
FRACTIONAL CALCULUS OPERATORS OF THE GENERALIZED

HURWITZ-LERCH ZETA FUNCTION

SHILPA KUMAWAT‡ AND HEMLATA SAXENA§

Abstract. In this paper, our aim is to establish certain generalized Marichev-Saigo-Maeda frac-

tional integral and derivative formulas involving generalized p–extended Hurwitz-Lerch zeta function

by using the Hadamard product (or the convolution) of two analytic functions. We then obtain their

composition formulas by using fractional integral and derivative formulas and certain Integral trans-

forms associated with Beta, Laplace and Whittaker transforms involving generalized p–extended

Hurwitz-Lerch Zeta function.

1. Introduction

Fractional calculus is the field of mathematical analysis which deals with the investigation and appli-

cations of integrals and derivatives of arbitrary order. The study of fractional integrals and fractional

derivatives has a long history, and they have many real-world applications due to their properties of

interpolation between operators of integer order and its applications in various fields of science and

engineering, such as fluid flow, rheology, diffusive transport akin to diffusion, electrical networks, and

probability. This field has covered classical fractional operators such as Riemann-Liouville, Weyl,

Caputo, Grnwald-Letnikov, etc. Also, especially in the last two decades, many new operators have

appeared, often defined using integrals with special functions in the kernel, such as Atangana-Baleanu,

Prabhakar, Marichev-Saigo-Maeda, and tempered, as well as their extended or multivariable forms.

These have been intensively studied because they can also be useful in modelling and analysing real-

world processes because of their different properties and behaviours, which are comparable to those

of the classical operators[8, 22, 23, 24]. Special functions, such as the Hurwitz-Lerch Zeta function,

Mittag-Leffler functions, hypergeometric functions, Foxs H-functions, Wright functions, Bessel and

hyper-Bessel functions, etc., also have some more classical and fundamental connections with frac-

tional calculus [13]. Some of them, such as the Mittag-Leffler function and its generalisations, appear

naturally as solutions of fractional differential equations or fractional difference equations. Further-

more, many interesting relationships between different special functions may be discovered using the

operators of fractional calculus. Because of their significance and potential for applications, fractional

calculus operators (such as the Riemann-Liouville, Weyl, Liouville-Caputo, and other operators of
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fractional integrationandfractional derivative) have undergone extensive development and study (for

more information, seein [12], [18] and [26]).

We begin by recalling a general pair of fractional integral operators known as Marichev-Saigo-

Maeda that have the third-order Appell’stwo-variable hypergeometric function F3(.) as their kernel

(see for more information, [15, 20, 21]), which is defined by:

Definition 1. Let $1, $
′
1, ν1, ν

′
1, ξ ∈ C and x > 0, then for <(ξ) > 0,(

I
$1,$

′
1,ν1,ν

′
1,ξ

0,x f
)

(x) =
x−$1

Γ(ξ)

∫ x

0

(x− t)ξ−1 t−$
′
1

× F3

(
$1, $

′
1, ν1, ν

′
1; ξ; 1− t

x
, 1− x

t

)
f(t) dt. (1.1)

and (
I
$1,$

′
1,ν1,ν

′
1,ξ

x,∞ f
)

(x) =
x−$

′
1

Γ(ξ)

∫ ∞
x

(t− x)
ξ−1

t−$1

× F3

(
$1, $

′
1, ν1, ν

′
1; ξ; 1− x

t
, 1− t

x

)
f(t) dt. (1.2)

Here, the Appell’s hypergeometric function of two variables, [25], is denoted by F3(.).

Definition 2. Let $1, $
′
1, ν1, ν

′
1, ξ ∈ C and x > 0, then for <(ξ) > 0,(

D
$1,$

′
1,ν1,ν

′
1,ξ

0,x f
)

(x) =
(
I
−$′

1,−$1,−ν′
1,−ν1,−ξ

0+ f
)

(x)

=

(
d

dx

)n (
I
−$′

1,−$1,−ν′
1+n,−ν1,−ξ+n

0+ f
)

(x) (n = [<(ξ)] + 1)

=
1

Γ(n− ξ)

(
d

dx

)n
x$

′
1

∫ x

0

(x− t)n−ξ−1 tσ

× F3

(
−$′1,−$1, n− ν′1,−ν1;n− ξ; 1− t

x
, 1− x

t

)
f(t) dt. (1.3)

and(
D
$1,$

′
1,ν1,ν

′
1,ξ

x,∞ f
)

(x) =
(
I
−$′

1,−$1,−ν′
1,−ν1,−ξ

− f
)

(x)

=

(
− d

dx

)n (
I
−$′

1,−$1,−ν′
1,−ν

′
1+n,−ξ+n

− f
)

(x) (n = [<(ξ)] + 1)

