
Commutative ideals of BCK-algebras based on

makgeolli structures

Seok-Zun Song 1,∗, Hee Sik Kim 2, Sun Shin Ahn 3,
Young Bae Jun 4

1Department of Mathematics, Jeju National University,
Jeju 63243, Korea

e-mail: szsong@jejunu.ac.kr

2Research Institute for Natural Science,
Department of Mathematics,

Hanyang University, Seoul 04763, Korea
e-mail: heekim@hanyang.ac.kr

3Department of Mathematics Education,
Dongguk University, Seoul 04620, Korea

e-mail: sunshine@dongguk.edu

4Department of Mathematics Education,
Gyeongsang National University, Jinju 52828, Korea

e-mail: skywine@gmail.com
∗Correspondences: S. Z. Song (szsong@jejunu.ac.kr)

April 9, 2023

Abstract The purpose of this paper is to study by applying the makgeolli
structure to commutative ideal in BCK-algebras. The notion of commutative
makgeolli ideal is introduced, and their properties are investigated. The rela-
tionship between makgeolli ideal and commutative makgeolli ideal is discussed.
Example to show that a makgeolli ideal may not be a commutative makgeolli
ideal is provided, and then the conditions under which a makgeolli ideal can
be a commutative makgeolli ideal are explored. A new commutative makgeolli
ideal is established using the given commutative makgeolli ideal, and character-
izations of a commutative makgeolli ideal are displayed. Finally, the extension
property for a commutative makgeolli ideal is established.

Keywords: BCK-soft universe, makgeolli structure, makgeolli ideal, commuta-
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1 Introduction

Many of the problems that need to be solved in the real world often include
inherently inaccurate, uncertain, and ambiguous elements. The fuzzy set by
Zadeh [26, 27, 28] is useful tool as a means of effectively controlling uncer-
tainty, which is an attribute of information. Uncertainty is limited in handling
using traditional mathematical tools, but can be handled using a wide range
of theories such as probability theory, (intuitionistic) fuzzy set theory, theory
of interval mathematics, vague set theory, rough set theory, and soft set the-
ory etc. Molodtsov [21] introduced the concept of a soft set as a new tool
for dealing with uncertainties beyond the difficulties that plagued general the-
oretical approaches, and he suggested several directions for the application of
the soft set. Globally, interest in soft set theory and its application has been
growing rapidly in recent years. Following this trend, research in the field of
algebraic structure is also showing the use of soft sets. For example, groups,
rings, fields and modules etc. (see [1, 3, 4, 5, 12]), and BCK/BCI-algebras etc.
(see [9, 10, 11, 13, 14, 15, 16, 17, 22, 24]). In 2019, Ahn et al. [2] introduced the
notion of makgeolli structures as a hybrid structure based on fuzzy set and soft
set theory, and applied it to BCK/BCI-algebras. Kologani et al. [18] applied the
makgeolli structure to hoops, and Song et al. [25] studied positive implicative
makgeolli ideals of BCK-algebras.

In this paper, we apply the makgeolli structure to the commutative ideal of
BCK-algebras. We introduce the notion of commutative makgeolli ideal, and
investigate their properties. We discuss the relationship between makgeolli ideal
and commutative makgeolli ideal. We provide example to show that any mak-
geolli ideal may not be a commutative makgeolli ideal, and then we explore the
conditions under which makgeolli ideal can be commutative makgeolli ideal. We
make a new commutative makgeolli ideal using the given commutative makge-
olli ideal. We explore the characterization of commutative makgeolli ideal and
establish the extension property for commutative makgeolli ideal.

2 Preliminaries

2.1 Preliminaries on BCK-algebras

BCI/BCK-algebra is an important type of logical algebra introduced by K. Iséki
(see [7] and [8]), and it has been extensively investigated by several researchers.
See the books [6, 20] for further information regarding BCI-algebras and BCK-
algebras. In this section, we recall the definitions and basic results required in
this paper.

Let L be a set with a special element “0” and a binary operation “ ∗ ”. If it
satisfies the following conditions:
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(I1) (∀a, b, c ∈ L) (((a ∗ b) ∗ (a ∗ c)) ∗ (c ∗ b) = 0),

(I2) (∀a, b ∈ L) ((a ∗ (a ∗ b)) ∗ b = 0),

(I3) (∀a ∈ L) (a ∗ a = 0),

(I4) (∀a, b ∈ L) (a ∗ b = 0, b ∗ a = 0 ⇒ a = b),

(K) (∀a ∈ L) (0 ∗ a = 0),

then it is called a BCK-algebra, and it is denoted by (L, ∗, 0).
The order relation “ ≤ ” in a BCK-algebra (L, ∗, 0) is defined as follows:

(∀a, b ∈ L)(a ≤ b ⇔ a ∗ b = 0). (2.1)

Every BCK/BCI-algebra (L, ∗, 0) satisfies the following conditions (see [19,
20]):

(∀a ∈ L) (a ∗ 0 = a) , (2.2)

(∀a, b, c ∈ L) (a ≤ b ⇒ a ∗ c ≤ b ∗ c, c ∗ b ≤ c ∗ a) , (2.3)

(∀a, b, c ∈ L) ((a ∗ b) ∗ c = (a ∗ c) ∗ b) . (2.4)

Every BCI-algebra (L, ∗, 0) satisfies (see [6]):

