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Abstract: In this paper, we discuss the fixed points of mappings satisfying
contractive type condition on a closed ball in an ordered complete dislocated
quasi G metric space. The notion of dominated mappings is applied to approx-
imate the unique solution of non linear functional equations. An example is
given to show the validity of our work. Our results improve/generalize several
well known recent and classical results.
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1 Introduction and Preliminaries

Let T: X — X be a mapping. A point x € X is called a fixed point of T if z =
Tz. Let o be an arbitrary chosen point in X. Define a sequence {z,} in X by
a simple iterative method given by x,,11 = Tz, where n € {0,1,2,3,...}. Such
a sequence is called a picard iterative sequence and its convergence plays a
very important role in proving existence of fixed point of a mapping 7. A self
mapping 7' on a metric space X is said to be a Banach contraction mapping if,

d(Tz,Ty) < kd(z,y)

holds for all x,y € X where 0 < k£ < 1. Recently, many results appeared in
literature related to fixed point results in complete metric spaces endowed with
a partial ordering . Ran and Reurings [17] proved an analogue of Banach’s fixed
point theorem in metric space endowed with partial order and gave applications
to matrix equations. Subsequently, Nieto et. al. [12] extended the results of [17]
for non decreasing mappings and applied this results obtain a unique solution
for a 1st order ordinary differential equation with periodic boundary conditions.
On the other hand in 2005, Mustafa and Sims in [14] introduce the notion of a
generalized metric space as generalization the usual metric space. Mustafa and
others studied fixed point theorems for mappings satisfying different contrac-
tive conditions for further useful results can be seen in [3, 8, 9, 10, 15, 16, 21].
Recently, Arshad et. al. [4] proved a result concerning the existence of fixed
points of a mapping satisfying a contractive condition on closed ball in a com-
plete dislocated metric space. For further results on closed ball we refer the
reader to [5, 6, 7, 13, 20] and references their in. The dominated mapping [2]
which satisfies the condition fx < x occurs very naturally in several practical
problems . For example = denotes the total quantity of food produced over a
certain period of time and f(z) gives the quantity of food consumed over the
same period in a certain town, then we must have fx < x.

In this paper we have obtained fixed point results for dominated self- map-
pings in an ordered complete dislocated quasi G4 metric space on a closed ball
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under contractive condition to generalize, extend and improve some classical
fixed point results. We have used weaker contractive condition and weaker re-
strictions to obtain unique fixed point. Our results do not exists even yet in
metric spaces. An example shows how this result can be used when the corre-
sponding results cannot.

Definition 1 Let X be a nonempty set and let G4 : X x X x X — R be a
function satisfying the

following axioms:

(i) If Gy(z,y,2) = Galy, z,2) = Ga(z,z,y) = 0,then x = y = z,

(ii) Ga(z,y,2) < Gg(z,a,a) + Gy(a,y,z) for all z,y,z,a € X (rectangle
inequality).

Then the pair (X, Gy) is called the dislocated quasi Gg-metric space. It is
clear that if

Ga(z,y,2) = Galy,z,x) = Ga(z,z,y) = 0 then from (i) x = y = z. But if
x = y = z then Gg4(x,y,2z) may not be 0. It is observed that if G4(x,y,2) =
Galy, z,2) = Ga(z,z,y) for all z,y,z € X, then (X,G,) becomes a dislocated
G 4-metric space.

Example 2 If X = RT™ U {0} then G4(z,y,2) = x + max{z,y, 2} defines a
dislocated quasi metric G on X.

Definition 3 Let (X,Gy) be a Gg-metric space, and let {x,} be a sequence
of points in X, a point x in X is said to be the limit of the sequence {x,} if
limy, 100 Gal(Z, Tn, Tm) = 0, and one says that sequence {x,} is Gq-convergent
to x.Thus, if x, — x in a Gg-metric space (X,Gy), then for any € > 0, there
exists n,m € N such that Gg(x, xp, zm) < €, for alln,m > N.

Definition 4 Let (X,G4) be a Gg-metric space. A sequence {x,} is called
Gq-Cauchy sequence if, for each € > 0 there exists a positive integer n* € N
such that Gg(Tn, Tm,x1) < € for all n,l,m > n*; i.e. if Gg(xn,Tm, ) — 0 as
n,m,l — oo.

