J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 32, NO.1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC

TERNARY HOM-DERIVATION-HOMOMORPHISM

SAJJAD KHAN, JUNG RYE LEE*, AND EON WHA SHIM

ABSTRACT. In this paper, we introduce and solve the following additive-additive (s, t)-functional
inequality

lg (z +y+2) —g(z) = g9(y) = 9(2)||

+Hh(:v+y+z)+h(xf2y+z)+h(m+y722 — 3h(x)]| (0.1)
< (o (Z52) 0|
t(3h(%y+z)+h(x—2y+z)+h(x+y—2z)—3h(ac)>’ ,

where s and t are fixed nonzero complex numbers with |s|] < 1 and |t| < 1. Using the
direct method and the fixed point method, we prove the Hyers-Ulam stability of ternary hom-
derivations and ternary homomorphisms in C*-ternary algebras, associated to the additive-
additive (s, t)-functional inequality (0.1) and the following functional inequality

lg([z,y, 2]) — [9(2), h(y), h(2)] = [R(x), 9(v), h(2)] — [h(x), h(y), 9(AIIl  (0.2)
FlIh (2, y, 2]) = [A(z), h(y), h(2)]]| < p(z,y, 2).

1. INTRODUCTION AND PRELIMINARIES

A C*-ternary algebra is a complex Banach space A, equipped with a ternary product
(z,y,2) = [z,y,2] of A% into A, which is C-linear in the outer variables, conjugate C-linear
in the middle variable, and associative in the sense that [z,y,[z,w,v]] = [z,[w, z,y],v] =
[z, y, 2], w,v], and satisfies ||[,y, 2]|| < ||=[| - [y]l - ||2]| and ||[z,2, ][] = [|z[* (see [33]).

Let A be a C*-ternary algebra. A C-linear mapping g : A — A is a ternary derivation if
g: A — A satisfies

9([z,y, 2]) = [9(2), y, 2] + [2,9(y), 2] + [, 9, 9(2)]
for all z,y,z € A, and a C-linear mapping h : A — A is a ternary homomorphism if h: A — A
satisfies
Mz, y, 2]) = [h(@), h(y), h(2)]
for all z,y,z € A (see [1, 18]). For a ternary derivation g : A — A and a ternary homomorphism
h:A— A,

goh(lz,y,2]) = [g o h(x), h(y), h(2)] + [h(x), g o h(y), h(2)] + [h(2), h(y), g © h(2)]

for all z,y,z € A. The C-linear mapping go h : A — A is called a ternary hom-derivation,
which is defined as follows:
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Definition 1.1. Let A be a C*-ternary algebra and H : A — A be ternary homomorphism. A
C-linear mapping D : A — A is called a ternary hom-derivation in A if D : A — A satisfies

D([z,y,2]) = [D(x), H(y), H(2)| + [H(x), D(y), H(2)] + [H(z), H(y), D(z)]
for all z,y,z € A.

The stability problem of functional equations originated from a question of Ulam [31] con-
cerning the stability of group homomorphisms. Hyers [15] gave a first affirmative partial answer
to the question of Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki [2] for ad-
ditive mappings and by Rassias [26] for linear mappings by considering an unbounded Cauchy
difference. A generalization of the Rassias theorem was obtained by Gavruta [13] by replacing
the unbounded Cauchy difference by a general control function in the spirit of Rassias’ approach.
Park [21, 22, 24] defined additive p-functional inequalities and proved the Hyers-Ulam stability
of the additive p-functional inequalities in Banach spaces and non-Archimedean Banach spaces.
The stability problems of various functional equations and functional inequalities have been
extensively investigated by a number of authors (see [8, 9, 10, 11, 12, 14, 19, 27, 28, 29, 30, 32]).

We recall a fundamental result in fixed point theory.