(∀a, b ∈ L) (a ∗ (a ∗ (a ∗ b)) = a ∗ b) , (2.5)

(∀a, b ∈ L) (0 ∗ (a ∗ b) = (0 ∗ a) ∗ (0 ∗ b)) . (2.6)

A BCK-algebra (L, ∗, 0) is said to be commutative (see [20]) if it satisfies:

(∀a, b ∈ L)(a ∗ (a ∗ b) = b ∗ (b ∗ a)). (2.7)

A subset R of a BCK/BCI-algebra (L, ∗, 0) is called

• a subalgebra of (L, ∗, 0) (see [6, 20]) if it satisfies:

(∀a, b ∈ R)(a ∗ b ∈ R), (2.8)

• an ideal of (L, ∗, 0) (see [6, 20]) if it satisfies:

0 ∈ R, (2.9)

(∀a, b ∈ L)(a ∗ b ∈ R, b ∈ R ⇒ a ∈ R). (2.10)

A subsetR of a BCK-algebra (L, ∗, 0) is called a commutative ideal of (L, ∗, 0)
(see [20]) if it satisfies (2.9) and

(∀a, b, c ∈ L)((a ∗ b) ∗ c ∈ R, c ∈ R ⇒ a ∗ (b ∗ (b ∗ a)) ∈ R). (2.11)

Lemma 2.1 ([20]). A nonempty subset R of a BCK-algebra (L, ∗, 0) is a com-
mutative ideal of (L, ∗, 0) if and only if R is an ideal of (L, ∗, 0) that satisfies:

(∀a, b ∈ L)(a ∗ b ∈ R ⇒ a ∗ (b ∗ (b ∗ a)) ∈ R). (2.12)

3
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2.2 Preliminaries on makgeolli structures

Let L be a universal set and E a set of parameters. We say that the pair (L,E)
is a soft universe.

Definition 2.2 ([2]). Let (L,E) be a soft universe and let R and S be subsets
of E. A makgeolli structure over (L,E) (related to R and S) is a structure of
the form:

M(R,S,L) := {〈(a, b, z); fR(a), gS(b), ξ(z)〉 | (a, b, z) ∈ R× S × L} (2.13)

where fR := (f,R) and gS := (g,S) are soft sets over L and ξ is a fuzzy set in
L.

A fuzzy set ξ in a set L of the form

ξ(b) :=

{
t ∈ (0, 1] if b = a,
0 if b 6= a,

is said to be a fuzzy point with support a and value t and is denoted by 〈at〉.
For a fuzzy set ξ in a set L, we say that a fuzzy point 〈at〉 is

(i) contained in ξ, denoted by 〈at〉 ∈ ξ, (see [23]) if ξ(a) ≥ t.

(ii) quasi-coincident with ξ, denoted by 〈at〉 q ξ, (see [23]) if ξ(a) + t > 1.

For the sake of simplicity, the makgeolli structure in (2.13) will be denoted by
M(R,S,L) := (fR, gS , ξ). The makgeolli structure M(R,R,L) := (fR, gR, ξ) over
(L,E) related to a subset R of E is simply denoted by M(R,L) := (fR, gR, ξ). If
R = S = E, we use the notation M(L,E) := (fE, gE, ξ) as the makgeolli structure
over (L,E).

We say that a soft universe (L,E) is a BCK/BCI-soft universe if L and E
are BCK/BCI-algebras with binary operations “∗” and “�”, respectively.

Definition 2.3 ([2]). Let (L,E) be a BCK/BCI-soft universe. A makgeolli
structure M(L,E) := (fE, gE, ξ) is called a makgeolli ideal of (L,E) if it satisfies:{

(∀a ∈ E) (fE(0) ⊇ fE(a), gE(0) ⊆ gE(a)) .
(∀z ∈ L) (〈0/ξ(z)〉 ∈ ξ) . (2.14)
(∀a, b ∈ E)

(
fE(a) ⊇ fE(a� b) ∩ fE(b)

gE(a) ⊆ gE(a� b) ∪ gE(b)

)
.

(∀x, y ∈ L)(∀t, r ∈ (0, 1])

(
〈(x ∗ y)/t〉 ∈ ξ, 〈y/r〉 ∈ ξ
⇒ 〈x/min{t, r}〉 ∈ ξ

)
.

(2.15)

Lemma 2.4 ([2]). Let (L,E) be a BCK/BCI-soft universe. Every makgeolli
ideal M(L,E) := (fE, gE, ξ) of (L,E) satisfies the following assertions.

(i)

 (∀a, b ∈ E)

(
a ≤ b ⇒

{
fE(a) ⊇ fE(b)
gE(a) ⊆ gE(b)

)
.

(∀x, y ∈ L) (x ≤ y ⇒ ξ(x) ≥ ξ(y)) .

4
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(ii)

 (∀a, b, c ∈ E)

(
a� b ≤ c ⇒

{
fE(a) ⊇ fE(b) ∩ fE(c)
gE(a) ⊆ gE(b) ∪ gE(c)

)
.

(∀x, y, z ∈ L) (x ∗ y ≤ z ⇒ ξ(x) ≥ min{ξ(y), ξ(z)}) .

Let (L,E) be a BCK/BCI-soft universe. Given a makgeolli structureM(L,E) :=
(fE, gE, ξ) over (L,E), consider the following sets:

fE(E;α) := {a ∈ E | fE(a) ⊇ α},
gE(E; δ) := {b ∈ E | gE(b) ⊆ δ},
ξ(L; t) := {z ∈ L | ξ(z) ≥ t}

where α and δ are subsets of L and t ∈ [0, 1].

