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Abstract

In this paper, we introduce a general composite iterative algorithm for finding a common element of the
set of solutions of variational inequality problem for a hemicontinuous monotone mapping and the set of
fixed points of a hemicontinuous pseudocontractive mapping in a Hilbert space. Under suitable control
conditions, we establish strong convergence of the sequence generated by the proposed iterative algorithm
to a common element of two sets, which is the unique solution of a certain variational inequality related
to a boundedly Lipschitzian and strongly monotone mapping. As a consequence, we obtain the unique
minimum-norm common point of two sets.
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1. Introduction

Let H be a real Hilbert space with inner product (-,-) and induced norm || - |.
Let C' be a nonempty closed convex subset of H and S : C' — C be self-mapping
on C'. We denote by Fiz(S) the set of fixed points of S.

Let A be a nonlinear mapping of C' into H. The variational inequality problem
(shortly, VIP) is to find a u € C such that

(v —u,Au) >0, YveC. (1.1)
We denote the set of solutions of the VIP (1.1) by VI(C,A). The variational

inequality problem has been extensively studied in the literature; see [4,14,15,24]
and the references therein.
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A fixed point problem (shortly, FPP) is to find a fixed point z of a nonlinear
mapping 7' : C' — C with property:

zeC, Tz=z. (1.2)

Fixed point theory is one of the most powerful and important tools of modern
mathematics and may be considered a core subject of nonlinear analysis.

The class of pseudocontractive mappings is one of the most important classes of
mappings among nonlinear mappings. We recall that a mapping T : C — H is
said to be pseudocontractive if

1Tz = Tyll* < |z —ylI* + (1 = Tz — (I = T)yl*, vz, y €C,

and T is said to be k-strictly pseudocontractive ([3]) if there exists a constant
k € [0, 1)such that

1Tz —Ty|* < [z —y|* + k|(I = T)x — (I = T)y|I*, Vz, yeC,

where [ is the identity mapping. Note that the class of k-strictly pseudocontrac-
tive mappings includes the class of nonexpansive mappings as a subclass. That
is, T is nonexpansive (i.e., ||Tx — Ty| < ||z — y||, Vo, y € C) if and only if T is
0-strictly pseudocontractive. Clearly, the class of pseudocontractive mappings in-
cludes the class of strictly pseudocontractive mappings as a subclass, and the class
of k-strictly pseudocontractive mappings falls into the one between the class of
nonexpansive mappings and the class of pseudocontractive mappings. Moreover,
this inclusion is strict due to Example 5.7.1 and Example 5.7.2 in [1].

Recently, in order to study the VIP (1.1) coupled with the FPP (1.2), many au-
thors have introduced some iterative algorithms for finding a common element of
the set of the solutions of the VIP (1.1) for an inverse-strongly monotone map-
ping A and the set of fixed points of a nonexpansive mapping 7'; see [6,8,9,12,19]
and the references therein. Also, some iterative algorithms for finding a common
element of the set of the solutions of the VIP (1.1) for a continuous monotone
mapping A more general than an inverse-strongly monotone mapping and the set
of fixed points of a continuous pseudocontractive mapping 7" more general than a
nonexpansive mapping were considered by many authors: see [20,22,26] and the
references therein.

In 2001, Yamada [24] introduced the hybrid steepest descent method for the
nonexpansive mapping to solve a variational inequality related to a Lipschitzian
and strongly monotone mapping. Since then, in 2009, He and Xu [11] invented
a hybrid iterative algorithm for the nonexpansive mapping to obtain the unique
solution to the VIP (1.1) related to a boundedly Lipschitzian and strongly mono-
tone mapping. As the result, He and Xu [11] were able to relax the global Lips-
chitz condition on the mapping to the weaker bounded Lipschitz condition, and
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improved the Yamada’s result [24]. In 2010, He and Liang [10] considered the
hybrid steepest descent algorithm for the strict pseudocontractive mapping more
general than the nonexpansive mapping to solve a variational inequality related
to a boundedly Lipschitzian and strongly monotone mapping, and extended the
corresponding results in He and Xu [11].

On the other hand, by using ideas of Yamada [24], Tien [21] and Ceng et al. [5]
provided general iterative algorithms for finding a fixed point of the nonexpansive
mapping, which solves a certain variational inequality related to a Lipschitzian
and strongly monotone mapping. Jung [13] gave a general iterative algorithm for
finding a fixed point of the k-strictly pseudocontractive mapping.

In this paper, inspired and motivated by the above mentioned results, we in-
troduce a general composite iterative algorithm for finding a common point of
the set of solutions of the VIP (1.1) for a hemicontinuous monotone mapping
A and the set of fixed points of a hemicontinuous pseudocontractive mapping
T. We establish strong convergence of the sequence generated by the proposed
iterative algorithm to a common point of the above two sets, which solves a
certain variational inequality related to a boundedly Lipschitzian and strongly
monotone mapping. As a direct consequence, we find the unique solution of the
minimum-norm problem: find z* € Fiz(T) N VI(C, A) such that

|z*|| = min{||z|| : € Fiz(T)NVI(C, A)}.

Our results extend and unify the corresponding results of Ceng et al. [5], Chen et
al. [6], Tiduka and Takahashi [8], Jung [12], Su et al. [16], Tian [21], Wangkeeree
and Nammanee [22], Zegeye [25], Zegeye and Shahzad [26], and some recent results
in the literature.

2. Preliminaries and Lemmas

Let H be a real Hilbert space, and let C' be a nonempty closed convex subset of H.
We denote by S(x : R) the closed ball with center x € H and radius R > 0. We
write x, — x to indicate that the sequence {x,} converges weakly to z. z,, — =
implies that {x,} converges strongly to z.