Theorem 1.2. [3, 6] Let (X,d) be a complete generalized metric space and let J : X — X
be a strictly contractive mapping with Lipschitz constant o < 1. Then for each given element
x € X, either

d(J"z, J" ) = oo

for all nonnegative integers n or there exists a positive integer ng such that
(1) d(J"z, J"1r) < oo, Vn > ng;
(2) the sequence {J"x} converges to a fized point y* of J;
(3) y* is the unique fized point of J in the set Y = {y € X | d(J™z,y) < 0o};
(4) d(y,y*) < 25y, Jy) for ally €Y.

In 1996, Isac and Rassias [16] were the first to provide applications of stability theory of
functional equations for the proof of new fixed point theorems with applications. By using
fixed point methods, the stability problems of several functional equations have been extensively
investigated by a number of authors (see [4, 5, 7, 23, 25]).

In this paper, we solve the additive-additive (s, ¢)-functional inequality (0.1). Furthermore,
we investigate ternary hom-derivations and ternary homomorphisms in C*-ternary algebras
associated to the additive-additive (s, t)-functional inequality (0.1) and the functional inequality
(0.2) by using the direct method and by the fixed point method.

Throughout this paper, assume that A is a C*-ternary algebra and that s and t are fixed

nonzero complex numbers with |s| < 1 and |¢| < 1.
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2. STABILITY OF ADDITIVE-ADDITIVE (s,t)-FUNCTIONAL INEQUALITY (0.1): A DIRECT
METHOD

In this section, we solve and investigate the additive-additive (s, ¢)-functional inequality (0.1)
in C*-ternary algebras.

Lemma 2.1. If mappings g,h : A — A satisfy g(0) = h(0) =0 and

lg(z+y+2)—g(x)—g(y) —g(z)|l
+||h(a:+y—|—z)—|—h(x—2y—|—z)+h(ﬂc+y—22 — 3h(x)]] (2.1)

(30 (7577) o0 -0t ot

+ Ht <3h (W) +h(x—2y+2)+hizx+y—2z) - 3h(w)) H

for all x,y,z € A, then the mappings g,h : A — A are additive.

<

Proof. Letting x =y = z in (2.1), we get
l9(3z) = 3g(2)|| + [[h(3z) — 3h(x)[| <O
for all z € A. So ¢g(3z) = 3g(x) and h(3z) = 3h(z) for all x € A. It follows from (2.1) that

lg (z +y+2) —g(x) —g(y) — g(2)]

+|h(x+y+ 2z) + h(x —2y+ 2) + h(z +y — 22) — 3h(x)||
<ls(g@+y+2z)—glx)—gy) —g(2)]
+t(h(z+y+2)+h(x—2y+2)+ h(z+y —22) — 3h(z))||

for all z,y,z € A. Thus
9@ +y+2z)=g()+9(y) +9(2),
hMx+y+z)+h(x—2y+2)+ h(z+y —22) = 3h(z)
for all x,y,z € A, since |s| < 1 and |t| < 1. So the mappings g,h : A — A are additive. O

Lemma 2.2. [20, Theorem 2.1] Let f : A — A be an additive mapping such that

f(Aa) = Af(a)
forall A\ € TV :={¢ € C:|¢| =1} and all a € A. Then the mapping f : A — A is C-linear.

Using the direct method, we prove the Hyers-Ulam stability of pairs of ternary hom-derivations
and ternary homomorphisms in C*-ternary algebras associated to the additive-additive (s, t)-

functional inequality (2.1).

Theorem 2.3. Let ¢ : A3 — [0,00) be a function such that

229 ( ;)<oo (2.2)
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forall z,y,z € A. Let g,h : A — A be mappings satisfying g(0) = h(0) =0 and

lg Az +y+2)) — AMg(z) + g(y) + 9(2))|l
+|h(A(z +y + 2)) h()\(m—2y+z)) +h()\ x4y —22)) — 3\h(z)|| (2.3)

(0 o)

