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Abstract

In this article, we evaluate the approximate solutions of Nonlinear
Differential Equations (NoLDEs) with the association of S-function, in-
complete H-functions (IHFs) and incomplete I-functions (IIFs) with two
variables by using the Hermite, Legendre and Jacobi polynomials. Here,
we introduce incomplete I-functions with two variables. The NoLDEs are
significantly applicable in fluid dynamics, vibration problems, population
dynamics, electromagnetism, chemical kinetics, combustion theory, eco-
nomics and finance. Recently, it was implemented to solve the resistance
less circuit with a nonlinear capacitor under influence of external periodic
force.
This method is established as an application of improper integrals, poly-
nomials and special functions. The obtained results are helpful to get the
solution of various problems of mathematical physics and engineering in
approximate aspects.

Keywords: Incomplete H-functions, Incomplete I-functions, q-Gamma func-
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1 Introduction and Preliminaries:

Earlier, Nonlinear differential equations play remarkable roles in the field of En-
gineering and Physics. Numerous authors have given their outputs to solving
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these equations by several methods. In the nineteen century, many Mathemati-
cians like Gadre [9], Saxena et al. [16], Srivastava [24] and Srivastava et al. [25]
worked on NoLDEs system. In last two decades many more authors such as
Chaurasia et al. [5], Sharma [17], Singh [20], Singh et al. [21, 22, 23], Bansal et
al. [1, 2, 3, 4] and Kumar et al. [11, 12] have also paid their attention in this
branch of Applied Mathematics.

In the section 1, we defined the incomplete H-functions, incomplete I-functions
with two variables and S-function. Section 2, shows some important theorems
that will be used to solve the NoLDEs given in the section 3.

Special functions are well known tool which are uses in various fields of
Engineering and Physics. The incomplete Gamma functions (IGFs) γ(s, y) and
Γ(s, y) are investigated by Prym [14]. The incomplete Gamma functions are base
of the recently developed incomplete forms of special functions like incomplete
H-functions, incomplete H-functions, incomplete I-functions and incomplete ℵ-
functions.
The incomplete Gamma functions γ(s, y) and Γ(s, y) are defined, by

γ(s, y) =

∫ y

0

ts−1e−tdt, (R(s) > 0; y ≥ 0). (1)

Γ(s, y) =

∫ ∞

y

ts−1e−tdt, (y ≥ 0; R(s) > 0 when y = 0). (2)

The IGFs holds the decomposition formula γ(s, y) + Γ(s, y) = Γ(s), here Γ(.) is
well known gamma function.
Pochhammer symbol (µ)λ defined as:

(µ)λ =
Γ(µ+ λ)

Γ(µ)
=

{
1, if λ = 0;µ ∈ C\{0}
(µ)(µ+ 1) . . . (µ+ n− 1), if λ = n ∈ N;µ ∈ C,

(3)

provided Γ(µ) exists. Here C and N are as usual denote the set of complex and
natural numbers respectively.

Definition 1: In terms of the incomplete gamma functions (IGFs) Γ(s, x) and

γ(s, x), the IHFs [26] is defined γM,N
P,Q (z) and ΓM,N

P,Q (z) as follows:

γM,N
P,Q (z) = γM,N

P.Q

[
z

∣∣∣∣ (f1, F1, t), (fj , Fj)2,P
(wj ,Wj)1,Q

]
:=

1

2πi

∫
L

φ(s, t)zsds, (4)

where

φ(s, t) =
γ(1− f1 + F1s, t)

∏M
j=1 Γ(wj −Wjs)

∏N
j=2 Γ(1− fj + Fjs)∏Q

j=M+1 Γ(1− wj +Wjs)
∏P

j=N+1 Γ(fj − Fjs)
, (5)
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and

ΓM,N
P,Q (z) = ΓM,N

P,Q

[
z

∣∣∣∣ (f1, F1, t), (fj , Fj)2,P
(wj ,Wj)1,Q

]
:=

1

2πi

∫
L

ϕ(s, t)zsds, (6)

where

ϕ(s, t) =
Γ(1− f1 + F1s, t)

∏M
j=1 Γ(wj −Wjs)

∏N
j=2 Γ(1− fj + Fjs)∏Q

j=M+1 Γ(1− wj +Wjs)
∏P

j=N+1 Γ(fj − Fjs)
, (7)

The IHFs γM,N
P,Q (z) and ΓM,N

P,Q (z) are exist for all t ≥ 0 and for more existing
conditions (see, [26]).

