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GENERALIZED ZWEIER Z-CONVERGENT SEQUENCE SPACES OF
FUZZY NUMBERS

KAVITA SAINI AND KULDIP RAJ

ABSTRACT. In the present paper we introduce Zweier ideal convergent sequences spaces
of fuzzy numbers by using lacunary sequence, infinite matrix and generalized differ-
ence matrix operator Af. We study some topological and algebraic properties of these
sequence spaces. Some inclusion relations related to these spaces are also establish.

1. Introduction and Preliminaries

Initially the idea of Z-convergence was introduced by Kostyrko et al.[10]. Gurdal [7] studied
the ideal convergence sequences in 2-normed spaces. Later on, it was further studied by
Savas [21], Savas and Hazarika [8], Tripathy and Dutta [25], Tripathy and Hazarika [26],
Raj et al.[17]. Let X be a non-empty set, then a family of sets Z C 2% is called an ideal iff
for each X1, X5 € Z, we have X1 UX, € Z and for each X; € 7 and each Xo C X7, we have
X, € T. A non-empty family of sets U C 2% is a filter on X iff ¢ ¢ U, for each X1, X, € U,
we have X1 N X5 € U and each X; € U and each X; C X5, we have X5 € U. An ideal 7
is said to be non-trivial ideal if Z # ¢ and X ¢ Z. Clearly, Z C 2% is a non-trivial ideal iff
U=U(I)={X —X;:X; €T} is afilter on X. A non-trivial ideal Z C 2% is said to be
admissible iff {z : z € X} C Z. A non-trivial ideal is called maximal if there cannot exists
any non-trivial ideal J # Z containing Z as a subset.

A sequence x = (x1) of points in R is said to be Z-convergent to a real number zq if

{keN:|zy —x0| > €} €T,

for every € > 0 (see [10]). We denote it by Z — limzy, = zo.

Kizmaz [9] introduced the notion of difference sequence spaces and studied o (A), ¢(A)
and ¢o(A). Further this notion generalized by Et and Colak [5] by introducing the spaces
loo(AY), ¢(A?) and co(A?). The new type of generalization of the difference sequence spaces
was introduced by Tripathy and Esi [27] who studied the spaces lo. (A?), c(AL) and c(A?).
Let 4, v be non-negative integers, then for Z = [, ¢, cg we have sequence spaces

Z(AY) = {x = (z1) € w: (Alay) € Z},

where Alz = (Alzy) = (A ey — Ai7legyq) and Az, = x4, for all k € N, which is
equivalent to the following binomial representation

i ;
; i
Ao =3 (=) ( n )
n=0
Bagar and Atlay [2] introduced and studied the generalized difference matrix A(m,n) =
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(ars(m,n)) which is a generalization of A%l)—difference operator as follows:
m, (s=r);
ars(m,n) =< n, (s=r—1);
0, 0<s<r—1ors>r.
for all r,s € N and m,n € R — {0}.

Bagarir and Kayikgi [3] introduced the generalized difference matrix AP of order p and the
binomial representation of this operator is

p
AP(z) =) <f> mP~n gy,

v=0
where m,n € R — {0} and r € N.
Recently, Bagarir et al.[4] studied the following generalized difference sequence spaces
Z(AY) = {z = (x) € w: (APxy) € Z},

for Z =1, ¢, ¢y, where ¢, ¢y are the sets of statistically convergent and statistically null
convergent respectively and the binomial representation of operator A” is as follows:

P
Af(l’k) = Z (?Z) mp_”n”xk,w.

v=0
Sengoniil [22] defined the sequence y = (yg) which is frequently used as the Z—transformation
of the sequence x = () that is,

Yk = Brg + (1 — B)wg—1,
where z_1 =0, k#0, 1 < k < oo and Z denotes the matrix Z = (z;;) defined by

B, (1 =Fk);
zig=9q 1=B, (i—1=k)(i,keN);
0, otherwise.