=
1

Γ(n− ξ)

(
− d

dx

)n
x$

′
1

∫ ∞
x

(t− x)
n−ξ−1

tσ
′

× F3

(
−$′1,−$1, ν

′
1, n− ν1;n− ξ; 1− x

t
, 1− t

x

)
f(t) dt. (1.4)

These operators include Riemann-Liouville, Erdélyi-Kober, and Saigo hypergeometric fractional

calculus operators as special examples for various parameter choices (see for more information, [12],

[18] and [26]). Early on, the p–extended Bessel function, p–modified Bessel function, p–extended

Sturve function,and p–extended Mathieu series were used by a number of authors to create some

intriguing generalized fractional formulas, ( see, for details, [5, 10]).
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The more generalized form of Hurwitz-Lerch zeta function has been considered very recently by

Luo et al. [17] in the following form

Φ
(θ,θ′)
λ,ϑ;ν (z, s, a; p) :=

∞∑
n=0

(λ)n
n!

B(θ,θ′)(ϑ+ n, ν − ϑ ; p)

B(ϑ, ν − ϑ)

zn

(n+ a)s
(1.5)

(
<(θ) > 0,<(θ′) > 0,<(p) ≥ 0; p, λ, ϑ, s ∈ C; ν, a ∈ C \ Z−0 ; |z| < 1

)
.

where B(θ,θ′)(x, y; p) denotes the generalized Beta function, that is introduced by Chaudhry et al. [2]

B(θ,θ′)(x, y; p) = B(θ,θ′)
p (x, y) =

∫ 1

0

tx−1(1− t)y−1 1F1(θ; θ′;−p
t
)dt , (1.6)

when min{<(θ) > 0,<(θ′) > 0,<(x),<(y)} > 0;<(p) ≥ 0. They also introduced p-extended of

hypergeometric function as [3]:

F (θ,θ′)
p (a, b; c; z) =

∑
n≥0

(a)n
B(θ,θ′)(b+ n, c− b ; p)

B(b, c− b)
zn

n!
p = 0; |z| < 1; <(c) > <(b) > 0 , (1.7)

Additionally provided in [4]are related properties, multiple integral representations, differentiation

formulæ, Mellin transforms, recurrence relations, and summations.

The definition of the Hadamard product (or convolution) of two analytical functions, such as in[5],

is necessary for the present study. If the Rf and Rg be the radii of convergence of the two power series

f(z) :=

∞∑
n=0

anz
n (|z| < Rf ) and g(z) :=

∞∑
n=0

bnz
n (|z| < Rg),

respectively. Then the Hadamard product is the new emerged series defined by

(f ∗ g)(z) :=
∞∑
n=0

an bnz
n = (g ∗ f)(z) (|z| < R) (1.8)

where

R = lim
n→∞

∣∣∣∣ an bn
an+1 bn+1

∣∣∣∣ =

(
lim
n→∞

∣∣∣∣ anan+1

∣∣∣∣) .( lim
n→∞

∣∣∣∣ bnbn+1

∣∣∣∣) = Rf .Rg,

so that, in general, we have R = Rf ·Rg.
In the following study, we seek to broaden the compositions of the generalized fractional integral

and differential operators (1.1), (1.2), (1.3) and (1.4) for the p–extended Hurwitz-Lerch zeta function

(1.5) by using the Hadamard product (1.8) in terms of p–extended Hurwitz-Lerch zeta function and

Wright hypergeometric function.

2. Fractional formulas of the p–extended Hurwitz-Lerch zeta function

The Wright hypergeometric function rΨs(z) (r, s ∈ N0) having numerator and denominator pa-

rameters r and s, respectively, defined for ζ1, . . . , ζr ∈ C and κ1, . . . , κs ∈ C\Z−0 by (see, for example,

[11, 14, 18, 25]):

rΨs

[
(ζ1, A1), · · · , (ζr, Ar);
(κ1, B1), · · · , (κs, Bs);

z

]
=
∞∑
n=0

Γ(ζ1 +A1n) · · ·Γ(ζr +Arn)

Γ(κ1 +B1n) · · ·Γ(κs +Bsn)

zn

n!
(2.1)
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4 SHILPA KUMAWAT AND HEMLATA SAXENAAj ∈ R+ (j = 1, . . . , r); Bj ∈ R+ (j = 1, . . . , s); 1 +
s∑
j=1

Bj −
r∑
j=1

Aj = 0

 ,

with

|z| < ∇ :=

 r∏
j=1

A
−Aj

j

 .

 s∏
j=1

B
Bj

j

 .