For every point x € H, there exists a unique nearest point in C', denoted by
Pc(x), such that

|z = Pe(z)|| < llz —yll, vyeC.
Pe is called the metric projection of H onto C. Po(x) is characterized by the

property:
u=Po(r)<= (x —u,u—y) >0, VYreH yeC. (2.1)

We recall that a mapping A of H into H is called
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(i) monotone if (x —y, Ax — Ay) >0, Vz, y € H,;
(ii) a-inverse-strongly monotone ([9,14]) if there exists a positive real number «
such that

(r —y, Az — Ay) > a||Az — Ay|*, Vz, y € H;
(iii) strongly monotone if there exists a positive real number 1 such that
(x —y, Az — Ay) > nl|lz —y||?, Vaz, y € H;
(iv) Lipschitzian continuous if there exists L > 0 such that
Az — Ayl| < Lz —yl|, Vz, y € H;

(v) hemicontinuous ([1,17]) if, for all z,y € H, the mapping g : [0,1] — H
defined by g(t) = A(tx+(1—t)y) is continuous, where H has a weak topology;

(vi) boundedly Lipschitzian on C| if for each nonempty bounded subset S on C,
there exists a positive constant kg > 0 depending only on the set S such
that ||Ax — Ay|| < ksllz —y||, Vax, y€S.

We note that (i) if A is a monotone mapping, then 7'= I — A is a pseudocontrac-
tive mapping, and (ii) the class of the Lipschitzian mappings is a proper subclass
of the class of the boundedly Lipschitzian mappings. It is easy to see that if
T :C — H is continuous on C, then T" is hemicontinuous on C' and bounded on
any line segment of C', but the converse is not true (see Example 1.10.14 in [1]).

The following lemmas can be easily proven, and therefore, we omit the proofs
(see [10,24]).

Lemma 2.1. Let H be a real Hilbert space. Let V : H — H be an [-Lipschitzian
mapping with constant [ > 0, and let F : H — H be a boundedly Lipschitzian
and n-strongly monotone mapping with constant n > 0. Take xq € H arbitrarily
and set C' = S(zo, R) for some R > 0. Denote by & the Lipschitz constant of F'
on C. Then for 0 < vl < pm,

(WF = AV)z — (uF = AV)y,x —y) > (un —Al)llz =y, Vo, yeC.
That is, pF" — vV 1is strongly monotone on C with constant un — vl.

Lemma 2.2. Let H be a real Hilbert space H. Let F' : H — H be a boundedly
Lipschitzian and n-strongly monotone mapping with constant n > 0. Take xqg € H
arbitrarily and set C = S(xo, R) for some R > 0. Denote by k the Lipschitz
constant of F on C Let 0 < p < 2 and 0 <t < p < 1. Then G := pl — tuF

K2
restricted to C' is a contractive mapping with constant p — tT, where 7 = 1 —

V1= (2 — pi2).
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By a similar arguments in [2], we obtain the following lemma for the hemicontin-
uous monotone mapping, which extends Lemma 2.3 of Zegeye [25].

Lemma 2.3. Let C' be a closed convex subset of a real Hilbert space H. Let
A C — H be a hemicontinuous monotone mapping. Suppose that for each
x,y € C, there exists T4y, > 0 such that A(tx + (1 — t)y) < 7y for all t € [0,1];
that is, A is bounded on any line segment on C. Then, for r > 0 and x € H,
there exists z € C such that

1
<y—z,Az)+;<y—z,z—x> >0, VyedC.

Proof. Since A : C' — H is a hemicontinuous mapping, for x,y € C', the mapping
g :[0,1] — H defined by g(t) = A(tz + (1 — t)y) is continuous, where H has a
weak topology, and so A is bounded on any line segment on C. Thus, by taking
f(z,y) = (y — 2z, A(z)) as a bifunction f : C' x C — R in [2], the result follows
from a similar argument in [2].

Moreover, by a similar argument in [7,18] together with Lemma 2.3, we have the
following lemma, which improves Lemma 2.4 of Zegeye [25].

Lemma 2.4. Let C be a closed conver subset of a real Hilbert space H. Let
A C — H be a hemicontinuous monotone mapping. Suppose that for each
x,y € C, there exists T,y > 0 such that A(tx + (1 — t)y) < Ty for all t € [0, 1];
that is, A is bounded on any line segment on C. For X > 0 and x € H, define
Ay H— C by

1
A,\x:{zEC’:(y—z,Az>+)\<y—Z,Z—I>ZO7 ‘v’yEC’}.

Then the following hold:

(i) Ax is single-valued;
(ii) Ay is firmly nonexpansive, that is,

Az — Ay|® < (v —y, Axz — Ayy), Va, y € H;

(ili) Fiz(Ay) =VI(C,A);
(iv) VI(C,A) is a closed convex subset of C

Proof. Let f(z,y) = (y — 2z, Az) as a bifunction f : C' x C — R in [7]. Then the
result follows from similar arguments in [2] and [7].

Applying Lemma 2.3 and lemma 2.4, we get the following lemmas for the hemi-
continuous pseudocontractive mapping, which generalize Lemma 3.1 and Lemma
3.2 of Zegeye [25], respectively.
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Lemma 2.5. Let C be a closed convex subset of a real Hilbert space H. Let
T : C — H be a hemicontinuous pseudocontractive mapping. Suppose that T’
is bounded on any line segment on C'. Then, for r > 0 and x € H, there exists
z € C such that

1
(y—z,Tz)—;(y—z,(l—i—T)z—x)§O, vy e C.

Proof. Let A := [ — T, where [ is the identity mapping on C. Then, T is a
hemicontinuous pseudocontractive mapping and 7' is bounded on any line segment
of C', A is clearly hemicontinuous monotone mapping and bounded on any line
segment of C'. Thus, by Lemma 2.3, there exists z € C such that (y — z, Az) +
(1/r){y — z,z —x) > 0 for all y € C. But this is equivalent to (y — z,Tz) —
(1/r){y — 2z,(1 + 1)z —x) <0 for all y € C. Hence the result holds.

