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Abstract

This paper deals with the regularity for solutions of second-order semilin-
ear impulsive differential equations contained the nonlinear convolution with
cosine families, and obtain a variation of constant formula for solutions of the
given equations.
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1 Introduction

In this paper we are concerned with the regularity of the following second-order
semilinear impulsive differential system

w"(t) = Aw(t) + [} k(t — s)g(s,w(s))ds + f(t), 0<t<T,
w(0) = z9, w' (0) = yo, (1.1)
Aw(ty) = INw(ty), Aw'(ty) = B (), k=1,2,...m

in a Banach space X. Here k belongs to L*(0,7) and g : [0,7] x D(A) — X is
a nonlinear mapping such that w +— g(t,w) satisfies Lipschitz continuous. In (1.1),
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the principal operator A is the infinitesimal generator of a strongly continuous cosine
family C(t), t € R. The impulsive condition

Aw(ty) = IMw(ty), Aw'(ty) = R@'(t)), k=1,2,....m

is combination of traditional evolution systems whose duration is negligible in com-
parison with duration of the process, such as biology, medicine, bioengineering etc.

In recent years the theory of impulsive differential systems has been emerging
as an important area of investigation in applied sciences. The reason is that it is
richer than the corresponding theory of classical differential equations and it is more
adequate to represent some processes arising in various disciplines. The theory of
impulsive systems provides a general framework for mathematical modeling of many
real world phenomena(see [1, 2] and references therein). The theory of impulsive
differential equations has seen considerable development. Impulsive differential sys-
tems have been studied in [3, 4, 5, 6], second-order impulsive integrodifferential
systems in [7, 8], and Stochastic differential systems with impulsive conditions in
9, 10, 11].

In this paper, we allow implicit arguments about L?-regularity results for semilin-
ear hyperbolic equations with impulsive condition. These consequences are obtained
by showing that results of the linear cases [12, 13] and semilinear case [14] on the
L?-regularity remain valid under the above formulation of (1.1). Earlier works prove
existence of solution by using Azera Ascoli theorem. But we propose a different ap-
proach from that of earlier works to study mild, strong and classical solutions of
Cauchy problems by using the properties of the linear equation in the hereditary
part.

This paper is organized as follows. In Section 2, we give some definition, notation
and the regularity for the corresponding linear equations. In Section 3, by using
properties of the strict solutions of linear equations in dealt in Section 2, we will
obtain the L?-regularity of solutions of (1.1), and a variation of constant formula of
solutions of (1.1). Finally, we also give an example to illustrate the applications of
the abstract results..

2 Preliminaries

In this section, we give some definitions, notations, hypotheses and Lemmas. Let X
be a Banach space with norm denoted by | - ||.

Definition 2.1. [15] A one parameter family C(t), t € R, of bounded linear opera-
tors in X is called a strongly continuous cosine family if
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c(1) C(s+t)+C(s—t)=2C(s)C(t), foralls, teR,
c(2) C(0)=1I,
c(3) C(t)x is continuous in t on R for each fized v € X.

If C(t), t € Ris a strongly continuous cosine family in X , then S(t), ¢ € R is
the one parameter family of operators in X defined by

t
S(t)x = / C(s)xds, v € X, teR. (2.1)

0
The infinitesimal generator of a strongly continuous cosine family C'(¢), ¢t € R

is the operator A : X — X defined by

d2

Ap — =
T e

C(0)z.

We endow with the domain D(A) = {z € X : C(t)z is a twice continuously differ-
entiable function of ¢} with norm

d
||z][pay = [|2]] + Sup{lla(f(t)wll 1t € R} + [|Ax|].
We shall also make use of the set

E ={z e X :C(t)x is a once continuously differentiable function of ¢}

with norm ;
|zl|z = [|=]] +SUP{H%C(t)xH :t € R}

It is not difficult to show that D(A) and E with given norms are Banach spaces.
The following Lemma is from Proposition 2.1 and Proposition 2.2 of [1].