<
< s (o0 (57 )
H <3h< +y+2> + h(\ x—2y+z))+h(/\(x+y—2,z))—3)\h(a;)>H+<p(gg,y7z)

for all X € T' and all x,y,z € A. If the mappings g,h : A — A satisfy

l9([z, 9, 2]) = [g(2), h(y), h(2)] = [h(2), (), h(2)] = [A(x), h(y), 9(2)]]] (2.4)
+IA([z,y, 2]) = [h(2), h(y), h(2)]l| < (2,9, 2)

for all z,y,z € A, then there exist a unique ternary hom-derivation D : A — A and a unique

ternary homomorphism H : A — A such that

y z
la@) = D) + Ih(z) = H)| < Zsﬂ (5L 5) (2:5)
for all x € A.
Proof. Letting A =1 and y = z = x in (2.3), we get

lg(3z) = 3g(x)|| + [[h(3z) = 3h(z)|| < p(z, z,z) (2.6)

and so

for all z € A. Thus

a(3)- (2]

(3)- ()

m—1
i (L) i+l i () sty
S‘l 3g<3j 3 3J+1 Z Sh| g7 ) =3 g
j= Jj=
LI T T T
S Z 3‘7_1@ ('7'7')
Pt 377377 37

for all nonnegative integers m and ! with m > [ and all z € A. It follows from (2.7) that the
sequences {3Fg (37)} and {3’%( )} are Cauchy for all x € A. Since Y is a Banach space, the
sequences {3%g (35)} and {Skh(%)} converge. So one can define the mappings D, H : A — A
by
k L T k X
D(z) == hm 3 <3k> & H(x):= khﬁn;l@?; h (31€>

for all z € A. Moreover, letting | = 0 and passing to the limit m — oo in (2.7), we get (2.5).
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It folllows from (2.3) that

D (A(z+y+2) = AMD(z) + D(y) + D(2))||
+HIHMNz+y+2)+ HMNx—2y+2)) + HAz+y —22)) — 3\H(z)]|

r+y+z T Y

1 n - < I

= 3 <’\ 3n ) /\< (3">+g(3”)+g<3">>H
+ lim 3" h(AHerz) h(A 2y+2>+h(AW)_3Ah(x)“
n=00 3n 3n 3 3"

] n x+y+2 “
<« (2 (V) <2 (0 (50) <0 (57) +9 (50)))|

o NAVAE: 2y+z Ty -2 v
i o (o (32 ) o (5 )+ (v ) - ()

+ lim 3" (x Y Z)

S AT T T
— 3(3D (A”W;“)—A(D( )+ D(y )H
+ Ht <3H ()\W) +H\z — 2y +2)) + H\z +y — 22)) — 3)\H(x)> H

for all A € T! and all z,y,z € A. So

1D Mz +y+2)) —A(D(z) + D(y) + D(2))|
+HIHMz+y+2)+ HAMNx —2y+2)) + H Az +y —22)) — 3\H(2)||

s <3D (A“é”) _A(D(z) + D(y) + D(z))> H (2.8)
4 Ht <3H (A‘”“é”) FHO @ =2y +2) + HO\@ +y — 22)) — 3)\H(m)) H

for all A € T! and all z,y,z € A.
Let A =1 in (2.8). By Lemma 2.1, the mappings D, H : A — A are additive.
It follows from (2.8) and the additivity of D and H that

D (A(z+y+2) = AMD(z) + D(y) + D(2))||
+HIHNMz+y+2)+ HMNx—2y+2)) + HAz+y —22)) — 3\H(z)||
< Is(DA(@+y+2) = AMD(z) + D(y) + D(2)))|l
+t(HNMz+y+2)+ HAMNx—2y+2)) + HAz+y —22)) — 3 H(z))||
for all A € T! and all z,y,2 € A. Since |s| < 1 and [t| < 1,
DMNz+y+2)—AXND(z)+D(y)+ D(2)) = 0,
HXNz+y+z2)+HMNz—2y+2)+HANx+y—22)) —3X\H(z) = 0

and so D(Ar) = AD(z) and H(Ax) = AH(z) for all A € T! and all z,y, 2 € A. Thus by Lemma
2.2, the additive mappings D, H : A — A are C-linear.
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It follows from (2.4) and the additivity of D, H that

