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Abstract

In this article we study the behaviors of a piecewise linear map with
initial condition in the second quadrant. There is a unique equilibrium
point and two 4-cycles of the map. We found regions of initial condition
that solutions become equilibrium point or 4-cycles. We divided the sec-
ond quadrant into sub-regions and identify behaviors of solutions in each
sub-region by direct calculations, and formulated inductive statements to
explain the behaviors of the map without using stability theorems.
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1 Introduction

Lozi map (Lozi, 1978) is a well known two dimensional piecewise linear map
which is a simplified version of Hénon map and has a strange attractor. There
are many applications of piecewise linear maps in models such as power elec-
tronic converters and switching circuits (Banerjee & Verghese, 2001; Zhusu
baliyev &Mosekilde, 2003). We know that multistability (Simpson, 2010; Zhusub-
aliyev et al., 2008) can be found in piecewise linear map. Bifurcations sequence
in a family of piecewise linear maps were cosidered in articles (Gardini & Tikjha,
2019; Tikjha & Gardini, 2020) and also a transition between invertibility and
non-invertibility of piecewise linear map were studied in article (Gardini &
Tikjha, 2020). A solution {(2n,yn)}32, of a map is called eventually peri-
odic with prime period-p (or minimal period-p) if there exists an integer N > 0
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and a smallest positive integer p such that {(z,,yn)}32, is periodic with period
p; that is,
('rn-l-;m yn-l-p) = (l‘n, yn) for all n > .

As we all known that piecewise linear function is not differentiable. In the case
of system that can reduce to equation (one-dimensional map), we are unable to
verify stability via stability theorem such as Schwazian derivative (D. Singer,
1978). An open problem about a piecewise linear map was mentioned in (Grove
et al.,2012):
Tpl1 = |xn‘ + ayn + b (1)
Yn+1 = Tpn + C|yn| +d

with initial condition (xq,yp) € R?. Many papers studied the open problem
for example: Gove et al. (2012) found that every solution is eventually prime
period-3 solutions except for the unique equilibrium solution. In article (Tikjha
et al., 2010; 2015; 2017) and (Tikjha & Lapiere, 2020), they studied some
special cases of system (1), and showed that there are periodic attractors. They
showed that every solution is eventually either periodic attractors or equilibrium
point by using direct calculation and inductive statement. Recently in article
(Aiewcharoen et al. 2021; Laoharenoo et al. 2023), they investigated a family
of systems that contain absolute value similar to (1) and they showed that all
solutions become the equilibrium point. Moreover, they also showed that there
exist a prime period 5 when b < —6. In article (Lapiere & Tikjha, 2021),
they also studied the special case of (1) with a = b =d = —1 and ¢ = 1.
Our goal is to continue investigate the special case of (1) with a = ¢ = —1,
b= —3 and d = 1 which Tikjha and Piasu (Tikjha & Piasu, 2020) reported the
condition of solutions becoming equilibrium point or periodic with prime period
4. They investigated initial point only in region of the first quadrant. We aim to
extend the initial condition in second quadrant and find all possible behaviors of
solutions for this map and then characterize the coexisting attractors between
equilibrium point and periodic with prime period 4 (4-cycle) and their basin of
attractions.

2 Main Results

In this section we will study the following two dimensional map:

Tpt+1 = |xn| —Yn — 3;yn+1 = Tn — ‘yn| +1 (2)

with initial condition belonging to second quadrant. This map has the unique
equilibrium point (—1,—1) that can be computed by solving the system:

Asin (Tikjha & Piasu, 2020), there are 4-cycles of the system (2) given by Py ; =
{((_57 _1)7 (37 _5)7 (57 _1)7 (37 5))} and P4<2 = {((L _3)7 (L _1)7 (_17 1)7 (_37 _1))}

223 Youtuam et al 222-235



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

The 4-cycles are found by numerical calculation. It is easy to verify that Py 1
and Pyo are 4-cycles. Let (zg,yo) be in the second quadrant of zy plane,
Q2 = {(z,y) € R?*lz < 0 and y > 0}. We have the first iteration as the
following:

z1=l|xo|—yo—3 =-x0—Y —3 (3)
y1 =m0 — |yo| +1 =20 —yo+1

Before we calculate the next iteration, we have to know the sign (negative or
non-negative) of x; and y; which are the function of xy and yo. The sign of
will change when initial point (xg,y0) above or below the line f(z) = —x — 3
(resp. g(x) = = + 1 for y1). Now we divide the second quadrant into three
sub-regions as Fig. 1 that we will investigate in the next sub-section.