Definition 5 Gg-metric space (X,Gq) is said to be Gg-complete if every Gg-
Cauchy sequence in (X, Gy) is G4-convergent in X.

Proposition 6 Let (X,Gy) be a Gy-metric space, then the following are equiv-
alent:

(1) {z,} is G4 convergent to .

(2) Ga(zp,xpn,z) — 0 as n — oco.
(3) Ga(zpn,z,z) — 0 as n — oo.

(4) Ga(zp, Tm,x) — 0 as m n — oo.

Definition 7 Let (X,Gq) be a Gq-metric space then for xg € X, r > 0, the
closed ball with centre xo and radius r is,

Bl(zo,r) = {y € X : Ga(zo,y,y) <7}
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Definition 8 [2] Let (X, =) be a partial ordered set. Then x,y € X are called
comparable if v <y or y =< = holds.

Definition 9 [2/ Let (X, =) be a partially ordered set. A self mapping f on X
18 called dominated if fr < x for each x in X.

Example 10 /2] Let X = [0,1] be endowed with usual ordering and f : X — X
be defined by fx = x™ for some n € N. Since fx = 2™ < z for all x € X,
therefore f is a dominated map.

2 Fixed Points of Contractive Mapping

Theorem 11 Let (X, =,Gq) be an ordered complete dislocated quasi G4 metric
space, and T : X — X be a dominated mapping. Suppose there exists a,b such
that a + 3b < 1 and for all comparable elements x,y and z in B(zg,r), with
xg € B(xg,7), r > 0,.

Ga(Tz, Ty, Tz) < a Gy(z,y,2)+b [Galz, Tz, Tx) (2.1)
+Gd(y7 Ty7 Ty) + Gd(Z, TZ? TZ)]
a+b
where A = T2
and Ga(xo, Txo, Tzo) < (1 — A)r. (2.2)

If for a nonincreasing sequence {x,,} in B(xg,r), {x,} — u implies that u X x,,
and

G(zo,Txo, Txo) + G(v, Tv,Tv) + G(v,Tv,Tv)
< G(zo,v,v) + G(Txo, Tv,Tv) + G(Txo, Tv,Tv) (2.3)

then there exists a point =* in B(xg,r) such that Gg(x*,2*,2*) = 0 and z* =
Tx*.

Proof. Consider a picard sequence x, 11 = Tx, with initial guess xg. As Tp11 =
Tz, <z, for alln € {0} UN. By inequality (2.2), Gq(xo, z1,21) < r. It implies
that x1 € B(zg,r). Similarly x5 ...x; € B(xo,r) for some j € N.

Ga(wj,vjr1,2541) = Ga(Tzj—1, Tz, Txj) < a Ga(wj—1,75, 7))
—|—b[Gd(a:j_1, TJCj_l, ij—l) + Gd(a:j, Tj+1, $j+1)

+Ga(wj, i1, Tj41)]

(1=2b)Ga(zj, vjr1,2541) < (a+b)Ga(wj—1,24,75)
(a+b)
Ga(wj,zjt1,Tj01) < mGd(%‘—h%’a%)
Ga(zj,zjt1,7501) < NGa(wo,z1,21). (2.4)
3
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Now by using the inequality (2.2) and (2.4) we have

Ga(zj,zji1,2541) < Galzo,21,21) + Ga(z1, @2, 2) + -+ - + Ga(w), 11, Tj41)
Ga(zj,zjs1,7541) < (L=XNr+AL=X)r+-+N(1-N\)r
Ga(zj,zji1,501) < r(L=N[LTHAFX 4+ 4 N]

1= N
Gd(xjaxj+17xj+1) < 'f'(]. e )\)((1_)\)) <r

= Galj, zjp1,2541) <7

Thus ;41 € B(zo,r). Hence x, € B(zg,r) for all n € N. Now inequality (2.4)
can be written as in the form of

Ga(Tny Tpi1, Tnt1) < A"Gy(xo,21,21) for alln € N. (2.5)
By using inequality (2.5) we get

Gd(l‘n, LTn+is fEn-i—i) < Gd(mnv Tn+1, JU'n+1) + - Gd(xn—&-i—h LTnis xn—i—i)
A1 =AY

=Y Ga(zo,z1,21) — 0 asn — oo (2.6)

