ-BCI-implicative ideal over (X, K, J) by
Theorem [3.13 O

We now consider extension property of NQ-BCI-implicative ideal.

Theorem 3.18. For any nonempty subsets K and J of X, let A and B be closed ideals of X such that K C A
and J C B. If K and J are BCI-implicative ideals of X, then the neutrosophic quadruple set based on A and B
is an NQ-BCI-implicative ideal over (X, A, B), which is larger than the NQ-BCI-implicative ideal over (X, K, J).
Proof. Assume that K and J are BCI-implicative ideals of X. It is clear that N (K,J) C Ny(A,B). Let
((x-y)-y)-(0-y) € A (resp., B) for all z,y € X. Then 0- (((z-y)-y)-(0-y)) € A (resp., B) since A and B are
closed ideals of X. Using and (III) induce
(- (((z-y)-y)-(0-9)-y)-y)-(0-y)
=(((z-y)-y)-0-9)- (((z-y)-y)-(0-y)) (3.17)
=0¢€ K (resp., J),
which implies from Lemma that
(@ ((z-y)-y)-(0-9) ((y- - (z-((z-y)-y)-(0-9))))):
0-(0-((z-(((z-y)-y)-(0-1))-9)))) (3.18)
€ K C A (resp., J C B).
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Since

by ([2.6), [2.3). and (IIT), we have
0-(0-((z-(((z-y)-y)-(0-9)) )
=0-(0-((-y)-(((z-y)-y)-(0-y))))
=0-((0-(z-9)-(0-(((z-y)-y)-(0-y))))
=0-((0-(z-y) (0-(z-y)))
=0.
Combining and implies that
(@ (- (- (@ (((@-y)-y)-0-9))) ((@-y)-y)-(0-y))
=@ (((z-y)-y)-0-9) W (@ (((z-y)y)-(0-y))))
€ A (resp., B).

(
(

Since A and B are ideals of X, it follows that

z-(y-(y-(x-(((x-y)-y)-(0-9))))) € A (vesp., B).

On the other hand, we have

—
8

- y-2) (- (y- (- (((z-y)-9)-(0-9)))
((@-y)-y)-(0-9))) - (- (y-x))
x) - (y-(z- (((z-y)-y)-(0-9))))
(@ (((z-y)-y)-(0-9) =
0-(((z-y)-y)-(0-y))
€ A (resp., B).
By and (3.23), we get - (y- (y- x)) € A (resp., B). Using (3.19), (I), (II) we get
(@ ((y-(y-2)-(0-0-(z-9))) (z-(y-(y-)))
- (-2) - (y-(y-2)-0-0-(z-y))))

ININIA
—~ o~
< <
SIS

—
S

(0-(((z-y)-y) - (0-9))) € A (resp., B).

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

It follows that = - ((y- (y-x))-(0-(0-(z-y)))) € A (resp., B). Hence A and B are BCI-implicative ideals of X
by Lemma [2.1I] Therefore the neutrosophic quadruple set based on A and B is an NQ-BCI-implicative ideal over

(X, A, B) by Theorem
753
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Corollary 3.19. For any nonempty subset K of X, let A be a closed ideal of X such that K C A. If K is a
BClI-implicative ideals of X, then the neutrosophic quadruple set based on A is an NQ-BCI-implicative ideal over
(X, A), which is larger than the NQ-BCI-implicative ideal over (X, K).

4. RELATIONS BETWEEN NQ-BCI-COMMUTATIVE IDEAL, NQ-BCI-POSITIVE IMPLICATIVE IDEAL AND

NQ-BCI-IMPLICATIVE IDEAL

Theorem 4.1. For any nonempty subsets K and J of X, every NQ-BCI-implicative ideal over (X, K,J) is an
NQ-BCI-commutative ideal over (X, K, J).

Proof. Let K and J be nonempty subsets of X such that the neutrosophic quadruple set based on K and J is an
NQ-BCI-implicative ideal over (X, K, J). Let z,y, z € X be such that z € K (resp., J) and (((z-y)-y)-(0-y))-z € K
(resp., J). Then (z,2T,2I,2F) € Ny(K,J) and

(((z, 2T, 2l 2F) O (y,yT,yl,yF)) B (y,yT,yI, yF))E

((0,07,01,0F) B (y, yT', yI,yF))) B (2, 2T’ 21, 2F)

=((((z-y)-y)-(0-9)- 2 ((z-y)-y)- (0-y)) - 2)T,

() -y)-(0-9)-2) (- y)-y) - (0-9)) - 2)F)

€ Ny(K,J)
Since N, (K, J) is a BCI-implicative ideal of N,(X), it follows that

(@ ((y-(y-2)-(0-(0-(z-9)), (- ((y-(y-2))-(0- (0 (z-y)T,

(@ ((y-(y-2)- 00 (z-y)))L (x-((y-(y-2)-(0-(0-(z-y))F)

= (x, 2T, 2l,2F) O ((y,yT,yI,yF) O ((y,yT,yl,yF) O (x,2T, I,z F)))E

((0,0T,0I,0F)E((0,07,01,0F) & ((z, 2T, xI,zF) O (y,yT,yl,yF)))))

€ N,(K, J).
Hence z- ((y- (y-x))-(0-(0-(x-y)))) € K (resp., J), and so K and J are BCI-implicative ideals of X. Thus K
and J are ideals of X. Assume that 2 -y € K (resp., J) for all ,y € X. Then

((@-y)-y)-(0-y)-(z-y) =(0-y)-(0-y) =0 € K (resp., J)
by using and (III), which implies that
((z-y)-y)-(0-y) € K (resp., J).
Hence (((z-y)-y)-(0-y))-0€ K (resp., J) and 0 € K (resp., J). Since K (resp., J) is a BCI-implicative ideal
of X, it follows that
(e (o)) (020 (- 9))) € K (resp., J).

Therefore K (resp., J) is a BCIl-commutative ideal of X by Lemma and consequently the neutrosophic

quadruple set based on K and J is an NQ-BCI-commutative ideal over (X, K, J). O

The converse of Theorem is not true in general. In fact, Ny(K) in Example is not a BCI-implicative
ideal of Ny(X). But it is routine to verify that N, (K) is a BCI-commutative ideal of N,(X).
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Lemma 4.2 ([6]). If K and J are BCI-positive implicative ideals of X, then the neutrosophic quadruple set based
on K and J is an NQ-BClI-positive implicative ideal over (X, K, J).

Theorem 4.3. For any nonempty subsets K and J of X, every NQ-BCI-implicative ideal over (X, K,J) is an

NQ-BClI-positive implicative ideal over (X, K, J).

Proof. Let K and J be nonempty subsets of X such that N,(K, J) is a BCI-implicative ideal of Ny (X). Then K
and J are ideals of X (see the proof of Theorem [£.I]). Let ,y € X be such that ((z-y)-y)-(0-y) € K (resp., J).
Then

z-((y-(y-2)-(0-(0-(x-y)))) € K (resp., J)

by Lemma [2.1] Note that

=0¢€ K (resp., J).

It follows that « -y € K (resp., J). Hence K and J are BCI-positive implicative ideals of X by Lemma and
therefore N, (K, J) is a BCI-positive implicative ideal of Ny(X) by Lemma O

In the following example, we can see that the converse of Theorem [.3]is not true in general.

Example 4.4. Let X = {0,1,2,3,4} be a set with the binary operation “”, which is given in Table

W

TABLE 3. Cayley table for the binary operation

B W RO
U S e k=)
B W O o
B W O R O
s o oo olw
=TGSR N N

Then X is a BCI-algebra (see [§]), and the neutrosophic quadruple BCI-algebra N,(X) has 625 elements. If we
take K = {0, 2}, then the neutrosophic quadruple set based on K has 16-elements, that is,

Ny(K)={0,p:|i=1,2,---,15},
where
0 = (0,0T,0I,0F), p; = (0,0T,0I,2F), py = (0,07, 2I,0F),
p3 = (0,07, 21,1F), py = (0,2T,0I,0F), p5 = (0,2T,01,2F),
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s = (0,27, 21,0F), pr = (0,2T,21,2F), js = (2,0T,01,0F),

o = (2,0T,01,2F), p10 = (2,07, 21,0F), p11 = (2,07, 2I,2F),

12 = (2,2T,01,0F), p13 = (2,2T,01,2F), jr4 = (2,2T,2I,0F),

pis = (2,27, 21, 2F).
It is routine to verify that Ny (K) is an NQ-BCl-positive implicative ideal over (X,K). If we take &y =
(1,17, 11,1F) and 63 = (3,37, 31,3F) in N,(X), then 0 € N,(K) and

(@18 a3)Das) (00 a3) 20 =0€ Ny(K).
But,
D (3B (a3Ha)B 0300 (6 Bas))=a D(0E0) =a; ¢ Ny(K).
Hence N,(K) is not an NQ-BCI-implicative ideal over (X, K).

We display a characterization of an NQ-BCI-implicative ideal.

Theorem 4.5. For any nonempty subsets K and J of X, the neutrosophic quadruple set based on K and J is
both an NQ-BCI-commutative ideal and an NQ-BClI-positive implicative ideal over (X, K, J) if and only if it is an
NQ-BCI-implicative ideal over (X, K, J).

Proof. For the sufficiency, see Theorems and Let N4(K,J) be both an NQ-BCI-commutative ideal and
an NQ-BClI-positive implicative ideal over (X, K,J). Then K and J are both a BCIl-commutative ideal and a
BCI-positive implicative ideal of X. Assume that ((z-y)-y)-(0-y) € K (resp., J) for all z,y € X. Thenz-y € K
(resp., J) by Lemma 2.3] and so

z-((y-(y-2))-(0-(0-(z-y)))) € K(resp., J)
by Lemma [2:2] It follows from Lemma [2.I] that K and J are BCI-implicative ideals of X. Therefore the neutro-
sophic quadruple set based on K and J is an NQ-implicative ideal over (X, K, J) by Theorem [3.6 O

Corollary 4.6. For any nonempty subset K of X, the neutrosophic quadruple set based on K is both an NQ-BCI-
commutative ideal and an NQ-BCI-positive implicative ideal over (X, K) if and only if it is an NQ-BCI-implicative
ideal over (X, K).

5. CONCLUSIONS

Smarandache introduced the notion of neutrosophic quadruple numbers by considering an entry (i.e., a number,
an idea, an object, etc.) which is represented by a known part (a) and an unknown part (bT,cl,dF) where
a, b, c and d are real or complex numbers and 7T, I, F' have their usual neutrosophic logic meanings. Jun
et al. made up neutrosophic quadruple BCK/BClI-algebras and (positive) implicative neutrosophic quadruple
BCK-algebras using neutrosophic quadruple numbers based on BCK/BCl-algebras (instead of real or complex
numbers). In this article, we have studied BCI-implicative ideal in BCI-algebra using neutrosophic quadruple
structure. We have introduced neutrosophic quadruple BCI-implicative ideal based on nonempty subsets in BCI-
algebra, and have investigated their related properties. We have consulted relationship between neutrosophic
quadruple ideal, neutrosophic quadruple BCI-implicative ideal, neutrosophic quadruple BCI-positive implicative
ideal and neutrosophic quadruple BCI-commutative ideal. We have provided conditions for the neutrosophic
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quadruple set to be neutrosophic quadruple BCI-implicative ideal. We have discussed a characterization of an

NQ-BClI-implicative ideal, and have established the extension property of neutrosophic quadruple BCI-implicative

ideal. Based on the contents and ideas of this manuscript, we will study neutrosophic quadruple structure for

various algebraic sub-structures in the future.
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Abstract. Let By be the nonbinary Boolean semiring and A be a m x n Boolean matrix over B;. The Boolean
rank of a Boolean matrix A is the smallest k such that A can be factored as an m x k Boolean matrix times a
k x n Boolean matrix. The isolation number of A is the maximum number of nonzero entries in A such that no
two are in any row or any column, and no two are in a 2 X 2 submatrix of all nonzero entries. We have that the
isolation number of A is a lower bound on the Boolean rank of A. We also compare the isolation number with
the binary Boolean rank of the support of A, and determine the equal cases of them.

1. Introduction

There are many papers on the study of rank of matrices over several semirings containing binary Boolean
algebra, fuzzy semiring, semiring of nonegative integers, and so on ([2], [3], [6], and [7]). But there are few papers
on isolation numbers of matrices. Gregory et al ([7]) introduced set of isolated entries and compared binary
Boolean rank with biclique covering number. Recently Beasley ([2]) introduced isolation number of Boolean
matrix and compare it with binary Boolean rank.

In this paper, we investigate the possible isolation number of Boolean matrix and compare it with Boolean

rank of Boolean matrix and the binary Boolean rank of the support of the Boolean matrix.

