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A new techniques applied to Volterra—Fredholm integral

equations with discontinuous kernel

M. E. Nasr ' and M. A. Abdel-Aty 2
1.2 Department of Mathematics, Faculty of Science, Benha University, Benha 13518, Egypt
! Department of Mathematics, Collage of Science and Arts—Gurayat, Jouf University,
Kingdom of Saudi Arabia

Abstract

The purpose of this paper is to establish the general solution of a Volterra—Fredholm integral
equation with discontinuous kernel in a Banach space. Banach’s fixed point theorem is used to
prove the existence and uniqueness of the solution. By using separation of variables method, the
problem is reduced to a Volterra integral equations of the second kind with continuous kernel.
Normality and continuity of the integral operator are also discussed.

Mathematics Subject Classification(2010): 45L05; 46B45; 65R20.

Key—Words: Banach space, Volterra-Fredholm integral equation, Separation of variables method.

1 Introduction

It is well-known that the integral equations govern many mathematical models of various
phenomena in physics, economy, biology, engineering, even in mathematics and other fields of
science. The illustrative examples of such models can be found in the literature, (see, e.g.,
[5,6,9,11,12,14,18,20]). Many problems of mathematical physics, applied mathematics, and
engineering are reduced to Volterra—Fredholm integral equations, see [1,2].

Analytical solutions of integral equations, either do not exist or it’s hard to compute. Eventual
an exact solution is computable, the required calculations may be tedious, or the resulting
solution may be difficult to interpret. Due to this, it is required to obtain an efficient numerical
solution. There are numerous studies in literature concerning the numerical solution of integral
equations such as [4,8,10,13,16,17,21].

In this present paper, the existence and uniqueness solution of the Eq. (1) are discussed and

proved in the space Ly(Q2) x C[0,T], 0 < T < 1. Moreover, the normality and continuity of the

11 Nasr 11-24
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integral operator are obtained. A numerical method is used to translate the Volterra-Fredholm
integral equation (1) to a Volterra integral equations of the second kind with continuous kernel,

The outline of the paper is as follows: Sect. 1 is the introduction; In Sect. 2, the existence
of a unique solution of the Volterra—Fredholm integral equation is discussed and proved using
Picard’s method and Banach’s fixed point method. Sect. 3, include the general solution of the
Volterra—Fredholm integral equation by applying the method of separation of variables. A brief
conclusion is presented in Sect. 4.

Consider the following linear Volterra—Fredholm integral equation:

/ @7k = gty m)ayar = / F(t, 1) (z, 7)dr = g(,)

fL‘—ﬂf(fL‘l,ﬂfl,.. x’n) y_y(ylvylv"'7yn))v

(1)

where g is a constant, defined the kind of integral equation, A is constant, may be complex
and has many physical meaning. The function ¥ (z,t) is unknown in the Banach space Ly(2) X
C10,T],0 < T < 1, where Q is the domain of integration with respect to position and the
time ¢ € [0,7] and it called the potential function of the Volterra—Fredholm integral equation.
The kernels of time ®(t,7), F(t,7) are continuous in C[0, 7] and the known function g(z,t) is
continuous in the space Ly(2) x C[0,T], 0 <t < T. In addition the kernel of position k(|z — y|)

is discontinuous function.

2 The existence of a unique solution of the Volterra—

Fredholm integral equation

In this paper, for discussing the existence and uniqueness of the solution of Eq. (1), we

assume the following conditions:

(1) The kernel of position k(jx — y|) € Lo([Q] x [Q]), =,y € [Q] satisfies the discontinuity

condition: )
{/ / E(|lz — y[)dxdy} =k*, k" is constant.
oJa

(ii) The kernels of time ®(t,7), F(t,7) € C[0,T] and satisfies |®(t,7)] < My, |F(t,7)] <
My, s.t My, My are constants, Vt, 7 € [0,T].

(iii) The given function g(z,t) with its partial derivatives with respect to the position and time

is continuous in the space Ly(2) x C[0,7], 0 <7 < T < 1 and its norm is defined as,

: }
llg(x,t)|| = max / (/ 92($,T>dl‘) dr = N, N is a constant.
0o \Ja

0<t<T

12 Nasr 11-24
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Theorem 1. If the conditions (i)-(iii) are satisfied, then Eq. (1) has a unique solution ¥(z,t)
in the Banach space Ly(Q) x C[0,T], 0 < T < 1, under the condition,

|
A< —
A M k* + M,T

Proof. To prove the existence of a unique solution of Eq. (1) we use the successive approximations

method (Picard’s method), or we can used Banach’s fixed point theorem.

2.1 Picard’s method

We assume the solution of Eq. (1) takes the form:

W(x,t) = lim ¢, (z,t),

n—oo
where .
Un(z,t) =Y Hi(z,t), t€[0,T], n=12,...
where the functions G;(z,t), i = 0,1,...,n are continuous functions of the form:

Hy(w,t) = tu(a,t) — oo (@, 1), }
Ho(%t) :g(l‘7t) '

Now we should prove the following lemmas:

Lemma 1. The series Y ., H;(x,t) is uniformly convergent to a continuous solution function

¥(z,t).
Proof. We construct the sequences,
pin(a ) =glat) £ 3 [ [ @I~ ol)nos ()T + A [Pl 7))
0 Ja 0
Yoz, t) = g(x, ).

Then, we get

Ul t) — s () = / (1, V(| — Y1) (s (9 7) — tonsly, 7))dydlr

Ere)

A
L
_l’_

tlyo\

/ F(t, 7)(Yn-1(z,T7) — Yp_o(z, 7))dT.

0

13 Nasr 11-24



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

From Eq. (2), then, we have

t t
o) =l [ [ @k =) Husly iyt + bl [ PO =2
0 Q 0

using the properties of the norm, we obtain

||Hn<a:,t>||sw|\ / / (1, 7)k(|x — yl)Hos (3, 7)dydr | + 1] / F(t.r) Hyr (2, 7)dr| . (3)

For n = 1, the formula (3) yields

Y

iGel < b | [ @te7)bte = sty miayar| + i | [yt rian

+m]

by applying Cauchy—Schwarz inequality and using the condition (ii) we get

([t sPan)” s | [ ([ 1o o) ar

t
My / | Ho(z, 7)]| dr,
0

[Hy (2, )| <[v[M

using the conditions (i) and (iii), we have
[Hy (2, O} < |y |Mik"N + [y [ Mo NJJt], (4)
where maxo<;<r |t| = T, so that formula (4) becomes
[Hy(z, O} < [y IN(Mik™ + MT),
by induction, we get

[Hu(z, )| < B"N;  B=NIME"+MT) <1, n=12....

Since W
1
AN < ———m——,
[ Myk* + MoT
this leads us to say that the sequence v, (z,t) has a convergent solution. So that, for n — oo,
we have -
i=0
The above formula represents an infinite convergence series. ]

Lemma 2. The function 1(x,t) of the series (5) represents an unique solution of Eq. (1).

14 Nasr 11-24
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Proof. To show that ¢ (x,t) is the only solution of Eq. (1), we assume the existence of another

solution @(z,t) of Eq. (1), then we obtain
Wi, 1) — ol £)] =A / / (1, 1)k(Jx — y) [y, 7) — ply, 7))dydr
I\ / F(t, (e, ) — (e, 7))dr,

which leads us to the following

(e, ) — o, )] =] H [ [t orthe = i) — oty v

+ [

b

/0 F(t,m)(b(z, 7) — plz, 7))dr

by applying the Cauchy—Schwarz inequality and using the conditions (i) and (ii), we get
t
J6e.0) = e 01l < 1M [ [ 60 7) = oty
0
t
+hldt [ oe.7) = ol
0

< B, t) — @ Oll, B =NIME + |[y|MT < 1.

The formula (6) can be adapted as,

(1= P)lle(e,t) — oz, t)] <0.

Since 5 < 1, so that ¥(x,t) = p(z,t), that is the solution is unique.

2.2 Banach’s fixed point theorem

When the Picard’s method fails to prove the existence of a unique solution for the homogeneous

integral equations or for the integral equations of the first kind, we must use Banach’s fixed point

theorem. For this, we write the formula (1) in the integral operator form:
— 1
(UY)(@,t) = Z9(x,t) + (UY)(x,1),

(U) (@, 1) // (4, 7Ykl — y) ey, )ddeA/ Pt 1) (x, 7)dr.

(7)

To prove the existence of a unique solution of Eq. (1), using Banach’s fixed point theorem,

we must prove the normality and continuity of the integral operator (7).

‘ A

15 Nasr 11-24
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Using the condition (ii), then applying Cauchy—Schwarz inequality, we get

([ te—aPan)” s | [ ([ o) o

t
| 7).
0

1)@ 1)] < 'g\ M,

A
+ [
L

using the condition (i), we obtain

[ D) < \2\ (ML + M T (1)
since
1) Bl < B9 Bl p=|2] e ) <1,
where
|A| < W

Therefore, the integral operator U has a normality, which leads immediately after using the

condition (iii) to the normality of the operator U.

(b) For the continuity, we suppose the two potential functions 1;(x,t) and 1y(x,t) in the
space Lo(2) x C[0, T are satisfied Eq. (7), then

T (a,t) = ; +2 [ [ @t - sty i +2 [ Fieryintear
) (8)
_ 1 A

(Uthg)(x,t) = M / / (t, T)k(|z — y|)a(y, 7)dydT + M/ F(t,7)o(x, 7)dT,

0

Using equations (8), we get

Tl (2. 1) — (e, 1) / / (1, 7V — ) s (9, 7) — thaly, )]yl

+= / F(t, 7 (z, ) — ho(, 7))

using the condition (ii) and applying the Cauchy—Schwarz inequality we get |

(/I’f |z —yl) Qdy)
[ ([t —w2<y,r>|2dy)2 .
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By using the condition (i), the last inequality becomes,

100 (2, ) — ol )] < ]g‘ (M k" + MT) s (2, ) — (s )],

hence, we have

||U[¢1<l’,t) - 77ZJ2(:Evt)]|| S B||¢1(x7t) - ¢2(xvt)”; ﬁ = ’2' (Mlk* + MQT) < 17 (9)

with
||
(Mik* + MT)"

Inequality (9) leads us to the continuity of the integral operator U. So that, U is a contraction

Al <

operator. Therefore by Banach’s fixed point theorem, there is an unique fixed point ¥(z,1t),

which is the solution of the linear mixed integral equation (1).

3 Separation of variables method

To obtain the general solution of Eq. (1), we do the following:

For t = 0, the formula (1) becomes

pip(x,0) = g(x,0). (10)

Then, seek the solution of equation (1) in the form:

o0

@ZJ("E? t) = Z CN<t>¢n(x)’
n=1
in this aim, we write
w(%t) Iwo(%t)Jrl/h(x’t)a (11)

where 1g(x,t), 11 (z,t) are called, respectively, the complementary and particularly solution of
(1). Using Eq. (11) in Eq. (1), we get

pin(e.t) = A [ [ @ r k(e — gty dudr = 3 [ P70l )T = Buglant)s k= 0,1
0 Ja 0
(12)
also, for Eq. (10), we have

where,
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From the two Egs. (12), (13), we get

(s ), 0)] — A / / B(t, 7)k(| — y)ibuly, 7)dydr
0 (14)

1 /0 F(t, )i, 7)dr = Selg(z, 1) — g(, 0)].

Now, we can represent the solution of (11) in the series form

Un(w,t) = 3 () (On(@) + L (O () (15)

n=1

where 9, (), 19,_1(x) are the even and odd functions respectively.
Using Eq. (15) in Eq. (14), we obtain

NZ(CQTL _CQn >¢2n +/LZ (C2n 1 —02n 1( )) Yon— 1( )

3 [ [ et |x—y|>2(c2n<>w2n<> 1 (7 (9)) dyd (16)

/ Z <C2n Yon (%) + €5y (T) a1 ( )> dr = dlg(z,t) — g(x,0)].

n=1

Taking k£ = 0, in Eq. (14), yields

MZ (Cg:z) _C2n )an +NZ (CZn 1 _Cg;) (0 )) Van-1(z)
[ [0tk - ) Y (0n) + s ) i (7

- A / tF(m)i(céi?( Joaa(a) + 51 (7)1 () ) dydr = 0.

n=1

Theorem 2. (see [3,19]). For a symmetric and positive kernel of Fredholm integral term of Eq.
(1), the integral operator,

() (x) = / Bz — yl)n(y)dy.

Q
through the time interval 0 < t < T < 1 is compact and self-adjoint operator. So, we may

write (Ki,)(x) = a,,(z), where o, and 1, (x) are the eigenvalues and the eigenfunctions of

the integral operator, respectively.
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In view of theorem 2, and Eq. (17), we arrive to the following

MZ(C% — e )wzn —i—uZ(ch NOEEE v )) Yon1 ()

_,\/th>(t,7)§: <a2n02n( Vbon (%) + cop_16_ L (T)thon_1(z )) dr

n=1
t
- )\/ F(t,7)
0

Separating the odd and even terms, we obtain

MS

(b (7 ban) + )47 () ) dydr =

n=1

c(o) ta T T C(O) T T—C(O) = é
(1) - 7/0< 2 0(07) + Pl ) e = 0 =2, (18)
and, t

Sy (t) =7 / (Qu1 ®(t,7) + F(t, 7))ch_y (T)dT = c5_(0), (19)

the two Eqs. (18) and (19) give the same results for even and odd functions, so it is suffice to

study the following equation,

(1) —7/0( W®(t,7) + F(t, 7)) (r)dr = ¢ (0); v = 2 (20)

where ¢!\ )(O) is constant will be determined.

Also, taking k£ = 1 in formula (16), we obtain

uz<c% — >?/J2n +u2(c2n () =Y (0 )) Yon_1(x)
ek =) (20 )+ ) e 1)

A P Y (o) 0 (0) ) it = ) =g,

Using theorem 2 in Eq. (21), to have

uz<c% o )¢2n +,uz<czn () =Y (0 )) Yo (@)

— )\/0 O(t, 7 Z (a%cgf( Von () + a2n710§2_1(7)1/12n71($)) dr

n=1

/ i ( T)an () + ¢l (7 )¢2n—1($)> dydr

n=1

(22)

_ Z aontan (2)[g(2, 1) — g(x,0)],
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where,
1= Z a2n¢2n(~r>
n=1

the formula (22) can be separated to the following equations

10~ [ () + FE )N = aalgleit) = glo,0)] + 20 7 =,
0 H (23)

t
&) () — / (a1 ®(t,7) + F(t, 7)), (r)dr = &), (0).
0

Egs. (20) and (23) represent Volterra integral equations of the second kind that have the same
continuous kernel ®(t,7) € C([0,T] x [0,7]), and each of them has a unique solution in the class
C'0,T] the books edited by Linz [15] and Burton [7] contain many different methods to solve

the integral equations (20) and (23).

The values of 01(10)(0), C;Q(O) and 052_1(0) can be obtained, we return to the equation (10), and

we seek the solution of this equation in the form,

= Z cn(0)hn ()

Hence, in this respect, we write

Y(x,t) = Yo(z,t) + Y1 (x, 1), (24)

where 1g(z,t) is a complementary solution while 1 (x,t) is a particularly solution. So, from Eq.

(10) we write

and expand the solution of equation (24) in the form

o0

U, 0) = D (b (0)tan (@) + b1 (0)han 1 (2)) (26)
using Eq. (26) in Eq. (25), we obtain
MZ (e 0)an (@) + 5, (0)20-1(2) ) = g (e, 0). (27)

If we take k = 0 in Eq. (27), we obtain

’MZ<CQH )tban (2 +62n 1(0) 9,1 (2 )) =0,
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equating the odd and even terms in both sides, we get
0 0
e (0)=0, &) 4(0) =0,

then , we have

Taking k = 1 in Eq. (27), we have

u§j@% Joan() + 51 (01 (2)) = g(2,0)
Equating both sides of the last equation, we get
) (0)=0, &, ,(0) =0,

so, the last two formulas give us

In view of Egs. (20) and (23), the general solution of (1) can be adapted in the form

=D (0 + (1) Yal2), (28)

n=1

where c(o)( t) and c,(zl)(t) must satisfy the inequality
Z\c@ t)+ct) <e (N—oo,e<1, 0<t<T<1) (29)

Theorem 3. If, fort € [0,T], the inequality (29) holds, the series (28) is uniformly convergent
in the space (5(2) x C[0,T], N — oo. Hence the solution of the Volterra—Fredholm integral

equation (1) can be obtained in a series form of (28).

Theorem 4. For the given functions g(x,t) € Lo(Q)xC[0,T], ®(t,7) € C([0, T]x[0,T]), k(z,y) €
C([Q] x [Q]), and under the condition (29), we have

H¢($>t>_¢N($at)H —0 as N_>OO7
where Y (x,t) represents the unique solution of Eq. (1) and the error takes the form:

En = [[¢(z,t) = dn (2, )],

where

Ex—0 as N —1.
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4

Conclusion and remarks

From the above results and discussion, the following may be concluded:

1. Equation (1) has a unique solution v (z,t) in the space Ly(£2) x C[0,T], under some con-

ditions.

2. The Volterra—Fredholm integral equation of the second kind, in time and position, after
using separation of variables method leads to a Volterra integral equations of the second

kind with continuous kernel.

3. Solutions of the Volterra integral equations can be obtained by numerical methods.
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ABSTRACT. Recently Wood-Jang[21] studied some applications of the Choquet integral in
the trading relationship that Korea shares with selected trading partners. In this study,
we consider the fuzzy entropy and the Shannon entropy, in addition we also define the
Choquet entropy on a fuzzy set and develop four fuzzy sets which are related to that of
the Choquet expected utility CEU (u(a)) for the trade values of utility v from an act a
on S. Using this data set, we calculate three forms of entropy on four fuzzy sets as in the
Choquet expcetes utility for the trade values that exist between Korea and four trading
partner countries. Furthermore, we provide comparisons with three forms of entropy on
four fuzzy sets which are representative of the four trading partner countries analyzed in
this study.

1. INTRODUCTION

Many researchers have studied the Choquet integrals with respect to a fuzzy measure of
fuzzy sets or interval-valued fuzzy sets and their applications in [2,4-13,19,20,26]. There are
several examples of such analysis, these include student evaluations, similarity measures, the
examination of the Choquet expected utility, and various other forms of inequalities. Re-
cently, by using Choquet integrals with respect to a fuzzy measure, Wood-Jang[20,21] studied
applications of them . These include some applications of the Choquet integral by firstly
examining the imprecise market premium functions, and then more recently the trade rela-
tionship that Korea shares with selected trading partners. By using fuzzy sets and Choquet
integrals in [17], studies utilized the concept of Choquet integral expected utility and its re-
lated areas(see[12,13,19,21,26]). Note that Biswas [2] investigated a student’s evaluation on
the space of fuzzy sets which include data information from the students’ respective classes.

Our first motivation was to build on our previous efforts by considering three forms of fuzzy
entropy in [1,3,14,15,18,24,25], the Shannon entropy in [3,21,24,25], and the Choquet entropy
which we define in this study. From this point of view, we provide a comparative study of three

1991 Mathematics Subject Classification. 28E10, 2820, 03E72, 26E50 11B68.
Key words and phrases. Choquet integral, fuzzy entropy, Shannon entropy, Choquet entropy, fuzzy set.
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forms of entropy on the level of trade that exists between Korea and four trading partners
using data obtained from the WTO [23]. Our second motivation for conducting this study,
was to provide a unique analysis of international trade flows using the Shannon entropy, fuzzy
entropy, and Choquet entropy techniques.

In this study, we consider the fuzzy entropy and the Shannon entropy, in addition we
provide a definition of the Choquet entropy on a fuzzy set and also develop four fuzzy sets
which are related to the Choquet expected utility CEU (u(a)) for the trade values of utility
u from an act a on S for the specified 2-digit HS product codes (01 — 05) for animal product
exports between Korea and selected trading partners for years 2010-2013 using date obtained
from the WTO regional trade database[23]. Using this data set, we calculate three forms
of entropy on four fuzzy sets as in the Choquet expected utility for the trade values that
exist between Korea and four trading partner countries (New Zealand, USA, India, Turkey).
Furthermore, we provide comparisons for three forms of entropy on four fuzzy sets for the
four trading partner countries.

2. THREE FORMS OF ENTROPY ON FUZZY SETS

Let X be a finite set of states of nature and F(X) be the set of all fuzzy sets A =
{(x,ma(z)) | z € X, mg — [0,1] is a function}. Recall that my is called a membership
function of A.

Definition 2.1. ([2,4-13,19,20,26])
(1) A real-valued function p on X is called a fuzzy measure if it satisfies

1) u@) =0, uX)=1,
(i) ACB= p(A) <ubB), (1)

where A, B are subsets of X.
(2) The Choquet integrals with respect to a fuzzy measure p of A € F(X) is defined by

1
(©) [madi= [ ulte € Ximat@) > a})do. 2)

Remark 2.1. Let X = {x1, 22, - ,2n} be a finite set. It is well known that the discrete
Choquet integral with respect to a fuzzy measure p is followings.

©) / madp =" mate) [(ED) — u(BO)] 3)
1=1

where (-) indicates a permutation on {1,2,--- ,n} such that
ma(zay) <ma(re) < <ma(aay, (4)
EW ={z e X|ma(z) >ma(z®} fori=1,2,--- ,n and let E"*' =@ (see [4-7,9,10,11,13)).

By using the Choquet integral, we consider the Choquet expected utility CEU (u(a)) of
utility u(a) from an act a as follows. Note that in economics, the utility function is an
important concept that measures preferences over a set of goods and services. Utility is
measured in units called utils, which represent the welfare or satisfaction of a consumer from
consuming a certain number of goods. Here, we assume that an act is a function from S to
X, where S is a finite set of states of nature.
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Definition 2.2. ([5]) Let u : X — [0,1] be a utility and a be an act from S to X. The
full version of the Choquet expected utility is mentioned above so we can used the CEU
abbreviation here. with respect to a fuzzy measure p of utility u from act a is defined by

CEU(u(a)) = (C) / u(a(s))du(s). (5)

Now, we introduce three forms of entropy on a fuzzy set as follows. Firstly, the Shannon
entropy which was first developed by Shannon [24]. The mathematical communication theory
has been utilized to measure the fuzziness in a fuzzy set or system [25]. According to Shannon,
the information source is a person or a device that produces messages, using the average
minimum amount of information.

Definition 2.3. ([3,22,24,25]) Let A € F(X) and X = {x1,%2, -, 2, } be finite set. The
Shannon entropy on A is defined by

n
Es(A) ==Y ma(x;)logmal(;). (6)
i=1
Secondly, the fuzzy entropy on a fuzzy set is used to express the mathematical values of
the fuzziness of fuzzy sets. The concept of entropy, the basic subject of information theory
and telecommunication, is a measure of fuzziness in fuzzy sets. Luca-Termini [18] note that
Fuzzy entropy D(A) can be represented by the Shannon function as follows

D(A) =k Z s(mal(x;)),

where s(z) = —zlogx — (1 — x)log(l — ) is the Shannon function. When we put X =
{z1,22, -+ ,x,}, we consider the followin fuzzy entropy Er(A) which is the fuzzy entropy
D(A) with k = —%.
Definition 2.4. ([1,3,14,15,18,24,25]) Let A € F(X) and X = {x1, 2, - ,2,} be finite set.
The fuzzy entropy on A is defined by
1 n
Bp(A) = Y lmatw) logma(e) + (1 - ma(eo) log(l — mae)] (7)
i=1
Thirdly, we define the Choquet entropy on a fuzzy set and compare the Choquet entropy
to another two forms of entropy, this helps to demonstrate the role of the Choquet entropy
through the trading relationship that exists between Korea and four of its trading partners
in the next section.

Definition 2.5. Let A € F(X) and X be a set. The fuzzy entropy on A is defined by

Eo(A) =1 (C) / () dp(z). (8)

Note that if X = {x1, 22, - ,z,} is finite set, then we get

Ec(A) =1- ma(zu)(Aw) — m(Aus)), 9)
i=1
where (-) indicates a permutation on {1,2,---,n} such that
ma(ry) Sma(ze) < <ma(zm) (10)

and Ay =14,2,--- ,n and A4y = 0.

27 WOOD 25-33



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

4 JACOB WOOD, LEE-CHAE JANG*

3. CONSTRUCTIONS OF FOUR FUZZY SETS

In this section, we create four fuzzy sets, the USA-fuzzy set U, the NZ-fuzzy set N, IN-
fuzzy set I, TR-fuzzy set T for the CEU of the trade values that exist between Korea and
four countries. Now, we consider the CEU of a utility on a set of trade values (in USD)
that represent the trading relationship that Korea shares with selected trading partners(i.e.
Korea-USA, Korea-New Zealand, Korea-India, and Korea-Turkey). In [21], we examined
these respective trading relationships by incorporating a clearly defined set of Harmonized
System (HS) product code categories (i.e. HS Codes i = 1,2,3,4,5) for each individual year
that is under review (i.e. 2010,2011,2012,2013). We note that the product code definitions
have been provided by the UN Comtrade’s online database and the relevant categories are
defined as follows(see [21]):

1. Live animals; animal products.

2. Meat and edible meat offal.

3. Fish and crustaceans, mollusks and other aquatic invertebrates.

4. Dairy produce; birds’ eggs; natural honey; edible products of animal origin, not elsewhere
specified or included.

5. Products of animal origin, not elsewhere specified or included.

Denote that HSPC=HS Product Code, s=Year, a(s)=Trade Value, u(a(s))=the utility
of a(s), CEU(u(a(s))=the Choquet Expected Utility of u(a) from a. By using the trade
values in tables A; through to A4 in the Appendix, we calculate the Choquet expected utility
CEU (u(a)) for the set of trade values (in USD) that represent Korea’s trading relationship
with a particular country for years 2010, 2011, 2012, and 2013. Let s; = 2010, so = 2011, s3 =
2012, s4 = 2013. Let X = {1,2,3,4,5}. Note that (-) indicates a permutation on {1,2,3,4,5},
such that

CEU(u(a))) < CEU(u(am) < -+ < CEU(u(a(s). ()
Then we denote that a;) = a(s(;)) for i = 1,2,3,4,5 satisfy the equation (11). We define a
fuzzy measure p on X as follows.
wEW) = m({aw}) =01, w(B®) = m({ag),aw}) = 0.3,
WE®) = m{ag), @), am}) = 0.6, w(BY) = m{agw,a@),ap),am}) =1, (12)
and if a(s) is the trade value of s and u(a) = /7551907, then by using Definition 2.3, we

obtain the following CEU (u(a)) as follows:
4

CEU(u(a)) = ZU(a(s(i))) (M(E(i)) _ (M(E(i+1))>
i=1

By using (5), we obtained the four tables A; ~ Ay (see [17]). If we take my (i) = CEU (u(a(s;))),
then we develop four fuzzy sets Y : {1,2,3,4,5} — [0,1] by Y = {(i,mx(7))|i = 1,2,3,4,5}.
Here, Y is one of USA-fuzzy set U, NZ-fuzzy set N, IN-fuzzy set I, and TR-fuzzy set T
defined by

U = {(1,0.05664), (2,0.04483), (3,0.93879), (4,0.20821), (5,0.04858)} (14)
N = {(1,0.00533), (2,0.00000), (3,0.78873), (4,0.15976), (5,0.01557)} (15)
I = {(1,0.00154), (2,0.00000), (3,0.04570), (4,0.00000), (5,0.00000)} (16)
T = {(1,0.00264), (2,0.00887), (3,0.00368), (4,0.00470), (5,0.00000)} (17)
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4. CALCULATE THREE FORMS OF ENTROPY ON FOUR FUZZY SETS

In this section, we calculate three forms of entropy on four fuzzy sets U, N, I,T. Note that
0log0 = 1. Firstly, from (6) and (14)-(17), we get Shannon entroys Eg(U), Es(N), Es(T) on
four fuzzy sets as follows.

Es(U) = —(0.05664 log 0.05664 + 0.04483 log 0.04483 + 0.93879 log 0.93879

18

+ 0.20821 log 0.20821 4 0.04858 log 0.04858) = 0.83476, )

Es(N) = —(0.005331og 0.00533 + 0.00000 log 0.00000 + 0.78873 log 0.78878 19
+ 0.1597810g 0.15978 + 0.015571og 0.01557) = 0.57291, (19)

Es(I) = —(0.00154 log 0.00154 + 0.00000 log 0.00000 + 0.04570log 0.04570 50
+ 0.00000 log 0.00000 + 0.00000 log 0.00000) = 0.15099, )
Es(T) = —(0.00264 log 0.00264 + 0.00887 log 0.00887 4 0.00368 log 0.00368 (21)

+ 0.00470 log 0.00470 + 0.00000 log 0.00000) = 0.10340.

Secondly, from (7) and (14)-(17), we get fuzzy entropys Ep(U), Ep(N),Er(I), Er(T) on
four fuzzy sets as follows.

Ep(U) = —%(0.05664 log 0.05664 + (1 — 0.05664) log(1 — 0.05664)
+0.04483 log 0.04483 + (1 — 0.04483) log(1 — 0.04483)
+0.9387910g 0.93879 + (1 — 0.93879) log(1 — 0.93879)
+0.2082110g 0.20821 + (1 — 0.20821) log(1 — 0.20821)

+0.04858 log 0.04858 + (1 — 0.04858) log(1 — 0.04858)) = 0.26736,
Ep(N) = ,%(0,00533 log 0.00533 + (1 — 0.00533) log(1 — 0.00533)
+0.00000 log 0.00000 + (1 — 0.00000) log(1 — 0.00000)
+0.7887310g 0.78878 + (1 — 0.78873) log(1 — 0.78878)
+0.1597810g 0.15978 + (1 — 0.15978) log(1 — 0.15978)
+0.0155710g 0.01557 + (1 — 0.01557) log(1 — 0.01557))

(23)

= 0.21368,

1
Ep(I) = = £(0.0015410g0.00154 + (1 — 0.00154) log(1 — 0.00154)

+ 0.00000 log 0.00000 + (1 — 0.00000) log(1 — 0.00000)
+0.0457010g 0.04570 + (1 — 0.04570) log(1 — 0.04570)
+0.000001og 0.00000 + (1 — 0.00000) log(1 — 0.00000)
+0.000001og 0.00000 + (1 — 0.00000) log(1 — 0.00000)) = 0.03834,

1
Ep(T) = —(0.0026410g0.00264 + (1 — 0.00264) log(1 — 0.00264)

+0.00887 log 0.00887 + (1 — 0.00887) log(1 — 0.00887)
+0.00368 log 0.00368 + (1 — 0.00368) log(1 — 0.00368)
+0.0047010g 0.00470 + (1 — 0.00470) log(1 — 0.00470)
+ 0.00000 log 0.00000 + (1 — 0.00000) log(1 — 0.00000)) = 0.01447.
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Thirdly, from (9) and (14)-(17), we get Choquet entropys Ec(U), Ec(N), Ec(I), Ec(T) on
four fuzzy sets as follows.

Ec(U) =1—(0.04483 x 0.1 + 0.04858 x 0.1 4+ 0.05664 x 0.6

+0.20821 x 0.1 4 0.93879 x 0.1) = 0.536119, (26)
Ec(N) =1 - (0.00000 x 0.1+ 0.00533 x 0.1 + 0.01557 x 0.6
+0.15976 x 0.1 4 0.78873 x 0.1) = 0.895276, 27
Ec(I) = 1 — (0.00154 log 0.00154 + 0.00000 log 0.00000 + 0.04570 log 0.04570
+0.00000 log 0.00000 + 0.00000 log 0.00000) = 0.15099,
Ec(T) =1 — (0.00264 log 0.00264 + 0.00887 log 0.00887 + 0.00368 log 0.00368 29)

+0.00470 log 0.00470 + 0.00000 log 0.00000) = 0.10340.

Through investigations (18)-(29), we can compare the three forms of entropy on the four fuzzy
sets U, N, I, T as follows.

(1) In this study, we found that the Shannon entropy had a range [0,1] and the fuzzy
entropy had a range [0,0.5] and the Choquet entropy had a range [0.5, 1].

(2) The Shannon entropy Eg and the fuzzy entropy Er have the same order of four countries
in the trading relationship that Korea shares with selected trading partner as follows.

Es(U) > Es(N) > Es(I) > Es(T), (30)
and
Er(U) > En(N) > Ep(I) > Ep(T). (31)

(3) The Choquet entropy has the following order of the trading relationship that Korea
shares with selected trading partner.

Ec(U) < Ep(N) < Ep(I) < Ep(T). (32)

From (2) and (3), we observe the order in which Choquet entropy was investigated is the
opposite of the order in the other two forms.

5. CONCLUSIONS

According to the data analyzed in experiments (27) - (29), we can see that the Shannon
entropy and the Fuzzy entropy contain the same order of results. However, the results for
the Choquet entropy were very different to that of the Fuzzy and Shannon entropies, as the
opposite order of results being obtained. This finding also suggests that the results for the
Choquet entropy exhibit a much higher level of ambiguity across the four countries (New
Zealand, India, the US, and Turkey) analyzed, particular those countries that have a smaller
trading relationship with Korea.

From an economic perspective, the Shannon and Fuzzy entropies have provided scholars
with a means of better understanding the scope and magnitude of the potential relationship
that exists between particular entities, in this case the trading relationship between Korea
and four trading partners. In an era where the development of stronger bilateral economic
ties through trade, such an analysis provides a unique but timely portrayal.

Furthermore, the ambiguities present in the Choquet entropy findings highlight the im-
portant need to carry out additional research. Such efforts would help to establish a clearer
understanding on the types of trading relationships present between Korea and the four coun-
tries selected for this study.
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Table Al: The CEU for animal product exports between Korea and the USA for years
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2010-2013
HSPC | s a(s)(USD) u(a(s)) | CEUq usa)(u(a))

s1| 286892 =a(s™M) [ 0.05352
sy | 330299 = a(s™®) [ 0.05743

! s3 | 358496 = a(s™®) [ 0.05983 005664
s4 | 364918 = a(s™) [ 0.06037
s1 | 997539 = a(s™®) | 0.09981
sy | 376805 = a(s®) | 0.06034

2 s3 | 30005 =a(sM) [0.01731 0.04483
sq | 272884 =a(s™®) [0.05220
s1 | 74866073 = a(s™M) | 0.86464

3 | 52| 95654573 = a(s®)) 1097734 0.93879
s3 | 100141401 = a(s™) | 1.00000 '
54 | 99871717 = a(s™) [ 0.99865
s1 | 3722326 = a(s™) | 0.19280

4 |s2| 4323214 = a(s®) 10.20778 0.20821
s3 | 5016833 = a(s™®) [ 0.22382 '
sq | 4910771 = a(s®) [ 0.22145
51| 235669 = a(s?)) | 0.04851
sy | 359747 = a(s®) | 0.05994

g s3 | 101795 = a(s™) [ 0.05994 0.04858
54| 863858 =a(s™) [0.09088

Table A2: The CEU for animal product exports between Korea and New Zealand for years

2010-2013
HSPC | s a(s)(USD) u(a(s)) | CEUq Nz (u(a))

51| 6650 =a(s™) |0.00815
sy | 4497 = a(s®) ]0.00670

1 0.00533
83 1589 = a(sM) 0.00398
sq | 2179 =a(s@) ]0.00527
51 0=a(sM) 0.00000
0 =a(s?) 0.00000

2 |2 0.00000
s3 0 =a(s®) 0.00000
54 0= a(s®) 0.00000
51 | 70759196 = a(s®)) | 0.84059
91263506 = a(s™) | 0.95464

3 |12 0.78873
s3 | 70763937 = a(s®)) | 0.84062
54 | 46632301 = a(s™) | 0.68240
s1 | 165773 = a(s®) | 0.04069
113751 = a(s™) | 0.03370

4 32 0.15976
s3 | 148756 = a(s@) | 0.03854
54| 277350 = a(s™) ]0.05263
51 0 =a(sM) 0.00000
59 0= a(s@) 0.00000

5 0.01557
s3 | 218022 = a(s®)) | 0.04666
54| 393025 = a(s™@) |0.00265
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Table A3: the CEU for Animal product expert between Korea and India for years 2010-2013

HSPC | s a(s)(USD) u(a(s)) | CEU(u(a))

s1 | 1050 = a(s®) | 0.00324
sy | 1300 = a(s™) | 0.00360

1 0.00264
s3 | 450 =a(s™) | 0.00212
54| 700=a(s®) | 0.00264
s1 | 35432 = a(s®) | 0.01881
50639 = a(s™) | 0.02249

2 |22 0.00887
s3 | 2656 = a(s™) | 0.00515
54 | 8230 =a(s®) | 0.00907
s1 | 8695 = a(s™) | 0.009318
5247 = a(s®) | 0.00724

3 |22 0.00368
s3 | 0=a(sW) 0.00000
54 | 1865 =a(s®) | 0.00432
51| 0=a(sM) 0.00000
sy | 21614 = a(s™) [ 0.01469

4 0.00470
s3 | 30938 = a(s™) [ 0.01758
se | 0=a(s®) 0.00000
51| 0=a(sM) 0.00000

s | s2] 0= a(s@) 0.00000 | 4 40000
s3 | 0=a(s®) 0.00000
s4| 0=a(sW) 0.00000

Table A4: The CEU for animal product exports between Korea and Turkey for years

2010-2013
HSPC | s a(s)(USD) u(a(s)) | CEU(u(a))
51 0= a(sM) 0.00000
— @
. sy | 6900 = a(s2 ) 10.00830 | o154
53 150 = a(s™®) ]0.00122
Sy | 300=a(s®) ]0.00173
51 0=a(sM) 0.00000
— (@)
9 S9 0=a(s . ) 0.00000 | 50000
s3 0=a(s®) 0.00000
S4 0= a(s™@) 0.00000
51 0=a(sM) 0.00000
5o | 672952 = a(s®)) | 0.08198
3 0.04570
s3 | 2532837 = a(s™) | 0.15904
54 | 199874 = a(s®) | 0.04468
51 0=a(sM) 0.00000
0 =a(s™) 0.00000
4 |22 0.00000
53 0 =a(s®) 0.00000
54 0=a(s®) 0.00000
51 0= a(sM) 0.00000
0= a(s™?) 0.00000
5 |22 ( 0.00000
s3 0=a(s®) 0.00000
54 0=a(s®) 0.00000
33
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QUADRATIC FUNCTIONAL INEQUALITY IN MODULAR
SPACES AND ITS STABILITY

CHANG IL KIM AND GILJUN HAN*

ABSTRACT. In this paper, we prove the generalized Hyers-Ulam stability for
the following functional inequality

p(f (@4y)+f(x—y)—2f(2)—2f(y)) > p(klf (ax+by)+f(az—by)—2a° f (z)—2b* f (y)])

in modular spaces without A2-conditions.

1. INTRODUCTION AND PRELIMINARIES

In 1940, Ulam proposed the following stability problem (cf. [16]):

“Let GG be a group and G5 a metric group with the metric d. Given a constant

0 > 0, does there exist a constant ¢ > 0 such that if a mapping f : G; —
G satisfies d(f(xy), f(z)f(y)) < c for all z,y € G1, then there exists a unique
homomorphism h : Gy — Gy with d(f(z), h(x)) < § for all x € G17”
In the next year, Hyers [4] gave the first affirmative partial answer to the ques-
tion of Ulam for Banach spaces. Hyers’ theorem was generalized by Aoki [2] for
additive mappings and by Rassias [13] for linear mappings by considering an un-
bounded Cauchy difference, the latter of which has influenced many developments
in the stability theory. This area is then referred to as the generalized Hyers-Ulam
stability. A generalization of the Rassias’ theorem was obtained by Gavruta [3]
by replasing the unbounded Cauchy difference by a general control function in the
spirit of Rassias’ approach.

A problem that mathematicians has dealt with is "how to generalize the classical
function space LP”. A first attempt was made by Birnhaum and Orlicz in 1931. The
more abstract generalization was given by Nakano [11] in 1950 based on replacing
the particular integral form of the functional by an abstract one that satisfies some
good properties. This functional was called modular( [1], [6], [7], [8], [9], [12], [15],
[18]). This idea was refined and generalized by Musielak and Orlicz [10] in 1959.

Recently, Sadeghi [14] presented a fixed point method to prove the general-
ized Hyers-Ulam stability of functional equations in modular spaces with the As-
condition and Wongkum, Chaipunya, and Kumam [17] proved the fixed point theo-
rem and the generalized Hyers-Ulam stability for quadratic mappings in a modular
space whose modular is convex, lower semi-continuous but do not satisfy the Ao-
condition.

2010 Mathematics Subject Classification. 39B52, 39B72, 47H09.
Key words and phrases. Fixed point theorem, Hyers-Ulam stability, modular spaces.
* Corresponding author.
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In this paper, we prove the generalized Hyers-Ulam stability for the following
quadratic functional equation

p(f(x+y)+ f(z—y) —2f(x) —2f(v))
> p(k[f (az + by) + f(az — by) — 2a° f (x) — 2b° f (y)])

in modular spaces without As-conditions by using a fixed point theorem.

(1.1)

Definition 1.1. Let X be a vector space over a field K(R, C, or N).
(1) A generalized functional p : X — [0, o0] is called a modular if
(M1) p(z) =0if and only if x =0,
(M2) p(ax) = p(x) for every scalar o with |a| = 1, and
(M3) p(z) < p(z) + p(y) whenever z is a convex combination of z and y.
(2) If (M3) is replaced by
(M4) p(az + By) < ap(z) + Bp(y)
for all z,y € V and for all nonnegative real numbers «, 8 with o + 8 = 1, then we
say that p is conver.

For any modular p on X, the modular space X, is defined by
X, ={zeX|p(Ax) > 0as A = 0}

and the modular space X, can be equipped with a norm called the Luxemburg
norm, defined by

]|, = mf{)\ >0 | p( ) < 1}

Let X, be a modular space and {z,} a sequence in X,. Then (i) {x,} is called
p-Cauchy if for any ¢ > 0, one has p(x, — x,,) < € for sufficiently large m,n € N,
(ii) {zn} is called p-convergent to a point « € X, if p(z, —z) — 0 as n — oo, and
(i) a subset K of X, is called p-complete if each p-Cauchy sequence is p-convergent
to a point in K.

A modular space X, is said to satisfy the Aq-condition if there exists k > 2 such
that X,(22) < kX,(x) for all z € X.

Example 1.2. ([9], [11], [12]) A convex function ¢ defined on the interval [0, c0),
nondecreasing and continuous, such that ¢(0) = 0,{(«) > 0 for a > 0, {(a) = o©
as a — 00, is called an Orlicz function. Let (2, %, 1) be a measure space and L°(p)
the set of all measurable real valued (or complex valued functions on €). Deine the
Orlicz modular p; on L°(u) by the formula pe(f fQ (IfDdw. The associated
modular space with respect to this modular is called an Orlicz space, and will be
denoted by (L¢,, 1) or briefly L¢. In other words,

LS ={f € L) | pc(\f) < oo for some A > 0}.

It is known that the Orlicz space L¢ is pc-complete. Moreover, (LS, || - [|,.) is a
Banach space, where the Luxemburg norm || - ||, is defined as follows

£l = int {3 >0 ] [ ¢(H)an<1}.

Further, if p is the Lebesgue measure on R and ((f) = e’ — 1, then p¢ does not
satisfy the As-condition.
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For a modular space X,, a nonempty subset C' of X,, and a mapping T': C' —
C, the orbit of T at x € C is the set

O(z) = {z, Tz, T?x,- - -}.

If 6,(x) = sup{p(u —v) | u,v € O(x)} < oo, then one says that T has a bounded
orbit at x.

Lemma 1.3. [5] Let X, be a modular space whose induced modular is lower semi-
continuous and let C C X, be a p-complete subset. If T : C — C is a p-
contraction, that is, there is a constant L € [0,1) such that

p(Tx —Ty) < Lp(z —y), Yz,y € C

and T has a bounded orbit at a point xg € C, then the sequence {T"xo} is p-
convergent to a point w € C.

For any modular p on X and any linear space V', we define a set M
M:={g:V — X, | g(0) =0}
and the generalized function p on M by for each g € M,
#g) i= inf{e > 0 | plg(x)) < ct(a,0), Vo € V1,

where 1 : V2 — [0, 00) is a mapping. The proof of the following lemma is similar
to the proof of Lemma 10 in [17].

Lemma 1.4. Let V be a linear space, X, a p-complete modular space where p is
convex lower semi-continuous and f : V. — X, a mapping with f(0) = 0. Let
Y : V2 — [0,00) be a mapping such that

(1.2) Y(ax,ar) < a*Lp(z, )

for all x,y € V and some a and L with a > 2 and 0 < L < 1. Then we have the
following :

(1) M is a linear space,

(2) p is a convexr modular, and

(3) Mz =M and My is p-complete, and

(4) p is lower semi-continuous.