Lemma 2.1. Let C(t)(t € R) be a strongly continuous cosine family in X. The
following are true :

c(4) C(t)=C(—t) forallt € R,
c(5) C(s),S(s),C(t) and S(t) commute for all s,t € R,

c(6) S(t)z is continuous in t on R for each fivred z € X,
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c(7) there exist constants K > 1 and w > 0 such that

|IC(1)]] < Ke!!l for all t € R,

t1
15(t1) — S(t)]| < K / ew|8|ds‘ for all 1, € R,

t2

c(8) ifx € E, then S(t)x € D(A) and

d &’
EC(t)x = AS(t)r = S(t)Ax = @S(t)x,
c(9) if x € D(A), then C(t)x € D(A) and
d2
@C’(t)x = AC(t)x = C(t)Ax,

c(10) ifx € X andr,s € R, then

/s S(t)xdr € D(A) and A(/S S(r)zdr) = C(s)x — C(r)z,

c(11) C(s+1t)+C(s—t) =2C(s)C(t) for all s,t € R,
c(12) S(s+1t) = S(s)C(t)+ S(t)C(s) for all s,t € R,
c(13) C( ) =Ct)C(s)— S(t)S(s

c(14) C(s+1t)—C(t—s)=2AS5(t)S(s) for all s,t € R.

+

) for all s,t € R,

The following Lemma is from Proposition 2.4 of [15].

Lemma 2.2. Let C(t)(t € R) be a strongly continuous cosine family in X with
infinitesimal generator A. If f : R — X is continuously differentiable, xo € D(A),
Yo € E, and

w(t) = C(t)xo + S(t)yo + /Ot S(t—s)f(s)ds, teR,

then w(t) € D(A) fort € R, w is twice continuously differentiable, and w satisfies
w' (t) = Aw(t) + f(t), t € R, w(0) =1z, w (0)= . (2.2)

Conversely, if f : R — X is continuous, w(t) : R — X is twice continuously
differentiable, w(t) € D(A) fort € R, and w satisfies (2.2), then

w(t) = C(t)xog + S(t)yo + /Ot S(t—s)f(s)ds, teR.
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Proposition 2.1. Let f : R — X is continuously differentiable, xy € D(A), yo € E.
Then

w(t) = C(t)xo + S(t)yo + /OtS(t —8)f(s)ds, teR

is a solution of (2.2) belonging to L*(0,T; D(A)) NW12(0,T; E). Moreover, we have
that there exists a positive constant C such that for any T > 0,

lwllz20mipay < CL(1+ ||zollpay + [lvolle + Il fllwr20.1:x))- (2.3)

3 Nonlinear equations

This section is to investigate the regularity of solutions of a second-order nonlinear
impulsive differential system

w"(t) = Aw(t) + [} k(t — s)g(s,w(s))ds + f(t), 0<t<T,
(0) =z, w'(0) = yo, (3.1)
w(ty) = LHw(ty), Aw'(ty) =RF@'{)), k=12,..m

> £
N

in a Banach space X.

Assumption (G) Let g : [0,7] x D(A) — X be a nonlinear mapping such that
t — ¢g(t,w) is measurable and

(gl) ||g(taw1) _g(taw2)||D(A) < L||w1 _w2||a
for a positive constant L.

Assumption (I) Let I} : D(A) — X, I} : E — X be continuous and there
exist positive constants L(I}), L(I?) such that

(i1)  |[Ih(wr) — Li(wo)|| < L(I})||wi — wal| p(ay, for each wy,ws € D(A)
11z ()| < L(Iy), for w € D(A)

(i2) ([ (w) = L (wy)[| < L(I)|[w) — whl|g, for each w),w) € E
[17E ()| < L{IR)|], for w’ € E.

For w € L*(0,T : D(A)), we set

F(t,w) = /0 k(t — s)g(s,w(s))ds
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where k belongs to L?*(0,T). Then we will seek a mild solution of (3.1), that is, a
solution of the integral equation

w(t) =C(t)zo + S()yo + /0 St — s){F(s,w) + f(s)}ds

+ Y Clt—t)Lwt)+ Y St —t) W (t)), teR.  (3.2)

0<tr<t 0<tp<t

Remark 3.1. If g : [0,T] x X — X is a nonlinear mapping satisfying
lg(t, w1) — g(t, w2)|| < Lfjwy — wol|

for a positive constant L, then our results can be obtained immediately.

