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1 Introduction

In this paper, we study the existence of solutions and L2-primitive process for the fol-
lowing retarded stochastic neutral functional differential equations in Hilbert spaces:

dlz(t) + g(t, x)] = [Ax(t) + ff’h ai(s)Ax(t + s)ds + k(t)|dt + f(t,x:)dW (t),
z(0) = ¢ € L*(Q, H), z(s) =¢'(s), s € [—h,0).

(1.1)

where t > 0, h > 0, ay(-) is Holder continuous, k is a forcing term, W (t) stands for
K-valued Brownian motion or Winner process with a finite trace nuclear covariance
operator (), and g, f, are given functions satisfying some assumptions. Moreover,
A:D(A) C H— H is unbounded and A, € B(H), where B(X,Y') is the collection
of all bounded linear operators from X into Y, and B(X, X) is simply written as
B(X).

This kind of systems arises in many practical mathematical models, such as,
population dynamics, physical, biological and engineering problems, etc. (see [6, 11,
23)).

Many authors have studied for the theory of stochastic differential equations in
a variety of ways (see [4] [7] and reference therein), impulsive stochastic neutral
differential equations [14, 21|, approximate controllability of stochastic equations
[5, 27, 26].

As for the retarded differential equations, Jeong et al [17, 18], Wang [32], and
Sukavanam et al. [28] have discussed the regularity of solutions and controllability
of the semilinear retarded systems, and see [8, 15, 16, 24] and references therein for
the linear retarded systems.

In [10, 12, 13], the authors have discussed the existence of solutions for mild
solutions for the neutral differential systems with state-dependence delay. Most
studies about the neutral initial value problems governed by retarded semilinear
parabolic equation have been devoted to the control problems.

Recently, second order neutral impulsive integrodifferential systems have been
studied in [2, 25], and Stochastic differential systems with impulsive conditions in
[1, 3, 29]. Further, as for impulsive neutral stochastic differential inclusions with
nonlocal initial conditions have been studied for the existence results by Lin and Hu
[22], and controllability results by [19].

Let (2, F, P) be a complete probability space furnished with complete family
of right continuous increasing sub c-algebras {F;,t € I} satisfying F; C F. An H
valued random variables is an F -measurable function z(t) : Q@ — H. Usually we
suppress the dependence on w € 2 in the stochastic process S = {z(t,w) : Q@ — H :
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t € [0,7]}and write z(t) instead of z(¢t,w) and z(t) : [0,7] — H in the space of S.
Then we have to study on results in connection with solutions of random differential
and integral equations in Hilbert spaces. It should be ensured that z(t,w) is a
H-valued random variable with finite second moments and L?-primitive process of
(1.1) for all ¢t € T in order to study stationary random function, Brownian motion,
Markov process, and etc. But the papers treating the regularity for second moments
of the systems and L2-primitive process for retarded stochastic neutral functional
differential equations in Hilbert spaces are not many.

In this paper, we propose a different approach of the earlier works used Azera-
Ascoli theorem to prove the existence of the mild solutions of functional differential
systems in the Banach space of all continuous functions. Our approach is that regu-
larity results of general differential equations results of the linear cases of Di Blasio
et al. [8] and semilinear cases of [17] remain valid under the above formulation of
the stochastic neutral differential system (1.1) even though the system (1.1) con-
tains unbounded principal operators, delay term and local Lipschitz continuity of
the nonlinear term.

The paper is organized as follows. In Section 2, we construct the strict solution
of the semilinear functional differential equations and introduce basic properties. In
Section 3, by using properties of the strict solutions in dealt in Section 2, we will
obtain the L2-primitive process of (1.1), and a variation of constant formula of L2-
primitive process of (1.1) on the solution space. Finally, we give a simple example
to which our main result can be applied.