Yy

4:@«“

(—10-1)

4

Figure 1: The second quadrant is separated into three sub-regions by the lines
f(z) and g(x). The red point is the equilibrium point of system (2).

2.1 Stable equilibrium point

In this section we will investigate rightmost region of second quadrant that is
when initial condition belonging to the green region as Fig.2 From (3), we have

{1’22y01 (4)

y2:—2$0—3<0.

Firstly, we will investigate when x5 > 0 that is initial condition % <y <1
as in Fig.3. So the next iteration can be written in the form:

{xg = 21’0 + 2y0 -1 (5)

ys = —2x9 + 2yp — 3 < 0.
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Figure 2: The region of initial points such that x; is negative and ¥, is positive.
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Figure 3: The region of initial points such that zs is non-negative.

Again we separate region in Fig.3 into two parts above and below a line i(x) =
—z + 1 as in Fig.4. For an initial condition above the line i(z) = —z + 3, the
forth iteration is in the form:

{.’L‘4=4l’0—1<0

6
Y4 = 4yo — 3. (6)

If initial conditions are in green region in Fig.4 with above line i(z) and yg €
[%, %], we have y; < 0. By direct calculations we have:

;j: ; ;éx_(’)_ ;yiyggig 0 , and { ;s ; :11 . The solution of this region is
eventually equilibrium point within sixth iteration. For initial conditions are in
green region in Fig. 4 with above line i(z) and yy € (%, 1] , we have the following
x5 = —4rg—4yo+1<0

ys =4dxg —4yp +3 <0

$6:8y0—7
{y6=—8y0+5<0 ' (7)

closed form of solution: { , and so

Note that the closed form of the sixth iteration with this region is independent

from . It is easy to verify that when yo € (2, 1], 26 < 0 and so 27 = y7 = —1.
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Figure 4: The third iteration of (5) x3 change sign when initial point (z,yo)
crosses the line i(x).

This means that the solution of this region is also eventually equilibrium point
within seventh iteration. The remain region is when yy € (%,1} which we
have zg > 0. The following inductive statement will be used to prove that
every solution is eventually equilibrium point for this remain region. Let a, =
%,bn = %,% = 22n%2 _ 1 and P(n) be the following statement :
“yo € (an,1], then

= 22"+2y0 - 6n

Tan+3
Yan+3 = —1
If yo € (an, by then 24,13 < 0 and so
Tan+4 = 722n+2y0 + 5n —-2<0 Tan+5 = -1
Yanta = 22n+2y0 — 0, <0 { Yant+s = —1
If yo € (by, 1] then 24,435 > 0 and so
Tanta = 22"yo — 6, —2 <0 Tangs = —22"3ys + 26, —1 <0
Yanta = 22" 2y — 5, > 0 ’ { Yants = —1 ’
Tan+6 = 22"+3y0 —26, -1
{ Yante = —22"3yg 4+ 26, —1 <0
If yo € (bn,ans1] then z4,46 <0, and so
Tgny7r = —1
Yant+7 = —1
If yo € (ant1,1] then 2446 > 0.7
We shall show that P(1) is true. For y € (a1,1] = (Z,1] and &, = 15,
we have g = 8yp — 7 > 0,96 = —8yo + 5 < 0 and so
Ty1)+3 = o7 = 16y — 15 = 222y, — 4,
Yay+3 = yr = —1
If yo € (a1,b1] = (%, %] then z7 < 0 and so
Ty(1)+4 = X8 = —16yp + 13 = —22(1)+2y0 +d01—-2<0
Ya(y4a = ys = 16yg — 15 = 22(MW+2y0 — 5, <0 ’
Ty(1)45 = Tg = —1
Ya)+s5 = Yo = —1

If yo € (b1,1] = (%, 1} then 7 > 0 and so
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Ty1)+a = Tg = 16yg — 17 =22 +2y, — 5, —2 <0
Ya(y4a = Ys = 16yo — 15 = 22+ —§; > 0 ’
Ta(1yes = Lo = —32y0 + 29 = —22M+3y, 125, — 1 <0
Ya(1)yrs = Yo = —1
Ta1)+6 = T10 = 32y — 31 = 223y, — 25, — 1
Ya)+6 = Y10 = —32yo +29 = —22MF3y, 425, — 1 <0
If yo € (b1, a2] = (%, %] then z19 < 0 and so

