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ARGUMENT ESTIMATES FOR CERTAIN ANALYTIC FUNCTIONS

N. E. CHO, M. K. AOUF, AND A. O. MOSTAFA

ABSTRACT. TThe purpose of the present paper is to investigate some argument prop-
erties for certain analytic functions in the open unit disk. The main results presented
in here generalize some previous those concerning starlike function of reciprocal of
order beta and strongly starlike functions.

1. INTRODUCTION

Let A be the class of analytic functions f(z) of the form
f(z):z+Zanz” (zeU={z:2€C, |z <1}). (1.1)
n=2

A function f(z) € A is said to be in the class C(«) of convex functions of order « if
and only if

Zf”(Z)}
Re<1+ >a 0<axl 1.2
[+ O 0 0<ac) (12
and is said to be in the class S*(«) of starlike functions of order « if and only if
Zf’(Z)}
Re >a (0<a<]). 1.3
SEEX ) )

We note that C(0) = C and S*(0) = S*, where C and S* are, respectively, the well-known
classes of convex and starlike functions.

The classical result of Marx [5] and Strahhécker [8] asserts that a convex function is
starlike of order 1/2; that is,

Re {1 + zf(iz))} >0 (z € U) = Re {Z;(i”;)} > % (2 € L). (1.4)

If f(2) € S* satisfies the condition

/) .
Re{zf’(z)}>ﬁ (0<p<1;2€l), (1.5)
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then f(z) is said to be starlike of reciprocal of order § ( see Nunokawa et al. [4] ).
In [7] Sakaguchi proved that: If f(z) € A and g(z) € S*, then

Re{g:g;}>0 (ZEU):>R6{§E§§}>O (z € U). (1.6)

In [6] Pommerenke generalized Sakaguchi’s result as follows.
If f() € Aand ¢g(z) € C and

FE)| .
‘arg g’(z)‘ < 50 0<a<l;zel), (1.7)
then
f(z2) = f(21) T (12 5
arg o(22) —g(a) < 5 (|z1] < 1, |20] < 1). (1.8)

Recently, Nunokawa et al. [4] generalized Pommerenke’s result as follows.
If f(2) € Aand g(z) € C, then g(z) is starlike of reciprocal of order /5 and

f’(z) ™ -1
< — —_— : <1:.0< 1 1.
arggl(z) _2a+tan o (zeU;0<a<1;0<8<]), (1.9)
then
fR)| _m
ar < —-a (ze€). 1.10

Also Kanas et al. [1] generalized Sakaguchi’s result as follows.
If f(z) € Aand g(z) € S*, then

Re{(M>l_a (@)a} >0(zeU;0§a§1):>Re{f(z)} >« (2 € 1),

9(2) g(z) 9(2)
(1.11)
where the powers in are meant as the principal values.
Also Kanas et al. [1] defined the class H(«) as follows.
f(2) f’(Z)} }
H(a) = z) € A, zGS*:Re{l—a—+a >00<a<l)y.
@={rerea (-l ol -0 )
(1.12)

In the present paper, we extend some results obtained by Kanas et al. [1], Liu [2],
Nunokawa et al. [4], Pommerenke [6] and Sakaguchi |7] by using Nunowawa’s lemma [3].
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2. MAIN RESULTS

To derive our results, we need the following lemma due to Nunokawa [3].

Lemma 2.1. [3] Let a function p(z) with p(0) = 1 and p(z) # 0 be analytic in U. If
there exists a point zy € U such that

T
larg p(2)] < 50 (|2] <20, a>0),

then ((a0)

ZoP (2o X ™

=ika and |argp(z)| = =a,
where
1 1
k> 5 (a+ a) > 1 when argp(zy) = ga

and

1 1

k< ~3 (a—l— 5) < —1 when argp(zy) = —ga,

where

10(,2'0)é = +ia(a > 0).

Theorem 2.2. Let f(z) € A, g(z) € C and g(z) is starlike of reciprocal of order B.
Suppose that

arg [(1_>\)M+)\f’(z) —’y” <Zp 0<A<1;0<y<1; z€l), (2.1)

9(z)  g'(2) 2
where
p:oz+§tan1(1(iﬂ2)\) O<a<l; 0<qy<1). (2.2)
Then we have (=)
‘ (arg o) 7) ’ <ga (z € U). (2.3)
Proof. Let : f2)
p(z) = T4 (@ - ’Y) - (2.4)
Then p(z) is analytic in U, p(0) = 1 and p(z) # 0. It follows from that
f'(z) (s 2p'(2) 9(2)
7 v+ (1 =7)p(2) {1 + o) Zg,(z)} : (2.5)
Also, from (2.4) and , we have
@ B ) ()
R e AR LC] NEe-5 | BT
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If there exists a point zy € U such that