Sengoniil [22] introduced the Zweier sequence spaces Z and Z as follows:

Z={x=(xp) Ew: Z(x) € c}
and
Zo={x=(zx) Ew: Z(x) € co}.

An Orlicz function M : [0, 00) — [0, 00) is convex, continuous and non-decreasing function
which also satisfy M(0) = 0, M(x) > 0 for x > 0 and M(z) — oo as * — oo. Linden-
strauss and Tzafriri [11] used the idea of Orlicz function to define the following sequence
space:

KM—{xGw:ZM(W) < 00, forsomep>0},

p

k=1
which is called as an Orlicz sequence space. An Orlicz function is said to satisfy As—condition
if for a constant R, M (Qx) < RQM (x) for all values of x > 0 and for @ > 1. A sequence
M = (My,) of Orlicz functions is called as Musielak-Orlicz function.To know more about
sequence spaces see ([1], [15], [16], [24], [18], [19] and [28]) and references therein.
An increasing non-negative integer sequence 6 = (k) with kg = 0 and k, — k.1 — o
as r — oo is known as lacunary sequence. The intervals determined by € will be denoted

by I, = (ky—1,k.]. We write h, = k.. — k,_1 and ¢, denotes the ratio kkil. The space of

659 SAINI 658-667



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC

GENERALIZED ZWEIER Z-CONVERGENT SEQUENCE 3

lacunary strongly convergent sequence was defined by Freedman et al. [6] as follows:

Ng:{m—( k) hm —Z |z — L] =0, for some L}
" kel,
The space Ny is a BK — space with the norm

fell=sup (1 3 faal ).

" kel

Let A = (Ank) be an infinite matrix of real or complex numbers A, where n, k € N Then a
matrix transformation of xz = (xy) is denoted as Az and Az = A, (z)) if A\, ( Z MkTh

converges for each n € N.

The concept of fuzzy numbers and arithmetic operations with these numbers were first
introduced and investigated by Zadeh [29] in 1965. Subsequently many authors have dis-
cussed various aspects of the theory and applications of fuzzy sets such as fuzzy topological
spaces, similarity relations and fuzzy orderings, fuzzy measures of fuzzy events and fuzzy
mathematical programming. The theory of sequences of fuzzy numbers was first studied
by Matloka [12]. He studied some of their properties and showed that every convergent
sequences of fuzzy numbers is bounded. Later on Nanda [13] introduced sequences of fuzzy
numbers and studied that the set of all convergent sequences of fuzzy numbers forms a
complete metric space. Further, the theory of sequences of fuzzy numbers have been dis-
cussed by Savas and Mursaleen [20], Tripathy and Nanda [23], Hazarika and Savas [8] and
many more.

Let B denote the set of all closed bounded intervals U = [uj,ug] on the real line R.
For U,V € B, we define U <V iff u; < v; and us < vy and we define

d(U, V) = max{|u; — v1], |ug, va|}.

It is well known that d defines a metric on B and (B, d) is a complete metric space (see
14)).
A fuzzy number is a function U : R — [0, 1], which satisfy the following conditions:
(i) U is normal i.e there exits an xg such that U(zg) = 1,
(ii) U is convex i.e for z,y e Rand 0 <7 < 1,
U(ra + (1 = 7)y) > min{U(z),U(y)},
(iii) U is upper semi-continuous,
(iv) the closure of the set supp(U) is compact, where supp(U) = {x € R: U(x) > 0} and
it is denoted by [U]°.
The set of all fuzzy numbers are denoted by Rp. Let [U]° = x € R: u(z) > 0 and the
r-level set is [U]" = {x € R: u(x) > r}, (0 <r < 1). The set [U]" is a closed and bounded

interval of R. For any U,V € Ry and A € R, it is positive to define uniquely the sum U oV
and the product U ® V' as follows:

U@ V] =[U] +[V]" and A®UJ" = A[U]".