2. SOLUTIONS OF (1.1)

In this section, we consider solutions of (1.1).
For any f:V — X, let

Af(z,y) = k[f(az + by) + f(ax — by) — 2a® f(x) — 2b° f (y)]
and
By(z,y) = f(x +y) + flz —y) — 2f(x) — 2f(y).

Lemma 2.1. Let p be a convex modular on X and f : V — X, an even mapping
with £(0) = 0. Suppose that ka®> > 1 and b*> > a®. Then f is a quadratic mapping
if and only if f is a solution of (1.1).
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Proof. Since k # 0 and f is even, we have

(2.1) flax) = a®f(z), f(bx) =b*f(z)

for all z € V. Putting y = ay in (1.1), by (2.1), we have
p(f(x+ay) + fz —ay) — 2f(x) — 2a*f(y))

> p(ka®[f(x +by) + f(z — by) — 2f(x) — 2b° f(y)])

for all z,y € V and letting y = £ in (2.2), by (2.1), we have

(23)  p(Bs(x,)) = p(ka®[f(z +py) + fx — py) — 2f(x) — 20" f(y)])
for all z,y € V,where p = % Since p is convex and ka? > 1, by (2.3),
(24)  p(By(x,y)) = ka®p(f(z +py) + f(x = py) — 2f(x) = 20" f(y))
for all x,y € V. Letting « = py in (2.3), by (2.1), we have

p(f(px +y) + f(px —y) — 20°f () — 2 (y))
> kb’ p(f(z +y) + flz —y) — 2f(z) — 2f(y))

for all z,y € V, because p is convex and b > a?. Interchanging z and y in (2.5),
we have

(2.6) p(f(x +py) + f(z —py) = 2f () — 2p° f(y)) > kb p(By (x,y))
for all z,y € V. By (M4), (2.4), and (2.6), we have
p(f (x4 py) + flz — py) — 2f(x) — 20°f(y))
> k2a*0p(f(z + py) + f(x — py) — 2f (x) — 2p° f(y))
for all z,y € V. Since k%a?b? > 1, by (2.7) and (M1), we get
flx+py) + flz—py) —2f(x) = 2p° f(y) = 0

for all x,y € V and hence f is a quadratic mapping. The converse is trivial. ([l

(2.2)

(2.5)

2.7)

Theorem 2.2. Let p be a conver modular on X and f : V — X, a mapping with
f(0) = 0. Suppose that ka® > 2 and b*> > a®. Then f is a quadratic mapping if and
only if f is a solution of (1.1).

Proof. By (1.1), we have
p(Ag,(,)) < 5p(As(r,9) + 5pl(As(~2, )
(28) < 3p(By(e,) + 5p(By(—2,~))

< 302y, (2.9)) + 30(2By. (2. 9))

for all x,y € V and similarly, we have

(29) p(A7(,9)) < 5p(2By(5,9) + 5p(2By, (2.9))
for all z,y € V. Letting = 0 in (2.8), by (M4), we have

kb?
(210) SP(o(w) = p(2kD Lo (w)) = (a1, 1)
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for all y € V, because p is convex and kb® > 2. Since kb? > 1, by (2.10) and (M1),
we have f,(y) =0 for all y € V' and hence by (2.9), we have

(2.11) p(Ay, (z,y)) < p(2By, (2, y))

for all z,y € V. Since ka? > 2 and b* > a?, by Lemma 2.1 and (2.11), 2f. is a

quadratic mapping and since f,(x) = 0 for all z € X, f is a quadratic mapping. O
For k£ =1 in Theorem 2.2, we have the following corollary:

Corollary 2.3. Let p be a convex modular on X and f :V — X, a mapping with
f(0) = 0. Suppose that b*> > a?> > 2. The f is quadratic if and only if

p(By(x,y)) > p(f(az + by) + f(az — by) — 2a*f(z) — 2b* f(y))
forallx,y € V.

Corollary 2.4. Let p be a convex modular on X and f : V — X, a mapping with
f(0) = 0. Suppose that ka® > 2 and b*> > a®. Then the following are equivalent
(1) f is quadratic,

(2) f satisfies (1.1), and

(3) f satisfies the following

p(rBs(z,y)) > p(rAs(z,y))
for all x,y € V and all real number r.

3. THE GENERALIZED HYERS-ULAM STABILITY FOR (1.1) IN MODULAR SPACES

Throughout this section, we assume that every modular is convex and lower semi-
continuous. In this section, we will prove the generalized Hyers-Ulam stability for

(1.1).

Lemma 3.1. Let p be a convex modular on X and t a real number with 2 < t.
Then

(13:—1-1 )<1 (x)-i—1 (v)
P\7 V)= 3P P\
forallz,y e X.

Proof. Since p is a convex modular on X, we have
1 1 1 1 1
oo+ gv) < 3o+ (1=7)o(7=7) <
for all x,y € X, because 2 < t. O

Theorem 3.2. Let p be a modular on X, V' a linear space, X, a p-complete modular
space and f:V — X, a mapping with f(0) = 0. Suppose that a > 2, k > a?, and
b2 > a?. Let ¢: V? — [0,00) be a mapping such that

(3.1) ¢(az,ay) < a’Lo(z,y)
forallz,y € V and some L with 0 < L <1 and
(3.2) p(rAs(z,y)) < p(rBy(z,y)) + |rlp(z,y)

forallx,y € V and all real number r. Then there exists a unique quadratic mapping
Q:V — X, such that

(33) o(Q@) = 5 @)) € o= g00)
forallz € V.
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Proof. By Lemma 1.4, p is a lower semi-continuous convex modular on Mz, Mz =

~ 1
M, and Mj; is p-complete. Define T' : My — Mj; by Tg(z) = Eg(ax) for all
g € Mj and all € V. Let g,h € Mj. Suppose that p(g — h) < c for some
nonnegative real number ¢. Then by (3.1), we have

1

p(Tg(a) ~ Th(z)) < g p(glax) — h(ax)) < Leo(r,0)
for all z € V and so p(Tg — Th) < Lp(g — h). Hence T is a p-contraction. Since
2k > 1, by (3.2), for r = 1, we get
(34)  p(flaz) —a*f(@)) < —p(%f(ax) — 2ka?f(2)) <
for all x € X. Since a > 2, by (3.4),

(35) p(Tf ()~ () = p( g flaz)~ F(@)) < 5l f(ar)—a>f(x)) <

for all x € X.
Now, we claim that T has a bounded orbit at ;—zf By Lemma 3.1 and (3.5), for
any nonnegative integer n, we obtain

1
S-0(,0)

1
53 6(.0)

p(51 1) = 21 @) < 2p(T" @) — (@) + =p( 5 ) - (@)
< (T flaz) ~ = fla)) + 52 0(,0)

for all x € V and by (3.1), we have

36) o7 - @) < Zw (@.0) < g5 0.0)

for all z € V and all n € N. By Lemma 3.1 and (3.6), we get
(3.7)

(257" (@) — 5T @) = p( T F @) ~ 5T (@) < gt =62, 0)

P\a2 a? P = ka*(1-L)"
for all x € V and all nonnegative integers n, m. Hence T has a bounded orbit at
1
=/

By Lemma 1.3, there is a ) € M such that {T”a—lzf} is p-convergent to ). Since
p is lower semi-continuous, we get

1 1
0 < p(TQ — Q) < liminf ﬁ(TQ — T f) < lim inf Lﬁ(Q - f) —0
n—o00 a n— o0 a

and hence @ is a fixed point of T' in Mz. Since a > 2, there is a a natural number
t with k& < a’=% and 2kb? < a'=3 and hence we have

(o [Aate) - st ay)])

k 1 2k 1
< —p(Qlaw +by) — s fla o+ a"by)) + —5p(Q(@) — 5 fla"a))

k 1 2kb? 1
+ Ep(Q(ax —by) — Wf(a”“x - a"by)) + p p(Q(y) - Wf(a”y))

for all x,y € V and all n € N. Letting n — oo in the above inequality, we get

(3.8) lim p(% [AQ(I,y) — #Af(a"x, a"y)D =0

n—oo
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for all z,y € V, because { %H f} is p-convergent to Q. Similarly, we have

(3.9) lim p( [BQ(IE y) — 2i+2 Bf(a”x,a"y)D =0

n—oo

for all z,y € V. Since a® < k, by (3.2), we have

p(,miﬂ Aq(z, y))

<= 1 (k; t {AQ(iE y) — %Af(anx,any)}) + 2P(WﬁAf(a”x,a"y))
< a13/)< [AQ( y) — ﬁAf(a”x,a”y)D + ép<ﬁBJc(a”x,b”y))
+ Wﬁb(a”% a"y)

1 1 L 1 /1
< 2o( 2 [Aav) — i Asan )] ) + (e Bala.y)
1 17 1 o L
t 2o( [ Br(a"a, a%y) — Ba(e,)] ) + ezl n)
for all z,y € V and all n € N. Letting n — oo in the last inequality, by (3.8) and
(3.9), we get

p(rer Aa() < o 7 Batey)
for all z,y € V. By Corollary 2.3, @) is a quadratic mapping. Moreover, since p is
lower semi-continuous, by (3.7), we have (3.3). O

Corollary 3.3. Let X and Y be normed spaces and €, 0, and p real numbers with
€>0,0>0, and 0 < p < 1. Suppose that a > 2, k > a?, and b*> > a®. Let
f: X —Y be a mapping such that f(0) =0 and

1Ay (@ )l < 1By, 9)|| + e+ 0z ]* + [[ylI*” + [[«]1?ly]*)

for all x,y € X. Then there is a quadratic mapping Q : X — 'Y such that

Q) ~ @) < gz e+ Olel)

2p)
forallx € X.

Proof. Let p(z) = ||2|| for all y € Y and ¢(z,y) = e+ 0([[z]|* + [[y[|* + [[=]|”[ly|]*)
for all z,y € V. Then p is a convex modular on a normed space Y, Y =Y, and
d(ax,ay) < a*?¢(x,y) for all z,y € V. By Theorem 3.2, we have the results. [0

Using Example 1.1, we get the following example.

Example 3.4. Let 6, and p be real numbers with 8 > 0 and 0 < p < 1. Suppose
that @ > 2, k > a2, and b*> > a®. Let ¢ be an Orlicz function and L¢ the Orlicz
space. Let f : V — LS be a mapping such that f(0) = 0 and

/Q C(rAp(x,y))dp < / CrBy(a, y))dp + P01z + [y + 2117 19]1?)

for all z,y € X and all real number r. Then there is a quadratic mapping @ :
X — Y such that

| (@ = @) < gy 1
for all x € X.
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Abstract

We derive here a Taylor’s formula with integral remainder in the sev-
eral complex variables and we estimate its remainder.
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1 Main Results

We need the following vector Taylor’s formula:

Theorem 1 (Shilov, [3], pp. 93-94) Let n € N and f € C™ ([a,b],X), where
[a,b] CR and (X, ||-||) is a Banach space. Then

FO)=fla)+ 3 L9

i=1

b
§0 <a>+(n%1)! / (b— 2" ) (&) de. (1)

7!

The remainder here is the Riemann X -valued integral (defined similar to nu-
merical one) given by

1 b 1
Qn—l (TL — 1)| /a (b ZE) f (JI) d.T, ( )
with the property:

1Qu11 < s, 5 )| L2 @

The derivatives above are defined similar to the numerical ones. We make

Remark 2 Here Q is an open convex subset of C*, k > 2; z := (21,..., 21),
xo = (o1, Tok) € Q. Let f : Q — C be a coordinate-wise holomorphic
1
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function. Then, by the famous Hartog’s fundamental theorem ([1], [2]) f is
jointly holomorphic and jointly continuous on Q. Let n € N. Each n'™ order

complex partial derivative is denoted by f, = g:({, where @ = (aq,...,ax),

k
0 €2y, i=1,..,k and |a| := > a; =n.
i=1

Consider
g, () :=f(xzo+t(z—mp)), 0<t<1L (4)

Clearly it holds that xo +t(z —x9) € Q and g, (t) € C, V ¢t € [0,1].
Then we derive

k J
; 0
ggj) (t) = (; (Zz — 1‘07;) axl> f ($01 + t (Zl — CCOl) 5 .oy LOK + t (Zk — Iok)) ,
()
forall j=0,1,...,n.

Notice here that any mixed partials commute. We remind that (C,|-|) is a
Banach space. By Shilov’s Theorem 1, about the Taylor’s formula for Banach
space valued functions, we obtain

Theorem 3 It holds

n—1 ggj) (O)

f21ymz) =g (1) =) o T (2,0), (6)
j=0
where )
L0 = _ gyt o)
R (20) = g [ 00=00 o 0y a0, ©

and notice that g, (0) = f (zq).
We make

Remark 4 Notice that (by (7)) we get

|Ry (2,0)] < < max
0<6<1

gt (H)D = (8)

We also have for j =0,1,....,n:

, k
g9 (0) = Z kﬂ <H (zi — 3601‘)%) falzo).  (9)

a:=(a1,...,a), aj€Z+ H ai!

k
=1,k o= ai=j
i=1
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Furthermore it holds

k
9™ (0) = > a (H (2 — >> fa (20 +0(2 = 10)),

k
a:=(a,....ar), ;€L ag! | Ni=L
. k =1
i=1,...k; |a|:=3 ai=n

i=1

(10)
0<0<1.
Another version of (6) is

n_ (4)
Fr ) =g () =3 & j’(o) + R (2,0), (11)
j=0 ’

where

o 20) = oy [ =07 (0 - ©)ar. (12

Identities (6) and (11) are the multivariate complex Taylor’s formula with inte-
gral remainders.

We give
Example 5 Letn =k = 2. Then
g- (t) = f(zo1 +t (21 — 1), To2 + t (22 — z02)), t€[0,1],

and

0 0
g. (t) = (21 — zo1) of (xo+t(z—x0)) + (22 — To2) 128 (xo+t(z—x0)).
or1 O0x2
(13)
In addition,

/

¢ (1) = (21— a00) (;;‘ (w0 +1 (2~ xo») (o2 — 20) (;’f (w0 +1 (2 — xo>>)

of? of?

— (Zl_xm){(zl_xm)@ﬁ%(*)+(22_x02)<9u];m(*)}+ (14)
of? of?

(22 — Z02) {(21 - Z01) ng (%) + (22 — 02) 5.% (*)} :
Hence,
" (F) = 2 af2 an
gz (t) = (21 — wo1) pr () + (21 — wo1) (22 — wo2) Fead, +
of? Of?
(21 — zo01) (22 — T02) Wf@xz (%) + (22 — 02)° 8£§ (%) (15)

where * := xg +t (2 — xp).
Notice that g, (t), g, (t), g7 (t) € C.
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‘We make

Remark 6 We define

1 :
T ( / |f<xo+0<zxo>>|pd9) el (16)

where ZTg denotes the segment ZTy C Q.
We also define

1/l oo 225 = Jmax, |f (zo + 0 (2 —20))] - (17)

By (10) we obtain

k
gt (9)’ = > " <H|Zi—$01|ai> |fa (w0 + 0 (2 — 20))],

k
ar=(a1,...,a), aj €L ;! i=1
k i=1
i=1,...k; |al:=37 a;=n
i=1
(18)
Vo elo,1].

Therefore, by norm properties for 1 < p < oo, it holds

k
n! v
g.(zn) — < Z L <H |Zi - 3701'%') ”fa”p,m (19)
Pzt a:=(a1,...,ax), OéjGZ+ Oéi! i=1
) L i=1
i=1,...,k; |a|:=> ai=n
i=1
k n
< <Z|Zi—$m‘|> 1fallpzzs >
i=1
where
I fallyz = max I fally 2 » (20)
foralll <p<oo.
That is
n *
g,(zn) __ = (Hz_onll) Hfa”p,mv (21)
p;2To

forall1l <p < oo.
Therefore by (8) we obtain

Iz = zoll,)" 12l oo 225

Ry (2,0)] < Z

(22)

Next, we put things together and we further estimate R, (z,0).
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=1. It holds

Theorem 7 Here p,q > 1: % +%

g(zn)

00, 2T
n! ’

n)
||gz 1,ZTq

|R, (2,0)| < min o

IN

—
)
13X

=

1951, 2

(n—1)(a(n—1)+1)7

[ -

n! ’

n . Ifally =g
(Ilz = 2oll;,) " min VI (24)

1720 e

(n—1)(g(n—1)+1)7

Proof. Based on (7), Holder’s inequality and (21). m
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Abstract :

In this paper we introduce the Barnes-type multiple twisted g-Euler numbers and polynomials
of the second kind, by using fermionic p-adic invariant integral on Z,. Using these numbers and
polynomials, we construct the Barnes-type multiple twisted ¢-Euler zeta function of the second kind.
Finally, we obtain the relations between these numbers and polynomials and Barnes-type multiple

twisted ¢ -Euler zeta function.
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1. Introduction

Recently, Bernoulli numbers, Bernoulli polynomials, ¢-Bernoulli numbers, ¢-Bernoulli polyno-
mials, the second kind Bernoulli number, the second kind Bernoulli polynomials, Euler numbers of
the second kind , Euler polynomials of the second kind, Genocchi numbers, Genocchi polynomials,
tangent numbers, tangent polynomials, and Bell polynomials were studied by many authors(see [1,
2, 3, 4, 9]). Euler numbers and polynomials possess many interesting properties and arising in many
areas of mathematics and physics. In [5], by using Euler numbers E; and polynomials E;(z) of
the second kind, we investigated the alternating sums of powers of consecutive odd integers. Also
we carried out computer experiments for doing demonstrate a remarkably regular structure of the
complex roots of the second kind Euler polynomials E, (z)(see [6]). The outline of this paper is
as follows. We introduce the Barnes-type multiple twisted g-Euler numbers and polynomials of
the second kind, by using fermionic p-adic invariant integral on Z,. In Section 2, we construct
the Barnes-type multiple twisted g-Euler zeta function of the second kind. Finally, we obtain the
relations between these numbers and polynomials and Barnes-type multiple twisted ¢ -Euler zeta
function.

Throughout this paper we use the following notations. By Z, we denote the ring of p-adic
rational integers, @, denotes the field of rational numbers, N denotes the set of natural numbers, C
denotes the complex number field, and C, denotes the completion of algebraic closure of Q,,. Let v,

be the normalized exponential valuation of C, with |p|, = p~vr®) = p=1. For
g € UD(Z,) ={glg : Z,, — C,, is uniformly differentiable function},

the fermionic p-adic invariant integral on Z, of the function g € UD(Z,) is defined by

L19) = | g)dnar(a) = tim 3 gla)(-17, see 1.2, 4] (1.1)

¥ =0
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From (1.1), we note that

/

First, we introduced the second kind Euler numbers E,,. The second kind Euler numbers F,, are

oz + Ddu_i(z) + / o)y (x) = 29(0). (1.2)

P ZP

defined by the generating function:

oo

2¢t t"

n=0

We introduce the second kind Euler polynomials E,,(x) as follows:

2¢t L tm
pET —;}En(w)ﬁ (1.4)

In [5, 6], we studied the second kind Euler numbers F,, and polynomials E, (z) and investigate their

properties.
2. Barnes-type multiple twisted ¢g-Euler numbers and polynomials of the second kind

In this section, we assume that wi,...,wx € Zp and ay,...,ax € Z. Let T, = Uny>1Cpn =
limy o0 Cpn, where Cpn = {w|w”N = 1} is the cyclic group of order pV. For w € T}, we denote by
¢w  Zp — C, the locally constant function z — w®.

We construct the Barnes-type multiple twisted g-FEuler polynomials of the second kind,

Epwqwi,...;wg;a1,...,05 | ).

For k € N, we define Barnes-type multiple twisted ¢g-Euler polynomials of the second kind as follows:

/ . / ww1+"'+$kqa111+"'+ak$k6(1+2w1$1+"'+2wkwk+k)tdl£71(xl) . dﬂ—l(fﬂk)
ZT’ ZP

k—times
_ 2k6kt - (21)
(wqale%wlt + 1)(wqa262w2t + 1) . (wqakekat + 1)
o0 tn
= Z Enwq(wi,. . wesan, ..o a | 2)—.
n=0 m
In the special case, x = 0, Ep o q(wi,...,wg;01,...,a5 | 0) = Ep o q(wi,...,wg;a1,...,0a5) are

called the n-th Barnes-type multiple twisted g-Euler numbers of the second kind. By (2.1) and

Taylor expansion of e(#+2wizi1t+2wrzi+k)t e have the following theorem.
Theorem 1. For positive integers n and k, we have
EpwqWi,...,wga1,...,05 | )

:/ / wx1+m+qualz1+“'+akzk(33+2U)1$1+"'+2wk$k+/<J)ndu_1($1)"'du_1($k).
Zp Zp

N——
k—times

In the case when z = 0 in (2.1), we have the following corollary.

Corollary 2. For positive integers n, we have

Epwq(wi,. .. wg;a1,...,ax)

= / . / wZiz ziquzl YT 2wy + -+ 2wk + k) dp—1(x1) - - dp—q (xg). (2.2)
ZP ZT’
k—times
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By Theorem 1 and (2.2), we obtain

n

n _
En,w,q(w1>~“;wk;alv"'aak x)Z(Z>El,w,q(wla~"7wk;a17~~';ak)xn l, (23)
=0

where (Z) is a binomial coefficient.

We define distribution relation of Barnes-type multiple twisted g-Euler polynomials of the
second kind as follows: For m € N with m = 1( mod 2), we obtain

oo tn
E En}w)q(wl,...,wk;al,...7ak|33)g
n=0 !

2k€kmt

(wmqalmelemt + 1)(wmqa2m62w2mt + 1) .. (wmqakmeZwkmt + 1)

T+ 2wyly + -+ 2wl + k — mk
m—1 . N (mt)
% Z (_1)l1+“'+lsz'i=1liqu:l ailie m
l1,. 0yl =0

From the above equation, we obtain

oo tn
E Enwqgwi,...;wga1,..., a5 | x)g
n=0 ’
oo m—1
_ Z m" Z (_1)zl+...+zsz,’§:l liqu-Ll ail;
n=0 l1,..,l=0
T+ 2wily + -+ 2wl + k —mk\ t"
X Epgm gm | W1,..., Wga1,...,0k | - el

n

t
By comparing coefficients of — in the above equation, we arrive at the following theorem.
n!

Theorem 3 (Distribution relation). For m € N with m = 1( mod 2), we have

Epwqlwi,...;wgia1,... 05| 2)
m—1
= m" Z (_1)ll+"'+lkw25:1linleaili
l1,...,lx=0
T+ 2wily + -+ 2wl + k — mk
X Ep ym gm (wl,...,wk;al,...,ak| - )

From (2.1), we derive

/ . / w:cl+~-~+xkqa1x1+-~~+akxke(:c+2w1:c1+~-~+2wkxk+k)tduil(xl) . dufl(mk)
Z Z

P P
k—times (2.4)
— 9k Z (_1)m1+---+mkw2?:1 miquzl aimi o(z+2wimy+-+2wemp+k)t
ml,...mkzo
From (2.2) and (2.4), we note that
Epwq(wi,...,wg;01,...,05 | )
RS b s (2.5)
=2 Z (—1)mattme s @M (4 Qg + - - - + 2wy, 4 k)™

mi,...m,=0

By using binomial expansion and (2.1), we have the following addition theorem.
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Theorem 4(Addition theorem). Barnes-type multiple twisted g-Euler polynomials of the sec-

ond kind E, o, q(w1,...,wk;a1,...,a | ) satisfies the following relation:

n

n _

E,wq(wi,...,wg;61,...,0 |24+ y) = E (l>El7w7q(w1,...,wk;al,...,ak|x)y" L
1=0

3. Barnes-type multiple twisted ¢-Euler zeta function of the second kind

In this section, we assume that ¢ € C with |¢| < 1 and the parameters wy,...,wy are positive.
l

Let w be the p™V-th root of unity. By applying derivative operator, % |t=o to the generating function
of Barnes-type multiple twisted g-Euler polynomials of the second kind, E,, o, q(w1, ..., wg;a1,...,ax |
z), we define Barnes-type multiple twisted g-Euler zeta function of the second kind. This function
interpolates the Barnes-type multiple twisted g-Euler polynomials of the second kind at negative
integers.

By (2.1), we obtain

2kekt ot
FUJ,Q(wh sy WEs AL, -5 Ak ‘ $7t) = (wqa1€2w1t + 1) ce (wqakekat 4 1)
oo - (3.1)
= Z Enwg(wi,.. wesan, .. a | 2)—.
o n!
Hence, by (3.1), we obtain
o0 tn
Z EnwqWi, ... ,wga1,...,ak | m)ﬁ
n=0 ’
(o]
— 9k Z (_1)m1+~~+mkw2§:1 miquzl aim; o(z+2w1m+ -+ 2wpmp+k)t
miy,...m-=0
dl
By applying derivative operator, @hzo to the above equation, we have
E, o q(wi,...,wg01,...,05 | )
> (3.2)

— 9k Z (71)m1+-"+mkw2§:1 miqu‘C:l @imi (:L' + 2wimq + -+ - + 2wpmy + k)n

mi,...mp=>0

By (3.2), we define the Barnes-type multiple twisted ¢-Euler zeta function of the second kind

Cwog(Wi, ..., wisas, ... ax, | s,x) as follows:

Definition 5. For s,z € C with Re(x) > 0, aq,...,a; € C, we define

00 k . k .
(_1)m1+-~+mkw2i:1 mzqzizl a;m;
wo(Wi,. .. wyial, ... a | s x) =2~ , 3.3
Cu,g (w1 k3 a1 k| ) . Z:nk: (x 4+ 2wimq + -+ + 2wpmy + k) (3.3)
For s = —l in (3.3) and using (3.2), we arrive at the following theorem.

Theorem 6. For positive integer I, we have

Cwogwi, ..., wgsar,...,ar | =l x) = Ej(wi,...,wg;a1,...,a5 | T).

By (2.6), we define multiple twisted ¢-Euler zeta function of the second kind

Cwg(Wi, ..., wgsag,...,ax | s) as follows:
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10.

11.

Definition 7. For s € C, we define

[e'e} k k
(_1)m1+-~+mszi:1 miquzl a;m;
Wiy W G, ay | 8) =28 , 3.4
Cu,g(wi ks @1 k| ) - z;nk: (2wimq + - - + 2wpmy, + k)* (3.4)
For s = —![ in (3.4) and using (2.5), we arrive at the following theorem.

Theorem 8. For positive integer [, we have
Cwogwi, ..., wgsar, ... ak | =) = Ej(wi,...,wg;a1,...,a0k).
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In this manuscript, we investigate a variant of the operators define by Lupas.
We compute the rate of convergence for different class of functions. In section
3, the weighted approximation results are established. At the end, stated the
problems for further research.

Keyword: Positive linear operators; Rate Convergence; Weighted approxi-
mation
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1 Introduction

In [1], Lupag proposed to study the following sequence of linear and positive
operators

(oo}

P (f,2) =27 )" (g,f,j,’“f <z> L x>0, fil000) >R, (L)
k=0 ’

where (nz), =1 and (nz)p = nz(nx+1)(nx +2)...(ne +k—-1), k > 1.

We can consider that P,[LO], n > 1, are defined on F where E = U FE, and

a>0
E, is the subspace of all real valued continuous functions f on [0, 00) such as

sup(exp(—ax)|f(x)|]) < co. The space E, is endowed with the norm ||f|, =
x>0

sup(exp(—ax)|f(z)]) with respect to which it becomes a Banach space.

x>0

In recent year, Patel and Mishra [2] generalized Jain operators type variant of
the Lupag operators defined as

PP(f,x) = i %24%%# (i) , 23>0, f:[0,00) >R, (12)
k=0 ’

where (nx 4+ kB), = 1, (nx+kfB)1 = nx and (nx+kfB), = nx(ne+kB+1)(nx+

EB+2)...(nc+kB+k—1),k>2.
We mention that 8 = 0, the operators P7[10] reduce to Lupag operators (1.1). In
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[2], the authors have used following Lagrange’s formula to define the operators
(1.2):

=1 [ dkt 2 \*
=¢(0 — | —— Mg/ — . 1.3
o) =00+ 3 [ (75) - 09
But, if we use following Lagrange’s formula then the generalization of the oper-
ators (1.1) is written better way:

o(2) {1 - f(zz)d{i(;)} -

M8

&[] | ffz))k -

By choosing ¢(z) = (1 — 2)™ and f(z) = (1 — 2)#, we have

=
Il

0

(1—2)*[1—28(1—2)"""

0o 1 2 k
k=0
Taking z = %, we get
=1 ot Bk
L= (1=5) Y gy (o + BR)27 (00,
k=0
Now, we may define the operators as
plé) _y k
k=0

— 1
where pg(k,nz) = (1 - 0) Z W(nm + Bk)2~ (" HBR) where (nx + Bk)o = 1

and (nz + Bk), = (nm+Ez())(nx+6k+2)...(nx+5k+kf1), k > 1 and

1
0§6L<1

The parameter 8 may depend on the natural number n. It is easy to see that
for 8 = 0, the operators P (f, x) reduces to Lupag operator (1.1). We mention

that, the operators (1.2) and (1.4) has no much difference as their moments are
same. To calculate the moments of (1.4), we follows techniques developed in [2]

53 Patel 52-67



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

and along the lines of [2], we have

2
Pta) = 1fﬁ+n(1—56)2
P 2:(+420) 6(B+F
R ﬂfﬁ)2+ ;((1—6)3)+n2((1—ﬂ)1
PJﬁ](tS,x) — 3 62%(1+ ) 6x(1+65+352)

A-pF " a-pF T n21-pp
2 (138 + 3452 + 135°)

n3(1—B)°
6 a oy 423(3 +2B) | 3622 (1435 + 5?)
Pn (t 7‘%') - (1 _5)4 + n(l —,3)5 n2(1 _5)6
2 (13 4 1468 + 20982 + 5283%) 30 (58 + 2332 + 2333 + 53%)
' W= B) ' (1= B)F

In the present paper, we modify the operators defined by (1.4) into integral
form in Kantorovich sense, see also G.G. Lorentz [3, Ch.II, p.30]. Actually, we

k
replace f (n) by an integral mean of f(z) over a small interval around the

point — as follows
n

(k+1)/n

KW , T :noo k,nx t)dt, 1.5
P =n 3 pal )/k/n F(t)dt (1.5)

where pg(k,nz) was as defined in (1.4) and f belongs to the class of local
integrable functions defined on [0, c0).

The focus of the paper is to investigate these linear and positive operators.
Section 2, provided results in connection with the rate of convergence for KL’B )

under different assumptions of the function f.

2 Approximation properties

For any integer s > 0, we denote by e the test function, es(z) = 2° , 2 >0,

and we also introduce the s-th order central moment of the operator Kr[fa ] , that
is

Qns(z) = KPP (¢, 5, ), where ¢, (1) = (t — x)*, 2 > 0, > 0.
Lemma 1 The operators Kr[f], n € N defined by (1.5), verify
1. K (1,2) = 1;

1 2
2. K(t,z) = 1f5 + 2;(;5)6)2;
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B2 o T x(3+28+ 6%  14+208+125% +28% + 5*
3 Kt x) = =0E + w1 =) + 3705 7
Bl b 322 (5+428+6%) (104328 +158%+25% + )
4. Kt x) = a _ﬂ)3+ 2T~ B} S
14 1428 4 21982 + 9683 + 198* + 2p° 4 9
" (- By
5. K[ﬁ](t‘l z) = 4 23 (74_25_,_52)

=g m(i-pp
22 (25 + 448 + 1862 + 28° + 4*)
' n2(1 = )0
x (43 + 3268 + 329532 + 1163% + 2354 + 23° + 39)
' w1 = 37
1+ 10728 + 33982 + 282433 4 9008* + 17435 + 283° + 237 + 38
+ .
5nt(1— B)®

Proof: Observe that K,[Lm(l,x) = P,Em(l,x) =1
Now,

o (b+1)/m
Kt z) = ang(k,nx)/ t dt
k=0 k/n

oo

_ L+2k _ 1 o (8]
- pg(k,nx) 2n - ann (1’$)+PTL (tam)
k=0
T (1+ B)?

“1-5 T am-pe

Similarly, we have

oo (k+1)/n
K2 2) = anB(k,nx)/ 2 dt
k=0 k/n
= 1+ 3k + 3k?
B Zpﬂ(k’m)T
k=0
1 1
= gV @a)+ PPt a) + PP, )
2P +x(3+2,6’+62) 1+ 208+ 1252 +28°% + g
T a-p T i pp (i)t
4
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(k+1)/n

KB @3 2) = anB(k,nm)/ 3 dt
k=0 k/n

> 1+ 4k + 6k% + 4k3
= Zpg(k,nx)
k=0

4n3
= LPW(1 z) + L plsl (t,z) + S pis (2, x) + PP, x)
43" N n2- " dn” " N7 N
z3 322 (5+28+42)  x(10+328+ 1582 + 283 + p*)
=By "~ 2n(1-p) (1= By
N 1+ 1426 + 21962 + 96833 + 1984 4 28° + 38
4n3(1 — B)°

and

(k+1)/n

KBt ) = anﬂ(k,nm)/ th dt
k=0 k/n

o pors Psls 5nt  nt o nt nt  nt
- ip[ﬁ](l z) + ip[ﬁ} (t,z) + Ep[ﬁ] (%, z)
Bpd= " N n3~ " n2 " ’
2 )
+= PP, ) + PO, )

! 203 (7428 + 52) 222 (25 + 445 + 1832 + 25° + B4)
A=A a(i-pp (1= B)°
z (43 + 3267 + 32942 + 1164° + 238 + 26° + 8°)
i n3(1—p)7
1+ 10728 + 339832 + 282432 + 9008+ + 1743° + 283° + 287 + 38
+ .
5ni(1—pB)®

56 Patel 52-67



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Lemma 1 implies the following identities

_ _xp (1+5)°
Quol@) = 1, Qui(z)= =3 + on(l— B (2.1)
2B v (24 B8+282+8%)  1+208+128%+28° + B4
Qno(r) = a2t IR + 32(1 B . (2:2)
| B 3P4+ B+28° + )
Qn,3($) (1 . 5)3 + 271(1 _ 5)4
@ (9+ 138 + 2342 +128% + 28* + %)
! w21 By
1+ 1423 + 21962 + 9683 + 195* + 28° + 39
+ 31— B ; (2.3)
- x464 2$3ﬁ2 (6+ﬂ+252+53)
nale) = Gy n(1 - AP 24
222 (6 + 183 + 2532 4 263° + 128 + 23° + °)
+ 22 (1= B)e
z (42 + 1858 + 252532 + 23953% + 1003* + 198° + 235 + B7)
" 31— B)7
14 10728 + 339832 + 282433 + 9008* + 17483° + 283% + 287 + /38
+ 51— ) '
Remark 1 Since € [0,1), (1-8)2<1land(1-8)"2<(1-8)"3<(1-6)74,
we have
2znB + (1 +3)?
Qna(z) < W (2.5)
and
0 3n222B% + 3nz (2+ B+ 262 + B%) + 1+ 208 + 1282 + 283 + p*
nal@) < 3n2(1 - p)*
3n22%6% + 6nw (1 +26) + 1 + 353 96
< 3n2(1 = B)i . (2.6)
Also, using max{1,z, 22,23, 24} < (1 + 2 + 2% + 2% + 2*), we have
B4 20 180
Qna(z) < ((1 —B)8 + n(l—p)3 + n2(1—p)8
840 8400
=B - ﬁ)8> (to+aitalsad)
< Bp(n)(1+a+2” +a° +a?), (2.7)
where
g 20 180 840 8400
B (e T LT e ST () S T ()
6
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Theorem 1 Let K2 be defined by (1.5) and B,, € [0,1) with 8, — 0. Then for
f € C[0,00) one has 1i_>m KBa(f,.) = f uniformly on any compact K C [0, 00).

Proof: By making use of Lemma 1, we have

lim KPl(#9 2) = 29, with 8, — 0

n—oo
j = 0,1,2, uniformly on any compact K C [0,00). Consequently, our assertion
follows directly from the well-known theorem of Bohman-Korovkin.
Let Cp[0,00) denote the space of real valued continuous and bounded functions
f on the interval [0, c0), endowed with the norm

[fll = sup [f(z)

0<z<o0

For any 6 > 0, Peetre’s K-functional is define by

Ky(f,0)= inf — gl +5llg"1|},
(50 =t {1 =all+ 015”1}

where C%[0,00) = {g € Cp[0,00) : ¢, ¢g" € Cp[0,00)}. By DeVore and Lorentz
[4, P.177, Theorem 2.4], there exists an absolute constant C' > 0 such that

K (f,0) < Cws (f, \/5) : (2.9)

where the second order modulus of smoothness of g € Cp[0, 00) is defined as

wa(g; 6) = ,Sup sup lg(z) —2g9(x +h) + g(= +2h)|, 0>0,

also usual modulus of continuity of f € Cg[0,00) is defined by

wi(g;0) = sup suplg(z +h)—g(z)], >0.
0<h<éz>0

Theorem 2 Let K be defined by (1.5) and B € [0,1) then for each x > 0 the
following inequality

(8] _ Z
|Kn (fa ‘T) f(l‘)‘ < Swip Sn(l — B)2

4 <f_ /3022237 + 6nz (1+ 28) + 1+ 356)
3 )

holds.
Proof: Since KT[LB](L z) =1 and pg(k,nx) > 0, we can write
o (k+1)/n
K0 Sl <Y psthne) [ IS0 @l @10
k=0 n

On the other hand

[f(t) = f(@)] S wi(filt —z]) < (L+ 672t — 2)*)wr(f39).
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For |t — x| < ¢ the last increase is clear. For [t — x| > &, we use the following
properties

wi(f328) < (1+ Nwi(f30) < (1+A)wi(f;9),
where one can choose A = § 1|t — z|. This way the relation (2.6) implies

(k+1)/n

(KB (f,a) — fz)] < ang(k,nw)/ (1+07%(z = )" )wn(f; 8)dt
k=0 k/n

= (Qmo (I) + 57297%2(.%)) W1(f; 6)

2,202
- (1+62{3n‘rﬂ +ng((11_+551)+1+356}> wi(f;6).

) L4 o 1 1/2
B*+6nz(1+28)+1+ 35ﬁ> , we obtain the desired

. 3n2z?
Choosing § = ( 201 = B

result.

Further, we estimate the rate of convergence for smooth functions.

Theorem 3 Let K be defined by (1.5) and B € [0,1). Then for f € C'[0,00)
and a > 0 one has

1 , , 1
KP0) = 0] < gz (sall o + v (£572) ).

where b, = 2anf + (1 + 5)? and
cn = 2y/n2a2B2 + 2na (1 +26) + 1+ 358

(1 +(1—B)2/na?B? +2a(1+2B) + (1 + 35ﬁ)n—1).

Proof: We can write

fl@) = f(t) = (z =) f () + (z = )(f'(§) = f'(2)),

where & = £(t,z) is a point of the interval determinate by x and ¢. If we
(k+1)/n

multiply both members of this inequality by npg(k, nz) / dt and sum
k/n
over k , there follows
(K (f,2) = f@)] < [f/(2)|Qa (@)
o0 (k+1)/n ) ,
0 Yo patina) [ 176 - £ @)
k=0 n
2znfB + (1+ B)? ,
< _—_— 2.11
< (PR a0 (211)
o0 (k+1)/n
+ang(k,nx)/ |z —t|(1 4+ 67t — | wi(f';0)dt.
k=0 k/n
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According to Cauchy’s inequality, we have

i (k+1)/n
S patinn [ e
k=0 k/n
g (k+1)/n 1/2
<vny ps(k,nx) / (z —t)%dt
k=0 k/n
> © (k+1)/n 1/2
\/ﬁ{ lz pg(k,nx)] lz pg(k,nz)/ (r — t)zdt] } )
k=0 k=0 k/n
Hence,
(k+1)/n
nng (k,na / T —tldt < /Qua(z). (2.12)
TL

Using inequalities (2.12) in (2.11), we write
K (f,2) = flo)] < (2550052 |1 Hcoa]

/O (1+5 \/T)wl (f;0 (2.13)

V/n2a2B2 + 2na (1 +283) + 1 + 353
n(l—p)? ’

1
Inserting 6 = — and usin Quo(z) <
g \/ﬁ g n,2( ) >~
x € ]0,a] , the proof of our theorem is complete.

Theorem 4 Let f € Cp[0,00). Then for all x € [0,00) there exists a constant
A > 0 such that

x (1+ B)?
1—ﬁ+2n<1—6>2>’

2 2,2 2\ 2
where §n(x) _ 3n%2%p 2?;;%1;;2)?)-&-1-&-355 + (%;fggggf) ) ]

K (f,2) — f(2)] < Aws (f.6n(2)) +n (f,

Proof: Consider the following operator

R0 = KPU0 (T il ) + ). (214

By the definition of the operators IA(Y[LB } and Lemma 1, we have
KBt —z,2)=0.

Let g € C%[0,00) and z € [0, 00). By Taylor’s formula of g, we get

g(t) —g(x) = (t — z)g'(x) + / (t = u)g" (u)du, t€[0,00).
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One may write

g.0) - 90) = d @R a0)+ &P ( [0~ (wdus )

t
= KW (/ (t— u)g"(u)du,x)
xt
= KW (/ (t u)g”(u)du,x)
/lwﬁm x (1+B)?
— + —u | du.
Now, using the following inequalities
t
[ wg@an] < - a7 (215)
and
%+77(Ll+f)22 1 2 1 2 2
/1 B 2na-m <1x5+2( + ) 2—u>du’§ [ z_ (1+5) 2} 1"l
z - n(l—p) 1=8  2n(1-p)

we reach to

2 2 T (1 +6)2 ? "
{3n2x252 +6nz (1+28) +1+ 353
N 3n?(1—p)*
2znB + (1 + B)? 2 "
() }ug I (2.16)

By means of the definitions of the operators fdf } and K,[f ], we have

KP() = f@)] < RS = g,0) + | = )@ + K g,2) - o)

*’f (5 2£Ll<1+ﬁ23>2> - f)

and
K (fo) < |KP(f o)l + 20 f 1 < 1P ) + 20 £1] = 3] £1]
Thus, we may conclude that

(KD (foe) = f(@)] < 4llf = gll + K (g, 2) = g(2)]

(5 i) 1)

10
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In the light of inequality (2.16), one gets

(KN (foe) = f)] < 4lf -9l
{3n2x262 +6nz (14 28)+ 1+ 3508
' 32(1 = )’

.\ (Qamﬁ +(1+ 6)2>2} ol

2n(1— )2
(14 B)2
51 an(1 —ﬁ)2> '

Therefore taking the infimum over all g € Cg[0,00) on the right-hand side of
the last inequality and considering (2.9), we find that

X
+w1 <f71_

r 2
K (f,2) = f(z)] < 4K (f,&(2)) +wi <f, i—g " 27(11(;—523)2)
r 2
< 40w (f,6n(x)) + w1 (f’ -5 " 2s<1+—ﬂza>2>
< Awy (f,6n(x)) +wr (f’ 1 f 8 + 2’r(Ll(1+—B/)B)2) ’

which completes the proof.

Theorem 5 Let0 <y <1,8€[0,1) and f € Cp[0,00). Thenif f € Lipp(7),
that is, the inequality |f(t) — f(x)] < M|t—=x|7,x,t € [0,00) holds, then for each
x € [0,00), we have
X
[KP(f,2) = f(x)] < di (@),

~ 3n2?B% 4 6na (1 +26) + 1+ 358

3n2(1= B) and M > 0 is a constant.
n2(1 —

where dp,(x)

Proof: Let f € Cg[0,00) N Lipps(y). By the linearity and monotonicity of

the operators K,[Lm

(KL (f, ) — f(=)]

, we get

EJ(f(t) = f(x)], )
MEP (|t — |, )

IAIA

(k+1)/n

Man[g(k,nx) // |t — x|7dt.

k=0 k/n

11
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2
Now, applying the Hoélder inequality two times successively with p = —, ¢ =
v
2
CRpE we obtain
o0 (k+1)/n 2
KP(f) = f@) < MY palhna) ([ -
k=0 k/n
< M(Qa(w))?
_ gy (3B 4 6na (1428) + 14353 z
= 3n2(1— ) |

This completes the proof.

3 Weighted approximation properties

Now, we introduce convergence properties of the operators KT[F I Via the weighted
Korovkin type theorem given by Gadzhiev in [5, 6]. For this purpose, we recall
some definitions and notations.

Let p(z) = 1+2? and B,[0, 00) be the space of all functions having the property

|f (@) < Myp(x),

where z € [0,00) and My is a positive constant depending only on f. The set
B,[0,0) is equipped with the norm

Il = su

C,]0,00) denotes the space of all continuous functions belonging to B,[0, 00).
By Cg [0, 00), we denote the subspace of all functions f € C,[0, c0) for which

| f(=)]
Ay <

Theorem 6 ([5, 6]) Let {An} be a sequence of positive linear operators acting
from C,[0,00) to B,[0,00) and satisfying the conditions

limy o0l An(tY;z) — 2|, = 0,0 =0,1, 2.
Then for any function f € 02[0, 00),
Tim [ Au(f:2) = () = 0.

