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ABSTRACT 
We define four new graphs through the join operation of subdivision graph S(G) and central graph C(H), 
namely subdivision vertex-central vertex join S(G)□ C(H), subdivision edge-central edge join S(G)□ C(H), 

subdivision edge-central vertex join S(G)◻  C(H), and subdivision vertex-central edge join S(G)◻  C(H) 
graphs. We determine the adjacency and Laplacian spectra of these four graphs and generate a set of A-
cospectral and L-cospectral non-regular graphs for these new graphs by choosing two pairs of regular 
cospectral graphs. Additionally, we compute the Kirchhoff indices and the number of spanning trees in 
these graphs. 
 
Keywords: Adjacency spectrum, Laplacian spectrum, Cospectral graphs, Kirchhoff index, spanning trees 
 
1. INTRODUCTION 
Let G = (VG ,EG) be a simple and undirected graph with vertex set VG and edge set EG. Let A(G) be a n-th 
order adjacency matrix of G such that A = [aij] = 1 if the vertices vi ∼vj  and 0 otherwise. The Laplacian 
matrix of G denoted by L(G) is defined as L(G) = D(G) − A(G), where D(G) is the diagonal matrix. The 
complement of G, denoted by G , is the graph with the same vertex set as G such that two vertices are 
adjacent in G , if and only if they are not adjacent in G. The adjacency matrix of the complement graph, 
denoted by A(G ) is defined as A(G ) = Jn×n−In−A(G), where Jn×n  is the n × n matrix with all entries ’1’ and In 
is the n × n unit matrix. The Laplacian matrix of the complement graph is defined as L(G ) = nIn− Jn×n− L(G). 
For any matrix  Mn×n, the polynomial associated with it is given by P(M;x) = det(xIn− M). Thus, PG(A;x) and 
PG(L;x) be the characteristic polynomial of A(G) and L(G), respectively. The roots of A(G) and L(G) 
matrices are adjacency eigenvalues and Laplacian eigenvalues of G, respectively. Denote the eigenvalues 
of A(G) and L(G), respectively, by λj(G)and µj(G), where j = 1,2,...,n. The collection of distinct eigenvalues of 
A(G) and L(G) and their corresponding multiplicities form the A-spectrum and L-spectrum of G, 
respectively. If two graphs have the same A and L spectrum, then they are said to be A-cospectral and L-
cospectral, respectively. The number of the spanning trees of G of n vertices can be determined by

and Kirchhoff index can be obtained by   
Spectra of different kinds of graphs operations have been computed by several types of research [3, 4, 7, 
8, 9, 10, 11, 13]. The subdivision graph S(G) of a graph G is obtained by inserting a new vertex into every 
edge of G. The central graph C(G) of a graph G is obtained by subdividing each edge of G exactly once and 
joining all the non-adjacent vertices in G. Jahfar and Chithra [7, 8] defined central vertex join, central edge 
join, central vertex corona, central edge corona and central edge neighbourhood corona graphs and 
determine their adjacency, Laplacian and signless Laplacian spectra. Also, the Kirchhoff index determines 
the number of spanning trees and cospectral graphs’ families. A. Das and P. Panigrahi [4] defined four new 
graphs join and determine their adjacency, Laplacian and normalized Laplacian spectra. As an 
application, they obtain pairs of simultaneous cospectral graphs for adjacency, Laplacian and normalized 
Laplacian matrices. In addition, the Kirchhoff index and the number of spanning trees are also 
determined in the paper. 
Motivated by these above work, we define four new graphs join. 
 
Definition 1.1. Let G and H be two vertex disjoint graphs with number of vertices n1 and n2, edges m1 and 
m2 respectively. Then 
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(i) The subdivision vertex-central vertex joinof G and H, represented by S(G)□ C(H), is the graph derived 
from S(G) and C(H) by joining each old vertex of G with every old vertex of H. 

(ii) The subdivision edge- central edge join of G and H, represented by S(G) □ C(H), is the graph derived 
from S(G) and C(H) by joining each new vertex of G with every new vertex of H. 