Lemma 2.6. Let C' be a closed conver subset of a real Hilbert space H. Let
T :C — C be a hemicontinuous pseudocontractive mapping. Suppose that T is
bounded on any line segment on C. Forr >0 and x € H, define T, : H — C by

Tr:c:{zeC:<y—z,Tz>—i(y—z,(l—i—'r’)Z—x)SU, VyEC}

Then the following hold:

(i) T, is single-valued;
(i) T, is firmly nonexpansive, that is,

| Tz — TryH2 <(r—-y,Tx—Ty), Yz, yeH,

(iti) Fiz(T,) = Fiz(T);

(iv) Fiz(T) is a closed convex subset of C

Proof. We note that (y — 2,7z) — (1/r)(y — z2,(1+7r)z —x) <0, for all y € C,
is equivalent to (y — z, Az) + (1/r)(y — z,z —x) > 0, for all y € C, where
A :=T1—T is a hemicontinuous monotone mapping and [ is the identity mapping

on C. Moreover, as T' is a self-mapping, we get that VI(C, A) = Fix(T). Thus,
by Lemma 2.4, the conclusions of (i)—(iv) hold.

We also need the following lemmas for the proof of our main results.

Lemma 2.7. In a real Hilbert space H, there holds the following inequality

lz +yll* < ll=l* +2(y,x +v), Va, y € H.
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Lemma 2.8. ([23]) Let {s,} be a sequence of non-negative real numbers satisfying
Sn+1 S (1_>\n)5n+6n+’7n7 VTLZ 17
where {\,} and {B,} satisfy the following conditions:

(1) {A} C[0,1] and 302, A\, = 00 or, equivalently, TI72 (1 — A,) = 0;
(ii) Lmsup, . 5> <0 or 3207, [Ba] < oo
(iii) v, >0 (n>1), 200 7 < 00.

Then lim,,_ oo S, = 0.

3. Main results

Throughout the rest of this paper, we always assume the following:

H is a Hilbert space with the inner product (-, -) and the induced norm || - |[;

C' is a nonempty closed convex subset of H;

A : C — H is a hemicontinuous monotone mapping with VI(C, A) # () and

is bounded on any line segment of

e T :(C — (C'is a hemicontinuous pseudocontractive mapping with Fix(T) # ()
and is bounded on any line segment of

e A, : H— (C is a mapping defined by

1
Ay, = {z eC: (y—z,Az>+)\—<y—z,z—x) >0, Vye C’},
where {\,} C (0, c0);
e T, : H— (C is a mapping defined by

1
Trnx:{zeC:@—z,Tz)—(y—z,(l—i—r)z—a:)SO, VyGC’},

where {r,} C (0,00);
e I': H — H is a boundedly Lipschitzian and n-strongly monotone mapping
with constant n > 0;

V' H — H is an [-Lipschitzian mapping with constant [ > 0;
e O :=VIC,A)NFix(T)#0

By Lemma 2.4 and Lemma 2.6, we note that A, and 7T, are firmly nonexpansive
and so nonexpansive, and VI(C, A) = Fiz(A,,) and Fiz(T,,) = Fiz(T).

Now, we present a new composite iterative algorithm for hemicontinuous mono-

tone mappings and hemicontinuous pseudocontractive mappings and establish
strong convergence of this algorithm.
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Theorem 3.1. Let xy € Q be chosen arbitrarily. Set C = S(zo, M)DC

R T—l
and denote by K the Lipschitz constant of F' on C', where the constants u, v and T
are such that 0 < p < %—Z, 0<A~l<Tand 1= 1—\/1 — p(2n — pR?), respectively.
Let {x,} be a sequence generated by

{yn = WVian + (I — anuF)T,, Ay, 20, (3.1)

Tpt+1 = (1 - ﬁn>yn + /BnTTnA)\nyTLJ Vn >0,

where {ay,}, {Bn} C [0,1) and {\.}, {rn} C (0,00). Let {an}, {Bn}, {\n} and
{rn} satisfy the conditions:

C1)

C2)

C3) X0 lanir — ap| < oo

C4) B, C [0,a) for alln > 0 and for some a € (0,1) and >0° o |Bni1 — Bl < 00;
C5h) liminf, 00 Ay > 0 and 302 o | A1 — An| < 00;

C6) liminf, 7, >0, and 300 [ras1 — 1| < 00.

Then {x,} converges strongly to q € ), which is a solution of the following
variational inequality

(W —nF)g.q—p) 20, VpeQ. (3.2)

Proof. Note that from the condition (C1), without loss of generality, we assume
that 2, (7 —vl) < 1 and o, < 1=, — a,, for n > 1. For K = Py, it follows that
K(I 4~V — uF) is a contractive mapping of C into Q. In fact, from Lemma 2.2,
we have, for any x,y € C,

K1 +~V = puF)z—( +~V — ul)y|l
<N +V —puF)x — (I +~9V — pF)yl|
<AWVz—=Vy| +|(I = pF)z — (I — puF)yl
<Alllz =yl + 1 =7z -yl
= (1= (r=7))llz -yl

This is, K(I +~V — pF') is a contractive mapping with constant (1 — (7 — 71)).
Since C is complete, there exists a unique element ¢ € C such that q= Po(l +
vV — uF)q. Equivalently, by (2.1), ¢ is the unique solution of the variational
inequality:

(WV = puF)g,q—p) >0, VpeQ.
In fact, noting that 0 < vl < 7 and un > 7 <= k > n, it follows from Lemma
2.1 that

(UF = V)x — (uF = AV)y,x —y) > (un — vz — y*.
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That is, uF' — vV is strongly monotone on C for 0 < vl < 7 < un. Hence the
variational inequality (3.2) has only one solution. Below we use ¢ € €2 to denote
the unique solution of the variational inequality (3.2):

From now, put z, = Ay, xn, up = Ty, 20, Wy = Ax, Un, and v, = T, w, for every
n > 0.

Now, we divide the proof into several steps.

