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1 Introduction

The shaper stroke, denoted by the symbol ”|”, is a logical operation for two
inputs that produces false results only when both inputs are true, as shown in
Table 1.

Table 1: The truth table for the Sheffer stroke “|”
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The Sheffer stroke has been applied to several algebraic structures, for ex-
ample, Boolean algebra, MV-algebra, BL-algebra, BCK-algebra, and ortho-
lattices, etc., and it is also being dealt with in the fuzzy environment (see
[3, , 14, 15]). In 2021, Oner et al. [12] applied the Sheffer
btroke to Hllbert algebras. They mtroduced Sheffer stroke Hilbert algebra and
investigated several properties. In [11], Oner et al. introduced the notion of de-
ductive system and filter of Sheffer stroke Hilbert algebras, and dealt with their
fuzzification. The bipolar-valued fuzzy set, which is introduced by Lee [9, 10]
is a type of fuzzy set where the degree of membership to a set is represented
by a value that can take on both positive and negative values, as opposed to
traditional fuzzy sets where the degree of membership is represented by a value
between 0 and 1. The value 0 in the bipolar-valued fuzzy set represents a lack
of information about membership or a neutral position. Also, the negative val-
ues represent the degree of non-membership, while the positive values represent
the degree of membership to the set. The bipolar-valued fuzzy set is useful for
methods such as modeling complex and uncertain situations beyond traditional
fuzzy sets. Therefore, the bipolar-valued fuzzy set has been applied in various
fields, such as pattern recognition, decision making, and control systems etc.
The bipolar-valued fuzzy set has also been widely applied in algebraic struc-
tures (see [1, 2, 4, 6, 8])

In this paper, we introduce the notion of the bipolar-valued fuzzy deductive
system and the bipolar-valued fuzzy filter in Sheffer stroke Hilbert algebras,
and investigate several properties. We first show that the bipolar-valued fuzzy
deductive system and the bipolar-valued fuzzy filter are equivalent each other.
We explore the conditions under which a bipolar-valued fuzzy set can be a
bipolar-valued fuzzy filter. We establish characterization of the bipolar-valued
fuzzy filter. Using the filter of Sheffer stroke Hilbert algebra, we make a bipolar-
valued fuzzy filter. We discuss the nomality of bipolar-valued fuzzy filter, and
we deal with how to normalize the bipolar-valued fuzzy filter. We look into
what the normal bipolar-valued fuzzy filter looks like.
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2 Preliminaries

Definition 2.1 ([16]). Let A := (A,|) be a groupoid. Then the operation “|”
is said to be Sheffer stroke or Sheffer operation if it satisfies:

(s1) (Va,b € A) (a|b = bla),

(s2) (Va,b € A) ((afa)|(alb) = a),

(s3) (Va,b,c € A) (al((b[e)|(ble)) = ((afb)[(alb))]c),

(s4) (Va,b,c e A) ((a]((ala)[(b]b)))[(al((ala)|(b[b))) = a).

Definition 2.2 ([12]). A Sheffer stroke Hilbert algebra is a groupoid L := (L,])
with a Sheffer stroke “|” that satisfies:

(sH1) (al((A)I(ANI((B )|(( INEMIB)IE)(C)))) = al(ala),
where A := b|(c|¢), B := a|(b|b) and C := a|(c]|¢),

(sH2) al(blb) =b|(ala) =a|(ajla) = a=0b
for all a,b,c € L.

Let £ := (L,|) be a Sheffer stroke Hilbert algebra. Then the order relation
“<p 7 on L is defined as follows:

(Va,be L)(a <y b < a|(blb) =1). (2.1)

We observe that the relation “ <j ” is a partial order in a Sheffer stroke
Hilbert algebra £ := (L,|) (see [12]).

Proposition 2.3 ([12]). Every Sheffer stroke Hilbert algebra L := (L,|) satis-

fies:
(Va € L)(al(ala) = 1), (2.2)
(Va € L)(a|(1]1) = 1), (2.3)
(Va € L)(1[(ala) = a), (2.4)
(Va,b € L)(a <z, b|(a]a)), (2.5)
(Va,b € L)((al(b[b))|(b[b) = (b](ala))|(ala)), (2.6)
(Va,b € L) (((al(b]b))[(b]b))|(b]b) = af(b]b)), (2.7)
(Va,b,c € L) (al((b](c|c))|(b](c[c))) = bI((al(c[c))[(al(c[¢)))) , (2.8)

Definition 2.4 ([11]). Let (L,]) be a Sheffer stroke Hilbert algebra. A subset
F of L is called

e a deductive system of (L, |) if it satisfies:

1€ F, (2.9)
(Va,b € L)(a € F, a|(blb) e FF = beF), (2.10)
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e a filter of (L,|) if it satisfies (2.9) and
(Va,be L)(b € F = a|(blb) € F), (2.11)
(Va,b,c € L)(b,c € F = (a|(b]c))|(b]c) € F). (2.12)

Definition 2.5 ([11]). Let (L,|) be a Sheffer stroke Hilbert algebra. A fuzzy
set f in L is called a fuzzy filter of (L, |) if it satisfies:

(Vae L)(f(1) = f(a)), (2.13)
(Va,b € L)(f(al(b]b)) = f(b)), (2.14)
(Va, b, ¢ € L)(f((al(b[c))[(b[¢)) = min{f(b), f(c)})- (2.15)
Denote by F'S(L) the collection of all fuzzy sets in L. Define a relation “ C”
on FS(L) by

(Vf,9 € FS(L))(f S g < (Vae L)(f(a) < g(a))).
Consider two maps f~ and f on L (; a universe of discourse) as follows:
fm:L—[-1,00and f*:L —[0,1],
respectively. A structure
f=1{(a;f(a),f"(a)) |ae L}

is called a bipolar-valued fuzzy seton L (see [9]), and is will be denoted by simply
fo=(L; =, ).
For a BVF-set f:= (L; f~, f7) in L and (s,t) € [-1,0] x [0,1], we define

L(f75s):={ae L | f(a) < s},
U(f*rit):={acL|f"(a) 2t}

which are called the negative s-cut and the positive t-cut of § := (L; f~, fT),
respectively.

3 Bipolar-valued fuzzy deductive systems and
filters

In what follows, let £ := (L, |) denote the Sheffer stroke Hilbert algebra unless
otherwise specified.

Definition 3.1. A bipolar-valued fuzzy set f := (L; f, f7) in L is called
e a bipolar-valued fuzzy deductive system of L := (L,|) if it satisfies:
(Vze L)(f~(1) < f7(2), fT(1) = f(2)), (3.1)

f7(y) < max{f~(z), f~(=|(yly))
(\’“'”’y“)<f+<y>me{f+<x>,f+<x|<y|y>>} ) (32
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e a bipolar-valued fuzzy filter of £ := (L,|) if it satisfies (3.1) and

(Vo,y € L)(f~ (=l(yly) < F~ @), fT(@l(ly) = (), (3.3)

7 (@D 1) < max{s~ (), ()}
(= e t) ( FH(@l W=D 612) = min £ @), £ ()} ) B

Example 3.2. Consider a set L = {0,1,2,3,4,5,6,7}. The Hasse diagram and
the Sheffer stroke “|” on L are given by Figure 1 and Table 2, respectively.

Figure 1: Hasse Diagram

e

Table 2: Cayley table for the Sheffer stroke “|”

' o 2 3 4 5 6 7 1
o] 1 1 1 1 1 1 1 1
2|1 7 1 1 7 7 1 7
3/ 1 1 6 1 6 1 6 6
411 1 1 5 1 5 5 5
501 7 6 1 4 7 6 4
6| 1 7 1 5 7 3 5 3
7|11 1 6 5 6 5 2 2
1] 1 7 6 5 4 3 2 0

Then £ := (L,]) is a Sheffer stroke Hilbert algebra (see [12]). Let f:= (L; f—,
f*) and g:= (L; g—, g*) be BVF-sets in L given by Table 3.

It is routine to verify that § := (L; f—, f¥) is a bipolar-valued fuzzy deductive
system of £ := (L,]), and g := (L; g, g*) is a bipolar-valued fuzzy filter of
L:=(L,|).

Theorem 3.3. Given a bipolar-valued fuzzy set § := (L; f~, f1) in L, the
following are equivalent to each other.

(i) §:= (L; f~, f1) is a bipolar-valued fuzzy deductive system of L := (L, |).
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Table 3: Tabular representation of §f and g

L /(@) fH(x) g9 (z) 9" (@)
0 —0.42 0.49 —0.48 0.33
2 ~0.56 0.68 ~0.62 0.33
3 —0.42 0.49 —0.48 0.46
4 —0.42 0.49 ~0.48 0.33
5 —0.64 0.79 ~0.75 0.46
6 —0.56 0.68 ~0.62 0.33
7 —0.42 0.49 —0.48 0.61
1 —0.72 0.83 ~0.79 0.67

(i) f:=(L; f~, f1) is a bipolar-valued fuzzy filter of L := (L,|).