Ty1)y47 =211 = —1

Yaryrr = y11 = —1
If yo € (az,1] = (%, 1] then x4(1)4+6 = 210 = 32yo — 31 > 0. Therefore P(1) is

)

—

true. It means that for this region and initial condition y € (%, %] , the solution
is eventually equilibrium point (—1, —1). Next Suppose P(k) is true. We shall

show that P(k + 1) is true. For yo € (ag41,1] = (%, 1], then

Tapge = 22K 3yg — 20, — 1 >0
{ Yapro = —22FFyg +26, -1 <0 ° Then

22(k:+1)+2y0 _ (22(k+1)+2 _ 1) — 22(k+1)+2y0 _ 6k+1

{ T4(k+1)+3 =
Ya(k+1)+3 = —1

2k4+3 _ 2k+4_ .
If yo € (agr1,bp41] = (22%7%,17 %] then 2447 = T4(k41)+3 < 0 (by substi-
tuting boundary of yo) and so

{ Ta(hryra = —22FFDF 20 4 6,1 —2 <0

Ya(hp1)a = 22FFDF 2y, — 5,4 <0 ’
Tyt1)4+5 = —1
Ya(k+1)+5 = —1
2k+4
If yo € (bgt1,1] = %, 1} then 447 = T4p41)+3 > 0 and so
{ Taharya = 220D 2y — Gy —2 <0
Ya(hprya = 22D+ 2y — 5,0 >0 ’
T4(k+1)+5 = —22(k+1)+3y0 + 2041 —1<0
Yak+1)+5 = —1 ’

{ Ta(e)r6 = 22F DTy — 26,4 — 1

Ya(k+1)+6 = —22(k+1)+3yo + 20,41 —1<0
2k4_ 2k45_
If yo € (brt1, ant2] = Bz, Zgmrs] then zy(g1)+6 < 0 and 50 Ty(i1)47 =

—1 and yyk+1)47 = —1.
2k45
Ifyo € (aryo, 1] = ( oz, 1} then Zy(j11)+6 = Tans10 = 22F D3y 26, 1 —

1 > 0. Hence P(k + 1) is also true. By mathematical induction P(n) is true
for any positive integer n. From the inductive statement we have that every
solution with initial condition yy between a, and b, is eventually equilibrium
point. It is easy to see that the limits of sequences a, and b, are equal to 1.
Therefore we can confirm that with initial condition, the green region in Fig. 4
with above line i(x), the solution is eventually equilibrium point.

For an initial condition below or in the line i(z) = —z + 1, the initial
condition satisfy xo < —yo + % then x3 = 2x9 4+ 2yp — 1 < 0. We have the forth
iteration as r4 = —4xg+ 1 < 0 and y4 = 4yg — 3. In this green region below
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i(z) of Fig. 4, yo is at most %. Then y4 = 4yp —3 < 0 and so z5 = y5 = —1. So
we proved the following lemma.

Proposition 2.1. Let {(zn,yn) 2, be a solution of the map (2) and initial
condition (x0,y0) € {(z,y) € Q2ly < x4+ 1and 3 <y < 1} . Then every
solution is eventually equilibrium point.

Now we consider the below part of the Fig. 3, which (z¢,yo) satisfies the
following conditions: 1 = —zo —yo —3 < 0,y1 =29 —yo+1 > 0 and zy <
0,70 > 0. We have xo = 2y — 1 and yo = —2x¢ — 3. In this case we consider
when 0 < yo < % So x5 < 0 and (xg,yo) belong to green portion of Fig. 5. The

Yy

/ T
Figure 5: The green region of initial points such that x5 is negative.

next iteration can be written in the form:

{56'3 =2x9—2yp+1 (8)

y3:—2$0+2y0—3<0.