Definition 2: We introduce the incomplete I-functions with two variables
(Γ)I0,n:m1,n1;m2,n2

pl,ql,r;pl(1)
,q

l(1)
,r(1);pl(2)

,q
l(2)

,r(2)
as follows:

(Γ)I0,n:m1,n1;m2,n2
pl,ql,r;pl(1)

,q
l(1)

,r(1);pl(2)
,q

l(2)
,r(2)

 z1
z2

∣∣∣∣∣∣
(
e1, E

(1)
1 , E

(2)
1 , x

)
,
(
ej , E

(1)
j , E

(2)
j

)
2,n

. . . ,
(
fjl, F

(1)
jl , F

(2)
jl

)
m+1,ql

,

,
(
ejl, E

(1)
jl , E

(2)
jl

)
n+1,pl

, (e
(1)
j , E

(1)
j )

1,n1
,
(
e
(1)

jl(1)
, E

(1)

jl(1)

)
n1+1,p

(1)
l

,(
f
(1)
j , F

(1)
j

)
1,m1

,
(
f
(1)

jl(1)
, F

(1)

jl(1)

)
m1+1,q

(1)
l

,

(e
(2)
j , E

(2)
j )

1,n2
,
(
e
(2)

jl(2)
, E

(2)

jl(2)

)
n2+1,p

(2)
l(

f
(2)
j , F

(2)
j

)
1,m2

,
(
f
(2)

jl(2)
, F

(2)

jl(2)

)
m2+1,q

(2)
l



=
1

(2πω)2

∫
L1

∫
L2

θ (ξ1, ξ2, x) z
ξ1
1 zξ22 θ1(ξ1)θ2(ξ2)dξ1dξ2 (ω =

√
−1), (8)

where

θ (ξ1, ξ2, x) =
Γ(1−e1+

∑2
i=1 E

(i)
j ξi,x)

∏n
j=2 Γ(1−ej+

∑2
i=1 E

(i)
j ξi)∑r

i=1

[∏pl
j=n+1 Γ

(
ejl−

∑2
i=1 E

(i)
jl ξi

)∏ql
j=1 Γ

(
1−fjl+

∑2
i=1 F

(i)
jl ξi

)] ,
and,

θi(ξi) =
∏mi

j=1 Γ(f
(i)
j −F

(i)
j ξi)

∏ni
j=1 Γ(1−e

(i)
j +E

(i)
j ξi)∑r(i)

i(i)=1

[∏q
l(i)

j=mi+1 Γ

(
1−f

(i)

jl(i)
+F

(i)

jl(i)
ξi

)∏p
i(i)

j=ni+1 Γ

(
e
(i)

jl(i)
−E

(i)

jl(i)
ξi

)] , (i = 1, 2).

Now, We can define lower form of the incomplete I-function with two variables
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(γ)I0,n:m1,n1;m2,n2
pl,ql,r;pl(1)

,q
l(1)

,r(1);pl(2)
,q

l(2)
,r(2)

as follows:

(γ)I0,n:m1,n1;m2,n2
pl,ql,r;pl(1)

,q
l(1)

,r(1);pl(2)
,q

l(2)
,r(2)

 z1
z2

∣∣∣∣∣∣
(
e1, E

(1)
1 , E

(2)
1 , x

)
,
(
ej , E

(1)
j , E

(2)
j

)
2,n

. . . ,
(
fjl, F

(1)
jl , F

(2)
jl

)
m+1,ql

,

,
(
ejl, E

(1)
jl , E

(2)
jl

)
n+1,pl

, (e
(1)
j , E

(1)
j )

1,n1
,
(
e
(1)

jl(1)
, E

(1)

jl(1)

)
n1+1,p

(1)
l

,(
f
(1)
j , F

(1)
j

)
1,m1

,
(
f
(1)

jl(1)
, F

(1)

jl(1)

)
m1+1,q

(1)
l

,

(e
(2)
j , E

(2)
j )

1,n2
,
(
e
(2)

jl(2)
, E

(2)

jl(2)

)
n2+1,p

(2)
l(

f
(2)
j , F

(2)
j

)
1,m2

,
(
f
(2)

jl(2)
, F

(2)

jl(2)

)
m2+1,q

(2)
l



=
1

(2πω)2

∫
L1

∫
L2

θ (ξ1, ξ2, x) z
ξ1
1 zξ22 θ1(ξ1)θ2(ξ2)dξ1dξ2 (ω =

√
−1),

where

θ (ξ1, ξ2, x) =
γ(1−e1+

∑2
i=1 E

(i)
j ξi,x)

∏n
j=2 Γ(1−ej+

∑2
i=1 E

(i)
j ξi)∑r

i=1

[∏pl
j=n+1 Γ

(
ejl−

∑2
i=1 E

(i)
jl ξi

)∏ql
j=1 Γ

(
1−fjl+

∑2
i=1 F

(i)
jl ξi

)] ,
and,

θi(ξi) =
∏mi

j=1 Γ(f
(i)
j −F

(i)
j ξi)

∏ni
j=1 Γ(1−e

(i)
j +E

(i)
j ξi)∑r(i)

i(i)=1

[∏q
l(i)

j=mi+1 Γ

(
1−f

(i)

jl(i)
+F

(i)

jl(i)
ξi

)∏p
i(i)

j=ni+1 Γ

(
e
(i)

jl(i)
−E

(i)

jl(i)
ξi

)] , (i = 1, 2).

