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Abstract
Here we present multivariate Ostrowski-Sugeno Fuzzy type inequali-

ties. These are multivariate Ostrowski-like inequalities in the context of
Sugeno fuzzy integral and its special properties. They give tight upper
bounds to the deviation of a multivariate function from its Sugeno-fuzzy
multivariate averages.
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1 Introduction

The famous Ostrowski ([4]) inequality motivates this work and has as follows:����� 1

b� a

Z b

a

f (y) dy � f (x)
����� �

 
1

4
+

�
x� a+b

2

�2
(b� a)2

!
(b� a) kf 0k1 ;

where f 2 C1 ([a; b]), x 2 [a; b], and it is a sharp inequality.
Another motivation comes from author�s [2], pp. 507-508, see also [1]:

Let f 2 C1
�

kQ
i=1

[ai; bi]

�
, where ai < bi; ai; bi 2 R, i = 1; :::; k; and let

x0 := (x01; :::; x0k) 2
kQ
i=1

[ai; bi] be �xed. Then���������
1

kQ
i=1

(bi � ai)

Z b1

a1

:::

Z bi

ai

:::

Z bk

ak

f (z1; :::; zk) dz1:::dzk � f (x0)

��������� �
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kX
i=1

 
(x0i � ai)2 + (bi � x0i)2

2 (bi � ai)

!



 @f@zi





1
:

The last inequality is sharp, the optimal function is

f� (z1; :::; zk) :=
kX
i=1

jzi � x0ij�i , �i > 1:

Here �rst we give a survey about Sugeno fuzzy integral and its basic special
properties. Then we derive a set of multivariate Ostrowski-like inequalities to all
directions in the context of Sugeno integral whitin its basic important properties.
We �nish with an application to a special multivariate case.

2 Background

In this section, some de�nitions and basic important properties of the Sugeno
integral which will be used in the next section are presented. Also a preparation
for the main results Section 3 is given.

De�nition 1 (Fuzzy measure [6, 8]) Let � be a �-algebra of subsets of X, and
let � : �! [0;+1] be a non-negative extended real-valued set function. We say
that � is a fuzzy measure i¤:
(1) � (?) = 0;
(2) E;F 2 � : E � F imply � (E) � � (F ) (monotonicity),
(3) En 2 � (n 2 N), E1 � E2 � :::, imply lim

n!1
� (En) = � ([1n=1En)

(continuity from below);
(4) En 2 � (n 2 N), E1 � E2 � :::, � (E1) < 1; imply lim

n!1
� (En) =

� (\1n=1En) (continuity from above).

Let (X;�; �) be a fuzzy measure space and f be a non-negative real-valued
function on X. We denote by F+ the set of all non-negative real valued mea-
surable functions, and by L�f the set: L�f := fx 2 X : f (x) � �g, the �-level
of f for � � 0:

De�nition 2 Let (X;�; �) be a fuzzy measure space. If f 2 F+ and A 2 �,
then the Sugeno integral (fuzzy integral) [7] of f on A with respect to the fuzzy
measure � is de�ned by

(S)

Z
A

fd� := _��0 (� ^ � (A \ L�f)) ; (1)

where _ and ^ denote the sup and inf on [0;1], respectively.

The basic properties of Sugeno integral follow:

2

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.6, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

1127 Anastassiou 1126-1138



Theorem 3 ([5, 8]) Let (X;�; �) be a fuzzy measure space with A;B 2 � and
f; g 2 F+. Then
1) (S)

R
A
fd� � � (A) ;

2) (S)
R
A
kd� = k ^ � (A) for a non-negative constant k;

3) if f � g on A, then (S)
R
A
fd� � (S)

R
A
gd�;

4) if A � B, then (S)
R
A
fd� � (S)

R
B
fd�;

5) � (A \ L�f) � �) (S)
R
A
fd� � �;

6) if � (A) <1, then � (A \ L�f) � �, (S)
R
A
fd� � �;

