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Abstract

We study a new class of boundary value problems of mixed fractional differ-
ential equations and inclusions involving both left Caputo and right Riemann-
Liouville fractional derivatives, and nonlocal four-point fractional boundary con-
ditions. We apply the standard tools of the fixed-point theory to obtain the
sufficient criteria for the existence and uniqueness of solutions for the problems
at hand. Illustrative examples for the obtained results are also presented.

Keywords: Fractional differential equations; fractional differential inclusions; frac-
tional derivative; boundary value problem; existence; fixed point theorems.
MSC 2000: 34A08, 34B15, 34A60.

1 Introduction

Fractional calculus deals with the study of fractional order integrals and derivatives
and their diverse applications [1, 2, 3]. Riemann-Liouville and Caputo are kinds of
fractional derivatives. They all generalize the ordinary integral and differential opera-
tors. However, the fractional derivatives have fewer properties than the corresponding
classical ones. As a result, it makes these derivatives very useful at describing the
anomalous phenomena, see [4, 5, 6] and references cited therein.

Some solutions of equations containing left and right fractional derivatives were
investigated [7, 8, 9]. The left and the right derivatives found interesting applications
in fractional variational principles, fractional control theory as well as in fractional
Lagrangian and Hamiltonian dynamics. In [10], the existence of an extremal solution
to a nonlinear system with the right-handed Riemann-Liouville fractional derivative
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was discussed. In [11, 12], the authors studied the existence of solutions for fractional
boundary value problems involving both the left Riemann-Liouville and the right Ca-
puto fractional derivatives.

In this paper, we investigate the existence and uniqueness of solutions for a mixed
fractional differential equation involving both left Caputo and right Riemann-Liouville
types fractional derivatives associated with nonlocal four-point fractional boundary
conditions. Precisely, we study the following problems:

{ Dy Dgy(t) = f(ty(t), teJ:=[01],

(1.1)
y(0) =0, Dy, y(&) =0, y(1)=0dy(n), 0<n<l,

and

{ Dy Dy, y(t) € F(t,y(t), teJ:=[01],
(1.2)

y(0) =0, Dy,y(€) =0, y(1)=20y(n), 0<&n<l,

where “D{_ and Dg . denote the left Caputo fractional derivative of order a € (1,2]
and the right Riemann-Liouville fractional derivative of order § € (0, 1] respectively,
f:J xR — Ris a given function, F': [0,1] x R — P(R) is a multivalued map, P(R)
is the family of all nonempty subsets of R and § € R is an appropriate constant. Here
we remark that the problem (1.1) with /(0) = 0 in palce of D, y(¢) = 0, was studied
recently in [13].

The rest of the paper is organized as follows. In Section 2, we recall some basic
definitions of fractional calculus and prove a basic result that plays a key role in the
forthcoming analysis. Section 3 contains the existence and uniqueness results for the
problem (1.1), which rely on fixed point theorems due to Banach, Krasnoselskii and
Leray-Schauder nonlinear alternative. In Section 4, we discuss existence results for the
problem (1.2), which rely on nonlineqar alternative for Kakutani maps and Covitz and
Nadler fixed point theorem. Finally in Section 5 we study illustrative examples for the
obtained results.

2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts [14] that we
need in the sequel.

Definition 2.1 We define the left and right Riemann-Liouville fractional integrals of
order o > 0 of a function g : (0,00) — R as

10.9(t) = / %msms, (2.1)

o) - | %g@)ds, (2.2
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provided the right-hand sides are point-wise defined on (0,00), where I' is the Gamma
function.

Definition 2.2 The left Riemann-Liouville fractional derivative and the right Caputo
fractional derivative of order a > 0 of a continuous function g : (0,00) — R such that
g € C"((0,00),R) are respectively given by

n

(0% d n—o
D0+9(t) = %(IOJF 9)(1),
DY _g(t) = (=1)" 1= (t),
wheren —1 < a < n.

The following lemma, dealing with a linear variant of the problem (1.1), plays an
important role in the forthcoming analysis.

Lemma 2.3 Let h € C(J,R) and P = [(1 — 1) — (B + 1)E(1 — onP)] # 0. The
function y is a solution of the problem

{ DS DY y(t) = h(t), teJ:=]0,1], 23
y(0) =0, DJ,y(€) =0, y(1) =dy(n). 0<E&n<l, |
if and only iof
BH1(1 — §nB) — #8(1 — onPt?
ol0) = 3,12 nte) + ==
B+1 _ 1)¢8
L £I<Dﬂ+ )t7] (S0 T ROy = I T ) (2.4)

where I{ y(s) is defined by (2.2).