(iii)  The subdivision edge-central vertex joinof G and H, represented by S(G)◻  C(H),is the graph derived 
from S(G) andC(H) by joining each new vertex of G with every old vertex of H. 

(iv)  The subdivision vertex- central edge join of G and H, represented by S(G)◻  C(H), is the graph derived 
from S(G) and C(H) by joining each old vertex of G with every new vertex of H. 

 
Example 1.1. Let us consider G = P4 and H= P3be two path graphs. Then Figure 1, Figure 2, Figure 3 and 

Figure 4 represents P4□ P3, P4  □ P3, P4◻  P3  and P4◻   ˙ P3    respectively. 
 

 
Figure 1. Subdivision-vertex-central vertex join of P4 and P3. i.e. P4□ P3 

 

 
Figure 2. Subdivision edge-central edge join of P4 and P3. i.e. P4  □ P3 

 

 
Figure 3. subdivision edge-central vertex join of P4 and P3. i.e. P4◻  P3 

 

 
Figure 4. Subdivision vertex-central edge join of P4 and P3. i.e. P4◻  ˙ P3 

 
Four non-regular graphs are generated in this paper through the join operation of subdivision and central 
graphs. Subsequently we obtain the  A-spectra and L-spectra of these joins. Moreover, we derive several 
cospectral graphs of A and L spectra. The number of spanning trees and Kirchhoff’s indices are also 
determined. 
To obtain our results, we need some basics useful results. Let B(G) = [bij] be the incidence matrix of  order 
n×m such that bij= 1 if vi is incident with ej, where i,j= 1,2,...,n, otherwise 0. Let L(G) be the line graph, 
choosing B(G) = B, then BT B = A(L(G)) + 2Im and BBT= A(G) + 2In. The M-Coronal ΓM(x) [12] is defined on 
the n × n matrix of M such that , where Jn be the n × 1 matrix with all 1 

entries. If ‘t’is the constant of each row sum of matrix M,  then [12]. If L(G) is a Laplacian 
matrix, then   [12].    



Journal of Computational Analysis and Applications                                                                             VOL. 33, NO. 5, 2024                           VOL. 33, NO. 2, 2024 

 
 

                                                                                 326                                                Manash Protim Borah et al 324-333 

Also, det(M + γJn×n) = det(M) + [9], where adj(M) is the adjoint of M and γ is a real 
number. The following lemmas are also used to find our results. 
 
Lemma 1.1.[9] If M is an real matrix of n × n, then 
det(xIn− M –γJn) = (1 –γΓM(x))det(xIn− M) 
Lemma 1.2.[3] Let N1,N2,N3andN4 be four matrices, where N1 and N4 are non-singular square matrices, 
then 

 
 
Lemma 1.3.[4] If  for any real numbers  c, d > 0,  then 

 
 
2. Adjacency and Laplacian spectra of the graphs 
In this section, we find adjacency and Laplacian spectra of subdivision vertex-central vertex join S(G)□  

C(H), subdivision edge-central edge join S(G) □ C(H), subdivision edge-central vertex join S(G)◻  C(H) and 

subdivision vertex-central edgejoin S(G)◻  C(H) graphs. 
First, we determine adjacency spectra of these graphs. 
 
2.1. A-spectra of S(G)□  C(H) 
Theorem 2.1.LetG be a r1- regular and H be a r2 regular graph, then 

 
 
Proof:A-spectra of S(G)□  C(H) can be expressed as 

 
 
The characteristic polynomial is 𝑃𝑆(𝐺)□  𝐶(𝐻)(A:x) 

= 𝑑𝑒𝑡 𝑥𝐼𝑛1+𝑛2+𝑚1+𝑚2
− 𝐴(𝑆(𝐺)□  𝐶(𝐻) 

                  = 𝑑𝑒𝑡

 

 
 

𝑥𝐼𝑛1
−𝐵(𝐺) −𝐽𝑛1×𝑛2

0𝑛1×𝑚2

−𝐵(𝐺)𝑇 𝑥𝐼𝑚1
0𝑚1×𝑛2

0𝑚1×𝑚2

−𝐽𝑛2×𝑛1
0𝑛2×𝑚1

𝑥𝐼𝑛2
− 𝐴(𝐻

¯

) −𝐵(𝐻)

