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Abstract

Here we present general multivariate Opial and Polya type inequalities
over spherical shells. The proofs derive by the use of some estimates
coming out of some new trigonometric and hyperbolic Taylor’s formulae
([1], [2]) and reducing the multivariate problem to a univariate one via
general polar coordinates.

Mathematics Subject Classification (2020): 26A24, 26D10, 26D15.
Keywords and phrases: Opial and Polya inequalities, polar coordinates,
spherical shell.

1 Background
We need
Remark 1 Let the spherical shell
A:=B(0,Ry) — B(0, Ry),

0< R <Ry, ACRN N>2 x€ A;r=|x|, r€[R,Ra],V €A, /| the

Euclidean norm. Here x can be written uniquely as © = rw, where r = |x| > 0

and w = 7 € SN=1 w| =1, see ([3], pp. 149-150 and [5], p. 421).
Furthermore for F : A — R a Lebesgue integrable function we have that

/AF(a:) dm:/SM ( I:QF(W) rN_ldT> dw, (1)

where SN~ :={z e RN : |z| =1} .
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Let dw be the element of surface measure on SN~ with surface area

wN:/SN_ldeF(g). (2)

Here it is volume of A,

_ wn (RY — RY)
vol (A) = —2N L2 3)

Above it is B(0,7) == {z € RN : |[z[ <r}, r> 0.

Here K is either R or C, and C}% (I) denotes functions n-times continuously
differentiable on an interval I C R with values in K.
From [2] we need to mention the following Opial type inequalities.

Theorem 2 Let f € C3 (I), with interval I CR, a,z € I, a < z, and f (a) =
1
q

f'(a) =0, withp,q>1:%+ =1. Then

/I 1 @)1 (w) + f (w)] dw <

25 ([ ([ b o) dw)’l’ ([ 1w +f<w>|qczw)5. (4)

Theorem 3 Let f € C%4 (1), a,z € I, a < z, and f(a) = f'(a) = 0, with
p,q>1:%+%:1. Then

[ 1@l w) - fwldo <

25 ([ ([ - o ae) dw)é ([rrw-swrw)’ o

Theorem 4 Let f € C4 (I), interval I C R, let a,z € I, a < z, f(a) =
f'(a) = f"(a) = f"(a) =0, withp,g > 1: > + ¢ = 1. Then

J @[ ) - g )] dw <

9-(1+3%) (/L (/w |sinh (w — ¢) — sin (w — t)”dt) dw> ’ (6)
(L

2
q

79 w) - 1 ) dw)
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Theorem 5 All as in Theorem 4. Let o, € R : af8 (a2 — ﬁ2) #0. Then

J 1 @[5 )+ (@2 ) 57 ) + 028 ()] dw <

st ([ ([ i)

(L |

Theorem 6 All as in Theorem j. Let o € R, a #£ 0. Then

=

PO )+ @4 ) ettt ) )

[ 1)1 [ £ () + 2027 ) + 0t ()| o <

2+1|a| ([ ([ bntato=0)-aw-owsatw- o)) )

(L

Theorem 7 All as in Theorem 5. Then

3 =

2 ®
@ (w) + 202" (w) + a* f (w)‘q dw> "

J 1 @[5 ) = (@2 ) 57 ) + 05 ()] dw <

1

</j (9)

Theorem 8 All as in Theorem 6. Then

2

F@ (w) = (a® 4 82) " (w) + 252 f (w)‘q dw) !

/ £ )] [£9 () - 20% 77 (w) + 0 ()| o <

1

2+1|a| ([ ([ 10t teosh(atw—0) - snh(a (w - )p ) )’

(10)
y

We will use the above Opial type inequalities in the case of p = ¢ = 2.

Qo

@ (w) — 262" (w) + o f (w)‘q dw)

The motivation came from the following famous Opial’s inequality
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Theorem 9 (Z. Opial, 1960, [4]) Let ¢ > 0 and y(z) be real, continuously
differentiable on [0, c], with y (0) =y (c) =0. Then

\y Ddr< S [ @ @) de. (11)
4 Jo

Equality holds for the function y(x) = x on [O, %] and y(x) =c—x on [%, c] .

2 Results

First we present a collection of Opial type inequalities on the spherical shell A.