Gd(mnamn+iamn+i) S

Notice that the sequence {x,} is Cauchy sequence in (B(xg,r) ,Gq). Therefore
there exist a point v* € B(xzg,r).

lim Gy(xp,x*,2*) = lim Gg(z*,2*,2,) =0

n—oo n—oo

Gy(z*, Tax*, Tz*) < Gu(z*,zn,z,) + Ga(xy, Ta*, Tz™)

By assumption x* < x, <X x,_1, therefore,
Galx*, Tax*,Tx*) < Gala*,zn,2n)+ Ga(Tan_1,Ta*, Tx)
Galz*, Tx*, Tx*) < Galz*,xn,zn) +a Gg(zp_1,2%,2%)

(
(
bGi(xpn—1,Txn_1,Txn_1)+ Gg(z*, Ta*, Ta")
a(@™, Ta*, Ta™)]

(

[

N
QD+

Gala*,Ta*, Tx) a(@*, X, ) + a Ga(xp—1, 2%, %)
bGi(zpn-1,Txp_1,Txpn_1)+ 2G4(x*, Tx*, Tz")
Gd(l'*a Tn,s xn) +a Gd(xn—la x*, -T*)

+b Gd(xnfla Tn, xn)

+

(1—-2b)Gy(x*, Tx™, Tx*)

IN

Taking lim, o, both sides and using (2.6) we have

(1 -20)Ga(z*,Tz*, Tz*) < 0+ a(0)+b(0)
= Gz, T2*,Tz*) <0
=

x* =Tz (2.7)
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Similarly Gg(Tx*, Ta*,z*) = 0 and Gg(Tz*,2*,Tx*) = 0 and hence z* =
Tx*.Now
Ga(z*, ", z%) Ga(Tz*,Tax*, Tx*) < a Ga(z*,z*,x*)

+3bGq(x*, Ta*, Tx*)

(I1-a—-3b)Gy(z",z*,2*) < 0
= Ga(z*,z*,2*) <0.
This implies that Gq(a*, z*,2*) = 0.
Uniqueness:
Let y* be another point in B(xg,r) such that
y* = Ty (2.8)
Gay™y"y") = GaTy" Ty ,Ty") <a Galy™,y",y")
+3b[Ga(y*, Ty*, Ty")]
(1—a=30)Ga(y",y"y") < 0
= Galy",y",y") 0.
=

Galy",y"y") = 0.
If x* and y* are comparable then
Ga(@",y"y") = Ga(Tz",Ty",Ty") < a Ga(z",y",y")
+b[Gy(x*, Tx*, Tx*) + 2G4 (y*, Ty*, Ty™)]
(I=a)Ga(z",y"y") < 0
= Gy(z*,y",y*) =0.
Similarly, G4(y*,y*,x*) = 0. This shows that * = y*.
If 2* and y* are not comparable then there exist a point v € B(xzg,r) which is

a lower bound of both x* and y*. Now we will to prove that T"v € B(xg,r).
Moreover by assumptions v < x* < x, =< -+ < z9. Now by using (2.1), we have,

Ga(Txo, Tv,Tv) < a Gyq(zo,v,v) + b [Ga(zo, 21, 21) + 2G4(v, Tv, T)].
By using (2.3), we have

Gd(Tx07TU7TU) S a Gd(l‘o,’l],’l]) + b [Gd(anUav) + QGd(l'l,T’U,T’U)]
(1-20)G4(Txo, Tv,Tv) < (a+b) Ga(zg,v,v)
(a+0b)
< T
Ga(Tzo, Tv, Tv) < =0 Ga(xo,v,v)
Gy(Txo, Tv,Tv) < X Gg(xg,v,v). (2.9)
Now,
Ga(xo, Tv,Tv) < Ga(zo,21,21) + Ga(x1, TV, TV)
Ga(zo, Tv, Tv) < Ga(zo,z1,21) + X Ga(x0,v,v) by (2.9)
Ga(zo, Tv,Tv) < (1—=XNr+Ar
Gy(zo, Tv,Tv) < 7.
5
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It follows that Tv € B(xg,r). Now we will prove that T™v € B(xzo,7). By us-
ing mathematical induction to apply inequality (2.1). Let T?v, T3v,---T9v €
B(xg,r) for some j € N. As

Tiv Ty <. < <a* <2, < <.