0𝑚2×𝑛1
0𝑚1×𝑚2

−𝐵(𝐻)𝑇 𝑥𝐼𝑚2  

 
 

 

= 𝑥𝑚2𝑑𝑒𝑡𝑆 
Where 

 
Hence, 
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                                                det S=det (x𝐼𝑛2
- A(𝐻 ) - -

1

𝑥
B(H)B(H)T) det(W) 

= 𝑑𝑒𝑡 𝑥𝐼𝑛2
− 𝐽𝑛2

+ 𝐼𝑛2
+ 𝐴(𝐻) −

1

𝑥
𝐵(𝐻)𝐵(𝐻)𝑇)𝑑𝑒𝑡(𝑊)  

Where 

 
 
Then, 

d𝑒𝑡 𝑊 = 𝑥𝑚1  𝑑𝑒𝑡 𝑥𝐼𝑛2
− 𝛤

𝐴 𝐻  +
1

𝑥
𝐵(𝐻)𝐵(𝐻)𝑇

(𝑥)𝐽𝑛1×𝑛1
−

𝐵(𝐺)𝐵(𝐺)𝑇

𝑥
 

= 𝑥𝑚1𝑑𝑒𝑡 𝑥𝐼𝑛1
−

𝐵(𝐺)𝐵(𝐺)𝑇

𝑥
  1 − 𝛤

𝐴(𝐻 )+
𝐵(𝐻)𝐵(𝐻)𝑇

𝑥

(𝑥)𝛤𝐵(𝐺)𝐵(𝐺)𝑇

𝑥

(𝑥) 

= 𝑥𝑚1𝑑𝑒𝑡 𝑥𝐼𝑛1
−

𝐵(𝐺)𝐵(𝐺)𝑇

𝑥
  1 − 𝛤

𝐴(𝐻 )+
𝐵(𝐻)𝐵(𝐻)𝑇

𝑥

(𝑥)𝛤
𝐵(𝐺)𝐵(𝐺)T

𝑥

(𝑥) 

 

So, 

 
Therefore, 

 
 

2.2. A-spectra of S(G) □ C(H) 
Theorem 2.2.Let G be a r1- regular and H be a r2 regular graph, then A-spectra of S(G) □ C(H) can be 
expressed as 

 
 
Proof: A(S(G) □ C(H)) can be written as 

 
The characteristic polynomial is 
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𝑃𝑺(𝑮) □ 𝑪(𝑯)(𝐴: 𝑥) = 𝑑𝑒𝑡

 

 
 

𝑥𝐼𝑛1
−𝐵(𝐺) 0𝑛1×𝑛2

0𝑛1×𝑚2

−𝐵(𝐺)𝑇 𝑥𝐼𝑚1
0𝑚1×𝑛2

𝐽𝑚1×𝑚2

0𝑛2×𝑚1
0𝑛2×𝑚1

𝑥𝐼𝑛2
− 𝐴 𝐻  −𝐵(𝐻)

0𝑚2×𝑛1
−𝐽𝑚2×𝑚1

−𝐵(𝐻)𝑇 𝑥𝐼𝑚2  

 
 

= 𝑥𝑛1𝑑𝑒𝑡𝑆

 

Where, 

 

 
Hence, 

𝑑𝑒𝑡𝑆 = 𝑑𝑒𝑡  𝑥𝐼𝑚1
−

1

𝑥
𝐵(𝐺)𝐵(𝐺)𝑇 𝑑𝑒𝑡𝑊 

= 𝑑𝑒𝑡 𝑥𝐼𝑚1
−

1

𝑥
 𝐴 𝐿𝐺 + 2𝐼𝑚1

  𝑑𝑒𝑡𝑊

= 𝑥𝑚1−𝑛1   

𝑛1

𝑖=1

 𝑥 −
𝑟1

𝑥
−

𝜆𝑖(𝐺)

𝑥
 𝑑𝑒𝑡𝑊

 

 
Where 

𝑊 =  
𝑥𝐼𝑛2

− 𝐴 𝐻  −𝐵(𝐻)

