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Tough difficulties in the trigonometric series convergence in L! norm is ap-
pearance of trigonometric series as Fourier series, and its L!- convergence.
Many academics investigated trigonometric series separately by examining the
cosine & sine series , so as a result, modified cosine sums and sine sums were
developed to assess the sharp consequences on trigonometric series’s integrabil-
ity & L'-convergence, as improved sums approach respective limits closer than
traditional trigonometric sums. This work presents ‘KP’, a new class of Fourier
Coeflicients, as well as advanced cosine and sine sums of trigonometric series
with real coefficients. As a result, necessary & sufficient criterion for Integrabil-
ity and L'-normed convergence for trigonometric functions is achieved. Here,
authors also discuss about L!-convergence of r** differential of newly defined
improved trigonometric sums with Fourier coefficients are from an enlarged class
KP,.
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1 Introduction

Take a look at sine & cosine series

o0
Zc:sin/cy (1.1)
k=1

cy >

50 +’;cj‘; COS KY (1.2)

and these equations collectively written as

oo

S ety (13)

k=1
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where 9y is sin Ky or cos Ky respectively.
Nt sum of Y07 | cry is represented as S, (y). So lim, oo Sy(y) = Z(y).
Kano’s[I] outcome is popularly known as sequence {c:} fulfilling {c;} — 0 as

K— oo &30 KPA? (cz)\<oothenzoo c*sinfiyand%—i—zoo ki cos Ky

K k=1"K k=1"kK

are known to us as Fourier Series.

Definitions:

Convex Sequence: {c} is called a convex sequence(seq.) satisfying

2 x *x ok * 2 % * *
Ac; >0, where Aci=c—ci,, and A} =Ac;—Ac;,;.

Quasi-Convex Sequence([2],Vol.2, page 204): A seq. {c*} is called quasi-
convex satisfying

D (r+ 1A% < o

T=1

Sequence {c%} is known as generalised quasi-convex satisfying

ZT%|A26j_|<OO 1x=0,1,2,...

T=1

‘S’ Class([4]: sequence {c:} follow class S by satisfying ¢& = 0(1), 7 mono-
tonically decreasing seq. converging to 0 — oo and 3 a sequence {A*} s.t.

o0
(a) A% is monotonically decreasing seq. converging to 0, asT — oo, (b) > Af<oo,
7=0

(c) |Ac| < A: ¥V T

Convergence in L!'-norm: The series L'-converges in (0,m) if ||f* — SZ|| =
o(1), 7 — oco.

Young[5] began to work on this issue in 1913 by examining a class of convex seq.,
which was followed by Kolmogorov[6] in 1923 by addressing a general class of
quasi-convex seq.Then Telyakovskii[4] analysed Sidon’s significantly weaker class
S rather than the previously defined classes for L'- normed convergence(cgs.)
of trigonometric series. Following theorems are famous about the L!- normed
cgs. of Fourier series:

Theorem 1.1:[2], Vol.2, page 204

If {¢:} is monotonically decreasing and {c}} is convex/quasi-convex seq. , then
necessary & sufficient condition for L'-normed convergence of ¢+ | ¢ cos ky
is cilogk = 0(1) Kk — o0.

Telyakovsk "ii generalised Theorem 1.1 for expression (1.2) where the coefficients
of series (1.2) satisfy the requirements of class S[7] as follows:
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Theorem 1.2:[4]

When coefficients of %‘J + > o2, ¢ cos ky satisfying criterion of class S[7] then

criterion of its L' convergence is that ¢ logr = o(1) as Kk — o0

Many writers examined and generalised these findings by examining various
generalisations of seq. classes.Recently,the coefficient seq. SJ[§] was introduced
to study the integrability and L'-cgs. of modified cosine and sine sums, which
was further generalied by Krasniqi[9]. A contemporary class of Fourier coeffi-
cients is formulated in this study as:

Definition 1.3: A monotonically decreasing seq. {c;} withc; -0 as 7 —
o0 is follow a new class KP if 3 a seq. {A}} satisfying

()A; 1 0 (1.4)

(i) > mAj<oo (1.5)
o Ay

(131) |A (772>’ < 7 (1.6)

Here, coefficient sequence K P, will be formulated that is enlargement of coef-
ficient sequence KP.

