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A homotopy based computational scheme for
local fractional Helmholtz and Laplace equations

Jagdev Singh* Ritin Babu! Ved Prakash Dubey! Devendra Kumar$Y
December 31, 2022

In this work, we investigate solutions for the local fractional Helmholtz and
Laplace equations on Cantor set having importance in electrostatics, gravita-
tion and fluid dynamics. To find exact solutions, the ¢-local fractional homo-
topy analysis transform method (¢-LFHATM) has been used. The numerical
results computed with the aid of the applied scheme shows that it is an efficient
and accurate tool to solve differential equations with local fractional derivatives.

Keywords: Local fractional derivative operator; Partial differential equa-
tions; Laplace equation; Helmholtz equation; g-local fractional homotopy anal-
ysis transform method.

1 Introduction

The concept of local fractional calculus (LFC) has been used to model and
analyze numerous fractal equations some of which are Fokker-Planck equation
[1, 2], fractal wave equations [3], fractal-time dynamical systems [4, 5], the local
fractional stress strain relations [6], the local fractional heat conduction model
[7], local fractional Tricomi equation [8], local fractional Laplace equations [9],
the Helmholtz equation associated with local fractional operator [10], fractal
signals [11, 12|, fractal Fourier analysis [13], Yang Fourier transform [14, 15,
16], Yang-Laplace transform [15, 17], fractal vehicular traffic flow [18], local
fractional modelling in growths of population [19], and Boussinesq equation
containing local fractional operator [20], etc. Some recent outcomes of different
authors on local fractional methods involving local fractional integral transforms
can be seen in a series of articles [21, 22, 23].
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This work presents a very useful scheme known as the g-local fractional ho-
motopy analysis transform method (¢-LFHATM), which is a combination of
¢-HAM and the local fractional Laplace transform (LFLT). The proposed g¢-
LFHATM is implemented to analyze the local fractional Helmholtz and Laplace
equations. The merger of ¢-HAM and LFLT resulted in lesser C.P.U time
(RAM-1 GB or more and Processor 2.65 GHz or more) while solving fractional-
order nonlinear problems. The ability of the proposed method to achieve the
series solution of local fractional Helmholtz and Laplace equations over a vast
domain by picking approximate values for parameters is one of its advantages.
El-Tavil & Huseen proposed the ¢-HAM [24, 25] which is a smooth generaliza-
tion of the HAM. The HAM was first proposed and used by Liao [26, 27] to
solve several problems found in engineering, science and finance.

The rest of the article is organized as follows: Section 2 reports basic defini-
tions and formulae of LFC and LFLT. Section 3, the working of ¢-LFHATM
is explained. The ¢-LFHATM is utilized to derive the solutions of local frac-
tional Helmholtz and Laplace equations under different fractal conditions in
Section 4. Section 5 presents the glimpse of numerical simulation for fractal
order p =1n2/1In3. At the end, conclusion is reported in Section 6.

2 Preliminaries

Here, we provide certain important concepts of LFC and LFLT.
Definition 2.1. If we have a relation [12, 28]

() —0(to) | <e*,0<a<l, (1)
with |6 (t) — 6 (to)| < 0, for €, € R, then the function 6 (¢) is said to be local
fractional continuous (LFC) at t = t; and is indicated by tlingl@ (t) = 0(tg) .-

—to
Here, 0 (t) is called LFC on (a,b) and is expressed as

0(t) € Co(a,b). (2)
Definition 2.2. A function 6 (t) is a nondifferentiable function of exponenta

(0 < a<1) if it satisfies the Holder function of the exponent «. Then for
t,s € T, we have [12, 28]

6(t)—0(s)| < C|t—s|”. (3)
Definition 2.3. 6 (t) is said to be continuous of o, 0<a < 1, or & continuous
if there exists the following condition [12] |6 (¢) — 6 (to) | < &%,

0(t) =0 (to) =o((t—1t0)"). (4)
In view of (4), Eq. (1) presents the standard form of local fractional continuity.
Definition 2.4. If 6 (t) € C, (a,b), then local fractional derivative (LFD) of
6 (t) of order « at x = x is written as [12, 28]:
de A* (0 (t) — 0 (to))

dtTQ (t) |t:to lim

(@) — =
0 (tO) t5to (t—to)a

, ()
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where A® (0 (t) — 0 (to)) =T (a+1)(0(t) — 0 (to)).
For any ¢ € (a,b), we have (®) (t) = D0 (). The LFD of ma order is expressed

as:
m times

———
9(me) =D& DY (t),

whereas the local fractional partial derivative (LFPD) of ma order is expressed

as:
m times

—_——
ameg(t) o> 0*
—=—...—0(1).
otme ot ot ®)
Definition 2.5. Let i [; |0 (t)] (dt)® < m < co. Then the Yang-Laplace