2. Preliminaries

Definition 2.1. A semiring S consists of a set S with two binary operations, addition and multiplication, such

that:

- § is an Abelian monoid under addition (the identity is denoted by 0);

- S is a monoid under multiplication (the identity is denoted by 1, 1 # 0);
- multiplication is distributive over addition on both sides;

- s0=0s=0forall ses.

Definition 2.2. A semiring S is called antinegative if the zero element is the only element with an additive

inverse.

92010 Mathematics Subject Classification: 15A23; 15A03; 15B15.
YKeywords: Boolean rank; nonbinary Boolean semiring; binary Boolean algebra; isolation number.
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YE-mail : leroy.b.beasley@aggiemail.usu.edu (L. B. Beasley); szsong@jejunu.ac.kr (S. Z. Song); madad-

math@yahoo.com (M. Khan)
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Definition 2.3. A semiring S is called a Boolean semiring if S is equivalent to a set of subsets of a given set X,
the sum of two subsets is their union, and the product is their intersection. The zero element 0 is the empty set

and the identity element 1 is the whole set X.

Let Sk = {a1,a2, -+ ,ax} be a set of k-elements, P(Sk) be the set of all subsets of Si. Then P(Sk) is the
Boolean semiring of all subsets of Sy with operations in above definition. Let By be a Boolean semiring of subsets
of S, = {a1,as, -+ ,ax}, that is a subset of P(Sy). It is straightforward to see that a Boolean semiring By, is
a commutative and antinegative semiring. Moreover, all of its elements, except 0 and 1, are zero-divisors. If By
consists of only 0 (the empty subset) and 1 (the whole set Si) then it is called a binary Boolean semiring, which

is denoted as B;. If By is not a binary Boolean semiring then it is called a nonbinary Boolean semiring.

Throughout the paper, we assume that m < n and Bj denotes a nonbinary Boolean semiring, which contains
at least 3 elements. Let M,, »,(Byj) denote the set of m x n matrices with entries from a Boolean semiring By.

Let M,,(Bg) = My, n(Bg) if m = n, let I,,, denote the m x m identity matrix, O, , denote the zero matrix in
Mopnn(Br), Jm,n denote the matrix of all ones in M, ,(Bj). The subscripts are usually omitted if the order is

obvious, and we write 1,0, J.

Definition 2.4. The matrix A € M,, ,(By) is said to be of Boolean rank r if there exist matrices B € M, ,(By)
and C € M, ,,(By) such that A = BC and r is the smallest positive integer such that such a factorization exists.
We denote b(A) =r.

By definition, the unique matrix with Boolean rank equal to 0 is the zero matrix O.
Now let M., ,,(B1) denote the set of all m x n binary Boolean matrices with entries in By. The binary Boolean
rank of A € My, »(B1) is the Boolean rank over B; and denoted b;(A).

Definition 2.5. For two (binary) Boolean matrices A and B, A dominates B if a; ; = 0 implies b; ; = 0.

Given a matrix X € M,, ,(By), we let x() denote the j** column of X and x(;) denote the it" row. Now if

b(A) = r and A = BC is a factorization of A € M, ,,(By), then A = b(l)c(l) + b(2)C(2) + ot b(T)c(T.). Since
each of the terms b(i)c(i) is a Boolean rank one matrix, the Boolean rank of A is also the minimum number of
Boolean rank one matrices whose sum is A.

The binary Boolean rank has many applications in combinatorics, especially graph theory, for example, if
A € My, »(By) is the adjacency matrix of the bipartite graph G with bipartition (X,Y’), the binary Boolean rank

of A is the minimum number of bicliques that cover the edges of G, called the biclique covering number.

Definition 2.6. Given a matrix A € M,, »,(Bg), a set of isolated entries ([7]) is a set of entries, usually written

as E = {a; ;} such that a; ; # 0, no two entries in E are in the same row, no two entries in E are in the same

column, and, if a; j,ar; € E then, a;; = 0 or ai; = 0. That is, isolated entries are independent entries and any
. . .. . a;;  Q; . .
two isolated entries a; ; and ay; do not lie in a submatrix of A of the form { by il ] with all entries nonzero.
Qkj Okl

The isolation number of A, t(A), is the maximum size of a set of isolated entries.

Note that ¢(A) = 0 if and only if A = O.
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Example 2.7. Let 0 € By be neither 0 nor 1 and

b

I
o O~ 9
S Q O
— O O © Q9
Q = O = O
— = Q O O

be a Boolean matrix over By and Ej is the set of o’s which are located at the positions {a13, a2.1,a3,5,as,2,a5.4}
of A. The entries ¢’s of A are isolated entries and hence ((A) = 5. But the entries of A in the position in

E; ={a1,1,a2:2,a35,a4.4,a53} are not isolated.
Suppose that A € M, ,(Bx) and b(A) = r. Then there are r Boolean rank one matrices A; such that

A=A + A+ -+ A,. (2.1)

N
(0]

entries in N, it is easily seen that the matrix consisting of two isolated entries of A cannot be dominated by any

Because each Boolean rank one matrix can be permuted to a matrix of the form [ } with all nonzero

one A; among the Boolean rank one summand of A in (2.1). Thus
i(A) < b(A). (2.2)

Many functions, sets and relations concerning matrices do not depend upon the magnitude or nature of the
individual entries of a matrix, but rather only on whether the entry is zero or nonzero. These combinatorially
significant matrices have become increasingly important in recent years. Of primary interest is the binary Boolean
rank. Finding the binary Boolean rank of a (0,1)-matrix is an NP-Complete problem ([]8]), and consequently
finding bounds on the binary Boolean rank of a matrix is of interest to those researchers that would use binary
Boolean rank in their work. If the (0, 1)-matrix is the reduced adjacency matrix of a bipartite graph, the isolation
number of the matrix is the maximum size of a non-competitive matching in the bipartite graph. This is related
to the study of such combinatorial problems as the patient hospital problem, the stable marriage problem, etc. An
additional reason for studying the isolation number is that it is a lower bound on the Boolean rank of a Boolean
matrix over B;. While finding the isolation number as well as finding the Boolean rank of a Boolean matrix is an
NP-Complete problem ([1]), for some matrices finding the isolation number can be easier than finding the Boolean

rank especially if the matrix is sparse:

Example 2.8. Let 0 € By, and

T

I
— O Q = = = ==
O Q9 R R P = R~ ==
Q — O = =
SO oo oo oo g o
O OO OO O 9 ==
SO O O O O O -
O OO OO O ==
S OO OO O =

N eNeNoNeNe Nl |

be a Boolean matrix in Mg (By).
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Then we can easily see b(F') < 6 from first 3 rows and columns, however to find that Boolean rank is not 5,
requires much calculation if the isolation number is not considered. However, the isolation number is easily seen
to be 6, both computationally and visually, the ¢’s in this matrix represent a set of isolated entries. Thus we have
b(F) = 6 by (2.2).

Note that if any of the 1’s in F' are replaced by zeros, the resulting matrix still has Boolean rank 6 as well as

isolation number 6.

Terms not specifically defined here can be found in Brualdi and Ryser [5] for matrix terms, or Bondy and Murty
[4] for graph theoretic terms.

For our use in the next section, we define the support matrix of a Boolean matrix. If A € M, ,,(Bg), then the

support of A is the binary Boolean matrix A = (a@;;) € My, »(B1) such that @;; = 1 if a; ; # 0 and @;; = 0 if
Q5 = 0.
3. Comparisons between isolation numbers and Boolean ranks over M,, ,(By)

In this section, we compare the isolation number with Boolean rank of a Boolean matrix, and also we compare

the isolation number with binary Boolean rank of the support of a Boolean matrix.

Lemma 3.1. For A,B € M, ,(Bg), b(A+ B) < b(A) + b(B). And for A,B € M, ,(B1), bi(A+ B) <
b1 (A) + b1(B).

Proof. Tt follows from the definition of Boolean rank and equation (2.1). [ |

Lemma 3.2. For A,B € My, ,(By), A+ B = A+ B in M, ,(B1).

Proof. It follows from the facts that By is an antinegative semiring and 1 +1 =1 in B;. [ |

Lemma 3.3. For A € M,, ,(Bg), b1(A) < b(A).

Proof. If b(A) = r, then A has a Boolean rank one factorization such that A = b(l)C(l) + b(2)c(2) +---+ b(T)c(r)
with B = [bWb® ... bM"] € My, x(By) and C = [c(1)C(2) - - €(1)]* € My,n(By) from (2.1). Therefore
b1 (Z) =b (b(l)c(l) + b(z)c(z) + -+ b(T)C(T)) =b (b(l)C(l) + b(Z)C(g) + -+ b("’)C(T)) < r, from Lemma

Hence b1 (A) < b(A). [ |

We may have strict inequality in Lemma [3.3] as we see in the following example.
, , 1 {z}
Example 3.4. Let S5 = {x,y, 2z} and B = {0, {z}, {z,y}, 1} with 1 = {z,y, z}. Consider X = (.} Loy}
T,y T,y

b }) = 1. Hence b;(X) < b(X). But

and Y = { LR ] in Ms(Bs). Then b(X) = 2 but by (X) = bl({ L

{z,y} {z}
bY)=0b(Y)=1since Y = [ {$71y} ] [ 1 {z} | over Bs.

Lemma 3.5. For A = [a; ;] € M ,(By), t(A) = 1(A).
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Proof. 1f a; ; and ay,; are any isolated entries in A, then ¢ # k and j # [, and that a;; = 0 or ax; = 0. Hence a@; ;
and @y, ; are isolated entries in A, so we have t(A4) < 1(A).
Conversely, if @; ; and aj; are any isolated entries in A, then a;; # 0 and ai; # 0 and that a;; =@;; =0 or

ak,j = ag; = 0. Hence a; ; and ay; are isolated entries in A, so we have ¢(A4) < ((A). |

Theorem 3.6. If A € M., ,(By), then «(A) =1 if and only if by(A) = 1.

Proof. Let A € My, (By.). If b1 (A) = 1 then A # O so that ¢(A) # 0 and since ¢(A) = t(A) < b1 (A) by (2.2), we
have t(A) = 1.
Conversely, suppose on the contrary that there exists a matrix A = [a; ;] € My, (By) such that ((A) = 1,

bi(A) > 1. Then, there exists two non-equal and nonzero rows of A, say ith and jth. Hence, without loss of

generality, there exists a £ such that @;r = 1 and @;; = 0. Then, @;; and any unit entry in jth row of B

constitute a set of two isolated entries. Thus, ¢(A4) = ¢(A4) > 1, a contradiction. [

It follows that the subset of M,, »(By) of matrices with isolation number 1 is the same as the set of matrices
whose support has Boolean rank 1.

For A=Ay + Ay +--- + A, with b(A) =7, let R; denote the indices of the nonzero rows of A; and C; denote
the indices of the nonzero columns of A4;, 4,5 = 1.--- , k. Let r; = |R;|, the number of nonzero rows of A; and

¢; = |Cjl, the number of nonzero columns of A;.

Lemma 3.7. Let A € My, n(Bi). Then if b(A) > by(A) = 2 then 1(A) =2, and if L(A) = 2 then by (A) # 3.

Proof. If b1(A) = 2, then ((A) > 1 by Theorem Since 1(A) = 1(A) < by (A) from Lemma and (2.2), we
have that t(A) = 1(A) = 2.

Now, suppose that +(A) = 2 and that b;(A) = 3. Then, we have a factorization of A as A = C x D with
C € M, 3(B1) and D € M3,,(B1). Then, the three rows of D generate all the rows of A. Since b;(A) = 3, D
cannot have binary Boolean rank 2 or less. Thus, we have b (D) = 3. Therefore, we have a factorization of D as
D = E x F with E € M33(B;y) and F € M3 ,,(B1). Then, the three column of E generate all the columns of D
and by (E) = 3. Therefore, it is sufficient to consider 3 x 3 matrices of binary Boolean rank 3. However, there are

only 10 following 3 x 3 matrices of binary Boolean rank 3 up to permutations:

1 00 1 00 100 100
By = 1 0|,B,=|010]|,B3=|010],B;=|01 ,
L0 0 1 | 0 1 1 | |1 0 1 | 11 1 |
[1 0 0] [ 1 07 (1 0 07 i 0]
Bs=|110]|,B=|11 0], Br= 1 0f(,Bs=1|11 )
L0 0 1 | 0 1 1 | |1 0 1 | 11 1 |
1 0 1 1 0 1
By=|1 1 0|,Bpg=|11 0
0 0 1 01 1

Since Bs can be permuted to B and B7 can be permuted to By, and Bg can be permuted to Bg with transposing.
Therefore, there are only seven non-equivalent 3 x 3 matrices of binary Boolean rank 3. However, these matrices
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have three isolation entries on the main diagonal. Thus, we have a contradiction to the conditions that +(B) = 2
and rg, (B) = 3. Thus, if t(A) = 2 then by (A) # 3. [

Theorem 3.8. Let A € M, ,(By). Then, t(A) =2 if and only if by (A) = 2.

