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Abstract

Mathematical modeling is one of the most used techniques for analyzing and
preventing the transmission of COVID-19. To control this pandemic, it is essen-
tial to classify the infected population. So in this article, a new SEAIQHRDP
model was formulated to investigate the transmittal dynamics of COVID-19. This
model contains nine compartments Susceptible(S) class, Exposed(E) class, Asymp-
tomatic(A) class, Infected(I) class, Quarantined(Q) class, Hospitalized(H) class,
Recovered(R) class, Death(D) class, and Insusceptible (P) class. This model was
fitted to the daily and cumulative confirmed COVID-19 cases in the period between
30" January 2020 and 13"® January 2021 in India. Sensitivity analysis concern-
ing Ry was performed to classify the significance of parameters. Contour plots for
Ry were executed and the effect of various parameters on the infected classes had
shown graphically. The necessity of stringent face mask usage and social seclusion
is highlighted by optimal control analysis as a key factor in the dramatic reduction
of infection rates. So the optimal control technique was adopted to lessen the dis-
ease mortality by taking both nonpharmaceutical and pharmaceutical intervention
strategies as control functions and comparing infectives and recoveries with and
without controls.

Keywords: : mathematical model, Stability analysis, Basic reproduction number, Sen-
sitivity analysis, optimal strategy
Subject Classification: 00A71

1 Introduction

The world has been trembling with a new infectious disease COVID-19. The World
Health Organization (WHO) has declared it was a universal pandemic on 11*® March
2020 [14]. originally The COVID-19 disease was revealed in December 2019 in Wuhan,
Hubei, China. Later it increased rapidly and spread in all countries in the world. As of
August 28", 2022, the total confirmed cases of 596,873,121 and death cases of 6,459,684
of COVID-19 had been reported to WHO [I5]. On January 30", 2020 the first COVID-19
case [28] was placed in Kerala, India. A total of 44,389,176 confirmed cases and 527,556
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death cases were placed in India as of August 28°", 2022. Initially, some countries
implemented strictly non-pharmacological interventions namely as use of face masks
social distancing, and hygiene to resist the extent of the COVID-19 pandemic. Due to
these safety measures, the virus spread slowed down gradually but not ceased completely.
Since the vaccination process had started, the COVID-19 cases decreased day by day
and it became under control. But still now in some countries COVID- cases raises
unexpectedly.

Mathematical modeling is a prominent technique for forecasting and controlling the
transmission dynamics of epidemic diseases. Alexander Krameret al.[I] H.-W. Hethcote
[16], R.M.May & R.M Anderson, [38] Brauer F & Chavez CC) [6]. Some standard math-
ematical models such as SIR, SEIR, SEIAR, SEIRD, etc. were broadly used to estimate
the future trend of a pandemic. The standard SIR model Kermack WO & McKendrick
[20] described the spread of the virus using the compartments of susceptible, infected,
and recovered. By incorporating the new compartments, we get new models to detect the
communication dynamics of contagious diseases. An SEIR model by Mwalili S et al. cite
26 was developed by adding an Exposed compartment to the SIR model which contained
distinctive reaction and administration activity factors. This model is used widely to
forecast the direction of the COVID-19 graph in China among other countries. Through
the SEIR model, the influence of control strategies was studied by Lin Q et al.[22] and
formulated the SEIR extension model. A generalized SEIR model Read JM et al.[34]
was advanced in the latent period to cover the communication dynamics of COVID-19.
During the incubation period, it consists of one more compartment as asymptomatic
individuals in the SEIR model. The isolated class in SEIJR was interchanged with the
asymptomatic class in SEIAR. By using this model, Bailey et al [2] displayed related
properties to the SEIJR model Peng L et al. [30]. General models such as SIR, SEIR,
SEIRD, SEIJR, etc. were not suitable for forecast the effect of the widespread disease
since they comprise a finite number of parameters and disregarded essential classes such
as asymptomatic infected, quarantine, Hospitalization, etc. SIDARTHE model of Gior-
dano et al.[I1] is an extension of the SEIR model which consists of undetected as well as
detected infected populations.