−𝐵(𝐻)𝑇 𝑥𝐼𝑚2

 − (
0𝑛2×𝑚1

0𝑚2×𝑚1

)  𝑥𝐼𝑚1
−

1

𝑥
𝐵(𝐻)𝐵(𝐻)𝑇 

−1

 0𝑚1×𝑛2
− 𝐽𝑚1×𝑚2

 

=  
𝑥𝐼𝑛2

− 𝐴 𝐻  −𝐵(𝐻)

−𝐵(𝐻)𝑇 𝑥𝐼𝑚2
− 𝛤𝐵(𝐺)𝐵(𝐺)𝑇

𝑥

(𝑥)𝐽𝑚2×𝑚2
 

 

Then, 

𝑑𝑒𝑡𝑊 = 𝑑𝑒𝑡 𝑥𝐼𝑚2
− 𝛤

𝐵(𝐺)𝐵(𝐺)𝑇

𝑥

(𝑥)𝐽𝑚2×𝑚2
 

𝑑𝑒𝑡 𝑥𝐼𝑛2
− 𝐴 𝐻  − 𝐵(𝐻)  𝑥𝐼𝑚2

− 𝛤
𝐻(𝐺)𝐵(𝐺)𝑇

𝑥

 𝑥 𝐽𝑚2×𝑚2
 

−1

𝐵(𝐻)𝑇  )

= 𝑥𝑚2  1 − 𝛤𝐵(𝐺)𝐵(𝐺)𝑇

𝑥

(𝑥)
𝑚2

𝑥
 𝑑𝑒𝑡 𝑥𝐼𝑛2

− 𝐴 𝐻  − 𝐵(𝐻)  
1

𝑥
𝐼𝑚2

+  

  𝐵(𝐺)𝐵(𝐺)𝑇(𝑥)

𝑥  𝑥 − 𝑚2𝛤𝐵(𝐺)𝐵(𝐺)𝑇

𝑥

(𝑥) 
𝐽𝑚2×𝑚2

 
 
 

 
 

𝐵(𝐻)𝑇

 
 
 
 
 

= 𝑥𝑚2  1 − 𝛤
𝐵(𝐺)𝐵(𝐺)𝑇

𝑥

𝑥 (𝑥)
𝑚2

𝑥
 𝑑𝑒𝑡 𝑥𝐼𝑛2

− 𝐴 𝐻  −
1

𝑥
𝐵(𝐻)𝐵(𝐻)𝑇 − 

 𝑟2
2

𝛤
𝐵(𝐻)𝐵(𝐻)𝑇

𝑥
(𝑥)

𝑥  𝑥 − 𝑚2𝛤𝐵(𝐺)𝐵(𝐺)𝑇

𝑥

 
𝐽𝑛2×𝑛2

 

 
 

 

So, 



Journal of Computational Analysis and Applications                                                                             VOL. 33, NO. 5, 2024                           VOL. 33, NO. 2, 2024 

 
 

                                                                                 329                                                Manash Protim Borah et al 324-333 

 
and the result follows. 
 

2.3. A-spectra of S(G)◻  C(H) 

Theorem 2.3. Let G be a r1- regular and H be a r2 regular graph, then A-spectra of S(G)◻  C(H) can be 
expressed as  

𝑃𝑆(𝐺)◻𝐶(𝐻)(𝐴: 𝑥) = 𝑥𝑚1+𝑚2−𝑛1−𝑛2   

𝑛2

𝑗 =2

 𝑥2 −  𝑛2 − 1 − 𝜆𝑗 (𝐻) 𝑥 − 𝜆𝑗 (𝐻) − 𝑟2 

  

𝑛1

𝑖=2

 𝑥2 − 𝑟1 − 𝜆𝑖(𝐺)  𝑥4 −  𝑛2 − 1 − 𝑟2 𝑥
3 −  2𝑟1 + 2𝑟2 + 𝑚1𝑛2 𝑥

2 +  2𝑟1𝑛2 −  

  2𝑟1 − 2𝑟1𝑟2 𝑥 + 4𝑟1𝑟2 

 

 

Proof: A(S(G)◻  C(H)) can be written as 

 
 
The rest of the proof of the Theorem is same as Theorem (2.2) 
 

2.4. A-Spectra of S(G)◻  C(H)   
Theorem 3.1.LetG be a r1- regular and H be a r2 regular graph, then A-spectra of S(G)□¯˙ C(H) can be 
expressed as 
 

 
 

Proof: A(S(G)◻  C(H)) can be written as 

 
 
The remaining part of the proof of the Theorem is same as above. 
 