Decomposition formula satisfying in case of incomplete I-functions with two
variables defined in (1) and (2) as (γ)IPQ [zi] +

(Γ)IPQ [zi] = IPQ [zi].

Here, zi ̸= 0; fj (j = 1, . . . , p); ej (j = 1, . . . , q); e
(i)
j (j = 1, . . . , ni); e

(i)

jl(i)
(j =

ni + 1, . . . , pl(i)); f
(i)
j (j = 1, . . . ,mi); f

(i)

jl(i)
(j = mi + 1, . . . , ql(i)); i = 1, 2

are complex numbers and Ej , Fj , E
(i)

jl(i)
, F

(i)

jl(i)
are positive real numbers for

standardization purpose such that

A
(i)
l =

n∑
j=1

E
(i)
j +

pi∑
j=n+1

E
(i)
jl +

ni∑
j=1

E
(2)
j +

p
i(i)∑

j=ni+1

E
(i)

jl(i)

−
qi∑

j=1

F
(i)

jl(i)
−

mi∑
j=1

F
(i)
j −

q
i(i)∑

j=mi+1

F
(i)

jl(i)
≤ 0 (i = 1, 2),

The integral path is a contour starting from L − l∞ to L + l∞ and the poles

of Γ(f
(i)
j − F

(i)
j ξi), j = 1, . . . ,mi, i = 1, 2 are separated from those of Γ(1 −

aj +
∑2

i=1 E
(i)
j ξi), j = 1, . . . , n and Γ(1 − e

(i)
j + E

(i)
j ξi), j = 1, . . . , ni, i = 1, 2

4
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to the left of the contour Lk. The existence conditions for multiple Mellin-
Barnes contours can be obtained with the help of two variables I-function [18]

as |argzi| < π
2 Ā

(i)
i , where

Ā
(k)
l =

n∑
j=1

E
(i)
j −

pl∑
j=n+1

E
(i)
jl −

ql∑
j=1

F
(i)
jl +

ni∑
j=1

E
(i)
j −

p
l(i)∑

j=ni+1

E
(i)

jl(i)

+

mi∑
j=1

F
(i)
j −

q
l(i)∑

j=mi+1

F
(i)

jl(i)
> 0 (i = 1, 2).

for more detail conditions (see [13, 18, 10, 19]).

Definition 3: The S-function introduced and investigated by Saxena et al.
[7] and defined as:

(a,b,c,d,e)

S
(p,q)

(y) =
(a,b,c,d,e)

S
(p,q)

(α1, α2, . . . , αp;β1, β2, . . . , βq; y)

=
∞∑

n=0

(α1)n . . . (αp)n
(β1)n . . . (βq)n

(c)nd,e
Γe(na+ b)

yn

n!
, (9)

where e ∈ R; a, b, c, d ∈ C; Re(a) > 0, αi (i = 1, 2, . . . , p), βj (j = 1, 2, . . . , q),
Re(a) > eRe(d) and p < q + 1. Pochhammer symbol (µ)λ defined in (3).
Here, the k-Pochhammer symbol (y)n,k and k-Gamma function Γq(y) defined
by Diaz et al. [6].
If we put c = d = e = 1 in S-function, it reduces to the generalized M-
series. Similarly, we can convert S-function to other functions named Gener-
alized k-Mittag-Leffler function, k-function, generalized Mittag-Leffler function
and Mittag-Leffler function.

2 Theorems

In this section, we use the linear approximation of the Hermite, Legendre and
Jacobi polynomials to obtain the approximate solution of general NoLDEs which
given below:

..
x + ω

(a,b,c,d,e)

S
(p,q)

[
y
( x

L

)2Λ′]
ΓM,N
P,Q

[
z
( x

L

)2Λ
∣∣∣∣ (f1, F1, t), (fj , Fj)2,P
(wj ,Wj)1,Q

]
= NF (t), (10)

..
x + ω

(a,b,c,d,e)

S
(p,q)

[
y
(
1 +

x

L

)ν′]
ΓM,N
P,Q

[
z
(
1 +

x

L

)ν
∣∣∣∣ (f1, F1, t), (fj , Fj)2,P
(wj ,Wj)1,Q

]
= NF (t), (11)

5

84

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 31, NO.1, 2023, COPYRIGHT 2023 EUDOXUS PRESS, LLC

