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A Numerical Technique for Solving Fuzzy Fractional
Optimal Control Problems!

Altyeb Mohammed®?, Zeng-Tai Gong®*, Mawia Osman®
¢ College of Mathematics and Statistics, Northwest Normal University, Lanzhou 730070, China
bFaculty of Mathematical Science, University of Khartoum, Khartoum, Sudan

Abstract In this paper, the fuzzy fractional optimal control problem with both fixed and free final
state conditions has been considered. Our problem is defined in the sense of Riemann-Liouville frac-
tional derivative based on Hukuhara difference, and the dynamic constraint is described by a fractional
differential equation of order less than 1. Using fuzzy variational approach, a necessary conditions
of our problem has been derived. A numerical technique based on Griinwald-Letnikov definition of
fractional derivative and the relation between right Riemann-Liouville fractional derivative and right
Caputo fractional derivative is proposed. Finally, some numerical examples are given to illustrate our
main results.

Keywords: Fuzzy fractional calculus;Griinwald-Letnikov fractional derivative;Fuzzy fractional optimal
control problem;Fixed final state problem;Free final state problem;Fuzzy variational approach;Necessary
conditions.

1. Introduction

Optimal control is the standard method for solving dynamic optimization problems, which deal with
finding a control law for a given system such that a certain optimality criterion is achieved. It’s playing
an increasingly important role in modern system design, and considered to be a powerful mathematical
tool that can be used to make decisions in real life. On the other hand, accurate modeling of some
real problems in scientific fields and engineering, sometimes lead to a set of fractional differential and
integral equations. Fractional optimal control problem is an optimal control problem whose dynamic
system is described by fractional differential equations. We can define the fractional optimal control
problem in sense of different definitions of fractional derivative, for example Riemann-Liouville fractional
derivative, Caputo fractional derivative and so on.

Due to, uncertainty in the input, output and manner of many dynamical systems, meanwhile,
fuzziness is a way to express an uncertain phenomena in real world. Thus, importing fuzziness in the
optimal control theory, give a better display of the problems with control parameters in real world such
as physical models and dynamical systems.

In the last decade, fuzzy fractional optimal control problems have attracted a great deal of attention
and the interest in the filed of fuzzy fractional optimal control problems has increased. In [1], Fard
and Soolaki, prove the necessary optimality conditions of pontryagin type for a class of fuzzy fractional
optimal control problems with the fuzzy fractional derivative described in the Caputo sense. In [2], Fard
and Salehi studied the constrained and unconstrained fuzzy fractional variational problems containing
the Caputo-type fractional derivatives using the approach of the generalized differentiability. In [3],
Karimyar and Fakharzadeh introduced the solution of fuzzy fractional optimal control problems by
using Mittag-Leffler function.

In this paper, we will study a fixed and free final state fuzzy fractional optimal control problems
with the fuzzy fractional derivative described in Riemann-Liouville type in sense of Hukuhara difference.

"This work is supported by National Natural Science Foundation of China(61763044).
*Corresponding Author:Zeng-Tai Gong. Tel.: +869317971430. E-mail addresses: zt-gong@163.com email: altyebfm-
s@gmail.com
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Then, we derive the necessary conditions of that problems based on fuzzy variational approach. A
numerical algorithm is proposed to solve the necessary conditions to find the optimal fuzzy control and
optimal fuzzy state as a solutions of our problems. The definitions of a strong and weak solutions of
our problems are given, to guarantee the optimal solutions are a fuzzy functions.

This paper is organized as follows. In Section 2 we introduce and generalize some basic concepts
and notations that are key to our discussion. In Section 3 we present basic elements of fuzzy fractional
calculus and fuzzy calculus of variations. In Section 4 we establish our main results, Theorem(4.1),
that provides the necessary conditions of fuzzy fractional optimal control problems with both fixed
and free final state conditions. In Section 5 we propose a numerical technique to solve the necessary
conditions. Finally, we discuss the applicability of the main theorem and the numerical algorithm
through an examples.

2. Definitions and preliminaries

Here, we start with basic definitions and lemmas needed in the other sections for a better under-
standing of this work. The details of this concepts are clearly found in [7, 9, 10, 11, 12, 17].

Definition 2.1 A fuzzy set A: R — [0,1] is called a fuzzy number if A is normal, convex fuzzy set,

upper semi-continuous and suppA = {z € R|A(x) > 0} is compact, where M denotes the closure of M.
In the rest of this paper we use E! to denote the fuzzy number space.

Where it is a—level set a[a] = {z € R : a(x) > o} = [d!(a),a"(a)],Va € (0,1], and 0—level set
al0] is defined as {x € R|a(x) > 0}. Obviously, the a-level set a[a] = [a!(c), a" ()] is bounded closed
interval in R for all o € [0, 1], where a!(a) and a” () denote the left-hand and right-hand end points of
alal, respectively. a is a crisp number with value k if its membership function is defined by,

. 1 ,x=k
a(x):{ 0 ,z#k

Thus,
~ 1 ,2=0
0(3:)—{ 0 ,z#0.

Let 4,0 € E',k € R, we can define the addition and scalar multiplication by using a-level set
respectively as

(a+B)la] = ala] + bla], (ka)la] = kalal,

where @[a] + b[a] means the usual addition of two intervals of R, and ka[a] means the usual product
between a scalar and interval of R. Furthermore, the opposite of the fuzzy number a is —a, i.e.,

—a(z) = a(—x), it means,”—”&[a] = [~a"(a), —d'(a)].

The binary operation ”.” in R can be extended to the binary operation ”®” of two fuzzy numbers
by using the extension principle. Let a and b be fuzzy numbers, then

(@ ®b)(z) = sup min{a(x),b(z)}.

Ty=2
Using a-level set the product (& ® b) is defined by
(@ob)a] = |min{d(a)b(a),d(a)b"(a),a" (@) (a),a” (a)b" (@)},
max{a' ()b (), a'(a)b" (), a" ()b (@), a" ()b () }] .
The metric structure is given by the Hausdorff distance D : E! x E' x R — R, U {0},
D(@,5) = sup max{| al(a) — b(a) |, | a'(a) — &' (a) |}

a€l0,1]
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A special class of fuzzy numbers is the class of triangular fuzzy numbers. For a1 < as < as and
ay,az,a3 € R, the triangular fuzzy number a is generally denoted by a = (a1, as,as) is determined by
a1, as,as such that a'(a) = a; + (as — a1)a and a" (o) = a3z — (a3 — az)o, when o = 0 then a[0] = [a1, as]
and when a = 1 then a[l] = [ag, a2] = as.

We know that, we can identify a fuzzy number @ € E' by the left and right hand functions of its
a—level set, the following lemma introduce the properties of this functions.
Lemma 2.1 Suppose that a' : [0,1] = R and a” : [0,1] — R satisfy the conditions:

C1: d! is bounded increasing function,

C2: a" is bounded decreasing function,

C3: dl(1) < a"(1),

C4: lim d'(a) =d'(k) and lim a"(a) =a"(k), forall 0 < k < 1,

a—k— a—k—

C5: lim a!(a) = a'(0) and lim a"(a) = a”(0).

a—0t a—0t

Then @ : R — [0,1] defined by a(z) = sup{ala(a) < z < a"(a)} is a fuzzy number with a[a] =

[a'(a),a"(a)]. Moreover, if @ : R — [0,1] is a fuzzy number with d[a] = [a'(a),a"(a)], then the
functions a'(a) and a”(« ) satisfy conditions C1- C5. )
Definition 2.2 (H-difference). Let a,b € E', where a[a] = [a! (), a" ()] and bla] = [b'(a),b" ()] for

all a € [0, 1], the H-difference is deﬁned by
aob=¢ <= a=b+eé
Obviously, @ & @ = 0, and the a-level set of H-difference is
(asb)a] = [a(a) — b (a),a" () — b (a)],Ver € [0,1].

Definition 2.3 (Partial ordering). Let @,b € E!, we write @ =< b, if a'(«) < b() and a”(a) < 0" ()
for all & € [0,1]. We also write @ < b, if @ < b and there exists ag € [0, 1] such that a'(ag) < b'(ag) or
a”(ap) < b"(ag). Furthermore, @ = b, if @ < b and @ > b. In other words, @ = b, if afa] = b[a] for all
a € 0,1].

In the sequel, we say that &,I; € E' are comparable if either a < borar l~), and non-comparable
otherwise.

From now we consider S as a subset of R. R
Definition 2.4 (Fuzzy valued function). The function f : § — E! is called a fuzzy-valued function
if f(t) is assign a fuzzy number for any e € S. We also denote f(t)[a] = [f'(t, ), f"(t, )], where
fi(t ) = (f(1) (o) = min{f(t)[a]} and f7(t,a) = (f())"(a) = max{f(t)[a]}. Therefore any fuzzy-
valued function f may be understood by fi(t, ) and f7 (¢, ) being respectively a bounded increasing
function of & and a bounded decreasing function of a for a € [0, 1]. And also it holds f!(t,a) < f"(t, )
for any a € [0, 1].
Definition 2.5 (Continuity of a fuzzy valued function). We say that f : S — E! is continuous at
t € S, if both f!(t,a) and f7(t,a) are continuous functions at ¢ € S for all a € [0, 1].

If f (t) is continuous in the metric D, then its definite integral exists and defined by

/f aldt = /ftadt/frta

Definition 2.6 (Distance measure between fuzzy valued functions). Suppose that f.g:S8 — E'are
two fuzzy functions. We define the distance measure between f and g by

Dpi (f(2), §(z)) = Oigglﬂ(f(ﬁ)[a],ﬁ(x)[a})

= max{ sup d(z,§(x)[a]), sup d(f(z)[a],y)}, Vz € S.
zef ()| y€g(z)[c]
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Where H is the Hausdorff metric on the family of all nonempty compact subsets of R, and

d(a,B) = ggjg d(a,b).

Moreover, we can define

I (@) [I5=Dps (f(2), f(2)), VaeS,
for anyf: S — EL.

3. Elements of fuzzy fractional calculus and fuzzy calculus of variations

Several definitions of a fractional derivative have been studied, such as Riemann-Liouville, Griinwald-
Letnikov, Caputo and so on. In this paper, we deal with the problems defined by Riemann-Liouville
fractional derivative. In this section, we first introduce the definition of fuzzy Riemann-Liouville inte-
grals and derivatives in sense of Hukuhara difference.

Definition 3.1(see [6]) Let f(z) be continuous and Lebesgue integrable fuzzy valued function in [a, b] €
R and 0 < 8 < 1, then the fuzzy Riemann-Liouville integral of f (z) of order S is defined by

BFe) = 2 [ Fey(w— 1B
ST = 5 | FO =0 an

where I'(3) is the Gamma function and z > a.
Theorem 3.1(see [6]) Let f(z) be continuous and Lebesgue integrable fuzzy valued function in [a, b] €
R. The fuzzy Riemann-Liouville integral of f(x) can be expressed as follows

JEF(@) ] = [ (@ @) 2 f (@,0)], 0<a <L,
where
1 z _
alffl(xaa) = F(B)/a fl(t7a)($_t)ﬁ 1dt7
T _ 1 v T —
S @) = s / ()@ — )t

In the next definition, we define the fuzzy Riemann-Liouville fractional derivative of order 0 < 3 < 1
of a fuzzy valued function f(z).
Definition 3.2(see [6]) Let f(z) be continuous and Lebesgue integrable fuzzy valued function in [a, b] €

R. zp € (a,b) and then: G(z) = F(la 7 N (Ji (ﬁ)gg' We say that f is Riemann-Liouville H-differentiable

of order 0 < 8 < 1 at o, if there exist an element ,D5 f(x¢) € E' such that for i > 0 sufficiently small

,3 r _ . G($0+h)@G(l'0) _ . G(xo)@G(:lfo—h)
(1) anf(xO) = hlg(r)ﬁr h = hlif(r){r 7 )
or

BF _ i G(@0)OG(zot+h) _ q. - G(zo—h)OG(20)
(2) Dz f(zo) = hllg{r % = hli%h wo_—hmov
or

B 7 RT G(zo+h)OG(z0) _ 1: G(zo—h)SG(z0)
(3) aDacf(JUo) — hllféﬂ H — hlgng :mi—hmo’
or

4 D§~ - 1 G(Io)@G(xo+h) - ] G(Io)@G(Iofh)
(1) oD (o) = lim GG _ iy ClnSleot)
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For sake of simplicity, we say that the fuzzy valued function f(x) is Riemann-Liouville [(i)— 3] —differentiable
if it is differentiable as in the Definition(3.2) case(i), i = 1,2, 3, 4 respectively.

Theorem 3.2(see [6]) Let f(x) be continuous and Lebesgue integrable fuzzy valued function in [a,b] €

R and f(z)[a] = [f'(z,a), f"(x, @)],then for o € [0,1], z € (a,b) and B € (0,1)

(i) Let us consider f is Riemann-Liouville [(1) — 8]—differentiable fuzzy-valued function, then:
oDiF(@o)le] = [ DI (w0, 0).0 DL (w0, )]

(ii) Let us consider f is Riemann-Liouville [(2) — 8]—differentiable fuzzy-valued function, then:
JDEF(@o)le] = [oDEf" (w0, @), D (0, )]

Where

r=x0

T £l
DB fl(zg,0) = [ 1 dd/ f((t,tﬁt}
X r d
DEfT(xg,a) = [ L dw/ f(x(t,ozﬁt}

Theorem 3.3(see [6]) Let f(z) be continuous and Lebesgue integrable fuzzy valued function in [a, b]
is a Riemann-Liouville H-differentiable of order 0 < 8 < 1 on each point = € (a,b) in the sense of
Definition(3.2) case(3) or case(4), then ,D5 f(z) € R for all z € (a,b).

Now we state some elements of fuzzy calculus of variations.
Definition 3.3(Fuzzy increment[10]). Suppose that Z(.) and Z(.) + 0Z(.) are fuzzy functions for which
the fuzzy functional J is defined. The increment of .J, denoted by AJ, is

T=x0

AJ = J(&+ %) © J(z), (3.1)

Where 02(.) is the variation of Z(.). . )
Because the increment AJ depends on the fuzzy functions & and 6z, we denote AJ by AJ(%,46%).
Definition 3.4(Differentiability of a fuzzy functional[10, 15]). Suppose that AJ can be written as

AJ(%,0%) = 6.J(&,0%) + j(&,02) || 6% || 1, (3.2)
Where 8. is linear in 6Z. We say that J is differentiable with respect to  if for any € > 0 |
Dp1(5(%,6%),0) <€, as || 62(.) || g1— 0.

From now C|[tg, 1] represent the class of all fuzzy continuous functions on [tg, t;].
Definition 3.5(Fuzzy relative minimum[10]) A fuzzy functional J with domain Clto, 1], has a fuzzy
relative minimizer z* = *(t), if 3 3
J(&) = J(37), (3.3)

for all fuzzy functions Z € Clto, t1].
It is clear that the inequality (3.3) holds iff

JY &, ) > J (7%, a), and J"(F,a) > J" (i, a), (3.4)

for all o € [0,1] and all & € Clto, t1].

The following theorem is the fundamental theorem of the calculus of variations in fuzzy environment.
Theorem 3.4 Let 7,07 € Clto,t1] be two fuzzy functions of ¢ € [to,?1], and J(Z) differentiable fuzzy
functional of Z. If £* is a fuzzy minimizer of J, then the variation of J regardless of any boundary

conditions must vanish on z*, that is, 3
80J(Z*,6%) =0, (3.5)
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for all admissible dZ having the property T + 6% € C [to, t1].
It is obviously that the equality (3.5) holds if and only if

5JN(F (8)[a], 67 (8)[al, £, @) = O, (3.6)

6.J"(z*(t)[a], 62(t)[al, t, o) = 0, (3.7)
for all a € [0,1],t € [to,t1] and all admissible §& where,

0x(t)[a] = [02(t, @), 02" (t, )]
Proof. See [10]

4. Fuzzy fractional optimal control problem

In this section, we first define fuzzy fractional optimal control problem with fixed and free final
state conditions, and then we derive necessary conditions for optimality by applying fuzzy variational
approaches to our problem.

We define fuzzy fractional optimal control problem as:

(4.1)
subject to: 4 D
Z(to

For fixed final state problem we have additional condition Z(t1) = Z1. Where f,g: E'x E' x R — E!
are assumed to be continuous first and second partial derivatives on t € I = [tg,t1] C R with respect to
all their arguments and Riemann integrable, the fuzzy state Z(t) and the fuzzy control a(t) are functions
of t € I, and the fuzzy state function #(t) is Riemann-Liouville [(1) — S]—differentiable fuzzy-valued
function and satisfies appropriate boundary conditions, and g € (0,1).
Definition 4.1 We say that an admissible fuzzy curve (Z*,a*) is solution of (4.1), if for all admissible
fuzzy curve (z,a) of (4.1), 3 3
J(@*a*) < J(z,a).

Note that, we consider an admissible fuzzy control @ is not bounded.
Remark 4.1 If we choose 5 = 1, problem (4.1) is reduced to classical fuzzy optimal control problem.
Definition 4.2(Fuzzy Hamiltonian Function). We define fuzzy Hamiltonian function as,

H(&(t), a(t), A1), t) = F(2(1), a(t), t) + A(6)G(E (1), a(t), ). (4.2)

It means that, B )
H(z(t),a(t),\t),t)[a] = [H' (2!, ul, ALt o), H (a7, u", A7, t, ). (4.3)

for any o € [0,1], and where H'(z!,u!, N\ t,a) and H" (2", u", \",t, ) are classical Hamiltonian func-
tions.

Remark 4.2 In the following theorem, we assume that J'(&(t), @(t), A(t),t) (or J"(&(t), a(t), (t), 1))
is stated in terms containing only z!(t,a), u!(t,a) and X(¢,a) (or only z"(t,a), u"(t,a) and A" (¢, )
in order to simplify the result presentations.
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4.1 Derivation of Necessary Conditions

Now we are in the position to state a fundamental result of this work in the following theorem.
Theorem 4.1(Necessary Conditions) Assume that *(¢) be an admissible fuzzy state and @*(t) be an
admissible fuzzy control. Then the necessary conditions for 4* to be an optimal control for (4.1) and
for all a € [0, 1], t € [to, 1] are:

WDl (ta) = %il(x*l (t, ), u* (t, @), A (t, @), t,q), (4.4)

WDP () = %If: (% (t, @), u*" (t,a), \* (t,Q),t,a), (4.5)

DI (t,) = %le(a:*l (t, @), u™ (t, @), \* (, ), t, ), (4.6)

CDINT(t, @) = 830: (2% (t, @), u* (t,0), A\ (t, @), ¢, ), (4.7)

%Z;wl (t, ), u™ (1, 0), X7 (1) 1) = 0, (4.8)

%Z: (" (£ ), u (£, ), A (£, ), 1, ) = 0. (4.9)

with 8¢l

M(ty, ) = ol (4.10)

N (t,a) = giz . (4.11)

for free final state problems.

Proof. First we adopt fuzzy lagrange multiplier to form an augmented functional incorporating
the constraints, then we modify the performance index as,

ty ~
B _ dé -
T = | [f(az(t),a(t),t) + 204 X (a0, 700,124, Df:z)] dt, (4.12)
to
It means that,
- o
Jé(ul,a),Jg(ur,oa)} = / [fl(ml,ul,t,a) + C% + )\l(t, a) <gl(xl,ul,t,a) — tonﬂ)] dt,
Lto
t1 dgb’r’
v, r{ rir v i B,.r
/ _f (", u" t, o) + 7 + A (g (", u" t,a) — 4, Dy )] dt
to

In the remaining of the proof we will ignore the similar arguments and only we consider the left hand
of all functions of its a-level set.

Jfl(ul, a) = / [fl(ml(t),ul(t),t, a) + )\l(t,oa)gl(xl(t),ul(t),t, a) — )\l(t, a)tODfa:l(t, a) + Ci;btl] dt.

(4.13)
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Using the definition of fuzzy Hamiltonian function, then we can rewrite equation (4.13) as

t
' !

Ll 0) = / [Hl(xl(t),ul(t),)\l( )t a)+ % — AUt a) DMt a) |- (4.14)

to

Taking variation of equation (4.14), we obtain

T om! OH! OH! d¢!
§JL (vl o) = 6—595 AL L4 + = 5>\l+a—6 ot — 6Ly, DPxt — Ns,, DYt (4.15)

to

where §2!, 6A! and du! are the variations of 2!, A\ and u! respectively.
Using the formula for fractional integration by parts, integrate the last term on the RHS of (4.15),
then we obtain

l l
oJL(ul, o) = /(M CDQAZ>5 +L5 +<6H tODthl)ékdt+(g¢ >\l>

0! ol N 6a(t1).

t=t1

to
(4.16)
where ; Dﬂ represent the classical right Caputo fractional derivative.

u* is an extremal if the variation of JCZL is zero, that is, for all « € [0, 1] we require

l l 4
/(aH CDQM) Sz +aﬂ5 + (8H ton:d) SAdt + (%—A>

) =
oz oul N o7 0x'(t1) = 0. (4.17)

t=t1

to

It is convenient to choose the coefficients of 6z, u', and 6A! in (4.17) to be zero. This leads to

Hl
WDl (ta) = %)\l(x*l (t, ), u* (t, @), A (t, @), t, ), (4.18)
1 OH! ol «! ol

FDLNT (1) = (2™ (ta),u (5 a), X7 (1 @), ), (4.19)

Hl
%l(g;*l (t, ), u” (t,a), A\ (t, @), t,a) = 0, (4.20)

u

Finally, we have
(2 3)| oo =0 o
ozt tt, ’
1. For the fixed final state problem

ozl (ty) =0, (4.22)

2. For the free final state problem
LN
A
<8:El
Equations (4.18) — (4.20) represents the necessary conditions for u* to be an optimal with the condition
(4.22) for the fixed final state problem and (4.23) for the free final state problem.

By following the same steps(using the right hand of all functions of its a-level set ) for §.J7 (u*", o) =
0, for all @ € [0,1] and t € [0, 1], we will obtain

= 0. (4.23)

t=t1

tthﬁx*l(t, a) = %i\[r (z*" (t, ), u* (t,a), \* (t,q),t,a), (4.24)
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OH!

tCDfl N (t o) = B (=% (t, @), u* (£, ), A" (t,Q),t,q), (4.25)
x
%HT (z* (t,0),u* (t,a), \* (t,a),t,a) = 0. (4.26)
u

Equations (4.24) — (4.26) represents the necessary conditions for «*" to be an extremal with the con-

ditions dz"(t1) = O for the fixed final state problem and (gi’: - /\l)) = 0 for the free final state
t=t

problem. !

The above equations form a set of necessary conditions that the left and right hand functions of its
a—level set of the fuzzy optimal control @* and fuzzy optimal state T* must satisfy. O

We know that, @*(t) and Z*(¢) are a fuzzy numbers with @*(¢t)[a] = [u*l (t,a),u*r(t,a)] and

T (t)[a] = [x*l (t,a),:c*r(t,a)} if u*l(t,a),u*r(t,a),:c*l (t,a) and x*" (t,) satisfy are related proper-
ties in C1-C5 of Lemma(2.1). In the following definition, based on the conditions C1 and C2 of

Lemma(2.1), we introduce the definition of strong and weak solutions of our problem.
Definition 4.3(Strong and Weak Solutions).

1. (Strong Solution). We say that @*(t)[a] and Z*(t)[a] are strong solutions of (4.1) if u!" (¢, &), u"" (t, a)
2V (t,) and " (¢, &) obtained from (4.4) — (4.11) satisfy the conditions C1-C2 of Lemma(2.1),
for all ¢ € [to,t1] and a € [0, 1].

2. (Weak Solution). We say that @*(t)[a] and *(t)[a] are weak solutions of (4.1) if ul” (¢, @), u"" (, )
2 (t,a) and 2" (t,) obtained from (4.4) — (4.11) do not satisfy the conditions C1-C2 of
Lemma(2.1), then we define @*(t)[a] and Z*(t)[a] as:

w(t)[a] =
[2u"" (t, 1) ul” (t, o), u (t )], if u!",u"" are decreasing functions of «,
[u!” (t, o ( 1) — ,a)], if ul u" are increasing functions of «,
[u™ (t, a) P(t, a)], 1f u'"is decreasing and u"is increasing of a

and,

z*(t)[a] =
[227" (t, 1) 2 (t,a), x (t )], if 2", 2" are decreasing functions of a,
[z (t, o ( 1) — ,a)], if 2t 2" are increasing functions of «,

[z (t, a) P(t, a)], 1f 2'"is decreasing and 2" is increasing of a

for all t € [to,t1] and « € [0, 1].

Now, we consider fixed and free final state problems with a quadratic performance index.
4.2 Fixed Final State Problem

We can define fuzzy fractional optimal control problem with fixed final state as

mﬁin J(u) = ;/ [q(t)2* + r(t)@?] dt,

to (427)
subject to: OD,’?QE =a(t)T + b(t)a,

where ¢(t) > 0 and r(t) > 0.
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Theorem(4.1), give the necessary conditions for u*' to be an optimal as

wDrat = a(t)at + b(t)u!, (4.28)
tCDfl)\l = q(t)z! + a(t)\, (4.29)
r(t)ul + b(H)A = 0. (4.30)
Equations (4.28) and (4.30) gives
B (e e (AU () P\ (4.31)

We will obtain z!(t, o) and u!(t,a) by solving Equations (4.29) — (4.31) with the boundary conditions

2l (tg) = }) and 2!(t1) = 2!.

Similarly Theorem(4.1), give the necessary conditions for u*" to be an optimal as

wDla” = a(t)z” + b(t)u”, (4.32)
EDYAT = q(t)a” + a(t) N, (4.33)
r(tu” + b(t)A” = 0. (4.34)
Equations (4.32) and (4.34) gives
WDia" = a(t)a” — r L)) (4.35)

We will obtain z" (¢, «) and u"(t, a) by solving Equations (4.33) — (4.35) with the boundary conditions
z"(to) = xf, and z" (t1) = zf.

4.3 Free Final State Problem
We can define fuzzy fractional optimal control problem with free final state as

t1
min J(@) = ¢(Z(t1),t1) + ;/ [q(t)3® + r(t)a?] dt,
to (4.36)
subject to: tODtﬁa? =a(t)z + b(t)a,

where ¢(t) > 0 and r(t) > 0.
Following the same steps, we will obtain !(¢,«) and wu!(t,a) by solving Equations (4.29) — (4.31)
with respect to the conditions

al(to) =z and N(t1,a) = <a¢l) (4.37)

oz!

t=t1

Also we will obtain z"(t,«) and u"(¢,«) by solving Equations (4.33) — (4.35) with respect to the
conditions

z"(tg) =y and A'(t1,a) = <a¢r> (4.38)

ox”

t=t1

In the next section we propose an algorithm used to find the solution of both cases numerically, the
details of this algorithm in [4, 5].
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5. Numerical technique

Considering the both cases of fixed and free final state problems defined above, in order to find
the solution of our problems, we use the Griinwald-Letnikov(GL-for short) approximation of the left
Riemann-Liouville fractional derivative and using the relation between right Riemann-Liouville fraction-
al derivative and right Caputo fractional derivative and then use GL-approximation, we can approximate
(4.31) and (4.29) as

Z hiﬁwj(.’g)xin,j = a(mh)z, — r~H(mh)b*(mh)AL,, (5.1)
=0
form=1,2,...,N, and
NN l LNy (ti—mh)?
Zh W Ay = q(mh)zy, + a(mh)A, + Si=p) (5.2)

Jj=0

form =N—1,N—2,...,0, respectively. Where N is the number of equal divisions of the interval [0, ¢1],
the nodes are labeled as 0,1, ..., N. The size of each division is given as h = tﬁl, and t; = jh represent
the time at node j. The coefficients are defined as

w! = (-1) <B> (5.3)

J

Where z! and Al represent the numerical approximations of x!(¢,a) and A (¢, @) at node i.
Similarly, we can approximate (4.35) and (4.33) as

Z h_ﬁw](ﬂ)xr = a(mh)z’, — r~(mh)b*(mh)A", (5.4)

m—j
J=0

form=1,2,..., N, and

Ay (b1 —mh) P
F1-8)

ST hPwlPNr L= g(mb)al, + a(mh)AL, + (5.5)
=0

form=N—1,N —2,...,0, respectively.

Also zI and A] represent the numerical approximations of z"(¢,a) and A"(f,«) at node i. In
general, Equations (5.1) and (5.2) or Equations (5.4) and (5.5) give a set of 2N equations in terms of
2N variables, i.e., Az = b, it means that, we can use any linear equation solver to find the solution.
Regardless the left and right bounds of the fuzzy numbers & and A, the vector x is constructed as
follows

e For fixed final state problem

x:[xl ro ... TN-1 )\U )\1 )\N]T.

e For free final state problem

x:[:vl ro ... TN )\0 )\1 )\N_l]T

In the next section, we will give four examples can serve to illustrate our main results.
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6. Numerical examples

Example 6.1 Find the fuzzy control that minimize

1
/a:—i—u
0

l\.')\r—t

subject to:
Dli = ti+a
0=t - )
#0) = (0,1,2), #(1)=(-2,—1,1).

Solution.We have,
q(t) =r(t) =0b(t) =t1 =1, and a(t) =t,

Then for the left bound of state and control Theorem(4.1) gives,

ODf:vl = tal — N\, (6.1)
CPIN = 2t 41N, (6.2)
ul + X =0. (6.3)
and the boundary conditions
xl(Ov Oé) =
2(1,a) = —2+a.

For the right bound of state and control, Theorem(4.1) gives,

ODZB:L“T =tz" -\, (6.4)
ODINT = 2" 4 1A, (6.5)
u" + A" =0. (6.6)
and the boundary conditions
z"(0,) = 2-—aq,
2" (L,a) = 1-2a.

Now, we use the numerical method to solve the above equations with the related boundary conditions,
then we obtain the following results.

Figure(1(a)) show that the state £*(¢) as a function of a, we observe that 2! (t a) is an increasing
function of a, ™ (¢, @) is a decreasing function of o and 2! (t, 1) = 2" (t,1), thus, 2! (t, @) and 27" (¢, @)
satisfy the conditions of Lemma(2.1).

Figure(1(b)) show that the control a*(t) as a functlon of a, we ﬁnd that u'’ (t,a) is an increasing
function of o, " (t, ) is a decreasing function of & and ' (¢, 1) 2" (t,1), it means that u!" (¢, «) and
u"" (t, ) satisfy the conditions of Lemma(2.1), furthermore, Z*(t) and u*(t) represent a strong fuzzy
solution of this problem.

Example 6.2 Find the fuzzy control that minimize

2
1 ~2
1

424 Mohammed 413-430



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Altyeb Mohammed, Zeng-Tai Gong and Mawia Osman: A Numerical Technique for Solving Fuzzy Fractional ...

subject to:

oDf
(1

Solution.We have, ¢(t) =0, r(t) = to = 1, b(t) = —sin(¢t), and a(t) = (2t — 1), then for the left bound
of the state and control, Theorem(4.1) gives,

\/ IS
~~
[\)
~
|
—_
~—
K
O
wn
-
B
—
~
~—
—~ QZ

Dl 2t = (2t — 1)a! — sin® ()N, (6.7)
CpON = (2t — 1)A, (6.8)
ul — sin(t)Al = 0. (6.9)
and the boundary conditions
:):l((), a) = a,
2(1,0) = —2+4a.

For the right bound of state and control Theorem(4.1) gives,

\DPa" = (2t — 1)a" — sin®(£)\", (6.10)
CDENT = (2t — 1N, (6.11)
u" — sin(t)A" = 0. (6.12)
and the boundary conditions
z"(0,) = 2—aq,
2" (L,a) = 1-2a.

Now, we use the numerical method to solve the above equations with the related boundary conditions,
then we obtain the following results.

Figure(2(a)) show that the state *(t) as a function of a, we observe that ! (t a) is an increasing
function of a, ™ (¢, @) is a decreasing function of o and 2! (t, 1) = 2" (t,1), thus, 2! (t, a) and 27" (¢, @)
satisfy the conditions of Lemma(2.1).

Figure(2(b)) show that the control @*(t) as a function of o, we ﬁnd that u! (¢,a) is a decreasmg
function of o, u™ (¢, ) is an increasing function of a and z! (t, 1) = 27" (t,1), it means that u! (¢, )
and u"" (¢, ) do not satisfy the conditions C1-C2 of Lemma(2.1), then we use the definition(4.3) of
weak solution, we find that

@* ()] = [u’“*(t, a),ul*(t,a)} .

Furthermore, *(¢) and @*(t) represent a weak fuzzy solution of this problem.
Example 6.3 Find the fuzzy control that minimize

1
L
5 .le U
0
subject to:
oD’ = —(0,1,3)% +a,
£(0) = (1,1,1), #(1)=(0,0,0).
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Solution.We know that,
[ODtﬂxl,o Dfa;r} = [—(3 —2a)2! +ul, —az” + u’”] )

then we have,
q(t) =r(t) =b(t) =xo =11 =1,

a(t) = —(3 — 2a) and a(t) = —a« for the left and right derivatives respectively, then for the left bound
of the state and control Theorem(4.1) gives,

oDt = —(3 = 2a)2! — A, (6.13)
CpON = 2! — (3 —2a)N, (6.14)
ul + N =0. (6.15)
and the boundary conditions
xl(O, a) = 1,
2(1,a) = 0.

For the right bound of the state and control Theorem(4.1) gives,

lDtﬁxT =—az" — \", (6.16)
CDBN = 2" —aN, (6.17)
u"+ A" =0. (6.18)
and the boundary conditions
2"(0,0) = 1,
z"(l,a) = 0.

Now, we use the numerical method to solve the above equations with the related boundary conditions,
then we obtain the following results.

Figure(3(a)) show that the state Z*(t) as a function of a, we observe that z! (¢, ) is an increasing
function of a, ™ (¢, @) is a decreasing function of o and 2! (t,1) = 2™ (¢, 1), thus, ' (t,a) and 2" (¢, )
satisfy the conditions of Lemma(2.1).

Figure(3(b)) show that the control @*(t) as a function of a, we find that u! (¢,«) is a decreasing
function of o, u™ (¢, ) is an increasing function of o and ' (t,1) = 2" (,1), it means that u!" (¢, )
and u"" (¢, ) do not satisfy the conditions C1-C2 of Lemma(2.1), then we use the definition(4.3) of
weak solution, we find that

@*(t)[o] = [ur*(t, a),ul*(t,a)} .

Furthermore, *(¢) and @*(t) represent a weak fuzzy solution of this problem.
Example 6.4 Find the fuzzy control that minimize

subject to:
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Solution.We have,
qt) =r(t) =b(t) =xg =1t =1,
a(t) = —(3—2a) and a(t) = —« for the left and right derivatives respectively, then Theorem(4.1) gives,

wDlat = —(3 = 2a)2! — ., (6.19)
EpY A =2l — (3 - 2a)N, (6.20)
ut + A = 0. (6.21)
and the boundary conditions
210,0) = 1,

MN(0,0) = 2'(1,a).

For the right bound of the state and control Theorem(4.1) gives,

lDtﬁxr =—az" — \, (6.22)
CDBN = 2" —aN, (6.23)
u"+ A" =0. (6.24)
and the boundary conditions
z"(0,) = 1,

A(0,0) = 2"(1,«).

Now, we use the numerical method to solve the above equations with the related boundary conditions,
then we obtain the following results.

Figure(4(a)) show that the state Z*(t) as a function of a, we observe that z! (¢, ) is an increasing
function of a, ™ (¢, @) is a decreasing function of o and 2! (t,1) = 2™ (¢, 1), thus, 2* (t,a) and 2" (¢, a)
satisfy the conditions of Lemma(2.1).

Figure(4(b)) show that the control @*(t) as a function of a, we find that u! (¢,«) is a decreasing
function of o, u™ (¢, ) is an increasing function of o and ! (¢,1) = 2" (,1), it means that u!" (¢, )
and u"" (¢, ) do not satisfy the conditions C1-C2 of Lemma(2.1), then we use the definition(4.3) of
weak solution, we find that

a*(t)[a] = [u (¢, a),ul*(t,a)} .

Furthermore, 2*(¢t) and @*(¢) represent a weak fuzzy solution of this problem.

7. Conclusion

In this paper, the necessary conditions of fuzzy fractional optimal control problem with both fixed
and free final state conditions at the final time has been derived using fuzzy variational approach. Our
problems is defined in the sense of Riemann-Liouville fractional derivative based on Hukuhara difference.
A numerical technique is proposed based on Griinwald-Letnikov definition of fractional derivative. The
concepts of strong and weak solutions of our problems are given. lastly, four examples are provided to
show the effectiveness of Theorem(4.1) and the numerical algorithm.
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1 * T 1 i '
*  x-left + weleft
09} * o+ + xeright| ] 0.9 * + +  u-right] 7
08 * + 08 * +
0.7 r * + 0.7 r * +
06 * + 0.6 * +
© ©
So0s * + 05 * +
«© «©
0.4 * + 04+ #* +
03 * + 0.3 * +
02t * + 02} # +
0.1 * + 0.1 + +
0 e . . . . R o L . . . . . . . . .
-0.4 -0.2 0 0.2 0.4 0.6 0.8 1 -1.4 -1.3 -1.2 -1.1 -1 -0.9 -0.8 0.7 -0.6 -0.5
' and x" u'and u”
(a) (b)

Figure 1: Example(6.1) (a) the state at ¢ =0.1,5 = 0.77 (b) the control at t = 0.1, = 0.77.

1 T T T T 3 T T T T 1 T T T T T T * T T
*  x-left * 0 uleft
091 * + -+ x-right| ] 091 + * +  u-right|
08 * + 0.8 + * b
0.7 r * + 0.7 + *
06 r * + 0.6 + *
© ©
505 * + Sos + *
© ©
04 * + 04 + *
03 * + 0.3 + *
0.2 r * + 0.2 + *
01r * -+ 0.1 + *
0 " . \ \ . \ \ . - F—— . \ \ . \ \ . *
-0.1 0 0.1 02 03 04 05 06 07 08 09 04 02 0 02 04 06 08 1 1.2 14 16
x and x" u'and u”
(a) (b)

Figure 2: Example(6.2) (a) the state at ¢ = 0.1, 5 = 0.77 (b) the control at t = 0.1, = 0.77.
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0.7 *

011 #*
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x-right| ]

0.36
x' and x"

(a)

0 L . .
0.28 0.3 0.32 0.34

0.38

042

0.44

*

*
+ * +

u-left
u-right | ]

-0.25
u' and uf

(b)

-0.4 -0.356 -0.3

-0.2

-0.15 -0.1

-0.06

Figure 3: Example(6.3) (a) the state at ¢ =0.1,5 = 0.77 (b) the control at t = 0.1, 3 = 0.77.
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Figure 4: Example(6.4) (a) the state at ¢ =0.1,5 = 0.77 (b) the control t = 0.1, 5 = 0.77.
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Abstract: In this letter, the differential transform method (DTM) is applied to solve fuzzy fractional
wave equation. The elemental properties of this method are investigated based on the two-dimensional
differential transform method (DTM), generalized Taylor’s formula and fuzzy Coputo’s derivative. The
proposed method is also illustrated by using some examples. The results reveal that DTM is a highly
effective scheme for obtaining analytical solutions of the fuzzy fractional wave equation.

Mathematics Subject Classification. 65105, 26E50

Keyword: Fuzzy numbers; Fuzzy fractional wave equation; Differential transform method; Fuzzy
Caputo’s derivative; Generalized Taylor formula.

1 Introduction

In 1965, the fuzzy sets were introduced for the first time by Zadeh in [28]. hundreds of examples
have been supplied where the nature of uncertainty in the behavior of given system processes are fuzzy
rather than stochastic nature. In the last few years, many authors have interested in the study of the
theoretical framework of fuzzy initial value problems. Chang and Zadeh in [6] have introduced the
concept of fuzzy derivative. Kandel and Byatt in [12] have initially presented the concept of the fuzzy
differential equation. Bede and Gal in [4] have studied the concept of strongly generalized differentiable
of fuzzy valued functions, which enlarged the class of differentiable fuzzy valued functions.

In 1695, the fractional calculus was first studied. The subject of fractional calculus has gained im-
portance during the past three decades due mainly to its demonstrated applications in different area of
physics and engineering in [16]. Fuzzy fractional differential equations (FFDE) play an important role
in modelling of science and engineering problems. Padmapriya and Kaliyappan in [22] established ana-
lytical and numerical methods to solve fuzzy fractional differential equations. the concept of differential
of fuzzy function with two variables and fuzzy wave equations studied in [26]. In the last years many
authors have developed and introduced some variant methods for solving fuzzy wave equation. Kermani
in [15] used finite difference method to solve the fuzzy wave equation numerically. Also, Martin and
Radek in [25] used f-transforms to solve the fuzzy wave equation.

Zhou in [29] has presented the concept of the differential transform method (DTM), this method
constructs an analytical solution inform of a polynomial, which is different from the tradition higher
order Taylor formula method. Recently some researchers used differential transform method (DTM) to
solve fuzzy fractional differential equations and fuzzy differential equations in [9, 23, 1, 19, 20].

