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1. Introduction

Recently, many mathematicians have studied in the area of the degenerate Euler numbers and

polynomials, degenerate Bernoulli numbers and polynomials, degenerate Genocchi numbers and

polynomials, and degenerate tangent numbers and polynomials(see [1, 2, 3, 4, 5, 6, 7]). In [1], L.

Carlitz introduced the degenerate Bernoulli polynomials. Recently, Feng Qi et al.[2] studied the

partially degenerate Bernoull polynomials of the first kind in p-adic field. The degenerate (h, q)-

tangent numbers T (h)
n,q (λ) are defined by the generating function:

∞∑
n=0

T (h)
n,q (λ)

tn

n!
=

2

qh(1 + λt)2/λ + 1
. (1.1)

The degenerate (h, q)-tangent numbers of higher order, T (k,h)
n,λ,q are defined by means of the following

generating function (
2

qh(1 + λt)2/λ + 1

)k

=
∞∑

n=0

T (k,h)
n,q (λ)

tn

n!
. (1.2)

We recall that the classical Stirling numbers of the first kind S1(n, k) and S2(n, k) are defined by

the relations(see [7])

(x)n =
n∑

k=0

S1(n, k)x
k and xn =

n∑
k=0

S2(n, k)(x)k,

respectively. Here (x)n = x(x− 1) · · · (x− n+1) denotes the falling factorial polynomial of order n.

We also have

∞∑
n=m

S2(n,m)
tn

n!
=

(et − 1)m

m!
and

∞∑
n=m

S1(n,m)
tn

n!
=

(log(1 + t))m

m!
. (1.3)

The generalized falling factorial (x|λ)n with increment λ is defined by

(x|λ)n =

n−1∏
k=0

(x− λk) (1.4)

for positive integer n, with the convention (x|λ)0 = 1. We also need the binomial theorem: for a

variable x,

(1 + λt)x/λ =
∞∑

n=0

(x|λ)n
tn

n!
. (1.5)
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Many mathematicians have studied in the area of the linear and nonlinear differential equations

arising from the generating functions of special numbers and polynomials in order to give explicit

identities for special polynomials. In this paper, we study nonlinear differential equations arising

from the generating functions of degenerate (h, q)-tangent numbers . We give explicit identities for

the degenerate (h, q)-tangent numbers .

2. Nonlinear differential equations associated with degenerate (h, q)-tangent numbers

In this section, we study nonlinear differential equations arising from the generating functions

of degenerate twisted (h, q)-tangent numbers. Let

F = F (t, λ, q, h) =
2

qh(1 + λt)2/λ + 1
=

∞∑
n=0

T (h)
n,q (λ)

tn

n!
. (2.1)

Then, by (2.1), we have

F (1) =
∂

∂t
F (t, λ, q, h) =

∂

∂t

(
2

qh(1 + λt)2/λ + 1

)
=

1

1 + λt

(
−4

qh(1 + λt)2/λ + 1

)
+

1

1 + λt

(
2

qh(1 + λt)2/λ + 1

)2

=
−2F + F 2

1 + λt
.

(2.2)

By (2.2), we have

F 2 = 2F + (1 + λt)F (1). (2.3)

Taking the derivative with respect to t in (2.3), we obtain

2FF (1) = 2F (1) + λF (1) + (1 + λt)F (2)

= (λ+ 2)F (1) + (1 + λt)F (2).
(2.4)

From (2.2), (2.3), and (2.4), we have

2F 3 = 4F + (1 + λ)(1 + λt)F (1) + (1 + λt)2F (2).

Continuing this process, we can guess that

N !FN+1 =

N∑
i=0

ai(N,λ, q, h)(1 + λt)iF (i), (N = 0, 1, 2, . . .), (2.5)

where F (i) =

(
∂

∂t

)i

F (t, λ, q, h). Differentiating (2.5) with respect to t, we have

(N + 1)!FNF (1) =
N∑
i=0

iλai(N,λ, q, h)(1 + λt)i−1F (i) +
N∑
i=0

ai(N,λ, q, h)(1 + λt)iF (i+1) (2.6)

and

(N + 1)!FNF (1) = (N + 1)!FN

(
−2F + F 2

1 + λt

)
= (N + 1)!

(
FN+2 − 2FN+1

1 + λt

)
. (2.7)
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By (2.5), (2.6), and (2.7), we have

(N + 1)!FN+2 = 2(N + 1)!FN+1

+

N∑
i=0

λiai(N,λ, q, h)(1 + λt)iF (i) +

N∑
i=0

ai(N,λ)(1 + λt)i+1F (i+1)

= 2(N + 1)

N∑
i=0

ai(N,λ, q, h)(1 + λt)iF (i)

+

N∑
i=0

λiai(N,λ, q, h)(1 + λt)iF (i) +

N∑
i=0

ai(N,λ, q, h)(1 + λt)i+1F (i+1)

=
N∑
i=0

(2(N + 1) + λi) ai(N,λ, q, h)(1 + λt)iF (i) +
N+1∑
i=1

ai−1(N,λ, q, h)(1 + λt)iF (i).