Lemma 2.5 ([2]). A makgeolli structure M(L,E) := (fE, gE, ξ) over a BCK/BCI-
soft universe (L,E) is a makgeolli ideal of (L,E) if and only if the nonempty
sets fE(E;α) and gE(E; δ) are ideals of (E,�, 0), and the nonempty set ξ(L; t)
is an ideal of (L, ∗, 0) for all subsets α and δ of L and t ∈ [0, 1].

3 Commutative makgeolli ideals

In what follows, let (Y,E) be a BCK-soft universe unless otherwise specified.

Definition 3.1. A makgeolli structure M(Y,E) := (fE, gE, ξ) is called a commu-
tative makgeolli ideal of (Y,E) if it satisfies (2.14) and

(∀x̌, y̌, ž ∈ E)

(
fE(x̌� (y̌ � (y̌ � x̌))) ⊇ fE((x̌� y̌)� ž) ∩ fE(ž)

gE(x̌� (y̌ � (y̌ � x̌))) ⊆ gE((x̌� y̌)� ž) ∪ gE(ž)

)
, (3.1)

(∀x, y, z ∈ Y )(∀t, r ∈ (0, 1])

(
〈((x ∗ y) ∗ z)/t〉 ∈ ξ, 〈z/r〉 ∈ ξ
⇒ 〈(x ∗ (y ∗ (y ∗ x)))/min{t, r}〉 ∈ ξ

)
. (3.2)

Example 3.2. Consider a BCK-soft universe (Y,E) where Y := {0, 1, 2, 3, 4}
and E := {0, 1, 2, 3} have binary operations “∗” and “�”, respectively, given by
Table 1.

Table 1: Cayley tables for the binary operations “∗” and “�”

∗ 0 1 2 3 4
0 0 0 0 0 0
1 1 0 0 1 1
2 2 1 0 2 2
3 3 3 3 0 3
4 4 4 4 4 0

� 0 1 2 3
0 0 0 0 0
1 1 0 1 1
2 2 2 0 2
3 3 3 3 0

5
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Let M(Y,E) := (fE, gE, ξ) be a makgeolli structure over (Y,E) defined as follows:

fE : E→ P(Y ), x 7→


Y if x = 0,
{3, 4} if x = 1,
{1, 3, 4} if x = 2,
{1, 2, 3, 4} if x = 3,

gE : E→ P(Y ), x 7→


{4} if x = 0,
{0, 1, 4} if x = 1,
{1, 4} if x = 2,
{0, 1, 3, 4} if x = 3,

and

ξ : Y → [0, 1], y 7→


0.79 if y = 0,
0.62 if y = 1,
0.62 if y = 2,
0.45 if y = 3,
0.67 if y = 4.

It is routine to verify that M(Y,E) := (fE, gE, ξ) is a commutative makgeolli ideal
of (Y,E).

We discuss the relationship between the commutative makgeolli ideal and
the makgeolli ideal.

Theorem 3.3. Every commutative makgeolli ideal is a makgeolli ideal.

Proof. Let M(Y,E) := (fE, gE, ξ) be a commutative makgeolli ideal of (Y,E). If
we put y̌ = 0 = y in (3.1) and (3.2) and use (K) and (2.2), then we get (2.15).
Hence M(Y,E) := (fE, gE, ξ) is a makgeolli ideal of (Y,E).

The following example informs the existence of the makgeolli ideal, not the
commutative makgeolli ideal.

Example 3.4. Consider a BCK-soft universe (Y,E) in which Y = {0, 1, 2, 3, 4} =
E with binary operations “∗” and “�”, respectively, given by Table 2.

Table 2: Cayley tables for the binary operations “∗” and “�”

∗ 0 1 2 3 4
0 0 0 0 0 0
1 1 0 1 0 0
2 2 2 0 0 0
3 3 3 3 0 0
4 4 4 4 3 0

� 0 1 2 3 4
0 0 0 0 0 0
1 1 0 1 0 0
2 2 2 0 2 0
3 3 1 3 0 1
4 4 4 4 4 0

6
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Let M(Y,E) := (fE, gE, ξ) be a makgeolli structure on (Y,E) defined as follows:

fE : E→ P(Y ), x 7→


Y if x = 0,
{1, 2, 4} if x = 1,
{0, 1, 3, 4} if x = 2,
{1, 4} if x = 3,
{0, 2} if x = 4,

gE : E→ P(Y ), x 7→


{4} if x = 0,
{0, 2, 4} if x = 1,
{1, 4} if x = 2,
{0, 2, 4} if x = 3,
{0, 1, 2, 4} if x = 4,

and

ξ : Y → [0, 1], y 7→


0.73 if y = 0,
0.63 if y = 1,
0.54 if y = 2,
0.42 if y = 3,
0.42 if y = 4.

It is routine to verify that M(Y,E) := (fE, gE, ξ) is a makgeolli ideal of (Y,E).
But it is not a commutative makgeolli ideal of (Y,E) since

fE(2� (4� (4� 2))) = fE(2) = {0, 1, 3, 4} + {1, 2, 4} = fE((2� 4)� 1) ∩ fE(1)

and/or 〈((2 ∗ 3) ∗ 0)/0.71〉 ∈ ξ and 〈0/0.65〉 ∈ ξ, but

〈(2 ∗ (3 ∗ (3 ∗ 2)))/min{0.71, 0.65} = 〈2/0.65〉 ∈ ξ.