This paper is structured as follows. In Section 2, we call some definitions on fuzzy numbers,
fuzzy functions and fuzzy Caputo’s derivative. In Section 3, The generalization of Taylor’s formula
is presented. In Section 4, the generalized two-dimensional differential transform method (DTM) for

TThis work is supported by National Natural Science Foundation of China (61763044).
*Corresponding Author: Zeng-Tai Gong. Tel.: +869317971430. E-mail addresses: email: zt-gong@163.com
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the solution of the fuzzy wave equation with space and time-fractional derivatives are developed and
derived. Examples are shown in Section 5. Finely, conclusion is given in section 6.

2 Basic concepts

The results about fuzzy numbers space E!, we recall that E' = {& : R — [0,1] : u satis-
fies (1)(4) below } (refer to [6])

1. 4 is normal, i.e., there exists xp € R such that @(z¢) = 1;
2. 4 is convex, i.e., for all and X\ € [0,1], 2,y € R,
Az + (1 - Ny) > min{a(z), ay)},
holds;
3. 4 is upper semicontinuous, i.e., for any zy € R,

(zg) > lim u(zx);
l")ﬁg:

4. supp @ = {z € R|u(x) > 0} is the support of @, and its closure cl (supp @) is compact.

For 0 < r <1, denote [a], = {z : a(x) > r}. Then from (1)-(4), follows that the r-level set [a], is a
closed and bounded interval for all € [0, 1].
For 4,7 € E', k € R, the addition and scalar multiplication are defined using the equations
[@ + o], = [a], + [0]r,
[ka), = k[a),
respectively.

Define D : E' x E' — RT U {0} using the equation

D(a,v) = sup d([a],[o]),
rel0,1]

where d is Hausdorff metric space as
d([t]r, [0]r) = inf{e : [u), C N([t];,€), [0], C N([ulr,€)}
= max{|ﬂr - yr‘v |ET - 57‘|}a

where N ([d],e), N([?],€) is the e-neighborhood of [u],, [0],, respectively, and w,,v,,u,, T, are end-
points of [i], [0],, respectively.
By using the results of [13], we see that

e (E', D) is complete metric space,

e D(a+w,o+w) = D(,) for all 4,9, w € B!,

o D(kit, ko) = |k|D(q, ).

In addition, we can introduce a partial order in E' by @ < © if and only if [@], < [, r € [0,1] if
and only if u, < v,,u, <, € [0,1]. For applications of the partial order on E! (refer to [27]).

As the fuzzy number is resolved by using the interval 4, = [u,,u,|, see [8] defined another statements,
parametrically, of fuzzy numbers as in following.

Definition 2.1.[31, 32] For arbitrary fuzzy numbers @, € E', 4 = [u,,%,],¥ = [v,, V], the quantity

D(i,v) = sup,¢jo,1) max{|u, — v,|, [t — 0|} is the distance between @ and v and also the following
properties hold:
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e (El', D) is a complete metric space,

® @, @ D) = D(@,7),Ya, 5,@ € B,
® v, w®e) < D(a,w) + D(v,¢é),Vi,v,w,é € B,

D(a
D(a
e D(i® 0)gD(&,@)+D(6,6),Vﬂ,6€E1,
D(k
(

O,k o v) = |k|D(u,v),Ya,v € E' k € R,
o Dk ®1i,ky ® @) = |ky — ko|D(@,0),V € E', ky, ko € R, with ky - kg > 0.

Let us recall the definition of the Hukuhara difference (H-difference) in [33]. Suppose that @, 7 € E*.
The Hukuhara H-difference has been presented as a set w for which © ©yg v = @ & @ = v @ w. The
H-difference is unique, but it does not always exist (a necessary condition for @ Sy ¥ to exist is that
contains a translate {c} @ 0 of ). A generalization of the Hukuhara difference aims to overcome this
situation.

Definition 2.2.[33, 31] The generalized Hukuhara difference between two fuzzy numbers @, 9 € E!
is defined as following:

. L (i)u=vdw,
=w & 2.1
U OgH U =1 { or (i) 7 = 4 & (—). (2.1)
In terms of the r—levels, we get [& Oy U] = [min{u, — v,, %, — U, }, max{u, — v,, %, — 0, }] and if

the H-difference exists, then 4 © ¥ = % ©4p v; the conditions for existence of W =4 ©yy v € E' are

w, = u, — v, and w, = u, — v,V € [0,1],

Case (i) oo e | ]7 (2.2)
with w, increasing, w, decreasing, w, < w,.
w, = U — 0y and w, = u, —v,, Y, € [0,1],

Case (ii) ¢ . s S | ]f (2.3)
with w, increasing, w, decreasing, w, < w,.

It is easy to show that (i) and (ii) are both valid if and only if @ is a crisp number. In the case, it
is possible that the gH-difference of two fuzzy numbers does not exist. To address this shortcoming, a
new difference between fuzzy numbers was introduced in [33].

Lemma 2.1.[10, 24] A fuzzy number @ in parametric form is a pair [u,,%,| of function w, and @,
for any r € [0, 1], which satisfies the following requirements.

e u, is a bounded non-decreasing left continuous function in (0,1];
e T, is a bounded non-increasing left continuous function in (0,1];
o u, <.

Some the author of the classified fuzzy numbers into several types of fuzzy membership function. To
the deepest of our study, triangular fuzzy membership function or also often referred to as triangular
fuzzy numbers are the most widely used membership function.

In order to describe the fuzzy numbers and real numbers clearly, in convenience, the fuzzy numbers
and fuzzy-valued functions in the whole paper are added with a tilde sign at the top, while the real-value
function and interval-value functions are written directly.

A fuzzy valued function f of two variables is a rule that assigns to each ordered pair of real numbers,
(x,t), in a set D, a unique fuzzy numbers denoted by f(x,t). The set D is the domain of f and its
range is the set of values taken by f, i.e., {f(z,t)|(z,t) € D}.

The parametric representation of the fuzzy valued function f : D — E! is expressed by f(z,t)(r) =
[f(z,t)(r), f(z,t)(r)], for all (z,t) € D and r € [0, 1].

Suppose f : D — E' be a fuzzy valued function of two variable. Then, we say that the fuzzy limit
of f(z,t) as (x,t) approaches to (a,b) is L € E', and we write lim(, ) (ap) f(z,t) = L if for every
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number ¢ > 0, there is a corresponding number 6 > 0 such that if (z,t) € D, || (z,t) — (a,b) ||< 0 =
D(f(z,t),L) < e, where || - || denotes the Euclidean norm in R™ (ref. to [3])

A fuzzy valued function f : D — E'! is said to be fuzzy continuous at (xg, tg) € D if M g 1) (zo,t0) £ (25 1) =
f(zo,to). We say that f is fuzzy continuous on D if f is fuzzy continuous at every point (xq,tp) in D
(ref. to [3, 30)).

Definition 2.3.[11] Suppose that u(z,t) : D — E! and (x,t) € D. We say that @ is strongly
generalized differentiable on (xg,t) if there exists an element %kxo,t) € E' such that

i. for all h > 0 sufficiently small, Ju(xg + h,t) ©gm U(zxo,t), u(z0,t) Ogm u(xo — h,t) and the limits
(in the metric D)

lim (zg + h,t) OgH u(zo,t) ~ i — (x0,t) OgH (xg — h,t) _ ou

h—0+ h h—0+ h or | (o,t)>

or

ii. for all A > 0 sufficiently small, 3,5u(xo,t) Ogn w(xo+ h,t), @(xo — h,t) Sgm U(zo,t) and the limits

- " ~ h.t U —h,t u 3 u
lim AT ) Som Wlao £ 1yt) _,  Ewo = 1) Ognr W0 t) _ T

h—0+ —h h—0+ —h Ox

or

ili. for all h > 0 sufficiently small, 3i(zo + h,t) Ogn U(xo, 1), u(xo — h,t) Ogm (x0,t) and the limits

lim w(xo + h,t) Ogm U(xo,t) — lim w(xo — h,t) Ogm U(xo,t) _ @“x N
h—0+ h h—0+ —h oz "

or

iv. for all h > 0 sufficiently small, Fa(xo,t) Ogm w(xo + h,t), u(z0,t) Ogr U(xg — h,t) and the limits

fim w(xo,t) Ogn U(xo + h,t) — lim w(xo,t) Ogn U(xo — h,t) _ ou

h—0+ —h h—0+ h Oz [@o.)-

Definition 2.4.[4] Suppose that @(z,t) : D — E' and (zo,t) € D. We define the n th-order
derivative of @ as follows: we say that 4 is strongly generalized differentiable of the n th-order at (zo,t)
if there exists an element %kwo,t) € E',V¥s=1,2,---,n such that

i. for all h > 0 sufficiently small, 35~ (2 +h, t) S @D (20, t), 4~ (20, t) Ogm a5~V (wg — h, t)
and the limits (in the metric D)

. fL(S_l) (CCQ + h, t) OgH ’EL(S_I) (ﬂ?o, t) . fL(S_l) (5607 t) SgH 12(5_1) (330 — h, t) o
lim = lim = 2~ l(z0,1)>
h—0+ h h—0+ h oxs ’

or

ii. for all b > 0 sufficiently small, a5~V (xg, t) Sy @~V (xo+h, 1), 4V (29— h, t) Oy @~V (0, 1)
and the limits
a4~ (20, t) O 4V (20 + b,y t)

li = i _ 7%
hi>r(l)l+ —h h—l>%l+ —h xS [(0.t):

or
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iii. for all b > 0 sufficiently small, 351 (xg+h, t) S @~V (2o, t), 6 (xg— R, t) ©gp @5~V (0, t)
and the limits
. a(s_l)(xo + h, t) OgH ﬂ(s_l)(l'o, t) L ﬁ(s_l)(xo —h, t) OgH ﬂ(s_l)(mo, t) . 0%
lim = lim = 7‘@ t)
h—0+ h h—0+ —h s (o,

or

iv. for all b > 0 sufficiently small, 3a(~ (g, t) Sy a5~V (2o +h, t), 7D (20, t) Sgr a1 (zg —h, t)
and the limits
o 20000 S @ Do+ hyt) 8D o t) S @D w0 —ht) _ 0
h—0+ —h h—0+ h ~ Qns @0l)

2.1 Fuzzy Coputo’s derivative

We denote C*[a, b] as a space of all fuzzy valued functions which are continuous on [a, b], and the
space of all Kaleva integrable fuzzy-valued functions on the bounded interval [a,b] C R by K'[a,b], we
denote the space of fuzzy value functions f () which have continuous H-derivative up to order n—1 on
[a,b] such that f(*=D(z) € ACF([a,b]) by ACM™F ([a,b]), where ACF ([a,b]) denote the set of all
fuzzy-valued functions which are absolutely continuous (ref. to [13, 9]).

Definition 2.5.[2] Suppose f(z) € CF[a, )N K ¥ [a, b], the fuzzy Riemann Liouville integral of fuzzy
valued function f is defined as following:

(I D, r) = (g ), r), (15, F) ()],

z r)d
) = s [ AP o< <,

D) = i [ A 0SS,

Suppose f(z) € CF((0,a]) N KF(0,a), be a given function such that f(t,r) = [f(t,r), f(t,r)] for
all t € (0,a] and 0 < 7 < 1. We define D{, f(t;7) the fuzzy fractional Riemann-Liouville derivative of
order 0 < a < 1 of f in the parametric from,

where 0 <r <1

. 1 d [* d [* -
DOC N = ———— —_ @ _— t —_ -
*af(ta T) F(l — Oé) [dt / (t 5) f(S,T)dS, dt /0 ( 5) f(S,T‘)dS ;
provided that equation defines a fuzzy number D¢, ~(15) € E'. In fact,

DS, f(t,r) = [D&G f(t,7), DL F(t, 7).
Obviously, D%, f(t) = 1= f(t) for t € (0,a].

3 Generalized Taylor’s formula

In this section, we present the generalized Taylor’s formula that involves Caputo fractional
derivative.

Theorem 3.1.[21] Let that (D2,)? f(x) € C(a,b] for j = 0,1,-----,;n+1, where 0 < o < 1, that we get

(D)™ )(©)
(n+1Da+1)

-3 o (Ds) ) + (& — ), (3.4

1=
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with @ < ¢ < x, Vo € (a,b] and D, is the Caputo fractional derivative of order a, where (D2,)7 =
D¢ D¢ ----D,. In case of a = 1, the generalized Taylor’s formula (3.4) reduces to the classical Taylor’s
formula.

Theorem 3.2.[17] Let that (D2,)’ f(z) € C(a,b] for j = 0,1, ---- ,N + 1, where 0 < a < 1. If
x € [a,b], then
Y 13 Za a \t
9% 3 g 17 (PR e, (35

Furthermore, there is a value ¢ with a < ¢ < x so that the error term R (z) has the from

(D2 )(©) o
NV T Da g @9 (36)

R (z) =

The accuracy of R (x) increases when we choose large N and decreases as value of z moves away
from the center a. Hence, we must choose N large enough so that the error does not exceed a specified
bound. In the following theorem, we find precise condition under which the exponents hold for arbitrary
fractional operators.

Theorem 3.3.[18] Let that f(z) = 2* g(x), where \* > —1 and g(z) has the generalized power
series expansion g(x) = Y °  an(x — a)™ with radius of convergence R > 0, where 0 < o < 1. Then

D, Dl f(x) = DI f(x) (3.7)
for all z € (0, R) if one of the following conditions is satisfied:
1. B<A*41,and ~ arbitrary,
2. 8> A\ +1,v arbitrary,, and a; =0 for j =0,1,----- ,m—1, where m —1 < g <m.

4 Differential transform method and fuzzy fractional wave equation

4.1 Generalized two-dimensional differential transform method

In this section, we will derive the generalized two-dimensional differential transform method
(DTM) that we get developed for the solution of the wave equation with space and time-fractional
derivatives. The proposed method is based on Taylor’s formula. Consider a function of two variables
u(z,t), and Let that it can be represented as a product of two single variable functions, u(z,t) =
f(x)g(t). Based on the properties of generalized two dimensional differential transform method, function
u(z,t) can be represented as.

iFa (x — x0)’ ZGg t—tohB*ZZUagj, (z — 20)7%(t — to)"?,  (4.8)

7=0 7=0 h=0

where 0 < o, < 1,U,38(j, h) = Fo(j)Gp(h) is called the spectrum of w(x,t). If function u(z,t) is
analytical and differentiated continuously with respect to time t* in the domain of interest, then we
define the generalized two-dimensional differential transform method (DTM) of the function u(x,t) as

follows:
1

I'(aj+1DI(Bh+1)
where (Dg,)! = Dg,-Dg ----D% . In this work, the lowercase u(z, t) represents the original function while

the uppercase U, g(j, h) stands for the transformed function. The generalized differential transform
method (DTM) inverse of U, g(j, h) is defined as follows

Ua,(j, h) = (D) (D) u(@, )] (20 10 (4.9)

u(z,t) = Uap (s h) - (@ — 20)7%(t — to)"P (4.10)
=0 h=0
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In case of @ = 1 and = 1. then generalized two-dimensional differential transform (DTM) (4.9)
reduces to the classical two-dimensional DTM [5]. From equation (4.9) and (4.10), some basic proper-
ties of the generalized two-dimensional differential transform (DTM) are introduced below (ref. to [17]).
Theorem 4.1 If u(x,t) =v(z,t) £w(x,t), then Uy g(j,h) = Vag(j, h) £ Wag(J, h).
Theorem 4.2 If u(x,t) = cv(x,t), then Uy g(j, h) = cVo5(4, h).

Theorem 4.3 If u(z,t) = v(x,t)w(x,t), then

i h
Uag(G1h) =D ) Vas(r,h— )W (i —1,9). (4.11)

Theorem 4.4 If u(x,t) = DY v(z,t) and 0 < o < 1, then we get

o

C(a(j+1)+1)
T(oj+1)

Theorem 4.5 If u(x,t) = Dgng)v(x,t) and 0 < o, 5 < 1, then we get

Fla(i+1)+H)I(BR+1)+1)
T(oj + DI(Bh+ 1)

Ua,p(j,h) = Vas(j+1,h+1). (4.13)

Theorem 4.6 If u(x,t) = (x — x0)"*(t — to)™*, then U, g(j,h) =6(j —n)(h —m).

Theorem 4.7 If u(z,t) = D} v(z,t),m —1 < v < m and v(z,t) = f(x)g(t), where f(zx) satisfies
the conditions in Theorem 3.3, then

F'laj +v+1)

Ua,s(j + v/, h). (4.14)
Theorem 4.8 If u(x,t) = Dy, D} v(x,t), where m—1 < v <m,n—1 <n < nandv(z,t) = f(x)g(t),
where the functions f(x) and g(z) satisfy the conditions given in Theorem 3.3, then

MNaj+~y+ )T (Bh+n+1)

Ua,p(j, h) = I'(aj+1) T(Bh+1)

Ua,s(j + 7/ h+n/B). (4.15)

4.2  Fuzzy fractional wave equation

Consider the fuzzy fractional wave equation with the indicated initial conditions and boundary

conditions.
w5, 0%

%:c CD@, 0<a<2, O<z<L, t>0, (4.16)
subject to the boundary conditions
u(0,t) =0, and u(L,t)=0, (4.17)
and initial conditions.
a(z,0) = f(z), and (z,0) = g(z). (4.18)

We note that the case (i) of Definition 2.3 is coincident with the Hukuhara derivative [14]. We say
that a function is (¢) differentiable if it is differentiable as in (i) of Definition 2.3, a function is (%)
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differentiable if it is differentiable as in (i7) of Definition 2.3. In this paper we consider the two cases
(7) and (i7). In Ref. [4] the authors consider four cases: the case (i) in [14] is coincident with (7); the
case (tit) of Definition 2.1 is equivalent to (i7); in the other cases, the derivative is trivial because it is
reduced to crisp element. For details see Theorem 7 in [4]. Thus, we only consider the cases (i) and
(77).
Lemma 4.2. [7]. Let @(z,t) : D — E'. Then the following statements hold.

(i) If a(x,t) is (i)-partial differentiable for x (i.e. @ is partial differentiable for = under the meaning of
Definition 2.1 (i), similarly to t), then

[gﬂ _ PU(?;)(T)’ 311(93;)(?“)];

_ (4.19)
(ii) If a(x,t) is (i7)-partial differentiable for x (i.e. @ is partial differentiable for z under the meaning
of Definition 2.1 (i%), similarly to ¢), then

ou ou(z,t)(r) Ou(x,t)(r)
—| = — . 4.2
[aﬂj . { ox ox (4:20)
Remark 4.1. For @(z,t) : D — E', the following results hold.
Pa) _ [OPu(@,)(r) 0Pa(z,t)(r) (421)
ox2|, ox? Ox? ’ ’
in cases for that (i,17), (i1, ii)—gig‘ exist;
oa] _ [2Pula,t)(r) 0ulx,t)(r) (422)
Pl ox2 Ox? ’ ’
in cases for that (i,147), (it, i)—% exist.
Remark 4.2. In this paper, we only consider that the cases of (i — i7)"- %:,? such that
o"u O"u(x,t)(r) O"u(x,t)(r)
= = 4.2
[3:1:”] , [ Jam 7 Oan ’ (423)
where (i —i4)"-ZE stands for n time derivative in the cases (i) or (i).
5 Examples
Example 5.1. Consider the following fuzzy fractional wave equation
(A) . .
0 u
— =40 — <z<l1 t .24
=455 0<e<l 0<t, (5.24)
subject to the boundary conditions
w(0,t) =u(l,t) =0, 0<t, (5.25)
and initial conditions
i(x,0) = f(z) = k" ©sin(rz), 0<z <1,
%(;;0) =g(x) =0, 0<z<l1. (5.26)
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where k" € E', n=1,2,3,... fuzzy number is defined by

s, s €[0,1],
k(s)={ 2—s se(1,2],
0 s ¢ [0,2],
and [£"](r) = ", [k"](r) = (2 — )"
The parametric form of (5.24) is
0u 0u
=4 = <zx<l1
53 =450 0<z<l, 0<t
o*u  0*u
— =4— <z<l1 t
o ~ Yoz Osesbo 0<t

for r € [0, 1], and where u stands for u(x,t)(r), similar to w.
Taking the differential transform of equations (5.28) and (5.29), we get

G+2)0+ 1)%(%}]' +2)(r)

(i +2)@+ DU+ 2,5)(r),
(G +2)G+DUGE G +2)(r) + 1)U

=4
=4(i+2)(+ U@+ 2,5)(r).
From the initial given by equation (5.26), we get

(=1

u(z,0)(r) = Y UGL0)(r)e’ = k(r)sin(ra) = 3 DT i
=0

i=1,3,....

0, for i is even,
U0 ={ (i
p rat, for i is odd
0, for i is even,

f (2 —r)"xt, foriis odd

and from equation (5.26) it can be obtained that,

Ou(z,0)(r) > i
P = 2 =0

ou(z,0)(r) S i
Y = ;0 Ui, 1)(r)z* =0

Hence,

(5.27)

(5.28)

(5.29)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)
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Substituting equations (5.34) -(5.39) to equations (5.30) and (5.31), all spectra can be found as,

0, for ¢ is even or j is odd
. _ ) (itj—1)
) = 2](_1!)j!ﬂ2 Pt for i is odd or j is even (540
0, for ¢ is even or j is odd
Tl s _ ) (i+j—1)
Ul,3)r) = W (2 —r)att for 7 is odd or j is even (541)

So, the closed from of the solution can be easily written as

u(z, t)(r) = k”iiU(z N (r)z't! = r"ii 2 S i+ iy
=0 7=0 =0 7=0
= 1 (i=1) |
i— P
= > (=1 = ()’ > H(=Dz(2nty
i=1,3,... j=0,2, L
= r" sin(mz) cos(2t), (5.42)

=0 5=0 =0 j=0
=1 (i=1) =1 i
<2r>”{ > 0S| (S Snieny
i=1,3,... j=0,2,
= (2 — r)"sin(7x) cos(27t). (5.43)

(B) Consider the following fuzzy fractional wave equation (5.24) with the boundary conditions:
u(0,t) = u(1,t) =0, 0<t, (5.44)
and initial conditions
i(x,0) = f(z) = k" @sin(rz), 0<z<1,
ou(z,0)
ot
By following the same steps, we will find that the solution. So, the closed from of the solution
can be easily written as

= g(z) =0, 0<z<l. (5.45)

> X o > 2J (i+j—1) ., - . -
_n o itj — gn (1) it iy
w(e, () = K+ 30D UGN ="+ 3 Y () T
=0 5=0 =0 j=0
" =1 (-1, - 1 i :
="+ ( Y. (1= (ma) (=13 2ty
i=1,3,... §=0,2,...
= r" 4 (sin(7z) cos(27t)), (5.46)
_ " oo o0 y . (S ol o) 2] (i4j—1) iti g
u(x, t)(r) =k —l—ZZU(z D)zt =2 —r) +sz!z'(_ Yz w It
=0 5=0 =0 5=0
" = 1 G-, =1 o
=2-n"+ || X (=1 = (72) ﬁ(—l)Q(Qﬂt)
i=1,3,... §=0,2,...
= (2 —r)" + (sin(7x) cos(27t)). (5.47)
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(C) Consider the following fuzzy fractional wave equation (5.24) with the boundary conditions:
@(0,t) = a(1,t) = 0, 0<t, (5.48)

and initial conditions

i(z,0) = f(z) = k" ©gp sin(rz), 0<az <1,
5“5;2’0 = §(z) =0, 0<z<l. (5.49)

where k" € E', n=1,2,3,... , fuzzy number is defined by

2(s — 0.5), s € [0.5,1],
k(s)={ 2(1.5—s), s e (1,1.5], (5.50)
0 s ¢[0.5,1.5],

and{k"}(r) = (0.5 + 0.57)", {kn}(r) = (1.5 — 0.5r)".
By following the same steps, we will find that the solution. So, the closed from of the solution
can be easily written as

(e, ) = B~ 30 S UGt = (054050~ 3 Y DT

1=0 5=0 =0 j= 0
" =1 G-, | i
= (0.5+0.5r)" — > S(=1)77 (ma) —(=1)2 (2mt)’
i=1,3,... L j=0,2,... J
= (0.5 4 0.5r)" — (sin(7x) cos(27t)), (5.51)
. © o 0o o0 9j (i) .
wa,t)(r) =&" = > Uli,j)(r)a't = (1.5—0.5r) ZZW— T attigtyd
=0 j=0 =0 7=0
" 1 G-1 = 1 i :
= (1.5 — 0.5r)" — Y. S(=1)77 (ra) > S(=D)z(2mt)
i=1,3,... v j=0,2,... J:
= (1.5 — 0.5r)" — (sin(7x) cos(27t)) . (5.52)

Example 5.2. Consider the following fuzzy time-fractional wave equation.

W olSu 0%
20 0l
otts  9x?’ t>0, (5.58)

subject to the initial conditions

a(z,0) = f(z) = k" ®sin(z), = g(x) = k" ® (—sin(x)). (5.54)

where k" € E1, n=1,2,3,..., fuzzy number is defined by

2(s — 0.5), s € [0.5,1],
k(s)={ 2(1.5—s), se(1,1.5], (5.55)
0 s ¢ [0.5,1.5),
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and{k"}(r) = (0.5 + 0.57)", {kn}(r) = (1.5 — 0.5r)".
The parametric form of (5.53) is

Moy 9u

for r € [0,1], and where u stands for u(z,t)(r), similar to @.

Let the solution u(x,t) = f(x)g(t) where the function g(t) satisfies the conditions given in Theo-
rem 3.3. Then selecting o = 0.5, 8 = 1 and applying the generalized two-dimensional differential
transform method (DTM) to both sides of equations (5.56) and (5.57) by Theorem 4.7, equations
(5.56) and (5.57) Transforms to

h
Ugsi(d h+3)(r) = G+ +2T(5 +1)

QO.E),I (] + 27 h) (T)v (558)

L(5+3)
h
Tosa(ioh+3)(r) = 9 1)(j(+2)5r)<2 ) Gsn i+ 2, B)(0). (5.50)
2

The generalized two-dimensional differential transform of the initial conditions (5.54) are given
by

U510, 0)(r) = (0.5 + 0.57)" ]1' bln(gj ), (5.60)
Ups1(,1)(r) =0, (5.61)
Uns(5:2)(r) = 05+ 050" sin( ), (5.62)
Tos1(j,0)(r) = (1.5 — 0.57“)";! sin(%j), (5.63)
Uos1(j, 1)(r) = 0, (5.64)
Tos1(5,2)(r) = (1.5 — 0.5r)" j,l 81n(7;j) (5.65)

Utilizing the recurrence relation (5.58), (5.59) and the transformed initial conditions (5.60) -(5.65),
the first few components of Uy 5 1(j, h) can be calculated.
So, the solution u(x,t) of equations (5.56) and (5.57) is obtained

u(z,t)(r) = (0.5 + 0.5r)" (1—75— 15 t2 4+ 17 B Ly >x
(3) I'(3) I'(4)
+(0.5+0.5r)" ( +—+ LI DU S S t3+....>:n3
3T(3) (L) 31T (4)
(0.5 + 0.5r)" (; ot = 5'F1(5)t3 + 5'F1(7)t3 + 51111(4)1&3 - ) 0
. 5 0 (2 !
e J 0 (_1)itE+L
w(@, t)(r) = (0.5 + 0.5)" ;) F((g;):) sin(z) — ]z% % sin(z) | |
= (0.5 + 0.5r)" (E%J(—t%) sin(z) — tEs 5(—t3) sin(x)) , (5.66)
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_ . 1
u(z,t)(r) = (1.5 — 0.5r) (1 —t— T

) R X CH R N CY
ST (S S S S: N S 23
' ' 3130 3In(2) 3I0(1) 3Iw4) T
rs—osr (2ot L oa L os 1 s 5
S T TR TTV ) R NS RTI N ¢) R B
[eS) [eS) 37
(—1)it¥ (—1)tztt
u(x,t)(r) = (1.5 —0.5r)" sin(x) — , sin(z) |,
]Z T4 4 1) jz% r'(¥ +2)
= (15— 0.5r)" (E%J(—t%) sin(z) — LB o(—t7) sin(w)) . (5.67)

Which is the exact solution of the fuzzy time fractional wave equations (5.56) and (5.57) where
E. (%) is the two parameters mittag-Leffer function defined by

n

Bop(z) = k"0 ZO m (5.68)

(B) Consider the following fuzzy time-fractional wave equation (5.53) with the initial conditions:

du(z,0) -

a(z,0) = f(z) = k" @ sin(z), 5 = g(x) = k" @ (—sin(x)). (5.69)

By following the same steps, we will find that the solution. Utilizing the recurrence relation
(5.58), (5.59) and the transformed initial conditions (5.60) -(5.65), the first few components of
Uo.5,1(j, h) can be calculated.

So, the solution u(x,t) of equations (5.56) and (5.57) is obtained

u(z,t)(r) = (0.5+0.5r)"

1—¢ I S S
-l ———102 +——02 + ——0 — ..... X
% INES N N CY

L1, 1 1 1
+ (0.5 + 0.5r7)" + ( — t2 — ¢ — 4)153 + ) 3

ETRETE 3'1“(%) 3I() 3I(

+ (0.5 +0.57)" +

1 SIS SR S . S >
5! 5' TEr) Tern@ sr@ )7
00 37 00 . 37
_ n (-1t (—1)ytz*
u(x,t)(r) = (0.5+0.5r)" 4+ Z TEaT sin(x) — Z ~——sin(x) | ,

)
= (0.5 + 0.57)" + (E%J(—t%) sin(z) — tEs ,(—t?) sin(x)) , (5.70)

443 Osman 431-453



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Mawia Osman , Zeng-Tai Gong and Altyeb Mohammed: Differential Transform Method for Solving Fuzzy ...

) (r) = (15— 0.5r)" + (1 . F(l

11
+ (1.5 — 0.5r)" + + ot b2 — et — A R
S31T 30 T3 3D 3T()

11 1 1 1
+ (15— 0.57)" + <— t— t2 4 £3 4+ t3—...> 2

) = —0.57)" 3 ﬂsin ) — 3 (71)%%“ sin(x
u(z, t)(r) = (1.5 — 0.5r)" + %F(?H) (z) jz; 12 (z) |,
= (1.5 — 0.57)" + (E%l(—t%) sin(z) — B 5(—t3) sin(x)) . (5.71)

Which is the exact solution of the fuzzy time fractional wave equations (5.56) and (5.57) where
E. 3(2) is the two parameters mittag-Leffer function defined by

n

Bop(z) = k" & ZO m (5.72)

(C) Consider the following fuzzy time fractional wave equation (5.53) with initial conditions:

ii(2,0) = f(z) = B Sy sin(z), %E;;’ O (@) = " ogn (—sin(@)).  (5.73)

By following the same steps, we will find that the solution. Utilizing the recurrence relation
(5.58), (5.59) and the transformed initial conditions (5.60) -(5.65), the first few components of
Uo.5,1(j, h) can be calculated.

So, the solution u(x,t) of equations (5.56) and (5.57) is obtained

u(z,t)(r) = (0.5+0.5r)"

1—¢ I S S
-l ———102 +——02 + ——0 — ..... X
% INES N N CY

4 (0.5 + 0.57)" S+a £ - - arat )

31" 3'1“(%) 3I() 3I(

+ (0.5 4 0.57)"

oL SRS VR Sy SR 5

5! 5' TEr) Tern@ sr@ )7
00 1 37 00 1 jtﬁ+1

w(z, £)(r) = (0.5 + 0.5r)" — ZMsin(x)—Z(:%stin(x) ,

)
= (0.5 + 0.5r)" — (E%J(—t )sin(z) — tEs H(—t3) sin(x)) , (5.74)
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_ . 1
a(z,t)(r) = (1.5 —0.5r)" — (1 —t— T

+(1.5—0.5r)" SHNEE SO S SR S S 3
H=05r)" - —=+ = — — e |
3130 3IT(3) 3I0(1) 3IT(4)
rs—osrr— (2oLt Lo, 1o 1 5
T 515 B3 s | sr@ )T
9 37 0 35
_ (—1)7tz . (—1)tz Tt
u(z,t)(r) = (1.5 —0.5r)" — ————sin(x) — sin(z) |,
jZ%F(?’QJJrl) jZ; (¥ +2)
= (15— 0.5r)" — (E%l(—t%) sin(z) — LB o(—t7) sin(x)) . (5.75)

Which is the exact solution of the fuzzy time fractional wave equations (5.56) and (5.57) where
E. 3(2) is the two parameters mittag-Leffer function defined by

n

[o@)
~ z
E = k" E _
0676(2) SgH ~ I'(an

ot (5.76)

Example 5.3. Consider the following fuzzy linear space time fractional wave equation

W oL o125
: a ]. : a
Otl5 2 i Oxrl25 z >0, t>0, (5.77)

subject to the initial conditions

. - > dt(z,0) - >
u(x,0) = = k" nT", — = g(x) = k" bpz™. 5.78
i(0,0) = F2) =K 0 3_an o 1) =K 03 b (579)
where k" € E', n=1,2,3,... fuzzy number is defined by
s, s € [0,1],
k(s)={ 2—s se(1,2], (5.79)
0 s & [0,2],
and [l;:i] (r)=rm, [l::in] (ry=(2-r)™
The parametric form of (5.77) is
81'5g 1 281'25Q

for r € [0,1], and where u stands for u(z,t)(r), similar to @.

Let the solution u(z,t) can be represented as a product of single-valued functions, u(x,t) =
f(z)g(t) where the functions f(z) and g(t) satisfy the conditions given in Theorem 3.3. Selecting
a = 0.5, = 0.25 and applying the generalized two-dimensional differential transform to both
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sides of equations (5.80) and (5.81), the fuzzy linear space-time fractional wave equations (5.80)
and (5.81) transform to

1 T(h/2+D)T(j/4+7/4) . .
= - U +3,h)(r), > 2
Uy poyalish+3)(r) = { 2T(h/2+ 520 (i3 + 2/4) /U F 3T )
0, j < 2.
1 T(h/24+1DT(j/4+T7/4) .
— - U +3,h >2
s o aivh + 3)(r) = { 2T(h/2 + 5720 /AT 2 V2l BN T2 g
0, j<2.
The generalized two-dimensional transforms of the initial conditions (5.78) are given by
Ui)2,1/4(3,0)(r) = r"a;, (5.84)
Ui /217403, 1)(r) =0, (5.85)
U 9,1/4(d:2)(r) = r"bj, (5.86)
Ui/2,174(4,0)(r) = (2 —1)"ay, (5.87)
Ui9,1/4(3,1)(r) =0, (5.88)
U1/2,1/4(j7 2)(r) = (2—r)"b; (5.89)

Utilizing the recurrence relation (5.82), (5.83) and the transformed initial conditions (5.84) -(5.89),
the first few components of U /5 1 /4(j, k) are calculated. So, from equation (4.8), the approximate
solution of the fuzzy linear space-time-fractional wave equations (5.80) and (5.81) can be derived
as

u(z,t)(r)=1r" (ao + bot + L(7/4) t3/2 4 L(7/4) b t5/2)

T(5/2)02/4)" T T/2reMH) "

<a1 + byt + 5/;’)7/(;/4)61 32 4 m;g?gM)bﬁ’/?) 2!/
(a2 + bat + 5/53/(;/4) ast®? + m?&%bw””) -2/
(o4t + st + )
<a4 + byt + 5/5;/2/4) art®? + MZ)ﬁf’ﬂ) LA (5.90)

u(z, t)(r)=(2—-r)" <ao + bot + (555/2/4)%753/2 + F(7Egég/4) b3t5/2>

=" (o100 + o™ + remrame)
(2—7) (a2 + bot + 5/53/2/4) ast? + m;g%b5t5/2> e
R e o o e non Lk R
(2—7) <a4 + bat + 5/55/(;/4) 32 4 1“(7%1%1’7’55/2) x4 (5.91)
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(B) Consider the following fuzzy linear-space-time-fractional wave equation (5.77) with the initial

conditions:
i(x,0) = f(x) =k" ® Y _ ana", 8“5;; 0 _ G@) =k"®> bpa" (5.92)
n=0 n=0

By following the same steps, we will find that the solution. Utilizing the recurrence relation
(5.82), (5.83) and the transformed initial conditions (5.84) -(5.89), the first few components of
Ui/2,1/4(j; h) are calculated. So, from equation (4.8), the approximate solution of the fuzzy linear
space-time-fractional wave equations (5.80) and (5.81) can be derived as

o0

u(z,0) =

o = e a2

ou(x,0)

n=0

oo

n=0

u(z, t)(r) =r" + (ao + bot + magti”” + F(,Yl;éjl%bgts/z)
#r+ (oot + e + )
+ 7" (a2 + bot + 5/5;/2/4) 5t3/2 4 M%tm) s
+7" 4 (a3 + bat + 5/;§/(;/4) 6t>/% + mb6t5/2> e
+ 7"+ <a4 + byt + 5/5/(;/4) 713/? mhtf’ﬂ) x4, (5.93)
u(z,t)(r) = (2—-r)"+ <a0 + bot + magt?’ﬂ 7/27/42/4 b3t5/2>
=+ o+ o+ e + )
"+ (on+ ot + st + )
="+ (ot + it o™ + )
+@2-r)"+ <a4 + byt + maﬁ?’/? + MbﬁW?) T4 (5.94)

(C) Consider the following fuzzy linear space-time-fractional wave equation (5.77) with the initial
conditions:

(5.95)

By following the same steps, we will find that the solution. Utilizing the recurrence relation
(5.82), (5.83) and the transformed initial conditions (5.84) -(5.89), the first few components of
Ui/2,1/4(J, h) are calculated. So, from equation (4.8), the approximate solution of the fuzzy linear
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space-time-fractional wave equations (5.80) and (5.81) can be derived as

u(z, ) (r) =r" — <a0 + bot + magﬁﬂ + mzxgtsﬂ)
- (a1 +bit + F(;g?gmaﬁ/? + mbﬂf)ﬂ) gt/
+r" — (ag + bot + mfg@m“"’ﬁ/z + WI;S%%#’/?) g2/
+r" — (ag + bst + T(;gﬁ(‘;ﬂ‘x)%tm - F(igﬁgmb61t5/2) -3/
+r — (a4 + bat + F(;g?‘(‘;m‘” 3/2 MWW’) x4, (5.96)
w(z, t)(r) = (2 —r)" — <a0 +bot + F o (5%%2 7 ast®? + s (7%%2 7D b3t5/2>
+(2—r)"— <a1 + byt + Fﬁig@%)ww + m;g%bw”/?) gt/
+ (2= — <a2 + byt + m%t?’/? + m%;@mx)w”) 2t
#@=ry" = (a0t + e + it e 2
S (a4 + bt + P(;g?‘(‘;ma? 32 4 mb7t5/2> x4 (5.97)

6 Conclusions

In this paper, the differential transform method (DTM) has been successfully applied for solving
fuzzy fractional wave equation. The proposed method is also illustrated by three examples. The new
method is investigated based on the two-dimensional differential transform method, generalized Tay-
lor’s formula and fuzzy Caputo,s derivative. The results reveal that DTM is a highly effective scheme
for obtaining analytical solutions of the fuzzy fractional wave equation.
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Figure 1: Example (5.1), Case (A), t = 0.000001,z = 0.1,n = 1.
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Figure 2: Example (5.1), Case (B), t =0.03,z = 0.1,n = 2.
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Figure 3: Example (5.1), Case (C), t = 0.0001,z = 0.001,n = 3.
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Abstract

Fractional integral operators generalize the concept of definite integration. There-
fore these operators play a vital role in the advancement of subjects of sciences and
engineering. The aim of this study is to establish the bounds of a generalized frac-
tional integral operator via quasi-convex functions. These bounds behave as a formula
in unified form, and estimations of almost all fractional integrals defined in last two
decades can be obtained at once by choosing convenient parameters. Moreover, several
related fractional integral inequalities are identified.

2010 Mathematics Subject Classification: 26A51, 26A33, 26D15

Key words and phrases: convex function, quasi-convex function, fractional integral
operators, bounds

1 Introduction

A function f : I — R is said to be convez if the following inequality holds:

f(ta+ (L—=t)b) <tf(a) +(1—1t)f(b) (1.1)

* Corresponding authors
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for all a,b € I and t € [0, 1].

If inequality (1.1) is reversed, then the function f will be the concave on [a, b]. Convex
functions are very useful in mathematical analysis. A lot of integral inequalities have
been established due to convex functions in literature (for details see, [2-6,10, 11, 18-20].
Quasi-convexity is also class of convex functions which is defined as follows:

Definition 1.1. ([10]) A function f : I — R is said to be quasi-convez if the following
inequality holds:
flta+ (1 —1)b) < max{f(a), f(b)} (1.2)

for all a,b € I and t € [0, 1].
Example 1.2. ([11, p.83]) The function f : [-2,2] — R, given by

1 zel-2,-1]
2?2 xe(-1,2]

) = {

is not a convex function on [—2, 2] but it is quasi-convex function on [—2, 2].

It is noted that class of quasi-convex functions contain the class of finite convex func-
tions defined on finite closed intervals. For some recent citations and utilizations of quasi-
convex functions one can see [2, 10, 11, 20] and references therein.