The field of FDEs has developed greatly over the past few decades as a result of its
applicability in numerous branches of research and technology. To study malaria trans-
mission, Rehman, Attiq ul, and colleagues devised a 9 compartment FDE model [35].
By considering both the government’s activity and the individual’s response, Danane,
Jaouad et al.[8] established a seven-compartment FDE model. Supriya, Yadav, and col-
leagues [42] created the FDE model to investigate the COVID-19 trend using an effective
and potent analytical -HASTM approach. By Jagdev Singh, a fractional guava fruit
model with memory effect was developed [41]

In general, before showing any symptoms an individual exposed to the virus will
become infectious i.e. pre-symptomatic through an incubation period of 5 days Liu C
et al. [23]. Many reports have shown that a huge number of individuals who were
exposed to the virus did not show any symptoms i.e., they all remain asymptomatic.
The pre-symptomatic or asymptomatic individuals were capable to diffuse the virus
to others. Since the reported asymptomatic cases in India are high, it was necessary
to include the asymptomatic class in the epidemiological model. As for the total of
parameters and accurateness model, the above-discussed models were not perfect for
long-term predictions. Therefore one more compartment dead population had been
incorporated in the SEIAR model presented through Huang et al.[I5] to improve the
accurateness model for long-term prediction.

Raj Kishore et.al [33] developed the SEIQRDP model by including the quarantine
class (Q) and insusceptible class (P) and predicted the number of active cases. By
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Figure 1: Flow Chart of SEAIQHRDP model

incorporating an asymptomatic class Singh HP et al [39] introduced the SEAIQRDT
model and forecast the confirmed cases. When the best optimal control technique is
used early in a pandemic, the intensity of epidemic peaks tends to decline, spreading
the maximum impact of an epidemic across a longer time. Massad, Eduardo et al [25]
developed an optimal control model to analyze the effect of vaccination on the zika virus.
To analyze the COVID-19 trend in the future, Bandekar SR and Minighosh [3] devised an
11 compartments mathematical model. They then employed an optimal control strategy
to reduce the disease fatality.

By taking into account all of the aforementioned discussions, We developed a
new SEAIQHRDP model by including a new class—hospitalization—to the SEAIQRDP
model in order to examine the transmission of COVID-19. Later an optimal control
strategy with three control variables was applied to the proposed model to moderate the
outspread of COVID-19 optimally.

The following sections in this manuscript were systematized as follows: SEAIQHRDP
model formulation was presented in section [2l In section [3| The elementary properties of
the recommended model such as positivity and boundedness, disease-free equilibrium’s
local stability, and R expression in various parameters were executed. Section (3] fin-
ished Parameter estimation, model fitting, and model justification. Sect.5 performed the
sensitive analysis concerning Ry and the impact of parameters on infected populations.
Section [6] implemented and solved an optimal control problem analytically. The work
ends with the conclusion in Section

2 Model formation

By considering all the above discussions, in this study, a new mathematical model
SEAIQHRDP was formulated. In this model, the class S(t) contained the susceptible
individuals at time t, the class E(t) contained exposed individuals (these were con-
taminated but does not contaminate others within the reaction time), the class A(t)
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contained asymptomatic infected individuals (despite no symptoms appeared in them
but capable to infect others), the class I(t) contains the symptomatic individuals (these
persons having symptoms and were capable to infect others ), the class Q(t) contained
the quarantined individuals (these were infected but isolated), the class H(t) contained
the hospitalization individuals (these were infected and undergo medical treatment), the
class R(t) contained the recovered individuals, the class D(t) contained the death indi-
viduals, and the class P(t) contained the insusceptible individuals those are incapable of
getting infected due to either pre-isolated or following the WHO rules strictly.

Let A and p be the constant recruitment rate and normal death rate in the suscep-
tible population. Let 5 be the virus contact rate. Let (4, {4, and ¢, be the adjustment
factors for asymptomatic infected, symptomatic infected, and quarantine populations.
BCaq, B¢y and B, were the virus transmission factors of asymptomatic, symptomatic, and
quarantine populations to susceptible populations. These were time-dependent factors
in computations. This model has the potency of disease is A = C“AH#

