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Abstract

An M/G/1 feedback retrial queue with working vacation and a waiting server is
taken into consideration in this study. Both retrial times and service times are
assumed to follow general distribution and the waiting server follows an expo-
nential distribution. During the working vacation period customers are served
at a lesser rate of service. Before going for a vacation the server waits for some
arbitrary amount of time and so is called a waiting server. We obtain the prob-
ability generating function (PGF) for the number of customers and the mean
number of customers in the invisible waiting area by utilizing the supplementary
variable technique. We compute the mean waiting time. Out of interest a few
special cases are conferred. Numerical outcomes are exhibited.
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1 Introduction

Retrial queues are expressed by the fact that if a customer observed that the
server is occupied then they are entered into the invisible waiting area called an
orbit. In recent years numerous researchers have examined the retrial queue.
For a more in-depth analysis of the retrial queues, we can refer[1,2,3].

In Queueing theory queueing models with server vacation has a most impactful
application. In addition to the vacation strategy Servi and Finn [4] developed a
newest vacation strategy, called as Working Vacation (WV). In the WV period
the server provides a lesser rate of service to the customers than during the
regular service period. Wu and Takagi [5] examined M/G/1/Multiple Working
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Vacation (MWYV). Pazhani Bala Murugan and Santhi[7] studied the M/G/1
retrial queue with MWV. For a comprehensive study on WV we can refer [8].
Whenever the system becomes empty the server leaves from the regular service
period (RS) and goes on a WV, but in a waiting server model the server wait
for a arbitrary amount of time before going to WV.

The server wait option is representative of many queueing mechanisms used in
real life, especially when interacting with people. For a detailed study on waiting
server model we can refer [9,10,11]. In queueing models, some customers rejoin
the orbit after receiving the service to receive it again out of dissatisfaction.
This is referred to as feedback. For a broad analysis of feedback retrial queues
we can refer[12,13,14,15].

In this article, we consider an M/G/1 feedback retrial queue with multiple WV
and a waiting server. This article has the following structure. We explain
the model in segment 2. In segment 3 performance measures are established.
Segment 4 discusses some special cases. In segment 5 numerical outcomes are
exhibited . The conclusion is given in segment 6.

2  Model Description

We examined an M/G/1 retrial queue with switch over time to working vacation
where the primary customer’s arrival follows a Poisson process with a rate of
A and service discipline is first-in-first-out(FIFO). If an approaching customer
discovers that the server is occupied, then they exit the service area because
we assume that there is no waiting area and they join the orbit. At a service
completion instant, only the customer at the head of the orbit is permitted to
approach the server. The retrial time follows a general distribution with a distri-
bution function G(x) for the regular service period, let g(z) and G*(0) signifies
the pdf and LST respectively, and for WV period, let L(z),l(z), L*(0) signifies
the distribution function, pdf and LST respectively. On the service completion
epoch of each customer, if there is a contest between the primary customer and
an orbit customer. The service time in the RS period follows a general distribu-
tion with the distribution function Rs(z),rs(x) and R%(#) as its pdf and LST
respectively. The service delivered in the WV period follows a general distribu-
tion with W, (x), w, (z), W;5(0) as its distribution function, pdf, LST. The server
waits for an arbitrary period of time once the orbit turns empty, which follows
an exponential distribution with a rate of «. After completion of the waiting
time, the server goes for WV, which follows an exponential distribution with a
rate of 5. After getting the service, customers either rejoin the orbit with prob-
ability m or depart the system with probability n(= 1—m). Inter-arrival times,
retrial times, service time in RS periods and WV periods are all presumed to
be independent of one another.

Let’s use the subsequent random variables.

O(t)- Size of the orbit at time “¢”.

G°(t), R%(t)- the remaing retrial time and remaining service time in RS period.
LO(t), WO (t)- the remaing retrial time and remaining service time in WV period.
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At time “t” the four distinct states of the server are

0 - if the server is not being occupied in WV
B(t) = 1 - if the server is not being occupied in RS period
2 - if the server is being occupied in WV
3 - if the server is being occupied in RS period
so that the supplementary variables L°(t), GO(t), W2(t) and RY(t) are intro-
duced in order to obtain the bivariate Markov Processes {(O(t), B(t));t > 0},

