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In this paper, we construct higher-order g-poly-tangent numbers and polyno-
mials and give several properties, including addition formula and multiplication
formula. Finally, we explore the distribution of roots of higher-order g-poly-
tangent polynomials.

1 Introduction

In [7], we defined the tangent numbers and polynomials. The tangent polyno-
mials are defined as the following generating function

2 R tn
<e2t—|—1) & = ZOT”(I)E

In [8], we constructed the poly-tangent numbers and polynomials. A modified
poly-tangent numbers and polynomials different from the poly-tangent numbers
and polynomials defined in [8] was introduced. In [9], we introduced tangent
numbers and tangent polynomials of higher order. We also obtain interesting
properties of these numbers and polynomials. For a nonnegative integer r, tan-
gent polynomials of higher order are defined as the following generating function

2 " xt = (r) t
(&) ==X

Definition 1.1. For any integer k, the modified poly-tangent polynomials are
defined as the following generating function

2Lin(1— e )\ .t = oopy, (17
SR F ) et — E TF) ()
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where Lij(t) = Y07 | L7 is polylogarithm function.

T,(Lk) =T ,(Lk) (0) are the called poly-tangent numbers when z = 0. If we set k =
1 in Definition 1.1, then the poly-tangent polynomials are reduced to classical
tangent polynomials because of Liy (1 — e~t) = ¢. That is, T\" (z) = T, ().
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2 Some properties of the higher-order ¢-poly-
tangent numbers and polynomials

In this section, we define higher-order ¢-poly-tangent polynomials and study
several properties, including addition formula and multiplication formula.

In [3], [2], [8], the g-number is defined by
1—-4"
[x]q: 1_q’ (q;é]‘)'

We note that lim,_,1[x], = x. The g-factorial of n of order k is defined as

I = [lgln =g [0~ k+ 1y, (k=1,2,3,--),
where [n], is g-number. Specially, when k = n, it is reduced the g-factorial
[n]g! = [n]q[n — 1]q - [1]g.

For k € Z, the g-analogue of polylogarithm function Lij 4 is known by

Ligg(z) =Y %

Definition 2.1. For any integer k, a nonnegative integer r, higher-order g-poly-
tangent polynomials are defined as the following generating function

2Lik (1= e ™)\ oi =iy, A"
s Tt T( 77) —.
( t(e? +1) c RZ:O ni (@) n!
TT(LIfq’T) = TT(L]fq’T)(O) are called higher-order ¢-poly-tangent numbers when x =

0. If we set £k =1,q — 1 in Definition 2.1, then the higher-order g-poly-tangent
polynomials are reduced to higher-order tangent polynomials.

Theorem 2.2. For any integer k and a nonnegative integer r, n, and m, we get

T,(L’fq”) (ma) = Z (7> Tl(,l;’r)m”_lx”—l.
=0

Proof. From Definition 2.1, we have

oo n . —t ‘s
Z Tékér)(mw)tf = <2sz’q(1 — ¢ )) emat
= n!

t(e?t +1)
_ - k,r " - ntn
_ (z 1605 (S ma & )
n=0 n=0
— - n k,r n—Il,.n— t
:Z(Z (l>Tl(-,q ‘m" e l) ol
n=0 \1=0 ’

Therefore, we finish the proof of Theorem 2.2 by comparing the coefficients of
o
O

n!"
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If m =1 in Theorem 2.2, then we get the following corollary.
Corollary 2.3. For any integer k£ and a nonnegative integer r and n, we have
k,r _ = n (k,r)  m—1
Té,q )(x)_Z(l>ﬂ,q z
1=0

Theorem 2.4. For any integer k£ and a nonnegative integer r and n, we get

T ! n kJ’ n—
(1) T}L{i;)(x+y)z<l>7}(,q @)yt
1=0

n
r+s n k,r k,s
@ T =3 (7)1 @I 0,

=0

Proof. (1) Proof is omitted since it is a similar method of Theorem 2.2.
(2) From Definition 1.1, we have