Proof. Assume that f := (L; f~, f7) is a bipolar-valued fuzzy deductive system
of £ :=(L,]) and let x,y,z € L. Note that y|((z|(y|y))|(z|(y|y))) = 1 by (2.1)
and (2.5). The use of (3.1) and (3.2) leads to

f(=|(yly)) < max{f~(v), f~ Wl((=|(ylv)(2|(ylv)))}

_ , - | (3.5)
=max{f (y),f (D} =f (y)
and
S (yly)) = min{ £ ¥ (y), £ Wl (] (yly) (=] (y]y)}
. (3.6)
=min{f*(y), T (1)} = f(v).
Note that
yl(((Wl2)[2)1((Wl2)]2)) = yl(((wl2)|((z]2)[(z|2))((y]2)|((2]2)](2]2))))
£ (Yl2)[(WI((z[2)| =[]yl ((2]2)](2]2))))
= (y12)|((y12)|(]2))
22
It follows from (3.1) and (3.2) that
1~ ((l2)]2) < max{f~ (), £~ @@ (@)} o
=max{f (y),f ()} =" (y) '
and
I ((y2)]2) > min{f* (), £ WI(((y]2)]2)|((y]2)]|2)))} (3.8)

=min{f"(y), fF (1)} = fH(y).
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Since 2|(((412)|(¥12)] (12)|619))) 2 21(512) L (y]2)]z, we obtain
g~ ((412)](512) < max{g™ (=), I D@ @1)}
= max{g™(2), 9~ ((4]2)]2)} (3.9)
<max{g (2),9” (»)}
and
FH (@2 (w1) > ming £ (=), 7 (@121l (@12 612)))}
= min{ f*(2), * ((y]2)]2)} (3.10)
> min{f+(2), f* (5)}.
Hence
£ (@ (019)w]2)
D (@)D (W12 DI @I (@12 612)
(W)
Y max (=), 1 ()}
and

FH((=[yl))l2)
@ f*((xl(((y\Z)|(yIZ))|((y\Z)|(yIZ))))|(((yIZ)I(yIZ))I((yIZ)\(yIZ))))

f*((yIZ)I(y\Z))

(3.10)
> min{f"(2), f " (y)}.

Therefore f := (L; f~, f*) is a bipolar-valued fuzzy filter of £ := (L, ).

Conversely, assume that f:= (L; f~, fT) is a bipolar-valued fuzzy filter of
L :=(L,]) and let z,y,z € L. If we replace y, z, and = with z, z|(y|y), and y,
respectively, in (3.4), then

() = 1~ (((z]2)|(11)(y]y))
= 7 (((]2) (Il Wy ly)))I(yly))
= 7 ((((([2)[9)((z]2)]y)) [ (y]y))] (y]y))
= [ (l((l2)[9)I((z]2)]y))
= /7 () ) ((]2)|y)]y))
= (@] [l ]zl (y]))))
< max{f~(x), [~ (2|(yly))}
7
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and

)
=
S
~—

by (s1), (s2), (s3), (2.2), (2.3), (2.4) (2.6) and (2.7). Consequently, f:= (L; f~,
f1) is a bipolar-valued fuzzy deductive system of £ := (L, |). O

By Theorem 3.3, it can be seen that all the results for the bipolar-valued
fuzzy filter covered below can be handled in the same way using the bipolar-
valued fuzzy deductive system.

Proposition 3.4. Every bipolar-valued fuzzy filter § := (L; f~, fT) of L :=
(L,]|) satisfies:

(@) < £~ @)
(e et) ( FHA)I6l) = £ @) > | (311
(Va,y € L) < r<ry = { ;;Eg i j:gzg ) . (3.12)

Proof. Let f:= (L; f~, f7) be a bipolar-valued fuzzy filter of £ := (L,|). Then
(@)l (wly)) = = ((wlle)[(z]x) < max{f~ (), [~ ()} = [~ (2),
@l yly)lly) = £ (Wl(]2))(z]2)) = min{f*(2), 7 (2)} = f7(2)

for all z,y € L by (2.6) and (3.4). Therefore, (3.11) is valid. Let z,y € L be
such that « <, y. Then z|(y|y) = 1, and so

=) = yly) = f~ ((=l(yly)lyly) < f(2)

and
() = FHlly) = & ly)lyly) = ()
by (2.4) and (3.11). O

We consider a bipolar-valued fuzzy set f:= (L; f~, f*) in L satisfying the
condition (3.12) and question whether it becomes a bipolar-valued fuzzy filter.
But the example below shows that the answer to that is negative.
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Figure 2: Hasse Diagram

1

0

Table 4: Cayley table for the Sheffer stroke “|”

—= N W O
— =W W N
— N = DN W
e

O W N =

Table 5: Tabular representation of f := (L; f~, fT)

T @) (@)
0 —0.12 0.09
2 —0.37 0.16
3 —0.54 0.28
1 —0.81 0.62

Example 3.5. Consider a set L = {0,1,2,3}. The Hasse diagram and the
Sheffer stroke “|” on L are given by Figure 2 and Table 4, respectively.