Definition 1.4:: A monotonically decreasing seq. {c;;} with ¢; =0 as n—
oo is from a new class K P, if 3 seq. {A}} satisfying

(i)A; L0 (1.7)

(i6) > n" T Ay <oo (1.8)
< A5

(i) |A (772> < (1.9)

Obviously, KP = K P, when r = 0. It is obvious that KP,;; C KP,, but its
reverse does not hold.

Example. Define b, = nr% r =0,1,2,... Firstly we are going to demonstrate
that{b,}¢ KPri1

As, bn:n,‘—ﬂg%O as 1 — oQ.

118

% is divergent, means

o0
Let 3 4, = nr%,r =0,1,2,3,..5.t. 3 0”24, =
n=1 n

1
{b,} does not belong to KP,1.

But, A, is monotonically decreasing and converging to 0 7 — oo, &
[ee] o0

WAL = Y <o,
=1 1"

n
Also |A(3)] < 2#,Yn.
Therefore, {b,} € KP,.

Ay
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2 Main Results:
Now we will give proof of the succeeding statement:

Theorem 2.1:

If the coefficients of series (1.3) meet the class KP criteria,
then it will be a Fourier series.

Explanation
oo oo
Sowtfar(E)| -3 wfa (%) -a (22
K K k41
k=1 k=1
[e’e) * * * *
_ :‘{2 Ci _ Cn+1 _ cn+1 Cn+2
K k+1 kK+1 kK+2
k=1
Crio<Ciii and Kk+2>k+1 therefore ——< !
w2 TR k+2 k+1
Cito _ Cry1
k+2 k+1
[e's) ot c*
< /{/2 “K rk+1
- ; K k—+1
> ct ct
= Z 2 /@—; —(k+1) le
k=1 k (H + 1)
0 C* C*
3 K rk+1
< K™ | —=
; k2 k12

0o A*
< Z/@BH—; by defined
k=1

class KP of Fourier Coefficients.
o)
= Z KA, <00

k=1

As ¢} is null sequence, So by the result given by Kano[l], Theorem 1 holds. In
this study, we provide latest improved trigonometric sums.

¢’ cos jy 2
> A( N )] R
j=r
zn: A c; s'injy (2
= ” '
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Also investigated their L'-convergence following the newly established class KP
of coefficient sequences

Theorem 2.2: Suppose that coefficients of series (1.3) follow class KP, then

nlLrI;o Zn(y) = Z(y),exists for y € (o, (2.2.1)
Z(y) € L'(0,7] (2.2.2)
1Z(y) = Syl = o(1),n — o0 (2.2.3)

Theorem 2.3: If coefficients of a sequence (1.3) are from a class K Pr, then

7Ili_)r{.lo Z"(y) = Z"(y), exists  for y € (o, (2.3.1)
Z"(y) € L0, 7], (r=0,1,2,..) (2.3.2)

12" (y) = Sy (W)l = (1), — . (2.3.3)

3 Lemmas:

The subsequent lemmas are required to prove our main results.

Lemma 3.1[3]
Let n >1&reZ"U0, y € [sn] So |ﬁ;(y)\ < CS%T Where Cs is +ve

constant rely upon s, 0<s<m & Dg (y) is conjugate Dirichlet kernel.

Lemma 3.2[4]

Suppose {c;} is a sequence of R s.t. |cj| <1 forall 5. So the relation

T n
[ 13Dty < N+ )
# k=0

exists, where N is perfectly constant.