Fractional integral operators play an important role in generalizing the mathemati-
cal inequalities. In recent years, authors have proved various interesting mathematical
inequalities due to different fractional integral operators, for example see [3-811,15,20].
The upcoming definitions and remark provide a detailed information of recent and classical
fractional integral operators.

Definition 1.3. Let f € Lj[a,b] with 0 < a < b. Then Riemann-Liouville fractional
integral operators of order p > 0 are defined by

Fl v f(x) = ﬁ /r (x — ) Lf(t)dt, =>a (1.3)
and . ,
I 10) = 75 / (t— 2" f()dt, = <b, (1.4)

where T'(p) is the Gamma function defined by T'(p) = [ t#~ e~ dt.

Definition 1.4. ([16]) Let f € Li[a,b] with 0 < a < b. Then Riemann-Liouville k-
fractional integral operators of order u, k > 0 are defined by

BIk. f(a) = m / (@ — 0 fWdt, w>a (1.5)
and
k 1 ’ L_q
Bk fa) = m/ (t— o) f()dt, = <b, (1.6)

where I (p) is the k-Gamma function defined as T (p) = [;° t“_le_%dt.
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Definition 1.5. ([14]) Let f € Li[a,b] with 0 < a < b. Also let g be an increasing and
positive function on (a, b], having a continuous derivative ¢’ on (a,b). The left-sided and
right-sided fractional integrals of a function f with respect to another function g on [a, b]
of order p > 0, are defined by

1 /e )
e (@) = s | o) =gy o> (1.7)

and

b
“T f(x) = 1) / (9(t) — 9(@)P g (O f(B)dt, = < b, (1.8)

INY
Definition 1.6. ([15]) Let f € Li[a,b] with 0 < a < b. Also let g be an increasing and
positive function on (a, b], having a continuous derivative ¢’ on (a,b). The left-sided and
right-sided fractional integrals of a function f with respect to another function g on [a, b]
of order u, k > 0 are defined by

18 10) = e [ @) = a@)E @O 2> a (19)
and . ,
5@ = s [ 00 - a@)E g Of 0 o< (110

These are compact formulas which give almost all fractional integrals by choosing
suitable formations of function g. In this context the following remark is important:

Remark 1.7. Fractional integrals elaborated in (1.9) and (1.10) particularly produce
several known fractional integrals corresponding to different settings of k£ and g.
(i) For k=1 (1.9) and (1.10) fractional integrals coincide with (1.7) and (1.8).
(ii) For taking g as identity function (1.9) and (1.10) fractional integrals coincide with
(1.5) and (1.6).
(iii) For k = 1, along with g as identity function (1.9) and (1.10) fractional integrals
coincide with (1.3) and (1.4).
(iv) For k =1 and g(z) = %, p>0,(1.9) and (1.10) produce Katugampola fractional
integrals defined by Chen et al. in [1].
(v) For k =1 and g(z) = % , (1.9) and (1.10) produce generalized conformable
fractional integrals defined by Khan et al. in [13].
(vi) If we take g(z) = @, s>0in (1.9) and g(z) = —@, s> 0in (1.10), then
conformable (k, s)-fractional integrals are achieved as defined by Sidra et al. in [9].
(vii) If we take g(z) = %, then conformable fractional integrals are achieved as

defined by Sarikaya et al. in [17].
(viii) If we take g(z) = =0 s> 0in (1.9) and g(z) = 02" 55 0in (1.10) with

s ’ s
k = 1, then conformable fractional integrals are achieved as defined by Jarad et al. in [12].

The rest of paper is organized as follows:

In Section 2, the bounds of sum of left-sided and right-sided generalized fractional in-
tegrals via quasi-convex function are established. First result provides an upper bound for
generalized fractional integrals, and some particular cases are elaborated. Then bounds
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along with particular cases, in modulus form have been presented. Furthermore, Hadama-
rad type bounds are formulated. In Section 3, applications of results of Section 2 are
given. Moreover concluding remarks are included at the end.

In the next sections the notation M?(f) = max{f(a), f(b)} has been used frequently.

2 Main Results

Firstly, the following theorem set the formula for upper bounds of fractional integrals via
quasi-convex functions in a unified form.

Theorem 2.1. Let f,g : [a,b] — R be two functions such that g be differentiable and
f € Lla,b] with a < b. Also let f be positive, quasi-convex and g be strictly increasing
function with g’ € Lla,b]. Then for x € [a,b] and u,v > k, the following inequality holds:

(9@) = 9@ .o L )= g@)E
e Ve Ty M) @)

Proof. As f is quasi-convex, therefore for ¢ € [a, z], f(t) < MZ(f). Under assumptions on
function g, for all = € [a,b], t € [a, ] and u > k, the following inequality holds:

g (1) (g(x) = g(£) 77" < g'(t)(g(x) — gla))F". (2.2)

From aforementioned two inequalities, the following integral inequality is yielded:

HIF f(x) 45 IE f(z) <

/m(g(iﬂ) —g(1) T F(B)g ()t < (g(x) — g(a)* M (f) /z g'(t)dt. (2.3)

By using (1.9) of Definition 1.6, the following bound of fractional integral defined in (1.9)
is obtained:

==

(9(z) — g(a))
KTk (1)

Again from quasi-convexity of f, for t € [z,b], f(t) < M2(f). Also for = € [a,b], t € [, b]
and v > k, the following inequality holds:

Ik f(z) < MZ(f). (2.4)

v

g(D)(g(t) = g(x)s ™" < g'(t)(g(b) — g(z))5 . (2.5)

From aforementioned two inequalities, the following integral inequality is yielded:

b b
/ (9(t) = g(2)F 1 f(t)g'(t)dt < (g(b) — 9(56))%_1Mi’(f)/ g'(t)dt. (2.6)

By using (1.10) of Definition 1.6, the following bound of fractional integral defined in
(1.10) is obtained:

(9(b) — g(@)F

b
TG M), (2.7

vIk f(z) <

From (2.4) and (2.7), the bound of sum of left-sided and right-sided fractional integrals is
achieved. O
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Special cases of Theorem 2.1, are discussed in the following corollaries.

Corollary 2.2. If we take p = v in (2.1), then we get the following fractional integral
mequality:

1 u o
418 @) 4 T 1) € s (00— a(@)EME() + (o)~ 9@ EMAD) . (28)

Corollary 2.3. If we take k = 1 in (2.1), then we get the following generalized (RL)
fractional integral inequality:

v (9(x) —gla)", = (9(b) — g(x))”
olar (@) +5 I- f(2) < TMCL (f) + TMi’(f)- (2.9)

Corollary 2.4. If we take g(x) = = in (2.1), then we get the following (RL) k-fractional
integral inequality:

o)+ 1 gt < S+ O

b
FTn () M;(f)- (2.10)

Corollary 2.5. If we take g(x) = x and k = 1 in (2.1), then we get the following (RL)
fractional integral inequality:

MMm(fH—
D(p) ¢

Corollary 2.6. Under the assumptions of above theorem if f is increasing on |a,b|, then
from (2.1), we get the following fractional integral inequality:

(9(x) — gla)) (g(b) — g(x))*
B A

(b— $)VMb

Ly f @)+ 1 () < SRoy M)

(2.11)

G f (@) +y I f(2) < fo).  (212)
Corollary 2.7. Under the assumptions of above theorem if f is decreasing on [a, b], then
from (2.1), we get the following fractional integral inequality:

(9(x) — ga)*

k v 1k
IS (@) 4 1 () < S5

f(a) + T(y)f(:n) (2.13)

Next theorem provides the bound of generalized fractional integrals in modulus form.

Theorem 2.8. Let f, g : [a,b] — R be two differentiable functions with a < b. Also let
|f'| be quasi-convexr and g be strictly increasing with g’ € L[a,b]. Then for x € [a,b] and
w, v, k>0, the following inequality holds:

z) —g(a)* b) — g(z))*
Zﬁﬁunﬁﬁﬂw—(Eg@%%Lﬂ@+QQ—ﬂJLﬂmN (214)

_ (g(@) —g(a)t(x —a)
- Cy(p+ k)

M (1D
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Proof. As |f'| is quasi-convex, therefore for ¢ € [a, z], we have

1F®) < Mg(1£])-

From (2.15), we have
F1(t) <MD

Under assumptions of the function g, the following inequality holds:
i
(9(x) —g(®)* < (9(x) — g(a))

for all € [a,b],t € [a,z] and p, k > 0.
From (2.16) and (2.17), we have

==

/ “(9(x) — g0 F (D)t < (9(x) — gla)E ME(IF) / ",

the left hand side calculate as follows:

= f()(g(a) — gD F[z + - / (gt~ o) (1) (1)
= —f(a)(g(x) —g(a))¥ +Tu(p+ k) I}: f(2).

Using above calculation in (2.18), we get the following inequality:

hT8, f(z) (@) = gla))t ¢y o @) —9(a)F @ =a) o))

Cr(p+ k)

Also from (2.15), we can write
F1#) = =M(If'])-

Following the same procedure as we did for (2.16), we also have

(9(x) — g(a))* (9(x) — 9(a))¥ (z — a)

) o) < R

From (2.19) and (2.21), we get the following modulus inequality:

(9(z) — gla))* (9(z) — g(a))¥(z —a) | o/ .
Zlf+f($) - mf(a) < T+ ) M (1£])-

Again by using quasi-convexity of | f’|, for ¢ € [z, b], we have
/()] < M(| ).

Now for x € [a, b], t € [z,b] and v, k > 0, the following inequality holds:

(9(t) = g(z))* < (g(b) — g())*.

BN
BN

459

M(I£'])-
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(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)
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By adopting the same way as we have done for (2.16), (2.17) and (2.20) one can get from
(2.23) and (2.24) the following modulus inequality:

(9(b) — g(x))¥ (g(b) —g(@)Eb—2) 4
Wﬂb) = To(v + ) M(1f']). (2.25)

oIy f(x) —
From (2.22) and (2.25) via triangular inequality, we get the modulus inequality in (2.14),
which is required. O

Special cases of Theorem 2.8, are discussed in the following corollaries.

Corollary 2.9. If we take p = v in (2.14), then we get the following fractional integral
mequality:

A1) 44 50 s ((00) - a(@)E @) + 60— 9N E50)| (220
I 1 8 €T /! B /
sI%w+k)«mw—gw»ww—@MuuD+wmw—gu»ub—mMﬂu0)

Corollary 2.10. If we take k =1 in (2.14), then we get the following generalized (RL)
fractional integral inequality:

bl ) 45 1) = (D=2 gy 4 CE I )| 2
(o) ~ 9@z~ ) o (0D) = g =)
< (D IONLE =D gy WO IDL =D g2y,

Corollary 2.11. If we take g(x) = x in (2.14), then we get the following (RL) k-fractional
integral inequality:

wﬁﬂm+wfﬂw—(%ﬁ%%ﬂ@+§%f§g@)' (2.29)
= af g, D= DE
= W 2 (1) + CED) M(LF'))-

Corollary 2.12. If we take g(x) = x and k = 1 in (2.14), then we get the following (RL)
fractional integral inequality:

e @) 47 Ty 0) = (s @)+ 1)) (2.20)
T e T e L
< Lo+ S,

Corollary 2.13. Under the assumptions of above theorem if |f'| is increasing on [a,b],
then from (2.14), we get the following fractional integral inequality:

v (9(z) — g(a))* (g(b) — g(z))*
MV f(z) +) IE () — (mf(a) + Wf(b)) I (2.30)

_ (g(@) —g(a)t(x —a)
- Fk(,u—l-k‘)
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Corollary 2.14. Under the assumptions of above theorem if |f'| is decreasing on [a,b],
then from (2.14), we get the following fractional integral inequality:

v (9(x) — g(a))* (g(b) — g(x))*
G f () +y I f (@) — (mf(a) + Wf(b)) ‘ (2.31)

(9(b) — g(x))% (b — )

_ (g(@) —g(@)i(x —a)
Fk(lj + k‘)

< S Ee @)

' (a)] +

We need the following lemma in the proof of next result.

Lemma 2.15. Let f : [0,00) — R be a quasi-convex function. If f(x) = f(a+b— x),
then for x € [a,b], the following inequality holds:

a+b
(50) < s (232
Proof. We have
a+b 1 (fxz—a b—x 1/xz—a b—x
5 _5(b—ab+b—aa>+§<b—aa+b—ab>' (2.33)

As f is quasi-convex, therefore for z € [a, b], we have

f(a;_b> <max{f(z), fla+b—2x)}. (2.34)
Using given condition f(z) = f(a+b— x) in (2.34), then inequality in (2.32) is estab-
lished. O

Theorem 2.16. Let f,g : [a,b] — R be two functions such that g be differentiable and

f € Lla,b] with a < b. Also let f be positive, quasi-conver, f(x) = f(a+b—1x) and g

be strictly increasing with ¢’ € Lla,b]. Then for x € [a,b] and p,v,k > 0, the following
. | o E—l—l

(90) ~ 9(@) ' | (9(8) — gla))f ] o35

inequalities hold:
s (a + b>
2 Fk(V—I—Qk‘) Fk(,u—l—2k‘)

< VPRI fa) +4TR TN f(D)

1 [ (g(b) —gla)F+!  (g(b) — g(a))s™?
S_[ Do+ k) Thluth)

p ] M(f)-

Proof. As f is quasi-convex, therefore for x € [a, b], we have

fz) < M2(f). (2.36)

Under assumptions of the function g, the following inequality holds:

g'(2)(g(x) — g(a))* < g'(x)(g(b) — g(a))

for all € [a,b] and v, k > 0.

BN
BN

(2.37)
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From (2.36) and (2.37), we have
b 5 b
[ (6@) ~ gta)Ef@)g (0)do < (90) - @) EMAS) [ g @)
By using (1.10) of Definition 1.6, we get

—qgla))Et!
vHh I f(a) < (Q(Z%k(g(+);) MY(f). (2.38)

Now for z € [a, b] and u, k > 0, the following inequality inequality holds:

g'()(g(b) — g(x))* < g'()(g(b) — g(a))*. (2.39)
From (2.36) and (2.39), we have
b . . b
/ (9(b) — g(2))* f(2)g'(x)dx < (g(b) — g(a))EMg(f)/ g (x)da.
By using (1.9) of Definition 1.6, we get
skt ) < OO 9@y (2.40)

kCk(p+ k)

Adding (2.38) and (2.40), we get the following inequality

(g(b) = g(a))F™" | (g(b) — g(a))s ™!

PRI () 4 T () < L [

- ] ME(f).  (2.41)

Now on the other hand multiplying (2.32) with (g(z) — g(a))¥¢'(z), then integrating over
[a, b], we have

b b
f <a§b> [ @) - s@gar < [ o) - g@)is@@in (242

By using (1.10) of Definition 1.6, we get
k(g(b) — g(a) ! f (a +0o

< kD k) TRIE f(a). 2.4
_ +0) < KM+ B fa) (2.43)
Similarly, multiplying (2.32) with (g(b) — g(z))* ¢/(z), then integrating over [a, b], we have

k(g(b) — g(a)F ™!
Atk

f ( : b) < KT+ B IR, (D). (2.44)

Adding (2.43) and (2.44), we get the following inequality

a+b) [(g(b) = g(a)F  (9(b) — g(a))FH!
(%)

(v +2k) i+ 2k)
From (2.41) and (2.45), we get the inequalities in (2.35), which is required. O

] <vk gk fla) 10K IR f(b).(2.45)
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Special cases of Theorem 2.16, are discussed in the following corollaries.

Corollary 2.17. If we take p = v in (2.35), then we get the following fractional integral

mequality:
a+b
2
()

vk 7k utk Tk
T+ 2k) oL f(a) +5T0 1G4 f(D)

(g(b) - g<a>>%+1]

_2 [(g(b) — ga))f*!

S ]Mi’(f).

Corollary 2.18. If we take k = 1 in (2.35), then we get the following generalized (RL)
fractional integral inequality:

a+0b\ [(g(b) — g(a)"*'  (g9(b) — g(a))**
/ ( 2 > [ (v +2) * T(p+2) ] (2.46)
< U fla) +AT s f(D)

(9(0) — g(@)**1  (9(b) — gla))!
S[ w1 1) M+ 1) ]Ms{f)'

Corollary 2.19. If we take g(x) = x in (2.35), then we get the following (RL) k-fractional
(b_a)g—l-l (b—a)%'l'l

integral inequality:
f (a + b>
2 Te(v+2k)  Tr(p+2k)

< VPRI f(a) AR I f(D)

<l (b—a)%'l'l (b—a)%'l'l
T k| Te(v+k)  Tr(p+k)

(2.47)

MY(f).

Corollary 2.20. If we take g(x) = x and k = 1 in (2.35), then we get the following (RL)
fractional integral inequality:

atb)[(b—a)*t (b—a)t!
f( 2 >[F(V+2) T F(,u—|—2)] (2.48)
< V- f(a) 1 L f(0)

(b _ a)u—l—l (b _ a),u—l—l
. [ o+ Tt ] Malf).

Corollary 2.21. Under the assumptions of above theorem if f is increasing on [a, b, then
from (2.35), we get the following fractional integral inequality:

a+b\ |(g(b)—g(a))F ' | (g(b) — g(a)FH!
f ( 2 > Dy (v +2k) Di(p+ 2K) ] (2.49)
< YPRIE fla) +4HE IE, £ (D)

<1 [@(b) —ga)E  (o(b) - g<a>>%+1] o

(v +k) Ty + k)
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Corollary 2.22. Under the assumptions of above theorem if f is decreasing on [a, b], then
from (2.35), we get the following fractional integral inequality:
(98) — g(a)FH | (g(t) - g<a>>%+1] 250

f (a + b>
2 (v + 2k) T(p+ 2k)
< VERIE fa) HETR I f(D)

< [(g(b) ~gla)E* (g(0) — gt
=k Fk(l/—l—k) Fk(#—l—k‘)

1o

3 Applications

In this section we give applications of the results proved in the previous section. First we
apply Theorem 2.1 and get the following result.

Theorem 3.1. Under the assumptions of Theorem 2.1, we have the following fractional
integral inequality:

R e ) ]

Proof. If we put x = a in (2.1), then we have

< (o) - g(a)*

b
W M), (3.2)

oIy f(a)
If we put © = b in (2.1), then we have

(9(0) — 9@t
WG, (33)

Adding inequalities (3.2) and (3.3), we get (3.1). O

L%, f(b) <

Special cases of Theorem 3.1, are discussed in the following corollaries.

Corollary 3.2. If we take p = v in (3.1), then we have the following fractional integral
mequality:

2(g(b) — g(a))*
KTk (1)

Corollary 3.3. ([2]) If we take p =k =1 and g(x) = = in (3.4), then we get the following
mequality:

WL f (D) +4 Iy fla) < M(f). (3.4)

b
i [ fod < M) (35

Next we apply Theorem 2.8 to obtain required results.
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Theorem 3.4. Under the assumptions of Theorem 2.8, we have the following fractional
integral inequality:

ST 1)+ 1 f(a) (—(9(;2(; 2D play+ RS f(b)> ‘ (3.
(9(b) — g(a)® | (9(b) — g(a))F /
< ( e ) (b~ @)1
Proof. If we put = a in (2.14), then we have
v (9(b) — g(a))¥ (9(b) — g(a)F(b —a) /
Jh-f@ -5 O S e M) (3.7)
If we put © = b in (2.14), then we have
(9(b) — g(a)F (9(b) — g(a))¥ (b — a) /
HIk f(b) — Wf(a) < T+ F) M f'))- (3.8)
Adding inequalities (3.7) and (3.8), we get (3.6). O

Special cases of Theorem 3.4, are discussed in the following corollaries.

Corollary 3.5. If we take u = v in (3.6), then we have the following fractional integral
mequality:

(9(b) — g(a))¥

k k
Zla+f(b) +Z Ib*f(a) - Fk(,u n k‘)

(f(a) + (b)) (3.9)

L2

< 2(9(b) = g(a))k (b —a)

- C(p+k)
Corollary 3.6. If we take p = k = 1 and g(z) = x in (3.9), then we get the following
mequality:

Mg(|f])-

1

b—a

By applying Theorem 2.16 similar relations can be established we leave it for the
reader.

b
[ swar- L IO < - aarq g, (3.10)

4 Concluding Remarks

The aim of this study is to explore bounds of fractional integrals in a compact form by
using the concept of quasi-convexity. The authors are succeeded in the formulation of
bounds of generalized fractional integrals (1.9) and (1.10). Theorem 2.1 provides upper
bounds, Theorem 2.8 gives bounds in modulus form while Theorem 2.16 formulates bounds
of Hadamard type. Section 3 consists of the applications of these bounds. Also some
particular case of all these results are shown. Remark 1.7 includes all possible fractional
integrals associated with generalized fractional integrals (1.9) and (1.10). The readers can
obtain bounds for desired fractional integrals by putting the corresponding function g from
Remark 1.7.
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Abstract

The aim of this paper is to study the existence of asymptotically
almost automorphic mild solution to some classes of second order semi-
linear evolution equation via the techniques of measure of noncompact-
ness. The investigation is based on a new fixed point result which is a
generalization of the well known Darbo’s fixed point theorem. Finally
examples are given to illustrate the analytical findings.
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1 Introduction

This work is mainly concerned with the existence of asymptotically al-
most automorphic mild solution for second differential equations. More
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precisely, we will consider the following problem
y'(t) — At)y(t) = f(t.y(t)), t € RT := [0, +00), (1)

y(0) = o, ¥'(0) =y, (2)

where {A(t)};er+ is a family of linear closed operators from E into E that
generate an evolution system of linear bounded operators {U(Z, 8) } (1, s)er+ xr+
for0 < s <t < +oo, f: RTxFE — Fis a Carathéodory function, and (F, |-|)
is a real Banach space.

Evolution equations arise in many areas of applied mathematics [2, 37].
This type of equations has received much attention in recent years [1]. There
are many results concerning the second-order differential equations, see for
example [8, 11, 12, 20, 28, 35]. In recent years there has been an increasing
interest in studying the abstract non-autonomous second order initial value
problem

y'(t) — A(t)y(t) = f(t,y(t)), t € [0,T], (3)

y(0) = yo, ¥'(0) = u1. (4)

The reader is referred to [10, 19, 22, 36] and the references therein. In the
above mentioned works, the existence of solutions to the problem (3)-(4) is
related to the existence of an evolution operator U(t; s) for the homogeneous
equation

y"(t) = A(t)y(t), for t>0.

For this purpose there are many techniques to show the existence of U(t, s)
which has been developed by Kozak [25].

On the other hand, since Bochner [13] introduced the concept of almost
automorphy, the automorphic functions have been applied to many areas
including ordinary as well as partial differential equations, abstract differ-
ential equations, functional differential equations, integral equations, etc.;
see [16, 21, 18, 27, 7]. We also refer the reader to the monographs by
N’Guérékata [30, 31] for the basic theory of almost automorphic functions
and applications. The concept of asymptotically almost automorphy was
introduced by N’Guérékata [29]. Since then, these functions have generated
lot of developments and applications, see [39, 14, 24, 17] and the references
therein. In the previous works, people have established the existence of
asymptotically almost automorphic mild solution of differential equations
under the conditions that f satisfies or not the Lipschitz condition.
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In this paper we use the technique of measures of noncompactness. It
is well known that this method provides an excellent tool for obtaining ex-
istence of solutions of nonlinear differential equation. This technique works
fruitfully for both integral and differential equations. More details are found
in Aissani and Benchohra [3], Akhmerov et al. [4], Alvares [5], Banas and
Goebel [9], Olszowy and Wedrychowicz [33], Olszowy [34], and the refer-

ences therein.

Inspired by the above works,, in this work, using the properties of the
analytic semigroups, Kuratowski measure of noncompactness, fixed point
theorem, we obtain an existence result without assuming that the nonlin-
earity f satisfies a Lipschitz type condition.

This work is organized of as follows. In Section 2, we recall some fun-
damental properties of asymptotically almost automorphic and facts about
evolution systems. Section 3 is devoted to establishing some criteria the
existence of asymptotically almost automorphic mild solutions to the prob-
lem (1)-(2). Furthermore, appropriate examples are provided in section 4 to
show the feasibility of our results.

2 Preliminaries and basic results

In this section we recall certain definitions and lemmas to be used subse-
quently in this paper.

Throughout this paper, we denote by E a Banach space with the norm | - |.
Let BC(R™,E) be the Banach space of all bounded and continuous functions
y mapping R™ into F endowed with the usual supremum norm

|Ylloe = sup |y(t)].
teRT

In what follows, let {A(¢), t € RT} be a family of closed linear operators

on the Banach space F with domain D(A(t)) which is dense in F and inde-
pendent of .

In this work the existence of solution the problem (1)-(2) is related to
the existence of an evolution operator U(t, s) for the following homogeneous
problem

y'(t) = At)y(t)  teRT (5)
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This concept of evolution operator has been developed by Kozak [25] and
recently used by Henriquez et al. [22].

Definition 2.1 A family U of bounded operators U(t,s) : E — E, (t,s) €
A = {(t,s) € RT x RT : s < t}, is called an evolution operator of the
equation (5) if de following conditions hold:

(e1) For any x € E the map (t,s) — U(t, s)x is continuously differentiable
and

(a) for eacht € R, U(t,t)xr =0,Vz € E,

(b) for all (t,s) € A and for any © € FE, %U(t,s)x\t:s = x and

0

%Z/{(t, s)xl,_, = —.

(e2) For all (t,s) € A, if x € D(A(t)), then (ibl(t, s)x € D(A(t)), the map
(t,s) — U(t, s)x is of class C* and

52
(a) @U(t, s)x =AU, s)x,

82
(b) @L{(t, s)x =U(t, s)A(s)x,

82
(C) ml/{(t, 8)$|t28 =0.

o . 3
(e3) Fo;sll (t,s) € A, then %Z/{(t, s)x € D(A(t)), there exist mbﬂt, s)x,

mlz{(t, s)x and
() S0t 8)z = A() 2 (00t

T PR

Moreover, the map (t,s) — A(t)%(t)L{(t, s)x is continuous,
() SOt sy = DUt 4G

as2at T T gt AT

Throughout this paper, we will use the following definition of the concept
of Kuratowski measure of noncompactness [9].
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Definition 2.2 The Kuratowski measure of noncompactness « is defined by
a(D) =inf{r > 0: D has a finite cover by sets of diameter < r},
for a bounded set D in any Banach space E.

Let us recall the basic properties of Kuratowski measure of noncompactness.

Lemma 2.3 [9] Let E be a Banach space and C,D C E be bounded, then
the following properties hold:

i1) a(D) =0 if only if D is relatively compact,

i) a(D) = a(D) ; D the closure of D,

i3) a(C) < a(D) when C C D,

i1) a(C+D) < a(C)+a(D) where C+D ={x |z =y+ z;y € C;z € D},

i5) a(aD) = |a|la(D) for any a € R,

ig) a(ConvD) = a(D), where ConvD is the convex hull of D,

i7) p(C U D) =max(a(C),a(D)),

18

(i)
(iz)
(i3)
(i)
(is)
(i6)
(i7)
(is)

a(CU{z}) =a(C) for any x € E.

Denote by w (y,e) the modulus of continuity of y on the interval [0, T]
ie.

wh(y,e) = sup {ly(t) — y(s)|;t,5 € [0,T), |t — 5| <e}.
Moreover, let us put
w'(D,e) = sup {w" (y,¢);y € D},

wd (D) = limwT(D, ).

e—0

Lemma 2.4 [15] Let E be a Banach space, D C E be bounded. Then there
exists a countable set Dy C D, such that

a(D) < 2a(Dy).
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Lemma 2.5 [25] Let D = {y,}125 C C(RT, E) be a bounded and countable
set. Then a(D(t)) is Lebesgue integrable on R™, and

a {/Ot yn(s))ds}:i() < 2/Otoz(D(5))ds, t e RT.

Now, we recall some basic definitions and results on almost automor-
phic functions and asymptotically almost automorphic functions (for more
details, see [13, 31, 38]).

Definition 2.6 A continuous function f : R — E is said to be almost auto-
morphic if for every sequence of real numbers {7),}, there exists a subsequence
{7} such that

o(t) = lim f(t+7)
1s well defined for each t € R and
lim g(t —71,) = f(t) for eacht e R.

n—o0

Denote by AA(R, E) the set of all such functions.

Lemma 2.7 [30] AA(R, E) is a Banach space with the supremum norm
[ flloo = sup [f(t)].
teR

Definition 2.8 A continuous function f: R x E — FE is said to be almost
automorphic in t € R for each y € E if for every sequence of real numbers
{7} }, there exists a subsequence {1} such that

N f(t+7,y) = g(t,y)
is well defined for each t € R and

lim g(t — 7,,y) = f(t,y)

n—o0

for each t € R and each y € E. The collection of those functions is denoted
by AA(R x E, E).

Example 2.9 [/0] The function f : R x E — E given by

1
f(t,y) = sin < > cosy
2+ cost + cos V2t

is almost automorphic int € R for each y € E, where E = L*([0,1]).
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The space of all continuous functions h : Rt — E such that tlim h(t) =0
—00

is denoted by Co(R™, E). Moreover, we denote Cy(R™ x E, E); the space of
all continuous functions from R x F to E satisfying tlim h(t,y) = 0 in ¢t and
—00

uniformly in y € E.

Remark 2.10 Note that if v(t) € Co(RT, E), then
t
/ ey (s)ds € Co(RT, E).
0

Definition 2.11 A continuous function f : Rt — E is said to be asymp-
totically almost automorphic if it can be decomposed as

f(t) = g(t) + h(t),

where
g(t) € AAR,E), h(t) € Co(RT, E).

Denote by AAA(RY, E) the set of all such functions.

Example 2.12 The function f : R — R defined by

1
t) = sin +et
®) <2+cost+cos\/§t>

s an asymptotically almost automorphic function with

1
2+cost—|—cos\/§t

g(t) = sin ( ) € AARR), h(t)=c"" € Co(R",R).
Lemma 2.13 [31],/32]. AAA(R™, E) is also a Banach space with the norm

[ flloc = sup [f(t)].
teR+

Definition 2.14 A continuous function f : Rt x E — E is said to be
asymptotically almost automorphic if it can be decomposed as

f(ty) = g(t,y) + h(t,y),

where

g(t,y) € AAR x E,E), h(t,y) € Co(RT x E, E).
Denote by AAA(RT x E, E) the set of all such functions.
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Example 2.15 The function f : RT x E — E given by

) =sin (5t eosy ot el
,x) = sin coS e

2 + cost + cos /2t Y Y
is asymptotically almost automorphic in t € Rt for each y € E, where
E = L*([0,1]).

(t,y) = si ( ! > € AA(R x E, E)
,Y) = sin oS s L),
gy 2+cost+cos\/§t Y

h(t,y) = e 'ly| € Co(R* x E, E).

Lemma 2.16 [26] f: R x E — E is almost automorphic, and assume that
f(t,-) is uniformly continuous on each bounded subset K C E wuniformly
for t € R, that is for any € > 0, there exists 0 > 0 such that y,z € K
and |y(t) — z(t)] < o imply that |f(t,y) — f(t,2)| < € for all t € R. Let
p: R — E be almost automorphic. Then the function F': R — E defined by
F(t) = f(t,o(t)) is almost automorphic.

Theorem 2.17 [6] Let Q be a nonempty, bounded, closed and convex subset
of a Banach space E, and let I' : Q — Q be a continuous operator satisfying
the inequality

a(T(D)) < ¥(a(D))

for any nonempty subset D of Q, where ¥ : RT — RTis a nondecreasing
function such that

lim ¥"(t) =0 for each t > 0.

n—-+o0o

Then I' has at least one fized point in the set €.

3 Main results

Definition 3.1 A function y € BC(R™, E) is said to be a mild solution to
the problem (1)-(2) if y satisfies the integral equation

y(t) = —iu(t,o)yo +U(t, 0)y1 +/0 U(t,s)f(s,y(s))ds.
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For the proof of our main theorem, we need the following hypotheses:

(H1) (a) There exists a constant M > 1 and § > 0, such that

Ut 9)llimy < M3 for any (t,5) € A

and for any sequence of real numbers {7)}, we can extract a
subsequence {7,} and for any € > 0, there exists N € N such
that

Ut + Ty s+ 7n) — U(t, 8) |5y < ce™07%),

Ut = Ty 5 — ) = Ult, 8) || ) < ce )
for each t,s € R. for all n > N, for each t,s € R, t > s.

(H2) There exist a constant M >0 and § > 0, such that:

< Me 005, (t,s) € A.

H glx[(t, s)
0s B(E)

(H3) The function f : Rt x E — E is Carathéodory and asymptotically
almost automorphic i.e., f(t,y) = g(t,y) + h(t,y) with

g(t,y) € AAR x E,E), h(t,y) € Co(RT x E, E),

and ¢g(t,y) is uniformly continuous on any bounded subset K C F
uniformly for ¢t € R.
Moreover,

(a) There exist p € LY(R,R"), ¢ € [1,00) and a continuous nonde-
creasing function ¢ : [0,00) — (0,00) such that for all ¢ € RT
and y € E,

9ty <p(ye(yl) and  tim it 2D _ )
ly| =00 |y

(b) There exist a function 3(t) € Cy(R,RT) and a nondecreasing func-
tion ® : RT — RT such that for all ¢t € RT and y € F with
lyl < R,

[h(t,9)] < BE(lyl) and Rgrfwinf¢§>:p2,
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(H4) There exist a locally integrable function 77 : R — R* and a continuous
nondecreasing function ¢ : RT™ — RT such that for any nonempty
bounded set D C E we have :

a(f(t, D)) < n(t)p(a(D)) for a.e t € R,
Additionally we assume that liril (Y +¢)"(t) = 0 for a.e t € RT. Let
n—-+0oo
B(t) be the function involved in the assumption (Hs), then

t
/ e~ =) 3(s)ds € Co(RT,RY).
0

Put
t
p= Sup/ e~ (%) B(s)ds.
0

teR+
We need the following technical lemma.

Lemma 3.2 Assume that (Hy) hold. If p(t) € AA(R, E), then

A(t) := /t U(t,s)e(s)ds, t € R,

—0o0
belongs to AA(R,E).
Proof. From (H;) it is clear that A(¢) is well-defined and continuous on R.
Since p(t) € AA(R, E), it follows that for every sequence of real numbers

{7} }, we can extract a subsequence {7,,} such that

(c1) ILm o(t +7,) — p(t) =0 for each ¢t € R and,
(c2) lim @(t —7,) —¢(t) =0 for each t € R.

n—o0

Notes that ¢ is also bounded on R, and measurable. Define

T\(t):/t Ut,s)3(s)ds, teR.
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For ¢t € R, Since ¢ is measurable, A is well-defined.
For t € R, we have

[Ay)(t+7) = (Ry) (1)

-If Tt syeors - [t

= '/ U(t+rn,s+7'n)go(s+7'n)ds—/ U, s)p(s)ds
< [+ s )l s ) = B ds

t
b [ U s+ 1)~ UG Fe)ds

[e. 9]

ot
< / Me29 | (s + 1) — 3(s))| ds

t
[ e ) s

—00

t
= M/ =59 ds sup [ (s + 1) — 3(5)]
t*OO

seR
+8/ e~ ds sup |3(s)]
M_OO seER
~ € -
< 5 sup lo(s + ) — @(8))| + 5 5up [(s)]-
SGR SGR

Using (c1), we obtain that for n — oo,
At + 1) — A(t).
Analogously, one can prove that,

At —7,) = A(t) for each t € R as n — oo.

This we show that

A € AA(R, E).
Theorem 3.3 Assume that the hypotheses (Hy) — (Hy) are satisfied. If
Mpillpllze + M5 ppa < 1, (6)
and
S
M max(4f|nl[gr |[pllrad ") <1, (7)

then the problem (1)-(2) has a asymptotically almost automorphic mild so-
lution.
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Proof. Consider the operator N : AAA(RT, E) - AAA(R™, F) defined by

(N9)(8) = =Gt 0) + Ut O + [ Ut 9)f(sp(ds, (9

where y € AAA(RY, E) with y = v + ¢, v is the principal term and ¢
the corrective term of y. We need to prove that N is weel- defined, that is
N(AAA(RT,E)) Cc AAA(RT,E). Let

0
U(t) = —%Z/[(t, O)yo + U(t, O)yla

then

| — ZU(t,0)y0 + U(t, 0)y1|
Me™yo| + Me=%yy].

o (1)]

IAIA I

Since 0 > 0, we get lim |[(o(¢)| = 0. that is
t—4o00

o e Co(RT,E). (9)

By assumption f = g+ h where g is the principal term and h the corrective
term. So we can write

fy@) = g(t,v(#) + f(ty@) — f{E,~({) + h(t, (1))
= g(t,(1) + H(t y(1)), (10)

In view of (10), we have
Ww::Aumwmwmw
::/uwm@wmwﬁ/mewmm@
0 0
t 0
-[zwwmm@m—[zmwmm@m

+‘/Wmm@mm$
0
(Ty)(t) + (Lay)(0).
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where

(Liy) (¢ /ZHSSVUM

mmwzl/mmm@m»d

— / U(t,s)g(s,y(s))ds
= (Ji)(®) + (Say) (1),

where

ummzjuwmﬂymm

(o) /ZHSSVUM

Using (Hs) and Lemma 2.16 , we deduce that s — g(s,7(s)) is in
AA(R, E). Thus, by Lemma 3.2 we obtain

(hy)(t) € AA(R, ). (11)
Let’s prove that J; € Co(RT, E), Jo € Co(RT, E).

Ideed by definition H € Co(R™, F), that means given € > 0, there exists
T > 0 such that if ¢ > T, we have |H(t,y)| < e. Therefore if t > T, we get

! t
/ HU(t,S)||B(E)‘H(s,y(s))|d5 < Me/ e 0(t=5) gg
4 T
< M
s 56
then
M
((hy)B)] < e if ¢ > T.
So,
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Next, let us show that Jo» € Co(RT, E).

0
[(Jay)(®)] < J/ U, 5)llB(E) |9 (s, y(s))lds

T
< Mswplglty®)] [ e HIds
teR 0
ot
+ MHQHOOT — 0 as — oo.
So,
Jo € Co(RT, E). (13)

Finaly combining (9),(11), (12) and (13) proves our claim that N € AAA(R™, E).
Next, we will prove that the operator N satisfies all the assumptions of The-
orem 2.17. We will break the proof into several steps.
Let

Br = {y € AAARY,E) : |yllw < R},

where R be any positive constant. Then Bp is a bounded, closed and convex
subset of AAA(RY, E).

Step 1: N(y) € Bp for any y € Bp.

In fact, if we assume that the assertion is false, then R < |(Ny)(¢)|. This
yields that

R<[(Ny)(t)] < LA LAt )l ey 19 (s, y(s)|ds

t
4 /0 U, )13 15, y(5)]ds

IN

]ﬁ U, 5) | gy p(s)(ly(s))ds

+

]ﬁ 1L, 5)| () B(s)o(y(s)])ds

IN

t
My (R) /0 e 3=5)p(s)ds

t
+ M ¢(R) /0 e =% 3(s)ds.
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For t > 0, it follows from the Hdélder inequality that
R<|(Ny)®)] = My(R)|pllLe + Mp2o(R).
Dividing both sides by R and taking the liminf as R — +o00, we have
Mprl|pllze + M6 ppa > 1,

which contradicts (6). Hence, the operator N transforms the set Bg into
itself.
Step 2. N is continuous.
Let (yn)nen be a sequence in By such that y, — y in Bg.
Case 1. If t € [0, T]; T > 0, then, we have

[(Nyn) () = (Ny) ()] < M/O £ (s,yn(s)) = f(s,y(s))| ds.

Since the functions f is Carathéodory, the Lebesgue dominated convergence
theorem implies that

INyn — Nylloo > 0 as n — +oo.

Case 2. Since the functions f is Carathéodory, we can see that

7 90() — T, 0D < 5 For 12T, (14)

If t € (T, 00), T > 0, then (14) and the hypotheses give us that

t
Nou(0) = Ny < [ 103y | 5. (5) = Fs (D) s

< M(S—&j t e 00=9) s

- Mg (15)

M e

< ==

-0 M

<e.
Then the inequality (15) reduces to

IN(yn) — N(¥)|loo = 0 asn — oo.

Now, we conclude that N is continuous from Bg to Bg.
Step 3: N(Bpg) is equicontinuous.
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Let t1,ty € [0,T] with to > ¢; and y € Bg. Then, we have

’(leg(h) — (Nyy(t1)|
/0 U(ta, 3) — Uk, $))g(5,4(5)

o [ Utta, $)g(s, y(s))ds
N
/0 Ut 5) — U(t1, 5))h(s,y(s))

_|_

[ e 59 8(5) by ()]s

It follows from the Holder inequality that

[(Niy)(t2) = (Nuy ()
: /0 4 (t2, 8) = U(tr, 5)ll sy p(s)¢(ly(s)])ds
+w ( Lr(t—t2) _ eqq51(tt2)>1_é

e a1
1— 2+
5 q

t

+/O 1 [U(t2, s) = U(tr, s)lpe) B(s)(ly(s)|)ds
M¢(R)sup 5(t)

+ (;GR (e—a(t—t2) - e—é(t—tl))‘

The right-hand side of the above inequality tends to zero as to — t; — 0,
which implies that N(Bp) is equicontinuous.
Consider the measure of noncompacteness p(B) defined on the family of
bounded subsets of the space AAA(R™, E) (see [33]) by

u(B) =wq (B) +supa(B(t)) + lim sup{ly(t)| :¢>T,y € E}.

teJ
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1
Step 4: u(N(B)) < Mmax(dnlls, [pll o8 4)( + ) (u(B)) for all B C
Bpg. For all B C Br, N(B) is bounded. Hence, by Lemma 2.4, there exists
a countable set By = {y}°°; C B, such that

(N(B)) < 2a(N(B1)). (16)

Using the properties of «, Lemma 2.4, Lemma 2.5 and assumptions (H;)
and (Hy), we get

a(NBi(t))

IN

o ({ [ ue S)f(s,yn(S))dS}j())

oM /0 (o (5, yn(5))ds))}22 g ds

IN

IN

oM /0 n(s)e ({(yn(5))}220))) ds

IN

oM /0 n(s)p(a(B(s)))ds.