Then £ := (L,]|) is a Sheffer stroke Hilbert algebra (see [12]). Let f:= (L; f—,
1) be a BVF-set in L given by Table 5.

Then § := (L; f=, fT) satisfies the condition (3.12). But it is not a bipolar-
valued fuzzy filter of £ := (L,|) since

F(O1312))/(3[2)) = £7(0) = ~0.12 £ ~0.37 = max{f~(3), /~(2)}
andfor f+((0](3]2))](312)) = J*(0) = 0.09 # 0.16 = min{ f+(3), /*(2)}.

We explore the conditions under which a bipolar-valued fuzzy set can be a
bipolar-valued fuzzy filter.

Theorem 3.6. A bipolar-valued fuzzy set f :== (L; f~, f1) in L is a bipolar-
valued fuzzy filter of L := (L,|) if and only if it satisfies the condition (3.12)
and

(3.13)

— ( I (@ly)|(2ly)) < max{f~(2), (1)} ) |

fH(ly)l(zly)) = min{f*(z), f ()}
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Proof. Let f:= (L; f~, f*) be a bipolar-valued fuzzy filter of £ := (L,|). Then
the condition (3.12) is valid by Proposition 3.4. Using (s1), (s2), (2.3), (2.4) and
(3.4), we have f~((z|y)|(z]y)) = f~((LD)|(z|y))[(x]y)) < max{f~(z), [~ (y)}

ond £ ((a)l(el) = 1 (DIl (el) > mind 7 (@) 1)) foral .y €

Conversely, assume that f := (L; f~, fT) satisfies (3.12) and (3.13). Since
z <r 1 and y <p z|(y|y) for all z,y € L, we have f~(1) < f~(z), fH(1) >
(@), f~(2l(yly)) < f~(y), and f*(2|(yly)) > f*(y) by (3.12). Using (2.5),
(s2), (3.12) and (3.13), we have

F((=l))I(y]2) < f~((wl2)I(y]2)) < max{f~(y), [~ ()}

and f*((2(y|2))I(yl2)) = f*((y]2)I(yl2)) = min{f*(y), f(2)} for all z,y € L.
Therefore f := (L; f~, f1) is a bipolar-valued fuzzy filter of £ := (L, |). O

Theorem 3.7. A bipolar-valued fuzzy set f :== (L; f~, f1) in L is a bipolar-
valued fuzzy filter of £ := (L,|) if and only if its negative s-cut and positive t-cut
are filters of £ := (L, |) whenever they are nonempty for all (s,t) € [—1,0]x[0, 1].

Proof. Assume that f := (L; f~, f1) is a bipolar-valued fuzzy filter of £ := (L, |)
and L(f~;s) #0 # U(f*;¢t) for all (s,t) € [-1,0] x [0,1]. It is clear that 1 €
L(f~;8)NU(f";t). Let y,b € L be such that (y,b) € L(f ;) xU(f";¢). Then
[~ (y) < sand fT(b) > ¢. It follows from (3.3) that f~(z|(y|y)) < f~(y) <
s and f*(a|(b|b)) > f*(b) > t for all z,a € L. Hence (x|(yly),al(b[b)) €
L(f~;8) x U(f*;t). Let y,b,2,¢ € L be such that (y,b) € L(f~;s) x U(f*;t)
and (z,¢) € L(f7;s) % U(f*;t). Then f~(y) <s, f7(z) < s, f+( ) > t, and
F+(c) > t. Using (3.4), we get 1~ ((z|(412))I(y]2)) < max{f~(5), /- (2)} < s
and /7 (al(6]e)) (616)) > min{f*(b), /*(c)} > £, and s0

((|(l2)I(y]2), (al(b]e))[(blc)) € L(f 75 5) x U(fT51).

Therefore L(f~;s) and U(f";t) are filters of £ := (L, |).

Conversely, let f:= (L; f~, f*) be a bipolar-valued fuzzy set in L for which
its negative s-cut and positive t-cut are filters of £ := (L,|) whenever they are
nonempty for all (s,t) € [-1,0] x [0,1]. If f=(1) > f~(a) or fT(1) < fH(x)
for some xz,a € L, then a € L(f~;f (a)) and € U(f*; f(z)), but 1 ¢
L(f~;f~(a)nU(f*; f*(x)). This is a contradiction, and thus f~(1) < f~(z)
and f*t(1) > f(x) for all z € L. If f~(a|(b]b)) > f(b) for some a,b € L,
then b € L(f~; f~(b )) but al(blb) ¢ L(f~;f (b)) which is a contradiction.
Hence f~ (x|(y|y)) < f(y ) for all xz,y € L. If f(z|(yly)) < f*(y) for some
z,y € L, then y € U(f*; f*(y)) but z|(yly) ¢ U(fT;fT(y)), a contadiction.
Thus f*(z|(yly)) > fH(y ) for all z,y € L. Suppose that

f
f~((al(blc))(ble)) > max{f~(b), f~(c)}

or fT((z|(yl2))(ylz)) < min{f*(y), fT(2)} for some a, b, ¢, z, y, 2 € L. Then
b,c € L(f;s) or y,z € U(fT;t) where s := max{f(b),f (¢)} and t :=