Proof. From Lemma we have the sufficiency. So we only need show the necessity.

Suppose there exists A € M, ,,(By) with t(4) = «(4) = 2 and b1 (4) > 2. By Lemma“7 b1 (A) # 3, and hence
b1(A) > 4. Thus we choose A such that if by (A) > b1 (C) > 2 then ¢(C) > 2. Suppose that A = A; + Ay +---+ A,
for r = by (A) where each A; is binary Boolean rank 1, i.e., r is the minimum 7 such that b;(A) = 7 and +(A) = 2.
Suppose that A; has the fewest number of nonzero rows of the A;’s. As in the proof of the above lemma
permute the rows of A so that A; has nonzero rows 1,2,--- ,r;. For j = 1,--- ,rq, let E be the matrix whose
first j rows are the first j rows of A and whose last m — j rows are all zero. Let C; be the matrix whose first j
rows are all zero and whose last m — j rows are the last m — j rows of A. Then A = F + 5. Further any set
of isolated entries of C; is a set of isolated entries for A. Now, from by (A) < b1(B;) + b1(C}), and the fact that
b1(Cj) = b1(Cj_1) or b1(C;) = by (Cj_1) — 1, there is some ¢ such that by(C) = by(A) — 1. Since b;(Ct) < r by

the choice of A, for this ¢, we have that +(C;) > 2 since by (Cy) > 3. That is, t(A) = t(A) > 2, which is impossible
since t(A) = 2. Therefore by (A) = 2. [ |

Now, as we can see in the following example, there is a Boolean matrix A € M, ,,(By) such that ((4) = 3 and

b1(A) is relative large, depending on m and n.

Example 3.9. For n > 3, let D,, = J \ I € M,,(B1). Then, it is easily shown that ¢«(D,,) = 3 while b1(D,,) =

where r = min {h in < ( Z )}, see [6](Corollary 2). So, t(Dgg) = 3 while by (Dgg) = 6.
2

Definition 3.10. A tournament matriz [T] € M, (By) is the adjacency matrix of a directed graph called a
tournament, 7. It is characterized by [T]o[T]" = O and [T|+[T]" = J—1I, where o denotes entrywise multiplication

of two matrices.

Now, for each 7 = 1,2,--- ,min{m, n}, can we characterize the matrices in M, ,,(By) for which t(A) = by (A)
? Of course it is done if r = 1 or r = 2 in the above theorems, but only in those cases. For r = m we can also

find a characterization:

Theorem 3.11. Let 1 < m < n and A € My n(Br). Then, t(A) = bi(A) = m if and only if there exist
permutation matrices P € M,(B1) and Q € M, (By) such that PAQ = [B|C] where B = I,,, + T € M,,(B;)

where T € M,,(B1) is dominated by a tournament matriz. (There are no restrictions on C.)

Proof. Suppose that t(A) = m. Then we permute A by permutation matrices P and @ so that the set of isolated
entries are in the (d,d) positions, d = 1,--- ,m. That is, if X = PAQ then I = {11,222, "+ ,Tmm} is the set
of isolated entries in X. Therefore X = [B|C], with b, ; = 7;; = 1 and b; ; g b] i = 0 for every ¢ and j # i from
the definition of the isolated entries. Thus, B = I,,, + T where T is an m square matrix which is dominated by a
tournament matrix. Thus, PAQ = [B|C] where B = I,,, + T and clearly there are no conditions on C.
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Conversely, if PAQ = [B|C] and B = I,, + T where T is an m square matrix which is dominated by a
tournament matrix, then the diagonal entries of B form a set of isolated entries for PAQ and hence A has a set

of m isolated entries. Thus t(A) = b;(A) = m. [ |

Corollary 3.12. Let 1 < m < n and A € My, »n(Bg). If there exist permutation matrices P € M, (B1) and
Q € M, (B1) such that PAQ = [B|C] where B € M,,(By) is a diagonal matriz or o triangular matriz with

nonzero diagonal entries, then t(A) = b1 (A4) = m.

4. CONCLUSIONS

In this paper, we investigated the nonbinary Boolean rank of a matrix A and the rank of its support for the
given isolation number k over nonbinary Boolean semirings. Thus, we proved that the isolation number of A is
the same as the Boolean rank of the support of it if the isolation numbers are 1 and 2. If the isolation number
were greater than 2, then we showed by example that binary Boolean rank of the support of the given nonbinary
Boolean matrix may be strictly greater than the isolation number of the matrix. In addition, in some special cases
involving tournament matrices, we obtained that the isolation number of the given matrix and the Boolean rank

of its support of the nonbinary Boolean matrix are the same.
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ORTHOGONALLY EULER-LAGRANGE TYPE CUBIC
FUNCTIONAL EQUATIONS IN ORTHOGONALITY NORMED
SPACES

CHANG IL KIM AND GILJUN HAN*

ABSTRACT. In this paper, we investigate the orthogonally Euler-Lagrange type
cubic functional equation

flaz +by) + f(az — by) — ab®[f(z +y) + f(z — )] - 2a(a® — b*)f(x)
+clf(x+2y) = 3f(x+y) +3f(x) — flx —y) —6f(y)] =0, zly
for fixed non-zero rational numbers a,b and a fixed non-zero real number ¢

with a? # b2 and a # 41 and prove the generalized Hyers-Ulam stability for
it by using the fixed point method,

1. INTRODUCTION

Assume that X is a real inner product space and f : X — R is a solution of the
orthogonally Cauchy functional equation f(x +y) = f(z) + f(y), < z,y >= 0. By
the Pythagorean theorem, f(x) = ||z||? is a solution of the conditional equation.
Of course, this function does not satisfy the additivity equation everywhere. Thus,
orthogonal Cauchy equation is not equivalent to the classic Cauchy equation on the
whole inner product space.

The orthogonally Cauchy functional equation

fle+y) =f@)+ fy), vly
in which L is an abstract orthogonality relation, was first investigated by Gudder
and Strawther [5]. Rétz [16] introduced a new definition of orthogonality by using
more restrictive axioms than of Gudder and Strawther. Moreover, he investigated
the structure of orthogonally additive mappings. Rétz and Szabé [17] investigated
the problem in a rather more general framework.

Definition 1.1. [17] Let X be a real vector space with dim X > 2 and L a binary
relation on X with the following properties:

(O1) totality for zero: x 10 and 0Lz for all z € X;

(02) independence: if z,y € X — {0}, x_Ly, then z,y are linearly independent;

(O3) homogeneity: if x,y € X, z 1y, then ax LBy for all o, 8 € R;

(O4) the Thalesian property: if P is a 2-dimensional subspace of X, =z € P
and a non-negative real number k, then there exists an y € P such that x 1y and
z+ylke —y.

The pair (X, 1) is called an orthogonality space. By an orthogonality normed
space, we mean an orthogonality space having a normed structure.

2010 Mathematics Subject Classification. 39B55, 47TH10, 39B52, 46H25.

Key words and phrases. Hyers-Ulam stability, fixed point theorem, orthogonally cubic func-
tional equation, orthogonality space.
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Remark 1.2. (i) The trivial orthogonality on a vector space X defined by (O1)
and for non-zero elements x,y € X, x Ly if and only if x, y are linearly independent.
(ii) The ordinary orthogonality on an inner product space (X, < -,- >) given by
xly if and only if < x,y >= 0.
(iii) The Birkhoff-James orthogonality on a normed space (X, || - ||) defined by
xly if and only if ||z + ky|| > ||z|| for all k£ € R.

The relation L is called symmetric if zly implies that ylz for all z,y € X.
Then clearly examples (i) and (ii) are symmetric but example (iii) is not. However,
that a real normed space of dimension greater than 2 is an inner product space if
and only if the Birkhoff-James orthogonality is symmetric.

In 1940, S. M. Ulam proposed the following stability problem (cf. [19]):

“Let G be a group and G2 a metric group with the metric d. Given a constant
0 > 0, does there exist a constant ¢ > 0 such that if a mapping f : G; —
Go satisfies d(f(zy), f(x)f(y)) < c for all z,y € G4, then there exists a unique
homomorphism h : Gy — Gy with d(f(z), h(x)) < § for all x € G17”

In the next year, Hyers [6] gave a partial solution of Ulam’s problem for the case
of approximate additive mappings. In 1978, Rassias [14] extended the theorem of
Hyers by considering the unbounded Cauchy difference. The result of Rassias has
provided a lot of influence in the development of what we now call the generalized
Hyers-Ulam stability or Hyers-Ulam stability of functional equations. Ger and
Sikorska [4] investigated the orthogonal stability of the Cauchy functional equation

(1.1) fle+y) = flx)+ fly), zly
and Vajzovié [20] investigated the orthogonally additive-quadratic equation
(1.2) fla+y) + fle—y)=2f(2) +2f(y), =Ly

when X is a Hilbert space, Y is a scalar field, f is continuous and 1 means the

Hilbert space orthogonality. Later, many mathematicians have investigated the

orthogonal stability of functional equations ([3], [9], [10], [11], [12], [13], and [18]).
In 2001, Rassias [15] introduced the following cubic functional equation

(1.3) flx+2y) =3f(x+y)+3f(x) — flx —y) —6f(y) =0

and every solution of the cubic functional equation is called a cubic mapping and
Jun, Kim, and Chang [8] introduced the Euler-Lagrange cubic functional equation.

In this paper, we consider the following orthogonally Euler-Lagrange type cubic
functional equation

flaz + by) + flaz — by) — ab’[f (z + y) + f(z — y)] — 2a(a® — b%) f ()
+clf(z+2y) = 3f(x+y) +3f(x) — flx —y) —6f(y)] =0, zLly.

for fixed non-zero rational numbers a,b and a fixed non-zero real numbers ¢ with
a® # b? and a # £1 and prove the generalized Hyers-Ulam stability for it. Every
solution of (1.4) is called an orthogonally Euler-Lagrange type cubic mapping.

Throughtout this paper, (X, 1) is an orthogonality normed space with the norm
|| lx and (Y, || - ||) is a Banach space.

(1.4)
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2. SOLUTIONS OF (1.4)

In this section, we investigate solutiuons of (1.4). We will show that a mapping
f satisfying (1.4) is an orthogonally cubic mapping.

Theorem 2.1. Let f : X — Y be a mapping with f(0) = 0. If f satisfies (1.4)
and ¢ # 0, then f is an orthogonally cubic mapping.

Proof. Suppose that f satisfies (1.4). Setting y = 0 in (1.4), we have

(2.1) flaz) = a® f(x)
for all z € X and setting z = 0 and y = x in (1.4), we have
(2.2) f(bx) + f(=bx) = (ab® + 9¢) f(x) + (ab® + ¢) f(—z) — cf(2x)

for all z € X. Replacing = by —z in (2.2), we have
(2.3) F(ba) + f(~bx) = (ab® + 9¢) f(~z) + (ab® + ¢) f(z) — cf (~22)
for all x € X. Since ¢ # 0, by (2.2) and (2.3), we have
(2.4) f2x) = f(=2x) = 8[f(z) — f(—=)]
for all z € X. Relpacing y by ay in (1.4), by (2.2), we have
a*[f(z +by) + f(z — by)] — (ab® + 3¢) f(z + ay) — (ab® + ) f(z — ay)
+ cf (x + 2ay) — (2a® — 2ab* — 3¢) f(z) — 6¢f (ay) =0
for all z,y € X with x Ly and letting y = ¥ in (2.5), we have
a’[f(z +y) + flz —y)] = (ab® + 3¢) f(x + py) — (ab® + ) f(z — py)
+cf (x4 2py) — (20° — 2ab® — 3¢) f(x) — 6¢f (py) = 0
for all z,y € X with z_ly, where p =

(2.5)

(2.6)

¢. Letting y = —y in (2.6), we have

a’[f(x —y) + f(a +y)] — (ab® + 3¢) f(x — py) — (ab® + ) f(z + py)
+ef(z = 2py) — (2a° — 2ab® — 3¢) f(x) — 6ef (—py) =0
for all z,y € X with zly. By (2.6) and (2.7), we have

c[f (@ +2py) — f(x = 2py)] = 2¢[f (z + py) — f(z — py)]
—6clf(py) = f(=py)] =0
for all z,y € X with zly. Letting y = %y in (2.8), we have
(2.9)  [flz+2y) - flz—2y] -2[f(z+y) - flx—y] - 6[f(y) - f(=y] =0
for all z,y € X with z_Ly.