Form inequality (16), it follows that

o(NB(t)) < 4M / n(s)p(a(B(s)))ds,
0
then

a(N(B(t)) < 4MH77”L180(tS€1§£ a(B(t))).

Since
sup a(B(t)) < sup a(B(t)) + lim sup{|y(t)|: ¢t > T,y € E}),
teERF tERF t=+oo

then

a(N(B(t)) < 4M||77||L1<P(t561;£ a(B(t) + lim sup{|y(t)] : t =2 T\y € E}).(17)
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On the other hand, we have

|www|sﬁ“&quow
+ M/ Y(|v(s)])ds + |(I2y)(t)]
+ M/' Yo (|(s)])ds

+<M/ ~50=5)p()4p (1 () s + Ta ().

< 5t|y1’+M6 O o
+ M/ (s)dstb(sup [7(s)])
seR
M/’ (s)dst(sup{[7(t)] : t > T,y € EY})

sup{|(L2y)(t)| : t = T,y € E}).

Next, applying the Holder inequality we derive

(Ny) @) < Me 0 [yi] + Me% [y

M|pllpe _s—
b Ml ey ).
J  q
M 48 4 g1
+ (ﬁﬂ“a_@ S iy sup{Jy()] - t > Ty € )
q

+ sup{|(L2y)(t)| : t > T,y € E}).

Then

(Ny)(®)| < Me™® |y;| + Me% |y

MPL _
quqéTammy

1)

M

(ﬁﬂ“wwmwwwtzﬂyEEp
q

+ sup{[(l2y)(t)] 1t > Toy € E}).
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Since § > 0, Iy € Cy(RT, F) and

lim sup{ly(t)|:t > T,y € E} <supa(B(t))+ lim sup{ly(t)|:t>T,y € E},
T—~4o00 teR T—~+o00

then
lim sup{|(Ny)(t) : t > T,y € E})
T—4o00

< %wsupaw(tm lim sup{|y(t)| : t > T,y € E}).
6 4a teJ T—+o0

(18)

Further, combining (17) and (18), we get
iupa((NB)( ))+ Jim sup{|(Ny)(t) : ¢ = T,y € E})
< 4M|!77Hus0(supa(3(t)) + Jm supfly(0) > T,y € BY)
A sy a(B() + T supllu() > T,y € B} 1
5 T=+o00
p

Blit) (o + ) (supa(B(1)) + lim sup{ly(t)| : t > Ty € E}).
teJ —rFoo

< Mmax(4”77HL1 ot

From Step 3 and inequality (19), we conclude that

W(N(B)) < M max (4||nuL , 'Lp””) (o 4+ ) (u(B)).

It follows from Lemma 2.17 that N has at least one fixed point y € Bp,

which is just a asymptotically almost automorphic mild solution of problem
(1)-(2) on RT.

4 An Example

Consider the second order differential equation of the form;

( 82 82 1 P
@Z(tﬂ—) 75727 2(t, T>+2Sln<2+cost+cosft> 2(t,T)
sin“ ¢ 1
+ i t,7)| +1n (1 + |2(t,
12\/H—7t281n<2+cost+cosﬂt>(‘z( T+ (L +[2(t 7))

sin?t  sinwz(t, )

+ T T
VIR0t ) teRT, T€[0,,

z(t,0) = =z(t,m) =0, t e R,
0
52(0 T) =(1), T € [0,7].

(20)
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Let E = L*([0,7],R") be the space of 2-integrable functions from [0, 7] into
R+, and let H2([0, 7], R") be the Sobolev space of functions x : [0, 7] — R,
such that 2” € L?([0,7],R*). We consider the operator A;z(7) = 2"(7)
with domain D(A;) = H?(R*,C), which is the infinitesimal generator of
strongly continuous cosine function C(t) on E. Moreover, A; has discrete
spectrum, the spectrum of A; consists of eigenvalues n? for n € Z, with
associated eigenvector

e nel,

1

the set {wy, € Z} is an orthonormal basis of E. In particular,

Ajx = — Zn2<x,wn>wn for x € D(A).

n=1

The cosine function C(¢) is given by

C(t)x = Zcos(nt) (z,wy)wy, for x € D(A),t € RT,

n=1

form a cosine function on H, with associated sine function

St =Y Sm?i”t) (z, wn)wy, for z € D(A),t € R*.
n=1

From [35], for all z € H*([0,7],R"),t € R*, |C(t)| pp) < e
and [|S(t)| ) < e
Now, we define an operator A(t) : D(A) C H — H by

{ e = o
A(t) = Ay +b(t, 7).

1
where b(t,7) = 2sin
(t:7) <2+cost—|—cosﬂt>
Note that A(t) generates an evolutionary process U(t, s) of the form

Z/{(t, 3) - S(t — S)Qfst b(t,s)ds

1
2+ cost + cos V2t

Ut,s) = S(t — s)e 2(7) (21)

Since b(t,7) = 2sin ( > < 2, we have
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and
Ullseey < [1S|lpmye 207 < e73079)

We conclude that U(t, s) is a evolutionary process exponentially stable with
M =1 and 6 = 3.

It follows from the estimate (21) that U(t,s) : E — E is well defined and
satisfies the conditions of Definition 2.1.

Hence conditions (Hy) and (Hz) are satisfied.

Now, let
2(t) (1) = w(t)(r), t >0, T € 0,7,
sin®t . 1
o1.2)(r) = i () () + I (14 (1 7))),
in2tsinmz(t, 7
h(t, 2)(7) sin” ¢ sin w2 (t, 7)

T VIt (1t |2t )

Then it is easy to verify that g : R x E x E is continuous and

g€ AAR x E; E).

We can estimate for the functions g:

sin®t
t,2) (7)) < ————(|z(t, 7)| + In (1 + |2(¢, 7)]))-
o(t.2)(r) < A= ((=(t )+ In (14 |2 (1. 7))
Hence conditions (H3)(a) is satisfied with
sin? ¢ 1
)= ——— h(t) = —(t+1In(1 +1)).
p0) = S () = (a1 1)

1
Then it is easy to verify that p € L*(R) and p; = T

On the other hand, it is clear that h : RT x E x E is continuous and

h € Co(RT x E; E).

We can also estimate for the functions h:

h(t,2)(r) < — =

*wvireo
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Hence conditions (Hs)(b) is satisfied with

T
t) = ———, R) = R.
A) 15v1+ 2 PE)
Then it is easy to verify that 3 € Co(RT,R), po =1 and p < 115
Furthermore:
f(t;2) = g(t; 2) + h(t;2) € AARY x E; E).
We can also estimate for the functions f:
ft.2)r) < 2L 1ofe, 22)
,2) (1) < 2(t, 7).
V142
By (22), for every t € J, and B € D C E, we have
(1.D) < —L_a(p)
« ) - T )
12v/1 + 2
Hence conditions (H4) is satisfied with
1 sin?¢
= (t) = .
() 6v1 + 12 A =3
Moreover, we have
sin?t 1
(W +e)(t) = 5 +1(t+ln(1 +1)) <t

We conclude that (see Lemma 2.1. [6])

lim (¢ + ¢)"(t) = 0 for a.e t € RT.

n——+o00

Consequently, can be written in the abstract form (1)-(2) with A(¢) and
f as defined above. Thus, Theorem 3.3 yields that equation (20) has a
asymptotically almost automorphic mild solution.

489 Benchohra 468-493



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Asymptotically almost automorphic mild solutions 23

References

[1] S. Abbas and M. Benchohra, Advanced Functional Evolution Equations
and Inclusions, Springer, Cham, 2015.

[2] N.U.Ahmed, Semigroup Theory with Applications to Systems and Con-
trol, Harlow John Wiley & Sons, Inc., New York, 1991.

[3] K. Aissani, M. Benchohra, Global existence results for fractional
integro-differential equations with state-dependent delay. An. tiin.
Univ. Al. I. Cuza lai. Mat. (N.S.) 62 (2016), 411-422.

[4] R.R. Akhmerov. M. I. Kamenskii, A. S. Patapov, A. E. Rodkina and B.
N. Sadovskii, Measures of Noncompactness an Condensing Operators,
Birkhauser Verlag, Basel, 1992.

[5] J. C. Alvérez, Measure of Noncompactness and fixed points of nonex-
pansive condensing mappings in locally convex spaces, Rev. Real. Acad.
Cienc. Ezxact. Fis. Natur. Madrid 79 (1985), 53-66.

[6] A. Aghajani, J. Banas, N. Sabzali, Some generalizations of Darbo fixed
point theorem and applications. Bull. Belg. Math. Soc. Simon Stevin
20 (2013), no. 2, 345-358.

[7] D. Araya, C. Lizama, Almost automorphic mild solutions to fractional
differential equations. Nonlinear Anal. 69 (2008), no. 11, 3692-3705.

[8] K. Balachandran, D.G. Park and S.M. Anthoni, Existence of solutions
of abstract nonlinear second-order neutral functional integrodifferential
equations, Comput. Math. Appl. 46 (2003), 1313-1324.

[9] J. Banas and K. Goebel, Measures of Noncompactness in Banach
Spaces. Lecture Note in Pure App. Math. 60, Dekker, New York, 1980.

[10] C. J. K. Batty, R. Chill, S. Srivastava, Maximal regularity for second
order non-autonomous Cauchy problems, Studia Math. 189 (2008) 205-
223.

[11] M. Benchohra, J. Henderson and N. Rezoug, Global existence results

for second order evolution equations, Comm. Appl. Nonlinear Anal. 23
(2016), 57-67.

490 Benchohra 468-493



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

24 M. Benchohra, G.M. N’Guérékata and N. Rezoug

[12] M. Benchohra and S. K. Ntouyas, Existence of mild solutions on non-
compact intervals to second order initial value problems for a class of
differential inclusions with nonlocal conditions, Comput. Math. Appl.
39 (2000), 11-18.

[13] S. Bochner, A new approach in almost-periodicity. Proc. Nat. Acad.
Sci. USA, 48 (1962), 2039-2043.

[14] J. Cao, Z. Huang, G. M. N’Guérékata, Existence of asymptotically
almost automorphic mild solutions for nonautonomous semilinear evo-
lution equations. Electron. J. Differential Equations 2018, Paper No.

37, 16 pp.

[15] P. Chen, Y. Li, Monotone iterative technique for a class of semilinear
evolution equations with nonlocal conditions, Results Math. 63 (2013),
731-744.

[16] T. Dianaga, G. M. N’Guérékata, Almost automorphic solutions to some
classes of partial evolution equations, Appl. Math. Lett. 20 (2007), 462-
466.

[17] H. S. Ding, T. J. Xiao, J. Liang. Asymptotically almost automorphic so-
lutions for some integrodifferential equations with nonlocal initial con-
ditions. J. Math. Anal. Appl. 338 (2008), no. 1, 141-151.

[18] K. Ezzinbi, and G. M. N’Guérékata, Almost automorphic solutions for
some partial functional differential equations. J. Math. Anal. Appl. 328
(1) (2007), 344-358.

[19] F. Faraci, A. lannizzotto, A multiplicity theorem for a perturbed
second-order non-autonomous system, Proc. Edinb. Math. Soc. 49
(2006), 267-275.

[20] H. O. Fattorini, Second Order Linear Differential Equations in Banach
Spaces, North-Holland Mathematics Studies, Vol. 108, North-Holland,
Amsterdam, 1985.

[21] J. A. Goldstein, G.M. N’Guérékata, Almost automorphic solutions of

semilinear evolution equations, Proc. Amer. Math. Soc. 133 (2005),
2401-2408.

491 Benchohra 468-493



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Asymptotically almost automorphic mild solutions 25

[22] H. Henriquez, V. Poblete, J. Pozo, Mild solutions of non-autonomous
second order problems with nonlocal initial conditions. J. Math. Anal.
Appl. 412 (2014), no. 2, 1064-1083.

[23] H.P. Heinz, On the behaviour of measure of noncompactness with re-
spect to differentiation and integration of rector-valued functions, Non-
linear Anal. 7 (1983), 1351-1371.

[24] V. Kavitha, S. Abbas, R. Murugesu, Asymptotically almost automor-
phic solutions of fractional order neutral integro-differential equations.
Bull. Malays. Math. Sci. Soc. 39 (2016), no. 3, 1075-1088

[25] M. Kozak, A fundamental solution of a second-order differential equa-
tion in a Banach space, Univ. Iagel. Acta Math. 32 (1995), 275-289.

[26] J. Liang, J. Zhang, T. Xiao. Composition of pseudo almost automorphic
and asymptotically almost automorphic functions. J. Math. Anal. Appl.
340 (2008), no. 2, 1493-1499.

[27] 1. Mishra, D. Bahuguna, S. Abbas, Existence of almost automorphic so-
lutions of neutral functional differential equation, Nonlinear Dyn. Syst.
Theory 11 no. 2 (2011) 165-172.

[28] H. Monch, Boundry value problems for nonlinear ordinary differential
equations of second order in Banach spaces, Nonlinear Anal. 4(5) (1980)
985-999.

[29] G. M. N’Guérékata, Sur les solutions presque automorphes d’équations
différentielles abstraites, Ann. Sci. Math. Québec, 1(1981), 69-79.

[30] G. M. N'Guérékata, Almost Automorphic and Almost Periodic Func-
tions in Abstract Spaces, Kluwer Academic, New York, London,
Moscow, 2001.

[31] G. M. N'Guérékata, Topics in Almost Automorphy, Springer, New
York, Boston, Dordrecht, London, Moscow, 2005.

[32] G. M. N’Guérékata, Spectral Theory for Bounded Functions and Appli-
cations to Fvolution Equations. Mathematics Research Developments.
Nova Science Publishers, Inc., New York, 2017.

[33] L. Olszowy, S. Wedrychowicz. On the existence and asymptotic be-
haviour of solutions of an evolution equation and an application to the
Feynman-Kac theorem. Nonlinear Anal. 74 (2011), no. 17, 6758-6769.

492 Benchohra 468-493



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

26 M. Benchohra, G.M. N’Guérékata and N. Rezoug

[34] L. Olszowy. Existence of mild solutions for semilinear nonlocal cauchy
problems in separable Banach spaces. Z Anal. Anwend. 32 (2) (2013),
215-232.

[35] C. C. Travis and G. F. Webb, Second order differential equations in
Banach spaces, in: Nonlinear Equations in Abstract Spaces, Proc. In-
ternat. Sympos. (Univ. Texas, Arlington, TX, 1977), Academic Press,
New-York, 1978, 331-361.

[36] T. Winiarska, Evolution equations of second order with operator de-
pendent on t, Selected Problems of Math. Cracow Univ. Tech. 6 (1995)
299-314.

[37] J. Wu, Theory and Application of Partial Functional Differential Equa-
tions, Springer-Verlag, New York, 1996.

[38] T. J. Xiao, X. X. Zhu, J. Liang. Pseudo-almost automorphic mild solu-
tions to nonautonomous differential equations and applications. Non-
linear Anal. 70 (2009), no. 11, 4079-4085.

[39] X. J. Zheng, C. Z. Ye, H. S. Ding, Asymptotically almost automor-
phic solutions to nonautonomous semilinear evolution equations. Afr.
Diaspora J. Math. 12 (2011), no. 2, 104-112

[40] Z. Zhao, Y. Chang, J. Nieto, Almost automorphic and pseudo-almost
automorphic mild solutions to an abstract differential equation in Ba-
nach spaces. Nonlinear Anal. Theory Methods Appl. 72 (2010), 1886-
1894.

493 Benchohra 468-493



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Applying hybrid coupled fixed point theory to the nonlinear hybrid system of

second order differential equations

TAMER NABIL®%!

“Department of Mathematics, Faculty of Science, King Khaled University, Abha 9004, Saudi Arabia
®Suez Canal University, Faculty of Computers and Informatics, Department of Basic Science, Ismailia, Egypt
Abstract
In this work, we apply hybrid fixed point theory method to prove the existence of solution of systems of
second order ordinary nonlinear hybrid differential equations with periodic boundaries.
Key words and phrases. Second order differential equation; hybrid systems; boundary value problems; coupled fixed

point.
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1 Introduction

Let X # ¢, and F : X x X — X is a mapping. A point (z,y) € X x X is said to a coupled fixed point of F in
X x X if F(z,y) =« and F(y,z) = y. The notation of coupled fixed point was introduced in 2006 by Baskar
and Lshmikantham [1]. Tt will known that the existence of the fixed point play an important role for showing
the existence of solutions of nonlinear integral [2, 3] , differential equations [4, 5] and iterative process [6].

In 1964, Krasnoselskii [7] initiated the idea of study the hybrid fixed point theory for the function which
can be written as the sum of two other functions.In 2013, Dhage [2] obtained hybrid fixed point theorems for
the operator which can be written as the sum of two other operators using Krasnoselskii fixed point theorem
techniques and developed a Krasnoselskii fixed point technique helpful to analyze the existence of solution of
nonlinear Volterra fractional integral equations under some conditions.

Recently, in 2015, Dhage and Dhage [8] proved the existence of solutions of the boundary value problems of
second order ordinary nonlinear differential equations using the hybrid fixed point theorem which was obtained

by themselves [9] .

1¢_3bdelsadek@yahoo.com
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More recently, in 2017, Yang et al. [10] introduced the notation of hybrid coupled fixed point theorems and
applied this ideas to prove the existence of system of fractional differential equations of order a,,0 < o < 1.

In this paper, we apply the hybrid fixed point theorem to study and prove the existence of solution of
a certain system of boundary -value problems with periodic boundaries( for short BVPPB) of second order
ordinary nonlinear hybrid differential equations.

To this end, the remainder of the article is organized as follows. Section 2, is given some preliminaries
and basic definitions. Section3, is established the existence results of coupled nonlinear system of second order

differential equations.

2 Preliminaries

Throughout this paper, let E be a nonempty set and (E, <, ||.||) be a partially ordered normed linear space. If
Q : E — E is a mapping. Then @ is said to be monotone nondecreasing if a < b the Q(a) < Q(b) , for all
a,b € E. Two elements a,b € E are said to be comparable if a < b or b < a. If C is nonempty subset of E,C is

said to be chain if each two elements a,b € C are comparable.

Definition 1 [10] Let Q : E — E be a mapping. Q is called partially compact if for each chain C subset of E,

Q(C) is reltively compact subset of E.

Definition 2 [2, 10] Let Q : E — E be a mapping. Given an element a € E. Define orbit I'(a; Q) as:

I'(a;Q) = {a,Qa,Q%a,Q%a,....,Q a, ....}.

If for any sequence {a,} € T'(a; Q) such that: a, — a* as n — oo then Qa,, — Qa*, for each a € E, then
Q is called T— orbitally continuous in E. Furthermore, (E,<,|.||) is said to be T'— orbitally complete if each

sequence {an} € I'(a; Q) converges to an element a* € E.

Definition 3 /2, 10] A mapping ¢ : E — E s said to be D— function if it is upper semi continuous and

monotone nondecreasing such that: ¢(0) = 0.
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Definition 4 [2, 10] A mapping T : E — E is called partially nonlinear D— contraction in E | if for each
comparable elements a,b € E, there exist a D— function ¢ : RT — RT such that the following conditions are
satisfied:

(i) [[Ta = Yb|| < ¢([la —b]]), and

(i) ¢(r) < r for all T > 0.

Definition 5 [10] Let (E,<,||.||) be a T'— orbitally complete linear space. The positive cone K € E is defined

as: K={zx e E:xz>0}

The following theorem will be used as tool to prove the main results.

Theorem 6 [10] Let E is a partially ordered T'— orbitally complete normed linear space and K is the positive
cone of E. Let K is normal and C be a nonempty closed subset of E. Consider P,Q : C' — C are two monotone
nondecreasing mappings such that the following are satisfied: (1) P is T'— orbitally continuous and a partially
nonlinear D— contraction,

(2) Q is T— orbitally continuous and a partially compact,

(3) there exist an element a € C such that: a < Pa+ Qy for ally € C and

(4) every pair of elements in C has an upper and lower bounded.

Then F(x,y) = Px 4+ Qy has a coupled fized point in E x E.
Now, we give some notations and definitions about the problem which we will study the existence of its solution.

Definition 7 Consider I = [0,b] € R where b > 0. The periodic boundary value problem of second-order

nonlinear differential equation can be written as:

d*x(t)
dt?

= f(t,x(t) + h(t, z(t)), 2(0) = x(b),(0) = 2’ (b) (1)

for allt € I, where f,h : I x ® — R are continuous function. The solution of the differential equation
(1) is the function x € C*(I,R) that satisfies equation (1), where by v € C%(I,R) we mean the space of twice

continuously differentiable real-valued functions on I.
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Definition 8 the space C(I,R) is the space of all continuous real-value function defined on I. It is easy to

prove that: C(I,R) is a Banach space with the norm:
]| = sup |(t)]. (2)
ter
Therefore, it is also clear that C(I,R) is partially ordered with respect to the partially order relation:
x <y if and only if x(t) <y(t) forall tel. (3)

Also C(I,R) is a partially ordered T'— orbitally complete linear space with normal cone Ko = {x € C(I,R) :

z(t) > 0,t € I} [10].
Lemma 9 [11] Consider o,g € L*(I,R) , then x is a solution of the differential equation:

() + o(alt) = g(t),  tel,

if and only if x is a solution of the integral equation:
b
z(t) = /0 G, (t,s)g(s)ds,
where G (t,s) is a Green’s function associated with the differential equation:
() +ot)x(t) =0, tel,
2(0) = z(b) , «'(0) = ='(b),
Remark 10 The Green function G, is continuous an nonnegative on I X I and there exist the number :
M, = max{|G,(t,s)|: t,s € [0,b]}
for all o € L*(I,RT).

Lemma 11 /8] Consider the differential equations (1). Let F(t,x) = f(t,x) + Az, such that:
(P1) The function f : I x ® — R is continuous and there exist a constant ki > 0 such that| F(t,z)| < k;

foralltel,
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(P2) The function h : I x R — R is continuous and exist a constant ko > 0 such that| h(t,z)| < ko for all

tel.

Then a function v € C(I,R) is a solution of the differential equation:

d*x(t) / ,
o+ Aalt) = F(t,a(t) + hit, a(t), 2(0) = z(b), 2’ (0) = 2’ (b) (4)

if and only if v is the solution of the integral equation:
b b
o) = [ Glt.s)F(salo)ids + [ Gt s, ols)ds, (5)
0 0
for all t € I, where G(t,s) is a Green’s function associated with the differential equation:
" () + Xx(t) =0, tel,

z(0) = z(b) , 2'(0) = 2'(b),

3 Main results

Now , consider the system of nonlinear differential equations:

ToD = f(t,a(t) + hlt,y(t), tel,

dt?

d*y(t) _ f(t,y(t) + h(t, x(t)), tel, (6)

dt?

Then the hybrid system (6) can be written as:

Ca(t) | Ax(t) = F(t,x(t) + h(t,y(t), tel,

dt?

Lol L xy(t) = F(Ly(t) + h(t, z(t), tel, .

where F(t,z(t)) = f(t,z(t)) + Az (t). By applying Lemma 11, we have the following Lemma .

498 NABIL 494-504



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Lemma 12 Consider the hybrid system of differential equations (7), such that the conditions (P1) and (P2)
hold.
Then a function (v1,v2) € C(I,R) x C(I,R) is a solution of the differential equation the system (7) :
if and only if (v1,v2) is the solution of the system of nonlinear integral equation.:
z(t) = f(f G(t, s)F(s,x(s))ds + f(f G(t, s)h(s,y(s))ds,
y(t) = fé) G(t,s)F(s,y(s))ds + fob G(t,s)h(s,x(s))ds

for all t € I, where G(t,s) is a Green’s function associated with the differential equation:

2"(t)+ Xx(t) =0, tel,

By using the continuity of the integrals, we can define the two mappings: T7 : C(I,R) — C(I,R) and
Ty : C(I,R) — C(I,R) as:
b
T (x(t)) = / G(t, 5)F(s,(s))ds,
0
and
b
Ty(x(t)) = / G(t, 5)h(s, o(s))ds.
0
Then we can define the following :

T(2(t),y(t)) = Taa(t) + Toy(t)

The coupled fixed point of the operator 7" is the solution of the system (7).
With the two conditions (P1) and (P2) consider the following set of assumptions:

(P3) There exists A > 0 and € > 0 such that:
0 <[f(t,2) + Az = [f(t,9) + My < ez —y),

for all t € I and z,y € R such that: « > y.
(P4) The function h(t,z) nondecreasing.

(P5) There exists an element v € C?(I,R) such that:

v (t) < f(t0(t) + At y(t),
6
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forallt € I and y € C(I,R).

Lemma 13 Assume that (P1) and (P3) holds. Let eMb < 1 . Then the operator Ty is T'— orbitally continuous,

nondecreasing and a partially nonlinear D— contraction.

Proof. Let E = C(I,R). The proof will be done in 3 steps.
Step 1: To prove that 77 is nondecreasing.
Let z,y € E , such that: > y Then by (P3), we have that:

b b
Tyx(t) = G(t,s)F(s,x(s))ds > /0 G(t,8))F(s,y(s))ds > Tyy(t),

0
for all £ € I. Thus T} is nondecreasing operator.
Step 2: To prove that T} is I'— orbitally continuous.
Take a sequence {z,} € I'(x;T1) for any « € E with z,, — 2* as n — oo. Since T} is continues by (P1)
again, then we have that:

limy, oo (Th2,)(t) = fob G(t,5)lim, o F(s,2,(s))ds

= [V G(t,s)F(s,a*(s))ds (9)
= (Tha™)(t),
for all ¢ > 0. Hence , T; is I'— orbitally continuous.
Step 3: To prove that T} is partially nonlinear D— contraction.

For any comparable element x,y € E such that:z > y. For t € I, we have that:
b
| (Thz)(t) — (Twy)(t) |=] [y G(t, 8)[F(s,2(s)) — F(s,y(s))]ds |
<[5 Glt.5) | [F(s,2(s)) = F(s,y(s))] | ds (10)
< MSb”.I‘ - y||7

Let 7 = Meb . New define the mapping O(l) = 71, for each [ € ®* . Thus ©(l) < [ and ©(0) = 0. Therefore,

we proved that:||Thz — Thy|| < O(]|z — y||). Hence T} is partially nonlinear D— contraction.

7
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Lemma 14 Assume that (P2) and (P4) holds. Then the operator Ty is T'— orbitally continuous, nondecreasing

and a partially compact in E = C(I,R .

Proof. The proof is also done in 3 steps.
Step 1: To prove that: T is I'— orbitally continuous.
Counsider for any « € E with x,, — z* as n — oco. Since T3 is continues by (P2), then we have that:

lim,, oo (Tox,) (t) = f(f G(t,5)limy, o0 h(s, T, (s))ds

= [2G(t,s)h(s,2*(s))ds (11)
— (Tya*)(1),
for all ¢ > 0. Hence , T, is I'— orbitally continuous.
Step 2: To prove that: T is nondecreasing.

Let z,y € E , such that: >y Then by (P2), we have that:

sz(@:/o G(t,s)h(s,w(s))dsz/o G(t, 5))h(s, y(s))ds > Toy(t),

for all ¢ € I. Thus T is nondecreasing operator.
Step 3: To prove that T, is partially compact in E'= C(I,R) . Let C be an arbitrary chain in E. We show

T5(C) is uniformly bounded and equicontinuous set in E. Consider z € C be arbitrary, then we get that:

| Toa(t) [=] Jy Gt $)h(s, 2(5))ds |
< [ G(t,s) | hs,x(s)) | ds (12)
< Mksb,
Thus , we have that: ||Thz| <7 , where 7 = Mkyb. Hence, T5(C') is uniformly bounded subset in E.

To prove T5(C) is an equicontinuous : let t1,ty € I such that: t; — to < 0. We have that:

| Tox(ta) — Tox(ty) |=| fob[G(tl, s) — G(ta, s)]h(s,z(s))ds |
< V| Gt s) — Glta,s) | hs,z(s))ds (13)
< [0 G(tr,s) — G(ta,8) | kads — 0,

as t; — to. Hence T5(C) is a compact subset of E . Therefore, Ts is partially compact in £ = C(I,R) .
8
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Theorem 15 Let the hypotheses (P1), (P2), (P3), (P4), (P5) and eMb < 1 hold. Then the hybrid system (6)

has a coupled solution on I.

Proof. By (P5) There exists an element v € C?(I,R) such that:

V() < f(t,u(t) + h(t, y(t)),

v(0) <o) , V'(0) <V'(b),
for all t € I and y € C(I,R). Then , we get that: There exists an element v € C2(I,R) such that:

V() + M(t) < F(t,o(t) + h(t,y (1)),

v(0) <w(b) , V(0) <V(b),
forallt € I and y € C(I,R). Applying Theorem 6, we get that : the mapping T'(x,y) = Thx +Toy has a coupled

fixed point. This coupled fixed point is the solution of the hybrid system (6).

Corollary 16 Let the hypotheses (P1), (P2), (P3), (P4) and eMb < 1 hold. Consider there exists an element

v € C?*(I,R) such that:

o (1) 2 f(t0(0) + bt (1)),

forallt eI andy € C(I,R).

Then the hybrid system (6) has a coupled solution on I.

Example 17 Let I = [0,1]. Suppose we have the following system of differential equations:
2(t) = tan"lz(t) — z(t) + h(t,y(t)), tel,

y"(t) = tan"ty(t) — y(t) + h(t,z(t)), tel,
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and t € [0,1]. Consider g : I x ® — R such that:

1, ifrz <1
g(t,x) == (15)

2 .
1-wa7 if x > 1.

It is clear that f(t,z) = tan~! 2(t) — x(t) and f and g are continues functions. Define F(t,x) = tan! x(t) — z(t).

Then we get that: |F(t,x)| < £ =ky. Therefore , f(t,x) is satisfied condition (P1) . Also, since we have that:

Ogtanlx—tanlyg

1+H2(m—y) Ve, y€R, >y, >K>y.

Thus f is satisfied condition (P3) with A = 1. It is also clear that: X > e = where x > k > y. Also, g(t,x)

_1
14+k2 7
is nondecreasing in x for allt € I and bounded . Thus g is satisfied the conditions (P2) and (P4). Finally , the

function :
1 1
— o s G(t.s))d
o(t) 2/0 (t, 5) s+/0 (t, 5))ds,

is satisfied the condition (P5). Then the hybrid system has (14) a coupled solution.
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Abstract: Co-ordinated convex function of two variables and corresponding in-
equalities have been studied before by many researchers. This paper deals with
Co-ordinated convex function of three variables. In the present paper the idea of
co-ordinated convex function of two variables in a rectangle from the plane R? is
extended to that of three variables in a rectangle from space R3. Moreover corre-
sponding extended right handed Hermite-Hadamard type inequalities are also in-
corporated. At the end some applications of resulting inequalities to special means
are also given.

Key Words: Hermite-Hadamard’s inequality, co-ordinated convex function,
Hoélder’s integral inequality, power mean inequality, arithmetic mean, logarithmic
mean.

1. INTRODUCTION

It is said that the notion conver was pioneered by Archimedes. While estimating
value of 7, he noticed that the perimeter of a convex figure is smaller than that
of any other convex figure, encompassing it. As per J. L. Jensen, idea of convex
function is as primeval as an increasing function or a positive function. A docu-
mented result spontaneously identified with convex function is Hermite-Hadamard

(HH) inequality
a+tf 1 g(a) +9(8)
g( ) <3 / g(u)du < L+ 9P) (L1)

2 -« 2 ’

where g is a real valued convex function on the real interval I and «, 8 € I with
a < f. The idea of co-ordinated convex (CC) function on a rectangle from the
plane was coined by Dragomir and Pearce in 2000, see [6]. Co-ordinated convexity
is more general than convexity. It only requires a function to be convex on each

2010 Mathematics Subject Classification. 26A51, 26D15, 52A15
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coordinate individually and independently, not simultaneously as in case of con-
vexity. Thereafter Dragomir and many other mathematicians worked in this field,
see [115}(8[9L[11L[13][14116H18,/20-22]. The idea of co-ordinated convexity was joined
with other classes of convex functions like s-convex, m-convex, (&, m)-convex, h-
convex, log-convex, ((s,m), QC)-convex functions and many interesting results were
obtained, see [214}/10,/12}15,/19] and references there in.

Dragomir and Pearce [6] defined CC function of two variables as follows. The
principal outcomes of the present article are actuated by this definition.

Definition 1.1. A function g : A — R is called CC on A if the partial functions
gu:[7,0] — Rand g, : [, B] — R, defined as g.(y) = g(u,y) and g,(z) = g(z,v)
respectively, are convex. Here A is bi-dimensional interval given by A = [a, B] X
[y, 1.

2. MAIN RESULTS

In this section we mainly establish results on the basis of definition of CC function
of three variables on a rectangle from the space R3. We derive HH type inequality
for CC functions of three variables and then establish inequalities related to the
algebraic combination of middle term and right side terms of this inequality, to be
called right HH type inequalities. Let us first define CC function of three variables.
Motivated by Definition [I.I] CC function of three variables is defined as:

Definition 2.1. A function g : A — R is called CC on A if the partial functions
Gu,w - [C777] — R7 Gu,w * [776] — R and Gvw * [0&76] — R; deﬁned as gum(z) =
9(u, v, 2), guw(y) = gu,y,w) and gy.(z) = g(x,v,w) respectively, are conver.
Here and on wards A is tri-dimensional interval given by A = [«, 5] X [, 6] X [¢, 1]

Lemma 2.2. If a function g : A — R is CC function on A, then the subsequent
inequality is induced
glc+ (1 =0d,me+ (1 —m)h,nr+ (1 —n)s)
<lImng(c,e,r) +Im(l —n)g(c, e, s) + (1 —m)ng(c, h,r)
+1(1—=m)(1 —n)glc,h,s)+ (1 —)mng(d,e,r) + (1 — )m(1l —n)g(d,e,s)
+ (1 =01 —=m)ng(d,h,r)+ (1 =01)(1—m)(1—n)g(d,h,s),
for alll,m,n € [0,1] and (c,e,7), (c,e,5), (¢, h,7) e.t.c. are in A.
Proof. The Ineq. (??) can be proved simply by applying Deﬁnition to the given
function g. O

Lemma 2.3. Every convex function is CC. The converse in general is not true.

Proof. It can be proved by using Definition [2.I] of CC function. Moreover the
function g : [0,1]> — [0, 00) given by g(u,v,w) = uvw, for all (u,v,w) € [0,1] is
CC function but is not convex on [0, 1]3. O

Motivated by Dragomir [7], we extend HH Ineq. (1.1]) for CC functions of three
variables as follows:
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Theorem 2.4. Suppose that g : A C R> — R is CC function on A, then the
subsequent inequality is induced

a+p 7+6 (+n
g 2 ) ) 2

1 7+5 C+n 1 % (a+B (47
e [ st )
K a+6 7+5 ) ]
+77 /Cg< (2.1)
1] 1 5 b C+n> 1
<3_<,6—a><5—v>/7/a9<“’”’ 2 )M =0

5
/ /Cng Oé;' ,v,w) dvdw +%77—C /ﬁ/ng <u, 72—’_5,10) dudw1(2.2)
(8- )51777 C/// (w0 w)dudvd (23)

m/ / {9(u,v,¢) + g(u,v,n)} dudv

1
+MWC)L /c {g9(a,v,w) + g(B,v,w)} dvdw

IN

IN

1
6

B rn

+m/ /4 {g(u,%w)+g(U,6,w)}dudw] (2.4)

1 1 B
< 12 [5 a/a {g(u,7,¢) + glu,v,m) + g(u,8,¢) + g(u,6,n) } du

1 )
di [ ot@0.0)+ glavvi) + 9(8,0.0) + (B v}
%C /C” {g(a,v,w) + g(a, d,w) + g(B,7,w) + g(B,,w)} dw] (2.5)

< é [9(a,7,€) + g(a,v,m) + g(a,6,¢) + g(e, 6,n) + g(B,7,¢) + g(B,7,m)

+9(8,6,¢) +g(8,6,m)] . (2.6)

Proof. Since g : A — R is CC function, it follows that the function g, , : [¢, 7] —
R, defined by gy.(2) = g(u,v,2) is convex on [(,n]. Then from Inequality (1.1)),
we have

n
Gats y+s <> < 7/ Gats yts (w)dw, where w € [(,7)]
¢

¢
atf y+0 (+n)_ 1 /" at B y+o N
g 2 ) 2 ) 2 —7774- C g 2 ) 2 ) *
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Similar arguments applied to the functions g, ., and g, ., respectively, we get

atB y+0 CHn\ _ 1 /5 ath S\,
g 2 ) 2 ) 2 —5_7 ’Yg 2 v 2

atB y+d C+n\ _ 1 /ﬁ L0 Y
g 2 ) 2 ) 2 — B . o g ) 2 ) 2 )
adding above three inequalities, we get Ineq. (2.1 as follows

a+p v+ (+n
IN72 T2 g

1 A Y+ C+n 1 * fa+ B (Hn
[ (it s [ (S5

2
1 T a4+ y+6 ) }
+ — g( ,—,w | dw] .

and

Now consider the following inequality

1 n
Gots (C;FW) < 77_</g g%ﬁ)v(w)dw, where w € [(, 7],

OH—ﬁvC—H? < 1 /77 OH_BUZ dw
g 2 772 _T)—C Cg 2 b b

L0 (atB C+77> 1 5 <a+6 )
5—7/7 g< 2 " dv<(5—7)(n—C)L /;g 5 VW )dvdw,

adding all such inequalities, we get Ineq. as follows
ﬁ_la/jc(3377;5’4;77)du+;v/ch(a;ﬁ’v’é;rn)dv
ot [HE 5w = Gy [ (o 52
N (6_7)1(77_0[ C f (a;ﬂ’y,u)dvdw

o /j /< / ( 735‘”) dud

Considering
1 K u,v u,v
Gu,v (C;n) < 7/ gu,u(w)d’w < Iu, (m) t Ju, (n), where w € [C,T}L
n— ¢ 2

gives

1 n
g (u’v’ C;rn) < - / o, v, w)dw < g9(u, v, ¢) ;y(uvv,n), 27)

- ¢
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integrating Ineq. (2.7) w.r.t u and v over the intervals [«, 5] and [v, d] respectively,
then multiplying by m, we have

<ﬁ—o;>1<5—v> /j /jg (“’”’ C;n) dudv
B pé prm
=5- )(517 =0 ///g(“”“’)d“d”dw

35— 5 7l// uv(duvar// uvndudv],

by the same argument applied on the functions g, ., and g, .,, we tend to get two
additional such inequalities. Then by adding these inequalities, we have Inegs. (2.3))
and (2.4)) as follows

1

e [ (e =0

6/fg(a§ )it s gy [0 (w 5 ) ]
g(ﬁ—a)fi - 4)/// (v w)dudvde

1

6 (5*

) dudv +

IN

B ré B o
/ g(u, v, Q)dudv + —————— / g(u,v,n)dudv

5 5 prm
/ gavwdvdw—l— / 9(B,v, w)dvdw
=10=9 J, Je Y= Jy Je

L <// o Qe+ s /4/2, ndudw].
n

By convexity of g,,, we have

lc/ngm( o < 2B 200 wherew e G

gl v, Q) + ga, v,m)
/ (o, v, w)dw < 5 ,

integrating this inequality w.r.t. v over the interval [y, §], we have

§ ) 5
O/Y /C g(a, v, w)dvdw < MA {g(a,v,¢) + g(a,v,n)}dv,

similarly by convexity of gg ., we have

§ ) s
C)[y /C 9(5,v,w)dvdw§2(5w[y {9(B,v,¢) + g(B,v,m) }dv,
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after further calculation we have six such inequalities, adding these we get Ineq.
(2.5) as follows

B o
m/ / {g9(u,v,¢) + g(u,v,n)} dudv

1 s
+W/ / {g(a,v,w) + g(B,v,w)} dvdw

W//{guvcﬂﬁ(uvn)}dudw

[ ! /{guv,C)Jrg(uv,n)Jrg(u5C)+9(u577)}du

+

1
=3
+L/{(av§)+ (,v,1) + g(B,v,¢) + g(B,v,1)} dv
5_,}/ 8 gla, v, glo,v,n g\o,v, g(B,v,n
n
1</€ {9(04,’77w)+g(oz,6,w)+g(ﬂ,77w)+g(ﬁ’5’w)}dw '

Now to get last inequality we use the convexity of g, -, which implies

1 K 9a(C) + ga (1)
—_— dw <
77 C / ga,'y(w) —

5 , where w € [(, 7],

/ o dw<g(amC)+g(amn),
n—¢ 2

adding such inequalities, we get Ineq. (2.6 as follows

5 8 ? ’
ﬂ—% V g(u,%C)dqu/ g(u,%n)du+/ g(u,&C)duﬂL/ g(uﬁﬂ?)dul

1 é

5 6
+$ M g(a,’lMC)d’U-‘r/y g(a,v,n)dv+L g(ﬁ,vvc)var/vg(ﬂ’”’”)d“]

e | [ ot + [ ate gyt [0, -+ [ o5, 5.)0u]

< 5 [9(e, v, Q) + gla,v,m) + 9(B,7,¢) + g(B,7,m) + g(e, 6,¢) + g(a, 6,m)

6,9,¢) + g(B,6,m)].

| W

+g

—

Hence proved. O

Motivated by notion given in [22], we now present right handed HH type inequal-
ities related to inequality given in Theorem for differentiable CC functions on
rectangle from the space R3. In order to establish further results we need the fol-
lowing lemma.