Proof. Applying the right fractional integral /7 to both sides of the equation in the
problem (2.3), we get
B _ Ja
Dy, y(t) = I h(t) + co + c1t. (2.5)

Using the condition Dg+y(§) =0 in (2.5), we obtain
Co + le = —Iloih<t)’t:£. (26)
Next we apply the left fractional integral Ig , to the equation (2.5) to get

58 $B+1 51 57
—F(5+1)+61—F(5+2)+C2t ) (2.7)
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Making use of the conditions y(0) = 0 and y(1) = dy(n) in (2.7) yields ¢; = 0 and
(=0 . (=™
TG+ TB+2)

Solving (2.7) and (2.8) for ¢y and ¢;, we find that

M EES (i
P (B +2)
T(+2)

e1 = SI5 I h(t) iy — I3, I (1) 1. (2.8)

I8 ()] + € (5[@1{1;@@);@ _r h(t)lt:1> ]
A e o (]_ — 577/3) N
= P [5Ioﬁ+f1fh<t)’t:n - I(?+]17h(t)|t:1 + mllh@)’t:g] )

Substituting the values of ¢y and ¢; in (2.6), we get the solution (2.4). By direct
computation, we can obtain the converse of this lemma. This completes the proof. O

Remark 2.4 Let ||| = sup,g(o ) |1(t). Then we have the following estimate:

[t% + (14 01°) | p2(2)]] }’ (2.9)

Hyusuhunmx{ﬁiiffﬁumw\+

te0,1] | T(a+ 1) Fa+1)I(B+1)
where
BH1(1 — §nB) — +8(1 — §pbtl B+l _ 18
ft) = Um0 - ST )

Indeed, we have

N el N s g
W@|usA . [j = mwﬂmwwwé—ﬁa_@
n — 5 B—1 1 U—S a—1

a2 [5/0 ( F(B>) / ( F(oz)) duds

*ffﬂﬁgHwa&gH““]

Pt —s)P71 (1 —s)™
o I'(B) Tla+1)
(

U N L A e (e
+MMWWFA ottt | St

W+O+MWMW%
Tla+1)T(B+1) [’

= |[nll

(1-¢)"~
< ||n]l tfg[(% {m%(m +

where we taken (1 —s)* < 1.

For computation convenience, we introduce the notation:

(1-¢)° [t + (1 + 9”) |pa ()]
T(o+ 1)| 1)l T(a+ DB +1) } (2.11)

A:max{

tel0,1]
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3 Existence and uniqueness results for the problem
(1.1)

Let X = C([0, 1], R) denotes the Banach space of all continuous functions from [0, 1] —
R equipped with the norm ||y|| = sup {|y(¢)| : t € [0, 1]}.

In view of Lemma 2.3, we transform the problem (1.1) into a fixed point problem
as

where the operator G : X — X is defined by

t (4 _ g)B-1 L(g_ gyt
Gy(t) — / %Ii"_ﬂs,y(s»dwm(t) /£ %f(&y(s))ds (3.2)

n — g)8-1 1 — 5)8-1
en(®5 [t ptsends - [ UL s (e,

where pi1, p2 are defined by (2.10).

Our first result deals with the existence and uniqueness of solutions for the problem
(1.1).

Theorem 3.1 Let f:[0,1] x R = R be a continuous function such that:
(Hy) |f(t,y) — f(t,2)| < Lly — z|, for allt € ]0,1], y,z € R, L > 0.
Then the problem (1.1) has a unique solution on [0, 1] if
LA <1, (3.3)
where A is defined by (2.11).

MA
Proof. Let us define sup,c(oq;[f(¢,0)] = M and select r > T IA to establish that

GB, C B,, where B, = {y € X : ||y|| < r} and G is defined by (3.2). Using the
condition (H;), we have

[fEy)l = [fty) = f(£0)+ f(£,0)] < [f(ty) — f(£0)| + |f(t,0)]
< Lyl +M < Lr+ M. (3.4)

Then, for y € B,, by using Remark 2.4, we obtain

it —s)P 1 Y (u—s)> ! Vs =&t
Iyl < <Lr+M>{ [ [ s ) [ S

N — g)B-1 [l (y — g)-1
+qu(t)|[5/0 Wﬂﬁ)) /( F(a)) duds
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[ e

_ e (s g
— (Lr—i—M){/O ) F(oz—i—l)ds—i_ml(t)l/g T(0) ds

Y- A—s) [ A= (1)
*'“2“)'[5/0 S A e

}

This show that Gy € B,., y € B,.. Thus GB, C B,. Next we show that G is a contraction.
For that, let y, 2 € X. Then, for each t € [0, 1], we have

< (Lr+ M)A <.