We explore the conditions for the makgeolli ideal to be the commutative
makgeolli ideal.

Theorem 3.5. In a commutative BCK-algebra, every makgeolli ideal is a com-
mutative makgeolli ideal.

Proof. Let (Y,E) be a BCK-soft universe in which (Y, ∗, 0) and (E,�, 0) are
commutative BCK-algebras, and let M(Y,E) := (fE, gE, ξ) be a makgeolli ideal
of (Y,E). Using (I1), (I3), (2.1), (2.4) and the commutativity of Y and E, we
have

(∀x̌, y̌, ž ∈ E)((x̌� (y̌ � (y̌ � x̌)))� ((x̌� y̌)� ž) ≤ ž),
(∀x, y, z ∈ E)((x ∗ (y ∗ (y ∗ x))) ∗ ((x ∗ y) ∗ z) ≤ z).

It follows from Lemma 2.4(ii) that

fE(x̌� (y̌ � (y̌ � x̌))) ⊇ fE((x̌� y̌)� ž) ∩ fE(ž),

gE(x̌� (y̌ � (y̌ � x̌))) ⊆ gE((x̌� y̌)� ž) ∪ gE(ž),

7
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and

ξ(x ∗ (y ∗ (y ∗ x))) ≥ min{ξ((x ∗ y) ∗ z), ξ(z)}. (3.3)

Let x, y, z ∈ Y and t, r ∈ (0, 1] be such that 〈((x ∗ y) ∗ z)/t〉 ∈ ξ and 〈z/r〉 ∈ ξ.
Then ξ((x ∗ y) ∗ z) ≥ t and ξ(z) ≥ r, and so

ξ(x ∗ (y ∗ (y ∗ x))) ≥ min{ξ((x ∗ y) ∗ z), ξ(z)} ≥ min{t, r}

by (3.3). Hence 〈(x ∗ (y ∗ (y ∗ x)))/min{t, r}〉 ∈ ξ. Therefore M(Y,E) := (fE, gE,
ξ) is a commutative makgeolli ideal of (Y,E).

Corollary 3.6. If a BCK-soft universe (Y,E) satisfies any one of the following
conditions: {

(∀x̌, y̌ ∈ E) (x̌� (x̌� y̌) ≤ y̌ � (y̌ � x̌)) ,
(∀x, y ∈ Y ) (x ∗ (x ∗ y) ≤ y ∗ (y ∗ x)) ,

(3.4){
(∀x̌, y̌ ∈ E) (x̌ ≤ y̌ ⇒ x̌ = y̌ � (y̌ � x̌)) ,
(∀x, y ∈ Y ) (x ≤ y ⇒ x = y ∗ (y ∗ x)) ,

(3.5){
(∀x̌, y̌, ž ∈ E) (x̌ ≤ ž, ž � y̌ ≤ ž � x̌ ⇒ x̌ ≤ y̌) ,
(∀x, y, z ∈ Y ) (x ≤ z, z ∗ y ≤ z ∗ x ⇒ x ≤ y) ,

(3.6)

then every makgeolli ideal is a commutative makgeolli ideal.

Proof. Straightforward.

Theorem 3.7. Let (Y,E) be a BCK-soft universe in which (Y, ∗, 0) and (E,�, 0)
are lower semilattices with respect to the order relation “≤”. Then every mak-
geolli ideal is a commutative makgeolli ideal.

Proof. Assume that (Y, ∗, 0) and (E,�, 0) are lower semilattices with respect
to the order relation “≤” in the BCK-soft universe (Y,E). Let x̌, y̌ ∈ E and
x, y ∈ Y . Then x̌� (x̌� y̌) is a common lower bound of x̌ and y̌; and x ∗ (x ∗ y)
is a common lower bound of x and y. Also, y̌ � (y̌ � x̌) is the greatest lower
bound of x̌ and y̌; and y ∗ (y ∗ x) is the greatest lower bound of x and y. Hence
x̌� (x̌� y̌) ≤ y̌� (y̌� x̌) and x ∗ (x ∗ y) ≤ y ∗ (y ∗ x). Therefore every makgeolli
ideal is a commutative makgeolli ideal by Corollary 3.6.

Theorem 3.8. If a makgeolli ideal M(Y,E) := (fE, gE, ξ) of (Y,E) satisfies:

(∀x̌, y̌, ž ∈ E)

(
fE((x̌� ž)� (y̌ � (y̌ � x̌))) ⊇ fE(((x̌� y̌)� ž)
gE((x̌� ž)� (y̌ � (y̌ � x̌))) ⊆ gE(((x̌� y̌)� ž)

)
, (3.7)

(∀x, y, z ∈ Y ) (ξ((x ∗ z) ∗ (y ∗ (y ∗ x))) ≥ ξ(((x ∗ y) ∗ z)) , (3.8)

then it is a commutative makgeolli ideal of (Y,E).