Theorem 10 Let F : A — R Lebesgue integrable function with F (-w) € C? ([R1, Rs)),
with F (Riw) = %&£ (Riw) =0, V w € SN=1. Then

[ir@i|rw+ 2
272 (gj)Nl (/}:2 (/Ri (sin (r — 1)) dt) dr) : /A (F (z) + 82;;536))201@

(12)
Proof. Here we apply Theorem 2 to F (-w) for p = ¢ = 2. So for every
w € SV~ we have that

[ p | P54 )
(L
13)

Ry 87“2
WehaveR1<r<R2andRN L pN= 1<RN l,ande N < pl=N <

/R: (sin (r — t))2 dt) dr)é (/1:2 (821;7,(560) (rw) )
(
RI7N.

We observe the following

dz <

dr <

fiz 0°F (rw)
1-N
R, /Rl |F (rw)] ‘87‘2 + F (rw)

I PG| ZEE 4 o

Ry 87"2
R2
/ IF (rw)
Ry

rN=tdr < (14)

N-1,1-N g _

0?F (rw) i (1<3)

52 + F (rw)
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o ([ 0wy o)
([ (5 ) )
L </RR </R (sin (r — 1))? dt) dr>é (15)

</1:2 (3225;"‘”) +F(rw)>27’N1dr> .

Therefore it holds

I 1P| 552 4 P )

R or?
( /R (sin (r — t))? dt) dr) : (16)

rN=ldr <

N

(&) (L
(/RR <821;'r(2rw) + F(Tw)>2rN1dr> .

Consequently we obtain

/.. (/: Pl | 255 4 ()

(%)Nl (/RR (/R (sin (r — 1))* dt) dr> : (17)
/szv—1 (/,:2 (8227"(;“) + F(W)>27“N‘1dr> dw.

Applying (1) we obtain (12). =

erdr> dw <

SIS

9-

Next, we present more Opial type inequalities on spherical shell. Their proofs
are similar to the proof of Theorem 10 and are based on Theorems 3-8. Use

also of (1).
Theorem 11 Same assumptions as in Theorem 10. Then
O’F (x)
F F(x) - dx <
[P @)|F @) - e <

/R (sinh (r — t))%lt) dr) : /A (F (z) — 82§§$))2dz.

(18)

(1
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Proof. Based on (5). m

Theorem 12 Let F': A — R Lebesgue integrable function with F (-w) € C* ([R1, Rs]),
with F (Riw) = 29F (Ryw) =0, i = 1,2,3; V w € SN~1. Then
O*F (x)

[ 1F @l
(2)%1 (/RR (/R (sinh (r — t) —sin(r—t))2dt> dr>

/A (agix) - F(x))2 dz. (19)

Proof. Based on (6). m

— F(z)|dx <

wjw
[N

90—

Theorem 13 All as in Theorem 12. Let o, € R : a8 (on — 62) #0. Then

| 1F@

0*F ()

I'F (z) 292
7"4 W—‘r@ﬁF(IE)

3 + (a® + B%)

dz <

N—-1
A= (7)
(/1:2 (/RT1 (Bsin (a (r —t)) — asin (8 (r — t)))° dt) dr)

I'F (x) 2 o\ O%F (2) 9 .2 2
/A( ort + (o +5%) 972 +OfﬁF(x)> dz. (20)

Proof. Based on (7). ®

[N

Theorem 14 All as in Theorem 12. Let « € R, aw # 0. Then

J 1P @
1 (RN R .
23 o3| <R1> </Rl </R1 (sin(a(r —1t)) — a(r —t)cos (a(r —1t))) dt) d7~>

/A (84§T£x) + 20 82;;595) + a4F(a:)>2 d. (1)

Proof. Based on (8). m

O*F (z 0°F (x
87"‘(* ) + 20 87"5 ) +o*F (z)

dz <

=
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Theorem 15 All as in Theorem 13. Then

4 T 2 T
Jir@n| Tt - (@24 6 L a5 (1) o <

1 <R2)N—1
V2[aB (8° = a?)[ \ I

/T (asinh (8 (r — t)) — Bsinh (o (r — 1)))? dt) dr)

(1

Ry
9*F (z) (2 ) 92F (z) . 2 i
/A( ort (" +57) a2 T BF( )> dz. (22)

Proof. By (9). =
Finally we give the following Opial type inequality.

Theorem 16 All as in Theorem 1j. Then

J1F@
/T (o (r — t) cosh (a (r — t)) — sinh (a (r — £)))? dt) dr)

() (U
2% |of® \ I R \JR,

/A (agf”) - 2&2% +a'F (m)>2 da. (23)

O'F (z) a2 O9?F (z)

ort or? +a'F (z)

dz <

1
2

Proof. Based on (10). m
We need the following results.