1Gy) - @)
Pt —s)t [t (u—s)! B
< [ [ R ) = () duds

(D) /g %rﬂs,y(s» ~ F(s,2(s))lds

n _8,3—1 1 U_Sa—l
+|u2(t)\[5 [ [ ) = s duds

1 (1 . S)ﬂ—l 1 (u . 8)0‘_1
+/o NE) / Flay M) = flu 2(u))lduds

< LAy ==,

which, in view of the given condition LA < 1, implies that G is a contraction. In
consequence, it follow by the contraction mapping principle that there exists a unique
solution for the problem (1.1) on [0, 1]. This completes the proof. O

Our next existence result for the problem (1.1) relies on Krasnoselskii’s fixed point
theorem.

Lemma 3.2 (Krasnoselskii’s fived point theorem) [15]. Let S be a closed, bounded,
convex and nonempty subset of a Banach space X. Let Y1, Y, be the operators mapping
S into X such that (a) V151 + Vase € S whenever sy, s9 € S; (b) Yy is compact and
continuous; (¢) Yo is a contraction mapping. Then there exists s3 € S such that
s3 = V183 + Vas3.

Theorem 3.3 Let f:[0,1] x R — R be a continuous function satisfying the condition
(Hy). In addition we assume that:

(H2) |f(t,y)] <m(t), for all (t,y) € [0,1] x R and m € C([0, 1], RT).
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Then there ezists at least one solution for the problem (1.1) on [0, 1] provided that

t” (1-¢°
Lo {F(a+ S e 1)} <t (3:5)

Proof. Setting sup;c( ) [m(t)] = |[m]], we fix
0 = [Iml|A, (3.6)

where A is defined by (2.11), and consider B, = {y € & : ||y|| < o}. Introduce the
operators G; and G, on B, as follows:

t(p_ g1 [l (y — g)o-]
Gty = [ 5 [ s

() /g %ﬂs,y(s))ds,

and

n _Sﬁ—l 1 u_sa—l
Guy(t) — uz(t)[5 / (”m)) / ( p<03> £ (u, () duds

L1 —s)t 1t (u—s)e!
1 i Ay (“’““”d“ds]'

Observe that G = G; + G5. Now we verify the hypotheses of Krasnoselskii’s fixed point
theorem in the following steps.
(i) For y, z € B,, we have

1G1y + Gaz|| = sup |(G1y)(t) + (G22)(1)]

te(0,1]

O N U gt
: ”m”ti%%{/o ) / o) d“d”'“l“"/g Ma) "
n _85—1 1U_Sa—1
+|uz(t)|[5 [ [ s

A e }

< |Im|[A < o,

where we used (3.6). Thus Giy + Goz € B,,.
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(i1) We show that G, is a contraction. Indeed, by using the assumption (H;) together
with (3.5) and the fact that (1 —s)* < 1,(1 < a < 2) we have

Lt —s)t 1 (u—s)> !
L”y””{/@ SEm e
1 (S _g)afl .
t — s BA—1 1 s — a—1
< L||CU—Z||{/O %dwml(ﬂll %ds}

th (1-9"
< Lti%g]{l“(ajtl)l“(ﬁ—l—l) +|M1(t)|m}||y—z||,

|G1y(t) — Grz(t)]

IN

which implies that

t” (1—9)"
Gy — Giz|| < L sup + ()| =—= —z||.
Hence G is a contraction by (3.5).
(#i) Using the continuity of f, it is easy to show that the operator G, is continuous.
Further, G, is uniformly bounded on B, as

[m|| Ma(6n° + 1)
Goxl|l = su Gy ()| < , My = su t)|.
” 2 ” te[og] ‘( 2y)< )’ ['(a+ 1)P(5 + 1) ? te[O%)ﬂ ’M2( )|

In order to establish that G, is compact, we define sup( ,)cp.1yx5, [f(t y)] = f
Thus, for 0 < t; <ty < 1, we have

N0 a)

(1 —s)f [N (= s)o
_1_/0 ) /S o) duds]
. B
< lpalta) = () 5 jq);(; +1)

_ M g)B-1 1y — )1
[(Gay) (t2) — (Gay)(t1)| < |pa(ta) — palts)|f [5/0 (n ) / ( I ) duds

—>0ast1—>t2,

independent of y. This shows that G, is relatively compact on B,. As all the conditions
of the Arzeld-Ascoli theorem are satisfied, so G, is compact on B,. In view of steps
(i)-(i17), the conclusion of Krasnoselskii’s fixed point theorem applies and hence there
exists at least one solution for the problem (1.1) on [0,1]. The proof is completed. O
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Remark 3.4 Interchanging the roles of the operators G, and Gs in the foregoing result,
we can obtain a second result by requiring the condition:

on? +1
1 <1, M = sup [u(t),

LM
IF(O‘ + I3+ 1) t€[0,1]

instead of (3.5).