Let a be the protection rate at which the susceptible individuals move to insuscep-
tible individuals. This included the influence of control measures. Let 6 be the fraction
at which the exposed individuals move to asymptomatic individuals. Then (1 — ) is
the fraction at which exposed individuals move to symptomatic infected individuals at
a velocity w. Let A, and A; be the quarantine rates at which the asymptomatically
infected individuals and symptomatically infected individuals were quarantined. Let 7
and 7, hospitalization rates at which the symptomatic and quarantine populations had
certain complications due to severe symptoms shall be hospitalized. Let 7y,, 4, and 7,
be the recovery rates at which the asymptomatic infected, quarantined, and hospitalized
individuals were recovered from the disease. There will be a possibility to die, in asymp-
tomatic individuals before getting symptoms and after admitting to the hospital. Let y,
and pp be the mortality rates of asymptomatic and hospitalized individuals. By using all
the above conditions, The relation between these nine compartments and corresponding
parameters were shown in Figure[] and table
The arrangement of nonlinear differential equations for the proposed model in India was

ds

5 = A-BAS—(at+m)S (1.1)
dd—f:ﬂASf(w+u)E (1.2)
% =0wE — (Aa + Yo + pa + 1)A (1.3)
O 1= 0wE — ()] (1.4)
dQ

o = At sl = (ng +7 +0)Q (1.5)
% =0l +1qQ — (Y + pn + p)H (1.6)
% =YaA+7Q +mH — pR (1.7)
W — pod+ (18)
W —os (1.9)

with non negative primary conditions are S(0) = Sy, E(0) = Ep, A(0) = Ao, 1(0) == I,
Q(0) = Qo, H(0) = Hy .R(0) = Ry, D(0) = Dyand P(0) = P,.
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Table 1: SEAIQHRDP model parameter’s complete depiction.

parameter description

A Recruitment rate of human

0 Proportion of exposed individuals

w Conversion rate of exposed to asymptomatically infected populace

« Protection rate of susceptible individuals to insusceptible populace

CasCs,Cq Adjustment factor for asymptomatic, symptomatic and quarantine populace
Transmission rate of virus

Aa Quarantine rate of asymptomatic infected populace

As Quarantine rate of symptomatic infected populace

s Hospitalization rate of symptomatic infected populace

Mg Hospitalization rate of quarantine infected populace

Ya The rate of recovery from asymptomatic infected populace

Yq The rate of recovery from quarantine populace

Yh The rate of recovery from hospitalization populace

Lha The rate of mortality from asymptomatic populace

Lh The rate of mortality from hospitalization populace

I Normal mortality rate of human populace

3 SEAIQHRDP model analysis

3.1 Positivity and boundedness

Theorem 1. All the solutions (S(t), E(t), A(t),1(t),Q(t), H(t), R(t), D(t), P(t)) € RY.
of the system (1) with primary conditions remain non negative and were uniformly
bounded in the region  for all time t > 0.

Proof 1. Assumed that (S(t),E(t), A(t),I(t),Q(t), H(t), R(t), D(t), P(t)) € R} be a
solution of (1) fort € [0,to], where ty > 0.
From the equation (1.1),
T = A= QA+ T+ GQ)F — (a+m)S = A= 6(1)S
where ¢(t) = B(Ca + Gl + Q) F + (o + 1)
= % >A-0(t)S
After integration, S(t) = S° exp(— fot o(s)ds) fot elo #wdu) 5 g,
Hence, for all t € [0, to), we get S(t) >0
From the equation (1.2),
U= A+ T+ GQ)F — WHmE > —(w+mE
=9 > (w+p)E t
= E(t) > E’exp(— [y (w+p)ds) >0
i.e, E(t) >0
From the equation (1.3),
% = 0wE — (Ao + Yo + fta + 1)A > —(Aa + Yo + Ha + 1) A
= > (A + 7+ pa + p)A
= A(t) > A%exp(— fy(\a +Ya + Ha + ) ds > 0
i.e,A(t) >0
From the equation (1.4),
% = (1 _Q)WE_ ()‘9 +7s +/L)I > _(/\9 + 7 +M)I
=> L >N+ +wl
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= I(t) > I%exp(— [(\s + 115 + p1) ds > 0
i.e,I(t) >0
From the equation of (1.5),
G = XA+ I = (g +79g + 1)Q = —( + 74+ 1)Q
% > —(ng +7q + 1)@
= Q(t) > Q¥ exp(— [y (ng +7q + p) ds > 0
i.e,Q(t) >0
From the equation (1.6),
U — I +1gQ — (va+ pn + ) H > —(yn + pn + p)H
= Yl > —(y,+pn+p)H
= H(t) = H° exp(— [y (v + i + p) ds > 0
i.e, H(t) >0
From the equation (1.7),
A = A+ 7,Q +H — pR > pR
:>d—1§ > uR
= R(t) > RV exp(— fg w)ds >0
i.e,R(t) >0
Similarly we can prove that D(t) > 0 and P(t) > 0.
Hence (S(t), E(t), A(t), I(t),Q(t), H(t), R(t), D(t), P(t)) of (1) with primary condi-
tions for all t € [0,19] are non negative solutions in €.
We prove that the boundedness of the solutions (S, E, A, I, Q, H, R,D,P) of system
(1).
The positivity of the solutions implies that dS <A—(a+p)sS.
From the above equatwn we can wmte that
limy o0 supS < W and S < (a+/L)'
consider the entire populationN = S + E +A+I14+Q+H+R+ D+ P.