We separate x5 into two cases, above and below line k(z) = = + % as in Fig. 6,
when (g, yo) is above k(z) then x3 < 0 while it is positive when (zo, yo) below

YA

Figure 6: The x3 of (8) change sign when initial point (zg,yo) crosses the line

228 Youtuam et al 222-235



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

In the case of z3 < 0 (above k(z)), we immediately have x4 = y4 = —1. For

the case of z3 > 0, we have

rg =4xg —4dyo+ 1

ys = —1 '
For x4 = 4x¢ — 4yo + 1 < 0, we have

x5 = —4zog+ 4y —3 <0

ys =4xo —4yo +1 <0
and so rg = yg¢ = —1. In the case of x4 = 4xg — 4yg + 1 > 0, that is in remain
region of initial condition in A = {(zo,y0) € Q2]4xo — 4yo + 1 > 0} as Fig.7.
We will use an inductive statement to verify that the remain solution is even-

Yy

l(a:):z+i

]Y

/

Figure 7: The green region is the initial points belonging to A.

tually equilibrium point. Let A,, = {(z,y) € Q2 | 2" — 2*"y +1 > 0}, D,, =
{(z,y) € Qo | 22" Hx — 227+1y + 1 > 0} and Q(n) be the following statement:
“(370790) € A, then
Tan+1 = 22n{L‘0 — 22ny0 —1<0 Ton+2 = —22n+1$0 + 22”+1yo —-3<0
Yans1 = 2220 — 27"yo +1 >0’ { Ydny2 = —1 ’
Tanyz = 22wy — 22y +1
Yants = =22 Mgy + 220y, —3 <0
If (x0,90) € Ap — Dy, then 24,45 < 0 and 80 T4y 44 = Yanta = —1.
If (xo,y0) € Dy, then x4, 13 > 0 and so
Tynys = 22n+2x0 _ 22n+2y0 +1

Yanta = —1
If (x0,10) € Dy — Apqq then 24,44 <0
Tanys = =22 2pq + 2272y, — 3 <0

and so x = = —1.
Ynis = 22n+2x0 _ 22n+2y0 +1<0 4An+6 = Y4n+6

If (zo,90) € Any1 then xg,14 > 07 We shall show that Q(1) is true. For
(zo,y0) € A1 ={(z,y) € Q2 | 4x — 4y + 1 > 0}. We have
Ta(1)+1 = dao — dyo — 1 =22Wze —22Wys —1 <0
y4(1)+1 = 4330 - 4y0 +1= 22(1)1‘0 - 22(1)y0 +1>0 ’
{ Ta1)+2 = —8xo + 8yo — 3 = —22WHlgy 4 22+, 3 <0
Ya(ry42 = —1
Ta(1)+3 = 8o — 8yp + 1 = 22 F1gy — 221y, 4]
{ Ya(y4s = —8xo + 8y — 3 = —22WHlg, 4 22(W+ly, 3 <0~

)
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If (zo,y0) € A1 — D1 = {(z,y) € Q2|0 < 4x —4y+1and 8z — 8y + 1 < 0}
then z7 < 0 and S0 T4(1)44 = Ysa(1)44 = — 1.
If (x0,90) € D1 ={(z,y) € Q2 | 8¢ — 8y + 1 > 0} then z7 > 0 ans so
Ty1)+a = 1620 — 16y + 1 = 2225, — 22(D+2y, 4 ]
Ya(1)yra = —1 ’
If (z0,90) € D1 — Ao ={(z,y) € Q2|0 < 8 —8y+ 1 and 162 — 16y + 1 < 0}
then xg = 1629 — 16y9 + 1 < 0. Then
Ty1)+5 = —16z0 + 16yg — 3 = —22(D+2g, 4 22(D+2y 3 < 0
Ya(1)+5 = 1620 — 16yo + 1 = 22(M+2g, — 22(+2y5 41 <
Ya1y+6 = —1.
If (x0,90) € Az = {(20,¥0) € Q2 | 162 — 16y + 1 > 0} then x4(1)44 > 0. Hence
9Q(1) is true. Suppose Q(k) is true. Next, we show that Q(k + 1) is true. Since
Q(k) is true, we have wyp g = 22225 — 2242y 1+ 1 > 0, and yyppa = —1
when (z0,10) € Apy1 = {(z,y) € Q2 | 22F 22 — 226+2y + 1 > 0} and so
Ta(hi1) 1 = 22(k+1)x0 _ 22(k+1)y0 —1<0
Yakt1)+1 = 22 g — 22y +1>0 7

, and 80 Ty(1)46 =

{ I4(k+1)+2 — —22k+1+1l’0 + 22k+1+1y0 ~-3<0

Ta(pt1)+2 = —1 ’

