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MIZOGUCHI- TAKAHASHI'S FIXED POINT THEOREM IN v-
GENERALIZED METRIC SPACES

SALHA ALSHAIKEY *, SAUD M. ALSULAMI AND MONAIRAH ALANSARI

ABSTRACT. Our main work is to prove Mizogchi- Takahashi theorem in v-
generalized metric space in the sense of Brancairi. In the same setting we
prove two more theorems which are generalizations of the main one.

1. INTRODUCTION

A metric is defined as a mapping d: X x X — [0, 00), for any non-empty set X

which satisfying the following axioms, for any z,y,z € X

(i) d(z,y) =0iff z =y

(i) d(z,y) = d(y,z)
(iii) d(z,y) < d(z,z) + d(z,y).
We said that the pair (X, d) is a metric space. The theory of metric spaces form a
basic environment for a lot of concepts in mathematics such as the fixed point the-
orems which have an important rules in various branches of mathematical analysis.
One of the famous result of fixed point theorems is Banach Contraction Principle
which state that,

Theorem 1.1. [11](Banach Contraction Principle)
Let (X,d) be a complete metric space. Let T : X — X be a self map on X such
that

d(Tz, Ty) < rd(z,y),

hold for any x,y € X, where r € [0,1). Then T has a unique fized point.

Many authors explored the importance of this theorem and extended it in differ-
ent directions. For examples, we refer the reader to the following papers [2, 9, 8, 6],
and the references therein. In (1969) Nadler extended theorem 1.1 for multi-valued
mapping. Recall that the set of all non- empty, closed and bounded subsets of X
is denoted by CB(X) and let A, B be any sets in CB(X). A Hausdorff metric is
defined as

H(A, B) = max{sup d(a, B),supd(b, A)}
acA beB
Theorem 1.2. [12](Nadler’s theorem) Let (X,d) be a complete metric space. Let
T:X — CB(X) be a multi-valued map. Assume that

H(Tz, Ty) < rd(x,y),
holds for each x,y € X and r € [0,1). Then T has a fized point.
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Many attempts have been done to generalize Nadler’s theorem. One of these
generalizations is Mizoguchi- Takahashi’s theorem which stats that:

Theorem 1.3. [10] Let (X,d) be a complete metric space. Let T : X — CB(X)
be a multi-valued mapping. Assume that

H(Tz,Ty) < Bd(z,y))d(z,y),
hold for each x,y € X, where 8 : [0,00) — [0, 1) is a function such thatlimsup,_,,+ B(s) <
1. Then T has a fized point.

Remark 1.4. The function (3 in theorem 1.3, which satisfies limsup,_,,+ B(s) < 1
is called Mizoguchi- Takahashi function (MT- function for short).

Starting with Mizoguchi and Takahashi’s paper, many generalizations of their
theorem have been established see [3, 13]. Recently, Eldred et al [4], claimed that
Nadler’s and Mizoguchi- Takahashi’s theorems are equivalent. However, in [14],
Suzuki proved that their claim is not true and he shown that Mizoguchi- Takahashi’s
theorem (1.3) is a real extension of Nadler’s theorem. This is why we are interesting
in such theorem.

In another direction, in (2000) Branciari created a new concept of generalized
metric spaces by modifying the triangle inequality to involve more points.

Definition 1.5. [1] Let X be a non- empty set and d : X x X — [0,00). Forv € N,
a pair (X,d) is called a v- generalized metric space if the following hold:
(M1) d(z,y) =0 iff x=y
(M2) d(z,y) = d(y,z)
(M8) d(x,y) < d(z,ur) + d(ug,u2) + ... + d(uy, y),
for any x,uy,us,...uy,y € X, such that x,uy,us,...u,,y are all different.

It is not difficult to show that the new space is not the same as the original
one. Moreover, the new space is hard to deal with because it does not satisfy all
topological properties that metric space has, see [15] for more details. Recently,
n [16], Suzuki proved Nadler’s theorem in v- generalized metric spaces. The main
work of this paper is to prove Mizoguchi -Takahashi’s theorem in v- generalized
metric spaces. Firstly, we will list all the necessary definitions and some results
that we will need. Then, we will be able to prove our main results.

2. PRELIMINARY

Definition 2.1. A point x € X is said to be a fized point of multi-valued map T if
zeTlz.