Rahul Sharma et al 80-95



..
x + ω

(a,b,c,d,e)

S
(p,q)

[
y
( x

L

)Λ
]
(Γ)I0,n:m1,n1;m2,n2

pl,ql,r;pl(1)
,q

l(1)
,r(1);pl(2)

,q
l(2)

,r(2)

[
z1

(
x
L

)ν
z2

(
x
L

)λ ∣∣∣∣ A∗

B∗

]
= NF (t), (12)

where

A∗ =
(
e1, E

(1)
1 , E

(2)
1 , s

)
,
(
ej , E

(1)
j , E

(2)
j

)
2,n

,
(
ejl, E

(1)
jl , E

(2)
jl

)
n+1,pl

,

(e
(1)
j , E

(1)
j )

1,n1
,
(
e
(1)

jl(1)
, E

(1)

jl(1)

)
n1+1,p

(1)
l

, (e
(2)
j , E

(2)
j )

1,n2
,
(
e
(2)

jl(2)
, E

(2)

jl(2)

)
n2+1,p

(2)
l

and
B∗ = . . . ,

(
fjl, F

(1)
jl , F

(2)
jl

)
m+1,ql

,
(
f
(1)
j , F

(1)
j

)
1,m1

,
(
f
(1)

jl(1)
, F

(1)

jl(1)

)
m1+1,q

(1)
l

,(
f
(2)
j , F

(2)
j

)
1,m2

,
(
f
(2)

jl(2)
, F

(2)

jl(2)

)
m2+1,q

(2)
l

.

Under the effect of external periodic force, these NoLDEs defined in (10), (11)
and (12) used in the theory of resistance less circuits. To solve these Nonlinear
differential equations, we use Hermite, Legendre and Jacobi polynomials.
Now, we derive some new integrals as theorems that will use to solve the above
given NoLDEs.

Theorem 1:∫ ∞

−∞
x2σe−x2

Hn(x)
(a,b,c,d,e)

S
(p,q)

(
yx2ρ′

)
ΓM,N
P,Q

[
zx2ρ

∣∣∣∣ (f1, F1, t), (fj , Fj)2,P
(wj ,Wj)1,Q

]
dx =

√
π2n−2σL1(k)

ΓM,N+1
P+1,Q+1

[
z2−2ρ

∣∣∣∣ (−2σ − 2ρ′k, 2ρ), (f1, F1, t), (fj , Fj)2,P
(wj ,Wj)1,Q, (n/2− σ − ρ′k, ρ)

]
, (13)

where,

L1(k) =
∞∑
k=0

(α1)k . . . (αp)k
(β1)k . . . (βq)k

(c)kd,e
Γe(ka+ b)

yk

k!
2−2ρ′k.

Proof: By using the results of (6) and (9) in (13), we arrive at∫ ∞

−∞
x2σe−x2

Hn(x)[ ∞∑
k=0

(α1)k . . . (αp)k
(β1)k . . . (βq)k

(c)kd,e
Γe(ka+ b)

(yx2ρ′
)
k

k!

1

2πi

∫
L

ϕ(s, t)(zx2ρ)
s
ds

]
dx,

here ϕ(s, t) defined in (7).
Provided under the given condition, interchange the order of contour integral

6
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and integral. We get,

∞∑
k=0

(α1)k . . . (αp)k
(β1)k . . . (βq)k

(c)kd,e
Γe(ka+ b)

yk

k!

1

2πi

∫
L

ϕ(s, t)zs
[∫ ∞

−∞
x2(σ+ρ′k+ρs)e−x2

Hn(x)dx

]
ds.

By using improper integral given below∫ ∞

−∞
x2σe−x2

Hn(x)dx = 2n−2σ
√
π

Γ(2σ + 1)

(σ − n/2 + 1)
. (14)

After little simplification we get the desire result.

Theorem 2:∫ 1

−1

(1 + x)Λ−1Pn(x)
(a,b,c,d,e)

S
(p,q)

[
y (1 + x)

ν′]
ΓM,N
P,Q

[
z (1 + x)

ν

∣∣∣∣ (f1, F1, t), (fj , Fj)2,P
(wj ,Wj)1,Q

]
dx = 2ΛL2(k)Γ

M,N+2
P+2,Q+2[

z2ν
∣∣∣∣ (1− Λ− ν′k, ν), (1− Λ− ν′k, ν), (f1, F1, t), (fj , Fj)2,P
(wj ,Wj)1,Q, (Λ− ν′k − n, ν), (1− Λ− ν′k + n, ν)

]
, (15)

where,

L2(k) =
∞∑
k=0

(α1)k . . . (αp)k
(β1)k . . . (βq)k

(c)kd,e
Γe(ka+ b)

yk

k!
2ν

′k.

