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Abstract
Here we present multivariate Ostrowski-Sugeno Fuzzy type inequali-
ties. These are multivariate Ostrowski-like inequalities in the context of
Sugeno fuzzy integral and its special properties. They give tight upper
bounds to the deviation of a multivariate function from its Sugeno-fuzzy
multivariate averages.
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1 Introduction

The famous Ostrowski ([4]) inequality motivates this work and has as follows:

b v — atb)?
o [ Fwd—f@) < (i+((b_))> (b= ) [/l

where f € C* ([a,b]), x € [a,b], and it is a sharp inequality.
Another motivation comes from author’s [2], pp. 507-508, see also [1]:
k
Let f € C! (H [ai,bi]>, where a; < b;; a;,b; € R, ¢ = 1,...,k, and let

=1

k
o := (o1, -, Tok) € [] [as, bi] be fixed. Then
i=1

b1 by
= / / f zl,...,zk)dzl...dzk—f(xo) S
H (b; — a;)

1=
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(JZ i—ai)2+(bi—xi)2
Z( } 2 (bi — a;) : )‘ .

i=1

o0

The last inequality is sharp, the optimal function is

k
f* (21, ...,Zk) = Z |2:Z — $0i‘ai , o > 1.
=1

Here first we give a survey about Sugeno fuzzy integral and its basic special
properties. Then we derive a set of multivariate Ostrowski-like inequalities to all
directions in the context of Sugeno integral whitin its basic important properties.
We finish with an application to a special multivariate case.

2 Background

In this section, some definitions and basic important properties of the Sugeno
integral which will be used in the next section are presented. Also a preparation
for the main results Section 3 is given.

Definition 1 (Fuzzy measure [6, 8]) Let ¥ be a o-algebra of subsets of X, and
let u: ¥ — [0,400] be a non-negative extended real-valued set function. We say
that p is a fuzzy measure iff:

(1) p(2) =0,
(2) E,F €% :ECF imply p(E) < p(F) (monotonicity),
(8) E, € ¥ (n € N), By C Ey C ..., imply lim p(FE,) = u(UX2,E,)

(continuity from below);
(4) E, € ¥ (n € N), E; D Ey D ..., u(E1) < oo, imply lim u(E,) =

(NS, Ey) (continuity from above).

Let (X,X, 1) be a fuzzy measure space and f be a non-negative real-valued
function on X. We denote by F, the set of all non-negative real valued mea-
surable functions, and by L, f the set: L, f :={z € X : f (z) > a}, the a-level
of f for a > 0.

Definition 2 Let (X, X, u) be a fuzzy measure space. If f € Fy and A € %,

then the Sugeno integral (fuzzy integral) [7] of f on A with respect to the fuzzy
measure p is defined by

(9) /A Jdit = Vaso (@ A (AN Lof)) (1)

where V and A denote the sup and inf on [0, 0], respectively.

The basic properties of Sugeno integral follow:
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Theorem 3 ([5, 8]) Let (X,3, 1) be a fuzzy measure space with A, B € ¥ and
frg € Fy. Then
S) [ fdp < p(A);
S) [y kdp =k A pu(A) for a non-negative constant k;
3) if f < g on A, then (S) [, fdu < (S) [, gdu;
4) if AC B, then () [, fd < (S) [, fdii:
5) w(ANLof) <a=(9) [, fdp <o
6) if p(A) < oo, then (AN Lof) > a < (S) [, fdu > o;
7) when A= X, then (S) [, fdp = Vaso (@ A p(Laf));
§) if a < B, then Lyf C Lof;
S) [, fdu > 0.

Theorem 4 ([8/, p. 135) Here f € F., the class of all finite nonnegative
measurable functions on (X,3, u). Then
1) if p(A) =0, then (S) [, fdu =0, for any f € F,;
2) if (S) [y fdu =0, then p (AN {z|f (z) > 0}) =0;
S) [y fdp = (S) [y [ - xadp, where x 4 is the characteristic function of
A;
S) [4(f+a)du < (S) [, fdu+(S) [, adp, for any constant a € [0, c0).
Corollary 5 ([8], p. 136) Here f, f1, fo € Fy. Then
S) Ja (frV f2)dp = (S) [y frdp v (S) [, fadps
( ) Ju (Fr A fz)dﬂ < (8) [, frdu A (S) [ 4 fadp;
( )fAudeN> fAfdMV(S)fod/i;
4) (S) [ gnp Fdu < (S) [, fdu A (S) [ fdp.