(2.8)

Now replacing N by N + 1 in (2.5), we find

(N + 1)!FN+2 =

N+1∑
i=0

ai(N + 1, λ, q, h)(1 + λt)iF (i). (2.9)

By (2.8) and (2.9), we have

N+1∑
i=0

ai(N + 1, λ, q, h)(1 + λt)iF (i) =
N∑
i=0

(2(N + 1) + λi) ai(N,λ, q, h)(1 + λt)iF (i)

+
N+1∑
i=1

ai−1(N,λ, q, h)(1 + λt)iF (i).

(2.10)

Comparing the coefficients on both sides of (2.10), we obtain

2(N + 1)a0(N,λ, q, h) = a0(N + 1, λ, q, h),

aN+1(N + 1, λ, q, h) = aN (N,λ, q, h),
(2.11)

and

ai(N + 1, λ, q, h) = (2(N + 1) + λi) ai(N,λ, q, h) + ai−1(N,λ, q, h), (1 ≤ i ≤ N). (2.12)

In addition, by (2.5), we have

F = a0(0, λ, q, h)F, (2.13)

which gives

a0(0, λ, q, h) = 1. (2.14)

It is not difficult to show that

F 2 = a0(1, λ, q, h)F + a1(1, λ, q, h)(1 + λt)F (1) = 2F + (1 + λt)F (1). (2.15)

Thus, by (2.15), we also find

a0(1, λ, q, h) = 2, a1(1, λ, q, h) = 1. (2.16)

From (2.11), we note that

a0(N + 1, λ, q, h) = 2(N + 1)a0(N,λ, q, h) = 4(N + 1)Na0(N − 1, λ, q, h)

= · · · = 2N+1(N + 1)!,
(2.17)
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and

aN+1(N + 1, λ, q, h) = aN (N,λ, q, h) = · · · = 1. (2.18)

For i = 1, 2, 3 in (2.11), then we find that

a1(N + 1, λ, q, h) =
N∑

k=0

2k
(
N + 1 +

λ

2

)
k

a0(N − k, λ, q, h),

a2(N + 1, λ, q, h) =

N−1∑
k=0

2k
(
N + 1 +

λ

2
× 2

)
k

a1(N − k, λ, q, h),

a3(N + 1, λ, q, h) =

N−2∑
k=0

2k
(
N + 1 +

λ

2
× 3

)
k

a2(N − k, λ, q, h).

Continuing this process, we can deduce that, for 1 ≤ i ≤ N,

ai(N + 1, λ, q, h) =

N−i+1∑
k=0

2k
(
N + 1 +

λ

2
× i

)
k

ai−1(N − k, λ, q, h). (2.19)

Note that, here the matrix ai(j, λ, q, h)0≤i,j≤N+1 is given by

1 2 2!22 3!23 · · · (N + 1)!2N+1

0 1 · · · · · ·
0 0 1 · · · · ·
0 0 0 1 · · · ·
...

...
...

...
. . .

...

0 0 0 0 · · · 1


Now, we give explicit expressions for ai(N + 1, λ, q, h). By (2.17), (2.18), and (2.19), we have

a1(N + 1, λ, q, h) =
N∑

k1=0

2k1

(
N + 1 +

λ

2

)
k1

a0(N − k1, λ, q, h)

=

N∑
k1=0

2N (N − k1)!

(
N + 1 +

λ

2

)
k1

,

a2(N + 1, λ, q, h) =

N−1∑
k2=0

2k2

(
N + 1 +

λ

2
× 2

)
k2

a1(N − k2, λ, q, h)

=
N−1∑
k2=0

N−k2−1∑
k1=0

2N−1(N − k2 − k1 − 1)!

(
N + 1 +

λ

2
× 2

)
k2

(
N − k2 +

λ

2

)
k1

,

and

a3(N + 1, λ, q, h) =
N−2∑
k3=0

2k3

(
N + 1 +

λ

2
× 3

)
k3

a2(N − k3, λ, q, h)

=
N−2∑
k3=0

N−k3−2∑
k2=0

N−k3−k2−2∑
k1=0

2N−2(N − k3 − k2 − k1 − 2)!

(
N + 1 +

λ

2
× 3

)
k3

× · · · ×
(
N − k3 +

λ

2
× 2

)
k2

(
N − k3 − k2 − 1 +

λ

2

)
k1
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Continuing this process, we have

ai(N + 1, λ, q, h) =

N−i+1∑
ki=0

N−ki−i+1∑
ki−1=0

· · ·
N−ki−1−···−k2−i+1∑

k1=0

2N−i+1

× (N − ki − ki−1 − · · · − k2 − k1 − i+ 1)!