Note that, a sequence of linear positive operators A,, acts from C,[0,00) to
B,[0,00) if and only if
[ An(p; 2)|| < My,

where M, is positive constant. This fact also given in [5, 6].

12
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Theorem 7 Let {KT[LB"]} be the sequence of linear positive operators defined by
(1.5) and B, € [0,1) with B, — 0 as n — oo. Then for each f € CS[0,00), we
have

lim [|KP(f;2) — f(z)]|, = 0.

n—oo

Proof: Using Lemma 1, we may write

wp 2 (0,2) L (3428460
z€[0,00) 1+ 22 T (1-Bn)2 n(l— Bn)3
14208, +12682 + 262 + 5+ +1
3n2(1 — Bn)? '

Since lim £, =0, , there exists a positive constant M* such that
n—oo

1 (3428, +B2) 14208, +1282 4263 + 2 .
T2 a(-B (-8 =M

for each n. Hence, we get

1K (o, )|, < 1+ M7,

which shows that {KLB"]} is a sequence of positive linear operators acting from
C,[0,00) to B,[0,00).
In order to complete the proof, it is enough to prove that the conditions of
Theorem 6

lim | KBt 2) — ||, = 0,0 =0,1,2
are satisfied. It is clear that

lim [|K}P)(152) = 1], =0

By Lemma 1, we have

1 x (1+ 8n)? 1
KBl (4 0) — — o« -1 n
[t ) =zl 5250‘ (1 e ) T+a2 " 2n(1—Bn)2 1+ a2
Bn (1+ Bn)?

1= 5, " 2n(i =8,

Thus taking into consideration the conditions 5, — 0 as n — oo, we can
conclude that

nlgr;oHKn (tix) —z|, =0

13
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Similarly, one gets
1B (85 ) = 22,

1 z2 (3+28,+82) =z
= sup -1 +
zeoo | \ (1 — Bn)? 1+ 22 n(l—p3,)3 1422

14208, + 1282 +283 + 54 1

3n2(1 — B,)* 1+ a2
B 1 (3426, +62) | 1+208, + 1282 +252 + B2
S e ‘ ((1 “Ba)? ) n(1— Bn)? 3n2(1 — B,)"*
28, — B2 (34280 +B2) 14208, + 1282 +283 + 2
s s ‘ B2 nd—BF 3n2(1 — B,)3

which leads to

lim |KP) (% 2) — 22|, = 0 with 8, — 0.
n—oo
Thus the proof is completed.
Now, we compute the order of approximation of the operators K},ﬁ
the weighted modulus of continuity Qs2(f,d) (see[7]) defined by
|f(z+h)— f(z)]

(s 0) = ; e Yo,
20-0) rZOS,(l)lfhgfs 1+ (x+h)? f p[ 00)

]

in terms of

and has the following properties:

(a) Q2(f,d) is monotone increasing function of ¢,
(b) 5ll>%l+ QQ (fv 6) = Oa
(c) for each A € [0,00), Qa2(f, A) < (1 4+ N)Qa(f,9).

Theorem 8 Let {KT[L’B]} be the sequence of linear positive operators defined by
(1.5). Then for each f € CD[0,00), we have

(K (f;2) — f(2)]
Ogsalclfoo (1 +I2)3

< 00, (f,(Bs(m)'"*)

where C' is positive constant and Bg(n) is defined in (2.8).

Proof: For z > 0 and ¢t > 0, by the definition of Qs(f,d) and the property
(¢), we may write
|t — |

(14 (z+ |t — ) (1 + 5) Qa(f,6n)

n

1£(t) = f(@)]

IN

21+ 22)(1 + (t — 2)?) <1 LI ;f') Qo (f,62).

IN

14
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By using the monotonicity of K+ and the following inequality (see [8])

(1+ (t—2)?) <1+|t;nx|> <2(1+4y) (1+ (t;;c)‘l)’

n

one gets

(K (f,2) — f()]

IN

2(1 + 2?) K[! ((1 +(t—12)?) (1 L ;f') :13) Qu(f,6)

IA

41+ 22)(1+ 62K ((1 G ;;)4) x> Qo(f,0,)

1
ok

n

< 41 +2H)(1+62) <1+ K,[Lﬂ]((t—w)‘l,x)) Qa(f, 6,)

< Gra) (14 R 0" 9a(0,),

with the help of the inequality (2.7) this inequality leads to

K - S < a1 (14 B 1wt a? 0+ 0) ) (.0,

which gives the required result.

Remark 2 In [9], the authors has consider the generalization of the operators
(1.1) as

— k
P S Ly s > : R, (3.1
W (f an, b, ) kZZO s (5 ) 720 Fi0) =R (3)

where {an}, {b,} are increasing and unbounded sequences of positive numbers

such that . )
lim — =0, a”:l—s—O().

n—o0 by, b, bn
They studied the convergence properties of these operators in weighted spaces of
continuous functions on positive semi-axis. Also, A. Erencin and F Tasdelen
[10] consider the generalization of the Kantorovich type operators RQO] (f, an, by, x)
given by (3.1) as follows:

° (k+1)/bn
—a m§ : anZ)k
k=0 : n

where f is an integrable function on [0,00) and bounded on every compact subin-
terval of [0, 00).

Motivated by the operators (3.1) and (3.2), we generalize the operators P,[f] and
K,[f] in following way

> 27 (@@t kB) (g 2 + k) k
(8] — E n k - .
Pn (fvanvbnvm)*k:() ok | f(bn>a 1’207 f[O,oo)—>R,

(3.3)

15
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and

& 27(anx+k,@) " (k+1)/by
(@n ) / F(t)dt (3.4)
k

Kr[tﬁ](ﬁan;bnax) :bnz ok L]
k=0 /b

and extend the studies of the present article in a similar direction for the opera-
tors (3.3) and (3.4). The analysis is different so we may discuss that elsewhere.
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Mittag-Leffler-Hyers-Ulam Stability of Linear Differential
Equations using Fourier Transforms

J.M. Rassias, R. Murali, and A. Ponmana Selvan

ABSTRACT. In this paper, we are going to study the Mittag-Leffler-Hyers-Ulam stability
and Mittag-LefHler-Hyers-Ulam-Rassias stability of the general Linear Differential Equations
of Higher order with constant coefficients using Fourier Transforms method. Moreover, the
Mittag-Leffler-Hyers-Ulam stability constants of these differential equations are obtained.
Some examples are given to illustrate the main results.
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Key Words and Phrases: Mittag-Leffler-Hyers-Ulam  stability, Mittag-Leffler-
Hyers-Ulam-Rassias stability, Linear Differential equation, Fourier Transforms.

1. Introduction

A classical question in the theory of functional equation is the following : “when is it
true that a function which approximately satisfies a functional equation (g) must be close to
an exact solution of (¢g)?” If the problem accepts a solution, we say that the equation (g) is
stable.

A simulating and famous talk presented by Ulam [40] in 1940, motivated the study of
stability problems for various functional equations. He gave a wide range of talks before
a Mathematical Colloquium at the University of Wisconsin in which he presented a list of
unsolved problems. One of his question was that when is it true that a mapping that approx-
imately satisfies a functional equation must be close to an exact solution of the equation? If
the answer is affirmative, we say that the functional equation for homomorphisms is stable.
In 1941, Hyers [9] was the first Mathematician to present the result concerning the stability of
functional equations. He brilliantly answered the question of Ulam, the problem for the case of
approximately additive mappings on Banach spaces. In the course of time, the Theorem for-
mulated by Hyers was generalized by Rassias Th. [36], Aoki [4], Bourgin [6] and J.M.Rassias
[29] for additive mappings. Then a number of authors has studied the Ulam problem for
various functional equations by different methods in [2}, 21}, [30, 31}, 32, 33, 34, 35].

A generalization of Ulam’s problem was recently proposed by replacing functional equa-
tions with differential equations: The differential equation

o (a2 2", =0

1
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has the Hyers-Ulam stability if for a given € > 0 and a function z such that
10) (f, z, 2,2, ...:U(”))‘ <,

there exists a solution z, of the differential equation
10) (f,x,:c’,x”, ...m(”)> =0
such that |z(t) — z4(t)| < K(€) and hr% K (e) = 0. If the preceding statement is also true when
€E—

we replace € and K (€) by ¢(t) and ¢(t), where ¢, ¢ are appropriate functions not depending
on =z and z, explicitly, then we say that the corresponding differential equation has the
generalized Hyers-Ulam stability. Obloza seems to be the first author who has investigated
the Hyers-Ulam stability of linear differential equations [25, 26]. Thereafter, In 1998, C.
Alsina and R. Ger [3] were the first authors who investigated the Hyers-Ulam stability of
differential equations. They proved in [3] the following Theorem.

Theorem 1.1. Assume that a differentiable function f : I — R is a solution of the
differential inequality ||'(t) — z(t)|| < €, where I is an open sub interval of R. Then there
exists a solution g : I — R of the differential equation z'(t) = x(t) such that for any t € I,
we have || f(t) — g(t)|| < 3e.

This result of C. Alsina and R. Ger [3] has been generalized by Takahasi [39]. They proved
in [39] that the Hyers-Ulam stability holds true for the Banach Space valued differential
equation y'(t) = Ay(t). Indeed, the Hyers-Ulam stability has been proved for the first order
linear differential equations in more general settings [11, 2], 13|, 17, 18, 19, 20]. Using
the approach as in [40], Miura, Takahasi and Choda [19], Miura [20], Takahasi, Miura and
Miyajima [39] and Miura, Jung and Takahasi are [I17] proved that the Hyers-Ulam stability
holds true for the differential equation ' = Az, while Jung [11] proved a similar result for
the differential equation ¢(t)a'(t) = .

In 2006, S.M. Jung [14] investigated the Hyers-Ulam stability of a system of first or-
der linear differential equations with constant coefficients by using matrix method. In
2007, G. Wang, M. Zhou, L. Sun [42] studied the Hyers-Ulam stability of a class of
first-order linear differential equations. I. A. Rus [37] discussed four types of Ulam sta-
bility: Ulam-Hyers stability, Generalized Ulam-Hyers stability, Ulam-Hyers-Rassias stabil-
ity and Generalized Ulam-Hyers-Rassias stability of the Ordinary Differential Equation
u'(t) = A(u(t)) + f(t,u(t)),t € [a,b]. In 2014, Q. H. Algifiary and S. M. Jung [5] proved
the Generalized Hyers-Ulam stability of linear differential equation by using the Laplace
Transforms. These days the Hyers-Ulam stability of differential equations are investigated
1, [7, 8, 15, 16, 22, 24, 27, 28|, 43| and the investigation is ongoing.

Recently, Vida Kalvandi, N. Eghbali and J.M. Rassias [41] studied the Mittag-Leffer-
Hyers-Ulam stability of a fractional differential equation of second order. In this paper, with
the help of Fourier Transforms, we investigate the Mittag-Leffler-Hyers-Ulam stability and
Mittag-Lefller-Hyers-Ulam-Rassias stability of the linear differential equation

2#t)+1x(t)=0 (1.1)
and the non-homogeneous linear differential equation
() + 1 z(t) = r(t) (1.2)
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where [ is a scalar, z(t) and r(t) are the continuously differentiable functions. Also, by using
Fourier Transforms, we establish the Mittag-LefHer-Hyers-Ulam stability and Mittag-Leffler-
Hyers-Ulam-Rassias stability of the second order homogeneous linear differential equation

2'(t)+12'(t) +m xz(t) =0 (1.3)
and the non-homogeneous second order differential equation
2'(t) +1 2 (t) + m z(t) = r(t) (1.4)

where [ and m are scalars, x(t) is a twice continuously differentiable function and r(¢) is a
continuously differentiable function.

2. Preliminaries

In this section, we introduce some standard notations, Definitions and Theorems, it will
be very useful to prove our main results.

Throughout this paper, F denotes the real field R or the complex field C. A function
f : (0,00) — F of exponential order if there exists a constants A, B € R such that
|f(t)] < AetB for all t > 0.

For each function f : (0,00) — T of exponential order. Let ¢ denote the Fourier
Transform of f so that

o) = [ 0y e e

Then, at points of continuity of f, we have

f@) =5 [ 9w e du

this is called the inverse Fourier transforms. The Fourier transform of f is denoted by F(¢).
We also introduce a notion, the convolution of two functions.

Definition 2.1. (Convolution). Given two functions f and g, both Lebesgue integrable
on (—o0,400). Let S denote the set of x for which the Lebesgue integral

)= [ 10 g~ 1) dt

exists. This integral defines a function h on S called the convolution of f and g. We also
write h = f * g to denote this function.

Theorem 2.2. The Fourier transform of the convolution of f(x) and g(x) is the product
of the Fourier transform of f(xz) and g(z). That is,

F{f (@) x g(a)} = F{f(x)} Flg(x)} = F(s) G(s)
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F / F() gz —1) dt § = F(s) G(s),

where F(s) and G(s) are the Fourier transforms of f(x) and g(x), respectively.

Definition 2.3. [41] The Mittag-Lefller function of one parameter is denoted by E,(2)
and defined as

[e.o]

1
Eq(z) = kZOWZk

where z,a € C and Re(a) > 0. If we put o = 1, then the above equation becomes

> 1
El(z) = kZ:O mzk =

2
A

e’.

oo
k=0
Definition 2.4. [41] The generalization of E,(z) is defined as a function

_\ 1 K
Faol®) = 2 Tk )

where z,a, 8 € C, Re(a) > 0 and Re(S) > 0.

Now, we give the definition of Mittag-Leffler-Hyers-Ulam stability and Mittag-Leffer-
Hyers-Ulam-Rassias stability of the differential equations (L.1]), (1.2)), (1.3) and (L.4).

Definition 2.5. The linear differential equation (/1.1]) is said to have the Mittag-Leffler-
Hyers-Ulam stability, if there exists a constant K > 0 with the following property: For every
€ > 0, let z(t) be a continuously differentiable function satisfies the inequality

|2 (t) + 1 2(t)] < eEy(t?),

where E, is a Mittag-Leffler function, then there exists some y : (0,00) — F satisfies the
differential equation (1.1)) such that |z(t) — y(t)| < KeEy(t*), for any t > 0. We call such K
as the Mittag-Leffler-Hyers-Ulam stability constant for the differential equation (|1.1)).

Definition 2.6. The linear differential equation (|1.2)) is said to have the Mittag-Leffler-
Hyers-Ulam stability, if there exists a constant K > 0 with the following property: For every
€ > 0, let 2(t) be a continuously differentiable function satisfies the inequality

|2'(t) + L 2(t) —r(t)] < eBa(t?),

where E, is a Mittag-Leffler function, then there exists some y : (0,00) — [ satisfies the
differential equation (L.2]) such that |x(t) — y(t)| < KeE,(t), for any ¢ > 0. We call such K
as the Mittag-Leffler-Hyers-Ulam stability constant for the differential equation (|1.2)).

Definition 2.7. The linear differential equation (/1.3)) is said to have the Mittag-Leffler-
Hyers-Ulam stability, if there exists a constant K > 0 with the following property: For every
€ > 0, let z(t) be a twice continuously differentiable function satisfying

|x”(t) +1 x/(t) +m z(t)| < eEq (1Y),
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where E, is a Mittag-Leffler function, then there exists some y : (0,00) — F satisfies the
differential equation (|1.3|) such that |x(t) — y(t)| < KeE,(t%), for any ¢t > 0. We call such K
as the Mittag-Leffler-Hyers-Ulam stability constant for the differential equation (|1.3)).

Definition 2.8. The linear differential equation ([1.4)) is said to have the Mittag-Leffer-
Hyers-Ulam stability, if there exists a constant K > 0 with the following property: For every
€ > 0, let 2(t) be a twice continuously differentiable function satisfying

2" (t) + 1 2 (t) + m z(t) — r(t)| < eEy(tY),
where E, is a Mittag-Leffler function, then there exists some y : (0,00) — F satisfies the

differential equation (1.4)) such that |z(t) — y(t)| < KeEy(t%), for any t > 0. We call such K
as the Mittag-Leffler-Hyers-Ulam stability constant for the differential equation (|1.4)).

Definition 2.9. We say that the homogeneous linear differential equation has the
Mittag-Leffler-Hyers-Ulam-Rassias stability, if there exists a constant K > 0 with the fol-
lowing property: For every € > 0, let (¢) be a continuously differentiable function, if there
exists ¢ : (0,00) — (0, 00) satisfies the inequality

|2'(t) + 1 2(t)] < $(t)eEa(t?),
where E, is a Mittag-Leffler function, then there exists some y : (0,00) — F satisfies the

differential equation (1.1)) such that |z(t) —y(t)| < K¢(t)eEq (1Y), for any ¢ > 0. We call such
K as the Mittag-LefHler-Hyers-Ulam-Rassias stability constant for the equation (|1.1)).

Definition 2.10. We say that the non-homogeneous linear differential equation has
the Mittag-Lefller-Hyers-Ulam-Rassias stability, if there exists a constant K > 0 with the
following property: For every € > 0, let x(t) be a continuously differentiable function, if there
exists ¢ : (0,00) — (0, 00) satisfies the inequality

|2/(t) + 1 a(t) — r(t)] < d(t)eEa(t?),
where E, is a Mittag-Leffler function, then there exists some y : (0,00) — I satisfies the

differential equation (1.2 such that |z(t) —y(t)| < K¢(t)eEn(t*), for any t > 0. We call such
K as the Mittag-Leffler-Hyers-Ulam-Rassias stability constant for the equation (|1.2)).

Definition 2.11. We say that the homogeneous linear differential equation has
the Mittag-Leffler-Hyers-Ulam-Rassias stability, if there exists a constant K > 0 with the
following property: For every ¢ > 0, let (t) be a twice continuously differentiable function,
if there exists ¢ : (0,00) — (0, 00) satisfies the inequality

12" () + 1 2'(t) + m x(t)| < ¢(t)eEn(t?),
where E, is a Mittag-Leffler function, then there exists some y : (0,00) — F satisfies the

differential equation ([1.3]) such that |z(t) — y(t)| < Ko (t)eEq(t*), for any t > 0. We call such
K as the Mittag-Leffler-Hyers-Ulam-Rassias stability constant for the equation (|1.3]).

Definition 2.12. We say that the non-homogeneous linear differential equation has
the Mittag-Lefller-Hyers-Ulam-Rassias stability, if there exists a constant K > 0 with the
following property: For every € > 0, let z(t) be a twice continuously differentiable function,
if there exists ¢ : (0,00) — (0, 00) satisfies the inequality

|2"(t) + 12/ (t) + m x(t) — r(t)] < (H)eEa(t),
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where E, is a Mittag-Leffler function, then there exists some y : (0,00) — F satisfies the
differential equation ([1.4)) such that |z(t) —y(t)| < K¢(t)eE,(t*), for any t > 0. We call such
K as the Mittag-Leffler-Hyers-Ulam-Rassias stability constant for the equation (|1.4)).

3. Mittag-Lefler-Hyers-Ulam Stability

In the following theorems, we prove the Mittag-Leffler-Hyers-Ulam stability of the ho-

mogeneous and non-homogeneous linear differential equations (1.1]), (1.2), (1.3) and (1.4]).
Firstly, we prove the Mittag-Leffler-Hyers-Ulam stability of first order homogeneous differen-

tial equation ([1.1)).
Theorem 3.1. The differential equation (1.1)) has Mittag-Leffler-Hyers-Ulam stability.

PROOF. Let [ be a constant in F. For every € > 0, there exists a positive constant K
such that z : (0,00) — I be a continuously differentiable function satisfies the inequality

12/ (t) + 1 2(t)] < eEa(t®) (3.1)

for all £ > 0. We will prove that, there exists a solution y : (0,00) — F satisfying the
differential equation y'(t) + [ y(t) = 0 such that
[2(t) — y(t)] < KeEa(t®)

for any ¢ > 0. Let us define a function p : (0,00) — F such that p(t) =: 2/(¢t) + 1 x(t) for each
t > 0. In view of (3.1), we have [p(t)| < eE,(t*). Now, taking Fourier transform to p(t), we
have

Fpt)} = F{a'(t) + L x(t)}
P(&) = F{a'(t)} +1 Fz(t)} = —i€X(§) +1 X (&) = (1 — i) X ()
__P(€
YO=—ig
Thus
Fla} = x(¢) = DS, (32
Taking Q(¢) = (l—lif)’ then we have
1 _ 1
Fah =g = 0= )
Now, we set y(t) = e~ and taking Fourier transform on both sides, we get
00 0 00
Flyt)r =Y (€)= [ eltestdat= [ et et at+ [ e e dt = 0. (3.3)
[reas [

Now,

Fly®) +1y®)} = Fy' @)} +1 Fly@®)} = —igY (§) + 1 Y(§) = (1 - i)Y (&)
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Then by using (3.3), we have F{y/(t) + 1 y(t)} = 0, since F is one-to-one operator, thus
y'(t) + 1 y(t) = 0, Hence y(t) is a solution of the differential equation ([I.1)). Then by using

and we can obtain
P(§) (L +1€)

Fla(t)y — F{y(t)} = X(§) - Y(E) = Troa o P(&) Q) = F{p(t)} F{a(®)}

= Fla(t) —y()} = F{p(t) * q(1)}-

Since the operator F is one-to-one and linear, which gives x(t) — y(t) = p(¢t) % ¢(t). Taking
modulus on both sides, we have

() — y(8)] = [p(t) * a(t)] = / p(t) q(t — ) ds| < [p(t)| / alt — 5) ds| < KeBo(t%).

Where K = | [ q(t — s) ds| exists for each value of t. Then by virtue of Definition [2.5( the

—0o0
homogeneous linear differential equation (1.1)) has the Mittag-Leffler-Hyers-Ulam stability.
O

Now, we are going prove the Mittag-Leffler-Hyers-Ulam stability of the non-homogeneous
linear differential equation (|1.2)) using Fourier transform method.

Theorem 3.2. The differential equation (1.2)) has Mittag-Leffler-Hyers-Ulam stability.

PROOF. Let [ be a constant in F. For every ¢ > 0, there exists a positive constant K
such that z : (0,00) — I be a continuously differentiable function satisfies the inequality

|2 (t) + 1 z(t) — r(t)] < eEu(t%) (3.4)

for all ¢ > 0. We have to show that there exists a solution y : (0,00) — F satisfying the non-
homogeneous differential equation ' (t) + 1 y(t) = r(t) such that |z(t) — y(¢)| < KeE,(t*),
for any ¢t > 0.

Let us define a function p : (0,00) — F such that p(t) =: 2/(t) + 1 x(t) — r(t) for each
t > 0. In view of (3.4), we have |p(t)| < eE,(t*). Now, taking Fourier transform to p(t), we
have

Fip(t)} = F{z'(t) + 1 (t) — ()}
P(&) = F{' )} +1 Flz(t)} — F{r(t)}
= —i€X(§) +1 X(§) — R(&) = (1 —i€)X (&) — R(¢)
x(e = 28T

Thus

{PE) + R(E)} (1+1E)

Fla() = X(0) = g

. (3.5)
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1
Let us choose Q(§) as ————, then we have

(I —i€)

Flat)} = ——

= 0=-F{E)

Now, we set y(t) = e~ + (r(t) * ¢(t)) and taking Fourier transform on both sides, we get

o= et gy RO _ RO
f{y(t)}—wa)—_é e+ L O (3.6

Now, F{y'(t) + 1 y(t)} = —ifY () +1 Y () = R(€). Then by using (3.6), we have
F' @) +1y)} = F{r@®)},

since F is one-to-one operator, thus y/(¢t) + 1 y(t) = r(t), Hence y(t) is a solution of the
differential equation (1.2]). Then by using (3.5) and (3.6) we have

Flatt} - Fluo)} = X(6) - () = TELFIOL L RO
= P(6) Q) = FIp(t)} Fla(0)

= Fla(t) —y()} = F{p(t) xq(t)}

Since the operator F is one-to-one and linear, which gives x(t) — y(t) = p(t) * q(t). Taking
modulus on both sides, we have

oo

o0 o0

[z(t) =y ()] = [p(t) * q(t)] = /p(t) q(t = s) ds| < [p(t)] / q(t —s) ds| < KeEn(1).

o0 [e.9]

o0

Where K = | [ q(t — s) ds', the integral exists for each value of t. Hence, by the virtue of

—00
Definition the non-homogeneous differential equation (1.2]) has the Mittag-Leffler-Hyers-
Ulam stability. O

Now, we prove the Mittag-Leffler-Hyers-Ulam stability of the homogeneous and non-
homogeneous second order linear differential equations (|1.3)) and ((1.4)).

Theorem 3.3. The differential equation (1.3) has Mittag-Leffler-Hyers-Ulam stability.

PROOF. Let I, m be constants in I such that there exist p, v € F with yv = m, u+v = —I
and p # v. For every € > 0, there exists a positive constant K such that z : (0,00) — FF be a
twice continuously differentiable function satisfying the inequality

12"(8) + 1 2'(t) +m 2(t)] < eEa(t) (3.7)

for all ¢ > 0. We will show that there exists a solution y : (0,00) — F satisfying the
homogeneous differential equation y”(t) + 1 y'(t) + m y(t) = 0 such that

|z(t) — y(t)] < KeEa(t7),
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for any ¢t > 0. Let us define a function p : (0,00) — F such that p(¢) =: 2" (t)+1 2/(t) +m x(¢)
for each ¢t > 0. In view of (3.7)), we have |p(t)| < eE(t*). Now, taking Fourier transform to
p(t), we have

Flpt)} = F{2" () +12'(t) + m z(t)}
P(&) = F{a" ()} +1 F{a'(t)} + m F{a(t)} = (£ —i&l +m) X(€)

P(¢)
X)) = —5——"—.
() £2 —ill+m
Since [,m are constants in F such that there exist p,v € F with p +v = —I, pv = m and

p # v, we have (€2 — i€l +m) = (i€ — p) (i€ — v). Thus
P(E)

Fla(t)} = X(O) = r—p ey 53
Let Q&) = = ,u)l(if ) then we have
_ 1 _ 1 1
= ey > 0" el
pe M — pe=vt
Now, setting y(t) as ? and taking Fourier transform, we obtain
Py =vie = [ LS o 3.9

Now,
FW' O+ 1y ) +myt)} = (€ — i€l +m) Y(€).
Then by using (3.9), we have F{y"(t)+1 y'(t)+m y(t)} = 0. Since F is one-to-one operator,
then y”(t) + 1 v/ (t) +m y(t) = 0, Hence y(t) is a solution of the differential equation (|1.3)).
Then by using (3.8)) and (3.9) we can obtain
P(§)
= P(§) Q&) = F{p(t)} F{q(t)}

Hz)} - Fyt)} = X() - Y (£ = e il im

= Fla(t) —y()} = F{p(t) *q(t)}

Since the operator F is one-to-one and linear, which gives x(t) — y(t) = p(t) * q(t). Taking
modulus on both sides, we have

o0 o0

6) = y(6) = Ip(®) < a(6)] = | [ pl6) att —5) ds| < Ip(o) | [ alt ) ds| < KeFu(e).
Where K = | [ g(t — s) ds|, the integral exists for each value of t. Then by virtue of
Deﬁnitionthe homogeneous linear differential equation (|1.3) has the Mittag-Leffler-Hyers-
Ulam stability. O
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Theorem 3.4. The differential equation (1.4) has Mittag-Leffler-Hyers-Ulam stability.

PRrROOF. Let [, m be constants in I such that there exist p,v € F with uyv =m, p+v = —I
and p # v. For every € > 0, there exists a positive constant K such that z : (0,00) — F is a
twice continuously differentiable function satisfying the inequality

|2"(t) + 1 2'(t) + m z(t) — r(t)| < eEa(tY) (3.10)

for all t > 0. We have to prove that there exists a solution y : (0,00) — [ satisfying the
non-homogeneous differential equation y”(t) +1 3/(t) + m y(t) = r(t) such that

|z(t) — y(t)] < KeEqo(t"),

for any t > 0. Assume that z(t) is a continuously differentiable function satisfying the
inequality (3.10]). Let us define a function p : (0,00) — F such that p(t) =: 2" (¢t) + 1 2/(t) +
m x(t) —r(t) for each t > 0. In view of (3.10)), we have |p(t)| < eE,(t*). Now, taking Fourier
transform to p(t), we have
F{p(t)} = F{a"(t) + 1 &' (t) + m x(t) — r(t)}
P() = FLa"(0} +1 F{a' (1)} +m Fla(t)} — Fir(t)} = (€ i€l +m) X(€) - R(E)

_ PE) + R
X(©) = £ —dill+m’
Since [, m are constants in F such that there exist p,v € F with u+ v = —I, pv = m and
p # v, we have (€2 — i€l +m) = (i€ — p) (i€ — v). Thus
_ _ P+ R
Flz(t)} = X(&) = GE—p) GE—v)° (3.11)
Taking
1
setting
—ut —vt
) = e (1) 4 4(1)
and taking Fourier transform on both sides, we get
ey e et R RO
PO} =€) = [ S e i e~ e e (2

Now,
F/' @) +1y' @) +my)} = Fy" )} +1 F{y' ()} +m Fly(t)}
= (&2 — il +m) Y (§) = R(¢).

Then by using (3.12)), we have F{y"(¢t) +1 ¢/'(t) + m y(t)} = F{r(t)}, since F is one-to-one
operator, thus y”(t) + 1 y'(t) + m y(t) = r(t), Hence y(t) is a solution of the differential
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equation (1.4). Then by using (3.11) and (3.12) we can obtain

Fla®} - Flu(0)} = X(©) - v() = et i SO
= P(§) Q) = F{p(t)} F{a(t)}
= Fat) —y()} = F{p(t) xq(t)}
Since the operator F is one-to-one and linear, which gives x(t) — y(t) = p(t) * ¢(t). Taking
modulus on both sides, we have

o0 oo
o6) ~ y(0) = Ip(®) < a(6)] = | [ pl6) att —5) ds| < Ip(o) | [ alt ) ds| < Kebu(e).
o o0
o0
Where K = | [ g(t — s) ds|, the integral exists for each value of t. Then by virtue of
—0o
Definition the non-homogeneous linear differential equation ([1.4]) has the Mittag-Leffler-
Hyers-Ulam stability. O

4. Mittag-Lefller-Hyers-Ulam-Rassias Stability

In the following theorems, we are going to investigate the Mittag-LefHer-Hyers-Ulam-

Rassias stability of the differential equations (1.1]), (1.2)), (1.3]) and (1.4).

Theorem 4.1. The differential equation (1.1)) has Mittag- Leffler- Hyers- Ulam-Rassias sta-
bality.
PROOF. Let [ be a constant in F. For every ¢ > 0, there exists a positive constant K

such that z : (0,00) — F be a continuously differentiable function and ¢ : (0,00) — (0, 00)
be an integrable function satisfies

|2 (t) + 1 2(t)] < d(t)eEa(t) (4.1)

for all ¢ > 0. We will prove that, there exists a solution y : (0,00) — F which satisfies the
differential equation y'(¢) + 1 y(t) = 0 such that

(1) — y(t)] < Ko(t)eEa(t)
for any ¢ > 0. Let us define a function p : (0,00) — F such that p(t) =: 2/(¢t) + [ z(t) for each
t > 0. In view of (4.1)), we have [p(t)| < ¢(t)eEqy(t*). Now, taking Fourier transform to p(t),
we have

P(e) (1+i€)

Fla()) =X = =g

(4.2)

1 1
Choosing Q(&) = (=E then we have q(t) = F~! { =) } Now, we set y(t) = e~ and
—1 —1
taking Fourier transform on both sides, we get
Fly@) =v(©) = [ et de—o (1.3)
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Hence
FL' () +1y(t)} = —igY (§) +1Y(§) = (1 = i§)Y (§)

Then by using (4.3), we have F{y/(t) + 1 y(t)} = 0, since F is one-to-one operator, thus
y'(t) + 1 y(t) = 0, Hence y(t) is a solution of the differential equation ([I.1)). Then by using

(4.2) and we can obtain
Fla(t) —y@)} = F{p(t) * q(t)}

Since the operator F is one-to-one and linear, which gives x(t) — y(t) = p(t) % ¢(t). Taking
modulus on both sides, we have

2(t) — y(1)] = p(t) * q(t)] = / p(t) ot — s ds| < |p(t)| / gt — ) ds| < K(t)eEa(t).

Where K = | [ ¢(t — s) ds|, the integral exists for each value of ¢ and ¢(¢) is an integrable

function. Then by virtue of Definition the differential equation (|1.1) has the Mittag-
LefHer-Hyers-Ulam-Rassias stability. O

Now, we prove the Mittag-Leffler-Hyers-Ulam-Rassias stability of the non-homogeneous
linear differential equation (1.2)) with the help of Fourier Transforms.

Theorem 4.2. The differential equation (1.2)) has Mittag-Leffler-Hyers- Ulam-Rassias sta-
bality.

PROOF. Let [ be a constant in F. For every e¢ > 0, there exists a positive constant K
such that z : (0,00) — F is a continuously differentiable function and ¢ : (0,00) — (0, 00) an
integrable function satisfying

|2'(t) + 1 2(t) — r(t)] < p(t)eEa(t?) (4.4)

for all £ > 0. We will now prove that, there exist a solution y : (0,00) — FF, which satisfies
the differential equation y'(¢) + 1 y(t) = r(t) such that

|z(t) — y(t)| < Ko(t)eEa(t?),

for any ¢ > 0. Let us define a function p : (0,00) — F such that p(t) =: 2/(¢t) + 1 z(t) — r(¢)
for each ¢t > 0. In view of (4.4]), we have |p(t)| < ¢(t)eEq(t*). Now, taking Fourier transform
to p(t), we have

{PE) + R(E)} (I1+15)

Fla(t) = X(© = 2oy

. (4.5)

1
Now, let us take Q(&) as W; then we have
—1

Faoy =2 = a0=7{2sh
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We set y(t) = e~ + (r(t) * ¢(t)) and taking Fourier transform on both sides, we get

vty [t st gy RO R
P} =v(©) = [ e s - e (4.6)

o0

—0o0

Now,
F't) + 1y} = F{y' ()} +1 Flyt)} = —igY (§) +1 Y (§) = R(§)

Then by using (4.6), we have F{y'(t) + 1 y(t)} = F{r(t)}, since F is one-to-one operator,
thus y/(t) + 1 y(t) = r(t). Hence y(t) is a solution of the differential equation (1.2)). Then by

using and we can obtain
Fa(t) —y(t)} = F{p(t) * ¢(t)}.

Since the operator F is one-to-one and linear, it gives z(t) —y(t) = p(t) *q(t). Taking modulus
on both sides, we have

() — y(8)] = [p(t) * q(t)] = / p(t) q(t — ) ds| < [p(t)| / ot — 5) ds| < K 6(t)eBa(t™).

(0.9]
If K =| [ q(t—s) ds| the integral exists for each value of t and ¢(t) is an integrable function.

—o0
Hence by the virtue of Definition the differential equation (1.2)) has the Mittag-Leffler-
Hyers-Ulam-Rassias stability. O

Now, we are going to establish the Mittag-Lefller-Hyers-Ulam-Rassias stability of the
second order homogeneous differential equation (1.3]).

Theorem 4.3. The second order linear differential equation (1.3) has Mittag-Leffier-
Hyers-Ulam-Rassias stability.

PROOF. Let [, m are constants in [F such that there exist y, v € F with uv = m, u+v = —I
and p # v. For every € > 0, there exists a positive constant K such that = : (0,00) — F is
a twice continuously differentiable function and ¢ : (0,00) — (0,00) an integrable function
satisfying the inequality

|2"(t) + 1 2'(t) + m z(t)] < ¢(t)eEn(tY) (4.7)
for all ¢t > 0. We will now prove that there exists a solution y : (0,00) — F satisfying the
homogeneous differential equation (1.3)) such that

[2(t) — y(t)] < Ko(t)eEq ("),
for any t > 0. Let us define a function p : (0,00) — F such that p(t) =: 2" (¢t)+1 2/ (t) +m z(t)

for each t > 0. In view of (4.7)), we have |p(t)| < ¢(t)eEq(t*). Now, taking Fourier transform
to p(t), we have

P(&) = F{a"()} + 1 F{2'(t)} + m Fla(t)} = (€% — i€l +m) X(€)

P
XO=a- i(§§)+ m’
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Since I, m be constants in F such that there exist p,v € F with p+v = —I, yv = m and
p # v, we have (€2 — i€l +m) = (i€ — p) (i€ — v). Thus
P(E)
Flz(t)} = X(&) = = : . 4.8
(#0) = X(O) = e e (13)

1 1

Choosing Q(£) as — - , then we have F{q(t)} = — - and we define
& G e WO = Gy e )
pe M — pe=vt
a function y(t) = TR and taking Fourier transform on both sides, we get
Me_“t —ve ¥ ist

Now, F{y"(t) + 1 y'(t) + m y(t)} = (&2 — i€l + m) Y (£). Then by using (4.9), we have
F{y" () +1y'(t)+m y(t)} = 0, since F is one-to-one operator, thus y”(¢t)+1 y'(t)+m y(t) = 0,
Hence y(t) is a solution of the differential equation ([1.3). Then by using (4.8) and (4.9) we
can obtain

Fla(t)} — Fly(h)} = X(€) — Y (§) = g—PS)er

= P(§) Q&) = F{p(t)} F{a(t)}
= Fla(t) —yt)} = F{p(t) x q(t)}

Since the operator F is one-to-one and linear, which gives x(t) — y(t) = p(t) * q(t). Taking
modulus on both sides, we have

6) = y(0) = p(®) a0} = | [ ple) alt ) ds
<o) | [ alt = s) ds| < Ko(OcEa(t).

Where K = | [ g(t — s) ds| exists for each value of ¢ and ¢(¢) is an integrable function.

—00
Then by the virtue of Definition the homogeneous linear differential equation ([1.3]) has
the Mittag-Lefller-Hyers-Ulam-Rassias stability. g

Finally, we are going to investigate the Mittag-Leffler-Hyers-Ulam-Rassias stability of the
second order non-homogeneous differential equation (1.4)).

Theorem 4.4. The second order linear differential equation (1.4) has the Mittag-Leffier-
Hyers-Ulam-Rassias stability.

PRrROOF. Let I, m be constants in I such that there exist p, v € F with uyv = m, p+v = —I
and p # v. For every e > 0, there exists a positive constant K such that = : (0,00) — F is
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a twice continuously differentiable function and ¢ : (0,00) — (0,00) an integrable function
satisfying the inequality

|2"(t) + 1 2'(t) +m a(t) — r(t)] < ¢(t)eEa(t”) (4.10)

for all t > 0. We have to prove that there exists a solution y : (0,00) — I satisfying the
non-homogeneous differential equation ([1.4)) such that |z(t) — y(t)| < Ko(t)eEy(t), for any
t>0.

Let us define a function p : (0,00) — F such that p(t) =: 2”(t) + 1 2/(t) + m z(t) — r(¢)
for each ¢ > 0. In view of (4.10), we have |p(t)| < ¢(t)eE,(tY). Now, taking the Fourier
transform to p(t), we have

P(§) = Fla" ()} +1 F{2'()} + m Fla(t)} — F{r(t)}
= (€% — i€l +m) X(§) — R(€)

_ P+ R()
X(©) = & —ill+m’
Since I, m be constants in F such that there exist p,v € F with p+v = —I, yv = m and
p # v, we have (€2 —i¢l +m) = (i€ — p) (i€ — v). Thus
P(&) + R(E)

Flz(t)} = X&) = Ge— ) (iE= 1) (4.11)

Assuming Q(&) = F{q(t)} = = ,u)l(i§ ) and defining a function
—ut —vt

) = e (1) 4 4(1)

and also taking Fourier transform on both sides, we get
ey et vet RO RO o,
PO} =6 = [ S e i e~ e e (2

—00

t)+my(t)} = (£ —ifl +m) Y(§) = R(§). Then by using [{.12)), we
) +m y(t)} = F{r(t)}, since F is one-to-one operator; thus

y'() + 1Y) +moy(t) =r().

Hence y(t) is a solution of the differential equation ([1.4)). Then by using and - we
can obtain

Now, F{y"(t) + 1 y/(
have F{y"(t) +1 y'(¢

P +RE R(§)
Flz(t)} — Fly(t)} = (€ —p) €—v) (&—p) (i&—v)
— P(6) Q(E) = Fip(t)} Flalt)}

= Flx) -y} = Fip(t) xa(t)}
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Since the operator F is one-to-one and linear, which gives x(t) — y(t) = p(t) * q(t). Taking
modulus on both sides, we have

|(t) — y(£)] = [p(t) * ()]

—| [ plo)att =) s
<o) | [ alt = s) ds| < Ko(OcEa(t).

Where K = | [ q(t — s) ds|, the integral exists for each value of ¢t. Then by the virtue of

Definition the non-homogeneous linear differential equation ((1.4) has the Mittag-Leffler-
Hyers-Ulam-Rassias stability. O

Conclusion: We have proved the Mittag-Lefler-Hyers-Ulam stability and Mittag-Leffler-
Hyers-Ulam-Rassias stability of the linear differential equations of first order and second or-
der with constant co-efficients using the Fourier Transforms method. That is, we established
the sufficient criteria for Mittag-Leffler-Hyers-Ulam stability and Mittag-LefHer-Hyers-Ulam-
Rassias stability of the linear differential equation of first order and second order with con-
stant co-efficients using Fourier Transforms method. Additionally, this paper also provides
another method to study the Mittag-Leffler-Hyers-Ulam stability of differential equations.
Also, this paper shows that the Fourier Transform method is more convenient to study the
Mittag-Lefller-Hyers-Ulam stability and Mittag-Leffler-Hyers-Ulam-Rassias stability of the
linear differential equation with constant co-efficients.
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Abstract
We consider in this paper, the solution of the following systems of difference
equation:
Tn—2 Yn—2 Zn—2
Tn+l = y Yn+l = y An+l =

1+ Tp—2yn—12n 1+ yp2zn-17n 1+ 2n—2%n-1Yn

where the initial conditions x_2, ©_1, %o, y—2, Y—1, Yo,2—2, Z2—1, 20 are arbi-
trary non zero real numbers.

Keywords: difference equations, recursive sequences, periodic solutions, system of

difference equations, stability.
Mathematics Subject Classification: 39A10.

1 Introduction

Difference equations related to differential equations as discrete mathematics related
to continuous mathematics. Most of these models are described by nonlinear delay
difference equations; see, for example, [9], [10]. The subject of the qualitative study
of the nonlinear delay population models is very extensive, and the current research
work tends to center around the relevant global dynamics of the considered systems of
difference equations such as oscillation, boundedness of solutions, persistence, global
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stability of positive steady sates, permanence, and global existence of periodic solu-
tions. See [13], [17], [19]-[22], [26], [28], [29] and the references therein. In particular,
Agarwal and Elsayed [1] deal with the global stability, periodicity character and gave
the solution form of some special cases of the recursive sequence

bxnl'nffi
CTp_o + dx, 3

Tpy1 = ATy +

Camouzis et al. [5] studied the global character of solutions of the difference equation

6337172 + Tp-3
A + Tp—3
Clark and Kulenovic [7] investigated the global asymptotic stability of the system

Tp41 =

Ty y _ Yn
a+cy,’ T L da,

Tpt1 =

In [9], Din studied the boundedness character, steady-states, local asymptotic sta-
bility of equilibrium points, and global behavior of the unique positive equilibrium
point of a discrete predator-prey model given by

Qly — anyn 5xnyn

Tnt1 = ) n+l1=— -
+1 1+ 7z, Yn+1 Zn + T0m

Elsayed et al. [23] discussed the global convergence and periodicity of solutions of
the recursive sequence

b —+ crn_1
d +er,_1 )

Elsayed and El-Metwally [24] discussed the periodic nature and the form of the solu-
tions of the nonlinear difference equations systems

Tptl = ATy +

xnyan y o yn$n72
) n+l — .
Yn—1 (£1 £ T,Yn2) T m g (L £ yam, o)

Tnt1 =

Gelisken and Kara [25] studied some behavior of solutions of some systems of rational
difference equations of higher order and they showed that every solution is periodic
with a period depends on the order.

In [27] Kurbanli discussed a three-dimensional system of rational difference equa-

tions
Tp—1 Yn—1 T

> Yn+1 = ) Zn+1 = .

