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1. Introduction

The basic features of the completely monotone functions constructed on some forms of white
noise spaces are provided in this study. if for each a € Z", (—=1)'*ID*f(x) > 0, then a
function f is completely monotone on RY; see [3, 8, 12] for several features of completely
monotone functions. According to Bernstein's theorem, f is completely monotone if and only if

fG) = f et du(t) (1.1)
Rn

u is a positive measure that is based on a subset of R”. Let Q stand for a locally compact basis
on the space R%. C,(Q) is a linear space of continuous bounded complex-valued functions which
is a complete normed space compared to the norm

Ifllo = sztglf(X)I (1.2)
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f defined on Q, where The space of infinitely differential and bounded functions on Q will be
denoted by C,°(Q),Moreover, by S(Q), the linear subspace of C;°(Q) created by the set which
contains functions on Qlike that x*DAf(x) < Cap » Witha, B € Z%}and a constant C,z.The

space of tempered distributions is represented by S'(Q) , Which is linear and continuous
functional on S(Q). There are numerous works that explore white noise spaces. Using the
Wiener-1t6-Segal isomorphism and other Fock space riggings, some of these works are devoted
to the building of test spaces, generalized functions, and operators having to act in these spaces
[1,9].The study of PDEs and quantum field theory, where quantum fields are characterized as
operator valued distributions, both depend heavily on distributions [5,11]. The works of
Berezanskyi and Samoilenko [2] and Hida [9] are where the modern theory of generalized
functions of infinitely many variables is derived. As infinite tensor products of one-dimensional
spaces, the test and generalized function spaces in [2] were created. The theory of generalized
functions was constructed using the classical method in [9], but all functions were functions of a
point in the infinite-dimensional space on which the Gaussian measure was defined, which
served the same purpose as the Lebesgue measure in the classical theory of generalized
functions. The structure of this paper is as follows: section 2, we devoted to introduce and give
the main properties of the class of double monotone functions defined on S(Q). In section 3, the
main properties of the class of weak monotone functions defined on S(Q) are given.Section 4
introduces a novel method for creating spaces of generalized functions. Section 5 concludes by
deriving the principal relationships between the creation of hypercomplex systems and the theory
of white noise analysis.

2. Double completely monotone functions on S(Q)

Rabidly decreasing functions are the name given to the components of S(Q), which has a family
of seminorms for each o, f € Z%

Iflle,s = Sgng“Dﬁf(X)l (2.1)

Let F: Q — Cbe a continuous double completely monotone function, i.e., F = f; + if, and
f1, f> are two completely monotone functions. We define

() G(Q) X Co(Q) —~ C
by

(@ )p = fQ fQ Flx =) 9(0) PO du()dv(y) 2.2)

where p, v € M(Q), the space of Radon measure on Q. The inner product ( -, - )y satisfies the
following conditions:
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I. (-, -)gin the first coordinate is complex linear and in the second conjugate
complex linear i.e., forany ¢,y € Cy(Q)andanyc € C

(C(p' l/) >F =c ( Y, lp)Fand( (p!Cl/} )F = E( Y, l/j)F

Il. (-, -)gisconjugate symmetric i.e., forany ¢, Y € C,(Q)

(QD:l/))F = <l/)!(p>F
. (-, - )z is positive definite meaning that for any ¢ € C,(Q)

(@, 0)r = Lp(p) = 0

IV. Forall o € Cy(Q)suchthat{¢p, @) = 0,thengp = 0

Theorem 2.1. For any double completely monotone function F on Q, the inner product space
(Co(@), (-, *)r) isacomplex Hilbert space.

Proof. We have that (-, -)z is an inner product space and C,(Q) is an infinite space so all we
need to prove is the completeness for that space , so we assume that we have a Cauchy sequence
{¢,,} and should prove that this Cauchy sequence converges to a limit in (C,(Q),(-, *)r) .

Where
(o) = f f Flx — ) 9(0) 90 du(x)dv(y)
QJQ

oY € Cy(Q), u,v € M(Q) the space of Radon measure on .

”(pn - (Pm”Z = (‘pn — OmPn — (pm>
- j j FOx =) (n — 0m) () @ = om0 dp()dv(y)
QJQ

Jo Iy F G = 019 (0) = 9 (01 du(x)dv(y)
-0
as n,m — oo, This implies
ln(x) — Pm ()| > 0
as n,m — . So

|5 (x) — @ (x)| = 0

as n,m — .Since {¢,} is a Cauchy sequence and we have that C,(Q) is a complete space
which means that lim,,_,., ¢,, = @ asn - o i.e |@,(x) — ¢(x)| = 0 as n — oo, which tends to
that ¢ belongs to(C,(Q),(*, *)r) , SO this space is complete.

