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Abstract. The notions of energetic subsets and (anti) permeable values are introduced, and related properties are

investigated. These notions are applied to the theory of BE-algebras. Regarding (anti) fuzzy subalgebras/filters
and energetic subsets are investigated.

1. INTRODUCTION

As a generalization of a BC K-algebra, the notion of BFE-algebras has been introduced by H.
S. Kim and Y. H. Kim in [5]. The study of BFE-algebras has been continued in papers [1], [2],
and [6]. Jun et al. [3] introduced the notions of S-energetic subsets and [-energetic subsets in
BCK/BC1I-algebras, and investigated several properties. Jun et.al [4] defined the notions of
a C-energetic subset and (anti) permeable C-value in BC' K-algebras and studied some related
properties of them.

In this paper, we introduce the notions of energetic subsets and (anti) permeable values, and
investigate some related properties. These notions are applied to the theory of BFE-algebras.
Regarding (anti) fuzzy subalgebras/filters and energetic subsets are investigated.

2. PRELIMINARIES

We display basic notions on BE-algebras. We refer the reader to the papers [2, B] for further
information regarding B FE-algebras.

By a BE-algebra [5] we mean a system (X%, 1) of type (2,0) which the following axioms hold:

(BE1) (Vx € X) (x*xa2=1),
(BE2) (Vz € X)(zx1=1),
(BE3) (Vx € X) (1 xx =x),
(BE4) (Vz,y,z € X) (x x (y*2) =y * (x * 2)) (exchange).
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We introduce a relation “ <” on X by z <y if and only if z xy = 1.

A BFE-algebra (X;*,1) is said to be transitive if it satisfies: for any z,y,z € X, y* z <
(x *y) * (x * z). A BE-algebra (X;*,1) is said to be self distributive if it satisfies: for any
x,y,z € X, xx(y*z) = (x*y)*(xxz). Note that every self distributive BF-algebra is transitive,
but the converse is not true in general [5].

Every self distributive BFE-algebra (X x, 1) satisfies the following properties:
(2.1) (Ve,y,z€ X)(z<y=zxx<zxyand y*xz < xx*z),
(22) (Vo,y € X) (zx (zxy) =2 xy),
(2.3) (Vo,y,z € X)(z*xy < (z*x) % (2*xy)).
Definition 2.1. Let (X;x*,1) be a BE-algebra and let F' be a non-empty subset of X. Then F
is a filter [0] of X if
(i) 1 € F;
(ii) (Ve,y € X)(z*xy,x € F=y€EF).
The concept of fuzzy sets was introduced by Zadeh [7]. Let X be a set. The mapping f : X —

[0, 1] is called a fuzzy setin X. A fuzzy set f in a BFE-algebra X is called a fuzzy subalgebra of X
if it satisfies

(Fo) (Va,y € X)(f(z*y) = min{f(z), f(y)})-
A fuzzy set f in a BFE-algebra X is called a fuzzy filter of X if it satisfies

(F1) (Ve e X)(f(1) = f(2));
(F2) (Vz,y € X)(f(y) > min{f(z *y), f(2)}).
Note that every fuzzy filter f of a BFE-algebra X satisfies

(Vz,y € X)(x <y = fly) > f(2)).

For a fuzzy set f in X and ¢t € [0, 1], the (strong) upper (resp. lower) t-level sets are defined as
follows:

U(f:t) = {o € XIf(@) 2 0}, U*(fi) = o € X|f(x) > 1}
L(f;t) = {w € X|f(z) <1}, L*(f;t) = {w € X|f(x) < t}.
3. ENERGETIC SUBSETS
In what follows, let X denote a BFE-algebra unless otherwise specified.

Definition 3.1. A nonempty subset A of a BF-algebra X is said to be S-energetic if it satisfies
(S) (Va,be X)(axbe A= {a,b} NA#0D).