2 Preliminaries and Lemmas

The inner product and norm in H are denoted by (-,-) and | - |, respectively. V is
another Hilbert space densely and continuously embedded in H. The notations ||- ||
and || - ||« denote the norms of V and V* as usual, respectively. For brevity we may

regard that
lulls < ul <ul], weV (2.1)

Let a(-, ) be a bounded sesquilinear form defined in V' x V' and satisfying Garding’s
inequality
Re a(u,u) > col|ul|* — eilul>, ¢ >0, ¢ >0. (2.2)

Let A be the operator associated with the sesquilinear form —a(-, -):
((cp — Au,v) = —a(u,v), u, vev.
It follows from (2.2) that for every u € V
Re (Au,u) > collu|*.
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Then A is a bounded linear operator from V to V* according to the Lax-Milgram
theorem, and its realization in H which is the restriction of A to

D(A)={ueV;Auc H}

is also denoted by A. Then A generates an analytic semigroup S(t) = e'* in both
H and V* as in Theorem 3.6.1 of [30]. Moreover, there exists a constant Cj such
that

[ul| < Colul 3l 7, (2:3)

for every u € D(A), where
lullpeay = (JAul? + )/
is the graph norm of D(A). Thus we have the following sequence
D(A)cV CHCcCV*C DA,

where each space is dense in the next one and continuous injection.
Lemma 2.1. With the notations (2.3), (2.4), we have

ViV )1j22 = H,

(D(A), H)1j22 =V,

where (V,V*)1/95 denotes the real interpolation space between V' and V*(Section
1.8.3 of [31]).

If X is a Banach space and 1 < p < oo, LP(0,T; X) is the collection of all strongly
measurable functions from (0,7") into X the p-th powers of norms are integrable.

For the sake of simplicity we assume that the semigroup S(t) generated by A is
uniformly bounded, that is, There exists a constant M such that

My

S|y < Mo, [|JAS®#)||) < e (2.4)

The following lemma is from [30, Lemma 3.6.2].

Lemma 2.2. There exists a constant My such that the following inequalities hold:

1S@)|p(av) <t M, (2.5)
S®)|Bve1y <t My, (2.6)
AS )| Bvy <t/ M. (2.7)
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First, consider the following initial value problem for the abstract linear parabolic
equation

{ O — Az (t) + [0, ar(s)Ava(t + s)ds + k(t), 0<t<T, 28)

2(0) = ¢°, x(s) = ¢*(s) s € [—h,0).

By virtue of Theorem 2.1 of [15] or [8], we have the following result on the
corresponding linear equation of (2.8).

Lemma 2.3. 1) For (¢°,¢') € V x L*(—h,0; D(A)) and k € L*(0,T;H), T > 0,
there exists a unique solution x of (2.8) belonging to

L*(0,T; D(A) nW*2(0,T; H) c C([0,T); V)
and satisfying
2|20, 7:panewr2 o) < Cr(ll@°]] + 10| 2 nospiay + Ikl 20mm), — (2.9)
where Cy is a constant depending on T and

]| L2(0,7;D(a)) w20,y = max{||z||L20,m,pa)), || lwi20.0:m) }

(2) Let (¢°,¢) € H x L*(—=h,0;V) and k € L*(0,T;V*), T > 0. Then there

exists a unique solution x of (2.8) belonging to
L*(0,T; V)N WY (0,T;V*) c C([0,T); H)
and satisfying
Nzl 20y ewr 20,5y < Cr(10°] + 110 2oy + |kl 20,r50+))s (2.10)
where Cy is a constant depending on T.
Let the solution spaces Wy(1') and W, (T) of strong solutions be defined by

Wo(T) = L*(0,T; D(A)) nWH(0,T; H),
Wi(T) = L*(0,T; V)N W0, T; V*).

Here, we note that by using interpolation theory, we have
Wo(T) C C([0,T]; V), Wy(T) c C([0,T]; H).
Thus, there exists a constant ¢; > 0 such that

zllcqomvy < allellwemy,  lxlleqomm < allz|lw @) (2.11)
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Lemma 2.4. Suppose that k € L*(0,T; H) and z(t) = [ S(t — s)k(s)ds for 0 <
t <T. Then there exists a constant Cy such that

|2l 201004y < CullEl[ L2078,
lell2oam < CoT k|20, (2.12)

and
12|20,y < CoV'T K| r20,7:m)- (2.13)

Proof. The first assertion is immediately obtained by (2.9). Since

T t
[T / | / S(t — s)k(s)ds|dt

S%K%WMM%
SMO/OTt/Ot|k(s)|2dsdt

T2 T
sm-/mw%,
2 Jo

it follows that
||| L2070y < TN/ Mo /2] |k L2 (0,7;m)- (2.14)
From (2.3), (2.12), and (2.14) it holds that

||| L200,:v) < Cov/ CIT(MO/2)1/4HM|L2(0,T;H)-
So, if we take a constant Cy > 0 such that