10
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min{f*(y), f*(2)}. But (a|(ble))(b[c) & L(f7;s) or (z|(y|2))(ylz) & U(fT;1), a
contradiction. Therefore f~((x|(y|2))(y|z)) < max{f~(y), f~ ()} and

(= l(yl2)(yl2)) = min{f " (y), f(2)}

for all z,y,z € L. Consequently, f := (L; f~, fT) is a bipolar-valued fuzzy
filter of L := (L, |). O

Theorem 3.8. A bipolar-valued fuzzy set f := (L; f~, f1) in L is a bipolar-
valued fuzzy filter of £ := (L, |) if and only if the fuzzy sets f7 and fT are fuzzy
filters of L := (L, |), where f7 : L = [0,1], z—1— f~(z).

Proof. Assume that § := (L; f~, f*) is is a bipolar-valued fuzzy filter of £ :=
(L,]). Tt is clear that f* is a fuzzy filter of £ := (L, |). For every x,y,z € L, we

have fo (1) =1—f~(1) 21— f~(z) = fo (),
fo@l(yly) =1 - (=|(yly) > 1 - f(y) = fo (y),
and
fo ((2l(yl2)[(yl2)) = 1 — f~ ((z](yl2))I(yl2))
> 1 —max{f"(y),f (2)}
=min{l — [~ (y),1 - f(2)}
=min{f: (y), [ 2)}-

Hence f; is a fuzzy filter of £ := (L, ).

Conversely, let f := (L; f~, f*) be a bipolar-valued fuzzy set in L for which
f7 and f* are fuzzy filters of £ := (L,|). Then 1 — f~(1) = f- (1) > f7(z) =
1—f~(2),

L—f=(l(yly) = fo @l(yly) = fo () =1- [ (y)
and
1=~ ((=[(y2)I(yl2)) = fo ((=(y[2)I(yl2))
> min{ /- (y), fo (2)}
=min{l — f7(y),1 - f(2)}
=1-max{f"(y), [ (2)}

for all x,y,z € L. Hence f~(1) < f~(x), f~(z|(y|y)) < f~(y) and

(=] (y[2)|(yl2)) < max{f~(y), [ (2)}

for all z,y,z € L. Therefore, f:= (L; f~, f1) is a bipolar-valued fuzzy filter of
L:=(L,]). O

11
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Theorem 3.9. Given a nonempty subset F of L, let fr := (L; fr, f}r) be a
bipolar-valued fuzzy set in L defined as follows:

- s~ ifac F,
fr L —[-1,0], ar { t~ otherwise,
and
L -
. st if xe€F,
friL—=[0,1], v { t*t  otherwise,

where s~ <t~ in [~1,0] and st > t+ in [0,1]. Then fr = (L; fr, ff) is a
bipolar-valued fuzzy filter of L := (L,|) if and only if F is a filter of L := (L,|).
Moreover, we have F = L;, :={z € L | fp(z) = f (1), f () = f£(1)}.

Proof. Assume that fr := (L; f5, f#+) is a bipolar-valued fuzzy filter of £ :=
(L,]). Then fr(1) = s~ and f#(1) = s™, and so 1 € F. Let z,y € L be such
that y € F. Then f5(y) = s~ and fi(y) = s*. It follows from (3.3) that s~ =

fr(y) > fr(zl(yly)) and st = fif(y) < fi(z/(yly)). Hence fr(x|(yly)) = s~
and f#(z|(yly)) = s*, from which z|(y|y) € F is derived. Let z,y,2z € L be
such that y,z € F. Using (3.4), we have:

fr ((@(y]2)I(yl2)) < max{fz(y), fp(2)} =57,
FE(@I DI @12) = ming £ (), F£(2)} = 7
and so f7 ((z](y]2)|(312)) = 5~ and f#((z](y])|(3]2)) = s+ This shows that
(z|(y|2))|(y|z) € F. Therefore F is a filter of £ := (L, ).
Conversely, let F' be a filter of £ := (L, |). Since 1 € F, we get frn (1) =5 <
fr(a) and fi (1) = s > fi(z) for all (a,2) € L x L. Let z,y € L. Ify € F,
then z[(yly) € F, and thus fr (z[(yly)) = s~ = [z (y) and [z (z[(yly)) = s* =

fi(). Ty ¢ F,then fr(y) =t~ > fp(z|(yly)) and f5 (y) =+ < £ (2|(yly))-
For every z,y,z € L, if y,z € F then (x|(y|2))|(y|z) € F which implies that

