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Abstract

Very general univariate mixed Caputo -fractional Ostrowski and Griiss
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1 Introduction
In 1938, A. Ostrowski [5] proved the following important inequality.
Theorem 1 Let f : [a,b] — R be continuous on [a,b] and differentiable on

(a,b) whose derivative f' : (a,b) — R is bounded on (a,b), i.e., |[f'| =
sup |f’ (¢)| < +o0. Then

te(a,b)
b x — ofb ’
ﬁ/ ft)dt— f(@)| < i+((b_;2]~(b—a>f’lloo’ )

for any x € [a,b]. The constant i 18 the best possible.

Since then there has been a lot of activity around these inequalities with
important applications to numerical analysis and probability.

In this article we are greatly motived and inspired by Theorem 1, see also
[2]. Here we present various v-fractional Ostrowski and Griiss type inequalities
for several functions and we give interesting applications.
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2 Background

Here we follow [1].

Let a > 0, [a,b] C R, f : [a,b] — R which is integrable and ¢ € C* ([a, b])
an increasing function such that ¢’ (x) # 0, for all = € [a, b]. Consider n = [a],
the ceiling of «. The left and right fractional integrals are defined, respectively,
as follows:

199 f () = ﬁ / " (1) (0 (@) — o (6 F (1) d, @)

and
ey / W ( — (@) (1), 3)

for any x € [a,b], where T is the gamma function.
The following semigroup property is valid for fractional integrals: if o, 5 > 0,
then

YIS f(x) = ISV f (@), and IV IPY f(2) = PV f ().
‘We mention

Definition 2 ([1]) Let « > 0, n € N such that n = [«a], [a,b] C R and f,¢) €
C"™ ([a,b]) with ¢ being increasing and ¢ (x) # 0, for all x € [a,b]. The left
¥-Caputo fractional derivative of f of order « is given by

1 d n
OO (2) = [T 4 4
a+ f() a+ wl(m)dm f(l‘), ()
and the right ¥-Caputo fractional derivative of f is given by
, 1 a4\"
CDa,w . In—a,lb _ el )
@) =R () FE (5)
To simplify notation, we will use the symbol
] AN
1@ = (gima) 1@ ©

with f}' (x) = f (z).

By the definition, whrn @ = m € N, we have

DY f(x) = £ ()
and (7)

DY f(z) = ()™ " ().
If o ¢ N, we have

CDEPT (2) / $ @@ - @) M @a, ()
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and

g (x):F((;l):)/ WO @@ @) A @0d (9)

Vaelab.
In particular, when o € (0,1), we have

DY f (@) = wrrmay Ju @ (@) =¥ (£) 7 f (1) dt,
and (10)

DY f (2) = witay Sy (W (8) = (@) f () dt

V€ la,b].

Clearly the above is a generalization of left and right Caputo fractional
derivatives.

For more see [1].

Still we need from [1] the following left and right fractional Taylor’s formulae:

Theorem 3 ([1]) Let o > 0, n € N such that n = [a], [a,b] C R and f,¢ €
C" ([a, b)) with v being increasing and ' (x) # 0, for all x € [a,b]. Then, the
left fractional Taylor formula follows,

n—1 ¢[k] a
f@ =2 D @ —v@r 1y D@,
k=0

and the right fractional Taylor formula follows,

= k fl[bk] (b) k a, ) C o,y
F@ =3 D @) - v @)+ DR @), (12)

k=0

vV é€la,b.
In particular, given o € (0,1), we have

f@)=f(a)+ 1" DY f (2),
and (13)
f@)=f®)+ LY °Dyv f(2),

Yz € la,b.

Remark 4 For convenience we can rewrite (11)-(13) as follows:

n—1 r[k] a
fa =y k,( L (@) - v (@) + (14)
k=0 ’
R R o) — a-1 O pap
o [ YW @-vor eD o
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and

Lb/ 7Ialcaw
o [ P O@O -0 @) Oyt

YV €la,b.
When « € (0,1), we get:

V€ la,b.