3.1. L-Spectra of (S(G) □  C(H)) 
Theorem 3.2. Let G be a r1- regular and H be a r2 regular graph, then 
 



Journal of Computational Analysis and Applications                                                                             VOL. 33, NO. 5, 2024                           VOL. 33, NO. 2, 2024 

 
 

                                                                                 330                                                Manash Protim Borah et al 324-333 

𝐿(𝑆(𝐺) □  𝐶(𝐻)) = (𝑥 − 2)𝑚1+𝑚2−𝑛1−𝑛2   

𝑛1

𝑖=2

 𝑥2 −  𝑟1 + 𝑛2 + 2 𝑥 + 2𝑛2 + 𝜇𝑖(𝐺)  𝑥4 − 

 𝑟1 + 𝑛1 + 𝑛2 + 𝑟2 + 4 𝑥3 +  𝑟1𝑟2 + 𝑟2𝑛2 + 𝑛1𝑟1 + 4𝑛1 + 4𝑛2 + 

  2𝑟1 + 2𝑟2 + 4 𝑥2 − 2 𝑟2𝑛2 + 2𝑛1 + 2𝑛2 + 𝑛1𝑟1 + 𝑛1𝑛2 𝑥 

  

𝑛2

𝑗 =2

𝑥2 −  𝑟2 + 𝑛1 + 2 + μ𝑗 (𝐻) 𝑥 + 2𝑛1 − 𝜇𝑗 (𝐻)

 

 
Proof: L-spectra of subdivision-vertex central vertex join can be expressed as 
 

𝐿(𝑆(𝐺) □  𝐶(𝐻)) =

 

 
 

 𝑟1 + 𝑛2 𝐼𝑛1
−𝐵(𝐺) −𝐽𝑛1×𝑛2

0𝑛1×𝑚2

−𝐵(𝐺)𝑇 2𝐼𝑚1×𝑚1
0𝑚1 × 𝑛2 0𝑚1×𝑚2

−𝐽𝑚2×𝑛1
0𝑛2×𝑚 1

 𝑟2 + 𝑛1 𝐼𝑚2
+ 𝐿 𝐻  −𝐵(𝐻)

0𝑚2×𝑛1
0𝑚2×𝑚1

−𝐵(𝐻)𝑇 2𝐼𝑚2  

 
 

 

 
The characteristic polynomial is𝑃(𝑆(𝐺) □  𝐶(𝐻))(L :x) 

 

= 𝑑𝑒𝑡 𝑥𝐼𝑛1+𝑚2+𝑚1+𝑚2
− 𝐿(𝑆(𝐺) □  𝐶(𝐻))  

= 𝑑𝑒𝑡(𝑥 − 2)𝐼𝑚2
𝑑𝑒𝑡𝑆

 

 
Where, 

 
 
Where, 

! 
 
Then, 

 
Putting the coronal values and simplifying above gives the desired result. 
 

3.2. L-Spectra of S(G) □ C(H) 
Theorem 3.3. Let G be a r1- regular and H be a r2 regular graph, then 
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𝐿(𝑆(𝐺) □ 𝐶(𝐻)) =  𝑥 − 2 − 𝑚2 
𝑚1−𝑛1 𝑥 − 2 − 𝑚1 

𝑚2−𝑛2   

𝑛1

𝑖=2

𝑥2 −  𝑟1 + 𝑚2 + 2 𝑥

+𝑟1𝑚2 + 𝜇𝑖(𝐺)   