Note: From here onwards we use ‘A’ to represent the following algebraic combi-
nation of middle and the right sided terms of HH type inequality given in Theorem
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| = @

[9(a, v, O)+g(a,v,m)+g(a,d, () +g(a, 6,7)+g(B,7,¢)+9(B,7,1m)+9(8,6,¢)

1

B
(5,5, - ¢ [i | H0003.0 + a7m) + gl005.0) + gl 8.0)}

+7/ {g a»”:C)JFg(aU77)+9(B707§)+9(57U777)}dv

1 1[ 1
n—CJe 2[(B=)(6=7)

B 1 5 rm
/a [{g<u,v,c)+g<u,v7n>}dudv+M(ﬂ_() / /C{g<a,v,w>+g<ﬁ,v,w>}dvdw

1 B
+m/@ /C {g(ua%w)—i—g(w&w)}dudw]

CERI i 7)(n—¢) /j [j /477 9(u, v, w)dudvdw.

Lemma 2.5. Let g : A C R?> — R be partial differentiable function on A. If
Jimn € L(A), then the subsequent identity is induced

R ) e 7 (= C/// (1—20)(1 — 2m)(1 — 2n)

Gimn (la + (1 — DB, my+ (1 —m)d,n¢ + (1 — n)n)dldmdn.

gy, w)+-9(cr6,w) + g(B, 7, w)+9(B, 5, w)} dw]+

Proof. Considering the following triple integral and integrating it by parts w.r.t.
l,m and n respectively, we get

/01/01/01(1—21)(1_2”1)(1_2”>

Jimn(la+ (1=0) 8, my + (1—=m)d,n¢ + (1—n)n) dldmdn
1

://(1—2m)(1—2n) [(L__Qﬁl)gmn(la—l—(l—l)ﬁ,mfy-i—(l—m)&, nC+(1—n)n)
0 J0

/ (=2) Jimn(la+ (1 =0DB,my+ (1 —m)§,n¢+ (1 — n)n)dl] dmdn

0

-8
// (1- 2m) (1-2n) gmn(a,mv—l—(l—m)&TLC+(1_”)77)+9mn(/B’mV"'(l_m)(sv

1
n+(1-n)n)—2 /glmn(la +(1-0)8, my +(1—m)d, n¢+(1—n)n)dlldmdn
0

= a9 1O a(a )+ 0(0. 6.0+ glenb.n)+ (5.7.)

g(B,7,m) + 9(8,5,0) + 9(B,6,m)] — [/ {9007 0) + gl vm) + (s 6,0)
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1
+g(u,6,m)} du +/O {9(, v, Q) +g(a,v,m)+g(B,v,¢)+g(B,v,n)} dv
1
+ [ oo u)gtans. ) +o(67,0) +g<5,5,w>}dw]
1 pl
+4 {//{g(laJr(ll)B, my+(1—=m)d, ) +g(la+(1-1) 5, my+(1—-m)d, n) }dldm
0J0
1 pl
+/0 / {g(cv, my+(1=m)8, Cnt-(1-n)g) (B, my+ (1-m)3, Gt (1—-n)) } dmdn
1 pl
+f [Hatta+ =07 n+(1=nja) + glta+(1-08,.¢n +<1—n>n>}dldn]
0J0
1 1 1
—8/0 /O /O glla+ (1= 1B, mry + (1 — m)s,nC + (1 — n)n)dldmdn}, (2.8)
on multiplying both sides Eq. by %, we get

[9(a,7,C) + gla,v,m) + g(, 6, () + g, 6,m) + g(B,7,¢) +9(B,7,m)

| =

+9(B,9,0)+9(8,6,m)]— i [/Ol{g(w 7, €) + g(u, v, ) + 9(u, 6,¢) + g(u, 6,m)} du
+ /01 {g9(a,v, Q) + gla,v,m) + g(B,v,¢) + g(B,v,m)} dv

- gl ) + g0 8,0) + 9(8,7,w) + (5,5, w)) dw

Jr;[/ol Ol{g(loHr(ll)ﬁ, my +(1-m)d, )+ g(lat(1-1) 8, my+(1—m)d, n) }dldm
+f 1 /Oigm,mw(lm)a, n-+ (1= Cn)n)+ g8, my -+ (1-m)d, n + (1)) }dmdn
+/01/01{g(loz +(1=-DB,v,n¢+(1—n)n) + g(la +(1=1)8,,n{ +(1—n)n)} didn

_ /1 /1 /1 glla+ (1 —=1B,my+ (1 —m)d,n¢ + (1 — n)n)dldmdn
(B

- _0‘)5 )0~ C/// [(1—20)(1 = 2m)(1 — 2n)

glmn(la + (1 =DB,my+ (1 —m)d,nC+ (1 —n)n)]dldmdn. (2.9)

By changing variable on left hand side of Eq. (2.9)), we get the required result. O

Theorem 2.6. Let g : A C R>* — R be partial differentiable function on A. If
|gimn| is a CC function on A, then the subsequent inequality is induced

) < E= D=0 (009,001 gt (37,7) + g (0,6,)

'Hglmn(aa 67 77)' + ‘glmn(ﬁa’% C)‘ + |glmn(ﬂ7’77n)‘ + |glmn(5a 67 C)l + |glmn(6a (5, 77)”
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Proof. From Lemma properties of modulus, co-ordinated convexity of |gimn|
and integrating by parts w.r.t. [, m and n respectively, we have

Al

B=a)G=1) (=) [* [ [*
< 3 /0/0/0‘1*21”1*2771”1*2774[l|glmn(a7m7+(1im)6,

Cn+(1—=n)n)| + (1 = D)|gimn (8, my + (1 — m)8,n¢ + (1 — n)n)|] didmdn

_(B= )(85Xj1 n- <//\1 2m||1=2n] [|gmn (c, my + (1 = m)s,

nC+(1_n> )|+|gmn(ﬁ7m’y+<l_ )(S,HC—I—(I—H) )”dmdn

=0 DB [ 1o g, G+ (1=

Flgn(a, 6, nC+(1=n)n)|+1gn (8,7, nC+(1=n)n)llgn (8, 6, nC+(1—n)n) Jdn

_ (B - a)(65z2’7)(77 - ¢ [|gimn (0, ¥, Q)| + |Gimn (@, 7, m) + [gimn (@, 6, C)

"Hglmn(ay 63 77)| + ‘glmn(ﬂava C)‘ + |glmn(5a%7l)‘ + |glmn(6; 5, <)| + |glmn(6; 5, 77)”

Hence proved. O

Theorem 2.7. Let g : A C R> — R be partial differentiable function on A. If
|gimn|? with ¢ > 1 and % Jr% =1, is a CC function on A, then the subsequent
inequality is induced

B-=)@=7Mm=¢) (1)
A < 8(p+1)r <8>

[|gemn (v, O + | gumn (e, v, M9 + [grmn (v, 6, Q)T + |gimn (v, 5,1)|?
+ |glmn(67'7a €)|q+|glmn(6777 T])|q + |glmn(57 63 C>|q+|glmn(67 67 77)|q]%~

Proof. From Lemma properties of modulus, Holder’s integral inequality and
Lemma [2.2] we have

|A|
g(ﬁ_a)é 7)(n = C///\l—Ql (1—2m)(1 — 2n)|

Igzmn(la+(1 — 1B, my + (1 —m)d,n¢ + (1 — n)n)|dldmdn

g(ﬂ_a)(‘s;”("_o (/0 /0 /0 |(121)(12m)(12n)|pdldmdn>

1

=

1 p1 p1 q
(/// |glmn(la+(1—1)57m7+(1—m)5,nC—|—(1—n)n)|qdldmd79
0J0 JO

< C=26-90-0 ( / / / L 2P 1 — 2mf? |1 _2n|pd1dmdn)‘°

-
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/// (Imn) Gimn (a, v, O 4+ Im(1—n)| Grmn (a0, v, 7)) |2

+ (1 =m)n|gimn(a, 0, Q)7 +1(1=m)(1=n)|gimn (e, 6,m)|?
( 7l)mn|glmn(6377 )|q ( 7Z)m(17n)|glmn(5 7’77)|q

(1= 0) (1= m)n| i (B, 6, €)1+ (1= 1) =11) (1= 1) | gun (B, 8, 1)|) dldmdn) s

_(B=o)6 1)~ <<p+13 (
N

+ |glmn(a 5 C)|q + |glmn(a 5 ﬂ)\q
+|glmn(6 5 C)‘q + |glmn(ﬂ 5 77)| )

-e\._A

) (191mn (v, Q1T+ gimn (v, 1) |?

|glmn(6 v )|q + ‘glmn(ﬂava 77)|q

Q=

Hence proved. O

Theorem 2.8. Let g : A C R® — R be partial differentiable function on A. If
|gimnl|?, ¢ > 1 is a CC function on A, then the subsequent inequality is induced

B-a)6—y)n—¢) (1)*
Al < 64 (8)

[|glmn(aa7’ )|q + |glmn(a v, 77)|q + |glmn(a 5 )|q + |glmn(a 5 77)|q
+ G (B: 7> Ol Himn (B 7, M1 + |gimn (8, 8, )| Hgumn (B, 6,m)|9) 7.

Proof. From Lemma[2.5] properties of modulus, power mean inequality and Lemma

we have

Al

_(5_0‘)5 )0 = C///H—QZ (1—2m)(1 — 2n))|

| Gimn (I 4+ (1 = 1), my + (1 — m)d,n¢ + (1 — n)n)|dldmdn

g(ﬁ_a)(égw("_o (/0 /0 /O |(1—2l)(1—2m)(1—2n)|dldmdn>1q
(/Ol/ol/olm—21)(1—2m><1—2n>|

|Gimn (o (1=1) B, my+ (1—=m) 8, n¢+ (1 —n)n)|Ydidmadn)

S(ﬁ—a)(68’y)(n ¢) ( )1‘ / / / 11— 20|11 — 2ml1 — 2n)

(Il gumn (e, v, Ol (1=10) g (0, 5, 1) T+ UL )| grn (v, 6, €) |9
11— m) (L — 1)l gumn (e, 6,0)|7 + (1 — Dymn|gimn (8,7, )9+

(1= Dm(L = 0)lgumn (8,7, M| + (1= D)1 —m)n|gimn (8,6, )[4

+ (1= D)1 = m)(1 = n)|gimn (B, 6,)|)dldmdn) s

Q=
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B -0 -0 (1)111 (1)3
- 8 8 64
(|glmn(a7 v, C)|q + |glmn(aa s n)‘q + |glmn(a7 67 C)|q +|glmn(aa 67 TI)\q

+ Igzmn(ﬂ,% O|q+|glmn(ﬂa% n)‘q+|glmn(6>5v C)|q+|glmn(6a g, n)‘q)%v

after simplification we get the required result. [

p+1)P

Remark. Since % < —L+ for p > 1, therefore estimation given in Theorem |2.§
with an improved and simplified constant is even better than that of Theorem (2.7

3. SOME APPLICATIONS TO SPECIAL MEANS

In Section [2| we established some inequalities based on CC functions of three
variables. Now we apply these inequalities to get estimates for absolute values of
different patterns of some special means. For this let us first have a look at follow-
ing special means of positive real numbers €, k (€ # k).

Arithmetic mean

€+ K
A = .
() = =
Harmonic Mean
2
H(e k) = &
€+ K
Logarithmic mean
L(e, k) = "

In(k) —In(e)’
Genralised Log-mean

_ itl B

Li(e, k) = [(z—i—l)(m—e)} , 1€ Z\{-1,0}.

Proposition 3.1. Let o, 8,7,6,(,n € RT such that a < 8,7 < 6,( < n, we have
Ay A (LA AA AL Aot AN L) + (L Ack LA i+ AL ) - L5

< (,ij) [(ﬁ B a)(5 ;47)(77 - C)]zAiflAjflAkfb

}A@AjAk— (L A+ AL A+ AN TE) + (LD A+ LA L+ AL L) —LngLﬁ‘

(B =a) (6 =)= Q)PP
< (ij) 8(p+1)%

Hi+1

(3.1)

Q=

(Agii—1) Agi—1) Agr-1)) (3:2)
P@AjAk_(LZ:AjAk‘FAiLgAk“FAiAjLIJz)+<L§L§Ak+LZAjLZ+AiL§L£)—LZ:L;LQ‘
(B =a)(6—~)(n— Q)
< (ijm =N o S0 (ayin) gy Agaen) (3.3)
Where 4 = A(a’,5'), 4 = A(y,87), A = A(CK "), L = Li(a.f), I} =
L(y,0), If = Li(¢,m), Aoy = A (o', B771), Agiim1y = A (o201, gaGi=b)
etc.

Q=
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Proof. The assertions in Propositionfollovv by taking g(u, v, w) = u'v/w* as the
CC function in Theorem Theorem and Theorem respectively. Where
u,v,w € RT and 1,5,k € ZT. O

Proposition 3.2. Let o, 8,7,6,(,n € R such that a < 8,7 < 6,( < 7, we have
1y Hy — (L Hy Hy+ LI B+ HoE L)

—177]

—1

(DL B E L+ B IR ) = I

< 1 OO g ) o2 B 225

HiHy b — (L Hy H+ B Hy+ HHLE )

+ (Li I H, + B HIF + HiL{jL’ik) — L’;iLj_jL’zk‘

i j

. —a)(6—=7)(n—¢)]? _ _ 0 Nifei i
<(iji) 2 ag)((pjf)(; 3] () (B oy By Flny ) (62 )

1 Hy — (L Hy+ LI B+ HEG L)

—i g

+ (Li I Hy+ B H L + HiLj_jL]ik> - Li_iL{jL’jk‘

—a)(6— —0)]? (i

Where H; = H (!, 8%) , H; = H (7,87) , H, = H (¢*, %) , [} = L ;(a, B),
O, = L(7,0), I}, = IEC,n), HY = H' (a1, g1

H;(;H) = H~! (a2t gaitD) e,

Proof. The assertions in Proposition follow by taking g(u,v,w) = uiv%'wk as
CC function in Theorem Theorem and Theorem respectively. Where
u,v,w € Rt and 4,5,k € ZT. O

4. CONCLUSION

In this paper the idea of CC function of two variables in a rectangle from the
plane R? is extended to that of three variables in a rectangle from the space R3.
Then HH type inequality for CC function of three variables is established. Con-
sequently by using this inequality the analogous extended right handed HH type
inequalities for CC functions of three variables are obtained. Thus obtained right
handed inequalities are utilized to give bounds for algebraic combinations of some
special means.

Motivated by these results one can also find extensions of existing left handed
HH type inequalities. Furthermore it is asserted that in the same way idea of CC
function of three variables in a rectangle from the space R? can be further extended
to CC functions of n variables in a rectangle from n-dimensional Euclidean space
R".
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ABSTRACT

The main objective of this paper is to study the local and the global stability of the solutions, the periodic
character and the boundedness of the difference equation

ATp—t
Tl = PTpt + QTpf + — ), n=0,1, ..,
bxn—t +c
where the parameters 5, «, a, b and c are positive real numbers and the initial conditions x_gs, *_s11,..., T_1,

xo are positive real numbers where s = maz{l, k, t}.
Keywords: Difference equations, Stability, Global stability, Boundedness, Periodic solutions.
Mathematics Subject Classification: 39A10

1. INTRODUCTION

The higher-order difference equations are of paramount importance in applications. Such equations also seem
naturally as discrete analogues and as numerical solutions of differential which model various diverse phenomena
in biology, ecology, physiology, physics, engineering, economics and so on [1-9]. The theory of difference equations
gets a central position in applicable analysis. That is, the theory of difference equations will continue to play an
important role in mathematics as a whole. Hence, it is very interesting to study the behavior of solutions of a
difference equations and to discuss the local and global asymptotic stability of their equilibrium points [10-15].
In recent years, the behavior of solutions of various difference equations has been one of the main topics in the
theory of difference equations [16-34].

Abo-Zeid [35] obtained the global asymptotic stability of all solutions of the difference equation

_ Azp_2 _
Tnt1 = BIContn_1Tn_2" n—O,l,...,

where A, B, C are positive real numbers and the initial conditions x_5, x_1, zo are real numbers.

Abu-Saris et al. [36] studied the globally asymptotically stability of the equilibrium solution of the rational
difference equation

0+ TnTn_k _
Tnt+1 = Tt Tr_k n = 0, 1,

ceey

where k is a nonnegative integer, a > 0, and x_g, ..., o > 0.

You-Hui et al. [37] investigated the global attractivity of the nonlinear difference equation

_ P+qYn _
Yntl = Tryptrgn =01

ceey

where p, ¢, r € [0, 00), k > 11is a positive integer and the initial conditions y_j, ..., y_1 are nonnegative real
numbers and g is a positive real number.

518 El-Dessoky 518-531



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Zayed et al. [38] investigated the boundedness character, the periodicity character, the convergence and the
global stability of positive solutions of the difference equation,

0Tt Tn_1+02Tn_k _
Tnt1 = BoxTn+B1Tn—1+BoTn—k’ n=0,1,

ceey

where the coefficients o, 5, € (0, o0) for i =0, 1, 2, and I, k are positive integers such that [ < k. The
initial conditions x_g, , ..., x_j, ..., x_2, T_1,xo are arbitrary positive real numbers.

El-Dessoky [39] investigated some qualitative behavior of the solutions of the difference equation

CTr—s
Tptl = OTp—] +0Tp_p + —, n=0, 1, ..,
dr,—s — €
where the parameters a, b, ¢, d and e are positive real numbers and the initial conditions x_;, ©_;11,..., £_1,

xo are positive real numbers where t = maz{l, k, s}.

Our goal is to obtain some qualitative behavior of the positive solutions of the difference equation

AT,
Tpa1 = BTy +ax,_ i + bxn,tiw n=0,1, .., (1)
where the parameters 5, «, a, b and c are positive real numbers and the initial conditions x_gs, *_s11,..., T_1,

x are positive real numbers where s = maz{l, k, t}.

2. LOCAL STABILITY

In this section, we study the local stability of the equilibrium point of equation (1).

The equilibrium points of Eq. (1) are given by

T = BT + oT + 22

T+c?
b(l—a—B)z* +c(l —a—pB)T = ax.
So, Tg = 0 is forever an equilibrium point of the difference equation (1). If o+ < 1, then the positive equilibrium

point of the Eq. (1) is given by

T = e b

Let f: (0, 00)3 — (0, co) be a continuous function defined by

flu, v, w)=Pu+ v+ e

Therefore, it follows that

of (u, v, w) __ Of (u, v, w) __ Of (u, v, w) __
Em =f, Em =qQ, 9w = (bwajc)z- (2)

THEOREM 2.1. The zero equilibrium ZTq of the difference equation (1) is locally asymptotically stable if

cla+p)+a<ec. (3)

Proof: So, we can write Eq. (2) at zero equilibrium point o = 0 in the form

:B:pl7

9f (%o, Zo, To)
ou c ps-

3]"@076?07 To) _ a=ps and 3}"@076307 To) _a _
Then the linearized equation of Eq. (1) about %y is

Ynt+1 — P1Yn—k — P2Yn—1 — P3Yn—s = 0,
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According to Theorem 1.6 page 7 in [1], then Eq. (1) is asymptotically stable if and only if

Ip1| + |p2| + |ps| < 1.

Thus,

1B+ lo| + 2] < 1,
and so

cla+p)+a<ec.

The proof is complete.

Example 1. Consider [ =2, k=1,t=3, =03, a =0.2, a = 0.5, b = 0.7 and ¢ = 6 and the initial
conditions z_3 = 0.2, z_5 = 0.4, z_; = 0.6 and 2y = 0.1, the zero solution of the difference equation (1) is local
stability (see Fig. 1).

plot of x(n+1)= beta X(n-)+ alpha X(n-k) + (a X(n4) / (b X(n4) + ¢ )
0.7 T T T T

0.6

05

0.4

X(n)

03

0.2

01 -

0
0 10 20 30 40 50 60 70 80 90 100

n

Figure 1. Plot the behavior of zero solution of Eq. (1) is local stable.

THEOREM 2.2. The positive equilibrium T1 of the difference equation (1) is locally asymptotically stable if

c(l—a-p) <a. (4)

Proof: So, we can write Eq. (2) at the positive equilibrium point z; = m -1

8f (F1, T1, T1) f(F1, T1, F1) _ Af (@1, T1, T1) _ c(l—a—B)2 _
Em = a = po and = ” =

=B =p, 90 ow p3-

Then the linearized equation of Eq. (1) about z is
Yn+1 — P1Yn—k — P2Yn—1 — P3Yn—s = 0,
According to Theorem 1.6 page 7 in [1], then Eq. (1) is asymptotically stable if and only if
1|+ [p2| + ps| < 1.

Thus,
8]+ |al +

2
T ‘ <1,

and so

2
ﬂ%<1,a,b,

if a4+ 8 < 1, then
c(l—a-p)<a.
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The proof is complete.

Example 2. Figure (2) shows the solution of the difference equation (1) is local stability if [ = 2, k = 1,
t=3,6=03,a=0.2,a=3,b=0.7 and ¢ = 0.6 and the initial conditions x_3 = 0.2, z_5 = 0.4, x_; = 0.6
and zo = 0.1.

plot of x(n+1)= beta X(n-I)+ alpha X(n-k) + (a X(n-t) / ( b X(n-t) + ¢ ))
T T T T

x(n)
IS
T
I

L L L L L L
0 10 20 30 40 50 60 70 80 90 100
n

Figure 2. Draw the behavior of the positve solution of Eq. (1) is local stable.

Example 3. The solution of the difference equation (1) is unstable if I =2, k=1,¢t =3, 5 =0.9, « = 0.2,
a=3,b=0.7and ¢ = 0.6 and the initial conditions z_3 = 0.2, z_5 = 0.4, z_; = 0.6 and zq = 0.1. (See Fig. 3).

plot of x(n+1)= beta X(n-)+ alpha X(n-k) + (a X(n-t) / (b X(n-t) + ¢ )))
1000 T T T T

900 [~

800 [~

700 [~

600 [~

500 [~

x(n)

300 [~

200 [~

100 [~

T L L L L L L L
0 10 20 30 40 50 60 70 80 90 100
n

Figure 3. Sketch the behavior of the solution of Eq. (1) is unstable.

3. GLOBAL STABILITY

In this section, the global asymptotic stability of equation (1) is studied.
THEOREM 3.1. The equilibrium point To is a global attractor of difference equation (1) if

a+ﬁ+%<L (5)

Proof: Suppose that ¢ and 7 are real numbers and assume that F : [(,n]*> — [(,n] is a function defined by

F(z, y, z) = Br+ ay + 5

bz+c*
Then ( ) ( ) ( )
OF (z, y, 2) __ OF(x, y, z) __ OF(x, y, 2) __ ac
oz =B, Y = aand 92 = Gzto?
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Now, we can see that the function F(z, y, z) increasing in z, y and z. Then

[/J’x+a:c+lma—icx] (z — )

axr axr
— + —

< [Fa-a-pa+ T +=

}(x70)§7(17a7,373>x2<0

If a4 B+ 2 <1, then F(z, y, z) satisfies the negative feedback property
[F(z, z, z) — z] (x — Tp) <0, for To =0.

According to Theorem 1.10 page 15 in [1], then T; is a global attractor of Eq. (1). This completes the proof.

Example 4. Consider [ =2, k=1,t=3, 8 =0.03, a = 0.02, a = 0.5, b = 0.7 and ¢ = 4 and the initial
conditions z_3 = 0.5, x_o = 0.7, x_; = 0.6 and xg = 1.1, the zero solution of the difference equation (1) is
global stability (see Fig. 4).

plot of x(n+1)= beta X(n-I}+ alpha X(n-K) + (@ X(n-9) / ( b X(n-t) + ¢ ))
T T T

x(n)

0 10 20 30 40 50 60
n

Figure 4. Plot the behavior of the zero solution of Eq. (1) is global stability.

THEOREM 3.2. The equilibrium point T, is a global attractor of difference equation (1) if

B+a<l. (6)

Proof: Suppose that ¢ and 7 are real numbers and assume that g : [¢,n]®> — [¢,n] is a function defined by

aw

g(u, v, w) = Pu+ av+

bw-+c*
Then ( ) ( ) ( )
Og(u, v, w) dg(u, v, w) dg(u, v, w) ac
ou - B’ ov =a and ow - (bw+c)2 :

Now, we can see that the function g(u, v, w) increasing in u, v and w.

Let (m, M) be a solution of the system M = g(M, M, M) and m = g(m, m, m). Then from Eq. (1), we
see that

aM am
M = BM M+ — =
LM + « +bM+c’m /J’m+am+bm+c,

thus

b(la—B)M? —c(l—a—B)M = aM,
b(la — B)ym?* —c(l—a—B)m = am.
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Subtracting we obtain

b(l—a—p)(M*>—m?) = (a+c(l—a—f)(M—-m) = 0,
(M —m){b(1 —a—B)(M+m)—a—c(l—a—p8)}

under the condition 0 # b(1 — a — 3), we see that
M =m.
According to Theorem 1.15 page 18 in [1], then 7 is a global attractor of Eq. (1). This completes the proof.
Example 5. The solution of the difference equation (1) is global stability when [ =2, k=1,¢t=3, 8 =0.1,

a=0.2,a=2,b=1and ¢ =0.01 and the initial conditions x_5 = 0.2, z_2 = 0.4, z_; = 0.6 and xg = 0.1. (See
Fig. 5).

plot of x(n+1)= beta X(n-)+ alpha X(n-k) + @ X(n) / (b X(n-t) + ¢ )
T T T T

L L L
0 10 20 30 40 50 60 70 80 90 100

Figure 5. Plot the behavior of the solution of Eq. (1) is global stability.

4. PERIODIC SOLUTIONS

THEOREM 4.1. Let I, k and t are both odd positive integers then for all B, a, a, b and ¢ are positive real
numbers, then Eq. (1) has a prime period two solution if

a+p<landc(l—a-p)<a. (7)

Proof: First, suppose that there exists distinct nonnegative solution P and @), such that
..P,Q, P, Q,..,

is a prime period two solution of Eq.(1).

We see from Eq. (1) when [, k and ¢ are both odd, then x,,4+1 = 2, = Tp—r = xp—¢ = P. It follows Eq. (1)
that

P =3P+ aP + 355 andQ:ﬁQ+aQ+J_b5+c-

Therefore,
b(l—a—-pB)P*+(c(l—a—p)—a)P =0, (8)
bl-a-B)Q +(c(l-a-p)-a)Q=0, (9)
Subtracting (9) from (8) gives
P+Q =i (10)
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Again, adding (8) and (9) yields
PQ=0. (11)

where a > c(l1—a—p) and 1 > o+ . Let P and @ are the two distinct nonnegative real roots of the
quadratic
b(l—a—-B)t* —(a—c(l—a—p)t=0, (12)

and so

a—c(l—a—-p)>0andl—a—4>0, (13)
from Inequality (13), we obtain Inequality (7).
Second suppose that Inequality (7) is true. We will show that Eq. (1) has a prime period two solution.
Therefore P and @ are distinct nonnegative real numbers.

Set
x—l:P7 x—k:P7 x—t:P7 ey SC_3:P, x—2:Q7 SC_1:P, xOZQ'

We would like to show that

o =1, =P=220=208) 4nd py=20=0Q =0.

b(1—a—p)
It follows from Eq. (1) that
(“Hian)
1 BP + aP + blaDl—&D-c = (B + a)P + a—c(l—a—p )
b( ) )*C
a—c(l—a—p a(la—c(l—a—p a—c(l—a—p a(la—c(l—a—p
(8 +0) (S5 + it = (0 + ) (ks + e,
(Bta)(a—cl—a=f)+(1-a=f)lazcl=a=p)) _ (a=c(l=a=p))(Btatl-a=p) _ a—c(l-a=f) _ p
b(1—a—B) b(1—a—p) b(1—a—B) '
and

Ty = PQ+aQ + 555 =0=Q,
Then by induction we get
Top =@ and a9, =P forall n>-2
Thus Eq. (1) has the prime period two solution

) P7 Q? P7 Q? ey

where P and @ are the distinct nonnegative roots of the quadratic Eq. (12) and the proof is complete.

THEOREM 4.2. Let I, k and t are both even positive integers then for all B, «, a, b and c are positive real
numbers, then Eq. (1) has no positive prime period two solution.

Proof: Let that there exists distinct positive solution P and (), such that
P, Q, P Q,..,

is a prime period two solution of Eq.(1).

We see from Eq. (1) when [, k and ¢ are both even, then z,11 = P and x,,—; = Ty,—x = p—t = Q. It follows
Eq. (1) that

P:,BQ+04Q+$—C and Q = BP + aP + 35t
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Therefore,
bPQ + cP =b(B+ 2)Q* + (a + ¢(B+ @))Q, (14)
bPQ + cQ =b(B+ a)P? + (a+c(B+ a))P, (15)
Subtracting (15) from (14) gives
P4 Q= —ak0tia) (16)
Again, adding (14) and (15) yields
PQ = S(3rarisatar an

From (16) and (17), we have

_ clatc(14B+a)+c 2
(P+ Q) PQ = - b3 (f+a)2 (11 8+a) <0

This contradicts the hypothesis that both P and @ are positive. Thus, the proof is now completed.

THEOREM 4.3. Let I, k are even and t is odd positive integers then for all B, «, a, b and c are positive real
numbers, then Eq. (1) has no positive prime period two solution.

Proof: Let that there exists distinct positive solution P and @), such that

WP, Q, P Q,..
is a prime period two solution of Eq.(1).
We see from Eq. (1) when [, k are even and ¢ is odd, then ,,41 = x,—¢ = P and x,,—; = x,,—x = Q. It follows
Eq. (1) that
P =BQ+aQ + 555 andQ:BPJraPergJi—c.

Therefore,

bP? +cP =b(a+B)PQ+c(a+p)Q+aP, (18)

bQ* +cQ =b(a+ B) PQ +c(a+ B) P+ aQ, (19)

By subtracting (18) from (19), we deduce

P+ Q = *elitoth) (20)
Again, by adding (18) and (19), we get
_ c(atpB)(a—c(1+a+p))
PQ = — (detfjleclrosnl), (21)

Ifa>c(l+a+ ), then PQ is negative. But P, Q are both positive, and we have a contradiction. Therefor,
the proof is completed.

THEOREM 4.4. Ifl, t are even and k is odd positive integers then Eq. (1) has no positive prime period two
solution.

Proof: Let there exists distinct positive solution P and @, such that

P Q, P, Q,..
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is a prime period two solution of Eq.(1).

We see from Eq. (1) when [, ¢ are even and k is odd, then z,,41 = x,—p = P and x,,—; = x,,—; = Q. It follows
Eq. (1) that
P=p5Q+aP+ bggc and Q = BP + aQ + b;ic.
Therefore,
b(1—a)PQ+c(l—a)P=>bBQ*+ (cB+a)Q, (22)
b(1—a)PQ+c(l—a)Q=>b8P>+ (cB+a)P, (23)

By subtracting (23) from (22), we get

P+ Q= — (b)) (24)

While, by adding (22) and (23), we deduce

_ cl—a)(atc(1—a+p))
PQ = b2B(1—a+p) : (25)

If « <1and a <1+ 3 then from (24) and (25), we have

cll—a)lar+c(l— 2
PQ (P + Q) = —U=pigteCadBll <

This contradicts the hypothesis that both P, @) are positive. Thus, the proof is now completed.

THEOREM 4.5. Suppose that k, t are even and [ is odd positive integers, then Eq. (1) has no positive prime
period two solution.

Proof: Assume that there exists distinct positive solution P and @, such that

P, Q, P, Q,..,
is a prime period two solution of Eq.(1).
We see from Eq. (1) when k, ¢ are even and [ is odd, then ,,41 = x,—; = P and z,,_ = x,,—; = Q. It follows
Eq. (1) that
PzﬂP+&Q+ﬁ—c and Q = 8Q + aP + b;ic.
Therefore,
b(1—B)PQ+c(l1—pB)P =0baQ?+ (ca+a)Q, (26)
b(1—B)PQ+c(1—-p5)Q =0baP?+ (ca+a)P, (27)

By subtracting (27) from (26), we have

P+ Q= — (sreltest)) (28)
Again, by adding (26) and (27),we deduce
P -tz )
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If 6 <1and 8 <1+ « then from (28) and (29), we have

c(l— a-rc o— 2
PQ(P+Q) = =R <0

This contradicts the hypothesis that both P, @) are positive. Thus, the proof is now completed.

THEOREM 4.6. Let k is even and l, t are odd positive integers then for all B, «, a, b and c are positive real
numbers, then Eq. (1) has no positive prime period two solution.

Proof: Assume that there exists distinct positive solution P and @, such that

P, Q, P Q,..,
is a prime period two solution of Eq.(1).
We see from Eq. (1) when k is even and [, ¢ are odd, then z,,41 = ,—; = —y = P and z,,—x = Q. It follows
Eq. (1) that
P =[P +aQ+ 53 and Q = fQ +aP + 357
Therefore,
b(1—pB)P*+c(1—pB)P =baPQ +caQ + aP, (30)
b(1—-pB)Q*+c(1—B)Q =baPQ + caP + aQ, (31)

By subtracting (31) from (30), we get

P+Q =gt (32)
Again, by adding (30) and (31), we have
o ca(a—c(l+a—p
PQ = —pap)arap (33)

where f <1, 8 <1+ aand ¢(1+4+ a— ) < a, then PQ is negative. But P, @) are both positive, and we have a
contradiction. Therefor, the proof is completed.

THEOREM 4.7. Ifl is even and k, t are odd positive integers, then Eq. (1) has no positive prime period two
solution.

Proof: Assume that there exists distinct positive solution P and @, such that

P Q, P, Q,..,
is a prime period two solution of Eq.(1).
We see from Eq. (1) when [ is even and k, ¢ are odd, then z,,41 = p— = p—t = P and z,,_; = Q. It follows
Eq. (1) that
P =4Q+aP + - and Q:BP+aQ+ﬁ—C.
Therefore,
b(1—a)P?+c(l—a)P =>b3PQ+cBQ +aP, (31)
b(1—a)Q*+c(l—a)Q =0bBPQ+ cBP + aQ, (32)
Subtracting (32) from (31) gives
P+Q = t=tisal (33)
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Again, adding (31) and (32) yields

o chBla—c(l14+p—a
PQ =~ (34)

Ifa<l,a<l+4+pfand c(1+ 8- a) < a, then PQ is negative. But P, Q) are both positive, and we have a
contradiction. Thus, the proof is completed.

THEOREM 4.8. Let t is even and l, k are odd positive integers. If
c(l—a—-p5)+a#0,

then Eq. (1) has no prime period two solution.

Proof: Assume that there exists distinct positive solution P and @, such that

WP, Q, P Q,..
is a prime period two solution of Eq.(1).
We see from Eq. (1) when ¢ is even and I, k are odd, then z,,41 = = ,—; = P and z,,_; = Q. It follows
Eq. (1) that
P:ﬁP+aP+ﬁ—c and Q = Q + aQ + 75~

Therefore,

b(l—a—-0)PRQ+c(l—a— )P =aQ, (35)

b(l—a—-B)PQ+c(l—a—-p5)Q=aP, (36)

Subtracting (47) from (46) gives
(cl-a=p)+a)(P-Q)=0

Since ¢(1 —a — ) +a # 0, then P = Q. This is a contradiction. Thus, the proof is completed.
Example 6. Figure (6) shows the Eq. (1) has a period two solution when =1, k=3,t=5, 3=0.1, a = 0.2,
a = 0.5, b = 0.07 and ¢ = 0.05 and the initial conditions z_5 = P, x4 = Q, x_3 =P, x_ 2 =Q, ©_1 = P
and 7y = Q where P = 9=¢+5-9) 414 Q = 0.

b(l—a)

plot of x(n+1)= beta X(n-)+ alpha X(n-K) + (a X(n-t) / (b X(n-t) + ¢ ))
T T T T

10

Figure 6. Sketch the solution of Eq. (1) has a period two solution.
Example 7. Consider [ =5, k=2,t =4, 5 =06, « =02, a =04, b = 0.7 and ¢ = 0.5 and the initial

conditions x_5 = 1.2, x_4 =14, x_53 =06, z_2 = 1.1, z_; = 0.3 and xyp = 0.8 the solution of Eq. (1) has no
period two solution (See Fig. 7).

528 El-Dessoky 518-531



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

plot of x(n+1)= beta X(n-)+ alpha X(n-k) + (a X(n4) /(b X(n4) + ¢ ))
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Figure 7. Draw the solution of Eq. (1) has no periodic.

5. BOUNDEDNESS OF THE SOLUTIONS
In this section, we investigate the boundedness nature of the positive solutions of equation (1).
THEOREM 5.1. Every solution of difference equation (1) is bounded if 8+ « < 1.
Proof: Let {z,} ~ _, be a solution of Eq. (1). It follows from Eq. (1) that

n=-—s

ATn—t

Tn+1 = PTni+ aTp_i+ Tt

ATn—t

< Brpo+az,_p+ e, = Brp_y+ax,_p+ 4§ foraln>1
By using a comparison, we can right hand side as follows
tn+1 = Btn—l + oty + %-

and this equation is locally asymptotically stable if 3+ a < 1, and converges to the equilibrium point ¢t =

ﬁ;ﬂ—a) .Therefore
nlingo sup x, < m

Thus the solution is bounded.
THEOREM 5.2. Every solution of difference equation (1) is unbounded if 8 > lor a > 1.
Proof: Let {z,} — _, be a solution of Equation (1).Then from Equation (1) we see that

n=-—s

Tpa1 = BTn_i + aTp_k + bgfj;’;c > Bx,_; forall n> 1.
We see that the right hand side can be written as follows

tn+1 - Btn—l .

then
tines = Bt + const., 1=0,1,...,1,

(oo}
n=-—s

and this equation is unstable because § > 1, and lim ¢,, = co.Then by using ratio test {z,,} is unbounded

n—oo
from above.
Similarly from Equation (1) we see that

ATn—t

o e an—l + o,k + bZm_itc

> ax,_p for alln > 1.
We see that the right hand side can be written as follows

tn+1 = atp_.
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then
thnii = Q"tgy; + const., 1=0,1,...,k,

(oo}
n=-—s

and this equation is unstable because o > 1, and lim ¢, = co.Then by using ratio test {z,} is unbounded
n—oo

from above. Thus, the proof is now completed.

Example 8. We assume [ = 2, k= 1,t =3, 8 =04, a =12, a =3,b = 0.7 and ¢ = 0.6 and the
initial conditions x_3 = 0.2, x_5 = 0.4, z_; = 0.6 and 2y = 0.1, the solution of the difference equation (1) is
unbounded (see Fig. 8).

x10 ° plot of x(n+1)= beta X(n-)+ alpha X(n-k) + (@ X(n) / (b X(n-t) + ¢ )
T T T T T

25 |-

05 -

L
0 10 20 30 40 50 60 70 80 90 100

Figure 8. Plot the behavior of the solution of Eq. (1) is unbounded.
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Abstract. For the classical Hermite-Hadamard inequality of harmonically convex functions, i.e.,
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an upper bound is proved in the framework of the Sugeno integral.
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1. Introduction

One of the most important integral inequalities which is related to harmonically convex functions is classical

Hermite-Hadamard integral inequality. Double inequality

f<a2ibb>—b_a/f PSS GES (U}

is known as Hermite-Hadamard integral inequality for harmonically convex functions, where f € L([a,b]) [7, 5].

When we are trying to obtain these inequalities in the spirit of monotone measures and non-additive integrals,
we get different results than the classic form.

The concept of the fuzzy integral was introduced and initially examined by Sugeno [17]. Further theoretical
investigations of the integral and its generalizations have been pursued by many researchers [14, 15, 12, 2, 8, 1].
The study of inequalities for the Sugeno integral was initiated by Romén-Flores and Chalco-Cano [13]. In this
article, at the first we prove some Hermite-Hadamard type inequalities for harmonically convex functions in the
case of non-additive integrals. Consequently, upper bound for these functions are established. In fact, the main
purpose of this article is to obtain an approximation for non-solvable integral of this type.

