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Abstract

Here we give a very general fractional Bochner integral representation
formula for Banach space valued functions. We derive generalized left and
righ fractional Opial type inequalities, fractional Ostrowski type inequali-
ties and fractional Griiss type inequalities. All these inequalities are very
general having in their background Bochner type integrals.
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1 Background
We need

Definition 1 (/2]) Let [a,b] C R, (X,]|||) @ Banach space, g € C* ([a,b]) and
increasing, f € C ([a,b],X), v > 0.

We define the left Riemann-Liouville generalized fractional Bochner integral
operator

(Iead) @ =15 [ @ =9 @ f@d )

Y x € [a,b], where T is the gamma function.

The last integral is of Bochner type. Since f € C([a,b],X), then [ €
Lo ([a,b], X). By [2] we get that I}, ., f € C ([a,b], X). Above we set I{, ., f =
[ and see that (I},.,f) (a) = 0.
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When g is the identity function id, we get that I3 q = 1oy, the ordinary
left Riemann-Liouville fractional integral

1

(1) @) = 75 / S0 f (), @)

V€ [a,b], (IX, f) (a) = 0.
We need
Theorem 2 ([2]) Let pi,v >0 and f € C ([a,b],X). Then

Lovigldsigf = If;if;f = Liyigliref- 3)

‘We need

Definition 3 (/2]) Let [a,b] C R, (X,]|||) a Banach space, g € C* ([a,b]) and
increasing, f € C([a,b],X), v > 0.

We define the right Riemann-Liouville generalized fractional Bochner inte-
gral operator

14 — 1
(Ib—;gf) (IIZ) T T (V)
V z € [a,b], where I is the gamma function.
The last integral is of Bochner type. Since f € C(la,b],X), then f €
Lo ([a,0], X). By [2] we get that I} f € C([a,b], X). Above we set I . f :=

f and see that (I[’)’_;gf) (b) =0.

When g is the identity function id, we get that Iy .4 = 1;_, the ordinary
right Riemann-Liouville fractional integral

b
/ (9(2) — g (@) ' (2) f (2) d=. (4)

(17 f) (2) = ﬁ /f (t— )"\ F () dt, (5)

Y @ € [a,b], with (I{_f) (b) = 0.
We need
Theorem 4 (/2]) Let pp,v > 0 and f € C([a,b],X). Then
I oIy gf = D20 f = I oI f. (6)
We will use
Definition 5 (/2/) Let « > 0, [a] = n, [-] the ceiling of the number. Let

f e C™([a,b],X), where [a,b] C R, and (X, ||||) is a Banach space. Let g €
C* ([a,b]), strictly increasing, such that g=* € C™ ([g (a), g (b)]).
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We define the left generalized g-fractional derivative X -valued of f of order
a as follows:

1

(Dng;gf) (z) = m

[ 6@-g@ " 0 (rog )" @)
(7)
YV x € [a,b]. The last integral is of Bochner type.
If a ¢ N, by [2], we have that (DS, ., f) € C ([a,b], X).
We see that
(1275 ((Fog™) W og)) @) = (D2iyf) (@), Yaclabl. (8
We set
n R —1\(n)
Diyof @)= ((fog™) " og) (@) € C(la,],X), neN,  (9)

DYy of (2) = f (@), ¥ elab].

When g = id, then
Dg+;gf = Dg+;idf = Dfa ) (10)
the usual left X -valued Caputo fractional derivative, see [3].

We will use

Definition 6 (/2/) Let « > 0, [a] = n, [-] the ceiling of the number. Let
f € C"([a,b],X), where [a,b] C R, and (X, ||:||) is a Banach space. Let g €
C! ([a,b]), strictly increasing, such that g=* € C™ ([g (a), g (b)]).

We define the right generalized g-fractional derivative X -valued of f of order
a as follows:

(_1)7L

(D) (@) = e [ @O =9@)" 7 g () (r0a7) " g (O)at

(11)

YV x € [a,b]. The last integral is of Bochner type.
If a ¢ N, by [2], we have that (Dg“_;gf) € C([a,b],X).
We see that

Lo (G0 (Fog™) W eg) @) = (D)) (@), a<w<b (12)
We set
Di_yf (@)= (=1)" (fog™")" 0g) (8) € C(la,}], X), nEN,  (13)

Dg,;gf (z):=f(2), Vaclab].
When g = id, then

Dy_yf (x) = Dy_af () = Dy f, (14)

the usual right X -valued Caputo fractional derivative, see [3].
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We make
Remark 7 All as in Definition 5. We have (by Theorem 2.5, p. 7, [5])

[(020) @] < 5= [ @@ =05 @ (7097 (0 0] at

(#2970 o]

g(z)
00,[a,b] n—a—1 o
R = el BRUC RO OE
H(fog_l ( )OgH Ja,b] n—a 15
F e ) g ) (15)
That is
H('fogil)( )OgHoo,[a,b] n—a 16
|(Dieh) @I < —F a7 @@ —g@)™,  (6)
Vz € la,b].