×
(
N + 1 +

λ

2
× i

)
ki

(
N − ki +

λ

2
× (i− 1)

)
ki−1

×
(
N − ki − ki−1 − 1 +

λ

2
× (i− 2)

)
ki−2

×
(
N − ki − ki−1 − ki−2 − 2 +

λ

2
× (i− 3)

)
ki−3

· · ·

×
(
N − ki − ki−1 − ki−2 − · · · − k2 − i+ 2 +

λ

2

)
k1

.

(2.20)

Therefore, by (2.20), we obtain the following theorem.

Theorem 1. For N = 0, 1, 2, . . . , the nonlinear functional equation

N !FN+1 =

N∑
i=0

ai(N,λ, q, h)(1 + λt)iF (i)

has a solution

F = F (t, λ, q, h) =
2

qh(1 + λt)2/λ + 1
,

where
a0(N,λ, q, h) = 2NN !,

aN (N,λ, q, h) = 1,

ai(N,λ, q, h) =

N−i∑
ki=0

N−ki−i∑
ki−1=0

· · ·
N−ki−···−k2−i∑

k1=0

(2qh − x)N−i

× (N − ki − ki−1 − · · · − k2 − k1 − i)!

×
(
N +

λ

2
× i

)
ki

(
N − ki − 1 +

λ

2
× (i− 1)

)
ki−1

×
(
N − ki − ki−1 − 2 +

λ

2
× (i− 2)

)
ki−2

×
(
N − ki − ki−1 −−ki−2 − 3 +

λ

2
× (i− 3)

)
ki−3

· · ·

×
(
N − ki − ki−1 − ki−2 − · · · − k2 − i+ 1 +

λ

2

)
k1

.

From (1.1) and (1.2), we note that

N !FN+1 = N !

(
2

qh(1 + λt)2/λ + 1

)N+1

= N !

∞∑
n=0

T (N+1,h)
n,q (λ)

tn

n!
. (2.21)

From (2.5), we note that

F (i) =
( ∂
∂t

)i
F (t, λ, q, h) =

∞∑
l=0

T (h)
i+l,q(λ)

tl

l!
. (2.22)
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From Theorem 1, (1.5), (2.21), and (2.22), we can derive the following equation:

N !FN
∞∑

n=0

T (N+1,h)
n,q (λ)

tn

n!
=

N∑
i=0

ai(N,λ, q, h)(1 + λt)iF (i)

=
N∑
i=0

ai(N,λ, q, h)
∞∑
k=0

(i)kλ
k t

k

k!

∞∑
l=0

T (h)
i+l,q(λ)

tl

l!

=
∞∑

n=0

(
N∑
i=0

n∑
k=0

(
n

k

)
ai(N,λ, q, h)(i)kλ

kT (h)
n−k+i,q(λ)

)
tn

n!
.

(2.23)

By comparing the coefficients on both sides of (2.23), we obtain the following theorem.

Theorem 2. For k,N = 0, 1, 2, . . . , we have

N !T (N+1,h)
n,q (λ) =

N∑
i=0

n∑
k=0

(
n

k

)
ai(N,λ, q, h)(i)kλ

kT (h)
n−k+i,q(λ),

where
a0(N,λ) = N !2N , aN (N,λ) = 1,

ai(N,λ) =
N−i∑
ki=0

N−ki−i∑
ki−1=0

· · ·
N−ki−···−k2−i∑

k1=0

2N−i

× (N − ki − ki−1 − · · · − k2 − k1 − i)!

×
(
N − ki − ki−1 −−ki−2 − 3 +

λ

2
× (i− 3)

)
ki−3

· · ·

×
(
N − ki − ki−1 − ki−2 − · · · − k2 − i+ 1 +

λ

2

)
k1

.

Acknowledgement: This work was supported by the National Research Foundation of Ko-

rea(NRF) grant funded by the Korea government(MEST) (No. 2017R1A2B4006092).

REFERENCES

1. Carlitz, L.(1979). Degenerate Stirling, Bernoulli and Eulerian numbers, Utilitas Math. v.15,

pp. 51-88.

2. Qi, F., Dolgy, D.V., Kim, T., Ryoo, C.S.(2015). On the partially degenerate Bernoulli polyno-

mials of the first kind, Global Journal of Pure and Applied Mathematics, v.11, pp. 2407-2412.

3. Ryoo, C.S.(2015). Notes on degenerate tangent polynomials, Global Journal of Pure and

Applied Mathematics v.11, pp. 3631-3637.

4. Ryoo, C.S.(2015). Note on degenerate tangent polynomials of higher order, Global Journal of

Pure and Applied Mathematics v.11, pp. 4547-4554.

5. Ryoo, C.S.(2014). A numerical investigation on the zeros of the tangent polynomials, J. App.

Math. & Informatics, v.32, pp. 315-322.

6. Ryoo, C.S.(2011). On the alternating sums of powers of consecutive odd integers, Journal of

Computational Analysis and Applications, v.13, pp. 1019-1024.

7. Young, P.T.(2008) Degenerate Bernoulli polynomials, generalized factorial sums, and their

applications, Journal of Number Theory, v. 128, pp. 738-758

J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

705 RYOO 700-705