Cy = max{+/M,y/2, Co\/a(Mo/2)1/4}>

the proof is complete. O]

In what follows in this section, we assume ¢; = 0 in (2.2) without any loss of
generality. So we have that 0 € p(A) and the closed half plane {\ : ReA > 0} is
contained in the resolvent set of A. In this case, it is possible to define the fractional
power A% for aw > 0. The subspace D(A?%) is dense in H and the expression

|z]lo = [|A%[|, 2 € D(A%)

defines a norm on D(A%). It is also well known that A is a closed operator with
its domain dense and D(A%) D D(A?) for 0 < a < 3. Due to the well known fact
that A~® is a bounded operator, we can assume that there is a constant C'_, > 0
such that

AT ey < Ceay [[A | eqvew) < Caa (2.15)
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Lemma 2.5. For any T > 0, there exists a positive constant C, such that the
following inequalities hold for all t > 0O:

[ Ca a Ca
1A*S Oz < 5 NASWleany) < 557 - (2.16)

Proof. The relation is from the inequalities (2.6) and (2.7) by properties of fractional
power of A and the definition of S(t). O

3 Existence of solutions

In this paper (H,|-|) and (K, |- |x) denote real separable Hilbert spaces. Consider
the following retarded semilinear impulsive neutral differential system in Hilbert
space H:

{ dlz(t) + g(t,z,)] = [Az(t) + [°, ar(s)Ava(t + s)ds + k(t)]dt + f(t,:)dW (¢),
z(0) = ¢ € L*(Q, H), x(s) = ¢'(s), s € [—h,0).
(3.1)

Let (2, F, P) be a complete probability space furnished with complete family of
right continuous increasing sub o-algebras {F;,t € I} satisfying F; C F.

An H valued random variables is an F -measurable function z(t) : @ — H and
the collection of random variables S = {z(t,w) : @ — H : t € [0,7], w € Q}
is a stochastic process. Generally, we just write x(t) instead of z(¢,w) and z(t) :
[0,7] — H in the space of S

Let {e,}22, be a complete orthonormal basis of K, and let Q € B(K, K) be
an operator defined by Qe, = \,e, with finite Tr(Q) = Y o2 VA, = A < oo (Tr
denotes the trace of the operator), where A\, > 0(n =1,2,---), and B(K, K) denotes
the space of all bounded linea operators from K into K.

{W(t) : t > 0} be a cylindrical K-valued Wiener process with a finite trace
nuclear covariance operator () over (2, F, P), which satisfies that

W(t) = f: Vwwi(t)en, >0,

where {w;(¢)}2, be mutually independent one dimensional standard Wiener pro-
cesses over (2, F, P). Then the above K-valued stochastic process W (t) is called a
(Q-Wiener process.
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We assume that F; = o{W(s) : 0 < s <t} is the o-algebra generated by w and
Fr=F. Let v € B(K, H) and define

]G = Tr(Qu™) =Y |V Atben |
n=1

If [¢[3) < oo, then 1 is called a Q-Hilbert-Schmidt operator. Bq(K, H) stands for
the space of all Q)-Hilbert-Schmidt operators. The completion By (K, H) of B(K, H)
with respect to the topology induced by the norm [t|q, where []3, = (1,1)) is a
Hilbert space with the above norm topology.

Let V be a dense subspace of H as mentioned in Section 2. For T" > 0 we define

T
M2(—h,T:V) = {2 [~h,T] - V : E(/ l2(s)|[2ds) < oo}
—h
with norm defined by

T
1/2
lellroy = (B[ ie(o)Pas) "

The spaces M?(—h,0;V), M?(0,T;V), and M?(0,T;V*) are also defined as the
same way and the basic theory of the class of all nonanticipative functions can be
founded in [9]. For h > 0, we assume that ¢' : [—h,0) — V is a given initial value
satisfying

B([ 16 lFas) < e,

that is, ¢! € M?(—h,0;V). In this note, a random variable x(t) : Q — H will be
called an L*-primitive process if x € M?(—h,T; V).
For each s € [0,T], we define =, : [-h,0] — H as
zs(r)=a(s+r), —h<r<o.

We will set
II = M2(—h,0; V).