8
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Proof. Let M(Y,E) := (fE, gE, ξ) be a makgeolli ideal of (Y,E) that satisfies the
conditions (3.7) and (3.8). Using (2.4), (2.15) and (3.7), we have

fE(x̌� (y̌ � (y̌ � x̌))) ⊇ fE(x̌� (y̌ � (y̌ � x̌)))� ž) ∩ fE(ž)

= fE((x̌� ž)� (y̌ � (y̌ � x̌))) ∩ fE(ž)

⊇ fE(((x̌� y̌)� ž) ∩ fE(ž)

and

gE(x̌� (y̌ � (y̌ � x̌))) ⊆ gE(x̌� (y̌ � (y̌ � x̌)))� ž) ∪ gE(ž)

= gE((x̌� ž)� (y̌ � (y̌ � x̌))) ∪ fE(ž)

⊆ gE(((x̌� y̌)� ž) ∪ gE(ž).

Let x, y, z ∈ Y and t, r ∈ (0, 1] be such that 〈((x ∗ y) ∗ z)/t〉 ∈ ξ and 〈z/r〉 ∈ ξ.
Then

ξ((x ∗ (y ∗ (y ∗ x))) ∗ z) = ξ((x ∗ z) ∗ (y ∗ (y ∗ x))) ≥ ξ(((x ∗ y) ∗ z) ≥ t

by (2.4) and (3.8), that is, 〈((x ∗ (y ∗ (y ∗ x))) ∗ z)/t〉 ∈ ξ. It follows from (2.15)
that 〈(x ∗ (y ∗ (y ∗ x)))/min{t, r}〉 ∈ ξ. Therefore M(Y,E) := (fE, gE, ξ) is a
commutative makgeolli ideal of (Y,E).

Theorem 3.9. A makgeolli structure M(Y,E) := (fE, gE, ξ) over (Y,E) is a
commutative makgeolli ideal of (Y,E) if and only if it is a makgeolli ideal of
(Y,E) that satisfies:

(∀x̌, y̌ ∈ E)

(
fE(x̌� (y̌ � (y̌ � x̌))) ⊇ fE(x̌� y̌)

gE(x̌� (y̌ � (y̌ � x̌))) ⊆ gE(x̌� y̌)

)
, (3.9)

(∀x, y ∈ Y ) (ξ(x ∗ (y ∗ (y ∗ x))) ≥ ξ(x ∗ y)) . (3.10)

Proof. Assume that M(Y,E) := (fE, gE, ξ) is a commutative makgeolli ideal of
(Y,E). Then it is a makgeolli ideal of (Y,E) (see Theorem 3.3). If we put ž = 0
in (3.1) and use (2.2) and (2.14), then

fE(x̌� (y̌ � (y̌ � x̌))) ⊇ fE((x̌� y̌)� 0) ∩ fE(0) = fE(x̌� y̌),

gE(x̌� (y̌ � (y̌ � x̌))) ⊆ gE((x̌� y̌)� 0) ∪ gE(0) = gE(x̌� y̌).

Let t := ξ(x∗y) for all x, y ∈ Y . Then t := ξ((x∗y)∗0), i.e., 〈((x∗y)∗0)/t〉 ∈ ξ.
Since 〈0/t〉 ∈ ξ by (2.14), it follows from (3.2) that 〈(x ∗ (y ∗ (y ∗ x)))/t〉 ∈ ξ.
Hence ξ(x ∗ (y ∗ (y ∗ x))) ≥ t = ξ(x ∗ y). Therefore (3.9) and (3.10) are valid.

Conversely, let M(Y,E) := (fE, gE, ξ) be a makgeolli ideal of (Y,E) that
satisfies (3.9) and (3.10). For every x̌, y̌, x̌ ∈ E, we have

fE(x̌� (y̌ � (y̌ � x̌))) ⊇ fE((x̌� y̌) ⊇ fE((x̌� y̌)� ž) ∩ fE(ž),

gE(x̌� (y̌ � (y̌ � x̌))) ⊆ gE((x̌� y̌) ⊆ gE((x̌� y̌)� ž) ∪ gE(ž)
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by (3.9) and (2.15). Let x, y, z ∈ Y and t, r ∈ (0, 1] be such that 〈z/r〉 ∈ ξ and
〈((x ∗ y) ∗ z)/t〉 ∈ ξ. Then 〈(x ∗ y)/min{t, r}〉 ∈ ξ by (2.15). It follows from
(3.10) that

ξ((x ∗ (y ∗ (y ∗ x))) ≥ ξ(x ∗ y) ≥ min{t, r},

i.e., 〈((x ∗ (y ∗ (y ∗ x)))/min{t, r}〉 ∈ ξ. Consequently, M(Y,E) := (fE, gE, ξ) is a
commutative makgeolli ideal of (Y,E).

Theorem 3.10. A makgeolli structure M(Y,E) := (fE, gE, ξ) over (Y,E) is a
commutative makgeolli ideal of (Y,E) if and only if the nonempty sets fE(E;α)
and gE(E; δ) are commutative ideals of (E,�, 0) for all subsets α and δ of Y ,
and the nonempty set ξ(Y ; t) is a commutative ideal of (Y, ∗, 0) for all t ∈ [0, 1].