Also, if we take Aj = Bk = 1 (j = 1, . . . , r; k = 1, . . . , s) in (2.1), reduces to the generalized

hypergeometric function rFs (r, s ∈ N0) (see, e.g., [25]):

rFs

[
ζ1, . . . , ζr;

κ1, . . . , κs;
z

]
=

Γ(κ1) · · ·Γ(κs)

Γ(ζ1) · · ·Γ(ζr)
rΨs

[
(ζ1, 1), · · · , (ζr, 1);

(κ1, 1), · · · , (κs, 1);
z

]
. (2.2)

In the context of our investigation, the image formulas or power functions below, referencing [1],are

significant.

Lemma 1. Let $1, $
′
1, ν1, ν

′
1, ξ, % ∈ C and x > 0. The relation that follows is then:

(a) If <(ξ) > 0 and <(%) > max {0,<($1 +$′1 + ν1 − ξ),<($′1 − ν′1)}, then(
I
$1,$

′
1,ν1,ν

′
1,ξ

0,x t%−1
)

(x) =
Γ(%)Γ(%+ ξ −$1 −$′1 − ν1)Γ(%+ ν′1 −$′1)

Γ(%+ ν′1)Γ(%+ ξ −$1 −$′1)Γ(%+ ξ −$′1 − ν1)
x%+ξ−$1−$′

1−1 (2.3)

(b) If <(ξ) > 0 and <(%) < 1 + min {<(−ν1),<($1 +$′1 − ξ),<($1 + ν′1 − ξ)}, then(
I
$1,$

′
1,ν1,ν

′
1,ξ

x,∞ t%−1
)

(x) =
Γ(1− %− ν1)Γ(1− %− ξ +$1 +$′1)Γ(1− %− ξ +$1 + ν′1)

Γ(1− %)Γ(1− %− ξ +$1 +$′1 + ν′1)Γ(1− %+$1 − ν1)
x%+ξ−$1−$′

1−1.

(2.4)

Lemma 2. Let $1, $
′
1, ν1, ν

′
1, ξ, % ∈ C and x > 0. The relation that follows is then:

(a) If <(ξ) > 0 and <(%) > max {0,<(ξ −$1 −$′1 + ν′1),<(ν1 −$1)}, then(
D
$1,$

′
1,ν1,ν

′
1,ξ

0,x t%−1
)

(x) =
Γ(%)Γ(%− ξ +$1 +$′1 + ν′1)Γ(%− ν1 +$1)

Γ(%− ν1)Γ(%− ξ +$1 +$′1)Γ(%− ξ +$1 + ν′1)
x%−ξ+$1+$

′
1−1 (2.5)

(b) If <(ξ) > 0 and <(%) < 1 + min {<(ν′1),<(ξ −$1 −$′1),<(ξ −$′1 − ν1)}, then(
D
$1,$

′
1,ν1,ν

′
1,ξ

x,∞ t%−1
)

(x) =
Γ(1− %− ν′1)Γ(1− %+ ξ −$1 −$′1)Γ(1− %+ ξ −$′1 − ν1)

Γ(1− %)Γ(1− %+ ξ −$1 −$′1 − ν)Γ(1− %−$′1 − ν′1)
x%−ξ+$1+$

′
1−1.

(2.6)

We begin the key outcomes exposition with showing the composition formulae for generalized

fractional operators (1.1), (1.2), (1.3) and (1.4) involving the p–extended Hurwitz-Lerch zeta function

by making use of the Hadamard product (1.8) in terms of p–extended Hurwitz-Lerch zeta function

(1.5) and Fox-Wright function (2.1).

Theorem 1. Let $1, $
′
1, ν1, ν

′
1, ξ, %, p, λ, ϑ, s ∈ C with γ ∈ R+ and ν, a ∈ C\Z−0 such that <(ξ) > 0

and <(%) > max {0,<($1 +$′1 + ν1 − ξ),<($′1 − ν′1)} with |t| < 1. Then for <(p) ≥ 0, the fractional

integration formula shown below is valid:(
I
$1,$

′
1,ν1,ν

′
1,ξ

0,x

{
t%−1 Φ

(θ,θ′)
λ,ϑ;ν (tγ , s, a; p)

})
(x)
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FRACTIONAL CALCULUS .... 5

= x%+ξ−$1−$′
1−1 Φ

(θ,θ′)
λ,ϑ;ν (xγ , s, a; p)

∗ 4Ψ3

[
(1, 1), (%, γ), (%+ ξ −$1 −$′1 − ν1, γ), (%+ ν′1 −$′1, γ);

(%+ ν′1, γ), (%+ ξ −$1 −$′1, γ), (%+ ξ −$′1 − ν1, γ);
xγ

]
.

Proof. Using the relation (2.3) and the definitions (1.5) and (1.1),we can shift the order of integration.