{ Tty = 220D gy 920D+ Ly 4
y4(k+1)+3 — 722(k+1)+1x0 + 22(k+1)+1y0 —3<0°

If (x0,90) € Apr1—Diy1 = {(7,y) € Qo | 0 < —2%F254.226+2y 1 | and 22(k+D+15
22(k+ D41y 4 1 < 0} then z4(,11)43 < 0 and so

Ty(kt1)4+4 = —1

Yakt1)4a = —1
If (20,50) € Dpt1 = {(z,y) € Qq | 22(F+D+1y — 220kt D+1y 4 1 > 0} then
$4(k+1)+3 > 0 and so

x4(k+1)+4 _ 22(k+1)+2$0 _ 22(k+1)+2y0 +1

Ya(k+1)+4 = —1 '
If (20,90) € Dit1 — Apsa = {(z,9) € Qo | 0 < 22+ DLy — 22(k+DHLy, 4
1 and 22+ D425, — 22(k+ D42y 4 1 < 0} then z4(441)44 < 0 and so

{ m4(k+l)+5 _ —22(k+1)+2l‘0 + 22(k+1)+2y0 —3<0

y4(k+1)+5 — 22(k+1)+21.0 o 22(k+1)+2y0 +1 S 0

Ty(kt1)46 = —1

Yakt1)46 = —1
If (x0,90) € Agso = {(z,y) € Qo | 22TV +25 — 22(k+1)+2y 4 1 > 0} then
Ta(k41)+4 > 0. Hence Q(k +1) is also true. By mathematical induction Q(n) is
true for any positive integer n > 1. So we proved the following lemma.

Proposition 2.2. Let {(zn,yn) 52, be a solution of the map (2) and initial
condition (zo,y0) € {(z,y) € Qaly < 2+ 1and0 < y < 1} . Then every
solution is eventually equilibrium point.

Now we complete the proof that every solution is eventually equilibrium
point with initial point in the green region of Fig.2.
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2.2 Coexisting attractors

This section we will consider the case that ©1 = —x¢9 — yg — 3 < 0 and
Y1 = To — Yo + 1 < 0 which means that initial point belong to cyan region
of Fig.8. Then we have the next iteration in the form

Y

K)zx+l

Figure 8: The region that x; and y; are negative, that (xg,yo) is in cyan.

{ Ty =2yo — 1
y2:—2y0—1<0.
That is the second iteration and the remain solutions are independent from x.
If yg < % then x5 < 0 then z3 = y3 = —1. In the case of% <y < %, we have
x9 > 0 and so
$3:4y0—3§0 x4:—4y0+1<0 x5 = —1
yz = —1 ’ {y4:4yo—3é0 ’ {y5=—1
Ifyozgthen
{$3:4y0—3>0 {x4:4y0—5>0 {1’5:—5
ys = —1 ’ Yya=4yo—3>0 "~ ys = —1
If%<y0§%then
{z34y03>0 {144y05<0 {x58y+5<0
ys = —1 ’ ya=4yo—3>0 ~ ys = —1 ’
re =8y —7<0 T7 = —
{y6:—8y+5<0 ’ yr = —1

Now we can conclude that solutions with initial point in green portion of Fig.
9 become equilibrium point within seventh iteration while solutions with initial
point in red portion of Fig. 9 become 4- cycle within fifth iteration. The remain
region, cyan region of Fig. 9, is g < Yo < Z which We have third iteration to
fifth iteration are the same as in the case 4 <y <1 g but the sixth iteration is
xg = 8yo—7 > 0 and y¢ = —8yp+5 < 0. The remain 1terat10ns can be proved to
become equilibrium point or 4-cycle by using induction. We will use the follow-

. . N . 2n42 2n41 2n
ing inductive statement to verify. Let A, = %, l, = 22%“ 1 , Uy = 22211

10
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r)=x+1

o]~ | N x|t

Figure 9: The red (green) region is initial points of solutions that are eventually
4-cycle Py (equilibrium point) while the remain region is in cyan.

and v, = 22"*2 — 1 and R(n) be the following statement : “for yo € (I,,, uy),

then z4n13 = 22" 290 — v, Yants = —1. If yo € (In, A, then 24,43 < 0 and so
Ton+4 = —22"+2y0 + Yn — 2<0 Ton+5 = -1
Yanta = 22" 2y — v, <0 ’ Yanys = —1
If yo € (An, uy) then x4,13 > 0 and so
Tanta = 22" 2yp — 4, — 2
Yan+a = 2772y — 7, > 0
If yo € [unt1,Un) then 24,14 > 0 and 80 Z4n4+5 = —5 and yap+5 = —1.
If yo € (An, upt1) then x4,14 < 0 and so
Tangs = —22"3yg 4+ 27, =1 <0 { Tange = 22" F3yg — 27, — 1
Yan+s = —1 ’ Yante = —22"T3yg + 27, —1 <0
If yo € (An,lng1] then 24,46 < 0 and s0 Tapt7 = Yanyr = —1