𝑛2

𝑗 =2

 𝑥2 −  𝑟2 + 𝑚1 + 2 − 𝜇𝑖(𝐻) 𝑥 + 𝑚1𝑟2 − 𝑚1𝜇𝑗 (𝐻) − 𝜇𝑗 (𝐻) 

 𝑥4 −  𝑟1 + 𝑛1 + 𝑚1 + 𝑚2 + 4 𝑥3 +  𝑟1𝑟2 + 2𝑚1 + 2𝑚2 + 2𝑟1 + 2𝑟2 + 𝑟1𝑚1
  

  +𝑟2𝑚2 + 𝑟1𝑚2 + 𝑟2𝑚1 + 4 𝑥2 −  2𝑟1𝑚2 + 2𝑟2𝑚1 + 𝑟1𝑟2𝑚1 + 𝑟1𝑟2𝑚2 𝑥 

 

 
Proof: L(S(G) □ C(H) )matrix can be written as 

𝐿(𝑆(𝐺) □ 𝐶(𝐻)) =

 

 
 

𝑟1𝐼𝑛1
−𝐵(𝐺) −0𝑛1×𝑛2

0𝑛1×𝑚2

−𝐵(𝐺)𝑇  2 + 𝑚2 𝐼𝑚1×𝑚1
0𝑚1×𝑛2

−𝐽𝑚1×𝑚2

0𝑛2×𝑛1
0𝑛2×𝑚1

𝑟2𝐼𝑛2 + 𝐿(𝐻) −𝐵(𝐻)

0𝑚2×𝑛1
−𝐽𝑚2×𝑚1

−𝐵(𝐻)𝑇  2 + 𝑚1 𝐼𝑚2 

 
 

 

The remaining part of the proof of the Theorem is same as Theorem 2.2. 
 

3.3. L-Spectra of S(G)◻  C(H) 
Theorem 3.4.LetG be a r1- regular and H be a r2 regular graph, then 

𝐿(𝑆(𝐺) ◻  𝐶(𝐻)) =  𝑥 − 2 − 𝑛2 
𝑚1−𝑛1(𝑥 − 2)𝑚2−𝑛2   

𝑛1

𝑖=2

𝑥2 −  𝑟1 + 𝑛2 + 2 𝑥 + 𝜇𝑖(𝐺) + 𝑛2𝑟1

  

𝑛2

𝑗 =2

 𝑥2 −  𝑟2 + 𝑚1 − 2 − 𝜇𝑗 (𝐻) 𝑥 + 2𝑚1 − 𝜇𝑗 (𝐻) 𝑥4 −  𝑟1 + 𝑚1 + 𝑟2 + 𝑛2 + 4 𝑥3 +  4 + 4𝑚1
   

 +2𝑟1 + 2𝑟2 + 𝑛2𝑟2 + 𝑛2𝑚1 + 2𝑛2 + 𝑟1𝑟2 + 𝑟1𝑚1 + 𝑟1𝑛2 − 𝑚1𝑛2 𝑥
2 −  4𝑚1 + 4𝑚1𝑛2 + 2𝑚1𝑟1

 

  +𝑟1𝑟2𝑛2 + 𝑟1𝑛2𝑚1 + 2𝑟1𝑛2 + 𝑚1𝑟1𝑛2 𝑥 .

 

Proof: L(S(G)◻  C(H))  can be written as 

The remaining part of the proof of the above theorem is as same as above. 
 

3.4. L-Spectra of S(G)◻  C(H) 
Theorem 3.5. Let G be a r1- regular and H be a r2 regular graph, then 

𝐿(𝑆(𝐺) ◻  𝐶(𝐻)) = (𝑥 − 2)𝑚1−𝑛1 𝑥 − 2 − 𝑛1 
𝑚2−𝑛2   

𝑛1

𝑖=2

 𝑥2 −  𝑟1 + 𝑚2 + 2 𝑥 + 𝜇𝑖(𝐺) + 2𝑚2 

  

𝑛2

𝑗 =2

 𝑥2 −  𝑟2 + 𝑛1 + 2 − 𝜇𝑗 (𝐻)𝑥 + 𝑛1𝑟2 − 𝑛1𝜇𝑗 (𝐻) − 𝜇𝑗 (𝐻) 𝑥4 −  𝑟1 + 𝑟2 + 𝑚2 + 𝑛1 𝑥
3 +  