In general we have

(8) /A (i + f2) d # (5) /A frdu+ (S) /A fadn,

and
(S)/Aafdu #+a(95) /A fdu, where a € R,
see [8], p. 137.
Lemma 6 (/8), p. 138) (S) [, fdu = oo iff p(ANLyf) = oo for any a €
[0, 00).
We need

Definition 7 ([3/) A fuzzy measure p is subadditive iff p (AU B) < u(A) +
w(B), for all A,B € X.

‘We mention
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Theorem 8 (/3]) If v is subadditive, then

(8) /X (f +9)du < (5) /X fdu+ (S) /X gd, (2)

for all measurable functions f,g: X — [0, 00).

Moreover, if (2) holds for all measurable functions f,g : X — [0,00) and
p(X) < oo, then p is subadditive.

Notice here in (1) we have that o € [0, 00).

We have

Corollary 9 If i is aubadditive, n € N, and f : X — [0,00) is a measurable
function, then

) [ ngdu<n(s) [ i, 3)
in particular it holds

(®) [ nfan<n(s) [ fin. (1)
for any A € X.

Proof. By (2). m
A very important property of Sugeno integral follows.

Theorem 10 If u is subadditive measure, and f : X — [0,00) is a measurable
function, and ¢ > 0, then

) [ craus e+ 1) [ san (5)
for any A € X.

Proof. Let the ceiling [¢] = m € N, then by Theorem 3 (3) and (4) we get

(5) [ erin=($) [ mpauzm(s) [ fan<e+1s) [ san

proving (5). =

From now on in this article we work on the fuzzy measure space (Q, 5, 1),
where Q C R, k > 1 is a convex compact subset, B is the Borel o-algebra on
@, and p is a finite fuzzy measure on B. Typically we take it to be subadditive.

The functions f we deal with here are continuous from @ into R .

We make

Remark 11 Let f € C(Q,Ry), and p is a subadditive fuzzy measure such that
p(Q) >0,z € Q. We will estimate

E(x) = \(S) /Q £ du () - 1(Q) A f (@) ©)
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(by Theorem 3 (2))

fo -9 o]
We notice that

fF@)=f@) = fl@)+f@)<[f@)-f@)]+f(2),
then (by Theorem 3 (3) and Theorem 4 (4))

/f )dp (¢ /|f o)l dut /f Vau(), ()

that s

/f )dp (¢ /f ) dp (¢ /|f Dldu(t). ()

Similarly, we have

f@)=Ff@) @O+ <If )= F@+F7),
then (by Theorem 3 (3) and Theorem 8)

/ f () du (¢ / () — f (@) da (8) / £ () dut
that is
/f ) dpe (8 /f ) dp (¢ /|f Dldu(t). ()

By (8) and (9) we derive that

‘ /f )du (i /f ) du (¢ ‘ /|f 2l (). (10)

Consequently it holds
(by (6), (10))
2@ [ 150 - @l (1)

where t = (t1,...,tg), ¢ = (1, ..., k) .

We will use (11).
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3 Main Results

We make
k
Remark 12 Here @ : H [a;, b;], where a; < b;; a;,b; € R, i = 1,..k;

k k
= (21,...,xx) € [] [ai,bi] is fived, and f € C* (H [ai,bi],R+). Consider

g (r) = f(z+7(t—2)), > 0. Note that g, (0) = f (), gr (1) = f (£). Thus
f@) = f(x)=9:(1) —g:(0) =g, (§) (1 = 0) = g; (£), (12)
where £ € (0,1).
Le. .
=> (t :c+§(t—x)) (13)
Hence -
i |<Z\t m+f(t—x>>]
< i It — i gt{ (14)

i=1
By (11) we get

(5) / LT
il;Il[aiVbi]

® [ O @l 7
,ljl[ai’bi]