Lemma 3.1. Let w € L*(0,T; D(A)), T > 0. Then F(-,w) € L*(0,T; X) and

1FC w20 < LKl 200 Vel 20000)-

Moreover if wy, wy € L*(0,T; D(A)), then

||F(-,w1) - F('v w2)||L2(0,T;X) < L||k||L2(0,T)ﬁ||w1 - w2||L2(0,T;D(A))-

Lemma 3.2. If k€ WY(0,T), T > 0, then
t
A / S(t— $)F(s, w)ds = —F(t, w) (3.3)
° t s d
+ / (C(t—s)— I)/ —k(s—7)g(r,w(r))dr ds
0 o ds
t
+ / (C(t—s)—Dk(0)g(s,w(s))ds.
0
Theorem 3.1. Suppose that the Assumptions (G) and Assumption (1) are satisfied.
If f : R — X is continuously differentiable, xy € D(A), yo € E, and k € W12(0,T),

T > 0, then there exists a time T > Ty > 0 such that the functional differential
equation (3.1) admits a unique solution w in L*(0,Ty; D(A)) N WH2(0, Ty; E).
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Proof. Let us fix Ty > 0 so that
Cy =w ' KLTY? (™ — 1)||k|| 12010 (3.4)
+{w T K (e — 1) + 1373 /VBLI K™ + 1| |l w20,
+{w K (e — 1) + 13Ty /V2L| | Ke™ + 1][|[k(0))|
H{w K (e — 1)+ 2} Y LI} Ke ™

0<tp<t

+{2w K (e —1)+1} Y L) <1

0<tp<t

where K, L, L(I}) and L(I}) are constants in ¢(7), (g1) and Assumption (I) re-
spectively. Invoking Proposition 2.1, for any v € L*(0,Ty; D(A)) we obtain the
equation

w” (t) = Aw(t) + F(t,v) + f(t), 0<t<Ty,
w(0) =z, w'(0) =y (3.5)
Aw(ty) = IHo(t)), Aw'(ty) = I2(W'(E), k=1,2,....,m
has a unique solution w € L*(0,Ty; D(A)) N W12(0,Ty; E). Let wy, wy be the
solutions of (3.5) with v replaced by vy, ve € L?*(0,Ty; D(A)), respectively. Put
t
Hw)(t) = Cle)ao + SO+ [ (e = 3)(F(s.0) + F(5)}ds
0

+ > Clt—t)L (o) + Y St —t) (W ().

0<tp<t 0<tp<t

Then
J(wy)(t) — J(ws)(t) :/0 S(t — s){F(s,v1) — F(s,vy)}ds
+ > Ot = t){ I (v (tk) — T (va(ti)}

0<tp<t

+ Y S = t{IR(E)) — Li(vy(t)},

0<tp<t
:Il + [2 + [3.
So, from Lemmas 3.1, 3.2, it follows that for 0 < ¢ < T,

I / S(t — $){F(s,01) — F(s,v)}ds|

< CflKLTo(ewT0 — D)[|E|] 200,00 |1 = val| L2001 D04))
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1500 [ (=P (s.00) = Flo, s
< 14500) [ (0= 9)(Flss0n) = Flssva) ]
= 1504 [ St = 9){Flssn) = Flssua)asl,
and
14 [0 = UFGs.) = Fs s
<1l [ =11 [ s =)ot i) — gty s
1 [ (€= 5) = DO a(s.1(5) gl vl

< tL||K e + 1||||E|lwr20m) [[v1 — vall 22(0,10:D(4))
+ VEL| | K e + 1][|k(0)[]]|vr — val| z201;0(a)) -

Therefore, we have

11111 22(0,10;0(4)) < WK LT (e — DI1E[| 220,20 [1v1 = val| 22 0,10:0(4)) (3.6)

+ {0 K (T = 1) + 13T VBLI K™ 4 1|kl w2030 o1 = vl 120,720
+{w K (e — 1) + YTy / V2L Ke™ + 1] [[k(0)]] [or = val [ 20,:004)-

By Assumption (il), we obtain

1Y Cl—t{Ti(on(ty) = (ot < Y Ke LIy = val[pay,

0<tp<t 0<tr<To

H%C(t) Y Ot = ti){Li(vy) — L)}

<|1AS(t) Y Ot = t){Li(vr) — T (va)}]
=[IS(HA Y Ot — t){Li(v1) = Li(wa) I,
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and

14 Y Ot =t {Liui(ty) = Le(w(tOB = 1] Y Ot = te) A{Li (v1) — Li(w2)} |

0<t, <t 0<ty <t

< Y Ke"||[Ii(vr) = I(v2)l | pgay

0<trp<t
< Y Ke"' LYo = vellpeay
0<trp<t
Therefore, we have
12| 2 0.mipay < {w ™ K (€™ — 1)+ 2} > LU Ke“™[Joy — val|2(0,m:0(4))-
0<tp<t

(3.7)

We also obtain from Assumption (i2),

1> St =t = (ORI < Y Ko ("™ = 1) L(I)|lor — vl pea,

O<trp<t 0<tip<To

1506) 3 St - ) ()~ )

O<tp<t

< [JAS() Y S(t—t){Ii(v) — L (wp)}]

0<trp<t

=[[S(HA Y S(t =t {L(v) — Li(up)}].