Definition 3.2. A nonempty subset A of a BFE-algebra X is said to be F-energetic if it satisfies
(F) Vz,ye X)(ye A= {z*xy,z} N A#0D).
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Example 3.3. (1) Let X := {1,a,b,c} be a BE-algebra with the following Cayley table:

x|1 a b c
111 a b ¢
all 1 a a
b1 1 1 a
c|ll 1 a 1

It is easy to show that A := {b,c} is a S-energetic subset of X. But B := {a} is not an S-
energetic subset of X since cxb = a € B and {¢,b} N B = (. It is routine to verify that
C := {c} is an S-energetic subset of X. But it is not an F-energetic subset of X, since ¢ € C'
and {b*c,b} NC = 0.

(2) Let X :={1,a,b,c} be a BE-algebra with the following Cayley table:

x|1 a b ¢
111 a b ¢
all 1 a a
b1 1 1 «a
c|ll a a 1

It is easy to show that A := {a,b} is an F-energetic subset of X.

Theorem 3.4. For any nonempty subset A of X, if A is a subalgebra of a BE-algebra X, then
X \ A is an S-energetic a subset of X.

Proof. Let a,b € X be such that axb € X \ A. If {a,b} N (X \ A) = 0, then a,b € A and
so a*b € A since A is a subalgebra of X. This is a contradiction. Thus {a,b} N (X \ A) # 0.
Therefore X \ A is an S-energetic subset of X. O

Theorem 3.5. For any nonempty subset A of X, if A is a filter of a BE-algebra X, then X \ A
is an F-energetic a subset of X.

Proof. Let z,y € X be such that y € X \ A. If {zxy,2} N X\ A =0, then z xy,z € A and so
y € A, since A is a filter of X. This is a contradiction. Therefore {z * y,z} N X \ A # (). Thus
X \ A is an F-energetic subset of X. O

Theorem 3.6. Let A be a nonempty subset of a BE-algebra X with 1 ¢ A. If A is F-energetic,
then X \ A is a filter of X.

Proof. Obviously, 1 € X \ A. Let z,y € X be such that x xy,x € X \ A. Assume that y € A.
Then {z xy,z} N A # 0 by (F). Hence zxy € A or x € A, which is a contradiction. Therefore
y € X \ A. This completes the proof. O

Theorem 3.7. If f is a fuzzy filter of a BFE-algebra X, then the nonempty lower t-level set
L(f;t) is an F-energetic subset of X for all t € [0, 1].
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Proof. Assume that L(f;t) # 0 for t € [0,1] and let z,y € X be such that y € L(f;t). Then
t > f(y) > min{f(xxy), f(x)}. Hence f(zxy) <tor f(z) <t ie,xzxy € L(f;t) or x € L(f;t).
Thus {x xy,z} N L(f;t) # (0. Therefore L(f;t) is an F-energetic subset of X. O

Corollary 3.8. If f is a fuzzy filter of a BE-algebra X, then the nonempty stronger lower t-level
set L*(f;t) is an F-energetic subset of X.

Since L(f;t) UU*(f;t) = X and L(f;t) N U*(f;t) = 0 for all ¢ € [0, 1], we have the following
corollary.

Corollary 3.9. If f is a fuzzy filter of a BE-algebra X, then U*(f;t) is empty set or a filter of
X for all t € [0,1].

For any a,b € X, we consider sets
Xl:={reX|ax(b*z)=1}and A° := X\ X"

Obviously, a,b ¢ A% Ab = A? and 1 ¢ Ab. In the following example, we know that there exist
a,b € X such that A® may not be F-energetic.

Example 3.10. Let X :={1,a,b,¢,d,0} be a BE-algebra [2] with the following Cayley table

x|1 a b ¢ d 0
111 a b ¢ d 0
all 1 a ¢ ¢ d
b1l 1 1 ¢ ¢ c
c|ll a b1 a b
dil 1 al 1l a
0/1 11111

Then A4 = {0,b} and it is not F-energetic since b € A? but {a * b,a} N A% = ().
We consider conditions for the set A% to be F-energetic.
Theorem 3.11. If X is a self distributive BE-algebra X, then A% is F-energetic for all a,b € X.