Thus, we obtain for x > 0(
I
$1,$

′
1,ν1,ν

′
1,ξ

0,x

{
t%−1 Φ

(θ,θ′)
λ,ϑ;ν (tγ , s, a; p)

})
(x)

=
∞∑
k=0

(λ)k B(θ,θ′)(ϑ+ k, ν − ϑ ; p)

(k + a)s B(ϑ, ν − ϑ) k!

(
I
$1,$

′
1,ν1,ν

′
1,ξ

0,x {t%+γk−1}
)

(x)

= x%+ξ−$1−$′
1−1

∞∑
k=0

(λ)k B(ϑ+ k, ν − ϑ ; p)

(k + a)s B(ϑ, ν − ϑ) k!

× Γ(%+ γk)Γ(%+ ξ −$1 −$′1 − ν1 + γk)Γ(%+ ν′1 −$′1 + γk)

Γ(%+ ν′1 + γk)Γ(%+ ξ −$1 −$′1 + γk)Γ(%+ ξ −$′1 − ν1 + γk)
xγk. (2.7)

Subsequently,the necessary formula is obtained by utilizing the Hadamard product (1.8)in (2.7), which,

in light of (1.5) and (2.1). �

Theorem 2. Let $1, $
′
1, ν1, ν

′
1, ξ, %, p, λ, ϑ, s ∈ C with γ ∈ R+ and ν, a ∈ C\Z−0 such that <(ξ) > 0

and <(%) < 1 + min {<(−ν1),<($1 +$′1 − ξ),<($1 + ν′1 − ξ)} with |1/t| < 1. Then for <(p) ≥ 0,

the fractional integration formula shown below is valid:(
I
$1,$

′
1,ν1,ν

′
1,ξ

x,∞

{
t%−1 Φ

(θ,θ′)
λ,ϑ;ν

(
1

tγ
, s, a; p

)})
(x)

= x%+ξ−$1−$′
1−1 Φ

(θ,θ′)
λ,ϑ;ν

(
1

xγ
, s, a; p

)
∗ 4Ψ3

[
(1, 1), (1− %− ν1, γ), (1− %− ξ +$1 +$′1, γ), (1− %− ξ +$1 + ν′1, γ);

(1− %, γ), (1− %− ξ +$1 +$′1 + ν′1, γ), (1− %+$1 − ν1, γ);

1

xγ

]
.

Theorem 3. Let $1, $
′
1, ν1, ν

′
1, ξ, %, p, λ, ϑ, s ∈ C with γ ∈ R+ and ν, a ∈ C\Z−0 such that <(ξ) > 0

and <(%) > max {0,<(ξ −$1 −$′1 − ν′1),<(ν1 −$1)} with |t| < 1 . Then for <(p) ≥ 0, the

fractional integration formula shown below is valid:(
D
$1,$

′
1,ν1,ν

′
1,ξ

0,x

{
t%−1 Φ

(θ,θ′)
λ,ϑ;ν (tγ , s, a; p)

})
(x)

= x%−ξ+$1+$
′
1−1 Φ

(θ,θ′)
λ,ϑ;ν (xγ , s, a; p)

∗ 4Ψ3

[
(1, 1), (%, γ), (%− ξ +$1 +$′1 + ν′1, γ), (%− ν1 +$1, γ);

(%− ν1, γ), (%− ξ +$1 +$′1, γ), (%− ξ +$1 + ν′1, γ);
xγ

]
.

Proof. Using the relation (2.5), and the definitions (1.5), (1.3), we can shift the order of integration.

Thus, we obtain for x > 0(
D
$1,$

′
1,ν1,ν

′
1,ξ

0,x

{
t%−1 Φ

(θ,θ′)
λ,ϑ;ν (xγ , s, a; p)

})
(x)
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=
∞∑
k=0

(λ)k B(θ,θ′)(ϑ+ k, ν − ϑ ; p)

(k + a)s B(ϑ, ν − ϑ) k!

(
D
$1,$

′
1,ν1,ν

′
1,ξ

0,x {t%+γk−1}
)

(x)

= x%−ξ+$1+$
′
1−1

∞∑
k=0

(λ)k B(ϑ+ k, ν − ϑ ; p)

(k + a)s B(ϑ, ν − ϑ) k!

