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Abstract

Here we present M-fractional integral inequalities of Ostrowski and
Polya types.
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1 Introduction

We are inspired by the following results:

Theorem 1 (/2], p. 498, [1], [5]) (Ostrowski inequality)
Let f € C'([a,b]), = € [a,b]. Then

@-’+0-2")
g( e )nfoo. )

Inequality (1) is sharp. In particular the optimal function is

b
[ @1 @)

) =lz—z|"b—a), a>1. (2)
Theorem 2 (/6], [7, p. 62], [8], [9, p. 83]) (Polya integral inequality)

Let f (z) be differentiable and not identically a constant on [a,b] with f (a) =
f(b) =0. Then there exists at least one point & € [a,b] such that

) > (b_“) / f (z) da. 3)

In this short work we present inequalities of types (1) and (3) involving the
left and right fractional local general M-derivatives, see [3], [4].
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2 Background
We need

Definition 3 (/4]) Let f : [a,00) = R andt > a, a € R. For 0 < a <1 we
define the left local general M -derivative of order o of function f, denoted by

D35 f (1), by

D% f(t) := lim d ( , (4)

(oo}
YV t>a, where Bg (t) = > r(ﬁtTkH)’ B > 0, is the Mittag-Leffler function with
k=0

one parameter.
If Dﬁfaf (t) exists over (a,7), v € R and tl_i,lgl+Dg?f77ﬁaf (t) exists, then

Dyl (@) = lim DL F (). (5)

Theorem 4 ([}]) If a function f : [a,00) — R has the left local general M-
derivative of order oo € (0,1], 8 > 0, at to > a, then f is continuous at to.

‘We need

Theorem 5 ([}]) (Mean value theorem) Let f : [v,6] — R with v > a, 0 ¢
[v,0], such that

(1) f is continuous on [7,d],

(2) there exists Dgfaf on (v,0) for some a € (0,1].

Then, there exists ¢ € (v,0) such that

yLrle sy

FO) =) = (D5 (@
We need

Definition 6 (/3]) Let f : (—o0,b] = R andt < b, b€ R. For 0 < a <1 we
define the right local general M -derivative of order o of function f, denoted as

YD (2), by

F(tBs (s 6-07")) = f®

AaDf (1) = ~lim - : (7)
Vi ; %fibpf (t) exists over (v,b), v € R and tliril,ZfbDf (t) exists, then
501 0) = Jim DI 1), ®)
2
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Theorem 7 (/3]) If a function f : (—o0,b] — R has the right local general
M -derivative of order o € (0,1], 8> 0, at tg < b, then f is continuous at t.

We also need

Theorem 8 (/3]) (Mean value theorem) Let f : [v,0] — R with 6 < b, 0 ¢
[, 9], such that

(1) f is continuous on [vy,d],

(2) there exists %}ﬁ)Df on (7,9) for some a € (0,1].

Then, there exists ¢ € (vy,0) such that

16 =10 = (-sor@) (LT 60 @

Fractional derivatives D?/Iﬁa and j’(f »D possess all basic properties of the
ordinary derivatives and beyond, see [3], [4].

3 Main Results

We present the following M-fractional Ostrowski type inequality:

Theorem 9 Leta <y <46 <b, 0¢[v,6], f:]a,b — R, which is continuous
over [y,d]. We assume that D?\‘fa, ﬁfbD exist and are continuous over [y, xo]
and [z, 0], respectively, where xg € [v, 4], for some « € (0,1]. Then

L L(B+1)
M[y f(x)dx—f(xo) < m
Da,ﬁ %BD
H el )y o2+ [EELED (o -
00,[7,@o] 00, [x0,0]
(10)
Proof. Let z € [y, xg], the by Theorem 5, there exists ¢; € (x,zg), such
that
Dyl
f(@o) = f (z) = (1\4&01"(01)) I'(B+1) (e —a) (zo — ). (11)
Thus
Dy
|f(z) = f (zo)| = ‘Mi(q) I'(B+1)(c1 —a)” |z — o <
DS’
HM;“” D3+ 1) (20— )" 2~ 0] (12)
007[71‘1’0]
3
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V€ [y, zo].
Let now x € [xg, ], then by Theorem 8, there exists ca € (20, ), such that

Df(c
f (@) = f (20) = - (”f()> T(B+1)(b—c) (x—m).  (13)
Thus
aﬁD Co
|f () = f(z0)| = Mbcf() L(B+1)(b—z0)" |z — o] <
a,f3 z
%f() L(B41)(b—z0)" |z — zo, (14)
00,[z0,0]
Vze [IEQ, 5] .

We have that

1 5
5—7/7 f(z)dz — f (z0) :m

X0 (by (12)-, (14))
/ 1f () = f (0 |dx+/ |f () = f (0)| do <
.

| D35 f ()

F(ﬂ—‘rl)(ﬂio—a)a/xo (mo—x)dl'

00, [7,0]

0

F(ﬁ-ﬁ- ].) (b—.’E())a/

xo

(z — x) dx] =

00,[z0,8)

o) “Dmf - (20— )" (w0 = 7)" + (16)

00, [v,o]

X

DS ()

T

00,[z0,8)

(b — x())a (6 — 1’())2] .

The theorem is proved. m
Next we give two M-fractional Polya type inequalities:
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Theorem 10 All as in Theorem 9 and f (xg) = 0. Then

J r 1
ws| < [ 17 @lae < HEED
Daﬁ (lﬁD
H M, ;f( ) (.'L'() _ a)a (x() _ 7)2 + M,b :Cf (.T) (b . -'L'())a (6 _ -730)2
00,[v,z0] 00,[z0,9]

(17)
Proof. Same as in the proof of Theorem 9, by setting f (zo) =0. ®

Corollary 11 (to Theorem 10, case of zy = “’TH) All as in Theorem 9 and
7(152) = 0. Then

’ F(+1) (06—
[ 1@< HE

MbDf( )
T

HD%J@

ey

(18)

Proof. Apply (17) for zy = i [ ]
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