By derivation of above equation gives dt < A — (a+ p)N which leads to
A
(atu)

This implies that N < (c=m] +#)
S+E+A+I+Q+H+R+D+P< iy
Hence all the solution trajectories (S(t), E(t), A(t),1(t),Q(¢t), H(t), R(t), D(t), P(t)
with primary conditions were uniformly bounded in the region
Q= (S(t), B(t), A(t),1(t), Q(t), H(t), R(t), D(t), P(t)) € RS : 0 < (S, E, A, 1,Q,H,R, D, P) <

limg o0 SupN <

A
(a+p)”

3.2 Basic reproduction number

The basic reproduction number, symbolized as Ry, was a prominent parameter in the
analysis of contagious disease and it was defined as the total number of secondary cases
arising through a primary case in susceptible individuals. If Ry > 1 then the secondary
cases were more than one, so that disease will continue in the population and become an
epidemic. If Ry < 1 then the secondary cases were less than one, so that disease cannot
spread and die out as soon as possible. If Ry = 1 then there is only one secondary
case so that the disease is stable. Since at protection rate a population was protected,
the susceptible individuals became S = N(1 — «). The disease-free equilibrium point
E° = (N(1-a),0,0,0,0,0,0,0) of system (1) exists. Through Next Generation Matrix
O.Diekmann et al [29] P.van den Driessche & Watmough [32] and Khajanchi, S et al
[21], Ry value will be calculated mathematically.
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Bla(l —a) + BC(1 —a) + B¢ (1 — a)

0 (w+pE
_ _ —O0wE + (Ao + Ya + fa + 1) 1a
7= 8 V= 1= OwE + (O + 0,
O _)\aIa - ()\SIS + (nq + 'Yq + M)Q

At disinfection state ¥ = A = I = @Q = H = 0,The Jacobian of two matrices F and V are

0 ﬁ(a(l - a) ﬁgs(l - Oé) BCq(]- - a)
o 0 0 0 0
0 0 0 0
0 0 0 0
wH 0 0 0
V= —0Ow Ao+ Ya + ta + 1 0 0
-1 -0w 0 As + 15+ 1 0
0 —Aa —As Mg+ Vg T 1

Therefore Ry was obtained from equation Ry = p(FV ~!),where p represented the matrix
FV~! spectral radius. Hence, the reproduction number was

Ry = (1-8)Bw¢s(1—a) + BOwCa(1—c) + B¢ ((1=0)Na+vatiatm)wrs+Ns+ns+1)0wra)(1—a)
0 (As+ns+p) (wtp) (Aat+Yatpatp)(wtp) (Aa+'Ya‘H"a+#)(As+ns+ﬂ)(77q(‘f)7q+ﬂ)(W+H)

3.3 Disease-free equilibrium Stability analysis

The Jacobian matrix Jgo of the classification of equations (1) at the equilibrium point
EO(%,O7O,O,O,0,O7O,O) was

Jgo =
—(a+p) 0 —BC(1—a) —B¢(1—a) —BC(1—a) 0 0 00
0 wtn  BG(-a) BG—a)  BGll—a) 0 0 00
0 Ow —(Aa + Vo + o+ 1) 0 0 0 0 0 0
0 (1-0)w 0 —(As +1ms + 1) 0 0 0 0 0
0 0 Aa s —(Ng + v+ 1) 0 0 0 0
0 0 0 ns Mg —(w+pnt+p) 0 00
0 0 Ya 0 Yq Th —K 00
@ 0 0 0 0 0 0 0 0
0 0 0 lha 0 ih 0 00