If a ¢ N, then (D, f) (a) = 0.
Similarly, by Definition 6 we derive

|08 @] < s [@(t)—g(m))" g 0o (o 0] at

g(t) =g (@)" " dg(t) =

[(rog)™ oy ot
< 00,[a,b] / (
g9

Jisos

Al (g (b) — g ()" (17)

That is

[(Foa™)eq|
'n—a+1)

1(D§.,f) (2)]| < L g ) —g (@), (18)

Vzelab.
Ifa ¢N, then (D;;g;g f) (b) = 0.
Notation 8 We denote by

D¢, =Dy, Dy ,..Dyy ., (n times), n €N, (19)
Igj:g = I¢(11+ gIzlzXnL 397" Iz(zXJr;g’ (20)
Dpe, =Dy Dy ,..Di_.,, (21)

and

noa .
b—;g - Ib Ib Ib— (g0

(n times), n € N.

1066 Anastassiou 1063-1081



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.6, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

We are motivated by the following generalized fractional Ostrowski type
inequality:

Theorem 9 ([2]) Let g € C' ([a,b]) and strictly increasing, such that g=' €
C'(lg(a),g®)]), and 0 < a < 1, n € N, f € C'([a,b], X), where (X, 1D

is a Banach space. Let xo € [a,b] be fived. Assume that F}° = mr f, for
k=1,..,n, fulfill F° € C*([a,z0],X) and (D;OO‘_ gf) (z9)=0,1=2,.

Similarly, we assume that G}° = D’;;"+;gf, for k =1,...,n, fulﬁll Gi" €
C' ([zo,b], X) and (DX, . f) (z0) =0, i=2,...,n

To+;9
Then
L[ b @ ) < :
- — f(x .
b—a J, Lo VN =0b-—a)T(n+a+1)
{0 - g™ 06— [p8E0e]
@) =g @) @ -a[pey| b e
In this work we will present several generalized fractional Bochner integral
inequalities.

We mention the following g-left generalized X-valued Taylor’s formula:

Theorem 10 (/2]) Let o > 0, n = [a], and f € C™ ([a,b] , X), where [a,b] C R
and (X, ||-|) is a Banach space. Let g € C* ([a,b]), strictly increasing, such that
g7t €C"(lg(a),g (®)]). Then

1" o i
F(a)/ (9(2) =g (£)""g' (8) (Do f) (1) dt =
fla)+ i (g9 () ;!g (a))l (f o g—l)(l) (9 (a)) + (24)

g(z)
Fag Ly @@= (Dheyf)og™) (), Ya ot

We mention the following g-right generalized X-valued Taylor’s formula:

Theorem 11 ([2]) Let a > 0, n = [a], and f € C™ ([a,b], X), where [a,b] C R
and (X,||-||) is a Banach space. Let g € C*([a,b]), strictly increasing, such that
97 €C"(lg(a),g(®)]). Then
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s+ 30 W IOT (0 2O g ) ¢ (29

g(b)
(z)/( ) (z =g (@) (Dp_gf) 097!) (2)dz, ¥z €a,b].

For the Bochner integral excellent resources are [4], [6], [7] and [1], pp. 422-
428.

2 Main Results

We give the following representation formula:

Theorem 12 All as in Theorem 10. Then

0 o1 (k) b
N IETTS plAT e Ly AR A
k ’ e

(26)

b—a
1

for any y € [a,b], where

-
I'(a) (b—a)

V Xiaw { (/ lg (= 7t (@) (D5 f)(t)dt)dx
/X[vb] (/ lg (= ot ’()(D;“ﬂf)(t)dt)dx]_ (27)

here x 4 stands for the characteristic function set A, where A is an arbitrary
set.
One may write also that

Ry (y)=—

+/yb (L”(g(x)—g(t))a Y9 () (DS, f) (t)dt) dx],

for any y € [a,b] .
Putting things together, one has

b n—1 01 (k) b
i [i@a- T ) OO ) gt e
@ k=1 ’ a
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_F(a)(lbl/ Xfom) (@ (/ 90) =9 O o (0D 1) ()t ) d