3
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Corollary 2.2. For any double completely monotone function F on Q, the space Hp =
(Co(Q),(, -)p)is a subspace of Hilbert space L? ().

Proof. We want to prove H c L?(u) so let ¢,y € Hy and we need to reach to these functions
in L2 (u).Assume that

f F(x — )| du(x) < M, forally € Q
Q

and

fIF(x—y)Idv(y) <M, forallx€Q
Q

and by using (2.2)

(o)l =

f j Flx =) 9(0) 0 du(x)dv(y)
QJQ

Where by using (Cauchy — young inequality: If % + g = 1,thenab < %p + bq—q for a,b = 0)

ie.,
|<P(X)W| SI<.0(2x)| _I_IIIJ(;/)I
|F(x=y)| 2 [F(x—y)I 2
< J, J, "= av)loo 2 duo) + |, f, "2 dpGolp(n)1? dv(y)
M M
<2112, + 2 1112,
So.y € L*(w) .

Let M, stand for the set of all continuously real-valued functions w on R™ that fulfill the
requirements listed below:

1) 0=w0 < o@+n) < 0@ +wom); {n €R"

0®)
2) Jon e 46 < @

3) w({)= a + blog(1+ |{|) for some constant a,b
4) w({) is radial.

with the weight function w in M, and open set Q € R" Bjorck extend the Schwartz space by the
space S,,of all C* — function ¢ € L'(R™):

Pup(@) = sup e**® |D%(x)| < oo
x€ R"

And

265 Ghany et al 262-275



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

Mo (@) = sup e*© DY) < oo
JERM

and S’,, the dual space of S,,. Let f be a double completely monotone function and

wr (§) = log(1 + |f(DD (2.3)

for s € R we denote by }[f‘“'s the set of all generalized distributions u € S',:

1
haips = [ [ e Oa@P dg1z 24)

]R’n.

Theorem 2.3. The space }(f“"sis a Hilbert space with an inner product denoted by

@y = [ eroroag)neia 2.5)

R

Proof. We need to prove that the space }[f“"s is complete, so we assume that we have a Cauchy
sequence {u,,} in }[f“"s and we want to prove that this Cauchy converges to a limit u in J{f“"s :
where norm defined as:

2
llully = [ f e?s0r® |ﬁ(<)|2d<]

R

So
1
2

llum —ully” = “925“”’@ | (O) = ﬁ(()lzdil
RN

From (2.3), we have

1

ity — ull® = [ f 1+ [FQD* [ (D) —a(c)|2d<]
]Rn

|~

2

= [ j(l + |f(<)|)25+(n+1) 11, —a(Q)2(1 + |f(<)|)_(n+1)dZ]
Rn

1

< sup(1 + [F QD72 |2,(D) — 2D [ Ja+ f(o|)—<n+1>d<]
Rn

< Cllty, —all,
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< C”um - u”p+n+1

Where >s+ (n+1)/2, we find that ||u,, — u|lp » 0 as m - o Vp € N, which come from
that C,° is dense in S, then u € ﬂ-[f“"s which proves the completeness in it and so }[f“"s IS a
Hilbert space.

Lemma 2.4. Let u€H , < wu ->7” is the conjugate linear functional on S, which
uniquely extends to conjugate linear functional on f}[f“"s satisfying

) uo)p® = @M™ [, e*rOuv(0)dd.
2) | (uv )l < [l vl ue HP v e HP™

3 (uv)y” = (vu)p”’

Theorem 2.5. The space S,, is dense in #*forall s € R.

Proof. To prove that S, is dense in }[f“"s we need to check two things the first is that S, c J{f“"s
and the second is that S, = :I-ff“"s, for the first let we have a bijective map g,:S, = S,
u - eS9r®g. With (2.3) and f is a continuous double completely monotone function.

We have from the definition of map that e**s@a € S,, ¢ L, which leads to S,, ;.

Secondly we want to prove that S, = }[f“"s, so we must prove that S. = {0}( orthogonal
complement for S, ). Where Si = {u € H/*: ((u,p )){** =0 Vo €5,} . We want to get to
that=0.i.e.u € H> withu € S leadto ((w, ))7* = 0 Vo € S, . We have

(g )2 = (e59rDg,es0r@g),

Since g; is bijective , V¢ € S,, ,we find (e5“r@a,p), =0, since S,is dense in L,, 1 <p <
oo.which mean that e5*/@4 = 0, Sou = 0, i.e. S5 = {0}, soS,, = #;*°. Which complete the
proof.