The characteristic equation of the matrix Jgo was | Jgo — Al |=0

A+ 1) A+ (a+ 1) (A2 + a1 A8 + a7 + az\® + ag A5 + asAt + ag\® + ar\%agA +ag) = 0
where ay = (A+G+J+K+t+E+1)
ar=G+J+KNt+AG+J+K+t+E+DN+(G+IJ+K+I1+t)E+(G+J+ K+
E+t)I+ BF +CH+G(J + K) + JK),

a3 =AG+J+K+FE+Nu+GE+JE+GI+ KE+JI+KI+ EI+ BF +CH +
GJI+GK+JK)+ ...+ I(J+ K)u,

ay = A(GEI+ JEI+ KEI+ BFJ+CGH + BFK +CHJ+CHK + GJK + (EI +
BF+CH)u+ ..+ BFKI+ GJKE + GJKI,

as = A(FK\,D+GHMND+ HKX;D+ (BFI+GJE+GKE+GJI+JKE+ JKI +
FM\D)pi+ ... + CHJIKt + huDII,

ag = A(BFJKI+GHKN,D+(BF JI+BFKI+GJKE+GJKI+FK\,D+GH\,D)u+
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.+ (FKX. DI+ BFJKI)p,

ar = A(GJKEI + CGHJK + FK\,DI + BFJKI + GHKMsD)p,

ag =0and ag =0

Here A = (a + 1),B=BC,(1 — a) and C = BG(1 - a), D = B¢(L - a), E = (j +w),
F = 06w,

G = NatYatpatp), H=(1-0), I = (As+ns+p), J = (ng+vg+p), K = ((ya+pn+p).
Hence Jgo is singular because one of the eigenvalues is zero. Therefore at the disease-free
equilibrium, the stability of the system (1) does not exists by using eigenvalues.

Theorem 2. The Disease-Free Equilibrium E° = (%,0,0,0,0,0,0) was locally asymp-
totically stable for Ry < 1 and unstable for Ry > 1

Since the Jgo has zero eigen value, according to Kermack WO [20] and singh HP[39],
the theorem was satisfied that is the Disease-Free Equilibrium E° = (%, 0,0,0,0,0,0)
was locally asymptotically stable for Ry < 1 and unstable for Ry > 1.

Table 2: Fitted parameters and their sensitivity indices list of SEAIQHRDP model

parameter value References sensitivity indices
m varies - -

Ca 0.4 Gumel AB et al.[12] 0.4547
Cs 0.4 Nadim SS et al.[27] 0.2416
Cq 0.3 Biswas, Sudhanshu Kumar et al [4] 0.3037
0 0.7 Fergusonm.N et al. [10] -0.0015
w 0.1 R. Li et al. [36] -0.1048
15} 0.9714 evaluated 1.0000
« 0.0016 evaluated -0.07158
Aa 0.4614 evaluated -0.1764
As 0.1143 evaluated -0.0997
Ns 0.1840 evaluated -0.1418
Mg 0.0742 evaluated -0.0948
Ya 0.1302 evaluated -0.2757
Yq 0.1661 evaluated -0.2088
Yh 0.1777 evaluated -0.2278
Lha 0.0035 evaluated -0.0207
Ih 0.1544 evaluated -0.0233
i 0.0000391 Worldmeter.info/coronavirus [16] -0.1070

4 Numerical simulation

In this sector, the numerical simulation of confirmed cases of COVID-19 for India was
performed and the simulation results were compared with actual data [21] from 30",
January 2020 to 13", January 2021. The SEAIQHRDP model fitted to daily and cu-
mulative confirmed coronavirus cases in India which illustrates a satisfactory estimation.
The model parameters 3, o, Aq, As, Ns; Mgy Yas Vg» Vho Ha, Pr and p were estimated by
using a nonlinear least squares regression method (LSQNONLIN function) in MATLAB.
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x10* %108

®  model simulation ®  model prediction
9 H—&—reported data —6— reported data

daily confirmed cases
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cumulative confirmed cases
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Time(Days) Time(days)

(a) (b)

Figure 2: The model fitting of reported (a) daily confirmed cases and (b) cumulative
confirmed cases of COVID-19 in India.