Again from [1] we have the following:
Consider the norms |[|-[|  : C ([a,b]) — R and [|-[| ;i : C" ([a,b]) — R, where
v

— ¥ [k]H
7l = % 3]
‘We have

Theorem 5 ([1]) The v-Caputo fractional derivatives are bounded operators.
For alla >0 (n=al)

|epe | < Kl (17)

and
forze

< K| fllgem s (18)
jes} P

where

(¥ (b) = ¢ (a))""

_
K= Fn+1-—a)

> 0. (19)

3 Main Results

At first we present the following w-fractional Ostrowski type inequalities for
several functions:

Theorem 6 Let o > 0, n € N:n = [a], [a,b] C R and fi,7 € C™([a,b]),
i = 1,...,7; with ¥ being mcreasmg and Y (x) # 0, for all z € [a,b]. Let

xo € [a, b] and assume that fw (x9) =0, fork=1,...n—1;1=1,....,7. Set

(fr, fr) (2 /(ka ) (20)
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i (20) / H £ @) | av (@
i=1 @
Jsﬁz
Then
@ (Froes i) Z (N2 . s H @l || @
= 7751
LR I H £ o)
If 0 < a < 1, then (21) is valid without any zmtzal conditions.
Proof. By Theorem 3 we have that
fole) = i) = s [0/ SO DL W (22)
YV x € [z0,b],
and
]- o / a—1 C o,y
fi(x) = fi(xo) = ) P () (¥ (t) — ¥ (z)) Dy, = fi (t)dt, — (23)
YV x € [a,zo];
foralli=1,...,r.
Multiplying (22) and (23) by (H fi (x)) we obtain, respectively,
i=1
i
15 @ H fi @) | fi (o)
k=1
3752
(n b )
O A PO CDI S W (1)

YV x € [zo,b],
[ i) - Hfa
= 3751
)

1101
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fis )
(]#L / 77/1 ))afl CDgf;zﬁfz (t) dt, (25)

YV x € [a,zo];
foralli=1,...,7.
Adding (24) and (25), separately, we obtain

r (}Efﬁx)) —; Knlf )fz )

J#i

ﬁ, KH fi ($>) /;W (t) (¥ (@) = (1) DY f; (t)dt], (26)

J#i
YV x € [z0,b]
and
r(ka ) Kﬂfj )fz mo]
k=1 i=1 oy
KHL )/ W) () v (@) DS |, (27)
= J#
YV x € [a, zo] -

Next we integrate (26) and (27) with respect to ¢ (x), x € [a,b]. We have

b T T b r
o (H i <a:>> ab (@) =3 [ fia) [ |15 | do @)
o \k=1 i=1 Zo | j=1

J#i

]. r b r . x , B a1 C ot N
L {/ (H 5 <x>) [ 0 0@ =0 @) DI 0 diid )] ,

r/ <kﬁlfk($)> dqp(x)—; [fz / (Hf; ) ]

J#i
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Lr o r (e To ’ _ m(x—lC a,tp o "
F(a); {/ (JHlf]( )) [/z ) (@ () =¥ (2)) DY f; (t) dt]dyp ( )].

J#i
(29)
Adding (28) and (29) we derive the identity:

b r
(I)(flv"‘vfr) (C,Co) Z:T/ <H fk? (.CL')) d¢( )_
a k=1

T b r
_ {fl (o) / (H fi <m>) di) <x>] =
S\

i 1H/ (Hfj )(/ . @)™ CD?fﬁ(t)dt)dw(x)]

JF#i
(30)
b - =
{/ (Hfj <x>) ([ vowe-ver omtnwa) dip(w)”'
p)

Hence it holds
|q) (fla ceey fT‘) (J,'())| S

1= j=1
J#i
b r "
+ 15 (@)] ) (W (@) — 0 O [CD ()] dt ) d (@) | | = ().
L) |
J (31)
We observe that
S HcDa L 00, [a,0] /I (H |/ (33)) (Y (zo) — ¢ (x))* dy (x)]
i

I0+

b r

00, [z0,b] / (H ’ (x)) (W (@) = (=) (90)” v
0:b] Jao | 55
J#i

1103 Anastassiou 1097-1114



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.6, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

1
|opsesl| Hm wll || +
X 00, [a,z0]
=1
J#l
e} cml) a+1,7
H Do+ fi 00,[0,b ]I Hlf] 7o)|