Let fo(x) = M Then f, satisfies (2.9). Letting = 0 in (2.9), we have

(2.7)

(2.8)

(2.10) fo(2y) = 8fo(y)

for all y € X. Letting x = 2z in (2.9), by (2.10), we have

(2.11) Afolz +y) = folz = y)] = fo(22 +y) = fo(22 — y) + 6fo(y)
for all z,y € X with zLy. Interchanging = and y in (2.11), we have
(2.12) Alfo(x +y) + folw = y)] = folz + 2y) + fo(z — 2y) + 6fo(2)

for all z,y € X with zLly. By (2.9) and (2.12), we have
fo(m + 2y) - 3fo(x + y) + 3fo(x) - fo(x - y) - 6fo(y) =0
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for all z,y € X with x 1y and hence fj is an orthogonally cubic mapping.
Let fe(x) = w Then f. satisfies (2.9) and so we have

(2.13) fe(@ +2y) — fe(x —2y) = 2[fe(x +y) — fe(z —y)] =0

for all z,y € X with zLly. Letting y = « in (2.13), we have

feBz) =2fe(2) + fe(x)
for all z € X and letting y = 2z in (2.13), we have

fe(4x) = 2fe(3z) — 2fe(x)
for all z € X. Hence we have f(4x) = 4f.(2z) for all z € X and so

fe(2r) = 4fe(x), fe(3x) =9fc(x), fe(dz)=16fc(7)

for all x € X. By induction on n, we have

fe(nz) = ane(x)

for all x € X and all n € N and hence

fe(rz) = Tzfe(x)

for all z € X and all rational number r. By (2.1), since a is a non-zero rational
number with a # 1, f(z) = 0 for all x € X. Hence f = f, + fe = fo is an
orthogonally cubic mapping. (I

3. THE GENERALIZED HYERS-ULAM STABILITY FOR (1.4)

In this section, we prove the generalized Hyers-Ulam stability for the orthogo-
nally cubic functional equation (1.4) by using the fixed point method.

In 1996, Isac and Rassias [7] were the first to provide applications of stabil-
ity theory of functional equations for the proof of new fixed point theorems with
applications.

Theorem 3.1. [1], [2] Let (X,d) be a complete generalized metric space and let
J : X — X be a strictly contractive mapping with some Lipschitz constant L with
0 < L < 1. Then for each given element x € X, either d(J"x, J"1z) = co for all
nonnegative integer n or there exists a positive integer ng such that

(1) d(J"z, J"z) < o0 for alln > ng ;

(2) the sequence {J"x} converges to a fixed point y* of J ;

(3) y* is the unique fized point of J in the set Y = {y € X | d(J™x,y) < oo} and
(4)

y
1
4) dy,y") < 7= dly, Jy) forally €Y.

For any mapping f : X — Y, we define the difference operator Df : X2 — Y
by

Df(x,y) = flax + by) + flax — by) — ab®[f(z +y) + f(z — y)] — 2a(a® — b°) f ()
+clf(z+2y) = 3f(x+y) +3f(x) — flz —y) —6f(y)]

for all z,y € X.
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Theorem 3.2. Assume that ¢ : X? — [0,00) is a function such that

(3.1) ox.y) < ﬁwax,ay)

for all z,y € X and some real number L with 0 < L < 1. Let f: X — Y be a
mapping such that f(0) =0 and

(3-2) IDf(z,y)ll < oz, y)

for all x,y € X with x1y. Then there exists a unique orthogonally cubic mapping
F: X —Y such that

(3.3) I1F(@) = @) < gy —g50@-0)

forallx € X.

Proof. Consider the set S ={g | g: X — Y} and define the generalized metric d
on S by

d(g,h) = inf{c € [0,00) | |lg(z) — h(z)| < ¢ ¢(x,0), V2 € X}.

Then (S, ) is a complete metric space([9]). Define a mapping T': § — S by
Tg(x) =a®g(%) forallz € X and all g € S.
Let g,h € S and d(g, h) < ¢ for some ¢ € [0,00). Then by (3.1), we have

ITg(@) = Th@)| = laf*[g(2) =1 (2)] < cLo(a,0)
h

for all z € X. Hence we have d(T'g,Th) < Ld(g,h) for all g,h € S and so T is a
strictly contractive mapping. Putting y = 0 in (3.2), we get

12f (azx) - 2a° ()] < ¢(x,0)

for all x € X and hence

Jrt-25(2)] = ot

for all € X and hence d(f,Tf) < ﬁ < 00. By Theorem 3.1, there exists a

mapping F' : X — Y which is a fixed point of T such that d(T"™f, F) — 0 as
n — oo and

L
[ F(2) = f2)]| < m

for all 2 € X. Replacing =, y by 2%, % in (3.2), respectively, and multiplying (3.2)
by |al?", by (03), we have

oo 2] < et

for all z,y € X with Ly and all n € N. Letting n — oo in the last inequality, we
get

¢(z,0)

DF(z,y) =0
for all z,y € X with Ly and by Theorem 2.1, F' is an orthogonally cubic mapping.
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Now, we will show the uniqueness of F'. Let G : X — Y be another orthogonally
cubic mapping with (3.3). Since F' and G are fixed points of T', by (3.3), we get
1G(z) — F()|| = [[T"G(x) = T"F(x)||
<|T"G(x) =T (@) + [ T"F(x) = T" f (=)
Ln+1
< — 0
= japi -0

for all z € V and for all n € N. Since 0 < L < 1, letting n — oo in the above
inequality, we have F = G. [l

Related with Theorem 3.2, we can also have the following theorem. And the
proof is similar to that of Theorem 3.2.

Theorem 3.3. Assume that ¢ : X2 — [0,00) is a function such that

(3.4) ¢laz, ay) < |a]’Lo(x,y)

for all z,y € X and some real number L with 0 < L < 1. Let f: X — Y be a
mapping such that satisfying (3.2). Then there exists a unique orthogonally cubic
mapping F : X — Y such that

1

(35) 1#6) = @) < gy

=0

forallx € X.

Proof. Consider the set S ={g | g: X — Y} and define the generalized metric d
on S by

d(g,h) = inf{c € [0,00) | |lg(x) — h(z)|| < ¢ ¢(x,0),Vz € X}.

Then (S,d) is a complete metric space([9]). Define a mapping 7' : S — S by
Tg(z) = Zg(az) for all z € X and all g € S.

Let g,h € S and d(g, h) < ¢ for some ¢ € [0,00). Then by (3.4), we have
1
1Tg(x) — Th(x)|| = WHQ(M) — h(az)|| < cLo(x,0)

for all z € X. Hence we have d(T'g,Th) < Ld(g,h) for all g,h € S and so T is a
strictly contractive mapping. Putting y = 0 in (3.2), we get

12f (az) — 2a° f(2)|| < ¢(z,0)

for all z € X and hence

1@~ (@) < gomot.0

for all z € X and hence d(f,Tf) < ﬁ < o0o. By Theorem 3.1, there exists a
mapping F' : X — Y which is a fixed point of T such that d(T"™f, F) — 0 as
n — oo and

1

| F(z) — f(2)]| < m‘?(%o)

for all z € X. Replacing z, y by a™x, a™y in (3.2), respectively, and multiplying
(3.2) by |a|=3", by (03), we have

oD, a9 < 17660,
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for all x,y € X with Ly and all n € N. Letting n — oo in the last inequality, we
get
DF(z,y)=0
for all z,y € X with 1Ly and by Theorem 2.1, F is an orthogonally cubic mapping.
Now, we will show the uniqueness of F'. Let G : X — Y be another orthogonally
cubic mapping with (3.3). Since F' and G are fixed points of T', by (3.3), we get

1G(2) = F(2)|| = [|T"G(x) = T"F ()|
<|T"G(z) =T f(@2)|| + I1T"F(2) = T" f ()]

< m¢($70)

for all z € V and for all n € N. Since 0 < L < 1, letting n — oo in the above
inequality, we have F = G. O

As an example of ¢(x,y) in Theorem 3.2 and Theorem 3.3, we can take ¢(z,y) =
(% )% + 1]3 + [[y]|3F) for some positive real numbers € and p. Then we can
formulate the following corollary :

Corollary 3.4. Let (X, 1) be an orthogonality normed space with the norm || - || x
and (Y, || - ||) a Banach space. Let f : X — Y be a mapping such that

(3.6) IDf (2, )l < ellll el + lelF + llyl3)

for all x;y € X with xly and a fixed positive number p with p # % Then there
exists a unique orthogonally cubic mapping F : X — Y such that

1

| F(2) — f(2)]l < [J]|*P

2|lal?> — laf?|
forallz € X.

By Theorem 2.1, if ¢ = —%ab2, then we have the following orthogonally Euler-
Lagrange type cubic functional equation :

2 1
flaz +by) + faz — by) — gabe(ﬂf —y) - gabe(w +2y)
~ a(2a? — 1) f() + 206 () = 0
for all z,y € X with xLy. By Corollary 3.6, we have the following exmaple.

Example 3.5. Let (X, 1) be an orthogonality normed space with the norm || - || x
and (Y, || - ||) a Banach space. Let f: X — Y be a mapping such that

| o +by) + flaw — by) — 2ab? f(z ) — <ab” f(z + 2)

—a(2a® — %) f(2) +2a* f ()|l < e(llell Nl + 23 + llyl3)

for all x,y € X with Ly and a fixed positive number p with p # % Then there
exists a unique orthogonally cubic mapping F': X — Y such that

IP() - f@)] < ——

Jal?*
2|laf?> ~ Jaf|

for all z € X.
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It should be remarked that if a functional inequality can be deformed into the
type of (3.2), then a solution of the original functional equation is cubic. In the
following theorems, we give a simple example.

Theorem 3.6. Let ¢ : X? — [0,00) be a function such that

(37) Bl,y) < <To(22,2)

for all x,y € X, some real number L with 0 < L <1 and f : X — Y a mapping
such that f(0) =0 and

(38)  f2z+y)+ f2x —y) —2f(x+y) —2f(z —y) — 12f(2)]| < ¢(z,y)

for all x,y € X with x1y. Then there exists a unique orthogonally cubic mapping
F: X —Y such that

IF() - f(z) L

< =
I < fg =g 300+ 86(0,2)]
forallx € X.
Proof. Letting x = 0 in (3.8), we have

(3.9) 1 () + f (=)l < ¢(0,)
for all y € X and letting y = 0 in (3.8), we have

(3.10) |7(2x) — ()] < 56(r,0)
for all y € X. Letting y = 2y in (3.8), by (3.10), we have

18f(x +y) +8f(z —y) = 2f(x +2y) — 2f(z — 2y) — 12f ()]
B et 0+ 2o - 1.0+ 0(o20)

for all z,y € X with zLy. Interchang 2 and y in (3.8), by (3.9), we get
[f(z+2y) = flz —2y) = 2f(z +y) + 2f(z —y) — 12/ (y)]|

for all ,y € X with xly. Putting a =2,b=1, and ¢ = —4 in D f(z,y), by (3.8),
(3.11), and (3.12), we have

(3.12)

IDf(z, 9)|| < ¥(x,y)
for all z,y € X, where
1 1
Since 1) satisfies (3.1), by Theorem 3.2, we get the result. O
Similar to Theorem 3.6, we have the following theorem :
Theorem 3.7. Let ¢ : X? — [0,00) be a function such that
(3.13) 6(2z,2y) < 8Lé(2x, 2y)
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for all x,y € X, some real number L with 0 < L <1 and f: X — Y a mapping
satisfying f(0) = 0 (8.8). Then there exists a unique orthogonally cubic mapping
F: X —Y such that

IF() - f(z) !

| < m[3¢($70) +8¢(0, z)]

forallx € X.
By Theorem 3.6 and Theorem 3.7, we have the following corollary :

Corollary 3.8. Let f : X — Y be a mapping such that f(0) =0 and

1f 2z +y)+ (22 —y) = 2f (@ +y) = 2f(x—y) = 12f (@)[| < [z [yl” + |2 ]* +]ly]|*.

for all x,y € X and a fizxed positive real number p with p # % Then there exists a
unique orthogonally cubic mapping F : X — 'Y such that

11

I1F(@) ~ F@)] < gz Il

forallz e X.
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CERTAIN SUBCLASS OF HARMONIC MULTIVALENT
FUNCTIONS DEFINED BY DERIVATIVE OPERATOR

ADRIANA CATAS', ROXANA SENDRUTIU? AND LOREDANA-FLORENTINA
IAMBOR?

ABSTRACT. In the present paper, we investigate new properties of a
new subclass of multivalent harmonic functions in the open unit disc
U= {z€ C: |z| <1}, under certain conditions involving a new gen-
eralized differential operator. Furthermore, a representation theorem, an
integral property and convolution conditions for the subclass denoted by
ALy (p,m,d,a, A1) are also obtained. Finally, we will give an application
of neighborhood.

Keywords: differential operator, harmonic function, extreme points, convo-

lution, neighborhood.
2000 Mathematical Subject Classification: 30C45.