7) when A = X, then (S)
R
A
fd� = _��0 (� ^ � (L�f)) ;

8) if � � �, then L�f � L�f ;
9) (S)

R
A
fd� � 0:

Theorem 4 ([8], p. 135) Here f 2 F+, the class of all �nite nonnegative
measurable functions on (X;�; �). Then
1) if � (A) = 0, then (S)

R
A
fd� = 0; for any f 2 F+;

2) if (S)
R
A
fd� = 0, then � (A \ fxjf (x) > 0g) = 0;

3) (S)
R
A
fd� = (S)

R
X
f � �Ad�; where �A is the characteristic function of

A;
4) (S)

R
A
(f + a) d� � (S)

R
A
fd�+ (S)

R
A
ad�, for any constant a 2 [0;1):

Corollary 5 ([8], p. 136) Here f; f1; f2 2 F+. Then
1) (S)

R
A
(f1 _ f2) d� � (S)

R
A
f1d� _ (S)

R
A
f2d�;

2) (S)
R
A
(f1 ^ f2) d� � (S)

R
A
f1d� ^ (S)

R
A
f2d�;

3) (S)
R
A[B fd� � (S)

R
A
fd� _ (S)

R
B
fd�;

4) (S)
R
A\B fd� � (S)

R
A
fd� ^ (S)

R
B
fd�:

In general we have

(S)

Z
A

(f1 + f2) d� 6= (S)
Z
A

f1d�+ (S)

Z
A

f2d�;

and

(S)

Z
A

afd� 6= a (S)
Z
A

fd�, where a 2 R;

see [8], p. 137.

Lemma 6 ([8], p. 138) (S)
R
A
fd� = 1 i¤ � (A \ L�f) = 1 for any � 2

[0;1):

We need

De�nition 7 ([3]) A fuzzy measure � is subadditive i¤ � (A [B) � � (A) +
� (B), for all A;B 2 �:

We mention
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Theorem 8 ([3]) If � is subadditive, then

(S)

Z
X

(f + g) d� � (S)
Z
X

fd�+ (S)

Z
X

gd�; (2)

for all measurable functions f; g : X ! [0;1):
Moreover, if (2) holds for all measurable functions f; g : X ! [0;1) and

� (X) <1, then � is subadditive.
Notice here in (1) we have that � 2 [0;1):

We have

Corollary 9 If � is aubadditive, n 2 N, and f : X ! [0;1) is a measurable
function, then

(S)

Z
X

nfd� � n (S)
Z
X

fd�; (3)

in particular it holds

(S)

Z
A

nfd� � n (S)
Z
A

fd�; (4)

for any A 2 �:

Proof. By (2).
A very important property of Sugeno integral follows.

Theorem 10 If � is subadditive measure, and f : X ! [0;1) is a measurable
function, and c > 0, then

(S)

Z
A

cfd� � (c+ 1) (S)
Z
A

fd�; (5)

for any A 2 �:

Proof. Let the ceiling dce = m 2 N, then by Theorem 3 (3) and (4) we get

(S)

Z
A

cfd� � (S)
Z
A

mfd� � m (S)
Z
A

fd� � (c+ 1) (S)
Z
A

fd�;

proving (5).
From now on in this article we work on the fuzzy measure space (Q;B; �),

where Q � Rk, k � 1 is a convex compact subset, B is the Borel �-algebra on
Q, and � is a �nite fuzzy measure on B. Typically we take it to be subadditive.
The functions f we deal with here are continuous from Q into R+:
We make

Remark 11 Let f 2 C (Q;R+), and � is a subadditive fuzzy measure such that
� (Q) > 0, x 2 Q. We will estimate

E (x) :=

����(S)Z
Q

f (t) d� (t)� � (Q) ^ f (x)
���� (6)
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(by Theorem 3 (2))

=

����(S)Z
Q

f (t) d� (t)� (S)
Z
Q

f (x) d� (t)