  4 + 2𝑟1 + 2𝑟2 + 4𝑚2 + 2𝑛1 + 𝑟1𝑟2 + 𝑟2𝑚2 + 𝑟1𝑛1 + 𝑟2𝑛1 𝑥
2 −  4𝑚2 + 2𝑟2𝑚2 + 2𝑟2𝑛1 + 𝑟1𝑟2𝑛1 𝑥 

 

Proof: S(G)◻  C(H) can be expressed as 

 
The remaining part of the proof of the theorem is as same as above. 
 
4. Spanning trees and Kirchhoff Index 
Kirchhoff ’s indices and spanning trees of subdivision vertex-central vertex join S(G) □  C(H), subdivision 

edge-central edge join S(G) □ C(H), subdivision edge-central vertex join S(G)◻  C(H) and subdivision 

vertex-central edge join S(G)◻  C(H) are determined by using Laplacian spectra..  
The Kirchhoff’s indices of these graphs are 
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1.  

𝐾𝑓(𝑆(𝐺) □  C(𝐻)) =  𝑚1 + 𝑛1 + 𝑚2 + 𝑛2  
𝑚1 − 𝑛1 + 𝑚2 − 𝑛2

2
+   

𝑛1

𝑖=2

2 + 𝑟1 + 𝑛2

2𝑛2 + 𝜇𝑖(𝐺)
+ 

+
4 + 2𝑟1 + 2𝑟2 + 4𝑛1 + 4𝑛2 + 𝑟1𝑟2 + 𝑛1𝑟1 + 𝑟2𝑛2

2 2𝑛1 + 2𝑛2 + 𝑛1𝑛2 + 𝑛1𝑟1 + 𝑛2𝑟2 

 +   

𝑛2

𝑗 =2

2 + 𝑛1 + 𝑟2 + 𝜇𝑗 (𝐻)

2𝑛1 − 𝜇𝑗 (𝐻)
 

 

2. 

𝐾𝑓(𝑆(𝐺) □ 𝐶(𝐻)) =  𝑚1 + 𝑛1 + 𝑚2 + 𝑛2  
𝑚1 − 𝑛1

2 + 𝑚2

+
𝑚2 − 𝑛2

2 + 𝑚1

+   

𝑛1

𝑖=2

2 + 𝑟1 + 𝑚2

𝑚1𝑟1 + 𝜇𝑖(𝐺)
 

+
𝑟1𝑟2 + 2𝑚1 + 2𝑚2 + 2𝑟1 + 2𝑟2 + 𝑟1𝑚1 + 𝑟2𝑚2 + 𝑟1𝑚2 + 𝑟2𝑚1 + 4

2𝑟1𝑚2 + 2𝑟2𝑚1 + 𝑟1𝑟2𝑚1 + 𝑟1𝑟2𝑚2

 +   

𝑛2

𝑗=2

2 + 𝑚1 + 𝑟2 − 𝜇𝑗 (𝐻)

𝑚1𝑟2 − 𝑚1𝜇𝐽 (𝐻) − 𝜇𝑗 (𝐻)
 

 

3. 

𝐾𝑓(𝑆(𝐺) ◻  𝐶(𝐻)) =  𝑚1 + 𝑛1 + 𝑚2 + 𝑛2  
𝑚2 − 𝑛2

2
+

𝑚1 − 𝑛1

2 + 𝑛2

+   

𝑛1

𝑖=2

2 + 𝑟1 + 𝑛2

2𝑚2 + 𝜇𝑖(𝐺)
 

+
4 + 4𝑚1 + 2𝑟1 + 2𝑟2 + 𝑛2𝑟2 + 𝑛2𝑚1 + 2𝑛2 + 𝑟1𝑟2 + 𝑟1𝑚1 + 𝑟1𝑛2 − 𝑚1𝑛2

4𝑚1 + 4𝑚1𝑛2 + 21𝑟1 + 𝑟1𝑟2𝑛2 + 𝑟1𝑚1𝑛2 + 2𝑟1𝑛2 + 𝑚1𝑟1𝑛2

 +   

𝑛2

𝑗 =2

2 + 𝑚1 + 𝑟2 − 𝜇𝑗 (𝐻)

2𝑚1 − 𝜇𝑗 (𝐻)
 

 

4. 