This paper is organized as follows. Some necessary preliminaries are presented in Section 2. We address
the essential problems in Sections 3 and upper bound for the Sugeno integral based on a harmonically convex
function is presented. Finally, a conclusion is drawn and a problem for further investigations is given in Section
4.

Y a.ebadian@urmia.ac.ir (A. Ebadian), oraki57@yahoo.com (M. Oraki).
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2
2. Preliminaries
In this section, we are going to review some well known results from the theory of non-additive measures.
Definition 2.1. [8, 18] Let ¥ be a 3-algebra of subsets of X and let 1 : £ — [0, 00) be a non-negative, extended

real-valued set function, we say that x4 is a monotone measure (or fuzzy measure) iff:
(FM1): p(0) = 0;
(FM2): E,F € ¥ and £ C F imply u(F) < pu(F) (monotonicity);
(FM3): (E,) CX, E;CE;C...implylim, i pu(Er) = p( U E;) (continuity from below);

(FM4): (E,) C X, E; 2 Ey; 2 ...,u(E)) < oo imply lim, 400 u(Ey) = ﬂ E;) (continuity from

above).

Let (X, %, u) be a monotone measure space and f is a non-negative real-valued function on X. We denote the
set of all non-negative measurable functions f by F. and F,, denote the set {x € X | f(z) > «a}, the a-level of f,
fora>0. Fyp={x € X | f(z) > 0} = supp(f) is the support of f. We know that: « < 8= {f > 8} C{f > a}.

Definition 2.2. [17, 8, 18] Let u be a monotone measure (or fuzzy measure) on (X,X). If f € Fy and A € &,
then the Sugeno integral (or fuzzy integral) of f on A, with respect to the monotone measure y is defined by
][ fdpi=\/ (0 A (AN o)),

a>0

where V, A denotes the operation sup and inf on [0, 00) respectively. In particular if A = X, then

][ faui= f fan=\/ V(@ n (k).

The following properties of the Sugeno integral are well known and can be found in [18, 19].

Proposition 2.3. Let (X, %, u) be a fuzzy measure space, with A, B € ¥ and f,g € F;.. We have
L of, fdu < p(A);

f, kdp < kA p(A), for k non-negative constant;

if f <gon A, then f, fdu < f, gdu;

if AC B, then f, fdu < f5 fdu;

if p(A) < oo, then £, fdu > a & p(AN{f >a}) >«

wAN{f>a})<a= 4§, fdu < o

£, fdp < o & there exists v < a such that p(AN{f >~}) < a

f,4 fdu > a & there exists v > « such that p(AN{f >~}) > «

e B

Remark 2.4. Consider the distribution function F' associated to f on A, that is, F'(a) = u(AN Fy,). Then,
due to (5) and (6) of Proposition 2.3, we have that

F(a):a:>][ fdu = a.
A
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Thus, from a numerical point of view, the Sugeno integral can be calculated by solving the equation F(a) = a.

The following proposition shows how to transform a Sugeno integral f—A fdu, which is defined on a mono-
tone measure space (X, X, p), into another Sugeno integral fgdm defined on the Lebesgue measure space

([0,00), By, m), where B, is the class of all Borel sets in [0, 00) and m is the Lebesgue measure.

Proposition 2.5. [18] For any A € X

]{Afdu = ]/M(A N Fo)dm,

where F,, = {x € X | f(x) > a} and m is the Lebesgue measure.

Definition 2.6. [16] A ¢-norm is a function T : [0, 1] x [0,1] — [0, 1] satisfying the following conditions:
(T1): T(z,1) =T(1,2) = x for any x € [0, 1];

): For any x1, 22,41, y2 € [0,1] with 21 < 29 and y1 < yo, T(z1,y1) < T(x2,y2);

): T(z,y) = T(y,x) for any =,y € [0, 1];

):

(
(
( T(T(z,y),2) =T(z,T(y, z)) for any z,y,z € [0, 1].

SIS

A function S : [0,1] x [0,1] — [0,1] is called a t-conorm [9] if there is a t-norm T such that S(z,y) =
1-TA —z,1—y).
Example 2.7. The following functions are ¢t-norms:
1: Tz, y) =z Ay.

2: Tp(x,y) = z.y.
3: Tp(z,y)=(x+y—1) V0.

Hereafter, we assume that (X, ¥, 1) is a monotone measure space. To simplify the calculation of the Sugeno

integral, for a given f € F.(X) and A € X, we write
F'={a:a>0, p(ANF,) > u(ANFg) for any B> a}.

It is easy to see that

Remark 2.8. A binary operator T on [0,1] is called a t-seminorm[16] if it satisfies the above condition (77)
and (T3). Notice that if T is a ¢-seminorm, for any z,y € [0, 1], we have T(z,y) < T(z,1) = « and T(z,y) <
T(1,y) =y, and consequently, T(z,y) < Th(z,y).

By using the concept of t-seminorm, Garcia and Alvarez [16] proposed the following family of fuzzy integral.

Definition 2.9. Let T be a t-seminorm. Then the seminormed Sugeno’s fuzzy integral of a function f € F
over A € 3 with respect to T and the fuzzy measure p is defined by
fdu="\/ T(a,u(ANF,)).

T,A ael0,1]
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Notice that the Sugeno integral of f € F over A € ¥ is the seminormed Sugeno’s fuzzy integral of f over

A € ¥ with respect to the t-seminorm T;.

Proposition 2.10. (Garcia and Alvarez [16])Let (X, %, 12) be a monotone measure space and T be a t-seminorm.

Then,
1: For any A € ¥ and f,g € Fy with f < g, we have

fdu < / odp.
T A T A

2: For A,B € ¥ with A C B and any f € F4,

/T s /T L fan

Definition 2.11. [7] Let I C R — {0} is a real interval. A function f : I — R is said to be harmonically convex

on [ if the inequality
ab

f<w+<1t>b

holds, for all a,b € I and ¢ € [0,1]. If the inequality (2.1) is reversed, then f is said to be harmonically concave.

) <tF(B)+ (1-1)f(a) (2.1)

We note that for ¢t = %, we have the definition of Jensen type of harmonic convex functions, that is

f< 200 ) <JWHIO) g e

a+b) — 2

Proposition 2.12. [7] Let I C R — {0} be a real interval and f : I — R is function, then:

1: if I C
2:if I C
3:if I C
4: if I C

0,4o00) and f is convex and nondecreasing, then f is harmonically convex.

and f is harmonically convex and nondecreasing, then f is convex.

]
)
0,400) and f is harmonically convex and nonincreasing, then f is convex.
)
)

o~ o~ o~ o~

—00,0
00,0) and f is convex and nonincreasing, then f is harmonically convex.

Proposition 2.13. [1] If [a,b] C I C (0, 00) and we consider the function g : [}, 1] — R defined by g(t) = f(3),

then f is harmonically convex on [a,b] if and only if g is convex in the usual sense on [%, %]

Proposition 2.14. [6] A function f : (0,00) — R is harmonically convex if and only if x f(z) is convex.

Theorem 2.15. Let f : [a,b] C (0,00) — [0,+00) be a convex function with f(a) # f(b).Then

AN A G U (e e )

acl

where I' = [f(a), f(b)) for f(b) > f(a) and T = [£(b), f(a)) for f(a) > f(b).

Proof. As f is convex function, for = € [a,b] we have,

ro) = (- 50+ 220) < 0= T80 + T2
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and so by (3) of Proposition 2.3

][abfdu Sfab ((1 - Z:Z)f(a) + z_Zf(b)> du]ibg(z)du,

In order to calculate the integral in the right hard part of the last inequality, we consider the distribution

function F'(«) given by

Fo) = n(latin o> a)) =u (80 {722 @) + =2 10) = a} ).

If f(a) < f(b), then
B olb—a) + af ()~ bf(@)\\ _ (ralb—a) +af(b) - bi(a)
”“‘“(““”{xz 1)~ (@) })‘“O 1)~ f(a) ”O‘

Thus T' = [f(a), (b)) and we only consider a € [f(a), f(b)).
If f(a) > f(b), then

o ) gt

Thus T’ = [f(b), f(a)) and only need « € [f (D), f(a)).
This completes the proof. O

Remark 2.16. In the case f(a) = f(b) in Theorem 2.15, we have g(z) = f(x) and so
b b b
F ausf gan={ s@an = (@) nn(a.t).

Corollary 2.17. Let f : [a,b] C (0,00) — (0,00) be a convex function and ¥ be the Borel field and p be the

Lebesgue measure on X = R, then

Vaets@nsy (@A (b= 2=batBbI@)) - (a) < f(b)

’ fla) A (b—a) , f(a) = f(b)

Vel fay (@ (LU0 g)) - f(a) > f(b)
[ OB

So

e A (b—a) . f(a) < £(D)
’ f@) A (b—a) , f(a) = f(b)

Tl A (b—a) |, f(a) > f(b).

Proof. In the case where f(a) < f(b), we have

Calb—a) taf)bf@) ) (—a)f()
(“A“ 70 - f(a) 0“ﬂw—fm»+w—ay

ag[f(a),f(b))
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In fact, a = % is as the solution of the equation F(a) = «, where F' is the distribution function.
So taking into account (1) of Proposition 2.3 (Jcab fdu < u([a,b]) = b —a) and Remark 2.4 we have

: (- f) .
{02 e o 0

Proofs the other cases is analogous. O

Note that Corollary 2.17 is the same as the Sadarangani Theorem [3].

3. Main Results

Let I C R — {0} be a harmonically convex function and a,b € I with a < b and f € L([a, b]). The following

inequalities
2ab fla )+f( )
f<a+b> b_a/ Jiw < £ (3.1)

holds. This double inequality is known in the literature as Hermite-Hadamard integral inequality for harmoni-

cally convex functions.

Unfortunately, as we will see in the following example, in general, the Hermite-Hadamard inequality is not
valid in the fuzzy context.

Example 3.1. Let p be the usual Lebesgue measure on R and the function f(x) = %x2 on X = |

1
2
Obviously, this function is convex and nondecreasing as a result f is harmonically convex function on [%, 1].

With the above inequality we have

1 1

(@) 7[ 3 3 1 3

P8 g =4 2de =2 Ap((2,1] = 2 ~0.42.
7€ . dx ) 7dx 7A,u([2, ] - 0

on the other hand, w = 12 ~0.26.

This proves that the right-hand side of inequality (3.1) is not satisfied for the Sugeno integrals.

The aim of this work is to show a the Hermite-Hadamard type inequality for the Sugeno integral in the case

where f is a harmonically convex function.

Lemma 3.2. Let f : [a,b] C (0,00) — (0,00) be a harmonically convex function which is not concave, then

a(b—a)+af(b)—bf(a
Vaets.ro) (O‘AN[ ( )(b) f(<)> L b]) s fla) < f(b)

][bfd#S f(a) A pl[a, b)) » fla) = £(b)

Vaels ). £(a) (O“ A ula, Q(Hf)(tﬂb()a;bf(a)])  fla) > f(b).

Proof. Since f : [a,b] C (0,00) — (0,00) is harmonically convex function on the interval [a, b], then by Proposi-

tion 2.13 the function g : [§,2] = R, g(s) = f(2) is convex on [}, ]. Obviously for any z € [a,b], f(z) = g(2),
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and therefor applying Theorem 2.15 to g, we have

b—a)+ag($)—bg(L
Vaelo(tyathy (@A p[2C=2setala) b)) - g(1) < g(3)

[ 1= by {90 e o) = o)

a(b—a)+ag(L)—bg(L
Vaeld)a(2) (aAM[%( g)@)g_(;()%)g(“)]) ,9(2) > 9(3)

a(b—a)+af(b)—bf(a)
Vaelsa),£o) (O‘AM[ T —f(a) ,b]) s fla) < f(b)

fla) A p(la, b]) » fa) = f(b)

Vaelr®), 1) (a A pla, A= QS (“)]) ,f(a) > f(b).

Corollary 3.3. Let f : [a,b] C (0,00) — (0,00) be a harmonically convex function which is not concave, 3 be

the Borel field and p be the Lebesgue measure on X = R, then

T rada A (b—a) . fla) < f()
]lbfdué fa) A (b~ a) RAREAY

el A (b—a) | f(a) > f(D).

Remark 3.4. If [a,b] C (0,00) and f is harmonically convex and nonincreasing, then taking into account (2)
of Proposition 2.12 the function f is convex and hance the upper bound for the Sugeno integral of f mentioned

in article "Hermite-Hadamard inequality for fuzzy integral”, were written by K. sadarangani is established.

Remark 3.5. If [a,b] C (—00,0) and f is harmonically convex and nondecreasing, then taking into account
(3) of Proposition 2.12 the function f is convex and hance the upper bound for the Sugeno integral of f is

established.
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8

Example 3.6. Let 1 be a Lebesgue measure and consider function f(z) = e+ on [1,2]. Obviously, this

function is non-negative and harmonically convex but neither convex, nor concave. we have,

i 13
][ fdp = \/ (aAu<[3,4]ﬂ{e = za}))
% a>0
13
= \/ (a/\,u([,]ﬂ{— >1na})>
34
a>0
1
= (a/\,u([,?)]ﬂ{ 1>xlna}>)
34
a>0
z\/ aAp [1 §]ﬂ x>—
374 ~ Ina
a>0
As result with the solution of the equation
o8
Ina 4 @

we conclude that o ~ 0/175. Then f—% fdp =~ 0/175.
On the other hand, since f(%) =1 and f( )= % By Corollary 3.3, we have
e3

5
~ 0/234 A 15 = 0/234 A 0/416 = 0/234

that is a logical inequality.

Example 3.7. The function f(z) =  — In(z + 1) is nondecreasing and harmonic convex function on [3,1].
f(1)=1-Im2and f(3) =1 —In(2). As f(1) > f(%), Corollary 3.3 gives us,

- 3)f () I 1_1
][fd _f —a )+%/\(5)f0.718/\2f2

Thus, we find an upper bound for the Sugeno integral of this function on [%, 1].

Example 3.8. The function f(z) = "+ is nondecreasing and harmonic convex function on [1,2] and f(1) = €2

and f(2) = e®. As follows we find an upper bound for the Sugeno integral of this function,
2 24 65
Ty < ——5—— A (1) = 1.0449 A1 = 1.
]{e M_65—62+1 (1)

Remark 3.9. f(z) = log(x) is a harmonically convex function but not convex, that is why in the Corollary

3.3, does not apply because it is concave. For concave function, we use the Sadarangani paper.
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Corollary 3.10. Let f : [a,b] C (0,00) — R be a harmonically convex function which is not concave and

g : R — R is a linear function, then f o g is harmonically convex[10] and so,

a(b—a)+af(g(6)—bf(g(a))
Vaelsg@).160))) (O‘A“[ T60)—F(9(a)) ’b])  Fl9(a)) < flg(b)

b
][ (fog)du < ¢ f(g(a)) A pula,b]) , f(g(a)) = f(g(b))

a(b=a)taf(g(b))=bf(g(a))
Vaels o). f(g(a))) (0‘/\“[“’ aF(a()~bF (g(@) D  (9(a)) > f(g(b)).
Corollary 3.11. Let f : [a,b] C (0,00) — R be a harmonically convex function which is not concave and

g : R — R is a linear function, ¥ be the Borel field and p be the Lebesgue measure on X = R, then f o g is

harmonic convex function[10] and so,

oW A (b—a) |, f(g(a) < f(g(D))

b
][ (Fogidu<{ Flg(@)A(b—a) Fgla) = £(g(0))

S A (b—a) | f(g(a) > F(g(b)).
Remark 3.12. In the case g be harmonic convex function and f be relative convex function, we know that

f o g is harmonically convex function [11]. Thus similar results of Corollary 3.10 and Corollary 3.11 hold.

Corollary 3.13. Let f : [a,b] C (0,00) — (0,00) be a harmonically convex function which is not concave

function, ¥ be the Borel field and p be the Lebesgue measure on X = R, then

N2
AP0 f(a) < £(D)

e b—a)*f(a)
m , f(a) > f(b).

Proof. For harmonically convex function f : [a,b] C (0,00) — (0,00) with f(a) # f(b) according to Proposition
2.10 and Corollary 3.3 with t-norm 7},, we have

A (b a) | f(a) < £b)

[ s Fo0-0 @)= 50
Tp,la,b]

el (b—a) | f(a) > [(b)

=) f(a) < f(b)

(b—a)f(a) fla)= f(b)

—a 2 a
Floar e fa) > f(b).
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Example 3.14. Let p be the Lebesgue measure on R. Consider the function f(z) = % on X = [1,3].
Obviously, this function is harmonically convex and positive on X = [1,3]. As f(1) = 1 and f(3) = 3, using
Corollary 3.13, we can get the following estimate:
1 -1)2f(1 1
[ Lo G-DHO 18
Tp,[1,3] T f)-f@+B-1) 13

Now, let’s introduce the most important theorem of this article. With the help of it, an upper bound in the

framework of the Sugeno integral for Hermite-Hadamard inequality of harmonically convex functions can be
established.

Theorem 3.15. Let f : [a,b] C (0,00) — (0,00) be a harmonically convex function which is not concave, then

a(b—a)+af(b)—bf(a)
Vaelr(a),£0) (QAN[ FO)—F(a) ab]) , fa) < f(b)

b b _

Vaer®), 1) (0‘ A ula, a(b_?ﬁéffﬁb(l}bf(“)]) ,f(a) > f(b)

where mo = min{a®, b*}.

Proof. Let f be a harmonically convex function which is not concave and mg = min{a?,b?}. By Proposition

2.5 we have,

b b
][ mof(f) dp :][ w([a,b] N Fy)dm (3.2)

x
where m is the Lebesgue measure and

f(x)

x2

F,={ze X :mg > al.

Obviously,
mo

(twin{r@ = ma}) C (ja, 8N {f(2) > a)).

By monotonicity u, we deduce
2

w (w0 {rw) 2 Zal) <pleiin i@ 2 ap.

Now, by Proposition 2.3 and Proposition 2.5, we obtain

b 2 b b
Jon(@untzZa)ans {u@iny =z apan= o (33
a mo a a
Combining ( 3.2, 3.3), we have
b b
T
Fmol < £ sap.
a x a
The last inequality follows from Lemma 3.2. |
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Corollary 3.16. If f : [a,b] C (0,00) — (0,00) be a harmonically convex function which is not concave then,

a(b—a)+abf(b)—baf(a
Vaclara bre) (0‘ Al )vb]) yaf(a) <bf(b)

][bxf(x)dﬂ< af(a) A p(la, b)) Laf(a) = bi(b)

Vaelbs®),afa) (a A pla, a(b’iﬁ;‘ffﬁl}?@f"f@]) ;af(a) > bf(b).

Proof. f is harmonically convex function.Therefore, according to the Proposition 2.14 z f(x) is convex. Finally,

the proof is complete by using Theorem 2.15. a

Corollary 3.17. If f : [a,b] C (0,00) — (0,00) be a harmonically convex function which is not concave, ¥ be

Borel field and p be a Lebesgue measure on X = R, then

T O A (b—a) af(a) < bf(b)

][ b sf@)dp<{ F@Nb-a) ;af(a) =bf(b)

e A (b—a) af(a) > bf(b).

Example 3.18. Let p be the usual Lebesgue measure on X and the function f(z) = 2z% on X = [1,2].

Obviously, this function is convex and nondecreasing. So by (1) of Proposition 2.12 f is harmonically convex on
[1,2]. With use the Corollary 3.17 we have
2
2-1)2f(2
[ et < (2-1)2f(2)
1 2f(2) =)+ (2-1)
On the other hand, f—f 2 f(x)dx ~ 0.87. This show that the Corollary 3.17 is valid.

A(2 1)~ 0.923.

4. Conclusion

In this paper, we have researched the Hermite-Hadamard inequality for the Sugeno integral based on har-
monically convex functions. For further investigations we propose to consider the Hermite-Hadamard inequality
for the Choquet integral, and also for some other non-additive integrals. In the future research, we will continue
to explore other integral inequalities for non-additive measures and integrals based on harmonically convex

function.
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Abstract

In this paper, the authors investigate the [p, g|-order and [p, ¢]-type of f1 + fa, f1f2, f1/[2,
where f1, fo are meromorphic functions or analytic functions with the same [p, ¢]-order and
different [p, ¢]-type in the unit dise, and the authors also study the [p, g]-order and [p, ¢]-type
of f and its derivative. At the end, the authors investigate the relationship between two
different [p, g]-convergence exponents of f. The obtained results are the improvements and
supplements to many previous results.

Key words:meromorphic function; analytic function; unit disc; [p, g]-order; [p, ¢]-type
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1. Notations and Results

We use C to denote the complex plane and A = {z : |z| < 1} to denote the unit disc. By a
meromorphic function f, we mean a meromorphic function in the complex plane or a meromorphic
function in the unit disc. We shall assume that readers are familiar with the fundamental results
and the standard notations of the Nevanlinna value distribution theory in the complex plane or
in the unit disc (see [4,10,14 — 17,19,20]). Firstly for r» € (0, +00), we define exp; r = €" and
exp; 417 = exp(exp;r),i € N, for all  sufficiently large in (0,+00), we define log; » = logr and
log; 7 = log (log; r),i € N, we also denote expyr = r = logyr and exp_; r = log; r. Moreover,
we denote the logarithmic measure of a set £ C [0,1) by myE = [ B ld—_tt. Throughout this paper,
we use p,q to denote positive integers satisfying 1 < ¢ < p. Secondly, we recall some notations
about meromorphic functions and analytic functions.

Definition 1.1 (see [4,17,19,20]). The order o(f) and lower order pu(f) of a meromorphic func-

tion f in the complex plane are respectively defined by

o(f) = limM p(f) = lim log T'(r, f)

r—oo  logr ' —oo  logr
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where T'(r, f) is the characteristic function of a meromorphic function f in the complex plane or
in the unit disc.

Definition 1.2 (see [4,19,20]). Let f be a meromorphic function in the complex plane or an

entire function satisfying 0 < o(f) < oo, then the type of f is respectively defined by

() = T e d) () = T B M@ S)

T—00 ra(f) T—00 TU(f)

Definition 1.3 (see [8,9,11,13]). The [p, ¢]-order of a meromorphic function f in the complex

plane is defined by

ot () = T B L)

r—00 logq T

If f is a transcendental entire function, the [p, g]-order of f is defined by (see [11,13])

: logp T(Ta f) 10gp+1 M(T f)
Tlp.al (f) o TIL% logq r o T*)IEO logq

If f is a polynomial, then a[p,q](f) = 0 for any p > ¢ > 1. From Definition 1.3, if ¢ = 1, we
denote oy 1) = o1(f) = o(f), and o, 1) = 0p(f). Similar with Definition 1.2, we can also give
the definitions of 7,(f) and 7as,(f) when p > 1. In order to keep accordance with Definition 1.1,
we give Definition 1.3 by making a small change to the original definition of entire functions of
[p, ¢]-order (see [8,9]).

Definition 1.4 (see [3,7]). The iterated p-order of a meromorphic function f in A is defined by

oolf) = T o)

r—1-—log(l —r) (p € N).

For an analytic function f in A, we also define

log 1 M(T, f)
= Tim —2L
omp(f) s log(1 —r)

Remark 1.1. If p = 1, then we denote o1(f) = o(f) and onp1(f) = om(f), and we have
o) < ow(F) < o(f) +1 (sce [6.12,16.17)) and oar (1) = ap(F) (p = 2) (see [3.7]).

Definition 1.5 (see [2]). Let f be a meromorphic function in A, then the [p, ¢]-order and lower

[p, gJ-order of f are respectively defined by

log, T'(r, f) . log, T'(r, f)
p<1>7 M[p,q](f) = lim ———=~

1 log, (%)

Tlpd] (f) = lim

r—1- ]qu

545 Jin Tu 544-556



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

The Order, Type and Zeros of Meromorphic Functions and Analytic Functions of [p, g]-Order in the Unit Disc 3

Definition 1.6 (see [2]). Let f be an analytic function in A, then the [p, g]-order and lower

[p, g]-order about maximum modulus of f are respectively defined by

—log, 1 M(r, f) .
UM,[p,q](f) = lim ol T ,U/M,[p,q}(f) = lim

r=17 log, (%r) 7 r=1-  log, (1—1r> ‘

Definition 1.7 (see [2]). The [p, ¢]-type of a meromorphic function f of [p,g]-order in A with

0 < 0ppq(f) =01 < o0 is defined by

T[p,q}(f ) = rlir?_ {1(1)(:;_11(::(17: jf])gl .

For an analytic function f in A, and the [p, ¢]-type about maximum modulus of f of [p, ¢]-order

with 0 < o/ [p,q(f) = 02 < o0 is defined by

- log, M (r, f)
T fpg (f) = lim. [logqpl (ﬁ)}@'

Definition 1.8 The lower [p, ¢]-type of a meromorphic function f of lower [p, ¢J-order in A with

0 < pifp,q(f) = p1 < oo is defined by

. log -1 T(T,
Tipg () = lim ———
o

"
)

1—r
Similarly for an analytic function f in A, and the lower [p, ¢]-type about maximum modulus of
[ of lower [p, g]-order with 0 < iy, 4(f) = p2 < 00 is defined by

: log, M(r, f)
IM,[p,q}(f) :rliimoo [logoj_pl ( : )}uz.

jE=r

Remark 1.2. From Definitions 1.7 and 1.8, it is easy to see that 7y, (f) < Tazppq(f) and
I[p,q](f) < IM,[p,q](f)'

Definition 1.9. For any a € C U {o0}, we use n (7’, ﬁ) to denote the unintegrated counting
function for the sequence of a-point of a meromorphic function f in A. Then the [p, g]-exponents

of convergence of a-point of f about n (r, ﬁ) is defined by

. %logpn (r, ﬁ)
)\[pg](f, a)= lim ————=.

r—1- logq (17;)

546 Jin Tu 544-556



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

4 J. Tu, K.Q. Hu, H. Zhang

Definition 1.10. Let N ( ) be the integrated counting function for the sequence of a-point
of a meromorphic function f in A. Then the [p, g]-exponents of convergence of a-point of f about

N <r, ﬁ) is defined by

log, N r,%a
Ny (fra) = Tim- f;gqgllf))'

Remark 1.3. Similar with Definitions 1.9 and 1.10, we can also give the deﬁnitions of the [p, q]-
exponents of convergence of distinct a-point of f about n <r, ﬁ) and N ( > ie. )\[p d (f,a)

N
and /\[p’q](f, a).

The order and type are two important indicators in revealing the growth of the entire functions
or meromorphic functions, many authors have investigated the growth of entire functions or
meromorphic functions in the complex plane or in the unit disc (e.g., see[4,8 — 10, 14 — 20]) since
the first half of the twentieth century. In the following, we list some classic results in the complex
plane.

Theorem A(see [4,10,19,20]). If f; and fo are meromorphic functions of finite order with
o(f1) = o3 and 0(f2) = 04, then o(f1 + f2) < max{o3,04},0(f1f2) < max{os, o4}, 0(f1/f2)
< max{os,04}; if 03 < 04, then o(f1 + f2) = o(fif2) = o(f1/f2) = o04.

Theorem B (see [20]). If f; and fo are meromorphic functions of finite order, then u(f + f2) <
min{max{o(f1), u(f2)}, max{u(f1), 0 (f2)}}, p(f1f2) < min{max{c(f1), u(f2)}, max{u(f1),o(f2)}}-
Furthermore, if o(f1) < p(f2), then u(fi + f2) = p(fife) = pu(f2); or if o(f2) < p(fi), then
u(fr+ f2) = p(frfa) = p(f1).

Theorem C (see [10]). If f; and f2 are entire functions of finite order satisfying o(f1) = o(f2) =
o5, then the following two statements hold:

(1) I ar(f1) =0 and 0 < 7ar(f2) < o0, then o(f1f2) = o5, Tm(f1f2) = Tm(f2).
(i) If Tar(f1) < oo and Tas(f2) = oo, then o(f1f2) = o5, Tar(f1f2) = oc.

Theorem D (see [18]). Let fi(z) and f2(z) be entire functions satisfying 0 < o,(f1) = op(f2) =
o6 < 00, 0 < 7arp(f1) < Tmp(f2) < oco. Then the following statements hold:

(i) If p > 1, then o, (f1 + f2) = 06, Tmp(f1 + f2) = Tmp(f2);
(1) If p > 1, then o,(f1f2) = 06, Tarp(fif2) = Tarp(f2).

Theorem E (see [18]). Let p > 1, f(z) be an entire function or a meromorphic function in the
complex plane satisfying 0 < o,(f) < oco. If p > 1, then o,,(f) = op(f'), Tmp(f') = Tarp(f); if
p > 1, then ap(f) = 0p(f"), (") = 7 (f)-

From Theorems A-E, we can easily obtain the following similar propositions in the unit disc.
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Propositions (i) If f; and f; are meromorphic functions satisfying oy, 4 (f1) = 06 and o, 4(f2)

a7 in A, then U[p,q}(fl + fg) < max{aﬁ, J7},U[p7q}(f1f2> < max{06,07} and U[pyq}(fl/fQ) <
max{og, 07}.

(i) If o6 # o7 in Proposition (i), then o, 4(fi £ f2) = opqg(fife) = opq(fi/f2)

max{og, 07}.

(4ii) If f1 and fo are meromorphic functions in A, then pup, o (f1 + f2) < max{oyp, o(f1),

Pipg) (f2)} or ppp g1 (f14+f2) < max{puy, o (f1), Opp.q(f2)} and ppp, g (f1f2) < max{op, g (f1), g (f2)}
or 'u’[Pv'J](flfQ) < max{:u'[p,q](fl)7U[p,q](fQ)}'

(iv) If fi and fo are meromorphic functions in A satisfying o, 41(f1) < pip,q(f2) < 00, then

Wipg) (f1 + f2) = pp.g (f1f2) = tp.q (f1/ f2) = pp.g (f2)-

(v) If f1 and fy are analytic functions in A satisfying oy [y (f1) = 08 and oy jp g (f2) = 09,
then oy q(fi £ f2) < max{os,09} and oprpq(fife) < max{os,o9}. If 03 # 09, then
O, [pg (f1 £ f2) = max{osg, g9}

(vi) If fi and fo are analytic functions in A, then max{unspq(f1 £ f2), arp,g (f1.f2)} <
maX{UM,[p,q](fl)a MM,[p,q] (fQ)} or maX{MM,[p,q] (flifQ)a NM,[p,q](flfQ)} < maX{IU’M,[p,q} (fl)v O M,[p,q] (fQ)}

(vii) If f1 and fy are analytic functions of [p, g]-order in A, for any r € [0, 1), by the inequal-
ity T(r, f) <logt M(r, f) < 2T (32, f) (see [4,17]), we easily obtain that if p = ¢ > 2 and
Opg(f) > 1, 0r p > q > 1, then oy, (f) = oarjp,q(f) and 7,4 (f) = Tar[pg (f). Similarly, we
have N[p,q}(f) = NM,[p,q](f) and I[p,q}(f) = IM,[p,q](f) ifp=g>2and N[p,q](f) >1l,orp>qg=>1.

Combining Theorems D and E, a natural question is: Can we get the similar results with
Theorems D, E for meromorphic functions or analytic functions of [p, ¢] order in A? In fact, we
obtain the following results:

Theorem 1.1. Let f; and fy be meromorphic functions in A satisfying 0 < oy, 4(f1) =

Op,g(f2) = 010 < 0o and 0 < 71 = 7 (f1) < Tpg(f2) = 72 < 00, Then oy, 4 (f1 + f2) =
Olp,q (f1f2) = o q(f1/ f2) = 010, and the following two statements hold:

(i) f p>1and p>q>1, then 7y, 4 (f1 + f2) = Tppg (f1f2) = Tp,g(f1/f2) = Tppg(f2)-
(i) If p=q =1, then 7o — 71 <max{7(f1 + f2), 7(f1f2), 7(f1/f2)} < 2 + 71.

Theorem 1.2. Let f; and fy be meromorphic functions in A satisfying 0 < oy, 4(f1) =

Lip.g (f2) < ocand 0 < 7y, (f1) < 71, g1(f2) < 00, then pp, o (fit+f2) = pp.g(fif2) = ppg(fi/ f2) =
Hip,q)(f2). And if p > 1 and p > ¢ > 1, we have 7, 1(f1 + f2) = 7, q(f1f2) = 7 q(f1/ f2) =

I[p,q] (fZ)

In the following, when f; and fo are analytic functions of [p, g]-order in the unit disc we have
the similar results.
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Theorem 1.3. Let f1 and fa be analytic functions in A satisfying 0 < oz, 4(f1) = oarpqg(f2) =
011 < ocand 0 < TM,[p,q](fl) < TM,[p,q](f2) < oo, then UM,[p,q}(fl —‘rfg) = o011 and TM,[p,q}(fl +f2) =
AL, [p.g) (f2)-

Remark 1.4. By Proposition (vii), we know that Theorem 1.3 is of the same with Theorem 1.1
forp>¢q>1and p=q>2,044(f) > 1. For the case p = ¢ = 1, the result of Theorem 1.3 is
better than that of Theorem 1.1.

Corollary 1.1. Let f; and f2 be analytic functions in A satisfying 0 < opy (1) = Har,p,q (f2) <
00 and 0 < Tz (1) < Tar g (f2) < 00, then piag o (Fi + f2) = tinr g (f2) and Tag g g (f1 +
f2) = Tarp.q) (f2)-

Theorem 1.4. Let f be an analytic function of [p, g]-order in A, then opsp, 1(f) = oarp.q (),
NM,[p,q](f) = NM,[p,q](f,)' If0 < O M,[p, }(f) < ooor0< ,U/M,[p,q}(f) < 00, then TM,[p,q}(f) =
TM,[p,q](f/)7 IM,[p,q](f) TwMm Jp, q](f

Theorem 1.5. Let f be a meromorphic function of [p, g]-order in A, then

() fp>¢q=2andp>q=1 then opq(f) = Ol ([)s Bip.g) () = Bip.g (f) and 7,4 (f) =
Tipal (f)s Tip.q () = Tpp,q () for 0 < opp(f) < 00 0r 0 < puppq(f) < 0.

(i) If p=q =1, then o(f) = o(f"), u(f) = p(f’) and 71,1)(f") < 270,1(f), Tpa,1)(f) < 270147 (f)-

Theorem 1.6. Let f be a meromorphic function of [p, gl-order in A, a € CU {oco}. Then the
following statements hold:

()pr>q>1 then)\N (f7 )_ 7[;7(1](]0’&)'
(73) If p=¢q =1, then /\N(f a) < XY(f,a) < AN(f,a) +1 (see [12]).

(#91) If p = q¢ > 2, then )\N (f, a) < [pp(f, a) < max{)\f;p]

[p7p}(fa )_ [p,p](fa )lf)‘N (f7 )>17 andlf)‘[pyp](fa )<1then )‘N (f7 )<)\n (f7 )

(f, ),1}. Furthermore, we have

Remark 1.4. The conclusions of Theorem 1.6 also hold between X%q](f, a) and X[Rq}(f, a).

2. Preliminary Lemmas

Lemma 2.1 (see [4,19,20]). Let fi1, f2, - -+, fm(%) be meromorphic functions in A, where m > 2
is a positive integer. Then

(@) T(r, fife- fm) < E T(r, fi),
(@) T(r, fi + fa+ -+ fn) < g T(r, ;) + log m.

Lemma 2.2 (see [6,17]). Let f be a meromorphic function in A, and let £ > 1 be an integer.
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(k)
m (r, f;) =S(r, f),

where S(r, f) = O {log+ T(r, f)+ log <1—ir> }, possibly outside a set £y C [0,1) with fEl 1d—_tt <
0.

Then

Lemma 2.3 (see [1]). Let g : (0,1) - R and h : (0,1) — R be monotone increasing functions

such that g(r) < h(r) holds outside of an exceptional set Ep C [0,1) for which [ 4 < .

Then there exisits a constant d € (0,1) such that if s(r) =1 — d(1 — ), then g(r) < h(s(r)) for
all r €10, 1).

Lemma 2.4 (see [5,15]) Suppose that f is meromorphic in A with f(0) = 0. Then

m(r, f) < [L+@(5)] T(R, )+ N(R, ), (3.13)
where 0 <7 < R<1,p(t) = ~
3. Proofs of Theorems 1.1 -1.6

Proof of Theorem 1.1. Assume that 0 < 7y = 7, (f1) < T} q(f2) = 72 < 00, by Definition
1.7, it is easy to see that for any given € > 0 and r — 17, we have

T(r, f1) < exp, 1 {(ﬁ +e) {logq_l (1:” m} , (3.1)

1 a10
T(r, f2) < exp,_; {(7’2 +¢) {logq_l <1—r>} } . (3.2)
By using (3.1)-(3.2) and Lemma 2.1, we have

T(r, f1+ f2) <T(r, fr) +T(r, f2) +1log2

oy ) ok ()] Y om0 e ()]
om0 e (1))

Hence oy, o1(f1 + f2) < o10. In addition, if p = g = 1, we can get 7, o (f1 + f2) < 71 +72,ifp>1,
then 71, ;1 (f1 + f2) < 72 for any p > ¢ > 1. On the other hand, for any given £ > 0, there exists a
sequence {rp}o°; — 17 satisfying

T(r, 1) < expy 1 {(n +o) [logq_l (1_17%)]0} , (3.3)
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T(ry, fg)ZGprl{(TQ—s) [logql( ! )]m}. (3.4)

1—r,

By (3.3)-(3.4) and Lemma 2.1, we obtain

T(rn, f1 + f2) 2 T(rn, f2) = T(rp, f1) — log2

s st s e (2 )™ - e o (1))

(3.5)

By (3.5) we have oy, (f1 + f2) > o10. Furthermore, if p = ¢ = 1, then 7, 4 (f1 + f2) > 2 — 71
and 7, o (f1 + f2) > 2 forp>Tlandp>q> 1.

Therefore, we have oy, (f1 + f2) = 010, and if p > 1, then 71, 4(f1 + f2) = 7 4(f2), if

p=gq=1,then n — 7 < 7p(f1 + f2) < 72+ 7. Since T(r, frf2) < T(r, f1) + T(r, f2),

T(r,fuf2) 2 T(r.f2) = T(r,f1) = O(1) and T (r, £ ) = T(r, f2) + O(1), by the above proof.

Opa ([112) = opq(fi/f2) = 010, Tpg(f1f2) = Tpg(fi/f2) = Tpg(f2) for p>1and 7 — 7 <
max{7(f1f2),7(f1/f2)} < 1o+ 71 it p = ¢ =1 also can hold. Moreover, Theorem 1.1 also holds

for 7, 4 (f2) = T2 = oc.

Proof of Theorem 1.2. Without loss of generality, we suppose that 0 < 73 = 7, 4(f1) <
Tp,q(f2) = 74 < 00. Assume that o, (f1) = fip,q(f2) = p3, and by Definition 1.8, it is easy to
see that for any given ¢ > 0, there exists a sequence {r,}2°; — 1~ satisfying

T(ra, 1) < expy 1 {(73 +o) [logq_l (1_17%)]“} , (3.6)

1 H3
T(Tn, f2) < epril {(7—4 + 5) |:10gq1 (1—7"):| } . (37)
By (3.6)-(3.7) and Lemma 2.1, we have

T(rn, f1 + f2) < T(rn, f1) +T(rp, f2) + log?2

< exp,_q {(7'3 +¢) [logq1 (1 _17%)]#3} + exp,_; {(7'4 +¢) [logq1 (1 jrn)]%} + log 2
< 2exp, {(74 o) {logq_l (1_1%>r} .

Hence M[p7q}(f1 + f2) < ps. In addition, if p > 1, then I[p,q](fl + fo) < 7y for p>¢q > 1. On the
other hand, for any given € > 0 and r — 17, we have

T(r, f1) < exp,_; {(Tg +¢) [logql (1 i ﬂ‘“"} ’ (3.8)

r

T(r, f2) > exp,_, {(74 —e) {logq_l (1:” ”3} , (3.9)
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By (3.8)-(3.9) and Lemma 2.1, we obtain

T(r, f1+ f2) > T(r, fo) — T(r, f1) — log 2

oy o ()] Yo om0 fo ()] Ytz

By (3.10) we have pp,q(f1 + f2) > ps and I[p,q](fl + fo) > 1y forp>1and p > q > 1.
Thus we have pip,q(f1 + f2) = p(f2) and if p > 1 and p > ¢ > 1, then 7, ,(f1 + f2) =

)

Tipq(f2). Since T(r, fifo) < T(r,f1) + T(r, f2), T(r, f1f2) = T(r, fo) = T(r, f1) — O(1) and
T(T, }3) = T(r, f2) + O(1), by the above proof, up o(fif2) = ppg(fi/f2) = ppq(f2) and

Tipg ([112) = Tpp g (f1/f2) = Tpp g (f2) also hold if p > 1 and p > ¢ > 1.
The conclusions of Theorem 1.2 also hold for 73 = T@’q]( fi) < I[p,q]( f2) =14 = o0.