���� :
We notice that

f (t) = f (t)� f (x) + f (x) � jf (t)� f (x)j+ f (x) ;

then (by Theorem 3 (3) and Theorem 4 (4))

(S)

Z
Q

f (t) d� (t) � (S)
Z
Q

jf (t)� f (x)j d� (t) + (S)
Z
Q

f (x) d� (t) ; (7)

that is

(S)

Z
Q

f (t) d� (t)� (S)
Z
Q

f (x) d� (t) � (S)
Z
Q

jf (t)� f (x)j d� (t) : (8)

Similarly, we have

f (x) = f (x)� f (t) + f (t) � jf (t)� f (x)j+ f (t) ;

then (by Theorem 3 (3) and Theorem 8)

(S)

Z
Q

f (x) d� (t) � (S)
Z
Q

jf (t)� f (x)j d� (t) + (S)
Z
Q

f (t) d� (t) ;

that is

(S)

Z
Q

f (x) d� (t)� (S)
Z
Q

f (t) d� (t) � (S)
Z
Q

jf (t)� f (x)j d� (t) : (9)

By (8) and (9) we derive that����(S)Z
Q

f (t) d� (t)� (S)
Z
Q

f (x) d� (t)

���� � (S)Z
Q

jf (t)� f (x)j d� (t) : (10)

Consequently it holds

E (x)
(by (6), (10))

� (S)

Z
Q

jf (t)� f (x)j d� (t) ; (11)

where t = (t1; :::; tk), x = (x1; :::; xk) :

We will use (11).
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3 Main Results

We make

Remark 12 Here Q :=
kQ
i=1

[ai; bi], where ai < bi; ai; bi 2 R, i = 1; :::; k;

x = (x1; :::; xk) 2
kQ
i=1

[ai; bi] is �xed, and f 2 C1
�

kQ
i=1

[ai; bi] ;R+
�
. Consider

gt (r) := f (x+ r (t� x)), r � 0. Note that gt (0) = f (x), gt (1) = f (t). Thus

f (t)� f (x) = gt (1)� gt (0) = g0t (�) (1� 0) = g0t (�) ; (12)

where � 2 (0; 1) :
I.e.

f (t)� f (x) =
kX
i=1

(ti � xi)
@f

@ti
(x+ � (t� x)) : (13)

Hence

jf (t)� f (x)j �
kX
i=1

jti � xij
���� @f@ti (x+ � (t� x))

����
�

kX
i=1

jti � xij




 @f@ti






1
: (14)

By (11) we get������(S)
Z

kQ
i=1

[ai;bi]

f (t) d� (t)� �
 

kY
i=1

[ai; bi]

!
^ f (x)

������ �
(S)

Z
kQ
i=1

[ai;bi]

jf (t)� f (x)j d� (t)
(14)
�

(S)

Z
kQ
i=1

[ai;bi]

 
kX
i=1

jti � xij




 @f@ti






1

!
d� (t)

(2)
�

kX
i=1

(S)

Z
kQ
i=1

[ai;bi]

jti � xij




 @f@ti






1
d� (t)

(5)
�

kX
i=1

�



 @f@ti





1
+ 1

�0@(S)Z kQ
i=1

[ai;bi]

jti � xij d� (t)

1A : (15)

Here � is a fuzzy subadditive measure with �
�

kQ
i=1

[ai; bi]

�
> 0:
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Therefore we get���������
1

�

�
kQ
i=1

[ai; bi]

� (S)Z kQ
i=1

[ai;bi]

f (t) d� (t)�

0BBB@1 ^ f (x)

�

�
kQ
i=1

[ai; bi]

�
1CCCA
���������
(15)
� (16)

kX
i=1

0BBB@



 @f@ti 


1 + 1

�

�
kQ
i=1

[ai; bi]

�
1CCCA
0@(S)Z kQ

i=1

[ai;bi]

jti � xij d� (t)

1A :

Notice here

0B@1 ^ f(x)

�

 
kQ
i=1

[ai;bi]

!
1CA � 1, and

1

�

 
kQ
i=1

[ai;bi]

! (S) R kQ
i=1

[ai;bi]
f (t) d� (t)

(by Thm. 3 (1))
� 1;

where (S)
R

kQ
i=1

[ai;bi]
f (t) d� (t) � 0.