Proof: By using the known result given in (p.316, eq.15, [8]), we can get the
proof of the Theorem 2 in similar manner as we did in the Theorem 1 .

Theorem 3:∫ 1

−1

(1− x)λ(1 + x)δxnP (λ,δ)
n (x)

(a,b,c,d,e)

S
(p,q)

(yxρ)

(Γ)I0,n:m1,n1;m2,n2
pl,ql,r;pl(1)

,q
l(1)

,r(1);pl(2)
,q

l(2)
,r(2)

[
z1x

ν

z2x
µ

∣∣∣∣ A∗

B∗

]
= 2λ+δ+n+1L3(k)

(Γ)I0,n+2:m1,n1;m2,n2

pl+2,ql+1,r;p
l(1)

,q
l(1)

,r(1);pl(2)
,q

l(2)
,r(2)

[
z12

ν

z22
µ

∣∣∣∣ C∗

D∗

]
, (16)

where,

A∗ =
(
e1, E

(1)
1 , E

(2)
1 , s

)
,
(
ej , E

(1)
j , E

(2)
j

)
2,n

,
(
ejl, E

(1)
jl , E

(2)
jl

)
n+1,pl

,

(e
(1)
j , E

(1)
j )

1,n1
,
(
e
(1)

jl(1)
, E

(1)

jl(1)

)
n1+1,p

(1)
l

, (e
(2)
j , E

(2)
j )

1,n2
,
(
e
(2)

jl(2)
, E

(2)

jl(2)

)
n2+1,p

(2)
l

B∗ = . . . ,
(
fjl, F

(1)
jl , F

(2)
jl

)
m+1,ql

,
(
f
(1)
j , F

(1)
j

)
1,m1

,
(
f
(1)

jl(1)
, F

(1)

jl(1)

)
m1+1,q

(1)
l

,
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(
f
(2)
j , F

(2)
j

)
1,m2

,
(
f
(2)

jl(2)
, F

(2)

jl(2)

)
m2+1,q

(2)
l

C∗ = (−λ− n− ρk, ν, µ) , (−δ − n− ρk, ν, µ) ,
(
e1, E

(1)
1 , E

(2)
1 , s

)
,(

ej , E
(1)
j , E

(2)
j

)
2,n

,
(
ejl, E

(1)
jl , E

(2)
jl

)
n+1,pl

, (e
(1)
j , E

(1)
j )

1,n1
,(

e
(1)

jl(1)
, E

(1)

jl(1)

)
n1+1,p

(1)
l

, (e
(2)
j , E

(2)
j )

1,n2
,
(
e
(2)

jl(2)
, E

(2)

jl(2)

)
n2+1,p

(2)
l

D∗ = . . . ,
(
fjl, F

(1)
jl , F

(2)
jl

)
m+1,ql

, (−1− λ− δ − 2(n− ρk), 2ν, 2µ) ,(
f
(1)
j , F

(1)
j

)
1,m1

,
(
f
(1)

jl(1)
, F

(1)

jl(1)

)
m1+1,q

(1)
l

,
(
f
(2)
j , F

(2)
j

)
1,m2

,(
f
(2)

jl(2)
, F

(2)

jl(2)

)
m2+1,q

(2)
l

and

L3(k) =
∑∞

k=0
(α1)k...(αp)k
(β1)k...(βq)k

(c)kd,e

Γe(ka+b)
yk

k! 2
ρk.

Proof: By using the result given in (p.261, eq.15, [15]), we can get the proof of
the Theorem 3 in similar manner as we did in the Theorem 1 .

3 Polynomials and Linear Approximation

Here, we solve the NoLDEs given in (10), (11) and (12) by using Hermite,
Legendre and Jacobi polynomials respectively.

3.1 Hermite Polynomials and Linear Approximation

Here, we solve the NoLDE given in equation (10) as follows:

..
x + f(x) = NF (t), (17)

where

f(x) = ω
(a,b,c,d,e)

S
(p,q)

[
y
( x

L

)2Λ′]
ΓM,N
P,Q

[
z
( x

L

)2Λ
∣∣∣∣ (f1, F1, t), (fj , Fj)2,P
(wj ,Wj)1,Q

]
, (18)

which can be written in terms of Hermite polynomials in the interval (–L, L),
We get

f(x) =
∞∑

n=0

ηnHn

( x

L

)
, (19)

where coefficient ηn is defined by

ηn =

∫∞
−∞ f(Lx)Hn(x)x

2ρe−x2

dx∫∞
−∞ [Hn(x)]

2
e−x2dx

. (20)
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The series given in equation (20) truncated after two terms then, we get a linear
approximation f∗(x) as follows:

f∗(x) = η0H0

( x

L

)
+ η1H1

( x

L

)
. (21)