Proof. Let M(Y,E) := (fE, gE, ξ) be a commutative makgeolli ideal of (Y,E).
Then it is a makgeolli ideal of (Y,E) (see Theorem 3.3). Hence the nonempty
sets fE(E;α) and gE(E; δ) are ideals of (E,�, 0), and the nonempty set ξ(Y ; t)
is an ideal of (Y, ∗, 0) for all subsets α and δ of Y and t ∈ [0, 1] by Lemma 2.5.
Let x̌� y̌ ∈ fE(E;α) ∩ gE(E; δ) for all x̌, y̌ ∈ E and subsets α and δ of Y . Then
fE(x̌� y̌) ⊇ α and gE(x̌� y̌) ⊆ δ. It follows from (3.9) that

fE(x̌� (y̌ � (y̌ � x̌))) ⊇ fE(x̌� y̌) ⊇ α

and gE(x̌� (y̌� (y̌� x̌))) ⊆ gE(x̌� y̌) ⊆ δ. Hence x̌� (y̌� (y̌� x̌)) ∈ fE(E;α)∩
gE(E; δ), and therefore fE(E;α) and gE(E; δ) are commutative ideals of (E,�, 0)
by Lemma 2.1. Let x, y ∈ Y and t ∈ [0, 1] be such that x ∗ y ∈ ξ(Y ; t). Then
ξ(x ∗ y) ≥ t, and so ξ(x ∗ (y ∗ (y ∗ x))) ≥ ξ(x ∗ y) ≥ t by (3.10), that is,
x ∗ (y ∗ (y ∗ x)) ∈ ξ(Y ; t). Thus ξ(Y ; t) is a commutative iddeal of (Y, ∗, 0) by
Lemma 2.1.

Conversely, suppose that the nonempty sets fE(E;α) and gE(E; δ) are com-
mutative ideals of (E,�, 0) for all subsets α and δ of Y , and the nonempty
set ξ(Y ; t) is a commutative ideal of (Y, ∗, 0) for all t ∈ [0, 1]. Then fE(E;α)
and gE(E; δ) are ideals of (E,�, 0), and ξ(Y ; t) is an ideal of (Y, ∗, 0). Thus
M(Y,E) := (fE, gE, ξ) is a makgeolli ideal of (Y,E) by Lemma 2.5. Let x̌, y̌ ∈ E be
such that fE(x̌�y̌) = α and gE(x̌�y̌) = δ. Then x̌�y̌ ∈ fE(E;α)∩gE(E; δ), and so
x̌�(y̌�(y̌�x̌)) ∈ fE(E;α)∩gE(E; δ) by Lemma 2.1. Hence fE(x̌�(y̌�(y̌�x̌))) ⊇
α = fE(x� y) and gE(x̌� (y̌ � (y̌ � x̌))) ⊆ δ = fE(x� y). Let x, y ∈ Y be such
that ξ(x ∗ y) = t. Then x ∗ y) ∈ ξ(Y ; t), which implies from Lemma 2.1 that
x ∗ (y ∗ (y ∗ x)) ∈ ξ(Y ; t). Thus ξ(x ∗ (y ∗ (y ∗ x))) ≥ t = ξ(x ∗ y). Therefore
M(Y,E) := (fE, gE, ξ) is a commutative makgeolli ideal of (Y,E) by Theorem
3.9.

Corollary 3.11. If M(Y,E) := (fE, gE, ξ) is a commutative makgeolli ideal of
(Y,E), then fE(E;α) ∩ gE(E; δ) and ξ(Y ; t) are commutative ideals of (E,�, 0)
and (Y, ∗, 0), respectively, for all subsets α and δ of Y and t ∈ [0, 1].

Proof. Straightforward.

The converse of Corollary 3.11 is not true in general as seen in the following
example.
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Example 3.12. Consider a BCK-soft universe (Y,E) where Y = E := {0, 1, 2, 3, 4}
has binary operation “∗(= �)” given by Table 3.

Table 3: Cayley tables for the binary operations “∗(= �)”

∗(= �) 0 1 2 3 4
0 0 0 0 0 0
1 1 0 1 1 0
2 2 2 0 2 0
3 3 3 3 0 0
4 4 4 4 4 0

Let M(Y,E) := (fE, gE, ξ) be a makgeolli structure over (Y,E) defined as follows:

fE : E→ P(Y ), x 7→


Y if x = 0,
{3, 4} if x = 1,
{1, 3, 4} if x = 2,
{1, 2, 3, 4} if x = 3,
{4} if x = 4,

gE : E→ P(Y ), x 7→


{3} if x = 0,
{0, 3} if x = 1,
{0, 2, 3} if x = 2,
{0, 2, 3, 4} if x = 3,
Y if x = 4,

and

ξ : Y → [0, 1], y 7→


0.82 if y = 0,
0.54 if y = 1,
0.75 if y = 2,
0.65 if y = 3,
0.42 if y = 4.

It is routine to verify that M(Y,E) := (fE, gE, ξ) is a makgeolli ideal of (Y,E)
and the nonempty sets fE(E;α) ∩ gE(E; δ) and ξ(Y ; t) are commutative ideals
of (E,�, 0) and (Y, ∗, 0), respectively, for all subsets α and δ of Y and t ∈ [0, 1].
We have fE(2�(4�(4�2))) = fE(2) = {1, 3, 4} + Y = fE(0) = fE(2�4) and/or
ξ(1 ∗ (4 ∗ (4 ∗ 1))) = ξ(1) = 0.54 � 0.82 = ξ(0) = ξ(1 ∗ 4). Hence M(Y,E) := (fE,
gE, ξ) is not a commutative makgeolli ideal of (Y,E) by Theorem 3.9.

We make a new commutative makgeolli ideal using the given commutative
makgeolli ideal.