Tn—1Yn — 1 Yn—1Tn — 1 Zn—1Yn

Touafek et al. [33] studied the sufficient conditions for the global asymptotic stability
of the following systems of rational difference equations:

Tpy1 =

Tn—3 y _ Yn—3
+1+ Tp—3Yn—1 ’ mH +1+ Yn—3Tn—1 '

Tp41 =
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with a real number’s initial conditions.
Our goal in this paper is to investigate the form of the solutions of the system of
three difference equations

Tn—2 Yn—2 Zn—2 (1)

Tpt1 = y Yn+l = y An+l = )
i +1+ Tn—2Yn—17n Yntd +1+ Yn—22n—-1Tn ! +1+ Zn—2Tn—1Yn

where the initial conditions x5, 1, To, Y_2, Y_1, Yo, Z_2, Z_1, 2o are arbitrary

real numbers. Moreover, we obtain some numerical simulation to the equation are
given to illustrate our results.

2 The System

T Tpn—2 Y Yn—2 > — “n—2
ntl = 1+xp_oypn—12n’ n+l = 1+yn—922p—12n’ n+1 I+zp—2%n—1Yn

In this section, we study the solution of the following system of difference equations.

Tn—2 Yn—2 “n—2 2)

Tn+l = Ynt1 = “ntl =
" 1 + xn—2yn—1zn’ " 1 + yn—2zn—1$n’ " 1 + Zn—an—lyn,

where n € Ny and the initial conditions are arbitrary real numbers.

The following theorem is devoted to the form of the solutions of system (1).
Theorem 1. Suppose that {x,,y,, z,} are solutions of the system (1). Then for
n=0,1,2,..., we have the following formulas

. _ "1:[1 (14 (3d)z_2y_120) . — nﬁl (14 3i+1)r_1y02—2)
e im0 (14 (3i 4+ 1)z_oy_120)’ st L (1+ (3i 4+ 2)z_1y02—2)’
N 1:[1 (1 + (3i + 2)zoy—22-1)
o i=0 (14 (31 + 3)moy—22-1)’
. n—1 (]_ + (Sl)xoy 2Z_ 1) . n—1 (]_ + (?)Z + ].)ZL’_gy_lz())
vanr = w2 gy oy e = - ey )
Y — nﬁl (1 (3Z + 2)$_1y02_2)
an 0 i=0 (1 (32 + 3)3371?;02,2)7
; _ L A+ Bhragers) ”1:[ (1 + (3i + D)woy—2z-1)
e (T+ (3i + 1)z _1y02-2)’ o Lo (1+ (3 +2)xoy—22-1)

(1 (32 + 2) _gy_lzg)
(14 (3i +3)x_2y_120)’

gl
1_:[1
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Proof. For n = 0 the result holds. Suppose that the result holds for n — 1.

n=2 (14 (3i)r_ 2 n=2 (14 (3 + 1)x_ 170z
Tan_s = H ( ( ) 2Y—1 0) . Tam4 =T H ( ( : ) 1Y0 2)7
i=o (14 (3i + 1)z _2y_12) =0 (1+ (31 +2)x_1yoz_2)
T _ 1:[2 (1 (3Z + 2)$0y_22_1)
o i—o (14 (30 + 3)woy—22-1)’
B n—2 (1 + (3i)x0y_22_1) n—2 (1 + (32 + l)l'_gy_lZ())
Ysn—5 = H

7

=0 (14 (3i + 1)zoy—22-1)’ Yan—d = U1 11;[0 (1+ (3i +2)x_9y_120)’
2

_ 1:[ (14 (3i +2)2_1y02-2)
Yo L6 (1F (3 1 3)2-107-)
o (14 (3 n=2 (14 (3i 4 1)zoy_oz_
Zans = H (1 + (31)z-1902-2) Zana = 21 [] ( +(3z-+ )Ty 2z 1)7
i=0 (1+ (3 + D)2_1y02-2)’ =0 (1+ (31 + 2)xoy—22-1)

- _ ﬁ2 (1+ (3i +2)7_2y—12)
n—d i=0 (1 + (3Z + 3).%,23/,120) '

It follows from Eq.(1) that

T3n—5
1+ 230—5Y3n—423n—3

T3n—2 =

(1+(3i)z_2y—120)
T2 H (14+(3i+1)z—_2y—120)

— n—2
(1+(3é)z—_2y—120) (1+(3i+1)z_2y—_120) (1+(3i+2)z_2y_120)
(:U 2 H (1+( 31+1)x 2Y—120) )< 1:[ (1+(3i+2)z—2y—120) )(ZO H (1+(3'L’+3):p_2y_1z0))

(1+(3)z—_2y—120)
T2 H (1+Bi+1)z—2y—120)

(L 30) ) (A @Bitl)z oy _120) y (14 (3i42)r 2y 120)
L+ 2-2y1% H | (s (a0 (THEt D ay120))

(14(39)z—2y—120)
T2 H 1+(3Z+1 T_2Y— 120)

1 37, T z
1+ 2_5y_120 H <(1:31+>3);z; o))

n—2 1 1
_ 9521_[ ( +<31)$ 21 -120)

o (14 (3i+ Dz_2y_120) 1 + (e e—)

R ”H2 (14 (3i)x_2y—_120) (14 (3n —3)x_2y_120)

0 (L4 Bi+1)z_2y_120) (1+ (3n —3)x_2y_120) + T_2y_120
_ . 2”1_[2 (1+ (3i)r_2y_120) (14 (3n —3)r_2y_120) '

0 (14+Bi+ 1)z 9y 120) (14 (3n—2)x_2y_120)

4
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Then, we see that

n=l (14 (3i)r_2y_120)
T3p—2 — T_9 H (1+(3Z—|—1)LL’ 2Y— 120)

Also, we see from Eq.(1) that

Y3n—>5
1+ y3n—523n—aT3n—3

Y3n—2

n—2 (1+(3d)zoy )
1)ToY—_22_1
Y2 H (A+Bi+D)zoy_22_1)

(1+(3i)zoy—22-1) (A4+(3i+1)xoy—_22-1) (A+(3i+2)zoy—22—1)
(y 2 H (1+(31+1 TOY—22—1) )< H (14+(3i+2)zoy—22-1) )( H (14(3t+3)zoy—22— 1))

"2 143020y )
1)TOY—22—1
Y-2 1;[0 (1+@Bi+1)zoy—22-1)

(1+Bi)xoy—22-1)
1 + ToY_22_1 H (14(3i+3)z0y—22-1)

— "1:[2 (1 + <3Z)$0y,22’,1) 1

=0 (1 + <3Z + 1)3703/722,1) 1+ ToY—22-1

)
1+(3n—3)zoy—22—1—
n—2 (1 + <3i)$0y,22’,1) 1+ (37’L — 3)1’0y,2271

- Y2 ZI;IO (1 + (3Z + 1)x0y_2z_1) 1+ (3TL — 3)£L'oy_22_1 + TolY—27_-1
=2 (14 (3i)woy—22-1) 1+ (3n —3)Toy—_22_1

= ?J—zH

im0 (14 (Bi+ Dagy—22-1) 14+ (3n — 2)zqy_22z1"

Then, we see that

= (A B)woy221)

Yan—2 = Y2 1;[0 (1+ (30 + 1)zoy—22-1)

Finally, we see that

90 Elsayed 86-108



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

p Z3n—>5
In—2
1+ 23n—5L3n—4Y3n—3
(1+(34) )
-2 H (1+(3zi1xm12g;22)
14+ (Z nlzf (14+(31)z_1y02—2) )( H (1+(3i+)z_1y0z—2) )( H +(3i+2)r_1y0z— 2))
-2 L TG Do) /W1 L G mivee—) /W0 UL G Gis)ayoaa)
(1+(3d)x zZ_2)
Z—2 H (1+ 31+1)x12210222)
14 H (14+(3d)z_1y0z—2)
T-1YoZ-2 (1+(3i+3)z 19022
_ . nlzf (1—|—(3@)x 1Y02-2) 1 )
= 2 T— -
(1 + (32 + 1)5[ 1Yo~— 2) 1+ 1+(3n7§)/;71§;0272
- 4 n]:f (14 Bi)z_1y0z—2) 1+ (Bn—3)z 190z
P50 (1+ (3i+ Dr_1goz—) 1+ (3n — 2)z_1yoz2
Then

n=l (14 (3i)z_1Y07_2)
Z3n—2 = Z-2 H o (14 Bi+ 1)z 1yoz—2)

This completes the proof.

3 The System

T Tpn—2 y Yn—2 > — Zn—2
ntl = 1+zp_oyp—12n’ n+l = —1+yn—92zp—120’ n+1 —1+zp_2Tpn_1yn

In this section, we obtain the form of the solutions of the system of three difference
equations

Tp—2 o Yn—2 . Zn—2
1+ T oYn 120 Yot = T Yn—2Zn- 1T LT T Zn—2Tn—1Un ()

Tnt1 =

where n € Ny and the initial conditions are arbitrary nonzero real numbers.
Theorem 2. Suppose that {x,,yn,, z,} are solutions of the system (2). Then for
n=0,1,2,..., we have the following formulas

Tr_9 l',l(l',lygz,g — 1) Zo

T3n—2 = y L3n—1 = y L3n = )
=2 NT_2Y_120 -l (n+ Dz_1yoz_o — 1 3 1+ nroy_22_1

1)y 5(1+ (n — Dagy_oz_
Yspn—2 = ( ) Y 2< ( ) 0y—2 1)7 Ysn—1 = (—1)”y_1(1—|—nx_2y_1zo),
Toy—22-1 — 1

 (=D)"yo((n 4+ 1)w_1yoz_o — 1)
Y3n = )
T 1Yoz — 1
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(=12 P (=1 ey (woy—22—1 — 1) P (=1)"20
nT_1yoz_o — 1 " (n—Dxoy 2z1+1 T Tt na oy 120
Proof. For n = 0 the result holds. Suppose that the result holds for n — 1.

23n—2 =

Tr_9 . l',l(l',lygz,g — 1) . Zo
y L3n—q4 = y L3pn—3 = )
1+ (n—1)x_2y_120 nr_1yoz_o — 1 1+ (n—1)xoy_2z_1

T3n—5 =

—1D)"y_9(1 4+ (n — 2)x0y_22_ e
Y3n—5 = (=121 + R 1)7 Yan—a = (—1)"y_1(1+ (n — 1)z_2y_120),
ToYy—22-1 — 1

(=1)" Yyo(nz_1yoz_o — 1)

Ysn—3 = T 1t0zz — 1 )
. _ (=1)"z 5 ; _ (=1)"2_1(woy—22—1 — 1) ; _ (—1)" 2
n=b (n—1)x_1ypz_o — 1’ n—d (n—2)xoy_o0z_1+1 3T (n—1)x_2y_ 120

from system (2) we can prove as follow

" o T3n—5
3n—2 —
1+ 23,—5Y3n—423n—3
T—2
_ 1+(n—1)z_2y—120
o T_ _ —1)n—1g
L+ (e (C) e (U (0= Doy 120) (e )
. T_9 . T_9
1+ (m—1)zoy120+T2y-120 1+NnT_2y_120
Also, we get
y _ Y3n—a
3n—1 —
—1 + y3n—423,—3T3,—2
_ (=1)" 'y 1(1+ (n — D)z_oy_12)
o n— (=112 z_
-1+ ((_1) lyfl(l + (n - 1)x72y71Z0>)(1_,_(”_1)3;72;7120)(1+nx7227120)
(=D"y—1(1+ (n = Da_9y_120)(1 + nz_9y_120)
= = (=1)"y_1(1 +nz_sy_12
1+ (n—1)z_oy_12 (=1)"y-a( 2Y—1%0)
Z3n—3
Z3n =

—1+ 23,-3%3n—2Y3n—1
(=) 1lz
1+(n—1)z_2y—120

—1+ (1+((71)nilzo Wi J(=1)my—1(1 +nx_sy_120))

n—1)z_oy_120/\14+nx_2y_120
(—1)”20 . (—1)”20
1+ (n—1)z_oy_120 + T2y-120 1+nz_sy 120
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4 The System

T — LTp—2 Y — Yn—2 > — “n—2
n+1 14wy _oyn—12n’ n+1 I+yn—22n—17n’ n+l1 —1+zp_92Tn_1yn

In this section, we study the solution of the following system of difference equations
Tn—2 Yn—2 Zn—2

) n+l — y Ant+l = 4

-1+ Tn—2Yn—1%n Yntd 1+ Yn—22n—1Tn o ( )

Tpt+1 = = ,
-1 + Zn—2Tn—1Yn

where n € Ny and the initial conditions are arbitrary nonzero real numbers.
Theorem 3. Suppose that {x,,y,,z,} are solutions of the system (3). Then for
n =20,1,2,..., we have the following formulas

. ) . (—1>n+1$,1<37,1y02,2 — 1) . (-1)”1‘0
T3yn—2 = y T3n—1 = T3p = )
nr_sy 120 — 1 (n—1D)z_1yoz_o + 1 14+ nxoy_o2_1
Yoy = Yo P y1(r 9y 120 — 1) Yo = Yo
3n—2 NTY—27_1 + 17 3n—1 (n n 1)1'72@/71250 — 17 3n NT_1Yo7—2 + 17

—1)" 2 5((n— Do_1ypz_o + 1
Z3n—2 = (=) 2(( JT-18/02-2 ), Zan—1 = (—1)"z_1(nxoy—22-1 + 1),
T_1Yoz—2 — 1
(1) 0((n + 1)y 120 — 1)
T oy 120 — 1 '

Proof. For n = 0 the result holds. Suppose that the result holds for n — 1

Z3n =

. T_9o . (—1)”x_1(x_1yoz_2 — ].) . (_1)71—11,0
L3n—5 = y T3n—a4 = » L3n—3 = )
(n—1)x_ oy 120 — 1 (n—2)x_1ypz—2 +1 14+ (n—1)zoy—22_1
P Y2 Yons = y-1(r_2y-120 — 1) Yons — Yo
T = Daoy_ozq + 17 7 nr_ay1z0—1 7T (n—1Da_iyozo+ 1

—1)"z_5((n — 2)x_1ypz—2 + 1 e
Zan_s = ( ) 2(( ) 1Yoz—2 )7 P (_1) 1271((71 o 1)$0y722’71 + 1)7
T_1Yoz—2 — 1

B _ (=) tzo(nz_2y_120 — 1)
3n—3 T_oy_120 — 1 )

from system (3) we can prove as follow
L3n—4
—1 + T3n-4Y3n—323n—2

T3n—1 =

(=D"z_1(z_1y02_2—1)
(n—2)z_1yoz—2+1

_ (=1)mz_1(z—_1yoz—2—1) Y (=1)tlz_s((n—1)z_1y02—2+1)
1+ ( (n—2)x_1yoz—2+1 )((nfl)x,loyoz,frl)( T_1Yyoz—2—1 )

(=) x_1(r_1y02—2 — 1)
—((n = 2)z_1yoz—2 + 1) + ((=1)"2_1)((=1)"'yo2-2)
(=D)™ay (@ayoz—2 — 1)
(n—1)x_1902—2+1
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Also, we get

Yan—3
1+ Y3n—323n—2T3n—1

Ysn =

Yo
(n—1)z_1yoz—2+1

Y (=D)mHz s((n—L)z_1yoz—2+1)\/ (=1)" z_1(z_1y02—2—1)
1+ ((nfl)x,loyozngrl)( T_1Yoz—2—1 )( (n—1)xz_1yoz—2+1 )

Yo
(n =Dz _1yoz—2 + 1+ yo((=1)" ' 22)((=1)" a_1)
Yo
nr_1Yoz_o + 1

Z3n—5
-1 + 23n—5L3n—4Y3n—3

Z3n—2 =

(=D)"2_2((n=2)x_1y0z—2+1)
T_1Yoz—2—1
(=1)"z_2((n=2)z_1y0z—2+1)\ ((=1)"2_1(T_1Y02-2—1) Yo
-1+ ( T_1Yoz—2—1 )( (n—2)z_1yoz—2+1 )<(n—1)x_1y0z_2+1)
(=D"z_2((n=2)z_1y02—2+1)
T_1Yoz—2—1
—((n=2)z_1yoz—2+1)
(n—1)xz_1yoz—2+1

(=)™ "z ((n = Da1yozo +1)
T_1Yoz—2 — 1

This completes the proof.

5 The System

T — LTp—2 y — Yn—2 > — “n—2
n+1 —1+zy _oyp—12n’ n+l1 —1+yn—92zp_17n’ n+l1 I+zp—92Tn—1Yn

In this section, we investigate the solution of the following system of difference equa-
tions

Tp—2 Yn—2 Zn—2 (5

Tnt1 = Yn+1 = Zn+l =
-1 + xn—Qyn—lsz -1 + yn—QZn—lxn7 1 + Zn—an—lyn7

where the initial conditions n € N, are arbitrary non zero real numbers. The
following theorem is devoted to the form of the solutions of system (4).
Theorem 4. Suppose that {x,,yn,, z,} are solutions of the system (4). Then for
n=0,1,2,..., we have the following formulas

n+1
T3p—2 = ()™ ool = Do-sy-r20 + 1>, Tan—1 = (—1)"v_1(nr_1y02-2 + 1),
T oy 120 — 1
(=D)"zo((n + 1)zoy_22_1 — 1)

T3y, — )
rY—27-1— 1
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(=) (=DM (ay 1z — 1) (=D
Y3n—2 = s Ysn—1 = y Ysn = y
nxToy_o22_1 — 1 (n—1D)z_oy_ 120+ 1 nr_1Yoz_o + 1
Z_9 z_l(xoy_gz_l — 1) 20

23n—2 = Z3n— Z3n

NT_1Yoz—o + 1’ L= (n+ Daogy_o9z_1 — 1 Cnx_oy_120+ 1
Proof. For n = 0 the result holds. Suppose that the result holds for n — 1

—1)"r_o((n —2)x_2y_120 +1 e
Tgp-5 = (=1 J2-2y-12 ), T3pa = (=1)"t2_1((n — Vo_1907_2 + 1),
T oy 120 — 1

(=)™ ag(woy-—22-1 — 1)

T3n— - 5

s ToYy—22-1 — 1
P (=D)"y—2 Yons = (=D)"y-1(z_2y_120 — 1) Yons — (=1)"""yo

T (n = Daoy_szg — 17 7 (n—2)z_ay1z0+1 7" (n—1a_1yoza+1
5 _ Z_92 . _ z_l(xoy_gz_l — 1) 5 _ 20

b (n—1)x_1yoz_o+ 1’ n—d nroy_sz_1 —1 =3 (n—1)x_ oy 120+ 1’

from system (4) we can prove as follow

T3n—3
T3n =
—1+ 23, 3Y3n—223n-1
(=) lzg(nzoy_22_1—1)
_ ToY—22—1—1
o N (=) 1lzg(nzoy_22z_1—1) (=1)ntly_, z_1(xoy—22_1—1)
1+ ( ToY—22—1—1 ><nxoyfzz,1—l>< (n—&-l)xoy,zzfl—l)
(—=1)"lzg(nzoy_22_1—1) "
_ 960?,(/)—2231*21 1 _ (_1) zo((n + 1)xey 221 — 1)
T moy—22_1—((n+D)zoy_oz_1—1) _
(T Dwoy—_2z—1-1) Toy-22-1 — 1
Also, we get
Y3n—4
Y3n—-1 =

—1 4+ y3n—423n-3T3,2
(=D"y—1(zx_2y—120—1)
(n—2)z_2y—120+1
_ (=D)"y—1(z—2y—120—1) 2 (=D)"tz_s((n—1)z_2y—120+1)
1 + ( (n—2)x_2y—_120+1 )((nfl)x,zoyflzoJrl)( T_oy_120—1 )
(=D y_1(z_2y—120—1) n
(n—2)x1_2y_21zoi|—iJ . <_1) +1y,1(x,2y,120 — 1)

(n=2)x_oy_120+1+x_2y_120 n—Dx_oy_120+ 1
(n—2)z_2y—_120+1 ( ) 2Y-1%0

Z3n—5
1+ 235—5T3n—aY3n—3

Z3n—2 =

1+ (et (C Do = Doz + 1) (habm )
e Ao
bl e s n ez + 1

10
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This completes the proof.
The following cases can be proved similarly.

6 On The System

T — LTn—2 — Yn—2 > — An—2
n+l —1+xn_2yn—12n’ Yn+1 —1+yn—2zn—12n’ n+tl —1+zp2xn-1Yn

In this section we study the solution of the following system of difference equations

Tn—2 y o Yn—2 P o Zn—2 (6
) n+1l — y An+l — )
-1 + Tn—2Yn—1%n —1 + Yn—22n—1Tn -1 + Zn—2Tn—1Yn

Tp4+1 =

where the initial conditions n € Ny are arbitrary non zero real numbers.
Theorem 5. Let {2, Yn, 20}, , be solutions of system (5). Then

- {2, 152, {yn 1, and {2,}7°°, and are periodic with period six i.e.,

Tni6 = Tny, Ynt6 = Yn, ~<nt6 = Zn-
2- We have the following form

Ten—2 = -2, TLen—1 = T-1, Len = L0,

T_9 To
Tent1 = ————————, Tony2 = T-1(T_1Yoz—2 — 1), Tepyg = —————,
T oy 120 — 1 rY—272-1— 1
Yen—2 = Y-2, Yen—1 = Y-1, Yen = Yo,
_ Y—2 . 1 _ Yo
Yon+1 = ——— 75 Yént2 = y—1($—2y—12’0 - ), Yen+s —
ToY—22-1 — 1 T 1Yoz — 1
Z6n—2 — -2, R6én—1 — Z—1, R6n — <0,
o Z—2 . . 20
Zoni1l = ——————, Zont+2 = 2-1(Toy—_22_1 — 1), Zen+3z =

1’ 1’
T_1Yoz—2 — T_2Y-120 —

Or equivalently

oo T_2 Zo
{% ne_9 — {¥-2,T-1, X, —x Y1z 17$—1($—1y02—2 - 1)7 —x Y 1(
—2Y—-120 — 0Y—22-1 —

400 Y2 Yo
n = = —a) J— 1) 7—7 - - - _1 7— *
{ynt, s {y 2,Y-1,Yo ToU—271 — 1 Y-1(T_2y-120 ) 107 — 1}

Z-2

z
_1(xoy—2z_1 — 1), —0} )

—+00
{Zn n=—2 — \ #—2;7-1, 20,
T oy 120 — 1

1°
T_1Yoz—2 —

11
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7 On The System

Tpi] = LTn—2 y | = Yn—2 2] = “n—2
n+ —1=zy _oyn—12n’ n+ —1=yp—2zn_17n’ n+ —1=zp_92Tp_1yn

In this section we study the solution of the following system of difference equations

Tn—2 Yn—2 Zn—2
Tnt1 = v Yny1 = y An+l =
-1 - Tp—2Yn—12n -1 - Yn—22n—1Tn

1 )
—1 = Zn2Tn-1Yn

where the initial conditions n € Ny are arbitrary non zero real numbers.
Theorem 6. Let {2, Yn, 2}, , be solutions of system (6). Then

- {152, {yn )i, and {2,}7°°, and are periodic with period six i.e.,

Tnt+6 = Tny  Ynt+6 = Yn, Zn+6 = Zn-

2- We have the following form

Ten—2 = -2, TLen—1 = T-1, TLen = Lo,

T3

( +1) =
T =\ = —x_1(xr_ zZ_ , X -
6n+1 T 2y 170 + 1 6n+2 1 1Yoz—2 6n+3 ToU 271 + 1
Yen—2 = Y-2, Yen—1 = Y-1, Yen = Yo,
Yons1 =~ Youso = —y1(Tay-120 + 1), Yonrs = ———— D
6n+1 ToY—27_1 + 17 6n-+2 —1\4L—-24Y—-1<0 ) 6n+3 T 1072 + 17
Z6n—2 = Z-2, R6én—1 — Z—1, Z6n — 20,
Z_9 ( i 1) 20
Zent+l — T 5 “ent2 — —2-1(ToY—22— T B ——
6n+1 7 1oz at1 6n+2 1\ToY—27-1 6n+3 7 2y + 1
Or equivalently
+o00 T2 Zo
Tnf o =49T_9,T_1,Ly, ————————, —T_1(T_1Ypz_ o+ 1), ——
{enkis { B sz 1 1{@-1g0z-2 +1) ToY—22-1 + 1}
400 Y—2 Yo
n ——9 — —2y9—1» sy - 4 Y- X — —Z+1a_— .
{y n=—2 {Z/ 2,Y-1,Y0 e | Yy 1( 2Y—-1%20 ) xlyoz’Q—i-l}
+o0 Z_9 20
Znte o =R Z 9,2 1,20, —————, —2_1(ToY_22_ 1), —».
{ n=—2 { 2, 2-1, 20 7 1072+ 1 1(Toy—22-1 + 1) Tz 1
12
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8 The System

Tp—2 Yn—2 _ Zn—2

T Z =
ntl = 17 —Tp—2Yn—12n’ Yn+1 = 1=yn—22p—12n’ n+tl 1=2p—2Tn—1Yn
In this section, we study the solution of the following system of difference equations.

Tn—2 o Yn—2 o Zn—2
1 ; Yn+1 = 1 y An41 = 1 8)
— Tpn—2Yn—12n — Yn—22n—1Tn — Zn—2Tn—-1Yn

Tnt1 =

where n € Ny and the initial conditions are arbitrary nonzero real numbers.

The following theorem is devoted to the form of the solutions of system (7).
Theorem 7. Suppose that {x,,y,, z,} are solutions of the system (7). Then for
n=0,1,2, ..., we have the following formulas

(1 Bz _oy1z ol (=1 4 (3i 4+ Da_yyoz
Tan o = —T o H ( ( ) 2Y—-1 0) . Tgn1 =T H ( ( - ) 1Y0 2),
0 (=14 (3i+1)x_2y_120) =0 (=14 (3t +2)z_1y02_2)

( 1+ (3i+2)zoy—22-1)
o (=14 (3i + 3)zoy—22-1)’

T3n = Xo H

nt (1A Bi)moy_oz n1 (=1 4 (3i + 1)z oy 12
Ysn—2 = —Y-2 H ( ( ) n-2 1) Yan—1 = Y-1 H ( ( - ) 201 0)7
=0 ( I+ (32 + 1)$0y 27— 1) i=0 (—1 + (32 + 2)1‘,2y,12’0)
_ ”ﬁ (—1+ (3i +2)z_1y02—2)
Yan vo 1=0 ( 1 + (32 + 3)$,1y02,2)’
n—1 14+ (38)x_1yo2_ n1 (1 + (30 + 1)zoy_oz_
Zang = —7Z.9 H (= (38)z-190z-2) a1 = 2.1 ] ( ( . )Toy—2 1)’
o (=1+(3i+ 1)z _1y0z-2) im0 (=14 (3i+2)zoy_22-1)

. _ H( 1+(3Z+2){L’ 2y — 12’0)
sn 0 ( 1+(3Z+3)(L’ 2y 12’0)

Proof. For n = 0 the result holds. Suppose that the result holds for n — 1.

n—2 (—1 + (32)1' 2l 120) ( 1 + (3Z + 1)513 1Yo~z— 2)

Tan-5 = —T-2 H b (=14 (3i+ 1)z _2y_120)’ Tan—a = 1 H 0 (=14 (3i 4+ 2)z_1y02_2)’
- ( 1+ (3i+2)zoy_22-1)

Tonms = 70 @1;[ (=14 (31 4+ 3)zoy—22-1)’

_ = (_1 + (3Z)$0y 28— 1) . n-2 <_1 + (32 + 1)$,2y,120)
y3n75 - y*Q 1;[ ( 1 _|_ (3'L + 1)x0y 0Z_ 1)7 y3n74 - y*]. Zl;% (_1 + (3?/ + 2)1‘72y7120)7
"2 (=14 (3¢ + 2)z_1y02-
Ysn-3 = Yo H E 1+ aall )2 107-2)

(32 -+ 3)1’ 1Yo~— 2)

13
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n=2 (=14 (3i)r_1Y02— n=2(_1 4 (3i 4+ Daoy_oz_
Zans = —72.9 H ( (36)z_190z—2) , Zamea =21 [1 ( ( ' )Toy—2 1)’
0 (=14 (3i+1)z_1y02-2) im0 (=14 (3i+2)xoy_22_1)

( 1 + (3Z + 2){E 2Y— 12’0)
( 1 + (3Z + 3)33 2Y_ 12’0)

Z3n—-3 — 1:[

It follows from Eq.(7) that

T3n—5
1+ T3n—5Y3n—a23n—3

T3n—2

n—22
(=1+(39)z_2y_120)
T2 H I+ (Gt D2 _29_120)

(—1+(3i)z_oy_120) 1+(3i+1)z_gy_120) n (=1+(3i+2)z_oy_120)
T2 H( TFGiTDz_gv_ lzo))(y 1 H( TT(3i12)7 _ou_ 1z0))(2 L3 (—1+(3i+3)x,2y,1z0))

. —1+(3i)z_2y—120)
T—2 H 1+(3z—|—1);c 2Y—120)

14+(3d)x 20) (=14 Bi+)z_2y—120) \ / (—14+(3i4+2)z_2y—_120)
1 —2_0y_12 H (( 1+(3z+1)122y1 fLO))((71+<3¢+z)$_23_1z§>)((71+(3i+3)x_§§_1z3))>

. —14(3)z_2y_120)
L-2 H (— 1+ (3i+1)z—2y—120)

14-(32)x 2
1 —2_2y-120 H( 1+(3(z+)3):v%2’y1 1Oz)0))

. "1:[2 (—1+(32)35 2Y-120) 1
PR (1 Gt Doayiz0) L+ (o)

3n—3)7_2y_120)
- e, "1:[2 (=14 (3i)x_2y_120) (=14 (3n —3)x_2y_120)
o (—1+ @i+ 1)x_2y_120) (—1+ (3n — 3)x_2y_120) + T_2Y_120
= —2, "1:[2 (=14 Bi)r_2y-120) (=14 (3n —3)z_2y-120)
0 (=14 (3i+1)z_9y-120) (=1 + (3n —2)z 2y 120)

Then, we see that

=l (=14 (3i)x_2y_120)
T3n—2 = —T— 2H ( 1-|—(3z-|—1):r 2Y— 120)

14

99 Elsayed 86-108



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Also, we see from Eq.(1) that

Yan—2

Yan—5

1+ Y3n-5230-4T3n—3
1:[ (=1+(3))zgy_22_1)
—14+(3i+1)zgy_oz_1)

n—2
(—1+(3i)zgy_9z_1) ( 1+(3i+1)zgy_22_1) (—1+(3i4+2)zgy_22_1)
1+(=y—2 H (=1+(3i+1)zgy_o2_ 1) p (=1+(3i+2)zgy_o2_ 1))( "5 (—1+(3i+3)x0972271))

— 1)T0Y—22—1
—Y-2 H (—14+(3i+1)zoy—22-1)

_ (=1+(3)woy—22-1)
1 ToY—2%2-1 H —14+(3t+3)zoy—22—-1)

—y nﬁQ (_1 + (3d)z0y_22_1) 1
2 (=14 (Bi+ Daoy_oz_1) 1 + ——mrto22o1

1T Bn—3)r0y_27_1— )
n=2 (=14 (3i)zoy_22_1) —1+4+ (3n — 3)xoy_22_1

—Y-2 ZI;IO (=14 (3i+ 1)zoy_22-1) —1+ (3n — 3)zoy_22_1 + Toy_22_1
n=2 (=14 (3i)xey_22_1) ,—1+ (3n—3)zoy_ 221

Y2 ZI;IO (=14 (3i+ D)zoy_22-1) —1+ (3n—2)zoy 221

Then, we see that

y — "1:[1 (=1 + (3i)moy—22-1)
n—-2 — T Y=-2 .
i=0 (=1 + (3i + 1)moy-—o2-1)

Finally, we see that

Z3n—5
1 + 23n—5L3n—4Y3n—3

H (=1+(3i)z_1y92_2)
—1+(3i+1)z_1yp92_2)

i=0

—2 P
(=1+(Bi)z_1y9z_2) (—=1+@i+ )z _1yp2— 2))( H (=1+@i+2)z_1y02— 2))
( 1+(3i+1)z_1ygz_2) L . ( 1+(3i4+2)x _1yg92_2) Yo —14+(3i+3)z_1ygz_2)

n
14+(—2z-2
i=

_ (=1+(38)r—1y02—2)
-2 H —1+4( 3’L+1)1‘ 1Y02—2)

_ —14+(3i)w_1y02—2)
1—a_ 1Yo%—-2 H (=14+(3i+3)z—1y0z—2

n—2 (—1 + (32)1',13/02,2) 1

—Z-2 H T_ Z_ )
o (—1+ @i+ Dz1yoz—2) 1+ g oo o

. nH2 (=14 (3d)z_1907—2) ,—1+4+ (3n —3)r_1y02_2
280 (14 (3i + D)a_1y02—2) —1+ (3n — 2)7_1yo2—o
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Then,

- n=l (=14 (31)z_1y02_2)
Fn-2 = A il;[() (=1 + (3i + 1)z_1y02-2)

This completes the proof

8.1 Numerical Examples

For confirming the results of this section, we consider the following numerical example
which represent solutions to the previous systems.

Example 1. We consider interesting numerical example for the difference equations
system (1) with the initial conditions z_o = 13, z_; = 04, xy = 3, y_o = 0.5,
Yy1="7,9 =37, 2.9=009, z_1 =17 and zy = 0.72. (See Fig. 1).

p|Ot of Xn+1 =Xn—2/(1 +Xn—2yn—1 Zn)’yn+1 =yn—2/(1 +Xnyn—2zn—1);zn+1 =zn—2/(‘I +Xn—1ynzn—2);
18 T T T T T

141

121

x(n),y(n),Z(n)

Figure 1.

Example 2. We put the initial conditions for system (2) as follows: z_5 = 1.3, z_; =
—04, 1o =03, yo=05y1 =01,y =—-0.7, 2.9 =-0.9, 2.1 =0.7and zy =
0.2. (See Fig. 2).

16
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plot of Xt =Xn—2/(1 +Xn—2yn—1zn)’yn+1 =yn—2/(_1 +Xnyn—2zn—1);zn+1 =Zn—2/(_-I +Xn—1ynzn—2);

Figure 2.

Example 3. For the difference equations system (3) where the initial conditions
T_9 = 13, r_1 = 04, Ty = 03, Y_o = 025, Y1 = 01, Yo = 07, Z_9 = 09, 21 =
0.7 and zp = 0.2. (See Fig. 3).

p|Ot of Xn+1 =Xn—2/(_1 +Xn—2yn—1 Zn) ’yn+1 =yn—2/(1 +Xnyn—22n—1 ) ;Zn+1 =Zn—2/(_1 +Xn—1 ynzn—2);
5 T T T T T T T

x(n),y(n),Z(n)
=

0 5 10 15 20 25 30 35 40
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Example 4. We assume x_o = 1.3, z_1 = 04, 2o = 0.3, y_o = 0.25, y_; = 0.1,
Yo = 0.7, 2.9 =10.9, z_1 = 0.7 and zy = 0.2 for system (4) see Fig. 4.

p|Ot of Xn+1 =Xn—2/(_1 +Xn—2yn—1 Zn)’yn+1 =yn—2/(_1 +Xnyn—22n—1 );Zn+1 =Zn—2/(1 +Xn—1ynzn—2);

7 T T T T T T T T

x(n),y(n),Z(n)

Figure 4.

Example 5. See Fig. 5, if we take system (5) with x_» = 3, z_1 = =04, 2y =
2,y o=—05,9y1=09 9=07, 25=0.19, 2y = —-04 and 2y = 0.1.

18
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plot of Xn+1 =Xn—2/(_1 +Xn—2yn—1 Zn)’yn+1 =yn—2/(_1 +Xnyn—2zn—1 ) ;Zn+1 =Zn—2/(_1 +Xn—1 ynzn—2);
3 T T T T

| ("‘"\\,'("“tt\‘ ("“w\‘ ("‘"\

I

o
T

y—
!

x(n),y(n),Z(n)

Figure 5.

Example 6. See Fig. 6, if we consider system (6) with x_5 = =9, z_; = 0.4, ¢ =
-2,y 2=02,y1=079y=18, 29=9, 21 =—-04 and zy = —2.

p|0t of Xn+1=Xn—2/(_1_Xn—2yn—1zn)’yn+1=yn—2/( 1-x yn 27 n- 1) Zn+1=zn—2/(_1_Xn—1ynzn—2);

10 T T T T T T T T

x(n),y(n),Z(n)
=)

8t

-10
0
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Example 7. We take the difference equations system (7) with the initial conditions
T o=9 v 1=4 20=2,y0=3,y1="7,49=18, 2 o=11, z 1 = -4 and z =
5. (See Fig. 7).

plot of X :Xn—2/(1 Xn-2Yn-1 Zn)’yn+1 :yn—2/(1 _Xnyn—2zn—1);zn+1 :Zn—Z/(1 _Xn—1ynzn—2);
20 T T T T T T T

151

101

< 5l
0 L
_5 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40
n
Figure 7.
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APPROXIMATION OF SOLUTIONS OF THE INHOMOGENEOUS
GAUSS DIFFERENTIAL EQUATIONS BY HYPERGEOMETRIC
FUNCTION

S. OSTADBASHI, M. SOLEIMANINIA, R. JAHANARA AND CHOONKIL PARK*

ABSTRACT. In this paper, we solve the inhomogeneous Gauss differential equation and
apply this result to estimate the error bound occurring when an analytic function is ap-
proximated by an appropriate hypergeometric function.

1. INTRODUCTION

More than a half century ago, Ulam [22] posed the famous Ulam stability problem which
was partially solved by Hyers [7] in the framework of Banach spaces. The Hyers’ theorem was
generalized by Aoki [4] for additive mappings. In 1978, Rassias [14] extended the theorem
of Hyers by considering the unbounded Cauchy difference inequality

1f (e +y) = f(z) = f <ezI” +yl"),  (e=0,p€[0,1)).

Since then, the stability problems of various functional equations have been studied by many
authors (see [1, 6, 8, 9, 13, 15, 17, 18, 19, 20]).

Alsina and Ger [3] were the first authors who investigated the Hyers-Ulam stability of
differential equations. They proved that if a differentiable function f : I — R is a solution of
the differential inequality |y'(t) — y(t)| < €, where I is an open subinterval of R, then there
exists a solution fy : I — R of the differential equation y/(t) = y(t) such that | f(¢)— fo(¢)] < 3e
for any t € I. From then on, many research papers about the Hyers-Ulam stability of
differential equations have appeared in the literature, see [2, 5, 10, 11, 12, 21, 23] for instance.

The form of the homogeneous Gauss differential equation has the form

r(l—2)y" +[r— (1 +s+t)z]y — sty =0. (1.1)
It is easy to see that
st (st)(s+1)(t+1) o (st)(s+1)(s+2)(t+1)(t+2) 5
-1+ 2
u + 1 + 2lr(r+1) S lr(r+1)(r+2) v

2010 Mathematics Subject Classification. Primary 39B82, 35B35.

Key words and phrases. Gauss differential equation; analytic function; hypergeometric function; approxi-
mation.
*Corresponding author: Choonkil Park (email: baak@hanyang.ac.kr, fax: +82-2-2281-0019).
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and
yo =71 4 (sr;é)(_t)rﬂ)
(s—r+1)(sfr+2)(t*7”+1)(t*T+2)x2
202-7)(3 1)
.\ (S_H_1)(5_r+2)(s—r+3)(t—7“+1)(t—7“+2)(t_r+3);p5+...]

B2-r)B—-r)(4—r1)

are a fundamental set of solutions of equation (1.1) (if 7 # 1). The series y; known the
hypergeometric function is convergent for |z| < 1 and is represented by

Y1 = F(Sa ta T, :L')
Note that
p=2"""F(s—r+1,t—r+1,2—r2)
is of the same type. Thus the general solution is

Yo = c1y1 + coyo = c1 F(s,t,r,2) + cox' TF(s —r 4+ 1,t —r+ 1,2 — 1, 2).

2. INHOMOGENEOUS GAUSS DIFFERENTIAL EQUATION

In this section, we consider the solution of inhomogeneous Gauss differential equation of

the form
+o00
r(l—z)y +[r— (1 +s+t)z]y — sty = Z amz™, (2.1)

m=0
where the coefficients a,,’s of the power series are given such that the radius of convergence
is positive.
Theorem 2.1. Assume that the radius of convergence of the power series ) amx™ is

Ry >0 and

R; = lim \7] > 0. (2.2)
k—00 Cl41

Let p be a positive number defined by p = min{1, Ro, R1}. Then every solution y : (—p, p) —
C of differential equation (2.1) can be expressed by

+o0
y(x) = ye(x) + Z Cma™, (2.3)
m=1

where ¢1 = %ao and

Am—1
m(m —1 —|— r)

Cm =

i+1 i (2.4)
+fZam21H H(m+s—j)(m+t—j)

for any m € {2,3,---}.

m — j+7’
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Proof. We will show that each function y : (—p,p) — C defined by (2.3) is a solution of
the inhomogeneous Gauss differential equation (2.1), where g, is a solution of homogeneous
Gauss differential equation (1.1). For this purpose, it is only necessary to show that y,(z) =
> om—1 cmax™ satisfies differential equation (2.1). Therefore, letting y,(z) = > ;o) ¢pna™ in
differential equation (2.1), we obtain

+0o0 “+oo +oo
Z m(m + 1)cpp12™ +r Z (m+1)cpmyrax™ — Z m(m — 1)epa™
m=1 m=0 m=2

+0o0 +00

“+oo
—(1+s+1) Z mepma™ — st Z cma™ = Z ama™
m=0

m=1 m=1

Hence
+oo
rcy + Z[(m+ L (m+r)emer — (m+ s)(m+ t)ep |z Z amx™

m=1

Therefore, we get ¢; = %ao and

. B 1 . +(m+s)(m+t)
m+1_(m+1)(m—|—r) " (m A D) (m

By some manipulations, we obtain

m—1

m

Cm =
i+1 i (2.5)

Zamz 1H H(m+8—j)(m+t_j)

*]Jrr

for any m € {2,3,...}. The condition (2.2) implies that the radius of convergence of y,(z) =

Z::l cmx™ is R1. By using the ratio test, we can easily show that the radius of convergence
of y. is 1. Thus y is certainly defined on (—p, p). O

Corollary 2.2. Assume that the assumptions of Theorem 2.1 hold. Then there exists C' > 0
such that

TIPS LS
— = m(m —1+r)
m=1 m=1

“+o00 400

22

zlm2

Cam 2 H —st )meri*l
(m+i—1)2 S m+i—j—)(m4i—j+s+t—1) ‘

Proof. Since there exists a constant C' > 0 with

i+1 1

m'H j+r_m2H

j=1 i=o (

m—j+s+t)
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for any m = 2,3, ... and for any i = 1,2, ..., it follows from (2.5) that

+oo +oo
Z_mem201$+ Z_me —*aox‘i‘ Z _—1_mxm
m=1 m=2
400 m—1 i+1 1 %
—i—Z—'Zam_z_lH H(m+s—j)(m+t—y)
— — S m =)+
m=2 i=1 j=1 7=0
+00 +o00 m—1 7 . .
Gm Ca m+s—j)(m+t—
<2 m(m —1+rw 22 mllném—‘)(ni)E‘Jrerjt;xm
m=1 m=2 =1 7=0 J J
400 400 m—1 7
am m Cam i1 —st
= — ™+ (1-— , , )™
mz:: m(m —1—1—7" mZ:QZZ; 31—[0 (m—j)(m—j+s+t)
= —_— "+ Apix™
=1 ( _1+T =1 m=i+1
+00 a 400 400
m—1 l
= Z — " +Z Z Am-l—z 15T gt
m=1 ( —1+7’) i=1 m=2

where we define

Cam_i_l —st
Api = ——5— 1- - .
m2 ]1;[0( (m—])(m—]—l—s—l—t))

foralli=1,2,--- and m=2,3,---. O

3. APPROXIMATION PROPERTY OF HYPERGEOMETRIC FUNCTION

In this section, we investigate an approximation property of hypergeometric functions.
More precisely, we will prove that if an analytic function satisfies the condition (2.2), then
it can be approximated by a hypergeometric function. Suppose that y is a given function
expressed as a power series of the form

= bpa™, (3.1)
m=0

whose radius of convergence is Ry > 0. Then we obtain

Z’(l—x)y”+[ (1+S+t) ]y/—sty
- m2;0[(m+ 1)(m + 1)bms1 — (m + 8)(m + )by]a™ -
= Z ama™,
m=0
where we define
am = (m 4+ 1)(m + )byt — (m + s)(m + )by, (33

for all m € {0,1,2,3,---}.
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Lemma 3.1. If the ay,’s, the by, ’s and the ¢, ’s are as defined in (3.3), (3.1) and (2.4), then

m—1

m
Cm = EOH H m+s—j)(m+t—7) (3.4)
i T

for allm € {0,1,2,3,...}.