By Bernstein’s inequality,

™ 7
/ | Zciﬁ;(yﬂdx < Nn+1)*T fors=0,1,2,..

n+1 k=0

lemma 3.3[3]

1Dy (y)||zr = o(n®logn) + o(n®), s =0,1,2,...., and Dj(y) shows the rth
differentials of Dirichlet Kernel.
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4 Proof of Main results:

4.1 Solution of theorem 2.1:

We will just show the evidence for cosine sums here, while the argument for sine
sums will be shown on parallel paths.
To prove (2.2.1), we notice that

U 1 cicosjy
Z, ) =D+ 3" ZA(JF ) o2
j=kr

k=1

o | Sy

* 7 n % .
o c cosyy cippcos(j+1)y 5
-G S (TR )|

(G+1)

cos(n+1
:c—o—l—Zc COSKY — Z 2 WH (n )y
(n+1)*

Cppcos ({n+ 1}y) (n+1)(2n+1)
6(n+1)2

lim Z,(y) = lim S,(y) — lim cp1n(2n+1)cos ((n+ 1) y)
n—00 n—00 17— 00 6(77+ 1)

= Sy(y) —

Since cos(n+ 1)y is bounded in  (0,7] and lim,_ 2— =2 and

{if Z ¢y is convergent then lim cj = 0}

17— 00

So, UILH;O Zn(y) = nangO Sn(y) = Z(y) where

_%
Z(y) = 5 +nli>nolcz:c COS KY

= lim Z,(y) = lim S,(y)

n—00 n—00
*
. .C
= lim (2 + g C, COS KY)
n—oo " 2
k=1
6
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I

(e

b
o

T
>

X

S

According to the provided hypothesis & lemma 1, Y7 A(i—;)(fD,: (y)) con-
verges. Therefore Z(y)exists for y € (0,7]
This brings the proof of (2.2.1).

Now||Z(y) ||—/ 1Z(y) — Zy()ldy
:/ | Z o cos;@y—|—7](27]+1)C;+1cos(n+1)y|dy
0 A 6(n+ 1)
2n+1)c*. ,cos(n+1
~ lim | Z cr K2 cosny ( n )6n+1 - (77 )y|dy
m—o0 P (7’]+ )

We obtain by employing Abel’s Transformation

/ | Z A(x?) (* K(y))+w

r=n+1
n(2n +1)cyyq cos(n+ 1)y
6(n+1) [y
77+1D ()
/'R%A< 2) (i) v+ 152y
n(2n+1) ,H_lcos(nJrl)
/ | L dy

)+ (i2) + (4i7)
Evidence of part (i)

[15 () (ot [ 3 Z2ELOL,

rk=n+1 Kk=n+1 K2
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Implementing Abel’s Transformation Once More

0 k=n+1 j=1 (j )
<> (%) 1% A%” (D)) lay
k=n+1 0 = 7

Now by given assumption

i A <‘:;> M(k+1)3

r=n+1

— (R_Zw(m +1)°A (ﬁ;))

=0(1) as {c.} € new defined class.

Validation of (ii) component

nfll / D, Iy—( fi) (i(n2logn)+0(n2)>

. (4 n*logn 1 2
< =
—%“<wm+nf*m+n”“)

4 n%logn
<o (2 1
—C'ﬂ-‘rl (7(77"’_1)24_0( )

— o (61 logn)

Now logn<n V n>1

And ncy =o(1) as n— oo as already proved above.
Proof of (iii)part
(iii) part is equal to 0(
Therefore ||Z(y) — Zy,(y
Therefore Z(y) € Ll(O7
This concludes (2.2.2).
Now we shall provide evidence of (2.2.3)

+1) which is equal to o(1) as 7 — oc.
| =0(1) as n = o0

)

I
]

|2 =Syl = 12 = Zy + Zy = Syl
<||Z = Zy[l + 112y = Syl

n2n+1) .

=12~ Zy|| + 1™ 6+ 1) Cn+1COS(77+1)y\|
n(2n+1)

< ||Z_Z77H + (77+1 7]+1 |COS n+1 y|dy

—= o(l) as n— o0
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by employing the assertion (2.2.1) and (2.2.2). This brings the proof of (2.2.3)
to a close. Apparently theorem 2 is developed for feeble class than class S, yet
conclusions are produced for L! -convergence by not employing condition like
cplogn=o(1), as n— oc.