Step 1. We show that z, € C for all n > 0 by induction, and hence {z,} is
bounded. It is obvious that xy € C. First of all, from Lemma 2.4 (iii) and Lemma
2.6 (iii), we observe that VI(C, A) = Fix(A,,) and Fiz(T) = Fix(T,,). Then, it
follows that

lzn = wol| = [|Ax, 20 — 2ol < [lwn — @0,
and

[[wn = zol| = | Ax, yn — Toll < llyn — zol|

Now, suppose that we have proved z,, € 6’, that is,

Vol + pllFxol
7=l '

[0 — wol| <

Using lemma 2.2, Lemma 2.4 (ii), and Lemma 2.6 (ii), we derive that

[y — 2ol = lan(VVan, — pFxo) + (I — anpF)T,, Ay, 20 — (I — anpiF)zo|
<N = anpuB) T, 2 = (I = B )ao|| + [l (Va2 — pnFxo) ||
< (1= 7a0)ll2n — 2oll + 2| Ve — Vol + cnllyVizo — uF o
< (1= 7ow)||zn = zoll + cnyl|zn — 2ol + o |[yV o — pF o
V[V ol + pl| Fo|
T =7l

IN

(1= (7 = yDan)||lzn = 2o + (7 = D) an

YV aoll + pll Faoll
T = '

This implies y,, € C and

[zn1 = oll = [[(1 = Bn) (Yn — T0) + Bu(Tr, Ax,yn — o) |
< I = Ba)llyn — @oll + Ball T, wi — o
< (1= Bu)llyn = woll + Bullwn — ol
< (1= Bu)llyn — moll + Bullyn — ol

= llyn — pll
_ Vol + sl Fol
- T —l ’

It prove that =, € C. Therefore, z,, € C for all n > 0. Thus, {x,} is bounded.
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It is not difficult to verify that that the sequences {y,}, {z.}, {wn}, {Vz,.},
{Fz,}, {Fy.}, {Fu,}, are bounded. Moreover, since ||u, — xo|| = ||T, 20 — o]
< @, — mo| and |jv,, — @o|| = |17, wn — To| < ||yn — @ol|, {un} and {v,} are also
bounded. And, by the condition (C1), we have

1Y — unll = llyn — 15, 2all
= ||V, — puFT, 2| (3.3)
< an(Y||Van| + pl|Fu|]) = 0 (as n — o0).

Step 2. We show that lim, o ||2n11 — Zn|| = 0 and limy, o0 ||yns1 — yal| = 0.
Indeed, since z, = Ay, z, and z,_1 = A),_,T,_1, we have

1
(y — 2, Azp) + )\—(y — Zny2n —xn) >0, Yy e C, (3.4)

n

and

1
(Y — zn-1, Azn1) + 3 (Y = 2Zn—1,2n—1 — Tn—1) 20, VyeC, (3.5)

n—1

Putting y := 2,-1 in (3.4) and y := z, in (3.5), we get

1
(zn—1— 2zn, Azp) + A—(zn,l — Zpy Zp — Tp) > 0, (3.6)
and .
<Zn — Zn—1, AZn—1> + )\ <Zn — Zn—1;%n—1 — xn—1> > 0 (3 7)
n—1

Adding (3.6) and (3.7), we obtain

Zn—1 — Tp—1 Zn — X
(2n — 2Zn—1, Azn_1 — Azy) + <Zn — Zpg, 2 ;) n—1 n)\ n> >0,
n—1 n

which implies

—(zn — Zn_1,Azy — Az 1) + <zn — Zn_1, Zn_l)\__lxn_l — Zn; xn> >0. (3.8)

Since A is monotone, from (3.8) we get

Zpn—1 — Tp—1 Zn — In
Zn T Zn—1, \ - A 2 07
n—1 n

and hence

10
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Without loss of generality, let us assume that there exists a real number A such
that A, > A > 0 for all n > 0. Then we have

A
Hzn - Zn—1H2 S <Zn — Zn—1,Tn — Tp-1 + (1 - A 1><2n - xn)>

\ (3.9)
< o =l =l |1 = 2y =
and hence from (3.9) we obtain
12 = zn-1ll < [l@n — Tpa || + )\7|)‘n = A=t llzn — @
n (3.10)

1
S ||:En - xn—l” + Xp\n - )\n—1|L17

where Ly = sup{||z, — z,|| : n > 0} < co. Using the same method, we also get
1
”wn - wnle S ”yn - ynflu + X|)\n - >\n71’L27 (311)
where Ly = sup{||w, — yn| : n > 0} < 0.

Moreover, since u,—1 = 1;, 2,1 and u, =1, z,, we have

<y — Up—1, Tun—1> - <y — Up—1, (1 + rn—l)un—l - Zn—l) S 0, Vy S Ca (312)

Tn—1

and

1
(Y — U, Tup) — —(y — Uy, (L+1)u, — 2,) <0, Vy € C, (3.13)

n

Putting y := u, in (3.12) and y := u,_1 in (3.13), we get

1
<un — Up—1, Tun—1> - <un — Un—1, (1 + Tn—l)un—l - Zn—1> S 07 (314)
T'n—1
and 1
(Up—1 — Up, Ttp) — —(Up_1 — Uy, (L +7)u, — 2,) < 0. (3.15)
r

Adding (3.14) and (3.15), we obtain
<un — Up—1, Tunfl - Tun>
- <un VIR o VT e S S ) o Z"> <0,

Tn—1 Tn
which implies that

<U’7L — Up-1, (un - Tun)_<un71 - Tunfl»

Up—1 — Zn—1 Up — Zn
—{ Up — Up—1, - < 0.
T'n—1 Tn

11
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Now, since T is pseudocontractive, we obtain

Up—1 — Zn—1 Up — Zn
<un — Up-—1, - 2 07

Tn—1 'n
and hence
Tn—1
<un — Up—1,Up—1 — Up + Up — Zp—1 — r (un - Zn)> Z 0
n

Also, we can assume that r, > r > 0 for all n and for some r > 0. Thus, using
the method in (3.9) and (3.10), we deduce

1
[tn — tnal| < l2n — 201l + ;|Tn — rn1|Ls, (3.17)
where L = sup{||un, — 2,|| : n > 0}. Also, using the same method, we have
1
||Un - Un—l” < ||wn - wn—l” + ;‘Tn - rn—1|L47 (318)

where Ly = sup{||v, — w,|| : n > 0}.
Now, simple calculations show that

Yn — Yn-1 = @YV, + (I — anpuF)T,. Ay, xp — Qp 1YV Tn_1
— (I — o u)T,, (AN, Tno
= oYV, + (I — apuB)T,, 2 — a1V, 4
— (I — appuB)T,, 20
= (ap — an_1)(YWap1 — pFuy_1) + any(Va, — Va,_q)
+ (I — appuF)u, — (I — appuF)u, .