Definition 3.1. A stochastic process x : [—h,T| x Q — H is called a solution of
(3.1) if

(i) «(t) is measurable and Fi-adapted for each t > 0.
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9
(i) «(t) € H has cddidg paths on t € (0,T) such that
(t) =S()[¢" + 9(0,70)] — g(t,74) + /t AS(t = s)g(s, s)ds (32)
+/O S(t— s) {/ P Ava(s + T)drds + f(s, 20)dW (s))
+/0 S(t — s)k(s)ds,
z(0) o'(s), se[=h,0).
(i) € M20,T:V) ic., B([” |J2(s)|2ds) < o0 and C([0,T]; H).

To establish our results, we introduce the following assumptions on system (3.1).
Assumption (A). We assume that a;(-) is Holder continuous of order p:

a1 (0)] < Hy,  |ai(s) —ai(7)] < Hi(s —7)°.

Assumption (G). Let g:[0,7] x II — H be a nonlinear mapping satisfying
the following conditions hold:

(i) For any x € II, the mapping ¢g(-, z) is strongly measurable.
(ii) There exist positive constants L, and § > 2/3 such that

E|A%g(t,2)]* < Ly(||zlln + 1)%,
E|A%g(t, @) — A%g(t,2)|* < Lyl — &[f,

for all t € [0,T], and z, 2 € II.

Assumption (F). Let f: RxII — B(K, H) be a nonlinear mapping satisfying
the following:

(i) For any x € II, the mapping f(-,z) is strongly measurable.
(ii) There exists a function L; : Ry — R such that
Elf(t,z) = f(t.y)l* < Ly()llz = ylli, €0, 7]

hold for ||z||g < r and ||y||n < 7.
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(iii) The inequality
Elf(t, )" < Ly(r)(|lz|ln + 1)°

holds for every ¢ € [0, 7] and ||z||n < r.

Lemma 3.1. Letx € M?*(—h,T;V). Then the mapping s — x4 belongs to C([0,T];TI),
and for each 0 <t <T

el < Mlllaeenev) = 116 + [zl (3.3)
E(|l2]Z20.4)) = l12ll320.6v);

|2 220,61 < VE||2|[ a2 nvy-

Proof. The first paragraph is easy to verify. In fact, it is from the following inequal-
ity;

0 t
el 2 = E / lalt+ 7lPdr) < B / o) IPdr] < el iy t> 0.

The second paragraph is immediately obtained by definition. From the inequality
(3.3), we have

t t 0
2

[ tiedtzas = [T [ lats + olFan)as
0 0 _h
t s

2
= [(B R s < el
which completes the last paragraph. 0

One of the main useful tools in the proof of existence theorems for nonlinear
functional equations is the following Sadvoskii’s fixed point theorem.

Lemma 3.2. (Krasnoselski [20]) Suppose that X is a closed convexr subset of a
Banach space X. Assume that Ky and Ky are mappings from X into X such that
the following conditions are satisfied:

(i) (K1 + Kp)(¥) C %,
(i1) K is a completely continuous mapping,
(i1i) Ky is a contraction mapping.

Then the operator K1 + Ky has a fized point in 3.
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From now on, we establish the following results on the solvability of the equation
(3.1).

Theorem 3.1. Let Assumptions (A), (G) and (F) be satisfied. Assume that (¢°,¢') €
L*(Q,H) x IT and k € M*(0,T;V*) for T > 0. Then, there exists a solution x of
the system (3.1) such that

€ M*0,T;V)NC([0,T]; H).

Moreover, there is a constant Cs independent of the initial data (¢°,¢') and the
forcing term k such that

2| [arz—nrvy < Cs(1+ E([¢°1) + 110" |[u + 1|kl vzi0.7)- (3.4)

Proof. Let

1/2
r = 2O Cear/Ty(l16' I + 1) + VECL(BISP) + 161 + M roia) .
and
N =V3C_o/Ly([|¢"||ln + 7+ 1)

+ (38 = 2)712(38) 201/ Lo(16M | + 7 + 1)
+ CoyTr(Q)y/ Ly (r)([[6 |l + 7 + 1),

where 8 > 2/3, C; and Cj is constants in Lemma 2.3 and Lemma 2.4, respectively.
Let

TY = max{T"* T%*}

and choose 0 < T7 < T such that

TN < 5 = G0/ (116'ln + 1) + V3O (VE(SP) + 116" [l + 1kl a0,
(3.5)
and
N =TT {V3C /Ty + (38 — 1)7/2(38)7/2C1_g\/Ty + CaTr(Q)y/ Ly(r)} < 1.
(3.6)

848 Yong Han Kang 838-861



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.5, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

12

Let J be the operator on M2(0,T1; V) defined by
(Ja)(t) =St)[6° + g(0,¢")] — g(t, ) + /t AS(t = s)g(s, z5)ds
/ (t—s {/ 7) Az (s + T)drds + f(s, z5)dW (s)}
+ /0 S(t — s)k(s)ds.