where
LO(t), if E(t) = 0;
0 . T
B(t) = GO(t), if B(t) =1;
WO(t), if E(t)=2;
RO(t), if B(t)=3.
Woo = lim PlO(t)=0, E(t) =0]
Roo = tl—i>m P[O(t) =0, E(t) = 1}
Won = lim PlO(t)=h, E(t) =0, = < LO(t) <a+4dx]; h>1
Rop = lim PO(t)=h, B(t) =1, = < GOt) <z +dx); h>1
— 00
Win = lim PlO(t)=h, E(t) =2, =< W2t) <x+dx]; h>0
Rip = lim PO(t) =h, B(t) =3, = < RYt) <z +dzx); h>0
—00
The above mentioned are the limiting probabilities which we have defined.
R:(0) = /e_ewrs(x)dx W) = /e‘exwv(x)dx
0 0
L(0) = / =97 ](2)dz G () = / 07 ()
0 0
Wi ,(0) = / e W b (x)dx Wi ,(0) = / Wo.n(z)dx
0 0
Wi (0) = / 0Ty () da Wi (0) = / Wy (2)da
0 0
Rah(ﬂ) = /efezRg,h(x)d:r R37h(0) = /Rojh(x)dz
0 0
106) = [ R 000 = [ Btz
0 0
3
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Wi(z,0) = ZWM P Wi(2,0) = ZWM 2"
= Zwo,h(O)zh Wi (z,0) ZWM 2"
Wi (2,0) ZWl h Wi(2,0) = Zwl,h(())zh
Ri(z,0) = ZRM Ri(2,0) = ZRM
0) = ZRO,h(o)zh R (z,0) ZR
R (z,0) ZR Ri(z,0) = ZRl,h(O)zh
h=0

The above mentioned are the Laplace Steiltjes Transform and PGF which we
have defined.

In steady state the system was illustrated by the subsequent differential differ-
ence equations:

)\WQQ = nWl,o(O) + O{R0,0 (1)
—%Wo,h(x) — B+ N Won(z) + nWin(0)i()
+mWy 1 (0)l(z); h>1 (2)
L Wige) =~ BWio(e) + WoaOwa(a) + Woowa(s) (3
dd W1 h( ) = —(/\ + ﬂ)WL}L(Z‘) + )\W17h_1($) + W07h+1(0)wv(m)
+)\/W0,h(x)d;v wy(z);h >1 (4)
(A+a)Roo = nR;(0) (5)
—%Ro,h(x) = —ARon(z)+nRy,(0)g(x) + mRy ,—1(0)g(x)
+B/Woyh(x)dx g(z); h>1 (6)
d
D Rigle) = M) + RoaOro) + (o) [ Waglade (1)
4
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_aRl,h(x) = —ARin(z)+ ARy p-1(2) —&—Brs(x)/WLh(x)dx
0

+Ro.p+1(0)rs(z) + /\rs(x)/Ro,h(x)dx; h>1 (8)
0

Taking the LST from (2) to (8) on both sides results

W5 n(0) —=Won(0) = (A4 B)Wg,(0) — nWi ,(0)L7(0)
—mWi ,—1(0)L*(8); h>1 (9)
OWTo(0) = Wio(0) = (A+B)W(0) — Woa(0)W, (0)
— AWy oW, (0) (10)
OWT,(0) = Wi n(0) = (A4 B)W{,(0) — Won+1(0)W(0)
AW (0) - WG OWSO: h=1 ()
ORG ;,(0) — Ron(0) = ARG ,(0) — nRypn(0)G™(0) — BG™(O)W5 1, (0)
CmBip 1 (0)GH(0); h>1 (12)
ORT 4(0) — R10(0) = AR ((0) — Ro,1(0)R;(0) — BRI (0)W74(0)
—ARooR%(6) (13)
ORT 1, (0) — R1n(0) = AR7,(0) — AR ;,_1(0) — R5(0)Ro ny1(0)

—BR(O)W11,(0) = AR(0)R5 ,(0); h>1 (14)

Summing over h from 1 to infinity x (9) with 2" and results,

Wo (2,00 —(A+8)] = Wo(z,0) = L*(0)[(n + mz)Wi(z,0)
—nWl,o(O)] (15)
Summing over h from 1 to infinity x (11) with 2" and comprise with (10)
results,
w0
Wi (z,0)0 —(A+5—-X2)] = Wi(z0)— %Wo(z,())

—AWo, oW (0) — AW ()W (2,0)  (16)
Placing 8 = A + (3 in (15), results
Wo(z,0) = L*(A+P)[(n+mz)Wi(z,0) — nWi0(0)] (17)
Placing 6 = 0 and (Sub.) (17) in (15), results
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Placing € = A+ 8 — Az and (Sub.) (17) and (18) in (16), results

[M4A+ﬁﬂ%p—nEWA+B(A+B—A@]
+A2]Wi,0(0)]W5 (A + 8 — Az)
Wi(z,0) = D (2) (19)
(Sub.)(19) in (17), results
A+ B)z[(n+mz)AWi(A+ 8 —A2)Wo o
Wo(z,0) = —nWi0(0)]L* (A + B) (20)

Drq(2)
Let f(z) = (A+B)z = WA+ B8 —A2)(L*(A+ B)(A+B—A\2) + Az), for f(2) =0
we obtain f(0) < 0 and f(1) > 0 which = that 3 a real root 2z, € (0,1).
At z = 21(20) is converted in to

