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Abstract

In this paper we studied Bézier surfaces that are very famous techniques and widely used in Computer
Aided Geometric Design. Mainly there are two types of Bézier surfaces which are rectangular and
triangular Bézier patches. In this paper we will give a representation for the conversion matrix which
converts one type to another.

1 Introduction

The theory of Bézier curves has an important role and they are numerically the most stable among all
polynomial bases currently used in CAD systems. On the other hand in these days Bézier surfaces are very
famous techniques and widely used in Computer Aided Geometric Design [1]-[13]. Mainly there are two
types of Bézier surfaces which are rectangular and triangular Bézier patches and they are defined in terms
of the univariate Bernstein polynomials Bf'(s) = (")s’(1 — s)"~" and the bivariate Bernstein polynomial
B}, p(u,v,w) = (Z ;.Lk) uvIw® where u+v+w = 1. A triangular Bézier patch of degree n with control points

T;.;x is defined by
T (u,v,w) = Z T jx B (w0, w), u,v,w >0, ut+v+w=1.
i+j+k=n
and a rectangular Bézier patch of degree n x m with control points P; ; is represented by

n n

P(s,t) =Y Y "Py;B(s)B}(t) 0<s,t<1,(see [3])
i=05=0

Since the two patches have different geometric properties it is not easy to use both of them in the same CAD
system and conversion of one type to another is needed.

2 Construction of the Conversion Matrices

The following theorem gives the conversion of degree n triangular Bézier patch to degenerate rectangular
Bézier patch of degree n x n.
Definition 1 For all nonnegative integers = the falling factorial is defined by

n

(@), =z —1D..(z—n+1)=[[(=- (k-1))

k=1
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Theorem 2 A degree n triangular Bézier patch T(u,v,w) can be represented as a degenerate Bézier patch
of degree n x n :

P(s,t) =YY P;Bs)BJ (1), 0<s,t<1
i=04=0

where the control points P;; are determined by

Pi TiO
Pi Til

:AlAQAZ . 5 i:(),l,?,...,n.
Pin CTi,nfi

and A;(i =0,1,...,n) are degree elevation operators in the form

[ 1 0 0 0 0

1 n—Fk

n+l—k n+l—k 0 e 0 0
0 2 == 00 0

Ay = ) meE e

' ' C nk 1
0 0 0 n+l—k n+l—k
0 0 0 0 0 1

L < (n—k+2)x (n—k+1)

Until now no one has studied the generalization of the product Ay As...Ax mentioned in the above theorem
and indeed the product of these matrices is not easy to calculate for different values of n and k. Here we will
give the generalization of this product which will make all the computations easier.

Theorem 3 The following formula is true

A1As. A = Ak = [af’ﬂ s
1l (n41)x (n—k+1)

where

7j=1
1 0 0 0 0 7
1 n—k
n+l—k n+l—k 7271 0 0
A 0 n+l—k n+l—k 0 0
k= . )
n—k 1
0 0 0 0 n+l—k n+l—=k
L0 0 0 0 0 L (n—k+2)x (n—k+1)
Proof. For k =1, -
A=A
Suppose it is true for k, that is -
A1 Ag. A = Ay,

We will show that it also true for k + 1, i.e

ApAgs = Ay
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Let ¢; j be the element at the i row, j* column of the matrix Ay A1 :

n—k+1
- E: =(k) _(k+1)
Cij = ai,mam,j
m=1

k)m—l (kfl)

! (72_—11) (k)i—m (TL -
= >

m=1 (n)i* 1

where i = {1,2,....,n+ 1} and j ={1,2,...,n — k}.
For j =1 (first column)

"t (7i;—11) (k)i (n—

m,)

k
)m—l ag:jl) '

m=1 (n)171
Fori=1and j =1
n—k+1
_(k) (k+1
€11 = Z ag,v)nagn,l )
m=1
_ e (m(ll) (k)l m (TL
m=1 (n)o
k+1 _(k+1
= 5,1 ):1:a§,1 )
Fori=2and j =1,
n—k+1

_(k) (k+1)
C21 = E a2 mQim, 1
m=1

) (k+1)

) n—zkii-l (,,5y) (B)y,, (0 —

1 (n),
_k+1 (k+1),
oon (n);

Fort=n+1and j =1,

m,1

k)m—l (k+1)

n—k+1 n k n—
Cn+1,1 — Z (m—l)( )n+1—m(

(n),

m=1

m,1

(k+ Dk(k - 1)..(k — n+2)

nn—1)(n—2)...1

(k41D
(n),
For j = 2 (second solumn), for s =1 and j = 2
n—k+1
C12 = Z @@nafﬁ;”
m=1

n—k+1 0 k o k
Cro— Z (m—l)( Ji—m (10 )o (k+1)

m=1 (n)o
k+1 _(k+1
C1,2 :a§72 : :Ozag,Q ).
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Fori=2and j =2