By (3.17) and Lemma 2.2, we obtain

Yn = Ynall < lan — ana|(VIVEa sl + pl| Fun-1l])
+ oYl wn — |l + (1 — 7om) Jun — tn—1 |
<o — ana|(V[Vanall + pl| Fupl]) + cnlf|zn — 20 | (3.19)

1
+ (1 = 7an) |20 — 201l + ;'Tn — Tno1|Ls.
Also, observe that

Toy1r — T = (L= B0)(Yn — Yn-1) + (B — Bn1) (L, s Wn1 — Yn—1)
+ Bn(T,, wy, — T, Wy —1)
= (1= 82)Wn = Yn-1) + (Bn — Ba-1)(Vr, , — Yn-1)
+ Bn(vy — vp1).

(3.20)
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By (3.10), (3.11), (3.18), (3.19), and (3.20), we have

[Zni1 — 2]
< (1= B)lyn = yn—1ll + 185 = Ba-al([vn-1ll + [[yn-1l)
+ﬁn”vn - Un—l”

< (1 =By = yn-1ll + 180 = Bual(lvn-1ll + [[yn-1ll)
1
+ ﬁnHwn - wn—ln + ;|Tn - Tn—1|L4
< (1= B)Yn = Ynall + Ballyn = Yn-sll + 180 = Bual(lvn-1ll + [|yn-1ll)
1 1
+ 7|)\n - )\n—llLZ + 7|rn - Tn—1|L4
A r
= 1yn = Yn-1ll + [Bn = Bua|(lvn=1ll + l[yn-1l])

1 1
+X|)\n_)\n—1|L2+;|Tn_Tn—1|L4 (321)

< 'VlanHIn - xn—1| + (1 - TO‘N)HZN - Zn—l”
+ lan — ana|(Yl|lzn-1ll + pll Frun-ll) + 180 = Bo-al(lvn-1ll + [[yn-1l])

1 1
—+ X|)\n — )\n_1|L2 + ;’Tn — Tn_1|<L3 + L4)

< (1= (7 =9Dan)l|zn = zpall + |an = ana|(YIVEn |l + pll Funi])

+18n = Ba-al([va-1ll + llyn-1l))
1 1
+ X’)\n — Aot |(Ln + Lo) + ;|7”n — rn_1|(Ls + La)
S (1 - (7— - W)Ofn)H%m - xn—l” + M1|an - O-/n—1| + M2|Bn - Bn—1|

+ MB‘)\n - )\n71| + M4’rn - 'rnflla

where My = sup{7||Vzn| + pl|[Fun|| : n = 0}, My = sup{lval + llyall : n = 0},
Ms = §(Ly + Ly) and My = (L3 + Ly). From the conditions (C1) — (C6), it is
easy to see that

nh_)I{‘lo(T —yl)a,, =0, nz::l(T — )y, = o0,
and
Z(M1|05n - anfll + MZ‘ﬁn - ﬁnfl‘ + M3|)\n - /\n71| + M4’Tn — 7””,1‘) < 0.
n=2

Applying Lemma 2.8 to (3.21), we obtain

Jggo [Znt1 — znl = 0.

Moreover, by (3.10) and (3.19), we also have

nh_I)IOIO ||Zn+1 - an =0 and nh_I}IOIO ||yn+1 - yn” = 0.
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Step 3. We show that lim,, ., ||z, — y,|| = 0 and lim,, .« ||z, — u,|| = 0. Indeed,

|Znt1 = Yull = Ballvn — all
< 5n(||vn - un“ + “un - ynH)
< a([lwn = 2Zoll + lun — yull)
< a([lyn — @all + [[un — ynll)
< allyn — Tpar || + [[2nr1 — 2ol + lua — ynll)

which implies that

a
st = oll < 1 lomss = all + [t = gl

Obviously, by (3.3) and Step 2, we have ||z,+1 — yn|| = 0 as n — oo. This implies
that that
120 = ynll < 20 — Zpaa | + |2ns1 — Yl = 0 as n — oo. (3.22)

By (3.2) and (3.22), we also have

|len — unl| < |ln — Ynll + [|[Yn — un]| — 0 as n — oo.

Step 4. We show that lim,, .« ||2, — 2»|| = 0 and lim,, o ||yn — 2x|| = 0. To this
end, let p € Q. Since Fiz(T) = Fix(T,,) by Lemma 2.6 (iii), from Lemma 2.2,
we have

lyn — pl?
= llan(YWan — pFp) + (I — anuF)T,, Ay, 0 — (I — anpF)p||?
(anllVWVan — pFpl| + (I = anpuF) Ty, 20 — (I — auuF)Typl))* (3.23)
an|[YV i, — pFp||> + (1 — 7o) || 20 — pl|®
+ 20, (1 — T, ) [[VVa, — pFpll||z, — pl|-

<
<

Moreover, since VI(C, A) = Fiz(A,,) by Lemma 2.4 (iii), from Lemma 2.4 (ii),
we obtain

Iz = plI* = |Ax, 20 — pII?
< (Ay,m, — Ar,p, Tn — D)?
= <Zn _p>$n_p>
1
=5l — plI* + llzn — plI? = llzn — zall?),
and hence
120 = pII* < [Jan — pII° = llzn — 2l (3.24)
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Therefore, from (3.23) and (3.24), we deduce

1y — plI> < anl[VVa, — pFpl” + (1 = 7o) (|2 — pl* = llzn — 2al?)
+ 200, (1 — 7)) |V Van, — pFpll||2n — 2,

and hence

(1 = 7am)|lzn — 24|

<an|YVan — pFpl? + (len = pll + llyn — pI) (20 — 2Il = llyn — pll)
+ 200, [V Vi, — pFpll|| 20 — pl

