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On linear fuzzy real numbers
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Abstract. In this paper we introduce the notion of liner fuzzy real numbers, and show that the set of all positive
(or negative) symmetric linear fuzzy real numbers forms a semiring. Moreover, we discuss a complex transform

of linear fuzzy real numbers.

1. INTRODUCTION

A. Kaufmann and M. M. Gupta [2] introduced the notion of a trapezoidal fuzzy number, and
D. Dubois and H. Prade [I] generalized the notion of trapezoidal fuzzy numbers. X. F. Zhang
and G. W. Meng [12] introduced the notion of an isoceles triangular fuzzy number, and discussed
the simplification of addition and subtraction operations of fuzzy numbers. A. Kumar et al. [2]
studied an RM approach for ranking of generalized trapezoidal fuzzy numbers, and showed that
the ranking function satisfies all the reasonable properties of fuzzy quantities proposed by X.
Wang and E. E. Kerre [II]. Neggers and Kim researched fuzzy posets [7] and created Linear
Fuzzy Real numbers [§]. Linear Fuzzy Real numbers were used by Monk [4]. In [9], Rogers et al.
focused on linear fuzzy programming problems. Rogers [10] focused on solving and manipulating
Fuzzy Nonlinear problems in the Linear Fuzzy Real number system using the Gradient Descent.
In texts on fuzzy logic, fuzzy subsets of the real numbers may also be referred to as fuzzy real
numbers, thus obviating the needs to talk about fuzzy subsets of the real numbers. Actually,
equating these concepts may be a disadvantage since in some way we expect numbers, whether
fuzzy or not, to behave differently from (sub)sets, whether fuzzy or not. It is with this in mind
that we seek to introduce among several models of systems of fuzzy real numbers, the system of
linear fuzzy real numbers discussed below. For general concepts for fuzzy set theory we refer to
[51 [6].
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2. LINEAR FUZZY REAL NUMBERS

A mapping pu : R — [0,1] is called a linear fuzzy real number [8, [] if there is a triple of real
numbers a,b, ¢ (a < b < ¢) such that

(1) p(b) =1

(2) u(z) =0 ifx<aorz>ec,
(3) pu(zr) === ifa<z <,
(4) plr) = ifb<o<ec

We denote such a linear fuzzy real number by a triple u =< a,b,¢ > or p = u(a,b,c) where
a < b < c. Notice that the integral f wu(t)dt = bT“ + %b = 5%, l.e., if the goodness of the fuzzy
subset p : (—o00,00) — [0, 1] is defined by

eV — 1 00 .
6= Sy W =1 o
then in the case of a linear fuzzy real number y =< a, b, c >, it follows that
|
ecfa, —_
Gp) = ———
ee—a + 1

In particular, if we let ¢ — a — 07, then G(u) — 1, so that for any u =< a,a,a >, we set
G(n) = 1. On the other hand, if ¢ — a — oo, then G(u) — 0%, and 0 < G(p) < 1. If
w=<a,a,a >, then u(t) = 0if t # a, while p(a) = 1, i.e., u = d,, the characteristic function of
the real number a. For any two linear fuzzy real numbers u; =< a;, b;,¢; > (i = 1,2), we define
1+ po =< ay + as, by + by, cp + o >.

Theorem 2.1. If p; =< a;,b;,¢; > (i = 1,2) be linear fuzzy real numbers, then G(u; + p2) <
min{G(p1), G(p2)}-

H\M

Proof. 1f we let F(z) := 2+1 then
PO G o SR e
- 2
(ex +1)?
B —de:
22(es +1)2

< 0.
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Hence, if 1 > w9, then F(x1) < F(x3). Since (¢1 + ¢2) — (a1 + a2) > ¢; — ay, (i = 1,2),

G +p2) = F((er+c2) = (a1 + az))
< F(¢—a;)
(

Q

14i)
proving the theorem. U
Corollary 2.2. If G(u1 + p2) = G(p1), then us is the characteristic function of a real number.

Proof. If G(p1 + p2) = G(p1), then (¢q + ¢o) — (a1 + az) = ¢4 — a; and hence ¢3 — as = 0, which
means that ps =< by, by, by >= 0, for some by € R. O

Proposition 2.3. Let p; =< a;,b;,¢; >, (i = 1,2,3), be linear fuzzy real numbers and §y =<
0,0,0 >. Then

(i) pi + do = pui,
(ii) p1 + p2 = po + pa,
(iif) (o1 + pr2) + pa = pa + (p2 + pa3),
(iv) If gy + po = do, then py = dy,, pto = 6, and by = —by.
Proof. (iv). If we let p1 + pp = do, then G(u1 + p2) = G(d) = 1 < min{G(p1), G(p2)} by
Theorem 2.1. Hence G(u1) = G(p2) = 1, ie., u1 = &, and puy = 9, for some by, by € R and
obviously by = —b;. O

By Proposition 2.3, we obtain the following theorem.

Theorem 2.4. If L is the collection of all linear fuzzy real numbers with the operation “+7, then
(L,+) is a commutative semigroup with a neutral element .

