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Abstract

This paper investigates and states some properties of sequential
conformable fractional derivative introduced by R. Khalil et. al. in [1].
Further some theorems of the classical power series are generalized for
the fractional power series(CFPS), where the CFPS technique is used
to find the solutions of conformable fractional deferential equation
with variable coefficients.

1 Introduction

The correspondence between L’Hopital and Leibniz, in 1695, about what
might be a derivative of order 1/2, led to the introduction of a generalization
of integral and derivative operators, known as Fractional Calculus. Since
then, related to the definition of fractional derivatives have been many de-
finitions. The most popular ones of these definitions are Riemann-Liouville
and Caputo definitions see [6],[7].

Recently, R. Khalil et al. [1] give a new definition of fractional derivative
and fractional integral. In their work they proved the product rule, the frac-
tional Rolle’s theorem and Mean Value Theorem utilizing the conformable
fractional derivative definition. New construction of the generalized Taylor’s
power series is obtained by Abdeljawad in[2]. In recent years, many re-
searchers have focused on the approximate analytical solutions of the system
of fractional differential equations and some methods have been developed
such as fractional power series method(FPS) in [5] . FPS method is a simple
technique to find out the recurrence relation that determines the coefficients
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of the fractional power series, where this method is one of the most useful
techniques to solve linear system and non-linear system of fractional differ-
ential equations with a fast convergence rate and small calculation error.

In this work, we state some properties of sequential conformable frac-
tional derivative, then use the FPS technique to solve conformable fractional
differential equation of order two.

2 Conformable fractional derivative

In this section, we present some definitions and some important properties
of the conformable fractional derivative. The definition of the conformable
fractional derivative is defined as follows;

Definition 1 [1] Given a function f : [0,00) — R. For o € (0,1), the
conformable fractional derivative (CFD) of f of order o is defined by

T () () = lim 2 ) 0

e—0 £

for allt > 0. If f is adifferentiable in some (0,a), a > 0, and lim,_q+ f(¥(¢)
exists, then define

A function f is called a-differentiable at ¢t > 0 if the above limits exists.
For simplicity we sometimes use the notation f(®)(¢) instead of T, (f) (¢).
Consider the limit o — 17. In this case , for t > 0, we obtain the classical
definition for the first derivative of a function f(®(t) = f'(t).

Theorem 2 [1]Let [ :[0,00) — R be a differentiable function in the clas-
sical sense. Then f is adifferentiable att , o € (0,1) and

FO) =t f (1), >0,
Also, if f is continuously differentiable at 0, then f(*)(0) = 0.

Note that the function could be a-differentiable at a point ¢y but not
differentiable at that point, as in the following example.

Example 3 For some fized o, with o € (0,1), let f(t) = %, t > 0. Note
that f'(0) does not exists but To(f)(t) = 1 for t > 0, therefore f(®(0) =
limy o+ To(f)(t) = 1.
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Theorem 4 [1]If a function f : [0,00) — R is «a-differentiable at a >
0, a € (0,1], then f is continuous at a.

We list some Important properties of the operator T, as follows.

Theorem 5 [I]Let o € (0,1] and f,g be adifferentiable at a point t > 0.
Then

1. To(Af +g) = NT(f) + Tu(g), for all X € R.

2. To(fg) = [Ta(g) + gTu(f)-
3. Ty(L) = 4Tal)-ITa)

Important examples of CFD are listed as follows:
Example 6 [
1. T, (tP) = ptr—

2. Ty(e™) = at' e, a € R.

(
3. Tal )
4. To(cos(at)) = —at*~“sin(at), a € R.
N

6. To(sin(1t*)) = cos(lt“).

7. T,(cos(£t™)) = —sin(lto‘).

8 To(£t*) =1.
There are some properties that are not satisfied by operator T, as follows:

Theorem 7 [2]For o, € (0,1] and o + 8 € (1,2], and the function f :
(0,00) — R is twice differentiable on (0,00).T,, does not satisfy the Index
Law; T, Ts = TsT,,where

LT () (6) =t (=) f )+t [ (1))
1. whale,
Tl () (8) = 7 (1= ) ' @0 +1 £ (1))
Proof. Calculating T, T, 15T, gives that
TaTs () (1) # TeTa (f) (1)

fora#5 =
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3 Sequential conformable fractional
a-derivatives

In this section the higher order of conformable fractional derivative will be
defined and the relation between CFD and polynomials will be given.