Now, we can write linear approximation f∗(x) by using equation (18) as

f∗(x) = ω
(a,b,c,d,e)

S
(p,q)

[
y
( x

L

)2Λ′]
ΓM,N
P,Q

[
z
( x

L

)2Λ
∣∣∣∣ (f1, F1, t), (fj , Fj)2,P
(wj ,Wj)1,Q

]
, (22)

putting H0(x) = 1 and H1(x) = 2x in (21), we have

f∗(x) = η0 + 2η1

( x

L

)
. (23)

To obtain the values of η0 and η1, we consider n = 0, n = 1 and using equation
(18) in (22), then we have

η0 =

∫∞
−∞ ω

(a,b,c,d,e)

S
(p,q)

(
yx2Λ′

)
AHH0(x)x

2ρe−x2

dx∫∞
−∞ [H0(x)]

2
e−x2dx

, (24)

and

η1 =

∫∞
−∞ ω

(a,b,c,d,e)

S
(p,q)

(
yx2Λ′

)
AHH1(x)x

2ρe−x2

dx∫∞
−∞ [H1(x)]

2
e−x2dx

, (25)

where

AH = ΓM,N
P,Q

[
zx2Λ

∣∣∣∣ (f1, F1, t), (fj , Fj)2,P
(wj ,Wj)1,Q

]
Further, using Theorem 1 and result (p.193, eq.(6), [15]) with n = 0 in equation
(24), we get

η0 = 2−2σωL1(k)

ΓM,N+1
P+1,Q+1

[
z2−2ρ

∣∣∣∣ (−2σ − 2ρ′k, 2ρ), (f1, F1, t), (fj , Fj)2,P
(wj ,Wj)1,Q, (−σ − ρ′k, ρ)

]
, (26)

similarly, we can obtained

η1 = 2−2σωL1(k)

ΓM,N+1
P+1,Q+1

[
z2−2ρ

∣∣∣∣ (−2σ − 2ρ′k, 2ρ), (f1, F1, t), (fj , Fj)2,P
(wj ,Wj)1,Q, (1/2− σ − ρ′k, ρ)

]
. (27)

Now, on replacing f(x) by f∗(x) and using (23), we can express (17) as

..
x + η0 + 2η1

( x

L

)
= NF (t), (28)

9
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If δ2 = 2η1/L and δ21 = η0, then (28) can be written as

..
x + δ2x+ δ21 = NF (t). (29)

Apply Laplace transform in equation (29) to find the approximate solution under
the given constraints

y = L(L− 1) and
.
x = 0 if t = 0,

x∗ =

[
L(L− 1) +

δ21
δ

]
cos δt− δ21

δ
+

N

δ

∫ t

0

F (u) sin δ(t− u)du. (30)

The obtained approximate solution is general in nature.

3.2 Legendre Polynomials and Linear Approximation

The main objective of this section is to solve the NoLDE defined in (11) as
follows:

..
x + f(x) = NF (t), (31)

where

f(x) = ω
(a,b,c,d,e)

S
(p,q)

[
y
(
1 +

x

L

)ν′]
ΓM,N
P,Q

[
z
(
1 +

x

L

)ν
∣∣∣∣ (f1, F1, t), (fj , Fj)2,P
(wj ,Wj)1,Q

]
, (32)

which can be written in terms of Legendre polynomials in the interval (–L, L).
We get

f(x) =

∞∑
n=0

τnPn

( x

L

)
, (33)

where coefficient τn is defined by

τn =

∫ 1

−1
f(Lx)Pn(x)(1 + x)Λ−1dx∫ 1

−1
[Pn(x)]

2
dx

. (34)

Truncated the series (34) after two terms. We get a linear approximation f∗(x)
as follows:

f∗(x) = τ0P0

( x

L

)
+ τ1P1

( x

L

)
. (35)

Now, we can write linear approximation f∗(x) by using equation (32) by

f∗(x) = ω
(a,b,c,d,e)

S
(p,q)

[
y
(
1 +

x

L

)ν′]
ΓM,N
P,Q

[
z
(
1 +

x

L

)ν
∣∣∣∣ (f1, F1, t), (fj , Fj)2,P
(wj ,Wj)1,Q

]
, (36)

10
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Putting P0(x) = 1 and P1(x) = x in (35), we have

f∗(x) = τ0 + τ1

( x

L

)
. (37)

Use equation (36) in (34) with n = 0 and n = 1, to obtain the values of τ0 and
τ1 respectively as

τ0 =

∫ 1

−1
ω
(a,b,c,d,e)

S
(p,q)

[
y (1 + x)

ν′]
ALP0(x)(1 + x)Λ−1dx∫ 1

−1
[P0(x)]