WLo(O) = )\VVZ,K ()\ — Az + ﬁ)(n + mz)WQo (21)
(Sub.) (21) in (19), results

AWEA+ B — A2)UP(z)
Dry(z)

Wi(z,0) = Wo.0 (22)

where,
UP(z) = z(A+ B) — (n+mz)Wr(A+ B — Az1)[Az + L* (A + B)(A + B — A2)]
(Sub.) (21) in (20), results
{ [(n+m2)A(0 + BIW (A + 8 - )\z)]
WQ(Z, O) =

“WI = Aer + B L (A + )
Drq(2)

(Sub.) (21) and (22) in (18), results

—W; (A+ 8= 2a)]]

(= L O+ A=+ ma) W3 (A4 5 - )\z)]
Dry(z) (24)

W5(2,0) = {

Placing 6 = 0 and (Sub.) (22), (23) and (24) in (16), results

Wo oMl —Wix(A+ 8 — A2))UP(z)
A+ B8 —=Xz)Dri(z2)

Wi(z,0) = (25)
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Summing over h from 1 to infinity x (12) with 2" and results
R;(z,0)(0 —X) = Ro(z,0) — G*(0)[(n + mz)R1(2,0) — nRy o(0)]
W5 (2,0)8G"(0) (26)
(Sub.) W1,0(0) = (n+ m2)AWE (A + 8 — Az1)Wo,o in (1), we get
aRop = Ml—(n4+mz)W A+ 58— Az1))Woo

Placing # = X and (Sub) Rl,o(O) = )\(1— (n+mz)WJ ()\"’,8—)\21))W070—>\R070
in (26), results

Ro(2,0) = [(n+mz)Ri(2,0) = A1 — (n+mz)W);(A+ 5 —Az1))Wopo
—ARo,0 + WG (2,0)]G*(A) (27)

Summing over h from 1 to infinity x (14) with 2" and comprise with (13)
results

Ro(z, 0)

Ry (2,0)[0-A+A2)] = Ri(2,0)— | =54 BV (2, 0)+ AR (=, 0) + ARoo | R3(60)

(28)
Placing ¢ =0 and (Sub.) (27) and
nR10(0) = (1 —(n+mz)WS(A+ 8 — Az1))AWo0 — ARp o in (26), results

R(2,0) = [(n +mz)Ry(2,0) — (1 — (n+m2)W A+ B — Az1))AWo,o
AR + W (2,0) LS (29)
Placing # =X — Az and (Sub.) (27) and (29) in (28), results
Ri(A = A2) [B2W7 (2,0) + B[(1 = 2)G" (M) + 2]W5 (2,0)
—[(1=(m4+mz)W;(A+ B — Az1))AWo 0 + ARo,0]
. [(1—2)G*(\) + 2] + )\zRO’O] “
1(2,0) = z—(n+mz)R:(\ — A2)[z + G*(\) (1 — 2)] (30)
(Sub.) (30) in (27), results
2G () [ﬁ(n Fm2)REON — A2)Wi(2,0) + SWE (2, 0)
—A(1 = (n+mz)W7(A+ B — Az1))Wo,o
A1 = (n+mz)R*(\ — Az))RQO}
Ro(z,0) = (31)

z— (n+m2)R:(A = A2)[(1 — 2)G*(\) + 2]

(Sub.) (30) in (29), results
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(1—=G*(\)z [BW(2,0)(n + mz)R; (A — Az) + W (z,0)
Ml —=(n+mz)W (A48 —Az1))Wo,0
A1 = (n4+mz2)Ri(A— Az2))Ro 0]
Mz — (n+m2)R5(A = X2)[(1 — 2)G*(\) + 2] }

Rj(2,0) =
(32)
Placing 6 = 0 and (Sub.) (30), (31) and (32) in (28), results
{W5 (2 0)[G" N (1 = 2) + 218 + \aRoo — [G*(N)(1 - 2) + 2]
X[A(L = (n 4+ mz)WI(A+ 8 — Az1))Woo + ARo o]
HAW (2,0)2 (1 = Bi(A = A2))
(A — A2) [ 2= (n+m2)R: O\ — A2)[z + G*(\)(1 — z)]]

Ri(z,0) =

(33)
We define W, (z) = Wi (z,0) + Wi(z,0) + W0
Wo.o

(A8 —Az)D1(2)

XA+B8=A2)1=L*(A+08))+ X1 =W, (A4 58— Xz))

X [z(A+B) = [Az + LA+ B) (A + B = A2)[W (A + B — Az1)

X (n+mz)]+ A+ 8=2A2)[z(A+8) — (n+mz)W (A4 38— Az)
% Az + LA+ B)YA+ 5 — Az))}}

W, (z) = {PWo A+ 8= 22) =W (A + 8= a)

(34)

when the server is on WV period, as the PGF for the number of customers in
orbit.