Remark. In view of Theorem 2.1, there exists a function G : £ — [0, 1] such that G(u; + pe) <
min{G(u1), G(uz2)}, denoting “the goodness” of the linear fuzzy real number.

Let p; :=< a;,b;,¢; >, (i = 1,2), be linear fuzzy real numbers. We define a new linear fuzzy
real number py © ps (=< ay — as, by — by, c; — co > when ay — ay < by — by < ¢y — ¢9, which is
called the subtraction of py by po.

Proposition 2.5. If 3 © po = 0, for some real number b, then G(u1) = G(p2).

Proof. If 11 © g = 0y, then ay —as = by —by = ¢; —co = b, i.e., py and uo have the same “shape”,
and G(u1) = G(p2). O

Proposition 2.6. If p3 © po is defined, then G(p1) < min{G(u1 © p2), G(u2)}-

Proof. If uy © s is defined, then py = (p1 © po) + p2. By applying Theorem 2.1, we obtain the
result. U
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Remark. The fact G(u1) < G(uz2) is not sufficient to determine that p; © ps is defined. For
example, consider iy =< 2,3,7 > and ps =< 1,3,4 >. Then G(u1) = Zz;zﬁ < Zzg: = G(po),
but py & ps is not defined, since 2 —1>3—-3,3 -3 <7 —4.

3. MULTIPLCATIONS OF LINEAR FUZZY REAL NUMBERS

Let A be the set of all linear fuzzy real numbers u =< a,b,c > with a # c. Given p; =<
a;,bi,c; >€ A (1 =1,2), we construct p; ® ps as follows:
a = inf{t1t2 | tz S [CL“CZ‘],Z' = 172}7
c = sup{tita|t; € |ai, ci],i = 1,2},
a+c bp—ar  by—a
b o— { 1o b 2}'

2 C1 — ay Co — Q9

For example, < —3,-2,—1 > ® < —5,—1,4 >=< —12,b,15 > where b = %{% + %} 17 " and

<—=3,-2,2>0< -5, —1,4>= <_12,§g,15>

Remark. The associative law for the product ® fails for linear fuzzy real numbers. Consider p; =

—10, -9, —1 >, iy =< —8,1,2 > and p3 =< 1,4,5 >. Then (i ® pz) ® pg =< —20, 931,80 >

® < 1,4,5 >=< —100,94,400 >, but p; © (p2 ® p3) =< —10,-9, -1 > © < —40, =%, 10 >=<
—100, 1?24,400 >. Hence (1 © po) ® pg # p1 © (p2 © ps).

a+tc
D)

i a symmetric linear fuzzy real number. Let B be the set of all symmetric linear fuzzy real

numbers p =< a, “T*C,c > with a # ¢. It is easy to show that if 01,0, € B, then o1 + 05 € B,

and 01 ® 09 € B. Furthermore, it is easy to show that (o1 ® 02) ® 03 = 01 @ (09 ® 03) and

Consider a linear fuzzy real number p =< a ¢ > with a # ¢. We call such a fuzzy subset

01 ® 09 = 09 ® 0. We summarize:

Theorem 3.1. Let B be the set of all symmetric linear fuzzy real numbers p =< a, a;c’ c > with

a # c. Then (B,®) is a commutative semigroup. Moreover, i ® &y = &g for all p € B.

Remark. Given the symmetric linear fuzzy real numbers p; =< —2, —1.5, =1 >, s =< —3,—-0.5,2 >
Sz =< —4,—1,2 > € B, we have (u1 + po) ©® pz =< —10,5,20 >, but g © pg + po © pz =<
—12,4,20 >. Hence the distributive law fails.

A linear fuzzy real number p =< a, b, ¢ > is said to be positive(negative, resp.) if a > 0 (¢ < 0,
resp.).
Proposition 3.2. Let p; € B (i =1,2,3). If us is positive (or negative), then (py + pa) © ps =
1 © pg 4 po © ps. If py is positive (or negative), then py © (pg + p13) = 1 © po + 1 © ps.
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Proof. Straightforward. O

Given p; =< a;, b, ¢; >€ A (i = 1,2), we consider a “weighted product” 3 @ ps :=< a,b,c >
where

a = lnf{tltg‘tz € [&Z’,Ci],i = 1,2},
c = sup{tita |t; € [a;,¢],i = 1,2},

bi1—aq ba—as
c1—aq)? co—ag)?
SN -=nchl ==
clfa1+627a2

Thus, if ¢; — a1 = 3 — a9, then we obtain for b the formula:

(bl — al) + (bg — ag)
(c1 —ay) + (o — ag)

b= (a+c)

1 1 1 1
= +_
b= (a—i—c)Q(Cl_‘l“) 2(;2—“2)

c1—ax c2—az

a+c
2

so that for py, us € B, we obtain p; ® ps = 1 © po. We summarize:
Proposition 3.3. If uy, pe € B, then puy ® ps = 1 © po.