If f :
kQ
i=1

[ai; bi] ! R+ is a Lipschitz function of order 0 < � � 1, i.e.

jf (x)� f (y)j � K kx� yk�l1 , 8 x; y 2
kQ
i=1

[ai; bi], K > 0, where kx� ykl1 :=
kP
i=1

jxi � yij, denoted by f 2 Lip�;K
�

kQ
i=1

[ai; bi] ;R+
�
, then by (11) we get������(S)

Z
kQ
i=1

[ai;bi]

f (t) d� (t)� �
 

kY
i=1

[ai; bi]

!
^ f (x)

������ � (17)

(S)

Z
kQ
i=1

[ai;bi]

jf (t)� f (x)j d� (t) �

(S)

Z
kQ
i=1

[ai;bi]

K kt� xk�l1 d� (t)
(5)
�

(K + 1) (S)

Z
kQ
i=1

[ai;bi]

kt� xk�l1 d� (t) :

We have proved���������
1

�

�
kQ
i=1

[ai; bi]

� (S)Z kQ
i=1

[ai;bi]

f (t) d� (t)�

0BBB@1 ^ f (x)

�

�
kQ
i=1

[ai; bi]

�
1CCCA
��������� � (18)
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(K + 1)

�

�
kQ
i=1

[ai; bi]

� (S)Z kQ
i=1

[ai;bi]

kt� xk�l1 d� (t) :

We have established the following multivariate Ostrowski-Sugeno inequali-
ties.

Theorem 13 Here � is a fuzzy subadditive measure with �
�

kQ
i=1

[ai; bi]

�
> 0,

x 2
kQ
i=1

[ai; bi] :

1) Let f 2 C1
�

kQ
i=1

[ai; bi] ;R+
�
, then���������

1

�

�
kQ
i=1

[ai; bi]

� (S)Z kQ
i=1

[ai;bi]

f (t) d� (t)�

0BBB@1 ^ f (x)

�

�
kQ
i=1

[ai; bi]

�
1CCCA
��������� � (19)

kX
i=1

0BBB@



 @f@ti 


1 + 1

�

�
kQ
i=1

[ai; bi]

�
1CCCA
0@(S)Z kQ

i=1

[ai;bi]

jti � xij d� (t)

1A :
2) Let f 2 Lip�;K

�
kQ
i=1

[ai; bi] ;R+
�
, 0 < � � 1, then���������

1

�

�
kQ
i=1

[ai; bi]

� (S)Z kQ
i=1

[ai;bi]

f (t) d� (t)�

0BBB@1 ^ f (x)

�

�
kQ
i=1

[ai; bi]

�
1CCCA
��������� � (20)

(K + 1)

�

�
kQ
i=1

[ai; bi]

� (S)Z kQ
i=1

[ai;bi]

kt� xk�l1 d� (t) :

We make

Remark 14 Let Q be a compact and convex subset of Rk, k � 1. Let f 2�
C (Q;R+) \ Cn+1 (Q)

�
, n 2 N and x 2 Q is �xed such that all partial deriva-

tives f� :=
@�f
@t� , where � = (�1; :::; �k), �i 2 Z

+, i = 1; :::; k; j�j =
�P
i=1

�i = j,

j = 1; :::; n ful�ll f� (x) = 0.
By [2], p. 513, we get that

jf (t)� f (x)j �

"�
kP
i=1

jti � xij



 @
@ti





1

�n+1
f

#
(n+ 1)!

; 8 t 2 Q: (21)
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Call
Dn+1 (f) := max

�:j�j=n+1
kf�k1 : (22)