(Sub.) (24) and (25) in (32), results
Z(]. — G*(A))W()’O
(A4 8 = Az)Dri(2)Dra(2)

X Ri(A = A2){(A+ B)z — (n+ m2)W) (A + B — Az1)[Az
+ (A4 B8 =X)L (A + B)]} + Bz(A+ B — Az)(1 = L*(A + B))
X (n+mz)(WSA+8—22) —WIA+8-Xz1))— (A+ 8- Xz)
—(n+mz)WiA+B=Az1){(A+B)z = WA+ 8- Az)

x (1

X (m+mz)Az+ A+ 08— )\Z)L*)\Jrﬂ}fé)drﬂ Az)
(1-
{(

Ry(2,0) = {8+ mz)(1 = Wi+ 8- A2))

X m+mz2)W A+ 8 —Az1))(1 — (n+ mz)Ri(A — Az))

X{A+B8)z=WiA+B8= ) Az+ A+ 5— )\z)L*()\—i-ﬁ)}}}
(35)

(Sub.) (24), (25) in (33), results
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Ri(-,0) = Dr(j(z_) ngﬁ_fji))gjf(z) {e+ @ WO+ 5 - A2)](n +m2)
X[L=L* A+ B)Wy A+ B = Az) = Wi (B + A — A21)]B2
—(I=(m4+m2)W (A4 B8 —Az1))[Az + G*N) (A + S — A2)]
x{(A+B)z— (n+m2)W;(A+ B —A2)Az+ (A + 8 — Az)
XL*A+B)} + (WA + 8= Az) = Wy (A + B = A21)) Bz

x(A+B)L* A+ B) — 2(1 —(n+m2)Wr(A+ 8 — Az1))G*(N\)

XA+ B=2){(A+B)z—[Az+ (A + B8 —Az)L* (A + B)]

KW+ B = A2)(n+m2)} + m{[)\,BzQW;(/\ £ 8- Aa)

+B2 WA+ B = Az))Wr A+ B = A2)L* (A + B)
X+ WIS+ B =Az)ABzL" A+ B)Wi(A+ 8 — A2)(1 — 2)]

x(n+mz) — [B22% + AB2AW: (A + B — Az)} } (36)

We define Rg(z) = Rj(2,0) + Ri(2,0) + Ro,0

_ Woo 1 — O e o
RsG) = a0 G- W - x)

X R*(A — A2)B(n + mz) [(A +B)z — (n+mz)WrA+ B — Az1)

XAz (A+ B = AL A+ B)| + (1= LA+ B (A + B = 12)
X(n4+mz)(WyA+8—X2) =WiA+8—XAz1)) — (A+8—A2)

(
X(1= (n+m2)Wi(A+ 8= Ax) [+ B)z = Wi (A + 8 = \2)

x[Az+ (A+ B —A2)L*(\ + B)](n +mz)}} F(1— R —\2))

x{[)\z F A+ B=A)GWWr(A+ B —Az) = WA+ 8 — Az1)]
xBz(n+mz)[1 = L*(A + B)] = (1 = (n +mz)W5(A + B — Az1))
X[Az+ G (AN)A+ B8 =X)][(A+B)z — (n+mz2)Wi (A + 5 — Az)
XAz + LA+ B)A+ B = A2)]] + Bz(A+ B) (W (A + 8 — A2)
“Wi A+ B=Aa)L A+ B) |+ m[B22W (A + B = Az)
XWEA+ B = A2)L* (A4 B) + ABZ2WrI(A+ B — Az1) + (1 — 2)
XAB2WS (A + B = Az1)L* (A + B)](n + mz) — [8%2% + A327]
ij(AJrﬁ—Az)] + %()\—Fﬁ_)\z)(l — WA+ 8—Az))
x(n+mz)[(A+B)z— (n+mz)W (A4 8 — Az)[Az + L* (A + 5)

S

KA+ B = A)|[mG*NR* (A — Az) — G*(N)](1 — z)} (37)
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where,
Dri(z) = zA+8)—(n+m2)W;(A+ 0 — Az)[A\z
+L*(A + B)(A + 8 — Az)] (38)
Dry(z) = z—(n+mz)R;(A—A2)[G*(A\)(1 —2) + 2] (39)

when the server is on RS period, as the PGF for the number of customers in
the orbit.
Again, we define R(z) = Rg(2) + Wy (2)