If yo € (lnt1, Unt1) then z4p46 > 07

We shall first show that P(1) is true. For yo € (I1,u1) = (£, 3) and vy = 15
we have ¢ =8yo — 7 > 0,y = —8yo + 5 < 0 and so
{ Ty(1)43 = 16yo — 15 = 22+ 2y — 4y

Yary+z = —1
If yo € (I, A1) = (£, 2] then z7 < 0 and so
{ Ta(ypa = —16yp + 13 = =22 +2y, 44 —2 <0 { Ta1)+s = —1
Ya(1)+a = 16yo — 15 = 22 +2y0 — ) <0 ’ Yary4s = —1
If yo € (A1, u1) = (%, %) then x7 > 0 and so
{ Ta(iyra = 16yo — 17 = 22 +2y5 — 5y —2
Ya(1y+a = 16yg — 15 = 22 +2y0 — 4 >0
If yo € [ug,u1) = %, 2) then g > 0 and 5o T4(1)+5 = —5, Ya(1)45 = —1.
If yo € (A1, uz) = (12, 1%) then zg < 0 and so

11
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{ Ty1y4s = —32y0 +29 = =223y, + 29, —1 <0
Yary+s = —1 ’
Ta1)+6 = 32yo — 31 = 223y, — 24, — 1
a6 = —32y0 +29 = =223y + 29y —1 <0

If yo € (A1, 1] = (53, 35] then 219 < 0 and 0 Zy(1)47 = Ya)47 = — 1.
If yo € (lo,uz) = (35, 30) then x4(1)46 = 32y — 31 = 223y, — 29, — 1> 0.

Thus R(1) is true. So the base case of induction is done. Similar to P(n),
one can prove that step case is also true. By mathematical induction R(n) is
true for any positive integer n > 1. From inductive statement one can infer
that solution will become 4-cycle (Py1) when yo € [uy41,uy,) while solution will
become equilibrium point when yy € (I, A,] and yo € (An,ln+1]- One can see
that limit of sequence A,,l,, and wu, are 1. So the cyan region of Fig. 9 will
collapse into a single line L := {(x,1)|x € [-4,0]}. For (zg,y0) € L one can
verify that (ze2,y2) = (1,—3) € Py2. It means the solution will become 4-cycle
(Py.2) when yo € L.

Proposition 2.3. Let {(zn,yn) 5>, be a solution of the map (2) and initial
condition (xo,y0) € {(z,y) € Qa2ly > z+1andy > —x — 3}. Then every
solution is eventually equilibrium point.

We can conclude that there are three attractors: equilibrium point, Py 1 and
P,5. The basin of attraction of equilibrium point is green portion of Fig.10
while Py 1 has red portion of Fig. 10 and P, o has L being the basin.

Y

‘Qz):—m—3

() =241

ool D\ ot

Figure 10: Basin of attraction of P, 1, Pso is in red and cyan respectively, while
the basin of attraction of equilibrium point is in green.
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3 Conclusion and discussion

We investigated the system of piecewise linear map (2) with initial condition in
the second quadrant. By separating the second quadrant into three sub-regions
as in Fig.1, we have the following behaviors of solutions. In the rightmost region
of second quadrant (initial point below the line g(x)), every solution is eventually
equilibrium point. For the middle region of second quadrant (initial point above
the lines f(z) and g(z)), the solution is eventually either equilibrium point or
4-cycle. We proved it by direct calculations and induction. For the last region
of second quadrant (below the line f(x)) x; is positive and y; is negative. The
behaviors of solution are more complicated than the other two sub-regions and
interesting to study that we leave for future work. The behaviors of the map (2)
are agree to Tikjha & Piasu (2020) that attractors are only equilibrium point
and 4-cycles. It is possible to have equilibrium point and 4-cycles as attractors.
But we do still not confirm that until knowing behaviors of solutions with initial
condition (g, o) completely in R2.
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