[ @ [ lo@ =05 0 050 0 ) dx]. (20)
In particular, one has
f o) (gw) f° .
Dy [ i | @ - e ) de = R o).
(30)
for any y € [a,b].
Proof. Here x,y € [a,b]. We keep y as fixed.
By Theorem 10 we get:
n—1 o —1 (k)
fa@) =+ X L 0D ) g @y
k=1
L/z( (@) — g () g’ (t) (D2,..f) (t) dt, for any @ >
o) J, g g g tig ; yT>y.
By Theorem 11 we get
n—1 o —1 (k)
=+ Y LD o) g @
k=1
i @0 =9@) g O (D5 ) O, o any 2 <
By (31), (32) we notice that
b Y b
/f(x)d:v:/ f(x)dm—i—/ @) de = (33)

T () Y
b n=1 (e —1\k) b
[ 1w S0 <g<y>>/ 6] (g o
Y k=1 y
1 fhyqe o )
r<>/ (/y (9(x) =9 ()" (1) (Dys ) (1) )dx
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Hence it holds

b n—1 01 (k) b
[ rwa=r s SO ) gt

k=1

Fm)(lb—a)[/y (f'gmg 1“7t () (D f)(t)dt>dm+
/yb </ l9(@) =g OI" 9" (1) (D 10) <t)dt> d:ﬁ].

Therefore we obtain

fogt (k) b
i @ SRS 00D e
k ’ @

1

Fm)(lb—a)[/y (/zy|g(x)g *"h g () (D f)(t)dt>dx+
/yb (/ym|9(m)—g |~ 1 /()(D;‘+gf) (t)dt) dx].

Hence the remainder

R ) =~ = [/ (/ 9(a) =901 o (0 (D5 ) ()t ) d

+/yb( 9 (@ 7 (1) (Dyyf) (t)dt) dm] .

b—a l/bxaw (/ lg (@ *t g () (Dy f)(t)dt)da;

(36)

+/ab><[y,b](93) (/jlg(w)—g * '()(Dzﬁgf)(t)dt)dx]'

The theorem is proved. m
Next we present a left fractional Opial type inequality:

(34)

Theorem 13 All as in Theorem 10. Additionally assume that « > 1, g €
C ([a,b)), and (fog )™ (g(a)) =0, for k = 0,1,...,n— 1. Let p,q > 1 :
Ly 1l_1 Then
P
x o 1
[ 1 @ D2,1) )] ) dw < - (37
a «

([ (] ww-g0rera) dw)’l’ (/ (D3 f )(w)nqdw)g,

V€ la,b.
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Proof. By Theorem 10, we have that

f(SC)—P(la)/j(g(w)—g(t))a Yo' (1) (Do f) (B dt, Y x€fab]. (38)
Then, by Hélder’s inequality we obtain,
1@< i ([ @@ =gy an)” ([[6@r 0,0 o) @)
(39)
Call
2@)i= [ O (D2, 0) O] at, (40)
z(a’)I‘}T .
(@ N (Degf) @] = 0, (41)
and
(2 (z))e =g ||( a+gf)(x)|‘207 V€ la,b]. (42)
Consequently, we get
If (w)llg" (w) [|(Dg4f) (w)]| < (43)
L v w) — p(a—1) % 2(w) 2’ (w % w a
i ([ @ -o) dt) (=) )", Vwe ],
Then
J 1 @Iz ) @] o' (0 < (a4

i/a </a (g (w) =g (£)" dt)l (2 (w) 7 (w)) " dw <

Tr
Fioz) (/w (/w (g (w) — g ()P @™V dt) dw>; (/;z(w) % (w)dw> =
(45)

%04) (/m (/aw (9 (w) =g (1)) dt) dw); <222(x)); -
ﬁ </: </aw(9(w)—g(t))p(“_”dt) dw);.

([ w e ioe.nol dt)g 2t (16)

The theorem is proved. m
We also give a right fractional Opial type inequality:

Q=
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Theorem 14 All as in Theorem 11. Additionally assume that « > 1, g €

C' ([a, b)), and (fog_l)(k) (g(b)=0,k=0,1,...n—1. Letp,qg>1:
1. Then
1
D
[ 15 @R 1) @] 5 ) < T

b b % b
( / ( / (g(t)—g(w))p”‘”dt> dw> ( | @ @) (D) <w>|\qdw) :

alla <z <b.