Then,

Ga(T7v, T9H 1y, TIT1y) Ga(T (T ), T(T?v), T(T7v))

Ga(TIv, T7 0, T7 ) < a Gg(T? v, T90, T9v) + b [Ga(T? v, T v, T7v)
+2G 4(T9v, TV o, TI 1))
(1= 20)G (T, T o, TP ) < (a+b)Gy(T? " v, T, TIv)
Ga(T70, T7 0, T ) < AG(T? " to, T, Tv)
Ga(TIv, TPy, T9 ) < NGg(T9 %0, 79 1o, TV 1)
Ga(To, 7, Tt y) < NG y(T7 730, 7920, T9 %)
Ga(Tov, T7+1, Tit 1) < )\de(Tj_jv,Tj_(j_l)uTj_(j_l)v)
Ga(T0, 7, T ) < MGy(v, Tv, Tv) (2.10)

Now,

Ga(wjp1, T 0, T y)
Ga(wjp1, T 0, T y)

Ga(Tz;, T(T7v), T(T’v))
a Gd(xﬁij,ij)
+b [Ga(wj, Txj, Taj) + 2G g(T90, TI Ty, TIT )]

By using (2.4) and (2.10)

Ga(zji1, T9 0, T ) < aN Gy(wo,v,v)
+b[N Ga(xo, 21, 1) + 2N Gy (v, Tv, Tv)]
Ga(zjir, T7 0, T ) < aN Gy(wo,v,v)

+bN [Ga(zo,x1,21) + 2G4(v, Tv, Tv)]

By using the condition (2.3)

Ga(zjir, T7 0, T ) < aN Gy(wo,v,v)
+0MN [G (0, v,v) + 2AGa(z0, v, V)]
Ga(zjp1, TP 0, T ) < M (a+ b+ 260)Gy(z0,v,v)
Ga(zjir, TI o, T ) < NG y(x0,0,0) (2.11)
6
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Now ,

Ga(zo, TV 1y, TI 1Y)
Gy(xo, T? v, T9 )

Ga(zo, TV o, TIH1y)

Ga(zo, TV o, T 1y)
G (o, TV o, TIH1y)

Ga(zo, T7 o, TIT1y)

(2.10) can be written

Ga(T™0, T o, T" ) < A"Gy(v, Tv, Tv) — 0 as n — oo

Now,
Gd(x*, y*v y*)
Ga(z™,y",y")
Ga(z*,y*,y")

IAIA

IN A

IN

IN

IA

<

Ga(o,xj11,2j41) + Ga(ajyr, T o, T )
Ga(zo,z1,21) + -+ Ga(zj, Tj41,Tj41)
+Ga(zj1, TV, Tt y)

Ga(xo,z1,21) + AGg(z0,21,71)

4+ NGy (20, v,v) by (2.5) and (2.11)

Ga(wo,w1,2)[ 1+ A+ X2+ -+ M)+ N as v € B(wg,7)

(1-— )\j+1)

G+,
TSN + N r=r

(I=XNr

r.

It follows that T'* v € B(xzo,r) and hence T7v € B(xg,7). Now the inequality

as

Ga(Ta*, Ty, Ty")
Ga(Tz*, T o, T ) + Gg(T™ o, Ty*, Ty*)
a Ga(z*, T"v, T"0) + b [Gq(z*, Tx*, Tz")

+2G (T, T" o, T )] + a Go(T™v, Ty*, Ty*)

+b [Gg(T™v, T o, T o) + 2G4 (y*, Ty*, Ty*)]

By using (2.7), (2.8) and (2.12) we have

Gd(m*a y*a y*)
Gd(l'*v y*a y*)
Ga(z",y", y")

INIA A

a Gg(z*, T"v, T"v) + a Ga(T"v,y*,y*)

a [Gg(Tx*, T, T"v) + G4(T™v, Ty*, Ty")]

a[a Gg(z*, T" o, T" ) + b Gy(z*, Tx*, Tx*)
+2b Gg(T" v, T™v, T™0) + a Gq(T" ‘v, y*, y*)

+b Ga(T" o, T, T™) + 2b Ga(y*, Ty*, Ty*)].