For example, when k = 2 and n = 1, we get that24 2X
i=1

jti � xij




 @@ti






1

!2
f

35 =
(t1 � x1)2





@2f@t21





1
+ 2 jt1 � x1j jt2 � x2j





 @2f

@t1@t2






1
+ (t2 � x2)2





@2f@t22





1
;

(23)
and

D2 (f) = max
�:j�j=2

kf�k1 : (24)

Clearly, it holds24 2X
i=1

jti � xij




 @@ti






1

!2
f

35 � D2 (f) (jt1 � x1j+ jt2 � x2j)2 : (25)

Consequently, we derive that24 kX
i=1

jti � xij




 @@ti






1

!n+1
f

35 � Dn+1 (f) kt� xkn+1l1
; 8 t 2 Q: (26)

By (11) we get ����(S)Z
Q

f (t) d� (t)� � (Q) ^ f (x)
���� �

(S)

Z
Q

jf (t)� f (x)j d� (t)
(21)
� (27)

(S)

Z
Q

"�
kP
i=1

jti � xij



 @
@ti





1

�n+1
f

#
(n+ 1)!

d� (t)
(26)
�

(S)

Z
Q

Dn+1 (f) kt� xkn+1l1

(n+ 1)!
d� (t)

(5)
� (28)�

Dn+1 (f)

(n+ 1)!
+ 1

�
(S)

Z
Q

kt� xkn+1l1
d� (t) :

Here � is a fuzzy subadditive measure with � (Q) > 0:
By (27) and (28) we obtain���� 1

� (Q)
(S)

Z
Q

f (t) d� (t)�
�
1 ^ f (x)

� (Q)

����� �
9
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�
Dn+1(f)
(n+1)! + 1

�
� (Q)

(S)

Z
Q

kt� xkn+1l1
d� (t) : (29)

We have established the following multivariate Ostrowski-Sugeno general
inequality:

Theorem 15 Let Q be a compact and convex subset of Rk, k � 1. Let f 2�
C (Q;R+) \ Cn+1 (Q)

�
, n 2 N; x 2 Q be �xed: f� (x) = 0, all � : j�j = j,

j = 1; :::; n. Here � is a fuzzy subadditive measure with � (Q) > 0: Then���� 1

� (Q)
(S)

Z
Q

f (t) d� (t)�
�
1 ^ f (x)

� (Q)

����� ��
Dn+1(f)
(n+1)! + 1

�
� (Q)

(S)

Z
Q

kt� xkn+1l1
d� (t) : (30)

Corollary 16 All as in Theorem 15. Then���� 1

� (Q)
(S)

Z
Q

f (t) d� (t)�
�
1 ^ f (x)

� (Q)

����� ��
1 + 1

(n+1)!

�
� (Q)

(S)

Z
Q

24 kX
i=1

jti � xij




 @@xi






1

!n+1
f

35 d� (t) : (31)

Next we take again Q :=
kQ
i=1

[ai; bi], we set a := (a1; :::; ak), b := (b1; :::; bk),

and a+b
2 =

�
a1+b1
2 ; :::; ak+bk2

�
2

kQ
i=1

[ai; bi] :

Corollary 17 Let f 2
�
C

�
kQ
i=1

[ai; bi] ;R+
�
\ Cn+1

�
kQ
i=1

[ai; bi]

��
, n 2 N;

such that f�
�
a+b
2

�
= 0, all � : j�j = j, j = 1; :::; n. Here � is a fuzzy sub-

additive measure with �
�

kQ
i=1

[ai; bi]

�
> 0: Then

���������
1

�

�
kQ
i=1

[ai; bi]

� (S)Z kQ
i=1

[ai;bi]

f (t) d� (t)�

0BBB@1 ^ f
�
a+b
2

�
�

�
kQ
i=1

[ai; bi]

�
1CCCA
��������� ��

Dn+1(f)
(n+1)! + 1

�
�

�
kQ
i=1

[ai; bi]