Proof. Let y € A% for any a,b,y € X. Assume that {z *xy,2} N A% = () for any 2 € X. Then
rxy ¢ AL and v ¢ A% and so ax (b* (x xy)) =1 and a * (b* x) = 1. Using (BE3) and the self
distributivity of X, we have
l=ax(bx(xxy)=ax((bxx)x*(bxy))
=(ax(bxx))*(ax(bxy))=1x%x(ax(bxy))=ax*(bxy)
and so y ¢ A, This is a contradiction, and therefore {a * b,a} N A2 # (. Hence A% is an
F-energetic subset of X for all a,b € X. O
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Definition 3.12. A fuzzy set f in a BFE-algebra X is called an anti fuzzy subalgebra of X if
flzxy) < max{f(x), f(y)} for all x,y € X. A fuzzy set f in a BE-algebra X is called an anti
fuzzy filter of X if it satisfies

(AFy) (Vo € X)(f(1) < f(=));
(AFy) (Va,y € X)(f(y) < max{f(z*y), f(x)}).

Proposition 3.13. For any anti fuzzy filter of a BFE-algebra X, then following are valid.

(i) (Vo,y € X)(x <y = f(y) < f(2));
(i) (Vo,y,2 € X)(f (2 * 2) < max{f(z* (y * 2)), f(y)});
(iii) (Va,z € X)(f((axz)*xx) < f(a)).

Proof. (i) Let z,y € X be such that < y. Then xxy = 1. It follows from Definition 3.12 that

fy) < max{f(z*y), f(z)} = max{f(1), f(x)} = f(x).

(i) Using (AF,) and (BE4), we have f(zxz) < max{f(y*(zx2)), f(y)} = max{f(z*(y*z)), f(v)}
for any z,y,2z € X.

(iii) Taking y := (a*x) * x and x := a in (AF,), we have f((a*x)*x) < max{f(a * ((a * x) *
x)), f(a)} = max{f((a * z) * (a x x)), f(a)} = max{f(1), f(a)} = f(a) for any a,z € X O

Theorem 3.14. Any fuzzy set of a BE-algebra X satisfying (AF) and Proposition 3.13 (ii) is
an anti fuzzy filter of X.

Proof. Taking = := 1 in Proposition 3.13 (ii) and (BE3), we have f(z) = f(1 % z) < max{f(1 *
(y*2)), f(y)} = max{f(y % 2), f(y)} for all y,z € X. Hence f is an anti fuzzy filter of X. O

Corollary 3.15. For any fuzzy set f of a BE-algebra X, f is an anti fuzzy filter of X if and
only if it satisfies (AF};) and Proposition 3.13 (ii).

Theorem 3.16. Any fuzzy set f of a BE-algebra X is an anti fuzzy filter of X if and only if it
satisfies the following conditions:

(i) (Vo,y € X)(fy*2) < f(2));
(i) (Vz,a,b € X)(f((a* (bxx))*z) <max{f(a), f(b)}).

Proof. Assume that f is an anti fuzzy filter of X. It follows from Definition 3.12 that f(y*x) <
max{ f(z* (y*x)), f(x)} = max{f(1), f(x)} = f(x) for all z,y € X. Using Proposition 3.13, we
have f((ax (bxx))*x) < max{f((a*x(bxz))*(bxx)), f(b)} < max{f(a), f(b)} for any a,b,z € X.

Conversely, let f be a fuzzy set satisfying conditions (i) and (ii). Setting y := x in (i), we have
flzxx) = f(1) < f(z) for all z € X. Using (ii), we obtain f(y) = f(1xy) = f((z*xy)*(zxy))*y) <
max{ f(z xy), f(y)} for all x,y € X. Hence f is an anti fuzzy filter of X. O

Proposition 3.17. For any fuzzy set of a BE-algebra X, then f is an anti fuzzy filter of X if
and only if

(%) (Vo,y,2 € X)(z Swxy = f(y) <max{f(z), f(2)}).
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Proof. Assume that f is an anti fuzzy filter of X. Let z,y,2 € X be such that z < x xy. By
Proposition 3.13, we have f(y) < max{f(z *y), f(z)} < max{f(2), f(z)}.

Conversely, suppose that f satisfies (x). By (BE2), we have < z 1 = 1. Using (), we have
f(1) < f(z) for all x € X. It follows from (BE1) and (BE4) that « < (z*y) *y for all z,y € X.
Using (%), we have f(y) < max{f(z *vy), f(z)}. Therefore f is an anti fuzzy filter of X. O

4. PERMEABLE VALUES IN BF-ALGEBRAS

Definition 4.1. Let f be a fuzzy set in a BE-algebra X. A number ¢ € [0, 1] is called a permeable
S-value for fif U(f;t) # () and the following assertion is valid.