1. INTRODUCTION

A continuous complex-valued function f = u + iv defined in a simply con-
nected complex domain D is said to be harmonic in D if both u and v are
real harmonic in D. In any simple connected domain we can write f = h + g,
where h and ¢ are analytic in D. A necessary and sufficient condition for f to
be univalent and sense preserving in D is that |h/(2)| > |¢'(2)], 2 € D. (See
also Clunie and Sheil-Small [5] for more details.)

Denote by Sy(p,n), (p,n € N={1,2,...}) the class of functions f =h +g
that are harmonic multivalent and sense-preserving in the unit disc U = {z €
C : |z| < 1}. Then for f = h+ g € Sy(p,n) we may express the analytic
functions h and g as

9] [e9)
(11) h(z) =2P+ Z a’kzka g(Z) = Z bkzk7 ‘bp-%n—l‘ <L
k=p+n k=p+n—1
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Let Sy(p,n,m),(p,n € N,m € Ny U {0}) denote the family of functions
fm = h + gm that are harmonic in D with the normalization

(1.2)
[e.e] e}
hz) =22 = D a2, gm(z) = (=)™ D |balz", |bprn| < 1.
k=p+n k=p+n—1

Definition 1.1. [4] Let H(U) denote the class of analytic functions in the
open unit disc U = {z € C : |z] < 1} and let A(p) be the subclass of the
functions belonging to H(U) of the form

o
h(z) =2 + Z apz®.
k=p+n
Form € Ny, A > 0, 6§ € Ny, I > 0 we define the generalized differential operator
I3%(p, 1) on A(p) by the following infinite series

(1.3) I, Dh(z) = (p+ D"+ Y [p+ Ak —p)+1"C(6, k)arz",
k=p+n
where
(k+o-11Y\ ['(k+9)
(1.4) C(0,k) = < 5 > = W

Remark 1.2. When A =1, p=1,1 =0, § = 0 we get Salagean differential
operator [13]; p = 1, m = 0 gives Ruscheweyh operator [12]; p=1,1=0, =0
implies Al-Oboudi differential operator of order m (see [1]); A = 1, p = 1,
[ = 0 operator reduces to Al-Shagsi and Darus differential operator [2]
and when p = 1, [ = 0 we reobtain the operator introduced by Darus and
Ibrahim in [6].

Definition 1.3. [4] Let f € Sy(p,n), p € N. Using the operator (1.3)) for
f = h+ g given by (L.1) we define the differential operator of f as

(1.5) Vs (p, ) f(2) = I (p, DA(2) + (=1)" I 75(p, D9 (2)

where

(1.6)  IVs5(p,Dh(z) = (p+ D)™+ Y [p+ Ak —p) + 1" C(8, k)arz"

k=p+n
and
(L.7) s(p.Dg(z) = Y [p+ Ak —p) +1"C(8, k)b,
k=p+n—1
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Remark 1.4. When A = 1, ] = 0, 6 = 0 the operator (1.5) reduces to the
operator introduced earlier in [§] by Jahangiri et al.

Definition 1.5. [4] A function f € Sy(p,n) is said to be in the class
ALy (p,m, 0, c, \, 1) if

1 ™ (p 1) f(z
(1.8) —~ Re M >a, 0<a<l,
p+l I (p, 1) f(2)
where I}; f is defined by 1' for m € Np.
Finally, we define the subclass

(1.9) /Ey(p,m, d,a, A\ 1) = ALy (p, m, 0, a, A\, 1) N SH(p,n,m).

Remark 1.6. The class ALy(p,m,d,a, A1) includes a variety of well-known
subclasses of Sy (p, n). For example, letting n = 1 we get ALy(1,1,0,,1,0) =
HK(«a) in [1], for n = 1, ALu(1,m — 1,0,a,1,0) = Sy (t,u,«) in [14],
ALy (p,n+p,0,a,1,0) = SHy(n,«) in [11] and n =1, ALy (1,m,d,,1,0) =
My (m, 0, ) in [3].

Theorem 1.7. [4] Let f,, = h + gm be given by . Then f,, €
ALy (p,m,d,c, \, 1) if and only if

(1.10) i [(p+ DA — ) + Ak — p)ldpk(m, \,)C (5, k)

k=p+n (p+ 0" (1 —a) lael+
D1+ 0) £ Ak = p)ldpr(m A\ DCGR)
" o (1~ a) =t
k=p+n—1
where An > a(p+1), 0 <a <1, meNy, A >0 and
(1.11) dpr(m, A\ 1) =[p+ Ak —p) +1]™.
Remark 1.8. The harmonic function
- (p+D)" (1 -a) !
1.12 z) =P+ TRz +
(L12) S =+ D, Griyi=a) + A=yt ST D™
— (p+ D" (1 - a) —
+ P
2 GO @)+ AR il 8 DO R

where 77 okl + 3002 1kl = 1,0 <a <1, m e No, An > a(p +1),
A > 0 and dpi(m, A1) is given in (1.11), show that the coefficient bound
expressed by ((1.10]) is sharp.
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2. CONVEX COMBINATION AND EXTREME POINTS

In this section, we show that the class ﬂq{(p,m, d, a, A1) is closed under
convex combination of its members.
For i =1,2,3,..., let the functions f,,(z) be

o0 (o)
(2.1) Fui(2) =27 = > agal2®+ (=)™ D [balz"
k=p+n k=p+n—1

Theorem 2.1. The class le\iq{(p,m, d,a, A\, 1) is closed under convexr combi-
nation.

Proof. Fori=1,2,3,..., let fn,,(2) € ZleH(p,m, 9, a, A, 1), where the functions
fm;(2) are defined by (2.1)). Then by (1.10) we have

= [(p+ 1)1~ ) + Ak — p)ldpa(m. A DO, K)
w2 (b (1~ a) it
oS D) APl A DCER),

m+1 _
bt (0 + "1~ )

oo
For Z t; =1, 0 <t; <1, the convex combination of f,,, may be written as
i=1

 tifmi(z2) =2 = > (Zti|ak,i|>z’f+(—1)m > ( ti|bk7i|>2k.
=1 1

k=p+n \i=1 k=p+n—1 \i=
Then by (2.2) one obtains

o [+ D1 =) + Ak = p)ldps(m, A DCO, k) (=,
Z (p + l)m—‘rl(l _ a) : <; tz‘ak,z|> +

k=p+n

s [<p+1><1+a>+A(k—p)]dp,k<m,u>c<5,k>.(iti,bki‘):
=1

m+1(1 _
k=p+n—1 (p+0)m (1 —a)

iti , i [0+ D1 = ) + Ak = p)ldps(m A DCEOR),
i=1

m+1(1 — ’ak’i
et (p+ )" (1 )

b 3 oo e xt-plumancer, | )

P+ )"+ (1 - a)

k=p+n—1 i=1
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and therefore g tifm;(2) € ALH (p,m,d,a, A\ ). O
i=1

Further, we will determine a representation theorem for functions in
ALH (p,m, d, a, A, l) from which we also establish the extreme points of closed
convex hulls of ALH(p,m 9, a, A\, 1) denoted by clcoALH(p,m 5, a, \ D).

Theorem 2.2. Let f,(z) given by . Then fm(z) € ALH(p, m,d, a, \, 1)
if and only if

(2.3) fn(2) = Xphp(2) + > Xphi(2)+ D Yigm, (2)

k=p+n k=p+n—1

where hy(z) = 2P

(p+ )" (1 - a) p
(o + D)1= @) + Ak = )ldp (. DO, 1)

k=p+n,p+n+1,..,

(2.4)  hp(z) = 2P —

and

(p+ D)™ 1 — a) Sk
[(p+ D)1+ a) + Ak = p)ldpr(m, A\, 1)C (S, k)’

k:p+n—1p+n

with Xg > 0, = 0,X, =157 ., X Zk—p+n Y
In particular, the extreme points of ALH (p,m,d, a, A, l) are {hi} and {gm, }

(2.5) gm,(2) =2+ (=)™

Proof. For the functions f,,, of the form ([2.3), we have

fu(2) = Xphp(2) + Y Xphw(2)+ Y Yigm,(2) =
k=p+n k=p+n—1

Z (p+ D)™ 1 — a)

o o+ D= @) + A0k = p)Jdy(m, A DO, )

m (p+ )" (1 - a) )
+(=1) k:p%;_l [(p+ 1)1+ a) + Ak — p)]dpk(m, \,1)C(5, k) Y3z",

o

Xka'i‘

Consequently,

o0

3 [(p+ D1 —a) + Ak — p)ldpk(m, A, 1)C(6, k)
(p+1)mH(1 —«)

ap+
k=p+n

779 CATAS 775-785



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

6 A. Catas, R. Sendrutiu, L.F. Iambor

+ io: [(p—l—l)(l +a) +)‘(k _p)]dp,k(maAvl)C(év k)

b, =
m+1 _
k=p+n—1 (p+0DmH (1 —a)
- Z X5 + Z Vi=1-X,<1,
k=p+n k=p+n—1
where
(p+0)"(1-a)
ap = Xk
[(p+ D1 = a) + Ak = p)]dpr(m, A\, 1)C(0, k)
(p+D)™ (1 - a)
[(p+ D1+ ) + Ak — p)ldpi(m, A, 1)C(6, k)

and therefore f,, € clcoﬂy(p,m, 0, a, A1),
Conversely, suppose that f,, € clcoALy(p, m,d, a, A, 1).
Setting

H(1— Ak —p)ld ADC(0, k
(26) Xk:: [(p+ )( Oé)+ ( 1p)] P,k(m7 ’ ) ( ) )‘ak"
(p+ 1)1 —-a)
k=p+n,p+n+1,..,
v — [+ DA +a) + Alk — p)ldyp(m, A, )C(S, k) by
) (p+ D)™ (1~ a) ’
k=p+n—1,p+n,..,
and X, = 1 =332 Xp — >0, 1 Yk We note by Theorem H that
Onggl,Onggl, andXPZO.
We obtain the required representation since f,,, can be written as

fm(z) = 2P — Z lag| 2" + (=)™ Z |br|2F =
k=p+n k=p+n—1
= (p+ 0" (1 - )Xy, .
= zp —_ z _|_
k:%;n [(p+ D1 —a) + Ak = p)ldpr(m, A, )C(6, k)
m N (p+ 0™ (1 - )Yy k
_1 pr—
D) k; [0+ {1+ ) + Ak — p)Jdp(m, A, [IC0,K)
== Y (P @)X+ D (gm(2) — e =
k=p+n k=p+n—1
= > (@DXet+ Y gm @Y+ [1-) X > V| =
k=p+n k=p+n—1 k=p+n k=p+n—1
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o0 o0
= Xphp(2) + D Xehi(2)+ Y Yigme(2),
k=p+n k=p+n—1
as required. O

3. INTEGRAL PROPERTY AND CONVOLUTION CONDITIONS

In this section we will examine the closure properties of the class
ALy (p,m,d,c, A\, 1) under the generalized Bernardi-Libera-Livingston integral
operator and also convolution properties of the same class.

Now, for f = h + g given by (l.1) we define the modified generalized
Bernardi-Libera-Livingston integral operator of f as

(3.1) L(f(2) = Lc(M(2)) + Le(9(2)), €¢> —p,
where
2)) = C+p ? c—1
d Lo(h(=)) = L /0 L (t)dt
all B C+p 2 .
Lo = 2 [T tgtoar

Putting ¢ = 0 in (3.1)), we get the definition of the generalized Bernardi-
Libera-Livingston integral operator on analytic functions, (see [9], [10]).

Theorem 3.1. Let [ € ANLH(p,m,d,oa, N 1). Then Lo(f) belongs to the class
ALy (p,m,d,a, A\ 1).

Proof. From the representation of L.(f), it follows that

z
T A COR MO
z o z o0
:C;p /Otc—l =" Jagt* dt+(—1)m/0 el > befth | dt| =
k=p+n k=p+n—1
(e.0) (o]
=" — D A+ (D™ D |BlE,
k=p+n k=p+n—1
where
c+p c+p
ET g Br= e

Further, one obtains

i [(p+ DA = a) + Mk = p)ldpk(m, A, )C(O, k) c+p

(p+ )™l — ) ok

k=p+n
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. i [(p + DA + ) + Ak = p)ldpe(m, \,)C(8, k) c+p

|br| <
m+1 _
k=p+n—1 (p+1) (1—-a) ct+k
i [(p+ 1) = a) + Ak = p)]dpr(m, A, )C (9, k)’ ot
m+1 _
A G+ (1 —a)
- + D)1+ a) + Ak — p)ldyx(m, A\, )C(8, k
D S A EL R (. VRN Y
k=p+n—1 p
Since f € zzleH(p,m,d,a,/\,l), by Theorem we have L.(f) €
ALy (p,m, 0, a, A\ 1). O
For the harmonic functions
(3:2) Z Jarl2* + (1™ > (ol 2, [bpana| < 1
k=p+n k=p+n—1
and
(3.3)  fal Z [ARl2® + (=)™ > |Bilz, |Bppaal < 1,
k=p+n k=p+n—1
we define the convolution of fi; and fo as
(f1 % f2)(2) = f1(2) * fa(z Z lar Akl + (1™ > |be B[z
k=p+n k=p+n—1

In the following theorem, we examine the convolution properties of the class
ALy (p,m, 0,0, \, 1).