Fr (@[(y2))|(yl2)) = s~ = max{fp (y), fr (2)} and f£((z|(y]2))](y]2)) = s+ =
min{ fi (y), f&(2)}. If y ¢ F or z ¢ F, then

Fr (@l (yl))|(l2) <t = max{fz (), fz (2)},
Fi (@l (yl2))(l2) > 7 = min{f (y), f (=)}

Therefore, fr := (L; f, f7) is a bipolar-valued fuzzy filter of £ := (L, |). Since
F is a filter of £ := (L,|), we get

Ly, ={z € L| fr(x) = fr (1), f#(x) = fZ (1)}
={zel|fp(@)=s", fi(x)=s"}
={rel|zeF}=F

This completes the proof. O
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4 Normality of bipolar-valued fuzzy filters

Definition 4.1. A bipolar-valued fuzzy filter f := (L; f~, fT) of £ := (L,])
is said to be normal if there exists (a,z) € L x L such that f~(a) = —1 and

)=
Example 4.2. Consider the Sheffer stroke Hilbert algebra £ := (L,|) in Ex-
ample 3.2. Let f:= (L; f~, fT) be a BVF-set in L given by Table 6.

Table 6: Tabular representation of f := (L; f~, fT)

L [~ (z) fH(z)
0 —0.42 0.36
2 —0.42 0.36
3 —0.42 0.76
4 —0.57 0.36
5 —0.42 1.00
6 —1.00 0.36
7 —0.57 0.76
1 —1.00 1.00

Then f:= (L; f~, f*) is a normal bipolar-valued fuzzy filter of £ := (L, |).

Theorem 4.3. A bipolar-valued fuzzy filter § := (L; f~, f7) of L := (L,]) is
normal if and only if f~(1) = —1 and fT(1) = 1.
Proof. Suppose that f := (L; f~, f*) is a normal bipolar-valued fuzzy filter
of £ := (L,|). Then f~(a) = —1 and f*(z) =1 for some (a,z) € L x L. Tt
follows from (3.1) that f=(1) < f~(a) = —1 and f*(1) > f*™(x) = 1. Hence
f7(1) =—1and f*(1) = 1. The sufficiency is clear. O
Given two bipolar-valued fuzzy sets f := (L; f~, f*) and g := (L; g, g7)
in L, the inclusion “ € between them is defined as follows:

feg & (VzeL)(f (z) 29 (2), f[M(x) < g7 (2))
In this case we say that g := (L; g—, g7) is larger than f:= (L; f—, f).

Theorem 4.4. Given a bipolar-valued fuzzy set § :== (L; f~, f*) in L, let
fo := (L; f, ) be a bipolar-valued fuzzy set in L defined by f(a) = f~(a) —
1—f7(1) and fr(z) = fH(z)+1— f+(1) for all (a,x) € L x L. Then §:= (L;
f=, ) is a bipolar-valued fuzzy filter of £ := (L,|) if and only if f. :== (L; fo,
15 is a bipolar-valued fuzzy filter of L := (L,|). Moreover, . := (L; f, fi¥)
is normal which is larger than §:= (L; f~, f).

Proof. Assume that f := (L; f—, f7) is a bipolar-valued fuzzy filter of £ := (L, |)
and let x,y € L be such that z <p y. Then

fo@)=f"@)-1-f0) =2y -1-f1) =/, )

13
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and
fr@) = @) +1-f )< fry+1-771) = fFw.

For every x,y € L, we have:

F((l)l(zly)) = £~ ((=ly)|(z]y)) — 1= f~(1)

|

<max{f"(z), [ (y)} —1-f"(1)

=max{f (z)-1—-f"(1),f (y) —1—-f (1)}
= max{f, (2), fi (y)}

and
FE(ly)|(=ly) = F((2ly)l(z]y) + 1= F7(1)

> min{f*(x), f ( )}+1—f+( )

= min{f"(z) + fHQ), ) +1- 1)}
= min{f" (2), f ( )}

Hence f. := (L; f,, f.F) is a bipolar-valued fuzzy filter of £ := (L, |) by Theorem
3.6. Suppose that f. := (L; f., f.) is a bipolar-valued fuzzy filter of £ :=
(L)), Since f~(1) ~ 1~ f~(1) = f(1) < f-(a) = f~(a) — 1 — /(1) and
PR 41— Fr) = A1) > @) = f ) 41— () for al (a,0) € L x L,
we have f7(1) < f~(z) and fT(1) > f(x) for all z € L. Since

f7(0) =1 = f=(1) = f7(b) > f. (a|(b]b)) = f(al(b]b)) =1 — f~(1)
and f*(y) +1— fH(1) = fiF(y) < fiF(2|(yly) ( I(yly)) + 1 = fH(1) for