Proof of Theorem 1.3. Set 0 < 75 = Tay[p,q(f1) < Tarp,q(f2) = 76 < 00, by Definition 1.7,
for any given ¢ (0 < 2¢e < 75 — 75), there exists a sequence {r,}°°; — 17 satisfying

Tn

M(r, 1) < exp, {(T5 o) [logq_l (1 1 )} UH} , (3.11)

n

M(rn, fo) > exp, {(TG o) [logq_l <1 _1T )] Uu} | (3.12)

We can choose a sequence {z,}°° ;| satisfying |z,| = rn(n =1,2,---) and |fa(2z,)| = M (rp, f2), by
(3.11)-(3.12) we have

M(rn, fr + f2) 2 [f1(zn) + fo(zn)| 2 [f2(20)| = [f1(z0)| = M (rn, f2) = M (ra, f1)

2 eXpy {(7'6 —€) |:logq—1 (1_1%)]011} — exp, {(75 +¢) [logq_1 <1—1rn>] Ju}

Hence oy q(f1 + f2) = 011 and Tz (f1 + f2) = 76. On the other hand, we have

M(r, fi + f2) < M(r, f1) + M(r, fa)

o) i s ()
< 2exp, {(76 te) [k)gql (1;)]0“} ,

therefore oy o (f1 + f2) < 011 and 7, 4(f1 + f2) < 76. Thus we can get oy q(f1 + f2) =
o011 and TM7[p7q}(f1 + fo) = TM’[IJ,q](fg). Moreover, Theorem 1.3 also holds for TM7[p7q](f1) <

T [pyg) (f2) = T6 = oo
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Proof of Theorem 1.4. Since f is an analytic function in the unit disc, from the formula

f(2) = £(0) + / HOd (d=r<1)

where the integral route is a line from 0 to z in the unit disc. We obtain that

M(r, f) < [f(0)] + | /OZ F(QdC < |f () +rM(r, ) < [F(0)] + M(r, f),

1.€.
M(r, f') > M(r, f) — |£(0)]. (3.13)
By (3.13), we have
o fpgl (1) = Onn g (F)s tiaap.g) (F) =t p.q) ()

On the other hand, in the circle |z| = r € (0,1), we take a point zq satisfying |f'(z0)] = M (r, f').
By the Cauchy inequality
f(©)

o) = b ACYN
f (ZO) - 27 L (C — ZO)QdC7
where C' = {(¢: | — 20| = s(r) —r} and s(r) =1 —d(1 —r), d € (0,1). We deduce that

2m s(r
M) =1 ol < g [ | oty - o < 2D,
M(r, f') < (1]‘{ (258 S )T). (3.14)
By (3'14)7 then UM,[p,q](f/) < O'M,[p,q}(f)v MM,[p,q](f,) < NM,[p,q](f)‘ Hence
oM pa)(f) = Ot fpg) () Bt fp,q) (F) = b fp,q) (F)- (3.15)

If 0 < oapg(f) < oo and by (3.13), (3.15), we can get Tarpq(f') = Tarpg(f). Then by
(3.14)-(3.15), if p > g = 1 we can obtain

1
log, M(r, f) _ e log,, [70—@(1—@} log, M (s(r), f)

1 \ompa(f) — 1 \ompi() 7 \ompay(f)
() () ()

log, [m} log, M(s(r), f) _<1>“lep,u<f>
h

<L>0’]\/1,[p,1](f) 7[ 1 }"M,[p,l]( d
1—r 1—s(r)

< max

9
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let d — 1, therefore 7yz o1 (f') < Tarp,q (f); then Tag () = Tarp.g (f)- I p > ¢ > 2, then

log, M(r, ' log, | == log, M(s(r), f)
1 \1oM.p.a(f) < max 1 \1oM.p.a ()’ 1 \1°M.p.a ()
Loz () Loz () logar (25)]

thus we have Tz, 0 (f') < Tag g (f) and TM[pq](f) = T psq) (f')- TEO < pupgp.q (f) < 00, we can
similarly obtain 7,y 1, 41(f) = Tz, pq (f'

Proof of Theorem 1.5. By Lemma 2.2, we have

T(r, ') = m(r, f') + N(r. ') < m(r. f) +m < -’;) LN f)

!/

§2T(r,f)—|—m<r,§>§(2+s) (r f)—i—O{l 117*} (r ¢ Eq). (3.16)

From (3.16) and Lemma 2.3, we have oy, 4 (f') < 0[p7q](f),u[pq](f’) Hipg (f) for p > q > 1,

T (') < Tipg (F)s Tpp g (f) < 4y g () for p > 1 and 711 1y(f') < 2770,y (f)s 711,19 (f") < 27p.19(f)
for p = ¢ = 1. On the other hand, set R =s(r) =1—d(1 —r),d € (0,1) in Lemma 2.4, we have

T(r, f) < <2 + %log (1—d)3(1—r)> T(s(r), f'). (3.17)

By (3.17) and by the similar proof in Theorem 1.4, we have oy, 4(f) < 0pq(f); tip.q(f)
Bip.q (f') for p > q > 1, 7 (f) < Tpg(f)s Tppg(f) < T (f) for p > g > 2 and 7 4(f)
(é)a[m](f)qp’q](f’) for p > ¢ = 1, letting d — 1, therefore the following statements hold:
Ifp>q>2and p>q =1 then op,q(f) = opq(f), tpg(f) = bpqg(f) and 7,4 (f) =
Tip,g (f') for 0 < oy, 4 (f) < 00, T, 1 (f) = Tpp g (f) for 0 < pupp g (f) < 0.
If p=g=1, then o(f) = o(f'), u(f) = p(f’) and 71,1 (f") < 271)(f), 711 1y (f) < 270347 (f)-

<
<

Proof of Theorem 1.6. Without loss of generality, assume that f(a) # 0, by

N<r,f1> :/Orn<t,fl_a)_n<0’fl_a)dt (0<r<l),

—a t

we have

1 1 it (tv f@) 1 1+r 1
n(r+—])< T ———Ladt < N () B18)
f a IOg (1 + 2r ) r t log (1 + 2r ) f a

where 0 < r < 1,log(1 + LX) ~ 12X r — 17, By (3.18), we have

log,n (7, 7% ) log, N (147, 415) ___log, ()
) <max{ lim r 2 e , lim AL (3.19)
o, (i) g () g, ()
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By (3.19), we can obtain

(7“) lfp >q > ]-a then A’ﬁ),q](f’ CL) < Af;ﬂ(f: CL);

(i) if p = q¢ = 1, then \*(f,a) < AN (f,a) + 1;

(iii) if p= g > 2, then A, (f,a) < max {)\][;)’m]( f.a), 1}
On the other hand, by

rn t, %a
N <7", fiQ> = /TO (tf>dt+N <r0, fl—a> <n <7“, fl—a) log <7:)> +0(1), (3.20)

where 0 < 79 < r < 1. By (3.20), we can get

(i) if p > q > 1, then )\fz’q](f,a) < )‘Enq](f’ a);

(id) if p = g = 1, then AN (f,a) < X*(f,a);
(zit) if p = q > 2, then )‘fz,p](ﬁ a) < /\[Z,p}(f’ a).
Therefore, the conclusions of Theorem 1.6 hold.
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Abstract
In this paper, we consider a control system for semilinear integrodifferential
equations in Hilbert spaces with Lipschitz continuous nonlinear term. Our
method is to find the equivalence of approximate controllability for the given
semilinear system and the linear system excluded the nonlinear term, which is
based on results on regularity for the mild solution. Finally, we give a simple
example to which our main result can be applied.

Keywords: approximate controllability, semilinear control system, lipschtiz
continuity, approximate controllability, reachable set

AMS Classification Primary 35B37; Secondary 93C20

1 Introduction

Let H and V' be real Hilbert spaces such that V' is a dense subspace in H. In this
paper, we are concerned with the control results for the following retarded semilinear
control system in Hilbert space H:

{ 7 (t) = Ax(t) + g(t, z(t), [} k(t,s,2(s))ds)) + Bu(t), t>0, 11)
z(0) = xo, '

This research was supported by Basic Science Research Program through the National re-
search Foundation of Korea(NRF) funded by the Ministry of Education, Science and Technol-
ogy(2019R1F1A1048077)
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where t > 0, B is a bounded linear controller, and u(t) is an appropriate control
functions. Let A be the operator associated with a bounded sesquilinear form defined
in V' x V satisfying Garding inequality. Then it is well known that S(t) generated
by A is an analytic semigroup in both H and V*, where V* is the dual space of V,
and so the system (1.1) may be considered as an system in both H and V*. g is is
a nonlinear mapping as detailed in Section 2.

Whether the reachable set associated with control space in dense subset of H.
This is called an approximate controllability problem. As for linear evolution sys-
tems in general Banach, there are many papers and monographs, see [1, 2], Triggiani
[3], Curtain and Zwart [4] and references and therein.

The controllability for nonlinear control systems has been studied by many au-
thors, for example, control of nonlinear infinite dimensional systems in [5], control-
lability for parabolic equations with uniformly bounded nonlinear terms in [6], local
controllability of neutral functional differential systems in [7].

Recently, the approximate controllability for semilinear control systems can be
founded in [8, 9, 10], their results give sufficient condition on strict assumptions on
the control action operator B. Similar considerations of semilinear systems have
been dealt with in many references [11, 12, 13, 14].

We investigate the equivalence of approximate controllability for (1.1) such that
excluded the nonlinear term and the controller. The solution mapping from the
initial space to the solution space is Lipschitz continuous in [0,7]. We no longer
require the strict range condition on B, and the uniform boundedness in [6] but
instead we need the regularity and a variation of solutions of the given equations.
For the basis of our study we construct the fundamental solution and establish
variations of constant formula of solutions for the linear systems, see [15, 16].

Based on L2-regularity properties of semilinear integrodifferential equations in
Hilbert space and the regularity of solutions discussed in Section 2. We will obtain
the relations between the reachable set of the semilinear system and that of its
corresponding linear system in Section 3. Finally, a simple example to which our
main result can be applied is given.

2 Regularity for retarded semilinear equations

If H is identified with its dual space we may write V' C H C V* densely and the
corresponding injections are continuous. The norms on V', H and V* will be denoted
by || - ||, | - | and || - ||+, respectively. The duality pairing between the element v;
of V* and the element vy of V' is denoted by (v, v3), which is the ordinary inner
product in H if vy,v, € H.
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For | € V* we denote (I,v) by the value [(v) of [ at v € V. The norm of [ as
element of V* is given by
l
. = sup -0

vev |l
Therefore, we assume that V' has a stronger topology than H and, for brevity, we
may regard that

lulle < ful < [[ull,  VueV. (2.1)

Let a(-,-) be a bounded sesquilinear form defined in V' x V and satisfying
Garding’s inequality
Re a(u,u) > w||ul|* — ws|ul?, (2.2)

where wy; > 0 and w» is a real number. Let A be the operator associated with this
sesquilinear form:

(Au,v) = —a(u,v), wu, veV. (2.3)

Then A is a bounded linear operator from V' to V* by the Lax-Milgram Theorem.
The realization of A in H which is the restriction of A to

DA)={ueV:Aue H}

is also denoted by A. It is well known that A generates an analytic semigroup in
both of H and V*(see [17]).
From the following inequalities

wilul® < Rea(u,u) +wslul* < |Aul uf + wolul* < max{1, wa}|[ul|pea)|ul.

where
lullpeay = (JAul® + Juf?)'/
is the graph norm of D(A), it follows that there exists a constant C' > 0 such that

1/2
[ull < Cllull iy ul2. (2.4)
Thus we have the following sequence
D(A)cV CcHcCV*c DA, (2.5)

where each space is dense in the next one, which is continuous injection.
Lemma 2.1. With the notations (2.1), (2.4), and (2.5), we have

ViV )22 = H,

(D(A), H)1j22 =V,

where (V,V*)1/20 denotes the real interpolation space between V' and V*(Section
1.3.3 of [18]).
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Assumption (K). Let k : RT x [ — h,0] x V — H be a nonlinear mapping
satisfying the following:

(K1) For any x € V' the mapping k(-, -, x) is measurable;
(K2) There exist positive constants Ky, K7 such that

|k(t, s, x) — k(t,s,y)] < Killz — v,
|k (t,s,0)] < Ko

for all (¢,s) € RT x [—h,0] and x,y € V.

Assumption (G). Let g : R* x V x H — H be a nonlinear mapping satisfying the
following;:

(G1) For any z € V, y € H the mapping g(-, x,y) is measurable;

(G2) There exist positive constants Lo, L1, Ly such that

‘g<t7'xay) _g(tajag)‘ < Lle_‘%H +L2|y_3)|7

forallt e RT, 2,2 €V, and y, € H.

For x € L*(—=h,T;V), T > 0 we set

G(t, z) :g(t,x(t),/o k(t,s, x(s))ds).

The above operator g is the semilinear case of the nonlinear part of quasilinear
equations considered by Yong and Pan [19]. The mild solution of (1.1) is represented
by

t
z(t) = S(t)xg —|—/ {G(s,2(s)0 + Bu(s)}ds, t>0.
0
Lemma 2.2. Let v € L*(0,T;V), T > 0. Then G(-,x) € L*(0,T; H) and
NG 2)|| 20,0 < (Lo + KoLz)\/T + (L1 + Lo KA )| 22 (0,75v) -
Moreover if 1, xy € L*(0,T;V), then

HG('Jh) - G(', $2)HL2(0,T;H) < (L1 + L2K1T)||£C1 - 33'2HL2(0,T;V)- (2~6)
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Proof. Hence, from (K2), (G2) and the above inequality it is easily seen that
NG D) |20mm) < IGO0+ [|G(, 2) — G(-, 0)]|
S Lo\/T—i- L1||x||L2(O,T;V) -+ L2|| / ,1{5(7 S, x<5))d8||L2(O,T;H)
0

< LoVT + Lz 120.0v) + LKA T |2 |20y + KoLaVT
< (Lo + KoLo)VT + (Lt + Ly Ko T)||2|| 20750

Similarly, we can prove (2.6). O

In view of Lemma 2.2, we can apply the regularity results of Theorem 3.1 of [10]
to (1.1), and so we obtain the following results.

Proposition 2.1. 1) Let zo € H and k € L*(0,T;V*), T > 0. Then there exists a
unique solution x of (2.7) belonging to

L*(0,T;V)nWb(0,T;V*) c C([0,T]; H)
and satisfying
2| 220, vyt 20,m5v+) < Cr(lmol + [1K]|z20,75v+)) (2.7)
where Cy is a constant depending on T
2) If v € H and k € L*(0,T;V*), then the mapping
H x L*(0,T;V*) 3 (w9, k) = x € L*(0,T; V) n W0, T; V*)
1s Lipschitz continuous.

Here, we note that by using interpolation theory, we have that for z € L2(0,T; V)N
Wh2(0, T;V*), there exists a constant Cy > 0 such that

2|l comsmy < Coll2l| L2(0,mv)nwr20,mv+)- (2.8)

3 Approximately reachable sets

Let U be a Banach space and the controller operator B is bounded linear operator
from another Banach space U to X.
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Let S(t) be an analytic semigroup generation by A. Then we may assume that there
exists a positive constant Cy such that

IS < Co,  N[AS@)]] < Co/t(t > 0). (3.1)

The solution x(t) = z(t; zo, G, u) of initial value problem (1,1) is the following form:
t
x(t; xo, G,u) = S(t)zg + / S(t —s){G(t,z(s)) + Bu(s)}ds, t >0,
0

For T > 0, o € H and u € L?(0,T;U) we define reachable sets as follows.

Ly(xo) = {o(T; 20,0,u) : u € L*(0,T;U)},
Ry(z0) = {z(T; 20, G, u) : u € L*(0,T;U)},
L(zo) = | Lr(z0), R(zo) = | Rr(xo).

>0 >0

Definition 3.1. (1) System (1.1) is said to be H-approzimately controllable for
initial value xy (resp. in time T ) if R(xo) = H ( resp. Rp(xo) = H).
(2) The linear system corresponding (1.1) is said to be H-approzimately controllable

for initial value xo (resp. in time T ) if L(xg) = H ( resp. Lr(xo) = H).

Remark 3.1. Since A generate an analytic semigroup, the following (1)-(4) are
equivalent for the linear system (see [2, Theorem 3.10]).

(1) L(zo)=H VNxy€H.
(2) L(0)=H.

(3) Lr(xzg)=H Vzo€ H.
(4) LT(O> =H.

Theorem 3.1. For any T > 0 we have

RT(O> C LT(O) .

Proof. Let zp ¢ Lr(0). Since Ly(0) is a balanced closed convex subspace, we have
azy ¢ Lp(0) for every a € R, and

inf{||zo — z|| : 2 € Lr(0)} = d.
By the formula (2.7) we have

12050, G, w)ll20,mv) < CullBl[|ull 20,009 (3.2)
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where C is the constant in Proposition 2.1. For every u € L?(0,T;U), we choose a
constant o > 0 such that

Cof (Lo + KoLo)VT + (L1 + LoFy T)Co| B|||ul| 20 70} < . (3.3)
Hence form (3.2), (3.3) and by using Holder inequality, it follows that
|z(T;0,G, u) — az
> |/ — s)Bu(s)ds — azy| — |/ $)G(s,z(s))ds|
> ad — Co{(Lo + KoLo)VT + (L + LoFK0T)||2]| 20,71 }
> ad — Co{(Lo + KoLo)VT + (L + Loy K T)Ch|| B[|ul| 20,000 > 0.
Thus, we have azy ¢ Ry(0). O

Lemma 3.1. Suppose that k € L*(0,T; H) and z(t) = fg S(t — s)k(s)ds for 0 <
t <T. Then there exists a constant C3 such that

|2l L20m00a)) < CullEl[ L2001y,
HxHLQ(O,T;H) < O3T||kHL2(O,T;H)7 (35)

and

12|20y < CsV'T K| 20,70 (3.6)

Proof. The assertion (3.4) is immediately obtained by (2.7). Since

HxH%?(O,TH = fo |f0 (t — s)k(s)ds]?dt < Cy fo fo |k(s)|ds)?dt
<y fo tfo |k(s)|?dsdt < CoL- fo |k(s)|?ds

it follows that
|| L2070y < TN/ Co/ 2|kl 200,71
From (2.4), (3.4), and (3.5) it holds that

12| 2200y < O/ CLT(M/2) K| 201, 10)-

So, if we take a constant C3 > 0 such that

= max{+/Cy/2, C\/a(00/2)1/4}’

the proof is complete. n
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Theorem 3.2. Under Assumptions (K) and (G), for any xy € H we have

Ly(xo) C Ry(xy).

Proof. Let uw € L?(0,T;U) be arbitrary fixed. Then by (2.7) we have

||90u||L2(o,T;V) < C'1(|5L’0| + ||B||||U||L2(0,T;U))a

where x,, is the solution of (1.1) corresponding to the control u. For any € > 0, we
can choose a constant § > 0 satisfying

min{v/3,8} < min[{7Cs(Ly + LyK )}, (3.7)
6{03([/0 + KoLzﬁ)}ila
e{C3(Ly + La K\ T)(C1 Collzal | 20y 2omvey + €))7
e{ C5(Col|zul| 200,73 w20, + €) (L1 + L2K1T)}_17
{(C2(Lo + KoLy)VT + €)(Ly + LyK,T)} '] /6.

Set
xy:=2(T — §;20,G,u) = S(T — 0)xo+

+ /T5 S(T — 6 — s)G(s,xu(s))ds + /T6 S(T — 6 — s)Bu(s)ds,

where x,,(t) = z(t; o, G,u) for 0 <t < T. Consider the following problem:

{ y'(t) = Ay(t) + Bu(t), §<t<T, 58)

y(T—96) =z, y(s)=0 —h<s<N0.
The solution of (3.8) with respect to the control w € L*(T — §,T;U) is denoted by
T
Yu(T) = S(6)x1 + / S(T — s)Bw(s)ds (3.9)
T-5
-5
— S(T)zo + S(5) / S(T — 65— 8)C(s, 7a(s))ds
-5 ’ T
+ 5(9) / S(T —§ — s)Bu(s)ds + / S(T — s)Bw(s)ds.
0

T—6
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Then since z € Ly(xg), and Lr(x¢) = L(0) is independent of the time 7" and initial
data zo(see Remark 2.1), there exists w; € L*(T — §,T;U) such that

€
sup |y, (1) — 2| < =, (3.10)

T—6<t<T 6

and hence, by (3.9),

t
’ S(T — S)Bwl(S)dS| < COquHLQ(O,TfJ;V) + %, t—90 <t< T. (311)
T—6

Now, we set
u it 0<s<T—4,
v(s) = .
wi(s) H T—-d<s<T.

Then v € L?(0,T;U). Observing that

(6 G, v) = S(t)z + /0 St —1){G(r,2,(7)) + Bv(7) }dr,

from (3.9) and (3.10) we obtain that

‘x(T;%, G> U) - Z’ S |yw1(T) - Z‘ + ‘x(T;an G7 U) - ywl(T)’ (312)
< Y, (T

) —
T -5
+ | /0 S(T — s)G(s,x,(s))ds — S(9) /0 S(T — 6 — 5)G(s, xu(s))ds|

7|

+\A ﬂT—@BMQ%—SQXAAﬂT—é—@Bmgﬁ

T
- S(T — s)Bwi(s)ds|
-5
c T
<Sh | [ ST = 5)G (s, (5))ds]
6 T
< Il

6
Here, we remind that the z,, is represented by
Ty, (1) =S () 2(T — 0; 20, G, 1)

t

+ / S(T — s)G(s, Ty, (s))ds + / S(T — s)Bw;(s))ds

T—6 T—6
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for T'— 0 <t <T. Here, by (2.7) we have
1S()2(T — 6520, G, u)|| L2075y < Chlz(T — 8520, G, u))| (3.13)

< C1Col|zul |20 vyrwrzo.1ve)-

Put .
p(t) = / S(t — $)G(s, 2w (s))ds, T—6<t<T
75
and
T
q(t) == S(t—s)Bwy(s)ds T —6<t<T.
t—5

Then with aid of (3.6) of Lemma 3.1 and Lemma 2.2, we have

Pl L2(r—s.1v) < 03\/5HG('7xwl)HLQ(TﬂS,T;V) (3.14)
< O3V {(Lo + KoLo)VT + (I + Lo K\ T) ||, || 22¢r—s5 1) }
and by (3.11),

€
6
Since Csv/0(Ly + Ly K1 T)) < 1 by virtue of (3.7), by (3.13)-(3.15), we get

gl ze(r—sv) < \/S(COH-TUHLQ(O,T—&V) +-). (3.15)

2w, || L2(r=5,mv) ACLCo||Tul| 220,057y W 20,73v%) (3.16)
+ VB(Collzullzor-sv + )
+ CsV/OT (Lo + KoLo) H{1 — CsV/5(Ly + LKA T))} .
Hence, with aid of (3.6), (3.7), (3.16), and by using the Holder inequality, we have

I =| - S(T = 5)G(s, 4, (s))ds| (3.17)

< C3VT{(Lo + KoLz) + (L1 + Lo Ko T)|@w, || z2¢r—s5m) }
< Csﬁ([/o + KoLy) + 03\/(_5@1 + L2K1T){Clc2||$u||L2(0,T;V)mwl»2(o,T;V*)
+ V8(Col |0 r-s) + 5)
+ C5VOT (Lo + KoLo) Y1 — CsVo(Ly + LK, T))} ' < %
Therefore, by (3.12) and (3.17), we have
||2(T; 0, G,v) — 2|l <,

that is, z € Rr(xg) and the proof is complete. ]
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Remark 3.2. Noting that H([0,T];U) is dense in L*(0,T;U), we can obtain the
same results of Theorem 3.2 corresponding to (1.1) with control space

H([0,T);U) = {w: [0,T) = U : |w(t) —w(s)| < Holt —s|?, 0 <6 <1, Hy> 0}
instead of L*(0,T;U)
From Theorems 3.1-2, we obtain the following control results of (1.1).

Corollary 3.1. Under Assumptions (K) and (G), for T > 0 we have

LT(ZL’()) =H «— RT<J]0) =H.

Therefore, the approzimate controllability of linear system (1.1) with g = 0 is equiv-
alent to the condition for the approximate controllability of the nonlinear system

(1.1).
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Abstract : In this paper we introduce the modified degenerate degenerate poly-tangent polynomials
and numbers. We also give some properties, explicit formulas, several identities, a connection with
modified degenerate poly-tangent numbers and polynomials, and some integral formulas. Finally,

we investigate the zeros of the modified degenerate poly-tangent polynomials by using computer.

Key words : Tangent numbers and polynomials, degenerate poly-tangent numbers and polynomi-

als, Cauchy numbers, Stirling numbers, modified degenerate poly-tangent polynomials.
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1. Introduction

Many mathematicians have studied in the area of the Bernoulli numbers and polynomials, Euler
numbers and polynomials, Genocchi numbers and polynomials, tangent numbers and polynomials,
poly-Bernoulli numbers and polynomials, poly-Euler numbers and polynomials(see [1-11]). In this
paper, we define modified degenerate poly-tangent polynomials and numbers and study some prop-
erties of the modified degenerate poly-tangent polynomials and numbers. Throughout this paper, we
always make use of the following notations: N denotes the set of natural numbers and Z, = NU{0}.

Carlitz [1] has defined the degenerate Stirling numbers of the first kind and second kind,
S1(n, k,\) and S2(n, k,A) by means of

(1(&”) — k'S Si(n,k, )\)%7 (1.1)

n=~k

((1+>\t)1/A - 1>k Zk!iSQ(n,k,/\)%. (1.2)

n==k
Howard [12] has defined the degenerate weighted Stirling numbers of the first kind and second
kind, S1(n, k,z, \) and Sa(n, k,x,\) by means of

. PN k 0o n
(1— t)/\—a: (1(1/\15)) =k! Z Si(n, k,x, )\)%, (1.3)

n==k
k e £
(1+ M)/ ((1 FADVA - 1) =K Saln, ke, N) . (1.4)
ot n!
The generalized falling factorial (z|\),, with increment A is defined by
n—1
(@[ Mn = [] (= = Mk).
k=0
The generalized raising factorial < x|\ >,, with increment A is defined by
n—1
< z|A >p= H (x + A\k).
k=0
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for positive integer n, with the convention (x|\)g = 1. We also need the binomial theorem: for a

variable x,
el tn

L+ M)A =Y " (z|\)n —
n=0
The degenerate poly-Bernoulli numbers B,(Ik) (M) were introduced by Kaneko [5] by using the following

generating function

le(l—e k
m ZB() |, (k € Z), (1.5)

where
Lig(t Z nk (1.6)
n=1
is the kth polylogarithm function.
The degenerate poly-Euler polynomials 57(1k) (z, \) are defined by generating function

Lix(1—e™)

z )\ k

The familiar degenerate tangent polynomials T, (x,\) are defined by the generating func-
tion([7]):
2
(e

When z =0, T,,(0,\) = T,,(\) are called the degenerate tangent numbers. The degenerate tangent

>(1+At”0/A ZT x)\ . (12t < 7). (1.8)

polynomials T (z, \) of order r are defined by

2 T
) I+ A=) T (12t < ). 1.9
(wrags) G0 =S a0ens, @<n.

It is clear that » = 1 we recover the degenerate tangent polynomials T, (x, \).
The degenerate Bernoulli polynomials B( )(m, A) of order r are defined by the following gener-

ating function

t
<<1+mu—1) (14207 = ZB“M . (1t < 2m). (1.10)

The degenerate Frobenius-Euler polynomials of order r, denoted by Hﬁf)(m x, ), are defined as

1—u "
_ At) @/A H(’”) /\ 1.11
((1+)\t)1//\—u> (1+ Z (v, (L11)
The values at z = 0 are called degenerate Frobenius-Euler numbers of order r; when r = 1, the
polynomials or numbers are called ordinary degenerate Frobenius-Euler polynomials or numbers.

The degenerate poly-tangent polynomials 7}(k) (z, \) are defined by the generating function:

2Ly, (1 —e™?) > tm
SR 4= TR () —, (k€ 7). 1.12
T T = T (ke ) (112)
When z = 0, T,Sk)(O, A) = Ték)(m, A) are called the degenerate poly-tangent numbers. Many kinds
of of generalizations of these polynomials and numbers have been presented in the literature(see
[1-12]). In the following section, we introduce the modified degenerate poly-tangent polynomials

and numbers. After that we will investigate some their properties. We also give some relationships
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both between these polynomials and modified degenerate poly-tangent polynomials and between
these polynomials and cauchy numbers. Finally, we investigate the zeros of the modified degenerate

poly-tangent polynomials by using computer.

2. Modified degenerate poly-tangent polynomials

In this section, we define modified degenerate poly-tangent numbers and polynomials and pro-
vide some of their relevant properties.
The modified degenerate poly-tangent polynomials 771(k) (z,\) are defined by the generating

function:

2Lix (1= (1+ xt)~1/%)

(14 M)™/* = () >\ keZ). 2.1
(14 Xt)2/A +1 * ZT (=, (keZ) (2.1)

When z = 0, 'E(k) (0,A) = 'E(k) (z, \) are called the degenerate poly-tangent numbers. Upon setting
k=11n (2.1), we have

7,0 Z())\" LS (L, )Ty (e, A) for n > 1.
1=0
By (2.1), we get
- 2Lig, (1 — (1 + At)~ /A
= 1 + At)2/A + 1

o0

T D \mg (22)

o0 t”

By comparing the coefficients on both sides of (2.2), we have the following theorem.

Theorem 2.1. For n € Z,, we have

n

TP @2 =3 (7) A OVCIE

=0

The following elementary properties of the degenerate poly-tangent numbers T(k)( A) and poly-
nomials ’Tn(k)(x, A) are readily derived form (2.1). We, therefore, choose to omit details involved.

Theorem 2.2. For k € Z, we have
Y\ —(k
W 7@+ =3 ()TN

@) T2 =3 (1) (}) 700 <ol >

1=0
Theorem 2.3 For any positive integer n, we have

n

1) T8 (ma, \) Z( )T(k) (2, ) ((m = Da|A)n_
=0 (2.3)

2) T®(x 41, = T,5( Z( )T““) 2, A) (1A

=0
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From (1.6), (1.8), and (2.1), we get

s n Lig (1 — (1 4+ M)~/
ZT’SM(I’A)H - (2 k((1+/(\t)2/kj)tl >> L+ 207/

:Om (1= (1427 90 4 ap)=/A
- ; (+1)* 1+ Xt)2/A +1
- i (i +11)’“ li (l t 1) (_1)i2(1 Jr(fiw;:)(;;rj?m (2.4)

n=0 \ =0 i=0 j=0
By comparing the coefficients on both sides of (2.4), we have the following theorem.

Theorem 2.4 For n € Z,, we have

o I+1 n ﬂ+l j
T8 (2, \) ZZZ (ltl) (j) 5@ ) <A >0

1=0 ¢=0 j=0
oo I+1 N
) [(l+1
ZZ =) (* )Tn(x—i,A).
=0 i=0
By (2.1), we note that
I+1
0 tn ]_ + )\t) 1//\) .
*) (2, \)— =2 Y1+ e/ 1+ At)™/*
> gy =2 S B
) l _ i+1
1—(1+Xt)" A , ;
— 222 ( ( . )k ) (_1)l—z(1 + )\t)(2l—21)/)\(1 + )\t)w//\
1=0 i=0 (i+1)
o I i+1 2(—1 l+7—1 Hfl 4 )
=> 200 ) ) - k( ) (14 At)@=2i4a)/A (1 4 \p)=I/2
1=0 i=0 j=0 (i +1)
i izl: i+l Z": 2(71)”]'*2'(”?1)(;;)(21 =20+ 2[N)m < JIA >emy |
= A k} 7'.
n=0 \ I=0 =0 j=0 m=0 (i+1) G
Comparing the coefficients on both sides, we have the following theorem.
Theorem 2.5 For n € Z,, we have
o Lt DI (D) (P) (21 = 20 + 2N < jIA >
(k) )\ j m m (n—m)
T =333 3 i
=01 7=0m=0
oo I i+1 2(_1)l+]—z (iJ]rll) (21 — 92 —j + x‘)\)m
= B k
1=0 =0 j=0 (i+1)
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3. Some identities involving degenerate poly-tangent numbers and polynomials

In this section, we give several combinatorics identities involving degenerate poly-tangent num-
bers and polynomials in terms of degenerate Stirling numbers, generalized falling factorial functions,
generalized raising factorial functions, Beta functions, degenerate Bernoulli polynomials of higher
order, and degenerate Frobenius-Euler functions of higher order.

By (2.1) and by using Cauchy product, we get

m
9 (@, \) =

n

[M]8

0

_ <2Lik (1- 1+>\t)1/’\)>
=0

3
Il

(1+)‘(t)2”+1 (1— (1- (1+)\t)—1/x))—f

OMir (1= (14 M) YN & /el -1 -
B k((1+A(t)2/A+)1 )Z< +l )(1—(1+)\t) /Ayl

l

(3.1)
- 1+ A)Y> —1)! (2L (1 — (1 + M)~/
:Z<m>l((+ ) )’ i (1 — ( ) )(lJr)\t)fz/A
— I (1+ X)2/X+1
=D <a>) S b)Yy TN
=0 n=0 n=0
tTL
= Z <ZZ< )52 LLNTE (=10 < 2 >l> —,
=0 i=l G
where <z >=z(z+1)---(x+1-1)( > 1) with < 2 >¢= 1.
By comparing the coefficients on both sides of (3.1), we have the following theorem.
Theorem 3.1 For n € Z,, we have
T8 (2, \) ZZ( >52 LTI (=LA <2 > .
=0 i=l
By (2.1) and by using Cauchy product, we get
= t
ST
2Lij, (1 — (14 At)~ /) -z
= (1+xt)~1/*
( (1+At2/A+1 (1- £207)
C2Lip (1= (14 M) 7)) &
— 1 At —1/2\1
(1+At)2/A +1 Zg( ) — (LA
B (3.2)
+

M|

(14 X)~YA((1+ M)Y/> = 1)F [ 2Lig (1= (1 + A) =)
s ! 1+ A2 11

o~
Il
<

<3:>ZE:S2 n,l,—I,\ %i n(lc)()\)ﬁ
—z(zz() AT <x)

=0 i=l

|P%8

where <z >=z(z+1)---(x+1—-1)( > 1) with < 2 >¢= 1.

By comparing the coefficients on both sides of (3.2), we have the following theorem.
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Theorem 3.2 For n € Z, we have
T8 (2, \) ZZ ( ) L-LNTE N <2 > .
=0 i=l
By (2.1) and by using Cauchy product, we get

s tn 2Lij, (1 — (1 + At)~Y) e
) (2, \)— = (14 x)Y* — 1
;::07;‘ (=, )n! ( (14 Xt)2/X +1 ( + D+ )

2Lig (1— (14 2)71) & a1\
T a2 1 +A) 1>

2 (@ aptA - ) 2Lig (1= (1+ At)~1/%)
=2 (@) Il ( k(1+At)2/A+1 (8:3)

OM

:Zj I;)Sznu _;)Ték)f;
—Z(ZZ() )i z,z,w(’“);.
1=0 =l ’

By comparing the coefficients on both sides of (3.3), we have the following theorem.

Theorem 3.3 For n € Z, we have

T, => () )18 (i, 1L, )T
=0 i=l

By (1.2), (1.10), (2.1), and by using Cauchy product, we get

ST (@, ) =
n=0 n

([ 2Lig (1= (14 Xt)"H2)
B (14 M)2/* 41

) (1 + At)*/*

L+ M)A —1)r 7l t r . 0 tn
:(< 1! ) ﬂ<(1+)\t)1/)‘1> (1+Xt) /Anz:on(k)()\)a
- i S i, T
— ((1+At1! 1) (;)B;r)(x7x);) <ZO7—(k)( ) ) t:
’I’L n—l )
_ Z (Z (H—Z) 2L+ 7,7, )\)Z <n Z— Z>Bl(7')(x,>\)7;(f)l_i(>\)> %

=0 T i=0

By comparing the coefficients on both sides, we have the following theorem.

Theorem 3.4 For n € Z, and r € N, we have

n n-—l n n l
T (2, \) Z l+r )5'2 I+, r)T(k)l;B(»r)(x,)\).

g’
=0 i= r
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By (1.2), (1.11), (2.1), and by using Cauchy product, we get

e tn
;ﬁk)(x7)‘)ﬁ
~ 2Lig (1— (14 M)~/
(1+M)2/A +1
_ (@) ) ( 1—u )T (11 A0 2Lix (1 — (1 + At)~1/?)
(1—wu)r (1+ M)A — (1+ M)2/A +1
1 2L, (1— (1+ X))

(14 At)™/A

r

> t" T . .
= H(T) 2\ — 14 M PN, \T—1

nz;o w (s AV ; (z>( MR SR w37
_ 1 ~(r ( u)T*iiH(T)(u z )\)ﬁi (k) (; )\)ﬁ

(1 - u)r i=0 i n=0 ! o ! n=0 ! 7 n!

(B EOemmio)

By comparing the coefficients on both sides, we have the following theorem.

Theorem 3.5 Forn € Z, and r € N, we have
- JroiE ) *) (7
T8 (2, \) = Ao ;g()() H," (u,z, \)T,7, (i, \).

By (1.2), (1.11), (2.1), and by using Cauchy product, we get

S T8 w0

n=0
2Ly (1 — (1 4+ Xt)~1/A 1 X 41
(1+ Xt)2/XA +1 (1+ X)X +1

2Lix (1 — (1 + A\t)~ /A 1/A
_ 1k ( ( + ) ) (1 + )\t)z/)\ (1 + At) + 1
(1+ X)X +1 I+ M)A 41 1+ )2 +1

= (Z W (e, A)Z}) (Z 5 (Ta(1,0) + T, () i,)

_ (;Z (7) (T (1,0) + T () €47 (2, ”) il

n=0 =0
By comparing the coefficients on both sides, we have the following theorem.

Theorem 3.6 Forn € Z, and r € N, we have
1<~ (n
(k) _ 2 (k)
T (x, A) = 5 ZE_O (l) (T (1,X) +Tr(N)E, " (z, N).

By (1.2), (1.11), (2.1), and by using Cauchy product, we get

> t" 2Ly, (1 — (14 At)~ /> 1— (14 At)"/A
Z (k 1k ( ( ) ) (1 + )\t)w/k ( + )
(14 Xt)2/A +1 1—(1+xt)-t/A

n=0

n=0

- (ZOBW”Z) (Z (Tl 3) = Tl — 1,)) ;,)
Z( ( ) (a:,)\)—Tn(x—l,/\))Bff)l(a:,/\)> =
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By comparing the coefficients on both sides, we have the following theorem.

Theorem 3.7 Forn € Z; and r € N, we have

T®E (@A) =Y (’;) (Tn(2, ) = Tz — 1,1) BE, (V).
1=0
By Theorem 3.6 and Theorem 3.7, we have the following corollary.

Corollary 3.8 Forn € Z, and r € N, we have

5 (7) a1 + T £ 0

o~ (" (k)
—9 0 (z) (T (z,A) = T (z — 1,1) B, ().

3. Distribution of zeros of the degenerate poly-tangent polynomials

This section aims to demonstrate the benefit of using numerical investigation to support theo-
retical prediction and to discover new interesting pattern of the zeros of the degenerate poly-tangent
polynomials 7;L(k)(ac7)\). The degenerate poly-tangent polynomials ’EL(k) (x,\) can be determined
explicitly. A few of them are

€T

)

0,
1

=342 X422

=4-3-227Fp2.37F L ox 3. 217k N 1202 — 9z
+3-27Fz — 6z + 322,

T (@, \) =34+ 332k L 7. 017k 13,937k _g .31k _4.32°k _9g)
+3-237FN 432N 4327 - 3302 411 - 21 7F A2 — 603
+ 162 —3-2"F2 183" gy £ 54 r — 3227 P x — 3. 237 F e
+ 22020 — 1822 4+ 3- 227 %22 — 18)\2? + 443,

z,

z,

o (2, 2)
T (2, 2)
T3 (w, 2)
T3 (w,2)

We investigate the beautiful zeros of thedegenerate poly-tangent polynomials 7}(16) (z,\) by
using a computer. We plot the zeros of the poly-tangent polynomials 7;l(k)(x, A) for n = 30,k =
—5,—1,1,5,A = 1/2, and € C(Figure 1). In Figure 1(top-left), we choose n = 30 and k = —5. In
Figure 1(top-right), we choose n = 30 and k = —1. In Figure 1(bottom-left), we choose n = 30 and
k = 1. In Figure 1(bottom-right), we choose n = 30 and k = 5. Stacks of zeros of 7;1(k)($,>\) for
1 <n <30 from a 3-D structure are presented(Figure 2). In Figure 2(left), we choose k = —5. In
Figure 2(middle), we choose k = 1. In Figure 2(right), we choose k = 5. Our numerical results for
approximate solutions of real zeros of 7:5’“)(:5, A), A = 1/2 are displayed(Tables 1, 2).
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Figure 1: Zeros of ’El(k)(x, A)
Table 1. Numbers of real and complex zeros of Tn(k)(x, A)
k=-10 k=1 k=10
degree n || real complex zeros | real complex zeros | real complex zeros

2 1 0 1 0 1 0
3 2 0 2 0 2 0
4 3 0 3 0 3 0
5 4 0 4 0 4 0
6 5 0 5 0 5 0
7 6 0 2 4 2 4
8 5 2 3 4 3 4
9 6 2 4 4 4 4
10 5 4 5 4 5 4
11 6 4 6 4 6 4
12 7 4 7 4 5 6

The plot of real zeros of Tn(k)(:z:, A) for 1 < n < 30 structure are presented(Figure 3). In Figure
3(left), we choose k = —5 and A = 1/2. In Figure 3(middle),we choose k =1 and A = 1/2. In Figure
3(right), we choose k =5 and A = 1/2.