The following existence result is based on Leray-Schauder nonlinear alternative.

Lemma 3.5 (Nonlinear alternative for single valued maps)[16]. Let E be a Banach
space, C' a closed, convex subset of E, U an open subset of C and 0 € U. Suppose that
F :U — C is a continuous, compact (that is, F(U) is a relatively compact subset of
C') map. Then either

(i) F has a fized point in U, or
(i1) there is a uw € OU (the boundary of U in C) and X € (0,1) with u = \F(u).
Theorem 3.6 Let f:[0,1] x R — R be a continuous function. Assume that

(H3) There exist a function g € C([0,1],RT), and a nondecreasing function ¢ : R™ —
R* such that |£(t,5) < oo (sl V(t.9) € [0,1] x R

(Hy) There exists a constant K > 0 such that

K
> 1.

gl (E)A

Then the problem (1.1) has at least one solution on [0, 1].

Proof. Consider the operator G : X — X defined by (3.2). We show that G
maps bounded sets into bounded sets in X = C([0, 1], R). For a positive number r, let
B, ={y € C([0,1],R) : ||y|| < r} be a bounded set in C([0,1],R). Then, by using the
fact that (1 —s)*™ 1 <1 (1 < a <2) we have

t_ §)B-1 1 (y — s)e-l P
Gy()] < ||g||¢<r){ / - W)) /- p(a)> duds + | ()] /5 e r@)) *

Ny — Bl [l (g — )1
+qu<t)|[5/0 ("F(ﬁ)) /( F(a)) duds

(1 —s)f ! (u—s)>!
1 i Ay }
lglle(r)A,

IN
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which, on taking the norm for ¢ € [0, 1], yields

1G9yl < llglle(r)A

Next we show that G maps bounded sets into equicontinuous sets of C([0, 1], R). Let
t1,to € [0,1] with ¢t; < to and y € B,, where B, is a bounded set of C([0,1],R). Then,
using the fact that (1—s5)*"! <1 (1 < a < 2) and the computations for G, in previous
theorem, we obtain

Gy(ta) — Gy(t1)|
_ 5)8-1 t2 59— 8 -1
< glle(r {‘/ (ﬁgtl ) ]ds+/t %ds
i a 1 B
+p(t2) — \/ —gdSJF |2(t2) —Mz(tl)‘r(a Jfnl)lf(;Jrl)}
B 5.8 _f)e
< ngwm{z(“ S N ORI

+ DB+ 1)

which tends to zero independently of y € B, as to —t; — 0. As G satisfies the above
assumptions, therefore it follows by the Arzeld-Ascoli theorem that G : C([0,1],R) —
C([0,1],R) is completely continuous.

The result will follow from the Leray-Schauder nonlinear alternative once it is shown
that the set of all solutions to the equation y = AGy is bounded for A € [0, 1]. For that,
let y be a solution of y = AGy for A € [0,1]. Then, for ¢ € [0, 1], we have

_ Nl U i =gt
(0] = NGy(t)] < {/ ) s o] [ gy
n _Sﬁ—l 1 — g)o— 1
+!u2(t)|[6/0 (nF</3)) /( a)) duds

(1 —s)t (u—
[ AT [ } Ol (lyl)
< lglelylA,

B
Hla(ts) = (b0 }

A\

which implies that

ol
ool =

In view of (Hy), there is no solution y such that ||y|| # K. Let us set
U={yeX:|yl <K}
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The operator G : U — X is continuous and completely continuous. From the choice of
U, there is no u € U such that u = A\G(u) for some A € (0,1). Consequently, by the
nonlinear alternative of Leray-Schauder type [16, Theorem 5.2], we deduce that G has
a fixed point u € U which is a solution of the problem (1.1). This completes the proof.

O

4 Existence results for the problem (1.2)

Before presenting the existence results for the problem (1.2), we outline the necessary
concepts on multi-valued maps [17], [18].