1D ([, y, 2]) = [D(x), H(y), H(2)] = [H(z), D(y), H(2)] — [H(x), H(y), D(2)]
I H([2,y,2]) = [H(z), H(y), H(2)]|

1((57) - (7) () ()]
() o (o) ()] - 1 () 1 () o (55
()P ) el 5)

which tends to zero as n — oo, by (2.2). So

D([x,y, 2]) = [D(x), H(y), H(2)] — [H(x), D(y), H(2)] — [H(x), H(y), D(2)] = 0
H([z,y,2]) = [H(x),H(y), H(2)] = 0

=27"

%=

IN

for all x,y,z € A. Hence the mapping D : A — A is a ternary hom-derivation and the mapping
H : A— Ais a ternary homomorphism. 0

Corollary 2.4. Let r > 3 and 6 be nonnegative real numbers and g,h : A — A be mappings
satisfying g(0) = h(0) =0 and

lg (A(z +y +2)) — Alg(z) + 9(y) + 9(2))
+h(Az+y+2)) h()\(a:—2y+z)) +h()\ T +y—22)) — 3\h(z)]| (2.9)

(30 (45 ) A0 o 4o

R
H <3h( ‘”y”)m x—2y+z))+h()\(x+y—2z))—3/\h(x)>H
+O(lllI” + llyll")

<

for all X € T' and all x,y,z € A. If the mappings g,h : A — A satisfy

l9([z,y, 2]) = [g(2), h(y), h(2)] = [1(x), 9(y), h(2)] = [h(x), h(y), g()]II  (2.10)
+l|A e, y, 21) = [h(x), h(y), () < Ol )"+ [lyll" + ll=[")
for all x,y,z € A, then there exist a unique ternary hom-derivation D : A — A and a unique
ternary homomorphism H : A — A such that

lg(x) — D@ + h(2) — H@)|| < -

3 -3

]|
for all x € A.

Proof. The proof follows from Theorem 2.3 by o(x,y, 2) = 0(||z||"+ ||y||"+||z||") for all z,y, z €
A. O

Theorem 2.5. Let ¢ : A2 — [0,00) be a function and g,h : A — A be mappings satisfying
g(0) = h(0) =0, (2.3), (2.4) and

o0

Oz, y,2) =) o

Jj=0

0(37x,37y,372) < 00 (2.11)

w‘H
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for all x,y,z € A. Then there exist a unique ternary hom-derivation D : A — A and a unique

ternary homomorphism H : A — A such that

lg(z) = D(2)|| + [[h(x) — H(z)|| < éfb(x,:c,m) (2.12)
for all x € A.

Proof. Tt follows from (2.6) that

H — fg (3z) o(z,z,x) (2.13)

for all z € A. Thus

‘?}’g <?:f’> 3%9(3m | ’ %h (3%a) - 3%’1(37"95) (2.14)
m—1 -
< par 379(9 )_3jl+19<33+1x)‘+j§ 3Jh(3] ) #h(zgﬁl )‘
< lmili J J J
=3 3j90(3:c,3x,3 :z:)

for all nonnegative integers m and [ with m > [ and all x € A. It follows from (2.14) that the
sequences {3%9(3"33:)} and {%kh(?)kx)} are Cauchy for all z € A. Since Y is a Banach space, the
sequences {3%9(3]“36)} and {%,ch(3km)} converge. So one can define the mappings D, H : A — A
by
1
D(z) := hrn 3kg (3ka:>,
— i k
H(x):= klgglo Skh (3 x)
for all x € A. Moreover, letting [ = 0 and passing to the limit m — oo in (2.14), we get (2.12).
By the same reasoning as in the proof of Theorem 2.3, one can show that the mappings
D,H : A— A are C-linear.
It follows from (2.4) and the additivity of D and H that
+||H([33 y,z]) — [H(z), H(y), H(2)]|
5o lg 27"z, y,2]) — [g (3"x) , h(3"y), h(3"2)]
—[h(3"x), (3"y), h(3"2)] = [h (3"x) , h(3"y), g(3"2)]|
1l (27" 2, y, 2]) — [h (3") , b (3"y) , h(3"2)]|