Theorem 3.2. For 0 < g < a < 1let f1 € ALH(p,m 0,a, N\, 1) and fo €
ALH(p,m 8,8, \,1). Then fixfo € ALH(p,m 0, a, N\, 1) C ALH(p,m 5, B,\10).

Proof. Let f1 € ALH(p,m, d,a, A\ 1) and fo € ﬂy(p,m, 3, B, A\, 1). Obviously,
the coeflicients of f; and fo must satisfy similar conditions to the inequality

(1.10)). Therefore, for the coefficients of fi * fo we can write
i [(p+ D)1 = B) + Ak — p)ldpr(m, A, )C (6, k)

k=ptn (p+D)mt(1—B) |ag Ag |+
20 o+ D+ B) + Ak — p))dy s (m, A, 1)C(S, k)
’ k=p+zn—1 (p+ )™+ (1 —B) b By| <
yo DA =5) + AR —p)ldpi(m, A DCOK)

k=p+n (p+ D1 - )
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N i [(p+ D)(1+ B) + Ak = p)ldp i (m, A, )C(3, k)

bi| <
RN (p+ )7L - B) o
— [P+ 1)1 =) + A(k = p)ldp(m, \,)C(3, k)
Z m+1 ’akH—
A b+ )" (1-a)
- (1 Ak —p)]d N, DCO(6, k
3 [0t ) NPl A OCER)
el P+ D" (1—a)t
because fLG AVLH(p,m, 5,04,)\,l~). In view of Theorem it follows that
fl*f2€AL'H(pam767a7)\vl)CALH(p7m767ﬁa)‘7l)' 0

4. AN APPLICATION OF NEIGHBORHOOD

Let us define a generalized (n, n)-neighborhood of a function f given in (1.2)
to be the set

Nan(f) = { Fn(2) € Su(p,n,m) :

i [(p+ DA = a) + Mk = p)ldpk(m, A, )T, F)

k=p+n (p + l)m+1(1 — Oé) |ak - Ak|+
[+ D1+ ) + Ak — p)ldpi(m, A\, )OS, k)
+k=p§+;bl (p+0m(1 . ) bk — Bi| <

where Fy,(2) = 22 — 552, Al + (<1 0,y 1Bl

Theorem 4.1. Let f,, = h+ gm be given by (1.2). If the functions fp, satisfy
the conditions

= +1)(1 = @) + Ak — p)]dyx(m, A\, )C (8, k
(41) 3 k‘[[(p )( 2p—{—l()m+1p()1]—];() )C (6, k)

|ak|+
k=p+n

[(p+ D)1 + &) + Ak = p)ldpi(m, A, ))C (6, k) o
9 < _
+ (p+ l)erl(l —a) k|| <1 p,(S(m7 A )
and
p+tn—a-—1 o
(42) < W—_a (1 o p,(S(m? A, l)) )
An > op+1), where

[(p+ 0L +0) + M0 = Dldypina(mADCOp+n =)
(p+ )11 —a) pint

then Ny »(f) C ﬂﬂ(p,m,é,a,)\,l).

g&(ma Al) =
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Proof. Let f,, satisfy (4.1) and F;;, € Ny, ,(f). We have

o0

Z [(p + l)(l B O‘) + A(k — p)]dp,k(m7 )\, Z)C<57 k)
(p+ D" (1—a)

| Akl+
k=p+n
[(p+ 1)1+ ) + Ak = p)ldy (. A DYC, )

" (r+ )1~ a)

[+ 1)1 — ) + Ak — p)]dy(m, A, )C(S, k)
S < (p+ 1) (1 - a)

[(p+ DA + ) + Ak = p)ldp e (m, A, )T, F)
P+ )"+ (1—a)

|Bi| <

]akl—l-

|bk\) + Upis(m, A1) <

e}

1 [(p+ D1 —a) + Ak — p)ldpr(m, A, )C(4, k)
+— k - :
" p¥asa, < (p+ )7 (1— ) axl
[(p+ DA + @) + Ak — p)|dpk(m, A, )C(6, k) o
’ <
(p + l)m—i—l(]_ _ Oé) |bk‘ + Up,é(mv Aa l) >
1
<n+ m(l — gf(g(m, )\,l)) + U;(g(m,)\,l) <1

Hence, for n < % (1 —Ups(m, )\,l)) we deduce that f,, €
ALy (p,m, 0, a, A\ 1). O
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ARGUMENT ESTIMATES FOR CERTAIN ANALYTIC FUNCTIONS

N. E. CHO, M. K. AOUF, AND A. O. MOSTAFA

ABSTRACT. TThe purpose of the present paper is to investigate some argument prop-
erties for certain analytic functions in the open unit disk. The main results presented
in here generalize some previous those concerning starlike function of reciprocal of
order beta and strongly starlike functions.

1. INTRODUCTION

Let A be the class of analytic functions f(z) of the form
f(z):z+Zanz” (zeU={z:2€C, |z <1}). (1.1)
n=2

A function f(z) € A is said to be in the class C(«) of convex functions of order « if
and only if

Zf”(Z)}
Re<1+ >a 0<axl 1.2
[+ O 0 0<ac) (12
and is said to be in the class S*(«) of starlike functions of order « if and only if
Zf’(Z)}
Re >a (0<a<]). 1.3
SEEX ) )

We note that C(0) = C and S*(0) = S*, where C and S* are, respectively, the well-known
classes of convex and starlike functions.

The classical result of Marx [5] and Strahhécker [8] asserts that a convex function is
starlike of order 1/2; that is,

Re {1 + zf(iz))} >0 (z € U) = Re {Z;(i”;)} > % (2 € L). (1.4)

If f(2) € S* satisfies the condition

/) .
Re{zf’(z)}>ﬁ (0<p<1;2€l), (1.5)

2010 Mathematics Subject Classification. 30C45.
Key words and phrases. univalent functions, starlike function of reciprocal of order (3, strongly

starlike functions, convex functions.
1
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then f(z) is said to be starlike of reciprocal of order § ( see Nunokawa et al. [4] ).
In [7] Sakaguchi proved that: If f(z) € A and g(z) € S*, then

Re{g:g;}>0 (ZEU):>R6{§E§§}>O (z € U). (1.6)

In [6] Pommerenke generalized Sakaguchi’s result as follows.
If f() € Aand ¢g(z) € C and

FE)| .
‘arg g’(z)‘ < 50 0<a<l;zel), (1.7)
then
f(z2) = f(21) T (12 5
arg o(22) —g(a) < 5 (|z1] < 1, |20] < 1). (1.8)

Recently, Nunokawa et al. [4] generalized Pommerenke’s result as follows.
If f(2) € Aand g(z) € C, then g(z) is starlike of reciprocal of order /5 and

f’(z) ™ -1
< — —_— : <1:.0< 1 1.
arggl(z) _2a+tan o (zeU;0<a<1;0<8<]), (1.9)
then
fR)| _m
ar < —-a (ze€). 1.10

Also Kanas et al. [1] generalized Sakaguchi’s result as follows.
If f(z) € Aand g(z) € S*, then

Re{(M>l_a (@)a} >0(zeU;0§a§1):>Re{f(z)} >« (2 € 1),

9(2) g(z) 9(2)
(1.11)
where the powers in are meant as the principal values.
Also Kanas et al. [1] defined the class H(«) as follows.
f(2) f’(Z)} }
H(a) = z) € A, zGS*:Re{l—a—+a >00<a<l)y.
@={rerea (-l ol -0 )
(1.12)

In the present paper, we extend some results obtained by Kanas et al. [1], Liu [2],
Nunokawa et al. [4], Pommerenke [6] and Sakaguchi |7] by using Nunowawa’s lemma [3].
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2. MAIN RESULTS

To derive our results, we need the following lemma due to Nunokawa [3].

Lemma 2.1. [3] Let a function p(z) with p(0) = 1 and p(z) # 0 be analytic in U. If
there exists a point zy € U such that

T
larg p(2)] < 50 (|2] <20, a>0),

then ((a0)

ZoP (2o X ™

=ika and |argp(z)| = =a,
where
1 1
k> 5 (a+ a) > 1 when argp(zy) = ga

and

1 1

k< ~3 (a—l— 5) < —1 when argp(zy) = —ga,

where

10(,2'0)é = +ia(a > 0).

Theorem 2.2. Let f(z) € A, g(z) € C and g(z) is starlike of reciprocal of order B.
Suppose that

arg [(1_>\)M+)\f’(z) —’y” <Zp 0<A<1;0<y<1; z€l), (2.1)

9(z)  g'(2) 2
where
p:oz+§tan1(1(iﬂ2)\) O<a<l; 0<qy<1). (2.2)
Then we have (=)
‘ (arg o) 7) ’ <ga (z € U). (2.3)
Proof. Let : f2)
p(z) = T4 (@ - ’Y) - (2.4)
Then p(z) is analytic in U, p(0) = 1 and p(z) # 0. It follows from that
f'(z) (s 2p'(2) 9(2)
7 v+ (1 =7)p(2) {1 + o) Zg,(z)} : (2.5)
Also, from (2.4) and , we have
@ B ) ()
R e AR LC] NEe-5 | BT
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If there exists a point zy € U such that

™
larg p(2)| < Sa (J2] < |z0])

2
and
T
larg p(zo)| = 50 0<a<l).
Then from Lemma 1, we have
/
2op (ZO) — 'ZC(]C,
p(20)
where
1 1 s
k> §(a+a ) > 1 when argp(zo) = 5
and
1
k< —i(a +a ) < —1 whenargp(z) = —=a,

where (p(z0))"® = Fia(a > 0). Since g(z) € C, from Marx-Strohhiicker’s theorem [5,8],

we have

Re {Zjéiz))} >1/2 (2 € ),

so that g(z) € S*(1/2). Putting 22 = y + jv, where u > 1/2. Then

g(2)

q(2) 12_ l—u—wl®  1—2u+u?+0?
zg'(z) | u+tiv B u? + v?
Therefore,
9C) 4l 1 e,
29'(2)
which implies that
Im 9(2) <1 (z €D,
z9'(2)

and from the assumption of the theorem, we have

Re{ 9(2) }>5 0<B<1; 2.

zg'(2)

789

(2.9)
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For the case |arg p(2o)| = Sa, from (2.5), (2.6) and (2.8), we have

ERVACONRVACI
e {(1 A)g(Zo) i A9’( }

— argp(z0)+arg{1+/\ (zog )}

= gaJrarg{lerk)\( zog(())+1 Zog(z(w))}

) Za+arg{1—ak>\(1m 9(20) )+ ikaARe-d0) }

2 9' (%) 209'(20)
akARe—2z0)
= zoz +tan™! Zog )
2 1+ ak |Im 250
70 ak\p a\f
> —a+tan! —a+ta :
= pottan { ak)\} got tan” {1+a)\}
This contradicts the assumption of the theorem, then
larg p(2)| < ga (z € D).
For the case |argp(z9)| = —5a, applying the same method above, we have a contradic-
tion. This completes the proof of Theorem [2.2] I

Remark. Putting A = 1 in Theorem 1, we get the result obtained by Liu [2, Theorem
2.1]. Also, from Theorem 1, we have the results obtained by Kanas [1], Nunokawa [4]
and Sakaguchi [7].

Theorem 2.3. Let f(z) € A, g(z) € C and g(z) is starlike of reciprocal of order
(0 <5 <1). Suppose that

f(Z))” (f’(z))” ™
arg < —=p (z€0), 2.10
(53) (G3) | <30 e 210
where
2
p= (,u+'y)a+%tan_1 (10;50[) (z € 1), (2.11)
i and vy are fized positive real numbers with 0 < p+~v <1 and 0 < a < 1. Then
fR)| _
arg < —a (ze€l). 2.12
<5 (€D (212)
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Proof. Let us define the function p(z) by (2.4 . It follows from . and . that
f(Z)) (f/(z)) — pn+y ( zp (Z) g(z) )7
) (75) = (13555

ex (1) (2) - wenlig vl

z
= (p+~)argp(z) +yarg <1 +

Suppose that there exists a point zg € U such that

s s
larg p(2)] < o (|2] < |z]) and Jargp(z0)| = o (0 <a <1).

Then, using Lemma 1, we have

zop'(20) .
(20 =1kQ.