Fori=n+1and j =2
n—k+1
_ = (k) (k+1)
Cn+1,2 = Z an-}-l,mam,n+l

m=1

_ nfl (mil) (k)n+(1n)m (’I’L - k)mfl asf;l)
n(k + Dk(k — 1) (k-1 +3)(n — k — 1)
n(n—1)(n—2)...1
- ’I’L(k =+ 1)n71 n — k — 1)1 - (_l(k+1)
(n)n - Yn+41,2°

For j =n — k (last column), fori =1 and j =n—k

k+1

Clin—k = A, ,n—k

EK" M??‘
Tl

('mo—l) (k)l—m (TL - k)m—l (k+1)
(n m,n—k

)0
k+1 k+1
W=0=a0

|
)
[

Fori=2and j=n—k%

(k) o EtD)
C2,n—k = ay ,m m,j

(e (mlfl) (K)o (N —K),, 4 (k+1)
(n), ok

Fori=n+1land j=n—k

_(k) (k+1)
Cn4+1,n—k = an+1,m m,n—k

g (mnfl) (k)n—',-l—m (n - k)nz—l a(k+1)
(n)n m,n—k

Wherea( 1 _ (21)(k41),_;(n—k—1); 4

Hence, Axdki1 = [63]ni1)x(nory = [ i anx(n_k) “ o=
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Remark 4 Sum of the elements in each row of the matriz Ay is equal to 1.

Now in the following theorem we consider the inverse process

Theorem 5 A rectangular Bézier patch P(s,t) of degree n X n can be represented as a Triangular Bézier
patch T(u,v,w) of degree n :

T(u,v,w) = Z T jx Bl (u,v,w), u,v,w >0, u+v+w=1
i+j+h=n

where the control points T; ; . are determined by

Tio Py
T Py

. :BiBifl---Bl . i:O,l,Q,...,n
T n—i Pin

and B;(i =0,1,...,n) are degree elevation operators in the form

[ 11—t ¢t 0 0o - 0 01
0 1—t ¢t 0o - 0 0
0 o 1-t t - 0 0
By = ) . . .
0 0 0 0 1—¢t t 0
L 0 0 0 0 0 1=t t ] k)
Proof. Indeed
=> "N "Pi;Bls)B} (1)
i=05=0
=D > PuyBls) (tBiT (1) + (1 - )BT (1)}
i=04=0
n n
=> BJ'(s) tZPJB" N+ (1=1)) P BTNt
=0 j=0
n n—r
_ ZZPT Bn Bn r( )
1=075=0
where . .
PAL(t)=PY =P, »
PZ7j (ﬁ) tPT]+1 + ( t)PiT,j :
Let r =1,
P(s,t) =) > PliBI(s)B] (1)
i=05=0
=> > P, (n> (n R Z) s'(1—s)" " (1L—t)y" "
i=05=0 ¢ J
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if we use the following reparametrization

we get

P(s,t) = ZX_:P7 (’;) (” B Z) w(1 —u)"? ( - )j (1= —2 _yn=i=i,

i=05=0 J
Now ifi+j+k=n
R\ (=i , v ) v
=0i=0 RN 7 v+ w v+ w

n
E 15,5k By 1 (u, v, w)
i+j+k=n

P(s,1)

n n—i

Tijg = Zzpfg(t)

i=045=0

For each value of i, we obtain (n —i 4 1) X (n — ¢ + 2) matrix B;. m

Theorem 6 The product of the matrices in the above theorem ByBy_1...B1 can be generalized as follows

bro bri bro o brr—1 brk 0 0 0 0

0 bro bra1 bro - brrk—1  brg 0 0 0

. 0 0 bro br1  brp e o bpk—1 bek 0 0

2" = ByBk-1..B1 = 0 0 0 bro bra bi,2 bik—1 brk 0
| O 0 0 0 0 br,0 br1 bra 0 brr—1 brix |

where by, ; = (];.)tj(l —t)*=7 and Z* is (n — k + 1) x (n+ 1) matriz.

Proof. For k=1,
Zl = Bla
suppose it is true for k, that is
BypBj_1..B1 = Z*,

we will show that it also true for k+ 1, i.e
Bj41ByBj_1...By = ZF1

Let 2; ; be the element at the i" row, j'* column of the matrix Bj1ByBy—_1...B1,

n—k+1

Zij = bgfﬂgl)b%?j
1

m—
where bl(.’knfl) is the element at the i** row, m! column of the matrix B, bgj’)j is the element at the mt"
row, j* column of the matrix ByBy_1...B1, i = {1,2,...,n —k} and j = {1,2,....,n + 1}.

For ¢ = 1(first row)
n—k+1

2= 0 Wb

m=1
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Fori=1land j=1

n—k+1

aa= Y b
m=1
k+1),(k k+1),(k k+1 k
= by O+ bR

=(1—t)bo=(1—8)""" = Z8H).