It is easily seen that J is continuous from C([0,7}]; H) into itself. Let
Y ={x e M*(=h,T;V) : 2(0) = ¢°, and x(s) = ¢'(s)(s € [~h,0))}.

and
e =A{x e X ||z]lamzomvy) ST}

which is a bounded closed subset of M?(0,T}; V). Now, we give the proof of Theorem
3.1 in the following several steps:

Now, in order to show that the operator J has a fixed point in X, € M?(0,Ty; V),
we take the following steps.

Step 1. J maps Y, into X,.

By (2.10), (2.15) and Assumption (G), and noting x¢ = ¢*, we know

Bl [ 15(0900,20) Fde) = E[CHo(0.0)F] (.7)
= B[CH(IIAll5n|4%9(0, 1)])']
< (C1C-a)" Ly ([ [ln + 1)*.
From (2.10) of Lemma 2.3 it follows
E[/O 1 |5(t)e° + /0 St —s){ /_h ar(17)Arz(s + 7)dr + k(s)}dsH2dt] (3.8)

< EB[CHIl + 110" || 2noivy + 1kl 20,1150+ }]
< 3CT(El°P] + N + Nkl 3z 0.m0)) -

By using Assumption (G) and Lemma 3.1, we have

T
Hg<'7x-)‘|?\/[2(0,T1;V) = E(/o HAi'BABQ(tal’t)Hth) (3.9)

T
< CzaE(/ |Aﬂg(t,xt)\2dt) < C? LTy (||zel [ + 1)2
0

< 3C2, LyTa (165 + ol arz02v) + 1)
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Define Hy : M?(0,Ty;V) — M?(0,Ty; V) by

(Hyz)(t) = /0 AS(t — s)g(s, zs)ds.

Then from Lemma 2.5 and Assumption (G) we have

IAS(t = s)g(s, x5)|| = [|A7S(t = 8)l|p) | A% (s, 2,)]

01 B
< WW 9(s, )|,

and hence, by using Hélder inequality and Assumption (G),

) B Ty t 9
([H1z| 320,10y = E[/ H/ AS(t = s)g(s, xs)ds|| dt] (3.10)
Ty t C
gE[/O (/0 oAl lds) ]
Ty
gE[/ 0%_5(35—2)—11535—2/ |APg(s, xs)*dsdt]
0 0

T
< (35 - 2)_1012—6[’!1(“175“11 + 1>2/ tw_ldt
0

< (38 —2)7'38) O Ly T (|12l vz nmvy + 1)
= (38— 2)7(38) 1O 4L I (|6 I + |2l a2y + 1)°

Let
(Hox)(t) = /0 S(t—s)f(s,zs)dW(s).

For (2.13) of Lemma 2.4 it follows

T gt
\|H2:v||?wg(0’Tl;V) = E[/O }/ S(t — s)f(s,xs)dW(s)fdt] (3.11)
< BICSTe(Q)*Tallf (s, 24) | Z20,2v4))
< C3Tx(Q)* Tl f (s, = )||M2(0TV*)
< CyTr(Q)* T Ly (r) (||l + 1)°
< CyT(Q)* T Ly (r) (|6 | + ||l ar20,m ) + 1)
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Therefore, from (3.7)-(3.11) it follows that

T2l ar2 010y SCLCan/Ly(|16" I + 1)
+ V3O (E[6°P] + 16113 + 1kl ma)
+V3C_a/TiLy (116"l + 2] lar20mv) + 1)
+ (38— 2)72(38) 20 VI TP (16 I + ||zl a0y + 1)
+ CoTr(@Q)\/ T Ly () (16 | + |2l arzoziv) + 1)
<C1C_a/Ly(|[¢" | + 1)
+V3C (Bl P + 116" + 11K 20700+

V2L oN <o,

and so, J maps X, into X,.
Define mapping K; + K, on L*(0,71;V) by the formula

(J2)(t) = (Kyx)(t) + (Ka)(1),
(Ky2)(t) = /0 S(t— s)/o ar (1T — s)Ayz(T)drds,

and

(Kyx)(t) =S (#)[¢° + g(0,20)] — g(t, 7)) + / AS(t — s)g(s,xs)ds
/ (t—s {/ (1 — 8)A1p*(T)d7ds + f(s,,)dW (s)}
+/ S(t — s)k(s)ds.