Proof. By Theorem 11, we have that

1,1 _
p+q_

(47)

b
F@) =t | @O-9@) g O/ D5 ) Odt ala<a<n (@)

Then, by Holder’s inequality we obtain,

If @) < (1)< / (g(t)—g(x))““‘1>dt>p ( / (9 ()" |(Df—sf) ()

Call
b
2(@)i= [ (o @) (D501 0] .
z(b) =0.
Hence
7 (x) = (¢ (@) [ (Di_yf) @) <0,
and
—2' () = (¢' (@) [[(Di_y f) (2)]|* = 0,
and

(= (@)% =g (2) [ (D5_yf) @)] 20, ¥ 2 € [ab].
Consequently, we get
1f (w)ll g" (w) [ (DF_y f) (w)]| <

1 ’ pla—1 /
F(a)< (9.(t) — g ()" >dt> (2 (w) (=2 ()",

Q=

—~

/||f (D5, 7) (w)]| ¢ (w) duw <

L — pla=1) %—zwz’w%w
F(a)/x@(g(t) g () dt) (= (w) 2 ())* dw <

10

1072

YV w € [a,b].

H%lt)é.

(49)

(50)
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D=

1 AN P g1\ g
T (/ (/w (9.(t) — g (w) dt)d)

b i
([ woriee.nera) 31

The theorem is proved. m
Two extreme fractional Opial type inequalities follow (case p =1, ¢ = c0).

Theorem 15 All as in Theorem 10. Assume that (fog_l)(k) (9(a)) = 0,
k=0,1,....,n—1. Then

‘ « ||Dg ,gf”io * «
J 1 @02, ) dw < FEE e (g ) - g (@) dw) . (59)
alla <z <b.

Proof. For any w € [a, b], we have that

f(z)= F(la)/a (g(w) =g ()" g () (D4, f) (t) dt, (59)

and ) w

I @1 < 575 ( / (g(w) — g (1) g (1 dt) 1D% 0 f]
[z o
= e (g w) — g ()" (60)
Hence we obtain
D2, I .

I @)l D4 ()] < ww(w)—g(a)) SNGY

Integrating (61) over [a, 2] we derive (58). m

Theorem 16 All as in Theorem 11. Assume that (f og_l)(k) (g(b) =0, k=
0,1,....,n—1. Then

[ 1 @15 )] < MX’ ( [ o —g(w))adw> . (©)

alla <z <b.

11
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Proof. For any w € [a,b], we have

1 b a—1
F@) = Fa /w (9(t) — g (W)™ g’ (1) (D, ) (¢) d, (63)

and

b
If(w)IISF(la)</ (9(t) — g ()™ g'( dt) D5 f.

o

= M 0O g )", (64)

Hence we obtain

2

|2-1].,
1F @)D f ()| < Ty

Integrating (65) over [z, b] we derive (62). =
Next we present three fractional Ostrowski type inequalities:

(g (0) —g(w)*. (65)

Theorem 17 All as in Theorem 10. Then

—1 (k) b
| W5 [ 1 dx+2 Pod 8D [ ) - g )t o
1
FavD6-a)

(9 = 9 (@)* =) [ Dy_ o fI| . + (9 ®) = g )" 0 =) | D50 £
Yy € [a,b].

(66)

Proof. Define
(D;-‘r,gf) (t) = 0) for t < Y,
and (67)
(Dy_.,f) (t) =0, fort>y.

Notice for 0 < a ¢ N by Remark 7 we have

(D2ygf) (a) =0. (68)
Similarly it holds (0 < o ¢ N) by Remark 7 that
(Dl?F;gf) (b) = 0. (69)
Thus
(Dg10f) () =0, (Dy_f) (y) =0, (70)
0<a¢N, any y € [a,b].
12
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‘We observe that

IR ()] %)W)(lb_)[(/ (/:<g<t>g<x>)“ 1 ’()dt) dw) D5 f1l..

(71)
b T
([ ([ wor-aor s 0w 1951 | -
1 e —9@)" N pe
roa [ ) 195l
b ) — e}
+</y (9 (x) ag(y)) >‘|Dv+gf”w] <
1 o o
Fa 0= 0@ 9@ - Dy, S+
(90) =g )" =) | Dyl ] (72)

We have proved that

IR )] < !