J#l

By Theorem 4.10, p. 98 of [3], we get that I;jf“/’ IT Il | € € ([a,b]) and
=1
2
so at any o € [a,b] is finite, ¢ = 1,...,r. Similarly, by Theorem 4.11, p. 101 of
[3], we get that Ig‘_ﬂ’w [T 1£il | € C([a,b]) and so at any z( € [a, b] is finite,
=1
2
i =1,...,7. Arguing similarly, we get that CDf;f’fh CD?fpfi € C ([a, b)), for all
1=1,..,r

The theorem is proved. m
We continue with

Theorem 7 All as in Theorem 6 with o« > 1. Then

[ (f1,es ) @0) < || D521
i=1

x
L1 ([a,z0], H ‘fJ o)

J#l
+|opst s i wl| |- 3
Rl PR Hlf] o) ()
Proof. From (31) we get
1 T
gerE [l
(*) I' () ¢ H 0 T Li([a,@0],%)

feonzs

b T
a—1
L1 ([zo,b],4) /wo (H Ifi (@) | @ (x) =9 (x0)* dip (2)

1104 Anastassiou 1097-1114



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.6, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

=3 ||em:

a x +
L (fao] ) o Hm 0)

|°Dz5 1

bf H | fj (o) ) (35)

Li([zo0,b],%)

proving the theorem. m
We continue with

Theorem 8 All as in Theorem 6 with p,q > 1: % + % =1, a>1. Then
r (oz+ %)
|¢) (fla"'af’r') ($0)| S 1
(@) (pla=1)+ 1)~
T ot T
I,. " i (x 36
S P 7o | TLS o) (36)
1= 1=
J#i

a,) Q‘JF%ﬂ/’ i
+ ||| L T (o)l

on+

Lq([z0,b],%)

Proof. From (31) we obtain

/ Hm ([ w@-varerawo) (37)

J#Z

IN

(.

D3 g 1) v <t>) ap (x)] ]
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T T @1 | 0 G@o) =0 @)™ v @)
i=1 H q([a,z0], q/;)/ H J 0
b .
i ‘ Dif Ly([zo,b] ¢)/ H|fﬂ W (z) =¥ ()" TP dy (z)| | =
' 3751
(38)
r (O{—|— 1 r i
1 [a p’
L(a)(pla—1)+1)7 i Lo(lawolw) oF H | f5 (x0)]
1751
HCD;‘J_/:_ Lo a+pv¢ H |f] :L’O 7 (39)

J#l

proving the theorem. m
We mention as motivation for Griiss type inequalities the following:

Theorem 9 (1882, Cebysev [4]) Let f,g : [a,b] — R be absolutely continuous
functions with f',¢g' € L ([a,b]). Then

ol s g ) )

1 /
< 15 =01 o 19/l (10)

The above integrals are assumed to ezist.

Next follow ¥-Caputo fractional Griiss type inequalities for several functions.

Theorem 10 Let 0 < a < 1, [a,b] C R and fi,vp € C'([a,b]), i = 1,...,7 €
N — {1}; with ¢ being increasing and ' (z) # 0, for all x € [a,b]. Assume that

sup HCDO“[’ < 00, and sup HcDgoﬁfZH <00, t=1,..,7
zo€la,b] 00, [a,zo] zo€la,b] 00,[@o,b]
Set
b T
C(fry e ) =1 (@ (b)) — ¢ (a)) (/ <H i ($)> dip ($)> -
@ \k=1

r

b
(/ ﬁ(x)dw)) / Hfg () || (41)
1 a a

1=

10
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Then
|AY (f1, - fr)] < (@ (b) = ¥ (a))
C o,y a+11/)
sup H D" f; sup I | fi (x0)]
i zo€la,b] o o0, [a,zo] zo€[a,b] ]1;[1 !
i
+| sup HcDao‘ﬁf H sup 1o H 1, (z0)] L (42)

zo€E[a,b] [zo,b] zo€E[a,b]

1#7

Proof. Here 0 < a < 1, i.e. n = 1. Then (30) is valid without any initial
conditions. Clearly ® (fy, ..., fr) € C ([a,b]). Thus, by integrating (30) against
1 we obtain

b
A (Fryos ) = / B (f1 s fr) (20) dib (o) =

a)) ( / b (r_[ fi <x>> i <x>) -
T </abfi(x)dw(x)> / Hf, ab (@) | | =

i=1
3751

A f[fj (@)

j,i .
J#i

( / W () (6 (1) 0 (@)™ CD%Y fi (1) dt) @ (3;)} L W)

b L T
[ 15w (/ ¥ (1) (1 () — o (1) CD:Oﬁfmt)dt)dw(x) i ().
o j—l To

Ji
Hence it holds

]A¢(f17...7fr)|§r(1a/ab y / H|f3

i=1
J?fl

11

1107 Anastassiou 1097-1114



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.6, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