Step 2. K is a completely continuous mapping.

We can now employ Lemma 3.2 with X,.. Assume that a sequence {z,} of
M?(0,T; V) converges weakly to an element xo, € M?(0,T1; V), i.e., w—1lim, oo T, =
Too. Then we will show that

lim ||K1ZEn — lem||M2(O,T1;V) = O, (312)

n—oo

which is equivalent to the completely continuity of K; since M?(0,T%; V) is reflexive.
For a fixed t € [0,T1], let z}(x) = (Kix)(t) for every x € M?(0,Ty;V). Then
x} € M?(0,Ty; V*) and we have lim,, o, }(7,) = 2} (24 ) since w—1lim,, o T, = Too-
Hence,

lim (Ky2,)(t) = (K12s0)(t), t€[0,T1].

n—oo
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Set

h(s) = / ar (1 — s)Ayz(T)dr.
0
Then by using Holder inequality we obtain the following inequality
|h(s)] < |/ (a1(1 — s) — a1(0)) Ay z(7)dT]| (3.13)
0
+ ‘ / al(O)A1$(T>dT‘
0
—1.2p+1) 1/2 ’ 2 75 \1/2
< {(p+ 1710 VY Al [ Hla(r)l )

Thus, by (2.5) and (3.13) it holds

) D)2 = | / S(t — s)h(s)ds|’
< (Hy|| A1l B /Hg; )[|?dr) H/ 1/2{ (2p+1)"1s@H D2 4 5|

< (HillAllan)? ol Z20) { (20 + 1) 113(1/2 (20 +3)/2)t°"" + B(1/2,3/2)t}".

= ool |zlZ20 v,

where ¢, is a constant and B(-,-) is the Beta function. Here we used

t
B(1/2,(2p + 3)/2)t"t! = / (t — 5)" /2002,
0
And we know

sup ||E[(Ki2) ()| < eallzll3r20,0,0) < 00
0<t<Ty

Therefore, by Lebesgue’s dominated convergence theorem it holds

lim E(/ () (1)) 2d) :E(/ (Ea) (8)]PdE),

ie., limy oo [| K120 a2001:v) = [ EK1%os|[m20,115v). Since M?(0,T7;V) is a reflexive
space, it holds (3.12).

Step 3. K, is a contraction mapping.
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For every x; and x5 € Y., we have
(FKox1)(t) — (Kaxo)(t) =g(t, xo,) — g(t, x1,)

+ /Ot AS(t = s)(g(t, 21,) — g(t, 2.))ds

+ /Ot S(t — s){f(s,z1(s)) — f(s,22(5)) }dW (s).
In a similar way to (3.9)-(3.11) and Proposition 2.3, we have
121 = Kool vy <{C-av/TiLy + (36 = 2)72(36) 201 TV /L,
+ Co/Ti Ly (r)Te(Q) |21 — @2l a0,

SNHfL’l — I2HM2(0,T1§V)’

So by virtue of the condition (3.6) the contraction mapping principle gives that the
solution of (3.1) exists uniquely in M?(0,Ty; V). This has proved the local existence
and uniqueness of the solution of (3.1).

Step 4. We drive a priori estimate of the solution.

To prove the global existence, we establish a variation of constant formula (3.4)
of solution of (3.1). Let = be a solution of (3.1) and ¢° € H. Then we have that
from (3.7)-(3.11) it follows that

|zl azomv) SCrC-av/Ly(l¢!|In + 1)
+V3CUE[ T+ 1815 + 11k R 2010+
+V3C_a/TiLy (¢ + 122023 + 1)
+ (38 = 2)"V2(38) 7 2C1_p /LTy (16 I + el a0y + 1)
+ CyTe(Q)Ta/ T Ly (r) (16 i + 12| [arz 0130y + 1)
SNH$||L2(0,T1;V) + N,

1/2

where
N1 =CiCa/Ly (16" |l + 1)
+V3C1 (B[] + 116 + 1R o my0e)
+V3C_a/TiLy (|16 + 1)
+ (38 = 2)72(38) 720 /LT (|6l + 1)
+ CyTe(Q)\/ TiLy (r)([[¢* I + 1).