Definition 8 The second order CFD operator T, will be denoted by
T2 =T, (T,).

In general the n'™ order CFD operator T, is defined as

W =T, (T)7).

«

Note that the operators commute for each positive integers n, m,
T =TT,

The calculation of the second and the third sequential orders of CF op-
erator 7T, can be found in [2].

Theorem 9 Given a function f : (0,00) — R .Then
T2(f) (1) = LT (F) () =2 (L= a) f )+ [ (1),
where f is twice differentiable, and twice a-differentiable at t . Also
T2 =t (1 =a) (1 =20) f () + B =3a)t [ () +£ (1)),

where f is three times differentiable at t and three times a-differentiable at t

Lemma 10 If m and n are any positive integers and p a real number, then
T (#7) = 5! (p — i a) P
Proof.

To2¢ (tp) =T, (Tatp)

— 1o <ptp—a)
=p(p—a)tr >
4
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Also,
T3 (") =To (p(p — o) t772%)
=p(p—a)(p—2a) P>
Then
" (") =p(p—a)(p—2a)...(p— (m—1)a)tP"™
=TI7%" (p — i o) 177
[

Corollary 11 If n is positive integer , then
" (") =) (n — i ) t"7),
Corollary 12 If m and n are any positive integers and 0 < o < 1,then

T (1) = T o™ (n — i ) ¢,

Applying LemmalO and using the linearity property of Theorem 5, we
get

Lemma 13 If P, (t) = aot™ + ait" '+ agt" % + -+ a, is a polynomial in
t of degree n, then
TP, (1) = a; TG (n—j — i o) t™ 77,
j=0
Changing variable from ¢t — ¢, we get the following result.

Corollary 14 If f (t) = apt®" + 0y 190D+ apt02) 4 4 a | then
TR = ey WG (a(n—i ) = j) e,
§=0

The following theorem presents the n'* sequential CF a-derivative utiliz-
ing the limit definition as follows:

Theorem 15 Given a function f : [0,00) — R. Then for0 < a <1 andn

a positive integer, the n th order of the a—conformable fractional derivative
of f of is as follows

T2 f (t) = lim 2o () (D" S (A 42ty

e—0 gn ’

where t > 0.
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Proof. Since

Tl (1) =1ty :
_ iy A+ et™) — f(D)
e—0 £

Thus

121 () = tiy 2oL e
S 27060 + £
61 (06— 1) 2 '

Again calculating the 3" order of the a—conformable fractional derivative,
we get

Tof(6%t) — 2T, f(6t) + Tof(t)

T3 (1) = T.T2S (1) = lim

5—1 (6 — 1)2 $2a
o F0°) = 3(5%) + 3F(01) + £ (1)
5—1 (6 — 1)3 13
I > VA Gl
01 (6 —1)° t3e '

Repeating this process n times, we get

"o (M) (=) (%t
Taf (8) = Jim e ((]5)51)2%%]6( )'

Substituting € = (§ — 1) %, then

Ty f () = lim 2o () GO (@ ety

e—0 gn
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4 Conformable Fractional Power Series
Representation

Power series is an important tool in the study of elementary functions. Using

this power expansion gives us the ability to make an approximate study of
many differential equations . In this section, we will recall some important
definitions and theorems of fractional power series theory .

Definition 16 For a € (0,1) a conformable fractional power series of the
form

D et —1o)" =coter(t—to)" +ea(t—to)* o :
n=0

where t > ty > 0 tis called the conformable fractional power series (CFPS)
about ty,where ¢, denote the coefficients of the series, where n € N.

Note that for CFPS, we have the value ¢y forn = 0,at t =t , while ¢, =0
for n > lat t = ty .Also note that for ¢ty = 0, then the CFPS becomes

Z cpt™™ = co + 1t + ot?

n=0

Proposition 17 [4]If >~ ¢, t"* converges absolutely for t =ty > 0, then
we it converges absolutely for t € (0,1).

Theorem 18 The series) ., c,t"*converges,—oo < t < oo has radius of
convergence R, if and only if the series Y . c,t"* t > 0 has radius of
convergence Ré, R>0.