Theorem 3.13. Given a makgeolli structure M(Y,E) := (fE, gE, ξ) over (Y,E),
let M∗(Y,E) := (f∗E , g

∗
E, ξ

∗) be a new makgeolli structure over (Y,E) which is
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defined by

f∗E : E→ P(Y ), x̌ 7→
{
fE(x̌) if x̌ ∈ fE(E; fE(w)),
β otherwise,

g∗E : E→ P(Y ), x̌ 7→
{
gE(x̌) if x̌ ∈ gE(E; gE(w)),
γ otherwise,

ξ∗ : Y → [0, 1], x 7→
{
ξ(x) if x ∈ ξ(Y ; ξ(u)),
k otherwise,

where w ∈ E, u ∈ Y , k ∈ [0, 1] and β, γ ∈ P(Y ) with β ( fE(x̌), γ ) gE(x̌) and
ξ(x) > k. If M(Y,E) := (fE, gE, ξ) is a commutative makgeolli ideal of (Y,E),
then M∗(Y,E) := (f∗E , g

∗
E, ξ

∗) is a commutative makgeolli ideal of (Y,E).

Proof. Assume that M(Y,E) := (fE, gE, ξ) is a commutative makgeolli ideal
of (Y,E). Then the sets fE(E; fE(w)) and gE(E; gE(w)) are commutative ideals
of (E,�, 0) for all w ∈ E, and ξ(Y ; ξ(u)) is a commutative ideal of (Y, ∗, 0)
for all u ∈ Y . Hence 0 ∈ fE(E; fE(w)) ∩ gE(E; gE(w)) ∩ ξ(Y ; ξ(u)), and so
f∗E(0) = fE(0) ⊇ fE(x̌) ⊃ f∗E(x̌) and g∗E(0) = gE(0) ⊆ gE(x̌) ⊆ g∗E(x̌) for all
x̌ ∈ E. Also, we get ξ∗(0) = ξ(0) ≥ ξ(x) ≥ ξ∗(x), i.e., 〈0/ξ∗(x̌)〉 ∈ ξ∗ for all
x ∈ Y . Let x̌, y̌, ž ∈ E. If (x̌ � y̌) � ž ∈ fE(E; fE(w)) ∩ gE(E; gE(w)) and z ∈
fE(E; fE(w))∩gE(E; gE(w)), then x̌�(y̌�(y̌� x̌)) ∈ fE(E; fE(w))∩gE(E; gE(w)).
Thus

f∗E(x̌� (y̌ � (y̌ � x̌))) = fE(x̌� (y̌ � (y̌ � x̌)))

⊇ fE((x̌� y̌)� ž) ∩ fE(ž)

= f∗E((x̌� y̌)� ž) ∩ f∗E(ž)

and

g∗E(x̌� (y̌ � (y̌ � x̌))) = gE(x̌� (y̌ � (y̌ � x̌)))

⊆ gE((x̌� y̌)� ž) ∪ gE(ž)

= g∗E((x̌� y̌)� ž) ∪ g∗E(ž).

If (x̌ � y̌) � ž /∈ fE(E; fE(w)) or z /∈ fE(E; fE(w)), then f∗E((x̌ � y̌) � ž) = β
or f∗E(ž) = β. Hence f∗E(x̌ � (y̌ � (y̌ � x̌))) ⊇ β = f∗E((x̌ � y̌) � ž) ∩ f∗E(z). If
(x̌ � y̌) � ž /∈ gE(E; gE(w)) or z /∈ gE(E; gE(w)), then g∗E((x̌ � y̌) � ž) = γ or
g∗E(ž) = γ. Hence g∗E(x̌ � (y̌ � (y̌ � x̌))) ⊆ γ = g∗E((x̌ � y̌) � ž) ∪ g∗E(z). Let
x, y, z ∈ Y and t, r ∈ (0, 1] be such that 〈((x ∗ y) ∗ z)/t〉 ∈ ξ∗ and 〈z/r〉 ∈ ξ∗. If
(x ∗ y) ∗ z ∈ ξ(Y ; ξ(u)) and z ∈ ξ(Y ; ξ(u)), then x ∗ (y ∗ (y ∗x)) ∈ ξ(Y ; ξ(u)) and
thus

ξ∗(x ∗ (y ∗ (y ∗ x))) = ξ(x ∗ (y ∗ (y ∗ x)))

≥ min{ξ((x ∗ y) ∗ z), ξ(z)}
= min{ξ∗((x ∗ y) ∗ z), ξ∗(z)}
≥ min{t, r},
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that is, 〈(x ∗ (y ∗ (y ∗ x)))/min{t, r}〉 ∈ ξ∗. If (x ∗ y) ∗ z /∈ ξ(Y ; ξ(u)) or z /∈
ξ(Y ; ξ(u)), then ξ∗((x ∗ y) ∗ z) = k or ξ∗(z) = k. Thus

ξ∗(x ∗ (y ∗ (y ∗ x))) ≥ k = min{ξ∗((x ∗ y) ∗ z), ξ∗(z)} ≥ min{t, r},

and so 〈(x ∗ (y ∗ (y ∗ x)))/min{t, r}〉 ∈ ξ∗. Therefore M∗(Y,E) := (f∗E , g
∗
E, ξ

∗) is a

commutative makgeolli ideal of (Y,E).

Note that a makgeolli ideal might not be a commutative makgeolli ideal (see
Example 3.4). But we can consider the extension property for a commutative
makgeolli ideal.