The minimizing error was

R(®) = > (Qi(D) — Qu(®))? (2)

where Q:(®) and Q:(®) were a cumulative number of confirmed cases through actual
data and model prediction. In Table[2] the values for the estimated and fixed parameters
were shown. The fundamental reproduction numberRy was determined as 2.089 using
the fixed and model parameters in Table

In Figure the curve fitting was taken from 30", January 2020 to 13", January 2021
in apicovid19india.org [I3] in India. The black curve represented the reported COVID-19
cases and the red curve denoted the model simulation COVID-19 cases.

5 Sensitivity analysis

Sensitivity analysis was used in defining the impact of different factors in the spread
of COVID-19. This analysis was used to identify the growth and reduction in basic
reproduction numbers concerning numerous parameters. A complete chapter on the
sensitivity analysis of the dengue virus was obtained in Rodrigues H et al. [37] and
Burattini, M.N et al [6]. Whenever the significant parameters were recognized, different
strategies will be executed to get optimum results. To identify such parameters, the
sensitivity index of Ry concerning various parameters was estimated. The normalized
sensitivity index of Ry is defined as

FRO — % X i
a 8q Ro
where ¢ was the significant parameter, whose sensitivity on Ry obtained by using nor-
malized forward sensitivity index method Biswas, S et al [5].

The highest sensitive parameter on reproduction number was the parameter whose
index was high in magnitude. If the sensitivity of parameter ¢ was positive, Ry was
increased whenever the parameter q increased. Similarly, the sensitivity of parameter
q was negative, Ry was decreased whenever the parameter ¢ increased. From Figure[3]
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sensitivity indices

€@ ¢ ¢ a 6 w B A As ns nqg va yq pa
parameters

Figure 3: Normalized local sensitivity indices of Ry with respect to each model parameter.

it was observed the parameters 0, Aa, As, s, Ng, Yas Vg Ma have negative indices with
Ry and the parameters (,, (s , (g, 3, w, i share positive indices with Ry. So that Ry
value increased as the parameters (,, (s and ¢, increased and Ry value decreased as the
parameters 6, n,, 17, and -y, increased. Hence the sensitive analysis determined that the
parameters (q, (s, (g, B, 0, ns,7a and 4 were more effective parameters. The sensitivity
indices of various parameters had been displayed in Table

Figure represented that Ry Contour Plot with respect to virus transmission
rate () and quarantine rate (As) from symptomatic population. This figure described a
reduction in Ry with a decrease in virus transmission rate () and an increase in quar-
antine rate (Ag) from the symptomatic population. Figure explained Ry Contour
Plot with respect to virus transmission rate () and hospitalization rate (n;) from symp-
tomatic population. This figure described a reduction in Ry with a decrease in virus
transmission rate 8 and an increase in hospitalization rate (1) from the symptomatic
population. Figure displayed Ry Contour Plot with respect to quarantine rate (\,)
from asymptomatic population and recovery rate (v,) from quarantine population. This
figure demonstrated reduction in Ry with an increase in quarantine rate (\,) from an
asymptomatic population and an increase in recovery rate (vy,) from quarantine pop-
ulation. Figure expressed the Contour Plot of the Basic Reproduction Number
concerning hospitalization rate (n) from symptomatic population and hospitalization
rate (1y) from quarantine population. This figure illustrated Ry rises with a decrease in
hospitalization rate (7,) from the symptomatic population and hospitalization rate (1)
from the quarantine population.

5.1 COVID-19 Prevalence changes with various parameters

From Figure[5]to Figure[J] It was perceived that the asymptomatic infected and symp-
tomatic infected individuals were reduced if the protection rate («) from susceptible
individuals, quarantine rate (\,) from asymptomatic individuals, quarantine rate (\s)
from symptomatic individuals, hospitalization rate (1,) from quarantine individuals and
hospitalization rate () from symptomatic individuals increased.