Proof. The proof is clear by induction on m. For m =1 and by (3.3) we have

1 t
1 = g0 _ ;(rbl — sthy) = by — %bo- (3.5)

r

Assume now that formula (3.3) is true for some m. It follows from (2.4), (3.3) and (3.4) that

Comil = Am i (m—i-s)(m—i—t)c
m+ (m+1)(m+r) <m+1)(m+r) m
= (m + 1)1(m - ((m + 1)(m +7)bpyr — (m+s)(m + t)bm)
(m+3)<m+t bo m 1 m—
(m+1)<m+T>(bm_ij: j 1;[ m+8—])(m+t_]))
=b U ! i 1 1+t
m+1_(m+1)!j1_‘[1m+1_j+ ]r[1m+ +s—j)(m+1+t—7),
as desired. .

Theorem 3.2. Let R and Ry be positive constants with R < Ry. Assume thaty : (—R, R) —
C is a function of the form (3.1) whose radius of convergence is Ry. Also, by,’s and c¢,,’s are
given by (3.3) and (3.4), respectively. If R < min{l, Ry, R1}, then there exist a hypergeo-
metric function yp, : (=R, R) — C and a constant d > 0 such that |y(z) — yn(z)| < dt%; for
allz € (—R, R).

Proof. We assume that y can be represented by a power series (3.1) whose radius of conver-
gence is R < Ry. So

+00 +o0 +oo
z(l —x) Z m(m — Dbyz™ 2+ [r — (1 + s+ t)] Z mbpe™ ! — st Z mbp,x™
m=2 m=1 m=0

is also a power series whose radius of convergence is Ry, more precisely, in view of (3.2) and

(3.3), we have

+oo +oo
z(1—x) Z m(m — Dbpa™ 2+ [r — (1 + s+ t)z] Z mbyz™ !
m=0 m=0

—+00 “+oo
— st Z mbypax™ = Z amx™
m=0 m=0
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for all x € (—R, R). Since the power series Z:,“f:oo anx™ is absolutely convergent on its inter-

val of convergence, which includes the interval [~ R, R] and the power series Y7 |amz™|
is continuous on [—R, R]. So there exists a constant d; > 0 with

n
Z lama™| < dy
=0

m=
for all integers n > 0 and for any z € (—R, R).
On the other hand, since

2

+o0o
—st st
;‘(m—k—l)(m—k—urws)'— 6 2, (m=23,..),
we have
\ﬁo(l— ot | <dy, (m=2,3,-")
k=1 m—k—-1)(m—-k—1+t+s) — 2 = 2,9,

(see [16, Theorem 6.6.2]). Hence, substituting ¢ — j for k in the above infinite product, there
exists a constant ds with

: —st
1- — — <d
’};[O( (m—z—j—l)(m—z—j—1+t+s)|_ 3
foralli=1,2,--- and m = 2,3,---. Therefore, it follows Lemma 2.2 that
= x
| > ema™| < didy — (3.6)
m=0
for all x € (—Ry, Rp). This completes the proof of our theorem. g

Corollary 3.3. Assume that R and Ry are positive constants with R < Ry. Lety : (R, Ry) —
C' be a function which can be represented by a power series of the form (3.1) whose radius of
convergence is Rg. Moreover, assume that there exists a positive number Ry satisfying the
condition (2.2) with by,’s and ¢, ’s given in (3.1) and Lemma 3.1. If R < min{l, Ry, R1}
then there exists a hypergeometric function yp : (—R, R) — C such that |y(x) —yp(z)| = O(x)
as x — 0.

Example 3.4. Now, we will introduce an example concerning the hypergeometric function
for differential equation (2.1) with st = 1—16. Given a constant R with 0 < R <1 and assume
that a function y : (—R, R) — C can be expressed as a power series of the form (3.1), where
_ 70, m=0
bin = o, m>L

It is easy to see that the radius of convergence of the above power series is Ry = 4. Since
bop = 0 it follows from Lemma 3.1 that ¢, = by, for each m € {0,1,2,3,...}. Moreover, there
exists a positive constant Ry such that the condition (2.2) is satisfied

Ch b,

Ry = lim | | = lim |
k—+o00 Ckiq k—+o00 bk+1

| =4.
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Now we assume r =s =1t = %. Then we get
+o0 +oo 2 1
1 4(m ) —(m+1)(m+ 3)
> Joma"| < g + gl + 3 o Lo
—

15 3m(m +
< — - i S
16w +m§::2 g2

<1+15+§° Lo _ 1 15 127
~ 16 64 4= 2mt2 716 64 8 64

for all x € (—R, R). Since R < min{l, Ry, R1} = 1, we can conclude from (3.6) that there
exists a solution function yp : (—R, R) —> (C of the Gauss differential equation (2.1) with
r=s=t=3 satisfying ly(z) — yp(2)| < 2% for allx € (—R, R).
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ABSTRACT. In this paper, we give an introduction for rough groups and rough homo-
morphisms. Then we present some properties related to topological rough subgroups and
rough subsets. Finally we construct the product of topological rough groups and give an
illustrated example.

1. INTRODUCTION

In [2], Bagirmaz et al. introduced the concept of topological rough groups. They
extended the notion of a topological group to include algebraic structures of rough groups.
In addition, they presented some examples and properties.

The main purpose of this paper is to introduce some basic definitions and results about
topological rough groups and topological rough subgroups. We also introduce the Carte-
sian product of topological rough groups.

This paper is as follows: Section 2 gives basic results and definitions on rough groups
and rough homomorphisms. In Section 3, following results and definitions of [2], we give
some more interesting and nice results about topological rough groups. Finally, in Section
4 we prove that the product of topological rough groups is a topological rough group.
Further, an example is provided.

This paper has been produced from the PhD thesis of Alharbi registered in King Ab-
dulaziz University.

2. ROUGH GROUPS AND ROUGH HOMOMORPHISMS
First, we give the definition of rough groups introduced by Biswas and Nanda in 1994 [3].

2010 Mathematics Subject Classification. Primary: 22A05, 54A05. Secondary: 03E25.

Key words and phrases. rough group; topological rough group; topological rough subgroup; product of
topological rough groups.
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Let (U, R) be an approximation space. For a subset X C U,
X ={[z]p: [z]aN X # 0}

and
X = {[a]n : [a]n € X}.
Suppose that * is a binary operation defined on U. We will use zy instead of x * y for

each composition of elements x,y € U as well as for composition of subsets XY, where

X,Y CU.

Definition 2.1. [2] Let G = (G,G) be a rough set in the approzimation space (U, R).
Then G = (G, G) is called a rough group if the following conditions are satisfied:
(1) for all z,y € G, vy € G (closed);
(2) for all x,y,z € G, (zy)z = x(yz) (associative law);
(3) for all x € G, there exists e € G such that we = ex = x (e is the rough identity
element);
(4) for all x € G, there exists y € G such that vy = yx = e (y is the rough inverse

element of z. It is denoted as v~').

Definition 2.2. [2] A nonempty rough subset H = (H, H) of a rough group G = (G, G)
is called a rough subgroup if it is a rough group itself.

A rough set G = (G, G) is a trivial rough subgroup of itself. Also the rough set e = (e, )
is a trivial rough subgroup of the rough group G if e € G.

Theorem 2.1. [2] A rough subset H is a rough subgroup of the rough group G if the two
conditions are satisfied:

(1) for all x,y € H,xy € H;

(2) forallye Hyy ' € H.

Also, a rough normal subgroup can be defined. Let IV be a rough subgroup of the rough
group G. Then N is called a rough normal subgroup of G if for all x € G,xN = Nz.

Definition 2.3. [4] Let (Uy, Ry) and (Us, Ry) be two approzimation spaces and *, % be two
binary operations on Uy and Us, respectively. Suppose that Gy C Uy, Gy C Uy are rough
groups. If the mapping ¢ : Gi — Gy satisfies o(x % y) = p(x) ¥ o(y) for all z,y € Gy,
then ¢ is called a rough homomorphism.

Definition 2.4. [4] A rough homomorphism ¢ from a rough group Gy to a rough group
Go s called:

(1) a rough epimorphism (or surjective) if ¢ : G — Gy is onto.

(2) a rough embedding (or monomorphism) if o : G, — Gy is one-to -one.

(3) a rough isomorphism if @ : Gy — Gy is both onto and one-to-one.

118 ALHARBI 117-122



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

3. TOPOLOGICAL ROUGH GROUPS

We study a topological rough group, which has an ordinary topology on a rough group,
i.e., a topology 7 on G induced a subspace topology T¢ on G. Suppose that (U, R) is an
approximation space with a binary operation * on U. Let GG be a rough group in U.

Definition 3.1. [2] A topological rough group is a rough group G with a topology T¢ on
G satisfying the following conditions:
(1) the product mapping f : G x G — G defined by f(x,y) = xy is continuous with
respect to a product topology on G X G and the topology T on G induced by T¢;
(2) the inverse mapping ¢ : G — G defined by o(x) = x7*
the topology T on G induced by 7¢.

18 continuous with respect to

Elements in the topological rough group G are elements in the original rough set G with
ignoring elements in approximations.

Example 3.1. Let U = {0,1,2} be any group with 3 elements. Let U/R = {{0,2},{1}}
be a classification of equivalent relation. Let G = {1,2}. Then G = {1} and G =
{0,1,2} = U. A topology on G is ¢ = {@,G,{1},{2},{1,2}} and the relative topology
is T = {p,G,{1},{2}}. The conditions in Definition 3.1 are satisfied and hence G is a
topological rough group.

Example 3.2. Let U = R and U/R = {{z : © > 0},{z : x < 0}} be a partition of R.
Consider G = R* =R — 0. Then G s a rough group with addition. It is also a topological
rough group with the standard topology on R.

Example 3.3. Consider U = S, the set of all permutations of four objects. Let (x) be the
multiplication operation of permutations. Let
U/R = {E, Es, E3, E4}
be a classification of U, where
By ={1,(12), (13), (14), (23), (24), (34)},
Ey = {(123), (132), (142), (124), (134), (143), (234), (243)},
Es; ={(1234), (1243), (1342), (1324), (1423), (1432) },
Ey={(12)(34), (13)(24), (14)(23)}.

Let G = {(12),(123), (132)}. Then G = E, U Ey. Clearly, G is a rough group. Consider
a topology on G as 7¢ = {p, G, {(12)}, {1, (123), (132)}, {1, (12), (123), (132)}}. Then the
relative topology on G is T = {p, G, {(12)},{(123), (132)}}. The conditions in Definition
3.1 are satisfied and hence G is a topological rough group.

Proposition 3.1. [2] Let G be a topological rough group and fix a € G. Then
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(1) the mapping L, : G — G defined by Lq(x) = ax, is one-to-one and continuous for
all x € G.

(2) the mapping R, : G — G defined by R,(x) = za, is one-to-one and continuous for
all x € G.

(3) the inverse mapping v : G — G is a homeomorphism for all x € G.

Proposition 3.2. [2] Let G be a topological rough group. Then G = G™1.

Proposition 3.3. [2] Let G be a topological rough group and V- C G. Then V is open
(resp. closed) if and only if V' is open (resp. closed).

Proposition 3.4. [2] Let G be a topological rough group and W be an open set in G with
e € W. Then there exists an open set V with e € V such thatV =V~ and VV C W.

Proposition 3.5. [2] Let G be a rough group. If G = G, then G is a topological group.

Definition 3.2. Let G be a topological rough group. Then a subset U of G is called rough
symmetric if U = UL,

From the definition of rough subgroups, we obtain the following result.
Corollary 3.1. Every rough subgroup of a topological rough group is rough symmetric.

Theorem 3.1. Let G be a topological rough group. Then the closure of any rough sym-
metric subset A of G is again rough symmetric.

Proof. Since the inverse mapping ¢ : G — G is a homeomorphism, cl(A) = (cl(A))~!. O

Theorem 3.2. Let G be a topological rough group and H be a rough subgroup. Then cl(H)
is a rough group in G.

Proof. (1) Identity element: H C cl(H) implies that H C cl(H) and so e € cl(H).
Since cl(H) C G, we have ex = ze = z for all x € cl(H).

(2) Inverse element: cl(H)™" C cl(H™') = cl(H).

(3) Closed under product: Let x,y € cl(H). Then zy € G, which implies that there
exists an open set U € G such that zy € U. We will prove that U A H # .
Consider the multiplication mapping j : G x G — G. This implies that there exist
open sets W,V of G such that xt € W,y e V. W AH # ¢,V N H # . Since the
topology on G is a relative topology on G, there exist open sets W', V' of G such
that W C W',V CV'. Hence W AH # o, V' NH # . Then u(W x V) A H # ¢,
but we have pu(W x V) C U, which implies H AU # . So zy € cl(H) C cl(H).
This implies that cl(H) is a rough group of G.

Thus cl(H) is a rough group in G. O
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Definition 3.3. Let (X, 7) be a topological rough space of approzimation space (U, R),
and let B C 7 be a base for 7. For x € X, the family

B,={0OeB:x€0}CB
1s called a base at x.

Theorem 3.3. Let G be a topological rough space with G group. For g € G, the base at
g 1s equal to

B, ={g0:0 € B.},

where e is the identity element of a rough group G.

4. PRODUCT OF TOPOLOGICAL ROUGH GROUPS

Let (U,R1) and (V,Ry) be approximation spaces with binary operations #; and g,
respectively. Consider the Cartesian product of U and V: let z,2" € U and y,y € V.
Then (z,y), (z',y) € U x V. Define * as (z,y) * (z',y) = (z %, 2",y *2 4’ ). Then * is a
binary operation on U x V. In [1], Alharbi et al. proved that the product of equivalence
relations is also an equivalence relation on U x V.

Theorem 4.1. [1] Let Gy C U and Gy C V be two rough groups. Then the Cartesian
product G1 X G5 is a rough group.

The following conditions are satisfied:

(1) For all (z,y), (z',y) € Gy x Gy, (71,7,) * (:cg,yélz (@1 %1 Lo, Yy *21y) € G1 X G.

(2) Associative law is satisfied over all elements in G; X Gb.

(3) There exists an identity element (e,e’) € Gy x Gy such that V(z,2') € G x
Go, (x,2') % (e,€) = (e,€) x (z,2) = (ex, 'x’) = (x.2").

(4) For all (z,2') € Gy x Gy, there exists an element (y,3') € G, x G such that
(@, 2) * (y,y) = (W) = (,27) = (e, €).

Example 4.1. Consider Example 3.1 where U = {0,1,2} and U/R = {{0,2},{1}}. Then
the Cartesian product U x U is as follows:

Then the new classification is
{{0,0),(0,2),(2,0),(2,2)},{(0,1), (2, D}, {(1,0), (1.2)}, {(T, )}}.
Consider the rough group G = {1,2}. Then the Cartesian product G x G is
GxG={(2,2),(21),(1,2),(1,1)},
where G x G = G x G = U x U. From the definition of a rough group, we have that
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(T T) (2 2)(2a1> = (170)7(272)(171) = (070)7(2’2)(172) = (071)’(§ T)(ZT) =

(T’E)’

@D = 0.2.2 DT = 0.0, DT = 2.2, LH1.2) = @.0):
(2) there exists (0,0) € G'x G such that for every (g,9') € GxG, we have (0,0)(g,9) =

(9.9);

(3) for every element of G x G, there exists an inverse element in G x G, where
(1,D)t'=(2,2) eGxG, 2,1)t=(1,2) € G xG;
(4) the associative law is satisfied.
Hence G x G is a rough group.
From Ezample 3.1, we have 7¢ = {p,G,{1},{2},{1,2}} as a topology on G. Then
Ta X Tg 18 the product topology of G x G. Also we have T = {p, G, {1},{2}} as a relative
topology on G. So T X T is a topology on G X G induced by T X T¢.

Consider the multiplication mapping p : (G x G) x (G x G) — G x G. This mapping is
continuous with respect to topology T X T and the product topology on (G x G) x (G x G).
Also, we can show that the inverse mapping v : G X G — G x G is continuous. Hence
G x G s a topological rough group.
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ON THE FARTHEST POINT PROBLEM IN BANACH SPACES
A. YOUSEF!, R. KHALIL?AND B. MUTABAGANTI?

ABSTRACT. A long standing conjecture in theory of Banach spaces is:" Every
uniquely remotal set in a Banach is a singleton". This is known as the farthest
point Conjecture. In an attempt to solve this problem, we give our contribution
toward solving it, in the positive direction, by proving that every such subset
E in the sequence space ¢! is a singleton.

1. INTRODUCTION

Let X be a normed space, and E be a closed and bounded subset of X. We
define the real valued function D(., E) : X — R by

D(x7E) = sup{Ha: o 6” rec E}7

the farthest distance function. We say that E is remotal if for every z € X,
there exists e € E such that D(x, E) = ||z — ¢||. In this case, we denote the set
{e € E: D(z,FE) = ||x —e||} by F(z,E). It is clear that FI(.,F): X — Eis a
multi-valued function. However, if F'(., F) : X — E is a single-valued function,
then F is called uniquely remotal. In such case, we denote F'(z, E) by F(x), if
no confusion arises.

The study of remotal and uniquely remotal sets has attracted many mathe-
maticians in the last decades, due to its connection with the geometry of Banach
spaces. We refer the reader to [1], [3], [5], [6] and [§] for samples of these studies.
However, uniquely remotal sets are of special interest. In fact, one of the most in-
teresting and hitherto unsolved problems in the theory of farthest points, known
as the the farthest point problem, which is stated as: If every point of a normed
space X admits a unique farthest point in a given bounded subset F, then must
E be a singleton ?.

This problem gained its importance when Klee [4] proved that: singletoness
of uniquely remotal sets is equivalent to convexity of Chybechev sets in Hilbert
spaces (which is an open problem too, in the theory of nearest points).

Since then, a considerable work has been done to answer this question, and
many partial results have been obtained toward solving this problem. We refer
the reader to [I], [3], [6] and [§] for some related work on uniquely remotal sets.

1991 Mathematics Subject Classification. Primary 46B20; Secondary 41A50; 41A65.
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Centers of sets have played a major role in the study of uniquely remotal sets,
see [1], [2] and [3]. Recall that a center ¢ of a subset E of a normed space X is
an element ¢ € X such that

D(c,F) = inf D(x, FE).
(¢, B) = inf D(w, E)
Whether a set has a center or not is another question. However, in inner product
spaces, any closed bounded set does have a center [].

In [7] it was proved that if £ is a uniquely remotal subset of a normed space,
admitting a center ¢, and if F', restricted to the line segment [c, F'(c)] is continu-
ous at ¢, then F is a singleton. Then recently, a generalization has been obtained
in [9], where the authors proved the singletoness of uniquely remotal sets if the
farthest point mapping F' restricted to [c, F(c)] is partially continuous at ¢. Fur-
thermore, a generalization of Klee’s result in [4], "If a compact subset E, with a
center ¢, is uniquely remotal in a normed space X, then F must be a singleton",
was also obtained in [9].

In this article, we prove that every uniquely remotal subset of the sequence
space (! (R) is a singleton. Recall that (*(R) = {z = (2,,) : z, € Rand Y o7, |z,| <
00}

2. PRELIMINARIES

In this section, we prove the following propositions that play a key role in the
proof of the main result.

Throughout the rest of the paper, F' will denote the farthest distance single-
valued function associated with a uniquely remotal set FE.

Proposition 2.1. Let E be a uniquely rematal subset of a Banach space X . Let
() be a sequence in X such that (x,) converges to x € X. If F(x,) =y for all
n, where y € E, then F(x) = y.

Proof. Suppose that F(z) # y. Since E is uniquely remotal, then there exists
w € E such that F(x) = w. Further, there exists ¢ > 0 such that ||z — wl|| >
||z — yl|| + €. Also, there exists ny € N such that ||z, — z|| < § for all n > n,.
Therefore, for m > nyg

|zm —wl| = o = wl| = [Jzmn — |

> e —yl|+e—=
x_ —_— —
Yy € 5

€
> Nlzm =yl + 5 = llom — =]
> |lzm = yll-

This contradicts that y = F(z,,). Hence, we must have F'(x) = y.
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Proposition 2.2. Let K be a compact subset of a Banach space X and E be
uniquely remotal in X. Then there exist v € K and e € E such that

D(E,K) = supf{|ly — 0]| : y € K, 0 € E} = [[e — x|,

Proof. From the definition of D(E, K), there exist two sequences (e,) and (z,)
in £/ and K respectively such that

D(E,K) = lim ||le, — x,]|.

Since K is compact, then there exists a subsequence (z,, ) of (x,) such that (z,, )
converges to x in K. So,

D(E7K> :kh_{roloHenk _znkH

The definition of D(E, K) implies that D(E, K) > ||¢/ — 2'|| for all ¢’ € E and
2’ € K. Therefore,
lim [[e,, —an,[| > |lz = F(z)]].

k—oo

But
len, = Tn || < len, — 2l| + [z — 2, || < |2, — 2[| + [|2 — F(2)]].
Thus
Tim 12, — || < |l — F(2)]].

Since x € K and F(z) € E, it follows that D(E, K) = ||x — F(z)||, which ends
the proof.
0

3. MAIN RESULTS

Let E be a uniquely remotal subset of a Banach space X. Let x4 be an element
in X and ey € E be the unique farthest point from z, i.e F'(xy) = €. Consider
the closed ball

Blzo, [|zo — eo|[] = Blzo, D(zo, E)].

Then clearly eq lies on the boundary of Blxg, D(xg, F)].

Let J = {Bly,|ly — eol| : F(y) = e}, and define the relation ” < ” on J as
follows:

By < Byif By C By.

2

It is easy to see that the relation ” <7 is a partial order.

Now, we claim the following.
Theorem 3.1. J has a mazrimal element.

Proof. Let T be any chain in J. Consider the net {||y, — eo|| : @ € I}. Notice
that if By, < Ba, then [|[ya, —eol| < ||Ya, —€ol|- Let r = ing ||Ya — €o||. Then it is
ac

easy to see that if the infimum is attained at some «g, then B, Yoo, [[Yae — €0l|] 1S
an upper bound for 7. If the infimum is not attained then there exists a sequence
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(B,) in T such that lim ||y, — eo|| = inf ||y, — eo|| = r.
n—00 a€cl

We claim that (y,) has a convergent subsequence. If not, then there exists
€ > 0 such that ||y, — ym|| > € for all n, m. Clearly we can assume that ¢ < r.

Since lim ||y, — eo|| = r, then there exists no € N such that ||y, —eo|| <7+ 35
n—oo

for all n > ng. But ||yn, — Yng+1|| > €, S0 By, C Byyy1. Farther, r < ||y,, — eol|
and |[tne+1—€o|| < r+ 5. Without loss of generality, we can assume, for simplicity,
that yn, = 0. Then the element v = (1 + "—ryn,41) € By

nQ

Now, ||[v = 0|| = [|v|| = ||yng+1|| + 7 > 7 + €. Thus, v ¢ B,,, which contradicts
the fact that B, .1 C B,,. Hence, there is a subsequence (y,,) that converges
to some element, say y. By assumption F(y,,) = eo for all nj, which implies by

Proposition [2.1] that F(y) = eg. Thus, Bly, ||y — eol|] € J.

It suffices now to show that By, ||y — eo||]] € B, for all & € I. If this is not
true then there exists w € Bly, ||y — eol|] such that w ¢ B,,, for some m;. Since
(B) is a chain, then w ¢ B, for all n; > m;. Furthermore, ||w — y,, || > 7 + €
for some ¢’ > 0 and all n;, > m;.

But [[w =y, || < {lyn, = yll + |ly — wl|, where ||y, —y[| — 0 and ||y —wl|| <
lly — F(y)|| = |ly — r||. It follows that liminf ||w — y,, || < r, which contradicts
ng

the fact that ||w — yy,,|| > 7 + €. This means that B[y, ||y — eol||] is an upper
bound for the chain 7. Hence, By Zorn’s lemma J has a maximal element.
0J

Now we are ready to prove the main result of this paper.
Theorem 3.2. Every uniquely remotal set in (*(R) is a singleton.

Proof. Let E be a uniquely remotal set in ¢!, and let é be the unique farthest
point in E from 0, i.e. F(0) = ¢é. By Theorem 3.1, J = {Bly,|ly—¢||] : F(y) = ¢}
has a maximal element say B[0, ||0 — é|].

Without loss of generality, we may assume that v = 0 and ||é|| = 1 so that the
maximal element is the unit ball of /1. Let é = (by, by, b3, ... ). Since ||é|| = 1 then
with no loss of generality we can assume that b; # 0. Further, assume b; > 0.
So, by > mio for some mg € N.

Let 61 = (1,0,0,...) and consider the sequence (%) in /', where n > my.
Then F(ﬁ) # é for all n > my, since if F(2) = é for some n > my, then for
w € B[S |13 — €], we have [ful] = 190 < [Jw = S < |15 = éll. But by > 7,
so (|2 el = fléll — £ = [1éll — %] Thus, [Juw]'< [1é]] = 1 and accordingly

w € BJ0, 1], which contradicts the maximality of B[0,1]. Hence, () # é for
all n > my.
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Let F(%) = z, = (¢},c},¢4,...). Then we must have ¢} < L for all n > my.
Otherwise, we obtain that ||z, — 2| = ||z,|| — [|2]| < 1— 2 = ||é — 2||, which
contradicts the fact that F(2) = z,.

Now, since 2 — 0, then ||2,|| — 1. Further, the sequence ¢} converges to A,
where A < 0.

Consider the set P = {b;10:}. Then, clearly D(é, P) = >_2,[b;| < 1. Also,
D(zp, P) = |20 — bids]] = e} = ba| +>°72, |c}|. Therefore,

lim D(z,,P) = (b +[A])+ lim > |c]]
=2
= b+ A+ (1= A])
= 1+bh
Since D(P, E) > D(P, z,,) for all n, we get that D(P, E) > 1+40;. On the other
hand, D(P, E) = sup ||b101 — e|| < by + 1, since ||e|| < 1 for every e € E. Thus,
eck
D(P,E) =1+ b,.
By Proposition 2.2, D(P, E) = ||b161 — €/|| for some ¢’ € E. So,
140y < by +|[€]| <1+ by,

which implies that ||¢’|| = 1. Therefore, ¢’ is another farthest point in E from 0,

i.e. F(0) ={¢,é}, which contradicts the unique remotality of E. Hence, F must

be a singleton. O
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Abstract. In this paper, we prove the Hyers-Ulam stability of 3-Lie homomorphisms in 3-Lie algebras for
Cauchy-Jensen functional equation. We also prove the Hyers-Ulam stability of 3-Lie derivations on 3-Lie
algebras for Cauchy-Jensen functional equation.

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations had been first raised by Ulam [21]. In 1941, Hyers [10]
gave a first affirmative answer to the question of Ulam for Banach spaces. The generalizations of this
result have been published by Aoki [2] for (0 < p < 1), Rassias [19] for (p < 0) and Gajda [8] for (p > 1)
for additive mappings and linear mappings by a general control function 0(||x||? + |ly||?), respectively.
In 1994, Gavruta [9] generalized these theorems for approximate additive mappings controlled by the
unbounded Cauchy difference with regular conditions, i.e., who replaced 6(||z||” + ||y||") by a general
control function ¢(z,y). Several stability problems for various functional equations have been investigated
in [1, 4, 6, 7, 12, 14, 15, 16, 17, 18, 20].

A Lie algebra is a Banach algebra endowed with the Lie product
(o9 — )

2

Similarly, a 3-Lie algebra is a Banach algebra endowed with the product

[, y] =

[[I,y],Z} = M;z[;c,y]

Let A and B be two 3-Lie algebras. A C-linear mapping H : A — B is called a 3-Lie homomorphism if
H([[z,y], 2]) = [H(x), H(y)], H(2)]

9*Corresponding authors.

YKeywords: Jensen functional equation, 3-Lie algebra, 3-Lie homomorphisms, 3-Lie derivation, Hyers-
Ulam stability.

92010 Mathematics Subject Classification. Primary 39B52; 39B82; 22D25; 17A40.
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for all z,y,z € A. A C-linear mapping D : A — A is called a 3-Lie derivation if

D([lz),41) = (D), ), 2] + [lz, D)}, 2] + [[e 9], D)

for all z,y,z € A (see [22]).
Throughout this paper, we suppose that A and B are two 3-Lie algebras. For convenience, we use the

following abbreviation for a given mapping f: A - B

Dyuf(a,y,2) = fET Y ) + (I
—2uf(z) —2uf(y) — 2uf(2)
forallpe T' :={Ae€C: |\ =1} and all z,y,2 € A.
Throughout this paper, assume that A is a 3-Lie algebra with norm | - || and that B is a 3-Lie algebra

py + pz )

+ py) + £( 5 T HT

with norm || - ||.

2. STABILITY OF 3-LIE HOMOMORPHISMS IN 3-LIE ALGEBRAS

We need the following lemmas which have been given in for proving the main results.

Lemma 2.1. ([11]) Let X be a uniquely 2-divisible abelian group and Y be linear space. A mapping

f: X =Y satisfies
PO 2+ S )+ 12 4 0) = 20f@) + 1) + (2] 2.)

forall x,y,z € X if and only if f : X — Y is additive.

r+y x +

Lemma 2.2. Let X and Y be linear spaces and let f: X — Y be a mapping such that

Dy f(z,y,2) =0 (2.2)
for all p € T' and all z,y,z € A. Then the mapping f : X —Y is C-linear.
Proof. By Lemma 2.2, f is additive. Letting y = z = 0 in (2.1), we get 2f (u%) = uf(z) and so

f(uz) = pf(z) for all z € X and all u € T!. By the same reasoning as in the proof of [13, Theorem 2.1],
the mapping f : X — Y is C-linear. O

In the following, we investigate the Hyers-Ulam stability of (2.1).

Theorem 2.3. Let ¢ : A — [0,00) be a function such that

oo

~ 1 n n n
Bla,y,2) = Y omp(2', 2"y, 2"2) < oo (2.3)

n=0

for all x,y,z € A. Suppose that f : A — B is a mapping satisfying

1D f (2,9, 2)l| < (a9, 2), (2.4)

1 ([, 9], 2]) = [[f (@), F(W)], F (]I < ol 9, 2) (2.5)
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for all i € T! and all x,y,z € A. Then there exists a unique 3-Lie homomorphism H : A — B such that

1£(@) ~ H()| < 55(@,2,2) (26)

for all x € A.

Proof. Letting p=1and x =y = z in (2.4), we get
13f(22) — 6f(2)|| < p(z,z, ) (2.7)

for all x € A. If we replace = by 2"z in (2.7) and divide both sides by 3 - 2"+, then we get

||2n+1f(2 ) — 27f(2 z)|| < 3-27’“1@(2 z,2"x,2"x)

for all x € A and all nonnegative integers n. Hence

e 7 0) = 5 M) =Y [y 725 a) — e Fo)|
k=m
< 3 g @) — 28 (238)

I 1
S 6 Z ?@(2k$,2km,2kl‘)

for all x € A and all nonnegative integers n > m > 0. It follows from (2.3) and (2.8) that the sequence
{5 f(2"z)} is a Cauchy sequence in B for all z € A. Since B is complete, the sequence {5 f(2"z)}
converges for all z € A. Thus one can define the mapping H : A — B by

H(z):= lim 2%]‘(2”96)

n—oo
for all x € A. Moreover, letting m = 0 and passing the limit n — oo in (2.8), we get (2.6). It follows from
(2.3) that

Dy, ,2)]| = Tim oD, f (20, 2,27

1
< lim ﬁcp(Q"x,T‘y,Q"z) =0

T n—ooo
for all z,y,z € A and all u € T'. So D, H (x,y,2) =0 for all 4 € T! and all z,y,z € A. By Lemma 2.2,
the mapping H : A — B is C-linear.
It follows from (2.5) that

IH ([[z,y], 2]) = [[H(x), H(y)], H(2)]|
= lim %IIJ‘(HQ"%?”?/]J"Z]) = [[f(2"), F2"y)], F(2"2)]|

n—roo

: 1 n n n s 1 n n n
< lim 87@(2 x,2"y,2"z) gnlgrréo?@(Q x,2"y,2"z) =0

n—oo

for all z,y,z € A. Thus
H([[z,y],2]) = [[H(x), H(y)], H(2)]

for all x,y,z € A.
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Therefore, the mapping H : A — B is a 3-Lie homomorphism. O

Corollary 2.4. Let e,0,p1,p2, 3, q1,q2, q3 be positive real numbers such that p1,p2,p3 < 1 and q1, gz, q3 <
3. Suppose that f : A — B is a mapping such that

1D f (@, y, 2) | < O(ll]"* + [yl + [[=]17°), (2.9)

1f (llzs 9], 2D) = [[F (), £ F @) < ellel|™ + Nyl ® + 112]1%) (2.10)

for all 4 € T! and all z,y,z € A. Then there exists a unique 3-Lie homomorphism H : A — B such that

0 1 1 1
—_ P1 - P2 - Pp3
gl + 55 el + s llall™}

1f(2) = H(z)[| <

for all x € A.
Theorem 2.5. Let ® : A3 — [0,00) be a function such that
= x Yy z
"(—, =, — 2.11
;8 Vg o ) <0 (2.11)
for all x,y,z € A. Suppose that f : A — B is a mapping such that

||Dp,f(.’17,y,2>||B S ¢($7972)7

1f ([, y], 2]) = [[f (=), fF(W)], F (]I < (2,9, 2)

for all p € T' and all z,y,z € A. Then there exists a unique 3-Lie homomorphism H : A — B such that
1~
I () = H(2)ll < g¥(z,z,2) (2.12)
for all x € A, where J(x,y, z) =30 1 2Mp(5k, 5, ) for all x,y, z € A.

Proof. By the same reasoning as in the proof of Theorem 2.3, there exists a unique 3-Lie homomorphism
H : A — B satisfying (2.12). The mapping H : A x A — B is given by
H(z):= lim 2"f(2£n)

n—oo

The rest of the proof is similar to the proof of Theorem 2.3 (]

Corollary 2.6. Let €,0,p1,p2,p3,q1,q2 and g3 be non-negative real numbers such that py,p2,p3 > 1 and
41,92, q3 > 3. Suppose that f : A — B is a mapping satisfying (2.9) and (2.10). Then there exists a unique
3-Lie homomorphism H : A — B such that

0 , .
I1£@) ~ H@)l < 5 el + s llall” + oo o[}

for all x € A.
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3. STABILITY OF 3-LIE DERIVATIONS ON 3-LIE ALGEBRAS

In this section, we prove the Hyers-Ulam stability of 3-Lie derivations on 3-Lie algebras for the functional

equation D, f(z,y, z) = 0.
Theorem 3.1. Let ¢ : A3 — [0,00) be a function satisfying (2.3). Suppose that f : A — A is a mapping
satisfying

1Duf (@, y, 2)|| < ¢(,y, 2),

Hf([[way}az]) - [[f(x)’y]az] - [[xaf(y)]vz] - [[Z,y], f(Z)W < ga(x,y,z) (31)

for all p € T' and all x,y,z € A. Then there exists a unique 3-Lie derivation D : A — A such that
1.
If () = D)l < £¥(z, 2, 2) (3.2)
for all x € A, where ¢ is given in Theorem 2.3.

Proof. By the proof of Theorem 2.3, there exists a unique C-linear mapping D : A — A satistying (3.2)

and

D(z) := lim 2iﬂf(Q"azc)

n—oo

for all x € A. It follows from (3.1) that

I1D({[z, 9], 2]) = [[D(x), ), 2] = ([, D)), 2] = [z, 9], D(2)]]|
= lim (12", 2%, 272]) — [[£(2%0), 2], 2"2] — (2", (2"9)]. 2°4] — [[2". 2"2], (2" )|

n—oo &M

1
< lim 8790(2”%2"34,2”2) =0

n—roo

for all z,y,z € A. So
D([[z,y], 2]) = [[D(=),y], 2] + [[z, G(y)], 2] + [z, 4], D(2)]
for all z,y, z € A. Therefore, the mapping D : A — A is a 3-Lie derivation. (]

Corollary 3.2. Let e, 0,p1,p2, 3, q1,q2,q3 be positive real numbers such that p1,p2,p3 < 1 and q1,qz2,q3 <
3. Suppose that f : A — A is a mapping such that

1D f (2, y, )| < O(1[[P* + [ly[I”* + |[=1"*), (3-3)

1F (s 9], 21) = ([ (), 9], 2] = [l F())s 2] = [l gl S < el |+ flyll® + [12(1%) (3.4)

for all p € T' and all z,y,z € A. Then there exists a unique 3-Lie derivation D : A — A such that

0 1 s
1£(2) = D) < 35— ]}

[J][Pt +

[J][P* +

2 — 2p 2 — 2ps

for all x € A.
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Theorem 3.3. Let ¢ : A3 — [0,00) be a function satisfying (2.11). Suppose that f : A — A is a mapping
satisfying
1Duf(z,y, 2)|| < (2,9, 2),
1 ([, 9l 2]) = [[f (@), 9], 2] = [lz, f ()], 2] = [[2, 9], ()| < (=9, 2)
for all i € T! and all z,y,z € A. Then there exists a unique 3-Lie derivation D : A — A such that
I17@) ~ D)l < 9w, ,2) (35)

for all x € A, where 1[ 1s given in Theorem 2.5.

Proof. By the proof of Theorem 2.3, there exists a unique C-linear mapping D : A — A satisfying (3.5)

and
conp T
D(z) := nlgg()? f(2n)
for all x € A.
The rest of proof is similar to the proof Theorem 3.1. O

Corollary 3.4. Let €,0,p1,p2,D3,q91,92 and q3 be non-negative real numbers such that py,p2,ps > 1 and
q1, 42,93 > 3. Suppose that f : A — B is a mapping satisfying (3.3) and (3.4). Then there exists a unique
3-Lie derivation D : A — A such that

0
17() = H@) < {5

1 1 1
P1 p2
el + S5 lel7? + 57—

[P }
for all x € A.

ACKNOWLEDGMENTS

This work was supported by Daejin University.

REFERENCES

[1] M. Almahalebi, A. Charifi, C. Park and S. Kabbaj, Hyerstability results for a generalized radical cubic
functional equation related to additive mapping in non-Archimedean Banach spaces, J. Fixed Point
Theory Appl. 20 (2018), 2018:40.

[2] T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. Soc. Japan 2 (1950),
64-66.

[3] M. Eshaghi Gordji, S. Bazeghi, C. Park and S. Jang, Ternary Jordan ring derivations on Banach
ternary algebras: A fized point approach, J. Comput. Anal. Appl. 21 (2016), 829-834.

[4] M. Eshaghi Gordji, V. Keshavarz, J. Lee and D. Shin, Stability of ternary m-derivations on ternary
Banach algebras, J. Comput. Anal. Appl. 21 (2016), 640-644.

[5] M. Eshaghi Gordji, V. Keshavarz, J. Lee, D. Shin and C. Park, Approzimate ternary Jordan ring
homomorphisms in ternary Banach algebras, J. Comput. Anal. Appl. 22 (2017), 402-408.

[6] M. Eshaghi Gordji, V. Keshavarz, C. Park and S. Jang, Ulam-Hyers stability of 3-Jordan homomor-
phisms in C*-ternary algebras, J. Comput. Anal. Appl. 22 (2017), 573-578.

[7] M. Eshaghi Gordji, V. Keshavarz, C. Park and J. Lee, Approzimate ternary Jordan bi-derivations on
Banach Lie triple systems, J. Comput. Anal. Appl. 21 (2017), 45-51.

134 Keshavarz 129-135



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

8]
[9]

[10]

Z. Gajda, On stability of additive mappings, Int. J. Math. Math. Sci. 14 (1991), 431-434.

P. Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approximately additive mappings,
J. Math. Anal. Appl. 184 (1994), 431-436.

D. H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci. U. S. A. 27
(1941), 222-224.

A. Najati and A. Ranjbari, Stability of homomorphisms for a 3D CauchyJensen type functional equa-
tion on C*-ternary algebras, J. Math. Anal. Appl. 341 (2008), 62-79.

L. Naranjani, M. Hassani and M. Mirzavaziri, Local higher derivations on C*-algebras are higher
derivations, Int. J. Nonlinear Anal. Appl. 9 (2018), 111-115.

C. Park, Homomorphisms between Poisson JC*-algebras, Bull. Braz. Math. Soc. 36 (2005), 79-97.
C. Park, C*-ternary biderivations and C*-ternary bihomomorphisms, Math. 6 (2018), Art. 30.

C. Park, Bi-additive s-functional inequalities and quasi-x+-multipliers on Banach algebras, Math. 6
(2018), Art. 31.

C. Park, J. Lee and D. Shin, Stability of J*-derivations, Int. J. Geom. Methods Mod. Phys. 9 (2012),
Art. ID 1220009, 10 pages.

H. Piri, S. Aslani, V. Keshavarz, Th. M. Rassias, C. Park and Y. Park, Approxzimate ternary quadratic
3-derivations on ternary Banach algebras and C*-ternary rings, J. Comput. Anal. Appl. 24 (2018),
1280-1291.

M. Raghebi Moghadam, Th. M. Rassias, V. Keshavarz, C. Park and Y. Park, Jordan homomorphisms
in C*-ternary algebras and JB*-triples, J. Comput. Anal. Appl. 24 (2018), 416-424.

Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Am. Math. Soc. 72
(1978), 297-300.

R. F. Rostami, Lie ternary (o, 7, xi)-deriwations on Banach ternary algebras, Int. J. Nonlinear Anal.
Appl. 9 (2018), 41-53.

S. M. Ulam, Problems in Modern Mathematics, Chapter VI, Science ed., Wiley, New York, 1940.

H. Yuan and L. Chen, Lie n superderivations and generalized Lie n superderivations of superalgebras,

Open Math. 16 (2018), 196-209.

135 Keshavarz 129-135



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

NEUTROSOPHIC EXTENDED TRIPLET GROUPS AND
HOMOMORPHISMS IN C*-ALGEBRAS

JUNG RYE LEE, CHOONKIL PARK*, AND XIAOHONG ZHANG

ABSTRACT. Celik, Shalla and Olgun [2] defined neutro-homomorphisms in neutrosophic
extended triplet groups and Zhang et al. [8] investigated neutro-homomorphisms in
neutrosophic extended triplet groups.

In this note, we apply the results on neutro-homomorphisms in neutrosophic extended
triplet groups to investigate C*-algebra homomorphisms in unital C*-algebras.

1. INTRODUCTION AND PRELIMINARIES

As an extension of fuzzy sets and intuitionistic fuzzy sets, Smarandache [4] proposed
the new concept of neutrosophic sets.

Definition 1.1. ([5, 6]) Let N be a nonempty set together with a binary operation .
Then N is called a neutrosophic extended triplet set if, for any a € N, there exist a neutral
of a (denoted by neut(a)) and an opposite of a (denoted by anti(a)) such that neut(a)
€ N, anti(a) € N and

a*neut(a) = neut(a)*a = a,
axanti(a) = anti(a)* a = neut(a).
The triplet (a, neut(a), anti(a)) is called a neutrosophic extended triplet.

Note that, for a neutrosophic triplet set (N, %) and a € N, neut(a) and anti(a) may not
be unique.

Definition 1.2. ([5, 6]) Let (N, *) be a neutrosophic extended triplet set.

Then N is called a neutrosophic extended triplet group (NETG) if the following condi-
tions hold:

(1) (N, ) is well-defined, i.e., for any a,b € N, one has a xb € N;

(2) (N, x*) is associative, i.e., (a*b) xc = ax* (bx*c) for all a,b,c € N.

N is called a commutative neutrosophic extended triplet group if, for all a,b € N,
a*xb=>bxa.

Let A be a unital C*-algebra with multiplication operation e, unit e and unitary group
UA) ={uecA | vveu=ueu*=c}. Thenuev c U(A) and (uev)ew=ue(vew)
for all u,v,w € U(A) (see [3]). So (U(A), ) is an NETG.

2010 Mathematics Subject Classification. Primary 46105, 03E72, 94D05.

Key words and phrases. neutro-homomorphism; neutrosophic extended triplet group; homomorphism
in unital C*-algebra; perfect neutrosophic extended triplet group.
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Proposition 1.3. ([7]) Let (N,*) be an NETG. Then
(1) neut(a) is unique for each a € N;
(2) neut(a) x neut(a)= neut(a) for each a € N.

Note that uee = c ey =wu for any u € (U(A),e). By Proposition 1.3, neut(u) = e for
each u € U(A).

Definition 1.4. ([7]) Let (N,*) be an NETG. Then N is called a weak commutative
neutrosophic extended triplet group (briefly, WCNETG) if a * neut(b) = neut(b) * a for
all a,b € N.

Since neut(v) = e for all v € U(A), u @ neut(v) = neut(v) e u for all u,v € U(A). So
(U(A),e) is a WCNETG.

2. NEUTROSOPHIC EXTENDED TRIPLET GROUPS AND C*-ALGEBRA HOMOMORPHISMS
IN UNITAL C*-ALGEBRAS

Definition 2.1. ([8]) Let (N,*) be a WCNETG. Then N is called a perfect NETG if
anti(neut(a))= neut(a) for all @ € N.