_ Woo 1 e s

x(n+mz)Ri(A = A2)[(A+ B)z — (n+mz)W;(A+ 8 — Az1)[Az
FA+ B = A) LA+ B)]] + Bz(A — A2)(n +mz)(1 — L* (A + B))
X(Wrx(A+B8=22) =W, (A+8—-Az1)) —(A+8—=A2)(1 — (n+ mz)
XWrA+ B8 —=221)[(A+ B)z — (n+mz)W;(A+ 8= X2)[L* (A + B)
x(A+ B —Az) + )\z]” F (1= R (A= \2)) [[)\z + (At B—A2)G* (V)]
xBz(n+mz)[1 — L* (A + B)][Wr (A4 8 — Xz) — WA+ B — Az)]
—(1=(n+mz)W;(A+ B8 —Az1))[Az + G*(A) (A + 8= A2)][(A + B)=
—(n+mOWI A+ 8- 2A2) Az + A+ 8= A2) LA+ B)]] + (A + 8)
XBAWE A+ B = A2) = Wi (A + B = Az0))L* (A + B) + m{ A822
XWEAA+ B = Az1) + B22WEO A+ B = Az)) Wi+ B — Az)L* (A + B)
FWEA+ B = A2)ABzWi (A + B = A2)L*(A + B)(1 — 2)](n + mz)
—[B222 F ABAWI N+ B — \2)| + g()\ +8—-22)(1—(n+mz)
XWEAN+B=22)[(A+8)z — (n+m2)Wi(A+ S — A2)[Az

FOA+ B = A2) L (A + B)][mGF (N RN = Az) — G*(N)](1 - 2)]
FA+B =)W A+ B—=A2) —WiA+8—2z)) 1 —L*(A+B))
XAz + A1 =W A+ 8—=22))[z(A+8) = (n+mz)W;(A+ 8 — Az1)
x(Az + L*A+ B)A+B=2A2)] + (A + B = A2)[z(A + B) — (n +m2)
KWIA+B—A2)(Az+ L* (A + B) (A + 8 — Az))]] [z — R*(\ - \2)

[z +(1— z)G*(/\)}] } (40)

where Dry(z) and Dra(z) are given in (38) and (39) as the PGF for the number
of customers in the orbit. Make use of the normalizing condition R(1) = 1 to
findout that Wy araise in (41). Using L’Hospitals rule and (Sub.) z =1 in

10
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(40) results,

1 - s
Woo = p (41)

_ . _

{BG*MA B Wi Bt B B)) }

_{ P+ mT }
GVt B Wi+ BL (A1 D))
BWE(A 4 B — Az )L (A + B)(1 — G*(N))

| { G+ B Wi BNt LT )] Q}_

Ro,o = 2(1—W:(A+5—A21))W070 (42)
where,
O = (A=AW;(A+B8—Az)+B)A+ BG*(N)
—Wi(B)YA+BL (A + )]
P = AEROWI(B)A+B = WiA+ 5= Arz1)(A+ BL" (A + 5))]
T = BILOA+B)WI(A+ B —A2) ~ Wi(A+ 8 —Az)]
“WoA+ B =221 = L*(A+ B)W7 (A + B = Az1)]]

_%(1_W;(A+5—Azl))[l+§]
Q = 20-W0+5-22)G (N
_ AE(R)  m
P = TG0 T GOV

E(R;) is the mean service time and the system’s stability condition ps < 1 is
obtained from (41).

3 The Model’s Performance Measures

Mean Orbit Length in WV period:
We assume that W, - mean orbit size and L, - mean waiting time of the customer
in the orbit during WV period.

Then
d
W'u = %Wv(z;) z=1
d
= Wi 0 +We=,0)|
- d S(z) K(z)
© dz|(A\+ B —A2)Dri(2) i Drl(z)]wop .

11
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l Dri(2)(A 4 8 — X2)S8'(2) ]
—S(2)[(A+ B = A2)Dri(z) — Dri(2))]

= Dri(2))2(A + B8 — \2) Wo.o0
N |:K/(Z)DT1(Z) - Dr’l(z)K(z)} z=1
(Dri(2))?
where,
K(z) = Az —=L*A+8)(n+mz)[Wi(A+ B —Az) = Wi(A+ 8 — Az)]

Dri(z) = zA+8)—(n+mz2)WiA+8—X2)(L*(A+ )
A+ B8—=2z)+ Az)

S(z) = M1=W7A+B8=22)[z(A+8) — (n+mz)W;(A+ B — Az)
X(L*(A+ B) (A + B — Az) + A2)]

Differentiating S(z), K(z) and Dry(z) with respect to z, we get

S'(z) = NWXA+B-2)[z(A+8) — (n+mz2)W (A + 8 — Az1)
XA+ B=A2)L* AN+ B) + A2] + (1 = WA+ B8 — A2))A
XA+ 8= (n+mz)(A=AL* A+ B)Wi(A+ B — Az1)]
—m[(A+ B —A2)L*(A+ B) + X)W (A + 5 — Az1)

K'(z) = (1-L'(A+B)(n+mz)AWi(A+8—Az) = WA+ B — Az)]
+(n+mz2)Az(1 = L*A + B)) (=AW (A + 8 — A2))
+mAz(1 = L* A+ B) WA+ 8 = X2) = Wi A+ 8 — \z1))

Dri(z) = A+ B8)+ m+mz2)AW (A+ B —A2)(Az + (n+mz)L* (A + B)

A+B8=X2) =W A+B8—=A2)(A=AL*"(A+ f))
—m(Az + (n+mz)L* (A + B)(A+ B — A2))W5 (A + B8 — Az)

At z =1 L, turns

[,BDrl(l)S’(l) — S(1)[BDr(1) — )\Drl(l)]]
(BDr1 (1))
L [PrMEQ) - K(l)Dr’l(l)]
(Dri(1))?