For the case argp(z) = Fa, from (2.7), (2.8)) and (2.13), we have
wosop ol /
arg (f(z(’)) (f <ZO;) = (n+17)argp(z) +yarg (1 1 2p(2) _gla) )

9(20) g’ (20 p(20) 209'(20)

_ (M+7)fa+7arg{1+iak: (Re 9(z0) + iTm g(,ZO) >}

2 209 (20) 209’ (20)

= (L+7)

2 209" (20)

akRe-Z

Zog (Zo)

1+ak’lm z0)

{ zog’ (20)
> (n+ 7)—@ + v tan~ { apk }

= (u+v) o+ ytan~

1+ ak

1+a}

This contradicts the assumption of the theorem, then we have

ga (z € U).

For the case |argp(zo)| = —5a, applying the same method above, we have a contradic-
tion. This completes the proof of Theorem [2.3]

> (u+7)—a + v tan™!

larg p(2)| <
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ARGUMENT ESTIMATES FOR CERTAIN ANALYTIC FUNCTIONS 7

Putting =1 —~ (7 > 0) in Theorem 2, we obtain the following corollary.

Corollary 1. Let f(z) € A,g(z) € C and g(z) is starlike of reciprocal of order
S (0 < <1). Suppose that

w(565) (F5) | <3 oooeew

2
p:a+1tan_1< o ) 0<a<l).

T 14+«
Then
f)| _m
ar < —a (z€).

Remark. Putting v = 1 in Corollary 1, we have the result obtained by Nunokawa et
al. [ [4], Theorem [2.3].
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Abstract : In this paper, we introduce the second kind degenerate g-FEuler numbers and polynomials
associated with the p-adic integral on Z,. We also obtain some explicit formulas for the second kind

degenerate g-Euler numbers and polynomials.

Key words : Euler numbers and polynomials, the second kind Euler numbers and polynomials,
the second kind degenerate Euler numbers and polynomials, the second kind degenerate g-Fuler

numbers and polynomials, p-adic integral on Z,.
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1. Introduction

Throughout this paper we use the following notations. By Z, we denote the ring of p-adic
rational integers, @, denotes the field of rational numbers, N denotes the set of natural numbers, C
denotes the complex number field, C, denotes the completion of algebraic closure of Q,, N denotes the
set of natural numbers and Z, = NU{0}, and C denotes the set of complex numbers. Let p be a fixed
odd prime number. Let v, be the normalized exponential valuation of C, with |p|, = prP) = p=1,
When one talks of g-extension, ¢ is considered in many ways such as an indeterminate, a complex
number ¢ € C, or p-adic number ¢ € C,. If ¢ € C one normally assumes that |¢| < 1. If ¢ € C,, we
normally assume that |¢ — 1|, < p_fil so that ¢® = exp(zlogq) for |z|, < 1.

We say that f is uniformly differentiable function at a point a € Z, and denote this property
by g € UD(Z,), if the difference quotients

g(x) — g(y)

Fg(x7y): T —y

have a limit [ = ¢'(a) as (z,y) — (a,a). For g € UD(Z,), the fermionic p-adic invariant integral on
Zy, is defined by

L) = [ gle)duos@) = Jim 30 a()(=1)7, (see [3). 1)
P 0<z<pN

If we take ¢g1(z) = g(x 4+ 1) in (1), then we easily see that

I_1(g1) +1-1(g9) = 29(0). (2)

We recall that the classical Stirling numbers of the first kind S1(n, k) and the second kind S3(n, k)
are defined by the relations(see [6])

(@) = S1(n,k)a* and 2™ = 3~ Sa(n, k)(@)s,
k=0

k=0
respectively. The generalized falling factorial (z|\), with increment A is defined by

n—1

(@ N = [ (&= Ak) (3)

k=0
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for positive integer n, with the convention (x|\)o = 1. Note that (x|\) is a homogeneous polynomials
in A and z of degree n, so if A # 0 then (z|\),, = A"(A~'z|1),. Clearly (z|0),, = 2. We also need
the binomial theorem: for a variable x,

oo n

(14207 = 3 (V. (5)

n=0

For ¢ € C, with [1 — ¢, < 1, if we take g(x) = ¢"e®>*+1? in (2), then we easily see that

I_l(qme(2m+1)t) _ / qx€(2m+1)td’u_1(x) —
Z

i3

2et
ge?t +1°

Let us define the second kind ¢-Euler numbers E,, , and polynomials E,, ,(x) as follows(see [5]):

/ g/ e®vtidy_y ZEn 0 (6)

P n=0
1 xr 1 - tn
/Z grel2E g, oy ZEM(””)H (7)
P n=0 '

Recently, many mathematicians have studied in the area of the degenerate Bernoulli umbers and
polynomials, degenerate Euler numbers and polynomials, degenerate tangent numbers and polyno-
mials(see [1, 2, 3, 4, 6]). Our aim in this paper is to define the second kind degenerate ¢-Euler
polynomials &, 4(z, X). We investigate some properties which are related to the second kind degen-

erate g-Euler numbers &, 4()\) and polynomials &, q(z, ).

2. Some properties of the second kind degenerate ¢g-Euler numbers &, ,(\) and

polynomials &, ,(z,\)

In this section, we introduce the second kind degenerate g-Euler numbers and polynomials,
and we obtain explicit formulas for them. For t,A € Z, such that |At|, < piﬁ, if we take
g(x) = ¢*(1 + Xt)(2*+1D/X in (2), then we easily see that
2(1 4 Ap)t/A

z(q M (2I+1)/)\d B = 7

P

(8)

Let us define the second kind degenerate g-Euler numbers &, ,(A\) and polynomials &, ,(x, A) as

follows: -
tn
[ a0 ) = 3 £l )
Zp n=0 :
/ gV (1 + M) P A dy o (y) = En g, A)%- (10)
Zyp n=0 ’

Note that (14 At)'/* tends to ef as A — 0. From (7) and (10), we note that

thg x/\ (—‘_—/\t)lAl—F)\tI/A ZE
ol n. = Jim, q(l—l—)\t)?//\—i—l "

Thus, we have
lim &, 4(x,A) = E, 4(x), (n > 0).
A—0

From (5) and (9), we get

> o 2(1+ AV /A

0 m 0 1 e3¢} n n n
(Z &n,q(A)fn,> (Z(m) ¢ ) -3 < (1>5l7q(x)(xx)n_l) %
m=0 ' 1=0 =0 \I=0 !

n

(1)
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Therefore, we obtain the following theorem.
Theorem 1. For n > 0, we have
" /n
Enae) =3 (7 ) s el
1=0
By (8), (9), and (10), we obtain the following Witt’s formula.

Theorem 2. For h € Z and n € Z,, we have

/Z (2 + 1N ndp—1 (2) = £y (M),

/ @+ 2+ UNndps(y) = Engla ).
Zp

By (5) and (9), we can derive the following recurrence relation:

i 2(1|>\)n% =21+ M)A = (q(1+ M)2A +1) i 5n7q(A)’;
n=0 ' n=0 '
= q(1 4 At)?/A i 5n,q(A)t§| + i En’q()\)ﬂ
=0 o ' (12)
oo l oo
= ;q(%\)zjl Z:OE ,q ) +Z ,q
- Z:o (; (7) 4(2N)iEn—14(N) + 5n,q(A)> ’;

By comparing of the coefficients % on the both sides of (12), we obtain the following theorem.

Theorem 3. For n € Z, we have

qz( ) 2NEn-10(N) + Eng(N) = 2(1[).

By (5), (9), and (10), we have

> qEnq(z+2, N+ > Engla, N
n=0 n=0

2(1 4 At)1/A
g1+ M)2/A 41

2q(1 4 At)/*
_ 21+ ) (14 A2/ 4

14 xt)*/* 13
g1+ X)2/A 41 (1+A) (13)

xr - tn
=201+ M)A =23 (2 + UA)n—
n=0
By comparing of the coefficients £; on the both sides of (13), we have the following theorem.

n!

Theorem 4. For h € Z and n € Z, we have
GEn (@ +2,X) + & q(z, N) = 2(z + L|A),.

By (1) and (5), we have

o0 N tm
mZ:o (q"Em,q(2n, A) + Emg(N)) )
_ ; qurn(].+)\t)(2aj+2n+1)/>\d/i,1(x) + (_1)n‘/z q"’”(1+)\t)(2$+1)/’\dy,1(x) (14)
n—l 0 n—1 tm
n 1-1 l (214+1)/X n—1-1_1 v
1+ At 2 -1 204+ 1|\ .
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By comparing of the coefficients % on the both sides of (14), we have the following theorem.
Theorem 5. For m € Z, we have

n—1

0" Emq(20,N) + Emg(N) =2 (=1)" g 20+ 1[A)m

1=0
By (10), we get

o tn 2(1 _ At)—l/A /A
(g =\ = L)
Zgn,q (o =N = Fa e 1M
s (15)
2q o
R Y S I WA CER VYR _1yge, Ll
(1= M)A + 1( At) nz:%( )"qEn q(x + 7)\)n'

By comparing of the coefficients % on the both sides of (15), we have the following theorem.

Theorem 6. For n € Z, we have

Eng 1 (=2, =A) = (=1)"g€nq(x + LA),  Eng1(=A) = (=1)"¢€n g (1[N).

For d € N with d = 1(mod 2), we have

oo

t" 2(1 4 At)1/A
ek Sl A z/X
nz:o Ena@ N7 = Ca e A

2(1+ X'/ P 2/
= s LA S (1) (L + a2
=0

oo d—1
A04+x+1—d X t"
= § dn —Digle e h—
n_0< 1:0( e n’qd( d 7d)) n!

. . A . .
By comparing coefficients of — in the above equation, we have the following theorem:
n!

Theorem 7. For d € N with d = 1(mod 2) and n € Z, we have

d—1

204+2+1—-d A
_n )
Englz,N)=d ;(—1) q'Ep g (d’ d) .
In particular,
d—1
20+41—-d A
n [
Ena) = 0" S0 (05,
1=0
From (10), we derive
n 2(1 4 At)1/A

Zs - x—l—y,/\)il (14 A)EH0)/A
n=0 '

2+ )t
(1)1

(5 et (S5 - 55 (5 ()

n=0 =0

(1+ Xt)2/X +1

(14 XA (1 + A)¥/A (16)

Therefore, by (16), we have the following theorem.

Theorem 8. For n € Z,, we have

Engx+y, N Z()&qu(yM)n -

=0
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From Theorem 8, we note that &, 4(z, A) is a Sheffer sequence.
A _

By replacing ¢ by ¢ n (10), we obtain

)\t -1 e . e mtm
Tﬂ = Zen,q z,\) ( ) = ;en,q(x,A)A mz::nSg(m,n)/\ —
tm

- Z (Z Enq(, /\)Amn&(mm)) puk
m=0 \n=0 .

Thus, by (17), we have the following theorem.

(17)

Theorem 9.For n € Z, we have

m

Epg(z) = A"7"Ep g(x,X)S2(m, n).
n=0

By replacing ¢ by log(1 + At)Y/* in

(7
ZE 2) (log(1+ Ap))" 1 20 e o Z En(2, )\ (18)
2l " g1 AR T na

), we have

and
m—n tm
ZEM ) (10g(1+ 2¢) W) ~ = Z (Zé‘nq YA, (m, n)> = (19)
Thus, by (18) and (19), we have the following theorem.

Theorem 10. For n € Z, we have
g (T, A) Z/\m "By q(x)S1(m,n).

Letting ¢ — 1 in Theorem 10 gives the theorem

m

En(z,X) =) X" E, (2)S) (m,n).

n=0

which was proved by Ryoo [4].
Acknowledgement: This work was supported by 2021 Hannam University Research Fund.
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Some symmetric identities for twisted (p, q)-L-function
C. S. RYOO

Department of Mathematics, Hannam University, Daejeon 34430, Korea

Abstract : The main of this paper is to obtain some interesting symmetric identities for twisted
(p, q¢)-L-function in complex field. We define the twisted (p, ¢)-L-function by generalizing the Car-
litz’s type twisted (p, ¢)-Euler numbers and polynomials. We give some new symmetric identities for
twisted (p, q)-L-function. We also obtain symmetric identities for Carlitz’s type twisted (p, ¢)-Euler
numbers and polynomials by using symmetric property for twisted (p, ¢)-L-function.

Key words : Euler numbers and polynomials, g-Euler numbers and polynomials, twisted g-Fuler
numbers and polynomials, twisted (p, ¢)-Euler numbers and polynomials, ¢- L-function, twisted (p, q)-

L-function, symmetric identities.
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1. Introduction

Many (p, q)-extensions of some special numbers, polynomials, and functions have been stud-
ied(see [1, 2, 3, 4, 7]). Luo and Zhou [5] introduced the I-function and g¢-L-function. Ryoo [6]
investigated some identities on the higher-order twisted g-Euler numbers and polynomials. In [§],
Ryoo presented the multiple twisted (h, ¢)-I-function. In this paper, we construct twisted (p,q)-
L-function in complex field and Carlitz’s type twisted (p, ¢)-Euler numbers and polynomials. We
obtain some new symmetric identities for twisted (p, g)-L-function. We also give symmetric identi-
ties for Carlitz’s type twisted (p, ¢)-Euler numbers and polynomials of by using symmetric property
for twisted (p, ¢)-L-function.