10

105 M. Ankamma Rao 96-116



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO.1, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC

25 0.08 3
0.07
25
2
0.06
2
15 0.05
2 0.04 15
! 0.03
1
0.02
05
05
0.01
0 0 0
0 01 02 03 04 05 06 07 08 09
(a) (b)
0.12 22 36
215 34
0.1 .
32
008 205
: 3
2
Zoos 1.95 a8
19 26
0.04
185 24
0.02
18 02
1.75
0

0 0.02 0.04 006 0.08 0.1 012 0.14 0.16
Aa

(c)

Figure 4: Contour plots of basic reproduction number Ry with respect to (a) (8, As),
(b) (B ms) (¢) (Xa, 7q) and (d) (s, 7g)-
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Figure 5: Effect of parameter o on (a) asymptomatic infected populace and (b) symp-
tomatic infected populace
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Figure 6: Effect of parameter A\, on (a) asymptomatic infected populace and (b) symp-
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Figure 7: Effect of parameter A\s on (a) asymptomatic infected populace and (b) symp-
tomatic infected populace
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Figure 8: Effect of parameter 7, on (a) asymptomatic infected populace and (b) symp-
tomatic infected populace
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Figure 9: Effect of parameter n; on (a) asymptomatic infected populace and (b) symp-
tomatic infected populace
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6 Optimal control

6.1 Optimal control problem

The effectiveness of control techniques was crucial in decreasing the spread of the
COVID-19 virus. It was essential to improve a policy that minimizes both the number
of infected populations and related costs. In this phase, the optimal control technique
was a tremendously useful tool for defining such a strategy. Now we study the impact
of pharmacological interventions to diminish the spread of the virus. To achieve this,
the system(1) can be extended by including three control variables (), u2(t) and usz(t)
where
(a) Control uy (t) represented the degree of protection provided by government interven-
tions. The function of this control variable was to enhance the protection rate a.

(b) Control ug(t) described the treatment of asymptomatic infected individuals. The
function of this control variable was to develop the quarantine rate (A,) from asymp-
tomatic infected individuals.

(¢) Control uz(t) characterized the treatment of symptomatic infected ( both quarantine
and hospitalization) individuals. The function of this control variable was to improve the
quarantine rate (\;) and hospitalization rate (7s) from symptomatic infected individuals.
The three control variable values were assumed between 0 and 1.

There was no efforts made in these controls if u; = us = ug = 0 and maximum efforts
had been placed if u1 = ug =uz =1

By considering all the above suppositions, the optimal control model was formulated as

ds _ o ﬂ(CaAJrCSJIVerCqQ)S — (a4 uy + p)S

ﬁ _ B(CQA+CSZIV5+CqQ)S — (w4 pE

G =0wE — (Mg +ug) A+ va + po + p)A

W= (1—0)wE — (As +us +1s +us + p)I

99 — (Ng +u2) A+ (Ao +uz)] — (g + 7 + 1)Q

% = (s +usz)l +1qQ — (yn + pn + p)H

% =%aA+7Q +vH — uR

% = pa A+ pnH

% =as

Now we detect uy(t), us(t) and uz(t) ’s optimal values that minimize the objective func-
tional

T (ur(t),ua(t), uz ()= (C1A+ Col + C3Q + CoH + 1(Csu? + Coul +Cruf) dt
subject to the system (2), which contained the sum of asymptomatic infected, symp-
tomatic infected, quarantined, and hospitalized population, besides the optimal controls
up(t), uz(t) and uz(t). These were bounded and Lebesgue integral functions Kirschner
D et al [9] and S. Lenhart and J.T.Workman [40]). Here The positive coefficients C,
Cy, Cs, Cy, C5, Cg and C7 were corresponding balancing weight constants parameters
of stated infected variables and optimal controls.

The main purpose was to determine the optimal controls variables u}(t),u5(¢),u}(t) such
that

T )=, min_ T((un(t)ua(t),us(t)

where ®= {uy, uz, us: w1, u2,ug/ ur,uz,u3 : [0,t¢] — [0,1] are lebsegue integrable}.

Through Pontryagin’s maximum principle Pontryagin, L et al [31], we derived the
essential conditions for this optimal control problem. The Lagrangian function was given
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by

E(S, E7 A7 I7 Qa Ha Ra Uy (t)) U2 (t)? us3 (t)> = ClA+CQI+C3Q+C4H+% (C4U%+C5U%+C5U§
The Hamiltonian function H obtained as

H = 01A+CQI+03Q+C4H+ (O4U1+C5UQ+C5U3+)\1 +>\2 +)\3 +)\4

A5 d?+)\6 +)\7 +)\8 +)\9

where Ay )\2, A3z, )\4, A5, /\6 and )\7 are the adjoint variables.