1/2
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Taking into account (3.6) there exists a constant C3 such that
] z20,m0) (1= N)7' N,
<Cs(1+ E(|¢"") + 16"l + [l lar20.504)),

which obtain the inequality (3.4).

Now we will prove that E[z(T7)?] < co in order that the solution can be extended
to the interval [T7, 271].

Define a mapping Hj : L*(0,Ty; V) — L*(0,Ty; V) as

t 0
(Ha)(t) = SO0+ 9(0.0) + [ S=9)] [ a(r)dsals + rjdr + k()
0 —h
The from (2.11) and Lemma 2.3 it follows that
E|(Hyz)(Th)|* < 1 B[ Haz|[3y, (3.14)

2
< 3c1CLE{|¢° + g(0,0")| + |0 || 2 (—nov) + Kl 20,1504 }
< e1Ci{E|¢° +g(0,¢")]* + ||¢1||?\42(7h,0;V) + ||k5||?\/12(0,T1;V*)} =1,
and from (2.4) and Assumption (F),

T

E|(Hax)(Tv)|* =E| i S(Ty — 8) f(s,2,)dW ()|’ (3.15)

<M Te(Q)* Ly (r) ([l ln + 1)°
<MTr(Q) Ly (r) (|9 I + llxlarzo,rivy + 1)* =11
Moreover, by using Assumption (G) we have
Elg(Tyxr)]” < B||A APg(t,0n,)||" (3.16)
< C_ALPHAL,(||x,||n + 1)
< C_ALPHA?Ly(||6M | + 12| sy + 1)° := 11,

and

T
E](le)(Tl)]Q:E|/ AS(Ty — 8)g(s, x)ds|? (3.17)

0
T

:E|/ AYTPW(Ty — 8)APg(s, z5)ds|?
0

<E "G AP ds|’

< [ ; (t_s)w\ (9(s,z5)] 3]

t
< B[CE 438 =27 [ |4 (gls. ) Pas)

= C7_ 538 = 27" T Ly (|2l ey + 10 [ar2(—nony +1)% = IV.
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Thus,by (3.14)-(3.17) we have

Elz(Ty)|* = E|(H3a:)(T1) —g(T1,z) —{—/0 1 AS(T) — s)g(s, xs)ds

Ty

+/ S(Ty — s)f(s,2,)dW (s)]
0

STHIT+IIT+1V < 0.

Hence we can solve the equation in [T7,27)] with the initial (z(7}),z7,) and an
analogous estimate to (3.4). Since the condition (3.6) is independent of initial values,
the solution can be extended to the interval [0, nT}] for any natural number n, and
so the proof is complete. O

Remark 3.1. Thanks for Lemma 2.3, we note that the solution of (3.1) with the
conditions of Theorem 3.1 satisfies also that

E( / I (9)fs) < oo,

Here we note that by a simple calculation using the properties of analytic semigroup,
it is immediately seen that x € M*(—h,T; H).

Now, we obtain that the solution mapping is continuous in the following re-
sult, which is useful for the control problem and physical applications of the given
equation.

Theorem 3.2. Let Assumptions (A), (G) and (F) be satisfied. Assuming that the

initial data (¢°, @) € L*(Q, H) x 1T and the forcing term k € M?(0,T;V*). Then

the solution x of the equation (3.1) belongs to x € M?(0,T; V) and the mapping
L*(Q, H) x T x M*(0,T;V*) 2 (¢°, 9", k) = 2 € M*(0,T; V) (3.18)

18 continuous.