Remark. The weighted product o7 ® o9 is not associative in general. For example, let o1 :=<
—10,-9, -1 >,05 :=< —8,1,2 > and 03 :=< 1,4,5 >. Then 01 ® 03 =< —20, 122,80 > and
09 ® 03 =< —40, —%, 10 > and so (01 ® 09) ® 03 =< —100, 102573’400 > and 01 ® (03 ® 03) =<

106,774
—100, 2,478 ,400 >.

Actually, in general case, products p; ® 05, and p; ® dp, are troublesome to define in a simple
way since as = by = c¢o produce singularities.

Theorem 3.4. Let C be the set of all positive (or negative) symmetric linear fuzzy real numbers.
Then (C,+,®) is a semiring.

Proof. Tt follows from Theorems 2.4 and 3.1, and Proposition 3.2. U
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4. COMPLEX TRANSFORMS OF LINEAR FUZZY REAL NUMBERS

Given the linear fuzzy real number p = u(a, b, ¢) we may associate with it the complex transform
T(u), where

5) 7)) = [ Seulabio)(e)i

o0

By integration by parts we obtain
T(p)(s) =

b C _t
= /se dt—l—/ tc—dt
b

c—b
1

_ _sby
N c—b( e”) b—a

SZeSt,u (a,b,c)(t)dt

(esb - 6sa)
We summarize:

Proposition 4.1. If u = p(a,b,c) is a linear fuzzy real number, then its associated complex
transformation T'(u) is

1

(6) T(p)(s) = (€% —e?) =

p— (esb_esa)

b—a

Example 4.2. If 1o = p(—1,0,1), then T'(uo)(s) = (e*—1)—(1—e~*) = (e*+e *)—2 = 2 cosh s—2

. T 2
or “inversely” coshs = %

“pseudo-hyperbolic” in nature.

indicating that we may consider the functions 7'(u)(s) to be

Proposition 4.3. If u = p(a, b, c) is a linear fuzzy real number and X\ # 0, then

(7) T(p)(A\s) = ﬁ L(eksb )

Asc _ _Asby
(e ™) o

Proof. If A # 0, then

o) = [ " (A8 u(a, b, ¢) (1)t

[e.9]

— )\2/b82 )\stt dt+)\2/ 2 )\stc tdt
“ b— b c—b

s)\b 1 1 Asb )\ )\tct
8 _EA_Q(e 8 sa and fb s dt

, which proves the proposmon. Il

By integration by parts, we obtain fab sttt =
_§€>\Sb + Clb = (6)\50 _ e)be)

122 Sunae Hwang et al 117-124



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

On linear fuzzy real numbers

Given a linear fuzzy real number p = p(a,b,c) and A € R, we define a new linear fuzzy real
number A\p as follows:

p(Aa, Ab, Ae) it A >0
p(Ae, Ab, Aa)  otherwise

Au(a,b,c) == {

Proposition 4.4. If p = p(a, b, c) is a linear fuzzy real number and \ > 0, then
T()(\s) = AT(Au)(s)

Proof. If = p(a,b,c) and X > 0, then Au = p(Aa, A\b, Ac) and hence

Ac
T(Au)(s) = [\ s2e* p(Aa, Ab, Ac)(t)dt

a

Ab Ac
t— \a Ac—t
2 st 2 st
= —dt —dt
/M”Ab—xa +/M,86)\c—)\b
1 1 sA\b sAa
e —b) o—ale T
By multiplying A to both sides and by applying Proposition 4.3, we proves the proposition. [

( sAc sAb) _

Proposition 4.5. If u = p(a,b,c) is a linear fuzzy real number and A < 0, then
T(p)(As) = (=A)T(Au)(s)

Proof. If u = u(a,b,c) is a linear fuzzy real number and A < 0, then Ap = pu(—|A|e, —|A|b, —|A|a).
By applying Proposition 4.1, we obtain
1
T(Au)(s) =
(=[Ala) = (=[Alb)

Using Proposition 4.3 we obtain

XT(O)(s) = (=ADT(w)(s)
1
o
= —T()(As)

1
( s(=[Alb) _ eS(*IMC)).

es(*P\la) _ 68(*|/\\b) _ e
( )= = e

1
(e/\sb . e)\sc)

Asa _ _Asby
(e ™) P

Combining Propositions 4.4 and 4.5 we obtain:

Theorem 4.6. If i = u(a, b, c) is a linear fuzzy real number and A\ € R, then
(8) T(p)(As) = [NT(Au)(s)
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Proof. For non-zero real number ), it was proved by Propositions 4.4 and 4.5. If A = 0, then
T(1)(0s) = 0, and so (8) holds trivially. O

Given a fuzzy real number p = p(a,b,c¢) and X = —1, we have T(u)(—s) = T(p)((—1)s) =
| = UT((=Dp)(s) = T((=¢, =b, —a))(s), L.e,,

(9) T(p(a,b,c))(=s) = T(u(=¢, =b, —a))(s)

If we let s := —s in (9), then we have

(10) T(pla,b,c))(s) = T(u(—¢, b, —a))(—s)

For A = 2, we obtain from (8) a “doubling formula”.

(1) T(11)(25) = 2T(2)(s)
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