× Γ(%+ γk)Γ(%− ξ +$1 +$′1 + ν′1 + γk)Γ(%− ν1 +$1 + γk)

Γ(%− ν1 + γk)Γ(%− ξ +$1 +$′1 + γk)Γ(%− ξ +$1 + ν′1 + γk)
xγk. (2.8)

Subsequently,the necessary formula (1.3) is obtained by utilizing the Hadamard product (1.8) in (2.8),

which in light of (1.5) and (2.1). �

Theorem 4. Let $1, $
′
1, ν1, ν

′
1, ξ, %, p, λ, ϑ, s ∈ C with γ ∈ R+ and ν, a ∈ C\Z−0 such that Re(ξ) > 0

and Re(%) < 1+min {Re(ν′1), Re(ξ −$1 −$′1, Re(ξ −$′1 − ν1)} with |1/t| < 1. Then for <(p) ≥ 0,

the fractional integration formula shown below is valid:(
D
$1,$

′
1,ν1,ν

′
1,ξ

x,∞

{
t%−1 Φ

(θ,θ′)
λ,ϑ;ν

(
1

tγ
, s, a; p

)})
(x)

= x%−ξ+$1+$
′
1−1 Φ

(θ,θ′)
λ,ϑ;ν

(
1

xγ
, s, a; p

)
∗ 4Ψ3

[
(1, 1), (1− %− ν′1, γ), (1− %+ ξ −$1 −$′1, γ), (1− %+ ξ −$′1 − ν1, γ);

(1− %, γ), (1− %+ ξ −$1 −$′1 − ν1, γ), (1− %−$′1 − ν′1, γ);

1

xγ

]
.

3. Certain integral transforms

With the aid of the findings from the previous section, we will give severalextremely intriguing

theorems relating to the Beta, Laplace, and Whitaker transformations in this section. First, we would

like to define these transformations for this.

Definition 3. As is customary, the Euler-Beta transform [19]of the function f(z) is set forth by

B{f(z); a, b} =

∫ 1

0

za−1(1− z)b−1f(z) dz. (3.1)

Definition 4. As is customary, the Laplace transform (see, e.g., [19]) of the function f(z) is set forth

by

L{f(z); t} =

∫ ∞
0

e−tzf(z) dz. (Re(t) > 0) (3.2)

The following integral involving Whittaker function (see Mathai et al. [14, p. 79]):∫ ∞
0

tρ−1e−
1
2at Wκ,ν(at) dt = a−ρ

Γ( 1
2 ± ν + ρ)

Γ(1− κ+ ρ)
(Re(a) > 0, Re(ρ± ν) > −1

2
), (3.3)

is significant to the subject at hand, where Wκ,ν is the Whittaker function [16, p. 334].

In this portion, the following captivating results in the form of theorems shall be demonstrated.

These findings are put forward here without further justification because they follow directly from the

definitions (3.1), (3.2), (3.3)and Theorems 1 to 4.
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Theorem 5. Let $1, $
′
1, ν1, ν

′
1, ξ, %, p, λ, ϑ, s ∈ C with γ ∈ R+ and ν, a ∈ C\Z−0 such that Re(ξ) > 0

and Re(%) > max {0, Re($1 +$′1 + ν1 − ξ), Re($′1 − ν′1)} with |t| < 1. Then for <(p) ≥ 0, the

Beta-transform formula shown below is valid:

B
{(
I
$1,$

′
1,ν1,ν

′
1,ξ

0,x

{
t%−1 Φ

(θ,θ′)
λ,ϑ;ν ((tz)γ , s, a; p)

})
(x) : l,m

}
= x%+ξ−$1−$′

1−1 Γ(m) Φ
(θ,θ′)
λ,ϑ;ν (xγ , s, a; p)

∗ 5Ψ4

[
(1, 1), (l, γ), (%, γ), (%+ ξ −$1 −$′1 − ν1, γ), (%+ ν′1 −$′1, γ);

(l +m, γ), (%+ ν′1, γ), (%+ ξ −$1 −$′1, γ), (%+ ξ −$′1 − ν1 + γ, γ);
xγ

]
.

Theorem 6. Let $1, $
′
1, ν1, ν

′
1, ξ, %, p, λ, ϑ, s ∈ C with γ ∈ R+ and ν, a ∈ C\Z−0 such that Re(ξ) >

0 and Re(%) < 1 + min {Re(−ν1), Re($1 +$′1 − ξ), Re($1 + ν′1 − ξ)} with |1/t| < 1. Then for

<(p) ≥ 0, the Beta-transform formula shown below is valid:

B
{(
I
$1,$

′
1,ν1,ν

′
1,ξ

x,∞

{
t%−1 Φ

(θ,θ′)
λ,ϑ;ν

((z
t

)γ
, s, a; p

)})
(x) : l,m

}
= x%+ξ−$1−$′

1−1 Γ(m) Φ
(θ,θ′)
λ,ϑ;ν

(
1

xγ
, s, a; p

)
∗ 5Ψ4

[ (1, 1), (l, γ), (1− %− ν1, γ),

(l +m, γ), (1− %, γ),

(1− %− ξ +$1 +$′1, γ), (1− %− ξ +$1 + ν′1, γ);

(1− %− ξ +$1 +$′1 + ν′1, γ), (1− %+$1 − ν1, γ);

1

xγ

]
.