) =
all (a,z),(b,y) € L x L, it follows that f~(y) > f~(z|(yly)) and f*(y) <
1 (z|(yly)) for all z,y € L. Since

S ((al(ble))|(ble)) =1 = f7(1) = £ ((al(blc))[(b]c))
< max{f,(b), f, (¢ )}

=max{f"(b) =1 —f~(1), /() - 1= f~(1)}

= max{f~(b), f ()} =1 - f7(1)

and

FH(Iyl2))|(yl2) +1 = F7(1) = £ ((2|(y]2)](y]2))
> min{f(y), f( )}

=min{f"(y) +1 - f7(1), fF(z) +1 - fH(1)}

= min{f"(y), ( )}+1*f+( )

for all (a,z), (b,y),(c,z) € L x L, we have

S ((=(y]2)|(yl2)) < max{f~(y), [ (2)}

14
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and f((z|(y|2))|(y|z)) > min{f*(y), f*(2)} for all z,y,z € L. Therefore,
f:= (L; f~, f*) is a bipolar-valued fuzzy filter of £ := (L, |). Since f (1) =
fF1)—=1—f(1)=—-1and ff(1) = fH(1)+1— f(1) = 1, we know that
fo := (L; fo, f7) is normal. Also, we have f; (z) = f~(2)—1—f~(1) < f~(2)
and ff(z) = fH(z)+1—fT(1) > f(x) for all z € L. This shows that f, := (L;
o, f) is larger than f:= (L; f~, f). O

Theorem 4.5. Let § := (L; f~, f1) be a bipolar-valued fuzzy filter of £ =
(L,]). Then it is normal if and only if f. = §, that is, f~(x) = f(x) and
fH(z) = fH(z) forallx € L.

Proof. Let § :== (L; f~, f*) be a bipolar-valued fuzzy filter of £ := (L,|).
Then f, := (L; f,, fiF) is a normal bipolar-valued fuzzy filter of £ := (L,|) by
Theorem 4.4. Hence it is clear that if f, = f, then f := (L; f~, f*) is normal.
Conversely, if f := (L; f~, f1) is normal, then f; (z) = f~(z)—1—f(1) =
[ (z)and ff(z)=fT(z)+1— ft(1) = fT(x) for all z € L. Hence f. =f. O

Proposition 4.6. Let§:= (L; f~, f*) andg:= (L; g~, g") be bipolar-valued
fuzzy filters of L := (L,|) with f € g. If f~(1) = g~ (1) and fT(1) = g*(1),
then Lj, C Lg,..

Proof. Straightforward. O

The example below shows that there are bipolar-valued fuzzy filters f := (L;
f7. ft) and g:=(L; g—, g7) of £ :=(L,|) that satisfy L;, C Ly, and §  g.

Example 4.7. Consider the Sheffer stroke Hilbert algebra £ := (L,|) in Ex-
ample 3.5. Let f:= (L; f~, f7) and g := (L; g—, g7) be bipolar-valued fuzzy
sets in L defined by the Table 7.

Table 7: Tabular representation of § and g

L [~ (@) [ (x) 9 (z) 9" (x)
0 —0.42 0.43 —0.36 0.33
2 ~1.00 1.00 ~1.00 1.00
3 —0.42 0.43 ~0.36 0.33
1 ~1.00 1.00 ~1.00 1.00

Then Ls, = {1,2} = Ly, but § & g since f~(3) = —0.42 < —0.36 = g~ (3)
and/or f1(0) =0.43 > 0.33 = g*(0).

Theorem 4.8. Let f := (L; f~, f1) be a bipolar-valued fuzzy filter of £ =
(L,]). Then it is normal if and only if there is a bipolar-valued fuzzy filter
g:=(L; g7, g") of L:=(L,]|) such that g, € §.

Proof. The necessity is straightforward because if f := (L; f~, fT) is normal,

then f. = f.