Theorem 3.14. Let M(Y,E) := (fE, gE, ξ) and M̃(Y,E) := (f̃E, g̃E, ξ̃) be makgeolli

ideals of (Y,E) such that M(Y,E) b M̃(Y,E), that is,

(i) fE(0) = f̃E(0), gE(0) = g̃E(0), ξ(0) = ξ̃(0),

(ii) (∀x̌ ∈ E,∀x ∈ Y ) (f̃E(x̌) ⊇ fE(x̌), g̃E(x̌) ⊆ gE(x̌), ξ̃(x) ≥ ξ(x)).

If M(Y,E) := (fE, gE, ξ) is a commutative makgeolli ideal of (Y,E), then so is

M̃(Y,E) := (f̃E, g̃E, ξ̃).

Proof. Let M(Y,E) := (fE, gE, ξ) and M̃(Y,E) := (f̃E, g̃E, ξ̃) be makgeolli ideals of

(Y,E) such that M(Y,E) b M̃(Y,E). Then fE(E;α) ⊆ f̃E(E;α), gE(E; δ) ⊇ g̃E(E; δ)

and ξ(Y ; t) ⊆ ξ̃(Y ; t) for all subsets α and δ of Y and t ∈ (0, 1]. Assume that
M(Y,E) := (fE, gE, ξ) is a commutative makgeolli ideal of (Y,E). Then the
nonempty sets fE(E;α) and gE(E; δ) are commutative ideals of (E,�, 0) for all
subsets α and δ of Y , and the nonempty set ξ(Y ; t) is a commutative ideal
of (Y, ∗, 0) for all t ∈ (0, 1] by Theorem 3.10. Since M̃(Y,E) := (f̃E, g̃E, ξ̃) is
a makgeolli ideal of (Y,E), we know from Lemma 2.5 that the nonempty sets
f̃E(E;α) and g̃E(E; δ) are ideals of (E,�, 0) for all subsets α and δ of Y , and
the nonempty set ξ̃(Y ; t) is an ideal of (Y, ∗, 0) for all t ∈ (0, 1]. Let x, y ∈ Y
and t ∈ (0, 1] be such that x ∗ y ∈ ξ̃(Y ; t). Using (I3) and (2.4), we have
(x ∗ (x ∗ y)) ∗ y = (x ∗ y) ∗ (x ∗ y) = 0 ∈ ξ(Y ; t). Since ξ(Y ; t) is a commutative
ideal of (Y, ∗, 0), using (2.4) and Lemma 2.1 leads to

(x ∗ (y ∗ (y ∗ (x ∗ (x ∗ y))))) ∗ (x ∗ y)

= (x ∗ (x ∗ y)) ∗ (y ∗ (y ∗ (x ∗ (x ∗ y))))

∈ ξ(Y ; t) ⊆ ξ̃(Y ; t),

and so x ∗ (y ∗ (y ∗ (x ∗ (x ∗ y)))) ∈ ξ̃(Y ; t) bacause ξ̃(Y ; t) is an ideal of (Y, ∗, 0).
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Note that

(x ∗ (y ∗ (y ∗ x))) ∗ (x ∗ (y ∗ (y ∗ (x ∗ (x ∗ y)))))

(I1)

≤ (y ∗ (y ∗ (x ∗ (x ∗ y)))) ∗ (y ∗ (y ∗ x))

(I1)

≤ (y ∗ x) ∗ (y ∗ (x ∗ (x ∗ y)))

(I1)

≤ (x ∗ (x ∗ y)) ∗ x
(2.4)
= (x ∗ x) ∗ (x ∗ y)

(I3)&(K)
= 0 ∈ ξ̃(Y ; t).

Hence x ∗ (y ∗ (y ∗ x)) ∈ ξ̃(Y ; t), and therefore ξ̃(Y ; t) is a commutative ideal of
(Y, ∗, 0). Let x̌, y̌ ∈ E be such that x̌� y̌ ∈ f̃E(E;α) ∩ g̃E(E; δ). Then

(x̌� (x̌� y̌))� y̌ = (x̌� y̌)� (x̌� y̌) = 0 ∈ fE(E;α) ∩ gE(E; δ)

by (I3) and (2.4), and so

(x̌� (y̌ � (y̌ � (x̌� (x̌� y̌)))))� (x̌� y̌)

= (x̌� (x̌� y̌))� (y̌ � (y̌ � (x̌� (x̌� y̌))))

∈ fE(E;α) ∩ gE(E; δ) ⊆ f̃E(E;α) ∩ g̃E(E; δ)

since fE(E;α) and gE(E; δ) are commutative ideals of (E,�, 0). Using (I1), (I3),
(K) and (2.4), we have

(x̌� (y̌ � (y̌ � x̌)))� (x̌� (y̌ � (y̌ � (x̌� (x̌� y̌))))) ≤ 0.

Since f̃E(E;α) and g̃E(E; δ) are ideals of (E,�, 0), it follows that

x̌� (y̌ � (y̌ � x̌)) ∈ f̃E(E;α) ∩ g̃E(E; δ).

Hence f̃E(E;α) and g̃E(E; δ) are commutative ideals of (E,�, 0) by Lemma 2.1.
Consequently, M̃(Y,E) := (f̃E, g̃E, ξ̃) is a commutative makgeolli ideal of (Y,E).
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