27”

27”
< ST 4 (3"z,3"y,3"2) < Bian (3"z,3"y,3"2),
which tends to zero as n — oo, by (2.11). So
D((,y,2]) — [D(x), H(y), H(=)] - [H(x), D), H()] - [H(z), H(y), D(2)]
H([z,y,z]) — [H(x), H(y), H(z)] = 0

Il
o

for all x,y, 2z € A. Hence the mapping D : A — A is a ternary hom-derivation and the mapping
H: A — Ais a ternary homomorphism. O
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Corollary 2.6. Let r < 1 and 6 be nonnegative real numbers and g,h : A — A be mappings
satisfying g(0) = h(0) = 0, (2.9) and (2.10). Then there exist a unique ternary hom-derivation
D: A— A and a unique ternary homomorphism H : A — A such that

o) — D@ + (@) — Ha)l < 32

]|
for all x € A.

Proof. The proof follows from Theorem 2.5 by o(x,y, 2) = 0(||z||"+ ||y||" +||z||") for all z,y, z €
A. O

3. STABILITY OF ADDITIVE-ADDITIVE (s, ¢)-FUNCTIONAL INEQUALITY (0.1): A FIXED POINT
METHOD

Using the fixed point method, we prove the Hyers-Ulam stability of pairs of hom-derivations
and homomorphisms in C*-ternary algebras associated to the additive-additive (s, t)-functional

inequality (0.1).
Theorem 3.1. Let ¢ : A3 — [0,00) be a function such that there exists an L < 1 with

T Y z L L
S22 <= <= 3.1
30(3,3,3)_2790(96,%2)_ 3¢ (2.9,2) (3.1)

for all x,y,z € A. Let g,h : A — A be mappings satisfying g(0) = h(0) = 0, (2.3) and
(2.4). Then there ezist a unique ternary hom-derivation D : A — A and a unique ternary
homomorphism H : A — A such that

lg(x) = D(@)|| + [[h(x) = H(z)|| < 3(1LL)<P (z,z,2) (3.2)

for all x € A.

Proof. 1t follows from (3.1) that

L
73 J
E 27 ( ) E 27 27]g0xy 1_Lg0(a:,y,z)<oo

for all z,y,z € A. By Theorem 2.3, there exist a unique ternary hom-derivation D : A — A
and a unique ternary homomorphism H : A — A satisfying (2.5).
Letting A =1 and y = z = z in (2.3), we get

lg(3z) = 3g() || + [h(3x) — 3h(z)|| < p(x, z,z) (3.3)

for all z € A.
Consider the set

S:=A{(g,h): (A, A) = (A, A), ¢(0) =h(0) =0}
and introduce the generalized metric on S

d((g,h), (g91,h1)) = inf {p € Ry = [[g(z) — g1(2)[| + [|h(z) — ha(2)|| < pep (2, 2,2) , Vo € A},

where, as usual, inf ¢ = +o00. It is easy to show that (5, d) is complete (see [17]).
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Now we consider the linear mapping J : S — S such that

o = (n(3) 4 (3)
for all x € A.

Let (g,h), (g1,h1) € S be given such that d((g,h), (g1,h1)) = ¢. Then

lg(x) = g1(@)[| + |h(z) = ha(2)[| < e (2, 2, )

o 5) o0 ) [ (5) - 5)

T T T L
< L
35@(3 3 3) 353@(3} x,x) = Lep (z,x,x)

for all z € A, t d(J(g,h),J(g1,h1)) < Le. This means that

d(J(g,h),J(g1,h1)) < Ld((g, h), (91, 1))

for all x € A. Since

for all (97 h)7 (gla hl) €5
It follows from (3.3) that

-0 &) 3 (3) 0 (55.) ot

for all z € A. So d((g,h),(Jg, Jh)) < £
By Theorem 1.2, there exist mappings D, H : A — A satisfying the following;:
(1) (D, H) is a fixed point of J, i.e.,