𝐾𝑓(𝑆(𝐺) ◻  𝐶(𝐻) ) =  𝑚1 + 𝑛1 + 𝑚2 + 𝑛2  
𝑚1 − 𝑛1

2
+

𝑚2 − 𝑛2

2 + 𝑛1

+   

𝑛1

𝑖=2

2 + 𝑟1 + 𝑚2

2𝑚2 + 𝜇𝑖(𝐺)
 

+
4 + 2𝑟1 + 2𝑟2 + 4𝑚2 + 2𝑛1 + 𝑟1𝑟2 + 𝑟2𝑚2 + 𝑟1𝑛1 + 𝑟2𝑛1

4𝑚2 + 2𝑟2𝑚2 + 2𝑟2𝑛1 + 1𝑛1𝑟2

 +   

𝑛2

𝑗=2

2 + 𝑛1 + 𝑟2 − 𝜇𝑗 (𝐻)

𝑛1𝑟2 − 𝑛1𝜇𝑗 (𝐻) − 𝜇𝑗 (𝐻)
 

 

The number of the spanning trees of these graphs are 
1. 

𝑡(𝑆(𝐺) □  C(H)) =
1

n1 + m1 + n2 + m2

2m1−n1+m2−n2 2 r2n2 + 2n1 + 2n2 + n1r1 + n1n2 

  

n1

i=2

 2n2 + μ
i
(G)   

n2

j=2

2n1 − μ
j
(H)

 

2. 

t(S(G) □ C(H)) =
1

n1 + m1 + m2 + m2

 2 + m2 
m1−n1 2 + m1 

m2−n2   

n1

i=2

 r1m2 + μ
i
(G) 

 2r1m2 + 2r2m1 + r1r2m1 + r1r2m2   

n2

j=2

m1r2 − m1μ
j
(H) − μ

j
(H)

 

3. 
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t(S(G) ◻  C(H)) =
1

n1 + m1 + n2 + m2

 2 + n2 
m1−n1 (2)m2−n2   

n1

i=2

 r1n2 + μ
i
(G)   

n2

j=2

 2m1
 

 −μj(H)  4m1 + 4m1n2 + 2m1r1 + r1r2n2 + r1n2m1 + 2r1n2 + m1r1n2 

 

4. 

t(S(G) ◻  C(H)) =
1

n1 + m1 + n2 + m2

(2)m1−n1 2 + n1 
m2−n2   

n1

i=2

 2m2 + μi(G) 

  

n2

j=2

 n1r2 − n1μj(H) − μj(H)  4m2 + 2r2m2 + 2r2n1 + r1r2n1 

 

 
5. Non-regular simultaneous cospectral graphs 

We obtained adjacency and Laplacian spectra of these graph joins S(G) □  C(H), S(G) □ C(H), S(G)◻  C(H) 

and  S(G)◻  C(H). All of these graphs are non-regular. We find cospectral graphs of these non-regular 
graphs. The subsequent lemmas are used to determine the cospectral graphs. 
 
Lemma 5.1.1. If G is an r-regular graph then L(G) = rIn− A(G) 
2. If G and H are A-cospectral regular graphs, then they are also cospectral with respect to the Laplacian 
matrix. 
Using the above lemmas we obtain the following Theorem 
 
Theorem 5.1. Let Gi  and Hi  be ri  regular graphs, i= 1,2, where G1  may not be distinct to H1. If any graphs 
G1     and H1   are A-cospectral, and G2  and H2  are A- cospectral then S(G1) □  C(G2) (respectively, S(G1) 

□ C(G2), S(G1)◻  C(G2) and  S(H1) □  C(H2)) (respectively, S(H1) □ C(H2), S(H1)◻  C(H2)and S(H1)◻  C(H2)) are 
simultaneously A–cospectral and L- cospectral. 
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