([ v owo-ver o5 s o]a)wew)| + /b IT15 @

i

(44)
([ v O D25 0] dr) a0 @) | b o) = (0.
Using (21) we derive
(xx) < (¥ (b) — 2 (a))
e} ozw DHrL"/) - )
3 Ioseu[apb]H DS fH . zoseu[gb]f 1;[1|fg (o))
J#i

+ | sup HCDE‘OﬁfH sup [oHhY HlfJ zo)| , (45)

zoE[a,b) s[%0,0] zoEla,b)

J#l

proving the theorem. m
We make

Remark 11 Let a >0, [a,b] C R, f € C ([a,b]) and ¥ € C* ([a,b]) an increas-
ing function such that ¢’ (z) # 0, for all x € [a,b]. Let zg € [a,b]. We observe

the following
0| S i [ O ) - 0) 1 0t <
||f|| 11 oo, [a,20] o a—1 ||f|| 1 oo, [a,20] a
ol [0 o) =0 ()" () = T () — v @)
(16)
That is
) ||fH la,zo] a
1557 f (20) 7m(¢( 0) — ¥ (a)) (47)
Similarly, we obtain
o, 5) 1 ’ / a—1
@) < e [ O @0 = @) 0l <
||f|| J[z0,b] b a—1 ”f“ N oo, [w0,b] a
Tt [ - o) ) = T w6 - v o) (9
That is
s 1o ot .
05 o) < 372 0 ) — v )" (19)
12
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‘We make

Remark 12 Let o > 1, the rest as in Remark 11. We observe that

0| S g [ O ) - 0) 1 0t <

(¢ (o) =¥ (a)*" ™ (@ (o) =9 ()"
o [ @an ) = I f||L1<[a,xo],¢)(5-O)
That is .
15 £ ()| < LR (jﬁ)(“” 11 ) - (51)
Similarly, we get
(3) b
541 @0| < s [ O @@= @) I ol <
(¥ (b) = ¥ (xo))* ™" [ (¥ (b) = ¢ ()"
Fay | Il = O ||f|L1<[mU,b},l,,)(.52)
That is .
b) — a-
s e < LOZEED g, . (53)
Next, we simplify our main theorems:
Proposition 13 All as in Theorem 6. Then
1
[P (f1,.s fr) ()| < Tlat2)
R . ) B (¥ (20) = ¥ (a))"""
i=1 ol j=1
J#i 0,[a,xo]
wlepsta| ., TS @B =0 @) | 6
‘7;1 00,[z0,b]

If 0 < a < 1, then (54) is valid without any initial conditions.

Proof. By (21), (47) and (49). m

Next comes

13
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Proposition 14 All as in Theorem 6 with o > 1. Then

1 (fr i) (20)] < s

' (a)
T o a—1
= La([aywo), 1)
C a—1
H A (ER) jl;lf? (¥ (b) = % (o)) . (55)

37 Ly ([0,0],9)

Proof. By (33), (51) and (53). =
Next follows

Proposition 15 All as in Theorem 6 with p,q > 1: % % =1, a>1. Then

‘(D (f17 '-'7f7‘) ($0)| S

i

DR I] e Hfj (¥ (20) = (@)™
= ];él 00, [a,xo]
o [ Hfj WO =¥ @) | 66)
i 00,[z0.b]

Proof. By (36), (47) and (49). =
We continue with

Proposition 16 All as in Theorem 10. Then

(¥ (b) — ¥ (a))* "
I'(a+2)

IAY (fry e fr)] <

T
sup HCD(“/’
i=1 o E[a,b]

sup HCDQ ﬁft

00, [a,w0] mge[a b]

e

]#Z 00,[a,b]
(57)

14
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Proof. By (42), (47) and (49). =
Next we make some applications of our main results.
We need