Note that S,,is dense in L,, comes from that S,, < L,, .and that Cs° is dense in L,,.

Corollary 2.6 jff“"t c }[f“"sfor t > s, the inclusion is continuous and has dense image.
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3. Weak completely monotone functions

The purpose of this section is to discuss the idea of Weak completely monotone functions on the
Schwartz spaces. Let 2 € R be an open interval, f € C*(2)and ¢ € D(2), where

D) := {p € C*(,C) : supp(p) := {x; p(x) # 0} S 2 iscompact}

Using integration by parts, we will get
| # wweax = - | f ogeadx
N 0

Since, D(2)is the space of test functions which is dense in LP (2) for 1 < p < oo, so we can
rewrite the above equation using the scalar product of L, () as

(flo) = =(fl9)

We call a function g that satisfies (gl ) = — ( f|@) a weak derivative of f. Let 2 € R"
open, f € C1(2)and ¢ € D(), then

9 ~ 9
5 f19) = = (fl 52

( @)

Applying Gauss Theorem, we similarly obtain

(D¢f 1) = (=1)I( f |D%p)

Theorem 3.1. For any multi-index a € R the differential D is a continuous and linear operator
from 3" to }[f“"s"“'.

Proof. Where the linearity of the operator is obvious, so all we need to prove is that
ID%ul| 271 < cflull (3.1)

From (2.4), we have,
1
2

<1 = [ f e2(slabuws@ |a(<)|2d<]
]Rn

So

N[

ID%ul| "1 = [Jez(s‘m')“’f@ |D“u(0|2d§]
Rn

Which equivalent to
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||D“u||;)'s_|a| = ”e(s—lal)wf(Z)Dau(O ”L2

For a particular case let @« = 1

||e(s—1)wf(()m(<)||L2 = ||e(5—1)a)f(()§ ﬁ(Z)”Lz
< C”eS(uf(Oﬁ(Z)”L
2

= cllull®®

,$—1 ,
ID%ul|5~* < clfuf] @

where by using induction on |a| we can generalize this for any multi index @ € R .which follow
from this that the linear operator D% is continuous from }[f“"s to }[f“"s_'“l .

Theorem 3.2. The pairing (( -, -))¢"* identifies H >~ *isometrically with the antidual of H;*. If
u € DP’then u € H;>* if and only if there is a constant ¢ such that |u(¢)| < cllg|lf*~" for € DY

proof. Let the anti-dual of £/ be (#*) we will define a map L: }>~* — (1)’ as
L@ = (va) = o™ [ 9Q A ds
So we will show firstly that L: v — L, is bijective. Let L,(u) = 0,s0 (v,u) = 0 and
o [ 5@ 7@ =0
This implies
(2m)™ f e=s9r0p(£) e50rQRD) dg = 0
and
@0 [ e 0@ dt=0 foralles,

so,v=0inS,and v =0 in }[f“’"s. So, L is one to one. Then we will show that L is surjective.

Lety € (7—[;"5)' and ¥, € H"* we need to reach to v, € H” such that Ly, = ¢ . So from
Resize representation theorem we have, ¥(u) = ((p,u));” for allu € }H>°. From the
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continuous linear function on s,, then there exists ¥, € F*~*such that }, () = e*“r©, (7)
at most, so this leads to

Y = ((PuNy”
— @ [ e, A0 o
= (2m) ™" [ 201 © 725010, (Qa(Q) dg
= (P,u) = Ly, (w) forall ue }[f“"s
Hence,
¥ =Ly,
So L is surjective. Next we will show the isometry of . Let u € 3;*° and v € 3*~° such that
Q) = e *r09(Q)
and
L,(u) = 2m)™" [ 2(9) B(]) dg
= @2m)™" [e #1990 5(D) dg
= @m)™ [ e #r91p(Q)|* d
= [llvlig]”
= vl llullf?
Which means that L, is isometry from £~ to (3*)".

The second part of the proof is that if u € DY’ then u € H**, so there exists a constant c
such that

(@)l < cllpll 2.
So we will assume that € D]ﬁ" ,thenu € }[f“"s and we want to prove that
lu(p)l < cliplly ™.
We have that
ILu(@)] = [ud) < llull?*llplly ™ < cllplly™
This implies

lu@l < cllgpliz™.
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Conversely, let u € D}*’ and |u(e)| <c ||¢||ji’"5 , We want to prove that u € }[f“"s. Where
forall ¢ € DY the map ¢ - u(¢) can be extended uniquely to an element of a conjugate
w,—S

linear functional on H;*", with a bounded norm. So there exists e}[fw'sin sense that
Ly(®) = ((Y,9)) = u(p) = (w,p).So Y =uandu € H;”* which complete the proof.