Fori=1and j =2,

n—k+1
21,2 = Z bglfntl)bfﬁ,)z

m=1

k1), (k k1), (k k1 k
= bgf )bg,Q) + bg; )bg,z) +o+ bg,ﬁiﬂbfﬁkﬂ,z
=(1—1¢)bg1 +thrpo
= bk+l71 = Zéclfgl)-

Fori=1and j=n+1,

n—k+1
k+1),(k
g =y b0
m=1

k1), (k k1), (k k+1 k
= b§,1 )bg,'r)z+1 + bg,z )bg,v)zﬂ +.t b(l,n—ze-',-lbi—)k-&-l,n—i-l
=0 = Zk+1

(1,n+1)"

,m m,n+1

For ¢ = 2 (second row)

n—k+1
z,, = Z bé]fﬂtl)b(k)

m,j*

m=1
Fori=2and j=1,
n—k+1
k+1),(k
a= ) b b
m=1

k+1), (k k+1); (k k+1 k
= b 0+ 050 4 b6

=0=Z¢])).
Fori=2and j =2
n—k+1
Ry2 = Z b(QI,Cr—nH)bgj,)Q
m=1

= OB + I B
= (1 — t)b]“o
(- =z

Fori=2and j=n+1,

n—k+1
_ 2: (k+1) 1 (k)
Z2,n+1 - b2,m bm,n+1
m=1

k+1), (k k+1), (k k+1 k
= bé,1 )bg,’r)ﬂrl + bg,2 )bé,'r)LJrl tot bg,7z—36+1b£L—)k+1,n+1

_ _ k+1
= bk = Z3 111
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Fori=n—-k+1
n—k+1

(k+1) (k)
Zn—k+1,j = E : bn k+1 mbm1

Fori=n—kandj=1

n—k+1
Zn—k,1 = Z bffjkl)
g e
=0= Zﬁii,l.
Fori=n—kand j =2
n—k+1

k+1) ;(k)
Z bgz k, mbgn 2

b(k+1) b(k) + b(k+1) b(k) 4o+ b(kJFl) b(k)

Zn—k,2

n—k,1 n—k,2 n—kn—k+1"n—k+1,2
_ k41
=0= Zn k,2"
Fori=n—kand j=n+1
n—k+
_ § : (k+1) 5 (k)
Z”*k,nﬁLl - bn k mbm n+1
m=1

(k+1) , (k) (k+1) 5. (k) (k+1) (k)
=0, 11011 T 0 k505 i T O e k1O k1

_ _ r7k+1
- tbkyk - Zn—k:,n-l—l'

i 1 0
k+1 n—k—1
(k41K 2(k+1)(n—k—1)
n(n—1) n(n—1)
(k+1)(k)(k—1) 3(k+1)k(n—k—1)
n(n—1)(n—2) n(n—1)(n—2)
B B (k+1)k(k=1)(k=2) 4(k+D)k(k=1)(n—k—1)
Ap Ay = A = (k—ﬁ)k(k)—(l)(k)—(Q)(k)—fi) 5(k+?§£(7cl—)§gl(22—)2(%?i)k—1)
n(n—1)(n—2)(n—3) n(n—1)(n—2)(n—3)(n—4)
(k+1)k...-(k—n+3) (n—l)(k+1)k.4.(l.c—n+4)(n—k—1)
n(n—1)(n—2)...2 n(nfl)(nf2g...2
(k+1)k...(k—n+2) n(k+1)k...(k—n+3)(n—k—1)
L n(n—1)(n—2)...1 n(n—1)(n—2)...1
0 0
0 0
(n—k—1)(n—k—2) 0
n(n—1)
3(k+1)(n—k—1)(n—k—2) (n—k—1)(n—k—2)(n—k—3)
n(n—1)(n—2) n(n—1)(n—2)
6(k+1)k(n—k—1)(n—k—2) 4(k+1)(n— e )(n—k—=2)(n—k—3)
n(n—1)(n—2)(n—3) n(n—1)(n—2)(n—3)
10(k+1D)k(k—1)(n—k—1)(n—k—2) 10(k+Dk(n—k—1)(n—k—2)(n—k—3)
n(n—1)(n—2)(n—3)(n—4) n(n—1)(n—2)(n—3)(n—4)
900
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0 0 )
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
(n—k—1)(n—k—2)(n—k—3)(n—k—4) 0 0 0 0

n(n—1)(n—2)(n
5(k+1)(n—k (1)(n)(k— ))((n—lg) 3)(n—k—4) (n—k—1)(n—k—2)(n—k—3)(n—k—4)(n—k—5) 0 0 0
n(n—1)(n— )( —3)(n—4) n(n—1)(n—2)(n—3)(n—4) 0 0 0
0 0
n—k—1 k41

n n

0 1|

Conclusion 7 As we mentioned before, mainly there are two types of Bézier surfaces which are rectangular
and triangular Bézier patches. These two types of patches have different geometric properties so it is difficult
to use both of them in the same CAD system. One may need to convert one type to another and here in this
paper we studied on the conversion matriz to convert triangular Bézier patch to a rectangular Bézier patch
and a rectangular Bézier patch to a triangular Bézier patch. We found simple representations for these two
matrices which will allow the conversion in one step.
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