Theorem 7. Let $1, $
′
1, ν1, ν

′
1, ξ, %, p, λ, ϑ, s ∈ C with γ ∈ R+ and ν, a ∈ C\Z−0 such that Re(ξ) > 0

and Re(%) > max {0, Re(ξ −$1 −$′1 − ν′1), Re(ν1 −$1)} with |t| < 1. Then for <(p) ≥ 0, the

Beta-transform formula shown below is valid:

B
{(
D
$1,$

′
1,ν1,ν

′
1,ξ

0,x

{
t%−1 Φ

(θ,θ′)
λ,ϑ;ν ((tz)γ), s, a; p

})
(x) : l,m

}
= x%−ξ+$1+$

′
1−1 Γ(m) Φ

(θ,θ′)
λ,ϑ;ν (xγ , s, a; p)

∗ 5Ψ4

[
(1, 1), (l, γ), (%, γ), (%− ξ +$1 +$′1 + ν′1, γ), (%− ν1 +$1, γ);

(l +m, γ), (%− ν1, γ), (%− ξ +$1 +$′1, γ), (%− ξ +$1 + ν′1 + γ, γ);
xγ

]
.

Theorem 8. Let $1, $
′
1, ν1, ν

′
1, ξ, %, p, λ, ϑ, s ∈ C with γ ∈ R+ and ν, a ∈ C\Z−0 such that Re(ξ) > 0

and Re(%) < 1+min {Re(ν′1), Re(ξ −$1 −$′1, Re(ξ −$′1 − ν1)} with |1/t| < 1. Then for <(p) ≥ 0,

the Beta-transform formula shown below is valid:

B
{(
D
$1,$

′
1,ν1,ν

′
1,ξ

x,∞

{
t%−1 Φ

(θ,θ′)
λ,ϑ;ν

((z
t

)γ
, s, a; p

)})
(x) : l,m

}
= x%−ξ+$1+$

′
1−1 Γ(m) Φ

(θ,θ′)
λ,ϑ;ν

(
1

xγ
, s, a; p

)
∗ 5Ψ4

[ (1, 1), (l, γ), (1− %− ν′1, γ),

(1− %, γ), (1− %+ ξ −$1 −$′1 − ν1, γ),
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(1− %+ ξ −$1 −$′1, γ), (1− %+ ξ −$′1 − ν1, γ);

(l +m, γ), (1− %−$′1 − ν′1, γ);

1

xγ

]
.

Theorem 9. Let $1, $
′
1, ν1, ν

′
1, ξ, %, p, λ, ϑ, s ∈ C with γ ∈ R+ and ν, a ∈ C\Z−0 such that Re(ξ) > 0

and Re(%) > max {0, Re($1 +$′1 + ν1 − ξ), Re($′1 − ν′1)} with |t| < 1 . Then for <(p) ≥ 0, the

Laplace-transform formula shown below is valid:

L
{
zl−1

(
I
$1,$

′
1,ν1,ν

′
1,ξ

0,x

{
t%−1 Φ

(θ,θ′)
λ,ϑ;ν ((tz)γ), s, a; p

})
(x)
}

=
x%+ξ−$1−$′

1−1

sl
Φ

(θ,θ′)
λ,ϑ;ν

((x
s

)γ
, s, a; p

)
∗ 5Ψ3

[
(1, 1), (l, γ), (%, γ), (%+ ξ −$1 −$′1 − ν1, γ), (%+ ν′1 −$′1, γ);

(%+ ν′1, γ), (%+ ξ −$1 −$′1, γ), (%+ ξ −$′1 − ν1, γ);

(x
s

)γ]
.

Theorem 10. Let $1, $
′
1, ν1, ν

′
1, ξ, %, p, λ, ϑ, s ∈ C with γ ∈ R+ and ν, a ∈ C \ Z−0 such that

Re(ξ) > 0 and Re(%) < 1 + min {Re(−ν1), Re($1 +$′1 − ξ), Re($1 + ν′1 − ξ)} with |1/t| < 1.

Then for <(p) ≥ 0, the Laplace-transform formula shown below is valid:

L
{
zl−1

(
I
$1,$

′
1,ν1,ν

′
1,ξ

x,∞

{
t%−1 Φ

(θ,θ′)
λ,ϑ;ν

((z
t

)γ
, s, a; p

)})
(x)
}

=
x%+ξ−$1−$′

1−1

sl
Φ

(θ,θ′)
λ,ϑ;ν

((
1

xs

)γ
, s, a; p

)
∗ 5Ψ3

[ (1, 1), (l, γ), (1− %− ν1, γ), (1− %− ξ +$1 +$′1, γ),

(1− %, γ), (1− %− ξ +$1 +$′1 + ν′1, γ),

(1− %− ξ +$1 + ν′1, γ);

(1− %+$1 − ν1, γ);

(
1

xs

)γ ]
.