Z TT(L]ZTJFS)(:U +y)—
n=0
_ 2Lig,q(1 —€e") e olrty)t
t(e?t +1)
o . - . (2)
_ k,r k,s
- (Srpel) (Srwt)
n=0 n=0
R N A1 P D N
Y (S ()mwrnm)
n=0 \!=0

Therefore, we end the proof by comparing the coefficients of % on both sides
of the above equation (2). O

Theorem 2.5. For any integer k and a nonnegative integer r, n, and m, we

obtain .

r n k,r n—l,.n—

Té’fq’ )(mx) = Z (l)Tl(’q )(x) (m—1) Lpn—t,
=0

Proof. By utlizing Definition 2.1, we have

ZT (kyr) t” _ (2Likg(1—e7") rezte(m Dt
na He2 + 1)

_ (Z T,Ef“q’m(x)f;) <Z(m g ;) .
n=0 2
) ZO (l—o <Tll>Tl(’Z T)(x) (m—1)" l.n l) %7:
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Therefore, we end the proof by comparing the coefficients of %L, on both sides
of the above equation (3). O

Theorem 2.6. For any integer k, a nonnegative integer r, and a positive integer
n, we have

T T k,r
T (@ +1) - T (@) Z( )T( (

=0

Proof. By using Definition 2.1, we have

oo tn o0
k,r k,r
ST e+ 1) = ST @)
n=0 n=0
_ (Lieg( =D ne _ (2Likg(l =)'
th T 1) t(e?t +1)

Then we compare the coefficients of "~ for n > 1. The reason both sides of
the above equation (4) can be Compared the coefficients is that 0(2 ™) (x+1) -
TéZ’T)(I) = 0. Thus, the proof is done. O

3 Polynomials and numbers related to higher-
order ¢-poly-tangent polynomials and its symmtric
property

In this section, we examine the association between higher-order g-poly-tangent

numbers and poly-tangent polynomials using Cauchy product. We also explore

relation of higher-order g-poly-tangent polynomials and Stirling numbers of the

second kind. Furthermore, we study the symmetry properties of higher-order
g-poly-tangent polynomials.
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We recall a multinomial coefficient, which is

|

n n!

( ) Ims! I (5)
M1, Mo, -+ , My mq!lmsgl---my!

Let us consider the following equation using the equation (5) above. This
equation is an equation expressed by applying Cauchy product continuously.

Theorem 3.1. For any integer k, a nonnegative integer n, and r > 3, we get

mMyr—1

GCUIEID SE SIS SIS
myp—1=0m,_2=0 ma=0m;=0
n
k
«( e
mi, Mg — M1, Myp—1 — Myp—_2, 1 — Myp_1
(k) 7(k) 7(k)
XTm2*m1,q(x) o m, 1My — 2,q(x) n—"my— 1;q(x)
where ( & ) is multinomial coefficient.
mi,mz, - ,my

Generating function of the Stirling numbers of the second kind Sa(n, k) is
defined as follows:

ZSQ’nk (6;1).

Theorem 3.2. For any integer k, a nonnegative integer r and a positive integer

n, we obtain
0 =33 () @satmr,

=0 m=0
where (z),, = z(x —1)--- (x — m + 1) is falling factorial.

Proof. From Definition 2.1, we have

iT(k Mz )tT: _ <2Lz’k,q2(t1 —@t)>r y
o n! t(e?t +1)
_ (2Ligg(1—e )\ (et —1)™
- ( t(e2 + 1) m;(f”)m ml
B & T(k,’r) tn o © s tn
- Z n,q ﬁ Z(:E)m 2(n7m)7| (6)
n=0 n=0m=0
o0 (k T) t oo n t"
_ ZT”"} - Z () m Sa(n,m) '
n=0 n=0m=0
(k) | T
Z(ZZ() mSa( l,m)T_lq>
n—l, n!
n=0 \I[=0 m=0
Thus, we finish the proof by comparing the coefficients of tn—ﬂ, O
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Theorem 3.3. Let r and n be a nonnegative integer and wq, ws > 0 (w1 # wa).
Then we have

Z <l>w1w2 lT(k )(ng)Tr(lli’;)q(wlx)

=0
Z( ) wi T (wy2) T (waa).