Now, denote the interval [U]" by [ul”, u{"], where u{” < u{” and u{”,u{” € R, for
r € [0,1].
Now, define d : Rp x Rp — R by

d(U,V) = s a(uy”, [(v17).
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Definition 1.1. A sequence x = (xy) of fuzzy numbers is said to be convergent to a fuzzy
number zq if for every € > 0 there exist a positive integer ng such that

cZ(xk,xo) <€, fork > ng.

Definition 1.2. A sequence x = () of fuzzy numbers is said to be Z- convergent to a
fuzzy number xg if for every € > 0 such that

{k e N:d(zy,z) > et €T
Throughout the article, we denote Zweier fuzzy number sequence Z(x) by 2’ for x € w’'.
Let Z be an admissible ideal of N, M = (Mj) be a Musielak-Orlicz function, ¢ = (qx)
be a bounded sequence of positive real numbers, A = (A,x) be an infinite matrix, 6 be
a lacunary sequence and w® is the set of all sequences of fuzzy real numbers. In the

present paper we define lacunary Zweier Z—convergent, lacunary Zweier Z—null and lacu-
nary Zweier Z—bounded sequence spaces of fuzzy numbers as follows:

() [AZP7 07 )\7M7 Q] =

AAp / qk
{x:(mk)EoJF:{neN llmZ)\nk[Mk(d(’xk’xO)>] ze}EI
T—>00

kel, P
for some p > 0 and z¢ € R]F},

ZEENAP 6,0, M, q] =

{x:(xk) EwF:{nEN TIEEO* ZAM[M,CCW)]% >e} €T

kel, P

for some p > 0}

and

ZZIAP 9,0, M, q] =

{x = (23) €wl 13K >0 s.t. {n eN: Z Ak {Mk( (Apx’“’)ﬂqk > K} €T

" kel,

for some p > O},

where,
= |1, if t=0;
0(t) = { 0, otherwise.
If 0 < qx <supqr = D,C =max(1,2°71). Then
(1.1) ek + dig| ™ < C([er]™ + [di|™),

for all ¢, d, € R and for all k € N.

The main purpose of this paper is to study some classes of lacunary Zweier sequences of
fuzzy numbers defined by means of generalized difference matrix operator, Musielak-Orlicz
function and infinite matrix. We shall make an effort to study some interesting algebraic
and topological properties of concerning sequence spaces. Also, we examine some interre-
lations between these sequence spaces.
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2. MAIN RESULTS

Theorem 2.1. Let M = (My) be a Musielak-Orlicz function, ¢ = (qr) be a bounded
sequence of positive real numbers and 0 be a lacunary sequence. Then the sequence spaces
ZTEAP 0,1, M, q|, Z, I(F) [AF 6,\, M, q] and zZE) [AF 0,\, M, q] are closed under ad-
dition and scalar multzplzcatzon

Proof. Consider z = (zx),y = (yx) € Zg(F)[AZP,O,A,M,q] and «, 3 are scalars. Then
there exist positive numbers p; > 0 and ps > 0 such that

T0 AP qk
{neN lim - Z)‘"k[MkC)WW)} N } .
r—»o0 01 2
kEI
and
p dk
{neN hmZ)\nk{Mk< Ayk’yO)ﬂ >6}eI.
r—oo h Pt o 2

Since A? is linear and by using the continuity of Musielak-Orlicz function M, we have the
following inequality:

JLH;OZAM[ ( (A7 (o <w2>+6<yg>>>)]qk

kel, lalpr + |Blp2
70 AP qx
< D lim i Z An [ o M, (d(Aixlwa))]
rTree hr k |O‘|P1 + |B‘p2 P1
el,
1( AP ax
+ D lim — Z Ank|: |B| Mk(d( zyk7y0)>:|
r—oo h, i |a|p1 + |ﬁ\p2 P2
el,
(AP o
< DK lim — Z Ank {Mk ((zxk’xo))]
T—>00 pl
d(APy, ax
+ DK lim — ZAnk{Mk((zywm))} |
where K = max la]py 18lp2
1, [alp1+1Blp2’ lalpi+]B]p2