(4.1) (Va,b € X)(f(a*b) >t = max{f(a), f(b)} >1).

Example 4.2. Consider a BE-algebra X = {1,a,b,c} as in Example 3.3 (1). Let f be a fuzzy
set of X defined by f(1) = 0.2, f(a) = 0.3, and f(b) = f(c) = 0.6. Take ¢t € (0.3,0.6]. Then
U(f;t) ={b,c}. It is easy to check that t is a permeable S-value for f.

Theorem 4.3. Let f be a fuzzy subalgebra of a BE-algebra X. If t € [0,1] is a permeable
S-value for f, then the nonempty upper t-level set U(f;t) is an S-energetic subset of X.

Proof. Let a,b € X be such that axb € U(f;t). Then f(a*b) >t and so max{f(a), f(b)} > t.
Therefore f(a) >t or f(b) >t, ie, a € U(f;t) or b € U(f;t). Hence {a,b} NU(f;t) # 0. Thus
U(f;t) is an S-energetic subset of X. O

Since U(f;t) U L*(f;t) = X and U(f;t) N L*(f;t) = 0 for all t € [0, 1], we have the following
corollary.

Corollary 4.4. Let f be a fuzzy subalgebra of a BE-algebra X. Ift € [0,1] is a permeable
S-value for f, then L*(f;t) is empty or a subalgebra of X.

Definition 4.5. Let f be a fuzzy set in a BFE-algebra X. A number ¢ € [0, 1] is called an anti
permeable S-value for f if L(f;t) # () and the following assertion is valid.

(4.2) (Va,b e X)(f(axb) <t = min{f(a), f(b)} <1).

Example 4.6. Consider a BE-algebra X = {1,a,b,c} as in Example 3.3 (1). Let f be a fuzzy
set of X defined by f(1) = 0.4, f(a) = f(b) = 0.5, and f(c) = 0.3. Take ¢t € [0.3,0.4). Then
L(f;t) = {c}. It is easy to check that ¢ is an anti permeable S-value for f.

Theorem 4.7. Let f be an anti fuzzy subalgebra of a BFE-algebra X. For any anti permeable
S-value t € [0,1] for f, we have L(f;t) # (0 = L(f;t) is an S-energetic subset of X.

Proof. Let a,b € X be such that axb € L(f;t). Then f(a*b) <t and so min{f(a), f(b)} < t.
Thus f(a) < tor f(b) <t ie,a€ L(f;t)orbe L(f;t). Hence {a,b} N L(f;t) # 0. Therefore
L(f;t) is an S-energetic subset of X. O
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Theorem 4.8. Let f be a fuzzy subalgebra of a BE-algebra X and let t € [0, 1] be such that
L(f;t) # 0. Then t is an anti permeable S-value for f.

Proof. Let a,b € X besuch that f(axb) < tforallt € [0,1]. Then min{f(a), f(b)} < f(axb) <t.
Therefore t is an anti permeable S-value for f. O

Definition 4.9. Let f be a fuzzy set in a BE-algebra X. A number ¢ € [0, 1] is called a permeable
F-value for fif U(f;t) # () and the following assertion is valid.

(4.3) (Vo,y € X)(f(y) = t = max{f(z *y), f(z)} = 1)
Example 4.10. Consider the BFE-algebra X = {1,a,b,¢,d,0} as in Example 3.10. Let f be
a fuzzy set in X defined by f(1) = 0.2, f(a) = f(b) = 0.4, and f(c¢) = f(d) = f(0) = 0.7. If
t € (0.4,0.7], then U(f;t) = {0, ¢,d} and it is easy to check that ¢ is a permeable F-value for f.

Theorem 4.11. Let f be a fuzzy filter of a BE-algebra X. Ift € [0, 1] is a permeable F-value
for f, then the nonempty upper t-level set U(f;t) is an F-energetic subset of X.