Wo.,0

we know that L, = TU

where,

S1) = AI-WEB)B+A—WiA+B—Az)(A+ BL*(A+ B))]

S'(1) = XNWI(B)A+B—WiA+8—Aer)(A+BL* (A + B))]
AL = WE(B)A+ B = WA+ B = Aa)(A = AL*(A+ B))]
—mA+ BL* AN+ )W) (A + 08— Az1)
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K(1) = M1=L*(A+B8))(W;(8) — Wi (8 — Az1 +A))
K'(1) = M1=L*(\+B)[Wi(B) — Wi(B+A—Az1) — Wy (B)A
+m[W(B) = Wi (B+ A= Az)]]
Dri(1) = B—(A+BL*A+B)Wr(B) + X
Dri(1) = B+ AW (8) +mW; (BN + L*(A+ B)f]

+A =[N = AL* (A + B)|W(B)

Mean Orbit Length in RS period:
We assume that L, - mean orbit size and W - mean waiting time of the customer
in the orbit during WV period.

d
Ls = aRS(z) —

_ %[R{(z,o) + Ry(2,0)]

Nri(2)(1 = G*(\)) + Nra(z)Nrs(z)

d
a
d Drq(2)(A+ B — Az)Dry(2)

Wo,o

z=1

[Dry(2)2N7) (2)(ADr1(2) = (A + B = Az) Dr' (2))
+(A+ B = A2)Dri(z) N1y (2)(Dry(z) — Dry (2)Nri(2))
X(1—G*(N) + 2\ + B — A\2)Nrh(2)Dry(z)(Nri(2) Dry (2
—Nr3(2)Dri(2)) + Nr3(2)[2ANT5(2)Dry(2) + (A + B — Az
Dry(2) N1y (2) — (A + B — A\2) Dry(2) Nry(2)| Dry (2

Ls= 3(Dri(2) (At B — A2)Drj(2))? Woo

]
)
)
)

where,

Nri(z) = Bz(n+mz)RiA—Az)(1 = Wi(A+B8—X2){(A+B)z
—(n+mz)Wi(A+ B8 —Az1)[(A+ B — Az)L* (A + B) + Az]}
+(A+ B —=A2)B22(n +mz2)(1 — L*(\+ B)[Wi (A + B — \z2)
WA+ B = Az)] = (1= (n 4+ mz)WS(A+ B — A1) {(A+B)
xz—(n+mz2)WriA+B—A2)[(A+ B8 —Az)L* (A + B) + Az]}

xz(A 4 B — Az) — %(1 (4 m2)RI A= A2) A+ B — A2)

X(1 = (n+mz2)Wy(A+ B —A21)){(A+ B)z — (n + m2)
XWr(A+ B8 —=A2)[(A+ B —X2)L*(A + B) + Az]}

Nra(z) = (1—Ri(A—A2))

Dri(z) = A+B8)z—(n+mz)W;A+ B —X2)[L*(A+ B)
X(A+ B8 —Az) + 7]

Dry(z) = z—(n+mz)R.(A—A2)[(1 —2)G*(N\) + 7]

13
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Nr3(z) = PBz[(A+6—A2)G*(N) + A2](1 = L* (A + B))(W; (A + 8 — Az)
SWE O B Aa) = (1= W+ B = Az [+ B~ A2)
RG*(A) + A2 {A+ B)z — WA+ B — A2)(A+ B — A2)L* (A + f)
+A2)} 4 Bz(A+ B) (Wi (A + B8 = Az) = Wi(A+ 8 — Az1))
XL B) = 21— W+ B = X))@ A+ A2)
X{A+ﬁz— A+ B=A)Az+ (A+B =X)L (A +B)}
+m“)\622WU (A B — Az1) + B2eWI (A + B — Az1)L* (A + B)
KWE(N+ B — A2) + AB2WE (A + B — Az )WE (A + B — \2)
KL*(A+ B)(1 — 2)] (n + mz) — [8222 + AB2JW (A + 8 — Az)}

At 2 =1 L, turns

(1—G*(N)[2N7 (1) Dry(1)(ADr (1) = BDr (1)) 4 BDri(1)
(Dry()N7T{ (1) = Nri(1)Dry(1))] +28Nry(1) Dry(1)
(Dri(1)N7r4(1) — Nr3(1)Dri(1)) + Nrs(1)Dri(1)[2X