4.2 Explanation of theorem 2.3:

We will just show the evidence for cosine sums here, while the argument for sine
sums will be shown on parallel paths.

cprrcos (n+1)y)(n)(2n + 1)
Zn (W) = 5,() = g

cprrcos(((n+1)y) +r3)(n)(2n+1)(n+1)"
6(n+1)

Since A, is monotonically decreasing and converging to 0 as kK — co &
o0
3 kTTIA <0,

k=1
So, we got k"t2A, — 0, as kK — oo and

Zy (y) = 5" (y) -

T * T — ax - T C: - T A:
e =Y IACHI < D RTIACE) < YR () = o(1),1 — oo,
K=n K=" K="
(4.2.1)
As cos ((n+ 1)y + %) is finite in (0,7]. So,

2"(y) = lim 2,"(y)

n—o0

After using Abel’s Transformation, obtained as

n

T c
1. e S — =
Jim (321/-@ cr cos(ﬁy+r2))

(=D 2, (0) + 302 )

1
™M1
>

=5 A D2 () + Tim D72, ()

ot K2 n—oo 1
= A* 9 ct 9
K(_nr+ . N nr+
Szlﬁ( D n(y))—i—nlgrolo 772D n(y)
K=

Using the provided assumptions, lemma 1 & (4.2.1), the series | %(—D”‘z,{(y))
r=1

converges.
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So, the limit 2" (y) exists for y € (0, 7] and (2.3.1) follows.
Take the following consideration to establish (2.3.2).

cyricos(n+ 1)y +rin2n+1)(n+1)"

T
2" (y) — 2" (y) = Z K"} cos(ky + T§) +

K_W 6(n+1)
- Z+A (D) + D)
+ nn ;(173252177) 1) 1 cos((n+ 1y + Tg)

dL 2(1,7)121”) s cos((n+ Dy + )

SN b = 8
S a2 F oy + (i) Y S g

r=n+1 7j=1 52 n + 1 Jj=1 ]QJ
Gl rto nn+1)"2n+1) , ™
ot _p 1 -
Tl W Ty s Dy )

After applying the lemma 2 & lemma 3

[e%e] * T K Ai
W - Wl Y AGH / |Z Eé)(—Dj"“(y))ldy

r=n+1

Gy [ |Z Dl + [ Dyl

n(n+1)" (277+1 . T ™
+ 5T 1) |Cn+1| ; | cos((n+ L)y +r3)ldy

. T A: T A* Tk
(D RPACE) + 00 (g)) + O el log )
k=n+1

nn+1)"(2n+1)
6(n+1)

i T
ol / | cos ((TI + 1y + Tg) ‘ dy
0
Using the reasoning provided in the explanation of theorem 2, researchers may

o0
conclude that Y~ &"+3A(25) converges.
r=n+1

Jo lcos((n+ D)y +r3)|dy < ﬁ and for n > 1,7 ¢ logn < 7" t2c; = o(1) as
n — oo. This 1mphes that

12" (y) — 2" (W =0(1)  as 17— o (4.2.2)

10
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Because,z,"(y) is a monomial, so 2"(y) € L*(0, ] which completes (2.3.2). We
are now proceeding on to the evidence of (2.3.3)

[[2" = Syl = |27 — 2" + 2" — Sy"||
<|I2" = 2"+ lz" = Sy
(m+1)"@2n+1)
6(n+1)
m+1)"(2n+1
6(n+1)

Further ||2"(y) —z,"(y)|| = 0(1) as 1 — oo by using (1.11), [ | cos((n+1)y+
r3)|dy < % and c; is a seq. converging to 0,s0 the (2.3.3)part of theorem 2.3
holds.

Note The scenario r = 0 in main result 2.3 gives output of main result 2.2.

n * m
= [[2" = 2" [ + ] |1 cos((n+ 1)y +r )]

<|l2" =z + 2

* T s
Nl [ eostin+ D+ 73y
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