Definition 2.2. [1] Let (X, d) be a v- generalized metric space. A sequence {Zy }nen €
X is said to be Cauchy sequence if

lim sup d(2p, zm) =0
n on>m

Definition 2.3. [16] A sequence {xy, }nen is said to be (>, #)- Cauchy sequence if
all x,,’s are different and

o0
g d(zj,zj41) < 00
Jj=1

Definition 2.4. [16] Let (X,d) be a v- generalized metric space. We said that, X
is a (>, #)- complete if every (>, #)- Cauchy sequence converges.

1048 ALSHAIKEY 1047-1054



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.6, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Lemma 2.5. [16, 5] Let (X, d) be a v- generalized metric space.

e FEvery converge (>, #)- Cauchy sequence is Cauchy.

o Let {xp}tnen be a Cauchy sequence converges to somey € X and {y,} € X
be a sequence such that lim, o d(xn,yn) = 0. Then, {y,} also converges
toy.

Lemma 2.6. [14] Let 8 : [0,00) — [0,1) is a MT-function. Then, for all s € [0, 00),
there exist rs € [0,1) and €5 > 0 such that B(t) <rs for allt € [s,s +€5)

Lemma 2.7. [12] Let (X, d) be a metric space. For any A,B € CB(X) and e > 0,
there exist a € A and b € B such that d(a,b) < H(A,B) +¢

3. MAIN RESULT

In this section we prove Mizoguchi -Takahashi’s theorem in v -generalized metric
spaces and some of its generalizations in the space.

Theorem 3.1. Let (X,d) be a (>,#) complete, v- generalized metric space. and
let T be a multi-valued map defined from X into CB(X) satisfies the following:

(i) If {yn} € Tx and {y,} converges to y theny € Tx.
(it) For any x,y € X, H(Tz,Ty) < a(d(z,y))d(z,y),

where « is MT-function. Then T has a fixed point.

1 t
—|—Ta(). It is not difficult

to show that «(t) < 7(¢), for any t € [0,00) and lim,_,;+ supy(s) < 1. Moreover,
for each z,y € X and v € Tz, there exist u € Ty such that

d(v,u) <v(d(z,y))d(z,y).
Putting v = y, we will get that

Proof. Let define a function « : [0,00) — [0,1) as v(t) =

d(y,u) < y(d(z,y))d(z,y)
Define f(z) = inf{d(z,b) : b € Tz} and suppose that T' does not have a fixed point
(ie., for all z € X, f(x) > 0). Let 1 € X be arbitrary and choose zo € T,
satisfying
S
— (7).
y(d(wr,22))"

Since T'wo # (), we can choose an arbitrary element x3 € T'zo such that

(2) f(z2) < d(z2,73) < y(d(z1,72))d(21, 72).

Also, as in equation (1), we have

(1) d(z1,z2) <

(3) d(l‘g,ﬂ?g) < f(.’l?g)

Y(d(22, 23))
From (2) and (3), we have
1

A(w,s) < min{y (e, 22))d(@r,22), ~ s

f@2)}

Thus
Y(d(z2, 23))d(z2, 23) < f(22) < Y(d(21,,72))d(71,72) < f(21).

1049 ALSHAIKEY 1047-1054



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.6, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

4 SALHA ALSHAIKEY *, SAUD M. ALSULAMI AND MONAIRAH ALANSARI

Continuously, {,}neny € X is a sequence constructed such that z,4; € T, and
satisfying
(4)

V(d($n+17$n+2)d($n+17 $n+2) < f(anrl) S V(d(xnu mn+1))d(xn7xn+1) < f(xn)7

and

(5) d(@n+1, Tnt2) < V(A @ns1, T0))d(Tnt1, Tn).