(\
13-
E)
;/

(2)
t; du (t
/ﬁa b]<2| ) 41 (8)
k
(5)
dp(t) <
; /mal bl Oti || o

(i

i

+1> ((5) /ﬁ - |ti — @] dp (ﬂ) : (15)

Here p is a fuzzy subadditive measure with p (H [a;, 1]) > 0.
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Therefore we get

—

1 _ - J N7
M (f“ Z}) /ﬁlm]fu)du(t) 1A (
S|+t
]
[)
r

S
k
|5
)

Notice here | 1 A kf# <1, and
M('I;Il a;,b;i]

(by Thm. 3 (1))
(S)J ) dp (t) <

k - L,
<1;[ aq,b ) 1;[ a;,b
where ( flf[ du(t) > 0.

7

k
If f o 11 lai, bs] — Ry is a Lipschitz function of order 0 < a < 1, i.e
i=1

[f (@) = f Wl < Klz—ylli}, ¥ 2,y € H[a“ il, K >0, where ||z

—y”l1 =

f
k k
z |z; — yi|, denoted by f € Lipa i (H [ai, ], R+>, then by (11) we get

i=1

k
(8) /ﬁl[ai,b Sy (1_1 ) ()

(5) [ [f () = f(2)[dp(t) <
il;[1[ai)bi]

. (5)
(5) / L K-z du(t) <
fjecss

K+ [, =l duto).
[ e

< (17)

We have proved

f <ﬁ [ai, bi]

=1

1132 Anastassiou 1126-1138



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.6, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

(K+1) .
— ) [ =zl du ().
H (f[l [a;, bi}) /inl[“i’bi] l

We have established the following multivariate Ostrowski-Sugeno inequali-
ties.

k
Theorem 13 Here i is a fuzzy subadditive measure with u (H [ai,bi]> > 0,
i=1

k
T € H [ai,bi] .
i=1
k
1) Let f € C* ( [a, by ,R+>, then

=1

LL(::E““bA>0g)j&l®uh1f(t)du(t)_ 1/\N'(iiizilui) < (19
k ‘ at{ 4 1
; ‘m ” /ﬁl[%bi] b = @il dpe (1)

2) Let f € Lipa,x (il:[l [ai, bi] ,R+), 0<a<l, then

“(ﬁ“l“) () /ﬁﬁ%bﬂ Fdu® - | 1n m SR

(K +1) a
e Ny It — x| ldﬂ(t),
g (ﬁ MM) /El[“i’bﬂ l

i=1

‘We make

Remark 14 Let Q be a compact and convex subset of RE, k > 1. Let f €
(C(Q,R)NC™(Q)), n € N and x € Q is fived such that all partial deriva-

@ . d .
tives fo 1= %, where o = (a1, ...,ag), o €EZT, i =1,k || = > a; = 7,
i=1

Jj=1,..,n fulfill fo (x)=0.
By [2], p. 513, we get that
n+1
d
#.)" ]
(n+1)! ’

Vieq. (21)

|f () = ()] <
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Call
Dot ()= max_ | [fall (22)
For example, when k =2 and n =1, we get that
2
[(Z It — il || 5 > f] =
aZf an a2f
2
(t1 — 1) aiﬁoo+2\t1*$1||t2*@\ 8.0t H (tr — 22)° aTg o
and
Dy (f) = max | foll (24)
Clearly, it holds
2 9 2
|:<Z|tz zil || 5 ) Fl S Do () (ftr — 1| + [t —22])®.  (25)
i=1 oo
Consequently, we derive that
k n+1
[(Zhﬁi—xl ) fl <Dpya (f )||t—x||”“, VieQ.  (26)
i=1 oo
By (11) we get
9) [ £ -n @11 @) <
(21)
) [ 150~ r@ldn) < (27)
n+1
li —x; ,
[ [(2 w Oo) f] )<
Dy (f) 1t — || ()
S du(t) < 28
©) [ =y )< (28)

(Pl +1) s ) [ e=alic ).