� (S)Z kQ
i=1

[ai;bi]





t� a+ b2




n+1
l1

d� (t) : (32)
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Proof. By Theorem 15.
We make

Remark 18 By multinomial theorem we have that

kt� xkn+1l1
=

 
kX
i=1

jti � xij
!n+1

=

X
r1+r2+:::+rk=n+1

�
n+ 1

r1; r2; :::; rk

�
jt1 � x1jr1 jt2 � x2jr2 ::: jtk � xkjrk ; (33)

where �
n+ 1

r1; r2; :::; rk

�
=

(n+ 1)!

r1!r2!:::rk!
: (34)

By (27), (28) we get ����(S)Z
Q

f (t) d� (t)� � (Q) ^ f (x)
���� �

(S)

Z
Q

Dn+1 (f)

(n+ 1)!
kt� xkn+1l1

d� (t)
(by (33), (34))

=

(S)

Z
Q

" X
r1+r2+:::+rk=n+1

�
Dn+1 (f)

r1!r2!:::rk!

� kY
i=1

jti � xijri
!#

d� (t)
(2)
�

X
r1+r2+:::+rk=n+1

(S)

Z
Q

�
Dn+1 (f)

r1!r2!:::rk!

� kY
i=1

jti � xijri
!
d� (t)

(5)
�

X
r1+r2+:::+rk=n+1

�
Dn+1 (f)

r1!r2!:::rk!
+ 1

�
(S)

Z
Q

 
kY
i=1

jti � xijri
!
d� (t) : (35)

We have proved the following multivariate Ostrowski-Sugeno general inequal-
ity:

Theorem 19 Here all as in Theorem 15. Then���� 1

� (Q)
(S)

Z
Q

f (t) d� (t)�
�
1 ^ f (x)

� (Q)

����� �
X

r1+r2+:::+rk=n+1

0@
�
Dn+1(f)
r1!r2!:::rk!

+ 1
�

� (Q)

1A (S)Z
Q

 
kY
i=1

jti � xijri
!
d� (t) : (36)

We make
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Remark 20 In case k = 2, n = 1, by (27), (28) we get����(S)Z
Q

f (t) d� (t)� � (Q) ^ f (x)
���� �

(S)

Z
Q

D2 (f)

2
kt� xk2l1 d� (t) =

(S)

Z
Q

D2 (f)

2

h
(t1 � x1)2 + 2 jt1 � x1j jt2 � x2j+ (t2 � x2)2

i
d� (t) � (37)

(S)

Z
Q

D2 (f)

2
(t1 � x1)2 d� (t) + (S)

Z
Q

D2 (f) jt1 � x1j jt2 � x2j d� (t)

+ (S)

Z
Q

D2 (f)

2
(t2 � x2)2 d� (t) ��

1 +
D2 (f)

2

�
(S)

Z
Q

(t1 � x1)2 d� (t)+(1 +D2 (f)) (S)
Z
Q

jt1 � x1j jt2 � x2j d� (t)

+

�
1 +

D2 (f)

2

�
(S)

Z
Q

(t2 � x2)2 d� (t) :

We have proved

Corollary 21 Let Q be a compact and convex subset of R2. Let f 2 (C (Q;R+)
\C2 (Q)), x = (x1; x2) 2 Q be �xed: @f

@t1
(x1; x2) =

@f
@t2
(x1; x2) = 0. Here � is

a fuzzy subadditive measure with � (Q) > 0. Then���� 1

� (Q)
(S)

Z
Q

f (t) d� (t)�
�
1 ^ f (x)

� (Q)

����� ��
1 + D2(f)

2

�
� (Q)

(S)

Z
Q

(t1 � x1)2 d� (t)+
(1 +D2 (f))

� (Q)
(S)

Z
Q

jt1 � x1j jt2 � x2j d� (t)

(38)

+

�
1 + D2(f)

2

�
� (Q)

(S)

Z
Q

(t2 � x2)2 d� (t) :
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