Thus, we have

{n CN. );ngo* 5 Ank[ (&(Af(a(x;) +B(y;))>>r’° . 6}

ey |alpr + 18]p2
AAI_? ! qk
C {neN DK lim ZAnk{Mk<wﬂ 26}
r—oo h P1 2
T kel,
T AP, qr
U {nEN DK lim ZAM{M%‘W’C’W)} 26}.
r—00 kGI P2 2

Since the sets on right hand side of above relation belong to Z. Thus, the sequence space
Zg () [AF,0,), M, q] is closed under addition and scalar multiplication . Similarly, we can
prove others. O

Theorem 2.2. Let M = (My) be a Musielak-Orlicz function, ¢ = (qx) and v = (vy) be
two bounded sequences of positive real numbers with 0 < qx < v for each k and ( ) be
bounded. Then
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(i) ZEP (AP 6,0, M, 0], C ZET)[AP 6,0, M, q],
(ii) ZTIVAF 0, X, M, v],C ZTEV AP 0, \, M, q],
(ii1) ZET AP 9.\, M, 0], € ZE[AP 0, ), M, q).
Proof. The proof of the theorem is straightforward, so we omit it. O

Theorem 2.3. Let M = (My,) be a Musielak-Orlicz function and ¢ = (qi) be a bounded se-

quence of positive numbers. Then ZI(F) [AP 0, )\, M, q],C ZTEV[AF 0, )\, M, q] C 2ZE)

[AF 0,\, M, q].

Proof We know that the first inclusion is obvious. Next, we show that ZTU)[AF 9. A\, M, q] C
F)[AP 0,\, M, q]. Let (z1) € ZXF)[A? 0, \, M, q]. Then we have

b3 h (R
. C C 5y Mk< Axk,mo )T

kel,.

3307
o ()]
kel,
Ax , T E
h Z/\nk Mk( Lzl )}

kel,

oo ()}

where supgy = D and C' = max(1,2P~1). Therefore, (1) € ZZ®) (AP0, \, M, g]. This
completes the proof of the theorem. O

Theorem 2.4. Let M = (My) and M’ = (M},) be two Musielak-Orlicz functions. Then
the folowing inclusions holds:

(i) 255142 0,0, M, g 2042, 0,0, M/, ] € ZL1AP 0,0, M+ M, q],
(ii) ZEI[AL, 0, N\, M, q) ) ZTEV[AP 0, X, M, q] C ZTEV[A? 0, A\, M + M’ , q],
(iii) ZE AP 0,0, M, q) N ZETV (AP, 0,0, M, q] € ZE AP 6,0, M+ M, g].

5

IN

Proof. Suppose () € Z F)[Ap 0,\, M, q] ﬂZ F)[Af,ﬁ,/\,./\/l’,q]. Then, we have

Ao [<Mk LMD (<A>

(AP, 0)\ 1% H(AP% D)\ 1%
< C{Ank [Mk(d(xko)ﬂ —S—C’[Ank [Mk<d(xk0>ﬂ |
P P
which consequently implies that

3 e+ aap (DY

kel

7 / qk
. CzAnk[Mm% >)]
" kel P
7 p A qk
" kel, P
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This implies (zx) € ZOI(F) [AP 0, \, M + M, q]. We can prove the other cases in the same

way. O

Theorem 2.5. Let M = (My) and M’ = (M) be two Musielak-Orlicz functions. Then
the folowing inclusion holds:

2,147, 0,0, M, q) € 27 [A7, 0,0, MM .

Proof. For given € > 0 and choose €y such that sup ( Z )\nk) max{el, el’} < e. Choose
" kel

0 < ¢ < 1 such that M (t) < €p, for all k € N. Let © = (ay) € ZOI(F) [AP 0, X\, M, q]. Then

for some p > 0, we have

1 CZAP 0 qk
Bl_{nEN: lim — g Ank{Mé(m’“(D)} ZQOD}EI.
r—00 h,,, . P
kel,
If n ¢ By, then we have

o1 [ d(AVz;, 0)\]™ D
g 30 v (5 e

kel

TAP D qr
[M,Q(Wﬂ <P forallkeN.