< anllyVan — pFpll? + (lzn — pll + llyn — 2l 20 — ynl]
+ 200, [|[YV i, — pFpll| 20 — -

Since a,, — 0 by condition (C1) and ||z, —y,| — 0 by (3.22), we get ||z, — z,| —
0. Also, from (3.22), it follows that

[yn = 2all < llyn = zall + [0 — 20]] = 0 (n — 00). (3.25)

Step 5. We show that lim,, . ||ty — 20|l = |17, 20 — 2u|| = 0. Indeed, from (3.3)
and (3.25), we get

tn — znll = |17, 20 — 2nll <t = Ynll + [[Yn — 2all = 0 asn — oo,

Step 6. We show that

limsup((vV — pF))q, yn — q) <0,

n—o0

where ¢ is the unique solution of the variational inequality (3.2). First of all, from
(3.3) and Step 4, without of loss generality, we may assume that u,, z, in C for
alln > 0.

First we prove that

limsup((vV — pF)g, u, — q) < 0.

n—00

To show this inequality, we choose a subsequence {u,, } of {u,}

limsup((YV' = pF)q, un — q) = lim (V' = pF)q, un, — q).

n—o0

Since {u,,} is bounded, we can choose a subsequence {un”} of {u,,} and z € H
such that Up; — 2. Without loss of generality, we may assume that u,, — z. Since

C is closed and convex, it is weakly closed and hence z € C. Since Uy — 2Zp — 0
as n — oo by Step 5, we have z,, — z.
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Now, we show that z € Q. First we prove that z € Fiz(T). In fact, from definition
Zn,;, We have

1
(Y — U, Tp,) — — (Y = Un,, (L + 70, U, — 2n,) <0, VyeC. (3.26)

ng

Put z; =tv + (1 —t)z for all t € (0,1] and v € C. Then z; € C and from (3.26)
and pseudocontractivity of T', it follows that

(un, — 20, Tz) > (un, — 21, T2) + (21 — Uy, Ttin,)

1
- 7<Zt — Un,, (1 + Tm)um - Zni>

ng

= — (2t —Up,, Tzp — Tup,) — — (2t — Up,, U, — 2Zn,)
n;
— (2 = Un, Un,) (3.27)
1
Z - ”Zt - um||2 - 7<Zt — Unp;, Up; — Zm)
Tn;

T
— (2t — Un,, Un,)
Up, — Zn.
- - <Zt - univzt> - <Zt - um? %>

ng

Since u, — z, — 0 as n — oo by Step 5 and liminf, ., r, > 0 by condition (C6),
we have =" — () as i — oo. Therefore, as i — oo in (3.27), it follows that

7y

(z — 21, Tz) > (2 — 2z, 21),

and hence
—(v—2,Tz)>—(v—2,2), Yve(C.

Letting ¢t — 0 and using the fact that T" is hemicontinuous, we have
—(v—2,Tz) > —(v—22), YveC.
Now, let v = T'z. Then we obtain that z = Tz and so z € Fiz(T).

Next, let us show that z € VI(C, A). From the definition of z,, we get that

Y — Zn,, Azp,) + y—zn.,M >0, VyeC. 3.28
1 7 T A

i

Set vy = tv + (1 —t)z for all t € (0,1] and v € C. Then, it follows that v; € C.
From (3.28), we have

<'Ut — Zng» AUt) > <'Ut — Zng» AUt) - <Ut — Zng» AZm) - <Ut — Zng»

= (v — 2n;, Avy — Azp,) — (V0 — 2,
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From the fact that ||z, — x,|| = 0 in Step 4 and liminf,_,,, A, > 0 by condition
(C5), it follows that 'z”/\;x" — 0 as ¢ — 00.. Since A is monotone, we also have

(Vg — 2p,, Avy — Azp,) > 0, Thus, it follows that

0 < lim (vy — 2y, Avy) = (v — 2, Avy),

1—00

and hence

(v—2Av) >0, Yvel.
It t — 0, the hemicontinuity A yields that

(v—2,A2) >0, YveC.
This implies that z € VI(C, A). Therefore, z € Q.

Now, since ¢ is the unique solution of the variational inequality (3.2), from Step
5, we obtain

lim sup{(yV" = uF')q, un = )
= lim ((YV = pF)q, tn; = 2n,) + i ((YV = pF)q, 20, = q)
< lim [[(5V = pF)ql[[[un, = 2n,[| + I ((yV = puF)q, 20, — q)
(W = nF)g,z—q) <0.

(3.29)

By (3.3) and (3.29) , we conclude that

limsup((yV' — pF)q, yn — q)
< limsup((YV — puf)q, yp — un) + limsup((7V — pF)q, u, — q)
n—oo n—oo
< limsup [|(yV — nF)qllllyn — all + limsup((yV — pF)q, un — g) < 0.

Step 7. We show that lim,, . ||z, — ¢|| = 0, where ¢ is the unique solution of
the variational inequality (3.2). Indeed, from (3.1), Lemma 2.2, and lemma 2.7,
we derive

H$n+1 - Q||2 < Hyn - QH2
= lan(YWan — pFq) + (I — anpF)T,, Ay, 20 — (I — anpF)q|?
<N = )T, 20 — (I = anpuF)q|? + 200, (4 Vi — P, yn — q)
< (1 - Tan)QHZn - QHQ + 2an7<vxn —Va,yn — Q>
+ 200, (YW q — pFq, yn — q))
< (1= 7om)?||l2n — qll? + 2007120 = g[lyn — 4l
+ 20, (VY = uF)q, yn — q)
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<(1- TO‘n)ZHxn - QHZ + 200 yl||zn — ql|([yn — znll + |20 — qll)
+ 20, (VV = nF)q, yn — q)
= (1= 2(7 = Al)ow)|Jzn — ql”
+apm?||z, — ql® + 200512 — gll{|yn — ]
+ 200 (VW = 1F) g, yn — q),
that is,

|ns1 =l < (1= 2(7 = )an)llzn — qlI* + 057 Mg + 2007|yn — 20l Ms
+ 200 (VY = pF)g, yn — )
= (1 —@)llzn — ql* + Bn,
where M5 = sup{||x, — ¢|| : n > 1}, &, = 2(7 — yl)av,, and
B = anlanm Mg + 291|yn — @u|| M5 + 2((7V = F)g, yn — q)]-

From the conditions (C1) and (C2), ||y, — @,|| — 0 in Step 3, and Step 6, it
is easily seen that o, — 0, >.7°, @, = oo, and limsup,,_, 5:2 < 0. Hence, by

Lemma 2.8, we conclude z,, — ¢ as n — oo. This completes the proof. [J

By taking F =1,V =0, u=1,7=1, and [ =0 in Theorem 3.1, we obtain the
following result.