We observe a remarkable regular structure of the complex roots of the degenerate poly-tangent
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Figure 3: Real zeros of 7;1(16)(1:, A) for 1 <n <30

polynomials ’E(k)(a:, A). We also hope to verify a remarkable regular structure of the complex roots
of the degenerate poly-tangent polynomials Tn(k)(:z:, A)(Table 1).

Next, we calculated an approximate solution satisfying poly-tangent polynomials 7;L(k) (x,\)=0
for z € R. The results are given in Table 2 and Table 3.

Table 2. Approximate solutions of 771(k) (z,\)=0,A=1/2,k=-5

degree n x

2 30.250

3 —53.896, —6.1044

4 —77.421, —8.8591, —2.9699

5 —100.91, —11.489, -—3.9628, —1.6365

6 —124.39, —14.080, —4.7720, -—2.3421, —0.66874

7 —147.85, —16.655, —5.4611, —3.0181, —1.0879, 0.076439
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Table 3. Approximate solutions of 7,8 (£, \)=0,A=1/2,k=5

degree n x
2 1.7188
3 0.95682, 2.9807
4 0.44597, 2.2234, 3.9869
5 0.13979, 1.4750, 3.4758, 4.7844
6 0.090663, 0.71964, 2.7246, 4.7571, 5.3017
7 1.9752, 3.9751

By numerical computations, we will make a series of the following conjectures:

Conjecture 4.1. Prove that 7;1(“(1:, A),x € C, has Im(x, \) = 0 reflection symmetry analytic

complex functions. However, Ty(Lk) (x,M), k # 1, has not Re(x, A) = a reflection symmetry for a € R.

Using computers, many more values of n have been checked. It still remains unknown if the
conjecture fails or holds for any value n(see Figures 1, 2, 3). We are able to decide if 7;1(“(1', A)=0
has n — 1 distinct solutions(see Tables 1, 2, 3).

Conjecture 4.2. Prove that 7;1(1@)(%7 A)) = 0 has n — 1 distinct solutions.

Since n—1 is the degree of the polynomial 7}(16) (x,\), the number of real zeros RTysk)(zy)\) lying on
the real plane I'm(z, A) = 0 is then Rﬂsk)(%)\) =n—1- Cﬁgk)(%)\), where Cﬁﬁ’”(m,A) denotes complex
zeros. See Table 1 for tabulated values of RTTEk,)(w, N and C’TTE;C)(% NE The author has no doubt that
investigations along these lines will lead to a new approach employing numerical method in the
research field of the degenerate poly-tangent polynomials Tn(k)(x, A) which appear in mathematics
and physics.

Acknowledgement: This work was supported by the National Research Foundation of Ko-
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On the Carlitz’s type twisted (p, ¢)-Euler polynomials and
twisted (p, ¢)-Euler zeta function
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Abstract : In this paper we construct Carlitz’s type twisted (p, ¢)-Euler zeta function. In order
to define Carlitz’s type twisted (p,q)-Euler zeta function, we introduce the Carlitz’s type twisted
(p, q)-Euler numbers and polynomials by generalizing the Euler numbers and polynomials, Carlitz’s
type g-Euler numbers and polynomials. We also give some interesting properties, explicit formulas, a
connection with Carlitz’s type twisted (p, ¢)-Euler numbers and polynomials. Finally, we investigate

the zeros of the Carlitz’s type twisted (p, g)-Euler polynomials by using computer.

Key words : Euler numbers and polynomials, ¢-Euler numbers and polynomials, (h,q)-Euler
numbers and polynomials, Carlitz’s type twisted (p, ¢)-Euler numbers and polynomials, (p, ¢)-Euler

zeta function, twisted (p, ¢)-Euler zeta function.

AMS Mathematics Subject Classification : 11B68, 11540, 11S80.
1. Introduction

Many mathematicians have studied in the area of the Bernoulli numbers and polynomials,
Euler numbers and polynomials, Genocchi numbers and polynomials, tangent numbers and polyno-
mials(see [1-10]). In this paper, we define Carlitz’s type twisted (p, ¢)-Euler numbers and polynomials
and study some properties of the Carlitz’s type twisted (p, ¢)-Euler numbers and polynomials.

Throughout this paper, we always make use of the following notations: N denotes the set of
natural numbers, Z; = N U {0} denotes the set of nonnegative integers, Zg = {0,—-1,-2,-3,...}
denotes the set of nonpositive integers, Z denotes the set of integers, R denotes the set of real
numbers, and C denotes the set of complex numbers.

We remember that the classical Euler numbers E,, and Euler polynomials E, (x) are defined

by the following generating functions(see [1, 2, 3, 4, 5])

2 =
= E,—, (t . 1.1
1= 2 By (<) (1)
and
2 Vet =3 Bae) (1 <) (12)
_ = () —, ). .
et +1 = n!
respectively.

The (p, g)-number is defined as

" —q" _
pP—q =

n72q_~_pn73q +_._+p2qn73 +pqn72+qn 1.

[n]pq =

It is clear that (p, ¢)-number contains symmetric property, and this number is g-number when p = 1.
In particular, we can see limg_,1[n], ¢ = n with p = 1.
By using (p, ¢)-number, we define the (p, ¢)-analogue of Euler polynomials and numbers, which

generalized the previously known numbers and polynomials, including the Carlitz’s type g-FEuler
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numbers and polynomials. We begin by recalling here the Carlitz’s type ¢-Euler numbers and

polynomials(see 1, 2, 3, 4, 5]).

Definition 1. The Carlitz’s type g-Euler polynomials E,, ,(x) are defined by means of the
generating function

n o0

Fyt,w) = Epgla 2y Y (~1)mgmelmtelat, (1.3)

n=0 m=0
and their values at « = 0 are called the Carlitz’s type ¢-Euler numbers and denoted E,, 4.
Many kinds of of generalizations of these polynomials and numbers have been presented in
the literature(see [1-10]). Based on this idea, we generalize the Carlitz’s type ¢-Euler number E,, ,
and g¢-Euler polynomials E,, ,(x). It follows that we define the following (p, ¢)-analogues of the the
Carlitz’s type g-Euler number E,, ; and ¢-Euler polynomials E,, ,(z) (see [6, 7, 9, 10]).

Definition 2. For 0 < ¢ < p < 1, the Carlitz’s type (p, ¢)-Euler numbers E,, , , and polyno-

mials E, , 4(z) are defined by means of the generating functions

’I’L

Z pa =20y Y (—1)mgmelmleat, (1.4)

m=0
and -
Fpq(t, ) ZEnpq =2, Z(_l)mqme[m+x]p’qtv (1.5)
m=0
respectively.

In the following section, we define Carlitz’s type twisted (p, ¢)-Euler zeta function. We introduce
the Carlitz’s type twisted (p,q)-Euler polynomials and numbers. After that we will investigate
some their properties. Finally, we investigate the zeros of the Carlitz’s type twisted (p,q)-Euler

polynomials by using computer.
2. Twisted (p, ¢)-Euler numbers and polynomials

In this section, we define twisted (p, ¢)-Euler numbers and polynomials and provide some of

their relevant properties. Let r be a positive integer, and let w be rth root of 1.

Definition 2. For 0 < ¢ < p < 1, the Carlitz’s type twisted (p, ¢)-Euler numbers E,, , 4. and

polynomials E,, ;, 4. () are defined by means of the generating functions

Fpq0(t) = Z Enpgol 2]q Z 1)mgmwmelm et (2.1)
n=0 m=0
and -
Fpqu(t, @) Z Erpaw =[2] Z (—1)mgmwmelmtelrat, (2:2)
! m=0
respectively.

Setting p = 1 in (2.1) and (2.2), we can obtain the corresponding definitions for the Carlitz’s
type twisted g-Euler number E, ;. and g-Euler polynomials E, , . (z) respectively. Obviously, if

we put w = 1, then we have

En,p,q,w(l”) = Emnq(l’)v Enpagw = Enpg-

Putting p = 1, we have

éi_}rr% Eppgw(@) =FEyu(z), ImE,pqw=FEnq..

q—1
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By using above equation (2.1), we have

oo t" oo
Z En%q,wa = (2], Z( l)mqmwme[m]p a
n=0 N m=0 (23)
I \"<~(n 1 tn
= 21 [ —— Y )
£ (= () 8 (o) ¥
By comparing the coefficients % in the above equation, we have the following theorem.
Theorem 3. For n € Z, we have
I \"<~(n 1
Enpow=102]4| — S [ |
pace = 2o (p— Q> — <l>( T T oy
If we put p = 1 in the above theorem we obtain
1 \"& (n 1
E - l
v =2 (755) 2 ()N
By (2.2), we obtain
E (z) = [2] 1 nzn: n (71)qulp(nfl)z; (2.4)
n,p,q,w q p—q g l 1+ wa-i-lpn—l : .
By using (2.2) and (2.4), we obtain
= t _ N 1 "< n L xl, (n—lz 1 "
ZEn,p,q,w(x)a - Z ([2]11 (p—q) Z (l)(_l) qap W E
n=0 n=0 =0
- (2.5)
— 2l 3 (1)t

m=0

Since [ + Ylp,q = PY[2]p.q + ¢°[Ylp.q, We see that

n l l
l 1 1
Erpawl E Inta” <>1’€< ) ) (2.6)
n,P,q, (I & ( > P k ( ) p—q 1+ qu+1pn—k

Next, we introduce Carlitz’s type twisted (h, p, ¢)-Euler polynomials E,(L}z,q,w(x).

Definition 4. The Carlitz’s type twisted (h, p, ¢)-Euler polynomials E,g?;),_,q,w(x) are defined by

o0

E(}}p 2lq —1)"q"™p " W™ m + ] (2.7)

m:O
By using (2.7) and (p, ¢)-number, we have the following theorem.
Theorem 5. For n € Z, we have

1 \"<~/n 1
B as) = (522 ) 3 () 0
n,p,q,w q _ I+1n—I+h
p—q — l 1+ wgtlp

By (2.6) and Theorem 2.4, we have

n
n l zl (n=1)
,P,q,w Z < ) El7p7q7w

=0
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The following elementary properties of the (p, ¢)-analogue of Euler numbers E,, , 4., and poly-
nomials E, ,, ¢ () are readily derived form (2.1) and (2.2). We, therefore, choose to omit details

involved.

Theorem 6. (Distribution relation) For any positive integer m(=odd), we have

m—1
[2] n a_a, .a a + L
Eppaw() = 2 < m]? Z(_l) G w By pym gm m nEZL,.
qm P
Theorem 7. (Property of complement) For n € Z, we have
Enp-1g-tw-1(1—2) = (=1)"wp"q"Ep p (7).
Theorem 8. For n € Z, we have
2]y, ifn=0,
WqEn pgw(l)+ Enpgw =
4En p.q.w(1) D4, { 0, it n 0.
By (2.1) and (2.2), we get
o) oS n—1
qz 1) gltngltnelitnlyat | qz lqlwle Ip.at — LIZ lqlwle Ip.at. (2.8)
1=0 1=0 1=0

Hence we have
tm n—-1 tm
g 1)'q'wt [l
U 3 Bl 3 iy = 3 (g, ) oy 2
m=0 1=0 '
By comparing the coefficients %ﬂ, on both sides of (2.9), we have the following theorem.

Theorem 9. For n € Z, we have

Z( 1)lqlwl [l] _ (_1)n+lqnwnEm7p7q7w(n) + Em,p,qw
=0 P (2]q

We investigate the zeros of the twisted (p, ¢)-Euler polynomials E,, , ;. (z) by using a computer.
We plot the zeros of the twisted (p, ¢)-Euler polynomials E,, , , . (z) for x € C(Figure 1). In Figure

1(top-left), we choose n = 20,p = 1/2 q= 1/10 and w = 2", In Figure 1(top-right), we choose
n=40,p=1/2,g=1/10 and w = e ** . In Figure 1(bottom-left), we choose n = 20,p = 1/2,q =

27i

1/10 and w = ¢*". In Figure 1(bottom-right), we choose n = 40,p = 1/2,¢ = 1/10 and w = ¢”i".

3. Twisted (p, q)-Euler zeta function

By using twisted (p, ¢)-Euler numbers and polynomials, (p, ¢)-Euler zeta function and Hurwitz
(p, q)-Euler zeta function is defined. These functions interpolate the twisted (p, ¢)-Euler numbers

E\ p.gw, and polynomials E,, , , .,(x), respectively. From (2.1), we note that

o0
n m m k
2y > (- [l

t= m=0

= Ek,p,q,w; (kf S N)

dk
ﬁFM,w(t)

By using the above equation, we are now ready to define twisted (p, ¢)-Euler zeta function.
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04 b 0.4 4
L) ®
02 .. P d 02k .. i
° o
Im(x) 0.0 Im(x) 0.0 :
o
.Q
o
-02f () ° P ® - -02f .. —
-041 - -04f g
I I I I | I I I I
-04 -0.2 0.0 0.2 0.4 -04 -0.2 0.0 02 04
Re(x) Re(x)
041 - 041 4
02f . . ® o , 02F .. ]
o 1 o
[ ]
Im(x) 0.0 . Im(x) 0.0 .
®
* o
2} () S el o ]
02 . . . . | 0.2 .
—04} - —04} R
I I I I | I I I I
-0.4 -0.2 0.0 0.2 0.4 -0.4 -0.2 0.0 0.2 0.4
Re(x) Re(x)

Figure 1: Zeros of E,, p q.u(2)

Definition 10. Let s € C with Re(s) > 0.

Crgsls) = (23 (‘1[31]‘“’ (3.1)

Note that (, 4. (s) is a meromorphic function on C. Note that, if p=1,¢ — 1, then ¢, 4..,(s) = Cg(s)
which is the Euler zeta functions(see [4]). Relation between (p 4., (s) and Ej p 4. is given by the

following theorem.

Theorem 11. For k € N, we have

Cp,q,w(_k) = EkJLq,w-

Observe that (p q..(s) function interpolates Ej, , 4., numbers at non-negative integers. By using
(2.2), we note that

dk S m,_m, m
dtk Fpqw(t, ) =2, (=1)™g"w™[m +$]§,q (3.2)
t=0 m=0
and
d k 0 m
at E En,p,q(x)g = Ejpq(x), for k € N. (3.3)
n=0 "/ li=0

By (3.2) and (3.3), we are now ready to define the Hurwitz (p, ¢)-Euler zeta function.
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Definition 12. Let s € C with Re(s) > 0 and z ¢ Z; .

& (_1)nqnwn
Cp’qw(svx = 2q P 3.4
)= B> (34)

Note that (p 4. (s, ) is a meromorphic function on C. Obverse that, if p =1 and ¢ — 1, then

Cp.gw(s,z) = (g(s,x) which is the Hurwitz Euler zeta functions(see [1, 3, 6]). Relation between

Cp.gw(s,x) and Ey p ¢, () is given by the following theorem.

10.

Theorem 13. For k € N, we have

Cp,q,W(_ka T) = Ey.pqw (7).

Observe that ¢, 4. (—k, ) function interpolates Ej , 4., () numbers at non-negative integers.
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STABILITY OF SET-VALUED PEXIDER FUNCTIONAL EQUATIONS

ZIYING LU, GANG LU*, YUANFENG JIN*, DONG YUN SHIN*, AND CHOONKIL PARK

ABSTRACT. In this paper, we investigate a set-valued solution of the following Pexider func-
tional equation

F(axz + by) = aG(x) + SH(y)

with three unknown functions F', G and H, where a,b, a, 8 are positive real scalars.

1. INTRODUCTION AND PRELIMINARIES

Assume that Y is a topological vector space satisfying the T separation axiom. For real
numbers s,t and sets A, B C Y we put sA+tB = {y € Y;y = sa+tha € Ab € B}.
Suppose that the space 2 of all subsets of Y is endowed with the Hausdorff topology (see [4]).
A set-valued function F : X — 2" is said to be additive if it satisfies the Cauchy functional
equation F(x1 + x2) = F(x1) + F(x2),x1,x2 € X. The family of all closed and convex subsets
of Y will be denoted by CC(Y), and the sets of all real, rational and positive integer numbers
are denoted by R, Q, N, respectively.

Lemma 1.1. [1] Let A and p be real numbers. If A and B are nonempty subsets of a real vector
space X, then

AMA+ B) = A+ AB,

A+ u)A CAA+ uB.
Moreover, if A is a convex set and \,u > 0, then we have

A+ p)A= XA+ pA.

Lemma 1.2. [3] Let A, B be subsets of Y and assume that B is closed and convez. If there
exists a bounded and nonempty set C CY such that A+ C C B+ C, then A C B.

Lemma 1.3. If (Ap)nen and (Bp)nen are decreasing sequences of compact subsets of Y, then
ﬂnEN(ATL + Bn) = nnEN An + nnGN B”l

Lemma 1.4. If (An)nen is a decreasing sequence of compact subsets of Y, then Ap, — (), cn An.

Lemma 1.5. If A is a bounded subset of Y and (sp)nen 1S a real sequence converging to an
s € R, then s, A — sA.
Lemma 1.6. If A, — A and B,, —» B, then A, + B, —> A+ B.

2010 Mathematics Subject Classification. Primary 54C60, 39B52, 4TH04, 49J54.

Key words and phrases. Hyers-Ulam stability, additive set-valued functional equation, closed and convex
subset, cone.
*Corresponding authors.

588 ZIYING LU 588-591



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Lemma 1.7. If A, — A and A,, — B, then clA = clB.

Lemma 1.3-1.7 are rather known and can be easily verified. The proofs of them can be found
in [1, 2.

2. SET-VALUED SOLUTION OF THE PEXIDER FUNCTIONAL EQUATION

In the section, we give the solution of the Pexider functional equation.

Theorem 2.1. Assume that (X,+) is a vector space and Y is a Ty topological vector space.
If set-valued functions F : X — CC(Y),G : X — CC(Y) and H : X — CC(Y) satisfy the

functional equation
Flaz + by) = aG(x) + BH(y) (2.1)

for all x,y € X, where a,b,a and B are positive real numbers, then there exist an additive
set-valued function Fy: X — CC(Y) and sets A, B € CC(Y) such that

F(z) = aFy(z) + aA + BB, G(z) = Folar)+ A and H(z) = Fy(bz) + B
forallz e X.
Proof. First, assume that 0 € G(0) and 0 € H(0). Then, for all z,y € X, we have
P = (o2 =06 () -on 2
C aG (2) + BH(0) + aG(0) + BH (%)
= F(z) + F(y).

Letting = = y in the above equation, we get F'(2z) C 2F(z), which implies that the sequence
(27" F(2"x))nen is decreasing. Put Fy(z) := (,en 27 "F(2"x),x € X. It is clear that Fy(z) €
CC(Y) for all x € X. Similarly, we get

aG(2z) + BH(0) = F(2az) = F (a”f +b (%))
— aG(w) + BH (27) € aG(@) + aG(0) + 8H (27
= aG(x) + F(az) = aG(z) + aG(x) + BH(0) = 2aG(x) + BH(0).

In view of Lemma 1.2, we obtain that G(2x) C 2G(z), and consequently the sequence
(27"G(2"z))pen is decreasing. Applying Lemmal.3 and this equality F'(a2"z) = oG(2"z) +
BH(0),n € N, we obtain

Fylax) = () 27 "F(a2"s) = a [ | 27"G(2"x) + 8 [ ) 27 "H(0).

nelN neN neN

But (),,c 27" H(0) = {0}, since the set H(0) is bounded. Therefore Fy(ax) = (), 2 "G (2" )
for all x € X. In an analogous way we show that the sequence (27" H (2"x)),en is decreasing
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and Fy(bx) = B(,en 27 "H(2"x) for all x € X. Hence,using once more Lemma 1.3, we get

Fo(x1 + x2) = ﬂ 272" + 2"g) = n 2" (aG (2n@x1> o <2nbx2)>

neN neN
2n 2m
_ ﬂz—"aG< xl)+ﬂ2‘”,8H( b@>
neN a neN

— F0($1) + F0($2)5 X1,T2 S X’
which means that the set-valued function Fjy is additive.
Now observe that

F(nbx)+ (n—1)BH(0) = F(bx) + (n — 1)H(x) (2.2)
for all z € X and n € IN. Indeed, for n = 1 the equality is trivial. Assume that it holds for a
natural number k. Then, in virtue of (2.1), we obtain
kb
F((k+1)bx) + kBH(0) = oG <ax> + fH(z) + kBH(0) = F(kbx) + fH(z) + (kB — B)H(0)
= F(bx)+ (k—1)BH(x) + BH(z) = F(x) + kBH (x).

which proves that (2.2) holds for n = k + 1. Thus, by induction, it holds for all n € IN. In
particular, we have

F(2"z) + (2" — 1)H(0) = F(z) + (2" — 1)H (%) ,
and so
9 F(9"z) + (1 — 2 H(0) = 27" F(x) + (1 — 2~ H (%)

for all z € X. By Lemma 1.4, 27"F(2"z) — (e 27" F(2"x) = Fy(x).

On the other hand, by Lemma 1.5, 1-2""H(0) — H(0),2 "F(x) — {0} and (1-2"")H (¥) —
H (%). Thus, using Lemmas 1.6 and 1.7, we get cl[Fy(z) + H(0)] = clH (%), whence H (§) =
Fo(z) + H(0) for all z € X. Similarly, we can obtain G (£) = Fy(z) + G(0),z € X. Let
A = G(0) and B := H(0). Then G(x) = Fy(ax) + A and H(x) = Fy(bx) + B for all z € X.
Moreover F(x) = aFy(x) + aA + B,z € X. This finishes our proof in the case that 0 € G(0)
and 0 € H(0).

In the opposite case, fix arbitrarily points @ € G(0) and b € H(0), and consider the set-valued
functions Fi,G —1,H; : X — CC(Y) defined by Fi(x) := F(z) — aa — fb,Gi(z) :== G(z) —a
and Hy := H(z) —b,x € X. These set-valued functions satisfy the equation (2.1) and moreover
0 € G1(0) and 0 € H;(0). Therefore, by what we have discussed previously, we can get the
same result. This completes the proof. O

In [2], Nikodem proved that a set-valued function Fjy : [0,00) — CC(Y), where Y is a locally
convex Hausdorff space, is additive if and only if there exists an additive function f : [0,00) — Y
and a set K € CC(Y) such that Fy(z) = f(x)+ 2K,z € [0,00). Thus we can get the following.

Theorem 2.2. LetY be a locally convexr Hausdorff space. The set-valued functions F : [0,00) —
CC(Y),G : [0,00) = CC(Y) and H : [0,00) — CC(Y') satisfy the functional equation (2.1) if
and only if there exist an additive function f :[0,00) =Y and sets K, A, B € CC(Y) such that

F(z) = af(z) + aKz + oA+ BB,G(z) = f(ax) + akz + A and H(x) = f(bx)+ bkx + B
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for all z € [0,00).
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On symmetries and solutions of certain sixth order difference
equations

D. Nyirenda'>and M. Folly-Gbetoulal:

1 School of Mathematics, University of the Witwatersrand, Johannesburg,
South Africa.

Abstract

We use the Lie group analysis method to investigate the invariance prop-
erties and the solutions of

Tn—5TLn—3
xn—l(an + bnxn—5mn—3) ’

Tn+1 =

We show that this equation has a two-dimensional Lie algebra and that
its solutions can be presented in a unified manner. Besides presenting
solutions of the recursive sequence above where a, and b, are sequences
of real numbers, some specific cases are emphasized.

Key words: Difference equation; symmetry; reduction; group invariant solu-
tions, periodicity
MSC 2010: 39A05, 39A23, 70G65

1 Introduction

Difference equations are important in mathematical modelling, especially where
discrete time evolving variables are concerned. They also occur when studying
discretization methods for differential equations. Countless results in the subject
of difference equations have been recorded. For rational difference equations
of order greater than 1, the study can be quite challenging at the same time
rewarding. Rewarding in the sense that such a study lays ground for the theory
of global properties of difference equations (not necessarily rational) of higher
order.

In [4], the author developed an effective symmetry based algorithm to deal with
the obtention of solutions of difference equations of any order. However, the
calculation one deals with in this application to difference equations of order
greater than one can become cumbersome but with great recompense often
times. The method consists of finding a group of transformations that maps
solutions onto themselves. Symmetry method is a valuable tool and it has been
used to solve several difference equations [1-3, 7, 8].

In this paper, our objective is to obtain the symmetry operators of

Tpn—-5Tn—3 (1)

Tn41 =
xnfl(an + bnl'nfonfS)
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where a,, and b,, are real sequences and to find its solutions by way of symme-
tries. Without loss of generality, we equivalently study the forward difference
equation

UpUn+2 (2)

Un+6 = .
Un+4(An + Bnunun+2)

We refer the interested reader to [4, 9] for a deeper knowledge of Lie analysis.

2 Definitions and Notation

In this section, we briefly present some definitions and notation (largely from
Hydon in [4]) indispensable for the understanding of Lie symmetry analysis of
difference equations.

Definition 2.1 Let G be a local group of transformations acting on a manifold
M. A subset S C M is called G-invariant, and G is called symmetry group of
S, if whenever x € S, and g € G is such that g - x is defined, then g-x € S.

Definition 2.2 Let G be a connected group of transformations acting on a man-
ifold M. A smooth real-valued function V : M — R is an invariant function for
G if and only if

XV)=0 for all x e M,

and every infinitesimal generator X of G.
Definition 2.3 A parameterized set of point transformations,
Iz 2(z;e), (3)

where x = x;, 1 = 1,...,p are continuous variables, is a one-parameter local Lie
group of transformations if the following conditions are satisfied:

1. Ty is the identity map if £ = x when € =0
2. T'yl'y = Tays for every a and b sufficiently close to 0

3. Each @; can be represented as a Taylor series (in a neighborhood of e =0
that is determined by x), and therefore

Fi(x:e) =x; +e&i(x) + O, i=1,...,p. (4)
Assuming that the sixth-order difference equation has the form
Unt6 =V (N, Up, ...y Unys), NED (5)

for some smooth function © and a regular domain D C Z. To deduce the
symmetry group of (5), we search for a one parameter Lie group of point trans-
formations

Te:(nyun) = (nyun +Q(n,uy)), (6)
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in which ¢ is the parameter and @) a continuous function, referred to as charac-
teristic. Let

9
+o Q45 unys) 5 —

0 0
X =Q(n,up)=—+Qn+1,upy1) —— D

aun 8un+1

be the corresponding ‘prolonged’ infinitesimal generator and S : n — n+ 1 the
shift operator. The linearized symmetry condition is given by

S6Q — XU =0. (8a)

Upon knowledge of the characteristic @, it is important to introduce the canon-

ical coordinate
du
Sn :/7na 9
QU un) )

a useful tool which allows one to obtain the invariant V.

3 Main results

As earlier emphasized, our equation under study is

UpUn+2
Upag = ¥ = . 10
o Un+4 (An + Bnunun+2) ( )
Appliying the criterion of invariance (8) to (10), we get
UnpUn4-2
6 4
Q(n * 7u”+6) " u%+4 (ATL + Bnunun+2) Q (n * ’u"+4)
Anun
- - Q (TL + 2, u, +2)
Un+4 ((An + Bnunun+2)2 '
ATL n
- Un+2 Q (n,un) = 0. (11)

Up 44 (An + Bnunun+2)

In order to eliminate u,, 43, we invoke implicit differentiation with respect to w,,
(regarding u,4 as a function of u,, un42 and u,,3) via the operator

_J 9, 0
- Ou, U

Up+4 aun+4

With some simplification, one gets
(An + Bnunun+2)

Up+44
+ BnunQ(n + 2; U71,+2) - (An + Bnunun—i-Q) Ql(na un)

+ <ZBnun+2 + 1;1") Q (n,uy) =0. (12)

n

(An + Bnunun+2) Q/ (n + 47 un+4) - Q (n + 47 un+4)
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Note that the symbol ’ stands for the derivative with respect to the continuous
variable. After twice differentiating (12) with respect to u,, keeping wu, 2 and
Un+4 fixed, we are led to the equation

— Buuntn2Q" (n,un) — An Q" (n, un) + A Q" (n,un) — QAg Q' (n,uy)
U, Up,
24,
+—5Qmun) =0 (13)

n

Note that the characteristic in (13) is not a function of u,12 and so we split
(13) up with respect to u,+2 to get the system

1: Q" (n,up) — uinQ” (n,u,) + u22Q’ (n,up) — %Q (n,u,) =0 (14a)

n n

Unt2 : Q" (n,up) = 0. (14b)
We find that the solution to (14) is
Q (77/7 un) = anun2 + Bnun (15)
for some arbitrary functions «, and (5, that depend on n. Substituting (16)
and its first, second and third shifts in (11), and then replacing the expression
of up43 given in (10) in the resulting equation yields
Bnun2un+22un+42an+4 + Bnun2un+22un+4(ﬁn+4 + ﬂn+3)
- Anun2un+2un+4an - Anunun+22un+4an+2 + Anunun—i-2un+4204n+4

+ Un2un+22an+2 - A, (571 + 6n+2 - Bn+4 - BnJrS) =0. (16)

Equating all coefficients of all powers of shifts of u,, to zero and simplifying the
resulting system, we get its reduced form

a, =0, (17)
/Bn + Bn,+2 =0. (18)

The two independent solutions of the linear second-order difference equation
above are given by

Bn = B" and B, = ", (19)
where 8 = exp{in/2} and = —exp{in/2} is its complex conjugate. The
characteristic functions are given by

Q1(n,un) = B"u, and  Qa(n,u,) = "Un, (20)

and so the Lie algebra of (10) is generated by
0

0
X — AN n— n+2 n n+4 n 21
1 =8"u B + 8" Upyo s + 8" u +45’un+4 (21)
X2 :Bnuni + Bn+2un+2 + Bn+4un+4 a (22)
8“71 a'Ufn«#2 au'rz+4
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Using the canonical coordinate

o= [ Gy = | = o be 29)
and (17), we derive the invariant function V, as follows:
V= S,8" 4 Snpaf" T2, (24)
Actually,
Xy (V) = 8" + "2 =0 (25)
and
Xo(Va) = 6" + 5" = 0. (26)

For the sake of convenience, we use
Vnl = eXP{_]}n} (27)

instead/ In other words, V,, = £1/(upun+2). Using (10) and (27), one can prove
that
Visa = AV, £ B, (28)

Utilizing the plus sign, the solution of (28) can be written as

n—1 n—1 n—1
Vint; =V, <H A4k1+j> +Y <B4l+j 1T A4k2+j> : (29)
=0

k1=0 ko=Il+1

where j = 0,1, 2,3. From here, obtaining the solution of (10) is straightforward.
We first employ (23) to get

|un| =exp (BnSn) - (30)

Secondly, we employ (24) to obtain

B 1 n—1 L 1 n—1 B ~
|| =exp (ﬂ”cl + B2 =5 > BBV — 5 Y ﬂ”ﬁ’%vkz) . (3
k1=0 k2=0
Lastly, we use (27) to get
B 1 n—1 B 1 n—1 B
|tn| =exp <5"01 thletg > BB IV, | + 3 > 8" n |Vk2|> ;
k1=0 ko=0

(32a)

in which Vj, is given in (28) with v(n, k) = 8"3*. Note that the constants c;
and ¢y satisfy

c1+ca=Inlug] and Beg —c2) =1n|uyl. (32b)
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Note. Equations in (32) give the solutions of (2) in a unified manner.
On a further note, v(n, k) = 8" satisfies

7(07 1) = 6’7(072) = _1’7(1’0) = 6a7(172) = _6a7(173) = -
y(n,n) =1,v(n+2,k) = —y(n, k), (33)
’7(”7 k + 2) = *’7(7% k)v 7(471, k) = 7(07 k)a ’Y(na 4k) = 7(”7 0)

From w,, given in (32a) and equation (33), observe that

An+4j5—1
|Uantj| = exp (Hj + Z Re(7(0, k1)) In |Vk1|> (34)

k1=0

in which . N
=P+ Fe.

For j = 0, we have,

|tgn| =exp(Ho +In Vo] —=In|[Va| + ... + In [Vyp—g| — In|Vin—2|)

n—1
V4s
=exp(H, | I . 35
xp(Ho) o Vist2 (35)

It can be shown that there is no need for the absolute values via the utilization
of the fact that

1
V, = . (36)
Ui Uj42
In order to deduce exp(Hp), we set n = 0 in (35) and note that |ug| = exp(Hp).
Thus .
i V4s
Uy = U
! ° 51;[0 Vist2

Similarly, replacing n with 4n + j for j = 0,1,2, 3, we obtain

n—1

Utn+j = u; H

Nevertheless, from (28), using the plus sign we are led to

Vin+j (H A4k1+]> + Z <B4l+] H A4k2+g> ) (38)

k1=0 ko=I+1

V4s+]
37
V4é+]+2 ( )
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for j =0,1,2,3, where Vy = ——. Thus, using (37) with j =0, we get

Upu2

s—1 s—1 s—1
o Vo ( II A4k1> + > <B4z II A4k2>
1=0

ko=Il+1

s s—1 s—1
II A4k1+2> + >0 <B4z+2 I1 A4k2+2>
=0

ko=Il+1

s—1 s—1 s—1
no1 ( [I A4k1> +uguz Y <B4l I1 A4k2>
=0

Uy k1=0 ko=I+1
it
Uuo s—1 s—1 s—1
s=0
II Aurivo | +uoug Y- | Baugo I Adroto
k1= =0 ko=I+1

s—1 s—1 s—1

IT Aug, | +uoue > (Bu I Aak,
k1=0 =0 ko=1+1

_ 1-n..n 1 2

=Uy Uy I |

s—1 s—1 s—1

s=0

T Aary42 | +uouwa Y | Bugo I Aagy+2
k1=0 =0 ko=Il+1

For j =1, we have

n—1
Lﬁs+l
Usnt1 = w1 H V.
5—0 4s5+3
s—1 s—1 s—1
w1 | I Adky 1 | +waus Buw1 Il Aakotr
—n n k1=0 =0 ko=I1+1
=Up Ug
=0 s—1 s—1 s—1
II Aaki4s | +usus D | Buys [I  Aakoys
k1=0 1=0 ko=l+1
For j = 2, we have
n—1
Lﬁs+2
Usnt2 = us H
o Vasta

s—1 s—1 s—1
T Aary2 | +uouwa Y | Buyo ] Aaryt2
=0

-1
no—n 1 k1 =0 ko=l+1
= ufuy "uy H
s=0 S S S
IT Aaw, | +uwoue > [ Bu ] Auag,
k1=0 =0 ka=l+1
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For j = 3, we get

Vist3
Usni3 = u3 H
5=0 V4s+5
s—1 s—1 s—1
oo I Adkyes ) +usus Z Byys I Aagy+3
n —n k1=0 ko=I1+1
= 'u,l U5 us H . . .
s=0
IT Asy+1 | +wius > [ Busr [] Aaky41
k1=0 =0 ko—=I+1

Hence, our solution in terms of z,, (n > 0) is given by

s—1 s—1
I ( [I a4k1> +T 573 ) <b4z II a4k2>
k1=0 =0 ko=Il+1
Tam_s —1‘1 n an ,
s—1 s—1
( I1 a4k1+2> +x_gr_q ), <b4l+2 I1 a4k2+2>
=0

k1=0 ko=Il+1
(39)
s—1 s— s—1
— H gk 41 | F 242 )5 [ barr [ aar, 11
=0 ka=l+1
1 2
LTon—4 = -T_4”I6L H 1 1 I (40)
S— S—
H Qaky+3 | + @20 Y | bags [  Ganot3
k1=0 =0 ko=I+1
s—1 s—1 s—1
mo1 | I aakygo | + 2321 37 (bure ] aary+2
k1=0 = ka=l+1
Lan—3 = T _5T_1T-3 H
S S
s=0 s
[T aan, | +x—s52_3> | bu [I aa,
ki= ko=l41
(41)
and
s—1 s—1
1 H a3 | +T-270 ) | bats [l aak,43
=0 ka=l+1

s=0

Tgmn— 2—.13 4.’1)0 "w_ QH
S S
( [T a4k1+1> +a_g4x_2 ) <b4l+1 I1 a4k2+1>
=0

k1=0 ko=Il+1
(42)

In the following sections, we specifically look at some special cases.

4 The case a, , b, are 1-periodic

Let a,, = a and b,, = b, where a and b are non-zero constants.
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4.1 Case: a #1

)

s

We have
1-n_n n*1a5+bx 5L — 3%
Tyn—5 = T_5 T_1 @+ br_ 3351 aé,
s=0 1—
nn - S+b$,4$,211%0;
Tanes = 0 H a® + br_owo =Y
n—1

Tgn— 3—1‘ 5$ 133‘ 3H

n—1

astl + br_sx_ 31

as+1 ?

@ + b gy 2

Logn— 2—!17 41’0 "r_ 21—[

as long as any of the denominators does not vanish.

astl +br_yx_o

l—qgst?
1—a

if n is even;

if n is even;

if n is odd;

)

)

)

)

if n is odd;

if n is even;

if n is odd;

if n is even;

Case: a = —1
We have
Lnflj
—1+bx_s5x_ 2 . .
x1_5"x”1 (ﬁ) , if n is odd;
Ton—-5 =
n—1
SCl nxn —1+bx_57x_3 [z 1+1
5 1\ 15tz sz )
=
1-n_n [ —1+bz_yx_o 2
T —4 xo ( —14bx_sx0 ) ’
Ton—4 =
n—1
xl ngn —1+bx_yx_9 151+
—4 0 —1+bx_oxo ?
n—1
$ﬁ5w:?£73 —1+bx_sx_1 L 2 J+
—1+4bx_sx_3 \ —14+bxr_s572_3
Tyn—-3 =
n—1
n o..—n —1+bxr_3x_3 =1+
1:_533_117_3 —14bx_s5x_3
and
—— |25t |41
A N —14+bx_sxo 2
—1+bx_4x_o \ —14+bxr_4x_o
Ton—2 =
n—1
n -n —1+bx_ox0 7z ]+1
TogTo T2\ “T1bz_40_4
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where bxr_;xo_; # 1 for i = 2,3,4,5.

4.2 Case: a =1

The solution is given by

n—1 n—1
. plongn 1+ bxr_sx_35 - plongn 14+ br_yx_28
dn—5 =T_5 T_ 0 Tdn—4 = T_ E Erre—
e 5 -l 1+br_sx_q18 " 470 o 1+ br_owos ’
5=

s=0

n—1

_ 1+br_3x_15s
— '!Lr n _

nt 14 br_oxos

— —n
Tan-2 = Lg%y T2 ];10 L+bz_gz_s(s+1)

5 The case a,, b, are 2-periodic

In this case, we have {a,}>, = ag,a1,a0,0a1,..., and similarly {b,}52, =
bo, b1, b0, b1, ... where ag # a1, and by # b;. Then the solution is given by

s—1
l
n-1a§ +bor_5x_3 > a;

1-n_n =0
Tan—s =25 2" [ —

-1
5=0 qf + box_37_1 ab
1=0

s—1
l
no1@] +b1r_4x_o > ay
1-n_mn =0
Tan—4 = 213" T] —
s=0 q% +bix_omwo Y, a}
1=0
s—1

s l
n—1 aa + bpr_3x_1 E ag
=0

n ..—n

Tap-3 =a" sz x_3 s

s=0 a8+1 + b0$,5$,3 Z 0/6
=0

and

s—1

l

n—1 a‘{ + bix_2x0 Z ai
=0

n —n
Tan—2 =" 425" T2 » i
S
s=0 a7 + b1z 4T 2 ) ay
=0

as long as any of the denominators does not vanish.

10
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6 The case a,,b, are 4-periodic

We assume that {a,} = ap, a1, a2, as,a9,a1,az,as,... and {b,} = by, b1, ba, b3,
bo, b1, b2, b3, - - -. The solution is given by

n—1 64 + box_57_ 32@0

n =0
Tan_s =z 5", H 0 (43)
5=0 a5 + bor_37_1 Y db
=0
s—1
n— 1a1+b1$ 4T — 22&1
l_O
Tam g = Z,El nn H , (44)
5=0 a5 + by _2x Z ak
=0

s—
l
n—1 CLS + b2$_3.13_1 Z as
—n =0
Tap—3 =2 TT_3 H 5 (45)

s+1 l
ag" 4+ bor_sr_3 Y ah
1=0

and

s—1
s l
n—1 a§ + bsr_oxg Z as
n —-n =0
Tan—2 = T2y " T_o I | S (46)

s=0 a“;+1 +bix_4x_o Z all
=0

as long as any of the denominators does not vanish.

7 Conclusion

In this paper, non-trivial symmetries for difference equations of the form (1) were
found. Consequently, the results were used to find formulas for the solutions of
the equations. Specific cases of the solutions were also discussed.
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