15
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Conversely, assume that there is a bipolar-valued fuzzy filter g := (L; g,
g") of £ :=(L,]|) such that g. €f. Then -1 =g, (1) > f~(1)and 1 = g (1) <
fr(). Thus f=(1) = =1 and f*(1) = 1,and so f := (L; f~, f7) isnormal. [
Theorem 4.9. Given a bipolar-valued fuzzy set f :== (L; f~, fT) in L, consider
an increasing mapping £ := (£~,07) : [=1, f~(1)] x [0, fT(1)] — [-1,0] x [0, 1].
If f .= (L; f=, f7) is a bipolar-valued fuzzy filter of L = (L,|), then the
bipolar-valued fuzzy set f, == (L; f, , ff) in L defined by f, (a) = £~ (f(a))
and f;(x) = 0X(f*(x)) for all (a,2) € L x L is a bipolar-valued fuzzy filter of
L := (L,|). Moreover, if f; (1) = —1 and f; (1) =1, then §o := (L; f,;, f) is
normal, and

(V(s,t) € [=1,f (W] x [0, fTMNE (s) < 5, £5(t) >t = FE o)

Proof. Assume that § := (L; f~, fT) is a bipolar-valued fuzzy filter of £ :=
(L,]). Let z,y € L be such that x < y. Then f, (z) = (= (f (x)) >
C(f~(y) = fi (y) and f(x) = (F(fF(2)) < £5(f*(y) = f (y). For ev-
ery x,y,z € L, we have
fo (ly)l(zly)) =€ (f~ ((=y)l(zly)))

< (max{f" (), f~()})

= max{¢~(f(z)), £ (f~ ()}

= max{f, (z), f; ()}

and

FE(@I(ly)) = €5 (FF (1Y) (2])))

> (" (min{f"(2), [ (y)})

= min{¢" (" (2)), €7 (f"(y))}

= min{f," (z), £ (y)}.
Therefore, f, := (L; f,, f;') is a bipolar-valued fuzzy filter of £ := (L,|) by
Theorem 3.6. If f, (1) = —1 and f,;5(1) = 1, then §, := (L; f,;, f,) is normal
by Theorem 4.3. Let (s,t) € [—1, f~(1)] x [0, f7(1)] be such that £~ (s) < s and
C*(t) > t. Then f, () = € (f~ () < f~ () and f; (z) = (+(f*(2)) > f*(2)
for all € L. Hence | € f,. O

Theorem 4.10. Let §:= (L; f~, f*) be a normal bipolar-valued fuzzy filter of
L := (L,|) such that f~(a) # f~(1) and f+(z) # fT(1) for some (a,z) € Lx L.
If f:= (L; f=, f%) is a mazimal element of (NF(L), €), then it is described as
follows:

-1 ifa=1,

[T L—[-1,0], ar { 0 otherwise,

4.1
1 if =1, (41)

+ .
fT:L—=10,1], v { 0 otherwise,

where Ng(L) is the set of all normal bipolar-valued fuzzy filters of L := (L, |).

16
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Proof. Clearly, (Np(L),€) is a poset. Assume that f := (L; f~, fT) is a
maximal element of (Ng(L), €). It is clear that f~(1) = —1 and f+( ) 1
since f := (L; f~, fT) isnormal. Let (a,2) € L x L be such that f~(a) # f=(1)
and ft(z) # fH(1). If f~(a) # 0 and fT(z) # 0, then —1 < f~(¢) < 0 and
0 < f*(2) <1 for some (¢,2) € Lx L. Let g := (L; g~, g7) be a bipolar-valued
fuzzy set in L defined by

9~ L= [-1,0], ar> 3(f(a) + f(c)),
g L= [0,1], @ = 5(fF(2) + f1(2)).

Let z,y € L be such that x < y. Then
9 (@) =5(fT@+ ()25 W)+ () =9 (v)
and gt (x) = 3(f*(2)+ f1(2)) < 5(FH (W) +F1(2)) = g* (). For every z,y € L,

we have
9~ ((y)|(2ly) = $(F~ ((@ly)|(xly)) + ()
< y(max{f~(z), [~ (y)} + [ (c))
= gmax{f~(z) + f(c), f~

SO NON
= max{5(f~(x) + f7(0), 5(f~(y) + f~(0))}
=max{g (z),9” (y)}

and

9" ((xly)l(=ly)) = 3 (f T ((@ly)l(z]y) + F7(2))

> z(min{f* (@), f*(y)} + f7(2))

= gmin{f*(z) + [ (2), T (y) + [T (2)}
= min{3(f"(2) + f7(2), 3(f*(v) + ()}
=min{g" (2),9" ()}.

Hence g := (L; g~, g7) is a bipolar-valued fuzzy filter of £ := (L,|) by Theorem

3.6, and g. := (L; g5, g7) is a normal bipolar-valued fuzzy filter of £ := (L, |)
by Theorem 4.4. We can observe that

(
(S~ @)+ () —1=3(f (W) + [ (0))
f

and
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for all z € L. Hence f € g, and so §f := (L; f~, fT) is not a maximal element
of (Mr(L), €). This is a contradiction, and therefore (f~(a), f*(z)) = (0,0) for
all (a,2) € L x L with f~(a) # —1 and f*(z) # 1. Consequently, §:= (L; f~,
f1) is described as (4.1). O
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