I - Nry(1)Drh(1) + BDry(1)N15(1) — BNr5(1) Dry (1)]

2(BDr1(1)Dry(1))? Woo
as it is known that W, = %,
where,
Nri(1) = —BAWJ(B) + ﬁAE( L =WI(B)A+B = BWS(A+B—Az1)

<L+ B) = AW+ 8 = Az)] - BL° (A + )W (8) + 42
L0t B0 B Ao 4 A~ SR
—)\WU(B)] NWEA+ B = Az1) + NWE(A+ B — Aa) Wi (B)
FABWS (A + B = Az0) W) (B)L* (A + B) + )\[ m+ AE(R;)]
<8~ Wi+ 5 = X)) {(A+8) ~ Wi (DA + 5L+ B))
FBm{(A+ B) ~ Wi (B)A+ BL A+ BIIWI (A + 8 — A1)
Nrs(1) = (L= W (B)BG (WS (A + B = Aer)(A+ BL* (A +6) — BA
~BAGT(N) = BTN} + (L= WA+ 6 = Aa) (BN (9)
XL (\+ B) = V(1= W8} + BL* A+ B)(W3 (9)
WA= Aa)) — 2BGT N1~ WA+ B~ Az)

X{ N+ B =WEB) L A+ B)B+ N} + {ABW(A+ B — Az)
—BW;(B)A+ B — BW(A+ B — Aa1)L* (A + B)]}m
Nrh(l) = —=AE(R;)
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Nri(1)

(W2 (8) = WA+ 8= Aa)[(1 = (A + B))(BA(1 = G* (V)
HBGH (V) + BELY (N + B)] + GT (A + B+ AW (8))

X(BW A+ B = Aet) = ) = AL (A + B) (1= Wi (A + 8 — A1)
X (W3 (8) + BW () + G* )W (A+ B = Az ) A+ B — B, (8)
XL (A + B) + AW (B)A = BG* (WA + B = N W, (8) + AWy (5)]
HAW (B)(BL* (A + B) = A) + AW (AW (A + B)][BG*(A)
KW B = Az1) = ML= WO+ B = Az + G ()

X (1= Wi A+ B = Az)){A + B) — AW (8) — 2ABW; (8)
XL\ + 8) = NGV (8) = ABEW ()17 (A + B) + ABW; (8)
—BO+ B} +m|BW(A+ B = Ae)[[L* (A + B)B + A

X3V (8) = Wy (8) = AE(Ry)) +m(1 = Wy (8)) — 4]

=3(1 = W (B)IA = AL* (A + B)]] + B0+ ) [2(1 — W (8)
AW (B)) + AE(R,)[2 + W (B)]] + BIL - L*(A+ B)][2(28 = \)
X (W (B) = Wi (A+ B = )] = ABW, (8)] = AB2[1 — L*(A + )
XW3(B) + (A BYWS (A -+ 8 — Az1)(36 — 2) + [L*(A+ B)B + A
<[ BAW (B)BW; (A + B = A1) = 2] + W (Wi (A+ B — A=)

x(@h=mp — )+ 8] [{0+ B0~ Wi A+ = Azl + 25

A+ ABE(R,)] — 28mW; (A + B — M)} + { NSOV (8)
—E(Rs)) —mpW;(8) — 28 + A|(1 = WS (A + B — Az1)) + 26m
XWi(A+ B = Aa1) L A+ BB + A = B(L = Wi (A+ B = A=)

X\ = ALY+ B (8)]
BHA—(A+BL*(A+B))W;(B)

B+ W (B) + mW(B)][A+ L* (A + B)B]

FA =A== ALY (A + B)]W;(B)

G*(\) — BE(R)XN —m

—2(1 — G*(\)[AE(Rs) +m] — E(R?)\? — 2AmE(R;)
~ME(R?)
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Nri(1) = {(1—W;(8)(2BE(R,) + BN E(R2)) + 28N E(R)W ()}
XA+ B —=WIA+ B8 = Az1)(A+ BL*(A + B))] + 2BAE(R;)
X(L=Wi(B)A+B+AW(A+ B = Az)(L*(A+5) = 1)]
+2BAW (B)(A + BL* (A + B)) + (1 = Wy (8))(2 — L* (A + B)
WA+ B — A1) + 282 (A + B)Y (W (A + B — Az1)

Wi (B)) + 202 (1 = W (8))(1 = Wy (A + 8 — Az1)) + 2A[A
AW (B)(A+ BL*(A+ B)) + AW (B)(L* (A + B) — 1)]

X(L=WyA+58—Az1)) + %2(1 — Wi A+ 8= Xz1){[A+8

—WEB)A+ BL* (A + B)JAB + A8 — 1 E(R) + 28AW; (B)
XA+ BL (A + B)E(R,) + ABE(R2)[A + 8 — W (B)
(A+BL* (A + B))]}

4 Special cases

(a) If the service time distribution follows an exponential distribution, no retrial,
no service among the vacation period and there is no feedback then, the present
model will be remodeled as analysis of M/M/1 queue with server vacations and
a waiting server.