For a normed space (X, | - ), let Pu(X) ={Y € P(X) : Y is closed}, Py(X) =
{Y € P(X) : Y is bounded}, P.,(X) = {Y € P(X) : Y is compact}, and P, .(X) =
{Y € P(X) : Y is compact and convex }. A multi-valued map G : X — P(X)
is convex (closed) valued if G(z) is convex (closed) for all x € X. The map G is
bounded on bounded sets if G(B) = U,epG(z) is bounded in X for all B € Py(X)
(i.e. sup,ep{sup{ly| : y € G(z)}} < o0). G is called upper semi-continuous (u.s.c.)
on X if for each zg € X, the set G(z¢) is a nonempty closed subset of X, and if
for each open set N of X containing G(zy), there exists an open neighborhood Ny of
xo such that G(Ny) C N. G is said to be completely continuous if G(B) is relatively
compact for every B € Py(X). If the multi-valued map G is completely continuous
with nonempty compact values, then G is u.s.c. if and only if G has a closed graph,
e, Tn = Tu, Yn — Ys, Yn € G(x,) imply vy, € G(x,). G has a fixed point if there is
x € X such that z € G(z). The fixed point set of the multivalued operator G will be
denoted by FizG. A multivalued map G : [0,1] — Py (R) is said to be measurable if
for every y € R, the function ¢t — d(y,G(t)) = inf{|y — z| : z € G(t)} is measurable.

For each y € X, define the set of selections of F' by

Spy = {v e L'([0,1],R) : v(t) € F(t,y(t)) for ae. t € 0,1]}.

Definition 4.1 A function y € C([0,1],R) is said to be a solution of the boundary
value problem (1.2) if y(0) = 0, Dg+y(§) =0, y(1) =dy(n), 0 < &n < 1, and there
ezists a function v € Sg, such that v(t) € F(t,y(t)) and

t(p_ )1 (g _ gya-1
o = [ %Iﬁv@dsm(t) /5 B O s

n(p— g)8-1 L= g)p-1
+112(1) [5/0 %[?v(s)ds—/{) %Iﬁv(s)ds , tel0,1].

4.1 The upper semicontinuous case

In the case when F' has convex values we prove an existence result based on nonlinear
alternative of Leray-Schauder type.
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Definition 4.2 A multivalued map F : [0,1] x R — P(R) is said to be Carathéodory
of

(1) t — F(t,y) is measurable for each y € R;

(17) y — F(t,y) is upper semicontinuous for almost all t € [0, 1].
Further a Carathéodory function F is called L*— Carathéodory if
(iii) for each p > 0, there exists ¢, € L'(]0,1],R") such that

IE @ y)l| = sup{|v] : v e F(t,y)} < @o(t)

for all y € R with ||y|| < p and for a.e. t € [0,1].

We define the graph of G to be the set Gr(G) = {(z,y) € X xY :y € G(x)} and
recall two results for closed graphs and upper-semicontinuity.

Lemma 4.3 ([17, Proposition 1.2]) If G : X — Pu(Y) is w.s.c., then Gr(G) is a
closed subset of X x Y ; i.e., for every sequence {x,}tnen C X and {yn}neny C Y, if
when n — 00, Tn — T, Yo — Ys and y, € G(z,), then y, € G(x,). Conversely, if G
15 completely continuous and has a closed graph, then it is upper semi-continuous.

Lemma 4.4 ([19]) Let X be a separable Banach space. Let F: [0,1] x X — Py (X)
be an L'— Carathéodory multivalued map and let © be a linear continuous mapping
from L'([0,1], X) to C([0,1],X). Then the operator

© 0 Spe : C([0,1], X) = Py o(C([0,1], X)), y = (O 0 Sry)(y) = O(Sky)
is a closed graph operator in C([0,1], X) x C([0, 1], X).
For the forthcoming analysis, we need the following lemma.

Lemma 4.5 (Nonlinear alternative for Kakutani maps)[16]. Let E be a Banach space,
C a closed convex subset of E, U an open subset of C and 0 € U. Suppose that F' :
U = Pepo(C) is a upper semicontinuous compact map. Then either

(i) F has a fized point in U, or
(i) there is a uw € OU and X € (0,1) with u € AF(u).
Theorem 4.6 Assume that:

(By) F:[0,1] xR — P(R) is L'-Carathéodory and has nonempty compact and convex
values;
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(Bsy) there exist a function ¢ € C([0,1],RT), and a nondecreasing function Q@ : Rt —
R* such that

1E(E y)llp = sup{lw] : w e F(t,y)} < o(6)Qyl)
for each (t,y) € [0,1] x R;
(Bs) there exists a constant M > 0 such that

M
1ol ASA(M)

where A is defined by (2.11).

> 1,

Then the boundary value problem (1.2) has at least one solution on [0, 1].
Proof. Define an operator Qp : X — P(X) by
Qp(y) ={h € X h(t) = N(y)(t)}

where
R G l(s—ﬁ)a’lvs .
N0 = [ s ) [ S
1 (y _ 5)81 1] _ g)p-1
+M2(t)[5/o %]f‘_v(s)ds—/o %I{’_U(s)ds].

We will show that (2 satisfies the assumptions of the nonlinear alternative of Leray-
Schauder type. The proof consists of several steps. As a first step, we show that Qp is
convez for each y € X. This step is obvious since Sp,, is convex (F" has convex values),
and therefore we omit the proof.