0<trp<t

and

14> St = t){IRLE)) = Bt =11 Y %C(t){fzf(v’l)—fé(vé)}\\

0<tp<t 0<trp<t

< Z |17 (v)) = Iy (v3) ||

0<tp<t

< D LU — vyl

0<trp<t
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Therefore, we have

3]l 20000y < {w™ K (e — 1) + 2} Z L(Ii)Ke""|Joy — val| 12(0,15(a)) -
O<trp<t

(3.8)
Thus, from (3.6),(3.7), and (3.8), we conclude that

|[J(w1) — J(w2)||2(0,10:D(4)) (3.9)
< W_IKLT(?Q(GWT() - 1)Hk5||L2(0,To)||U1 - U2||L2(0,TO;D(A))
+{w T K (e - 1) + 1}L|’k||L2(O,TO)\/TOHU1 — V2||2(0,70:D(4))
+ {W_lK(QWTO 1)+ 1}T§/2/\/§LHK€WTO + 1| Hk||W1v2(O,TO)HU1 - 'UQHLQ(O,TO;D(A))
+{w T K (T = 1) + B To/V2L||Ke™ + 1| [[k(0)]] |Jor = vall 2010 04))
+{w K (e 1) + 2} Z L(I)Ke“™|[v1 — va||r2(0,m:(4))

0<trp<t

+ {20 K ("™ = 1)+ 1} D> L)1 — vallwr20,m004))-

0<tp<t

Moreover, it is easily seen that

||J(w1) - J(w2)||L2(o,TO;D(A))mWL?(o,TO;E) < CQHUl - 112|\L2(U,TO;D(A))mWL?(o,TO;E)-

So by virtue of the condition (3.4) the contraction mapping principle gives that the
solution of (3.1) exists uniquely in [0, Tp]. O

Theorem 3.2. Suppose that the Assumptions (G) and (I) are satisfied. If f : R —
X is continuously differentiable, v € D(A),yo € E, and k € W'2(0,T), T > 0,
then the solution w of (3.1) exists and is unique in L*(0,T; D(A)) N W12(0,T; E),
and there exists a constant C3 depending on T such that

[w| 20100040 w2 0.10:8) < C3(1 + [|2ollpay + lvolle + [ fllwr20rx)).  (3.10)

Proof.  Let w(:) be the solution of (3.1) in the interval [0,7,] where Ty is a
constant in (3.4) and v(-) be the solution of the following equation

v’ (t) = Av(t) + f(t), 0 <t,

!

v(0) = o, v (0) = yo.
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11
Then
t
(w—0)(t) = / S(t—s)F(s,w)ds+ > Clt—te) L (w(te))+ > St—t) (W' (t])),
0 0<tp<t 0<tp<t
and in view of (3.9)
l|w — || L2(0,10: D40 W 20,10:8) < Col|w]] 22(0,10:D(4)) W12 (0,10:) (3.11)
that is, combining (3.11) with Proposition 2.1 we have
1
"w’|L2(O,TO;D(A))ﬂWL?(O,TO;E) < 1—C "U"L2(O,TO;D(A))QWLQ(O,TO;E) (3.12)
— (s
Ch
< (1 +[lzollnca + lyollz + [ Fllwr20,m:x))-
1—-Cy
Now from
To
A S(Th — s){F(s,w) + f(s)}ds
0

— C(Ty)f(0) — f(To) + / (O(Ty — 5) = I)f (s)ds

d

— F(Tpy, w) —I—/O 0(C’(TO —s)—1) /08 %k:(s —7)g(r,w(7))dr ds

+/0 O(O(To —5) = Dk(0)g(s,w(s))ds,

14 ) Ot =t Ii(w)]|| < Kw ("™ Y Ke ™ Y - LD Jw(t)llpe.