Since y(t) < 1, we have d(Zp41, Tnt2) < d(Zn, Tny1). Hence, from (4) and (5), the
sequences {f(z,)} and {d(x,,zn+1)} are strictly decreasing. Next, we show that
{Zn}nen is a (D, #)- Cauchy sequence in two steps:

Step 1 we show that all terms different. Suppose not i.e suppose z,, = x,, for some
n > m, where m,n € N. Hence

f(zy) = inf{d(xm,b) : b € Tay,}
= inf{d(z,,b) : b€ Tx,}
= f(zn),
which contradicts {f(z,)} being strictly decreasing.
Step 2 We show that > d(z,,zn+1) < co. Since {d(zy,zn+1)} is an decreasing
sequence in R and bounded below, it converges to some positive real number (say
§). Also, we have lim,_,;+ supy(s) < 1, thus, there exist r € [0,1) and £ > 0 such

that y(s) < r for all s € [§,0 +¢). For any n € N, we can choose 1 € N satisfying
§ <d(xp,rn+1) < d+e withn > pu. So,

00 1 [eS)
Zd(xna‘rn+l) S Zd(‘rn7:’r‘.’ﬂ+1) + Z d(mnyanrl)
n=1 1

n=p-+1

" [eS)
<3 dla i) + 3 1l )
n=1

n=1

A
8

Thus {z,} is a (>, #)- Cauchy sequence in (>_,7#) complete v- generalize metric
space. Then, it is converge to some z € X and by lemma (2.5), {z,} is a Cauchy
sequence. From our assumption we choose {u, } € Tz satisfy

d(Tpt1,un) < H(Tz,, T2) < v(d(xn, 2))d(zn, 2),

for any n € N. But {z,} converges to z, so d(zp+1,un) — 0 as n — oo. Thus we
have z,41 — z and z,+1 — u,. Therefore, by lemma(2.5) d(u,,z) =0 as n — co.
So d(T'z,z) = 0 implies f(z) = 0 which is a contradiction. Therefore, there exist
z € X such that f(z) = 0 and hence z € Tz is a fixed point. O

Definition 3.2. [7] A multi- valued map T from X into CB(X) is called a- ad-
missible if for any v € X and y € Tz, a(zx,y) > 1 implies a(y,z) > 1 for any
z € Ty, where a: X x X — [0, 00).

The up coming lemma proved in [18], for single-valued map here, we prove it for
multi- valued map.
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Lemma 3.3. Let (X,d) be a v- generalized metric space. Let T be a multi-valued
mapping from X into 2% and {x, }nen be a sequence in X defined by w11 € Ty,
such that x,, # T,11. Assume that

(6) d(l‘n, xn-‘rl) S 5d(-rn—1; xn)
hold for any 6 € [0,1). Then x,, # xm Yn #m € N.

Proof. We prove that x,4¢ # x,, for all n € N and ¢ > 1. Suppose the contrary
that is z,4+¢ = =, for some n € N and ¢ > 1. By assumption, we have that
ZTpte4+1 = Tnt1. Then from (6) we get

(7)

d($n7 xn+1) = d(xn+€awn+2+1) S 5d(xn+5717xn+4) S S 6ed($n; xn+1) < d(xn7xn+l)

which is contradiction. Thus, we get z,, # x,, for all m # n in N. O

Let @ be the family of all functions ¢ : [0,00) — [0, 00) which satisfying the
following conditions:
(a) p(s)=0iff s =0.
(b) ¢ is non-decreasing and lower semi-continuous

s
(¢) lim,_ g+ sup — < 0o

¢(s)
Theorem 3.4. Let (X,d) be a (>,#) complete v- generalized metric space. Let
T:X — CB(X) be an a- admissible multi-valued mapping satisfying:

(i) There exist xo € X and x1 € Txo such that axg,z1) > 1
(ii) If (yn) € Tx and (y,) converge to y then y € Tx
(iii) oz, ) H(Tz, Ty) < ¢(d(x,y))d(x,y) for any x,y € X, and ¢ is MT-function.

Then T has a fized point.

1+ ot
Proof. Let 5 : [0,00) — [0,1) as S(t) = 2¢( ) such that lim,_,,+ sup 8(s) < 1.
Clearly ¢(t) < B(t) for each t € [0,00). Let zo € X and choose x; € Txg such that
1— (d(l‘o,l‘l))

5 d(zg,x1) > 0. Since Tz # 0,

a(zg,x1) > 1. Assume zg # 17 so,

choose x9 € T'xq such that

1 — ¢(d(zo,21))

d(w1,29) < H(Two, Txy) + 5 d(zo,21)
< a(zo, 1) H(Txo, Tx1) + Md(ﬂﬁo, 1)
— ¢(d(xg, x
< oo, e1))d(eo, 1) + ATy

< B(d(zo, x1))d(z0, 1)