Theorem 19 [2]Assume f is an infinitely a-differentiable function, for some
a € (0,1] at a neighborhood of a point ty. Then f has the Taylor CFPS series
expansion as follows

TR (o) (E— to)*
3 f (o) ( )

ft)= T L€ (to,t0+Ri) . R>0.

k=0

The next following examples doesn’t have the Taylor PS expansion about
to > 0 since there are not differentiable there. But they have Taylor CFPS
expansion at tg.
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Example 20 [2]

1. ea (t=t0)* — Zk 0 (taiom fOT’ t e [to, )

t to)(2k+l)a

2. sin(L (¢t —to)*) = Sop2y (— 1) Slor, for t € [to, 00).
3. cos(é (t—10)") =D rep (—1) % for t € [ty,0).

4' 1— (t T —t)™ Zk 0( )kaa f07’ te [t07t0+ 1)

@

5 Solving CFD equation’s using CFPS

Example 21 Consider the following conformable fractional differential equa-
tion
TRy (t) -ty (t) =0, (2)

with initial conditions,

y(0) =0, Toy (0) = yo, (3)

where 1, is a real constant.
Now using CFPS technique, let

o0
= E ™.
n=0

Then
Z « (n—1) e, =2
- Z a2 (n+1) (n+2) ¢pyat™
n=0
and
oy (1) = et
n=0
= epat™ (4)
n=1
8
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Substituting T2y (t) and t*y (t) in CFDE, we get

Z o (n+1) (n+2) cppat"™ — Z Cp_1t" = 0.
n=0 n=1

Then from Formula (), one can obtain
2a’%cy + Z [0 (n+1) (n+2) cpya — oy ] 1" = 0.
n=1

Equating the coefficients of t"* to zero in both sides gives the following;

Cn—1
a?(n+1)(n+2)’

co =0, and ¢, 9 = n=123,.... (5)

Considering the initial conditions of the CFDE,
co =0, and ¢; = —yp.
o

Based on Equation 5,the coefficients of t"* can be divided into two cate-
gories: zero terms

02:C3:CBZCGZC8:CQZCH2014:"':0,

in general
C3na2 = Canas, forn=10,1,2,3,...

and non zero terms
C3np1 # 0,forn=0,1,2,3,...,

that is C1,C4,C7,C10,C13,C16 " " * where

YT a2(34) ¥ (34)

o — Cq _ Yo
TT02(6.77)  a(3.4.6.7)
P Cr _ Yo
7 02(9.10) T a7(3.4.6.7.9.10)
C10 Yo
CIO = =

a?(9.10) a9 (3.4.6.7.9.10)’
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Then, one can obtain the following CFPS as follows

Y (t) = et + ct?® + et et 4o
Yo

1 Yo Yo
I ta t4a t?a 0 4 ...
T EEY TH @4y ¥ (3467910)
1 = 1
— (3k+1)a
laze | T 36) (30 +1)
=0

Conclusion 22 The main aim of this work is to provide a reliable algorithm
for the solutions to the systems of fractional differential equations by using
the CFPS.

Acknowledgement 23 The authors acknowledges Applied Science Private
University, Amman, Jordan for the fully financial support granted of this
research article.

References

[1] Khalil, R.; Horani, M.A.; Yousef, A.; Sababheh, M. A new definition of
fractional derivative. J. Comput. Appl.142 Math. 2014, 264, 65-70

[2] T. Abdeljawad. On conformable fractional calculus, J. Comput. Appl.
Math. 279. pp. 57-66, 2014..

[3] Khalil, Roshdi, and Mamoon Abu Hammad, Legendre fractional differen-
tial equation and Legendre fractional polynomials. International Journal
of Applied Mathematical Research 3.3, 214-219, 2014.

[4] Jaradat, I.; Al-Dolat, M.; Al-Zoubi, K.; Alquran, M. Theory and appli-
cations of a more general form for140 fractional power series expansion.
Chaos Solitons Fract. 2017, 108,107-110.

[5] A. El-Ajou, O. Abu Arqub, Z. Al Zhour and S. Momani, New Results on
Fractional Power Series: Theories and Applications, Entropy 2013, 15,
5305-5323.

[6] Mainardi, F. Fractional calculus: Some basic problems in continuum and
statistical mechanics. In Fractals and Fractional Calculus in Continuum
Mechanics; Carpinteri, A., Mainardi, F., Eds.; Springer-Verlag: Wien,
Austria, 1997; pp. 291-348.

10

1124 Khandagji 1115-1125



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.6, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

[7] Podlubny, I. Fractional Differential Equations; Academic Press: New
York, NY, USA, 1999.

11

1125 Khandagji 1115-1125