4. Reproducing kernel Hilbert space Ay

Let F be a continuous double completely monotone function on R?, set F, (x) := F(x — y) for
all x,y € R%. Define:

(@ * F)() = f oONE,x)dy , ¢ € 52 4.1)
]Rd
and
(@xFp*F g, i= f f Flx — »)oG)v(y)dxdy 4.2)
Rd Rd

for all @, € S%. Then @ *F; ¢ € S¢ forms a pre-Hilbert space Ar with inner-product
< T )cﬂF

Lemma 4.1. A function ¢ = Fisin Ay ifandonly if § € L?(u) and

lo *FliZ, = j I du(@) 43)
]Rd

where u is the tempered measure.

Proof. The first statement is obvious from the previous definitions in section 4., so we will prove
(4.3) . Where we have that F is a continuous double completely monotone function, so we can
use Bernstein’s theorem

PO = [ e™tdu
R4
So we have that, with ¢ € S (Schwartz space on R%)

[Feogwdx = [ [ 00 dut dx

R4 RA Rd
= fRd f]Rd e Pp(x)dx du(Q)
= [ra ®(© du(®)

10
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And so we can conclude that

I+ FIIZ, = f f F(x — ) $()$0) dx dy

RE R4

= f 16| du(®
]Rd

Theorem 4.2. Let k € N, and A € D¥ and setFy = Yz e x € R* ; as a tempered
completely monotone distribution, and letA g, be the generalized RKHS of Schwartz. Then
a function h on R¥is in A, if and only if it has a convolution factorization

h = ¢ *xF,
where ¢ is a measurable function such that ¢(A) exists forall A € A, and (1), 1 € A belongs
to [,(A) and

ki3, = ) 6@/ (44)

e

Proof. We have that F, (x)=2ze,1e‘ix§,xe]R{k as a tempered completely monotone
distributions , we will prove that

I+ Fallz, = ) 6@

EA

Where ¢ € S¥(the Schwartz space on R¥) , ¢ is the standard Fourier transform , from (4.1),

(6 * F) () = f S(Fr(x —y) dy
]Rk

= ka d(¥) Xzea e =) dy
= Yeea fu #()e 0P dy

= Dzea ka P(y) e’ dy e™*%

_ Z J (e dy =it

CEA RK

Hence

@+ F)() = ) $Q e

eEA

11
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And so,

P * FollZ, = (¢ * Fp, ¢ * Fn)ag,

- f f Fy(x — ) $(0B0) dx dy

Rk RK
= f]Rk ka Z(EA e—l’((x—y) d)(x)m dx dy

Using Fubini’s theorem:

z f fe—ii(x—y)qb(x)m dx dy =Z[je—iix¢(x) dx feiiym dy
(€A | Rk

(EA Rk RK RK
= Z(eA[ka e ¥ (x) dx ka e Wo(y) dyl
= Y1 $Q 6O

= ZzeAl(ﬁ(Olz
So,

I * Fall%, = ) 6@

zeA

5. Concluding Remarks

In this work, we introduced and gave the main properties of the class of double monotone
functions defined on S(Q). Moreover, the main properties of the class of weak monotone
functions defined on S(Q) are given.Finally, a novel method for creating spaces of generalized
functions are given. Tempered distributions refer to the set of all continuous linear functional on
S(Q), and it is represented by the symbol $(Q). suppose [ € S(Q) and a € Z%. The weak
derivative D%, often known as the derivative of the sense of distributions, is obtained by

(D*D(f) = D" LDf)

for f € (Q). This corresponds to D%*l{g} = l{ D*g}. Noting thatdistributions are always
weakly derivative. If assume that Q = R™. So, x = (x;, =+, x,) € R". Let x* be denote the

product x;* - x,™, Z% represents a set of n-tuples.(a;, -+, a,)where each a; is an integer that

. . ] . . lal

is not negative , |a| = Xi-; a;and D*denote the partial differential operator axaf__w .The
1 n

12
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particular case, which follows the space of rapidly decreasing function on R™ is denoted as
S(Q) = S(R™) (also known as the Schwartz space), and its dual space of a tempered
distribution on R™ is denoted as S(Q) = S(R™).
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