Proof. Assume that U(f;t) # 0 for t € [0,1]. Let y € X be such that y € U(f;t). Then
t < f(y). It follows from (4.3) that ¢ < max{f(x xy), f(z)} for all x € X. Hence f(z*y) >t or
f(x) >t e, xxy e U(f;t) orx € U(f;t). Hence {x xy,x} NU(f;t) # 0. Therefore U(f;t) is
an F-energetic subset of X. U

Since U(f;t) U L*(f;t) = X and U(f;t) N L*(f;t) = 0 for all ¢ € [0, 1], we have the following
corollary.

Corollary 4.12. Let f be a fuzzy filter of a BE-algebra X. Ift € [0,1] is a permeable F-value
for f, then L*(f;t) is empty or a filter of X.

Theorem 4.13. For a fuzzy set f in a BE-algebra X, if there exists a subset K of [0, 1] such
that {U(f;t),L*(f;t)} is a partition of X and L*(f;t) is a filter of X for all t € K, then t is a
permeable F-value for f.

Proof. Assume that f(y) > ¢ for any y € X. Then y € U(f;t) and so {x xy, 2} NU(f;t) # 0
for any z € X, since U(f;t) is an F-energetic subset of X. Hence x xy € U(f;t) or x € U(f;1)
and so max{f(z xy), f(x)} > t. Therefore t is a permeable F-value for f. O

Theorem 4.14. Let f be a fuzzy set in a BE-algebra X with U(f;t) # () for t € [0,1]. If f is
an anti fuzzy filter of X, then t is a permeable F-value for f.

Proof. Let y € X be such that f(y) > ¢. Then t < f(y) < max{f(z *y), f(x)} for all z € X.
Hence t is a permeable F-value for f. U

Theorem 4.15. Let f be an anti fuzzy filter of a BE-algebra X. Then the following assertion
is valid.

(Vt € [0,1)(U(f;t) # 0 = U(f;t) is an F-energetic subset of X).
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Proof. Let y € X be such that y € U(f;t). Then f(y) > t. By (AF3y), we have t < f(y) <
max{ f(z xy), f(z)} for all x € X. Hence f(x xy) > t or f(x) > t, ie., zxy € U(f;t) or
x € U(f;t). Therefore {z xy,z} NU(f;t) # (0. Thus U(f;t) is an F-energetic subset of X. [

Definition 4.16. Let f be a fuzzy set in a BE-algebra X. A number ¢ € [0, 1] is called an anti
permeable F-value for f if L(f;t) # () and the following assertion is valid.

(4.4) (Vo,y € X)(f(y) <t = min{f(z xy), f(x)} <1).

Theorem 4.17. Let f be a fuzzy set in a BE-algebra X with L(f;t) # 0 fort € [0,1]. If f is a
fuzzy filter of X, then t is an anti permeable F-value for f.

Proof. Let y € X be such that f(y) < t. Then min{f(x xy), f(x)} < f(y) <t for all x € X.
Hence t is an anti permeable F-value for f. 0

Theorem 4.18. Let f be an anti fuzzy filter of a BE-algebra X. Ift € [0, 1] is an anti permeable
F-value for f, then the lower t-level set L(f;t) is an F-energetic subset of X.

Proof. Let y € X be such that y € L(f;¢). Then f(y) <t. It follows from (4.4) that min{ f(z *
y), f(z)} <t forall z € X. Hence x xy € L(f;t) or & € L(f;t) and so {z xy,x} N L(f;t) # 0.
Therefore L(f;t) is an F-energetic subset of X. O

Corollary 4.19. Let f be an anti fuzzy filter of a BE-algebra X. Ift € [0, 1] is an anti permeable
F-value for f, then U*(f;t) is empty or a filter of X.

Theorem 4.20. For a fuzzy set f in a BE-algebra X, if there exists a subset K of [0, 1] such
that {U*(f;t), L(f;t)} is a partition of X and U*(f;t) is a filter of X for all t € K, then t is an

anti permeable F-value for f.

Proof. Assume that f(y) <t for any y € X. Then y € L(f;t) and so {z *y,x} N L(f;t)} # 0
for all z € X, since L(f;t) is an F-energetic subset of X. Hence f(x *y) <t or f(x) <t and so
min{ f(z x y), f(x)} < t. Therefore ¢ is anti permeable F-value for f. O
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