S NCES(ED) (@) —g@)* v-a) Dy ofll,  (73)

+(g ) =9 )" (=) [ Dy fl.]

any y € [a,b)].
‘We have established the theorem. m

Theorem 18 All as in Theorem 10. Here we take o« > 1. Then

1 (k) b
H d“z L 259(”)/ (9() — g ()" dal| <
m [H (D5=a8) 297 sty @ = @) (9 ) = g ()"
+ H (D3+;gf) ° 971}|1’[g(y)7g(b)] b—1y)(g)—g (y))a_l} 7 (74)

Vyelab].

Proof. We can rewrite

o 1 y g(y) B o1 N -
Ri(y) = Wb_)[/ ( /M (: =g @) (D2 yf) o 9 )(z)dz) dz

b g(z) ) X »
+ / (/g(y) (9(2) — 2° " (D2, f) o g )(ZMZ) dx].

13
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We assumed « > 1, then

( (-9 (x))ail H ((Dgf;gf) © g_l) (Z)H dz) dx (76)
b g(z)
g/ </g (9(@) =" [(Dfrsf) 067 G dz> dw] <

1 v [ ro) . » B
WMK/ </g<m> G )<z>Hdz> d:c) (9(v) ~ 9 (@)
b g(x)
i (/, </g(y> [(®yssf)es™) (z)Hdz) dm) (9 (b) —g(y))a_1] <

= 1050 20y W= D g @) =g @) (77)

+ H( y+;gf) ©g 1”1,[9(3,),9(17)] (b=y)(gb)—g (y))ail} .

So when « > 1, we obtained

120 0 < =y [1P500) 2™ sy @ = @) (0 ) = g @)

+ H (Dg-i-;gf) °© g_lHL[g(y),g(b)] (b—y)(g(b)—g (y))a_l} .

Clearly here g~ is continuous, thus (Dg_. f)og~ € C([g(a),g(y)],X), and

(D;+;gf) og e C(lg(y),g(b)],X). Therefore

H(D;f;gf) © 9_1H1,[g(a),g(y)] |l (Dyy:gf) OQ_lHL[g(y),g(b)] < oo. (79)
The proof of the theorem now is complete. m

Theorem 19 All as in Theorem 10. Let p,q > 1: % + % =1, a> %. Then

-1) (k) b
H e dw+2 o0 D200 g0y g 1
(50

< ! o
[(a)(b—a)(p(a—1)+1)»
{(9 () — g (@) 5 (y—a) | (DE_,f) o g™
(g (®) — g W) b —)||(Dggf) 09

Yy € [a,b].

1
Hq,[g(akg(y)]

1
Hq,[g(y)ﬂ(b)J ’

14
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Proof. Here we use (75).
We get that

1

1 y 9(y) pla1) »
IR0 < F e / (/M (2 — g ()) dz)

9(y) a b [ rgx) %
o o ) ()Y dz T z) — 2P V| .
(/m (D5 of) 097 (2)] d) d +/y (/g(y) (9(x) - 2) d)

o (e —g@) -
F(oz)(b—a)K/a (pla—1)+1)7 d>H( 9529 N tot@ a0

(81)
V(g() —g )V o -
! </a (pla—1)+1)7 dx) [(Dyygf) o9 1||q,[g<y>,g<b>1] '
(here it is « — 1+ 1 > 0)
Hence it holds
1
I1R: ()] < g (82)
@ b-a@E@-n+1?
[(g () = 9(@)* 7 (y — a) || (DS_, f) T
(9(0) =g )% b= [|(Dgof) 0 971||q,[g<y>,g<b>1} :

Clearly here

H (Dgf;gf) Og_lnq,[g(a)’g(y)] ) H (Dng;yf) °9 1“ 9(y),9(b)] < o0

We have proved the theorem. m
Next we give some fractional Griiss type inequalities:

Theorem 20 Let f,h as in Theorem 10. Here Ry (y) will be renamed as
R (f,y), so we can consider Ry (h,y). Then

1)

Ap (f;h

(b-a)’

n-l b b
mHZH/ (/ (hw) (1o (9w +
k=1 a a

15
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Fly) (hog™)™ (g (y))) (9(z)—g(y)" dw) dy] =
b
ﬁ U (h(y) Ry (f,y) + f (y) Ra (h,y))dy] = K, (f,h), (83)

2) it holds

1A, (£, 1) < 4O —g @)

D2 i s (19571195051

e (o (10500l 12500) )| o

3)if a« > 1, we get:
180 ) < gy (0~ (@) (85)
{|h”1 ( elon (H( POLE N AR (G )T A q(bn)> '

7l <y2“p (1@50) 97 1y ey + 1 (Pies) °91||1,[g(a>,g<bn)> }
4)ifp,g>1

11 1 .
.5+E—1,a>a,weget.