(b) If the server does not wait after the completion of the RS period and there
is no feedback then, the present model will be remodeled as an M/G/1 retrial
queue with multiple working vacation.

5 Numerical results

The curved graph constructed in Figure 1 and the values tabulated in the Ta-
ble 1 are obtained by setting the fixed values u, = 3.6, us = 9.8, tyr = 3.5,
s = 5.3, « =1, m = 0.4 and altering the values of A from 1 to 2 incremented
with 0.2 and increasing the values of S from 0.3 to 1.1 in steps of 0.4, we ob-
served that as A rises L, falls and hence the stability of the model is verified.

or — p=03 | A B=03]|p8=07]|p=1.1
0.8¢ B=07 ] 1.0 | 0.2006 | 0.4771 | 1.0399
508 B=11 4 1.2 | 0.1479 | 0.3744 | 0.8428
o4l ] 1.4 | 0.1066 | 0.2870 | 0.6651

1.6 | 0.0737 | 0.2149 | 0.5181

0.2 b
- ———— | [1.8]0.0475 | 0.1566 | 0.3990

S T e s 20 | 2.0 | 0.0275 | 0.1097 | 0.2997

A

Table 1: A\ L,
Figure 1: A versus L, able versus
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The curved graph constructed in Figure 2 and the values tabulated in the Ta-
ble 2 are obtained by setting the fixed values u, = 6.6, us = 10.8, - = 3.5,
tsr = 5.3, a = 1.7, m = 0.3 and altering the values of A from 1 to 2 incre-
mented with 0.2 and increasing the values of § from 0.2 to 0.6 in steps of 0.2.
We observed that as A rises W, falls which is expected.

Z; g2 | [ N[B=02[B=04]5=06
o p04 | [1.0 | 0.2545 | 0.4949 | 0.7325
2onl B=08 | 15[ 0.2027 | 0.4054 | 0.6375
el 14| 0.1624 | 0.3297 | 0.5388

sl | [1.6] 0.1205 | 0.2652 | 0.4451
ol | 18] 0.1018 | 0.2100 | 0.3602
i i ve 15 20 | 2.0 | 0.0781 | 0.1628 | 0.2853

A

Table 2: A sus W,
Figure 2: A versus W, able Versus

The curved graph constructed in Figure 3 and the values tabulated in the Ta-
ble 3 are obtained by setting the fixed values p, = 0.1, pus = 10, p,, = 1.5,
e = 4.5, a = 0.6, m = 0.3 and altering the values of A from 1 to 2 incre-
mented with 0.2 and increasing the values of 8 from 1.3 to 1.7 in steps of 0.2.
We observed that as A rises L also rises which shows the stability of the model.

8l pets 1 N [B=13]B=15B8=17

o B=15 ] 1.0 | 0.0939 | 0.4101 | 0.8883
pett 1.2 | 0.4295 | 0.9762 | 1.7499

Ls

: 1 14| 0.9517 | 1.8173 | 2.9956
A ] 1.6 | 1.6909 | 2.9705 | 4.6665
1.8 | 2.6447 | 4.4248 | 6.7373

T ie e ae | 20| 377557 | 6.0909 | 9.0768

A

Table 3: X\ versus L
Figure 3: X\ versus Ly
The curved graph constructed in Figure 4 and the values tabulated in the Ta-
ble 4 are obtained by setting the fixed values p, = 9.3, pus = 11, pt, = 4.5,
s = 5.5, a = 1.5, m = 0.5 and altering the values of A from 1 to 2 incremented
with 0.2 and increasing the values of § from 0.3 to 0.5 in steps of 0.1. From the
graph, we studied that as A rises Wy falls which shows the stability of the model.
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08¢ — B=03 | A B=03]8=04|pB=05
07} p=04 | [ 1.0 | 0.5875 | 0.7271 | 0.8489
< B=05 1 '1.2 ] 0.4899 | 0.6225 | 0.7527
05¢ 1 [ 1.4] 04107 | 05315 | 0.6595
04 1 [ 1.6] 03447 | 0.4523 | 0.5726
03¢  [1.8] 02865 | 0.3808 | 0.4904
ST T ia s 1s 2o | 2.0 | 0.2280 | 0.3069 | 0.4018

A

Table 4: e
Figure 4: X versus W able versus

6 Conclusion

In this paper, an M/G/1 feedback retrial queue with working vacation and a
waiting server is evaluated. We obtained the PGF for the number of customers
and the mean number of customers in the orbit. We worked out the mean
waiting time. We also derived the performance measures. We performed some
particular cases. We illustrated some numerical results.
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