T(1+a)
(YL) transform [29, 30] of 6 (¢) is defined as:

Lo {0(t)} =07 (s) = ﬁ /Ooo Eo (—s°t*) 0 (t) (dt)*,0 < a < 1. (6)

Here, the latter integral converges and s* € R®.
Definition 2.6. The inverse of YL transform of 6 (t) is stated as

1 o B - 1 vtiw o “ N
L2 (057 () =00 = o [ Ba ()b (9 @9 0 <a <1, (7)

) — W

where s = v* + ®w®; fractal imaginary unit ¢* and Re (s) = a > 0.
Some useful formulae of LFLT [11, 12] are mentioned here:

Lo {af (t) + b (t)} = afl & (s) + b (s) (8)

Lo {Ba (1) 0 (1)} = 0. (s — ), (9)

La {9<ma) (t)} = smagla ()

—sm=hag (0) — =29 (0) — ... — g(m=D) (), (10)
1
La {Ea (cat(l)}: saica’ (11)
. (e Y6 Ca
L fsing (1)} = 52—, (12
may (14 ma)
La{t™} = — i (1)

Definition 2.7. The Mittag-Leffler function (MLF) is formulated as [12, 28]

tmOé

Ea(ta)zzm,0<a§1. (14)

m=0
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The following results hold true;

( ) i ( ) t(2m+1)o¢
sing (t%) = -nHm ,
— Frl+©@2m+1)a)
e m t2ma
cose (%) = Y (~1) m’o <a<l. (15)
m=0

Certain fundamental formulas and results used in the work are presented below:

dotma T (1 + ma) t(m—l)a

dt* ~ T(1+(m-1)a)’ (16)
dEq (1%) o
e = Ba (%), (17)
4By (mt®) .
— g = mE, (mt®). (18)

3 Working plan of ¢-LFHATM

To elucidate the procedure of ¢-LFHATM, the following nonlinear local frac-
tional partial differential equation (LFPDE) is investigated

La 5(77’ K:) + R, 5(777’1) =+ Nae(nﬂi) = h(nﬂi)v n—1<a<n, (19)

where £, indicates the linear local fractional operator, R, indicates the remain-
ing local linear differential operator, N, stands for the nonlinear differential
operator and h(n, k) signifies the source term.

Operating the LFLT on Eq. (19), we obtain

Lo [e(n, k)] = s7%2(n,0) — s720(@) (1, 0) — - - — s7toe(t=D) (5 0)

+571 Ly [Rag(n, k) + Noe(n, k) — h(n, k)] = 0. (20)

We describe the nonlinear operator as:

N[y, m;1)] = Lo [¥(n, 55 1)] = s, 65 1) (0%) = 57227 (g, 5 1) (07) — - -
=5t =D (k5 1) (07) + 7 La [Rae(n, k) + Nac(n, k) — h(n, )]
(21)
In Eq. (21),1 € [0, 1/n] and 9 (n, x;1) is a real valued function of n, k & I. Now,
the homotopy is framed as:

(L —=nl) Lo [[Y(n, k31) — e0(n, k)] = RN [e(n, £)]. (22)
In Eq. (22), L, stands for the LFLT operator, n > 1,l € [0, 1/n] is an embedding
variable, i # 0 stands for an auxiliary parameter, £o(n, k) denotes initial guess
(IG) of e(n, k) and ¥ (n, ;1) is an unidentified function. Clearly, for { = 0 and
= %, the results obtained are

¢(7Ia K3 O) = 50(777 ’%)7 ¢(77a K3 %) = 5(77’ 5)7 (23)
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respectively. Therefore, when [ approaches from 0 to %, ¥(n, k;1) changes from
the IG g¢(n, k) to solution &(n, k). Taylor series expansion of ¥ (n, ;1) provides

oo
D, ril) =Y em(n m)l™ (24)
m=0
where -
mln) = o OO (25)
For proper values of ug(x,t),n and h , the series (10) converges for [ = %, then
we obtain .
cOn) = 3 emn )™ (26)
m=0
Now, the set of vectors is characterized as
T ={eo,K), e1(n,K), -+, em(n K)}. (27)
Next, the mth-order deformation equation is composed as
Lo [em(n,£) = XmEm-1(0, K)] = h R (T'mm-1). (28)
Operating the inverse LFLT on Eq. (28), we obtain
Em (1, 5) = XmEm—1(11, &) + T Lo~ R (B m-1)]. (29)