Throughout this paper, we always make use of the following notations: N denotes the set of
natural numbers, Z; = NU {0} denotes the set of nonnegative integers, Z, = {0,—1,—-2,-3,...}
denotes the set of nonpositive integers, Z denotes the set of integers, R denotes the set of real

numbers, and C denotes the set of complex numbers. The (p, ¢)-number is defined as
p - q n—2
pP—q

[n]pq = =p" T " g4+ D2 T g T M

Note that this number is g-number when p = 1. By substituting ¢ by % in the g-number, we can not
obtain (p,¢)-number. Therefore, much research has been developed in the area of special numbers
and polynomials, and functions by using (p, ¢)-number(see [1, 2, 3, 4, 7]).

By using ¢g-number, Luo and Zhou defined the ¢-L-function L,(s,a) and g-I-function I,(s) (see
[5])

o n n+a

Z n+a . (Re(s) > L;a ¢ Zy), and I4( z:: , (Re(s)>1).

Inspired by their work, the (p, ¢)-extension of the twisted g-L-function can be defined as follow: Let
¢ be rth root of 1 and ¢ # 1. For s,x € C with Re(z) > 0, the twisted (p, ¢)-L-function Ly 4 ¢(s,x)
is define by

LP»‘]»C(S"CC) = [Q]q Z [( _2 ]

p,q
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2. Twisted (p, ¢)-Euler numbers and polynomials

In this section, we define twisted (p, ¢)-Euler numbers and polynomials and provide some of

their relevant properties. Let r be a positive integer, and let ¢ be rth root of 1.

Definition 1. For 0 < ¢ < p <1, the Carlitz’s type twisted (p, ¢)-Euler numbers E,, , ;¢ and

polynomials E,, ,, 4 ¢(z) are defined by means of the generating functions

Gpac(t) = Z Enpac 2]q Z 1)™¢™e et (2.1)
n=0 ! m=0
and - -
Gpaclt,z) = Z Enpacl@ 2]q Z nymgmelm vt (2.2)
n=0 m=0
respectively.

Setting p = 1 in (2.1) and (2.2), we can obtain the corresponding definitions for the Carlitz’s
type twisted g-Euler number E, ;. and g-Euler polynomials E,, 4 ¢(x), respectively.
By (2.1), we get

o0 n o0 m - pq - o0 1 n n n l 1 tn
Z::Ec o 3o (17 t;(m () ;(Z)m 1+ngpn—z>m-

By comparing the coefficients % in the above equation, we have the following theorem.

Theorem 2. For n € Z, we have

n n 1
E, _—
0,4, — [ ( ) ;( > 1+ ¢pn— l

By (2.2), we obtain
Enpac(®) =[2] (1)" i <n> (—1)getpn e (2.3)
Py \p—q 2 I L+ Cpnigl
Next, we introduce Carlitz’s type twisted (h, p, ¢)-Euler polynomials Efb ; " C( x).

Definition 3. The Carlitz’s type twisted (h, p, ¢)-Euler polynomials Jou ; C( x) are defined by

Mg

EY)  (2)=[2,

n,p,q,¢ (—=1)mphmem [m + ] - (2.4)

0

3
Il

When z =0, EM =W

n,0,4,¢ 7,0,4,¢
By using (2.4) and (p, ¢)-number, we have the following theorem.

: (h)
(0) are called the twisted (h, p, ¢)-Euler numbers E, e

Theorem 4. For n € Z, we have

(h) _ 1 " n l xl (n—1l)x 1
En,p,q,((x) - [2](1 ( ) Z (l)(_l) q p( ) 1 +<pn_l+hql'

p—q

By (2.4) and Theorem 2, we have

- n n—1)z (1) l
Enpgc(@) = <Z)q( ) En—l,p,qﬁ[x]p,q
1=

n
n T n— l
Bupacla 1) =3 ()5 a"VED o

(=)

(2.5)
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By (2.1) and (2.2), we get

M8

—[2]q Z(_l)l+ngl+ne[l+n]p’qt + [2]q
=0 l

Il
o
Il
=)

Hence we have

0 e n—1
(_1) +1< : : Em»qu,C (n) m) =+ § E’HL,p,q,( m' = § ( q E p q> ﬁ

m=0 ’ m=0 : m=0

By comparing the coefficients %ﬂ, on both sides of (2.6), we have the following theorem.

Theorem 5. For m € Z., we have

n—1 n+1,n
et = (=1)" (" Empgc(n) + Emamq,c_
;( )"l 2],

3. Twisted (p, ¢)-I-function and twisted (p, ¢)-L-function

(_1)l§le[l]p,qt _ [2](1 (_1)l<le[l]pyqt'

(2.6)

By using twisted (p,q)-Euler numbers and polynomials, twisted (p,q)-L-function is defined.

These functions interpolate the twisted (p, q)-Euler numbers E, , , ¢, and polynomials E, , , ¢(z),

respectively. From (2.1), we note that

dk

oo
ﬁ q Z p,q Ek ,0>q,C (k € N)

t=0 m=0

Gp,q,((t)

By using the above equation, we are now ready to define twisted (p, ¢)-I-function.

Definition 6. Let s € C with Re(s) > 0.

lpq( Z

Relation between I, 4 ¢(s) and Ej p 4.¢ is given by the following theorem.

’I’L

qu

Theorem 7. For k € N, we have

lp,q,C(_k) = Ek,p,q,C'

By using (2.2), we note that

dk
dtk

2y D ()" m +aly,

t=0 m=0
= Eipq.c(x), for ke N.

d k 9] - m
i Z n»p,q,C(x)a
n=0 t=0

By (3.2) and (3.3), we are now ready to define the twisted (p, ¢)-L-function.

Gp’qﬁ (t, .’IJ)

and

Definition 8. Let s € C with Re(s) > 0 and = ¢ Z; .

Lpaclos) = 2l Y (=i

(3.1)

(3.4)

Note that L, 4.¢(s, ) is a meromorphic function on C. Relation between Ly, , ¢(s,z) and Ej p 4 ¢(x)

is given by the following theorem.

Theorem 9. For k € N, we have L, 4 c(—k,2) = Ej pq,c(2).

Observe that L, 4 ¢(—k, x) function interpolates Ej ;, 4 ¢(z) numbers at non-negative integers.
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3. Some symmetric identities for twisted (p, ¢)-L-function

Let wy,we € N with wy 1 (mod 2), wy = 1 (mod 2). For n € Z,, we obtain certain

symmetric identities for twisted (p, ¢)-L-function.

Theorem 10. Let wy,ws € N with w; =1 (mod 2), wy =1 (mod 2). Then we obtain

71)171
nlg2gs 3 (<1)IC Ler s g ( wnz + %)

7=0 b
wa—1 w
— ol alZlm 3 (1P C T Ly g g (5,12 + 225 )
- 2
7=0

Proof. Note that [zy], = [z],,[y]q for any z,y € C. In (3.4), by substitute woz + %j for x in
wq
and replace q, p, and ¢ by ¢%, p** and ("1, respectively, we derive next result

oo

1 w —1)m¢um
prl7qw1,<w1 <S7u}2x—|— uj‘]) e Z ( ) C -

2 w
[2] g P [m+w2x+ ng}

Wi | pwr g

= (g
- Z |:w1m—|—w1w293—|-1U2j]8
R

m=0
w
! (4.2)
oo wp—1 (_1)w2m+i<w1(w2m+i)
[’LUl]p#I mz::o — [wl(u)Qm + z) + wiwox + wzj}f,’q
oo wz—1 ) Cwlwzmcwlz
= [wilpg Z Z [wywa (x +m)+w1z+w2j]
m=0 =0 p,q
Thus, from (4.2), we can derive the following equation.
5 w1 — 1 w
p 4 wQJL pwL, w1 (W1 (87 wo + 2.7)
g w1
oo wg—1lw;—1 ]+ + C C C j (43)
1+m fwiwam w17, w2
~ lpaltzleg mz::o Zz:: Jz:;) [wiwz(x +m) + wii + wajl; ,
By using the same method as (4.3), we have
[wl];q et i rwqd wy .
4N (1) C Ly qua gon (8, wia + L
[2}q“’2 =0 w2 ( )
4.4

wz—1lwi—1 j+z+mcw1w2m<w21<w1]

(e ]
e, 3 3 S LI

m=0 j=0 =0

Therefore, by (4.3) and (4.4), we have the following theorem. [J

Taking wy = 1 in Theorem 10, we obtain the following corollary.

Corollary 11. Let wy € N with w; =1 (mod 2). For n € Z, we obtain

2 w1—1 ) ) .
Lp,q,C (S;wlx) = % Z (—I)JC]prl g1 ,Cw1 <s7$ _|_ j) A

[Q]qwl [wl]pq ) w1
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Let us take s = —n in Theorem 10. For n € Z, we obtain certain symmetry identities for twisted

(p, ¢)-Euler polynomials.
Theorem 12. Let wy, ws € N with wy =1 (mod 2), we =1 (mod 2). For n € Z,, we obtain

wip—1
n j ~waj wsa .
[w1]p,q[2] g Z (=1)7¢"* Ep 1 g ¢ (wa + 11)1])

7=0
wo 1 w
= [wa]} ,[2]gm Z (—1)ICIE,, jus qus cws (wlgg + w1j> ,
- 2
7=0

Taking wy = 1 in Theorem 12, we obtain the following distribution relation.

Corollary 13. Let w; € N with w; =1 (mod 2). For n € Z, we obtain

wi—1

J
EnvPvaC(wlx) wl pq Z jC En Pl g1 ¢ <8,£L’ + ) .
qwl w,
By (2.5), we have
w1—1 w
Z (71)‘7<w2‘7En7pw1’q“’1,<“’1 <w2x + 2])
7=0 w1
2 .
S cwz( gl i [27]
J=0 p¥l,q
byl wsly '
2lp. »
Cw2j Z ( ) waj(n—1) wlwszS)zpwl gw1 Cwl (ng) ([’LU1]ZZ> []];11127(11”2

Jj=

Hence we have the following theorem.
Theorem 14. Let wy,ws € N with wy; =1 (mod 2), wy =1 (mod 2). For n € Z,, we obtain

wy—1
: : (_1)]Cw23En,pw1 g1 ,CWl (w2:1/‘ + ILU2.7>
1

7=0
w1 1

= Z( ) wally [wn ] i T T Y L o (W) Y (—1)IUR g I,
j=0

For each integer n > 0, let A, ; . 4.c(w) = E}Uz_ol( 1)7¢7q7(n=9[j]¢ . The sum Ay ; p g c(w) is called
the alternating twisted (p, ¢)-power sums.

By Theorem 14, we have

wi—1

w w2 .
g2 U)l pq Z C 2]Enp“’1 g1l (ng + wlj)
§ (4.5)
n i n—i, wiwaTi
= [2]qu Z <z> [wal},  lwilp g P> E’ELZ)zp“’l qwn,cwr (W2T) An i pea gua cwa (W1)
i=0
By using the same method as in (4.5), we have
’wzfl w
s el 3 (1P B g o (w1 + 225 )
=0 (4.6)

n
n 4
= [2]gw Z <2> [wl]p q[wg]zquw1w2mE7(zzli,p“’2,q“’2,§“’2 (W12) Ap i per ger o (W2)
i=0
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Therefore, by (4.5) and (4.6) and Theorem 12, we have the following theorem.

Theorem 15. Let wy,ws € N with w; =1 (mod 2), wy =1 (mod 2). For n € Z, we obtain

n

n ) . L s
[2]ge Z (Z) [wl];,q[wﬂ;,qprlmeszi,pwz,qwz,g‘w2 (W12) An i prr gur cor (w2)
i=0

n
n . w L
= [2lgs Z <Z> [wQ];,q[wl]quprlwszr(Llli,p“’l711’”1,(’“1 (w2m) A i pwz qua cwa (W)

By Theorem 15, we obtain the interesting symmetric identity for the twisted (h, p, ¢)-Euler numbers

E’r(L},L])L q.¢ In complex field.

Corollary 16. Let wi,ws € N with w; =1 (mod 2), wy =1 (mod 2). For n € Z,, we obtain
- n % n—i, Wiw2Tt i
2 3 (1)l g g (0B g g
i=0

n

n , . , ,

= [2]gu- Z (l> [waly g [wi]p g P A i oz gz oz (wl)Ev(zZli,pwl,qthwl'
i=0
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