Corollary 3.1. Let H, C, A, T, T;,, and A, be as in Theorem 3.1. Let xg €
Q= Fiz(T)NVI(C,A) be chosen arbitrarily and let C' = S(xo, ||zo]]) N C. Let

{z,} be a sequence generated by

(3.30)

Yn = (1 - Oén)T'rnA)\nxn7
Tnt1 = (1 - Bn)yn + ﬂnTrnA)\nyna vn > O,

where {ay,}, {Bn} C [0,1) and {\.}, {rn} C (0,00). Let {a,}, {Bn}, {\n} and
{rn} satisfy the conditions (C1) — (C6) in Theorem 3.1. Then {x,} converges
strongly to a point q € €2, which solves the following minimum-norm problem:
find x* € Q such that

[l = min [l]]. (3.31)

Proof. Take F =1,V =0, u=1, 7= 1, and [ = 0 in Theorem 3.1. Then the
variational inequality (3.2) is reduced to the inequality

(¢, —p) <0, VpeQ.
This obviously implies that

lgl* < {a,p) < lldllllpll, vp € Q.
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It turns out that ||¢|| < ||p|| for all p € Q. Therefore ¢ is the minimum-norm point
of . O

Taking 3, = 0 for n > 0 in Theorem 3.1 and Corollary 3.1, respectively, we derive
the following results.

Corollary 3.2. Let H, C, C, AT, 1., A\, F,V,y, 7,k n, 1 and p be as in
Theorem 3.1. Let {x,} be a sequence generated by xo € 2 and

Tapr = 0V + (I — anpF)T, Ay, W > 0,

where {a,,} C [0,1) and {\,},{rn} C (0,00). Let {ov, }, {\n} and {r,} satisfy the
conditions (C1), (C2), (C3), (C5) and (C6) in Theorem 3.1. Then {z,} converges
strongly to q € S, which is the unique solution of the variational inequality (3.2).

Corollary 3.3. Let H, C, A, T, T, and A, be as in Theorem 3.1. Let xo € €2 be
chosen arbitrarily and let C' = S(xo, ||zo]]) NC. Let {x,} be a sequence generated
by
Tpr1 = (1 —apn)T,, Ay xpy, Y0 >0,

where {a,} is a sequence in [0,1). Let {a,} and {\.}, {r.} C (0,00) satisfy the
conditions (C1), (C2), (C3), (C5) and C6) in Theorem 3.1. Then {x,} converges
strongly to a point q € €0, which solves the following minimum-norm problem
(3.31).

As direct consequences of Theorem 3.1 along with 3, = 0 for n > 0, we also have
the following results. First, if, in Theorem 3.1, we take that A = I, the identity
mapping on C', then we obtain the following corollary.

Corollary 3.4. Let H, C, C, AT, 1., F,V,~ 7,8 n, 1l and p be as in
Theorem 3.1. Let xy € Fix(T) be chosen arbitrarily. Let {x,} be a sequence
generated by

Tpi1 = oYV, + (I — anuF)T,, x,, ¥n >0,

where {ay,} C [0,1) and {r,} C (0,00). Let {c,} and {r,} satisfy the conditions
(C1), (C2), (C3) and (C6) in Theorem 3.1. Then {z,} converges strongly to
q € Fix(T), which is the unique solution of the variational inequality

(W —uF)g,q—p) >0, Vpe Fiz(T).

Next, if, in Theorem 3.1, T' = [ is the identity mapping on C' along with 5, =0
for n > 0, then we have the following corollary.

Corollary 3.5. Let H, C, C, A, Ax,, B,V v, 7, R, m, L and p be as in Theorem

3.1. Let xy € VI(C, A) be chosen arbitrarily, and let C' = S(xo, %W)DC.
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Let {x,} be a sequence generated by
tis = 0y Vi + (I — 0pF) Ay, >0,

where {a,} C [0,1) and {\,} C (0,00). Let {cv,} and {\,} satisfy the conditions
(C1), (C2), (C3) and (C5) in Theorem 3.1. Then {x,} converges strongly to
q € VI(C, A), which is the unique solution of the variational inequality

(W —=uF)q,q—p) >0, VpeVI(C,A).

Remark 3.1.

1) Our results extend and unify most of the results that have been established
for these important classes of nonlinear mappings. In particular, Theorem
3.1 and Corollary 3.2 improve Theorem 3.1 of Jung [12] and Theorem 3.1 of
Wangkeeree and Nammanee [22] and Theorem 3.1 of Zegeye and Shahzad
[26], respectively, in the sense that our convergence is for more general classes
of nonlinear mappings such as hemicintinuos monotone mappings, hemicon-
tinuous pseudocontractive mappings, boundedly Lipschitzian and strongly
monotone mappings, and Lipschizian mappings.

2) It is worth pointing out that the variable parameters A, and r, in our it-
erative algorithms are used in comparison with the corresponding iterative
algorithms in [22,25,26].

3) Corollary 3.2 also includes Proposition 3.1 of Chen et al. [6], Theorem 3.1 of
liduka and Takahashi [8] and Corollary 3.2 of Su et al. [16] in the convergence
sense for more general classes of nonlinear mappings mentioned in 1).

4) Corollary 3.1 and Corollary 3.3 are new results for finding the minimum-
norm point of Fiz(T)NVI(C, A).