2
dx

, (38)

and

τ1 =

∫ 1

−1
ω
(a,b,c,d,e)

S
(p,q)

[
y (1 + x)

ν′]
ALP1(x)(1 + x)Λ−1dx∫ 1

−1
[P1(x)]

2
dx

, (39)

where

AL = ΓM,N
P,Q

[
z (1 + x)

ν

∣∣∣∣ (f1, F1, t), (fj , Fj)2,P
(wj ,Wj)1,Q

]
Further, using Theorem 2 and result (p.175, eq.(12), [15]) with n = 0 in (38),
we get

τ0 = ω2Λ−1L2(k)Γ
M,N+2
P+2,Q+2[

z2ν
∣∣∣∣ (1− Λ− ν′k, ν), (1− Λ− ν′k, ν), (f1, F1, t), (fj , Fj)2,P
(wj ,Wj)1,Q, (Λ− ν′k, ν), (1− Λ− ν′k, ν)

]
, (40)

Similarly, we can evaluate for n = 1

τ1 = 3ω2Λ−1L2(k)Γ
M,N+2
P+2,Q+2[

z2ν
∣∣∣∣ (1− Λ− ν′k, ν), (1− Λ− ν′k, ν), (f1, F1, t), (fj , Fj)2,P
(wj ,Wj)1,Q, (Λ− ν′k − 1, ν), (2− Λ− ν′k, ν)

]
. (41)

Now, on replacing f(x) by f∗(x) and use (37), we can express in (31) as

..
x + δ21 + δ2x = NF (t), (42)

where δ2 = τ1/L and δ21 = τ0. Apply the Laplace transform in (42) to find the
approximate solution under the constraints

x = L(L− 1) and
.
x = 0 if t = 0,

x∗ =

[
L(L− 1) +

δ21
δ

]
cos δt− δ21

δ
+

N

δ

∫ t

0

F (u) sin δ(t− u)du. (43)

The obtained approximate solution is general in nature.
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3.3 Jacobi Polynomials and Linear Approximation

Here, our aim is to solve the NoLDE given in (12) is as follows:

..
x + f(x) = NF (t), (44)

where

f(x) = ω
(a,b,c,d,e)

S
(p,q)

[
y
( x

L

)Λ
]

(Γ)I0,n:m1,n1;m2,n2
pl,ql,r;pl(1)

,q
l(1)

,r(1);pl(2)
,q

l(2)
,r(2)

[
z1

(
x
L

)ν
z2

(
x
L

)µ ∣∣∣∣ A∗

B∗

]
, (45)

where A∗ and B∗ are defined in (12), which can be written in terms of Jacobi
polynomials in the interval (–L, L). We have

f(x) =

∞∑
n=0

C(ι,κ)
n P (ι,κ)

n

( x

L

)
, (46)

where coefficient C
(ι,κ)
n is defined by

C(ι,κ)
n =

∫ 1

−1
f(Lx)P

(ι,κ)
n (x)(1− x)ι(1 + x)κdx∫ 1

−1

[
P

(ι,κ)
n (x)

]2
(1− x)ι(1 + x)κdx

. (47)

Truncated the above given series after two terms. We get a linear approximation
f∗(x) as follows:

f∗(x) = C
(ι,κ)
0 P

(ι,κ)
0

( x

L

)
+ C

(ι,κ)
1 P

(ι,κ)
1

( x

L

)
. (48)

Now, we can write linear approximation f∗(x) by using equation (45) by

f∗ = ω
(a,b,c,d,e)

S
(p,q)

[
y
( x

L

)Λ
]

(Γ)I0,n:m1,n1;m2,n2
pl,ql,r;pl(1)

,q
l(1)

,r(1);pl(2)
,q

l(2)
,r(2)

[
z1

(
x
L

)ν
z2

(
x
L

)µ ∣∣∣∣ A∗

B∗

]
, (49)

Putting P
(ι,κ)
0 = 1 and P

(ι,κ)
1 = ι−κ

2 + (2+ι+κ)x
2 in (48), we have

f∗(x) = C
(ι,κ)
0 + C

(ι,κ)
1

[
ι− κ

2
+

(2 + ι+ κ)x

2

]
. (50)

Use equation (47) in (45) with n = 0 and n = 1, to obtain the values of C
(ι,κ)
0

and C
(ι,κ)
1 with the help of Theorem 3 and aid a result (p.260, eq.(11), [15])
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with n = 0 in equation (47), we get C
(ι,κ)
0 as follows:

C
(ι,κ)
0 =

ωL3(k)Γ(2 + ι+ κ)

Γ(1 + ι)Γ(1 + κ)

(Γ)I0,n+2:m1,n1;m2,n2

pl+2,ql+1,r;p
l(1)

,q
l(1)