The of differential equation form of adjoint variables were as follows.

% =% =(n- Azﬂ(—(caA%%ﬁch) + (A = Agla+up) + Aug

% ?)?1:3[ (W p)Aa — Ay — A30w — dw

Gi=-F=-Ci+ - )\2)5% + (A3 = A5)(Aa + u2) + (A3 — Ag)a + pAs

Gt = =G =0t (= M) mr%)@ ) + (A4 = A6) (s +113) + pia
Lo = —FH — —Cy+ (M = X)B% + (A5 — Ao)ng + (As = Ar)vg + s

G =—om = —Cat (e - /\7)7 (A = As)pn + 1)

A _ _9H

dt gR — HAT

ds _ _OH _

dt oD

dho _ _ 0N _

dt oP

we minimize Hamilton function relating to control variables uj(t),u%(¢) and uj(t) .

Using the optimal conditions % =0, gTH =0 and a” =0, we get
%:C5u1*a)‘1+04>\9570$u1 %
%:C@.m AsA+ XA =0= uj = W
% = Cruz — ((/\4 — A5+ ()\4 — )\6)[ =0 =ul = (()\47)\5)25)\4,)\6))1

6.2 Optimal control model simulation

With the values of the parameters mentioned in Table 2] numerical simulation was
conducted for the optimal control problem (2) in MATLAB by using an iterative fourth-
order Runge-Kutta method (Kamien, M et al [19] and Lukes, D.L.[24]) for the period
[0,400]. The baseline weight parameters were taken as C; =1, Co =1, C3 =1, Cy =
1,C5 = 40, Cs = 40 and C7 = 45.

In Figure[I0] variations of exposed, asymptomatic infected, symptomatic infected,
quarantine, hospitalization, and dead populace with and without control had performed.
This figure shows that, in comparison to the infected population without control, the
infected population decreased quickly under control.

In Figure[TT] variations of recovered and insusceptible Populace with and without
control were executed. This graph demonstrates that the disinfected population under
control swiftly rose in comparison to the disinfected population without control.

According to Figure the best controls, ui,us and uz combined their efforts
extremely well to increase the protection rate (o) from susceptible individuals, the quar-
antine rates (Aq, As )from asymptomatic infected and symptomatic infected individuals,
and the hospitalization rates (14, ns) from symptomatic and quarantine individuals.

From these figures we perceived that in the presence of optimal control strategy
the number of susceptible, exposed, asymptomatic infected, symptomatic infected, quar-
antined, hospitalized, and dead individuals were reduced rapidly while the number of
recovered and insusceptible individuals were increased swiftly comparing with the pop-
ulations without control strategy.
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7 Conclusion

Epidemiological models aid in understanding the dynamics of infectious illness trans-
mission. The deterministic mathematical model with 9 compartments was thoroughly
studied in this paper. First, the elementary properties of the model such as the posi-
tivity and boundedness of the SEAIQHRDP model, the expression of Ry, and the local
stability of the disease-free equilibrium were performed. Our suggested model has 18 pa-
rameters, but we only calculated 11 of them based on the sensitivity analysis. Through
sensitivity analysis, it was observed that just eight parameters are very sensitive con-
cerning clinically unwell or infected patients. The time series behavior of the infected
populations for 400 days was examined concerning variations in parameters. From this,
the spread of infections can be slowed down by increasing the protection rate, hospital-
ization rate, and quarantine rate. The best optimal control analysis was then carried out
by including three control factors, one of which was increased protection, and the other
two were improved quarantine and medical facilities for both identified and unidentified
affected people. Through the Optimal control strategy, it was found that the infected
populations were reduced rapidly, and disinfected populations were increased compared
with the infected and disinfected populations without optimal control technique. When
the best control approach is used early in a pandemic, the intensity of epidemic peaks
tends to decline, spreading the maximum impact of an epidemic across a longer period.
Finally, this study leads to the conclusion the rising of infections can be controlled only
if the implementation of rapid testing, quarantine centers, and medical facilities. Addi-
tionally, we intend to increase the scope of our modeling work by including vaccination
and the impact of environmental contaminants in the future.
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