D (z) = 3D (g) . H(z)=3H (g) (3.4)

for all x € A. The mapping (D, H) is a unique fixed point of J. This implies that (D, H) is a
unique mapping satisfying (3.4) such that there exists a u € (0, 00) satisfying

lg(x) = D(@)|| + [[h(x) = H@)| < pep (2,2, 7)

for all x € A;
(2) d(JY(g,h), (D, H)) = 0 as | — co. This implies the equality

hm 3lg <3l> = D(z), llg& 3'n (;) = H(x)
for all x € A;
(3) d((g,h),(D,H)) < d((g,h),J(g,h)), which implies

lg(x) = D(@)|| + [[h(x) = H(2)|| < 3(1L_L)<P (z, 2, 2)

for all z € A. Thus we get the inequality (3.2).
The rest of the proof is the same as in the proof of Theorem 2.3. U
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Corollary 3.2. Let r > 3 and 0 be nonnegative real numbers and g,h : A — A be mappings
satisfying g(0) = h(0) = 0, (2.9) and (2.10). Then there exist a unique ternary hom-derivation
D: A— A and a unique ternary homomorphism H : A — A such that

lo(z) ~ D@+ lIn(z) ~ H@)l < 5o

][
for all x € A.

Proof. The proof follows from Theorem 3.1 by taking L = 3'=" and (=, y, z) = 0(||z|"+||ly||" +
|z||") for all x,y, z € A. O

Theorem 3.3. Let ¢ : A3 — [0,00) be a function such that there evists an L < 1 with
Ty z
<2TLp | —=,Z, = .
¢ (2,y,2) <27 <p<2,2,2> (3.5)
for all x,y,z € A. Let g,h : A — A be mappings satisfying g(0) = h(0) = 0, (2.3) and
(2.4). Then there exist a unique ternary hom-derivation D : A — A and a unique ternary
homomorphism H : A — A such that

1
lg(x) = D(@)|| + [[h(x) = H(z)|| < 30-0)7 (z,2,2) (3.6)
for all x € A.
Proof. Tt follows from (3.5) that
=1 =1 L
o3 30y 3 _
JZ; 27]<p(3 z,3y,372) < Z 577 2TLY o(,y,2) = T—F (w9, 2) <

for all z,y,z € A. By Theorem 2.5, there exist a unique ternary hom-derivation D : A — A
and a unique ternary homomorphism H : A — A satisfying (2.12).

Let (S,d) be the generalized metric space defined in the proof of Theorem 3.1.

Now we consider the linear mapping J : S — S such that

T(g.W)@) i= (50 (30), 3h (31)

for all x € A.
It follows from (3.3) that
1
H - fg (3x) Hh( ) — fh(31:) <3¥ o(x,z,x)
for all x € A. Thus we get the inequality (3.6).
The rest of the proof is similar to the proof of Theorem 3.1. O

Corollary 3.4. Let r < 1 and 6 be nonnegative real numbers and g,h : A — A be mappings
satisfying g(0) = h(0) = 0, (2.9) and (2.10). Then there exist a unique ternary hom-derivation
D:A— A and a unique ternary homomorphism H : A — A such that

l9(z) = D(@)|| + [[A(z) = H(z)[| < )"

3 37“
for all x € A.
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Proof. The proof follows from Theorem 3.3 by taking L = 3"~! and ¢(x,y, z) = 0(||z|"+||ly||" +
|z||I") for all x,y, z € A. O

4. CONCLUSIONS

We have introduced the additive-additive (s,?)-functional inequality (0.1), and using the
direct method and the fixed point method, we have proved the Hyers-Ulam stability of ternary
hom-derivations and ternary homomorphisms in C*-ternary algebras, associated to the additive-
additive (s,t)-functional inequality (0.1) and the functional inequality (0.2).
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