Proof. Let us consider the function

4LZk‘7q(1 - e_wlt)Lik’lI(]' - e_w2t) " 2wy waxt
F(t) = ( 12(e2unt 4 1)(e2wal + 1) e (7)

Then we obtain

2sz7Q(1 — eiwlt) " wiwaxt 2sz,q(1 — eiwzt) " w1 waxt
F(t) = ( T eW1w2 H(e2urt 1) W1 W2

- n—+r tn - n—+r 9 tn
(Z Wit T (wzx)n!> <Z wy T (ww)n!> (8)

n=0 n=0

T T tn
Z (Z( ) FrugTT ><w2x>T£’%,L<w1x>> o

By calculating in the same way as the above equation (8), we can get
- " n T —_ r k),’!' k?,’!' t’ﬂ
P =3 (Z () )ugrrortom ><w1z>T,5_l,L<w2x>> 2w
n=0 \1=0
The proof is complete as a result of the equations (8) and (9). O

Let w is an odd number. Then we can easily see
> . tn ewt 41
A(w) ==,
3 Aoy =G (10)

where A, (w) = ?:01(71)1 ™ is called alternating power sum.

Theorem 3.4. Let w; and ws be an odd number and n be a nonnegative
integer. Then we have

n ] n— ]
SN (1)1

j=0 i=0 =0

<.

) TR Ty (wow) A i1 (wr)

n—j—i,q

Jj n—j
Z ( )( )2n j—=l 1+l+r %n 2j—i— l+T’T(7’;7)
0 1l=0

j 1=

n

x T Ty(wiz) An_j_i(ws).
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Proof. First, let us assume that

47-(Lik,q(1 _ 6—w1t))r(Lik’q(1 _ e—wzt))7-(62w1w2t + 1)
127 (e2wit 4 1) (e2wat 4 1) (e2wit + 1)(e2w2t + 1)

G(t) = eZwiwat (11)

Then we calculate
G(t) =2 2Lipq(1—e"1)\" (2Lixq(1 — e\’
t(e2wit + 1) t(e2w2t + 1)
x 2 elewgzt 62w1w2t + 1
(€2w1t + 1) e2w2t + 1

[e'S) m 9] m
_ n+r k,r n+r k.r
_ (zwl g, >) (z T, >)

n=0 n=0

(Z Wi, ¢ (wax) ) (Z 2"l A, (wy)
. R . (12)
_ n+rm(k,r n+r k ,T

n=0 n=0

oo n ~ tn
X ZZ (7)2” Lwhwy~ Tl(ng)An,l(wl)a

n=0 (=0

j n—j
iz ( >(’I’L j)2n 7=l z+l+r 2n—2j—i—l+r
Wa

n=0 \ j=0 =0 [=0

v

tlﬂg

k,r k,r t "
T TE T (wsw) Ay () ) .

In a similar way to the above equation (12), we get

(Z wi Tk ) (i Wit ”i.)

n— A t
3 (7)ot T i) A )
n=0 =0

Hence, by usmg Cauchy product, the proof is complete by comparing the coef-
ficients of £ on both sides of the equations (12) and (13). O

4 Distribution of zeros of the higher-order ¢-
poly-tangent polynomials

Using generating functions, the generalized forms of known polynomials such

as the Bernoulli, Euler, falling factorial and tangent polynomials are studied.