Since anti(e) = e and neut(u) = e for all u € U(A), anti(neut(u)) = neut(u) = e for all
u € U(A). Thus (U(A),e) is a perfect NETG.

Definition 2.2. ([1, 2]) Let (/Vq, %) and (Na, %) be neutrosophic extended triplet groups.
A mapping f : Ny — Nj is called a neutro-homomorphism if

flaxy) = f(z) = f(y)
for all z,y € Ny.

From now on, assume that A is a unital C*-algebra with multiplication operation e, unit
e and unitary group U(A) and that B is a unital C*-algebra with multiplication operation
e and unitary group U(B).

Definition 2.3. Let (U(A),e) and (U(B),e) be unitary groups of unital C*-algebras A
and B, respectively. A mapping h : U(A) — U(B) is called a neutro-x-homomorphism if

huev) = hu)eh(v)
h(u*) = h(u)*

for all u,v € U(A).

Theorem 2.4. Let A and B be unital C*-algebras. Let H : A — B be a C-linear mapping
and let h : (U(A),e) — (U(B),e) be a neutro-x-homomorphism. If H|ya)y = h, then
H: A— B is a C*-algebra homomorphism.
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Proof. Since H : A — B is C-linear and z,y € A are finite linear combinations of unitary
elements (see [3]), i.e., v =370 Nuy, y =30, i (Aj, i € C, uy,v; € U(A)),

Hiwoy) = H Ao (3 o)) = H D Apilus o)

j=1 i=1
= Z Z NipiH (uj e v;) = Z Z Ajpih(u; o v;)
j=1 i=1 g=1 i=1
= Z Z )\j,uzh(uj) [ ] h(vz) = Z Z )‘j:qu(uJ) hd H(UZ)
j=1 i=1 j=1 =1

= H(Z Ajuj) e H(Z pivi) = H(x) @ H(y)

for all x,y € A.
Since H : A — B is C-linear and each x € A is a finite linear combination of unitary
elements (see [3]), i.e., = Y70, Aju; (A € C, u; € U(A)),

H(z") = H((Z Au)*) = H(O  Ajus) = Z/\_]H(uj) = Nh(u)) = Z/\_h(u])
= > NH(uw) = (Z NH (u)) = H(O)  Auy)* = H(z)*

for all z € A. Thus the C-linear mapping H : A — B is a C*-algebra homomorphism. [J

3. CONCLUSIONS

In this note, we have studied unitary groups of unital C*-algbras as neutrosophic
extended triplet groups and have extended neutro-homomorphisms in neutrosophic ex-
tended triplet groups to neutro-x-homomorphisms in unitary groups of unital C*-algebras.
We have obtained C*-algebra homomorphisms in unital C*-algebras by using neutro-*-
homomorphisms in unitary groups of unital C*-algebras.
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Orthogonal stability of a quadratic functional
inequality: a fixed point approach

Shahrokh Farhadabadi'* and Choonkil Park?
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Abstract. Let f: X — ) be a mapping from an orthogonality space (X, L) into a real Banach space
(Y, ]l - ). Using fixed point method, we prove the Hyers-Ulam stability of the orthogonally quadratic
functional inequality

b)) =57

H(EY) 1@t | < e (01)

for all z,y,z € X with z Ly, z1z and ylz.

Keywords: Hyers-Ulam stability; quadratic functional equation; fixed point method; quadratic
functional inequality; orthogonality space.

1. INTRODUCTION AND PRELIMINARIES

Studying functional equations by focusing on their approximate and exact solutions conduces to one
of the most substantial significant study brunches in functional equations, what we call “the theory of
stability of functional equations”. This theory specifically analyzes relationships between approximate
and exact solutions of functional equations. Actually a functional equation is considered to be stable
if one can find an exact solution for any approximate solution of that certain functional equation.
Another related and close term in this area is superstability, which has a similar nature and concept to
the stability problem. As a matter of fact, superstability for a given functional equation occurs when
any approximate solution is an exact solution too. In such this situation the functional equation is
called superstable.

In 1940, the most preliminary form of stability problems was proposed by Ulam [58]. He gave a
talk and asked the following: “when and under what conditions does an exact solution of a functional
equation near an approximately solution of that exist?”

In 1941, this question that today is considered as the source of the stability theory, was formulated
and solved by Hyers [26] for the Cauchy’s functional equation in Banach spaces. Then the result
of Hyers was generalized by Aoki [1] for additive mappings and by Rassias [47] for linear mappings
by considering the unbounded Cauchy difference ||f(z + y) — f(z) — f(W)] < e(|z||? + |ly|?), (e >

92010 Mathematics Subject Classification: 39B55, 39B52, 47H10.
*Corresponding author: S. Farhadabadi (email: shahrokh.salah@komar.edu.iq)
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0,p € [0,1)). In 1994, Gavruta [23] provided a further generalization of Rassias’ theorem in which he
replaced the unbounded Cauchy difference by the general control function p(z,y) for the existence of
a unique linear mapping. The first author treating the stability of the quadratic functional equation
flx+y)+ f(x —y) =2f(x) + 2f(y) was Skof [55] by proving that if f is a mapping from a normed
space X into a Banach space ) satisfying ||f(:c +y)+ flz—y) —2f(x) — 2f(y)|| < g, for some
€ > 0, then there is a unique quadratic mapping g : X — ) such that Hf(a?) - g(:C)H < 5. Cholewa
[13] extended the Skof’s theorem by replacing X by an abelian group G. The Skof’s result was later
generalized by Czerwik [14] in the spirit of Ulam-Hyers-Rassias. For more epochal information and
various aspects about the stability of functional equations theory, we refer the reader to the monographs
([6, 11, 12, 15, 16, 20, 27, 30, 41, 42, 43, 46], [48]-[51], [54]), which also include many interesting results
concerning the stability of different functional equations in many various spaces.

Assume that (X, (-,-)) is a real inner product space with the usual Hilbert norm || - | = (-,-)=.

Moreover, consider the orthogonal Cauchy functional equation

fx+y) = f(=)+ f(y), rly

in which L is an abstract orthogonality relation. By the Pythagorean theorem, f : X — R defined by
f(x) = ||z||*> = (=, x) is a solution of the conditional equation. Of course, this function does not satisfy
the additivity equation everywhere. Thus orthogonally Cauchy functional equation is not equivalent
to the classic Cauchy equation on the whole inner product space (X, (-, -)).

Pinsker [44] characterized orthogonally additive functionals on an inner product space when the
orthogonality is the ordinary one in such spaces. Sundaresan [56] generalized this result to arbitrary
Banach spaces equipped with the Birkhoff-James orthogonality. The orthogonal Cauchy functional
equation was first investigated by Gudder and Strawther [25]. They defined L by a system consisting
of five axioms and described the general semi-continuous real-valued solution of conditional Cauchy
functional equation. In 1985, Rétz [52] introduced his new definition of orthogonality by using more
restrictive axioms than of Gudder and Strawther. Furthermore, he investigated the structure of or-
thogonally additive mappings. Rétz and Szabé [53] investigated the problem in a rather more general
framework.

We now recall the concept of orthogonality space in the sense of Rétz [52], and then proceed it to

prove our results for the orthogonally functional inequality (0.1).

Definition 1.1. Suppose X is a real vector space with dim X > 2 and L is a binary relation on X
with the following properties:

(Oq) totality of L for zero: 10, 0Lx for all x € X;

(Os) independence: if z,y € X — 0, x Ly, then z,y are linearly independent;

(O3) homogeneity: if z,y € X, x Ly, then ax LBy for all o, 8 € R;

(O,4) the Thalesian property: if P is a 2-dimensional subspace of X', x € P and A € Ry, which is
the set of nonnegative real numbers, then there exists yo € P such that z Ly, and x + yo LAz — yo.

The pair (X, L) is called an orthogonality space and it becomes an orthogonality normed space

when the orthogonality space equipped with a normed structure.
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Quadratic functional inequality in orthogonality spaces 3

Some interesting examples are

(i) The trivial orthogonality on a vector space X’ defined by (1), and for non-zero elements z,y € X,
xly if and only if z,y are linearly independent.

(ii) The ordinary orthogonality on an inner product space (X, (,-)) given by zLly if and only if
(z,y) = 0.

(iii) The Birkhoff-James orthogonality on a normed space (X, || - ||) defined by zLy if and only if
||a: + )\yH > ||asH for all A € R.

The relation L is called symmetric if 1y implies that ylz for all x,y € X. Clearly examples
(i) and (ii) are symmetric but example (iii) is not. It is remarkable to note, however, that a real
normed space of dimension greater than 2 is an inner product space if and only if the Birkhoff-James
orthogonality is symmetric. There are several orthogonality notions on a real normed space such as
Birkhoff-James, Boussouis, Singer, Carlsson, unitary-Boussouis, Roberts, Phythagorean, isosceles and
Diminnie (see [3]-[5], [10, 18, 29]).

Ger and Sikorska [24] investigated the orthogonal stability of the Cauchy functional equation f(x+
y) = f(z) + f(y), namely, they showed that if f is a mapping from an orthogonality space X into a
real Banach space Y and ||f(z+y) — f(x) — f(y)|| <e, for all ,y € X with zLy and some £ > 0, then
there exists exactly one orthogonally additive mapping g : X — Y such that || f(z) — g(z)| < e, for
allz € .

Consider the classic quadratic functional equation f(x +y) + f(z —y) = 2f(z) + 2f(y) on the real
inner product space (X, (-,-)). Then the important parallelogram identity

lz+ylI* + llz = ylI* = 2l|zl* + [ly]”

which holds entirely in a square norm on an inner product space, shows that f : X — R defined by
f(x) = ||z]|> = {x,z), is a solution for the quadratic functional equation on the whole inner product
space X, (particularly in where z_Ly).

The orthogonally quadratic functional equation

fl@+y)+ flz—y) =2f(x) +2f(y), zly

was first investigated by Vajzovié¢ [59] when X is a Hilbert space, ) is the scalar field, f is continuous
and L means the Hilbert space orthogonality. Later, Drljevié¢ [19], Fochi [22], Moslehian [34, 35] and
Szabé [57] generalized the Vajzovié’s results. See also [36, 37, 40].

The following quadratic 3-variables functional equation

) () () (57
= f(x)+ fy) + f(2) (1.1)

has been introduced and solved by S. Farhadabadi, J. Lee and C. Park on vector spaces in [21]. It

has been also shown that the functional equation (1.1) is equivalent to the classic quadratic functional
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equation in vector spaces. In any inner product space (X, (-, -)), it is easy to verify that

r+y+z r+y+=z rT—Y—2 T—Y—=2 Y—r—2 Yy—Tr—=z
() () ()
H(EEE I )+ () + ()

for all z,y,z € X. For this obvious reason, similar to the classic quadratic functional equation, the

mapping f(z) = (z,z) can also be a solution for the 3-variables equation (1.1) on the whole inner
product space X (particularly, for the case x Ly, y 12z and x1z2).

Fixed point theory has a basic role in applications of many considerable branches in mathematics
specially in stability problems. In 1996, Isac and Rassias [28] were the first to provide applications of
stability theory of functional equations for the proof of new fixed point theorems with applications.
In view of the fact that, we will use methods related to fixed point theory, we give briefly some useful

information, a definition and a fundamental result in fixed point theory.

Definition 1.2. Let X be a set. A function d : X x X — [0, 00] is called a generalized metric on X
if d satisfies

(1) d(z,y) = 0 if and only if z = y;

(2) d(z,y) = d(y,z) for all z,y € X;

(3) d(z, z) < d(z,y) + d(y, z) for all z,y,z € X.

Theorem 1.3. ([7, 17]) Let (X,d) be a complete generalized metric space and let J : X — X be a

strictly contractive mapping with Lipschitz constant o < 1. Then for each given element x € X, either
d(J"x, T ) = oo

for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"z, T ) < 0o, Vn > ng;
(2) the sequence {J™x} converges to a fized point y* of J;
(3) y* is the umque fized point of T in the set Y ={y € X | d(T™°z,y) < cc};
(4) dy,y*) < 1=5d(y, Ty) for ally € Y.

In 2003, Cddariu and Radu [7, 8, 45] exerted the above definition and fixed point theorem to prove
some stability problems for the Jensen and Cauchy functional equations. During the last decade, by
applying fixed point methods, stability problems of several functional equations have been extensively
investigated by a number of authors (see [2, 8, 9, 31, 33, 38, 39, 45]).

Throughout this paper, (X, 1) is an orthogonality space and (), | - ||) is a real Banach space.

2. SOLUTION AND HYERS-ULAM STABILITY OF THE FUNCTIONAL INEQUALITY (0.1)

In this section, we first solve the orthogonally quadratic functional inequality (0.1) by proving an
orthogonal superstability proposition, and then we prove its Hyers-Ulam stability in orthogonality

spaces.

143 Farhadabadi 140-150



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Quadratic functional inequality in orthogonality spaces 5

Definition 2.1. A mapping f: X — ) is called an (exact) orthogonally quadratic mapping if
fl@+y)+ fle—y) = flx)+ f(y) (2.1)

for all x,y € X, with z_Ly. And it is called an approximate orthogonally quadratic mapping if

) () (5)

H(EY) -0 | < e (2:2)
for all z,y,z € X with xly,ylz and xlz.

Proposition 2.2. Fach approximate orthogonally quadratic mapping in the form of (2.2) is also an

(exact) orthogonally quadratic mapping satisfying (2.1).

Proof. Assume that f: X — ) is an approximate orthogonally quadratic mapping satisfying (2.2).
Since 0.L0, letting x =y = z = 0 in (2.2), we have
127 < |70 =

and so f(0) = 0.
Since (z + y) L0 for all x,y € X, replacing z,y and z by « + y,0 and 0 in (2.2), respectively, we

conclude that

[2r(52) +21(Z52) - s6e 4| < @) =0

which implies

P + (T = St (23)

for all z,y € X (particularly, with x_Ly).
Replacing y by —y in the above equality, we get
) () = g 24
(58 +1(555) = 5/ - (2.4)

for all z,y € X (particularly, with z_Ly).

Since z L0 for all x € X, letting z = 0 in (2.2), we obtain

(5215 + 1 (07) + 1 (=)

1)~ 1) |

15+ (5 () (S
for all x,y € X with x Ly.

It follows from (2.3), (2.4) and (2.5) that

1 1
flaty)+5f@—y)=flz)+ fy)
for all x,y € X with x_Ly, which is the equation (2.1). Hence f : X — ) is an (exact) orthogonally

IN

£ =0

and so

%) = f@) +f) (2:5)

quadratic mapping. O
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Theorem 2.3. Let ¢ : X3 — [0,00) be a function such that ¢(0,0,0) = 0 and there exists an o < 1
with
Ty z
Ly 2) <4 (7,7,7) 2.6

p(,y,2) Sdap (5,55 (2.6)

forallz,y,z € X, with x 1Ly, ylz and x1z. Let f : X — Y be an even mapping satisfying
x+y+z> (m—y—Z) (y—x—Z)

‘f< 2 AEAN EEA
z—xr—y

2

41 )~ 1)~ 1) | < 1) + o2 (2.7

forallx,y,z € X, withxly, ylz and x1z. Then there exists a unique orthogonally quadratic mapping
Q: X — Y such that

|£(z) - Q)] < —

<= aap(m, 0,0) (2.8)

forallx e X.

Proof. Consider the set S := {h : X — Y} and introduce the generalized metric on S:

d(g,h) = inf {u €R; : |lg(x) — h(z)| < pe(x,0,0), Vze X},

where, as usual, inf ) = +oo. It is easy to show that (S,d) is complete (see [32]).

Now we consider the linear mapping J : & — S such that
1
Tolw) = 1o(22)

forallge S and all x € X.
Since 0.L0, letting x =y = z =0 in (2.7), we have

2[[fO) < [|£0)[] +(0,0,0).
So f(0) =0.
Since 10 for all z € X, letting y = z = 0 in (2.7), we get H4f (%) - f(x)H < ¢(z,0,0) for all
x € X. Dividing both sides by 4, putting 2z instead of z and then using (2.6), we obtain

1 1
|77@0) - f@)| < 19(22,0,0) < ap(,0,0)
for all x € X, which clearly yields
AJf. f) < a. (2.9)

Let g,h € S be given such that d(g,h) = €. Then Hg(x) - h(ac)H < ep(x,0,0) for all x € X. Hence the
definition of J¢ and (2.6), result that

1

ng(ﬂj) - jh(:l))” - < 1590(258’ 070) < OzE(p(fE, 070)

4
for all x € X', which implies that d(Jg, Jh) < ae = ad(g, h) for all g,h € S.

Thus J is a strictly contractive mapping with Lipschitz constant o < 1.

‘1g(2x) - ih(Qx)

According to Theorem 1.3, there exists a mapping Q : X — ) satisfying the following:

145 Farhadabadi 140-150



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Quadratic functional inequality in orthogonality spaces 7
(1) Q is a fixed point of 7, i.e., 7Q = Q, and so
EQ(Z’E) = 9(x) (2.10)
for all x € X. The mapping Q is a unique fixed point of J in the set
M={geS:dg,[f)<oo}.
This signifies that Q is a unique mapping satisfying (2.10) such that there exists a p € (0, 00) satisfying
| f(z) — Q)| < pep(x,0,0)

for all x € X;
(2) d(J"f,Q) — 0 as n — oo. So, we conclude that

lim — f(2"z) = Q(x) (2.11)

for all x € X;
(3) d(f, Q) < 2=d(f, T f), which gives by (2.9) the inequality

d(f,Q) < —

This proves that the inequality (2.8) holds.

1—a

To end the proof we show that Q is an orthogonally quadratic mapping.
By (2.11), (2.7), (2.6) and the fact that o < 1,

Jo(=4 )+ o(E475) s o255 (=57

2 2 2 2
() - o)
= nILHgO 4% ’f(2"*1(x +y+2z2)+ 2" @ —y—2)

HE - 0) 5@ - y) - £(2) - £(2)
. 1 n
nlLII;O 4—”f(2 z)
<[[Q@)| + lim a"p(z,y,2)

=[le@)]|

< + nlirr;o 4%@(2"% 2"y, 2”2)

for all z,y,z € X, with z 1y, x1z and y1z. And, now applying Proposition 2.2, we obatin that Q is

an orthogonally quadratic mapping and the proof is complete. O

Theorem 2.4. Let ¢ : X3 — [0,00) be a function such that ¢(0,0,0) = 0 and there exists an o < 1
with

pla,y,2) < %@(2x,2y,2Z)
forallx,y,z € X, withxly,ylz and xLlz. Let f : X — Y be an even mapping satisfying (2.7). Then

there exists a unique orthogonally quadratic mapping Q : X — Y such that

[£) - Q)] < +=—(2,0,0) (212

forallx € X.
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Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.3.

Now we consider the linear mapping J : & — & such that

T
Jg(x) = 49(5)
for all z € X.

Similar to the proof of Theorem 2.3, from (2.7) one can get

|47 (5) - 1@)] < ¢(@.0.0)
for all € X, which means d(f, J7f) < 1.

We can also show that J is a strictly contractive mapping with Lipschitz constant « < 1. So by

applying Theorem 1.3 again, we have

a(f, Q) < 7d(fn7f)

- 1- -
which implies that the inequality (2.12) holds.

The rest of the proof is similar to the proof of the previous theorem. O

Corollary 2.5. Let X be a normed orthogonality space. Let § be a nonnegative real number and p # 2
be a positive real number. Let f : X — Y be an even mapping satisfying
x+y+z rT—y—z Yy—x—z z—r—y
=)+ 1 (=) () () - - 1w
< |7 + ol + iyl + 11217)

forallx,y,z € X, withxly, ylz and x1z. Then there exists a unique orthogonally quadratic mapping

Q: X — Y such that
2P

p
@)l < gl

/() -
forallz e X.
Proof. Define ¢(x,y, z) := 6(||z]|” + [|y||” + ||2]|") for all z,y,z € X.

First assume that 0 < p < 2.
Take o := 2P~2, Since p < 2, obviously o < 1. Hence there exists an o < 1 such that

o(x,y,z) = o(|lzl|” + lyll” + [1z]")
= 4a27P5(||lz]|” + lyl” + I1z]")
p p
= 4a6( z — )
Ty z
= 409(5.5.5)
@\ 2973

for all z,y,z € X (particularly, with x Ly, y 12 and xLz). The recent term allows to use Theorem 2.3.
So by applying Theorem 2.3, it follows from (2.8) that

1#(@) ~ Q)| < gyl
for all x € X.
For the case p > 2, taking o := 2277, and then applying Theorem 2.4, we similarly obtain the
desired result. 0
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INTEGRAL INEQUALITIES FOR ASYMMETRIZED
SYNCHRONOUS FUNCTIONS

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we establish some integral inequalities for the prod-
uct of asymmetrized synchronous/asynchronous functions. Some examples for
integrals of monotonic functions, including power, logarithmic and sin func-
tions are also provided.

1. INTRODUCTION

For a function f : [a,b] — C we consider the symmetrical transform of f on the
interval [a,b], denoted by f|, 4 or simply f, when the interval [a, b] is implicit, as
defined by

o 1

(1.1) f(t)::§[f(t)+f(a+b—t)],te[a,b].

The anti-symmetrical transform of f on the interval [a,b] is denoted by f[a,b], or
simply f and is defined by
~ 1

F@)=5lf )~ flatb-1)],t€ab].

It is obvious that for any function f we have f +f=f
If f is convex on [a,b], then for any ¢y, t2 € [a,b] and o, 8 > 0 with o+ 8 =1

we have
f(aty + Bts) = % [f (aty + Bta) + f (a+ b — aty = Bts)]
= S 1 (@t + Bt2) + f(alat b—t1) + B(a+b 1))
< [0 (1) + BF (12) + 0 (a+b— 1) + Bf (at b 1)
—5alf () + Fla+b=t))+381F(t2) + f e+ b ta)
= af (1) + 67 (12),

which shows that f is convex on [a,b] .
Consider the real numbers a < b and define the function fy : [a,b] — R, fo () =
t3. We have [6]

fo(t) ::% t3+(a+b—t)3} :g(a+b)t2—g(a+b)2t+%(a+b)3

1991 Mathematics Subject Classification. 26D15; 25D10.
Key words and phrases. Monotonic functions, Synchronous functions, Cebysev’s inequality,
Integral inequalities.
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for any t € R.
o\ v
Since the second derivative (fo) (t) =3(a+Db),t R, then fyis strictly convex

on [a,b] if “E2 > 0 and strictly concave on [a,b] if %2 < 0. Therefore if a < 0 < b
with ‘%H’ > 0, then we can conclude that fy is not convex on [a, b] while fo is convex
on [a,b].

We can introduce the following concept of convexity [6], see also [9] for an equiv-
alent definition.

Definition 1. We say that the function f : [a,b] — R is symmetrized convex
(concave) on the interval [a,b] if the symmetrical transform f is convex (concave)
on la,b].

Now, if we denote by Con [a, b] the closed convex cone of convex functions defined

on [a, b] and by SCon [a, b] the closed convex cone of symmetrized convex functions,
then from the above remarks we can conclude that

(1.2) Con[a,b] & SCon[a,b].
Also, if [¢,d] C [a,b] and f € SCon|a,b], then this does not imply in general that
feSConle,d.

We have the following result [6], [9] :

Theorem 1. Assume that f : [a,b] — R is symmetrized conver and integrable on
the interval [a,b]. Then we have the Hermite-Hadamard inequalities

b
(1.3) f(“;b>gia/ f(t)dtgw_

We also have [6]:

Theorem 2. Assume that f : [a,b] — R is symmetrized convex on the interval
[a,b]. Then for any x € [a,b] we have the bounds

(1.4 1(50) s fw < HOP S0,

For a monograph on Hermite-Hadamard type inequalities see [8].
In a similar way, we can introduce the following concept as well:

Definition 2. We say that the function f : [a,b] — R is asymmetrized monotonic
nondecreasing (nonincreasing) on the interval [a,b] if the anti-symmetrical trans-
form f is monotonic nondecreasing (nonincreasing) on the interval [a,b].

If f is monotonic nondecreasing on [a, b] , then for any ¢1, t3 € [a,b] we have

F(2) = F (1) = 31 (12) — f @+ b= 1)) = 51 () = f (a+ b= 1)
= S ()~ F 0]+ G [fatb—t)~ fa+b— 1)

2
2 07
which shows that f : [a,b] — R is asymmetrized monotonic nondecreasing on the
interval [a,b] .
Consider the real numbers a < b and define the function fy : [a,b] — R, fo () =
t2. We have

fo () ::% t27(a+b—t)2} :(aer)tf%(aer)Q
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N/
and ( fo) (t) = a + b, therefore f : [a,b] — R is asymmetrized monotonic nonde-

creasing (nonincreasing) on the interval [a, b] provided %2 > 0 (< 0) . So, if we take
a < 0 < b with “T'H’ > 0, then f is asymmetrized monotonic nondecreasing on [a, b]
but not monotonic nondecreasing on [a, b] .

If we denote by M~ [a,b] the closed convex cone of monotonic nondecreasing
functions defined on [a,b] and by AM~ [a,b] the closed convex cone of asym-
metrized monotonic nondecreasing functions, then from the above remarks we can
conclude that

(1.5) M7 [a,b] ¢ AM” [a,b].

Also, if [¢,d] C [a,b] and f € AM” [a,b], then this does not imply in general that
feAM” [e,d].

We recall that the pair of functions (f, g) defined on [a, b] are called synchronous
(asynchronous) on [a,b] if

(1.6) (fF@) = f()(g(#) —g(s) =(<)0

for any t, s € [a,b]. It is clear that if both functions (f,g) are monotonic non-
decreasing (nonincreasing) on [a, b] then they are synchronous on [a,b]. There are
also functions that change monotonicity on [a,b], but as a pair they are still syn-
chronous. For instance if a < 0 < b and f,g: [a,b] — R, f(t) =t? and g (t) = t*,
then

(F() = F$) () =g(s)) = (2= 2) (t = s*) = (= )" (P +5%) >0
for any ¢, s € [a,b], which show that (f,g) is synchronous.

Definition 3. We say that the pair of functions (f,g) defined on [a,b] is called
asymmetrized synchronous (asynchronous) on [a,b] if the pair of transforms (f, g)

is synchronous (asynchronous) on [a,b], namely

(1.7) (F) - 7)) @0 -3) = ()0
for any t,s € [a,].

It is clear that if f, g are asymmetrized monotonic nondecreasing (nonincreasing)
on [a,b] then they are asymmetrized synchronous on [a, b] .

One of the most important results for synchronous (asynchronous) and integrable
functions f, g on [a, b] is the well-known Cebysev’s inequality:

(1.8) _a/f ) dt > (<) 7— /f dt/bg(t)dt.

For integral inequalities of Cebysev’s type, see [1]-[5], [7], [10]-[18] and the refer-
ences therein.

Motivated by the above results, we establish in this paper some inequalities for
asymmetrized synchronous (asynchronous) functions on [a,b]. Some examples for
power, logarithm and sin functions are provided as well.
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2. MAIN RESULTS
We have the following result:

Theorem 3. Assume that f, g are asymmetrized synchronous (asynchronous) and
integrable functions on [a,b]. Then

(2.1) / F(t)g(t)dt > (<)0.
Proof. We consider only the case of symmetrized synchronous and integrable func-
tions.

1. By the Cebysev’s inequality (1.8) for (f, g) we get

(2.2) _a/f )G (t dt>7/f dt—/g(t)dt.

We have
b b b
/af(t)dtzéu f(t)dt—/af(a—i-b—t)dt]:

since, by the change of variable s =a+b—t, t € [a,}],

/abf(a—kb—t)dt:/abf(s)ds

—fla+b=1)g(t) —gla+b-1)dt

Also,
b ~

o

—
[N}
w

S~—

~

—~
~

S~—

LSS}

—
~

N~—

Il
=

—~
~

S~—

a

—
—~

o~
~—

g)+fla+b—t)gla+b—1t)]dt

ST~ T

Bl = B = N =

[f@)gla+b—t)+ flatb—1)g(t)]dt

T

b

T~

b
f(t)g(t)dt+/ f(a+b—t)g(a+b—t)dt]

o
| —
m\@

f®g (a—l—b—tdt—l—/fa+b—t) ()dt]

£y dt — /f L h—t) (t)dt)

N —

T/
\

= [ F(®)g(t)dt

a

since, by the change of variable s = a4+ b —t, t € [a,b], we have

/fa+b—t (a+b—1t)dt = /f

b b
/f(t)g(a+b—t)dt:/ fla+b—1t)g(t)dt.

and
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By (2.2) we then get the desired result (2.1).

2. An alternative proof is as follows. Since ( 1, §) are synchronous, then

Fo-f(5)|Jiw-3 (57| 20
for any t € [a, b], which is equivalent to

(2.4) f(t)g(t) >0 for any t € [a,b],

or to

[F (&) = fla+b—)][g(t) —g(a+b—1)] =0 for any ¢ € [a,8].
This is a property of interest for asymmetrized synchronous functions.

If we integrate the inequality (2.4) and use the identity (2.3) we get the desired
result (2.1). O

Remark 1. The inequality (2.1) can be written in an equivalent form as

b b
/f(t)g(t)dtZ/ fla+b—t)g(t)dt,

or as . \ ]
/f(t)g(t)dtz/ Ft)g(t)dt.

Theorem 4. If both f, g are asymmetrized monotonic nondecreasing (nonincreas-
ing) and integrable functions on [a,b], then

b
25 O @l 9@l 2 [ Fogwazo,
and
b b
(26) ;min{lf(b)—f(a)lb_la/ 90l dtlg® - g (@l [ If(t)ldt}
b
zbia/ F(t)g(t)dt>0.

Proof. Assume that both f, g are asymmetrized monotonic nondecreasing and in-
tegrable functions on [a, b], then they are asymmetrized synchronous and by (2.1)
we get the second inequality in (2.5).

We also have

fla)<f@e)<fo
for any t € [a,b], namely
SO~ F@] < S0~ Flatb—0] < L7 ()~ 7 (a)],

for any ¢ € [a,b], which implies that 3 [f (b) — f (a)] > 0 and

(27) S0~ flatb=nl< 1/ ®)~ (@)

for any t € [a,b].

Similarly, we have % [g (b) — g (a)] > 0 and
(28) Sl9() —g(atb—0] < Lo ) —g(a)]
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for any ¢ € [a,b].

If we multiply (2.7) and (2.8), then we get
(29) L0~ Fatb=0]lo() —ga+b—1)]
= (IO~ Fatb=D]lg (1) ~ g(atb-1)]
<110 - F@]lg®) - g (a)

for any ¢ € [a,b].
Since

b b
o< [Fog@a= [ 10 - Farb-olls®) g+t
<LU® @] g0) g (@) b—a),
where for the last inequality we used (2.9), hence we get the first inequality in (2.5).
Also, we observe that

b
og/ F () g (t) dt =

and since

b
g ®]dr< 5170~ @) [ ool a

/bﬂt)g(t)dt: Faa,
then also ’ ,
[ rwamasom - [ 1rw
and the inequality (2.6) is also proved ([l

Remark 2. If the functions f, g : [a,b] — R are either both of them nonincreasing
or nondecreasing on |a,b], then they are integrable and we have the inequalities

(2.5) and (2.6).
We have the following refinement of the inequality in (2.1).

Theorem 5. Assume that f, g are asymmetrized synchronous and integrable func-
tions on [a,b]. Then

LT

1
“|lb—a J,

(2.10)

b

> 0.

- 1 b
H|dt-— [ 13 @)t
] d= [ )

Proof. By the continuity property of modulus, we have

Fo-F|am-a61=|[fo-F6] G0 -6
S ICEROIIORIO!]
> ||F |- |7 @)||law - )

=|([F®] - |Fe)|) @® -6

b
<t>\|g<t>|dt—ﬁ a
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for any t,s € [a,b].
Taking the double integral mean on |[a, b]2 and using the properties of the integral
versus the modulus, we have

(211) bf{f/$Vw—fwhmw 3 (5)] deds

(b—a // ‘f ‘*’f D t)] =19 (s)[) dtds| .

Since, by Korkine’s identity we have

(b—a)? // f —f(s M()—g(s)]dtds
Zle_a/af(t)é(t)dt—bia/abf(t)dtbi/bg(t)dt]
=2 [Fwiwa

@fafK/Y\fum—(fxs)\)(gu)_msmdtds
zghia 7)1 1) ﬁ/wg|ﬁ]

hence by (2.11) we have

b
g OHIOL

b
[ |F o)

and

t))dtb_la/:@(t)mt .

By using the identity (2.3) we get the desired result (2.10). O

Remark 3. We remark that, if (f, g) are synchronous, then by a similar argument

to the one above for g « g we have

g WL
>b_aL\f@Muw

b b
e [ Foswa= i [ roiea

(2.12)

> 0.

rofag ks [

Also, since
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then if we assume that (f,g) are synchronous we also have

(2.13) i/bf(t)gtdt
‘/ I |dt7—/ I \dt—/ o

Now, if f and g have the same monotonicity, then (f, §)7 (ﬁg), (f,q) are

synchronous and we have
¢ (f.9)]-lc.al} > 0.

—a/f dt>max{‘0( >,
where
C (h,?) : 7/ |h (¢ \dt—i/ |h (¢ |dt7/ |€(t)] dt

provided h and ¢ are integrable on [a,b] .

> 0.

(2.14)

[
We say that the function h : [a,b] — R is H-r-Hélder continuous with the
constant H > 0 and power r € (0, 1] if

(2.15) |h(t) —h(s)| < H|t—s|"
for any ¢, s € [a,b]. If r =1 we call that h is L-Lipschitzian when H = L > 0.

Theorem 6. Assume that f, g are asymmetrized synchronous with f is Hy-r1-
Hélder continuous and g is Ho-ro-Holder continuous on [a,b]. Then

1
4(ri1+ra+1)
If particular, if f is Ly-Lipschitzian and g is Lo-Lipschitzian, then

s [ Fosnaso

b b
og/ f<t>g<t>dt=1/ £ (&)~ f(a+b—1)[g(t)—ga+b—1)dt

(2.16) HiHy(b—a)" ™ > —— / f(t)g(t)dt>o0.

“b—a

1
LyLy (b —

(2.17) 3

Proof. From (2.3) we have

/| fla+b=0)g(t) —g(a+b—0)dt
. 27'1-1-7*2 b b r1+72
S*H1H2/|2t—a—b|1+2dt: H1H2/ t—a+ dt
4 o 4 a 2
- _q\T1tr2+1
2 T e 2 (%5)
=-——7™H H t— dt = —— H/ Hy~2/
22-r1-T2 ! 2/a+b< 2 ) 22-r1—72 12 r1+re+1
1
:—HH b_aT1+T2+1,
4(7’1+T2+1) ! 2( )
which is equivalent to the desired result (2.16). (]

158 DRAGOMIR 151-161



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

INTEGRAL INEQUALITIES FOR ASYMMETRIZED SYNCHRONOUS FUNCTIONS 9

3. SOME EXAMPLES

Consider the identity function ¢ : [a,b] — R defined by ¢ (¢) = ¢. If g is monotonic
nondecreasing, then by (2.5) and (2.14) we have

b a
B j0-abo) @z [ (- ) g0

b—a

> max {|C¢(9)|,|C2e (9)],1Cs,0(9)[} = 0,

1P +b

Cl,e(g)::b_a/ (t—a ) ‘dt—/lg )| dt,
1 f +b

C’2,e(9)3=b_a/ (1= ) o]~ [ 1ona

Cut (g /|tg |dt——/ |t\dt—/ 13(0)] dt.

If g is monotonic nondecreasmg and L-Lipschitzian on [a,b], then by (2.17) we
get

b
(3.2) éL@—afzbia/,G—a;b>ﬂﬂﬁ(zm.

Consider the power function f : [a,b] C (0,00) = R, f(t) =t withp > 0.If ¢
is monotonic nondecreasing, then by (2.5) and (2.14) we get

BT _ (g4 b— )P
33 -0 @)z [ g0

where

and

“b—ua 2
> max {|C1,, (9)],|C2p (9)],C3,p (9)[} = 0,

where
1 (PP —(a+b—0t)"], .
Cipl0)i= 5= | 220 g o) ar
1 Y1t — (a+b—
T / 3(0)
1 [PtP—(a+b—1t)°
Cap )= 5= | S0 g oyt
1 [P —(a+b—
- : / g (1)l ds
and b 1 1
pprL — a]”"r
- P
o) = [ wioa- Lo [
If ¢ is monotonic nondecreasing and L—szschztzzan on [a, b], then by (2.17) we get
wlifp>1
(3.4) L a)?

12 a?~1ifp e (0,1)

> bla/: =g ar o).
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Consider the function f : [a,b] C (0,00) — R, f =1In. If g is monotonic nonde-
creasing, then by (2.5) and (2.14) we have

b
350 (L) -g@l 2 5t [0 (o)
> mas {[Caia (9)] Coe ()] [ Cm (0)]} 2 0,

1 b t 1/2
Cl,ln (g) = b— a’/a In <CL—|—b—t)

1 b t 1/2
- 1
b—a/a n<a+b—t)

1t 10 10
Com (9) == m/ |In ¢ |§(t)\dt—m/ |1nt|dtm/ g (t)| dt

1 b t 1/2
n(g) = In{———
Crn (9) b—a/a n<a+b—t>

I t e I
— | .
bfa/a n<a+bt) dtbfa/a lg (1)l dt

If ¢ is monotonic nondecreasing and L-Lipschitzian on [a,b], then by (2.17) we
get

where

|9 (8)] dt

1 b
dt g (t)|dt
= | ol

and

lg (8)] dt

b
(3.6) éL(b—a)z > bia/ In <a+tb_t>g(t)dt (>0).

Consider the function f : [a,b] C [fg, g} — R, f = sin. If ¢ is monotonic

nondecreasing, then by (2.5) we have

e g () s -g@z s [ (- ) swarzo

If ¢ is monotonic nondecreasing and L-Lipschitzian on [a,b], then by (2.17) we
get

1 , Cosbif—g§a<b§0,
(3.8) EL(b—a) X HlaX{.COSCl,COSb} if -5 <a<0<b< 3,
cosaif 0<a<b< g

1 a+b) [° . a+b
> 3 3 — >0).
_b—aCOb( 5 )/abln<t ) )g(t)dt (>0)
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FURTHER INEQUALITIES FOR HEINZ OPERATOR MEAN

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we obtain some new inequalities for Heinz operator
mean.

1. INTRODUCTION

Throughout this paper A, B are positive invertible operators on a complex
Hilbert space (H, (-, -)) . We use the following notations for operators and v € [0, 1]

AV,B:=(1-v)A+vB,
the weighted operator arithmetic mean, and

At B = AV (A*l/QBAfl/Q)V A2,

the weighted operator geometric mean [13]. When v = & we write AVB and AfB
for brevity, respectively.
Define the Heinz operator mean by

1
H,(A,B):= 3 (A4, B+ Af1_,B).
The following interpolatory inequality is obvious
(1.1) A$B < H, (A,B) < AVB

for any v € [0,1].
The famous Young inequality for scalars says that if a, b > 0 and v € [0, 1], then

(1.2) a7y < (1—v)a+uvb

with equality if and only if @ = b. The inequality (1.2) is also called v-weighted
arithmetic-geometric mean inequality.
We consider the Kantorovich’s constant defined by

(h+1)?
4h

The function K is decreasing on (0,1) and increasing on [1,00), K (h) > 1 for any
h>0and K (h) = K (1) for any h > 0.

In the recent paper [1] we have obtained the following additive and multiplicative
reverse of Young’s inequality

(1.4) 0<(1-v)a+vb—a b <v(l—v)(a—>b)(Ina—Inb)

(1.3) K (h) =  h>0.

1991 Mathematics Subject Classification. 26D15; 26D10, 47A63, 47A30, 15A60.
Key words and phrases. Young’s Inequality, Convex functions, Arithmetic mean-Geometric
mean inequality, Heinz means.
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and
(1.5) 1< O—ﬂ#vb < exp [av (1 - v) (K (%) -1)].

for any a,b > 0 and v € [0, 1], where K is Kantorovich’s constant.
The operator version of (1.4) is as follows [1]:

Theorem 1. Let A, B be two positive operators. For positive real numbers m, m’,
M, M', put h:=2 p/ = 2 gnd let v € [0,1].
(i) If0<mI < A<m'I <M1I<B<MI, then

(1.6) 0<AV,B—-A4,B<v(l—v)(h—1)InhA
and, in particular

1
(1.7) 0< AVB — AfB < Z(h_ 1)InhA.

(is) If0<mI < B<m'I<MI<A<MI, then
—1

(1.8) 0<AV,B-A},B<v(l-v) f InhA
and, in particular

1h-—1
(1.9) 0<AVB - AB < 1 InhA.

The operator version of (1.5) is [1]:

Theorem 2. For two positive operators A, B and positive real numbers m, m', M,
M’ satisfying either of the following conditions
(1)0<mI<A<m'I<MI<B<MI,;
(1)) 0<mI<B<m'I<MI<A<ZMI;
we have

(1.10) AV,B <exp[dv (1 —v) (K (h) —1)] Af, B
and, in particular
(1.11) AV B < exp K (h) — 1] A$B.

For other recent results on geometric operator mean inequalities, see [2]-[12], [14]
and [16]-[17].
We recall that Specht’s ratio is defined by [15]

1

KA1

— if h € (0,1)U(1,00),
(1.12) S (h) := e (77

lifth=1.

It is well known that lim,_; S (h) =1, S(h) = S(+) > 1 for h > 0, h # 1. The
function is decreasing on (0, 1) and increasing on (1, 00) .

In the recent paper [6] we obtained amongst other the following result for the
Heinz operator mean of A, B that are positive invertible operators that satisfy the
condition mA < B < M A for some constants M > m > 0,

(1.13) w(m, M) A$B < H, (A, B) < Q (m, M) A$B,
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where
S (ml2v=1) i M < 1,
Q(m, M) := max{S(m'Ql’_”),S(M‘Q”_”)} ifm<1<M,
S (M=) if 1 < m,
and

S (M\”—%|> i M <1,
w(m,M):=4¢ 1ifm<1<M,

S (m'”_%|) if 1 <m.
Motivated by the above results we establish in this paper some new additive and
multiplicative reverse inequalities for the Heinz operator mean.

2. ADDITIVE REVERSE INEQUALITIES FOR HEINZ MEAN
We have the following generalization of Theorem 1:

Theorem 3. Assume that A, B are positive invertible operators and the constants
M > m > 0 are such that

(2.1) mA < B< MA.

Then for any v € [0,1] we have

(2.2) (0<)AV,B— A, B<v(1—v)Q(m,M)A
where

(m—1)Inm if M <1,
(2.3) Q(m,M):=< max{(m—1)Inm,(M —1)In M} ifm <1< M,

(M —1)InM if 1 < m.

In particular, we have
(2.4) (0<)AVB — AfB < iﬂ (m, M) A.

Proof. We consider the function D : (0,00) — [0, 00) defined by D (z) = (z — 1) Inz.
We have that D' (z) =Inz + 1 — L and D" (z) = Z& for € (0,00). This shows
that the function is convex on (0, c0) , monotonic decreasing on (0, 1) and monotonic
increasing on [1,00) with the minimum 0 realized in z = 1.

From the inequality (1.4) we have
0L)1-v)+ve—2"<v(l—-v)D(z)
for any = > 0, v € [0, 1] and hence

(2.5) 01— I+vX-X"<v(l-v) mr<nza<xMD(a:)

for the positive operator X that satisfies the condition 0 < mI < X < MI for
0<m< M andvel01].
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If the condition (2.1) holds true, then by multiplying in both sides with A~1/2
we get mI < A7Y/2BA~1/2 < MT and by taking X = A~Y/2BA~1Y/2 in (2.5) we
get

_ ~1/2p4-1/2 _ (41725 4-1/2)" < B
(2.6) (1—v)I+vA~Y/2BA (A BA )_y(1 v) max D(z)

Now, if we multiply (2.6) in both sides with A'/? we get

(2.7) (0<)(1 —v)A+vB— AY/? (A—1/2BA—1/2)" AV?
< —
<v(l-v) inngD () A

m<

for any v € [0,1].
Finally, since

(m—1)Inmif M <1,

21a<XMD(x): max{(m—1)Inm,( (M —1)InM} if m <1< M,

(M—-1)InM if 1 <m,
then by (2.7) we get the desired result (2.2). O
Corollary 1. With the assumptions of Theorem 3 we have
(2.8) (0<)AVB-H,(A,B) <v(l-v)Q(m,M) A.
Proof. From (2.2) we have by replacing v with 1 — v that
(2.9) (0<)AV,_,B—At1_,B<v(1—-v)Q(m,M)A.
Adding (2.2) with (2.9) and dividing by 2 we get (2.8). d
Corollary 2. Let A, B be two positive operators. For positive real numbers m,

m/, M, M', put h := %, I ::%/ and let v € [0,1].
(i) If0<mI < A<m'I<M1I<B<MI, then

(2.10) (0<)AVB—-H,(A,B) <v(1—v)(h—1)InhA.
(i) If0<mI < B<m'I<MI<A<MI, then

-1
(2.11) (0<)AVB-H,(A,B)<v(l-v) <hh) In hA.
Proof. If the condition (i) is valid, then we have
M’ M
I<—I=hI<X<hl=—I,
m m

which, by (2.8) gives the desired result (2.10).
If the condition (ii) is valid, then we have

| 1
0< o T<X<—T<I
SpisAspish

which, by (2.8) gives

h
that is equivalent to (2.11). O

(0<)AVB-H,(A,B)<v(l-v) (1_1> ln%
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Theorem 4. With the assumptions of Theorem 3 we have

(2.12) (0<)H, (A,B) — AtB < max D (z*7!) A,

4mi-v z€[m,M]
where the function D : (0,00) — [0,00) is defined by D (z) = (x — 1)Inx (see the
proof of Theorem 3).