™
larg p(2)| < Sa (J2] < |z0])

2
and
T
larg p(zo)| = 50 0<a<l).
Then from Lemma 1, we have
/
2op (ZO) — 'ZC(]C,
p(20)
where
1 1 s
k> §(a+a ) > 1 when argp(zo) = 5
and
1
k< —i(a +a ) < —1 whenargp(z) = —=a,

where (p(z0))"® = Fia(a > 0). Since g(z) € C, from Marx-Strohhiicker’s theorem [5,8],

we have

Re {Zjéiz))} >1/2 (2 € ),

so that g(z) € S*(1/2). Putting 22 = y + jv, where u > 1/2. Then

g(2)

q(2) 12_ l—u—wl®  1—2u+u?+0?
zg'(z) | u+tiv B u? + v?
Therefore,
9C) 4l 1 e,
29'(2)
which implies that
Im 9(2) <1 (z €D,
z9'(2)

and from the assumption of the theorem, we have

Re{ 9(2) }>5 0<B<1; 2.

zg'(2)

789
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For the case |arg p(2o)| = Sa, from (2.5), (2.6) and (2.8), we have

ERVACONRVACI
e {(1 A)g(Zo) i A9’( }

— argp(z0)+arg{1+/\ (zog )}

= gaJrarg{lerk)\( zog(())+1 Zog(z(w))}

) Za+arg{1—ak>\(1m 9(20) )+ ikaARe-d0) }

2 9' (%) 209'(20)
akARe—2z0)
= zoz +tan™! Zog )
2 1+ ak |Im 250
70 ak\p a\f
> —a+tan! —a+ta :
= pottan { ak)\} got tan” {1+a)\}
This contradicts the assumption of the theorem, then
larg p(2)| < ga (z € D).
For the case |argp(z9)| = —5a, applying the same method above, we have a contradic-
tion. This completes the proof of Theorem [2.2] I

Remark. Putting A = 1 in Theorem 1, we get the result obtained by Liu [2, Theorem
2.1]. Also, from Theorem 1, we have the results obtained by Kanas [1], Nunokawa [4]
and Sakaguchi [7].

Theorem 2.3. Let f(z) € A, g(z) € C and g(z) is starlike of reciprocal of order
(0 <5 <1). Suppose that

f(Z))” (f’(z))” ™
arg < —=p (z€0), 2.10
(53) (G3) | <30 e 210
where
2
p= (,u+'y)a+%tan_1 (10;50[) (z € 1), (2.11)
i and vy are fized positive real numbers with 0 < p+~v <1 and 0 < a < 1. Then
fR)| _
arg < —a (ze€l). 2.12
<5 (€D (212)
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Proof. Let us define the function p(z) by (2.4 . It follows from . and . that
f(Z)) (f/(z)) — pn+y ( zp (Z) g(z) )7
) (75) = (13555

ex (1) (2) - wenlig vl

z
= (p+~)argp(z) +yarg <1 +

Suppose that there exists a point zg € U such that

s s
larg p(2)] < o (|2] < |z]) and Jargp(z0)| = o (0 <a <1).

Then, using Lemma 1, we have

zop'(20) .
(20 =1kQ.

For the case argp(z) = Fa, from (2.7), (2.8)) and (2.13), we have
wosop ol /
arg (f(z(’)) (f <ZO;) = (n+17)argp(z) +yarg (1 1 2p(2) _gla) )

9(20) g’ (20 p(20) 209'(20)

_ (M+7)fa+7arg{1+iak: (Re 9(z0) + iTm g(,ZO) >}

2 209 (20) 209’ (20)

= (L+7)

2 209" (20)

akRe-Z

Zog (Zo)

1+ak’lm z0)

{ zog’ (20)
> (n+ 7)—@ + v tan~ { apk }

= (u+v) o+ ytan~

1+ ak

1+a}

This contradicts the assumption of the theorem, then we have

ga (z € U).

For the case |argp(zo)| = —5a, applying the same method above, we have a contradic-
tion. This completes the proof of Theorem [2.3]

> (u+7)—a + v tan™!

larg p(2)| <
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Putting =1 —~ (7 > 0) in Theorem 2, we obtain the following corollary.

Corollary 1. Let f(z) € A,g(z) € C and g(z) is starlike of reciprocal of order
S (0 < <1). Suppose that

w(565) (F5) | <3 oooeew

2
p:a+1tan_1< o ) 0<a<l).

T 14+«
Then
f)| _m
ar < —a (z€).

Remark. Putting v = 1 in Corollary 1, we have the result obtained by Nunokawa et
al. [ [4], Theorem [2.3].
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