In particular, various properties of these polynomials were investigated through
numerical experiments, see for example [1] , [4], [6], [7], [8], [9], [10], [11], [12].
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In this section, we discover new interesting pattern of the zeros of the higher-
order g-poly-tangent polynomials T,EIZS) (z). We propose some conjectures by
numerical experiments. The higher-order g-poly-tangent polynomials Tﬁq’g) (x)
can be determined explicitly.

A few of them are

k,3
T35 (2) = 1,

9 1-2\ "
Tl(’kq’g)(a:):—Q-l-?)( a ) +x,
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We investigate the beautiful zeros of the higher-order g-poly-tangent poly-
nomials TT(LIL’T)(:L") by using a computer. We plot the zeros of higher-order ¢-
poly-tangent polynomials TT(L’fq’T) (z) for n = 30,7 = 3 and x € C(Figure 1).

104 [ ) .— 10+ ® —
o L
bl ® o
mey 0 ‘4 mey 0@ e o —
o ® * 7
) o |0
~10f [ ] .7, -0} -
Re(x) Re(x)
[ ] [ ] ) [
° o ° °
([ ] (4

[ ] [ H :
mi o———Snooeeessed e o immomk

[ ]

: .. [ ] [ ]

PY ° [ ] [ ]
~10f . . 10F ° ° R
-20 -10 R:!' 10 20 -20 -10 R:(x) 10 20

. (k,r)
Figure 1: Zeros of T 4 ()
In Figure 1(top-left), we choose n = 30,q = %o and ¥ = —3. In Figure
1(top-right), we choose n = 30,q = 1% and k£ = —3. In Figure 1(bottom-left),

we choose n = 30,q = 1—10, and k = 3. In Figure 1(bottom-right), we choose
n:30,q:%andk=3.
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Stacks of zeros of Tnlfq’r) (x) for 1 < n < 30 from a 3-D structure are pre-
sented (Figure 2).

Figure 2: Stacks of zeros of T\"") (z) for 1 < n < 30

In Figure 2(top-left), we choose r = 3,¢ = 15 and k = —3. In Figure 2(top-
right), we choose r = 3, ¢ = = and k = —3. In Figure 2(bottom-left), we choose

10
r=3,q= %, and k = 3. In Figure 2(bottom-right), we choose r = 3,¢ = %
and k£ = 3.

10
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We plot the real zeros of the higher-order g-poly-tangent polynomials Tnvqr) (x)
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and = € C(Figure 3).
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Re(x)

and k = —3. In Figure 3(top-

for1<n<30
and k = —3. In Figure 3(bottom-left), we choose

1

10

. k,
Figure 3: Real zeros of T\%" (x)
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Next, we calculated an approximate solution satisfying higher-order g-poly-
tangent polynomials E(Lfcq’r)(x) for x € R. The results are given in Table 1 and

Table 2.

Table 1. Approximate solutions of T,(L{Z’T)(x) =0,k=-3,r=3,q= %

Table 2. Approximate solutions of T 4

degree n x
1 0.50700
2 —1.4556, 2.4696
3 —2.9508, 0.62706, 3.8447
4 —4.1946, —0.87747, 2.1935, 4.9066
5 —5.2759, —2.1561, 0.70762, 3.5182, 5.7412
6 —6.2440, —3.2614, —0.61966, 2.0917,
4.7059, 6.3694
7 —7.1317, —4.2202, -1.8162, 0.75900,
3.3518, 5.8907, 6.7156
8 —7.9630, —5.0461, —2.9002, —0.48398,
2.0429, 4.5281
(k,r)

(I):O,k:?),’l”=37q:%

degree n x
1 2.2461
2 0.72612, 3.7660
3 —0.38330, 2.2395, 4.8819
4 —1.2186, 0.89693, 3.5776, 5.7283
5 —1.8044, —0.32452, 2.2334, 4.7925, 6.3333
6 0.97798, 3.4837, 6.1347, 6.5052
7 —0.20813, 2.2289, 4.6632
8 —1.3362, 1.0256, 3.4282, 5.7835
12
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