Theorem 11. Let $1, $
′
1, ν1, ν

′
1, ξ, %, p, λ, ϑ, s ∈ C with γ ∈ R+ and ν, a ∈ C \ Z−0 such that

Re(ξ) > 0 and Re(%) > max {0, Re(ξ −$1 −$′1 − ν′1), Re(ν1 −$1)} with |t| < 1 . Then for

<(p) ≥ 0, the Laplace-transform formula shown below is valid:

L
{
zl−1

(
D
$1,$

′
1,ν1,ν

′
1,ξ

0,x

{
t%−1 Φ

(θ,θ′)
λ,ϑ;ν ((tz)γ , s, a; p)

})
(x) :

}
=
x%−ξ+$1+$

′
1−1

sl
Φ

(θ,θ′)
λ,ϑ;ν

((x
s

)γ
, s, a; p

)
∗ 5Ψ3

[
(1, 1), (l, γ), (%, γ), (%− ξ +$1 +$′1 + ν′1, γ), (%− ν1 +$1, γ);

(%− ν1, γ), (%− ξ +$1 +$′1, γ), (%− ξ +$1 + ν′1, γ);

(x
s

)γ]
.

Theorem 12. Let $1, $
′
1, ν1, ν

′
1, ξ, %, p, λ, ϑ, s ∈ C with γ ∈ R+ and ν, a ∈ C \ Z−0 such that

Re(ξ) > 0 and Re(%) < 1 + min {Re(ν′1), Re(ξ −$1 −$′1, Re(ξ −$′1 − ν1)} with |1/t| < 1. Then

for <(p) ≥ 0, the Laplace-transform formula shown below is valid:

L
{
zl−1

(
D
$1,$

′
1,ν1,ν

′
1,ξ

x,∞

{
t%−1 Φ

(θ,θ′)
λ,ϑ;ν

((z
t

)γ
, s, a; p

)})
(x)
}

=
x%−ξ+$1+$

′
1−1

sl
Φ

(θ,θ′)
λ,ϑ;ν

((
1

xs

)γ
, s, a; p

)
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∗ 5Ψ3

[ (1, 1), (l, γ), (1− %− ν′1, γ),

(1− %, γ), (1− %+ ξ −$1 −$′1 − ν1, γ),

(1− %+ ξ −$1 −$′1, γ), (1− %+ ξ −$′1 − ν1, γ);

(1− %−$′1 − ν′1, γ);

(
1

xs

)γ ]
.

Theorem 13. Let $1, $
′
1, ν1, ν

′
1, ξ, %, p, λ, ϑ, s ∈ C with γ ∈ R+ and ν, a ∈ C \ Z−0 such that

Re(ξ) > 0 and Re(%) > max {0, Re($1 +$′1 + ν1 − ξ), Re($′1 − ν′1)} with |t| < 1 . Then for

<(p) ≥ 0, the Laplace-transform formula shown below is valid:∫ ∞
0

zl−1e−
1
2 δz Wτ,ς(δz)

{(
I
$1,$

′
1,ν1,ν

′
1,ξ

0,x

{
t%−1 Φ

(θ,θ′)
λ,ϑ;ν ((wtz)γ), s, a; p

})
(x)
}

dz

=
x%+ξ−$1−$′

1−1

δl
Φ

(θ,θ′)
λ,ϑ;ν

((wx
δ

)γ
, s, a; p

)
∗ 6Ψ4

[ (1, 1), ( 1
2 + ζ + l, γ), ( 1

2 − ζ + l, γ),

( 1
2 − τ + l, γ), (%+ ν′1, γ),

(%, γ), (%+ ξ −$1 −$′1 − ν1, γ), (%+ ν′1 −$′1, γ);

(%+ ξ −$1 −$′1, γ), (%+ ξ −$′1 − ν1, γ);

(wx
δ

)γ ]
.

Theorem 14. Let $1, $
′
1, ν1, ν

′
1, ξ, %, p, λ, ϑ, s ∈ C with γ ∈ R+ and ν, a ∈ C \ Z−0 such that

Re(ξ) > 0 and Re(%) < 1 + min {Re(−ν1), Re($1 +$′1 − ξ), Re($1 + ν′1 − ξ)} with |1/t| < 1.