5) Corollary 3.4 and Corollary 3.5 also improve the corresponding results of
Chen et al. [5], Tian [21], Wangkeeree and Nammanee [22] and Zegeye and
Shahzad [26] in the sense that our results are for more general classes of
nonlinear mappings.

6) As in Corollary 3.1, if we take F = I,V =0, u=1,7=1,and [ = 0 in
Corollary 3.4 and Corollary 3.5, then we can find the minimum-norm point
of Fiz(T) and VI(C, A), respectively.

Acknowledgments

This research was supported by Basic Science Research Program through the Na-
tional Research Foundation of Korea (NRF) funded by the Ministry of Education
(2021R111A3040289).

20

155 Jong Soo Jung 136-157



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

References

[1] R. P. Agarwal, D. O’'Regan and D. R. Sahu, Fized Point Theory for Lipschitzian-
type Mappings with Applications, Springer, 2009.

[2] E. Blum and W. Oettli, From optimization and variationl inequalities, Math.
Student 63, 113-146, (1994)

[3] F. E. Browder and W. V. Petryshn, Construction of fixed points of nonlinear
mappings Hilbert space, J. Math. Anal. Appl. 20, 197-228 (1967).

[4] R. E. Bruck, On the weak convergence of an ergodic iteration for the solution of
variational inequalities for monotone operators in Hilbert space, J. Math. Anal.
Appl. 61, 159-164 (1977).

[5] L. C. Ceng, Q. H. Ansari and J. C. Yao, Some iterative methods for finding fixed
points and for solving constrained convex minimization problems, Nonlinear Anal.

74, 5286-5302 (2011).

[6] J. Chen, L. Zhang and T. Fan, Viscosity approximation methods for nonexpansive
mappings and monotone mappings, J. Math. Anal. Appl. 334, 1450-1461 (2007).

[7] P. L. Combettes and S. A. Hirstoaga, Equilibrium programming in Hilbert spaces,
J. Nonlinear Conver Anal. 6, 117-136, (2005).

[8] H. Iiduka and W. Takahashi, Strong convergence theorems for nonexpansive
mappings and inverse-strongly monotone mappings, Nonlinear Anal. 61, 341-350
(2005).

[9] H. Iliduka, W. Takahashi and M. Toyoda, Approximation of solutions of variational
inequalities for monotone mappings, PanAmer. Math. J. 14, 49-61 (2004).

[10] S. He and X. L. Liang, Hybrid steepest-descent methods for solving varia-
tional inequalities governed by boundedly Lipschitzian and strongly monotone
operators, Fized Point Theory Appl. 2010, Article ID 673932, 16 pages,
doi:10.1155/2010/673932, (2010).

[11] S. He and H. K. Xu, Variational inequalites governed by boundedly Lipschitzian
and strongly monotone operators, Fized Point Theory, 10, 245-258, (2009).

[12] J. S. Jung, A new iteration method for nonexpansive mappings and monotone
mappings in Hilbert spaces, J. Inequal. Appl. 2010, Article ID 251761, 16 pages,
doi:10.1155,/2010,/251761,(2010).

[13] J. S. Jung, Strong convergence of iterative methods for k-strictly pseudo-contractive
mappings in Hilbert spaces, Applied Math. Comput. 215, 3746-3753 (2010).

[14] F. Liu and M. Z. Nashed, Regularization of nonlinear ill-posed variational
inequalities and convergence rates, Set-Valued Anal. 6, 313-344 (1998).

[15] P. L. Lions and G. Stampacchia, Variational inequalities, Comm. Pure Appl. Math.
20, 493-517 (1967).

21

156 Jong Soo Jung 136-157



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

[16] Y. Su, M. Shang, and X. Qin, An irerative method of solution for equilibrium and
optimization problems, Nonlinear Anal. 69, 2709-2719 (2008).

[17] W. Takahashi, Nonlinear Functional Analysis, Yokohama Publishers, Yokohama
(2000).

[18] W. Takahashi and K. Zembayashi, Strong and weak convergence theorems for
equilibrium problems and relatively nonexpansive mappings in Banach spaces,
Nonlinear Anal. 10, 45-57 (2009).

[19] W. Takahashi and M. Toyoda, Weak convergence theorems for nonexpansive
mappings and monotone mappings, J. Optim. Theory Appl. 118, 417-428 (2003).

[20] Y. Tang, Strong convergence of viscosity approximation methods for the fixed point
of pseudo-contractive and monotone mappings, Fized Point Theory Appl. 2013,
doi:10.1186/1687-1812-2013-273 (2013).

[21] M. Tian, A general iterative method based on the hybrid steepest descent scheme
for nonexpansive mappings in Hilbert spaces, In 2010 International Conefrence on
Computational Intelligence and Soft ware Engineering, CiSE 2010, art. no. 5677064,
(2010).

[22] R. Wangkeeree and K. Nammanee, New iterative methods for a common solution
of fixed points for pseudo-contractive mappings and variational inequalities, Fized
Point Theory Appl. 2013, doi:10.1186/1687-1812-2013-233, (2013)

[23] H. K. Xu, An iterative algorithm for nonlinear operator, J. London Math. Soc. 66,
240-256 (2002).

[24] I. Yamada, The hybrid steepest descent method for the variational inequality
problem over the intersection of fixed point sets of nonexpansive mappings,
in D. Butnariu, Y. Censor, S. Reich (Eds), Inherently Parallel Algorithm for
Feasibility and Optimization, and Their Applications, Kluwer Academic Publishers,
Dordrecht, Holland, pp. 473-504, (2001).

[25] H. Zegeye, An iterative approximation method for a common fixed point of two
pseudocontractive mappings, Interational Scholarly Reserach Network ISRN Math.
Anal. 2011 Article ID 621901, 14 pages.

[26] H. Zegeye and N. Shahzad, Strong convergence of an iterative method for pseudo-
contrcative and monotone mappings, J. Glob. Optim. 54, 173184 (2012).

22

157 Jong Soo Jung 136-157



	BLOCK-1-VOL-32---2024
	Binder-VOL-32-2024
	12-Jong Soo Jung