Proof. From the inequality (1.4) we have for v = §
c+d

(2.13) (0<) 5=~

Ved < i(c—d) (Inc —Ind)

for any ¢, d > 0.
If we take in (2.13) ¢ = a'7¥b” and d = a”b' ™" then we get

171/bu llbl*l/ 1
(2.14) % —Vab < i (alf”b" _ aublfz/) (lnalfubu _In aubku)
for any a, b> 0 and v € [0,1].

This inequality is of interest in itself.

Now, if we take in (2.14) a = 1 and b = z, then we get

v 1-v
(2.15) 0< % —Vz < i (2" —2'") (Inz” —Inz'™)
_ 21/4— 1 (1’” . ml—y) Ing = 4331-_” (121171 _ 1) Inz2v—1
1 .
= P @)

for any > 0 and v € [0,1].
Now, if z € [m, M] C (0,00), then by (2.15) we get the upper bound

v 4 7Y 1

< V< D (z*71).
09— Vo< g ey, P )
Using the continuous functional calculus, we then have
XV +X17u
2.1 B e VP D (201
216 097 < G e, P @)

If the condition (2.1) holds true, then by multiplying in both sides with A=1/2 we
get mI < A='Y2BA~1/2 < MI and by taking X = A~Y/2BA~/2 in (2.16) we get

(A—l/QBA—l/Z)V + (A—l/QBA—Uz)l*V
(2.17) 0< 2

2v—1
< i Sax D (=*71)

_ (Afl/ZBAfl/Q) 1/2

for any v € [0,1].
Now, if we multiply (2.17) in both sides with A'/? we get the desired result
(2.12). O

Corollary 3. Let A, B be as in Corollary 2.
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(i) If0<mI < A<m'I<M1I<B<MI, then

. (Rt —1)Inh* = if v e [3,1],

1—v
4(h") (@™ =) m@)™ v fo.3).
(i) If 0 <mI < B<m'I < M'I <A< MI, then
(2.19) (0 <) H, (A, B) — A4B
(R2 1 — 1) Inh=2"" if v e [1,1],

<

S hl—l/

> =

—2v+1 —2v+4+1 .
((h’) - 1) In (i) ifvelol).
Proof. If the condition (i) is valid, then we have

M’ M
I<—/I:h’I§X§hI:—I7
m

3

which, by (2.12) gives

(2.20) 0< H,(A B)- AtB < max D (z*"71) A.

4 (W)Y welh’ h]
Observe that, if v € [%, 1] , then

2v—1\ __ 2v—1\ __ 2v—-1 _ 2v—1
mgf;?)fh] D (x ) =D (h ) = (h 1) Inh .

If v € [0,3], then

2v—1\ _ Nn2v—1\ n2v—1 n2r—1
Jmax D (x )_D((h) )_((h) 1)1n(h) .

By (2.20) we get the desired result (2.18).
If the condition (ii) is valid, then we have

1 1
—I<X<—-I<I
0<I<X < I<I,

which, by (2.12) gives

(2.21) 0<H,(A B)—- AtB < max D <x2”_1) A.

T aelb b

4()
Ifve [%, 1] , then

B G

Ifve [0, %] , then

a1t

By (2.21) we get the desired result (2.19). O

167 DRAGOMIR 162-171



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

FURTHER INEQUALITIES FOR HEINZ OPERATOR MEAN 7

3. MULTIPLICATIVE REVERSE INEQUALITIES FOR HEINZ MEAN
We have the following generalization of Theorem 2:

Theorem 5. Assume that A, B are positive invertible operators and the constants
M > m > 0 are such that the condition (2.1) is valid. Then for any v € [0,1] we
have

(3.1) AV,B < At,Bexp[d4v (1 —v) (F (m, M) — 1)]
where
K((m) if M <1,
F(m,M):=¢ max{K (m),K (M)} ifm<1< M,

K (M) if1 <m,
In particular, we have

(3.2) AVB < AtBexp[F (m,M) —1].

Proof. From the inequality (1.5) we have for ¢ =1 and b = x that

(3.3) (1—v)4ve <a¥exp {41/ (1-v) (K <313) - 1)]
=z"exp[dv (1 —v) (K (x) — 1)]
for any > 0 and hence

(3.4) l1-v)I+vX<X” hax exp [dv (1 —v) (K (z) —1)]

m<x<M

= X" exp [41/(1 —v) < max K (z) — 1)]
for any operator X with the property that 0 < mlI < X < MI and for any
ve[0,1].
If the condition (2.1) holds true, then by multiplying in both sides with A~1/2
we get mI < A='/2BA~1/2 < MT and by taking X = A~Y/2BA~1Y/2 in (3.4) we

get
(3.5) (1-v)I+vA~Y2BA~1/?
—1/2p 4-1/2\" _ _
< (A BA ) lax, exp [dv (1 —v) (K (z) —1)]
= (A—1/2BA—1/2> exp {4y (I1-v) <mr§nf§XMK (x) — 1)}

for any v € [0,1].
Now, if we multiply (3.5) in both sides with A'/? we get

(36) (1-v)A+vBA
12 ((4—1/2 1 4—1/2\" 4172 B -
<A (A BA ) A2 max expldv (1) (K («) - 1)

_ 4L/ (A71/2BA71/2>”A1/2 exp {41, (1-v) ( max K (z) — 1)}

m<lax<M

for any v € [0,1].
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Since
K(m) if M <1,
Ig}aé(MK(m): max {K (m), K (M)} ifm <1< M,

K (M) if1 <m,
then by (3.6) we get the desired result (3.1). O
Corollary 4. With the assumptions of Theorem 5 we have
(3.7 AVB <exp[dv(1—v)(F (m,M)—1)]H, (A, B).

Corollary 5. For two positive operators A, B and positive real numbers m, m’,
M, M’ satisfying either of the following conditions:
(i))0<mI<A<mI<MI<B<MI,
(1)) 0<mI<B<m'I<MI<A<LMI;
we have
(3.8) AVB <exp[dv (1l —v)(K (h)—1)]H, (A, B).
We also have:

Theorem 6. Assume that A, B are positive invertible operators and the constants
M > m > 0 are such that the condition (2.1) is valid. Then for any v € [0,1] we

have
(3.9 H,(A,B) <exp[®©, (m,M)—1] AtB
where
K (mI=1) if M <1,
(310) O, (m, M) :=¢ max{K (m>~) K (M*-1)} ifm <1< M,

K (MPr=1) i1 < m.
Proof. From the inequality (1.5) we have for v = %
c+d
== c
. < - —
(3.11) S s ew (K (d) 1)

for any ¢,d > 0.
If we take in (3.11) ¢ = @' 7¥b” and d = a”b'~" then we get

1-vpv vpl—v 1—2v
(3.12) % < exp (K ((Z) ) - 1) Vab
for any a, b > 0 for any v € [0, 1].
This is an inequality of interest in itself.
If we take in (2.19) @ = x and b = 1, then we get

1—v v
(3.13) % < exp (K (z'7%) = 1) Va,
for any = > 0.
Now, if z € [m, M] C (0,00) then by (2.20) we have
1—v v
(3.14) % < +/zexp (xer?ﬁ}f\/f] K (xl_Q") — 1)
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for any = € [m, M].
If v € (0,3), then

K (m'=2") if M <1,

max K (z'7%) =¢ max{K (m'"?), K (M%)} ifm<1< M,
z€[m,M]

K (Ml_Q”) if 1 <m.
Ifve (%, 1), then

max K ($1_2")

2v—1
z€[m,M] )

= max K (J:
z€[m,M]

K (m?~1) if M <1,

maX{K (m2”_1) ,K(MQV_l)} iftm<1<M,
K(MQV—l) if 1 <m.

Therefore, by (3.14) we have

$17V4*$V

(3.15) 5

< exp[® (m, M) — 1] V&
for any = € [m, M] C (0,00) and for any v € [0, 1].
If X is an operator with mI < X < M, then by (3.15) we have

)(lfu +>)(V

5 <exp[O (m, M) —1] X/2.

If the condition (2.1) holds true, then by multiplying in both sides with A=1/2 we
get mI < A~1/2BA~Y2 < MT and by taking X = A~Y/2BA~'/2 in (3.15) we get
1 “1/2p 4172\ —1/2p 4-1/2)"

(3.16) - [(A BATY2) g (a7 2BATR)

1/2
<exp[O(m,M)—1] (A_l/QBA_1/2> .

Now, if we multiply (3.16) in both sides with A/2 we get the desired result (3.9). O

Finally, we have

Corollary 6. For two positive operators A, B and positive real numbers m, m’,
M, M’ satisfying either of the following conditions:
(i))0<mI<A<m'I<MI<B<MI,
(i) 0 <mI<B<m'I<MI<A<MI,
we have for h = % and b/ = %I,/ that

(3.17) H, (A, B) < exp [K (h'QV*”) . 1] A#B,

where v € [0, 1].
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Global Dynamics of Monotone Second Order Difference Equation
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Abstract. We investigate the global character of the difference equation of the form
Tnt1 = f(Tn,Tn-1), n=0,1,...

with several period-two solutions, where f is decreasing in the first variable and is increasing in the second variable.
We show that the boundaries of the basins of attractions of different locally asymptotically stable equilibrium solutions
or period-two solutions are in fact the global stable manifolds of neighboring saddle or non-hyperbolic equilibrium
solutions or period-two solutions. We illustrate our results with the complete study of global dynamics of a certain
rational difference equation with quadratic terms.

Keywords. asymptotic stability, attractivity, bifurcation, difference equation, global, local stability, period two;
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1 Introduction and Preliminaries

Let T be some interval of real numbers and let f € C'[I x I, I] be such that f(I x I) C K where K C I is a compact
set. Consider the difference equation

Tn+1 :f(l'n,wnfl), nzoala"' (1)

where f is a continuous and decreasing in the first variable and increasing in the second variable. The following result
gives a general information about global behavior of solutions of Equation (1).

Theorem 1 ([4])

Let I C R and let f € C[I x I,1] be a function which is non-decreasing in first and non-increasing in second
argument. Then for every solution of Equation (1) the subsequences {xantneo and {Tan+1}ne_1 of even and odd
terms of the solution are eventually monotonic.

The consequence of Theorem 1 is that every bounded solution of (1) converges to either an equilibrium or period-
two solution or to the singular point on the boundary. Consequently, most important question becomes determining
the basins of attraction of these solutions as well as the unbounded solutions. The answer to this question follows
from an application of the theory of monotone maps in the plane which will be presented in Preliminaries.

In [1, 2, 3] authors consider difference equation (1) with several equilibrium solutions as well as the period-two
solutions and determine the basins of attraction of different equilibrium solutions and the period-two solutions. In
this paper we consider Equation (1) which has up to two equilibrium solutions and up to two minimal period-two
solutions which are in South-East ordering. More precisely, we will give sufficient conditions for the precise description
of the basins of attraction of different equilibrium solutions and period-two solutions. The results can be immediately
extended to the case of any number of the equilibrium solutions and the period-two solutions by replicating our main
results.

This paper is organized as follows. In the rest of this section we will recall several basic results on competitive
systems in the plane from [7, 15, 16, 17] which are included for completeness of presentation. Our main results
about some global dynamics scenarios for monotone systems in the plane and their application to global dynamics of

LCorresponding author, e-mail: mkulenovic@uri.edu
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Equation (1) are given in section 2. As an application of the results from section 2 in section 3 the global dynamics

of difference equation
YLn—1

Ax2 4+ Bxptn_1+Cxn_1’
with all non-negative parameters and initial conditions is presented. All global dynamic scenarios for Equation (1)
will be illustrated in the case of Equation (2), which global dynamics can be shortly described as the sequence of
exchange of stability bifurcations between an equilibrium and one or two period-two solutions.

We now give some basic notions about monotone maps in the plane.

Tpt1 = n=0,1,... (2)

Definition 2 Let R be a subset of R? with nonempty interior, and let T : R — R be a map (i.e., a continuous
function). Set T'(z,y) = (f(z,v),9(z,y)). The map T is competitive if f(x,y) is non-decreasing in = and non-
increasing in y, and g(z,y) is non-increasing in x and non-decreasing in y. If both f and g are nondecreasing in x
and y, we say that T is cooperative. If T is competitive (cooperative), the associated system of difference equations

Tn+1 = f('rnayn)
, n=0,1,..., r_1,%0) € R 3
{ Yni1 = g(Tn,yn) (z-1,20) ®)

is said to be competitive (cooperative). The map T and associated difference equations system are said to be strongly
competitive (strongly cooperative) if the adjectives non-decreasing and non-increasing are replaced by increasing and
decreasing.

Consider a partial ordering < on R?. Two points z,y € R? are said to be related if z < y or y < z. Also, a
strict inequality between points may be defined as ¢ < y if x < y and x # y. A stronger inequality may be defined
as ¢ = (z1,22) Ky = (y1,y2) if x <y with z1 # y1 and z2 # yo.

The map T is monotone if < y implies T'(z) < T'(y) for all z,y € R, and it is strongly monotone on R if z <y
implies that T'(z) < T'(y) for all z,y € R. The map is strictly monotone on R if z < y implies that T'(z) < T'(y) for
all z,y € R. Clearly, being related is invariant under iteration of a strongly monotone map.

Throughout this paper we shall use the North-East ordering (NE) for which the positive cone is the first quadrant,
i.e. this partial ordering is defined by (z1,¥y1) <ne (22,y2) if z1 < 22 and y1 < y2 and the South-East (SE) ordering
defined as (1,y1) =se (z2,y2) if 1 < x2 and y1 > y2. Now we can show that a map T on a nonempty set R C R2
which is monotone with respect to the North-East ordering is cooperative and a map monotone with respect to the
South-East ordering is competitive.

For x € R?, define Q(x) for £ = 1,...,4 to be the usual four quadrants based at = = (x1,22) and numbered in
a counterclockwise direction, for example, Q1(z) = {y = (y1,¥2) € R*: x1 < 1, x2 < y2}. Basin of attraction of
a fixed point (Z,y) of a map T, denoted as B((Z, 7)), is defined as the set of all initial points (zo,yo) for which the
sequence of iterates T"((xo, yo)) converges to (Z,y). Similarly, we define a basin of attraction of a periodic point of
period p. The fixed point A(x,y) of the map T is said to be non-hyperbolic point of stable type if one of the roots of
characteristic equation evaluated in A is 1 or —1 and the second root is in (—1,1).

The next four results, from [16, 17], are useful for determining basins of attraction of fixed points of competitive
maps. Related results have been obtained by H. L. Smith in [7, 19] and in [18].

Theorem 3 Let T be a competitive map on a rectangular region R C R?. Let X € R be a fized point of T such that
A =R Nint (Q1(X) UQ3(X)) is nonempty (i.e., X is not the NW or SE vertex of R), and T is strongly competitive
on A. Suppose that the following statements are true.

a. The map T has a C* extension to a neighborhood of X.

b. The Jacobian Jr(X) of T atX has real eigenvalues A, p such that 0 < || < p, where |A| < 1, and the eigenspace
E> associated with X is not a coordinate axis.

Then there exists a curve C C R through X that is invariant and a subset of the basin of attraction of X, such
that C is tangential to the eigenspace E> at X, and C is the graph of a strictly increasing continuous function of the
first coordinate on an interval. Any endpoints of C in the interior of R are either fized points or minimal period-two
points. In the latter case, the set of endpoints of C is a minimal period-two orbit of T'.

Theorem 4 For the curve C of Theorem 3 to have endpoints in OR, it is sufficient that at least one of the following
conditions is satisfied.

i. The map T has no fized points nor periodic points of minimal period two in A.

it. The map T has no fized points in A, det Jr(X) > 0, and T'(z) =X has no solutions x € A.

iti. The map T has no points of minimal period-two in A, det Jr(X) < 0, and T'(xz) =X has no solutions x € A.
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For maps that are strongly competitive near the fixed point, hypothesis b. of Theorem 3 reduces just to |A\| < 1.
This follows from a change of variables [19] that allows the Perron-Frobenius Theorem to be applied. Also, one can
show that in such case no associated eigenvector is aligned with a coordinate axis. The next result is useful for
determining basins of attraction of fixed points of competitive maps.

Theorem 5 Assume the hypotheses of Theorem 3, and let C be the curve whose existence is guaranteed by Theorem
3. If the endpoints of C belong to OR, then C separates R into two connected components, namely

W_ ={z € R\C:3Jy €C withx Zsey}, Wi:={xeR\C:3JyeC withy <. x}, (4)

such that the following statements are true.

(i) W_ is invariant, and dist(T"(z), Q2(X)) — 0 as n — oo for every x € W_.

(i) Wy is invariant, and dist(T"(z), Q4+(X)) — 0 as n — oo for every x € Wy.

(B) If, in addition to the hypotheses of part (A), X is an interior point of R and T is C* and strongly competitive
in a neighborhood of X, then T has no periodic points in the boundary of Q1(X)UQ3(X) except for X, and the following
statements are true.

(i) For every x € W_ there exists no € N such that T"(x) € int Q2(X) for n > no.

(iv) For every © € Wy there exists no € N such that T"(x) € int Q4(X) for n > no.

If T is a map on a set R and if X is a fixed point of T', the stable set W?(X) of X is the set {z € R : T"(x) — X}
and unstable set W*(X) of X is the set

{ x € R : there exists {2,}0___ C Rst. T(x,) = xpy1, ©0o =2, and lim =z, =% }
n——oo

When T is non-invertible, the set ¥W?*(X) may not be connected and made up of infinitely many curves, or W*(X)

may not be a manifold. The following result gives a description of the stable and unstable sets of a saddle point of
a competitive map. If the map is a diffeomorphism on R, the sets W*(X) and W*(X) are the stable and unstable
manifolds of Z.

Theorem 6 In addition to the hypotheses of part (B) of Theorem 5, suppose that > 1 and that the eigenspace E*
associated with p is not a coordinate axis. If the curve C of Theorem &8 has endpoints in OR, then C is the stable set
W?(X) of X, and the unstable set W*(X) of T is a curve in R that is tangential to E¥ at X and such that it is the
graph of a strictly decreasing function of the first coordinate on an interval. Any endpoints of W*(X) in R are fized
points of T'.

Remark 7 We say that f(u,v) is strongly decreasing in the first argument and strongly increasing in the second
argument if it is differentiable and has first partial derivative D; f negative and first partial derivative Dy f positive
in a considered set. The connection between the theory of monotone maps and the asymptotic behavior of Equation
(1) follows from the fact that if f is strongly decreasing in the first argument and strongly increasing in the second
argument, then the second iterate of a map associated to Equation (1) is a strictly competitive map on I x I, see
[16].

Set £p—1 = u, and x, = v, in Equation (1) to obtain the equivalent system

Un+1 = Un
Un+1 = f(vmun)

, n=0,1,....
Let T(u,v) = (v, f(v,u)). The second iterate T2 is given by
7% (u,v) = (f(v,u), f(F(v,),v))
and it is strictly competitive on I x I, see [16].
Remark 8 The characteristic equation of Equation (1) at an equilibrium solution (Z, Z):
A\ — Dy f(z,Z)\ — Daof (%,%) = 0, (5)

has two real roots A, u which satisfy A < 0 < u, and |A| < p, whenever f is strictly decreasing in first and increasing in
second variable. Thus the applicability of Theorems 3-6 depends on the nonexistence of minimal period-two solution.
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2 Main Results

In this section we present some global dynamics scenarios which feasibility will be illustrated in Section 3.

Theorem 9 Consider the competitive map T' generated by the system (3) on a rectangular region R with nonempty
interior. Suppose T has no minimal period-two solutions in R, is strongly competitive on int R, is C? in a neighbor-
hood of any fixed point and b. of Theorem 38 holds.

(a) Assume that T has a saddle fized points E1,Es and locally asymptotically stable fized point Ea, such that
E1 =se Ea =se E3, and Eo, which is South-west corner of the region R is either repeller or singular point.
Furthermore assume that E1 <se Eo =se E3 and that the ray through Ey and E1 (resp. Fo and Ez) is stable
manifold of Eq1 (resp. E2). If T has no period-two solutions then every solution which starts in the interior of
the region bounded by the global stable manifolds W*(E1) and W?*(E3) converges to Es.

(b) Assume that T has locally asymptotically stable fized points E1, Es and a saddle fized point Eo, such that
E1 =se Ea =se E3, and Eo, which is South-west corner of the region R is either repeller or singular point.
Furthermore assume that E1 <se Eo <se E3 and that the ray through Eo and E1 (resp. Eo and E3) is attracted
to E1 (resp. Es3). If T has no period-two solutions then every solution which starts below (resp. above) the
stable manifold W?*(E2) converges to F1 (resp. Es).

(c) Assume that T has exactly five fized points En, ..., Es, E1 Sse F2 Rse B3 Rse E4 =se Es where E1, E3, E5 are
saddle points, and Eo, E4 are locally asymptotically stable points. Assume that Eo, which is South-west corner
of the region R, is either repeller or singular point such that E1 <se Eo <se Es and that the ray through Fo
and Ey (resp. Eo and Es) is part of the basin of attraction of Ev (resp. Es). If T has no period-two solutions
then every solution which starts in the interior of the region bounded by the global stable manifolds W*(E1) and
W?(E3) converges to Es while every solution which starts in the interior of the region bounded by the global
stable manifolds W*(Es3) and W*(Es) converges to Ey.

(d) Assume that T' has exactly five fived points E1,...,Es, E1 <se B2 =<se E3 Ssec F4 Rse Fs where Ev, E3, E5 are
locally asymptotically stable points, and E2, E4 are saddle points. Assume that Eo, which is South-west corner
of the region R, is either repeller or singular point such that E1 <se Fo =Xse Fs and that the ray through Fo
and E1 (resp. Eo and Es) is part of the basin of attraction of E1 (resp. Es). If T has no period-two solutions
then every solution which starts below (resp. above) the stable manifold W?*(E4) (resp. W?(E2)) converges to
Es (resp. E1). Every solution which starts between the stable manifolds W*(E2) and W?®(E4) converges to Es.

Proof.

(a) The existence of the global stable and unstable manifolds of the saddle point equilibria F1 and Ej3 is guaranteed
by Theorems 3 - 6. In view of uniqueness of these manifolds we have that YW?(E1) has end points in Ey and
(0, 00) while W?(Es3) has end points in Eyp and (0o, 0). Furthermore W*(E1) and W"(E3) have end points in
E>. Now, by Corollary 2 in [16] every solution which starts in the interior of the ordered interval [[E1, E2]]
is attracted to F> and similarly every solution which starts in the interior of the ordered interval [[E2, Es]]
is attracted to E3. Furthermore, for every (zo,y0) € [[E1, Es]] \ ([[E1, E2]] U [[E2, E3]] U {Eo}) one can find
the points (z1,y1) € [[E1, E2]] and (zu,yu) € [[E1, E2]] such that (zi,y1) =se (Zo,Y0) <se (Tu,yu) and so
T"((z1, 1)) Sse T"((x0,Y0)) Sse T"((@u, yu)),n > 1, which implies that T"((zo, yo)) — E2. Finally, for every
(zo,90) € R\ ([[E1, E3]] U{Fo})) one can find the points (zr,yr) € W*(E1), (zu,yu) € W*(E3) such that
(zr,yr) Zse (%0,Y0) Sse (xv,yu) which implies that T"((zo, yo)) will eventually enter [[E1, Es]] and so it will
converge to Fo.

(b) The existence of the stable and unstable manifolds of the saddle point equilibrium Fs is guaranteed by The-
orems 3-6. The endpoints of the unstable manifold are F1 and FEs. First one can assume that the initial
point (zo,y0) € [[E1, E2]] \ {Eo}. In view of Corollary 2 in [16] the interior of [[E1, E2]] is subset of the basin
of attraction of Fi. If the initial point (zo,y0) ¢ [[E1, E2]] but it is betweenW?(E1) and the ray through
Eoy and F; then one can find te points (z;,y;) the ray through Fy and Eq and (zy,y.) € W?(FE1) such that
(z1,y1) Sse (%0,Y0) SRse (Tu,yu) and so T"((x1,y1)) =se T"((z0,%0)) =se T"((Zu,yu)),n > 1, which means
T"((zo,yo)) will eventually enter [[E1, E2]] and so T ((xo0,y0)) — Fa.

The proof when the initial point (zo,yo) is below W?(Es) is similar.

(c) The proof is similar to the one in case (a) and will be ommitted. This dynamic scenario is a replication of
dynamic scenario in (a).
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(d) The proof is similar to the one in case (b) and will be ommitted. This dynamic scenario is exactly replication
of dynamic scenario in (b).

[
In the case of Equation (1) we have the following results which are direct application of Theorem 9.

Theorem 10 Consider Equation (1) and assume that f is decreasing in first and increasing in the second variable
on the set (a,b)?, where a is either the repeller or a singular point of f, such that f is C* in a neighborhood of any
fized point.

(a) Assume that Equation (1) has locally asymptotically stable equilibrium solutions T > a and the unique saddle
point minimal period-two solution {P1,Q1}, Pi =<se (a,a) <se Q1. Assume that the stable manifold of P
(resp. Q1) is the line through (a,a) and P1 (resp. the line through (a,a) and Q1). Then the equilibrium T is
globally asymptotically stable for all z_1,20 > a.

(b) Assume that Equation (1) has the saddle equilibrium solution T > a and the unique locally asymptotically stable
minimal period-two solution {Pi1,Q1}, P1 <se (a,a) <se Q1. Assume that the stable manifold of Py (resp. Q1)
is the line through (a,a) and Pi (resp. the line through (a,a) and Q1). Then the period-two solution {P1,Q1}
attracts all initial points off the global stable manifold W*®(E(Z,T)).

(c) Assume that Equation (1) has a saddle equilibrium solution T > a. Assume that Equation (1) has two minimal
period-two solutions {P1,Q1} and {P2,Q2} such that Py <se P2 =se E(Z,Z) Rse Q2 =se @1, where {P2,Q2}
is locally asymptotically stable and {P1,Q1} is a saddle point and assume that the global stable manifold of P
(resp. Q1) is the line through (a,a) and Py (resp. the line through (a,a) and Q1). Then every solution which
starts off the union of global stable manifolds W*(E(Z,Z)) U W?(P1) UW?®(Q1) converges to the period-two
solution { P2, Q2}.

(d) Assume that Equation (1) has locally asymptotically stable equilibrium solution T > a. Asume that Equation (1)
has two minimal period-two solutions {P1,Q1} and {Pz2,Q2} such that Pi <sec P2 Rse E(Z,T) Rse Q2 =se @1,
where {P1,Q1} is locally asymptotically stable and { P2, Q2} is a saddle point. If the line through (a,a) and Py
(resp. the line through (a,a) and Q1) is a part of the basin of attraction of {Pi,Q1} then every solution which
starts between the stable manifolds W?(Py) and W?®(Q2) converges to T while every solution which starts below
W?(Q2) (resp. above W?(P2)) converges to the period-two solution {P1,Q1}.

Proof.

(a) In view of Remark 7 the second iterate T2 of the map T associated with Equation (1) is strictly competitive.
Applying Theorem 9 part (a) to T2, where we set Fy = Py, B> = (%, %), E3 = Q1 we complete the proof.

(b) The proof follows from Theorem 9 part (b) applied to T2, where we set Ey = Py, E» = (%,%), Fs = Q1 and
observation that locally asymptotically stable fixed point (resp. saddle point) for T" has the same character for
T2

(¢c) The proof is similar to the proof in case (a) and will be ommitted.

(d) The proof follows from Theorem 9 part (d) applied to T2, where we set By = P, Es = P2, B3 = (Z,%), Ey =
Q2, E5 = Q1 and the observation that locally asymptotically stable fixed point (resp. saddle point) for T has
the same character for T2.

Remark 11 The term ”saddle point” in formulation of statements of Theorems 9 and 10 can be replaced by the
term "non-hyperbolic point of stable type”. Results related to Theorem 9 were obtained in [1, 2] and the results
related to Theorem 10 were obtained in [6, 9, 10]. Furthermore Cases (b) and (c) of Theorem 9 can be extended to the
case when we have any odd number of the equilibrium points which alternate its stability between two types: locally
asymptotically stable and saddle points or non-hyperbolic equilibrium points of the stable type. The transition from
Case (a) to Case (b) and from Case (c) to Case (d) in Theorem 9 is an exchange of stability bifurcation, while in the
case of Theorem 10 these two bifurcations are two global period doubling bifurcations.
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VLn—-1
Ax2+Brpr, 1+Cx,_1

3 Case study: Equation 7,4, =

We investigate global behavior of Equation (2), where the parameters v, A, B, C' are positive numbers and the initial
conditions x_1,xo are arbitrary nonnegative numbers such that x_1 + zo > 0. Equation (2) is a special case of
equations

az? + BrnTn_1 + YTn_1

il = . n=01,... 6
T+l = A2 + Bongn1 + Cana’ ©

and
Ami + anxn—l + C$3171 + Dmn + Exn—l + F
Tnt1 = 3 3 , n=0,1,... (7)
ard + brnTn_1 + x| +dTn +eTn_1 + f
The comprehensive linearized stability analysis of Equation (6) was given in [9] and some special cases were considered
n [10]. Some special cases of Equation (7) have been considered in the series of papers [5, 6, 11, 12, 19]. Describing
the global dynamics of Equation (7) is a formidable task as this equation contains as a special cases many equations
with complicated dynamics, such as the linear fractional difference equation

Dmn + El‘n71 + F
dtn +exn_1+ [’
Equation (2) has 0 as a singular point and the first quadrant as the region R.

Tpy1 = n=0,1,.. (8)

3.1 Local stability analysis

By using the substitution ¥, = %mn Equation (2) is reduced to the equation

Tn—1
)
A/ZU% + B/$n$n71 + Tn-1

Tnt1 = n=0,1,.. (9)
where A’ = g—zA and B = g—zB. In the sequel we consider Equation (9) where A" and B’ will be replaced with A
and B respectively.

First, we notice that under the conditions on parameters all solutions of Equation (9) are in interval (0, 1] and
that 0 is a singular point.

Equation (9) has the unique positive equilibrium Z given by

_ —14+4/1+4(A+B)
T= e (10)

The partial derivatives associated to Equation (9) at the equilibrium Z are

f/ — _—y(2Az+By) - _ 4(2A+B) f/ _ Ax? _ 4A
z (Az2+Bzy+y)? |, (1+viTdAT4B)?’ v (Ae?+Boy+y)? | 7 (14+vIT4AT4B)%

Characteristic equation associated to Equation (9) at the equilibrium is

22 + 4(2A+B) A\ — 4A -0
(1+viFaataB)? " (1+VIF4AF4B)’

By applying the linearized stability Theorem, see [13], we obtain the following result.

Theorem 12 The unique positive equilibrium solution T of Equation (9) is:
i) locally asymptotically stable when B + 3A > 4A%;
ii) a saddle point when B + 3A < 4A?;
iii) a non-hyperbolic point of stable type (with eigenvalues \1 = —1 and A2 = {5 < 1) when B+ 3A = 4A°.

In the next lemma we prove the existence of period two solutions of Equation (9).

Lemma 13 Equation (9) has the minimal period-two solution {(0,1),(1,0)} and the minimal period-two solution

{P(¢,9), Q(¥, )}, where

_ A—/(A-B)(A(-3+4A)—B-B _ A++/(A—B)(A(-3+4A)—B-B
¢= 3A(A—B) and 1 = 3A(A_B) (11)

if and only if

%<A<1andB+3A<4A2 or A>1 and B+ 3A> 44>
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Proof. A minimal period-two solution is a positive solution of the following system

{ z+(B—Ay—1=0

—Azy+y=0. (12)

where ¢ + 1 = x and ¢1p = y. The system (12) has two solutions z =1, y = 0 and

1 A-1

YA YT AB - Ay

For second solution we have that z,y,2? — 4y > 0 if and only if

z<A<1amdB+3A<4A2 or A>1and B+3A> 442

Now, ¢ and v are solution of equation

and the proof is complete. ®m
The following theorem describes the local stability nature of the period-two solutions.

Theorem 14 Consider Equation (9).
i) The minimal period two solution {(0,1),(1,0)} ds:

a) locally asymptotically stable when A > 1,
b) a saddle point when A < 1;
¢) a non-hyperbolic point of the stable type when A = 1.

1) The minimal period two solution {P(®,),Q(¢,d)}, given by (11) is:

a) locally asymptotically stable when % < A< 1 and B+3A < 4A%
b) a saddle point when A > 1 and B + 34 > 4A%

wi) If A= B =1 the minimal period two solution {¢,1 — ¢} (0 < ¢ < 1) is non-hyperbolic.

Proof. In order to prove this theorem, we associate the second iterate map to Equation (9). We have

"(2)-(13)

o u A o v
" Av? + Buv +u’ (u,v) = v+ Au? + Buv
(Av2+Buv+u)2 Av2+Buvtu

where

g(u,v)

The Jacobian of the map 72 has the following form
. ( ¢ ) _ ( ACRDEPACED )
v Ru(#,%)  hy(9,9)
Av? u(Bu + 2Av)

(Av? + Buv 4 u)?’ (Av? 4+ Buv + u)?’

h/ _ Av3 (u+ Buv+Av?) (Buv(1+Bv)+A(2u+ Bv?))
u (A205+u2v(14+Bv)(1+B+Bv)+Au(u+v3(2+B+2Bv))2’

where

’ /
Gu = Gv = —

h/ _ u(u+Buv+Av?)(B2uv? (14 Bv)+ A%0? (5u+2Bv3)+ Au(u+3Buv+ Bv® (243 Bv?)))
v (A205+u2v(14+Bv)(1+B+Bv)+Au(u+v3(2+B+2Bv))? .

Set
S = gl (6, 0) + hiy(6,9)
and

After some lengthy calculation one can see that:
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i) for the minimal period-two solution {(0, 1), (1,0)} we have

Sz%andDzO

and applying the linearized stability Theorem [13] we obtain that the minimal period-two solution {(0,1), (1,0)}
of Equation (9) is:

a) locally asymptotically stable when A > 1;
b) a saddle point when A < 1;
¢) a non-hyperbolic point of the stable type when A = 1.

ii) For the positive minimal period two solution {P(¢,v), Q(¢, ¢)} we have

S = 6A*+A(B—2)B—B2-3A3(342B)+ A% (4+B(6+B)) D= (A-1)?
- A2(A—B)2 ) — (4a-B)?-

Applying the linearized stability Theorem [13] we obtain that the minimal period-two solution { P(¢, v), Q(v, ¢)}
of Equation (9) is:
a) locally asymptotically stable when % <A< 1land B+3A4 < 4A?;
b) a saddle point when A > 1 and B + 34 > 4A2.
iii) If A= B =1 then
S=1+¢"1-9)", D=¢(1-9)

from which the proof follows.

3.2 Global results and basins of attraction

In this section we present global dynamics results for Equation (9).

Theorem 15 If B + 34 > 4A% and 0 < A < 1 then Equation (9) has a unique equilibrium solution E(Z,T) given
by (10) which is locally asymptotically stable and the minimal period-two solution {P(0,1),Q(1,0)} which is a saddle
point. Furthermore, the global stable manifold of the period-two solution {P,Q} is given by W*({P,Q}) = W?(P) U
W?(Q) where W*(P) and W?*(Q) are the coordinate axes. The basin of attraction B(E) = {(z,y) : ¢ > 0,y > 0}.
More precisely

i) If (uo,v0) € W?(P) then the subsequence of even-indexed terms {(uan,v2n)} is attracted to P, and the subse-
quence of odd-indezed terms {(uzn+1,vant+1)} is attracted to Q.

it) If (uo,vo) € W*(Q) then the subsequence of even-indexzed terms {(uzn,van)} is attracted to Q, and the subse-
quence of odd-indezed terms {(uzn+1,vant+1)} s attracted to P.

11) If (uo,v0) € RN\OW?(P) UW?(Q)) (the region between W*(P) and W?(Q)) then the sequence {(un,vn)} is
attracted to E(Z,T).

See Figure 1 for visual illustration.
Proof. The proof is direct application of Theorem 10 part (a). ®
Theorem 16 If B + 3A > 4A? and A = 1 then Equation (9) has a unique equilibrium solution E(ZT,T) which is
locally asymptotically stable and the minimal period-two solution, {P(0,1),Q(1,0)} which is a non-hyperbolic point
of stable type. Furthermore, the global stable manifold of the period-two solution {P,Q} is given by W*({P,Q}) =
W?(P)UW?(Q) where W?(P) and W*(Q) are the coordinate azes. The global dynamics is given in Theorem 15.

Proof. In view of Remark 11 the proof is direct application of Theorem 10 part (a).
]

179 Kalabusic 172-184



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

v RON e Q'
1.0

0.0 0.2 0.4 L] o5

Figure 1: Visual illustration of Theorem 15.

Theorem 17 If B +3A > 4A% and A > 1 then Equation (9) has a unique equilibrium solution E(T,T) which is
locally asymptotically stable and two minimal period-two solutions {P1(0,1),Q1(1,0)} which is locally asymptotically
stable and {P2(¢,v), Q2(¢,d)} given by (11), which is a saddle point. Furthermore, the global stable manifold of
the period-two solution {Pa2,Qa2} is given by W*({P2,Q2}) = W?*(P2) UW?(Q2) where W*(P2) and W*(Q2) are
continuous increasing curves, that divide the first quadrant into two connected components, namely

Wit = {z € R\W?*(PR,) : 3y € W*(P,) with y Zse 2} and Wy := {x € R\W?*(P2) : Jy € W*(P,) with x <sc y}

Wy = {z € R\W?:(Q2) : Jy € W (Q2) with y =se z} and Wy = {z € R\ W?*(Q2) : Iy € W*(Q2) with
T Sse Y}

respectively such that the following statements are true.

i) If (uo,v0) € W*(P2) then the subsequence of even-indexed terms {(uzn,v2n)} is attracted to P and the subse-
quence of odd-indezed terms {(uzn+1,Vant1)} s attracted to Q2.

it) If (uo,v0) € W?(Q2) then the subsequence of even-indezed terms {(uzn,ven)} is attracted to Q2 and the
subsequence of odd-indexed terms {(u2n+1,vgn+1)} is attracted to Ps.

i11) If (uo,vo) € Wy (the region above W?(P»)) then the subsequence of even-indexed terms {(uzn, van)} s attracted
to P1 and the subsequence of odd-indexed terms {(u2n+1,van+1)} tends to Q1.

iv) If (uo,v0) € Wy (the region below W*(Q2)) then the subsequence of even-indezed terms {(uan,v2.)} tends to
Q1 and the subsequence of odd-indezed terms {(u2n+1,V2n+1)} tends to Pi.
v) If (uo,v0) € W N Wy (the region between W?*(Ps) and W*(Q2)) then the sequence {(un,vn)} is attracted to
E(z,7).
Shortly the basin of attraction of E is the region between W?*(P) and W?(Q2) while the rest of the first quadrant

without W?(Pp) UW?(Q2) U (0,0) is the basin of attraction of {P1,Q1}.
See Figure 2 for visual illustration.

Proof. The proof is direct application of Theorem 10 part (d).
L]

Theorem 18 If B+3A < 4A? and % < A < 1 then Equation (9) has a unique equilibrium solution E(T,T) which is
a saddle point and minimal period-two solution {P1(0,1),Q1(1,0)} which is a saddle point and {Pz(¢, ), Q2(¢, P)},
giwen by (11) which is locally asymptotically stable. Furthermore, there exists a set Cg which is an invariant subset
of the basin of attraction of E. The set Cg is a graph of a strictly increasing continues function of the first variable
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Figure 2: Visual illustration of Theorem 17.

on (0,00) interval and separates R\ (0,0), where R = (0,00) x (0,00) into two connected and invariant components
W™ (Z,T) and W (Z,T). The global stable manifold of the period-two solution {P1,Q1} is given by W*({P1,Q1}) =
W2 (P1) UW?(Q1) where W?(P1) and W?(Q1) are continuous nondecreasing curves which represent the coordinate
azes. The basin of attraction of {Pa, Q2} is the first quadrant without W*(P1) UW?(Q1) U (0,0) UCE. More precisely

i) Every initial point (uo,vo) in Cg is attracted to E.
it) If (uo,v0) € W?(Py1) then the subsequence of even-indexed terms {(uzn,v2n)} is attracted to P1 and the subse-
quence of odd-indezed terms {(uzn+1,V2n+1)} is attracted to Q1.
1) If (uo,v0) € W?3(Q1) then the subsequence of even-indexed terms {(uzn,v2n)} is attracted to Qi and the
subsequence of odd-indexed terms {(uzn+1,V2n+1)} 1s attracted to Pi.
w) If (uo,v0) € W™ (Z,T) (the region between Cr and W?(P1)) then the subsequence of even-indexed terms
{(u2n,von)} is attracted to P> and the subsequence of odd-indexed terms {(uzn+1,v2n+1)} tends to Q2.

v) If (uo,v0) € WH(Z,T) (the region between Cg and W*(Q1)) then the subsequence of even-indexed terms
{(u2n,v2n)} tends to Q2 and the subsequence of odd-indexed terms {(uzn+1,V2n+1)} tends to Ps.

See Figure 8 for visual illustration.

Proof. Theorem 12 implies that there exists a unique equilibrium solution E(Z,Z) which is a saddle point and
Theorem 14 implies that minimal period-two solution {Pi(0,1),Q1(1,0)} is a saddle point and {Pa(¢,v), Q2(v, &)}
is locally asymptotically stable. Now the proof is direct application of Theorem 10 part (c). ®

1c-.P-

w—(E)

o

0

Figure 3: Visual illustration of Theorem 18.

Theorem 19 If B + 3A < 4A? and A = 1 then Equation (9) has a unique equilibrium solution E(Z,T), which is a
saddle point and the minimal period-two solution {P1(0,1),Q1(1,0)} which is a non-hyperbolic point of stable type.
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Furthermore, the global stable manifold W*(E) is continuous increasing curve which divides first quadrant and the
global stable manifold of the period-two solution {P1,Q1} is given by W*({P1,Q1}) = W?*(P1)UW?(Q1) where W*(Py)
and W?(Q1) are the coordinate axzes. The basin of attraction B({P1,Q1}) = {(z,y) : x > 0,y > 0\ (W?*(E)U(0,0))}.
More precisely

i) Every initial point (uo,vo) in W?(E) is attracted to E.

i) If (ug,v0) € WT(E) (the region below W*(E)) then the subsequence of even-indeved terms {(uzn,ven)} is

attracted to Q1 and the subsequence of odd-indexed terms {(uzan+1,Van+1)} s attracted to Pi.
it1) If (uo,v0) € W™ (E) (the region above W*(E)) then the subsequence of even-indexed terms {(uzn,v2n)} is
attracted to Py and the subsequence of odd-indexed terms {(uzn+1,v2n+1)} is attracted to Q1.

See Figure 4 for visual illustration.

Proof. From Theorem 12 Equation (9) has a unique equilibrium point E(Z,Z) which is a saddle point. Theorem
14 implies that the period-two solution {P, @} is a non-hyperbolic point. In view of Remark 11 the proof is direct
application of Theorem 10 part (b). m

g
Lg

o0 {-Y?1= X,

Y

.0 o2 [ 0.5 os 1.0

Figure 4: Visual illustration of Theorem 19.

Theorem 20 If B+ 3A < 4A% and A > 1 then Equation (9) has a unique equilibrium solution E(T,T) which is a
saddle point and the minimal period-two solution {P(0,1),Q(1,0)} which is locally asymptotically stable. The global
behavior is the same as in Theorem 19.