By using (2.7),(2.8) and (2.12) we have

Gd(.]]‘*, y*7 y*)
Gd(x*a y*v y*)

*

Gd(.]]‘*, y*vy
Gd(x*a y*vy
Gd(x*a y*ay

T

*

*

* e —

IAIA

IN

1

a? [Ga(a*, T" 1o, T ) + Gao(T" o, y*, y*)]
a® [Ga(x*, T" 20, T"20) + Ga(T" %0, y*, )]
a” [Ga(x*, Tv, Tv) + Gq(Tv,y*,y*)]

0asn— oo

0

*

Yy .
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This proves the uniqueness of the fized point. ®

Now we give an example of an ordered complete dislocated quasi G 4-metric
space in which the contraction does not hold on the whole space rather it holds
on a closed ball only.

Example 12 Let X = RTU{0} be endowed with usual order and G4 : X x X X
X — X be a complete dislocated quasi G4 metric space defined by,

Ga(z,y,2) = {

Then (X,Gq) is a G4 complete G dislocated quasi metric space.
Let T: X — X be defined by,

z 3 3
Ty — 511f'317 € [0,32] .
r— 3 ifx €[5, 00)

Oifze=y=2 }

max {2z,y, 2z} otherwise.

Clearly, T is a dominated mappings. Take zy = %, r= %, B(xzg,r) = [0, %] and

1 _ 1 _ 1
A= 7,a+3b<1, where a = 75, and b = 15.

Gd(xo,T.’Eo,T{E()) S (1 — )\)T

1 1 1 21 1. 2
Gy(=.T=T=) = S a2
(373 73) max{3, 75751 = 3
13 9
ince (1 — = (1--)2=2
Since (1 — A\)r ( 4)2 3
3-8
= 16<27

Also if z,y and z € [%, 00). We assume that « >y, and y > z, then

2 1 1 1
2% — Sy, 2= — max{2
max{2z Y~ 3% 3} > lomax{ x,y, 2}
1 1 1
E[max{?x,x—g,z—g}
+ max{2 1 —1}
max42y,Yy 279 B

1 1
P
+ max{2z, z 57 2}}

a Gy(x,y,2) + b [Gy(x, Tz, Tx)
+Ga(y, Ty, Ty) + Ga(z,T2,Tz)|

Gd(Tl', Tya TZ)

v

So the contractive conditions does not holds in X. Now if =,y and z € B(zo,r)
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then,
Ga(Tz,Ty,Tz) = max{;” Z. g}_—m y,2}
1
10[max{2x }—|—max{2y,§ g
—|—max{z }]

55
= Gu(Tz,Ty,Tz) <a Gy(z,y,2) +b [Gy(z, Tz, Tx)

+Ga(y, Ty, Ty) + Ga(z,Tz,T%z)].

Hence it satisfies all the requirements of Theoreml1l. If we take b = 0 in in-
equality (2.1) then we obtain the following corollary.

Corollary 13 Let (X, =,G) be an ordered complete dislocated quasi G—metric
space, T : X — X be a dominated mapping and xo be any arbitrary point in X.
Suppose there exists a € [0,1) with,

GTzTyTz) <aG(z,y,2), forallz, y and z € Y = B(zo,7),

and
G(zo,Txo,Txo) < (1 —a)r.

If for a nonincreasing sequence {x,} — w implies that w < x,,. Then there exists
a point x* in B(xo,r) such that z* = Sx* and G(z*,z*,z*) = 0. Moreover if for
any three points x,y and z in B(xg,r) such that there exists a point v € B(zo 1)
such that v Xz, v Sy and v X z, that is, every three of elements in B(xo,T)
has a lower bound, then the point x* is unique.

Similarly if we take a = 0 in inequality (2.1) then we obtain the following corol-
lary.

Corollary 14 Let (X,=,G) be an ordered complete dislocated quasi G-metric
space T : X — R be a mapping and xg be an arbitrary point in X. Suppose there
exists b € [0, %) with

G(Tz,Ty,Tz) <b (G(z,Tx,Tx) + Gy, Ty, Ty) + G(2,Tz,Tz))
for all comparable elements x,y,z € B(zo,r) and
G(Iﬂo,Tzo,TLE()) (1 — )\)

where \ = ﬁ. If for non increasing sequence {x,} — u implies that u = x,.

Then there exists a point x* in B(xo,r) such that 2* = Sx*and G(z*,z*,2*) =
0. Moreover, if for any three points x,y,z € B(x,,r), there exists a point v in
B(xzg,r) such that v 2 and v Xy, v < z.
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