1A, (f, B)|| < (g(b) —g(@)* 7
S (@) (pla—-1)+1)7

{”hHOO ( o <H( o) 29 g ooy T 1 (Priaf) Ogluq,[g(a),g(bﬂ)) i

Ml ( et (H( POLE I PRIl | GO e M g(b)1)>}.

All right hand sides of (84)-(86) are finite.

(86)

Proof. By Theorem 10 we have

b
hw ) =32 [ @) da-
n—1 (k) b
> h k' gb _)a) (g (y)) [l (g (LE) —g (y))k dLE + h (y) Rl (f’ y)v (87)
16
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and

) (hog )™ (9 ()
Z k!'(b—a)

b
/ (@) —g W) da+f ) By (hy),  (89)

k=1

Vyé€la,bl.
Then integrating (87) we find

b
[ s wan= W (/abf(w)d$> -

I;k,(bla)/a /a W) (Fog ™)™ (9w) (9(@) — g )F dedy

b
+ / h(y) Ry (f.) dy. (89)

and integrating (88) we obtain

/f (7 wyay) (S0 (@) da)

b—a

n—1 1 b b . ENG) B k
;W_) / / F@) (hog™) ™ (gW) (g (@) — g (v)" dudy

/f )Ry (hy)d (90)

Adding the last two equalities (89) and (90), we get:

z/abf(m(x)dx:2(faf<x>dz) (1Prwa)

b—a

n—1 1 b rb (B _1y (k)
];k!(b_a)H/a/ah(y)(fog )7 (9 W) + f(y) (hog™) <9<y>)1'

b
(9(z) — 9(y))kdxdy} +/ (h(y) Ry (f,y) + f (y) R (h,y)) dy. (91)

Divide the last (91) by 2 (b — a) to obtain (83).

Then, we upper bound K, (f, h) using Theorems 17, 18, 19, to obtain (84)-
(86), respectively.

We use also that a norm is a continuous function. The theorem is proved.
]

We make
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Remark 21 (in support of the proof of Theorem 20) Letaw > 0, a ¢ N, [a] = n.

We have
a 1 * n—a—1 —1 (n)
(D109) @) = o=y | 6@ =9 @) O (1o w®)at
’ (92)
YV x €y b, and
(D5 1) () = rinl_)w [ 60-g@ry 0 o)™ @@
(93)

YV x € [a,y], both are Bochner type integrals.
By change of variables for Bochner integrals, see [6], Lemma B. 4.10 and
[7], p. 158, we get:

g(z)
(O5) (@) = g [ 0= (Fog) " ()t -
( s+ (f 09’1)) (9(z), Vaelyb], (94)

and

(Dg?y)f (f 09_1)) (9(2), Vzelayl. (95)

Here D;‘(yH, D;‘(y)f are the left and right X -valued Caputo fractional differen-
tiation operators.
Fizw :w > xo > yo; w,Zo, Yo € [a,b], then g (w) > g(xo) > g (yo). Hence

(D5, 4:9F) (w) = (D5, 1. f) (w)]| =
| (Pgs (F0971)) (@) = (Dgagys (Fo9™)) (g w))]| =

1

m < (96)

g(0) a1 —1\ ()
/ (g (w) = 2" (fog )" (2) d2
9(vo)

ﬁ /gg(mo) (g (w) — z)n—a—l H(f og_l)(n) <Z)H dz <

(o)
o o—1)™ .
H(f 97 00,[9(a),g(b)] /g( ) (g (w) — 2)" "V dz =
['(n—a) 9(yo)
6]
o0, [9(

a),g(b)] n—a n—a
T (n —a+ 1) |:(g (yO) - Z) - (g ($0) — Z) — 0’

18
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as yo — To, then g (yo) — g (xo), proving continuity of (D;‘(y)+ (fo gfl)) (g (x))
with respect to g (y), and of course continuity of (D§+;gf) () iny € [a,b].

Simalarly, it is proved that (D;‘ﬂgf) (z) is continuous in y € [a,b], the proof
s omitted.

Remark 22 Some examples for g follow:
g(@)=¢€*, vela,b CR,
g (z) =sinz,
g (z) =tanz,

where x € —g + €, g — 5] , where € > 0 small.

Indeed, the above examples of g are strictly increasing and contimuous functions.
One can apply all of our results here for the above specific choices of g. We
choose to omit this job.
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