In Eq. (29), the value of Ry, ((Ek,l) and yj are presented below
1 0™ ' Ne(n,x:1)]

§Rm(?mfl) = (m — 1)' 8lm71 |l:07 (30)
and
0, m<1,
Xm = { n, m>1. (31)

4 Illustrative examples

Example 4.1 Let us take the local fractional Helmholtz equation [10] as follows
%P (u,v) n 02 p(u,v)

B g = om0 <p<1 32
with initial-boundary conditions given as:
o)
¢(0’”)*0’W*Ep(v ) - (33)

Applying LFLT on Eq. (32), we obtain

Ly (6lu,v)} — s79(0,v) — s~ LOOL) | oy {M(“) ~ st} =

ouP 0%,y
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or

L {(u,0)} — s~ E, () + s~ L, {W _ olu, 11)} —0. (34

The nonlinear operator is defined as

82 .
NEo(. )] = Ly [0 0152, () 435722 { Z5050 — i}

(35)
and so

Ron (Gt (0,0)) = Ly {0 (u,0))

a2p¢)m71 (’LL, ’U)
ov2r

The mth-order deformation equation is built as

— (1 — Xﬂ) s*QPEp (v°) + szpr {
n

— Pm—1 (u, v)} . (36)

LP {¢m (uv ’U) - qusmfl (uv U)} = hmm (Q_S)mfl (uv U)) . (37)

Applying inverse LFLT on Eq. (37), we obtain

D (1,0) = XenGm 1 (1,0) + B, { R (G (w,0)) } (38)

For m = 1, we have

o1 (u,v) = x100 (u,v) + hL;l {§R1 (ggo (u, v))}

or
P
1 (u,v) = —hE, (v°) ﬁ (39)
For m = 2, we have
62 (u,0) = X201 (u,0) + Ly {Re (1 (wv)) |
or )
¢2 (U, U) = — (n + h) hEP (Up) m (40)
For m = 3, we have
03 (1,0) = xad2 (u,v) + 1Ly {Rs (32 (w,0) },
or ,
U
93 (1,0) = = (n+0) W, (v") . (41)
& so on.
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Hence, the nondifferentiable solution is expressed as
o0 1 .
O 0) = 3 bl 0) ()™
m=0

¢1(u7v) +¢2(U,U) +¢3(’U,,’U) +

n n? n3

¢(’U/,’U) = ¢0(u7v) +
or
p

d(u,v) = {nE,, (v) 5 il

% (HPJ f% {(nJrh)hEp(vp)F Y

(1+p)
U’)]+...,
I'(1+p)

On letting A = —1 and n = 1, one can achieve the result

e (LA (42

up

¢(Uav):m

E,(v"). (43)
which is the solution of fractal problem (32).

Example 4.2 Take the following local fractional Laplace equation [9]

0% ¢(u,v) | 0*P¢(u,v)

ou?r Ov?r

—0,0<p<1, (44)

with initial-boundary conditions given as:

97¢(0, v)

¢ (0,v) =—E, (v"), o = 0. (45)

Applying LFLT on Eq. (44), we obtain

L, {6, 0)} — s~ 2(0,0) — =2 OO0 | ooy {

ouP

Potnal)

0%,y
or

L, {6(u,0)} +577E, (5") + 5L, {W} —0. (1)

The nonlinear operator is

9%°1p(n, k;1) } )

Nl D] = Ly [0 ] + 577, () + 502, { 0

and so

R (Fon-1(,0)) = Ly (G (1, 0)}

32p¢m_1(u,v)} . (48)

Xm —_ -2
+ (1 B 7) B () + 57y { ov2e
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The mth-order deformation equation is constituted as:

Ly {dm (1,0) = X1 (,0)} = B (Gm01(w,0)) (49)
Operating the inverse LFLT, we obtain
Gm (U, V) = XmPm—1 (u,v) + hL;l {%m <5m,1(u, v)) } . (50)
Taking m =1,2,3, ..., we get
Form=1
2p
=—hE, (V) ————. 1
¢1(U,’U) h P(U)F(1+2p) (5)
For m =2
B RE, () — R2E, () — 52
¢2 (u,v) = — (n+h) p(“)m— p(v)m- (52)
For m =3
B BE, () — B R2E, () —
= — - 2 -
6p
“B3E (o) —
& so on.
Hence, the nondifferentiable solution is presented as
1 u?e 1 u?e ur
_ = py___ & = Py~ p2 py___ &
1 9 , e 9 , 4p 3 , ubP
3 [(n+ﬁ) hE, (v )F(l—l—Qp) +2(n+h)R°E, (v )F(1—|—4p) +h°E, (v )F(1—|—6p) +
(54)
Setting h = —1 and n = 1, one can have
u?P utr ub”
—FE (v°) [ -1 _ ...
¢ (u.v) p(”)< TTU12) T(+4p) T(+6p) )
It can be written as
6 (u,v) = B, ﬂ)(i( s )
u,v) =FE, (v — —].
— T (1+ 2mp)
The solution of Eq. (44) is constituted as
¢ (u,v) = E, (v°) cos, (u”) . (55)
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Example 4.3 Finally, the following Laplace equation with LFD [9] is investi-