Remark 17 We have that (r =2)

b
B (f1. f2) (w0) = 2 / f1 (@) f2 (@) di (z) — (58)

b b
f1 (o) / fo (@) i (2) — fa (w0) / fi (@) dib (),
and (r =3)
b b
B (f1. for f3) (20) = 3 / £ @) o (2) f3 (@) dib (2)— 1 (x0) / fa (@) fs (2) d ()
(59)

b b
— fi (o) / f1 () f3 () dip (2) — f (o) / fr (@) f () di (2),

ete.
Furthermore we derive (r =2)

b
AV (fi, fo) =2 l(w (b) — % (a)) ( / fi (@) f2 (z) dy (x)) -

(Friome) ([romel. o

and (r=3)

b
AV (f1, fas f3) = 3 (1 (b) =¥ (a)) (/ fi (@) f2 (2) f5 () do) ($)> -

(/ fi(@)dv (@ )(/ fo (@) f (2) db ))
(/ fo (@) dv (@ )(/ fi (@) s (@) do (o >>
(/ fy (@) dv (@ )(/ fi (@) fa (@) dv (@ )) (61)

We give the special cases of fractional Ostrowski type inequalities.

etc.

15
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Proposition 18 Let a« >0, n € N:n = [a], [a,b] C R and f1, fa € C™ ([a,b]).
Let x¢ € [a,b] and assume that fl[]Z]T (z0) = 2[]Z]T (xg) =0, fork=1,...,n— 1.

Then

<

b b b
2/ fi(z) fo (z) e%dx — fi (mo)/ fo(z)e®dx — fo (:co)/ f1(z)edx

2
11+ (€™ — e

j=1
i# 00,[a,z0]

s0,a,z0]

2
1 C o,e®
) D f,
I'(a+2) H zo— f

i=1

C na,e”
+ H Dmo—l- fz

2
H fi (e’ — e“)a+1 . (62)
00,[zg,b] -
i=1
37 oo fwo )
If0 < a <1, then (62) is valid without any initial conditions.

Proof. Case of ¢ () = e*, apply Proposition 13 for r = 2. =
We continue with

Proposition 19 Let o« > 0, n € N:n = [«a], [a,b] C (0,+00) and fi, fo, f3 €
C" ([a,b]). Let zo € [a,b] and assume that fz[lﬁ]u (ro) =0, fork=1,..,n—1,
t=1,2,3. Then

S/b f1(@) f2 (@) f3 (x)dx—fl (xo)/b f2 (x)fo (@)

T

<

b b
/ (xO)/ de_fg (wo)/ M(m

3 3 o
P(a1+ 2) Z HCDZ;EM "Mloo,fa,z0] 1fj (ln (%)) "

i=1 j=
I 00,[a,z0]

i eey] e

el 00,[wo,b]

C no,lnx
+ H Dm0+ f’L

00, [z0,b

If 0 < a < 1, then (63) is valid without any initial conditions.

Proof. Case of ¢ (z) = lnx, apply Proposition 13 for r = 3. =
Next we present the special cases of fractional Griiss type inequality:

16
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Proposition 20 Let0 < a <1, [a,b] C R and f1, f € C* ([a,b]). Assume that

sup HcDa “f < 00, and sup HCD;XOi:sz <oo,i=1,2.
a:oe a, b 1[‘1’:”0} a:gE[(Lb] oo,[:vo,b]
Then

2

(e - e (/ f @) oo edm) (/ f o zdx) (/abm)exdx)

(eb - ea)OerQ

I'(a+2)
2
sup H DX f; sup H D&, f,
; Loeab L O R 91 [ A P H ’
J?SZ 00,[a,b]
(64)

Proof. Apply Proposition 16, for ¢ (z) =e*, r =2. ®
We finish with another -fractional Griiss type inequality:

Proposition 21 Let 0 < a < 1, [a,b] C (0,00) and f; € C* ([a,b]), i = 1,2,3.

C alnm C no,lnz
Dﬁo— Dzo-‘,- f’L

Assume that sup H
zo€[a,b]
1=1,2,3. Then

o (1 (1) 2
s (e

(65
(ln(é))a+2 HC a,lnx
<l piea].
Tlat+2) |2 zfé}fb] w0

< 00,

< oo, sup ‘
] 00,[zg,b]

OO’[aﬂ?O] zo€la,b

ila, 10]

C aln:v
sup H D fi
zo€la,b]

3
14
oc,[a:g,b]] =1

371 oo [a,b)

Proof. By Proposition 16, for ¢ (z) =Inz, r=3. m
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