In the second step, we show that Qr maps bounded sets (balls) into bounded sets
in X. For a positive number p, let B, = {y € & : ||y|| < p} be a bounded ball in X
Then, for each h € Qp(y),y € B,, there exists v € Sp,, such that

tp_ )81 [l (y — )1 (g _ g)o-t
h(t) = /o(t Fw)) /s( F(a)) U(u)dud8+u1(t)/£ %v(s)ds

N () — )1 [ (g — )]
+Ha(t) [5/0 (n F(ﬁ)) / ( F(o?) v(u)duds

1 =)t (M (u—s)?
+/0 NG /S T(a) v(u)duds] )

Then, by using the fact that (1 —s)*! <1 (1 < a < 2) we have

Lt —s)P 1 (Y (u—s)> ! Vs =&t
)| < ||g||ﬂ<r>{ L [ s o [ s
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M — )81 1 (y — )1
+|M2(t)|[5/0 (nF(B)) /< F(oz)) duds

Y1 —s)5t M (u—s)?
el A }
< lloll2(r)A,

which, on taking the norm for ¢ € [0, 1]. yields
121 < lloll€2(r)A.

Now we show that Qr maps bounded sets into equicontinuous sets of X. Let ty,ty € [0, 1]
with #; < ¢y and y € B,. For each h € Qr(y), using the fact that (1 —s)** <1 (1<
a < 2), we obtain

|h(t2) — h(t1)]

Tt —s) T = (0 = 8) ] ? (=)
< ||¢||Q(7“){ /0 T(B)T (o +1) d8+/t1 F(ﬂ)F(a+1)d8
1 5 — a—1 B
() = ()] [ st ate) = o) 1)}
IR T A _ A\
< ||¢||Q(r){2(lfzﬁ ff)r?oi 1;1 + [ (t2) —m(m)l%

B
Hlalts) = () }

which tends to zero independently of y € B, as to —t; — 0. As Qp satisfies the above
assumptions, therefore it follows by the Arzela-Ascoli theorem that Qp : C([0, 1], R) —
C(]0,1],R) is completely continuous.

In our next step, we show that Qp is upper semicontinuous. To this end it is
sufficient to show that Qr has a closed graph, by Lemma 4.3. Let y,, — s, hy, € Qp(yy)
and h,, — h,. Then we need to show that h, € Qp(y.). Associated with h, € Qp(y,),
there exists v, € Sg,, such that for each t € [0, 1],

tiy_ g)B-1 (g gyt
h,(t) = /O%If_vn(s)ds-i-ul(t)/g ¢vn(s)ds

n(p— g)B-1 (] _ )81
+p19(t) [5/0 (nr(—g)lfvn(s)ds—/o %If‘vn(s)ds :

Thus it suffices to show that there exists v, € Sg,, such that for each t € [0, 1],

t(p_ g)B-1 (g _ g)al
mi = [ s+ ) /g Lo (s
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n —g)8-1 1 _ g)8-1
+1uo(t) [5/0 %I?_v*(s)ds—/o %I{“_v*(s)ds :

Let us consider the linear operator © : L'([0, 1], R) — X given by

! (t_s)ﬁ_l ! <S_€)a_11)(8)d8

v O)(t) = /0 Wlf‘_v(s)ds—kul(t)/g o)
n(p— )81 (1 _ )81
+p10() [5/0 %]?_v(s)ds—/{) %I{’_v(s)ds].

Observe that

o) (0] |
a—1
= | / (= )+ n0) | O o =)o

ua(®)[5 /0 ' (";(gflfmn — s = [ UL - v sas] | o0

as n — oo. Thus, it follows by Lemma 4.4 that © o S is a closed graph operator.
Further, we have h,(t) € ©(Sg,,). Since y, — y., therefore, we have

t B—1 (g _ gyt
ho(t) = /%I“ (s )ds+u1(>/f %v*(s)ds’

— 11 - g)8-1
(n (1—2s)
+ 5/ Iafv* S ds—/ — T v,(s)ds]|.
/~L2 ( ) 0 P(ﬁ) 1 ( )
Finally, we show there exists an open set U C X with y ¢ 0Qg(y) for any 0 € (0,1)

and all y € 9U. Let 0 € (0,1) and y € 0Qx(y). Then there exists v € L*([0, 1], R) with
v € Sp, such that, for ¢ € [0, 1], we can obtain

ly(@)] = [0 (y)(2)]
Pt =)t [t (u—s)o!
= ) TB) ) T

n — 5 -1 1 u—s a—1
—HMQ(t)’[(S/O (n F(ﬁ)) / ( F(a)) |v(u)|duds

L1 —s)ft (u—s)>!
i A ’“<“>’d“d$]
< [lell(lyl)A,

which implies that

fo(w)|duds + [y (7) /5 %Ms)ws

vl 1
TeTQ(nA =
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In view of (Bj3), there exists M such that ||y|| # M. Let us set
U={yex: |yl <M}