Here i is a fuzzy subadditive measure with p(Q) > 0.
By (27) and (28) we obtain

’@(S)/Qf(t)du(”‘ <1Ap{((g))‘ -

1134
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( (n+11()1: ) 4
n+ n 1

/ It~ 2l du (). (29)
We have established the following multivariate Ostrowski-Sugeno general

inequality:

Theorem 15 Let Q be a compact and convex subset of R¥, k > 1. Let f €
(C(Q,R)NC™I(Q)), n €N, z € Q be fized: fo(z) =0, all a: |a| = j,
j=1,..,n. Here p is a fuzzy subadditive measure with p(Q) > 0. Then

@@ frowo- ()| s
W() ) [ =i dn ) (30

Corollary 16 All as in Theorem 15. Then

‘@(S)/Qf(t)du(t)<M;f<(gz)))‘§

8£L'i
k
Next we take again @ := [] [as, bi], we set a := (a1, ...,ax), b := (b1, ..., by),
i=1

and &2 = (2138, 255%) € T furb].
=1

n+1
> flap®). — (31)

<.

k k
Corollary 17 Let f € < (H [ai, bi] R+) nCcrtl (H [ai,bi])>, n € N,

i=1 i=1
such that fo (‘I—H’) =0,adla:|al=4,75=1,..,n Here p is a fuzzy sub-
k
additive measure with p (H (@i, bz]> > 0. Then
i=1
1 f a+b
i © [ w1
i (fLlapg) e (11 a0
1= =1
(D(;L:t,-ll(){) + 1) at+b n+1
L) |, \t— an (1) (32)

H <ﬁ [ai, bz]) il;ll[ahbi] 2 I

]

10
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Proof. By Theorem 15. m
We make

Remark 18 By multinomial theorem we have that

n+1
It — [l = (th—xz> =

n+1 -
Z < > |t1 — 1‘1|T1 |t2 — LE2|72 |tk — l‘k|rk y (33)
T1,72, ...y Tk
ri+re+...+re=n+1
where N
nt+l ) _ (D (34)
T1,72,..., Tk 7“1!7‘2!...Tk!

By (27), (28) we get

‘(S)/Qf(t)du(t)u(Q)Af(w) <

(9) Dy (f )Ht— 1 dp (r) 7 L 44

(S)/Q T1+T2+Z.+:rk:n+1 <r1,jj; ) (H It —$L|ﬁ>] du(t) <

n+1 k T (5)
S/(r nt ) Tt — il | d(t) <
1Tt +rk n+1 1han '

i=1

> (D,*,”Z,H)(a/@([[u—x

r1+rot...+rg=n+1

) du(t). (35)

We have proved the following multivariate Ostrowski-Sugeno general inequal-
ity:

Theorem 19 Here all as in Theorem 15. Then

i [,y 0w o- (15| <
(M k

rilral.rg! + 1) r;
T L0 (S)/Q <H|ti—$i| )dﬂ (t).  (36)

i=1

2.

ri+re+.. . +ry=n+1

‘We make

11
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Remark 20 In case k=2, n=1, by (27), (28) we get

<

‘(S)/Qf(t)du(t)—u(Q)Af(x)

) [ 2 e ol due) =

(S)/ Dy (f) [(tl _ 2171)2 + 2|t — 1] [te — m2| + (t2 — 172)2} dp(t) < (37)

Q 2
(S)/QDQQ(f) (tl—ml)zdu(t)jt(S)/QDz () [t1 — 21| [ta — 22| dp (£)

#() [ 22 0 =) <

(1+ 22 ) [ 6= du@+0-4 D218 [ 1=l = ol e
+ <1+ DQ(f)) (5)/62@2@)2@@).

We have proved

Corollary 21 Let Q be a compact and convex subset of R?. Let f € (C(Q,Ry)
NC?(Q)), © = (z1,22) € Q be fived: gTJZ (x1,29) = g—tf; (z1,22) = 0. Here p is
a fuzzy subadditive measure with u(Q) > 0. Then

‘@(S)/Qf(t)du@) <”;f<(§2)))‘ -

@ (S)/ (tr — 22)? d (1) + T P2 () (5)/ [t — 1| [ta — wa| du (t)
Q) @ m@Q) @
(38)
(1 + DQQ(f)> 2
T /Q (b — ) dpu (1) .
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