Theorem 17 ([1]) For f € C% ([a,b]) and x € [a,b] : f(a) = f'(a) = 0, we
have that

ra= [ (P @)+ £ (1) sin (z — ) d, (24)

and

fa = [ U@ -5 @) - o (25)

Theorem 18 ([1]) For f € C% ([a,b]) and = € [a,b] : f (a) = f'(a) = " (a) =
" (a) =0, we have that

r=[ o - (BHEELZREED g

217 Anastassiou 211-221



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

Theorem 19 (/1)) Let o, 8 € R with af (8> —a?) # 0, and f € C ([a,0]),
x €la,b]: f(a)=f"(a)=f"(a)=f"(a) =0. Then

_ 1 ’ " 052 2 " 042 2
IW= G | 0O+ ) 0+ )
(Bsin (a(z —t)) — asin (B (z —t))) dt. (27)

Theorem 20 (/1]) Let o, 8 € R with af (o — %) # 0, and f € C ([a,0]),
x €la,b]: f(a)=f"(a)=f"(a)=f"(a)=0. Then

) = M [ = @2+ ) 57 0+ 025 1)
(asinh (8 (z — 1)) — Bsinh (a (z — £)) ) dt. (28)
We will use
sine| < ||, ¥z €R, (29)
jsinh | < cosh (b—a)|z|, Vae[—(b—a),b—al. (30)

Both of the above come by applications of mean value theorem.
We give the following Polya type univariate inequalities.

Theorem 21 For f € C% ([a,b]) and z € [a,b] : f (a) = f'(a) =0, it holds

/|f Nz < ©

/|f )| do < cosh (b— a) L= /|f” _F ()t (32)

/ )+ (1) dt, (31)

and

Proof. (i) By (24) we have that
@< [ 17" @)+ O sin (e - 0] dr <
[ 1w rwle-va< (33)

x b
<m—a>/ £ () + £ (D) dt < <m—a>/ () + £ ()] dt.

Therefore, it holds

/f<w>|dxs</’<x—a>dx>/ VORI CTY
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o) /If” )+ £ (1)) dt.

(ii) By (25) we have that
?) </ £7(8) ~ £ (©)lsinh (@ — )] dt <
cosh (b~ a) / - F )@ tyde < (35)
coshi (b= ) (a — a) [ 11”0~ f (0] dt <

b
cosh (b —a) (z — a) / lf" (t) — f(t)]dt.

Therefore, we get

/ab|f(m)|dx§cosh(b—a)</a r—a dx)/ [f" (t) (t)|dt = (36)
S e

Theorem 22 All as in Theorem 18. Then

cosh (b — a)

/ I (2)] dz < (cosh (b—a) + 1) / @ - F@)]d (37)
Theorem 23 All as in Theorem 19. Then
b 2 b
(b_a) 111 "
/a f (@)l de < M/ £ (8) + (o2 + B) £ (1) + a?B2F (1)  dt. (38)

Theorem 24 All as in Theorem 20, plus |af, |B| < 1. Then

/|f ‘d<cosh

2‘—a /‘f//// —a+,32)f()+a25f |dt
(39)

Next comes a collection of Polya type inequalities on the spherical shell.
Their proofs are based on Theorems 21-24, (1) and they are similar to the proof
of Theorem 10, and as such details are omitted.
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Theorem 25 Same assumptions as in Theorem 10. Then

/A|F(~"3>| < (f;)N_l (R22Rl)2/A

and
/A|F(m)| < (%)N_lcosh(Rg — Ry) (R ;Rl)Q /A

0*F ()
Oor?

+ F (2)

0*F ()
or?

Proof. Based on Theorem 21. m

Theorem 26 Same assumptions as in Theorem 12. Then

By \ (Ry— Ry)’
/A|F(LE)| < <R1) (cosh (R — Ry) + 1) e

/

Proof. Based on Theorem 22. m

O4F (x)

54 dx. (42)

— F(2)

Theorem 27 All as in Theorem 13. Then

R2 N—-1 (RQ _R1)2
[reis(E) T
0?F ()
o

O*F (x)
ort

+ (a? + 5?) + o?B%F (z)| dz. (43)

/

Proof. Based on Theorem 23. m
We finish with

Theorem 28 All as in Theorem 13, plus |a|,|B] < 1. Then

/A |F (z)] < (gj)N_l cosh (Ry = ) (Ry = )"

6% = o?|
/

Proof. Based on Theorem 24. m

O*F (x)

_( 2 O°F (x)
or4

+ 62) W + 04262F (.73) da: (44)

10
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