This implies

Hence,
d AP2! 0))\ %
M,Q(mk’o)> < forallkeN.
P
Therefore,
ci APz 0 qk
M, (M,@(Mk)» <e forallkeN.
p
Thus, we get
: 1 / dA(AfJJ;c, 6) " h _D
Tlggo e Z Ak {Mk (Mk <p < 5171lp Z Ank | max{ef, ey } < e.
kel, kel,

Now, we have

1 d(APz 0)\\ 1%

Jim o~ > Ak [Mk <M,g(1pk <e

" kel
This implies

AP AL D) qr
neN: lim — 3 | M (M A/, 0) >clep et
r%oohrkelr p

This completes the proof. O
Theorem 2.6. Iflimg;, > 0 and z = (x1) — zo(27F) [AP 0, X\, M, q]), then xq is unique.
Proof. Let limg, = wug. Consider that (z1) — xo(ZTU[A?,0,\, M,q]) and (z}) —
Yo (ZTUIAP 0.\, M, q]). So, there exist py, pa > 0, such that

} T

T AP Qe
(2.1) X1={n€N: lim x Z)\nk[]\/[k<w>} >
r—oo Ry = o1

NN e)
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and
1 d(A?z, o
(2.2) Xy=dneN: lim — 3 A |My CUE T TR R )
r=ee by kel P2 2

Define p = max{2p1,2ps}. Then we have

Sl ()]

kel
(AP ax AP ax
< 03 [ (AR p 5 an (A
p

kel kel, p

Then from (2.1) and (2.2), we have

ren gt

kel,

T( AP ! qx
C {nEN:DZka{Mk(CWW)} ZE}
kel P 2
T30 AP qr
U {nENiDZAnk[Mk((W)] >6}
kel, P2 2
C XjuX,el.

Also,

(5] () e
e (452 )

Thus, o = Yo- [l

Then, we have

Theorem 2.7. Let M = (My,) be a Musielak-Orlicz function and g = (gi) be a bounded
sequence of positive real numbers,

(a) If 0 < inf g < qx < 1 for all k, then Zg 7 [AP, 0,0, M, q] € Z25)[AP, 6,1, M] and
ZEI[AT, 0,0, M, ] € ZFI A7, 0, A, M].

< qr <supgg = < oo Jora , then iUy Ny - i 7y Ny 4
b) If 1 D for all k, then ZE5) AP 0, \, M) € ZEF)[AP 6,1, M
and ZEE)[AP 6\, M] C ZZE)[AP 6, A, M, q].

Proof. (a) Suppose (z1) € ZTU[AP 6, )\, M, q]. Since 0 < inf g, < g < 1, then we have

.1 d(AP2  x
rll>noloh7 Z Ak |:Mk ((lko))]

" kel P

.1 d(AP ), 20) \ 1"
> (A

" kel,
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Thus,
d(A?
foes i & 3 a2 )
T—>00
" kel,
A qk
C {nEN lim — Z /\nk{Mk< I xk,xo))} > e} el
T—>00 k.e[

The other part can be proved in the same way.

(ii) Suppose (z3) € ZTE[AP 9, A\, M]. Since 1 < ¢, < supgy = D < oo. Then for
each 0 < € < 1, there exists a positive integer mg such that

d(A?
lim § )\nk[Mk< I %xo)ﬂ <e<l,
T—00 14
" kel,
for all n > mg. This implies

TIEEO* Z Ank {Mk( (A Zk,xo))]qk

kel
d(A
< dm DY {Mk(wkévo)ﬂ
r—00 P
" kel
Thus,
dA AP qk
{n eN: lim — Z Ak {M%Mk%)ﬂ > e}
r—00 h 14
kel
d(APx)
C {neN: lim ZAM{ ((x’fxo))] >e}€I.
r—00 h, P
kel,
The other part can be proved in the same way. O
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