0<trp<t 0<trp<t

Y St—t)RE)I < Y LUDIW )]s,

0<trp<t 0<tp<t

and since

) /0 S(t— $){F(s,w) + f(s)}ds = S(t)A /0 S(t— $){F(s,w) + f(s)}ds,

L ) Y Clt—t)Ii(w) < SHA Y Ct —ty) [ (w),

0<trp<t 0<trp<t
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12

) Yo St—t)Rw) < SHA Y S(t—t) (W)

0<tp<t 0<tp<t

We have

|[w(To)l|peay = ||C(T0)Io+5(To)yo+/0 OS(TO — s){F(s,w) + f(s)}ds
+ > Clt—t)Li(w) + Y S(t—t) R (w)]|pay

O<trp<t O<tr<t

< (w K (e = 1) + D{Ke*™]|zo||peay + ||yol| 2 + ToLl K| 200 | [w] | £2(0,10:04))
+ 1K £ )] + | O] + 1K (™ + DTl | fllwr207:x)
+ tLI[ K e + 1| [[K[w.2(0m) [[w]] £2(0,10:D04))
+ VL[ K e + 1| [|k(0)|[|[w]] 2200700040 }
+ {24+ Kw ' ("™ = 1)} Y Ke"™L(I})

0<trp<t

+{l+2Kw ("™ - 1)} > L(I}).

0<tp<t

Hence, from (3.12), there exists a positive constant C' > 0 such that
[lw(To)l[pay < C(L+ [[zolIpay + lyolle + [[fllwr20,m:x))-

Since the condition (3.4) is independent of initial values, the solution of (3.1) can
be extended to the interval [0,nTp] for every natural number n. An analogous
estimate to (3.12) holds for the solution in [0,n7p], and hence for the initial value
(w(nTy),w (nT})) € D(A) x E in the interval [nTy, (n 4+ 1)Tp). O

Example. We consider the following partial differential equation

w' (t,z) = Aw(t,z) + F(t,w) + f(t), 0<t, 0<z<m,

w(t,0) =w(t,m)=0, teR

w(0,z) = zo(x), w (0,2) =yo(z), O<z<m (E)
Aw(ty, ) = Ly (wty)) = (w0t 2)|| + ), 1<k <m,
Aw'(ty, z) = I(w'(te)) = ol (t, ),

\

where constants 7, and 6x(k = 1,--+ ,m) are small.
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Let X = L?([0,7];R), and let e,(z) = \/gsinna:. Then {e, :n=1,---} is an
orthonormal base for X. Let A: X — X be defined by

Aw(z) = w"(z),

where D(A) = {w € X :w, w’ are absolutely continuous, w” € X, w(0) = w(r) =
0}. Then

oo

Z (w,en)en, w e D(A),

=1

and A is the infinitesimal generator of a strongly continuous cosine family C(t),
t € R, in X given by

Ctw = Zcosnt(w, en)én, weE X.

n=1

The associated sine family is given by

o]
smnt
E (w,en)en, weX.
n

n=1

Let g1(t,z,w,p), p € R™, be assumed that there is a continuous p(t,d) : R x
R — R™ and a real constant 1 < § such that

(fl) gl(t>$7070) = 07
(£2) |gi(t, z,w,p) — g1 (t, v, w,9)] < p(t, |w])|p — 4,
<f3) ‘gl<t7xawl7p) - gl(t7x7w27p)’ < p(ta ’wl‘ + ‘w2|)‘w1 — Wa.

Let
g(t,w)x = g1(t,z,w, Dw, D*w).

Then noting that
latt,w0) = g(tws)ly <2 [ lon(tn,p) - b0, 0) e
+ 2/Q lg1(t, 2, w1, q) — g1(t, 7, wq, q)|*dx
where p = (Dwy, D*w;) and q = (Dwy, D*wy), it follows from (f1), (f2) and (f3)

that
g(t, w1) — g(t, wa)|[5 2 < L(|[w1||peay, |[wel] peay) [Jwr — wa||peay
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where L(||wi||p(ay, ||w2||pea)) is a constant depending on ||w:||pay and ||wa||pa).
We set

F(t,w) = /0 k(t — s)g(s,w(s))ds

where k belongs to L?(0,T). Then, from the results in section 3, the solution w of
(E) exists and is unique in L?(0, T; D(A))NW2(0,T; E), and there exists a constant
C5 depending on 7' such that

||| 20,7004y < C3(1 + [|2ol|pay + |[volle + (| fllwrzo7.x))-
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