Then for <(p) ≥ 0, the integral formula shown below is valid:∫ ∞
0

zl−1e−
1
2 δz Wτ,ς(δz)

{(
I
$1,$

′
1,ν1,ν

′
1,ξ

x,∞

{
t%−1 Φ

(θ,θ′)
λ,ϑ;ν

((wz
t

)γ
, s, a; p

)})
(x)
}

dz

=
x%+ξ−$1−$′

1−1

δl
Φ

(θ,θ′)
λ,ϑ;ν

(( w
xδ

)γ
, s, a; p

)
∗ 6Ψ4

[ (1, 1), ( 1
2 + ζ + l, γ), ( 1

2 − ζ + l, γ), (1− %− ν1, γ),

( 1
2 − τ + l, γ), (1− %, γ),

(1− %− ξ +$1 +$′1, γ), (1− %− ξ +$1 + ν′1, γ);

(1− %− ξ +$1 +$′1 + ν′1, γ), (1− %+$1 − ν1, γ);

( w
xδ

)γ ]
.

Theorem 15. Let $1, $
′
1, ν1, ν

′
1, ξ, %, p, λ, ϑ, s ∈ C with γ ∈ R+ and ν, a ∈ C\Z−0 such that Re(ξ) >

0 and Re(%) > max {0, Re(ξ −$1 −$′1 − ν′1), Re(ν1 −$1)} with |t| < 1. Then for <(p) ≥ 0, the

integral formula shown below is valid:∫ ∞
0

zl−1e−
1
2 δz Wτ,ς(δz)

{(
D
$1,$

′
1,ν1,ν

′
1,ξ

0,x

{
t%−1 Φ

(θ,θ′)
λ,ϑ;ν ((wtz)γ), s, a; p

})
(x)
}

=
x%−ξ+$1+$

′
1−1

δl
Φ

(θ,θ′)
λ,ϑ;ν (

(wx
δ

)γ
, s, a; p)

∗ 6Ψ4

[ (1, 1), ( 1
2 + ζ + l, γ), ( 1

2 − ζ + l, γ)

( 1
2 − τ + l, γ), (%− ν1, γ),

(%+ γ, γ), (%− ξ +$1 +$′1 + ν′1, γ), (%− ν1 +$1, γ);

(%− ξ +$1 +$′1, γ), (%− ξ +$1 + ν′1, γ)

(wx
δ

)γ ]
.

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 

334 KUMAWAT et al 326-337



10 SHILPA KUMAWAT AND HEMLATA SAXENA

Theorem 16. Let $1, $
′
1, ν1, ν

′
1, ξ, %, p, λ, ϑ, s ∈ C with γ ∈ R+ and ν, a ∈ C \ Z−0 such that

Re(ξ) > 0 and Re(%) < 1 + min {Re(ν′1), Re(ξ −$1 −$′1, Re(ξ −$′1 − ν1)} with |1/t| < 1. Then

for <(p) ≥ 0, the integral formula shown below is valid:∫ ∞
0

zl−1e−
1
2 δz Wτ,ς(δz)

{(
D
$1,$

′
1,ν1,ν

′
1,ξ

x,∞

{
t%−1 Φ

(θ,θ′)
λ,ϑ;ν

((wz
t

)γ
, s, a; p

)})
(x)
}

=
x%−ξ+$1+$

′
1−1

δl
Φ

(θ,θ′)
λ,ϑ;ν

(( w
xδ

)γ
, s, a; p

)
∗ 6Ψ4

[ (1, 1), ( 1
2 + ζ + l, γ), ( 1

2 − ζ + l, γ), (1− %− ν′1, γ),

( 1
2 − τ + l, γ), (1− %, γ),

(1− %+ ξ −$1 −$′1, γ), (1− %+ ξ −$′1 − ν1, γ)p;

(1− %+ ξ −$1 −$′1 − ν1, γ), (1− %−$′1 − ν′1, γ);

( w
xδ

)γ ]
.

4. Concluding Remarks and Observations

In the current study, we have found the composition formulas for the generalized Marichev-Saigo-

Maeda fractional integrals and differential operators (1.1), (1.2), (1.3) and (1.4) involving the p–

extended Hurwitz-Lerch zeta function Φ
(θ,θ′)
λ,ϑ;ν (z, s, a; p) in terms of the Hadamard product (1.8) of

the p–extended Hurwitz-Lerch zeta function Φ
(θ,θ′)
λ,ϑ;ν (z, s, a; p)(z, s, a) and the Fox–Wright function

rΨs(z) employing the Hadamard product (or convolution) of two analytic functions. Additionally, we

have derived some image formulas in connection with integral transformations such asthe Euler-Beta,

Laplace, and Whittaker transforms. Then, as special cases, we can construct as corollaries the specific

image formulas for the Erdélyi-Kober(E-K), Riemann-Liouville(R-L), and Saigo’s fractional integral

and differential operators. We have left this as an exercise for the readers. The results obtained in

this paper are assumed to be have applications in various field of Physical and Engineering Sciences.

Another application in real world problems can be developed in recents papers[22, 23]
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