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1 Main Results

We present a collection of Polya’s type inequalities.

Theorem 1 Let f € C?([a,b],K), where K = R or C, such that f*) (a) =
f® (b) =0, k=0,1, andp,q>1:%—|—%:1. We set

My 1= max {1+ fll e fo,o32) 17+ Fll oo )} .
My = maX{Hf” + f”Ll([a,“gb]) ) ||fN + f”Ll([aTer’b])} ’ (2)
and
My = s {10+ Sl ey o197+ Sl gt - )
Then

/abf(x)dx

b (b—a)?
S/|f<ac>|d:fﬂsmn 7 My, @
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Proof. Here f € C?([a,b], K), such that f*) (a)

=f®®) =0k=0,1
By Corollary 3.4 of [1], we have
f@)= [ @@+ f @) -, (5)
and
b
f@ = [ GO+ F @)sine - 0 (6)
By using [sinz| < |z], V = € R, we obtain
@< [ 17O+ 7 Ol]sin - 0] de <
[ role-nas ([ @04l = ©
(x — a)2 " a+b
5 7+ fllo fa,ap0), V€ {m 5 ] .
Also it holds N
rl<e-a ([ 1o+ o)< ©)
,, a+b
(z — CL) Hf + f”Ll([a’a?b]) , Vxe |:a, 5 ] .
Furthermore, by Holder’s inequality, we have (p,q > 1: % + % =1)
(9)

s
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" (‘ria)p
ARRLA(CE S ey

2)| < (/jlf”(t)Jrf(t)lth); (/j(m—t)pdt>; <
|

"=
<C
8
m
| — |
8
IS
vo |+
S

‘We have found that

EE N+ Pl fo,e52]

I (@) < <w—a>j|f”+f“L ([o282]) . (0)
oty I+ ey (aege)), Pa>1i5+7=1
(p+1)7

Vsce[ “+b}.

Similarly acting, we get that

|f (@) =

b
[ ®+ s @)sinte— o <
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b
[ 157w+ £ @llsin(e - o) de < (1)

b
/ P70+ F ()] (¢ — ) d,
and

||f”+f|\ [e£2 0]
1f (2)] < <*”f>”f"+f”m<[27]>’ . (12)

b—zx 43
St W Mgy, pra> 1=
Vae [QTH’,b].
Consequently, we obtain
. SN+ o 01
= b—
/2 ()] de < 5 ‘” I+ Il o))
a (b a) " 1 1 _
T 4 fll g PO > 1=

P (p+1)7 (2+1)
Similarly, we derive that

CTENF" 4 Fllo gt g
b a 1"
/H f (z)|dz < %Hf Tf||L1([L+bb]),

=a % 1P+ Fllpy (g2 )y, Pa>105+75 :(11;1)
We have that
b ath b
[t@lde= [T is@ldss [ 1 @ldo<
S TUF" + Fllog fo,g) + 157 + Pl ose )]
"+ Ly ([, a+b])+||f et < (1)
(b a) +% 1" 1"
Ty I Moz, 1+ Iy gogeap]
Cla,,
O My, . (16)

1
b= gy
Y T M3
27 ()7 (243)

The claim is proved. m
We continue with
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Theorem 2 All as in Theorem 1. Denote

M7 = s {1~ Pl g 10— Pl o} (1)
M; = maX{”f” = ey (fa,eg2)) - 17 = f”Ll([“T*b,b])} , (18)
and
M; i= max {11 = fllp o sy 157 = Fllg, (feseap) } - (19)
Then
(b—8a)3]\414<7
/b b ) (bfa)QM*
f(x)dx S/ |f (z)] de < mincosh (b — a) X 20
a a +’l(b—a) P M?T

(20)

Proof. As similar to Theorem 1 it is omitted. It based on Corollary 3.5 of
[1]. Also we use that |sinhz| < cosh(b—a)|z|,V z € [-(b—a),b—a], by the
mean value theorem. m

It follows

Theorem 3 Let f € C*([a,b],K), where K = R or C, such that f*) (a) =
f®(b) =0, k=0,1,2,3, andp,q>1:%+%:1. We set

L LACRi IR FCE I SR

)
2] oo, [ 252,

Ay = max{”f(4)f’ fo—f . bD}a (22)

Ly([o.=5]) L[5,

and
N (P ) _
Aoz ma {Hf gy =1 qu,m}‘ )
Then
b b
[ @il < [@lde<
in COB =@+ 1) J 0oy, (24)
4 (b-a)*">

0
2 (pr1)s (245)

Proof. As similar to Theorem 1 it is omitted. It is based on Corollary 3.6
of [1]. m
We continue with
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Theorem 4 Let f € C*([a,b],K), where K = R or C, such that f*) (a) =
f® () =0, k=0,1,2,3, and p,q > 1 : %—I—% = 1. Let also o, € R with
af (a2 — ﬁz) #£0. We set

Bj := max { Hf(4) + ((12 + 52) 1+ Oé2ﬁ2fHOO7[a7 ate) ’

50+ @ e ) et ) (25)

B max {10+ (024 ) ot

Hf(ﬁl) + (a2 +ﬂ2) f/,+04262f’ (26)

Ll([a;bvb])}’
and
Bs = max{”f(4) +(®+8) f + a2[32f‘

La([e,25%])

|9+ (o2 +5%) 7+ 025

b
/ f (@) da
a
_\3
(b 4a) B17

1 (bfaz)2
|67 — 2| (b-a)*F

20 (417 (243)

Lq([“é*’vb])}'
Then

b
s/ 1f (@) de <

(28)
Bs

Proof. As similar to Theorem 1 it is omitted. It is based on Corollary 3.7
of [1]. m
We finish with

Theorem 5 All as in Theorem 4, |af,|8| < 1.However here, instead of By, Ba,
Bs, we set

Dy = max{Hf(4) — (a2 +52) f" +a262fHoo,[a,“—+’“] )

Hf(4) _ (a2 +52) f”+a262fH007[a;rb7b]}’ (29)

Dy := maX{Hf(4) a (0‘2 +ﬁ2) 1+ a262fHL1([“’aT+b]) 7
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(4) _ 2\ g1 2
7@ @+ %) 17+ 0% f’L1<[“;b7b]>}’ 0
and
Dy = max{Hf(4) SR LT F
4) _ 2 " 2
70— eyt g b .
Then
b b
/f(x)dx g/ |f (2)] do <
cosh(b—a) ) Cip,, (32)

min |52 - a2| (b—a)H%

————D
25 (rh0)F (24)

Proof. As similar to Theorem 1 it is omitted. It is based on Corollary 3.9
of [1]. m
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