Note that the operator Qp : U — P(X) is upper semicontinuous and completely
continuous. From the choice of U, there is no y € U such that y € 0Qp(y) for some
0 € (0,1). Consequently, by the nonlinear alternative of Leray-Schauder type (Lemma
4.5), we deduce that Qp has a fixed point y € U which is a solution of the problem
(1.2). This completes the proof. O

4.2 The Lipschitz case

We prove in this subsection the existence of solutions for the problem (1.2) with a
nonconvex valued right-hand side by applying a fixed point theorem for multivalued
maps due to Covitz and Nadler [21].

Let (X, d) be a metric space induced from the normed space (X;||-||). Consider Hy :
P(X)xP(X)— RU{oo} defined by Hyq(A, B) = max{sup,c4 d(a, B),sup,cp d(A,b)},
where d(A,b) = inf,cad(a;b) and d(a, B) = infyepd(a;b). Then (Ppq(X), Hy) is a
metric space and (Py(X), Hy) is a generalized metric space (see [20]).

Definition 4.7 A multivalued operator N : X — Py(X) is called (a) y— Lipschitz if
and only if there exists v > 0 such that Hy(N(x),N(y)) < ~vd(z,y) for each z,y € X
and (b) a contraction if and only if it is y— Lipschitz with v < 1.

Lemma 4.8 (/21]) Let (X,d) be a complete metric space. If N : X — Py(X) is a
contraction, then FizN # ().

Theorem 4.9 Assume that:

(A1) F:]0,1] x R = P.,(R) is such that F(-,y(t)) : [0,1] = P(R) is measurable for
each y € R;

(As) Hy(F(t,y), F(t,y) < q(t)ly — y| for almost all t € [0,1] and y,7 € R with q €
C([0,1],R™) and d(0, F(t,0)) < q(t) for almost all t € [0, 1].

Then the problem (1.2) has at least one solution on [0,1] if
lgllA <1, (4.1)
where A is defined by (2.11).

Proof. Consider the operator Qp : X — P(X) defined in the beginning of the proof of
Theorem 4.6. Observe that the set Sg, is nonempty for each y € X by the assumption
(A1), so F has a measurable selection (see Theorem III.6 [22]). Now we show that the
operator (r satisfies the assumptions of Lemma 4.8. To show that Qr(y) € Pu(X)
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for each y € X, let {uy}tn>0 € Qr(y) be such that w, — v (n — o0) in X'. Then
u € C([0,1],R) and there exists v, € Sg,, such that, for each ¢ € [0, 1],

t(p_ )81 (g _ ¢yo-l
up(t) = /0%If_vn(s)ds—i—,ul(t)/5 %vn(s)ds

n(n— g)B-1 L= g)8-1
+ 119 (%) [5/0 %If_vn(s)ds—/o %[ﬁ_vn(s)ds :

As F has compact values, we pass onto a subsequence (if necessary) to obtain that
v, converges to v in L'([0,1],R). Thus, v € Sk, and for each ¢ € [0, 1], we have

— 5 st

= t(t—o‘vs S 1<—vs s

w) () = [ s ) [ i

n — g)8-1 1 —g)8-1
+M@PAQ%£rﬁw@m—A§%érﬁw@@]

Hence, u € Qp(y). A
Next we show that there exists 6 := ||¢||A < 1 such that

Hy(Qr(y), (@) < 0|y — | for cach y,5 € X.

Let y,y € X and h; € Qp(y). Then there exists v1(t) € F(t,y(t)) such that, for each
t €[0,1],

t(p_ g)B-1 (g _ g)al
mi) = [ s+ ) | I sgas

Ny — )81 1] _ g)8-1
+pa(t) [5/0 %Iﬁvl(s)ds—/o %I?vl(s)ds :

By (As), we have
Hd<F(t7 y)7 F(ta g) < Q(t)|y - g|
So, there exists w € F(t,y) such that
01(2) — w| < q(®)]y(t) —y(@)], ¢ <0,1].
Define U : [0,1] — P(R) by
Ut) ={weR: o (t) —wl < q(®)|y(t) — y(1)[}.