Since T is a- admissible, 21 € Ty and a(zg,z1) > 1 then, a(Txg, Tx1) > 1 which
1 — ¢(d(z1,22))

5 d(l’l,l'g) >

implies a(x1, x2) > 1. Similarly assume x; # x2 we have
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0 and choose x3 € Tz such that

1 — ¢(d(z1,22))

d((I}'Q,ZE‘g) g H(TxlaTxQ) + 2 d(xlaxQ)
—o(d
< a(zy, ) H(Tx1, Tas) + Md(wl, x2)
— o(d
< ¢(d(w1, 22))d(w1,72) + Md(xh )

< B(d(w1, 22))d(21, 72).

Similarly, using the same method of proving theorem (3.1), we have our result.
O

Theorem 3.5. Let (X,d) be a (>.,#) complete v- generalized metric space. Let
T:X — CB(X) be a multi-valued map satisfying:

e(H(Tz, Ty)) < afp(d(z,y)))e(d(z,y)),
for each xz,y € X, where a is a MT- function and p € ®. Then T has a fized point.

1+ aft
Proof. Let 7y : [0,00) — [0, 1) defined by () = Ta(). Since ¢ is non- decreasing
function, then

max{ sup (d(v, T)), sup w(d(u,Tx))}
veTx ueTy

(8) = max {gp( sup d(v, Ty)), ¢( sup d(u, Tgc))}

= ¢ (H(Tz, Ty)) < ~v(e(d(z,y)))e(d(z, y)).

There exist an element z € T'y such that

e(d(y, 2)) < v(pld(z,y)))p(d(z,y)),

for each z € X and y € Tx. Thus, in the same way a sequence {z,}n,eny € X
defined as x,,41 € Tz, is constructed such that

(9) (d(@n, Tnt1) < v(P(d(@n-1,20))p(d(Tn-1,25))
for all n € N. Since y(t) < 1 for any t € [0, 00), hence from (9) we get
(10) o(d(Tn, Tny1) < p(d(Tp—1,2n)).

Clearly {¢(d(zp—1,y))} is decreasing sequence of positive real numbers. Hence
it is converge to some non- negative real number, say €. By contradiction, it is
easy to show that e = 0. Note that, ¢ is a non- decreasing function which implies
to d(@p, Tni1) < d(xp—1,x,). Thus the sequence {d(z,,z,+1)} is also decreasing.
Hence by lemma (3.3), the terms of the sequence all are different. Now, show that
oo o d(@n, xny1) < 0o. Note that the sequence {d(zy,,zy4+1)} is decreasing and

bounded. Thus, it is converges to a positive real number (say ¢) which implies that
©(0) < @(d(zp, Tpt1)). Thus,

0(0) < lim @(d(xn,zpt1)) =€ =0.

n—oo

1062 ALSHAIKEY 1047-1054



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.6, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

Since ¢(s) = 0 if and only if s = 0 then, § = 0. By lemma (2.6), there exist
r € [0,1) such that, p(d(zn,2n11)) < re(d(zn—1,2n)). Therefore,

o0

Z o(d(Tn, Tnt1)) < Z o(d(n, Tng1)) + Z e(d(n, Tni1))
n=1 n=1

n=p+1

H 0o
< Z o(d(Tn, Tni1)) + Z ro(d(zy, pt1))
n=1 n=1
< o0.

By defintion of ¢, we have

. d(Tp, Tpy1) . s
lim sup—— < lim —— < 0.
n=oo " p(d(Tn, Tnt1)) T s—0t p(s)

Thus, the sequence {z,} is a (3, #)- Cauchy sequence. Since X is a (D, #)
complete v- generalized metric space and by lemma (2.5), it is Cauchy and then it
is converge to some z € X. From the definition of ¢ and its increasing we conclude
that,

wd(z,Tz)) < lim inf o(d(zp41,T2) < li_)m inf o(H(Tx,,Tz))
n—oo

n—oo

< li_>m inf y(p(d(zn, 2)))p(d(zn, 2)) < li_>m inf p(d(xn, 2))
= lim o(s) = lim o(d(zn,zn+1)) =0.

Therefore, ¢(d(z,T%)) = 0. Thus by the definition of ¢ and since Tz closed we
have z € Tz is a fixed point. O
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