Proof. The proof is direct application of Theorem 10 part (b). m

Theorem 21 Assume that B + 3A = 4A2.

a) If% < A < 1 then Equation (9) has a unique equilibrium point E(T,T) which is a non-hyperbolic point of stable
type and the minimal period-two solution {P(0,1),Q(1,0)} which is a saddle point. Then every initial point
(uo,v0) in R is attracted to E.

b) If A > 1 then Equation (9) has a unique equilibrium solution E(Z,T) which is a non-hyperbolic point of the
stable type and the minimal period-two solution {P(0,1),Q(1,0)} which is locally asymptotically stable. The
global behavior is the same as in Theorem 19.

¢) If A =1 then Equation (9) has a unique equilibrium solution E(Z,T) and infinitely many minimal period-two
solution {P(¢,1 — ¢),Q(1 — ¢,¢)} (0 < ¢ < 1) which are a non-hyperbolic points of stable type.

i) There exists a continuous increasing curve Cg which is a subset of the basin of attraction of E

it) For every minimal period-two solution {P($,1—¢),Q(1—, )} (0 < ¢ < 1) there exists the global stable
manifold given by W*({P,Q}) = W*(P) UW?*(Q) where W*(P) and W*(Q) are continuous increasing
curves. If (uo,v0) € W?(P) then the subsequence of even-indexed terms {(uzn,v2n)} tends to P and the
subsequence of odd-indexed terms {(uzn+1,Van+1)} tends to Q. If (uo,vo) € W?(Q) then the subsequence
of even-indexed terms {(uzn,v2n)} tends to Q and the subsequence of odd-indexed terms {(uzn+1, Von+1)}
tends to P. The union of these stable manifolds and Cg foliates the first quadrant without the singular
point (0,0).
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See Figure 5 for visual illustration.

Proof.

a) From Theorem 12 Equation (9) has a unique equilibrium point E(Z,Z) = (ﬁ, i) which is non-hyperbolic
of stable type. From Theorem 14 Equation (9) has a unique minimal period-two solution {P;(0,1),@1(1,0)}
which is a saddle point. In view of Remark 11 the proof is direct application of Theorem 10 part (a).

b) From Theorem 12 Equation (9) has a unique equilibrium point E(Z,Z) = (ﬁ, ﬁ% which is non-hyperbolic
of stable type. From Theorem 14 Equation (9) has a unique minimal period-two solution {P;(0,1),@1(1,0)}
which is locally asymptotically stable point. In view of Remark 11 the proof is direct application of Theorem
10 part (b).

c¢) From Theorem 12 Equation (9) has a unique equilibrium point E(Z,Z) = (55, 55) Which is non-hyperbolic.
All conditions of Theorem 5 are satisfied, which yields the existence a continuous increasing curve Cg which
is a subset of the basin of attraction of E. The proof of the statement ii) follows from Theorems 3, 5, 14 and
Theorem 5 in [§].

Remark 22 The global dynamics of Equation (9) can be described in the language of bifurcation theory as follows:
when B + 3A # 4A?, then the period-doubling bifurcation happens when A is passing through the value 1 in such a
way that for A > 1 new interior period-two solution emerges and exchange stability with already existing period-two
solution on the boundary. Another bifurcation happens when B+ 3A < 4A? in which case the stability of the unique
equilibrium changes from local attractor to the saddle point. Finally, there is a bifurcation at another critical value
B+ 3A = 4A% when A is passing through the critical value 1, which is one of exchange stability between the unique
equilibrium and unique period-two solution, with specific dynamics at A = 1, when there is an infinite number of
period-two solutions which basins of attraction filled up the first quadrant without the origin. See [16] for similar
results.

Figure 5: Visual illustration of Theorem 21.
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Abstract. We investigate second-order generalized Beverton—Holt difference equations of the form

af(x'n» xnfl)
oy = T Tn1) g
I T T fwnan1) T

where f is a function nondecreasing in both arguments, the parameter a is a positive constant, and the initial conditions x_1
and z are arbitrary nonnegative numbers in the domain of f. We will discuss several interesting examples of such equations
and present some general theory. In particular, we will investigate the local and global dynamics in the event f is a certain

type of linear or quadratic polynomial, and we explore the existence problem of period-two solutions.
Keywords. attractivity, difference equation, invariant sets, periodic solutions, stable set .
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1 Introduction and Preliminaries

Consider the following second-order difference equation:

af<xn7 xn—l)
)
1+ f(xmmn—l)
Here f is a continuous function nondecreasing in both arguments, the parameter a is a positive real number,

and the initial conditions z_; and x( are arbitrary nonnegative numbers in the domain of f. Equation (1)
is a generalization of the first-order Beverton—Holt equation

Tn1 = n=01,.... (1)

axTny
14,

Tni1 = n=01,..., (2)

where a > 0 and xg > 0. The global dynamics of Equation (2) may be summarized as follows, see [9, 15]:

lim z, =
n—oo

{ 0 ifa<1 3)

a—1 ifa>1and zg > 0.

Many variations of Equation (2) have been studied. German biochemist Leonor Michaelis and Canadian
physician Maud Menten used the model in their study of enzyme kinetics in 1913; see [20]. Additionally,
Jacques Monod, a French biochemist, happened upon the model empirically in his study of microorganism
growth around 1942; see [20]. It was not until 1957 that fisheries scientists Ray Beverton and Sidney Holt
used the model in their study of population dynamics, see [1, 9]. The so-called Monod differential equation
[20] is given by

1 dN rS

N &t a+s @

where N(t) is the concentration of bacteria at time ¢, % is the growth rate of the bacteria, S(t) is the
concentration of the nutrient, r is the maximum growth rate of the bacteria, and a is a half-saturation

LCorresponding author, e-mail: mkulenovic@mail.uri.edu
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constant (when S = a, the right-hand side of Equation (4) equals r/2). Based on experimental data, the
following system of two differential equations for the nutrient S and bacteria N, as presented in [20], is
given by
as 1 S dN S
Dy Ny (5)
dt v a4+ S dt a+S
where the constant v is called the growth yield. Both Equation (4) and System (5) contain the function
f(z) =rz/(a+ x) known as the Monod function, Michaelis-Menten function, Beverton-Holt function, or

Holling function of the first kind; see [1, 5, 9, 11].

One possible two-generation population model based on Equation (2),

a1Tn a2Tn—1
- . n=0,1,..., 6
Tnt 1+xn+1+:rn_1 " ®)

where a; > 0 for i = 1,2 and z_1, 29 > 0, was considered in [18]. The global dynamics of Equation (6)
may be summarized as follows:

lim x, =
n—oo

0 ifar+a9 <1
a1 +as—1 ifay+as>1and xg+x—_1 > 0.

This result was extended in [5] to the case of a k-generation population model based on Equation (2) of
the form

k—1
A;Lp—4
$MJ:§:Tiii? n=0,1,..., (7)
1=0

k=1
where a; > 0 fori=0,1,...,k—1, > a; >0, and z1_g,...,xo > 0. It was shown that the global dynam-
i=0

k—1

ics of Equation (7) may be given precisely by (3), where a = > a; and we consider all initial conditions
i=0

positive.

The simplest model of Beverton—Holt type which exhibits two coexisting attractors and the Allee effect
is the sigmoid Beverton—Holt (or second-type Holling) difference equation

2

M n_ - p=0,1,..., (8)

T+l = m7
n

where a > 0 and xg > 0. The dynamics of Equation (8) may be concisely summarized as follows:

0 ifa<2or(a>2and zg<7_)
li_)rn Tp=4¢ T_ fa>2and xg=7_ (9)
e Ty ifa>2and xg>7T_,

where T_ and T4 are the two positive equilibria when a > 2; see [1, 5]. One possible two-generation
population model based on Equation (8),
2 ao12

a1y, n—1
+ , n=0,1,..., 10
I+ax2 1422, (10)

Tn+1 =

where a; > 0 for i = 1,2 and x_1,29 > 0, was considered in [4]. However, the summary of the global
dynamics of Equation (10) is not an immediate extension of the global dynamics of Equation (8) as given in
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(9); see [4]. Equation (10) can have up to three equilibrium solutions and up to three period-two solutions.
In the case when Equation (10) has three equilibrium solutions and three period-two solutions, the zero
equilibrium, the larger positive equilibrium, and one period-two solution are attractors with substantial
basins of attraction, which together with the remaining equilibrium and the global stable manifolds of the
saddle-point period-two solutions exhaust the first quadrant of initial conditions. This behavior happens
when the coefficient ay is in some sense dominant to ap; see [4]. Such behavior is typical for other models
in population dynamics such as

2
n 1+z, 1+.’E721717 y Ly
and )
azxn—l
mn+1:a1xn+72, TL:O,l,...,
1+z;_

which were also investigated in [4]. In the case of a k-generation population model based on the sigmoid
Beverton—Holt difference equation with k£ > 2, one can expect to have attractive period-k solutions as well
as chaos.

The first model of the form given in Equation (1), where f is a linear function in both variables (that
is, f(u,v) = cu+ dv for ¢,d,u,v > 0) was considered in [19] to describe the global dynamics in part of
the parametric space. Here we will extend the results from [19] to the whole parametric space. In this
paper we will then restrict ourselves to the case when f(u,v) is a quadratic polynomial, which will give
similar global dynamics to that presented for Equation (10). The corresponding dynamic scenarios will be
essentially the same for any polynomial function of the type f(u,v) = cu®4du™ where ¢,d > 0 and m, k are
positive integers. Higher values of m and k may only create additional equilibria and period-two solutions
but should replicate the global dynamics seen in the quadratic case presented in this paper. The global
dynamics of some higher-order transcendental-type generalized Beverton-Holt equation was considered in

[3].

Let the function F : [0,00)? — [0,a) be defined as follows:

af(u,v)
Flu,v) = 2200 11
(w,0) = 7 ) (11)
Then Equation (1) becomes x,+1 = F(xn,z,—1) for all n = 0,1,..., where F(u,v) is nondecreasing in

both of its arguments.

The following theorem from [2] immediately applies to Equation (1).

Theorem 1 Let I be a set of real numbers and F : I x I — I be a function which is nondecreasing in the
first variable and nondecreasing in the second variable. Then, for every solution {xn} 2 | of the equation

Tpi1 = F(zn,2n-1), z_1,20€I, n=0,1,..., (12)
the subsequences {.%‘Qn}zozo and {:Ugn,l}fbozo of even and odd terms of the solution are eventually monotonic.

The consequence of Theorem 1 is that every bounded solution of Equation (12) converges to either an
equilibrium, a period-two solution, or to a singular point on the boundary. It should be noticed that
Theorem 1 is specific for second-order difference equations and does not extend to difference equations
of order higher than two. Furthermore, the powerful theory of monotone maps in the plane [16, 17] can
be applied to Equation (1) to determine the boundaries of the basins of attraction of the equilibrium
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solutions and period-two solutions. Finally, when f(u,v) is a polynomial function, all computation needed
to determine the local stability of all equilibrium solutions and period-two solutions is reduced to the theory
of counting the number of zeros of polynomials in a given interval, as given in [12]. This theory will give
more precise results than the global attractivity and global asymptotic stability results in [7, 8]. However,
in the case of difference equations of the form

ag($n7 Tp—1y--- 7$n+1—k‘)
1 + g(l‘n, Tp—1y--- 7'In+1—k‘)’

Tpgl = n=0,1,..., k>1,
where ¢ > 0 and ¢ is nondecreasing in all its arguments, Theorem 1 does not apply for £ > 2, but the
results from [7, 8, 13] can give global dynamics in some regions of the parametric space.

The following theorem from [10] is often useful in determining the global attractivity of a unique positive
equilibrium.

Theorem 2 Let I C [0,00) be some open interval and assume that F € C[I x I,(0,00)] satisfies the
following conditions:

(i) F(x,y) is nondecreasing in each of its arguments;

(ii) Equation (12) has a unique positive equilibrium point T € I and the function F(x,x) satisfies the
negative feedback condition:

(x —7)(F(z,x) —x) <0 for every x € I\{T}.
Then every positive solution of Equation (12) with initial conditions in I converges to T.

The following result from [4] will be used to describe the global dynamics of Equation (1).

Theorem 3 Assume that difference equation (12) has three equilibrium points Uy < To < Tgw < INE
where the equilibrium points Ty and Tyg are locally asymptotically stable. Further, assume that there
exists a minimal period-two solution {®1, ¥} which is a saddle point such that (®1, V1) € int(Q2(Esw)).
In this case there exist four continuous curves W*(®1, 1), W3 (U, &), W4 (Pq, ¥1), W*(U1, P1), where
WE(®q, W), W3(Wy, D) are passing through the point Egw, and are graphs of decreasing functions. The
curves WY(®q, W), W(Uq,®1) are the graphs of increasing functions and are starting at Ey. Every
solution which starts below W?*(®1, V1) UW? (U1, 1) in the North-east ordering converges to Ey and every
solution which starts above W*(®1,W1) UW?3 (U, ®q) in the North-east ordering converges to Enpg, i.e.
WS((I)l,\Ifl) = C+ = C;_ and Ws(\Ill,(I)l) = 1_ = CQ_

This paper is organized as follows. The next section deals with the local stability of equilibrium
solutions and period-two solutions of the general second-order difference equation (12), where F(u,v) is
nondecreasing in both of its arguments. In view of the results for monotone maps in [16, 17] and their
applications to second-order difference equations in [4, 5], the local dynamics of the equilibrium solutions
and period-two solutions will determine the global dynamics in hyperbolic cases and some nonhyperbolic
cases as well. The third section will provide some examples of global dynamic scenarios of Equation (1)
when the function f(u,v) is either linear in both variables or linear in one variable and quadratic in the
other variable. The obtained results will be interesting from a modeling point of view as they show that the
appearance of period-two solutions with substantial basins of attraction (sets which contain open subsets)
is controlled by the coefficient of the x,,_1 term that is affected by the size of the grandparents’ population.
The same phenomenon was observed in the case of Equation (10).
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2 Local Stability

In this section we provide general conditions to determine the local stability of equilibrium solutions and
period-two solutions.

It is clear that x, < a for all n > 1. In light of Theorem 1, since all solutions are bounded, if there
are no singular points on the boundary of the domain of F', it immediately follows that all solutions to
Equation (1) converge to an equilibrium or a period-two solution.

An equilibrium 7 of Equation (1) satisfies
Z(1+ f(7,7)) = of (T, 7). (13)
Clearly Top = 0 is an equilibrium point if and only if (0,0) is in the domain of f and f(0,0) = 0.
The linearized equation of Equation (1) about an equilibrium T is
Zn+1 = Fu(Z,T)zn + Fo(T,T)2p—1, n=0,1,....
Since f is a nondecreasing function, it follows that F,(z,z) > 0, F,,(Z,Z) > 0. Therefore, if

ANT) = Fu(T,7) + F(T,7) = alf “((ff} (Z;Z’)(;’ 2 (14)

then in view of Corollary 2 of [13] we may conclude that

locally asymptotically stable if \(Z) < 1
T is ¢ nonhyperbolic if \(z) =1
unstable if A(z) > 1

a repeller if 6(x)
T is ¢ nonhyperbolic if 6()
a saddle point if §(T)

where

5(F) = Fy(3,7) — Fu(m,7) = & (15)

8

Let (¢,1) be a period-two solution of Equation (1). The Jacobian matrix of the corresponding map
T = G?, where G(u,v) = (v, F(v,u)) and F is given by Equation (11), is given in Theorem 12 of [6]. The
linearized equation evaluated at (¢,1)) is

/\2 - TTJT(qu ¢)A + DetJT(¢a ¢) = Oa

where

Trip(¢,v) = DoF(,¢) + D1F(F(¢,¢),¢) - D1F(¢,¢) + Do F(F (¢, ¢), 1))

and

DetJr(¢, ) = DoF(F (4, ¢),¢) - DaF (¢, ¢).
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3 Examples

In this section we present four examples of different forms of Equation (1) where the transition function
f(u,v) is linear or quadratic polynomial in its variables which effects the global dynamics.

3.1 Linear-Linear: f(u,v) = cu+ dv

We consider the difference equation

a(cxy, + dry—1)
- C n=0,1,..., 16
Tl =1 cxn + dr,_1 " (16)

where ¢ > 0 and d > 0. If d = 0, then Equation (16) becomes Equation (2) after a reduction of parameters.
a(ct+d)—1
c+d

By Equation (13) we know that Ty = 0 is always a fixed point and T, = is a unique positive fixed

point for a(c+d) > 1.

Since A(Zp) = a(c + d), we have that

locally asymptotically stable if a(c+d) <1

To is ¢ mnonhyperbolic ifa(c+d) =1
unstable if a(c+d) > 1.
Further, notice that
d 1
NTL) = ale+d) - <1

(1+ <a(cc++dc)fl> .(C+d))2 a(c+d)

for all values of parameters for which 7 exists. Therefore

d)—1
Ty = a(c++)d is always locally asymptotically stable.
c

Note that there is an exchange in stability from T to T+ as the parametric value a(c + d) passes through
1.

We next search for period-two solutions. Suppose there exists such a solution {1, ¢, v, ¢,...} with
¢ # 1. Then {1, ¢} satisfies the following system:

af(¢, )  _ alcg+dy)

Y = —
L+ f(d,9)  1+cp+dy
b = af(,9)  alcy+dp) - (17)
1+ f(¢)  1+ch+dé
Notice that
w_(b: a(d—c)(¢—¢)
(1+co+ d)(1+ cyp + dg)’

whence we deduce that d > ¢ and (1 4 ¢ + dy)(1 + dy + dp) = a(d — ¢). Now

a((c+d) (¥ + @) +2(cd + dp) (cyp + dg))
a(d —c) ’

v+ =

or equivalently,

2¢(Y + @) + 2(chp + dp)(ctp + dop) = 0.
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Since 1 4+ ¢ > 0, it must be the case that ¢ = 0, and then 2d?)¢ = 0 so that one of either ¢ or 1 equals
zero. Without loss of generality assume ¢ = 0. But then ¢ = fle/’w, and hence ¢ = “dd_l = T4. Thus the
only non-equilibrium solution of System (17) is the period-two solution {Z,0,7Z4,0,...}, which exists for

ad > 1 and ¢ = 0. Now we formulate our main result about the global dynamics of Equation (16).

Theorem 4 Consider Equation (16).

(a) If a(c+d) <1, then To = 0 is a global attractor of all solutions.

(b) If ¢ =0 and ad > 1, then there exists a period-two solution {“dd_l,O, “dd_l,O, .. } T4 15 a global at-

tractor of all solutions with positive initial conditions. Any solution with exactly one initial condition
equal to zero will converge to the period-two solution.

(c) If c >0 and a(c+d) > 1, Ty is a global attractor of all nonzero solutions.
Proof.

(a) If a(c+d) <1, then Ty = 0 is the only equilibrium, and no period-two solutions exist. By Theorem
1 all solutions must converge to zero.

(b) Suppose ¢ =0 and ad > 1, and consider I = (0, 00). Notice that

adzx
2T = Ty 27T,

and therefore by Theorem 2 we have that all solutions with initial conditions in I converge to T.
Now suppose one initial condition is zero, so without loss of generality assume xz_; = 0 and zg > 0.

Then 1 = 0 and
adxg ad—1 _
1+dfco<x0 d T <20

Further, one can show 29 S 74 <= 29 < 74+. By induction, klim Zop = T4+ and xor_1 = 0 for all
— 00

Z2

k=0,1,.... Thus all solutions with exactly one initial condition equal to zero will converge to the
period-two solution {Z4,0,7Z4,0,...}.

(¢) When ¢ > 0 and a(c+ d) > 1, Ty is locally asymptotically stable while Z( is unstable. As in the
proof of (b) we can employ Theorem 2 to show that all solutions with positive initial conditions must
converge to 4. Since ¢ > 0 and d > 0, if o+ z_1 > 0, then 21 = F(x9,z_1) > 0 (and also xz2 > 0),
so the solution eventually has consecutive positive terms and must converge to 7.

O
3.2 Translated Linear-Linear: f(u,v) =cu+dv+k
We briefly consider the difference equation
n + dx,_ k
g = Mt ATt k) o (18)

1+ cxy +de,_1 +k’
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where ¢ > 0,d >0, c+d >0, and k > 0. We notice in this example f(0,0) = k > 0, so the origin cannot
be an equilibrium. More specifically, an equilibrium of Equation (18) must satisfy

(c+d)T*+ (k+1—a(c+d)ZT—ak =0

Since ¢+ d > 0 and ak > 0 by Descartes’ Rule of Signs it must be the case that there exists a unique
positive equilibrium 7z .

Theorem 5 Consider Equation (18) such that ¢+ d > 0 and k > 0. The unique positive equilibrium T
1s a global attractor.

Proof. The result follows from a straightforward application of Theorem 1.4.8 of [14]. O

3.3 Quadratic-Linear: f(u,v) = cu® + dv
We consider the difference equation

a(cz? + dzy_1)
= =0,1,.... 19
Tn+1 1 n CLU% n dxn_la n ) Ly ( )

Remark 1 For the analysis that follows, we will consider Equation (19) with ¢ > 0 and d > 0. Notice
that when ¢ = 0 Equation (19) is a special case of Equation (16), and the global dynamics for this case
is discussed in Theorem 4. When d = 0 Equation (19) is essentially Equation (8), the dynamics of which
may be seen in (9).

An equilibrium solution of Equation (19) satisfies
@ +d7* + T = acz® + adT
so that all nonzero equilibria satisfy
Z* 4 (d — ac)T + (1 — ad) = 0, (20)

whence we easily deduce the possible solutions

__ac—d+\/(d—ac)? +4c(ad — 1)
Ty = %2 )
which are real if and only if R = (d — ac)? + 4c(ad — 1) > 0.
Notice that

R>0 < d*—2acd + a®c® + 4acd — 4c > 0 <= (ac + d)* > 4. (21)

Here we have that
a(2¢T +d)

MO = T s awe

Theorem 6 Equation (19) always has the zero equilibrium To = 0, and

locally asymptotically stable if ad < 1

To is§ nonhyperbolic ifad =1
a repeller if ad > 1.
Proof. The proof follows from the fact that A\(Zy) = §(Zp) = ad. O

The next result gives the local stability of positive equilibrium solutions.
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Theorem 7 Assume c >0 and d > 0.

(1) Suppose either
(a) d > ac and 1 > ad, or
(b) d <ac, 1> ad, and R < 0.
Then Equation (19) has no positive equilibria.

(2) Suppose either
(a) 1 < ad, or
(b) d < ac and 1 = ad.
Then Equation (19) has the positive equilibrium solution Ty, and it is locally asymptotically stable.

(3) Suppose d < ac, 1 > ad, and R = 0. Then Equation (19) has the positive equilibrium solution
Ty, and it is nonhyperbolic of stable type (that is one characteristic value is A1 = £1 and the other
A1l < 1).

(4) Suppose d < ac, 1 > ad, and R > 0. Then Equation (19) has two positive equilibria, T+ and T_; T4
is locally asymptotically stable, and T_ is a saddle point.

Proof. The existence of positive equilibria follows from Descartes’ Rule of Signs. Using Equation (14),
notice that
a(2¢x 4 d) a(2c¢x 4 d) 2¢T +d 1 CT

MO =T @ v de? ~ (alex + )2~ alex 1 A2 alez +d) " a(c@ + d)

Further, for the parametric values for which T exists,
T4 < a(czy +d) -1
a(czy +d)2 —  a(cT4+ +d)
T4 < (T4 +d) (a(cTy +d) — 1) = (cFy + d) (T3 + dT4)
c < (cZy + d)?
de < (2¢z4 +2d)? = (ac + d + VR)?,

AMT4) <1

[

which is true by (21). Thus if R > 0, T4 is locally asymptotically stable, and if R = 0, T+ is nonhy-
perbolic. In the latter case the characteristic equation of the linearization of Equation (19) about T4,
y? = F,(T+,7+)y + Fy(Tx,T+), reduces to acy? — (ac — d)y — d = 0, which has characteristic values y; = 1
and yo = —%, where —1 < y2 < 0 since ac > d. Thus in this case 1 is nonhyperbolic of stable type.
When 7_ exists, then

MT_)>1 < 4c¢> (ac+d—VR)?
— 4dc+ (ac+ d)VR > (ac+ d)?
— (ac+d)VR> (ac+d)*—4c=R
<« (ac+d)* > R = (ac + d)* — 4c,

which is true since ¢ > 0. To show more specifically that z_ is a saddle point when R > 0, we must show
that 0(7_) < 1, where § is defined by Equation (15). Notice

a(d —2cx_) a(d—2cx_)  4(d—-2cT-) 4 <2d —ac+ \/R>

6(z-) = 1+ @2 +dz_)? - (a(ct— +d)?  a(2cz— +2d)?>  alac+d—VR)?
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and so we have that
2
(7o) <1l = 4(2d—ac+\/ﬁ) <a(ac+d—\/}§)
— (2+a(ac+ d)) VR < a(ac + d)? — 4d.

The right-hand side of the latter inequality is positive since a(ac + d)? — 4d > 4ac — 4d = 4(ac — d) > 0 by
assumption. But then

5T ) <1 <= (2+a(ac+d))? ((ac+d)* — 4c) < (a(ac+ d)* — 4d)2
— 3a®c®d + 6a*cd® + 3ad® — 3a*c* — 2acd — 3d* — 4c < 0
< (ad — 1) (3d* + 3a®c* + 2¢(3ad + 2)) < 0,

which is automatically true since the latter factor is strictly positive and ad < 1. Thus indeed Z_ is a
saddle point when it exists for R > 0. O

Theorem 8 There exist no minimal period-two solutions to Equation (19) if ¢,d > 0.

Proof. Suppose there exist ¢,y > 0 with ¢ # v such that

af(d,9) _ a(cd® +dy)

VST 0w Lt by
. (22)
5 _ olW.0) _ aler?+dd
L+ f(v, ) 1+ cy? +do
From System (22) we notice that
b g aly = 9w+ )

(1+co? +d)(1+ cp? 4 do)’
whence it immediately follows that (1 4 c¢? + dip)(1 + cp? + d¢) = a(d — c(¢ + ¢)). But then

2(cg? + dip)(c? + dp) + c(¥® + ¢*) + d(¥ + ¢)

vhes d—c(v+0) '
Thus we have that necessarily
_ 2a%(c® + dip)(cyp? +dg) < e+ %) +d(y + ¢)>
AT P ) B R B R R

since both ¥, ¢ > 0. But this implies that

(Y + ¢)(d — c(¥ + ¢)) > c(¥® + ¢*) + d(¥ + ¢)
= d(Y+ ) — (¥ + ¢)* > (¥ + ¢%) + d(¥ + ¢)
= 0> (P +¢?) + (v + )7,

a clear contradiction since ¢ > 0.
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Now suppose there exists a period-two solution {¢, 1, ¢,1,...} with ¢ # 1 but ¢p = 0. Suppose
without loss of generality that ¢ = 0. Now

y __af00) v
1+ f(0,%) 14 dy
o af0) _ ac®

1+ f(1,0) 1+ cyp?

which immediately leads to the contradiction ¢ = ¢ = 0 for ¢ > 0. Thus Equation (19) has no minimal
period-two solutions. O

The next result describes the global dynamics of Equation (19).
Theorem 9 Consider Equation (19) under the condition ¢ > 0 and d > 0.

(1) Suppose either
(a) d > ac and 1 > ad, or
(b) d <ac, 1> ad, and R < 0.
Then To is a global attractor of all solutions.

(2) Suppose either
(a) 1 < ad, or
(b) d < ac and 1 = ad.
Then T4 is a global attractor of all nonzero solutions.

(3) Suppose d < ac, 1 > ad, and R = 0. Then Equation (19) has the equilibria Top = 0, which is locally
asymptotically stable, and T4, which is nonhyperbolic of stable type. There exists a continuous curve
C passing through E = (T+,T+) such that C is the graph of a decreasing function. The set of initial
conditions Q1 = {(z_1,z0) : ®_1 > 0,29 > 0} is the union of two disjoint basins of attraction,
namely Q1 = B(Ey) UB(E), where Ey = (To, To),

B(Ep) = {
B(E) = {

(4) Suppose d < ac, 1 > ad, and R > 0. Then Equation (19) has the equilibria To = 0, which is locally
asymptotically stable, T_, which is a saddle point, and T4, which is locally asymptotically stable.
There exist two continuous curves W*#(E_) and WY(E_), both passing through E_ = (T_,T_), such
that W#(E_) is the graph of a decreasing function and W*"(E_) is the graph of an increasing function.
The set of initial conditions Q1 = {(x—_1,z0) : ©_1 > 0, x9 > 0} is the union of three disjoint
basins of attraction, namely Q1 = B(Ey) U B(E_) U B(EL), where Ey = (Zo,To), B+ = (T4+,74),
B(E.) = W(E.),

);
(x—1,20) : (x_1,20) <ne (x,y) for some (z,y) € C}, and
(x—1,20) : (2,Y) <ne (x_1,20) for some (z,y) € C}UC.

B(Ep) = {(x_1,20) : (x_1,20) <ne (x,y) for some (x,y) € W (E_)}, and
B(Ey) ={(z-1,20) : (2,9) <ne (x-1,70) for some (z,y) € W (E_)}

Proof. (1) The proof in this case follows from Theorems 1, 7, and 8 along with the fact that Top = 0 is the
sole equilibrium of Equation (19).
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(2) The proof used to show that all solutions with positive initial conditions converge to Z follows from
an application of Theorem 2 (as used above in the proof of Theorem 4). Notice that 1 = F(zg,z_1) > 0
if either g > 0 or x_; > 0 (and similar for z3), so I = (0,00) is an attracting and invariant interval. Thus
all nonzero solutions must converge to T.

(3) The proof follows from an application of Theorems 1-4 of [17] applied to the cooperative second
iterate of the map corresponding to Equation (19). The proof is completely analogous to the proof of
Theorem 5 in [4], so we omit the details.

(4) The proof follows from an immediate application of Theorem 5 in [4]. O

3.4 Linear-Quadratic: f(u,v) = cu + dv?

We consider the difference equation

a(czy +da?_y)
1+ ecx, + dm%fl ’

Tptl = n=01,.... (23)

Remark 2 For the analysis that follows, we will consider Equation (23) with ¢ > 0 and d > 0. Notice
that when d = 0 Equation (23) reduces to Equation (2), a special case of Equation (16). When ¢ = 0
Equation (23) is essentially Equation (8) with delay.

An equilibrium of (23) satisfies
dz* + ¢T* + T = acT + adz®

so that all nonzero equilibria satisfy
dz? + (c — ad)T + (1 — ac) = 0, (24)

whence we easily deduce the possible solutions

ad — ¢+ +/(c — ad)? + 4d(ac — 1)
2d ’

Ty =

which are real if and only if R = (¢ — ad)? + 4d(ac — 1) > 0.
Notice that
R>0 < ¢*—2acd + a*d* + 4acd —4d > 0 <= (ad +¢)* > 4d. (25)
Here we have that
a(c + 2dx)
(1+ cx + dz?)?’

AT) =
Theorem 10 Equation (23) always has the zero equilibrium Ty = 0, and

locally asymptotically stable if ac < 1

To is§ nonhyperbolic ifac=1
unstable if ac > 1.
Proof. The proof follows from the fact that A(Zp) = ac. O

Theorem 11 Consider Equation (23) and assume ¢ > 0 and d > 0.
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(1) Suppose either
(a) ¢ > ad and 1 > ac, or
(b) c < ad, 1> ac, and R < 0.
Then Equation (23) has no positive equilibria.

(2) Suppose either
(a) 1 < ac, or
(b) ¢ < ad and 1 = ac.
Then Equation (23) has the positive equilibrium solution Ty, and it is locally asymptotically stable.

(8) Suppose ¢ < ad, 1 > ac, and R = 0. Then Equation (23) has the positive equilibrium solution T,
and it is nonhyperbolic of stable type.

(4) Suppose ¢ < ad, 1 > ac, and R > 0. Then Equation (23) has two positive equilibria, T4 and T_; T4
18 locally asymptotically stable, and T_ is unstable.
Let K = a%d? + 14acd — 3¢ — 3a®cd? — 6a%c?d — 3ac® — 4d.
(i) If K < 0, then T_ is a saddle point.
(ii) If K > 0, then T_ is a repeller.
(iii) If K =0, then T_ is nonhyperbolic of unstable type (that is one characteristic value is \y = +1
and the other || > 1).

Proof. Much of the analysis is similar to the considerations in the proof of Theorem 7. Notice that

@) = a(c+2dr)  alc+2dz) = c+2dT 1 N dz
S (l+cz+dz?)? (a(c+dx))?  alc+dz)?  alc+dx)  alc+dT)?’

For the parametric values for which 7 exists,
dz < alc+dzy) —1
alc+dz)?2 = ale+dzy)
= d7; < (c+d7zy) (a(c+dz4) — 1) = (c + d74 ) (T4 + dT2)
— d < (c+dzy)?
— 4d < (2¢+2dz.)? = (ad + ¢ + VR)?,

AN7T4) <1 =

which is true by (25). Thus if R > 0, T4 is locally asymptotically stable, and if R = 0, T+ is nonhy-
perbolic. In the latter case the characteristic equation of the linearization of Equation (23) about T,
y? = Fy(Zs, T4 )y + Fy(T+, T4 ), reduces to ady? — ¢y + ¢ — ad = 0, which has characteristic values y; = 1
and yo = C;gd, where —1 < y9 < 0 since ad > ¢. Thus in this case T+ is nonhyperbolic of stable type.
When z_ exists,

MZ_)>1 < 4d > (ad+ ¢ — VR)?
— 4d+ (ad + ¢)VR > (ad + ¢)?
— (ad+c)VR > (ad+¢)* —4d =R
> (ad+c)*>R=(ad+c)* —4d

which is true since d > 0. To more specifically classify ZT_, we must calculate §(Z_). Notice

S(F) = a2dz_ —c¢)  a(2dz_ —c)  4(2dT_ —c) 4 <ad —2c— \/R>
(T-) = (At @ 1 d?)?  (alctdil)?  aet 2052  aladtc— VR
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and so we have that
(7o) 21 — 4<ad—2c—\/ﬁ> 2 a(ad—i—c—\/ﬁ)2
— (a(ad+¢) —2) VR = a(ad + ¢)* — 4ad + 4¢ = aR + 4c.
Notice that R > 0 automatically implies a(ad + ¢) > 2, as
0 < (ad + ¢)? — 4d < a*d® + 2acd + a®d* — 4d = 2d (a(ad + ¢) — 2)
since ¢ < ad. Therefore we may square both sides to obtain
5(T_) =1 <= (a(ad+c) —2)*R = (aR + 4c)?
< R(a*(ad + c)* —4a(ad + c) + 4) = a®R* + 8acR + 16¢*
— R (a2R — 4ac+ 4) > a’R? + 8acR + 16¢2
< R(1 —3ac) —4c* 20
— a®d® + 1dacd — 3¢® — 3a3cd® — 6a%c*d — 3ac® — 4d = 0.

Thus if

K = a*d® + 14acd — 3¢* — 3a3cd® — 6a%c*d — 3ac® — 4d, (26)

K < 0 implies T_ is a saddle point and K > 0 implies it is a repeller. If K = 0, T_ is nonhyperbolic, and
we expect in such case to be nonhyperbolic of unstable type. Indeed one can show that in the event K = 0,
the characteristic equation of the linearization of Equation (23) about 7_, y* = F,(Z_,7_)y + F,(Z_,T_),
has roots y; = —1 and yo = Fy,(Z_,Z_) + 1 > 1, which immediately shows the desired result. |

The investigation of the existence of periodic solutions of Equation (23) is an interesting one that
involves a thorough analysis of potential parametric cases. This analysis will reveal the potential for the
existence of several nonzero periodic solutions. The juxtaposition of Equation (19) with Equation (23)
illustrates an interesting phenomenon in which, loosely speaking, the dominance of the delay term z,_1
contributes to the possibility of periodic solutions arising.

A minimal period-two solution {¢, 1, ¢, 1, ...} with ¢,1 > 0 and ¢ # 1 must satisfy

af(,0) _ alco+dy?)
1+ f(¢,) 1+ co+ dy?

_ af(¥,¢) _ alcy +do?)
L+ f(¥,0)  1+cp+dg?

Eliminating either 1) or ¢ from System (27) we obtain
(d¢* + (c —ad)p + (1 —ac)) h(¢p) =0, or (d¢® + (c—ad)y) + (1 — ac)) h(¢)) = 0,

v =

¢

where
h(z) = —d®z% + d*(c + 2ad)x® — d(c? + 2d + 3acd + a*d*)z* + d(c + 3ac® + 2ad + 3a*cd)z? (28)
— (& + ac® + d + 2acd + 3a*c*d + a’cd®)x? + ac(1 + ac)(2¢ + ad)x — a*c*(1 + ac).

Since dz? + (¢ — ad)x + (1 — ac) # 0 for any = that is not a solution of the equilibrium equation (24),
minimal period-two solutions must be the solutions of the equation

h(z) = 0. (29)
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Theorem 12 Any real solutions of Equation (29) are positive numbers for c¢,d > 0, and there exist up to
three minimal period-two solutions of Equation (23). Furthermore, let K be as defined in Equation (26),
and define the following expressions:

J = 4a’cd* — 8a*Pd® + 12a33d? — 24a3cd® — 8a’ctd + 28 d? — a*d® + 4ac® + dacd
+ 32acd® + 4c* + 8c*d + 4d*
A = 6d°
Ay = d'? (8a°d® — 16acd — Tc* — 24d)
Ag = —24'2 (8a5cd5 +13a*d* + 10633 d® — 44a’cd* + 4a%Ad? — 34a%A2d® — 4a®d* — 19ac’d
+14ac®d* + 44acd® + 6¢5 + 7c*d + 5crd® + 16d3)

Ay = 2dB3 (—16agcd8 —12a32d" + 244" Ad° + 152a"cd” — 68a5¢*d® + 80a%c2d8 + 8a%d” + 48a°Pd*
—164a°3d® — 464a°cd® — 60a*c8d® + 20a*c*d* — 180a*2d® — 64a*d® + 56a3cd? — 332a3Pd®
+388a3c3d* 4 488a3cd® — 48a%Bd + 272a%Pd? + 2550t d® + 152ac?d* + 136a2d® + 24ac’
+8ac’d + 124ac’d® + 180ac®d® — 152acd” + 24c® + 68c%d + 32¢"d® — 44c*d® — 32d*)

Ay = 2443 T (3a802d6 +2a"ed® — 18a82d® — aSd® + 6a°Pd® + 10a°Ad* — 8aPed® — 10a* A d?
+44a*Ad* + 6a*d® + 54a>Pd? — 25033 d® — 6accd* + 3a*P® — 8a%8d + 354t d? — 394 d®
—9a?d* + 6ac” + 2ac’d + dac®d® + 14acd® + 3c® + 10c*d + 11c*d® + 4d?)

Ag = a’Sd¥(ac+ 1)K J%

(1) If A; > 0 for all 2 < i < 6 then Equation (29) has siz real roots. Consequently, Equation (23) has
three minimal period-two solutions.

(2) If Aj <0 for some 2 < j <5 and A; >0 for i # j, then Equation (29) has two distinct real roots and
two pairs of conjugate imaginary roots. Consequently, Equation (23) has one minimal period-two solution.
(8) If A; <0, Aj11 > 0 (such that at least one of these is strict) for some 2 < i < 4, and if Ag < 0, then
Equation (29) has three pairs of conjugate imaginary roots. Consequently, Equation (23) has no minimal
period-two solutions.
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Proof. The proof of the first statement follows from Descartes’ Rule of Signs.
Let disc(h) denote the 12 x 12 discrimination matrix as defined in [12]:

[ ag a5 a4 a3 as a] ag 0 0 0 0 0]
0 6&6 5&5 4(14 3(13 2@2 aj 0 0 0 0 0
0 ag a5 as a3 as a1 ag 0 0 0 0
0 0 6&6 5&5 4a4 3a3 2a2 aj 0 0 0 0
0 0 ag as a4 as as ai ag 0 0 0
. 0 0 0 6a6 5CL5 4CL4 3a3 2612 aj 0 0 0
dlSC(h) - 0 0 0 ag as a4 as as al ag 0 0
0 0 0 0 6&6 5&5 4CL4 3&3 2&2 aq 0 0
0 0 0 0 Qg as a4 as a9 aj aq 0
0 0 0 0 0 6ag bdas 4dag 3az 2a9 a3 O
0 0 0 0 0 Qg as a4 as a9 aj ag
0 O 0 0 0 0 G6ag bdas 4ag 3a3 2a2 aq |

Here aj, equals the coefficient of the degree-k term of h as defined in Equation (28); that is, ag = —d°,
as = d*(c + 2ad), ay = —d(c® 4 2d + 3acd + a?d?), a3z = d(c + 3ac?® + 2ad + 3a’cd), ag = —(c + ac® + d +
2acd +3a%ctd+adcd?), a1 = ac(l1+ac)(2c+ad), and ag = —a?c?(1+ac). Let Ay, denote the determinant of
the submatrix of disc(h) formed by its first 2k rows and 2k columns for £ = 1,2,...,6. Then the values of
Ay are listed above, and the veracity of the statements above may now be verified by employing Theorem
1 of [12]. Notice that Ay > 0 for all d > 0. O

Remark 3 The parametric conditions discussed above do not exhaust all of the parametric space but
cover a substantial region of parameters for which Equation (23) possesses hyperbolic dynamics.

We will use the sufficient conditions provided in Theorems 10, 11, and 12 to obtain some global dynamic
scenarios discussed in [4]. We will not investigate the dynamics of Equation (23) when it has one or no
positive fixed point since in such cases the dynamics should be similar to the dynamics of Equation
(19) discussed in Theorem 9. The following theorem relies on results from [4] and summarizes potential
hyperbolic dynamic scenarios for Equation (23) in the event it possesses three fixed points and zero, one,
or three pairs of hyperbolic period-two points. In particular, Theorem 3 is applicable to case (ii) of the
following result. See also the statement and proof of Theorem 11 in [4].

Theorem 13 Consider Equation (23) and assume 0 < ¢ < ad,ac < 1 such that R > 0.

(i) If A; > 0 for all 2 < i < 6 then Equation (23) has three equilibria To < T_ < Ty, where Ty and
T4 are locally asymptotically stable and T_ is a repeller, and three minimal period-two solutions
{o1, U1}, {2,902}, and {¢3,¢s}. Here (¢1,91) <ne (¢2,2) <ne (83, 3), {¢1,91} and {$3, s} are
saddle points, and {¢a,12} is locally asymptotically stable. The global behavior of Equation (23) is
described by Theorem 8 of [4]. In this case there exist four continuous curves W#(¢1,11), W* (1, 1),
WH(ps3, 13), WE2(¢3, ¢3) that have endpoints at E_ = (T_,Z_) and are graphs of decreasing functions.
FEvery solution which starts below W*(¢1,11) U W*(¢1, ¢1) in the northeast ordering converges to
Ey = (To, To) and every solution which starts above W?*(¢s, 13) UW?* (13, ¢3) in the northeast ordering
converges to Ey = (T4, T4+). Every solution which starts above W?(¢p1,11) U W?* (11, 1) and below
W53, 103) UW? (13, ¢3) in the northeast ordering converges to {¢pa,12}. For example, this happens

_ _ 389 _ 249
fora=1,c= 53, and d = %7 .
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(it) If A; <0 for some2 < j <5 and A; > 0 fori # j, then Equation (23) has three equilibria Ty < T_ <
T4, where Tg and T4 are locally asymptotically stable and T_ s a repeller, and one period-two solution
{p1,91}, which is a saddle point. The global behavior of Eq. (23) is described by Theorem 7 of [4].
In this case there exist four continuous curves W*(¢1,11), W3 (11, é1), W (1, 11), W (1, ¢1), where
W3 (h1,4n), W (11, 1) have endpoints at E_ = (T_,ZT_) and are graphs of decreasing functions. The
curves W*(é1,vU1), W* (11, ¢1) are graphs of increasing functions and start at Ey = (o, To). Every
solution which starts below W?3(p1,11) U W*(¢1, ¢1) in the northeast ordering converges to Ey and
every solution which starts above W?*(¢1,1¢1) U W?*(¢1,¢1) in the northeast ordering converges to

237

E, = (T4+,T4) . For example, this happens for a =1, ¢ = %, and d = Zf.

(i1i) If A; < 0 and Ajr1 > 0 (such that at least one of these is strict) for some 2 < i < 4, and if
Ag < 0, then Eq. (23) has three equilibria To < T_ < T4, where Ty and T4 are locally asymptotically
stable and T_ is a saddle point, and no period-two solution. The global behavior of Equation (23) is

described by Theorem 5 of [4] or Theorem 9 case (4). For example, this happens for a =1, ¢ = %,
and d = L7
48

Equation (23) exhibits global dynamics similar to that of Equation (10), which was investigated in [4].
Therefore, we pose the following conjecture.

Conjecture 1 There exists a topological conjugation between the maps in Equations (10) and (23).
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