gated
0?°p(u,v)  9*Pp(u,v)
D0 02 0,0<p<1 (56)
with initial-boundary conditions given as:
0”40, v)
¢ (O,’U) = 07 W = _EP (yp) . (57)

Applying LFLT on Eq. (56), we obtain
_ 5, 070(0,v _ 0% ¢(u,v
Ly 10(u )} = s0(0,0) — s PEO ooy JOTERON

or

Lot} 458, ) +sr, { S0 —0 oy

The nonlinear operator is constituted as

0%,y

N, 5:0)] = Ly [, i )] + 52 E, (5°) + 5~ L {8“’7“”} . (59)

and so

Ron (Gt (0,0)) = Ly {0 (,0))

2p
_Xm\ —2 P —2p 9 pyn—1 (u,0)
+(1 n)s E,(v") +s Lp{ . . (60)
Next, we present the mth-order deformation equation as
Ly {6m (1,0) = X1 (,0)} = DR (G () (61)
Applying the inverse LFLT, we obtain
Om (U, V) = XmPm—1 (u,v) + hL;I {éRm ((ygm—l (u, U))} . (62)
Taking m =1,2,3, ..., we get
For m = 1, we have
up
=hE, (V) =———.
¢1 (U,U) P (U ) F (1 _|_ p) (63)
For m = 2, we obtain
62 (uyv) = (n+ W) BE, (v) —— 1 12E, (") — . (6a)
AT P T (1 +p) PN T(1+3p)
For m = 3, we find
B3 (1,0) = (n-+ WP RE, (09) ot —
3 \U,v) =1n p \U F(1+p)
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2 (n+ h) K2E, (v°) L= (07) — " (65)
V) ——— V) ————
’ I'(1+3p) r L' (1+45p)’

Hence, the nondifferentiable solution is

$(u,v) = Y Sm(u,0)(=)"

m=0
or
1 u? 1 uf u3P
=— |hE, (V) = |+— h)hE, (vP) ———— — h?E, (v*) [ =————
1 9 P 9 u3P 5 udP
il E (0P —— 19 E (v°) —— E (0P) —— | 4...
i [(”+h) nE, (v )F(1+p) T2 MRE, (v )F(1+3p) TRE )F(1+5P) "
(66)
On using the values h = —1 and n = 1, we have
uf use u®P
= E (v°) [ — — e
#(w,v) = B, (o) < F(i+p) T(1+3p) T[(+5p) )
The solution of Eq. (56) in closed form is expressed as
s w(Zm+1)p
=FE, [ -

or

¢ (u,v) = E, (v°)sin, (u’). (67)

5 Numerical simulation

This section presents numerical outcomes for fractal problem given in Examples
4.1-4.3 under fractal initial-boundary conditions. The 3D graphs for the local
fractional Helmholtz and Laplace equations are demonstrated on the Cantor set
for the fractal order p = In2/1n 3 via MATLAB. The graphics authenticates that
the achieved solutions for Examples 4.1-4.3 depend on the fractal order p of the
LFD. The 3D graphical visuals show the fractal pattern of the nondifferentiable
function ¢ (u, v) in Examples 4.1-4.3.

6 Conclusions

In this work, the ¢-LFHATM is utilized to obtain the nondifferentiable solutions
for the Helmholtz and Laplace equation in fractal media. The computed results
establish the reliability and efficiency of the proposed technique and the applied
method can be used to solve many other LFPDEs arising in fractal media.
Finally, the computer simulations are also presented for fractal analysis of local
fractional Helmholtz and Laplace models.
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Figure 1: 3D nature of ¢ (u,v) w.r.t. u and v for Example 4.1

[ p = In2/In3

Figure 2: 3D behavior of ¢ (u,v) w.r.t. u and v for Example 4.2

11
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d(u,v)

Figure 3: 3D pattern of ¢ (u,v) w.r.t. u and v for Example 4.3
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