,r(1);pl(2)
,q

l(2)
,r(2)

[
z12

ν

z22
µ

∣∣∣∣ C∗∗

D∗∗

]
, (51)

where
C∗∗ = (−ι− ρk, ν, µ) , (−κ− ρk, ν, µ) ,

(
e1, E

(1)
1 , E

(2)
1 , s

)
,
(
ej , E

(1)
j , E

(2)
j

)
2,n

,(
ejl, E

(1)
jl , E

(2)
jl

)
n+1,pl

, (e
(1)
j , E

(1)
j )

1,n1
,
(
e
(1)

jl(1)
, E

(1)

jl(1)

)
n1+1,p

(1)
l

, (e
(2)
j , E

(2)
j )

1,n2
,(

e
(2)

jl(2)
, E

(2)

jl(2)

)
n2+1,p

(2)
l

D∗∗ = . . . ,
(
fjl, F

(1)
jl , F

(2)
jl

)
m+1,ql

, (−1− ι− κ− 2ρk, 2ν, 2µ) ,
(
f
(1)
j , F

(1)
j

)
1,m1

,
(
f
(1)

jl(1)
, F

(1)

jl(1)

)
m1+1,q

(1)
l

,
(
f
(2)
j , F

(2)
j

)
1,m2

,
(
f
(2)

jl(2)
, F

(2)

jl(2)

)
m2+1,q

(2)
l

.

Similarly, we can obtain C
(ι,κ)
1 as

C
(ι,κ)
1 =

2ωL3(k)Γ(3 + ι+ κ)

Γ(2 + ι)Γ(2 + κ)

(Γ)I0,n+2:m1,n1;m2,n2

pl+2,ql+1,r;p
l(1)

,q
l(1)

,r(1);pl(2)
,q

l(2)
,r(2)

[
z12

ν

z22
λ

∣∣∣∣ C∗∗∗

D∗∗∗

]
, (52)

where
C∗∗∗ = (−ι− 1− ρk, ν, µ) , (−κ− 1− ρk, ν, µ) ,

(
e1, E

(1)
1 , E

(2)
1 , s

)
,(

ej , E
(1)
j , E

(2)
j

)
2,n

,
(
ejl, E

(1)
jl , E

(2)
jl

)
n+1,pl

, (e
(1)
j , E

(1)
j )

1,n1
,(

e
(1)

jl(1)
, E

(1)

jl(1)

)
n1+1,p

(1)
l

, (e
(2)
j , E

(2)
j )

1,n2
,
(
e
(2)

jl(2)
, E

(2)

jl(2)

)
n2+1,p

(2)
l

D∗∗∗ = . . . ,
(
fjl, F

(1)
jl , F

(2)
jl

)
m+1,ql

, (−3− ι− κ− 2ρk, 2ν, 2µ) ,
(
f
(1)
j , F

(1)
j

)
1,m1

,
(
f
(1)

jl(1)
, F

(1)

jl(1)

)
m1+1,q

(1)
l

,
(
f
(2)
j , F

(2)
j

)
1,m2

,
(
f
(2)

jl(2)
, F

(2)

jl(2)

)
m2+1,q

(2)
l

.

Now, on replacing f(x) by f∗(x) and use equation (50), we can write equa-
tion (44) as

..
x + δ2x+

ι− κ

2 + ι+ κ

(
δ2 − δ21

)
= NF (t), (53)

where δ2 = 2+ι+κ
2L and δ21 = 2+ι+κ

(κ−ι)LC
(ι,κ)
0 .

Apply the Laplace transform in equation (53) to find the approximate solution
under the constraints

x = L(L− 1) and
.
x = 0 if t = 0,
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x∗ =

[
L(L− 1) +

(ι− κ)δ

2 + ι+ κ

(
1− δ21

δ

)]
cos δt− (ι− κ)δ

2 + ι+ κ

(
1− δ21

δ

)
+

N

δ

∫ t

0

F (u) sin δ(t− u)du. (54)

The obtained approximate solution is general in nature.

Similarly, we can prove all of the above results and theorems for lower forms of
the incomplete H-function γM,N

P,Q [z] and incomplete I-function with two variables
(γ)I0,n:m1,n1;m2,n2

pl,ql,r;pl(1)
,q

l(1)
,r(1);pl(2)

,q
l(2)

,r(2)
[zi].

4 Conclusion

In this article, we introduced the approximate solution of NoLDE associated
with incomplete H-functions, incomplete I-functions with two variables and S-
function with the help of Hermite, Legendre and Jacobi polynomials. These
obtained results are general and effectively used in the field of Science, Mathe-
matics, Statistics, Economics and finance. These findings can be used to solve
the problem of a resistance less circuit involving a nonlinear capacitor under the
influence of external periodic force.
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