Proof. From Theorem 3.1, it follows that if (¢°, ¢', k) € L*(Q, H) x I x M?*(0,T; V*)
then x belongs to M?(0,T;V). Let (¢?, ¢}, k;) and z' be the solution of (3.1) with
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(¢?, &1, k;) in place of (¢°, ¢, k) for i =1, 2. Let z;(i = 1,2) € X,.. Then it holds

@' (t) —a*(t) = S(O)[(61 — ¢2) + (9(0, ) — 9(0,zp))]

(gt ) — glt.a?) + / AS(t - 5)(g(s,21) — glt, 22))ds

—l—/o S(t—s){ /_hal(T)Al(xl(s—l—T) — 2*(s + 7))drds
+/0 S(t — s){((Fz")(s) = (F2*)(s)) + (ku(s) — ka(s)) }ds.
+ /0 S(t — s)(ki(s) — ko(s))ds

Hence, by applying the same argument as in the proof of Theorem 3.1, we have

||$1 - $2||M2(0,T1;V) SNH"TI - 932||L2(0,T1;V) + N2>

where

Ny =CyC_ALPHA\/Ly(||¢7 — ¢}|In)
+VBCL(E) — &I + o1 — 315 + k1 — Ball3r20.myv))
+VB3C_ALPHAV/T,Ly(||6} — é3In)
+ (38 — 2)7V2(38)2C1_p /LI (|61 — bl
+ CyTe(Q)y/ Ty Ly (r)(|| 64 — b3 |m),

1/2

which implies

A

|2 a0,y <No(1— N)~L

Therefore, it implies the inequality (3.18). ]
4 Example
Let

H=L*0,7), V=H0,m), V*=H'0,).
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Consider the following retarded neutral stochastic differential system in Hilbert
space H:

dlz(t,y) + g(t. ze(t,y))] = [Az(t,y) + [, ar(s)Ara(t + s,y)ds + k(t, y)]dt
+E(t,x(t,y)dW(t), (t,y) €[0,T] x [0,7],
2(0,y) = ¢°(y) € L*(Q, H), x(s,y) = d'(s,9), (s,9) € [=h,0) x [0, 7],
(3.19)

where h > 0, a;(+) is Holder continuous, A; € B(H), and W (t) stands for a standard
cylindrical Winner process in H defined on a stochastic basis (2, F, P). Let

a(u,v) = /O“ du(y) dv(y)dy‘

dy  dy
Then
A=0*/0y* with D(A)={x e H*(0,7): 2(0) = 2(7) = 0}.
The eigenvalue and the eigenfunction of A are A, = —n? and z,(y) = (2/7)"/?sinny,

respectively. Moreover,

(al) {z, :n € N} is an orthogonal basis of H and
Stz =Y ez, 2)z, Yo eH, t>0.
n=1

Moreover, there exists a constant M, such that |[S(t)||pw) < Mo.

(a2) Let 0 < @ < 1. Then the fractional power A* : D(A*) C H — H of A is
given by

A% = an(x,zn)zn, D(AY) :={z: A%z € H}.

In particular,

=1
A—1/2 _ - zn d A—1/2 -1
=3 (a7, and [JA7)

n=1

The nonlinear mapping f is a real valued function belong to C?([0, c0)) which sat-
isfies the conditions

(f1) f(0) =0, f(r) >0 for r > 0,
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(f2) |f'(r) <c(r+1)and |f(r)| < cfor r >0 and ¢ > 0.
If we present
F(t,a(t,y) = f (l=(t,y)]M)a(t,y),
Then it is well known that F' is a locally Lipschitz continuous mapping from the
whole V' into H by Sobolev’s imbedding theorem (see [30, Theorem 6.1.6]). As an

example of ¢ in the above, we can choose q(r) = p?r+mn%*r?/2 (u and 7 is constants).
Define g : [0,7] x II — H as

o 0
g(t, ) = Z/ e"Qt(/ as(s)x(t + s)ds, z,)zn, ,t>0.
n=170 —h

Then it can be checked that Assumption (G) is satisfied. Indeed, for = € II, we
know

Ag(t,z2) = (S(t) — T) / as(s)x(t + s)ds,

—h
where [ is the identity operator form H to itself and

laz(0)| < Ha, az(s) — ao(7)| < Hao(s —7)%, s, 7 € [—h,0]

for a constant k > 0. Hence we have

ElAg(t ) <(Mo + 1)2{|/ (ax(s) — as(0))a(t + )dr|*

+|/ z(t + s) dr} }
<(My + )Hz{(2/€+1) 1h2”+1+h}\|xt|\n

It is immediately seen that Assumption (G) has been satisfied. Thus, all the condi-
tions stated in Theorem 3.1 have been satisfied for the equation (3.19), and so there
exists a solution z of the equation (3.19) such that

T

E(/ ||2(s)||*ds) < oo, and E(/ |2 (s)||?ds) < oo

—h —h
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