Since the multivalued operator U(t) N F(t,y) is measurable (Proposition I11.4 [22]),
there exists a function v,(t) which is a measurable selection for U(t) N F(t,g). So
vo(t) € F(t,y) and for each t € [0,1], we have |vi(t) — vo(t)| < q(t)|y(t) — y(t)|. For
each t € [0,1], let us define

t(p_ g)B-1 (g _ g)al
i) = [ I (s /g Lo s

833 AHMAD 817-837



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.5, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

18 B. Ahmad, S. K. Ntouyas, A. Alsaedi

+p1a(t) [(5 /On M[ﬁ_vg(s)ds — /01 %I{“_vg(s)ds :

Thus

|7 (t) = ha(t)]

(t—s)"" —wol(s)ds Nt vy — vo|(s)ds
< [+ ) [ EEE o

n —g)8-1 1 _ g)8-1
+|pa(t)] [5/0 %I{”_]vl — vo|(s)ds +/0 %If‘_h}l — va|(s)ds
< [lqllAlly — gl

which yields ||y — hal| < [lgl|Ally — .
Analogously, interchanging the roles of y and 7, we can obtain

Ha(Qr(y), () < llal[Ally = 7lI

By the condition (4.1), it follows that Q is a contraction and hence it has a fixed point
y by Lemma 4.8, which is a solution of the problem (1.2). This completes the proof.0

CID

5 Examples

(a) We construct examples for the illustration of the results obtained in Section 3. For
that, we consider the following problem:

DIEDY y(t) = f(t,y(t), t € J:=[0,1],

\ (5.1)
y(0) =0, Dy}y(&) =0, y(1) = (5/2)y(2/3),
Here « =7/4,6=3/4,£ =1/3,n=2/3,6 = 5/2, and
_ 1 [l e

With the given data, it is found that

P =[(1-0m") — (B+1)&(1 — 6n?)] = 0.262961 # 0,

(1-¢°
['a+1)

sup } ~ 1.454491,

t t
t€[0,1] {F(oz +1)I(B+1) + | (t)]

and A =~ 4.503584 (A is given by (2.11)). Furthermore, |f(t,v1) — f(t,v2)| < Lly1 — ya|
with L = 1/9 so that LA = 0.0.500398 < 1. Clearly the hypothesis of Theorem 3.1
is satisfied and hence the problem (5.1) has a unique solution by the conclusion of
Theorem 3.1.
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In order to illustrate Theorem 3.3, we notice that (3.5) is satisfied as

t’ (1= _
L{F(a+ SR |u1(t)\m} ~ 0.161610 < 1,
and . o
e
FEy)lsmt) = Zm==+ 77

As all the assumptions of Theorem 3.3 hold true, we deduce from the conclusion of
Theorem 3.3 that the problem (5.1) has at least one solution on [0, 1].
Now we demonstrate the application of Theorem 3.6 by considering the nonlinear

function .

e 2

t,y) = ( + Ztan~! +—>. 5.3

Fty) = ==y + 5 vt 1o (5.3)

Clearly | f(t,y)| < g(t)u(llyll), where g(t) = Sz, ¥(llyl = ({5 + llyll)- By the con-

dition (Hy), we find that K > 3.310535. Thus all the conditions of Theorem 3.6 are

satisfied and consequently, the problem (5.1) with f(¢,y) given by (5.3) has has at least
one solution on [0, 1].

1

(b) Here we illustrate the results obtained in Section 4. Let us consider the following
fractional differential inclusion involving both left Caputo and right Riemann-Liouville
types fractional derivatives equipped with fractional boundary conditions:

DIADYy(t) € F(ty(t)), t e J = 0,1],

(5.4)
y(0) =0, Diy(€) =0, y(1) = (5/2)y(2/3),
In order to illustrate Theorem 4.6, we take
_ ly(0)] N et 1
F(t,y(t) = WTM(Q(1 L@ Ol 3) o (s + )| (65)

Clearly |F(t,y(t))] < ¢()Q([lyll), where ¢(t) = —z—= and Q(|ly[l) = [lyl| + 1. Using
the condition (Bj), we find that M > 1.804018. As the hypothesis of Theorem 4.6 is
satisfied, the problem (5.4) with F'(t,y(t)) given by (5.5) has at least one solution on
[0, 1].

Now we illustrate Theorem 4.9 by considering

, = 5.6

JI00+ 2 (6+¢) ' 50 (5-6)
Obviously ¢(t) = 1(6+t) with ||¢|| = 1/6 and d(0, F'(¢,0)) < ¢(t) for almost all ¢ € [0, 1].
Moreover, ||¢||A ~ 0.750597. Thus all the assumptions of Theorem 4.9 hold true and
consequently its conclusion applies to the problem (5.4) with F'(t,y(t)) given by (5.6).

F(t.2(t)) = [ 1 sinz(t) 1 ]
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